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Abstract— This paper presents general classes of optimal train- linearly-precoded OFDM systems (which include OFDM sys-
ing signals for the estimation of frequency-selective charels in  tems as well as single-carrier systems with cyclic prefixjeve
MIMO OFDM systems. Basic properties of the discrete Fourier presented where it was shown that theilot tones (which is

transform are used to derive the optimal training signals whch th . ired t timate dnt h | .
minimize the channel estimation mean square error. Both sin e Minimum required to estimate dntap channel) are equi-

gle and multiple OFDM training symbols are considered. Sev- Powered and equi-spaced. For doubly-selective fadingratian
eral optimal pilot tone allocations across the transmitanennas are  characterized by the basic expansion model, an optimaitigi

presented and classified as frequency-division multiplerpy, time-  structure was presented in [13] for SISO single-carrietesys
division multiplexing, code-division multiplexing in the frequency- by maximizing a lower bound on the average channel capac-

domain, code-division multiplexing in the time-domain, ar com- it ivalent] inimizing th .
binations thereof. All existing optimal training signals in the lit- ity (equivalently minimizing the minimum mean square eyror

erature are special cases of the presented optimal trainingignals I [14], MIMO training signal design for single-carrier sgms
and our designs can be applied to pilot-only schemes as welsa was reduced into a SISO design with a longer training sequenc

pilot-data-multiplexed schemes. using the space-time code structure. Furthermore, somglsam
Index Terms—Training signal design, Pilot tone allocation, training sequence constructions were presented.

Channel estimation, MIMO, OFDM, DFT. In[15], optimal training signal design for frequency-seiee

block-fading channel estimation in MIMO OFDM systems was

analyzed based on minimizing channel estimation mean squar

error (MSE). The optimal pilot tones for channel estimation

Channel estimation is a critical component in many Wirele%%sed on one OFDM symbol were shown to be equi-powered
communications systems. Training-signal-based charsiel e nd equi-spaced. Furthermore, pilot tones from different a
mation is widely used in packet-based communications. Far ’

. . . N - nnas must be phase-shift orthogonal. For channel esimat
single-carrier systems, optimal periodic or aperiodicussges based orQ OFDM symbals, the conditions on pilot tones for
for channel estimation were studied in [1]-[6] and refeemnc ’

. . - _ the case of one OFDM symbol are just spread out overithe
therein. The optimal tr_a!n_mg sequences and pilot tones fQ}Vmbols. Note that [16] also presented an optimal trainigg s
ortr_logo_nal freque_ncy d.IV'Slon _multlplexmg (QFDM) Chahnenal design for MIMO OFDM systems where all sub-carriers are
estimation were investigated in [7][8]. Optimal placeme sed as pilot tones with equal power and pilot tones fronediff

En'([jh e'_‘er?y aIIo_catlor:j gFtIrDal\'Anmg tsymbols or pllo_tdtongs_ fo t antennas are phase-shift orthogonal. A similar design w
oth single-carrier an Systems were considered in SK pilot symbols (a phase-shift éfr among pilot tones of

for_ fr_eque_ncy-selective bIock-ff_;lding channel estimat_id'n_ng different antennas) was used in [17] for two transmit anésnn

training signal placement design is based on mMaxiMiziNg 4 4 |ater extended to more transmit antennas in [18]

lower bound on the training-based capacity with the assump- . . . - .
g pacity P In this paper, we revisit the problem of optimal training-sig

tion that all training symbols or pilot tones have the same en | desian for f lective block-fadi hansthea
ergy. For OFDM systems, the optimal placement of pilot tone; ‘esign forirequency-selective block-tading chans i

is equal spacing in the frequency domain. In [10], optimzlzl'lon n MI_MO _OFDM systems an_d _pr_es_ent more general o_pt|-
design and placement of pilot symbols for frequency-sifect mal training s_lgnals ba_sed on minimizing th_e channel est|_ma
block-fading channel estimation are addressed for siimglat tion MSE' Wh”_? Vﬁ derive our {esgtégiﬂsummg ?” Stl;lb'm”
single-output (SISO) as well as multiple-input multipletput are usz_ as pl Olt ofnes '(I)Vte(rj ?}e ltiol syrg Or?’ c ([:n(:-:
(MIMO) single-carrier systems by minimizing the CramereRa' SSPONCING resulls for priot-aata-multiplexed schemes

bound. The same problem was addressed in [11] by m:’;\ximf)gtamefJI ina itrzatl;wght-fprg{vard mannerr1 (se_e tﬁecl_tlon ;/u) 'é.{fb”
ing a lower bound on the average capacity. comparison wi e existing approaches in the literasiniv

In [12], optimal training signal design and power aIIocai-n order. Our approach is novel in that it is based on the dis-

tion for frequency-selective block-fading channel estiorain _crete_ Fourier transfor_m properties ano_l could be usefutéoni
ing signal designs with more constraints such as low peak-to
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terms of the numbers of pilot tones) for some system parameteand »n is a length#(Q vector of zero-mean, circularly-
and/or support a larger number of transmit antennas. Secosyinmetric, uncorrelated complex Gaussian noise samplas wi
our design offers more flexibility in terms of applicability equal variance of2.

different systems such ultra-wide band (UWB) systems.dhir The least-square channel estimate (also maximum liketihoo
some of our new pilot structures can give better channel esti this case), assuming” § has full rank, is given by [19]
mation performance in the presence of PAR constraint and/or . H oon 1 coH

frequency offsets. Finally, our design shows that the cibordi h=(578)""5%r ()

“equi-powered, equi-spaced pilot tones”, which has been oy the corresponding MSE is given bﬁ/tr{(SHS)‘l}. Let

sidered in the literature as a necessary condition for #ieitrg A Azn.. be the eigen values (positive) 6#7S. Then

n . N LI Tx " 4

signal opt|maI|ty_, can be _relaxed._ _ t?“{(SHS)_l} AT+ /\Ejlv _ Sincetr{(SHS)} = A+
The rest of this paper is organized as follows. In Section II, Nepg—1 T -

) - . - oL Aoy, =LY T By, is a constant, the minimum MSE
the signal model and the optimality condition for the trami ° ST m=0 o N1
signals of multi-transmit-antenna systems are descrilSaat- '_5 achieved ifand only ik, =...= ANy, = 5 Yomeo  Em
tion Il presents optimal training signal designs over of@® = Zav- This is achieved when
symbol while Section IV generalizes them to the case&yof sig — p. 1 (6)
OFDM symbols. In Section V, the applicability of our designs * New 1
to pilot-data-multiplexed scenarios and their relatiopsko the IS

pi ; plexed s . ~latiopsfo th where  E,, = Z Ey, (7)
existing optimal training signal designs are discussedally, Nrx o=
the paper is concluded in Section VI. Q—1K—1
and  En o= Y > |smglk]” (8)
[1. SIGNAL MODEL AND OPTIMALITY CONDITIONS q=0 k=0

Consider a MIMO OFDM system where training signal
from Ny transmit antennas are transmitted ovgrOFDM
symbols. Since the same channel estimation procedure-is

Yhe corresponding minimum MSE isNtyo2 / E.,. We will
design training signals foNr, transmit antennas to achieve

; d at h ; N | dt aig Rils minimum MSE, i.e. to satisfy Condition (6). In this pa-
ormed at €ach receive antenna, we only need fo consiger per, optimal training signals refer to those which achidve t

tra_ns_m|t a_mtennas and one receive antennain deSIgnIrTg"ﬂipt'minimum MSE. Condition (6) can be equivalently stated as
training signals. The channel impulse response (CIR) fonea

transmit-receive antenna pair (including all transmagiee fil- Q-1

tering effects) is assumed to hakeaps and is quasi-staticover ~ Condition — A : Z SH118,.[q] = Eud, Ym (9)
@ OFDM symbols. LetC,, , =[c, 0], ..., eno[K — 1]]7 =0

be the pilot tones vector of the-th transmit-antenna at the Q-1

q-th symbol interval wherdy is the number of OFDM sub- Condition — B : Z SH[q)Snlq) = 0, Ym #n(10)
carriers and the superscriptdenotes the transpose. Further- q=0

more, let{s,, ,[k] : k = —N,,..., K — 1} be the correspond-

ing time-domain complex baseband training samples, includ Ill. OPTIMAL TRAINING SIGNAL DESIGN OVERONE
ing N, (> L — 1) cyclic prefix samples. Definé,[q] as OFDM SvmBoL

the training signal matrix of siz& x L for the n-th transmit  This section investigates optimal training signal desigem
antenna at thg-th symbol interval whose elements are givefraining signals from all transmit-antennas are transditiver
by [Snlgllmi = snqlm — 1] form € {0,...,K — 1} and only one OFDM symbol. For notational simplicity, the sym-
le{0,...,L -1} bol index ¢ will be omitted in this section. For complete-
Let s, 4 represent thé-th column ofS,,[¢]. Then, theé-th ness, in the following we summarize the main DFT proper-
column of S, [q] is thel-sample cyclically-shifted version of ties used in this paper. Léf[n] = Zf:_ol z[k]e=i2mkn/ K and
85,4 denoted bwﬁfz). Let h,, denote the lengtlt- CIR vector 1z = L ™K1 x[pjei2nkn/K e X[n] < k).
corresponding to the-th transmit antenna. After cyclic prefix propgrty_ﬁor anyK, if X[n] = a Vn, wherea € C andC

removal at the receiver, denote the received vector of leigt s the field of complex numbers, thefk] = ad[k] wheres[k] is
at theg-th symbol interval by-,. Then, the received vector overy discrete unit impulse function and vice versa.

the OFDM symbol intervals is given by Property-2 Assume thatk = M L, for M=1, 2, ....
r=Sh+n Q) If X[n] = { 8: lezevivl\r:[e;riezo,...,[q—l;aEC(ll)
where then 2[k] = { aly /K, k=1il1;i=0,...,M—1 12)
ro= [rarl o]t ) o 0, elsewherg
So[0] 5.[0] o Snp-1[0] and vice versa.
s - Sof1] Sif1] o Swpell @) Property-3 X[(n — I)x] PN el 2k /K x k] where(:)x de-

: : .o notes the modulds operation, hence representing a cyclically-
So[@~—1] Si@—-1] ... Syp[@—1] shifted version. Its dual form is given by[(k — m)x] <
h = [hohi.. .h%, 1", (@) e i2mmn/KX[n).



In the following, our discussions based on Condition-A wilB. Training Designs foN, Lo = K

be indexed as (A-i), (A-ii), etc., and those based on Cooi3
will be denoted as (B-i), (B-ii), etc.

A. Optimality Conditions in Sub-Carrier Domain

Consider Condition-A in (9) with) = 1. The following
conditions can be derived.

(A-i) Condition(A.1) The full rank condition in (9) implies
that for every transmit antenrigthere must be at leastdiffer-
ent nonzero tones.

(A-ii) The condition(s{{"))H s{{")
that

= F,, from (9) implies

Condition(A.2) : Epy = Eay Ym.

(A-iii) Consider the following condition from (9):

(13)

(s{ONH g0 = 0 W £ i; where 1,1 € {0,...,L—1}. (14)
Sinces{\") = FZ*W(1)C,,, Where Fi is the K-point FFT

matrix and ({)=diag {1, e=72"/K . e=i2m(K-1I/K} s g
diagonal matrix, the following condition is obtained frofd¥:

K-1
Condition(A.3) : Z e [K]|? €727/ K = 0, (15)
k=0

ford==+1,...,+(L - 1).

Consider the following cases:

B-i)If L < K < 2L (i.e., M = 1), then (20) implies that
gm k] = 0 Yk and hence,, ,,[k] = 0 Yk which is possible
only if pilots from different transmit antennas are freqogn
division multiplexed (FDM). However, since each transnnit a
tenna must have at leasttones according to Condition(A.1),
we can only have one transmit antenna, i’ép,,=1. The opti-
mal pilot tones are then given by (16) (constant amplitudte pi
tones) withVr, =1.

(B-ii) If M = 2, theng,, »[k] can have nonzero values at
indices{L, ..., K — L} while satisfying (20). Using Proper-
ties 2 and 3, we have the following two solutions which sgtisf
Condition (19) or (20):

(B-ii-a) All antennas use all pilot tones and have the foHow
ing relationship:

)

tpin, k=k+iM;i=0,...,Ly—1;
Grmalk] = 1=0,1ko= 0k = 1 (21)
0, elsewhere
agg,)n = _agrlb,)na ag’b),n € {C \ 0} (22)

where\ denotes the set difference operation. Note m}%&b =
(1) limits the number of transmit antennas Ao, = 2.

—Umn

This allocation type will be called code-division multigieg

(A-iii-a) By Property-1, Condition (15) is satisfied for any(CDM) pilot allocation.

K>Lif
lem[K]|* = am, Yk, am > 0. (16)
(A-iii-b) By Properties 2 and 3, Condition (15) is satisfied f
K=ML,M=1,2,...andL; > L, if

a), k=14+iM;1=0,....M—1;
i=0,....L1—1;a) >0
elsewhere.

lem [K]]? a7)

0,

Consider Condition-Bin (10). Using\") = Fz'W (1)C,,,
we obtain the following condition:

K-1

D en k] ea[k] €7 =0

k=0
ford=0,%1,...,+(L —1),Vm # n.

(18)

Let G nlk] = ¢, [k]enlk] @andgp, o [k] 2= Gpn[k]. Then,
Condition (18) can be expressed as

K-1
Condition(B.1) : Z G n[k] eI2mIR K — ) (19)
k=0

ford=0,+1,...,+(L—1),Yi#j
Or gmnlk] =0,
fork=0,...,.L—1,K—L+1,...,K—1.

(20)

The following definition will be useful in classifying the iaus
training signal designs in the following (sub)sections.

Definition: Let L, be the smallest integer satisfyirig =
K /M (M is a positive integer) andl, > L.

(B-ii-b) Pilot tones of an antenna are disjoint from those of

any other antenna resulting in
Gmnlk] =0k, m #n. (23)

To satisfy Condition(A.3) from (15), each antenna’s piloigst
satisfy (17), i.e., they must be spread out with equal spgacin
over the indiceq0, ..., K — 1}. Since each antenna must have
at leastl tones andk’ = 2Ly, we can only haveVp, = 2
antennas, each havinky pilot tones. To satisfy Conditions
(A.2) from (13) and (A.3) from (15), all pilot amplitudes ntus
be the same. This type of allocation of equally-spaced uisjo
pilot tones in the frequency-domain will be called FDM pilot

allocation.

(B-iii) In general, conside = LoM for M =1,2,.... Let
Ly = LyV, U =M/V,andV,U € {1,2,...,M}. We can
havel/ FDM groups, each with., pilot tones. For the:-th
FDM group (@ € {0, 1,...,U — 1}), Condition (19) is satisfied
if the following two conditions are met:

Condition(B.1.1):

a'(ul\)/-l-m,u‘/-l-n7 k= kl(u) + ZM’
1=0,...,L0 — 1,
GuV-I-m,uV-I-n[k] = l :07...7‘/—17
Ym # n,
0, elsewhere
(24)
V-1
al)pmwvin =0, VYm #n (25)

=0

Wherekl(“) £ kit 1 £ m, kS e {0,...,M — 1}, and

az(jx)/+m,uv+n € C. Foranyu # o/, k") andk(" are disjoint.



The first condition (24) can be satisfied in infinitely many way Other Training Structures

but the second condition (25) can be satisfied by only a few.Note that forl” > 1, all pilot tones of an antenna do not have
Hence, (25) determines the number of antennas within an FDMbe equally spaced. The solution (27) suggests that within
group. Ifaly),, is restricted to have constant amplitude for angach FDM group, the pilot amplitude is the same. However, for

antenna paifm, n), a simple solution to (25) is given by V' = 2, we can have the following alternative solution:
. Or. 1
aven = a0 OV (2g) b = ol (29)
Ym#n;, mne{0,....V—-1} 10:01'1':0...L0—1
This solution indicates that the maximum number of antennas |b(1)[i]| — 1 (30)
within each FDM group i$/. ’ |b(()0)[i]|
The corresponding optimal pilot tones within each FDM O (O . _
group satisfying Conditions (24) and (25), and hence Condi- bl = ap > 0fori=0,...Lo—1  (31)
tions (B.1) and (A.1), are then given by where{b{)[1]} for different! do not necessarily have the same
o ) @ amplitude.
bov 4m [i], k =k, +iM; For L, > Ly > L and a positive integdr, if K = Lol U
1=0,...,Lo—1; and there are disjoint sets of eqgi-spaced, equi-enégggnd
cuvm(k] = [=0,....V-1 L, pilottones, then (19) will give additional optimal pilotrtes
u=0,...,U-1 not covered by (27). These additional optimal pilot tones ar
0, elsewhere composed of disjoint sets df, and ., tones. Within each set
bil‘)/+m ] = pmng)/ [i] e‘ﬂT"”"’ (27) of L, equi-energy pilottones, the spacingig L, while within

the set withZ, equi-energy pilot tones, the spacingA¥ L.
l Pilot amplitudes for different sets will be different butttotal
O[] = bo> 0. pilot energy for each antenna is the same for all antennas. An

] ) o example is given in Table IV. This type of optimal pilot tones
It can be readily checked that the solution (27) satisfies (143 pe extended fof < Lo < Li < Ls<...< Lqaslong
and hence also satisfies Condition(A.3) from (15). AIthoug&K _ UHC] . and there exist disjoint sets of equi-spaced
Condition (25) is satisfied by any,, € {C\ 0}, imposing the - =0 L .
" . S L; pilot tones with spacind/ L, for all i.
Condition(A.2) from (13) yield®,, = 1 and hence it is incor-
porated in (27). The pilot allocation within each FDM group- Training Designs folr, Lo < K
may be considered as CDM type in the frequency domain an *
hence will be called CDM(F). The overall pilot allocationliwvi
be called/-FDM + IV-CDM(F) pilot allocation. The maximum

Pm=1m=0...,V-1

dFor U-FDM + VV-CDM type pilot structures, which includes
pure FDM or CDM structures, (27) gives optimal pilot vectors
total number of antennas §r, = UV = M. f U = 1, we for M transmit antennas. If the actual number of transmit an-
have a CDM(F) pilot allocation while if” = 1, we have an tennasNrx IS smaller th_anM, we can use anyrx vectqrs
FDM pilot allocation. IfK = Lo, i.e., M = 1, thenV = 1 from the availableM/ _optlmgl pilot vectors. In the folJowmg,
we present more optimal pilot structures fé¢, Lo < K.

For FDM-type structures, (19) also gives the following epti

mal pilot tones for then-th transmit antenna as

(one antenna within an FDM group), = 1 (only one FDM
group) and the result from (27) becomes identical to thaBin (
i). For K = 20, i.e., M = 2,if V = 1, thenU = 2 and the

result from (27) becomes identical to that in (B-ii-b) Uf= 2, Li—1 1K K
thenU/ = 1 and the result from (27) becomes identical to that c,[k] = > ) 6[k — — —in]; im € [0, — — 1]
) g Ly Ly
in (B-ii-a). 1=0

The condition (25) required for the CDM(F) allocation im Zinifm#£n, m=0,..., Nty —1 (32)
within each FDM group of thé/-FDM + V'-CDM structure W _ _
is satisfied if{s}) : 1 =0, 1, ..., V — 1} forall m are or- where {6 } are constant-modulus symbols and is anyin-

teger such thafl/L; is an integer whilel < Ly < K/Nry.
Similarly, we obtain from (19) optimal FDM pilot structures
with unequal numbers of pilot tones (an integer multiplé.gf

thogonal sequences. Hence/i, [k]} are constrained to be
binary (BPSK) symbols antl’ is a power of 2, optimal binary

sequences‘ebﬁf@)} for V antennas/#¢ =0, 1, ...,V — 1) can be
constructed from the Walsh-Hadamard sequences of Iérigth
as follows: Vm 1Lo-1 1K
enlk] = D0 D0 B 8Tk = T — s (33)
0 o — Lo ’
by) = wn[ll by, m=1,2 ...,V -1 (28) p=0 1=0
. K
wherew,,[!] is thel-th element ofm-th Walsh-Hadamard se- m=0,...,Nrx = 1; im, €0, o 1;
quences of lengthV’ and{b(()l) :1=0,1,..., V—1}isany by py = iy p, only if (my = my & p1 = pa)
binary 1) sequence. Vo iLe—1 Npo1
!Walsh-Hadamard sequences are rows of the Walsh-Hadamarik iawad Z Z |b£,l1’p) |2 = KPEa ; Z VinLo < K

the0-th Walsh-Hadamard sequence is an all-one sequence. p=0 1=0 m=0



wherel/, is an integer greater than zero. In this case, due to tivbere L, is any integer satisfyingl, < 7; < % The

different numbers of pilot tones per antenna, the corredimgn corresponding pilot tones for the-th antenna are given by

pilot amplitudes will be different so that the total pilotexgy

per antenna is the same (see (13)). cm (k]
For CDM-type structures, similar to the development frorﬂ/here

(24) to (27), we can obtain optimal pilots defined by

= cplk] e=I2mhEmI /Ky — 1 Ny — 1 (41)

VioTt 1K K

V_1Lo-1 . colk]= > b6k — —no; no €{0,..., —— —1}
K. ’ 0 VL ’ VL
emlf] = D> b gk — — — il (34) 1=0 0 0 ”
p=0 [=0 0 ( )
. K and{b(()l)} are constant-modulus symbols. An unequal distance
m=0,..., Nrx — 15 7, € [0, o 1]; shifting of g,,, . [k] is also possible as long as the conditior

lmn < VLy—L,Vm # nis satisfied.

Note that forVV., < K, K must be an integer multi-
ple of V' Ly in the above design for the CDM structure us-
ing V' Ly tones. However, if all subcarriers are used (i.e.,

r=e colk] = b(()k), Yk), then K does not have to be an integer mul-
whereV is any integer Satisfying]\]Tx S Vv S [{/LO and tlple of LO (but[{ Z .LQNTX) and (41) can still be applled In
aﬁ,’{?n — 577507 Note that each antenna hesgroups of this case, the condition from (39) becones. i, » < K — L
Lq pilot tones per group. Within each groups equi-energy vm # - For the special Casel}"’_'tf equi-distance Sh/',ftmg’
tones are separated by an equal spacing af,. But spacings the_condl_t|on becomes < Ly < g.==5. FOrNrxLo < I}’
between groups do not have to be the same. Equation (35) gﬁlmal pilot structures aolf-FDM + V-CDM type can be sim-
be satisfied by arly con_structed by approprl_ately combining FDM and CDM

optimal pilot structures described fofr, Ly < K.

ip, = ip, only if (p1 = po)

a(P? — 0’ Vm;ﬁn, m,nE{O,...,NTx—l}(35)

Qi = a2V Ym g (36)

m,n € {0,..., Npy — 1};
imytn €40,..,V = 1}; 4y # iy if m #£ n.

D. Combined Training Structures

More complicated pilot allocations are also possible, for e
ample, by not fixing the FDM boundaries and by combining
-DM and CDM types. As an example, Table V presents a set of

There are other ways, not covered by (36), to salt: . . S
isfy (35) For example, forV = 4, and Ny optimal pilot vectors for the estimation éfrx channels (each

3, we can have the following design satisfying (35)\{\"'[h L_: 27taps) over) = _1symbol intervalin an QFDM Sys-
[b(o) p) @) b(?’)] = cito [1,1,1,1] [b(o) p1) p(® b(3)] _ ‘temwith K = 16 sub-carriers andrx = 8 transmit-antennas
e b s () (1) ) 3 _ s, Whereax can be any constant-modulus symbol. Within the
el 1'9[6‘7 '19,6‘7 2,,9—6‘7 ,Z,—ej o (b7 by by 657 = €19 group of antennas 0, 1, 2, and 3, the pilot allocations are of
[/ e 2’__6‘7 2, e, ) o ! FDM type. Within the group of antennas 4 and 5 or the group of
Ifall V'L, pilottones are equi-spaced (in this ca&@,(V Lo)  antennas 6 and 7, the pilot allocation is of CDM(F) type while

is an integer), we have between the two groups it is of FDM type. Pilot allocations of
— the antenna pairs (0, 4), (1, 5), (2, 6), and (3, 7) are of CDOM(F
_ ~ K type and those of antenna pairs (2, 4), (3, 5), (0, 6), and)(1, 7
Cmmlk] = ; adlk = Vi nol, (37) are of FDM type. Note that pilot amplitudes may be different
B K for different antennas, e.g., between antenna 0 and anfenna
nOE{O,...,VL —1};m=0,...,Npx— 1

IV. OPTIMAL TRAINING SIGNAL DESIGN OVERMULTIPLE
and by the DFT Property-2, we obtain OFDM SymBOLS

This section investigates training signal design for clehnn
estimation based on observations ogge©FDM symbols.

K _q
VL
aV °

L :
Im,m [k’] = I o Z (5[]{7 — ZVLO] 6‘727Tkn0/K, (38)
=0 A. Optimality Conditionsin Sub-Carrier Domain

To satisfy the Condition B.1 from (20), ,, [¥] can be designed Based on Condition-A from (9), we observe the following:
by cyclically shiftingg,, ,.[¥] such that ’ (A-i) Condition(A.1) The full rank condition in (9) implies

that for every transmit antenna and within #geOFDM sym-
Imalk] = gmml(k = lnn)x]; Ym % n; (39) bols, there must be at leastifferent nonzero tones, each with
’ ’ - ’ at least one symbol duration.
mon € {0, Nox =1} L <l < VLo — L. (A-ii) The condition
A simple solution to (39) is to use an equal distance shiftisg Q-1
s Sm,q = EayI , Ym (43)

m,q

go,m[k] = gool(k — mLi) k] (40) q=0



means that B. Training Designs ovef) Symbols
(B-i-a) Ifwe letg,, ,[¢, k] =0,fork=0,...,L—1, K—L+1,

Condition(A.2) : Eyn = Eay , Y. (44) . K-1,vm # n and¥q, then the solution for the case of one
o OFDM symbol is applicable to each symbol of tfgesymbol
(A-iii) The condition case. To wit, fork = M L, we have) sets of antennas where
01 e_ach set had/ anFennas whose pilot tone allocations are de-
Z(S%z?)ﬂsn&iz]) —0, W44 1,ie{0,1,...,L—1} (45) fined by the solution for_th_e one-symbo! case. Each s_et uses
= ’ ’ one out of@) symbols. Within each set, pilot 'Fone_ allocation is
of CDM(F) or FDM or FDM+CDM(F) type while different sets
means that are of TDM type. The total number of antennasis, = M Q.
(B-i-b) Alternatively, using Properties 2 and 3, we have the
—l1E-1 2 following condition satisfying (10) folKk = M Ly:
Z > lem gk e =0ford=+1,+2,...,£(L—1). )
q=0 k=0 (46) -1 aﬁm, k=141iM,Vm # n,
_ i=0,...,Lo—1,
By defining Z Cimnlg ] = 1=0,...,.M—1, (53)
0, elsewhere
= lemglk]’, k=0,... K ~1,  (47) Mz_:la(l) = 0,Ym#n; al), eC (54)
4=0 i m,n - ’ y Pmyn .
we can express (46) as Note that (53) sat|sf|e§: " gmnlg, k] = 0fork =1, ...,
o L - 1 K—-L+1, A — 1, Ym # n while (54) satisfies
Condztzon(A 3): -t S gmnla, ]:0f0rk:0,Vm;ﬁn.
e ZB -i-b-1) If Ginnlg, k] = 0, V¢ andVk for somem # n
Z Ep, = 0ford==+1,...,+(L - 1).(48) (a group of antennas), the corresponding pilot tones are dis

joint. Within a group, thel, tones of each antenna are dis-
o1 joint from those of any other antenna by means of multiplgxin
Note thatF,, = ), —, Em[k]. Using Properties 2 and 3, wejp, time (TDM), in frequency (FDM) or in both time and fre-
obtain the following condition satisfying (46) féf = M Lo:  quency (TFDM). The pilot tones must also satisfy Conditions
(A.2) and (A.3) through (44) and (49). Hence, the optirhal

ay, k=1+iM;l=0,... M~ pilot tones of one symbol duration for each antenna must be
En[k] = i=0,....Lo—1;a) >0 (49) equally spaced)/ tone spacing) with equal amplitude. They
0, elsewhere should be disjoint from pilot tones of any other antenna. All
antennas have the same pilot amplitude.
At least onea!y) must be nonzero in order to get nonze (B-i-b-2) Consider the case whet&; . [q, k] # 0, for some

%9 all) ¢, for some (or all)k, and for somen # n, (a group
f antennas wherey, n € {i, 41, ...}). Let N; be the number
of sets of equally- space(M tone spacing)., tones overg

symbols assigned to an antenna from the above group (each set
corresponds to tone indicd#; + iM : ¢ = 0,..., Lo — 1}

E.,. Note that pilot tone amplitudes of different antennas m
not be necessarily the same but total pilot energigsmust be
the same for different antennas.

Now consider Condition-B from (10) which is given by

1K1 wherek; # k,, if | #m andk,, € {0,..., M —1}). Let N, be
Z Z ch gk eﬂwdk/K - 0 (50) the number of repetitions in time (with symbol indicgs g1,
g=0 k=0 .., qn,—1) of the aboveV; sets ofL, tones each. By using the
ford=0,+1,...,£(L—1) ; VYm#n. same principle as in (26), within theth symbol interval, the

N sets of pilot tones (each set hagtones) can accommodate
£ asetofN; antennas if

Let Gmnlg, k] = c:%q[k] cnglk] and G, nlq, k] +—
gm nlgq, k]. Then, (10) becomes alke). [ge] = altFo) [qi] ed2min=m)/Ny (55)

Zmyln

Condition(B.1) : fori=0,.... Ne—1Lym#n;,mne{0,... Ny —1}.

K-1 /Q-1 The corresponding pilot tones are given by
( ) e]Zﬂ'dk/K 0

N _ d=0,.. . Lo—1;
ford=0,+1,...,£(L—1);Ym#n Cipqi k] = 1=0,.. N1 (56)
Qz_:l [q,k] = 0 (52) 0, elsewhere

or Imnlq, k| =Y, )
=0 WO d] = b [ge,d] 72N =0, Ny — 1

fork=0,...,L-1L,K-L+1,....K-LYm#n Vg d by > 0,



where the fulfilment of Conditions (A.1), (A.2), (A.3), andfor FDM+CDM(F) structure. In practicei is a power of 2
(B.1) is inherited from (27). This pilot allocation is of COJM) for a simpler FFT implementation and henkg can always be
type. found. If all K(> LNty) sub-carriers are used in CDM(F)
Applying the CDM principle over the abovE; symbols can structure, therk’ need not be an integer multiple 6§.
accommodateV, sets of N, antennas each. The optimal pilot Some representative examples of optimal pilot tone vectors
tones for an antenna from theth set are related to those fromfor SISO OFDM systems are given in Table | and those for
the0-th set by MIMO OFDM systems are given in Tables Il and 11l where
(k) (k) N {«;} are constant-modulus symbols. An example of optimal
0, oy 4 106 2 VU= g, 15 fgo] VI €777 /Nt (57)  pilot structure with unequal number of pilot tones per angen
forv="0,... N,—1;1=0,... Ny— 1 is presented in Table IV. I\/I_o_re complicated pilot a_llocation
m % nim,n € {0 Ny —1) can b_e _constructed by not fixing the FDM_ bo_unda_mes and by
i AR : combining FDM and CDM(F). An example is given in Table V.
For training signal design ov&p OFDM symbols, two simple
optimal solutions have been presented. The first one is com-
Civny tme (K] = Cipy go[K] €727/ 0 =0, N;—1 (58) posed of) TDM groups where within each TDM group, the
FDM+CDM(F) pilot allocation given in (27) is implemented.
and{e¢;,, 4,[k] :m=0,..., N;—1} are givenby (56). The ful- In the second solution, every antenna transmits on all pilot
fillment of Conditions (A.1), (A.2), (A.3), and (B.1) isinhiteed tones over alk)y OFDM symbols and the optimal pilot tones
from (56). This pilot allocation among th&; sets is of CDM are given by the CDM(F)+CDM(T) allocation defined in (56)
type in the time-domain and denoted by CDM(T). Hence, thad (58). Other more complicated solutions can be obtaiged b
overall pilot allocation ovetV, L, tones andV, symbols will combining TDM (less thari) TDM groups), FDM, CDM(F),
be denoted by ;-CDM(F) + N;-CDM(T). For N1« Ly < K@, and CDM(T) allocations. Examples are given in Tables VI and
the results from Sub-section IlI-C can be straight-forviyaegh-  VII.

The corresponding pilot tones are given by

plied. Although our discussion is based on pilot-ordly OFDM
training symbols, the results can be easily adapted to-pilot
C. Combined Training Structures data-multiplexed schemes. The optimal training signaigtes

More complicated pilot allocation schemes are also po&r»siﬁrl1 pilot-data-multiplexed systems may be viewed as using da

by combining FDM, TDM, TEDM, CDM(F), and CDM(T) type in place of pilot tones allocated to some transmit antenrits w

allocations. An example of optimal pilot allocations of mik _FDM pilot allocation in th_e original design _for pilot-onlyatin-
types overQ = 2 OFDM symbols is shown in Table VI for ing symbols (and removing those transmit antennas). The or-

the estimation of channels with = 4 taps each in an OFDM thogonality between data and pilot tones is inherited frbm t

system withX' = 16 sub-carriers andvp, = 8 transmit an- original FDM pilot allocation.

tennas. The group of antennas 0, 1, 2, 3 is disjoint from the

oth_ers by FDM over 2 symbols. Antenna 4 is of TFDM typg Relationship to Existing Training Designs

while antenna 5 is of purely FDM type over one symbol. The ) ) i

group of antennas 6 and 7 is disjoint from the others by TFDM, Consider pilot-data-multiplexed schemes with = Lo M

Within the group of antennas 0, 1, 2, and 3, pilot allocat®n pndM = (Mq + Mp)' whereMq L, sub-carriers are for data

of 2-CDM(F) + 2-CDM(T) type. Within the group of antennas®"dM, Lo sub-carriers are for pilot tones. Whéh= DM, L,

6 and 7, pilot allocation is of CDM(F) type. Whe_reD is an integer ¢ 1) a_nd pilot tones are eqw-powered,_
In Table VII, the pilot vector for each antenna is presentegflui-Spaced and all transmit antennas use all pilot tonés wi

for the optimal training signal structure given in Table Viere  CDM(F) pilot allocation (i.e.,.U = 1, ki = 7 + (D with

o, can be any constant-modulus symbol. Note that within ofe€ {0, D — 1} andl = 0,..., M, — 1in (27)), our re-

symbol, pilot amplitudes from different antennas may béedif sults specialize to the optimal training signals fdy transmit

ent, e.g., compare pilot amplitudes of antennas 0, 4, and 6. &ntennas over one OFDM symbol presented in [9] and [15].
Note thatX” need not be an integer multiple 81, L, in our

designs for pilot-data multiplexed schemes. This factltesn
a better flexibility of our designs over the existing onesr Fo
A. Summary and Examples example, forK = 64, L = 8, and N1, = 3, the designs

In this section, we summarize our findings on the optimélom [9] and [15] would not be applicable since they require
training signals for MIMO OFDM channel estimation. Fotthat K be an integer multiple of. Nt,.. However, our design
training signal design over one OFDM symbol, a simple opttan still be applied; for example, by using unequi-spaceMFD
mal solution is the FDM+CDM(F) type pilot allocation givenor CDM(F), or FDM+CDM(F) structure. As another example,
by (27) which includes FDM and CDM(F) types as specialonsider OFDM-based UWB systems where some tones may
cases. The allocation in (27) can also be usedMg; < M, need to be turned off due to coexistence of other wireless de-
(M = K/Ly) by simply skipping any ¥/ — N=y) pilot vec- vices (such as 802.11b and Bluetooth) within the UWB band.
tors. More optimal pilot allocations foNt, < M are given In this scenario, the existing equi-spaced pilot tones nudypa
by (32) and (33) for FDM structure and (41) for CDM(F) strucfeasible and our design has a clear advantage in terms af appl
ture, and an appropriate combination of (32) or (33) and (4&ability/flexibility for different systems. Our optimalaming

V. SIMULATION RESULTS ANDDISCUSSIONS



signal designs over multiple OFDM symbols can be similarlynly concern. We can use zero-correlation or very low carrel
linked to those of [15]. tion sequences as pilot tones which will give very low PAR.
Now consider schemes where all sub-carriers are pilot toneslf pilot symbols are constrained to be from a finite alphabet
For N1« L < K, our CDM designin (41) witl, = | K/Ntx| signal constellation, FDM structure gives a much easieigdes
gives the training design of [16]. If pilot symbols are consince CDM design is associated with some phase-shifts.
strained to be BPSK, then using a subset fromithgilot tone Furthermore, training signals for channel estimation &thou
vectors of our CDM design with Walsh-Hadamard sequenée robust to frequency offsets. Different optimal trainsig-
(28) gives the training design from [18]. The correspondinggls have different robustness to frequency offsets. Famex
subset is given by, [I[] = (-1)/2" ' form=2,...,Nr,_; ple, we simulated the channel estimation NMSE for the above
in (28) withV' Ly = K being an integer multiple af¥=—17,. five training signals in the presence of a frequency offset@f
Note that forK = 2™~! L, with BPSK pilot tones, the design (normalized by the subcarrier spacing) at a SNR per antehna o
from [18] can accommodate transmit antennas while our de-10 dB and the corresponding NMSE values &u@ x 1072,
sign can accommodate ugt® ~! transmit antennas. 4.79 x 1072, 4.75 x 1073, 5.14 x 1073, and3.14 x 1073, re-
spectively. Finding the best one(s) among the optimal itngin
signals in the presence of a frequency offset and a PAR con-
straint is a challenging problem. Being a larger and more gen

We have num_er_ically evaluatgd the_optimality conditiqn iIgral set including the existing training structures, thepmsed
(6) for all the training signal designs discussed and comaitlfmtraining structures will be useful in this quest.

their optimality with respect to minimizing MSE. Simulatio

results are also provided to corroborate the optimalityhef t

proposed training signals. Simulation parameters asstaresd VI. CONCLUSIONS

K = 64, Ntx = 4, a multipath Rayleigh fading channel with We presented general classes of optimal training signals fo
L = 8 taps and an exponential power delay profile (3 dB pehannel estimation in MIMO OFDM systems with single or
tap decaying factor). We evaluated five optimal trainingstr multiple OFDM training symbols. The optimal pilot tone al-
tures: a CDM-F structure using all subcarriers (same ag,[18pcation among transmit antennas can be of frequencyidivis

an equi-spaced CDM-F structure usibgytx pilot tones (same multiplexing, time-division multiplexing, code-divisiomul-

as [15]), an equi-spaced FDM structure with a total &fr pi- tiplexing in the time-domain, code-division multiplexing

lot tones, an unequi-spaced FDM structure with atotdldf,  the frequency-domain or combinations thereof. Depending o
pilot tones, and a 2-FDM + 2-CDM structure using all subcathe pilot allocation, the pilot amplitudes of different anhas
riers. For BER evaluationyry independent streams of BPSKwithin an OFDM symbol can be different and all pilot tones of
data symbols are transmitted simultaneously fr¥m, trans- an antenna may not be equally spaced. The presented optimal
mit antennas and we use maximum likelihod detection. Figtdaining signal designs are applicable to pilot-only schsras
shows the NMSE simulation results as well as the theoreticagll as pilot-data-multiplexed schemes. Our proposediimgi
ones and Fig. 2 presents the BER simulation results for tbesigns include all existing training designs for OFDM as-sp
different optimal training signals. All optimal traininggmals cial cases and introduce new designs as well. Our approach

C. Simulation Results

evaluated have the same performance as expected. based on the DFT properties facilitates new training design
Our training designs provide a better flexibility in termssgs-
D. Other Properties of Optimal Training Signals tem parameters and could be useful in training signal design

Training signals should be designed to have low PAR in otrr-]e presence of frequency offset and PAR constraints.
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Sub-carrier Index] Ant. 0 | Ant. 1 | Ant. 2 | Ant. 3
0 AoO{o 0 0 0
1 0 0 Azag 0
2 0 A10{3 0 0
3 0 0 0 0
4 AoO{l 0 0 0
5 0 0 0 Agozg
6 0 A10{4 0 0
7 0 0 Asavr 0
8 AoO{Q 0 0 0
9 0 0 0 0
10 0 Aras 0 0
11 0 0 0 Asag

3[Ao]” =3[A[" = 2[A2]® = 2[4, Jail =1
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TABLE VI
AN OPTIMAL PILOT ALLOCATION IN AN OFDM SYSTEM WITH N1y = 8,
K =16, = 2 FOR ESTIMATION OF CHANNELS WITHL = 4 TAPS EACH
(ANTENNA ASSIGNMENT ON THE GRID OF SUBCARRIERS AND SYMBOLSY

Antennas assignments
Sub-carrier Symbol Index
Index 0 1
0 0,1,2,3/0,1,2,3
1 0,1,2,310,1,2,3
2 4 6,7
3 5 6,7
4 0,1,2,310,1,2,3
5 0,1,2,310,1,2,3
6 4 6,7
7 5 6,7
8 0,1,2,310,1,2,3
9 0,1,2,310,1,2,3
10 6,7
11 6,7
12 0,1,2,310,1,2,3
13 0,1,2,310,1,2,3
14 6,7
15 6,7

107

L
n
=
p=

CDM (all subcarriers)
CDM (LNTX subcarriers) J

FDM (LNTX subcarriers, equal spacing)
FDM (LNTX subcarriers, unequal spacing)

2-FDM + 2—-CDM (all subcarriers)
*- Theoretical

{F
107 —+
497
N
497

5 10 15 20
SNR per Tx Antenna (dB)

25

Fig. 1. The NMSEs of several optimal training structuressfioMIMO OFDM
system withVr, = 4, K = 64 in an 8-tap multipath Rayleigh fading channel
with an exponential power delay profile



OPTIMAL PILOT TONE VECTORS FOR ASISO OFDMSYSTEMWITHK = 8,1 = 2

TABLE |

Sub-carrier Index

0 1 2 3 4 5 6 7
201 0 0 0 202 0 0 0
\/50{1 \/50{2 0 0 \/50{3 \/50{4 0 0
\/4/30{1 \/4/30{2 0 4/30{3 \/4/30{4 \/4/30{5 0 4/30{6
o a2 a3 g a5 g ar ag
TABLE Il

OPTIMAL PILOT TONE VECTORS FOR AMIMO OFDM SYSTEMWITHK > Npy L, (K =8, N1y, = 2,L = 2)

Sub-carrier Pilot Allocation
Index FDM FDM CDM(F) CDM(F),1 < m <3
Ant. O | Ant. 1 | Ant. 0O | Ant. 1 | Ant. O Ant. 1 Ant. 0 Ant. 1
0 2001 0 V2a 0 V2a V2167 an ael®t
1 0 0 0 V2as 0 0 s pe I/ 2 i
2 0 2ars V2, 0 0 0 as ozge_J2m”/2eJ¢1
3 0 0 0 V2as | V2as | =207 ay oz4e_J3m”/2eJ¢1
4 22 0 V2 0 V2 V2a5el as oz5e_J4m”/2eJ¢1
5 0 0 0 V2ar 0 0 ae | ageTItmT/2gi0
6 0 204 V24 0 0 0 ar oz7e_J6m”/2eJ¢1
7 0 0 0 V2as | V24 | = 2a4e?® asg ozge_ﬂm”/2e]¢1
TABLE I
OPTIMAL PILOT TONE VECTORS FOR AMIMO OFDM SYSTEMWITHK = Npy L (K =8, Npy = 4,L = 2)
Pilot Sub-carrier
Allocation Index Ant. 0 Ant. 1 Ant. 2 Ant. 3
0 a1 al€]¢1 Oz16J¢2 Oz16J¢3
1 as a26—JW/26J¢1 a26—J2W/26J¢2 a26—J3W/26J¢3
2 Qs ase—J2W/26J¢1 ase—J4W/26J¢2 ase—J6W/26J¢3
3 Qs a46—J3W/26J¢1 a46—J6W/26J¢2 a46—J9W/26J¢3
CDM(F) 4 as e 17/2ei% e I8T/2ei%2 ase /1272 eibs
5 ae a66—J5W/26J¢1 a66—J10W/26J¢2 a66—J15W/26J¢3
6 ar a76—J6W/26J¢1 a76—J12W/26J¢2 a76—J18W/26J¢3
7 as age—J7W/26J¢1 age—J14W/26J¢2 age—J21W/26J¢3
0 2001 0 0 0
1 0 20 0 0
2 0 0 2ars 0
3 0 0 0 207
FDM 4 20 0 0 0
5 0 2004 0 0
6 0 0 206 0
7 0 0 0 2o
0 V20 V2167 0 0
1 0 0 V2as V2ase? 3
2 0 0 V2 —2age’?s
3 V2 — 205671 0 0
2-FDM + 2-CDM(F) 4 V20 V2a3e7 0 0
5 0 0 V27 V2arel?3
6 0 0 V2as —2a5e’?s
7 V24 — 2047 0 0

10



TABLE V
OPTIMAL PILOT TONEVECTORS IN ANOFDM SYSTEMWITH N7y, = 8, K = 16,Q = 1 FOR ESTIMATION OF CHANNELS WITHL = 2 TAPS EACH

Sub-carrier Antenna Index
Index 0 1 2 3 4 5 6 7
0 V2a4 0 0 0 ar | o 0 0
1 0 V2as 0 0 as | -as | O 0
2 0 0 V2as 0 0 0 | as | as
3 0 0 0 V2ar | 0 0 | ar | -ar
4 V2as 0 0 0 caz | -a | O 0
5 0 V2ay 0 0 -ay | as 0 0
6 0 0 V2as 0 0 0 | -as | -as
7 0 0 0 V2as | 0 0 | -as | as
8 V2a4 0 0 0 ar | o 0 0
9 0 V2as 0 0 as | -as | O 0
10 0 0 V2as 0 0 0 | as | as
11 0 0 0 V2ar | 0 0 | ar | -ar
12 V2as 0 0 0 caz | -a | O 0
13 0 V2ay 0 0 -ay | as 0 0
14 0 0 V2as 0 0 0 | -as | -as
15 0 0 0 V2as | 0 0 | -as | as
TABLE VII

OPTIMAL PILOT TONEVECTORS IN ANOFDM SYSTEMWITH N7y, = 8, K = 16,Q = 2 FOR ESTIMATION OF CHANNELS WITHL = 4 TAPS EACH

Symbol Antenna Index
index 0 1 2 3 4 5 6 7
aq aq aq aq 0 0 0 0
a2 ~¥2 a2 ~¥2 0 0 0 0
0 0 0 0 2 g 0 0 0
0 0 0 0 0 2ai13 0 0
a3 e %} a3 a3 0 0 0 0
4 ~(¥ 4 4 ~(¥ 4 0 0 0 0
0 0 0 0 2 a0 0 0 0
0 0 0 0 0 0 214 0 0
[e%33 [e 73 as as 0 0 0 0
g -tg g -tg 0 0 0 0
0| o0 0 0 0 0 | V2air | V2arr
0 0 0 0 0 2ais 0 0
ar | ar ar ar 0 0 0 0
g -(vg g -(vg 0 0 0 0
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Fig. 2. The BERSs of several optimal training structures foMdMO OFDM
system withNr, = 4, K = 64 in an 8-tap multipath Rayleigh fading channel
with an exponential power delay profile
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