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Computation of the Cubic Root of a p-adic Number
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Abstract

In this work, we applied the classical numerical method of the secant in the p-adic case to calculate the cubic root of a

p-adic number a € Q,, where p is a prime number, and this through the calculation of the approximate solution of the

equation x*> — a = 0. We also determined the rate of convergence of this method and evaluated the number of iterations

obtained in each step of the approximation.

Computing both the cubic root and other roots of a p-adic number is useful both for their theoretical values as for their
theoretical applications in the field of theoretical computer science and cryptography.
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1. Introduction

Let @, be the field of p-adic numbers where p is a prime number. Our main goal is to compute the approximate finite
p-adic expansion of the cubic root for the p-adic number a € Qj,. This is done by determining the approximate solution
of the equation

x—a=0. (D

The solution of (1) is approximated by a p-adic number sequence (x,), C @Q;, constructed by the secant method.
Knapp and Xenophotos (2010) used numerical methods to find the reciprocal of an integer modulo p”".

2. Preliminaries

Definition 3. Let p be a prime number. The field Q, of p-adic numbers is the completion of the field Q of rational numbers
with respect to the p-adic norm ||, defined by

O ifx £ 0
Vxe@p:mp:{ pO ifxf=0

where v, is the p-adic valuation defined by v,(x) = max{r € Z : p" | x}.

The p-adic norm induces a metric d, given by

d, : Q,xQ,—R"
(x,y) — dy(xy)=Ix=)l,,

this metric is called the p-adic metric.

Theorem 4. (F. B. Vej, 2000) Given a p-adic number a € Q,, there exists a unique sequence of integers (By)usr, With
k = vp(x), such that 5, € {0, ..., p — 1} for all n and

a = Bup"+Bueip" + o Bop + o+ Pip e = Zﬁkpk
k=n

with By € Z and B € {0, 1,2, ..., p — 1} for each k > n.

40 ISSN 1916-9795  E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 3, No. 3; August 2011

The short representation of a is 8,8,+1.-8-1 - BoB1 ..., where only the coefficients of the powers of p are shown. We can
use the p-adic point - as a device for displaying the sign of n as follows:

ﬂnﬁnﬂmﬁ—l 'ﬁoﬁ]..., forn <0
'ﬂoﬁlﬁz..., forn=20
-00...080B4 ..., forn > 0.

Definition 5. A p-adic number a € Q,, is said to be a p-adic integer if this canonical expansion contains only non negative
power of p.

The set of p-adic integers is denoted by Z,. We have

sz{kz_(;'gkpk,o < Bk Sp_l}:{aeQP5"17(“)20}:{“6(@'3:|a|"S 1}'

Definition 6. A p-adic integer a € Z,, is said to be a p-adic unit if the first digit 3y in the p-adic expansion is different of
zero. The set of p-adic units is denoted by Z;‘,. Hence we have

Z = {Z,kak,ﬁo # 0} ={aeQ,:lal,=1}.
k=0
Lemma 7. (F. B. Vej, 2000) Given a € Q,, and k € Z, then

{ye(@p : Iy—alp Spk}=a+p_kZp
Proposition 8. (F. B. Vej, 2000) Given a p-adic number a € Q, \ {0}, there exist n € Z and u € Z* such that a = p" - u.
Proposition 9. (S. Katok, 2007) Let (a,), be a p-adic number sequence. If nlg?o a, =a € Q\{0}, then }LHJQ layl, = lal,. The
sequence of norms (Ianl 1,)" must stabilize for sufficiently large n.

Definition 10. Let p be a prime number. Then the Hensel code of length M of any p-adic number a = p™ - u € Q,, is the
pair (mant,, expy) = (Qnapy1 - - - .ao - ag, m), where the M = |m| +t + 1 leftmost digits and the value m of the related p-adic
expansion are called the mantissa and the exponent, respectively.

We use the notation H(p, M, a) where p is a prime and M is the integer which specifies the number of precision digits of
the p-adic expansion.

For a general overview about p-adic numbers and their properties, the reader can consult [1, 3-5].

Theorem 11. (Hensel’s lemma) (S. Katok, 2007) Let F(x) = ¢y + ¢1X + ... + ¢,X" be a polynomial whose coefficients are
p-adic integers i.e. (F €7, [x]). Let

F'(x) = ¢1 + 2% + 3635 + o + ncy X!

be the derivative of F(x). Suppose ay is a p-adic integer which satisfies F(ap) = 0( mod p) and F'(ag) # 0( mod p).

Then there exists a unique p-adic integer a such that F(a) = 0 and a = ag( mod p).

Theorem 12. (S. Katok, 2007) A polynomial with integer coefficients has a root in Z,, if and only if it has an integer root
modulo p* for any k > 1.

Definition 13. A p-adic number b € Q,, is said to be a cubic root of a € Q, of order k € N if b> = a( mod pk).

3. Main Results

Proposition 14. A rational integer a not divisible by p has a cubical root in Z,, (p # 3) if and only if a is a cubic residue
modulo p.

Proof. Consider the p-adic continuous function f(x) = x*> —a and its derivative f’(x) = 3x. If a is a cubic residue modulo
p, then
as= ag( mod p)

for ay € {1,2,...,p—1}. Hence f(ap) = 0( mod p) and f"(ap) = 3a(2) # 0( mod p) because p # 3 and ap # O.
Consequently, the solution is in Z,. Conversely, if a is a non-cubic residue, Theorem (10) implies the non-existence of
cubic roots in Z,,. O
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Corollary 15. Let p be a prime number, then

1. Ifp#3,thena=p"ueQ, (u € Z;) has a cubic root in Q, if and only if v,(a) = 3m, m € Z and u = v* for

some unit v € Z;‘,.

2. If p =3, thena = 39y e Q4 (u € Z;) has a cubic root in Qs if and only if vi(a) = 3m, m € Z and u = 1(

mod 9) or u = 2( mod 3).

Proof. Leta,x € Q, be

a = p" D (ag+aip+ap+..)=p" D u ay#0

x = p"”(x) “(xo+x1p+ xzp2 +..)= pvp(x) -v, xo #0.

Let us note that # and v are p-adic unit intergers according to definition 4

0o

U = ap+a\p+apF.. = Zaipi €Z,
=0
(o8]

Vo= xo+xipHxpie.= inp’ e,
i=0

Then, imposing the cubic condition, we obtain
2 = i p3v/’(x)(x0 +x1p+ x2p2 +.)° = p""(“)(ao +ap+ a2p2 +...)
— p3vp(x) . V3 — pv,,(a) u,

The latter is equivalent to the following system

V3:ll
3

Xy—a=0( mod p).

{ vp(a) = 3vy(x)

Additionally, we consider f(x) = xg — a and its derivative f’(xg) = 3x§ satisfies

ifp#3

, L
i (xo>|,,=|3|p={ L ifp=3

Then we have

1. if p # 3, by Hensel’s lemma the solution of f(xg) = xg —a = 0 exists.

2. if p = 3, equation (6) is reduced to

X2 —ay=0( mod 3),

{ (xo + x13+ )C232 + )3 =aqp+ a3+ a232 + ...
0

where xg, ag € {1, 2}. This gives

3
(1 + X3+ 032+ ) =l+a3+a3*+.., ifxg=1

3 .
2+x3+:3%+.) =2+a3+a3’+ .., ifx=2.
(a) If xo = 1, then
2 3 3 2 2.3
(1+x3+ 3 + 1333+ ) = 14320 + 3 + 2] + 1)) + ) =,

we get
2 2 3\3 _
u=1+a;3+a3 +...=(1+x13+xz3 +x33) =1( mod 9),

and a; = 0.
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(b) If xo = 2, then

(24213 + 137 + 1337 + )3 =242.3+3%22 )+ +22 + )+ = u,

SO
u=2+a3+a¥+..=(2+x3+x3+.) =2( mod 3), )

and a; = 2.

Let a € Q), be a p-adic number such that

lal, = p @ = pM me 7.

We know that if there exists a p-adic number d such that &*> = a and (x,), is a sequence of the p-adic numbers that
converges to a p-adic number d # 0, then from a certain rank one has

|Xal, = ldl, = p™™. (10)

3.1 The secant method

An elementary method to determine zeros of a given function is the secant method. This method can be derived from the
Newton method, where we replace the derivative f’(x,) by the approximation

~ f(-xn) - f(-xn—])

Xn = Xp—1

1 (x) ,¥n e N". (1)

The iterative formula of the secant method is

f(xn)(xn - xn—l)

Xpel = Xp — ,Vn e N¥, (12)
: fC) = fxn-r)
Obtaining the following recurrence relation
a+x, x>+ Xax- i
Xps] = ,¥n e N*. (13)

2 2
X+ XpXpo1 + X,

Determining the rate of convergence of an iterative method is to study the comportment of the sequence (€;.+x,), defined
by €1ny, = Xnin, — Xn+n,—1 Obtained at each step of the iteration where ny € N.

Roughly speaking, if the rate of convergence of a method is s, then after each iteration the number of correct significant
digits in the approximation increases by a factor of approximately s.

Theorem 16. If x,,- is the cubic root of a of order & and x,, is the cubic root of a of order  then

1. If p # 3, then Xyiy,-1 is the cubic root of a of order J,,, where the sequence (J,,), is defined by

J,,=[%(B—a(l—d)))(b”+%(—ﬁ+a<b)(l—®)”]+

1 (14)
-3 ([7§ (c[)'”' —(1- (I))”*')] - 1)m, Vn e N.
2. If p = 3, then X, 4p,— is the cubic root of a of order J), where the sequence (J,), is defined by
r _ |1 _ _ n e _ n
]n_[‘g(ﬁ (1= @) " + L (f+ad)(1 <I>)]+ 0s)

—3([%g (@ -1 - cp)"“)] - l)(m +1),¥neN,

1+V5

were @ = =5 is the golden ratio and m is the exponent in the p-adic expansion of a.
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Proof. Let (x,), be the sequence defined by (13). Then

3,3 2 2 3 3
s (a X, X +3x,x,_ + 3xnx,,,1) (xn - a) (xn_1 - a) i
X, —a= ,¥n e N,

3
2
(x% + XpXpo1 + x’H)

Since

3 — 3 _ —a

x,_;—a=0( mod p?) |X,,0,1 a|p <p
=
3 - _

X, —a=0( mod ) |x§m - a|p <p?®

This gives
3 3 2 2
X 'a X, X, gt 3)C,,0xn0_l + 3xn0x,,0_]' X X
Xposl ~ |[7 = - 5 X1 a|p X, — a|p
Xiy  XngXng—1 + X, | |p
1
o B 3 3 2 2
<p“p*- ‘3 - max {|a|p , |xn0 o xn071|p s 3x,,0xn0_| o |3x,mx,,0_1 |p} ,

2 2
Koy F XngXng—1 + X, )

and, hence, we have

x20+1 _ a|p < p—ap—ﬁ . ﬁ - max {p—3m’p—3m,p—3m’p—3m’p—3m} , lfp #3,

xi()+l _ 0‘3 < 3—043—[5 . ﬁ . max {3—3m, 3—3m, 3—3m’ 3—(3m+1), 3—(3m+l)} , lfp =3.

This is equivalent to verify either

_ 3 .
'xn(l+l - a'p < p (@p M)’ 1fP * 3’
3 _ —(@+B-3(m+1)) e o _
Xob1 a|3£3 aHf=3m+ D) - f p = 3,

Or, in virtue of lemma 5
x> —a=0( mod p*B3m) if p£3,

no+1

x> —a=0( mod 3¢A-30mDy if p =3

no+1
On the other hand, we have
3 3m |3 _ 1.3 _ o —(a+2p—-6m)  ;
xn0+2 a|p S p " "xﬂ() a|p xn0+l a‘p =P a+2f~6m H lfp * 3$
3 _ 3m+1) |, 3 _ s _ 23m+3 e
X a'3 < 3o |an a|p X1 a‘p =370 if p=3.
Consequently
xflo+2 —a=0( mod p®*#=5m) it p 3,
xzo+2 —a=0( mod 3¢B-00mDy " if p =3,

In this manner, we find that if p # 3, then

% —a=0( mod pF=m)
X;lo_l —a= 0( mod pa’) X20+3 —a= O( mod p20+3ﬁ—l2rn)
= x’310+4 —a=0( mod p3+sB-2im)

x> —a=0( mod pP)

o

16)
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and if p = 3, then

X —a=0( mod 3%+
xio ., —a=0( mod 37+#-6m+))
X, —a=0( mod 3% X 53— a=0( mod 32¥-12mth)
[ XZ " —a= 0( mod 33(”55 21(m+1))
xno a=0( mod 3%
1. If p # 3, then
Xyt —@=0( mod p’),¥n €N, (17)
where the sequence (J,), is defined by
J,=F,—mA,, ¥n eN. (18)
Where
Fo =, F] = ﬁ
(19)
YneN" : Fp=F, +F,
and
Ay=A =0
(20)
VneN' 1A, =A,-1 +A, +3.
The sequences (F),), and (A,), are linear recurrent sequences whose general terms are given respectively by
n
Fn:[%(ﬂ 12\fa)(1+2\6) (ﬁ+1+\f )(1—2\5)]
ey

= [%(ﬁ—a(l —®) D" + L (B+ad)(1 —d))”],VneN,

and .
n+
3(H—““ (=)
i 22)
=3(| & (@ - a-oy) - 1) vmen.
We obtain
— | L _ _ n 1 _ n
Jn—[\f(ﬁ a(l CD))d)+v§(ﬂ+ad))(1 @)]+ o3
3 ([ (@1 -1 - CD)"“)] - l)m, Vn e N.
2. If p = 3, then
X ooy —@=0( mod 3"),Yn €N, (24)
where the sequence (J7), is defined by
Ji=F,—-(m+1)-A, =
[\f a(l — D)) D" + \5(—,8+a/(l))(1—CD)]+
([\LF (@1 - <D)"+1)] - 1)(m +1).¥neN.
O
Corollary 17. Suppose that x,,- is the cubic root of a of order « and that x,, is the cubic root of a of order [ then
1. If p # 3, then Xy1ny, — Xpino—1 = 0( mod p'n) where the sequence (1), is defined by
— | L _ _ n 1 o _ n
An—[ﬁ(ﬂ a(l — D)) D +‘5(,8+a/<D)(1 D) |+ 05)

-m (3 [% (o -1 - CD)”“)] - 1).
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2. If p =3, then Xyin, — Xnsny—1 = 0( mod 3') where the sequence (1), is defined by

A= ‘/Lg(ﬂ—a/(l - D)D" + %(—,B+Q'CD)(1 - )|+

(26)
1 n+1 n+l 1 n+l n+l
—(m(3[7§((D (1 -y )]—1)+3[ﬁ(q> (1 - @y) —2),VneN.
Proof. Starting from equation (13), we have
1
Xptl — Xp = — (xz - a) ,Vn e N, 27
(x,zl + XpXpo + xﬁ_l)
We obtain
|x +ng — Xn+ 1| = ! x —-a
n+n, n+ng— = N+no— .
0 0= p ximo—l + Xpang—1Xn4ng—2 + szrnofz , +np—1 P
So .
|Xn+,,0 - xn+n0_]|p < p—/u . p2m — p—(lu—Zm)’ lfp +3,
|xll+n0 - -xl’l+no—1|3 S 37]’/1 ’ 3(2m+l) = 3*(],/,*(2"1+l)), lfp i 3
Therefore )
{ Xnang — Xntng—-1 = 0( mod P/l")y if p #3,
Xntng = Xning—1 =0 mod 3%), sip=3.
Such as
A, =J,—2m=
=|HB-all -®)P" + = (-B+a®) (1~ q))"] —m(3 [\/Lg (@ -1 —(I))””)] - 1),Vn €N,
and
VneN: 2 =J —Q2m+1).
Hence we obtain
A =J-Cm+1)=
= [\/Lg(ﬂ—a(l ~ )" + 7 (B +ad)(l —(D)”]+
1 n+l n+l 1 n+l n+l
—(m(3[7§((13 (1 - oy )]—1)+3[$(c1> (1 -y )]—2),\v’neN.
O
3.2 Conclusions
According to the results obtained in the previous section, we obtain the following conclusions:
1. If p # 3,then
(a) The rate of convergence of the sequence (x,), is of order A,,.
(b) Since |1 — ®| < 1, then
1 3
A= — (B—a(l —cb))cb"—m(—cp”” - 1), (28)
s V5
and if 8 — a(1 — ®) — 3®m > 0, then the number of iterations n to obtain M correct digits is
V5(M—m)
In ( /J’—a(l—ll))—n;@m) s
" In® ' @9)
(c) Using Hensel codes, equation (13) can be rewritten as
H3(p, 00, x) + H(p, Ay, X) - H*(p, Ay1, X) + H*(p, A, X) - H(p, A1,
H(p, a1 ) = (p. 00, X) + H(p, A, X) - H(p, A1, X) + H(p, An, X) - H(p, A1, ) 30)

H2(P: /]'n’x) + H(P, /171’ x) : H(P’ /ln—l’x) + HZ(P»/ln—l’x)
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2. If p = 3, then

(a) The rate of convergence of the sequence (x,), is of order 2;,.

(b) If —a(l = ®)-3D(m + 1) > 0, then the necessary number rn of iterations to obtain M correct digits is

In V5(M—(m+2))
_ B-a(1-D)-3D(m+1) 3 1)
"= In® : (

(c) Using Hensel codes, equation (13) takes the form

H3(3,00,x) + H3, A, x) - H*(3,'_,,x) + H*(3, A, x) - H3, ' _,, %)

n—1° n—1°

H2(3, 4, x) + HB, A, x) - H3, X', x) + H*(3,X_ ,x)

n—-1° n—1°

H@GB A, ,,x) = (32)

Finally, the problem to ask is to increase the rate of convergence of the sequence (x,), as much as we wants. For this,
we search an iteration function g that allows us to accelerate the rate of convergence and which satisfies the following

relation
g(Va) = Va,g"(Na) = ¢ (Va) = ... = g*V(Wa) = 0,8 (Va) # 0. (33)

To increase the rate of convergence of the sequence (x,), as much as we wants, it is necessary to solve the problem of
letting

8(x) = Va + (x = Va)’h(x), s € N, (34)
and choosing the function A(x) in order to make the cubic roots of a in coefficients of a function g(x) disappear.
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