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Abstract

In this paper, we introduce the boundary value problem with Haseman shift for k-regular function on unbounded domains,
and give the unique solution for this problem by integral equation method and fixed-point theorem.
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1. Introduction

The boundary value problem is one of the important aspects in Clifford analysis. This problem on bounded domains has
seen great achievements. But the one on unbounded domains has not, which is widely used in practical applications.
So it is necessary to discuss the properties and boundary value problems of functions on unbounded domains. [Wen,
1991; Huang, 1996; Zhang et al., 2001] have discussed Riemann-Hilbert boundary value problems of regular function on
bounded domains. [Li, 2007] characterized boundary value problems of k- regular functions. In this paper, we introduce
the Haseman-shift’s boundary value problem of k-regular functions on unbounded domains, and give an unique solution
to this problem by integral equation method and fixed-point theorem.

Let n be a positive integer, and {eg, ey, - - - , e,} be basis for the Euclidean space R"!. We denote by A the 2" dimensional
real Clifford algebra, which is generated by R"*!; denote the basis of A by ex = €4 a9, ay0 A = {1, @2, a3} C
{1,2,---,n}, 1 < <a < -+ <, £ n Inparticular, if A = 0, ¢, = ey. So, for an arbitrary u € A, we have
u=y, uses with uy € R. In A, we have

2 CL
e; =—l,ejej=—eje;fori# ji,j=1,2,---,n,

that is so-called combinative and incommutable multiplication rule of Clifford algebra. For u € A, we write u* =
|A(AI-1 ’ |A] . . . . .
Sa=1) 3 >uAeA, u = Y a(—1)2usey and |u| for its module, where |A| is the cardinality of index set A. Define |ul?
. . - lAIGAL-1
4 lual?; @ its conjugate with & = (u*)’, where u* = Y 4(~1) 5 >uAeA, and o’ = Y 4(=DMluses. For u, v € A, we have

[+ v| < Jul + V], [uv] < 2" |ullv].

Let D be aregion in R"*!. For a differentiable function f : D — A with f(x) = Y4 fa(x)ea, we say f is a regular function

if
- o Of X af,

and a k-regular function if 3" f = 0, where the operator 9 = Z?:o %e ;- LetQ C R™! be a unbounded domain with smooth

oriented Liapunove boundary 9, and Q¢, the complementary set of Q containing a non-empty open set. We denote the
bounded Hélder continuous function on 9 in order of (0 < 8 < 1) by H(0Q, B). For f € H(0Q, B), we define its norm

by
ft) - f(r2)
-

15 :

lfllg = sup |f ()] + sup|
tedQ L#h

Then H(0Q, || - ||g) is a Banach space. And for f, g € H(0€, || - [|3), we have

I+ glls < 11/l + ligll, 17 glls < 2”11 fllglIglls-
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2. Main Result

In what follows, we denote by Q a unbounded domain in R™! with smooth oriented Liapunove boundary 0%, and a
non-empty open set in Q°. We first give the boundary value problem with Haseman shift for k-regular function.

Definition 2.1. Let a(z), b(1), c(t), d(t), g(f) be functions on dQ, and d(f) an isomorphic map on dQ. Write Q* = Q,
Q =R™N\Q with Q = Q U 9Q. If there exists some function ¢ such that

1) ¢ is a k-regular function on Q*;

2) ¢ is continuous on R"*!, and ¢~(y) =

3)
a(OF* (1) + bOF* (D) + O™ () = g0
oo(d 0
a(i)( ¢()) + b(e) 22 (t))) ()(ﬂr 5()
(1)
k 1 5/{71 d ak 1
atn ¢()) 0 EE A = g,

Then we say ¢ is a solution to the boundary problem with Haseman-shift. And this problem is also called boundary
problem with Haseman-shift for k-regular function on unbounded domains.

The following lemmas are borrowed from [Yang et , 2008]:

Lemma 2.1. Let f be a k-regular function on 9Q. Then for x € Q, we have

k—
flx) = f L(u, 9)n(uw)] Z
a0 =

where u = (ug, uy, -+, uy,), dyu) s Lebesgue measure on 0Q, and n(u) is the unit vector in Q’s normal direction,

1 é-x £-y .
L x) = - , OF, £ € 00
(€, %) wn+1(|§—x|"+‘ If—yl"“) yeQ,te

is the modified Cauchy kernel on unbounded domain 9Q.

(MO - )C())I((){,f(u) s(u)s

Lemma 2.2 Let ¢ be a k-regular function on Q. Then the Cauchy type integral of k-regular function is given by

d(x) = f L(u, X)n(u)[z

0Q .

(o — X0)’ () d(u, 2)

where ¢; € L(|x — y|™%), that is, the weighted Hardy space, which can be referred to [Xu et al., 2008], and

(7)'” + (7 _ j+ .
(5:;) = ¢T()+ fa L(u, x)n(u) x ,Z;( D 70 = 10" 01y, 3)
@"¢)" _ _em® - )f+m

éft = _<p2 +fa L(u, x)n(u) X [Z = (Mo — 10) "0 (W)ld ), 4)

form=0,1,--- ,k—1.
Similar to the Theorem 1 in [Xu et al., 2008], we have

Lemma 2.3. Letm = 0,1,--- ,k — 1. For ¢,, in Lemma 2.2, write 6,,¢,, = &' — P,,¢,, With

(_ )]+m
Punm(x) = f L(u, x)n(u) X [Z G~ 10)' ") du)-
oQ
j=m
Then there exists some positive constant C,, such that
10mllg < Cpn-
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Theorem 2.1. Let Q ¢ R"™!, d = d(t) in Definition 2.1 satisfy Lipschitz condition, and a(f), b(), c(t), g(t) € H(0Q, ). If
la+cllg<e<Llbllg<e< Ll +allg<e<1,0<u =2""max{C,, :m=0,1---,k—1}+De<1,
llglls < M(1 — u),

where C,, is in Lemma 2.3, then the solution of the m-th equation in (1) is given by

k-1 _1)i+m )
0u0 = [ Ll x []Zm sl =) g (s,

form=0,2,---,k-1.

Proof. Write .
Ppm(x) = Prpn(d(x)) and @ (x) = @(d(x)).

Substituting (3) and (4) into (1), we have
a(5 + Popn) + 6T+ Prip) + (=22 4 Prgn) = 500,

form=0,1---,k—1, thatis,

@+ =2+ Popn) + 65+ Pog) + (1L + @) + b = 8(0) = . 5)
Write —
F‘pm = (a + C)(_% + PmSOm) + b(_% + Fm@m) + (1 + a)‘pm + b‘;m - g,
then (5) is
FQOm = Pm-
Let

T = {‘Pm,m = Oa L. »k_ 1|90m € H(anﬁ)a“‘Pm”,b’ < M’ }
Then T is a closed subspace of Banach space H(0€, ). Since

IFeulls < 2"la+ cllglfm@mlls + 2111 + allgli@mlls + 2" 1Bl 0memlls + 2"11bl511Enlls + liglls
< 2"Chéllgmllp + 2" ellmllp + 2" Crellomlls + 2" llgmlls + liglls
=2""1(Cp + Déllgmlls + lIglls
< ullenlls + liglls
<M, (6)

FisamaponT. For ¢, ¢, € H(0CQ, ), we have

—_—

’ ” 1 ’ 7 ’ 7 1 —~
1E@n = Feulls < @+ Ol=2 (g, = @) + Py, = @)llls + ||b[—§(§0m —Pm)

+ Pu(ey, — el + 1+ a)e), = ells + 1@ — &l
< ullgy, = enlls 7

with O < u < 1, and thus 7 is a compression map on 7. So, there is an unique fixed ¢,, such that Fg,, = ¢,, by fixed point
theorem, which implies that

k=1 —1 j+m )
fulx) = fﬁ L nw) x []Zm ((j_—)m)!wo — 1) () 1ds,.

is the unique solution for the m-th equation in (1). This gives the proof.
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