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Abstract

We examine the denotational semantics of a language extending the nu-calculus of Pitts and Stark by using names
for exceptions and general references. In particular, we examine abstract categorical models capturing nominal
computation and construct a concrete fully abstract model in game semantics by using the recently introduced
generalisation to nominal games.

1. Introduction

A prevalent feature of programming languages is the use of exceptions for raising and handling eccentric
program behaviour, and more generally for manipulating the flow of control. It is a key feature, for example,
of ML, Java and C++. The raising of an exception forces a program to escape out of its context and to the
nearest exception-handler. In abstract terms, exceptions provide a means (an effect) of overriding nested
behaviour of pure functional programs. In this paper we examine denotational semantics for exceptions and
general references, with our focus being mainly on exceptions (the model of general references has been
presented elsewhere [23], but the combination of the two effects has a semantical interest of its own).

In particular, we present the first full-abstraction result for a statically-scoped language with dynamically
bound, locally declared (good) exceptions and general references, which faithfully reflects the practice —and
reaches the expressivity — of real programming languages such as ML. The language extends the paradig-
matic nominal language of Pitts and Stark [21] (v-calculus) by treating exceptions and references as names.
Names are constant identifiers with no inner structure which can be “created locally, tested for equality, and
passed around via function application” ([21]). Moreover, exception-names can be raised and handled; and
reference-names can be dereferenced and updated.

In order to represent names rigorously we found our presentation (of the language and its models) on
nominal sets [8,20]. These constitute a robust foundational theory of constructions over collections of atoms,
and are derived from the Fraenkel-Mostowski permutation models of set theory with atoms. Our construc-
tions are built in nominal sets so that names be represented by atoms. Thus, the expressiveness of nominal
sets, which goes far beyond our purposes here (see e.g. [7]), provides us with a firm handle on names.

A fully abstract model of exceptions (and ground-type references) has been previously constructed [12] by
successfully translating in the semantical universe the override of nested behaviour: in abstract terms, the
model allows for jumps in the precedence with which a program answers questions posed by the environment
(i.e. it mildens the well-bracketing condition). That description of the exception effect is extremely accurate
and intuitive. However, the modelling of exceptions themselves is based on an ‘object-oriented’ approach
which encodes exceptions as products of raise/handle type, in a similar way that non-nominal models of
references [4,2] see references as products of read/write type. In order to achieve full-abstraction “bad”
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constructors need to be included in the syntax, that is, the language examined includes non-exception terms
of exception type (bad exceptions, and also bad variables). These constructs, while solving the full-abstraction
problem, distance the language from the programming features it was set out to capture.

The nominal approach resolves this problem in an intuitive way: an exception is simply a name with
no inner structure, and a language with exceptions is one equipped with constructs for manipulating (rais-
ing/handling) those names. Thus, instead of encapsulating the programming effect within the exception-type,
we encapsulate it within every type. The same approach is followed for references.

Semantically, the above means that a proper model should include names as an effect and contain ap-
propriate structure for representing other programming effects (exceptions/references) related to names. We
represent effects by use of monads [17], which are a means of encapsulating an algebra of computations within
a domain of semantic values. On the other hand, the notion of local state induced by names is described by
a family of comonads. The monads and comonads of the model are then connected as follows: fresh-name
creation is a (monadic) computation which alters the (comonadic) local state. A first contribution of this
paper is the formulation of abstract categorical models for exceptions and general references following this
approach.

Our main result is the formulation of a specific such model which is, moreover, fully abstract. This is
achieved by use of nominal game semantics ([1,23,24], and also [13,15,14]), which constitutes a ‘nominalised’
version of the highly successful denotational paradigm of game semantics (see e.g. [3]). In particular, our
nominal games are Honda-Yoshida call-by-value games [11] with local state [19], built inside the universe of
nominal sets. This means that computation is modelled as an interaction (game) between two participants,
one representing the program (Player) and the other the environment (Opponent), consisting of sequences
of moves which may contain or introduce names. Moreover, each move is equipped with a local state, that
is, a history of all names introduced so far in the interaction. These specifications allow for the capturing of
the basic nominal effect, that is, the presence and passing around of names and their local, fresh creation.
Moreover, the category of nominal games has sufficiently rich structure in order for exception and store
monads [17] to be defined. This gives us an adequate model of our language; by restricting the domain of
allowed semantic behaviours we are able to also obtain compact definability, and hence full abstraction.

In comparison to previous game models of exceptions and references [12,4,2], we notice that the use of
monads allows us to express our computational effects inside a domain which is otherwise too restrictive
(i.e. too pure). In particular, we are able to express fresh-name creation (a non-total effect), exceptions (a
non-well-bracketed effect) and references (a non-innocent and non-visible effect) inside a domain of total,
well-bracketed, visible, innocent games. In a sense, nominal games provide a fine-gained view of ordinary
(non-nominal) games for effectful computation: for example, from a nominal game with exceptions we can
obtain an ordinary, non-well-bracketed game by simply hiding the names appearing in the former.

2. Nominal sets

We briefly introduce nominal sets, which will be used at the basis of all our constructions with names.
Let us fix a countably infinite family (A;);c., of pairwise disjoint, countably infinite sets, and let us denote
by PERM(A;) the group of finite permutations of A;. The elements of the A;’s are called atoms and are
denoted by a, b, ¢ and variants. Permutations are denoted by 7 and variants; id is the identity permutation
and (a b) is the permutation swapping a and b (and fixing all other atoms). We write A for the union of all
the A;’s. We take PERM(A) to be the direct sum of the groups PERM(A,), that is, elements of PERM(A)
are those permutations of A that can be described as finite compositions,

T=T10: 0Ty,

such that each m; belongs to some PERM(A;). This means, in particular, that for all atoms a and all
permutations T,
a€h; = 7(a) €.
A nominal set X is a set |X| (usually written X) equipped with an action from PERM(A), that is, a
function _ . _ : PERM(A) x X — X such that, for all z € X and 7,7’ € PERM(A),



mo(r'oz)=(ron')ex and idez =1x.

Moreover, each « € X has finite support, that is there exists a finite set S C A such that, for all
permutations T,

(VaeS.m(a) =a) = mox=1. (1)
Finite support is closed under intersection, and hence each element z of a nominal set has a (least) support
S(x). This can be concretely expressed as:

S(x) = {a € A | for infinitely many b. (a b) o x # =} . (2)

We say that a is fresh for x, written a # z, if a ¢ S(x). x is equivariant if S(z) = &.

Clearly, A is a nominal set by taking 7o a £ 7(a), for each 7 and a. More interestingly, the set A# of finite
lists of distinct atoms is a nominal set (with permutations acting elementwise). Such lists we denote by
a, b, ¢, etc. If X and Y are nominal sets then so is their cartesian product X x Y, with permutations acting
componentwise, and their disjoint union X +Y. Moreover, X’ C X is a nominal subset of X if X' is closed
under permutation actions, these acting as on X. A relation R C X x Y is a nominal relation if it is a
nominal subset of X x Y. A nominal function is a function which is also a nominal relation. Concretely,

a relation R C X x Y (resp. a function f: X — Y) is nominal if, for any 7 and any (z,y) € X x Y,
2Ry < (mox)R(moy) (resp. f(mox)=mo f(x)). (3)

The support of a list @ € A¥ is strong in a very specific way: any permutation 7 for which 7. a = a,
satisfies mo @ = a for all a € S(a). Accordingly, for any nominal set X, any € X and any S C A, we say
that S strongly supports x if, for all T,

MaeS.m(a) =a) <= mozx==x. (4)

X is a strong nomanal set if all its elements have strong support. The notion of strong support is stronger
than that of support: for example, {a,b} C A, does not have strong support. On the other hand, finite lists
of atoms have strong support, so A# is a strong nominal set. Note that strong support coincides with weak
support when the former exists.

Finally, in nominal sets we can define atom-abstractions. We will be using a simple such mechanism which
abstracts all atoms from a nominal element by orbiting it under all permutations. That is, for a nominal set
X and z € X, we define an equivariant [z] by:

7] 2 {y€ X |3m.y =m0 x}. (5)
3. The vep-calculus

We introduce the vep-calculus, an idealised functional language with nominal exceptions and nominal
general references. The calculus includes types for commands, numerals, products, functions, exceptions and
references.

TY>AB:=1|N|AxB|A—B|E|[4]. (6)
Types of the last two classes are nameful, that is they contain names. Names are denoted by atoms:
— we assume a set A, € (A;);e,, with elements denoted by a,b, ...,
— and, for each A € TY, a set Ay € (A;);e,, with elements denoted by d, b, ...
(In general, names are denoted by a,b, ....)
We define terms and values as follows.
TE> M,N:= z | Xe.M | MN | (M,N)|fstM |sndN | n|predM | succN
| if0 M then Nj else Ny | skip | a | va. M | [M = N]
| raise M | try Ny handle M => Ny | |M | M := N, (7)

VAsSV,W:u=n|skip|x | x.M | (VW) |a.



We see that the TE and VA are strong nominal sets. A term’s support is the set of names it contains, be they
free or bound. v is a name-binder (and ) is a variable-binder), and we follow the usual convention of equating
terms up to a-equivalence, for name- and variable-binding. Note that the former is defined ‘nominally’ [8]:

_ ! : _ / !
M —u.anskip M=, M N for cofinitely many b. (a b)o M =, (a’ b)o M
M=, M Ax.M =, Ax.M’ va.M =, va'. M’

Typing in vep involves environments S | I', where S is a finite subset of A, U (A4)aeTy, and I' contains
variable-type pairs. Using A, for nameful types, the typing rules are as follows — plus the standard rules
for A-calculus with products, numerals and if-then-else.

S,a|I'l-M:B S|I'M:A4, S|T'N:A
ac€sS

SI-axdy S|I|-va.M:B S|} [M=N]:N
S| I'M:E S|I'-M:E S|I'Ni,Ny: A

S| Il raise M : A S| I | try Ni handle M => Ny : A
S| T M:[A] S| T+ M:[A] S|II'-N:A
S|Ir'-'M: A S|II'-M:=N:1

Note that, in contrast to the presentation in [23,24], here we are using sets for local state instead of lists.
In the semantics, these sets S will have to be implicitly ordered, but this is harmless: in fact, such implicit
orderings are regularly used for environments I

The operational semantics is defined via a small-step reduction relation in environments P. These are
nominal sets enlisting all names appearing in a computation and storing the values of those names that are
references. Formally, P is a finite partial function from names to values, that is,

P:=@|a,P|d:V,P (8)

where a and @ do not appear in dom(P). We stipulate that valid environments satisfy dom(P) = S(P). Observe
that a reference name ¢ may appear uninitialised inside an environment; in fact, this is what happens when
a fresh reference is created. The reduction rules are as follows.

UPD DRF
Pa(zW),PEi:=V — Pid:V, P Eskip Pi:V,PPEla— Pa:V,PPEV
VHL XPN
PEtryVhandlea=> N —PEV P = Z[raise a] — P = raise a
- oH n=1 if ab

L K !
P = try (raise a) handlea = N — PE N PEla=0b— P Enn=0ifa=b

NHL : - azb NEW a# P
P = try (raise b) handle ¢ => N — P |=raise b PEvaM — PaEM

LA SU

YPEQeM)V — P M{V/} °PEsucen — PEntl

PR PR

D D
PlEpred(n+l) — PEn PlEpred0 — PEO

FS SN

TPEtst (VW) = PEV "Plsnd(V,W) —PEW

5=0 if n=0 PeEM-—P EM
T p = if0 n then Ny else Ny — P | N, i=1 ifn>0 CTX
n then Ny else Vg j PEBM — P = BM]




Unhandled evaluation contexts are of the forms:

Z = (A.N)_ | _N|(V,_)|(-,N) | fst_ | snd_ | pred_ | succ_ , if0 _ then N else N’
|[[c=N]|[la=_]|'-|-:=N]|a:=_ | raise _ | try N; handle _ => N,
and general evaluation contexts are of the forms:
E = Z| try _ handlea => N.

Apart from evaluation contexts, we also have single-holed, variable-capturing contexts C defined as usually.
For any S | I' - M,N: A, we say that M observationally approrimates N, written S | I" |- M 5 N,
if, for any variable- and name-closing context C : 1,

3P’ (|= C[M] —» P’ = skip) = 3P".(k= C[N] —» P" |= skip). 9)

We usually write simply M < N. Moreover, we set & = SN .
Sub-calculi and expressiveness

Let us briefly compare the expressiveness of vep with that of the following three sub-calculi.
(i) The v-calculus [21] is the restriction of vep with no raising, handling, updating or dereferencing con-
structs, and a single nameful type. !
(ii) The vp-calculus [23] is the restriction containing general references but no exceptions.
(iii) The ve-calculus is taken to be the restriction containing exceptions but no references, so the only
nameful type is E.
The syntax, static and operational semantics of these languages are defined by selecting the relevant clauses
from vep’s specifications.
These languages are separated observationally by the following terms. First, for any type A, we define the
terms:
stop, = vb. (b:= \z.(!b)skip);(!b)skip: A,
10
[M < N] £ if0 M then N else (ifO N then 1 else 0): N, 1o

where composition M ; N is given by (Az.N)M, some x not in N. stop is the divergent term (), while
[M < N] compares M and N as booleans. Take A, to be some nameful type of minimal size, according to
the calculus at hand. Define:

M; 2 \f.0: (A, - N) =N,

My £ va.vb. \f.[fa< fb]: (A, = N) = N,

Ms = va. M\f.[fa< fa]: (A, = N) - N (11)
My = Mf.stop;: (1 —=1)—1,

Ms = M\f. fskip;stop; : (1= 1) — 1.

> 1>

> 1>

Note that My and M5 are meaningful only in the presence of references (i.e. in vp, vep), because of stop.
Our nominal calculi exhibit the following behaviour.

My = M, My = Ms M, = Ms
v O @ O @2 —
vp O (21 O (2.2 O (2.3
Ve 0 @ 0 @32 —
veP 0 @ 0 @2 0 @3

Table 1: Equivalences separating our nominal calculi

(1.1) is shown in [22], and (1.2) follows from (3.2). The latter is shown semantically in the last section. (2.3)
can also be shown semantically, see [24]. Inequivalences are left as exercise.

I In fact, the v-calculus of [21] contains booleans and not numerals.

5



4. vep-models

We now formulate conditions for a correct categorical semantics of vep. Assuming an underlying category
with finite products, the semantics we formulate is monadic over a computational monad 7' (v. [17]) and
comonadic over a family of local-state comonads Q@ = (Q%)zea# (v. [6]). Thus, the morphism related to
each S | I' |- M: A is of the form

[M] - Q[T — T[A]
where @ is an ordering of S, i.e. 8(a) = S.

Recall that a strong monad (T,n,u,7) on a category C with finite products comprises of a functor

T : C — C and natural transformations

n:Id—T, pw:T*=T, 7:(-xT-)=>T( x_)

such that the following diagrams commute.

TBALTQA TALTQA AXTQB%AXTB.(MAXB
T#Al \LHA TTIA\L \LA\L TA,TB\L X LUAXB
idra
T°A——TA T’ A——TA T(AxTB) Tran THA x B)—m5—=T(A x B)
1 x TA—25T(1 x A) (Ax Byx TC—22< . T((Ax B) x O)
' : g
TA AX(BXTO) gy ormamns LA X (B x 0))

C has T-exponentials if, moreover, for each pair of objects B, C, there is an object TC® and an arrow
evl' : TCB x B — TC such that for each arrow f : A x B — TC there exists a unique AT(f) : A — TCP
satisfying:
f=AT(f) x idp;evl .
Let us write 7/ : T— x _ — T'(— x _) for the transformation derived from 7 and product symmetries, and
take )
Yap2TAxTB -5 T(AxTB) 15 TXAx B) 5 TB,

Wy p 2 TAXTB "5 T(TAx B) % T(A x B) 4 TB.
In general, ¥ # 1’ represents the non-commutativity of consecutive effects.

A monad may encapsulate several effects consecutively. One way of formalising this is by stipulating that
the monad be compound, i.e. of the form T = T; o T» (plus a distributivity law [5]). Such a description
presupposes knowledge of the constituent sub-monads. However, in our case it suffices to know that the
consecutive effects inside 71" are separable in the following sense.

(12)

Definition 1 Let T be a strong monad on a category C. We say that T is precompound if there exists a
category C’ such that:

(i) C is a lluf subcategory of C’ and T extends to a strong monad on C’;

(i) there is a natural transformation § : T'— T2 in C’ such that the following diagrams commute.

TA—24 0 oy 734 <204 oy OTA sy AxTB——22 > T(Ax B)
R \LNA WTA S eTAl \L,U«A HC \LT(#A ;04) idXGBl \LBAXB
rA TA—q = TPA=<7ma T°A A X T"B————=THA x B)

Moreover, each 14 is an inner- and outer-component arrow, where an arrow f : A — T'B is said to be
— an inner-component arrow if f;0p = f:nrp,
— an outer-component arrow if f;0p = f;Tnp.

6



We write T as (T¢, 0). A

Thus, 0 separates the two components of T in the following sense. Each 64 : TA — T?A sends the outer
T-component of TA to the outer T of T?A4, and similarly for the inner one. In general, though, the two
components of 7' may not be separable within C (i.e. the separating arrows 4 may not live in C) but in a
supcategory C’. Note that a compound monad is easily shown to be precompound, by taking:

02Ty 22 T Ty Ty B DT (13)

A comonad (Q,¢c,9) in C is a monad in C°P, that is
Q:C—C, e:Q—1d, §:Q— Q7%

and the first two monadic diagrams are satisfied (when reversed). We say that @ is a product comonad if
the canonical natural transformation

(2 (Qm,Qmaiep) : QAx B) -+ QAx B (14)

has an inverse . We write Q as (Q,¢,9,(), and denote the symmetric counterparts of ¢, ¢ by ¢',¢'. Note
that if @ is a product comonad then it can be expressed as @ = Q1 x _ .

In the nominal setting, comonads will be used for the modelling of (constant) local state. This will be
accomplished by the following construction.

Definition 2 Let C be a category with finite products and a booleans-object 14+1. A comonadic nominal
setting on C is given by a family of product comonads (Q%,¢,d,()zeca# on C such that:?
(i) Q¢ = Ide and Q% = Q% whenever [a] = [a/]. For each a € A# | we set

A" £Q"

(and therefore Q% = A% x _) and write A; for A* with a € A;. These represent names-objects within
C.
ii) If 8(a’) C S(a) then there exists a comonad morphism & : Q% — @' such that
a

2 —¢and 2 = id.
Moreover, whenever S(a’) C S(a”) C s(a),
a a' _a
7T @ (CR)

(ili) For each ¢ € w there is a name-equality arrow eq, : A; x A; — 141 such that, for any distinct a,b € A;,
the following diagram commutes.

(2 )

Qal 2l A1 X A1

Q™1 (N1)

A

The above specifications describe local state by means of comonads, and change of local state by means of
monad transformations (7). The latter, however, is restricted to the case where no fresh names are involved
(8(@’) C s(a)); for fresh-name creation we also need a monad.

Definition 3 A monadic-comonadic nominal setting on a category C comprises of a strong monad
(T, n, p, 7) with T-exponentials and of a family of product comonads Q = (Q%,¢, 4, ()zea# on C such that:
(i) @ is a comonadic nominal setting on C,

2 TIn fact, (Q%,¢,9,¢) stands for the more cumbersome (Q%, %, 5%, ¢?).



(i) for each @a € A# there exists a natural transformation nu® : Q@ — T Q% such that, for any a’a with
S(aa) C S(a’a), the following diagrams commute.

(id,nu®*) = . al

AxQ'B—>Q"AxB) QA QiAxTQA QY A—"TsTQiea  (N2)

ianu%al lnu‘i& B nuaal l‘r

AXTQUB—TQ“(Ax B)  TQUAgm=T(Q"AXQ™4)  QA—>TQ"A

aa
a o1

il
-~
!
mP
sl

A

This completes the specifications of a basic nominal model, which is an abstract categorical model of the
v-calculus. From that, we obtain a model of the vep-calculus as follows. Note that we write A, for A% (any
a€A,), and Ay for A® with a € A 4.

Definition 4 A vep-model M is a monadic-comonadic nominal setting (M, T, Q) satisfying the following
conditions.

I. M contains an object N along with arrows 7 : 1 — N, each n € N, and successor/predeccessor arrows.
Moreover, there is an appropriate natural transformation with components cndy : NxTAXTA —TA
for zero-equality conditionals.

II. M contains a natural transformation inx : K5, — T for exception-inclusion, where K, is the constant-
A, functor, such that the following diagrams commute.

Ax A, 2B A TR A, — B L op (NE1)
7T2l l‘r \ l#
inxp
A, —22 L T(Ax B) TB

Moreover, for each object A, an arrow hdly : A, x TA x TA — T'A for exception-handling such that
the following diagram commutes.

a ab.
P ;inx4) (id,inx4)xid
.<—

Qb1 x TA A xTAxTA A, xTA (NE2)
m,aabl hdlAl %Xid
Ac -4 TA ~2 0 A, x AxTA

III. Setting
[]21, [N] 2N, [[A]] 2 A4, [E] 2 A,, [A— Bl 2T[B]"™, [Ax B] 2 [4] x [B],

M contains, for each A € TY, arrows drfs: Ay — T[A] and upd, : As x [A] — T'1 such that the
following diagrams commute,

Ty Tdrf 5

L ] ) N —-
Tﬂ'2

i U] idXmosu v
A x [A] x [A] —BITRRAATEAL) g T sy (NR)

- 7
T2

<%E><7T ;upd ,@Xw ;upd ) /E\
Qi1 x [A] x [B] e Y . ixT1T 3T
U=

and, moreover, updates and fresh-name creation are independent effects, that is:

(nu%* x updp) ;1 = (nu’%* x updg) ;¢ . (SNR)



IV. T is precompound, (Tr,0), with nu, upd being in the outer component and inx in the inner one.
Moreover, for each object A:

idx 64 xid Txid; T’ Thdl 4

hdly = A xTAXTA =225 AT A’ XxTA 2250 T(ALXTAXTA) —=2 T°A % TA (NE3)
The translation of the vep-calculus in such a model is given in figure 1. A

Regarding the diagrams used in the definition, (NE1) attaches coproduct inclusion properties on inx while
(NE2) is a plain categorical translation of the reduction rules NHL, HL, VHL. On the other hand, (NR)
represents the following vep-equivalences, for d # b.

a:=Vla 2 a:=V;V
a:=Vii:=W =2 4g:=W (15)
d::V;B::W = B::W;d::V

We now explain the role of precompoundness. Although 6 does not appear explicitly in the semantic
translation, it does so implicitly: because of (NE), the translation [try Ny handle M => N, is, in fact,

Q°r (IM], [N1 56, [N=21)

The purpose of 6 above is to separate the two components of T'A yielded by [N1], so that the inner component
be passed on to the exception-handler and the outer component to the output of the computation. Thus,
fresh-names and name-updates of N; are not lost, and try _ handle M => N, behaves like a proper
(handled) evaluation context. Finally, note the utility of allowing 6 not to be part of our model M (but of

Pxid; T’

TA. x T?2A x TA 22405 T(A, x TAx TA) 228 74 (16)

a

_ a _ 5 . Ha 1.0a
ﬂnﬂ:QaFQ]Qali)li)Nl)TN HMHQ I' - TN ﬂN,ﬂ.QF—)TA
[if0 M then N;i else N3 :

(IM1, [N1], [Na]) s 7!

|

[2] : Q°r &7 QA <5 A % TA
_ Tendp 5 p

[a] 'QaFﬂQaliA NN Qr T(Nx TAx TA) —25 74
: " .
[M] : Q%I x A) — TB [M]:Q*I' - TA
AT (¢5 [M]) [va. M] : Q°I" 2% TQ TIMI sk, g

e M] : Q°r ——=""% 7B4 L, T(TB4)

[M] : Q°T — T(TB*)  [N]:Q% —TA [M]:Q°F = TA: [INJ:Q°T = TAs

T'(eq;[0,1])

AMVIND 39, pp A,y SO gy

T, [IM = NJT : QT

(IMDLIND) 5 9 T(TBAXA) Tev™; TB

[MN]:Q*r

M] : QT — TA.
[M]:Q°T" - TAs [N]:Q*I—=TA Q=

M] TA,

Tinx o ;

[raise M] : Q°T TA

©w

(IM],INT) 5 T(AAXA) Tupd 4; el

[M := NJ]: QT

_ M]: QT — TA. [N;]:Q°T —TA
[M]:Q°T — TA,4

[try N1 handle M => NaJ :
[a] Tdrf 5; p

['M]:Qr TA4 TA gap ML IN L INaD) s 7]

T(Ae x TA x TA) —22A 14

Figure 1. The translation of vep inside a vep-model.



the supcategory M’): in the vep-calculus, when a function is called it is not possible to separate its outer
from its inner effects — and e.g. discard the inner ones — so  is not definable. 3

We now proceed to demonstrate that the above construction yields indeed a model of vep. Let us define
for each environment P a term P by:

2 skip, G=V,P24:=V;P, a,P2P. (17)
Moreover, let us use labelled arrows, — , to denote the last non-CTX rule used to derive a reduction. We

can show the following.

Proposition 5 For any typed term S | I' |- M : A, any environment P and any reduction rule r,

1. ifr ¢ {NEW, UPD, DRF} then PEM — P = M' = [M]=[M'],

2. ifr € {UPD, DRF} then P=M — P' =M’ = [P;M] =[P ;M'],

3. PM MY paE M — [P;M]=[va. P;M'].

Therefore, P =M —» P' =M’ implies [P;M] = [va.(P'; M")], with dom(P’) \ dom(P) = S(a). ]
Proof: (sketch) The last clause follows from 1-3. For those, we do induction on the reduction’s derivation.
The base cases follow relatively easily from the specifications. Note that (SNR) is needed in the case of
NEW; (NE1) is used for XPN; and condition IV of the previous definition is used for HL, NHL.

The inductive step of 1 follows from compositionality of the semantics. For 2, using standard semantical

methods and employing again condition IV along with (NE3), we can show that for any term M, environment
P and evaluation context E,

[E(P; M]] = [P;E[M]]. (18)

With the aid of conditions (N2), IV and (NE3) we can extend the above to:
[E[va. P; M]] = [va. P;E[M]], (19)
for any name a. This solves 3. u

This is, in fact, the furthest we can go with vep-models — correctness. For soundness we need to stipulate
that our models satisfy computational adequacy.

Definition 6 Let M be a vep-model and [_] the respective translation of vep. M is adequate if, for any
closed (wrt. variables and names) term M : 1, if [M] = [va. P] for some P,a then there exists P’ such that
E M —» P’ E skip. A

Proposition 7 (Soundness) Translating vep into an adequate vep-model M we obtain:

[M] =[N] = MZSN.

5. The nominal games model

We proceed to build a fully abstract model of rvep in nominal games. The basic construction is the
category Vg, which provides also the backbone for the fully abstract models of the v-calculus [1] and the
vp-calculus [23], and in effect of any nominal calculus with computational effects definable in V; with monads.
The following definition gives the objects of V.

Definition 8 A nominal arena A £ (M4, Ia,Fa,A4) is given by:

3 An opposite approach is followed in [24]. There, 6 is taken as part of the vep-model and definability is proven for vep-submodels,
that is, appropriate lluf subcategories where problematic arrows like 6 are excluded.
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e a strong nominal set M4 of moves,

e a nominal subset I4 C M4 of initial moves,

e a nominal justification relation F4C My x (Ma \ I4),

e a nominal labelling function Ay : M4 — {O, P} x {A,Q}.

A4 labels moves as Opponent or Player moves and as Questions or Answers. Initial moves must be

P-Answers, Answers may only justify Questions, and if m; k4 my then A4 assigns them complementary
OP-labels. Moreover, for each m € M4 there exists unique k£ > 0 such that, for some m;’s in M4,

Ia>miba---Fampbam.

k is called the level of m (so initial moves have level 0). B
A prearena is an arena with its initial moves labelled OQ. Given arenas A, B, and writing A4 for the
OP-complement of A4, we construct the prearena A — B by:

Ma_,p = My+ Mp Aasp = [(ia = 0Q , ma— Aa(ma)), Ap]
Iasp 2 1a Fasp 2 {(iaip)} U{(m,n) | mFapn}. R
Moves of an arena A are denoted by m4 and variants, and initial moves by i4 and variants. We set
Ja 2 {m e My | level(m) = 1} (20)

and denote such moves by j4 and variants. By I4 we denote M4 \ 14 and by J4 we denote M4 \ Ja. We
say that an arena A is pointed if |I4| = 1.
The simplest arena is 0 = (3, @, @, @). Other flat arenas are 1, N and A%, each a € A#, defined by:

MN:INéN, Mliflé{*}, MAa:IAaéAa. (21)

Note that for @ empty we get A© = 1. We write A; for A® with a € A;, ¢ € w (and similarly do we write A,
each x € TY U {e}). Moreover, from arenas A, B we construct the following compound arenas. Note that,
because each move has a unique level, arenas can be seen as levelled labelled graphs with vertices labelled
by A.

Muagp = Ia x Ip+1a+ Ip

IA®BéIA x Ip

Mg = [((ia,ip), PA), Aal Ia, Ap] I5]

Fass £ {((iA,iB),m) | m € JAUJB}U (FA fjA2)U (FB ijQ)

Mayp 2
Inip =
AA+B
Fats

A+B

Slp+IaxJp+Ila+IpnJp

£ Jp

£ [(ip, PA), ((i4,7B),0Q),Aal Ia, Al (I N Jp)]

2 {(iB, (ia,7B)} U{((ia,jB),m) | iaFamV jprpm}U(Fa [1a*) U (Fp [ (Ip N JB)?)

Ma, = {#1,%2} + My Masp & {x}+Ia+1a+ Mp
Iy, = {1} Lisp = {+}
Aa, = [((41, PA), (x2,0Q)), Aa] Aa=p = [(¥, PA), (ia,0Q), Aa| Ia, A5]
Fa, £ {(*1, %2), (*2,54) JU F 4 Fasp 2 {(*,i4),(ia,jB)} U Fa U Fp
Al A=B

Figure 2. Basic arena constructions
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We will usually identify graph-isomorphic arenas related by isomorphisms which simply manipulate *’s;
for example, for any A, B,

0+A=A+0=A, 1=8A=A, A=B=A=0B, .

Most of the previous constructors are familiar from [11]: ® and + yield products and coproducts, | is
a lifting, and = is a function-space constructor. On the other hand, =® can be seen as a function-space
constructor merging the contravariant part of its RHS with its LHS. For example, for any A, B, C, we have:

A= (B=C)=(A®B)=C. (22)

Reading the equality from left to right, the contravariant part of B = C, i.e. B, is merged with A. Read
from right to left, (22) corresponds to implication introduction in Logic; in call-by-name arenas [16] it has
the form:
A—-(B—-C)=(AxB)—C.
A nominal game is an interaction between Player and Opponent on a certain prearena. The interaction
is given by a sequence of moves-with-names. Each such is written m?® and consists of a move m € M4
attached with a name-list @ € A# (hence m?® has strong support). For a move-with-names = we write:

T = gnlist(z) (23)

At this point let us introduce some notation for sequences (of names, moves, etc.). If s = s1---s, is a

sequence then:

— s~ denotes 1+ Sp_1,

— s.i denotes s; , and s.-¢ denotes s,4+1—;,

— S<s,; denotes s1---s;, and so does s<g, ;-

For example, s.-1 denotes the last element of s, and hence s = s™(s.-1).

A justified sequence over a prearena A is a finite sequence s of OP-alternating moves-with-names such
that, except for s.1 which is initial, every move s.i has a justification pointer to some s.j such that j < ¢
and s.j b4 s.i; we say that s.j (explicitly) justifies s.i. The view "s' of s is a subsequence of s computed by:

P

x (24)
Ts'yx, x explicitly justified by y.

F$T

(1>

Tsytal &
This definition incorporates those of P-view and O-view [16].

A legal sequence s on A is a justified sequence of moves-with-names that satisfies Visibility and Well-
Bracketing. The former condition states that, for any = in s, x is explicitly justified by a move in s,
The latter stipulates that any Answer z in s be justified by the last open Question in s<, (the pending
Question).

Definition 9 A legal sequence s is a play if s.1 has empty name-list and s also satisfies:

(NC1) The name-list of any P-move z in s contains as a prefix that of its preceding move, that is,
nlist(s<,.-1) < nlist(z). It possibly contains other names, all of which are fresh for s,.

(NC2) Any name in the support of a P-move z in s that is fresh for s, is contained in nlist(z).

(NC3) The name-list of any non-initial O-move in s is that of the move explicitly justifying it.

The set of plays on a prearena A is denoted by Pj. A

Thus, we take plays to be innocent e-plays in terms of [23]. A name a is introduced (by Player) in a play
s if there exists a P-move « in s such that a € S(z) and a # s<,. From the definition, this is equivalent to
stating:

—a€S(z)and a # "s<s

— a € S(nlist(x)) and a # nlist(y),

— nlist(z) = nlist(y) a1a as.

12



Note that (NC1,2) imply that Player cannot play a name that does not appear in his view: 4 if z is a P-move
in s and @ a name appearing in s<, but not in "s., ', then a € S(z) would imply a € S(nlist(z)) by NC2 and
therefore a # s<, by NC1 (and the fact that s<,.-1 appears in "s<,' and so a # nlist(s<,.-1)).
Playson A — B and B — C' yield plays on A — C' via parallel composition and hiding. Firstly, s € Pa_p
and t € Pg_,c are composable if
s|B=1tB
and, for any s’ < s, t’/ <t with s'| B={¢| B:
(C1) If s’ ends in a P-move in A introducing some name a then a #t’; dually, if ¢’ ends in a P-move in C
introducing some name a then a # s’
(C2) If both s',t' end in B and s’ ends in a P-move introducing some name a then a # t'~; dually, if ¢/
ends in a P-move introducing some name a then a # s'~.
The parallel interaction s |t of composable plays s,t is a sequence of moves-with-names from A, B,C
computed as follows. Writing a, for nlist(s.-1), @, for nlist((s | ).-1), and so on, we define recursively:

Sm%) It = (sl tymy """ 5m?4(o> It £ (s t)mb,
s | tmifpy & (s|[yme '™ slltm o) 2 (s tyme:, (25)

_ - Gy || @ b aia s | 1@
smipy [ tmpoy £ (s )mp """, smp o) [tmE ) £ (s|| ymp "™,

and €| € £ €, where we write b’ for the name-list of m4’s (m¢’s) justifier in s || ¢. Take then,
(s;t) 25|t A,C. (26)
We can show [24] that s;t € Pa_,c.
Definition 10 A strategy o on a prearena A is a set of equivalence classes [s] of plays on A satisfying
prefix closure, contingency completeness, determinacy, innocence and totality:
e If [su] € o then [s] € 0.
e If even-length [s] € o and sz is a play then [sz] € 0.
o If even-length [s121], [s2x2] € 0 and [s1] = [s2] then [s121] = [s2x2].
o If [s1x1], [s2] € o and odd-length ["s17] = ["s2| then there exists [saxa] € o such that [s1217] = [Tsaz2 .
e If [i4] € o then there exists an Answer m € My such that [i4 m] € o.
We write o : A if o is a strategy on A. A

Strategies are the arrows of V;. For example, for any S(a’) C S(a), any n € N, any ¢ € w and any arena
B, we have the strategies:
AT A 2 {[ad]},
1= N2 {[xn]},

l5:B—12{lig%]}, (27)
eq, : Ai®A; » N = {[(a,a)0],[(a,b) 1] | a # b},
idp: B — B2 {[s] | s € P, ~p,, ANVt <"s. t] Byy = t] By} .

h Q\I| Sl

Note that in strategy definitions as the ones above we tend to be frugal; we usually omit plays that are
obviously in a strategy because of totality, prefix closure, etc. For example 7 is formally given by the set

{[e]; [], [xn ]}

If 0: A— Band 7: B — C are strategies then we define the composite strategy:
o;7:A— C2{[s;t] | [s] € AJt] € T As,t composable} . (28)

Strategy-composition is well-defined, associative and has id as unit (see [24]). Hence, we have a category.

4 even if it is the case that it was Player who introduced it in the play — this is innocence.

13



Definition 11 )V} is the category having nominal arenas as objects and strategies as arrows. A

There is rich structure in Vy: ® and + of figure 2 yield products and coproducts respectively, and there
are also partial exponentials given by the =® constructor: for any triple A, B, C' of arenas with C' pointed
there is a bijection

A:V(A®B,C) =5 Vi (A, B=8C) (29)

natural in A. Moreover, 1 is terminal, 0 is initial, and the constructor _; yields a strong monad with
exponentials. Finally, ® can be generalised to an infinite tensor &) applicable to pointed arenas.

We proceed to the construction of a vep-model in V;. References are modelled by a store-monad, built on
a store-arena & £ @ 4opy(Aa = [A]), while for exceptions we use the coproduct monad _ + A.. Thus, the
computational monad to use is (obtained from the functor):

T:Vi =V 2= ((- +A)®) (30)

Note that 7" is compound (as T = T1T», Ty £ ¢ = (L ® &), To 2 A, + _ and a standard distributive law)
and hence precompound. Given &, and using the fact that _ | is a strong monad with exponentials, we can
show that T is a strong monad with exponentials, with 7B being A =2 T'B. Thus, the definitions of ¢ and
[A] are interrelated by the following domain equation.

[=1, INJ=N, [E] =Ac, [[Al =Aa, [AxB[=[A]e[B],

[A—= Bl =[Al=2 (= ([Bl + Ac) @6),  £=QAAa=[A]).

(SE) is solved by expressing it as a fixpoint functorial equation and finding its minimal invariant [24]. The
computations are almost identical to those followed in [23].

Explicitly, the solution is depicted below. For example, the arena £ contains an initial move ® wich justifies
Questions a, all @ € Ay and all A € TY, and each such & justifies a subarena [A] where the value of @ is
stored. On the other hand, TA = £; = (A ® &2) contains an initial move * which justifies a move ® opening
the store &;. The latter justifies the rest of & and it also justifies some Answers opening the store &. These
can be either of the form (i4,®) (i.e. values) or of the form (a,®) (i.e. exceptions).

(SE)

[A x B] [A — B] I3 TA
(ipay.igB]) PA (\j PA ® pa PA
[[A]] @ OQ a 0Q

a

Z[[Bu®
AVAYTAVAY A
[B]

3

»/
%E

(GeAL)

Figure 3. The translation of vep-types in nominal arenas.

Notice that we reserve ® for the initial move of £&. The monadic natural transformations of T' are obtained
from those of its components (see [24]).
Having defined arenas A; for each a € A# we construct the product comonads Q® by:

Qa:Vt%VtéAaX_ (31)

For each @’ C a, we have already defined a natural transformation % : Q% — Qa,. Moreover, we can define

a transformation nu®® : Q% — T Q% by using the following strategy.

{‘|m\

14



Opponent starts by supplying the initial local state a and the
initial A-value i4; Player answers with a dummy * (dictated by nu 4
totality); Opponent then plays ® opening thus the initial store;
Player introduces a fresh-name a, copies i4 and opens a new
store, playing (aa,i4,®)®. From that point on, Player copycats
between the two copies of ¢ 4 and ®: the latter means that Player
has made no store-update when playing (aa,?4,®)%.

aa .

Q(zA —>_TQ(zaA

(d, iA) 0Q
,—\jk PA
® oQ

WA,@?)“ PA

i

(32)

Note that in diagrams for strategies like the above we depict the strategy’s behaviour on P-views, that is,
sequences s such that "s”7 = ', for each s’ <°?@s. The curved lines are justification pointers. The polygonal
lines stand for copycat links, that is, the strategy copycats (i.e. it plays like id) between (the relevant
components of) the two linked moves.

The last pieces of structure we need for a vep-model are arrows upd,drf and inx,hdl. The former two
are essentially the same as those used in [23] and are given in figure 4. On the other hand, inx is easily
defined by means of coproduct injections while hdl is given as follows.

Opponent starts by opening the two T'A’s and sup-
plying the name a to be handled; Player answers x;
Opponent supplies the initial store ®; Player copies
it under the T'A to be tried. If Opponent now asks a
name under ®, Player will copycat it (under the pre-
vious ®).

If instead Opponent answers with (a, ®) (which means
that the T'A which was tried resulted to an exception
a) then Player catches a: he plays under the second
T A and copycats between that and the T'A at the out-
put.

Otherwise, if Opponent answers with another excep-
tion name b or with a value i4 then there is nothing
to catch: Player simply copycats between the tried T'A
and the output.

It is not difficult then to obtain the following.

Proposition 12 (V;,T,Q) is a vep-model.

hdly: A QTARTA——TA

(@, %, %)

oQ

* PA
—

® oQ

PQ

0A

PQ

0A

(b/ia,®) PA
|

|

upd, @ A Q[A] ———T1

0@  (a,igap)
PA
0Q

PA

oQ b
e > |

oQ a
—

|

PA ’L'[[A]]

Ap——=T[A]
a
*k

—
&®

—

AN

ifa]

Figure 4. Reference-update and dereferencing in Vy
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Adequacy Our last task for this section is to show adequacy for V; as a vep-model. First, we note that
if a term is non-reducing and behaves like a value (resp. a raised exception) then it is indeed a value (an
exception).

Lemma 13 LetS(a) | @ |- M : A be a typed term. For any environment P, if P = M is non-reducing then
(i) if M is not a value then for no b,is do we have [(a@,) * ® (ia,®)"] € [P; M],
(i) if M is not a raised exception then for no b,a do we have [(a@,*) * ® (a,®)°] € [P; M]. ]

Now, for each term M, define (M)° recursively as follows.

(@°2a, (@°2z, ... O.M)P°2)a(M)°, (MN)2(MP°(N),

34
(try Ny handle M => N5)° £ try (N;)° handle (M)° => va.(N2)°, some a not free in Ny . (34)

The main technical result is the following lemma (see [24] for a proof).

Lemma 14 For any S(a) | I' - M : A and any initial move ip of [I'], if there is a pair b,ia such that
[(@ir)*®(ia,®)"] € [M], then there is some b’ such that S(b) C S(b') and [(@,ir)*®(ia,®)"] € [(M)°].m

Proposition 15 (Adequacy) V. is adequate: for any closed term M : 1, if [M] = [[Vd.ﬁ]] for some P
then there exists P’ such that &= M —» P’ |= skip.

Proof: By lemma 13 it suffices to show that, for any such M, there is a non-reducing sequent P’ = N
such that = M —» P’ = N. For sake of contradiction suppose the opposite, that is, there exists an infinite
reduction sequence starting from = M.

The sequence must contain infinitely many reductions from the set {HL, NHL, VHL, XPN}, or otherwise it
would end in an infinite reduction sequence in vp, contradicting the latter’s adequacy (see [23,24]). Moreover,
if it contained infinitely many reductions from {NHL, XPN, VHL} but finitely many HL reductions, then it
would have either to terminate at some raised exception or to end in an infinite sequence of reductions in
vp+VHL. The latter would then produce an infinite reduction sequence in vp. We therefore have that = M
has a reduction sequence containing infinitely many HL reductions. Clearly then, = (M)° diverges using
infinitely many NEW reduction steps.

Now, [M] = [va.P] implies [+ * ®(x,®)%] € [M] and hence [+ * ®(x,®)%] € [(M)°] for some @', by
previous lemma. But we have that = (M)° diverges creating infinitely many fresh names, so in particular
= (M)° —» P’ = M’ with |dom(P’)| = |@'|+1. By correctness, [(M)°] = [va". P'; M] with $(@") = dom(P’)
and therefore [ x ®(x, ®)% ] € [(M)°] implies that @’ contains at least @”, contradicting |a”| = |a/| +1. m

6. Full abstraction

In the previous section we showed that V; is a sound model for vep. However, in our games we have included
store- and exception-related behaviours that are disallowed in the operational semantics. The problems with
store-discipline in V; are explained in [23]. Regarding exceptions, the problem is that strategies may well
handle fresh (unknown) exceptions, whereas in the operational semantics a fresh exception always escapes
out of its context.

In order to obtain a fully abstract semantics we will have to constrain strategies by disallowing such
behaviours. Specifically, we constrain arenas to type-denotations and strategies to z-tidy ones.

Definition 16 Consider V,.,, the full subcategory of V; with the following set of objects.®
Ob(Vyep) DA, Bu=1|N| A" | A9 B| A= TB

For each object A define its set of store-Handles, H 4, and its set of exception-raisers, X 4, as follows.
Setting A=9 TB £ A= ({4 = (B+A.)®&p) and £ 2 Q(Ac = [C]), we take (recall also fig. 3):

5 Note in particular that [A], Q%[A], T[A] € Ob(Vyep), for each type A, by taking T[A] = 1 =® T[A].
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E=>(14+Ap)®E
ES

P
store-H’s: o /0695/_\
store-Q’s: o d o (%, ®) o (@, ®) =

- ~ fed ~
store-A’s: < Sia o b W
-ralsers: wx aip 4 iC

Figure 5. Move-classes in the arena T'1.

Hi=Hxy=Hpa £ 0
1A N A ) XlzXN:XAaé@’
HA®B =H s UHp, A
Hacors £ {(ia,84), (5, 85), (0, 95)) e et
A TB - ZA, A b ZB? B 9 a7 B .
= XA—TB {(a,@B)}UXAUXBUXEAUXEB,
UH,UHpUHg, UHg,, .
HéU Hicy ; XE:UCX[[CH'
3 cters
In an object A, a store-Handle justifies Questions of the form d, which we call store-Questions. Answers
to store-Questions are called store-Answers. A

The classification of moves relatively to the store is familiar from [23]: store-H’s are moves opening new
stores, where a store consists of combinations of store-Q’s and store-A’s. Regarding exceptions, X-raisers
are moves raising an exception — note that exceptions (i.e. exception-names) may also appear in a game
unraised, as values (compare [a]] with [raise a]). Note that X-raisers are A-store-H’s (i.e. store-H’s that
are Answers) justified by Q-store-H’s, and that every Q-store-H justifies X-raisers. We can show that a move
in A € Ob(Vyep) is exclusively either initial or a store-H or a store-Q or a store-A. An example of how these
classes of moves are related is given in the diagram of 7'1 in figure 5.

These notions can be straightforwardly extended to prearenas by setting

Hap 2 HsUHp and Xa,p2 XaUXp. (35)

Around them we define x-tidy strategies. Note that since store-H’s may occur in several places in a game
we may use tags to distinguish identical moves from different stores. For example, the same store-Q ¢ may
be denoted g(o) or q(p) , the particular notation denoting also the OP-polarity of the move.

Definition 17 A strategy o is z-tidy if whenever odd-length [s] € o then:
(TD1) If s ends in a store-Q ¢ then [sz] € o, with x being either a store-A to ¢ introducing no new names,
or a copy of ¢. In particular, if ¢ = d® with @ # "s'~ then the latter case is the case.

(TD2) 1If [sq] € o with g a store-Q then ¢ is justified by last O-store-H in s".

(TD3) If "s' = §'qo)qmt Yoy With ¢ a store-Q then [syr ] € o with y s justified by "s'.-3.

(xTD1) If s ends in an X-raiser (a,®)® with @ # "s'~ then [s(a, ®)%] € 0.

(xTD3) If"s' = s'(a,®)%, (4, ®)% 4oy With o) a store-Q, (@, ®) o) an X-raiser and a#s’, then [s ] € 0.
Let T be the lluf subcategory of V,., of x-tidy strategies. A

The (TD) conditions define tidy strategies of [23] imposing a certain store-discipline:

e (TD1) states that, whenever O plays a store-Q, say %, Player must either answer it (providing thus the
stored value of @) or copycat it (expressing thus the fact that he has not updated @ since the last store-H
played by O).

e (TD2) states that Player may ask store-Q’s only at the last store-H played by O in the view.

e (TD3) ensures that whenever Player decides to copycat a store-Q he must preserve that copycat link.
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The tidiness conditions describe the interactive nature of our nominal store: when encountered with a store-

Q, each participant either answers with an updated value or asks the same store-QQ himself and establishes

a copycat link between the two store-Q’s. Thus, the whole of the store can be accessed without breaking

innocence! — see also [24, innocent store].

On the other hand, the (xTD) conditions provide a straightforward fresh-exception-discipline:

e (xTD1) states that when a fresh raised exception is encountered, it must be copycatted (i.e. it must
escape).

e (xTD3) ensures that a fresh exception is copycatted without any store-updates taking place in the process.

In fact, behind (xTD1) there is a hidden lemma: the move to be played by P is an Answer, so it should be

an Answer to the pending Question.

Lemma 18 If odd-length [s] € o ends in an X-raiser (a,®)% then s has a pending-Q which is an O-store-H,
and s(a, ®)® is a play.

Proof: s being odd-length implies that it has a pending Question, say q. If ¢ were a P-move then s = s1¢ss
with s1, s2 being odd-length, so an A in ss should be justified by ¢, contradiction. Hence, ¢ an O-move.
Moreover, g cannot be initial, by totality, and neither a store-Q: ¢ being unanswered would mean that P
copycats after it, so the move following ¢ would be a copy of it answered by an O-store-A y, say. When y is
played, P must answer g with a copy of y, thus y can only be the last move in s, i.e. the X-raiser (a,®)%,
conrtadiction as y a store-A. Hence, ¢ an O-store-H. Thus, s(a,®)® is a justified sequence satisfying well-
bracketing, and it clearly satisfies NC’s. Finally, it also satisfies visibility since s and "s' have the same
pending-Q (see e.g. [16]). ]

It is easy to see that identity arrows are x-tidy. Moreover, x-tidy strategies compose and thus we have a
subcategory of nominal arenas and x-tidy strategies.

Proposition 19 Ifo: A — B and 7: B — C are a-tidy strategies then so is o ;.

Proof: We know from [23,24] that the (TD) conditions are preserved under composition, so we need only
focus on the (xTD) ones—as the proof is not particulary involved, we only show (xTD1). So let odd-
length [s;t] € o ;7 be ending in an X-raiser (a,®)® with a # "s;¢'~. Assume, wlog, that s;¢ ends in A, so
s-1 = (a,®)%, some sublist a; of a. By a standard nominal-games argument we then have a # "s'~, so
[s(a,®)™] € o. If (a,®)* is in A then we are done. Otherwise, we have that [t(a, ®)*2] € T some sublist as
of a. Applying the same reasoning consecutively, some (a, ®)%" is played in AC, giving the required copy of
(a,®). |

Definition 20 «7 is the lluf subcategory of V,., of x-tidy strategies. A

We can check that all of the structure of V; required for modelling vep is x-tidy — but 6 is not,® and this
was the reason for ostracising it to a supcategory in definition 1 —so x7 is an adequate vep-model. Our
remaining task is to show definability, and from that full-abstraction.

We henceforth consider solely x-tidy strategies. Because of innocence, each strategy o is defined by its
viewfunction,

viewf(c) 2 {[s] €0 | |s|even As="5"}. (36)
viewf has an inverse function strat, which goes from viewfunctions to strategies.

The viewfunction of a strategy still contains a lot of extra information, in the sense of behaviours which
are anyway common to all x-tidy strategies. In fact, each strategy o is defined by trunc(c), which is the
subset of viewf(o) excluding:

o all default initial Answers (dictated by totality),

e all the store-copycats (dictated by (TD) conditions),

6 The interested reader may indulge himself verifying this fact, and also that the loss of x-tidiness is hidden by the compositions
inid x @ x id;7 X id;7’;Thdl; u.
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e and all fresh-exception copycats (dictated by (xTD) conditions).
We say a strategy o is finitary if trunc(o) is finite. Intuitively, a strategy is finitary if its non-default
behaviour is finite.

Proposition 21 (Definability) Let A, B be types and o : Q*[A] — T[B] be finitary. Then o is definable,
i.e. there exists a term S(a) | I' |- M : B such that o = [M].

From the above, by a more-or-less standard game-semantical argument we can obtain full-abstraction with
relation to the following semantical preorder. For each f,g: Q*A — T B, set

fS"g <= Vp:QUA=0TB) = T1. (A"(f);pd = A(9);p ), (37)
where A7(f) £ Qi1 % Qa1 2N,
such that [(a@,*) * ® (x,®)"] € 0.

Q%A =9 TB) and, for each ¢ : Q%1 — T'1, o | iff there is some b

Theorem 22 (FA) Forany S|I'|- M,N:A, M N < [M] <[N]. ]

Proof of Definability: Assume A = A; X --- x A, and B = By X -+ X By, with A;’s and B;’s non-
products, and fix a context I' = z; : Ay, ..., zn : A, . We do induction on (Jtrunc(o)l, ||o]|), where we let ||o]||
be the maximum number of names introduced in any play of trunc(o). If |trunc(o)| = 0 then o = [stopg] ;
otherwise, there exist 2o, 44y such that [(@,i4()) * ® o] € 0. If we set o 2 ol (a, ia(0)) and o' = o\ 0g 7
then B

o = ([x = i), (00,0")); cnd .

[z £ ia)] : Q°[A] — N is the strategy which returns 0 if the initial move is (a permutation of) (@, (o))
and otherwise 1. It is not difficult to construct a term S(a) | I' |- Ny : N such that [No] = [z = is0)];n-
Moreover, [trunc(c’)| < |trunc(o)| and (0,0) < (|trunc(oo)|, ||ool]) < (Jtrunc(o)|,||o]]), so by TH there

exists term M’ such that [M'] = o’. Hence, if there exists a term My with [Mo] [ (@,i4(0)) = oo then
o = [if0 Ny then M, else M'].

We proceed to find My . If the move z, introduces fresh names b, say, then we can use the IH (on [|o[|) and
obtain a term Mj such that og = nu®; T[M;]; 1 and hence we can take My £ vb. Mj.
Assume now xg = myg. If mq is a store-Q @ of type C, say, then define the strategy

oq : QU([A] ® [C]) — T[B] £ strat{ (@, i), ic) *®s] | [(@,ia0))* ®iics] € viewt(og) }.

We have trunc(o;) < trunc(og), and therefore there exists S(a) | Iy : C' |- M; : B such that o5 = [M;] ,
and taking

ap e JQuMa(tE) L ifd € S(@a)
0= e g = NP .
(Ay.Mz)('z5) Sifa#ani=min{j|d= (ia));}
we have og = [[Mo]] f((_l, iA(O))-
Otherwise, mog = ja Vmg = (ip/a,®), a store-H. If there exists a store-Q a € A such that g answers to

[i a(0) * ® Mo d] then define the strategy
0q 1 Q*[A] — T[C] £ strat{ [(@, i) * ® (ic, ®)s] | [(@,ia0)) * ®moiics] € viewf(og) }.

o; denotes the value stored for d. Taking o/ = 0 \ 05 ® we have [trunc(o;)|, |trunc(c’)| < |trunc(og)].
By IH, there exist S(a) | I' - M; : C and 8(a) | I' - M’ : B such that o; = [M;] and ¢/ = [M']. Taking

Mo A (a:=M);M" ,ifaes(a)
0= e P .
(zj:= Mz); M" Jifa#anj=min{j|ad= (iao));}

7 The notation here is slightly abusive: by o \ 0o we do not mean exactly the set-theoretic difference, but rather the latter
extended in a default way to a total strategy.

8 Again, the notation is abusive: o’ plays exactly like o except for the play [(a, 14(0)) * ® mo @] to which it replies by opening
a store-copycat.
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we obtain o9 = [Mo] .

We are left with the case of mg being as above and oy not answering to any store-Q, which corresponds to
the case of Player not updating any names before playing mq. If mo = (@, ®) then oo = [Mo] [ (@,74(0)) by
taking

Mo 2 raisea ,ifa € 8(a)
7 \raise zj Sifaf#ani=min{j|a= (ia0));}-
If mog = (ip,®) then we need to derive a value term (V1,...,V;,,) (as B = By X -++ X By,). For each p, if
B, is a base or reference type then we can choose V}, canonically so that its denotation be ip, . Otherwise,
B, = B, = B} and from o we obtain the strategy o’ : Q*([A]®[B,]) — T[B;] by:
o’ £ strat{|(a, ia0):1B;) x ®s] | [(@,ia(0)) * ® (ip,®) (ip, ®) 8] € viewt(oo)}.
It is not difficult to see that o' fully describes o after (ip;, ®). By IH, there exists S(a) | I,y : B, |- N : By
such that [N] = o’ take then V,, & A\y.N. Hence, taking
Mo £ (Vi,.... Vi)

we obtain o9 = [[Moﬂ (a iA(0)>
If mo = ja, played in some A; = A} — A7, then mg = (ia;,®). Assume that A; = Aj | x --- x A} = with
A » S being non-products. Now, Opponent can either ask some name @ (which Would 1ead to a store-CC)

or answer at A7 or raise a known exception b, or raise some fresh exception a (which would lead to an

exception-CC), or play at some A; , of arrow type, say A; , = C;, — C; . Hence, taking S £ 3(a,ia(0)) we

have:
viewf(op) = fa U Ub s Up:l fp

where:
fa 2 fou{ (@ i) * ®(1A;,®) (iay,®)s| € viewt(og) }
fy 2 fou{ (@ ia@) *® (i, ®) (b,®) s] € viewt(oo) }
fo 2 foUu{[(@iaq)) * ®(1A' ®) (ic, ,, ®) s| € viewt(oo) }
fo 2 { 1@ ia) *® (i, ®) 5] | [® ® s] € views(ide)
V(sl=(a,® ANa¢SAls]€viewf(ida,ge)) }

and where we assume f, = fo if A/i,p is not an arrow type. It is not difficult to see that fa, f;, fp, are
viewfunctions. Now, from f4 we obtain the strategy

oa: QY ([A]®[AY]) — T[B] £ strat{ [(@yia)iay)*®s] | [(@ia)) *® (ia,®) (iay,®)s] € fa}.
By IH, there exists some S(a) | I,y : A |- M4 : B such that [Ms] = oa.
From each f, # fo we obtain a strategy
ap : Q([A] @ [Cip]) — TIC;,] £ strat{[(@ i), ic:,) * ® 5] | [(@ia0) * ® (iag,®) (ic,,, ®) 5] € fp} -

By IH, there exists some S(a) | I,y : Cjp = M, @ C] , such that [Mp] = oy, so take V,, £ \y'.M,. For
each A’ of non-arrow type, the behaviour of g at A is fully described by (i4’)p, so we take V), to be
the denotation of (ia)p- (Vi,..., Vi) is now of type A' and describes 00’s behaviour in Al

Finally, from each f; we obtain a strategy

0;,: Q"[A] — T[B] £ strat{[(a,iaw) * ®s] | (@ ia0) * ® (ia;,®) (b, ®)s] € f;}.
By IH, there exists some S(a) | I" |- M; : B such that [M;] = o; .
Now, taking for each known exception-name b

N.Az; ,if b e s(a)
b zj Lifb#anj=min{j|b= (i)},
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and (note below that the vector-notation stands for nesting of handlers for each be S )
— R
Mo & (try (A’ Ax.(A\y.Ma) 2')(2:(Vi, ..., Vy,)) handle Nj => Ax.M;) skip,

for some x, 2’ not free in Ma, M;’s, we obtain og = [Mo] I (@, 4(0)) - [ ]
7. An equivalence established semantically

We prove the equivalence My &~ Mj of page 5 in the ve-calculus using the fully abstract model for vep.
By soundness, it suffices to show that, for any x-tidy strategy p : T((A. =® TN) =® N) — T'1 which does not
use the store,

[Ma] ;p ) <= [Ms];p . (38)
In fact, it suffices to assume p does not ask store-Q’s unless in a copycat. The denotations [Ms] and [M3] are
given in the following figure. Note that we have omitted store-copycat links and also the exception-copycat

that occurs if Opponent plays an exception under (b, ®)® /(a, ®), .
We show only one direction of the equivalence (other similar). Let [ * ® (x,®)] € [Mz];p, some p,a
with p not asking store-Q’s. Then, the interaction witnessing this sequence starts with * * x ® ®°, some b

introduced by p,°? to which [Ma] plays (x, ®)§fj’. At this point, p can either play (*,®)% or ask (*, ®)§§)55.

In the latter case, [Ms] plays (a, (>|9)l(77§")i’6 and now p has two choices: either play some (n, ®)Edi’5/ or some
exception (¢, @)B"’i’él. In the latter case, [Mz] responds by also playing (¢, ®)B‘ii’5/. Note that ¢ cannot be one
of a,b as then x-tidiness of p would copycat (¢, @)E"’i’él to the output giving [* * ® (¢, ®)5‘ii’5/] € [Ma] ; p. At
this point, p can play either (again) (x, ®)€’ff"5” or (x,®)% In the former case, [Mz] will play (x, ®)€’gf’5”. In
all cases and up to now, the interaction can be played (modulo b) by [Ms] ; p.

So suppose .that, after some rounds of Opp(')nenﬁ gnswering with exceptions to (a, @)1(32!"1)5...7 Op'pon§n§ plays
some (n, ®)%4®-. At this point, [Mz] plays (b, ®)§’f)b'" and the play continues. But note that (b, ®)§’f)b'" has
now hidden @ from the P-view of p and therefore, because of innocence and the fact that p does not use the

bab... had been played. Hence, [M3] ; p can simulate the

store, the latter will play in the same way as if (a, ®)/;)

whole play.

9 We may assume that p plays a level-1 move of T((A. =9 TN) =8 N) (such as ®l_7) ezactly once in the interaction (tl4 tests

suffice [24]).
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[Ma] : 1—=T((A. = TN) =& TN) [Ms] : 1—>T((A. = TN) =9 TN)
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(n < m,®)" PA

Figure 6: The denotations of the terms My and M3 of page 5.

8. Further directions

In this paper we have used the nominal games formalism which has evolved from [1], in order to describe a
language with nominal exceptions and general references. A defect of our approach is the use of games with
local state where names are enlisted in state at the point of their introduction. This makes the semantics too
fined grained since it distinguishes, for example, strategies which introduce dummy names. We now think
that this approach is somehow outdated and that a precise name-availability analysis, in the sense of [15],
would allow us to have a stateless formulation of nominal games which would overcome such shortcomings.

What is clearly manifested in this paper and other work on nominal games [1,23,24,13,15,14] is their
applicability as a generic denotational framework for nominal computation. Hence, their adaptation to
languages with other nominal effects is a further step to consider. Moreover, and as is the case with any
semantical framework, nominal games should be used for attacking open issues in nominal programming
behaviour, the first such candidate being decidability of program equivalence —in the spirit of [10,9,19,18].
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