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Preface to the Second Edition

Chapter 1, Friction Materials, has been rewritten for two reasons. The first is
that graphical data of the sort found in the first edition can no longer be
obtained from many of the lining manufacturers. It appears that this absence
of graphical data is due to the Trial Lawyers Association curse that has made
it risky to provide such data because it may be misinterpreted by technically
illiterate judges and juries to place blame where there is no basis for it. The
second reason is that asbestos is no longer used in brake and clutch lining
materials manufactured in the United States. Thus, data for lining materials
containing asbestos are obsolete.

Other changes in the second edition consist of correcting the misprints
that have been discovered since the publication of the first edition, a corrected
and expanded discussion of cone brakes and clutches, a simpler formulation
of the torque from a centrifugal clutch, an update of antiskid control, the
addition of a chapter dealing with fluid clutches and retarders, and a chapter
dealing with friction drives.

The flowcharts in the first edition that were given as an aid to those
readers who may have wished to write computer programs to simplify brake
and clutch design have been eliminated in this edition. The availability of
commercial numerical analysis programs that may be used in engineering
design has eliminated most, if not all, of the need for engineers to write their
own analytical programs. The two analytical programs used in the book are
listed here with the addresses of their providers at this time. Suppliers formore
extensive computer-aided engineering and design programs advertise in
engineering magazines. Their addresses and capabilities may also be found

v



in the Thomas Register, held by most engineering libraries, and they were
available online in 2003 at www.thomasregister.com.

TK Solver from Mathcad 2001i from
Universal Technical
Systems, Inc.

MathSoft Engineering &
Education, Inc.

1220 Rock St. 101 Main St.
Rockford IL 61101 Cambridge, MA 02142-1521
United States United States

Phone: 1 800 436 7887 Phone: 1 800 628 4223
e-mail: sales@uts.com e-mail: sales-info@mathsoft.com

Changes in ownership of many of the manufacturers of the products
illustrated in this book have occurred since the publication of the first edition.
Although the products available and their principles of operation generally
have remained unchanged, the credit lines for some of these illustrations may
refer to manufacturers’ names that are no longer in use. Others may become
obsolete in the future.

William C. Orthwein

Preface to the Second Editionvi



Preface to the First Edition

This book has two objectives. The first is to bring together the formulas for the
design and selection of a variety of brakes and clutches. The second is to
provide flowcharts and programs for programmable calculators and personal
computers to facilitate the application of often lengthy formulas and other-
wise tedious iteration procedures indigenous to the clutch and brake design
and selection process.

Formulas for the torque that may be expected from each of the brake or
clutch configurations and the force, pressure, or current required to obtain
this torque are derived and their application is demonstrated by example.
Derivations are included to explicitly show the assumptions made and to
delineate the role of each parameter in these governing relations so that the
designer can more skillfully select these parameters to meet the demands of
the problem at hand. Where appropriate, the resulting formulas are collected
at the end of each chapter so that those not interested in their derivation may
turn directly to the design and selection formulas.

Following the torque and force analysis for the sundry brake and clutch
embodiments which dissipate heat, attention is directed to the calculation of
the heat generated by these devices during the interval in which the speed is
changing. Pertinent relations are derived and demonstrated for braking or
accelerating of vehicles, conveyor belts, and hoists.

Calculation of the acceleration, temperature, and heat dissipation may
be quite complicated and may be strongly dependent upon the location of the
brake on themachine itself and upon the environment in which themachine is
to operate. Discussion of acceleration, acceleration time, temperature, and

vii



heat dissipation are, therefore, limited to a common—and simple—brake
configuration and to a standard environment of 20jC or 70jF, no wind, and
no vibration.

Flowcharts follow the formula collection as appropriate to demonstrate
their step-by-step application in arriving at the final design. They are written
in the interactive mode (computer or calculator prompting for each variable
and its increments) to permit use of programmable calculators and small
personal computers for the comparison of several possible designs. With little
modification they may be used as subprograms in larger computers having
control programs to automate clutch and brake selection to whatever extent
desired.

Even though the calculations may be lengthy, no flowcharts are given
for those cases where branching is minimal (as in the case of acceleration or
deceleration and heat dissipation calculations) where the reasoning is
straightforward. It is intended that computer programs will be used for all
but the simplest calculations.

William C. Orthwein

Preface to the First Editionviii
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Introduction

It is the purpose of this book to briefly derive, where possible, the design
formulas for the major types of clutches and brakes listed in the contents and
to display an example of their use in a typical design. Some pertinent
computer programs for longer formulas are listed in the references.

Each chapter is independent of the others, with the possible exception of
Chapters 1 and 8, which are concerned with friction materials and with
acceleration or deceleration time and heat dissipation during clutching and
braking. The friction and pressure characteristic of friction materials used
for brake and clutch linings and pads are discussed in Chapter 1 so that they
may be available for applications in the following chapters. Chapter 8 deals
with acceleration and heat dissipation considerations which apply to all
chapters, and consequently draws upon the other chapters for brake types
to be discussed in its examples. The logic to be delineated in that chapter is,
however, contained entirely within that chapter, so that it may be read and
understood without prior reading of any of the other chapters.

To Convert To Multiply by

pounds/in2 (psi) megapascals (MPa) 0.00689476
megapascals (MPa) pounds/in2 (psi) 145.03774
horsepower (hp) kilowatts (kW) 0.7457
kilowatts (kW) horsepower (hp) 1.34102
pounds (lb, force) Newtons (N) 4.4482
Newtons (N) pounds (lb, force) 0.2248

xiii



To Convert To Multiply by

Btu calorie 251.995
calorie Btu 0.003968

Since force and mass are misused in both systems it is necessary to use
the acceleration of gravity to convert to proper units when confronted with
incorrect usage, e.g., kg/cm2. The acceleration of gravity in the two system of
units is commonly taken to be

g ¼ 32:1736 ft=s Old Eglish

¼ 9:80665 m=s SI

As implied by these previous numbers, we shall retain three or four
places of significant digits in most calculations to minimize computational
error. After all calculations are complete we shall round to the number of
places that are practical for manufacture.

For those not familiar with SI stress and bearing pressure calculations, it
may be well to point out that the Pascal is a rather awkward unit of stress,
since

1 Pascal ¼ 1 N=m2

is an extremely small number in many applications. Two alternatives may be
selected: to present pressure and stress in terms of atmospheres (atmospheric
pressure at sea level) or in terms of megapascals, denoted by MPa. In the
remainder of the book stress and bearing pressure in the SI system will be
presented in terms of MPa because of the convenient relations

N=mm2 ¼ MPa and MPaðmm2Þ ¼ N

Since atmospheric pressure at sea level is often taken to be about 14.7
psi, it follows from the listing above that 1 MPa is approximately 10
atmospheric pressures. Conversion from MPa to atmosphere is, therefore,
quite simple.

Introductionxiv



1

Friction Materials

Curves of the coefficient of friction as a function of load and of the speed
differential between the lining and facings and their mating surface are no
longer available from many manufacturers. Perhaps this is a consequence of
the ease with which trial lawyers in theUnited States can collect large financial
rewards for weak liability claims based upon often trivial, or unavoidable (due
to physical limits on manufacturing tolerances), differences between pub-
lished data and a particular specimen of the manufactured product. Further-
more, differences between published and operational coefficients of friction
are beyond the control of themanufacturer because comparison of laboratory
and operational data have shown that temperature, humidity, contamination,
and utilization cycles of the machinery using these linings and facings can
cause significant changes in the effective coefficient of friction at any given
moment. Consequently, the coefficients of friction mentioned are nominal,
the following discussion is in generic terms, and all curves shown should be
understood to represent only the general character of the material under
laboratory conditions.

The value of laboratory data is twofold, even though the data should
not be used for design purposes. First, the data provides a comparison of the
performance of different lining materials under similar conditions, such as
given by the SAE 661 standard. Second, comparison of the laboratory data
with field data for a particular type of machine for several different linings
may suggest an empirical relationship that yields an approximate means of
predicting the field performance of other lining materials based upon their
laboratory data. A history of the comparison of field and laboratory data
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may, therefore serve as a starting point in the design of the prototype of a new
machine of the same or similar type.

Field testing of a new machine by customers under the most adverse
conditions is still necessary. Users often seem to devise abuses not envisioned
by the design engineers.

I. FRICTION CODE

The usual range of the dynamic friction coefficients for those friction
materials normally used in dry brake linings and pads is given in the Society
of Automotive Engineers (SAE) coding standard SAE 866, which lists the
code letters and friction coefficient ranges shown in Table 1 [1]. According to
this code the first letter in the lining edge friction code indicates the normal
friction coefficient and the second letter indicates the hot friction coefficient.
Thus a lining material whose normal friction coefficient is 0.29 and whose hot
friction coefficient is 0.40 would be coded as follows:

Temperatures for the normal and hot friction coefficients are defined in SAE
J661, which also describes the measurement method to be used.

TABLE 1 Friction Identification System for
Brake Linings and Brake Block for Motor Vehicles

Code letter Friction coefficient

C Not over 0.15
D Over 0.15 but not over 0.25
E Over 0.25 but not over 0.35
F Over 0.35 but not over 0.45
G Over 0.45 but not over 0.55
H Over 0.55
Z Unclassified
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Static and dynamic coefficients of friction are usually different for most
brakematerials. If a brake is used to prevent shaft rotation during a particular
operational phase, its stopping torque and heat dissipation are of secondary
importance (i.e. a holding brake on a press); the static friction coefficient is the
design parameter to be used. On the other hand, the pertinent design param-
eters are the dynamic friction coefficient and its change with temperature
when a brake is designed for its stopping torque and heat dissipation when a
rotating load is to be stopped or slowed.

Most manufacturers will provide custom compounds for the linings and
facings within the general types that they manufacture if quantity require-
ments are met. In almost all applications it is suggested for all of these
materials that the linings and facings run against either cast iron or steel with a
surface finish of from 30 to 60 micro inches. Nonferrous metals are recom-
mended only in special situations.

Effects of heating on the linings and facing discussed are expressed in
terms of limiting temperatures or limiting power dissipated per unit area at
the surface of the brake lining or clutch facing. Time is usually omitted, even
though the surface temperature is determined by the power per unit area per
unit time. This is because it is assumed that the power dissipation occurs over
just a few seconds. More precise estimates, and only that, of the heat gener-
ated by the power dissipated in particular cases maybe had by using one of
several heat transfer programs from suppliers of engineering software. It is for
these reasons that prototype evaluation is always recommended.

II. WEAR

Hundreds of equations for wear may be found in the literature. These
equations may depend a variety of factors, including the materials involved,
the temperature, and the environment under consideration, i.e., the liquid or
gas present, the formation of surface films, and so on [2]. Two of the relations
that pertain to the following discussion are the specific wear rate and the wear
rate.

The first of these, the specific wear rate, or wear coefficient, is a dimen-
sional constant K that appears in the relation

yA ¼ t ¼ KqAd ¼ KFd

From which t may be written as

t ¼ KFd ð2-1Þ
In these relations, y represents the thickness of the lining material

removed, o is the volume material removed, K is a dimensional constant that
is termed the specific wear rate or the wear coefficient, and p is the pressure

Friction Materials 3



acting over the surface area A that is in contact with the lining material. Force
F is given by integral of the pressure acting on the specimen integrated over
the area A over which it acts. Upon rewriting equation (2-1) to evaluate K we
have that

K ¼ t=ðFdÞ ð2-2Þ
Hence the units of K are lt2/m where l,t, andm denote length, time, and mass,
respectively. As a practical matter, if o is millimeters cubed (mm3), if force F is
in newtons (N), and if the distance d is in meters (m), then the units of K
become mm3 N�1 m�1, which explicitly shows the physical quantities
involved, as in Figure 3.

The second relation that may be used by brake and clutch lining
manufacturers to describe wear is

G ¼ tPtQ ð2-3Þ
in which G represents the wear rate,P is the power dissipated in the lining, and
t is the time during which volumeVwas removed at temperatureQ. The units
of G in equation (2-3) are those of the work (ml2/t2) required to remove a unit
volume of material multiplied by the volume (l3) removed.

Whenever the temperature is held constant during a test, the temper-
ature variableQ is suppressed. Since brake testing according to the SAE 661b
standard is done at 200jF, the wear rate is often given by G=oPt and
presented in the form o=G/(Pt). Again, to be practical the wear rate divided
by the product horsepower hours (hp hr)may be given in cubic inches (in.3), as
in Table 2 near the end of this chapter.

III. BRAKE FADE

Brake fade is a term that refers to the reduced effectiveness of many dry brakes
as they become heated. A standard test described in SAE J661 outlines a
procedure that uses controlled temperature drums and controlled brake lining
pressure to stimulate brake fading as a basis of comparison of the brake
fading characteristics of various lining materials. The equipment and temper-
atures are essentially identical to those used in estimating the coefficient of
friction as a function of temperature. Only the presentation of the data is
different, as shown in Figure 1. The fade test mode of presentation of data
provides another indication of the recovery capability of the various lining
materials. As with the previous test data, the fade test results are limited to a
comparison of different lining materials for the test conditions only.

Limitation of the application of these data to preliminary design is
emphasized because the friction coefficient is dependent upon the pressure,
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FIGURE 1 Display of brake lining fade test results. (Courtesy of Scan-Pac, Mequon,
WI).
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the temperature, and the relative velocities of the contracting surfaces, as
noted earlier. Field tests are recommended before the production of any brake
design because of the uncertainty usually associated with the variables
involved in lining heating and in the cooling capability of the brake housing
and any associated structure.

IV. FRICTION MATERIALS

Friction materials may be classified as either dry or wet. Wet friction lining
materials are those that may operate in a fluid that is used for cooling because
of the large amount of energy that must be dissipated during either braking or
clutching. The fluids used are often motor oil or transmission fluids. Lining
materials that cannot operate when immersed in a fluid are known as dry
lining materials.

A. PTFE and TFE

At this time it appears that PTFE (polytetrafluoroethylene) and TFE (tetra-
fluoroethylene), both included under the trade name Teflon, are commonly
used for brake linings [3]. PTFE exhibits a low coefficient of friction and is
mechanically serviceable at about F 260jC, is almost chemically inert, does
not absorb water, and has good dimensional stability. Its weakness in shear
stress is greatly improved by the addition of fillers, such as glass fibers. These
fibers also increase its wear resistance and strength and increase its coefficient
of friction by increasing its abrasiveness. The degree to which each of these
properties is increased depends upon the amount, the physical dimensions,
the orientation, and the nature of the material used as a filler [4].

Together these characteristics make PTFE brake pads useful for drag
brakes in manufacturing processes, such as tape production, where the
moving product must be held in tension during part of the manufacturing
process. Likewise, PTFE clutch plates and linings that may be used whenever
the transmitted torque should remain below a certain limit.

Laboratorymeasurements of the coefficients of friction at room temper-
ature for several filled PTFEmaterials when subjected to loads of 1.415Mpa,
or 205 psi, and of 7.074Mpa, or 1026 psi, are shown in Figure 2. They indicate
that the coefficients of friction for these PTFE specimens with various kinds
and sizes of fillers are all fairly independent of sliding speed, especially at
greater loads, when sliding against a mild steel surface with a roughness of
s.c.a. 0.03 Am c.l.a. [4]

Nominal coefficients of friction given by a particular manufacturermay,
as noted earlier, differ from those shown in Figure 2 because of the amount,
size, orientation, and kind of filler material used. Their static coefficient of
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FIGURE 2 Coefficient of friction versus sliding speed at an average pressures of
1.415 Mpa, or 205 psi (a), and 7.074 Mpa, or 1,026 psi (b), for the fillers as in-
dicated; Open triangle: TiO2; filled triangle: ZrO2; open square: glass; filled square:
bronze; open circle: graphite; filled circle: MoS2; X: unfilled, half-filled rectangle:
Turcite (proprietary material, probably PTFE with bronze filler). (Courtesy Elsevier
Science Publishers, New York.)
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friction may from 0.089 to 0.108 and their dynamic coefficient may vary from
0.078 to 0.117 [3]. Under light loads of 1.0Mpa (145 psi) and sliding speeds of
0.03 m/s (1.22 in./s) it has been reported that PTFE filled with bronze mesh
displayed friction coefficients ranging from approximately 0.03 to 0.25 [5].

It may be of interest to note that unfilled Teflon has the property that its
coefficient of friction, A, is not given by A= Fn/Ft, but rather by A= Fn

0.85/Ft,
where Fn denotes the force normal to the contact surface and Ft denotes the
force tangential to the surface [6]. Fillers may modify this property by an
amount that depends upon the kind, amount, or orientation of the filler.

Obviously, wear is also an important consideration in the selection of
lining and facingmaterials because it determines the cost of the lining per hour
of use in terms of main tenance time to replace the lining or facing in addition
to the cost of the material itself, which is often the lesser of the two. For-
tunately, experimental data, as shown in Figure 3, indicates that these fillers,

FIGURE 3 Specific wear of PTFE as a function of sliding speed for.

Chapter 18



such as bronze, glass, and graphite, significantly add to the wear resistance of
PTFE [3]. Glass appears to be the most commonly used.

B. Kevlar

Kevlar is the Du Pont trade name for an aramid (aromatic polyamide fiber)
that has a tensile strength greater than some steels, i.e., some of these fibers
have a modulus up to 27 � 106 psi (1.86 � 105 Mpa). Nevertheless they are
flexible enough to be woven and processed as textiles, so Kevlar brake linings
and clutch facings are available in either woven or nonwoven forms. They are
used along with proprietary polymer binders in the manufacture of brake
linings and clutch facings for both wet (oil bath) and dry clutch applications.

In dry brake and clutch applications, a flexible, nonwoven form can
withstand dynamic pressure up to 3100 kPa (450 psi), are nonabrasive to iron,
steel, and copper surfaces, and display and nominal coefficient of friction of
0.36F 0.1, as stated by one manufacturer. This manufacturer also states that
in a dry environment these brake linings show significant fade at 260jC
(500jF) that becomes greater at 370jC (700jF) [7]. Hence, they may be used
in those industrial, marine, and off-road applications where fade is not a
limiting factor; applications can include agricultural, industrial, marine, and
off-road equipment.

In wet applications this nonwoven form of facing material is said to
withstand dynamic pressure up to 2760 kPa (400 psi) with a nominal
coefficient of friction in the 0.10–0.15 range when dissipating 23–290 W/
cm2 (0.2–2.5 hp/in2) [7]. Ambient operating temperatures are replaced by
power per unit area at the lining face in wet applications because the
enveloping fluid bath cools the lining as it transfers the heat to cooling fins
or to an oil cooler. Clutch facings and brake linings that contain no metal
reinforcing wires or segments provide low wear on mating surfaces and
eliminate the possibility of metal fragments in cooling system filters.

Kevlar has also been used in a proprietary solid form to obtain higher
coefficients of friction in a woven material in which Kevlar fibers are mixed
with other organic and inorganic fibers that enclose brass wire yarns to
produce a lining thatmay be used as a direct replacement for older linings that
contain asbestos [8]. Because of the brass wire and inorganic fibers, these
lining may be more abrasive than those without these materials. This is, of
course, a natural consequence of having higher friction coefficients on the
orders of 0.40 dynamic and 0.42 static.

Representative second fade and second recovery curves of the friction
coefficient vs. temperature of a representative of such linings are shown in
Figure 4, as determined according to the SAE J661 standard. Field perform-
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ance may be different from that shown in these graphs because of drum
conditions, contamination, and other factors that depend upon the particular
application.

The material whose may fall within the cross-hatched regions in Figure
4 may operate at a pressure no greater that 1379 kPa (200 psi) and a
temperature no greater than 260jC (500jF) when in either a wet (oil) or a
dry environment. This lining material may be used for band brakes and band
clutches that work against steel or cast iron surfaces, as recommended by the
manufacturer [8].

C. Mineral Enhanced

Mineral-based linings and facings are generally in the form of castings that
can provide nominal friction coefficients ranging from 0.1 to 0.61. These
friction materials may operate either dry or wet (oil) and find applications
from tension control in manufacturing processes through overhead cranes,
hoists, and industrial brakes and clutches and in farm and garden tractors.

Some or all of the following materials, and others, that are now nec-
essary to produce a lining having a high friction coefficient may be embedded
in the resin binders used [9].

FIGURE 4 Second fade and second recovery vs. drum temperature (jF) for a
proprietary lining containing Kevlar with a nominal coefficient of friction of 0.40.
(Adapted from Reddaway Manufacturing Co., Inc., Newark, NJ.)

Chapter 110



Because some of these materials have been classified as hazardous by one or
both of the Occupational Safety and Health Administration (OSHA) or the
American Conference of Governmental Industrial Hygienists (ACGIH)
organizations, dust in the vicinity of their use and storage must be removed
by vacuuming or by a dust suppressant according to the time schedules of one
or both of OSHA and ACGIH.

Second fade and second recovery for such a material that has a nominal
friction coefficient of 0.61, that may be subjected to a pressure of 350 psi (2.41
MPa), and that has a flash point above 600jC (1112jF) is shown in Figure 5.
It has been used as a snubber for rail cars and is suitable for applications
where high torque at low lining pressure is required. Test curves shown for this
lining material hold for a test pressure of 1.034 MPa (1.50 psi) and a sliding
speed of 6.1 m/s (20 ft/s).

D. Sintered

Proprietary sintered lining material, designated DM81, was available as an
option on all Chevrolets, including Corvette, Corvair, andChevy II brakes, in
1962 [10]. In normal driving they wore about twice as long as conventional
linings of that time, with a larger ratio in favor of sintered linings for more
severe service, as experienced by taxicabs.

FIGURE 5 Second fade and second recovery vs. drum temperature (jF) for a
mineral-enhanced lining (HF-61) with a nominal coefficient of friction of 0.61.
(Courtesy Hibbing International Friction, New Castle, IN.)

Cyanamid Barite Wollastonite
Mica Rubber dust Collan
Glass fibers Cellulose Alumina
Vermiculite Petroleum coke Acrylic fibers
Graphite
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Sintered metal friction material and carbon–carbon composites are
widely used in brakes for large aircraft, such as long-range commercial jets,
and in military aircraft. Their typical construction is shown in Figure 6.
Brakes using sinteredmetal linings that press against steel plates are known as
steel brakes, and those that press carbon lining material against carbon plates
are known as carbon brakes in Figure 6. Stator plates are keyed to the brake
housing, and rotor plates are keyed to the torque tube that rotates with the
wheel to which it is attached.

Wear is greater in the lower-cost steel brake. The lining material in the
steel brake is usually either a base of copper with additions of iron, graphite,
and silicon as an abrasive and a high-temperature lubricant, such as molyb-
denum disulfide, or a base of iron with additions of copper and the other

FIGURE 6 Construction of brakes having sintered linings working against steel
plates (upper) and having carbon linings working against carbon plates (lower).
(Courtesy ASM Handbook, ASM International, Materials Park, OH.)
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additives just listed. The iron-based lining tends to provide a larger friction
coefficient but may be more difficult to bond to its carrier plate.

Temperature dependence of the friction coefficient is indirectly indi-
cated in Figure 7, where the energy per unit mass is the energy dissipated per
unit mass for a series of alternate stator and rotor plates stacked along the axis
of the brake [11].

E. Carbon–Carbon

Carbon–carbon brakes are made from manufactured carbon that is a
composite of coke aggregate and carbon binders. It has been thermally
stabilized to temperatures as high as 3000jC, and it has no melting point at
atmospheric pressure. It sublimes at 3850jC.A useful characteristic for clutch
and brake linings is that its strength increases with temperature up to
anywhere from 2200jC to 2500jC. Beyond these temperatures it becomes
viscoelastic and will, therefore, creep when stressed. Graphite crystals them-
selves are anisotropic because of their layered structure with their greater
strength in the basal plane. In the basal plane a single crystal may have a
tensile strength of approximately 1 � 105 MPa (14.5 � 06 psi), and graphite
fibers have a tensile strength of the order of 2 � 104 MPa (2.9 � 104 psi).

So-called conventional graphites may have a tensile strength ranging
from 6.5 to about 280 MPa (approximately 940 to about 40,600 psi) [12].

FIGURE 7 Typical range of friction coefficients for a steel brake based upon stack
loading. (Courtesy ASM Handbook, ASM International, Materials Park, OH.)
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Both carbon and graphite display porosity that varies with their grades.
Blocking these pores with thermosetting resins that include phenolics, furans,
and epoxies produces what is known as impervious graphite. Impervious
graphite, graphite, and carbon resist corrosion by acids, alkalies, and many
inorganic and organic compounds [12].

Carbon–carbon linings may display a range of friction coefficients, de-
pending uponmany factors, some of which remain proprietary with the lining
manufacturers. Brake design, however, is known to have an effect in that A
increases with the number of rotors. Because carbons and graphites have an
affinity for moisture, brakes that have been allowed to absorb moisture for
several hours have a lower A, sometimes known as morning sickness. The
friction coefficient returns to its dry value because braking causes themoisture
to evaporate [11].

The greatest wear on aircraft brakes occurs during a rejected takeoff
(RTO) in which an aircraft taxies up to takeoff speed and thenmust brake to a
stop. RTOs are scheduled several times during a manufacturer’s ground test
of prototype aircraft but rarely occur during the operation of properly
maintained aircraft in service. An RTO is a spectacular display of smoke,
burning rubber, and the roar of engines with the thrust reversers on. Break
wear during an RTO is said to range anywhere from 100 to 1000 times greater
than during a normal service stop. Wheels and brakes after an RTO are nor-
mally scrapped. Changes in A during an RTO are shown in Figure 8, which

FIGURE 8 Variation of A from taxing on the left-hand side to RTO on the right-hand
side. (Courtesy ASM Handbook, ASM International, Materials Park, OH.)
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indicates a change in A from approximately 0.45 to approximately 0.07, for a
change of 84.4%. In contrast to this, Figure 7 for steel brakes with sintered
linings shows a change in A from amidrange value of about 0.25 to amidrange
value of about 0.14, for a change of 44%. However, carbon–carbon brakes
are lighter than steel brakes and can be made from a single material [11].

F. Other Proprietary Materials

Friction materials produced by most manufacturers are proprietary to the
extent that not all of their ingredients are disclosed. None of the ingredients
may be listed for those lining materials that perform satisfactorily without
components provided by others, such as Kevlar. Absence of asbestos always
will be noted by U.S. suppliers.

Many manufacturers of entirely or partially proprietary linings provide
data on the nominal friction coefficients, wear, and recommended temper-
ature ranges of their products, although a few will supply data only to a
manufacturing customer. This data may be in either tabular or graphical
form. Typical tabular data for dry lining materials may be similar to that
shown in Table 2, and typical data for wet (oil, transmission fluid) lining
materials may be similar to that shown in Table 3 for two different lining
materials. The first of these, GL 483-110, is described as a layered Kevlar mat
with embedded carbon particles that are highly wear resistant. This layered
composition is bound together with a high strength, temperature resistant
phenolics resin. The second, GL 383-114, is a non-asbestos, cellulose fiber
composite friction paper that is saturated with a similar phenolics resin. (See
Fig. 1.)

Data in both tables were obtained from conditions that may differ from
those experienced by the lining material in any particular application. Data in
Table 3 especially may differ significantly from that found in any given
application because of the profound effects of the finish and hardness of the
mating surface along with the effects of the nature and temperature of the
enveloping fluid upon the performance of the lining material.

TABLE 2 Proprietary Dry Clutch/Brake Lining Material

Product type pmax

Adynamic

(normal) Ahot Astatic
Wear rate
(hp hr) Comment

GL 121-120 150 psi 0.48 0.47 0.66 0.009 in.3 Flexible
GL 134-142 450 psi 0.42 0.40 0.56 0.011 in.3 Flexible
GL 181-142 33,000 psi 0.56 0.52 0.49 0.009 in.3 Rigid

Source: Web site: Great Lakes Friction Products, Milwaukee, WI.
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V. NOTATION

A area (l2)
d distance (l )
F force (ml/t2)
K specific wear (lt2/m)
p pressure (m/lt2)
P power (ml2/t3)
t time (t)
G wear rate (ml2/t2)
y thickness removed (l)
Q temperature (1)
o volume removed (l3)
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TABLE 3 Proprietary Wet Clutch/Brake Lining Material

pmax (psi) 1800 Astatic 0.11
Energy (hp/in.2) 4.6 Fmax

o 600
Adynamic 0.12 Fspike

o 750

Source: Web site: Great Lakes Friction Products, Milwaukee, WI.
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2

Band Brakes

Band brakes are simpler and less expensive than most other braking devices,
with shoe brakes, as perhaps their nearest rival. Because of their simplicity,
they may be produced easily by most equipment manufacturers without
having to purchase special equipment and without having to use foundry or
forging facilities. Only the lining must be purchased from outside sources.

Band brakes are used in many applications such as in automatic
transmissions (Figure 1) and as backstops (Figure 5—devices designed to
prevent reversal of rotation), for bucket conveyors, hoists, and similar
equipment. They are especially desirable in the last-mentioned application
because their action can be made automatic without additional controls.

I. DERIVATION OF EQUATIONS

Figure 2 shows the quantities involved in the derivation of the force relations
used in the design of a band brake. Consistent with the direction of rotation of
the drum, indicated by N, the forces acting on an element of the band are as
illustrated in the lower right section of Figure 2. In this figure, r is the outer
radius of the brake drum andF1 andF2 are the forces applied to the ends of the
brake band. Because of the direction of drum rotation, F1 is greater than F2.
Equilibrium of forces in directions parallel and perpendicular to the tangent
to a typical brake-band element at its midpoint requires that

ðFþ dFÞ cos du

2
� F cos

du

2
� A pwr du ¼ 0 ð1-1Þ
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ðFþ dFÞ sin du

2
þ F sin

du

2
� pwr du ¼ 0 ð1-2Þ

when the brake lining and the supporting brake band together are assumed to
have negligible flexural rigidity, where A represents the coefficient of friction
between the lining material and the drum, p represents the pressure between
the drum and the lining, and w represents the width of the band. Upon
simplifying equations (1-1) and (1-2) and remembering that as the element of
band length approaches zero, sin(du/2) approaches du/2, cos(du/2)

FIGURE 2 Quantities and geometry used in the derivation of the band-brake
design relations.
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approaches 1, and the product dF(du/2) becomes negligible compared to F dt,
we find that these two equations reduce to

dF ¼ Apwr du ð1-3Þ
so that

F ¼ pwr ð1-4Þ
Substitution for pwr from equation (1-4) into equation (1-3) yields an
expression that may be integrated to give

ln F� ln F2 ¼ ln
F

F2
¼ Au ð1-5Þ

where u is taken to be zero at the end of the band where F2 acts. It is usually
more convenient to write this relation in the form

F

F2
¼ eAu ð1-6Þ

which expresses the tangential force in the band brake as a function of
position along the brake.

We may find F1 from equation (1-6) by simply setting u = a to obtain

F1

F2
¼ eAa ða ¼ wrap angleÞ ð1-7Þ

Since this equation shows that the maximum force occurs at u= a, it follows
from equation (1-4) that

F1 ¼ wrpmax ð1-8Þ
in terms of the radius r of the drum and the widthw of the band. This equation
points out a disadvantage of a band brake: The lining wear is greater at the
high-pressure end of the band. Because of this the lining must be discarded
when it is worn out at only one end, or it must be reversed approximately
halfway through its life, or the brake must have two, or perhaps even three,
different liningmaterials with different coefficients of friction so that the lining
does not need to be changed as frequently.

The torque exerted by the brake is related to the band force according to

T ¼ ðF1 � F2Þr ð1-9Þ
Upon factoring out F1 by referring to equation (1-7) and then replacing

F1 by the right-hand side of equation (1-8), we get

T ¼ F1rð1� e�AaÞ ¼ pmaxwr
2ð1� e�AaÞ ð1-10Þ
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which gives the brake’s maximum restraining torque as a function of its
dimensions and its maximum compressive pressure. This equation may be
applied if the leading link can withstand the force F1= rwpmax and if the band
is strong enough to support the force given by equation (1-6) for 0 Q u Q a.

A measure of the efficiency of a band brake is the ratio of the torque
applied by the brake to the torque that could be obtained if the force were
applied directly to the drum itself:

T

F1r
¼ 1� e�Aa ð1-11Þ

The maximum value of this ratio for a single-turn band brake is 0.998 when
A=1.00. From the plot of this ratio, Figure 3, it is apparent that reductions in
the angle of wrap from 360j to 270j has relatively little effect on the efficiency
for A = 0.5 or greater. We also see that the brake should subtend an arc of
270j or more if degradation of the friction coefficient, perhaps due to a dirty
environment and infrequent maintenance, is to be expected.

FIGURE 3 Efficiency (T/F1r) and force ratio (F/F1) as a function of angle from the
leading end of the brake band.
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Since reinforcement of the band near its leading end depends on the
force decay as a function of angle along the band, it may be of interest to
display how F decreases with f, measured from the leading end of the band.
To do this we simply replace F2 with F and replace a with f in equation (1-7)
to obtain

F

F1
¼ e�Af f ¼ a� u ð1-12Þ

For a brake band extending over an angle f from F1.

T ¼ ðF1 � FÞr ¼ F1r 1� F

F1

� �
¼ F1rð1� e�AfÞ ð1-13Þ

Thus the decay of the band force from itsmaximum at the leading end of
the bandmay be found fromFigure 3 using the scales shown on the right-hand
ordinate and associating the abscissa with f.

It is because of the low coefficient of friction for wet friction material
that the brake bands in an automatic transmission are relatively thick and
curved to fit the drumwith only a small clearance. The thickness is required to
support the large band force necessary to deliver a relatively large torque
when operating at low efficiency and the small clearance is necessary to
minimize the required activation force to bend the band and lining to the
drum radius.

II. APPLICATION

In this section we consider the design of a band brake to exert a torque of
9800.0 N-m subject to the conditions that the drum width be no greater than
100 mm and that the drum diameter be no greater than 750 mm. To complete
the design we should also specify the necessary link strength for a safety factor
of 3.5 when using a steel that has a working stress of 410 MPa. Other
mechanisms require that the angle of wrap not exceed 290j. Lining temper-
ature is not expected to rise above 300jF (148jC) during the most severe
conditions. Select a lining material that can sustain a maximum pressure of
1.10 MPa.

Return to Chapter 1 to find that the lining represented by Figure 4 is one
of several that is flexible enough for use in a band brake and has the limiting
temperature and pressure capability. Thus, use A=0.4 and equation (1-10) to
find that at the maximum radius the band width should be given by

wðrÞ ¼ T

pmaxr2ð1� e�AaÞ ð2-1Þ
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where lining width w is written as a function of r in a numerical analysis
program. Likewise, the lining area is given by

AðrÞ ¼ arwðrÞ ð2-2Þ
where a is in radians. Similarly, substitution for w(r) from equation (2-1) into
equation (1-8) gives

FðrÞ ¼ pmaxwðrÞr ð2-3Þ
which enables calculation of the link diameter for a safety factor ~ and
maximum operating stress j from the relation.

d1ðrÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
FðrÞ
pj

f

r
ð2-4Þ

For the largest drum diameter, which is 375 mm, turn to equation (2-1)
to find that for this drum the lining width should be

wð375Þ ¼ 72:992 mm

which is within the width limits. The corresponding lining area and link
diameter d1(r) as given by equations (2-2) and (2-4) are

Að375Þ ¼ 1:385�105 mm2 ¼ 1385 cm2 d1ðrÞ ¼ 2r1ðrÞ ¼ 18:09 mm

For the largest lining width, solve equation (2-1) for the drum radius and find
the drum diameter as a function of the lining width from

dðwÞ ¼ 2
T

pmaxwð1� e�AaÞ
� �1=2

ð2-5Þ

which yields that the drum diameter for a 100-mm lining width should be

dð100Þ ¼ 640:77 mm

According to equations (2.2) and (2.4), the corresponding lining area and link
diameter are

Að320:38Þ ¼ 1622 cm2 and d1 ¼ 2r1 ¼ 19:57 mm

Select the design with the larger lining area in order to reduce the energy
dissipation per unit area, lower the operating temperature, and thereby
decrease lining wear. Selecting a convenient drum diameter slightly larger
than 640.77mm, namely, 641 mm, while retaining the lining width of 100 mm
will only increase the brake’s torque capability for a negligibly smaller link
force while reducing the pressure upon the lining.
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III. LEVER-ACTUATED BAND BRAKE: BACKSTOP DESIGN

This type of brake may be represented as shown in Figure 4(a). Moment
equilibrium about the pivot point of the lever requires that

F1a� F2bþ Pðbþ cÞ ¼ 0 ð3-1Þ
so that substitution for F2 from equation (1-7) yields

�F1ða� be�AaÞ ¼ Pðbþ cÞ ð3-2Þ
as the force P required to activate the brake. Substitution for F1 in equation
(3-2) from relation (1-11) yields

P ¼ be�Aa � a

rð1� e�AaÞ
T

bþ c
ð3-3Þ

Note that not only is the force related to the lever arm length, as is to be
expected from elementary statics, but a braking torque may be exerted with
no activating force if

a ¼ be�Aa ð3-4Þ
In other words, the lever portion of length c could be removed and the
mechanism would stop rotation in the direction shown [Figure 4(b)]. The
brake is then termed ‘‘self-locking in one direction.’’

Mechanisms of this sort, illustrated in Figure 4(c), are known as
backstops. Their function is to permit rotation is one direction and prevent
rotation in the other direction.

If the direction of rotation is reversed, the brake will loosen because a
slight rotation in the counterclockwise direction of the lever will cause a larger
motion at B than atA. Brake-band sag should be sufficient to provide enough
friction force to activate the brake whenever the rotation reverses direction.

A backstop using the linkage shown in Figure 4(c) is shown in
Figure 5. The two small tabs on the brake band are to prevent it from
slipping off the drum. A relatively close fit (with a slight increase in power
dissipation) is intended between the band and the drum to maintain sufficient
frictional force to assure quick response whenever the direction of rotation is
reversed.

IV. EXAMPLE: DESIGN OF A BACKSTOP

Design a backstop similar to that shown in Figure 2.4(c) to prevent gravity
unloading of a bucket elevator similar to that shown in Figure 6 that has 41
buckets on each side. For design purposes assume that all buckets on the
downward-moving side are empty and that all of the buckets on the upward-
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FIGURE 4 (a) Lever-activated band brake; (b) backstop configuration with a =
be�Aa; (c) backstop with levers a and b rearranged to provide a greater wrap angle.
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moving side are filled when the power is turned off, with each bucket
containing 129 lb of material. The pitch diameter ds of the sprocket is 34
inches.

Assume that the friction coefficient of the lining will always be 0.4 and
that the minimum value of pmax is 275 psi. Housing requirements demand that
the backstop drum diameter be no larger than 33 in. Use a safety factor of 1.5
in sizing the drum band, which is to be made from spring steel having a yield
stress of 102,000 psi.

FIGURE 5 Backstop.
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FIGURE 6 Positive discharge bucket conveyor cutaway and cross section.
(Courtesy American Chain Association, Washington, DC.)

Band Brakes 27



To ensure clearance, let the drum diameter be 32 in., and design for a
wrap angle, a, of 300j. From the sprocket pitch diameter and the bucket
weights, find

T ¼ ðds=2ÞWN ¼ ð34=2Þ129ð41Þ ¼ 89; 913 in:-lb

as the maximum expected value of the torque. Here W denotes the expected
maximumweight ofmaterial in a bucket andN denotes the number of buckets
one each side. Chain and empty bucket weights were ignored because the
chain and empty bucket assembly is in equilibrium due to the symmetry of the
conveyor system about its vertical axis.

After solving equation (1-10) for w, we have

w ¼ T

pmaxr2ð1� e�AaÞ ð4-1Þ

so substitution of a=300k/180= 5.2360 radians along with the given values
into this expression yields

w ¼ 1:457 in:

Force F1 may be calculated for this width from equation (1-8), to get the
maximum force as

F1 ¼ 6409 lb

The thickness of the spring steel band to which the lining is attached may be
calculated from

t ¼ ~F
wj

ð4-2Þ

in which ~ represents the safety factor and j represents the yield stress of the
steel band. Substitution of these values along with w and F into equation (4-2)
yields t = 0.065 in. Finally, from equation (3-4), we have

b=a ¼ eAa ¼ e0:4ð5:236Þ ¼ 8:121

Although relation (3-4)may be derived from the backstop configuration
using the equilibrium equation for the backstop lever, which is

F1a ¼ F2b

together with equation (1-7), use of equation (3-3) has the advantage of
showing that when b/a is less than eAa, the direction of force P on the lever
reverses. This implies that the backstop lever proportions should obey the
inequality

a=b ¼ e�Aa ð4-3Þ
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to function properly. In particular, the equality follows by setting P= 0 and
the inequality follows by setting P<0 in equation (3-3).

Return to equation (4-1) and substitute that expression for w into
equation (1-8) to find that F1 may be written as

F1 ¼ T

rð1� e�AaÞ ð4-4Þ

to show that F1 is independent of pmax. Therefore wmay be increased to 1.50
in. without affecting F1. It merely slightly reduces the pmax required to provide
the design torque capability.

V. NOTATION

a lever length (l)
b lever length (l)
c lever length (l )
d drum diameter (l )
d1 link diameter (l)
F band force (mlt�2)
F1 maximum band force (mlt�2)
F2 minimum band force (mlt�2)
P force applied to brake lever (mlt�2)
p lining pressure (ml�lt�2)
pmax maximum lining pressure (ml�1t�2)
r drum radius (l )
T torque (ml 2t�2)
t band thickness (l)
w band width (l )
a brake wrap angle (1) 0 Q u Q a
u, f Angle subtended at the center of the drum (1)
A Friction coefficient (1)
j yield stress (ml�1t�2)
~ safety factor (1)

VI. FORMULA COLLECTION

Torque:

T ¼ F1rð1� e�laÞ ¼ ðF1 � F2Þr ¼ pmaxwr
2ð1� e�AaÞ

Activation force in terms of torque:

F1 ¼ T

rð1� e�AaÞ
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Activation force in terms of maximum pressure:

F1 ¼ pmaxwr

Link diameter:

d1 ¼ 2

ffiffiffiffiffiffiffiffiffi
F

pj
~

r

Maximum pressure in terms of torque:

pmax ¼ T

r2wð1� e�AaÞ
Band thickness:

t ¼ F~
wj

Minimum wrap angle:

a ¼ 1

A
ln

1

1� T=ðF1rÞ
Drum diameter in terms of activation force:

d ¼ 2F1

wpmax

Drum diameter in term of torque:

d ¼ 2T

F1ð1� e�AaÞ ¼ 2
T

pmaxwð1� e�AaÞ
� �1=2

Band brake lever force:

P ¼ be�Aa � a

rð1� e�AaÞ
T

bþ c

Band width in terms of torque:

w ¼ T

pmaxr2ð1� e�AaÞ
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3

Externally and Internally Pivoted Shoe
Brakes

Typical externally and internally pivoted shoe brakes are shown in Figures 1
and 2. In all but extremely rare designs, equal forces act upon both shoes to
produce equal applied moments about their pivots. External shoe brake
control is usually through a lever system that may be driven by electro-
mechanical, pneumatic, or hydraulic means. Internal shoe brake control is
usually by means of a double-ended cylinder or a symmetrical cam.

Calculation of the moments and shoe lengths to achieve a specified
braking torque cannot be carried out directly when the two shoes are pivoted
as shown in either of these figures and when the opposing shoes are sub-
jected to equal moments. The tedious task of manually iterating these
formulas to get a satisfactory design under these conditionsmay be eliminated
with the use of computer programs, such as those mentioned in the following
sections, that can quickly produce either graphical or numerical design
solutions.

I. PIVOTED EXTERNAL DRUM BRAKES

A. Long Shoe Brakes

Externally pivoted, long shoe brakes similar to that shown in Figure 1 are
often used as holding brakes. As its name implies, a holding brake is to hold a
shaft stationary until the brake is released. The compression spring on the left-
hand side of the brake in Figure 1 applies a clamping force to the brake shoes
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on either side of the brake drum to hold it stationary without the need for
external power. Electrical current through the solenoid on the left side of the
assembly releases the brake and holds it open for as long as voltage is applied
to the solenoid. Other holding brakes may use slightly different mechanical
arrangements and may use either a hydraulic or a pneumatic cylinder to
release the brake.

One of the applications of a holding brake is in the design of an overhead
crane. The value of a holding brake is that it allows a load that has been raised
to be held in position without external power. This is also a safety feature
because the crane will not allow its load to be raised or lowered until the brake
is intentionally released. Likewise, these brakes are also used in hoists, in
punch and forming presses, and in some conveyor systems, for similar
reasons.

We begin the derivation of the governing equations for the braking
torque by considering only one shoe (Figure 3) and then extending those
results to more than one shoe. Under the assumption that the shoe, lever, and
drum are all rigid, and that the stress–strain relations of the lining are linear,

FIGURE 1 Externally pivoted shoe brake. (Courtesy Automation & Process Tech-
nology Div., Ametek Paoli, PA.)
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FIGURE 2 Internal pivoted shoe brake. (Courtesy of Dyneer Mercury Products,
Canton, Ohio.)
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the pressure p at any position along the lining due to infinitesimal rotation yh
of the shoe about pivot A will be given by

p ¼ kRyh sin B ð1-1Þ
in terms of the quantities shown in Figure 3. Upon the introduction of the
maximum pressure, written as

pmax ¼ kRyh ðsin fÞmax ð1-2Þ
we find that

kRyh ¼ pmax

sin fð Þmax

ð1-3Þ

so that after substitution from equation (1-3) into equation (1-1), we find that
the pressure may be written in terms of the maximum pressure as

p ¼ pmax

sin fð Þmax

sin f ð1-4Þ

FIGURE 3 Geometry involved in calculating moment Mp about pivot point A.
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With this expression for pressure as a function of position, the torque on the
drum will be the integral over the shoe length of the incremental friction force
A( prw � df) acting on the surface of a drum of radius r. Thus

T ¼ Ar2w
pmax

sin fð Þmax

Z f2

f1

sin f df ð1-5Þ

in which (sin f)max denotes the maximum value of sin f within the range
f1 V f V f2. Integration of equation (1-5) yields

T ¼ Apmaxr
2w

sin fð Þmax

cos f1 � cos f2ð Þ ð1-6Þ

in which f1 is the angle from radius R between the drum axis and pivot A
to the near edge of the drum sector subtended by the brake lining. As
drawn in Figure 3, angle f2 is measured from radius R toward the far edge
of the brake lining. Hence the angle subtended by the shoe is given by

f0 ¼ f2 � f1 ð1-7Þ
To calculate the moment that must be applied about pivotA in Figure 3

to obtain the torque found by equation (1-6), we first calculate the moment
reaction at the pivot due to both the incremental normal forces and the
incremental friction forces acting on the lining. An equal and opposite
moment must, of course, be supplied to activate the brake.

Radial force prw df on each incremental area also contributes to a
pressure momentMp about pivotA. Relative to the geometry in Figure 3, and
with the aid of equation (1-4), this moment may be written as

Mp ¼
Z f2

f2

pwr dfð ÞR sin f ¼ pmax wrR

sin fð Þmax

Z f2

f1

sin2f df ð1-8Þ

which integrates to

Mp ¼ pmax wrR

4 sin fð Þmax

2f0 � sin 2f2 þ sin 2f1ð Þ ð1-9Þ

where f0 is given by equation (1-7). This moment is positive in the counter-
clockwise direction, and its algebraic sign is independent of the direction of
drum rotation relative to the brake lever’s pivot point.

Reactive moment Mf at pivot A due to the friction force acting on the
shoe may be calculated using the geometry sketched in Figure 4. Thus,

Mf ¼
Z f2

f1

Apwr dfð Þ R cos f� rð Þ
ð1-10Þ

¼ Apmax wr

sin fð Þmax

Z f2

f1

R cos f sin f� r sin fð Þdf
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Integration of equation (1-10) yields

Mf ¼ Apmaxwr

4 sinfð Þmax

R cos 2f1 � cos 2f2ð Þ� 4r cos f1 � cos f2ð Þ½ � ð1-11Þ

Here the quantity enclosed by the square brackets determines the algebraic
sign of Mf and may cause it to be zero. The physical significance of the al-
gebraic sign for nonzero values of moment Mf depends upon the direction
of rotation N of the drum.

If the rotation is toward the pivot, as in Figure 4, a positive value ofMf

signifies a clockwise moment about the pivot that applies the brake by forcing
the shoe against the drum, which would cause self-locking. Therefore, a
negative or zero value for Mf from equation (1-11) is required to produce
either a counterclockwise or a zero moment, respectively, about the pivot
point.

The interpretation is reversed if the drum rotation N is away from the
pivot. In this case a positive value from equation (3.11) indicates a counter-
clockwise rotation of the shoe about the pivot that tends to release the brake.
Obviously, a negative value in this situation indicates a clockwise moment
about the pivot that tends to rotate the shoe toward the drum.

From these observations it follows that brake activation requires an
applied moment Me about the pivot point A such that

Mp þMf ¼ Me > 0 N away from the pivot

Mp �Mf ¼ Me > 0 N toward the pivot
ð1-12Þ

where Mf itself, as calculated from equation (1-11), must be negative or zero
when rotation N is toward the pivot and positive or zero when it is away from
the pivot—hence the minus sign in the second of equations (1-12).

Self-locking is of use only when the brake is to serve as a backstop or as
an emergency brake during control failure. Otherwise, self-locking is gen-
erally to be avoided because it does not allow the braking torque to be
controlled by the control of Me.

B. Short Shoe Brakes

Short shoe brakes are generally defined as those for which the angular
dimension of the brake, f0, is small enough (generally less than 20j) that
sin fg (sin f)max and pg pmax so that with these restrictions equation (1-5)
may be approximated by

T ¼ Apwr2 f0 ¼ ArF ð1-13Þ
where

F ¼ pwr f0 ð1-14Þ
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is the force exerted on the short shoe. Application of these approximations to
equation (1-9) before integration yields

Mf ¼ AF R cos f1 � rð Þ ð1-15Þ
Similarly, application of these approximations to equation (1-10) before
integration yields

Mp ¼ FR sin f1 ð1-16Þ
so that substitution into equation (1-12) with the minus sign in effect reveals
that the short shoe will not be self-locking if

sin f1 � A cos f1 � r

R

� �
>0 ð1-17Þ

II. PIVOTED INTERNAL DRUM BRAKES

The equations derived in Section IA dealing with long external shoe brakes
apply equally well to internal shoe drum brakes. There is one essential
difference, however, that does not appear explicitly in the equations them-
selves: The physical significance of positive values of moments Mp and Mf is
different. The geometry used to obtain these relations for internal shoe brakes
is shown in Figures 5 and 6; the different interpretations for the various
combinations of direction of rotation and internal or external shoes are listed
in Table 1. In that table rotation of the drum from the far end of the shoes
to the end near the pivot (termed rotation from the toe of the brake to the heel)
is indicated by an arrow pointing toward the letter p; rotation in the opposite
direction is indicated by an arrow pointing away from the letter p. The acro-
nym cw indicates clockwise rotation (or the direction of rotation of an ad-
vancing right-hand screw), and ccw indicates counter-clockwise rotation.

From Figure 5 it follows that

dMf ¼ Awrp d fð Þ r� R cos fð Þ ð2-1Þ
This is the negative of the integrand in equation (1-10). The rotation indicated
causes the shoe to pivot in the counterclockwise direction about A; but
because equation (1-10) used the negative of the integrand above, the rotation
shown corresponds to a negativeMf value as calculated using either equation
(1-10) or equation (1-11). Hence, negative Mf from these formulas implies
counterclockwise rotation and positiveMf corresponds to clockwise rotation
of the shoe about its pivot.

Braking requires a moment Ma applied to the shoe as given by

Mp �Mf ¼ Ma N away from the pivot

Mp þMf ¼ Ma N toward the pivot
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for internal shoes. The physical significance of the algebraic signs associated
with the moment expressions derived in the preceding sections as applied to
external and internal brakes is displayed in Table 1. It is may be helpful the
rewrite the equations for either internal or external brakes in terms of different
symbols if the use of a single set of equations for two different cases becomes
too confusing. After using these equations enough to become familiar with
them, the reader may find that analysis is easier if they are again combined
into a single set, as has been done here.

Drum brake efficiency may be measured in terms of the ratio of the
torque produced by the brake itself to the torque required to activate the
brake, also known as the shoe factor; namely,

T

Ma
¼ T

Mp F Mf
ð2-2Þ

Brake efficiency is generally not a design factor in the analysis of drum brakes
because it is dependent on too many factors [f1, f2, r/R, A, w, and (sin f)max]

FIGURE 5 Geometry for calculating the moment due to friction about point A for an
internal shoe brake.
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to make it useful. More significance is usually associated with brake life, heat
dissipation, fading, and braking torque capability.

III. DESIGN OF DUAL-ANCHOR TWIN-SHOE DRUM
BRAKES

For both external and internal shoes and for either direction of rotation a
positive Me value indicates that an external moment of that magnitude must
be applied to activate the brake. The formulas also clearly indicate that the
extent of the braking action may be controlled by controlling this activation
moment. The role of Mf, the moment due to friction, in determining the
required activation moment Me may be seen by returning to equation (1-11)

FIGURE 6 Geometry for calculating the moment due to pressure about point A for
an internal shoe brake.
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and observing that this moment may be either positive or negative, depending
on the choices for the quantities appearing in brackets.

One measure of the contribution of the friction moment to the entire
amount acting to force the shoe against the drum is the actuation factor,
defined by

Mf

Ma
sometimes de ned as

Mf

Mp

� �
ð3-1Þ

which is independent of the torque produced by the brake.
If the quantities in brackets in equation (1-11) are chosen such that the

bracket becomes both negative and relatively large,Mfmay dominateMp and
Ma becomes negatfive. This means that the brake has become self-locking:
contact between the shoe and the drum causes uncontrolled motion of the
shoe toward the drum. Since the resulting braking action is beyond the
control of the usual single-direction activation mechanism, self-locking is
generally to be avoided.

Return to relations (2-2), equate the denominators, and then divide both
sides by Mp, which is always positive, to obtain

Ma

Mp
¼ 1F

Mf

Mp
ð3-2Þ

Hence self-locking of external brakes in which the drum rotates toward the
pivot can be avoided if the relationMf/Mp is always less than+1; if the drum

TABLE 1 Moment Relations for Internal and External Drum Brakes

Rotationa Moment

External shoe Internal shoe

Implied
braking action

Implied
shoe rotation

Implied
braking action

Implied
shoe rotation

p! Mp > 0 Open ccw Open cw
pp Mp > 0 Open ccw Open cw
p! Mf > 0 Open ccw Close ccw
pp Mf > 0 Close cw Open cw

Applied Moment Relations

External Shoe Internal Shoe

p! – Mp + Mf = Ma Mp � Mf = Ma

pp – Mp � Mf = Ma Mp + Mf = Ma

a p!, Rotation toward the pivot; pp, rotation away from the pivot; cw, clockwise rotation; ccw,
counterclockwise rotation.

fi
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rotates away from the pivot, self-locking can be avoided if Mf/Mp is always
greater than �1. Similar criteria hold for internal brakes except that the
directions of rotation are reversed for the same algebraic signs. Since most
brakes are designed for rotation in both directions, it is generally convenient
to combine these criteria into a single criterion, which is that self-locking of
both internal and external drum brakes may be avoided if

�1 V
Mf

Mp
Vþ 1 ð3-3Þ

Selection of shoe and drum angles and dimensions in accordance with
this criterionmay be aided by construction of design curves such as illustrated
in Figures 7 and 8, in which the ratio Mf/AMp is plotted against angle f2 for
selected values of the coefficient of friction. External shoes are characterized
by R/r ratios greater than unity and internal shoes by r/R ratios less than
unity. The ratioMf/AMp has been plotted instead ofMf/Mp in Figures 7 and 8
because it itself is independent of the coefficient of friction and thus must be

FIGURE 7 Design curves forMf /(AMp) for B1 = 10j. r/R ratios for the upper, external
brake, curves are: 1—r/R = 0.2; 2—r/R = 0.4; 3—r/R = 0.6; 4—r/R = 0.8. r/R ratios
for the lower, internal brake, curves are: 5—r/R = 1.2; 6—r/R = 1.4; 7—r/R = 1.6;
8—r/R = 1.8.
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plotted only once. To use it for any coefficient of friction within the range
shown, it is only necessary to note that the requirement that the ratioMf /Mp

lie between �1 and +1 is equivalent to

� 1

A
V

Mf

AMp
V

1

A
ð3-4Þ

Since pmax, (sin f)max, and A cancel out when equation (1-11) is divided
by the product of A and equation (1-9), the ratioMf/(AMp) is a function of only
three quantities: r/R,f1, andf2. Thus,Mp/(AMp) may be plotted as a function
of f2 for fixed values of r/R and f1, as in Figures 7 and 8. Criterion (3.4) also
can be included in these graphs by noting that 1/A > 0 pertains to external
drum brakes and 1/A < 0 pertains to internal drum brakes, so these values
may be shown on the left-hand ordinate of these graphs by relating them to
the limiting values ofMf/(AMp) according to relation (3.4), namely, that at the
lower limit,

�1=A ¼ Mf=ðAMpÞ

FIGURE 8 Design curves forMf /(AMp) for B1 = 45j. r/R ratios for the upper, external
brake, curves are: 1—r/R = 0.2; 2—r/R = 0.4; 3—r/R = 0.6; 4—r/R = 0.8. r/R ratios
for the lower, internal brake, curves are: 5—r/R = 1.2; 6—r/R = 1.4; 7—r/R = 1.6;
8—r/R = 1.8.
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and that at the upper limit,

1=A ¼ Mf=ðAMpÞ

Consequently, the ordinates on the right-hand sides of the graphs in Figures 7
and 8 are the reciprocals of the ordinates on the left-hand sides. Thus, we may
read directly from these graphs that to be non-self-locking, the Mf /(AMp)
ratio must fall below the 1/A value for external drum brakes, and it must fall
above the �1/A value for internal drum brakes.

Note that these curves show that the range of possible values for Mp/
(AMp) that ensure that a dual-shoe brake will be free of self-locking decreases
as the lining coefficient of friction increases, as should be expected.

The length of a single shoe for a desired torque may be found algebrai-
cally from equation (1-6). However, selection of the shoe length to provide a
specified braking torque cannot be accomplished directly if two external or
two internal shoes operating about fixed pivot points, or anchor pins, are to be
used for greater braking torque.

Whenever two shoes are required and the arc length of the lining,
rf0 = r(f2 � f1), is to be selected, it is necessary to select f1, say, and then
find a value of f2 such that the total torque T is the sum of Ta and Tb, where
Ta represents the braking torque contribution from the shoe with the larger
peak pressure and Tb represents the braking torque from the shoe with the
smaller peak pressure, pb. Torque Ta, as given by the equation

Ta ¼ Apar 2w
sin fð Þmax

cos f1 � cos f2ð Þ ð3-5Þ

will be the reference torque for both shoes. For simplicity in writing the
remaining equations it is convenient to introduce the quantities

A ¼ R 2f2 � 2f1 � sin 2f2 þ sin 2f1ð Þ
B ¼ A R cos 2f1 � cos 2f2ð Þ � 4r cos f1 � cos f2ð Þ½ � ð3-6Þ
ba ¼ pab bb ¼ pbb b ¼ rw

4 sin fð Þmax

so that moments Mf and Mp may be written as

Mpa ¼ baA Mfa ¼ baB

Mpb ¼ bbA Mfb ¼ bbB
ð3-7Þ

In these terms the applied moment to one of the shoes may be written as

Ma ¼ bamin
Aþ Bð Þ
A� Bð Þ

(
ð3-8Þ
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and the relation

Ma ¼ bbmax
Aþ Bð Þ
A� Bð Þ

(
ð3-9Þ

then determines the maximum pressure on the other shoe. Recall that braking
torque T is linearly dependent on the maximum pressure, in this case pa, so

FIGURE 9 Four styles of dual-anchor brakes: (a) cam brake; (b) wedge brake; (c)
simplex brake; (d) duplex brake.
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that reevaluation of the integral in equation (1-5) is not necessary whenever
the two shoes are of the same size; Tb is simply given by

Tb ¼ pb
pa

Ta ¼ bb
ba

Ta ð3-10Þ

Consequently, the total braking torque expression becomes

T ¼ 1þ bb
ba

� �
Ta ð3-11Þ

Designing a double-shoe brake, either internally pivoted (automotive
type) or externally pivoted, to provide a specified braking torque consists of
finding values that satisfy equations (2.2) and (3.5) through (3.11).

Moment Ma is most commonly applied by forces supplied by a cam at
the toe of each brake, as shown in Figure 9(a), which is known as a cam brake;
by an integral hydraulic system that drives a wedge between two pistons,
which in turn act against the toe of each shoe, as shown in Figure 9(b), which is
known as a wedge brake; or by a hydraulic cylinder between the two shoes, as
shown in Figure 9(c), which is known as a simplex brake. In all of these the
force necessary to provide moment Ma is given by

F ¼ Ma

2r sin f0=2ð Þ ð3-12Þ

The iteration process may be eliminated using the duplex brake shown
in Figure 9(d), but at the expense of a brake that is more effective for one
direction of rotation (rotation from toe to heel) than for the reverse rotation.
This brake style is therefore usually limited to machines where rotation is in
one direction, such as conveyor belts.

IV. DUAL-ANCHOR TWIN-SHOE DRUM BRAKE DESIGN
EXAMPLES

Example 4.1

Design an external dual-anchor twin-shoe drum brake to provide a torque of
6050 N-m. The drum diameter should not exceed 400 mm and the drum
thickness should not exceed 90 mm, based on interference with other machine
components. If possible, select angle f1 to be 25j in order to use stock
hydraulic components already under contract for other products. Heating
during braking may occasionally be large.

Comparison of Figures 7 and 8 shows that increasingf1 from 10j to 45j
has relatively little effect on these curves, so that we may refer to Figure 7 for
f1 = 25j. Hence we find that an external brake will be free of self-locking as
long as the brake shoes subtend an angle of 70j or more.

Chapter 346



Guided by the design limitations in the problem statement, let the drum
diameter be 350 mm and the width be 80 mm to ensure extra clearance if
needed. Both dimensions can be increased if no satisfactory brake can be de-
signed within these smaller dimensions. Since we plan to design shoes having
f2 of the order of 140j use this as an initial value off2 along with pmax= 3.00
MPa (435MPa), whichmay be had using a proprietarymaterial fromChapter
1 that has Abot = 0.40. Take A = 0.35 to find if this will yield a satisfactory
shoe. If it does, the longer band will aid in cooling and may have a longer life
The required activationmomentMamay be found from equation (3.9) afterA
and B have been calculated.

Upon entering the selected values

T ¼ 6; 050; 000 N�m R ¼ 230 mm

w ¼ 80 mm r ¼ 175 mm

A ¼ 0:35 f1 ¼ 25j

pmax ¼ 3:00 MPa

into aMathcadwork page as shown later we can use the graphics capability of
Mathcad to produce the graph in Figure 10 to show the torque as a function of
angle B.

FIGURE 10 Torque vs. B for an external drum brake.
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The functional notation f� deg in the trigonometric functions is a
Mathcad requirement whenf is in degrees. It enters the corresponding radian
measure as the argument of the trigonometric function involved.

No value for Ma is given because examination of equations (3.6) and
(3.10) reveals that the torque is independent ofMa. It is dependent upon pmax,
the maximum pressure, which provides the activating forces.

w ¼ 80 A ¼ 0:35 R ¼ 230 r ¼ 175 f1 ¼ 25

pmax ¼ 3:00 T0 ¼ 605000

AðfÞ ¼ R 2f�deg� 2f1�deg� sin 2f�degð Þ þ sin 2f1�degð Þð Þ
BðfÞ ¼ A R cos 2f�degð Þ� cos 2f�degð Þð Þ� 4r cos f1�degð Þð½

�cos f�degð ÞÞ�
CðfÞ ¼ AðfÞ þ BðfÞ DðfÞ ¼ AðfÞ � BðfÞ

M1ðfÞ ¼
CðfÞ if CðfÞ V DðfÞ
DðfÞ otherwise

(

M2ðfÞ ¼
CðfÞ if CðfÞ z DðfÞ
DðfÞ otherwise

(

ba fð Þ ¼ 1

M1ðfÞ bbðfÞ ¼ 1

M2 fð Þ

sin fmðfÞ ¼
1 if f z 90

sin f�degð Þ otherwise

(

TaðfÞ ¼
Apmaxr

2w
� 	
sin fm fð Þ cos f1�degð Þ � cos f�degð Þð Þ

TðfÞ ¼ 1þ bb fð Þ
ba fð Þ

� �
Ta fð Þ

The Track feature in Mathcad prints the coordinates of the points
where the screen crosshairs lie upon a curve. Smooth transition from point to
point along a curve may not be possible, however, because of the difficulty of
producing very small motion of the tracking ball on the mouse being used.
Nevertheless, we can come sufficiently close to be within most manufacturing
and design tolerances. In this example we can read from Figure 10 that

T ¼ 6; 044; 200 N�m at f2 ¼ 122:57j

T ¼ 6; 052; 200 N�m at f2 ¼ 122:74j

Alternatively, the bisection procedure provided by TK Solver, which is more
accurate, yielded f2 = 122.693j.
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Example 4.2

Design an internal twin-shoe drum brake to provide a braking torque of 5800
N-m with an outside diameter of 350 mm and a shoe width of 80 mm using a
lining material with a friction coefficient of 0.35. Use f1 = 25j and let the
pivot radius be 120 mm, if possible, because of heat sensors to be included
within the drum.

Substitution of the following values into the previous worksheet and
graphing the resulting T(f) as a function of f yields the graph shown in
Figure 11.

w ¼ 80 mm R ¼ 120 mm

r ¼ 175 mm A ¼ 0:35

B ¼ 25j

From it we read that a torque of 5,798,700 N-m requires f2 = 155.38j and
that a torque of 5,801,000 corresponds to an angle f2 = 155.55j. The bi-
section value found from the TK Solver program was f2 = 156.4749j. They
serve as a check upon one another because the same formulas must be entered
into each program to get agreement of the order shown. As before, the values
read from Figure 11 are sufficiently precise for many brake applications.

Notice in both Figures 10 and 11 that increasing angle B beyond about
120j yields diminishing returns; the torque no longer increases nearly linearly
relative to B.

FIGURE 11 Torque vs. B for in internal drum brake.
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V. DESIGN OF SINGLE-ANCHOR TWIN-SHOE DRUM
BRAKES

Internal shoe drum brakes of this type, as illustrated in Figure 12, which are
also known as Bendix type, or servobrakes, have neither shoe permanently
attached to an anchor pin. Each is free to shift position slightly as the direction
of the drum reverses, so that for either direction of rotation one shoe pivots
about the anchor pin and the othe other shoe pivots about its end of the
adjusting link between shoes. Consequently, both shoes see rotation from toe
to heel regardless of the direction of rotation. Although this construction
facilitates the design of a self-adjustingmechanism for automotive use, it does
not entirely eliminate the difference in wear between the two shoes, and it
introduces additional labor to calculate brake torque and lining pressure. A

FIGURE 12 Schematic of a Bendix, or servo, single-anchor brake.
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program to ease the latter tasks is described and demonstrated in the follow-
ing paragraphs.

With this program it is easy to show that relatively small changes in
the pressure distribution along either shoe may produce large changes in the
braking torque.

Although calculation of the braking torque and consideration of the
design of brakes of this type appears to be omitted from most of the machine
design texts now in print, two of them do contain a brief narrative reference
to their construction [1,2]. These brakes may be analyzed by the graphical
method introduced by Fazekas [3] in 1957 or by the numerical method de-
scribed in reference 4. In the first method the pressure is described only in
terms of its center of pressure (due to the lack of easy computational facilities
in 1957), while in the second method the pressure distribution is represented
by either an approximating function or by a measured pressure distribution.
The secondmethod displays themarked effect the pressure distribution has on
brake performance.

The governing equations for the primary shoe, which is the shoe not
pivoted at the anchor pin (Figures 12 and 13), are the same as those given
derived in Section 1, which are that the moments (positive in the clockwise

FIGURE 13 Primary link force and incremental pressure and friction forces.
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direction) about the pivot due to the pressure and the frictional forces are
given by

Mp ¼ rwR

Z f2

f1

p sin f df ð5-1Þ

and

Mf ¼ Awr
Z f2

f1

p r� R cos fð Þdf ð5-2Þ

which are repeated here for convenience. In the following discussion we shall
need an expression for the radial and tangential force components acting on
the pivot. These relations may be derived by taking components of the
pressure and friction forces acting on the lining in directions parallel and
perpendicular to R (Figure 13) from the center of the drum to the pivot point
of the shoe. The result is that the force component in the radial direction is
given by

Fr1 ¼ �rw

Z f2

f1

p cos f dfþ Arw
Z f2

f1

p sin f df ð5-3Þ

and the force perpendicular to radius R is given by

Fu1 ¼ rw

Z f2

f1

p sin f df� Arw
Z f2

f1

p cos f df ð5-4Þ

where u is the angle between vector F1 and a perpendicular to vector R.
Analysis based on these equations differs, however, from that associated

with shoes having fixed pivot points. In particular, neither the sinusoidal-
dependent pressure associated with a rigid shoe and drumdiscussed in Section
2 nor the constant pressure associated with a deformable shoe and drum [4]
may be used in this instance because the primary shoe is to pivot about the end
of the adjusting link, which can only exert a force in the direction of the chord
coincident with its centerline. Consequently, the lining pressure must be such
that the primary shoe is in equilibrium when acted on by the pressure, the
activatingmoment (due to the force from the brake cylinder), and the reaction
of the adjusting link along its longitudinal axis.

From this last observation and from the geometry shown in Figure 13
we see that the radial and tangential forces must satisfy the relation

tan
h
2
þ Fr

Fu
¼ 0 ð5-5Þ

where h is the angle at the center of the drum subtended by the adjusting link
The magnitude of the link force is given by

F 2
l ¼ F 2

u þ F2
r ð5-6Þ
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This link force and the activating moment both act on the secondary
shoe, so that the force and moment equations of equilibrium for the second-
ary shoe become

Fr2 ¼ �rw

Z f2

f1

p cos f dfþ Arw
Z f1

f2

p sin f dfþ Fl sin f2þ h
2

� �
ð5-7Þ

Fu2 ¼ �rw

Z f2

f1

p sin f dfþ Arw
Z f2

f1

p cosf dfþ Fl cos f2 þ h
2

� �
ð5-8Þ

where 2h is the angle subtended by the adjusting link. Next,

Ma2 ¼ Mp2 þMf2 � 2RFlsin
f2

2
sin

f2

2
þ h

2

� �
ð5-9Þ

whereMp2
andMf2

are again given by equations (5.1) and (5.2) in terms of the
pressure distribution on the secondary shoe. Torque for either shoe may be
calculated from

T ¼ Arw
Z f2

f1

p df ð5-10Þ

Even though these equations do not uniquely determine the pressure
distribution over the brake lining, they are still of use because they allow the
design engineer to compare the effects of different realistic pressure distribu-
tion and to design drums and shoes whose rigidity will induce particular
pressure distributions over the primary and secondary shoes.

The first of the two pressure distributions considered is a synthesis of (1)
the sinusoidal distribution associated with a nondeforming drum and shoe,
generally associated with a lightly loaded brake, and (2) the force peaks that
occur at the ends of load-bearingmembers in contact. The second of the two is
a systhesis of (1) the constant distribution said to be associated with more
heavily loaded brakes, and (2) the previously noted force peaks. Thus the
pressure distributions will be represented either by

p

p0
¼ e�c1 c=f0ð Þ cos

c

f0
k











c2

þ c3 c ¼ f� f1 ð5-11Þ
or by

p

p0
¼ e�c1 c=f0ð Þ cos

c

f0
k











c2

þ c3 sin cþ f1ð Þ ð5-12Þ
for the primary shoes, where the peak pressure on each shoe occurs at the heel
because its pivot cannot sustain a radial force in the outward direction. These
relations produce the pressure distributions shown in Figures 14 and 15 for
the values of c1, c2, and c3 indicated. Similarly, peak pressure is assumed to
occur at the toe of the secondary shoe, where it is subjected to the link force
from the primary shoe. Since this shoe pivots at the anchor pin, it is assumed
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that little or no increase in lining pressure is found at the heel of the secondary
shoe. Thus the secondary shoe pressure distributions are represented by either

p

p0
¼ e�c1 1 � c=f0ð Þ cos

c

f0
k











c2

þ c3 ð5-13Þ

or

p

p0
¼ e�c1 1�c=f0ð Þ cos

c

f0
k











c2

þ c3 sin cþ f1ð Þ ð5-14Þ

which produce the distributions shown in Figures 16 and 17.

FIGURE 15 Primary pressure distributions.

FIGURE 14 Primary pressure distributions.
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Since the secondary shoe is pivoted at the anchor pin, there are no
restrictions on the direction of the resultant force and no particular mathe-
matical restrictions on the pressure distribution itself other than that it not be
infinite at any point along the shoe. The physical restrictions that these
quantities be realistic motivated the use of pressure distributions similar to
those on the primary shoes, based on the assumption that the shoe character-
istics are similar, that the linings are very similar, if not identical, and that
the force peak at the end of the shoe in contact with the link will be similar to

FIGURE 17 Secondary pressure distributions.

FIGURE 16 Secondary pressure distributions.

Externally and Internally Pivoted Shoe Brakes 55



the force peak in the primary shoe at the other end of the link. Depending on
the rigidity of the anchor pin and the rigidity of the brake shoe in the vicinity
of the anchor pin, the force peak at this end of the lining may either be
noticeably smaller than that at the free end of the primary shoe, or may vanish
entirely.

The method of solution is to first solve for the unknown parameters in
the expressions for the particular pressure distribution selected from either
equations (5.11) or (5.12) on the primary shoe such that the condition

2 tan�1 Fr

Fu

� �
� h ¼ 0 ð5-15Þ

is satisfied. Since this condition is independent of the lining pressure, that
quantity may be found from the relation

M1 ¼ Mp1 þMf1 ð5-16Þ

in which the external moment Ma is specified and where subscript 1 denotes
the corresponding moment for the primary shoe.

With the maximum pressure on the primary shoe known, the pressure
distribution over the primary shoe may be evaluated from equation (5-11) or
(5-12), as appropriate, and the braking torque contributed by the primary
shoe may then be calculated from equation (5-10). Link force may be found
from equations (5-3), (5-4), and (5-6).

After selecting those values of c1, c2, and c3 that provide a reasonable
pressure distribution over the secondary shoe, the reference pressure may be
found from equation (5-10) and the total braking torque becomes the sum of
the torques contributed by the primary and secondary shoes.

VI. SINGLE-ANCHOR TWIN-SHOE DRUM BRAKE DESIGN
EXAMPLES

Since it is the asymmetric term in the pressure distribution that is the major
contributor to the control of the radial component of the force on the pivot
point for a given coefficient of friction, satisfaction of equation (5-5) may be
accomplished by adjusting the c1 term in the pressure distribution. Once this is
accomplished, the moment equilibrium conditions on the brake shoe may be
satisfied by an appropriate choice of the pressure term, p0. Equation (5-6) may
then be evaluated to find the force transmitted to the primary shoe through
the adjusting link. Straightforward calculation then yields the lining pressure
for the secondary shoe and the torque contributed by both shoes.
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Adjustment of constant c1 may be carried out by finding the zero of the
relation

tan
h
2
þ Fr

Fu
¼ 0 ð6-1Þ

considered as a function of c1. Location of a single zero in a given interval may
be obtained using the bisection routine, such as in the TK Solver program.

It may appear that the search time may be reduced by restricting the
search range for c1 to a small neighborhood in the vicinity of the zeros found
by displaying plots of equation (5-15) as a function of c1 over an interval
selected by the user for a range of values of A, f1, and f2 suggested by the
problem at hand. Plotting such a curve has proven to be unsatisfactory in
practice because of the small intervals that are at times necessary to locate
paired zeros. It may be faster to search for zeros by using a program that
displays the integrands ofFr andFt, their integrals, and their arctangents. This
is because associating the asymmetry of the pressure distribution with the
angle of the reaction at the adjusting link enables one quickly to see whether
changes in the values of c1 tend to bring the reaction into coincidence with
the axis of the link. It also has the advantage of showing whether the constants
chosen continue to represent adequately a physically reasonable pressure
distribution.

A program for the numerical evaluation of the integrals involved in ex-
pressions (5-7) and (5-8) may easily be written using Simpson’s rule. There
appears to be only negligible improvement in accuracy obtained by dividing
the interval into more than 50 segments.

The following four examples show the effect of changes in pressure
distributions on brake performance and they also demonstrate the use of the
method outlined. For this comparison all of the brake shoes subtend 120j at
the center of the drum, they all have a 20j angle between the pivot and the heel
of the shoe, and they all have an adjusting link which subtends 15j at the
center of the drum. In addition, they are all subjected to an activatingmoment
of 100 in.-lb and they all act on a drum having an inside diameter of 5.1 in. and
a pivot at a radius of 4.2194 in. Results are summarized in Tables 2 and 3.

Example 6.1

Consider the dimensionless pressure distribution corresponding to curve 1 in
Figure 14 and given by equation (5-11) with

c1 ¼ 3:15679 c2 ¼ 4:0 c3 ¼ 0:20

For this pressure distribution themaximum lining pressure at the heel is found
to be 25.32 psi, the pressure at the toe of the shoe is 5.12 psi. the torque
contribution from the primary shoe is 524.80 in.-lb, and the adjusting link is
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subjected to an axial force of 1131.57 lb. Upon imposing each of the three
different pressure distributions shown in Figure 16 on the secondary shoe, it is
found that although themaximum pressure distribution at the toe varies from
about 336 to 1472 psi, the torque contribution from the secondary shoe only
varies from 2027 to 2310 in.-lb.

Example 6.2

Reduction of the friction coefficient from 0.4 to 0.3 in equation (6.1) changes
c1 to 1.40460, and this change in turn modifies the pressure distribution acting
over the primary shoe to that represented by curve 2 in Figure 14. The toe
pressure remains unchanged, the central pressure drops, the heel pressure

TABLE 2 Lining Pressure and Shoe Braking Torque Associated with Primary Shoe
Pressure Given by Equation (4-11) (Unit Width Shoe)

Shoe
Distribution
numbera

Heel
pressure (psi)

Toe
pressure (psi)

Link
force (lb)

Torque
(in.-lb)

Friction
coefficient

P 1 25.320 5.320 1131.57 514.800 0.4
S 1 500.642 750.963 1131.57 2099.040 0.4
S 2 336.002 336.002 1131.57 2026.710 0.4
S 3 490.806 1472.418 1131.57 2310.270 0.4
P 2 25.320 9.390 908.55 338.200 0.3
S 1 314.318 417.477 908.55 988.383 0.3
S 2 321.610 321.610 908.55 969.967 0.3
S 3 294.334 883.001 908.55 1039.090 0.3

a P distributions are shown in Figure 14; S distributions are shown in Figure 16.

TABLE 3 Lining Pressure and Shoe Braking Torque Associated with Primary Shoe
Pressure Given by Equation (4-12) (Unit Width Shoe)

Shoe
Distribution
numbera

Heel
pressure (psi)

Toe
pressure (psi)

Link
force (lb)

Torque
(in.-lb)

Friction
coefficient

P 1 21.140 3.380 1119.09 514.360 0.4
S 1 200.019 388.271 1119.09 2040.110 0.4
S 2 198.909 1544.466 1119.09 2277.790 0.4
S 3 170.460 6022.909 1119.09 3502.060 0.4
P 2 21.910 7.350 903.65 334.100 0.3
S 1 126.430 422.430 903.65 961.431 0.3
S 2 118.716 921.797 903.65 1019.600 0.3
S 3 92.300 2868.490 903.65 1245.890 0.3

a P distributions are shown in Figure 15; S distributions are shown in Figure 17.
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increases to 9.39 psi, the link force (servo action) drops to 908.55 lb, and the
torque contribution from the primary shoe falls to 338.20 in.-lb as a result of
this change in the pressure distribution.

Secondary shoe pressures at the toe now range from 321.60 to 883.001
psi and the torque contributions from the secondary shoe now range from
about 970 to 1039 in.-lb. Thus a 25% reduction in the friction coefficient has
produced about a 58% reduction in the maximum torque capability of the
secondary shoe, based on the 1039 in.-lb valve derived from distribution 3,
Figure 16. Total torque capacity has dropped about 51%.

Example 6.3

Use of the primary distribution represented by curve 1 in Figure 15 and given
by relation (5.15) with a friction coefficient of 0.4 leads to

c1 ¼ 3:45218 c2 ¼ 4:00 c3 ¼ 0:20

which produces a pressure distribution having lining pressures at the heel and
toe of 21.14 and 3.38 psi, respectively, a torque contribution of 514.36 in.-lb,
and a lining force (serve action) of 1119.09 lb. As shown in Figure 17, the
pressure distributions on the secondary shoe produce maximum pressures
ranging from about 388 to 6023 psi and torque contributions ranging from
about 2040 to 3502 in.-lb. Maximum pressure and torque are both obtained
from curve 3 in Figure 17.

Example 6.4

Reduction of the friction coefficient from 0.4 to 0.3 causes exponent c1 to
decrease to 1.51392, which corresponds to the dimensionless pressure dis-
tribution shown by curve 2 in Figure 15, wherein the heel and toe pressure
become 7.35 and 21.91 psi, respectively. Braking torque from the primary
shoe is calculated to be 334.100 in.-lb. and the link force is calculated to be
903.650 lb.

Secondary pressures at the toe of the lining for the pressure distributions
shown in Figure 17 range from approximately 922 to 1246 in.-lb. In this case
the 25% reduction in the coefficient of friction between drum and lining has
produced almost a 61% reduction in the total braking torque.

Together these examples show that percentage changes in the torque
capacity of the brake are a magnification of the percentage change in the
friction coefficient. In large part this magnification appears to be due to the
pressure maximum near the adjusting link which is necessary if the primary
shoe is to be held in equilibrium by the link force and the lining pressure.
Pressure distributions satisfying these equilibrium conditions may be of the
form given by equations (5-11) and (5-12). Based on these pressure distribu-
tions, we have found that although the maximum pressure on the secondary
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shoe is strongly dependent on the width of the pressure maximum in the
vicinity of the adjusting link, the magnitude of the braking torque contributed
by the secondary shoe does not change quite as rapidly as the change in the
lining pressure at the toe.

VII. ELECTRIC BRAKES

Common usage has associated the term electric brakes with friction brakes
which are electrically activated, rather than with those brakes that rely upon
electrical and magnetic forces rather than friction to provide the braking
torque. Typical electric brakes are pictured in Figures 18 and 20. Both are
single-anchor drum brakes that use the servo action associated with these
brakes to obtain the required braking torque in response to an activating force
indirectly related to the applied magnetic field.

FIGURE 18 Electric drum brake activated by a cam attached to a magnet arm.
(Courtesy of Warner Electric Brake & Clutch Co., South Beloit, IL.)
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In the first type, shown in Figure 18, the small spotmagnet 1 in Figure 19
is attracted to armature 2, which rotates with the drum. Friction between the
spot magnet and the armature cause lever arm 3 to rotate and to actuate lever
mechanism 4 to bring shoes 5 into contact with the drum.Depending upon the
direction of rotation, one of these shoes will be the leading shoe, which by
servo action will drive the trailing shoe against the drum.

Greater braking torque may be had from the model shown in Figure 20.
In that design the annular electromagnet 1 in Figure 21 is attached to non-
rotating backing plate by means of a pilot ring, which allows it to rotate
slightly in the plane of the backing plate.When the electromagnet is energized
it attracts armature 2, which rotates with the drum (not shown) but is allowed
sufficient axial motion to contact the friction material on the face of the elec-
tromagnet. Friction between the electromagnet and the armature causes the
electomagnet to rotate just enough to activate cam pair 3 (only one is shown)

FIGURE 19 Exploded view of the components of the electric brake shown in Figure
18. (Courtesy of Warner Electric Brake & Clutch Co., South Beloit, IL.)
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and force shoes 4 against the drum. Again, servo action is relied upon to drive
the trailing shoe against the drum so that together they provide a relatively
large braking torque.

Simplified schematics of these two brakes which emphasize their means
of operation are given in Figure 21.

These brakes were designed for use with highway trailers where a quick
response time may be important. They have both fewer total parts and fewer
exposed parts than either hydraulic or air brakes, but do not have as great a
braking torque for a given size of drum and shoes.

FIGURE 20 Electric drum brake activated by a cam and pin attached to the slightly
rotating electromagnet. (Courtesy of Warner Electric Brake & Clutch Co., South
Beloit, IL.)
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VIII. NOTATION

A dummy variable (l)
B dummy variable (l)
b dummy variable (l 2)
ba, bb dummy variables (mt�2)
c1, c2, c3 pressure distribution coefficients (l)
F force (mlt�2)
Fl force along the axis of the adjusting link (mlt�2)
Fr radial force (mlt�2)
Fu circumferential force (mlt�2)
k effective spring constant of the lining (mt�2)
Me externally applied moment (ml 2t�2)

FIGURE 21 Exploded view of the components of the electric brake shown in Figure
20. (Courtesy of Warner Electric Brake & Clutch Co., South Beloit, IL.)
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FIGURE 22 Schematic of brakes shown in Figures 18 and 20 to show method of
operation. (Courtesy of Warner Electric Brake & Clutch Co., South Beloit, IL.)
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Mf moment on the shoe due to friction (ml 2t�2)
Mp moment on the shoe due to lining pressure (ml 2t�2)
p lining pressure (ml�1t�2)
p0 reference pressure (ml�1t�2)
R radius from drum center to shoe pivot point (l )
r drum radius (r = d/2) (l )
T torque (ml 2t�2)
Ta torque contributed by primary shoe (ml 2t�2)
Tb torque contributed by secondary shoe (ml 2t�2)
w lining and shoe width (l )
h half of the angle subtended by the adjusting link at

the center of the drum (1)
ya angular motion of the shoe during braking (1)
A friction coefficient (1)
f angle subtended at the center of the drum (1)
f0 angle subtended by the lining at the center of the drum (1)
c distribution parameter (1)

IX. FORMULA COLLECTION

A. Long Shoe–External and Internal

Angle subtended by the shoe:

f0 ¼ f2 � f1

Pressure:

p ¼ pmax

sin fð Þmax

Torque:

T ¼ Apmaxrw
2

sin fð Þmax

cos f1 � cos f2ð Þ

Moment due to friction:

Mf ¼ Apmaxrw

4 sin fð Þmax

R cos 2f1 � cos 2f2ð Þ � 4r cos f1 � cos f2ð Þ½ �

Moment due to pressure:

Mp ¼ pmaxwrR

4 sin fð Þmax

2f0 � sin 2f2 þ sin 2f1ð Þ
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External (activation) moment:

Me ¼ MpFMf ðsee Table 1 to select proper signÞ
Radial force on a fixed anchor pin:

Fr ¼ �rw

Z f2

f1

p cos f dfþ Arw
Z f2

f1

p sin f df

Tangential force of a fixed anchor pin:

Fh ¼ rw

Z f2

f1

p sin f dfþ Arw
Z f2

f1

p cos f df

Figures 3–6 show the quantities involved in the foregoing formulas. Quantity
f1 in the short-shoe formulas is identical to the same quantity defined for long
shoes.

B. Short Shoe

Torque:

T ¼ Apwr2f0 ¼ ArF

Pressure:

p ¼ pmax

Force:

F ¼ prwf0

Moment due to friction:

Mf ¼ AF R cos f1 � rð Þ
Moment due to pressure:

Mp ¼ FR sin f1
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4

Linearly Acting External and Internal
Drum Brakes

Linearly acting drum brakes are those fitted with shoes which, when acti-
vated, approach the drum by moving parallel to a radius through the cen-
ter of the shoe. Typical linearly acting drum brakes are illustrated in Figures
1–3.

Analysis of linearly acting brakes includes those in which the centrally
pivoted shoes are attached to pivoted levers, as in Figure 1. Including brakes
of this design within the category of linearly acting brakes is justified if they
are designed so that the applied forces on the shoes and linings act along the
radii of the shafts that they grip when the brakes are applied. Brakes of this
typemay act either upon brake drums or directly upon rotating shafts and are
suitable for use in heavy-duty applications, such as found in mining and
construction equipment and in materials-handling machinery.

Internal linearly acting drum brakes, such as used on trucks in Europe,
may be designed as in Figure 2. Either pneumatic or hydraulic cylinders or
cams may be used to force the shoes outwardly against the drum. The cylin-
ders or cams also serve as anchors to prevent rotation and react against the
vehicle frame. The springs shown are to retract the shoes when the brake
is released.

A collection of segmented brake pads (backing plate plus lining) along
the entire circumference of the drum may be arranged as in Figure 3 to move
outwardly against a drum, as in Figure 3a, or inwardly against a drum, as in
Figure 3b. The brake pads, or shoes, are themselves constrained against
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rotation by anchor pins that fit into short radial slots between the shoes and
are attached to the rim of the circular frame, as shown in Figure 3a. Brake
actuation is accomplished by using air to expand the normally flat elasto-
meric-fabric annular tube shown in that figure between the brake pads and the
circular frame. When designed to move inwardly against a drum, as in Figure
3b, the brake lining is riveted to a differently contoured backing plate which
has shoulders at each end to resist a twisting torque and which is fitted with a
central slot that accepts the anchor pin to the outer frame at each side of the
shoe. This radial slot allows the pad to move rapidly inward but prevents
tangential motion.

FIGURE 1 Linearly acting, centrally pivoted shoe brake. (Courtesy of the Hindon
Corp., Charleston, SC)
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I. BRAKING TORQUE AND MOMENTS FOR CENTRALLY
PIVOTED EXTERNAL SHOES

To calculate the torque, we must first find an expression for the lining pres-
sure. Guided by the geometry shown in Figure 4, we see that the lining pres-
sure will be given by

p ¼ kD cos u ð1-1Þ
in terms of the lining deformation D if the shoe and drum are assumed to be
absolutely rigid. Maximum pressure occurs when u g 0, so that pmax = kD.
Thus equation (1-1) becomes

p ¼ pmax cos u ð1-2Þ
and the incremental tangential friction force is given by

dF ¼ Apmaxcos u rw d u ð1-3Þ

FIGURE 2 Linearly acting, twin-shoe, internal drum brake with pneumatic activa-
tion (Girling Twinstop). (Reprinted with permission. n1977 Society of Automotive
Engineers, Inc.)
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so the braking torque becomes

T ¼ Apmaxr
2w

Z u2

u1

cos u du ¼ Apmaxr
2wðsin u2 � sin u1Þ ð1-4Þ

In designs different from those shown in Figure 1 it may prove
convenient to have the shoe pivoted about a point at a radial distance R on
the axis of symmetry, such as point A in Figure 4. The momentMp due to the
pressure on the lining is zero about point A because of the symmetry of the
shoe about this point. No such symmetry exists for the friction moment Mf,
however, so from the incremental moment due to friction

dMf ¼ ðApmaxrw cos u d uÞðR cos u� rÞ

FIGURE 3 Rim brakes with pneumatic activation (also used as rim clutches).
(Courtesy of Eaton Corp., Airflex Division, Cleveland, Ohio.)
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it follows that

Mf ¼ Apmaxrw

Z u2

u1

R cos2u� r cos u
� 	

du

¼ Apmaxrw R
f0

2
þ 1

4
ðsin 2u2 � sin 2u1Þ

� ��
ð1-5Þ

� rðsin u2 � sin u1Þ
�

where f0 = u2 � u1. The expression in equation (1-5) may be simplified by
observing that the symmetry of the shoe about A requires that

� u1 ¼ u2 ¼ B0

2
ð1-6Þ

where B0 is the angle subtended by the lining. Substitution of these values into
equation (1-5) leads to

Mf ¼ Apmaxrw
R

2
ðf0 þ sin f0Þ � 2r sin

f0

2

� �
ð1-5aÞ

FIGURE 3 Continued.
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which suggests that moment Mf will vanish if the shoe is pivoted at

R ¼ r
4 sin ðf0=2Þ
f0 þ sin f0

ð1-7Þ

Upon plotting R/r we obtain Figure 5, wherein the ratio increases
smoothly from 1.0 at f0 = 0 to 1.273 at f0 = k rad. = 180j. This clearly
indicates that it is impossible to find a pivot point for which Mf = 0 for an
internal linearly acting shoe. This conclusion is, of course, unaffected by the

FIGURE 4 Geometry used for the analysis of a linearly acting external shoe.
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sign reversal found in the expression (R cos u � r) when equation (1-5a) is
applied to an internal shoe. The sign reversal simply changes the direction of
rotation implied by a positive value of Mf, as was discussed in an earlier
section.

The nearly horizontal portion from 0j to about 30j implies that for
external shoes which subtend an angle less than 30j, any changes in the length
of the shoe that do not increase the subtended angle beyond 30j will have a
negligible effect on the R/r ratio. This correlates with the short-shoe segments
used in the brakes shown in Figure 3. Moreover, the value of Mf caused by a
deviation from the R/r ratio that yields a zero value of Mf will be small if f0

remains small. In particular, if the R value that yields Mf = 0 is replaced by
R + yR in equation (1-5a), the moment due to friction will increase to only

Apmax rw
yR

2
ðf0 þ sin f0Þ

which is small enough to be easily resisted by the shoulders shown on the shoes
in Figure 3.

Activation force Fs and tangential force Ft on a symmetrically placed
pivot are given by the relations

Fs ¼ 2pmax rw

Z f0=2

0

cos2u du ¼ 1

2
pmax rwðf0 þ sin f0Þ ð1-8Þ

and

Ft ¼ 2Apmax rw

Z f0=2

0

cos2u du ¼ AFs ð1-9Þ

FIGURE 5 Variation of R/r with angle f0.
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Let us define the efficiency of a brake as the ratio of the torque provided
by the brake to the torque that could be had by applying the force directly to
the drum, or shaft. According to this definition, the efficiency becomes

T

Fsr
¼ Apmaxr

2wðsin u2 � sin u1Þ
ð1=2Þpmaxr2wðf0 þ sin f0Þ ¼ 2A

sin u2 � sin u1
f0 þ sin f0

ð1-10Þ

Upon substituting for u1 and u2 in equation (1-8) and recalling equations (1-6)
and (1-7) we find that

T

Fsr
¼ 4A sinðf0=2Þ

f0 þ sin f0
¼ A

R

r
ð1-11Þ

where the right-hand side has already been plotted in Figure 5. From that
figure we find that although maximum efficiency may be achieved only if each
shoe and lining extend over half of the drum, or shaft, relatively little efficiency
is lost if the lining extends over only 160j instead of 180j. This, together with
the near impossibility of maintaining good contact between the lining and
the drum near the ends of a shoe subtending 180j at the center of the drum,
accounts for the angular dimensions of the brake linings shown in Figure 1.

Finally, it follows from equation (1-11) that if the shoe is symmetrically
pivoted and if equation (1-7) holds, the applied torque is given by

T ¼ ARFs ð1-12Þ

II. BRAKING TORQUE AND MOMENTS FOR SYMMETRICALLY
SUPPORTED INTERNAL SHOES

Pressure p and braking torque are again given by equations (1-2) and (1-4),
respectively, for an internal shoe moved against a rotating drum along a line
parallel to its axis of symmetry, lineOB, in Figure 6. In the following analysis
it may be more descriptive to measure the angle along the shoe from the end
rather than from the middle because the activation forces are now applied at
the ends. Denote this angle by f. Since the expression for the torque is
unaffected by this choice of angle, substitution of equation (1-6) into equation
(1-4) shows it can be given by

T ¼ 2Apmaxr
2w sin

f0

2
ð2-1Þ

The pressure distribution described by equation (1-2) may be rewritten
in terms of f according to

p ¼ pmax cosðf� aÞ ð2-2Þ
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Let the shoe be restrained atA to prevent it from rotating with the drum,
with the restraint moving with the shoe. This may be accomplished using
guide pins and/or plates which may also serve as anchors to transfer braking
torque from the shoes to the appropriate structure.

The moment Mp about A due to pressure p is given by integration of

dMp ¼ ðprw dfÞR sin f ¼ pmaxRrw cosðf� aÞ sin f df ð2-3Þ
to obtain

Mp ¼ pmaxwRr

Z f2

f1

ðcos a cos fþ sin a sin fÞ sin f df ð2-4Þ

which may be integrated directly to give

Mp ¼ pmax

4
wRr 2 cos a ðsin2f2 � sin2f1Þ



ð2-5Þ

þ sin að2f0 � sin 2f2 þ sin 2f1Þ�
Let a represent the central angle from the R vector to the middle of the shoe
(i.e., fromR to the transverse plane of symmetry through radiusOB in Figure
6), so that

f1 ¼ a� f0

2
f2 ¼ aþ f0

2
ð2-6Þ

FIGURE 6 Geometry used in the analysis of a linearly acting internal shoe drum
brake.
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After substitution for f1 and f2 from equations (2-6) and using common
trigonometric identities, Mp may be written as

Mp ¼ pmax

2
rRwðf0 þ sin f0Þsin a ð2-7Þ

Similarly, the moment about A due to friction may be found from

dMf ¼ ðaprw dfÞðr� R cos fÞ ð2-8Þ

which with the aid of equation (2-2) leads to the integral

Mf ¼ pmaxrwA
Z f2

f1

ðcos a cos fþ sin a sin fÞðr� R cos fÞ df ð2-9Þ

which, upon integration, produces

Mf ¼ A
4
rwpmax 4rðsin f2 � sinf1Þcos a½

þ 4rðcos f1 � cos f2Þsin a� Rð2f0 þ sin 2f2 ð2-10Þ
� sin 2f1Þcos a� 2Rðsin2f2fsin2f1Þsin a�

Substitution for f1 and f2 from equations (2-6) into equation (2-10) and use
of common trigonometric identities enables equation (2-10) to be simplied
to read

Mf ¼ pmax

2
Arw 4r sin

f0

2
� Rðf0 þ sinf0Þcos a

� �
ð2-11Þ

According to the geometry shown in Figure 6, a positive Mp corre-
sponds to clockwise rotation of the shoe about point A and positive Mf

corresponds to counterclockwise rotation when the drum rotation is from the
opposite end of the shoe toward point A. Reversing the direction of drum
rotation will not affect the implied direction of shoe rotation due to Mp but
will reverse the direction by a positiveMf ; that is, positiveMf will then imply
clockwise rotation about pointA. This last observation is of academic interest
only, however, if the shoes are supported at each end, because in that case
each shoe will tend to pivot about the end toward which the drum rotates,
regardless of the direction of rotation of the drum.

For symmetrically supported symmetric shoes it follows that the shoes
will be free of self-locking if

Mp � Mf > 0 ð2-12Þ
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Substitution for Mp and Mf from equations (2-7) and (2-11) into equation
(2-12) yields

Mp �Mf ¼ pmax

2
Rrw

h
ðf0 þ sin f0Þsin a� 4A

r

R
sin

f0

2

þ Aðf0 þ sin f0Þcos a
i
> 0

ð2-13Þ

Condition (2-12) is, according to equation (2-13), equivalent to the condition

4A
r

R
sin

f0

2
< ðf0 þ sin f0Þðsin aþ A cos aÞ ð2-14Þ

for internal, linearly acting brakes. Consequently, the r/R ratio must satisfy

1z
R

r
>

4 sinðf0=2Þ
ðf0 þ sin f0Þ½cos aþ ð1=AÞsin a� ð2-15Þ

to ensure that the brake will not become self-locking when it is applied.

III. DESIGN EXAMPLES

Example 4.1

Design an external, linearly acting, twin-shoe brake to provide a braking
torque of 2700 N-m when acting on a flywheel hub 260 mm in diameter. The
lining material to be used here has a design maximum pressure of 3.41 MPa
and A = 0.41.

Since the torque on either an external or an internal shoe is given by
equation (2-1), it follows from the sin(f0/2) term that 90% of the maximum
theoretical torque (i.e., for f0 = 180j) may be obtained from f0 = 128.3j,
that 95% may be had from f0 = 143.6j, and 98% may be had from f0 =
157.0j. It we selectf0=145j for each shoe, assume that each shoewill supply
half of the design braking torque, and solve equation (2-1) for w, we find that

w ¼ T

2Apmaxr2 sinðf0=2Þ

¼ 1350� 103

0:82ð3:41Þð130Þ2sin 72:5B
¼ 29:95 mm ! 30 mm

The required vertical force on each shoe as calculated from equation
(1-8) becomes

Fs ¼ pmax

2
rwðf0 þ sin f0Þ ¼ 3:41

2
130ð29:95Þð2:531þ sin 145BÞ

¼ 20; 609N
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So if the brake is to be pneumatically activated, as shown in Figure 1, the
pressure and diaphragm diameter are related according to

Fs ¼ kr2pdia

Upon solving this relation for the diaphragm pressure pdia, and using an
active diaphragm diameter of 250 mm, we find that the line pressure to the
diaphragm must be 4.20 atm.

Finally, if the shoes are to be pivoted about an axis in their planes of
symmetry, the radial distance to the pins may be calculated from equation
(1-7), which yields

R

r
¼ 4 sinðf0=2Þ

f0 þ sin f0

¼ 4 sin72:5B

2:531þ sin145B

So R= 159.74 mm from the center of the drum, or 29.74 mm from the drum
surface.

Example 4.2

Design an internal, linearly acting, twin-shoe drumbrake to provide a braking
torque of 413,000 in. - 1b acting on a drum whose maximum inside diameter
may be 26.0 in. The lining material to be used has a maximum design pressure
of 450 psi and a friction coefficient of 0.50 or greater over the design tem-
perature range.

Substitution into the expression obtained by solving equation (2-1) for
w yields, for f0 = 130j,

w ¼ 206; 500

2ð0:5Þð450Þð13Þ2ðsin65BÞ ¼ 2:996 in:þ 3:00 in:

If self-locking is to be avoided, the pivot point for each shoe should obey the
inequality (2-15), which in this case becomes, for a = 70j,

R >
4 Ar sinðf0=2Þ

ðf0 þ sin f0Þðsin aþ A cos aÞ

¼ 4ð0:5Þð13Þsin 65B

ð2:2689þ sin 130BÞðsin 70B þ 0:5 cos 70BÞ ¼ 6:990 in:
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Equal forces that must be applied at points A and C in Figure 6 to
achieve the 450 psi maximum pressuremay be found from equation (1-8) after
replacing Fs with 2Fs, where Fs in equation (3-1) represents the force at A and
at C. Thus

Fs ¼ pmax

4
rwðf

0
þ sinðf

0
ÞÞ

¼ 450

4
13ð3Þ

�
130

�

180
þ sin

�
130

�

180

��
ð3-1Þ

¼ 13; 315:9 lbs

If an axial piston hydraulic pump capable of a continuous pressure of
4500 psi is used, this force may be had from a hydraulic cylinder whose piston
diameter is equal to, or greater than

dðpÞ ¼ 2

ffiffiffiffiffiffiffiffi
Fs

�:p

s
¼ 1:941 inches:

Space available for such a cylinder may be found from the geometry in
Figure 6 by finding the distance from a plane P through the center of the drum
and perpendicular to the u = 0 line. The available distance will be twice this
value.

Angle h between R and plane P may be found from

2h ¼ 180j � f0 � 2f1 ð3-2Þ
so that the distance h0 from point A to the corresponding point on the oppo-
site shoe becomes

h0 ¼ 2R sin h: ð3-3Þ
If we let R= 10 inches the result is that since f1= 5j

h ¼ ð180j� 130j� 10jÞ=2 ¼ 20j

so that

h0 ¼ 2ð10Þ sin ð20Þ ¼ 6:840 inches:

Distance h1 from point A to the drum surface may be found from the
relation that

h1ðf1;RÞ ¼ r sin

�
acos

�
R

r
� cosðhðf1Þ � degÞ

��
�h0ðf1;RÞ ð3-4Þ
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which for R= 10 inches yields

13 sin

�
acos

�
10

13
cos

�
20

�

180

���
� 3:4202 ¼ 5:56299

which may suggest that selecting a larger value for R would give more space
for the hydraulic cylinders that force the shoes against the drum and would
also require less material in each shoe. Plotting h0 and h1 for other values of R
results in the curves shown in Figure 7. Distances are measured along chords
that pass through points A on opposing shoes and through points C on
opposing shoes.

IV. NOTATION

Fs Force in the transverse plane of symmetry of the shoe (mlt�2)
Ft force tangential to the shoe at the transverse plane of sym-

metry (mlt�2)
h0 Length available for an activation mechanism

FIGURE 7 Curve 1: Distance h1 between points A, or C, and the drum surface as a
function of radius R; Curve 2: Height h0 available for a hydraulic cylinder as a
function of R. All dimensions in inches.
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h1 Length available for the shoe structure
k equivalent spring constant for lining material (mt�2)
Mf moment due to friction (ml2t�2)
Mp moment due to pressure (ml2t�2)
p lining pressure (ml�1t�2)
pmax maximum lining pressure (ml�1t�2)
R radius to effective pivot point from the drum center(l)
r drum radius (l)
T braking torque (ml2t�2)
w shoe and lining width (l)
a Lining half-angle (1)
D Lining deflection in compression (l)
u Angle (1)
A Friction coefficient (1)
f Angle (1)

V. FORMULA COLLECTION

Pressure distribution:

p ¼ pmax cos u ¼ pmax cosð/� aÞ
Lining pressure in terms of torque for external and internal shoes:

pmax ¼ T

2Ar2w sinðf0=2Þ
Lining width in terms of torque for external and internal shoes:

w ¼ T

2Apmaxr2 sinðf0=2Þ
Moment due to friction for a symmetrically pivoted external shoe:

Mf ¼ Apmaxrw
R

2
ðf0 þ sin f0Þ � 2r sin

f0

2

� �

Moment due to friction about the trailing end of an internal shoe:

Mf ¼ pmax

2
Arw 4r sin

f0

2
� Rðf0 þ sin f0Þcos a

� �

Moment due to pressure about the trailing end of an internal shoe:

Mp ¼ pmax

2
rRwðf0 þ sin f0Þsin a
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Activation force

Fs ¼ 1

2
pmaxrwðf0 þ sin f0Þ

Tangential force for a centrally pivoted external shoe:

Ft ¼ AFs

Anchor pin location for symmetrically pivoted external shoes:

R

r
¼ 4 sinðf0=2Þ

f0 þ sin f0

Support point location for a linearly acting internal shoe:

R

r
>

4 sinðf0=2Þ
ðf0 þ sin f0Þ½cos aþ ð1=AÞsin a�

Length available for an activation mechanism

h0 ¼ R sinðhÞ
Length available for the shoe structure

h1 ¼ r sin

�
acos

�
R

r
cosðhÞ

��
�h0
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5

Dry and Wet Disk Brakes and Clutches

This chapter on disk brakes and clutches will consider annular contact disk
clutches and both caliper and annular contact disk brakes, as illustrated in
Figures 1, 2, and 3.

Caliper disk brakes, as shown in Figure 1, are used on aircraft, auto-
motive, industrial, and mining equipment. Their two main advantages com-
pared to drum brakes are greater heat dissipation, and hence less fading,
because of their open construction, and a more uniform braking action, due
to self-cleaning by brake pad abrasion. Their main disadvantage is that they
require a larger activation force than is required for drum brakes because they
have neither a friction moment nor servo action to aid in brake application.

Annular contact disk brakes and clutches are available as either dry
or wet brakes, as shown in Figure 2 and 3. These units may be used as either a
brake or as a clutch because the only differences between the two are whether
one side of the unit is fastened to a stationary frame or to a rotating shaft and
whether the unit has the necessary fittings for it to be controlled while in
rotation. For example, both of these functions are combined in Minster
combination dry clutch and brake units, illustrated in Figure 2, which are
pneumatically controlled using air passages in the shaft to the combination
unit.

Wet multiple-disk brakes and clutches, illustrated in Figure 3, have
similar multiple-disk construction, but operate in an oil bath. Thus these
brakes are isolated from dirt and water, and the circulation of the oil through
a heat exchanger usually provides greater heat dissipation than can be had
from direct air cooling. Because of these advantages, wet brakes have been
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used on large earth-moving equipment, on mine shuttle cars, and similar
equipment which may require large braking torque and which may be de-
signed to operate in a dirty environment.

I. CALIPER DISK BRAKES

From the moment of contact until the disk is stopped, the velocity of the disk
relative to the brake pads will vary linearly with the disk radius. If the thick-
ness of the lining material removed is denoted by y and if y is dependent on the
relative velocity and the pressure, as is commonly assumed, then according to
the uniform wear assumption,

y ¼ kpr ð1-1Þ
where k is a constant of proportionality. Since the caliper brake pads are
usually small enough for their supports to be considered rigid, we shall assume

FIGURE 1 Floating, or sliding, caliper disk brake. (Courtesy of Misco, Inc., North
Mankato, MN.)
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that y is constant over the brake pad (i.e., the wear is uniform). Whenever
these conditions hold, equation (1-1) implies that the pressure increases as the
radius decreases, so the maximum pressure is found at the inner radius, ri.
Thus

y ¼ kpmaxri ð1-2Þ
Elimination of k and y from equations (1-1) and (1-2) yields

p ¼ pmax
rj
r

ð1-3Þ

With the lining pressure known, wemay now calculate the required axial force
from

F ¼
Z

A

p da ð1-4Þ

and the resulting braking torque from

T ¼ A
Z

A

pr da ð1-5Þ

FIGURE 1 Continued.
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Evaluation of these integrals is easiest for brake pads with radial and
circular boundaries, as in Figure 4, for which equation (1-4) and (1-5) may be
written using a dummy variable f as

F ¼ pmaxri

Z
A

1

r
da ¼ pmaxri

Z r0

ri

Z u

0

dfdr ð1-6Þ

¼ pmaxriuðr0 � riÞ

and

T ¼ Apmaxri

Z
A

da ¼ Apmaxri

Z ro

ri

r dr

Z u

0

df

ð1-7Þ
¼ Apmaxri

u

2
r2o � r2i
� 	

From equation (1-7) we find that for the pressure distribution given by rela-
tion (1-3) the torque may be easily calculated for any brake pad whose area is

FIGURE 2 Combination disk brake and disk clutch, both dry. (Courtesy of Minster
Machine Co., Minster, OH.)

Chapter 586



FIGURE 3 Wet multiple-disk brake. (Courtesy D. A. B. Industries, Inc., Troy, MI.)
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known or simply calculated. For a circular pad of diameter d, for example, the
torque is given by

T ¼ Apmaxri
k
4
d 2 ð1-8Þ

According to equation (1-7), the torque provided by a caliper brake having
pads similar to those in Figure 4 usually will be greater than that provided by
circular pads of equal area, as shown inFigure 5, when acting on disks of equal
outside diameter because the proportions of the pads in the brake shown in
Figure 4 generally place the center of pressure at a larger radius from the
center of the disk. (See also Figure 6.)

Circular pads are often used, nevertheless, in hydraulically activated
caliper brakes whenever the hydraulic pressure may be increased relatively
cheaply because the pads themselves are supported entirely by the piston
face and are therefore cheaper to produce because no additional supporting

FIGURE 4 Annular sector caliper disk brake. (Courtesy of Horton Manufacturing
Co., Inc., Minneapolis, MN.)
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structure is required. Noncircular pads are used where increasing the pressure
may be relatively expensive and where the maximum performance is required
for the pressure that is available, as in aircraft brakes.

If we replace d 2/4 in equation (1-8) with rp
2, where rp is the pad radius

(rp = d/2), and also replace ri in equation (1-8) according to the relation
ri = ro � 2rp, we have

T ¼ Akpmaxðro � 2rpÞr2p ð1-9Þ
Upon differentiating equation (1-9) with respect to rp we obtain

dT

drp
¼ Akpmax2rpðro � 3rpÞ ð1-10Þ

which is equal to zero when rp= ro/3, indicating an extreme value ofT for that
pad radius. Since dT2/drp

2 is negative at this value of rp, it follows that T has its
maximum value at rp = ro/3.

Calculating the activation force for a circular pad is more involved than
it is for an annular sector pad because radius r remains in the denominator of

FIGURE 4 Continued.
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the integrand. An element of the pad area may be written as da = U dU du,
where radius U is measured from the center of the pad, as shown in upcoming
Figure 13, associated with later Example 4.1. Complexity arises from the
requirement that the expression for the radius r from the center of the disk to
the element of area of the circular padmust now bewritten in terms of U and u.

From the law of cosines we have

r ¼ ðr2c þ U2 � 2rcU cos uÞ1=2 ð1-11Þ
where rc is the radius from the center of the brake pad to elemental area da, as
shown in Figure 13 (see later Example 4.1).

Substitution of equation (1-11) into the first integral in equation (1-6)
and writing the element of area as U dU du allows the activation force to be
written as

F ¼ pmaxri

Z 2k

0

Z rp

0

U
ðU2 þ r2c � 2Uirc cos uÞ1=2

dUdu ð1-12Þ

FIGURE 5 Caliper disk brake with circular pads, two pistons. (Courtesy of Misco,
Inc., North Mankato, MN.)
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Since analytical evaluation of the integrals in equation (1-12) is somewhat
tedious, it is easier to turn to numerical methods. Evaluation using a numeri-
cal program, such as Mathcad, may provide graphical data that displays the
dependence of force F on the pad radius rp, as will be demonstrated later in
Example 4.1.

The Mathcad manual specifies the integration method used in its pro-
gram and the references used in writing the program. They may be consulted
for the details of mathematical analysis.

II. VENTILATED DISK BRAKES

Although disk brakes are less susceptible to fade than drum brakes, they will
be heated by friction, which may lead to brake fade in situations requiring
heavy and frequent braking. This heating may be reduced by using ventilated

FIGURE 6 Typical caliper brake pad of sintered material for heavy aircraft brakes.
(Note contour of the pad to place lining material toward the outer periphery of the
disk.) (Courtesy Friction Products, Medina, OH.)
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disk brakes, which consist of two disks separated by radial vanes, so that
additional cooling surface is provided, as shown in Figure 7.

Ventilation also increases brake life, as implied by the representative
brake pad life as a function of the surface temperature as given in Figure 8,
where the longest life is realized for that pad and caliper combination which
provides the largest heat sink, shown in Figure 9 and the shortest life for that
with the smallest heat sink, shown in Figure 10.

III. ANNULAR CONTACT DISK BRAKES AND CLUTCHES

Annular contact, or face contact, disk brakes are available either as dry
multiple-plate disk brakes, as shown in Figure 2, or as wet multiple-plate disk
brakes, as shown in Figure 3. Their construction is similar to that of multiple
disk cluthes to the extent that many manufacturers produce both multiple
disk cluthes and brakes that have many components in common.

Conventional design formulas for these brakes are predicated on one
of two assumptions: uniform wear or uniform pressure. Although the first of
these assumptions may be a better approximation of brake behavior, it in-
volves more calculation than the second. Following established practice, we
shall consider the consequences of both of these assumptions.

A. Uniform Wear

The uniform wear assumption employed in the derivation of the force and
torque relations given by equations (1-6) and (1-7) may be applied to disk
brakes if the plates and the clamping structure tend to maintain uniform
lining thickness. Application of equations (1-6) and (1-7) to annular contact
disk brakes requires only that u be replaced by 2k in both relations to get

T ¼ Akpmaxriðr2o � r2i Þ ð3-1Þ
and

F ¼ 2kpmaxriðro � riÞ ð3-2Þ
So the ratio T/F of the torque to the activating force is given by

T

F
¼ A

ro þ ri
2

ð3-3Þ

Examination of equation (3-1) yields the somewhat surprising result
that if we cover the entire face of a single-plate brake or clutch with lining
material, the brake or clutch will soon become ineffective. In other words, the
braking torque predicted by equation (3-1) will be zero whenever ri = ro, as
reasonably expected, or whenever ri = 0 and ro>0, as may not be expected.
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FIGURE 7 Ventilated caliper disk brake. (Courtesy of Eaton Power Transmission
Systems, Airflex Division, Cleveland, OH.)
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FIGURE 8 Approximate pad life as a function of the maximum disk pressure.
(Courtesy of Twiflex Corp., Horseheads, NY.)



This was unintentionally demonstrated by a winch manufacturer between
1970 and 1980, as will be described later. Because of these observations we
shall turn our attention to finding the ri that will produce themaximum torque
before designing a face contact disk brake or clutch. Differentiation of equa-
tion (3-1) with respect to ri and setting the derivative to zero yields

ri ¼ roffiffiffi
3

p ð3-4Þ

as the theoretically optimum value of ri, corresponding to torque and acti-
vating force given by

T ¼ 2

3
ffiffiffi
3

p Apmaxkr3o ð3-5Þ

and

F ¼ 1ffiffiffi
3

p 1� 1ffiffiffi
3

p
� �

2kr2opmax ð3-6Þ

for a single-face annular contact brake. Actual brake lining dimensions may
differ somewhat from this inner radius because of concentric grooves in the

FIGURE 9 Large calipers for disk brakes–model vs. referenced in Figure 8.
(Courtesy of Twiflex Corp., Horseheads, NY.)
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lining and/or experimental data which may imply an effective pressure dis-
tribution different from that given in equation (1-3).

One advantage of multiple-plate brakes is that the torque increases in
direct proportion to the number of plates added while the activation force
theoretically remains unchanged. In mathematical terms,

T ¼ 2n

3
ffiffiffi
3

p Apmaxkr3o ð3-7Þ

where n is the number of friction interfaces (8 in Figure 3, 4 in Figure 11).
Adding springs to separate the plates when the brake is released will increase
the activation force by the amount of the spring forces plus the friction forces
generated by the motion of the plates along their lubricated splines.

B. Uniform Pressure

This assumption implies that either the disks or the lining or both are flexible
enough to allow the deformation necessary for y in equation (1-1) to vary with

FIGURE 10 Small caliper for disk brakes–model MO referenced in Figure 8.
(Courtesy of Twinflex, Corp., Horseheads, NY.)
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FIGURE 11 Dry multiple-disk brake, pneumatically activated. (Courtesy of Wichita
Clutch Co., Dana Corp., Power Transmission Div., Toledo, OH.)
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the radius such that the pressure can become constant.Whenever the pressure
is uniform, equations (1-5) and (1-4) hold andmay be easily integrated to give

T ¼ 2

3
kApðr3o � r3i Þ ð3-8Þ

for the braking torque and

F ¼ kpðr2o � r2i Þ ð3-9Þ
as the activation force.

Since uniform pressure may require spring-loaded plates, plates of vary-
ing thickness, or some other mechanism to ensure no pressure variation, rela-
tions (3-7) and (3-8) may be restricted to single-plate brakes, where the
additional mechanism may be added.

If an annular disc brake or clutch is replaced by one with full-faced rigid
discs on both input and output shafts and with a lining, or facing, material
that covers the entire face of one of the discs so that ri = 0, the torque capa-
bility of the clutch, or brake, may be given initially by equation (3-8). Its
torque capacity, however, will decrease with each application of the brake or
clutch until it fails to transfer useful torque. This is because, according to
equation (1-1), negligible wear will occur at and near ri=0. Consequently the
lining will maintain its original thickness near the center of the disc while the
lining beyond this region wears away. Eventually there will be negligible
contact, and hence negligible pressure, outside of what has become a small
raised circular region, or hump, centered at ri=0. The sharp peak expected at
the center of the facing, or lining, material because of zero wear at that point
will usually not be seen because the compressibility of the frictionmaterial will
allow the peak to bemashed down by themating plate. This compressibility of
the lining material will extend the effective life of such a clutch or brake until
the activating force is unable to compress the resulting central hump enough
for the lining to contact the mating plate beyond this small central hump.
Removing this small central region, however, will allow the brake or clutch to
again transmit torque.

As noted earlier, this was unintentionally demonstrated by at least one
winch manufacturer in the 1970–1980 period. The manufacturer’s winch in-
corporated a clutch as described earlier in which one face was covered entirely
by the facing material. When the clutch ultimately failed to transmit a useful
torque, the manufacturer recommended replacing the facing material. In-
stead, the life of the facing could be, and was, more than doubled simply by
removing the central region to produce an inner radius ri > 0. If inner radius
ri, were made equal to that given by equation (3-4), then the torque capability
would be restored to that given by equation (3-5).
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Since greater torque enhancement can be obtained from multiple disk
brakes that provide torque multiplication equal to the number of contacting
friction surfaces, as indicated by equation (3-7), it follows that there is no
motivation to try to devise some mechanism to assure uniform pressure be-
tween contacting annular plates.

IV. DESIGN EXAMPLES

Example 4.1

Estimate the torque and activation force for a floating, or sliding, caliper disk
brake having circular pads 1 in. in diameter acting on a disk 11 in. in diameter,
as shown in Figure 12. The expected friction coefficient is 0.32 and the
maximum design pressure for the lining material is 300 psi. (A sliding caliper
brake is held by a slide which allows its brake pads to be forced against
opposite sides of the disk when its single piston is activated, as in Figure 1.)

From Figure 12 it is evident that ri = 4.5 in., so from equation (1-8),

T ¼ kUpmaxri
d 2

4
¼ kð0:32Þð300Þ 1

4
¼ 339:292 in:� lb

per caliper pad. Hence the total torque is 678.584 in.-lb.
According to Figures 12 and 13 and pad radius rp it is evident that

ri ¼ ro � 2rp and rc ¼ ro � rp 0 V p V rp

FIGURE 12 Circular lining pad of a caliper disk brake.
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Also see p. 90. Use of these relations along with substitution of

pmax ¼ 300 psi and rp ¼ 0:5 in:

into equation (1-12) yields, after numerical integration,

F ¼ 212:324 lb

on each of the two opposing brake pads, corresponding to a hydraulic pres-
sure of 270.339 psi.

Plot both the torque and the required activation force against the radius
of the brake pad in order to answer the present question or any future ques-
tions of increasing the brake pad diameter. The resulting torque and the asso-

FIGURE 13 Geometric relations between U, u, r, and rc. Arc length at radius r over an
angular incremet du is r du.
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ciated force on the brake pads as a function of the brake pad radius is shown in
Figure 14.

Doubling the torque to 1357.168 in -lb by adding another caliper dou-
bles the fluid flow volume but maintains the same pressure. Increasing the pad
diameter to 1.50 in. provides a torque of 678.584 in -lb from each pad for the
required total torque of 1357.168 in.-lb. The caliper frame must be strength-
ened to support a force of 447.841 lb on each pad, but the hydraulic system
pressure may be reduced to 253.426 psi.

Existence of a maximum torque within the boundaries of the disk is
consistent with the existence of a similar maximum found for annular disk
brakes and clutches. In this particular case the maximum torque, of approx-
imatelyT=1858.4 in-lb, occurs in the vicinity of rp=1.836 in., as foundwith
the aid of the Trace routine supplied by Mathcad. The corresponding force
is close to 1639 lb. A plot of the force as a function of the brake pad radius, as
in Figure 14, shows that it too reaches a slightly larger maximum of about

FIGURE 14 Torque in inch-pounds, curve 1, and force in pounds, curve 2, as
functions of brake pad radius rp in inches acting on a disk 11.0 inches in diameter
for pmax = 300 psi.
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1691.9 lb at a different value of rp, at rp = 2.016 in. Increased piston area will
allow the line pressure to drop if the brake pad force is provided by a hy-
draulically driven piston whose diameter is equal to the pad diameter. The
nature of this falloff in pressure with increased piston radius is illustrated in
Figure 15.

Example 4.2

Estimate the torque and activation force for a caliper brake whose pad is a
sector of an annular ring subtending the same angle at the center of the disk as
subtended by the circular pad described in Example 4.1

According to the geometry of Figure 16, half of the subtended angle is
given by

u

2
¼ sin�1 0:5

5
¼ 0:1002 rad

FIGURE 15 Hydraulic line pressure (psi) to a piston of radius rp to provide the force
shown in Figure 14.
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So substitution into equation (1-7) yields a torque per pad of

T ¼ Apmaxri
u

2
ðr2o � r2i Þ ¼ 0:32 ð300Þð4:50Þð0:1002Þð5:52 � 4:52Þ

¼ 432:862 in:� lb

and substitution into equation (1-6) yields an activation force of

F ¼ pmaxriuðro � riÞ ¼ 300ð4:5Þð0:2004Þ
¼ 270:540 lb

for a 28% increase in torque capacity and a 27% increase in the activation
force.

Example 4.3

Compare the braking torque obtained from the caliper brake in Example 4.2
with that obtained from an annular, or face contact, disk brake for which ri is
determined from relation (3-4).

FIGURE 16 Caliper brake lining that is a sector of an annular ring.
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Substitution of ro = 5.50 in. into equation (3-5) along with pmax and A
from Example 4.1 leads to

T ¼ 19 313:536 in:-lb

which is greater than the torque found in Example 4.2 by a factor of 44.6. A
manufacturer of truck brakes has recently introduced a series of annular disk
brakes to realize this advantage.

V. NOTATION

a area (l2)
d diameter (l )
F force (ml/t2)
k constant of proportionality
p pressure (m/lt2)
R, r radius (l )
T torque (ml2/t2)
y thickness (l )
u angle (1)
A friction coefficient (1)
U radius (l )
B angle (1)

VI. FORMULA COLLECTION

Pressure distribution for uniform wear:

p ¼ pmax
r

ri

Activation force, caliper disk brake, annular sector pad:

F ¼ pmaxriuðro � riÞ
Torque, caliper disk brake, annular sector pad:

T ¼ Apmaxri
u

2
ðr2D � r2�iÞ

Activation force, caliper brake, circular pad:

F ¼ pmaxri

Z 2k

0

Z rp

0

U

ðU2 þ r2c � 2Urc cos uÞ1=2
dU du
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Torque, caliper brake, circular pad:

T ¼ Apmaxri
k
4
d 2

Activation force, annular contact disk brake, uniform wear:

F ¼ 2kpmaxriðro � riÞ

Torque, annular contact disk brake, uniform wear:

T ¼ Apmaxkriðr2o � r2i Þ
Activation force, annular contact disk brake, uniform pressure:

F ¼ kpðr2o � r2i Þ
Torque, annular contact disk brake, uniform pressure:

T ¼ 2

3
kApðr3o � r3i Þ
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6

Cone Brakes and Clutches

These brakes have the advantage of greater torque for a smaller axial force
than either type of disk brake discussed in Chapter 5. The magnitude of the
improvement is limited, however, by the observation that for small cone
angles a disengagement force may be required, depending on the friction
coefficient, because the inner and outer cones may tend to wedge together.
This is because on engagement the inner cone is radially compressed and the
outer cone is radially enlarged as the brake is engaged. For small cone angles
the induced friction force dominates the normal force, which tends to expel
the inner cone, so that an external force is required for separation. This
characteristic, however, may be useful in those applications where a brake is
to remain engaged in the presence of disengagement forces.

I. TORQUE AND ACTIVATION FORCE

The pertinent geometry of the cone brake is shown in Figure 1. If the inner and
outer cones are concentric and rigid, the amount worn from the lining during
engagement will be given by

y ¼ kpr ð1-1Þ
where p denotes the pressure and r is the radius to the point where p acts.
Proportionality constant k may be evaluated by observing that the form of
relation (1-1) demands that the maximum pressure occur at the minimum
radius. Hence

y ¼ kpmaxri ð1-2Þ
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Upon equating equations (1-1) and (1-2), we find that

p ¼ pmax
ri
r

ð1-3Þ

Although the brake lining is more easily attached to the inner cone, with
the torque acting at the inner surface of the outer cone, we shall derive
formulas on the assumption that the torque acts on the outer surface of the
inner cone because this will give a torque capacity that the brake can equal or
exceed until the lining is destroyed. Thus

T ¼ A
Z

A

prda ¼ Apmaxri

Z
A

da ¼ 2Akpmaxri
sina

Z ro

ri

r dr ð1-4Þ

FIGURE 1 Cone brake and its geometry (partially worn lining).
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where the element of area on the outside of the inner cone is given by

da ¼ 2krd‘ ¼ 2kr
dr

sin a
ð1-5Þ

andwherewe have used d‘ sin a= dr and the Pappus theorem for the area of a
surface of revolution. Upon integration the expression for the torque becomes

T ¼ Akpmax

sin a
ri r

2
0 � r2i

� 	 ð1-6Þ

Since this expression vanishes for ri = 0 and for ri = ro but not for
intermediate values, we may set the derivative of T with respect to ri equal
to zero to find that the maximum torque may be obtained when

ri ¼ 1ffiffiffi
3

p ro ð1-7Þ

for which the torque is given by

T ¼ 2

3
ffiffiffi
3

p Ak
pmax

sin a
r3o ð1-8Þ

To find the activation force, we return to Figure 1 to discover that it is
given by

Fa ¼
Z

A

ðp sinaþ Ap cos aÞda

¼ ðsin aþ A cos aÞpmaxri

Z
A

1

r
2kr

dr

sin a
ð1-9Þ

¼ 2kpmax 1þ A
tan a

� �
riðro � riÞ

When a= k/2, equations (1-6) and (1-9) reduce to the correct expressions for
the torque and activation force for an annular contact disk brake with a single
friction surface.

Unlike plate clutch and brakes, it may take a retraction force to
disengage a cone clutch or brake, just as it takes a force to remove a cork
from a bottle. Themagnitude of the retraction force, which we shall denote by
Fr, may be derived from the force equilibrium condition in the axial direction
for the forces shown in Figure 1. After replacing Ap da with �Ap da, we find
that the incremental retraction force dFr is given by

dFr ¼ 2kri
dr

sin a
ðAp cos a� p sin aÞ ð1-10Þ

Cone Brakes and Clutches 109



where we again use the pressure p and element of area da as defined by
equations (1-3) and (1-5), respectively. After performing the integration, we
have

Fr ¼ 2kpmaxriðro � riÞ A
tan a

� 1
� �

ð1-11Þ

Clearly, a retraction force is necessary only when (A/tan a� 1) is greater than
zero. Fr vanishes if

A
tan a

¼ 1

that is; if

A ¼ tan a

ð1-12Þ

The ratio of torque to activation force for a cone clutch or brake may be
obtained by dividing equation (1-6) by equation (1-9) to get

T

Fa
¼ ro þ ri

2

A
sin aþ A cos a

ð1-13Þ

in which the ratio (ro + ri)/2 may be considered a magnification factor that
operates upon the ratio

fðA;aÞ ¼ A
sin aþ A cos a

ð1-14Þ
To find an extreme value of f(A,a) with respect to the cone angle, differentiate
it with respect to a to get

df

da
¼ �A

cos a� A sin a

ðsin aþ A cos aÞ2 ¼ 0 whenever cos a ¼ A sin a ð1-15Þ

Since the second derivative d2f/da2 is positive whenever equation (1-15) holds,
f(A,a) is minimum along the curve

A ¼ 1

tan a
ð1-16Þ

Because points on this curve represent the minimum torque that can be had
from a cone brake or clutch, it is clear that a design for such a unit should not
lie along this curve if it can be avoided.

Upon comparison of equation (3-3) with equation (1-8) we find that
equation (1-8) reduced to equation (3-3) when a = k/2. Consequently, we
may find what configuration of a cone brake or clutch can equal or exceed the
T/R ratio of a plate clutch or brake by solving

fðA;aÞ ¼ A ð1-17Þ
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From equation (1-14) we find that equation (1-17) holds whenever
sin a + A cos a = 1. Hence, designs for which A is greater than

A ¼ 1� sin a

cos a
ð1-18Þ

usually should be avoided because a plate clutch having the same inner and
outer radii will provide the same torque, but with smaller axial dimensions.

The last relation that is of interest in the design of a cone brake or clutch
is the condition for which the retraction force is zero. From equation (1-11) it
is clear that Fr vanishes when

A ¼ tan a ð1-19Þ

Curves given by these last three relations are plotted in Figure 4. The
dashed curve in this figure is the plot of relation (1-18), the dotted curve is
the plot of equation (1-16), and the solid curve is the plot of equation (1-19).
The surface described by equation (1-14) is shown in Figure 1, contour lines
that depict elevations on that surface itself are shown in Figure 2. Upon

FIGURE 2 Surface defined by f (A,a) for 0 V A V 1 and 0 V a V k/2.
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comparison of the three figures, the minimum described by equation (1-16)
and plotted in Figure 4 is qualitatively evident in Figures 3 and 4.

It is Figure 4 that is directly useful in the design of cone brakes and
clutches, because we find from equation (1-19) that the regions to the left of
the solid curve (regions 2 and 4) is where a retraction force is required; this is
where Az tan a. Designs where A and a are coordinates of points to the right
of the solid curve that fall within regions 3 and 5 generally should be avoided
because a greater torque-to-activation-force ratio (T/Fd) may be had with a
plate clutch or brake. This leaves region 1, which lies below both the dotted
curve and the dashed curve and to the right of the solid curve, as the only
region where either a cone clutch or a cone brake is superior to either a single-
plate clutch or to a single-plate brake, respectively, and where no retraction
force is required.

FIGURE 3 Contour plot of the surface f (A,a) = 2T/[(ro + ri)Fa].
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II. FOLDED CONE BRAKE

Prototype cone brakes have been designed and tested for a range of vehicle
sizes, from tractors and trailers to subcompact automobiles [1]. Both the large
and small sizes used a folded cone design, as illustrated in Figures 5 and 6,
each with a = 27j. Although the cone brake has fewer parts than drum
brakes, this advantagemust be balanced against the disadvantage of requiring
an outboard wheel bearing.

Analysis of the folded cone brake with a sector shoe, shown in Figure 5,
to obtain design formulas for the torque capability and the required activa-
tion force is quite similar to that used for simple cone brakes and clutches.
Since the brakes illustrated in Figures 5 and 6 use a sector pad, we begin the
analysis by observing from Figure 7(a) that an element of area on the conical
surface may be written as

da ¼ rdu
dr

sin a
ð2-1Þ

FIGURE 4 Design regions in the A, a plane for cone clutches/brakes.
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So the torque obtained due to a conical sector pad may be calculated from

T ¼ Apmaxri

Z
A

da ¼ Apmaxri
sin a

Z u

0

df

Z ro

ri

r dr

ð2-2Þ

¼ Apmaxri
sin a

u
r2o � r2i

2

FIGURE 5 Truck cone brake and rotor (drum). (From reference 1. Reprinted with
permission, n 1978 Society of Automotive Engineers, Inc.)
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FIGURE 6 Cone brake on front-wheel-drive subcompact and the cone brake
components. (From reference 1. Reprinted with permission, n Society of Auto-
motive Engineers, Inc.)
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and the corresponding activating force on the sector pad may be calculated
from

Fa ¼ pmaxri
sin aþ A cos a

sin a

Z u

0

du

Z ro

ri

dr
ð2-3Þ

¼ pmaxrið1þ A cot aÞuðro � riÞ
Since the folded cone, shown by solid lines in Figure 7(b), is equivalent

to two conical brakes, indicated by the dashed lines in that figure, it follows
that the total torque and activating force may be found from

T ¼ Apmax

sin a

u

2

�
ri1 r 2o1 � r2i1

� �
þ ri2 r 2o2 � r 2i2

� ��
ð2-4Þ

and

Fa ¼ pmaxuri 1þ A
tan a

� �
ro1 � ri1 þ ro2 � ri2ð Þ ð2-5Þ

where u is the angle subtended at the centerline by the lining sector.

III. DESIGN EXAMPLES

Example 3.1

Design a cone clutch to transmit a torque of 9050N-mmor greater when fitted
with a lining material having A=0.40 and capable of supporting a maximum

FIGURE 6 Continued.
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pressure of 4.22 MPa. The ro value should be no larger then 35 mm and the
clutch should release freely.

We shall begin by turning to Figure 4 and find that at A=0.40, region 1
extends from a = 0.38485 radians = 22.051j to a = 0.79482 radians =
45.540j (as read with the aid of the Trace feature provided by Mathcad).
From Figure 3 we note that the torque is greater at a = 22.051j than it is at
a = 45.54j, which suggests that a smaller a would be preferred. Hence, we
shall initially consider two designs, one for a = 24j and one for a = 45j.
A slightly larger awas selected for the smaller of the two angles to ensure that
no retraction force will be needed even with a manufacturing error of �0.5j.

FIGURE 7 Cone geometry.
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Radius rowas found by solving equation (1-8) for ro. Activation force Fa

was found from equation (1-9) after radius ri was eliminated from it by using
equation (1-7). Input data to these formulas was

T ¼ 9050 A ¼ 0:40 pmax ¼ 4:22 hðaÞ ¼ a
k
180

Here the variable h is introduced as the radianmeasure of angle a that is
given in degrees, to avoid entering trigonometric arguments in the form
(a�deg) that would otherwise be required by Mathcad. Thus,

roðaÞ ¼
T 3r3=2 sin ðhðaÞÞ� 	

2Akpmax

" #1=3

Fa ðaÞ ¼ 2kpmaxroðhðaÞÞ2 1ffiffiffi
3

p � 1

3

� �
1þ A

tanðhðaÞÞ
� �

doðaÞ ¼ 2roðaÞ
doð24Þ ¼ 24:344 doð45Þ ¼ 29:272

Fað24Þ¼ 124:872 Fað45Þ ¼ 140:022

Select the smaller diameter because of its smaller activation force.

Example 3.2

Examine the possibility of designing a cone brake that is to serve as a holding
brake having a torque capacity of 40 ft-lb that can be released by a retraction
force greater than 3 lb but no more than 10 lb if possible. The lining material
characteristics are A = 0.35 and pmax = 220 psi.

Begin by turning to Figure 4 and reading a at the intersection of the
solid curve and grid line A= 0.34941 (error in A of 0.00059). We find that the
maximum a that will support a retraction force is 0.33615 rad = 19.260j.
Select this value for our first trial and calculate the radius ro from equation
(1-8) and the retraction force from equation (1-10). The results are shown next
in theMathcad format, in which the base radius of the conical contact surface
and the activation and the retraction forces are written as functions of the
cone angle a and the coefficient of friction A to facilitate considering a range of
values for each of these variables. From their initial values we have

roða; AÞ ¼
T 3

ffiffiffi
3

p
sinðhðaÞÞ� 	

2Akpmax

" #1=3

Faða; AÞ ¼ 2kpmax
roða; AÞ2ffiffiffi

3
p 1� 1ffiffiffi

3
p

� �
1þ A

tanðhðaÞÞ
� �
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Frða; AÞ ¼ 2kpmax
roða; AÞ2ffiffiffi

3
p 1� 1ffiffiffi

3
p

� �
A

tanðhðaÞÞ � 1

� �
These relations yield

doð19; 0:35Þ ¼ 2:377

Foð19; 0:35Þ ¼ 960:605

Fdð19; 0:35Þ ¼ 7:848

Guided by the steep slope of the surface shown in Figure 2 in this region,
a plot of the retraction force as a function of the cone angle for friction
coefficients near 0.35 is shown in Figure 8. The extreme sensitivity of this cone
brake to the cone angle and especially to the value of the friction coefficient
requires that the friction coefficient of the material selected be independent of
temperature over the temperature range expected during the operation of this
brake. Moreover, the cone angle must be held within the range from 18.924j
to 19.172j to meet the retraction force requirements.

FIGURE 8 Retraction force Fr (lb) as a function of the cone angle (j) for the friction
coefficients, A, indicated.
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Example 3.3

Calculate the change in torque and in the lining pressure due to wear for the
clutch in Example 3.1 and the brake in Example 3.2 for lining thicknesses of
0.125 in. and lining wear of 0.05 in. Let y in Figure 9 represent the thickness
that has been worn away. Consider that lining wear may be as large as 0.5
mm for the clutch in Example 3.1 and as large as 0.02 in. for the brake in
Example 3.2

Lining wear has an effect upon the torque limits for cone clutches and
brakes because the reduced lining thickness due to wear affects the values of ro
and ri by allowing the inner cone to move farther into the outer cone. Implicit
in the previous analysis has been the notion that radii ro and ri, as illustrated in
Figures 1 and 9, were the radii to the contacting surface between the inner and
outer cones. Addition of a lining merely means that these radii pertain to the
contact surface between one cone and the lining on the other.

In what follows we shall consider the case where the lining material is
placed on the inside of the outer cone, as in Figure 9. Furthermore, let the
inner cone dimensions be designed so that the inner cone will project beyond
the outer cone when the lining is new and the clutch/brake is engaged. As the
lining wears, the bases will approach one another and become even when the
lining is so thin that it must be replaced. Thus, the entire lining surface will
always be in contact with the inner cone when the clutch or brake is engaged.

FIGURE 9 Geometry associated with lining wear in a cone clutch or brake.
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When the lining has worn an amount y, the inner cone will advance by
the amount y/(sin a), and radii ri and ro, measured on the conical surface that
contacts the lining, will each increase by the amount (y cos a). Consequently
the smaller radius, which was initially given by ri = ro /

ffiffiffi
3

p
, increases to

ri ¼ ro=
ffiffiffi
3

p
þ y cos a ð3-1Þ

in terms of the lining wear y and the cone half-angle a. The larger radius
increases by the same amount, so

ro ! ro þ y cos a ð3-2Þ
The maximum activation force that imposes pressure pmax on a new

lining will impose a smaller maximum pressure on the worn lining because
of its increased area. This smaller maximum pressure, denoted by pmw,
may be found by equating the activation force given by equation (1-9), here
rewritten as

Fo ¼ 2kpmax
r2offiffiffi
3

p 1þ A
tan a

� �
1� 1ffiffiffi

3
p

� �
ð3-3Þ

with that obtained by replacing ro and ri in equation (1-9) with the values
given by equations (3-1) and (1-2) to get

Fw ¼ 2kpmwro 1þ A
tan a

� � roffiffiffi
3

p þ y cos a

� �
1� 1ffiffiffi

3
p

� �
ð3-4Þ

in which Fo(a) represents the activation force as a function of cone angle a
when the lining is new and Fw(a) represents an activation force of the same
magnitude but one that now induces a maximum lining pressure of pmw.
Upon solving for pmw we have

pmw ¼ pmax

1þ y
ffiffiffi
3

p
ro

cos a
ð3-5Þ

So the torque delivered by a cone clutch or brake with a worn lining may be
written as

Tw ¼ Ak
pmw

sin a
r1 r22 � r21
� 	 ð3-6Þ

where

r1 ¼ r0ffiffiffi
3

p þ y cos a r2 ¼ ro þ y cos a ð3-7Þ

The increase in length of the interior cone needed for it to contact the full
length of the lining at it moves farther into the exterior cone as the lining wears

Cone Brakes and Clutches 121



is given by y/sin a, so the axial length of the interior cone measured from the
plane containing ri should be

lo ¼ ro 1� 1ffiffiffi
3

p
� �

cot aþ y

sin a
ð3-8Þ

according to the geometry displayed in Figure 9.
The notation used in Examples 3.1 and 3.2, such as sin(h(a)), is due to

theMathcad requirement that trigonometric arguments be in radianmeasure.
This requirement may be satisfied by preceding trigonometric expressions
with the relation h(a) = ak/180. The functional notation such as pmw(a,h), is
to allow new values for a and h to be entered directly rather than at a less
convenient place elsewhere in the program.

Because torque varies as the radius cubed and the pressure change due
to wear varies inversely with y, the torque capability of cone clutches and
brakes increases slightly with lining wear and the maximum lining pressure
decreases slightly.

Turning first to Example 3.1, substitution into the preceding equations
for the cone whose half-angle is 24j shows that the torque will increase to
10,097 N-mm after the lining thickness is reduced by 0.5 mm. The maximum
lining pressure will be reduced to 3.96 MPa, and the interior cone’s axial
length, measured from the transverse plane containing ri, should be 12.8 mm.

Torque increases to only 9717 N-mm for the cone having a 45j half-
angle and the maximum lining pressure decreases to 4.05 MPa. That interior
cone’s axial length, measured as before, should be 6.9 mm.

Turning now to Example 3.2, substitution as before into equations (3-5)
through (3-8) results in finding that the torque capability has increased to
489.6 in.-lb, or to 40.80 ft-lb, and the maximum lining pressure has decreased
to 214.1 psi. The length of the interior cone should be increased from 1.44 in.
to 1.50 in. to ensure that the interior cone contacts the full length of the lining
after the lining thickness has decrease by 0.02 in.

Similar comments hold for a lining attached to the inner cone. The
differences are that ri and ro would be measured to the surface of the lining at
the outer cone and these radii would become ri � y and ro � y as the lining
wears. Placing lining on the inner cone results in slightly less lining contact
area as wear progresses, with a correspondingly slight increase heat per unit
area to be dissipated for a given torque capacity.

IV. NOTATION

A area (‘2)
da element of area (‘2)
Fa Activation force (m‘t�2)

Chapter 6122



Fr retraction, or release, force (m‘t�2)
f friction function (1)
p pressure (m‘�1t�2)
pmax maximum pressure (m‘�1t�2)
ri
V inner radius, inner cone (‘)

ro
V outer radius, inner cone (‘)

ri inner radius, outer cone (‘)
ro outer radius, outer cone (‘)
T torque (m‘2t�2)
a cone half-angle (1)
A friction coefficient between lining and cone (1)

V. FORMULA COLLECTION

Pressure distribution over lining:

p ¼ pmax
ri
r

Torque in terms of ro and ri:

T ¼ Akpmax

sin a
ri r

2
o � r2i

� 	
Maximum torque:

T ¼ 2

3
ffiffiffi
3

p Ak
pmax

sin a
r3o

Activation force in terms of ro and ri:

Fa ¼ 2kpmax 1þ A
tan a

� �
riðro � riÞ

Release force in terms of ro and ri:

Fr ¼ 2kpmax
A

tan a
� 1

� �
riðro � riÞ

Pressure maximum on a worn lining:

pmw ¼ pmax

1þ
ffiffiffi
3

p
y

ro
cos a

Radius associated with torque T and angle a:

ro ¼ 3
ffiffiffi
3

p
T sin a

2Akpmax

 !1=3
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7

Magnetic Particle, Hysteresis, and
Eddy-Current Brakes and Clutches

All three of these brake or clutch types have no wearing parts because the
torque is developed from electromagnetic reactions rather than mechanical
friction. Electronic controls and a rectifier to provide direct current are
required, however, for their operation. They are, nevertheless, not usually
referred to as electric brakes because that term had been reserved earlier to
denote friction brakes which are electromagnetically activated: those in which
an electric current through a coil induces a magnetic field that engages a shoe
and drum, as pictured in Chapter 4.

Because particular construction variations from manufacturer to man-
facturer can have a strong effect on the performance characteristics of these
brakes in terms of magnetic fringing and local variation of the electric fields,
we limit our discussion of the theoretical background of these brakes to the
underlying equations only. This is consistent with the design practices as-
sociated with these brakes. They are often designed in the laboratory by a
combination of theory and trial and error because our present theory is not
adequate to handle small geometric effects on the electric and magnetic fields
between conductors that are very close to one another. Incidentally, these
theoretical shortcomings are also evident in present-day design procedures for
high-frequency antennas.
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Since these formulas are not presented with sufficient detail for the
reader to design magnetic particle, hysteresis, or eddy-current brakes, they
will not be summarized at the end of the chapter.

I. THEORETICAL BACKGROUND

The basic equations that define the theory used in explaining the generation of
eddy currents and of hysteresis loops are presented in the remainder of this
section. A more complete discussion of the theory, beginning with Maxwell’s
equations, equations (1-1), along with the derivation of the subsequent
relations may be found in Stratton [1] and in Lammeraner and Starl [2].
Units for the quantities involved will be given according to the MKS system
(acronym for meters, kilograms, seconds).

Maxwell’s equations (1-1) in vector form are generally taken as the
starting point for the study of the interdependent electric and magnetic fields
in free space sufficiently far from their generating electron flows. These two
vector equations are

j� Eþ BB

Bt
¼ 0

j�H� BD

Bt
¼ J

ð1-1Þ

in which i, j, and k denote unit vectors in the positive x-, y-, and z-directions,
respectively.

Here, E denotes the electric field intensity (volts/meter),H the magnetic
field intensity (ampere-turns/meter), B the magnetic induction (webers). J the
current density (amperes/meter2, and t the time (seconds); the operator j is
defined by

ju
iB

Bx
þ jB

By
þ kB

Bz

It can be shown [1] as well that the following relations hold in free space:

j � B ¼ 0 and j �D ¼ U

D ¼ qoE and H ¼ B

Ao

ð1-2Þ

where U denotes the charge density (coulombs/meter3) and constants qo and Ao
denote the electric and magnetic permeabilities of free space, respectively. In
the MKS system, the units of qo are farads/meter and the units of Ao are
henries/meter.
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Within an isotropic and homogeneous material, equations (1-1) are
replaced by the following set of equations:

j� Eþ BB

Bt
¼ 0 j� B� eoAo

BE

Bt
¼ Ao Jþ BP

Bt
þj�M

� �
ð1-3Þ

j � B ¼ 0 j � E ¼ 1

eo
U�j � Pð Þ

where polarization vector P and magnetization vector M are defined by

P ¼ D� eoE and B ¼ Ao HþMþMoð Þ ð1-4Þ
because bothP andM vanish in free space. The last two of equations (1-2) are
replaced by

D ¼ eE and H ¼ 1B

A
ð1-5Þ

in which q and A are called the inductive capacities of the medium.
After adding Ohm’s law, which is that

I ¼ E

V
ð1-6Þ

in a medium having resistance V(ohms), we have all of the relations that
together explain the generation of an eddy current I and a hysteresis loop for
H in a homogeneous, isotropic medium [2].

The electric current flowing across a surface in the material is given by

I ¼
Z

S

J � n ds ð1-7Þ

In our discussion of electric brakes that induce amagnetic field, which is
the primary source of the braking torque, we shall be concerned only with
equation (1-4) and the equation for the work done by cyclic changes in the
magnetic induction within a material volume V, which is

W ¼ �
Z

V

dvl B � dH ð1-8Þ

Magnetic induction B in the material is induced by an external H field,
which in turn is usually generated by a current I in a coil of wire according to

H ¼ NI ð1-9Þ
where N is the number of turns of wire in the coil.
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Calculation of workW according to equation (1-8) involves substituting
for B from equations (1-4) to get

W ¼ �
Z

V

dv
1

A
l B � dB

� �
ð1-10Þ

which is nonlinear because of the interdependence ofM, A, and B. Depending
on the material, the relation between B andHmay appear as in Figure 1(a) or
(b). It is the nature of these curves that determines the torque-control current

FIGURE 1 Representative hysteresis loops for (a) low-loss material and (b) high-
loss material.
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curve, represented by Figure 2, for a hysteresis brake. Techniques for gen-
erating the cyclic behavior of B and using it for braking are discussed in the
sections devoted to individual brake designs.

Eddy currents are generated within a conducing material whenever the
magnetic field changes, as implied by the relation for J in equations (1-3). For
design purposes, the power Pe lost due to cyclic eddy-current variations in a
flat plate may be estimated from

Pe ¼ kyfBmax

ðCkÞ ð1-11Þ

where y represents the plate thickness, f is the frequency of the cyclic variation,
k is the specific resistance of the material, and C is a dimensional constant.

Although these relations indicate that hysteresis and eddy currents oc-
cur together in eddy-current and hysteresis brakes, one or the other may be
made to dominate by selecting a material with the proper combination of A
and k.

FIGURE 2 Typical torque control current curves for a hysteresis brake. Arrows in-
dicate increasing or decreasing coil current. (Courtesy of Magnetrol, Inc., Buffalo,
NY.)
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II. MAGNETIC PARTICLE BRAKES AND CLUTCHES

These brakes are available in a range of sizes that include the 100-lb-ft model
shown in Figure 3 and the 8-lb-ft model shown in Figure 4. Since these con-
figurations are equally suited for clutches, they may be combined to form
clutch-brake combinations, as in Figure 5.When used as a clutch, the unit has
two moving parts; when used as a brake it has only one.

When used as a clutch, the configuration is as represented by the sche-
matic in Figure 6(a). The input shaft is attached to a cylindrical drum, termed
the outer member, or OM, which encases a smaller, inner cylinder, termed the
inner member, or IM, which is attached to the output shaft. A dry, finely di-
vided, proprietary magnetic material is contained in the region between the

FIGURE 3 Magnetic particle brake with a 100-lb-ft capacity. (Courtesy of Sperry
Electro Components, Durham, NC.)
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OM and the IM. The brake configuration differs from the clutch only in that
the IM is rigidly attached to the brake frame.

An electromagnetic coil outside the OMand concentric with it is used to
activate the brake or clutch. When the coil in energized by passing current
through it a magnetic field is established which causes the particles to bridge
the gap between the IM and the OM and form links between the two, as
represented in Figure 6(b). These links are along the magnetic lines of force,
which are made nearly perpendicular to the OM by the configuration of the
OM and the coil housing, as shown in Figures 6 and 7.

Both the shear and tensile stresses in these links resist relative motion
between the IM and the OM and so transmit torque for the brake/clutch.
These shear and tensile stresses developed are dependent on the coil current

FIGURE 4 Hysteresis brake with a 8-lb-ft capacity. (Courtesy of Magnetic Power
Systems, Inc., Fenton, MO.)
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and are independent of rotational speed. Typically, the torque varies with the
coil current, as illustrated in Figure 8, while the torque remains constant
regardless of the rotational speed of the OM, as shown in Figure 9.

III. HYSTERESIS BRAKES AND CLUTCHES

Construction of a hysteresis clutch, shown in Figure 10, differs from that of a
hysteresis brake only in that the outer member, termed the OM, is prevented
from rotating. This schematic implies that in the brake configuration the coil
winding occupies a greater portion of the base of the cup-shaped OM, as
indicated in the schematic in Figure 11.

In either construction the cup-shaped OM is fitted with a central post
that fits within the smaller cup-shaped inner member, termed the IM.
Magnetic field variation is accomplished by reticulating the OM wells and
post, as indicated in Figure 12(a) to produce an alternating set of north and
south magnetic poles when the OM is magnetized by current flowing through
the coil in its base. At any instant the magnetic field from these poles induces a
set of opposite poles in the walls of the IM. Rotation of the IM is, therefore,

FIGURE 5 Magnetic particle clutch and brake combination. (Courtesy Simplatrol
Dana Industrial, Webster, MA.)

Chapter 7132



opposed by the magnetic force between the induced poles in the IM and those
in the OM because it disturbs this arrangement by forcing opposite poles
apart and similar poles together. As the rotation continues due to external
shaft torque, the magnetic field from the OM changes the magnetization of
each point in the magnetized region of the IM so that the magnetic induction
B at any point on the walls of the IM traverses the hysteresis loop as that point
moves under the north to south to north pole of the OM’s outer shell.

By forming the IM from a magnetically hard material (one that resists a
change in magnetization as indicated by a small value of A) which also has a
large area enclosed by the hysteresis loop, the manufacturer can assure
relatively large losses in the brake. The energy extracted from the input shaft
in this manner heats the IM, which must be cooled to maintain the perform-
ance of the brake.

Figure 13 clearly shows that the braking torque is maximum for low
rotational speed, including 0 rpm, and that as the speed increases a critical
point is reached which corresponds to the maximum power that can be
dissipated by the brake, based on its internal construction and the ambient
temperature.

FIGURE 6 Schematic of a magnetic brake/clutch to display its operation. (a)
Magnetic particle clutch. (b) Input shaft ‘‘R’’ and output shaft ‘‘N’’ are positioned
within the electromagnetic coil. Magnetic particles lay loosely between input and
output components. No current is applied to the coil. No torque is transmitted. (c)
Here maximum current energizes the coil. The clutch now operates at 100% of
clutch rating. Full transmission of torque occurs. Depending on coil current, any
level between 0 and 100% torque transmission is possible. (Courtesy Magnetic
Power Systems, Inc., Fenton, MO.)
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FIGURE 6 Continued.
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FIGURE 8 (a) Torque current curve for a particular brake; (b) torque voltage curve
for a series of magnetic particle brakes. (Courtesy of Sperry Electro Components,
Durham, NC, and Simplatrol Dana Industrial, Webster, MA.)
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Beyond this point the torque decreases rapidly, as shown in the slip
torque versus speed curve in Figure 13(a). Comparison with Figure 13(b)
correctly implies that the shape of the decreasing-torque portion of the curve
to the right of the critical point reflects both the change in the hysteresis loop
with increasing temperature and the heat transfer characteristics of the
cooling system (i.e., whether air or liquid and the temperature and velocity
of the cooling medium). When these conditions are fixed the shape of the
curve remains qualitatively invariant. Thus, as the brake torque increases
from one size of brake to another, that portion of the curve to the left of the
critical point decreases unless improved cooling is used to move the concave
portion of the curve upward and to the right, thus moving the critical point to
the right.

The magnitude of that portion of the curve which is independent of
rotational speed to the left of the critical point in Figure 14a is, of course, also
determined by the torque versus control current curve shown in Figure 14b.
The difference between the torque obtained from increasing and decreasing
control current is shown in Figure 2.

Use of the term slip torque, incidentally, is to emphasize that the torque
acts between two mechanical parts which may be moving relative to one
another because these brakes may be used as tension control devices as well as
a means of stopping the rotation entirely.

FIGURE 9 Torque-slip speed curves for dry friction and magnetic particle brakes
(also clutches).
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IV. EDDY-CURRENT BRAKES AND CLUTCHES

Construction of eddy-current brakes is physically similar to that of hysteresis
brakes. The essential difference is that the IM is now made of a magnetically
soft material (one having large A, a small magnetization vector M, and there-
fore, easy magnetization) which also has a low specific resistance. Although
there are small hysteresis losses in eddy-current clutches and brakes, just as
there are small eddy-current losses in hysteresis clutches and brakes, the
primary source of power loss in these brakes is in the generation of eddy

FIGURE 10 Hysteresis clutch with cutout section showing the OM (which also
forms the outer shell), the IM, and the electromagnetic coil. (Courtesy of Magnetrol
Inc., Buffalo, NY.)
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currents in the IM. These eddy currents, which are often represented as
small current loops, as illustrated in Figure 15, are generated in a direction
to oppose the change in the magnetic field whenever there is a change in the
magnetic field crossing the IM. Pole geometry for an eddy-current brake/
clutch is shown in Figure 12 where the outer ring a is the cup, or OM, and
the inner cylinder a is the central post (Figure 11), which completes the
magnetic circuit, and the intermediate ring b is the IM, which rotates in
the magnetic field between the cup and the inner post. The rate of change of
the magnetic field due to relative rotation between the IM and the OM is

FIGURE 11 Schematic of (a) a hysteresis brake and (b) a hysteresis clutch. The E-
shaped cross section represents the cross section of the OM and its inner post (the
outer shell in Figure 10). (Courtesy of Magnetrol, Inc., Buffalo, NY.)
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FIGURE 12 Schematic of a cross section of a hysteresis brake in a plane
perpendicular to the shaft axis-showing reticulation of the OM cup walls and inner
post. (Courtesy of Magnetrol, Inc., Buffalo, NY.)
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FIGURE 13 Torque (also termed slip torque) differential speed (or slip speed) for
hysteresis brakes of different capacity. The dashed line shows the effect of in-
creased cooling. (Courtesy of General Electro-Mechanical Corp., Buffalo, NY.)
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FIGURE 13 Continued.

Chapter 7142



FIGURE 14 Torque versus differential speed (a) and torque versus control current
(b) for a particular hysteresis brake. Torque differential speed curve shown
corresponds to approximately 30 mA of control current through a 1900-V coil.
(Courtesy of General Electro Mechanical Corp., Buffalo, NY.)
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FIGURE 14 Continued.
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determined by the number of poles in the OM and the rotational speed of
the IM. From the frequency term f in equation (1-11) we see that the power
dissipated is, therefore, proportional to the number of poles and the
rotational speed. Although the braking torque is zero at 0 rpm, it does
not increase linearly with the rotational speed for speeds at the upper end of
the operating range because of effects not explicitly shown in equation (1-
11), as demonstrated by the torque versus rotational speed curves shown in
Figure 16. Notice that the torque maxima in these curves are directly related
to the percent excitation, so that they provide current versus torque data as
well.

Figure 17 illustrates a model of air-cooled eddy-current brakes pro-
duced in sizes having heat dissipation capacities from 5 to 100 hp and braking
torque capacity from 60 to about 1800 lb-ft. Larger eddy-current brakes with
dissipation capacities up to 4000 hp are liquid cooled, while smaller brakes,
with capacities of several ounce-inches, require no cooling other than local
convection air currents.

These brakes are used in applications where tension is to be maintained
either by preventing a shaft from overspeeding due to external torque or by
controlling tension between two sets of roller by having one set rotate
opposite the direction of applied torque, thus stretching the material between
these two sets of rollers. Small torque models are used for controlling tension
in filiment manufacture and in magnetic tape drives, while the larger models
find applications in laying cables, winding sheet metal rolls, and in conveyor
controls.

FIGURE 15 Eddy-current loops induced in the IM by the changing H field in an
eddy-current brake.
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Simplatrol Dana produces a small-capacity (under 8 oz-in.) unit de-
signed to have an adjustable torque range and to use the construction sim-
ilarities between eddy-current and hysteresis brakes/clutches. In it the IM and
OM are replaced by a permanent-magnet disk and either an eddy-current or
hysteresis disk. Torque capacity may be adjusted by means of the flux gate
placed between them, as shown in the brake version in Figure 18. Manual
rotation of the flux gate relative to the magnetic disk determines the strength
of the magnetic field that acts on either the hysteresis or eddy-current disk
attached to the front, unthreaded, shaft on the assembly shown. The rear disk,
the magnetic plate, and the flux gate rotate together in the case of a clutch, or
remain stationary in the case of a brake. Clutch and brake units differ only in
that the rear shaft of the brake is threaded, as shown in the figure.

The torque versus speed curves for an eddy-current brake in Figure 16
may also be used to deduce the characteristics of an eddy-current clutch;
namely, that an eddy-current clutch can provide a controlled soft start be-
tween a driver and a driven unit by controlling the excitation current as a
function of the speed difference. Likewise, an eddy-current clutch may also be
considered when a driven machine may experience speed changes of several
hundred rpm that should not impose a large torque change on driving ma-
chine. Since the torque available to accelerate a driven machine back up to
speed will be small, an eddy-current clutch will be suitable only if prolonged

FIGURE 16 Combined torque rotational speed curve and torque excitation curves
for eddy-current brakes. (Courtesy of Eaton Power Transmission Systems,
Industrial Drives Operations, Kenosha, WI.)

Chapter 7146



FIGURE 17 Air-cooled eddy-current brakes with torque capacities from 5 to 1740
lb-ft and power dissipation from 0.75 to 100 hp. (Courtesy of Eaton Power
Transmission Systems, Industrial Drives Operations, Kenosha, WI.)
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FIGURE 18 Combination hysteresis/eddy-current brake/clutch. (Courtesy of
Simpatrol Dana Industrial, Webster, MA.)
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periods of speed deviation are acceptable. Eddy-current clutches and brakes
may, for example, be used in tape recorders to provide both a soft start to the
tape drive and a gentle, programmed, control of the tape speed and to prevent
over-speeding of the supply reel.

V. NOTATION
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B magnetic induction
D electric displacement
E electric field intensity
f frequency
H magnetic field intensity
I current
J current density
k specific resistance of a material
M magnetization vector
N number of turns
n unit vector normal to surface S
P polarization vector
Pe power loss due to eddy currents
S surface
t time
V volume
W work
x,y,z spatial coordinates
y plate thickness
q electric permeability
A magnetic permeability
U charge density
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8

Acceleration Time and Heat Dissipation
Calculations

Brake and clutch design or selection from a manufacturer’s catalog both re-
quire that we design or select a brake or clutch which has the torque capabil-
ity necessary to stop or start either a machine or a mechanical component in
a specified amount of time and also has the ability to dissipate the heat
generated.

Torque capability depends, as we have found, on the particular brake or
clutch design. The heat to be dissipated does not; it depends only on the
machinery being stopped and is, therefore, independent of the brake or clutch
used.

In this chapter we are concerned with the related problems of estimating
stop or startup times and the amount of heat generated. Both problems may
be analyzed in terms of the energy supplied by the driving unit, the energy
transmitted to the driven unit, and the energy dissipated as heat by either the
brake or clutch. Although the energy considerations are independent of the
particular brake/clutch design involved, the resulting formulasmay be used to
compare various brake/clutch design suitability for any mechanical system.

Calculation of heat dissipation by a mechanical system involving a
clutch or brake may be divided into two parts: the mechanical energy con-
verted to heat in the clutch or brake, and the rate of transfer of this heat to the
surroundings. In the remainder of this chapter we shall be concerned only
with the first of these two problems. Those readers who may be concerned
with the second problem as well are referred to existing books devoted to the
calculation of heat transfer by conduction, convection, and radiation, along
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with the specific heats for common cooling fluids, including air, the methods
for determining the coefficients involved, and the numerical techniques re-
quired for solving practical heat transfer problems.

I. ENERGY DISSIPATED IN BRAKING

The heat dissipated in any mechanical system is equal to the energy with-
drawn from the system as it is either stopped or slowed by a brake or as it is
accelerated by a clutch, plus any work done on the system during the time a
brake or a clutch is being applied. This equality is the foundation of the
formulas to be developed and demonstrated.

Following industry practice in the United States we shall measure heat
in terms of its mechanical equivalent pound feet (foot-pounds) in old english
(OE) units or in joules (newton-meters) in SI units, rather than in terms of
calories or Btu. This may be converted to the temperature rise in the brake
components by converting to kilocalories or Btu using the joule equivalent,
which is that 1.0 kilocalorie = 4186 N-m and that 1.0 Btu = 778.26 foot-
pounds and using the relation that

ðBQ
BQ

ÞP ¼ CP

or

Q2 �Q1 ¼ 1

CP

Z Q2

Q1

dQ

where Q represents the temperature,Q1 and Q2 are the temperatures before
and after the amount of heat Q is added to the system, and Cp denotes the
specific heat at constant pressure for the material involved.

The mechanical equivalent of the heat, Qm to be dissipated is given by

Qm ¼ KE2 �KE1 þWa ð1-1Þ
where KE1 and KE2 represent the kinetic energy of the system at the
beginning and at the end of the interval during which either a brake or a
clutch is applied andWa is the work added to the system during that interval.
HeatQm is also equal to the integral of the work done on the brakes during the
braking interval, so

Qm ¼
Z t2

t1

dWa

dt
dt ð1-2Þ

This last relation, in somewhat modified form, may be used to estimate the
relation between the torque to be exerted by a brake or clutch, the time the

Chapter 8152



brake or clutch must act, and the heat dissipated during the time the brake or
clutch acts.

Before we can equate the energy in a moving mechanical system to the
work done by a brake or a clutch in changing the rotational speed of a
mechanical system, we must have expressions for total energy in the system
and for the work done by a brake or clutch. These matters are considered in
the next two sections in that order.

II. MECHANICAL ENERGY OF REPRESENTATIVE
SYSTEMS

To apply equation (1-1) we need to obtain expressions for the kinetic energy
for three typical mechanical systems: geared systems; translating and rotating
systems, exemplified by vehicles and conveyor belts; and systems involving a
change in potential energy, as exemplified by cranes and hoists. All formulas
will initially be given in terms of the physical quantities involved and will
subsequently be rewritten in terms of commonly used OE and SI units in the
Formula Collection at the end of the chapter.

A. Geared Systems

Whenever a geared system similar to that illustrated in Figure 1(a) involving a
single gear train is to be stopped, or slowed, by a brake acting on shaft 1
rotating at speed N1, the kinetic energy to be dissipated in reducing the
rotational speed from N1a to N1b may be expressed in terms of the gear ratios
n21 and the moments of inertia of each rotating member as

KE ¼ 1

2
ðI1 þ I2n

2
21ÞðN2

1a
� N2

1b
Þ ð2-1Þ

where I1 is the total moment of inertia of all masses rotating with shaft 1, that
is, the sum of the moments of inertia of the brake drum or disk, shaft 1 itself,
and gear 1. Similarly, I2 represents the total moment of inertia of gear 2, shaft
2, and whatever mass rotates with shaft 2. The speed ratio n21 is defined by

n21 ¼ N2

N1
ð2-2Þ

where N1 and N2 denote the rational speeds of shafts 1 and 2, respectively, at
any instant. In a more complicated case, as illustrated in Figure 1(b), the
kinetic energy to be dissipated in slowing or stopping the rotation is given by

KE ¼ 1

2
ðN2

1a
� N2

1b
ÞðI1 þ I2n

2
21 þ I3n

2
31 þ I4n

2
41Þ ð2-3Þ
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where n41 may be written in terms of n43 and n31 as

n41 ¼ n43n31 ð2-3Þ
In summary, the kinetic energy to be dissipated from a geared system

may be written as

KE ¼ 1

2
ðN2

1a
� N2

1b
ÞðI1 þ

Xk
i¼2

Iin
2
i1Þ ð2-4Þ

for moments of inertia Ii rotating at speeds ratios ni1 relative to shaft 1, where
the brake is located.

FIGURE 1 Brake and gear train schematic. Moments of inertia Ii include moments
of inertia of all masses rotating with shaft i (i.e., gears and shaft itself).

Chapter 8154



For simplicity the moment of inertia of most rotating mechanical com-
ponents is often given in terms of the radius of gyration rg, which is defined by

I ¼ mr2g ð2-5Þ
wherem=W/g in terms of the weight of the component and the acceleration
due to gravity, usually taken as 32.2 ft/sec2 or 9.81 m/sec2.

Returning to equation (2-1), we note that if n21 is less than 1, i.e., if N2 is
less than N1, the contribution of I2 to the kinetic energy is reduced by the
square of n21. Guided by this observation, wemay conclude that it is generally
advantageous to place the brake on the fastest of all of the shafts involved so
that the torque requirement for the brake is reduced.

B. Combined Translation and Rotation

When translation is present, as in the case of a moving vehicle, the kinetic
energy due to linear motion must also be included to obtain the total kinetic
energy that must be dissipated by the brakes. In the case of a vehicle, if we take
the rotation of one of the road wheels as our reference, the translational
velocity is given by

v ¼ r/ ¼ rN ð2-6Þ
where f = d//dt =N is in rad/sec so that v is in terms of the units of r per
second. If the motor is not disconnected as the brakes are applied, its effect
must also be included, either as a retarder, which adds to the braking effect, or
as a driver, which opposes the brakes. In some vehicles and machines the mo-
tormay act as retarder for some operating conditions and as a driver in others.
In either event, the contribution of the motor is usually included in the Wa

term, so the energy to be dissipated in slowing from va to vbmay be written as

E ¼ 1

2
NwIwN2 þ 1

2
mv2 þWa ¼ 1

2
Nwmw

rg
rw

� �2

þ m

" #
ðv2a � v2bÞ þWa

ð2-7Þ
where m represents the total mass of the vehicle and its cargo. This relation
holds if each of the Nw wheels has a mass mw, a radius of gyration rg, and an
outside radius rw. Wa is positive if it represents the work done by the motor
during braking and negative if it represents the work dissipated either by the
motor itself or by a retarder.

Although equations (2-6) and (2-7) have been discussed in terms of
vehicle motion, they apply equally well to conveyors havingNw similar rollers
of mass mw, radius of gyration rg, and radius r.

Often, the kinetic energy due to wheel rotation is negligible compared to
the translational kinetic energy of the cargo, so that the rotational terms in
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equation (1-10) are usually omitted from the brake selection formulas found
in a manufacturer’s catalog.

C. Braking with Changes in Potential Energy: Cranes
and Hoists

Since motion is assumed to be in the vertical direction, the energy change due
to braking or clutching when a load is either raised or lowered is the sum of the
changes in kinetic and potential energy and the work Wh done on the system
by motors and retarders. Thus energy E may be written as

E ¼ 1

2

Xk
i¼1

miðv2ia � v2ibÞ þ
1

2

Xm
i¼1

IiðN2
ia � N2

ibÞ þ
Xn
i¼1

Wiðhia � hibÞ þWa

ð2-8Þ
which is an extended version of equation (2-7) by including k masses mi, m
rotating components, each havingmoment of inertia Ii, nweights Ŵi and their
elevation changes, and including nonzero values of velocity vi, and angular
rotation Ni.

III. BRAKING AND CLUTCHING TIME AND TORQUE

Work done by a brake in slowing or stopping a mechanical system is
converted to heat at the mechanical interface in friction brakes or in the inner
and outer members in eddy-current, hysteresis, or magnetic particle brakes.
Regardless of the particular brake design, the work done is equal to

W ¼
Z t2

t1

NTdt ¼
Z f2

f1

Tdf ð3-1Þ

where T denotes the braking torque, N=df/dt, f represents the angular
rotation of the active braking element (drum, disk, outer member), and t
denotes time.

Preliminary design or selection of a brake is often predicted on con-
stant torque, constant load, and therefore, constant deceleration. For this
condition,

N ¼ N0 � at ð3-2Þ
so substitution into equation (3-1) with t1 = 0 and t2 = t yields

W ¼
Z t

0

T ðN0 � asÞds ¼ TðN0 � at
2
Þt ð3-3Þ

¼ DE ¼ DKEþ DPEþ DWa

when time is measured from that instant when the brake was first applied. If
the brake is to stop or slow the rotation of a component, this work must equal
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the energy that must be dissipated in bringing that component to the new
rotational speed. Upon substitution for at from equation (3-2) into equation
(3-3), we find that

W ¼ Tt
N0 þ N1

2
ð3-3aÞ

Hence equation (3-3) may be written as

Tt ¼ 1

x0 þ x1

"Xk
i¼1

miðv2ia � v2ibÞ þ
Xm
i¼1

IiðN2
ia
� N2

ib
Þ

þ 2
Xn
i¼1

Wiðhia � hibÞ þ 2Wha

# ð3-4Þ

If a single rotating moment of inertia I is involved, KE = (1/2) I (N2
0 � N2

1)
and

T ¼ I
x2

0 � x2
1

ðx0 þ x1Þt ¼ I
x2

0 � x2
1

2xavt
¼ I

t
ðx0 � x1Þ ð3-5Þ

Finally, if all rotation is to be stopped, N1=0 and equation (3-5) becomes

T ¼ IN0

t
ð3-6Þ

Moments of inertia for other than geometrically simple objects–such
as a solid, homogeneous cylinder–are generally given in terms of themassm of
the rotating object when SI units are implied (i.e., kilograms) and in terms of
the weight W when OE units are implied (i.e., pounds). According to this
practice, I will be presented in terms of mass m and radius of gyration rg as

I ¼ mr2g ¼
W

g
r2g ð3-7Þ

Returning now to equation (3-6), it frequently appears in design guides
in different terms. Its modified formmay be found by replacingN in rad/sec by
n, the initial rotational speed in rpm, according to

N ¼ 2kn
60

ð3-8Þ

and by replacing I by Wr2/g according to equation (3-7). The result is

T ¼ 2k
mr2gn

60t
i

mr2gn

10t
ðSIÞ

ð3-9Þ
T ¼ 2k

Wr2gn

60gt
i

Wr2gn

307t
i

Wr2gn

308t
ðOEÞ
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Our previous discussion has been concerned with brake design without
specific knowledge of the friction and heat dissipation characteristics of the
brake as a function of the slip speed, which is the rotational speed difference
between the engaging faces of the brake or clutch. When that information is
known from catalog data, as represented by Figure 2, we can use it, together
with the governing equation of motion, to obtain a more realistic estimate of
the activation time and the heat dissipated for a viscously damped system, as
shown schematically in Figure 3(a), where the viscous damping is due to the
process itself, or in Figure 3(b), where the viscous damping is supplied by a
retarder used to add to the energy dissipated during stopping. Except for the
brake itself, Coulomb, or dry friction, damping is generally suppressed in the
remainder of the system and elastic effects are generally negligible.

From this figure we find the governing equation to be

I
dN
dt

¼ �TðNÞ � cN ð3-10Þ
whereT(N) is negative because it acts to slow themotion (i.e., to cause dN/dt to
be negative) and where N denotes the instantaneous angular velocity of the
system as it is being stopped or retarded and I denotes the moment of inertia
of all masses in the system when written in terms of the angular velocity of the
shaft on which the brake acts. Integration of equation (3-10) yields

t1 � t2 ¼ I

Z N1

N2

dN
TðNÞ þ cN

ð3-11Þ

which relates the deceleration time t to:

1. The net torque T(N), which includes the torque transferred across
the brake (positive), as given by curves similar to those shown inFig-
ure 2, as well as any torque (negative) due to motors or other drivers
that may continue to supply torque while the brake is applied

2. The damping cN supplied by a retarded (described in Chap. 11),
damping in the system itself, or both.

In equation (3-11), I represents both the rotational and translational inertia,
where the translational velocity is expressed in terms of N and the appropriate
radius according to v = rN.

Equation (3-11) may be used to obtain an estimate of the relation
between the torque and the braking time whenever T(N) is known from data
such as that shown in Figure 2. This will be demonstrated in one of the
following examples. To show that this equation produces relation (3-6) when
the torque is constant, it may be integrated to give

t2 � t1 ¼ I

c
ln

Tþ cN1

Tþ cN2
ð3-12Þ
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FIGURE 2 Dynamic torque as a function of the speed difference, or slip speed,
between input and output shafts. (Courtesy of Warner Electric Brake & Clutch Co.,
South Beloit, IL.)
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which may also be written to give the required torque as

T ¼ c
N1 � N2e

ðc=IÞðt2�t1Þ

eðc=IÞðt2�t1Þ � 1
ð3-13Þ

If time is measured from the instant the brake is applied so that t1=0
and if the system is brought to rest so that N2=0, equation (3-13) simplifies to

T ¼ cN1

eðc=IÞt2 � 1
ð3-14Þ

FIGURE 3 Schematic conveyor systems where viscous damping is due to (a) the
process itself or (b) a retarder to aid in stopping.
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Finally, after expansion of the exponential in equation (3-14) accord-
ing to

ex � 1 ¼ xþ x2

2!
þ x3

3!
þ x4

4!
þ : : :

and setting x = ct2/J, we see that, if c is small enough for c2 to be negligible
compared to c, we then have

T ¼ cN1

ðc=IÞt2 þ : : :
i

IN1

t2
ð3-15Þ

in agreement with equation (3-6), since N1 and t2 in this equation play the role
of N0 and t in equation (3-6).

IV. CLUTCH TORQUE AND ACCELERATION TIME

Many of the formulas developed in Sections 1 and 2 apply equally well to
clutch applications. Only their use differs, in that now they are used to
determine the work that must be done by the clutch on the load to accelerate it
to the required speed.

The equations that may be used for either a clutch or a brake are (3-4)
through (3-9). In the case of a clutch, equation (3-10) is replaced by

I
dN
dt

þ cN ¼ TðNÞ ð4-1Þ
which then requires that equation (3-11) be replaced by

t2 � t1 ¼ I

Z N2

x1

dN
TðNÞ � cN

ð4-2Þ

as the relation between the torque, the damping, and the inertia of the system,
both linear and rotational. When applied to a clutch, however, the time
interval t2 � t1 in equation (4-2) applies to the time interval required for the
clutch to bring the load up to speed. After the load is at operating speed, dN/dt
in equation (4-2) goes to zero, so the torque T(N) = cN holds as long as the
operating speed and load are constant (Figure 4).

Whenever T is constant, differential equation (4-1) may be integrated to
give

t2 � t1 ¼ � I

c
ln

T� cx2

T� cx1
ð4-3Þ

which differs from equation (3-12) only in the algebraic sign of c. Equation
(4-3) may be solved for T to get

T ¼ c
N1e

ð�c=IÞðt2�t1Þ � N2

eð�c=IÞðt2�t1Þ � 1
ð4-4Þ
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As a check on equation (4-4), note that if the clutch were applied at time t2=0
when N1=0, then equation (4-4) may be written as

T ¼ c
�N2

eð�c=IÞt2 � 1
ð4-5Þ

If we again use the series expansion for ex given in the previous section, but
with x now replaced by �ct2/I we find

Ti
IN2

t2
ð4-6Þ

as in the case of a brake.

V. EXAMPLE 1: GRINDING WHEEL

Find the minimum torque capacity for a brake to be added to a twin-wheel
motor grinder turning at 1725 rpm such that when either guard is raised the
motor and two grinding wheels will stop within 0.1 sec. Themoment of inertia
of the motor rotor is 0.0137 slug-ft and each grinding wheel weights 10 lb and
has a radius of gyration of 4.00 in.

Since all the rotating masses are on a single shaft, equation (3-6) applies,
where I represents the sum of the moments of inertia for the grinding wheels
and the rotor. From equation (3-7) we find that themoment of inertia for each
grinding wheel is

Iw ¼ w

g
r2 ¼ 10

32:2

4

12

� �2

¼ 0:0345 slug-ft2 ð5-1Þ

so the total moment of inertia is

I ¼ 2ð0:0345Þ þ 0:0137 ¼ 0:0827 slug-ft2 ð5-2Þ

FIGURE 4 Schematic of a typical motor, clutch, machine configuration.
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With the rotational speed in rad/sec given by

N ¼ 2k rpm
60

¼ kð1725Þ
30

¼ 180:6416 rad=sec

substitution for I from equation (5-2) into equation (3-6) yields

T ¼ 0:0827ð180:6416Þ
0:1

¼ 149:3906 f 150 lb-ft ð5-3Þ

as the required torque.

VI. EXAMPLE 2: CONVEYOR BRAKE

Recommend the torque requirement for a brake for the conveyor belt shown
schematically in Figure 5. It is rated for a total load of 180 lb (the combined
weight of all items conveyed by the conveyor). The conveyor belt weight is 50
lb, the end rollers weigh 22 lb each, and the 20 intermediate rollers weigh 4.0 lb
each. The diameter of each end roller is 8.750 in. and the radius of gyration of
each end roller is 4.0 in. The intermediate rollers are 2.00 in. in diameter and
each has a radius of gyration of 0.8 in. The reduction ratio of the gear train is
5.488, the maximum conveyor velocity is 90 ft/min, and the brake is mounted
between the driving gear motor and the gear train. The motor is disconnected
from the drive line when the brake is engaged and the conveyor is to be
stopped in the minimum time which will not cause the packages on the con-
veyor to slide along the belt. All the products to be conveyed have such a low
center of gravity that tipping is not a problem. The friction coefficient is
0.30.

FIGURE 5 Conveyor belt schematic.
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Kinetic energy due to rotation of the end and intermediate rollers,
translation of the belt load, and translation of the belt itself will be considered;
kinetic energy contributed by the gears and shafts in the gear train will be
ignored because their combined moments of inertia is less than that of one of
the intermediate rollers.

From equation (3-4) we find that the governing equation for a conveyor
with kJ rotating masses and km translating masses is given by

T ¼ N0

t

XkJ
i¼1

Iin
2
i þ

d

2
n1

� �2Xkm
i¼1

mi

" #
ð6-1Þ

where ni is the ratio of rotational speed of roller i to the rotational speed of the
shaft on which the brake is mounted and d is the diameter of the drive roller,
whose speed ratio is represented by n1

From equation (3-7) we find the moment of inertia of an end roller to be

Ie ¼ mr2g ¼
22

32:2

4

12

� �2

¼ 0:0759 slug-ft2 ð6-2Þ

and the moment of inertia of an intermediate roller to be

Ii ¼ 4:1

32:2

0:8

12

� �2

¼ 0:0006 slug-ft2 ð6-3Þ

The rotational speed of the end rollers may be found from equation
(2-6) to be

N ¼ 90

60

12

4:375

� �
¼ 4:1143rad=sec ð6-4Þ

from which it follows that the speed of the input shaft to the gear train is

Nb ¼ Nn1 ¼ 22:5792 rad=sec ð6-5Þ
for n1=5.488. Since the intermediate rollers that support the belt along its
length have radii of 1.00 in., their angular velocity is 18 rad/sec for an effective
speed reduction factor of 1.254 relative to the input shaft to the gear train.

Since the belt moves with the same velocity as the product being
conveyed, we can group them together so that km =1+1=2. The two end
rollers and the 20 intermediate rollers give kJ =20+2=22. With all masses
andmoments of inertia known, wemay substitute into equation (6-1) once we
select a stopping time t. To find the minimum stopping time without slip
between the product and the conveyor belt, recall that the stopping force of
the product is Amg, so the maximum deceleration becomes Ag. If this force is
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constant, the stopping time may be found from t = v/a =90/[60(0.3)32.2]
=0.1553 sec. Substitution into equation (6-4) yields

T ¼ 22:579

0:1553

2ð0:0759Þ
5:4882

þ 20ð0:000556Þ
1:2542

þ 230

32:2

4:3752

ð122Þð5:4882Þ
� �

¼ 6:344 lb-ft ð6-6Þ
¼ 76:130 lb-in:

where ni =1/5.488 for the end rollers and ni =1/1.254 for the intermediate
rollers.

If the brake had been mounted on either of the end roller shafts,
equation (6-6) would have been replaced by

T ¼ 4:114

0:1553

"
2ð0:0759Þ þ 20ð0:000556Þð4:375Þ2 þ 230

32:2

4:375

12

� �2
#

¼ 34:811 lb-ft ð6-7Þ
and the braking torque requirement would have been n =5.488 times larger
than that found by equation (6-6). This comparison is an example of the gen-
eral rule that the brake should usually be placed in the faster shaft.

VII. EXAMPLE 3: ROTARY KILN

The curves in Figure 6 clearly imply that efficient use of a clutch by reducing
the power loss due to heat generation, along with wear, requires that the
speeds of its input and output shafts should be nearly equal. Accordingly,
depending upon the power source (electric or hydraulic motor, turbine, or
internal combustion engine), a clutch may be used to change gear ratios, to
change fromone power source to another when the speeds are nearly equal, or
to disconnect the power source before braking.

This example will consider a load that is essentially rotational in order to
concentrate on clutch and brake selection when dynamic torque and brake
heating curves are available. Both clutch and brake analyses will display some
of the calculation involved when the speeds of the input and output shafts are
not almost equal.

A rotary kiln is to be driven by a 15-hp three-phase motor operating at
870 rpm and rated to deliver a torque of 240 lb-ft with a K factor (overload
factor for starting) of 2.64. The motor, clutch, gear train with a 28.4 speed-
reduction ratio, and rotary kiln are arranged as shown in Figure 7. The overall
damping coefficient is approximately 0.10. The starting moment of inertia of
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FIGURE 7 Schematic of motor, clutch, gear train, and kiln.

FIGURE 6 Dynamic torque as a function of the speed difference between input and
output shafts. (Courtesy of Warner Electric Brake & Clutch Co., South Beloit, IL.)
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the kiln is equivalent to a weight of 31,832 lb and a radius of gyration of 2.8 ft,
the clutch characteristics are given in Figure 6. A brake with similar character-
istics will be used to stop kiln rotation.

Themoments of inertia of the gears in the gear train will be neglected for
simplicity. They will be considered for a different gear train in a subsequent
example.

Conversion from horsepower (hp) and revolutions per minute (n) to
torque (T ) in ft-lb according to

T ¼ ð16; 500 hpÞK
kn

yields

T ¼ ð16; 500Þ15ð2:64Þ
870 k

¼ 239:0617 lb-ft

as the required starting torque
Upon calculating the moment of inertia of the kiln according to

equation (3-7), we find

I ¼ 31; 832

32:2
ð2:8Þ2 ¼ 7750:4 slug-ft2

From equation (2-1), the equivalentmoment of inertia at the clutch is given by

In221 ¼
7750:4

28:42
¼ 9:6092 slug-ft2

According to equation (3-6), the approximate time for the motor to bring the
kiln up to speed is

t ¼ INo

240
¼ 9:6092

240

870k
60

� �
¼ 1:82 sec

For a more precise calculation of the time to get up to speed, we may
turn to equation (4-2), which requires the input data shown in Table 1, as read
and calculated from the 100% speed difference curve in Figure 6.

Upon turning to a TK Solver routine* for the numerical integration of a
integral whose integrand is given as a series of data points, we find that

*Enter L in the Type column after entering a name (i.e., time) in the Function Sheet and enter

the data in Table 1 in the List Function Sheet. On the Rule Sheet type ‘‘value=integral (’time,

x1, x2’’ where x1 and x2 are the lower and upper limits of integration, respectively.
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evaluation of equation (3-11) for a brake and equation (4-2) for a clutch gives
start-up times H = (t2�t1) of:

s ¼ 4:6396 ! 4:6 seconds for start-up

s ¼ 4:8397 ! 4:8 seconds for stopping

The difference between these values and the time of 1.8 seconds given by
equation (3-6) is, of course, largely due to the omission of damping in
equation (3-6). Heat transferred to the surroundings for the surface temper-
atures shown in Figure 8 may be read directly from these curves by inter-
polating for surface temperatures between 250jF and 300jF.

Heat dissipation in the absence of curves similar to Figure 8 may be es-
timated from the work dissipated according to the relation

WðNÞ¼ T0 N i s� I �
Z Ni

0

TðNÞ N
TðNÞ � c N

d N ð7�1Þ

where T0Nis represents the work done on the clutch and its load by the
input shaft rotating at angular velocity Ni, where H denotes the time
required for the load speed to reach Ni, and where the integral represents
the work done by the clutch in accelerating the load. Heat generated per
cycle by the clutch determines the cooling method to be used so that the

TABLE 1 Input Data and Intermediate Values for Integrands in Equations (3-11) and
(4-2)

Dn
(rpm)

N
(rad/sec)

cN
(lb-ft)

T(N)
(lb-ft)

T(N) � cN
(lb-ft)

T(N) + cN
(lb-ft)

1000

T ðNÞ � cN
1000

T ðNÞ þ cN

870 0 0 145 145.0000 145.0000 6.8966 6.8966
800 7.3304 0.73304 153 152.2670 153.7333 6.5674 6.5048
700 17.8024 1.78024 160 158.2198 161.7802 6.3203 6.1812
600 28.2743 2.82743 170 167.1726 172.8274 5.9818 5.7861
500 38.7463 3.87463 180 176.1254 183.8763 5.6778 5.4385
400 49.2183 4.92183 190 185.0782 194.9218 5.4031 5.1303
300 59.6903 5.96903 202 196.0310 207.9690 5.1020 4.8084
200 70.1622 7.01622 213 205.9838 220.0162 4.8548 4.5451
100 80.6342 8.06342 225 216.9366 233.0643 4.6096 4.2907
0 91.1062 9.11062 240 230.8894 249.11062 4.3311 4.0143

Note: Entries in the two right-hand-most columns have been multiplied by 1000 to avoid including 10�3

after each entry.
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heat can be transferred from the clutch per cycle for the expected ambient
temperature.

Use of 31,832 lb for the average gross weight of the kiln instead of 31,800
lbmay be justified by noting that it takes nomore keystrokes to enter nonzero
values. Carrying four digits to the right of the decimal point simply gives a
more precise basis for the final round-off of the result to practical values than
may be had when carrying fewer digits.

VIII. EXAMPLE 4: CRANE

Select a brake for a crane rated for a maximum load of 2800 kg as limited by
the load rating for the 19� 7 nonrotating wire rope used. The rope diameter is

FIGURE 8 Heat input that can be transferred by radiation and convection for the
surface temperatures shown in the rotational speed range of the rotating element.
(Speed difference refers to the speed of the rotating element relative to the
stationary element.) (Courtesy of Warner Electric Brake & Clutch Co., South
Beloit, IL.)
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21 mm, its weight is 2.069 kg/m, and the maximum drop of the cable is 30 m.
The grooved cable drum is 0.50 m in diameter at the base of the grooves,
weighs 696 kg, will accept 20 turns of wire rope, and has a radius of gyration
of 0.23 m. The drum is driven by a gear train, illustrated in Figure 9 for which
the gear data are as follows:

Gear number
Pitch

diameter (m)
Radius of

gyration (m) Mass (k)

1 2.00 0.81 1278
2 0.40 0.17 276
3 0.80 0.32 721
4 0.25 0.09 231

Four turns remain on the drum when the load is 30 m below the top of
the crane. The rope length from the drum to the top of the crane, Figure 10 is
21 m. Motor speed is 485 rpm, and a descending maximum load is to be
stopped within 2.00 seconds after the brake is applied. The motor is dis-
engaged by means of a clutch immediately before the brake is applied.

We may begin by calculating the angular velocity of each of the gears,
their gear ratios relative to the input shaft on which the brake is mounted,

FIGURE 9 Schematic of motor, gear train, and drum for a typical crane. A retarder,
if used, may be added at either end of the motor shaft.
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shaft 4, and the polar moment of inertia of each gear. The results are as
follows:

Gear number Speed ratio Speed (rad/sec)
Polar moment

of inertia (kg-m2)

1 1:16.0 3.1743 838.496
2 1:3.2 15.8716 7.976
3 1:3.2 15.8716 73.830
4 1:1.0 50.7891 1.871

where all speed ratios have been calculated relative to the motor speed.
The dimensions from the drum to the top of the crane and themaximum

drop include that portion of the cable over the pulley, or sheave, at the top of

FIGURE 10 Sketch of a hoist showing the wire rope extension beyond the drum.
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the crane, for a total cable length of 63 meters. Hence, the input data for the
following formulas are:

mL ¼ 2800kg dr ¼ 0:021m cr ¼ 2:069kg=m g ¼ 9:8067m=sec2

dd ¼ 0:50m md ¼ 696kg rdg ¼ 0:23 m n ¼ 485 rpm

Nt ¼ 4 turns lo ¼ 63 m t ¼ 2:0sec yo ¼ 30m

The moment of inertia of the drum is given by

Id ¼ mdr
2
dg ¼ 36:818 kg-m2 ð8-1Þ

The angular velocity of the drum and the mass of the rope are given by

Nm ¼ k
485

30
mr ¼ ½4kðdd þ drÞ þ lo�ci ð8-2Þ

respectively, to give Nm =50.789 rad/sec and mr =143.893 kg. Rope velocity
is given by

vr ¼ dd þ dr
2

xm

16
¼ 0:827 m=sec ð8-3Þ

Next, estimate the distance the load will descend during its deceleration
due to braking by integrating a = d2x/dt2 twice, subject to the initial
conditions that x(0) = 0 and dx(0)/dt = 0 under the assumption that the
deceleration is constant. From the resulting formulas,

v ¼ at and s ¼ 1 /

2 at2

it follows that if the load is to stop 2.0 seconds after the brake is applied, the
values of acceleration a and distance s must be

a ¼ 0:413 m=sec2 and s ¼ 0:827 m

Now that distance s is known, we can calculate the potential energy
change for the rope as it extends from y1= yo � s to y2 = yo by integrating
over this length to get

PE ¼ cr

Z y2

y1

ydy ¼ crg
2

y2o � ðyo � sÞ2
h i

¼ 496:405 N-m ð8-4Þ

The potential energy for the load is given by

PEL ¼ mLgs ¼ 22; 705:916 N-m ð8-5Þ

Chapter 8172



The kinetic energies may be found from

n14 ¼ 1

16
n24 ¼ 1

3:2
n34 ¼ 1

3:2
m1 ¼ 1278 m2 ¼ 276 m3 ¼ 721 m4 ¼ 231

r1g ¼ 0:81 r2g ¼ 0:17 r3g ¼ 0:32 r4g ¼ 0:09

Ig1 ¼ m1r
2
1g Ig2 ¼ m2r

2
2g Ig3 ¼ m3r

2
3g Ig4 ¼ m4r

2
4g Id ¼ mdr

2
dg

ked ¼ 1

2
Idn

2
14 keg1 ¼ 1

2
Ig1n

2
14 keg2 ¼ 1

2
Ig2n

2
24 keg3 ¼ 1

2
Ig3n

2
34

keg4 ¼ 1

2
Ig4

wherem1 throughm4 are the masses of gears 1 through 4, respectively, and r1g
through r4g are their respective radii of gyration. Thus,

KEd ¼ kedN2
m ¼ 185:5 N-m KEL ¼ 1

2
mLv

2
c ¼ 957:3 N-m

KEr ¼ 1

2
mrv

2
c ¼ 49:2 N-m KEg1 ¼ keg1N2

m ¼ 4224:5 N-m

KEg2 ¼ keg2N2
m ¼ 1004:7 N-m KEg3 ¼ keg3N2

m ¼ 9299:2 N-m

KEg4 ¼ keg4N2
m ¼ 2413:3 N-m

Addition of these gives

KE ¼ ðkeg1 þ keg2 þ keg3 þ keg4 þ kedÞN2
m þKEL þKEr

¼ 18;133:6 N-m

So upon adding this to the total potential energy of

PE ¼ 23; 202:3 N-m

the torque required may be found from

To ¼ PEþKE

ðNm=2Þt ¼ 813:9 N-m ð8-6Þ

in which the average motor speed during braking was taken to be Nm/2.
The braking requirement of 813.9 N-mmay be met by using a variety of

brakes, such as band, external linear, annular caliper, and annular disk
brakes. To choose among these, recall equation (1-10) from Chapter 1, equa-
tion (2-1) from Chapter 4, and equations (1-7) and (3-5) from Chapter 5
corresponding to the foregoing order, and let the internal radius, ro, for both
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the annular caliper and annular disk be given by equation. Accordingly, eval-
uate the formulas

T ¼ pmaxwr
2
oð1� e�AfÞ ð8-7Þ

for a band brake,

T ¼ 2Apmaxwr
2
o sin

fo

2

� �
ð8-8Þ

for either two opposing internal or external linearly acting brake shoes,

T ¼ 2Apmax
r3o

3
ffiffiffi
3

p fo ð8-9Þ

for two opposing disc brake pads, each subtending angle Bo, and

T ¼ 4kApmax
r3o

3
ffiffiffi
3

p ð8-10Þ

for two complete annular pads in which Bo=2k in equation (8-9).
We shall also consider an external pivoted drum brake with a leading

and trailing shoe that may be evaluated by invoking the program used in
Chapter 3. In all of these calculations assume a friction coefficient of 0.3, and
set the width for the band, the linearly acting drum brake, and the externally
pivoted brake to 5 cm. Limit the maximum lining pressure for the band brake
and for the externally pivoted brake to 2.0MPa, and limit the pressure for the
other linings to 3.0MPa, whichmay be either formed or solid. Lining pressure
for the externally pivoted brake was taken to be 2.0 MPa, merely for
comparison with the band brake.

Figure 11(a) shows the torque capacity in newton-meters as a function
of angle B subtended by each shoe for a drum diameter of 300mm, and Figure
11(b) shows the torque capacity in newton-meters for band, linearly acting,
caliper, and annular brakes as a function of the drum or disc diameter in
millimeters.

Although the linearly acting drum brake is clearly more effective than
the other brakes shown in Figure 11(b), it and all of the other three brakes in
that figure require more hardware than does the band brake. Therefore, select
the band brake, because it can provide the necessary torque capability with
mechanical simplicity.

External dual-shoe drum brakes are the next simplest. Increasing the
maximum lining pressure to 3.0 MPa for an externally pivoted dual-shoe
brake allows the drum diameter to be reduced to 170 mm and the radial
distance to the shoe pivot to be reduced to 100 mm, from the 150 mm as-
sociated with Figure 11(a), to get a torque vs. angle curve similar in shape
and magnitude to that in Figure 11(a). Thus, either an externally pivoted
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dual-shoe brake or an external linearly acting dual-shoe brake might be
recommended if space considerations are more important than mechanical
simplicity.

IX. EXAMPLE 5: MAGNETIC PARTICLE OR HYSTERESIS
BRAKE DYNAMOMETER

The dynamometer application is represented schematically in Figure 12,
wherein either a magnetic particle or hysteresis clutch is used. Torque is
independent of rotational speed throughout the range of a magnetic particle
clutch and is independent of rotational speed to within about 0.003% per rpm
for a hysteresis clutch for rotational speeds from 0 to a speed that is dependent
on the cooling provided, as illustrated in Figure 13. Since the torque acts
continuously, brake heating is expressed in terms of the dissipated power in
units of watts, given by

Pd ¼
TN ¼ kTn

30
ðSI unitsÞ

kTn
22:126:5

ðOE unitsÞ

8>><
>>: ð9-1Þ

wherePd is in watts, often termed slipwatts,N is in rad/sec, and n is in rev/min.
Input torqueT is in kg-m in the SI system and in lb-ft in the old English system

FIGURE 11 (a) Torque (N-m) as a function of shoe subtended angle for a drum
diameter of 200 mm. (b) Torque (N-m) as a function of disk or drum diameter
d (mm) (1) a linearly acting drum brake, (2) an annular disk brake, (3) a band
brake, (4) a caliper brake.
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of units. A typical slip watts–rpm curve showing the heat dissipation
capability of a magnetic particle clutch is presented in Figure 14.

Equation (9-1) can also be applied to a clutch if n is redefined to be the
difference in rpm between the speed of the input and output shafts. It also
gives the power transmitted if T is redefined as the output torque and n is
redefined as the speed of the output shaft.

Calculation of the power dissipated by either magnetic particle or
hysteresis brakes is very simple. For example, consider a dynamometer as
shown in Figure 12, where the motor runs at 890 rpm and the force reads
429.182 N for a 0.500-m lever arm. The torque is 431.342 � 0.500=215.671
N-m and the power dissipated, according to the first of equations (9-1), is

Pd ¼ 215:671ð890Þk
30

¼ 20:101 kW

which is, of course, equal to the power delivered by the motor at 890 rpm.

FIGURE 12 Magnetic particle brake dynamometer. (Courtesy of Sperry Electro
Components, Durham, NC.)
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FIGURE 13 Representative torque-slip speed curve for hysteresis brake showing
the effect of improved cooling. (Courtesy of General Electro-Mechanical Corp.,
Buffalo, NY.)
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X. EXAMPLE 6: TENSION CONTROL

Tension control is often used in manufacturing processes that involve
drawing, coating, slitting, printing, and winding of sheet material and in the
formation of wires and filaments. Selection of magnetic particle or hysteresis
brakes for such an application is usually based on the torque required and the
brake’s steady-state power dissipation capacity because the braking is gen-
erally continuous in these operations.

Suppose we are to select brakes to be used for the two draw rolls shown
in Figure 15(a). The drive motor provides 1.5 kW at 950 rpm to drive rollers

FIGURE 14 Typical slip watts-rpm curve for a magnetic particle clutch for various
means of cooling. A force air; W, circulated water; otherwise, radiation and con-
vection to ambient air. (Courtesy of Magnetic Power Systems, Inc., Fenton, MO.)
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100 mm in diameter. Draw rollers are 130 mm in diameter and web tension
provided by the take-up roll motor is 10N. Lab test results are available to aid
in estimating the elongation of the web due to drawing.

From the force diagram shown in Figure 15(b) we observe that the drive
rollers rotate with the speed of the web and that although both sets of draw
rollers rotate in the same direction as the drive rollers, the torque on these

FIGURE 15 (a) Schematic of a tension-control drawing process; (b) the corre-
sponding diagram of the forces acting on the web; (c) draw and tension motors
used in braking.
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rollers opposes the motion of the web. The clutch at the drive rolls may be
selected on the basis of torque alone because it will experience only slight
heating due to coll losses as long as the web moves at the design velocity.

Web velocity at the drive rolls may be calculated from

v ¼ kdn ¼ kð0:1Þð950Þ ¼ 298:451 m=min

Based on lab results we estimate that web velocity at draw roller 1 will be
297.141 m/min, corresponding to a rotational speed of

n1 ¼ v

kd
¼ 297:141

kð0:130Þ ¼ 727:561 rpm

The torque requirement at draw rolls 1 is given by

T ¼ rF ¼ 0:065ð110Þ ¼ 7:150 N-m

Cooling requirements at the brakes may be greatly reduced if the
differential speed at the brakes is reduced by installing them between the
draw rolls and a motor that is controlled to resist rotational speeds greater
than a specified value, as illustrated in Figure 18. If these motors are to
operate at 950 rpm, the power dissipated at the draw rolls may be estimated
from equations (9-1), with the rotational speed replaced by the differential
speed, as

Pd ¼ kTðnr � n1Þ
30

ð10-1Þ

At draw rolls 1, therefore,

Pd1 ¼ kð7:150Þð950:000� 727:561Þ
30

¼ 166:550 slip watts

At draw rolls 2, the web velocity is estimated to be 296.920 m/min, so n =
296.920/0.130k=727.020 rpm, which implies that the power dissipated by the
brake at draw rolls 2 may be

Pd2 ¼ kð12:350Þð950:000� 727:020Þ
30

¼ 288:378 slip watts

XI. EXAMPLE 7: TORQUE AND SPEED CONTROL

Control of both output torque and output speed for a constant input speed
may be accomplished with a magnetic particle, eddy-current, or hysteresis
clutch, simply by controlling the coil current. This capability allows us to
drive a machine using a motor whose torque-speed curve would otherwise be
incompatible with that of the prime mover if they were directly connected.
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Supposed, for example, that the prime mover is an electric motor with
the torque-speed curve shown in Figure 16 and that the desired torque-speed
curve for the load is that shown in Figure 17.

In this example an eddy-current clutch will be selected because the
design considerations in its use are somewhat more complicated than those
associated with either a magnetic particle or a hysterests clutch.

To transfer power from the motor to the load, the eddy-current clutch
must have a torque curve at 100% excitation whose maximum torque equals
or exceeds the maximum torque required by the load, as illustrated in Figure
18. Selection from eddy-current clutches with curves represented by curve c, d,
or e in Figure 18(a) depends on the degree of control required and the preci-
sion required for the maximum torque between points 1 and 2 in Figure 18(b).

FIGURE 16 Torque-speed curve for the prime mover, an electric motor.

FIGURE 17 Torque-speed curve for the load.
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In what follows we shall assume that curve e in Figure 18(a) has been selected
so that the controller monitoring the speed and torque between points 1 and 2,
where the slope is slightly positive, may uniquely relate speed to torque.

Minimum motor speeds at the required torques for this clutch may be
found from Figure 19 by reading the minimum slip speeds at these torques
from the clutch torque-slip speed curve as shown. The dashed lines represent
the family of curves obtained by coil excitation less than 100%, as labeled.
Thus torque and load combination at point 3 in Figure 19 requires a slip speed
of Ns3, while the combination at 2 requires a slip speed of Ns2. Note that since
we selected curve (c) in Figure 18(a), other, larger, slip speedsmay also be used
to achieve this torque by reducing the coil excitation current. (The implicit

FIGURE 18 Typical eddy-current clutch curves c, d, and e in (a), which may be
used to drive the load in (b). In (a) the slip speed is represented by Ns, and in (b)
the load speed is represented by N.

FIGURE 19 Load torque-speed and clutch torque-slip speed curves used to find
minimum slip speed for load levels 1, 2, and 3 based on 100% coil excitation.
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assumption that the torque-speed curves do not change character as the
excitation current is reduced is not always true.)

Upon superimposing the slip speed obtained from Figure 19 to the
operating speed of the load, we may find the minimum operating speed of the
motor that will enable the clutch to deliver the specified torques, as has been
done in Figure 20. This figure also clearly shows that by using an eddy-current
clutch, we are able to operate at a higher torque at low load speeds than would
have been possible with the motor alone.

In this example the load torque-speed curve was such that each torque-
speed curve of the clutch crossed it only once. Where a single coil current may
correspond to more than one torque-speed combination, as shown in Figure
21, it may be advisable for some applications to increase the motor speed to
provide the curves shown in Figure 22 in order to reestablish a unique torque-
speed relation.

This example, mentioned at the outset, was constructed to show the
considerations involved in the use of an eddy-current clutch. Obviously, the
controls would generally have been simpler if a magnetic particle or a
hysteresis clutch had been used because the torque would have been constant

FIGURE 20 Graphical relation between the motor operating speed, the minimum
eddy-current clutch slip speed, and the load curve. Less than 100% coil excitation
curves are dashed.
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FIGURE 21 Coil current and slip speed combinations that permit more than one
torque-slip speed combination for some coil excitation values.

FIGURE 22 Increased slip speeds to obtain unique coil current values for each
point on the torque-speed curve for the load when using an eddy-current clutch.
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over the range for a given coil current. The slightly more complicated controls
for eddy-current clutches are justified in those applications where the torque is
to vanish whenever the driver and driven units approach equal speeds.

XII. EXAMPLE 8: SOFT START

The term soft start denotes starting without an initial shock, as may occur
when a friction clutch is engaged too quickly. Soft startsmay be had by using a
torque converter, a fluid coupling, a magnetic particle clutch, a hysteresis
clutch, or an eddy-current clutch. In the case of either a torque converter or a
fluid coupling the torque transferred for a given input torque may be con-
trolled by controlling the amount of fluid pumped into the converter or coup-
ling. The same effect may be had from amagnetic particle, hysteresis, or eddy-
current clutch by controlling the field current.

Generally, torque converters and fluid couplings are used in portable
equipment, such as oil field drilling rigs, and in vehicles, such as trucks,
buses, and automobiles, while magnetic particle, hysteresis, and eddy-current
clutches are usually used in factories and mills where electrical power is
available and where data from remote sensors may be processed to control
brakes and clutches on machinery such as printing presses, tape transports,
conveyor belts, and extrusion equipment.

Soft starts are perhaps most easily accomplished by using a clutch in
which the torque is constant over a differential speed range that equals or
exceeds the operating speed of the driven machine. Magnetic particle and
hysteresis clutches fulfill this requirement and do not require that the motor
speed exceed the driven speed by a minimum amount, as in the case of an
eddy-current clutch.

Since the driving torque is constant over the operating range of the
driven machine, we may in principle prescribe any coil-current versus time
relation wewish to in order to prescribe the torque, and hence the acceleration
as a function of time.

With these comments in mind, recommend a coil current profile for a
magnetic particle clutch so that the acceleration of the take-up roll on a tape
winder will increase slowly at the beginning of the acceleration period andwill
decrease slowly at the end of the acceleration period such that the first
derivative of the acceleration, known as the jerk, will be zero at the beginning
and end of the acceleration period. Assume that the damping in the system is
negligible.

To provide a soft start we may consider providing a torque to the driven
load that varies as the load torque versus time curve shown in the upper right-
hand panel in Figure 23, in which the torque increases smoothly from zero to a
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maximum and then decreases to the steady-state torque when the machine is
up to speed.

Before writing a program to find the required variation of coil current
with time to transmit this torque profile, it may be instructive to demonstrate
the procedure graphically. Upon entering the load torque versus time curve at
time t1, say, we project upward to the curve to read to corresponding torque.
By projecting this torque to the clutch torque versus coil current curve wemay
read downward from the intersection to find the required current, say, i1. If we
now plot coil current and time axes as shown in the lower left-hand panel in
Figure 23, we may locate the corresponding time on this second time axis by
projecting downward from the time axis for the load torque curve to a 45j line
and then project horizontally to the left from the 45j line as shown. The
intersection of this projection with the vertical projection from the coil current

FIGURE 23 Graphical determination of the control current as a function of time to
produce a prescribed soft start.
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axis locates point (i1,t1) on the desired coil current versus time curve.
Continuing in this manner for a sequence of points enables us to find sufficient
points to complete the coil current versus time curve as shown.

Our program may be written in a parallel manner. After entering
tabular data CTCC describing the clutch torque versus coil current and
tabular data LTT describing the load torque versus time, we select a sequence
of times t(i). For each of these t(i) values we use the LTT data to interpolate to
find corresponding torques TQ(i). We then use the CTCC data to interpolate
to find the coil current I(i) associated with torque TQ(i). Thus we have
tabulatedTQ(i) as a function of I(i). These data, if plotted, would yield the coil
current versus time curve used to control the soft start.

XIII. NOTATION

a linear acceleration or deceleration (lt�2)
Cp specific heat at constant pressure
c damping coefficient (mt�2)
d diameter (l )
E energy (ml2t�2)
F force (mlt�2)
g acceleration due to gravity (lt�2)
h height (l)
I moment of inertia (ml2)
KE kinetic energy (ml2t_2)
k integer (l)
m mass (m)
N integer (1)
n revolutions/minute (rpm) (t�1)
nij speed ratio of gear i relative to gear j (l)
p pressure (ml�1 t�2)
Q heat (mt2 t�2)
r radius (l)
rg radius of gyration (l)
t time (t)
v velocity (lt�1)
W work (ml2 t�2)
w weight (mlt�2)
a angular acceleration or deceleration (t�2)
g mass/length (ml�1)
D increment of the quantity that follows
Q temperature (u)
u angular position (1)
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f angular position (l)
N angular velocity (t�1)

XIV. FORMULA COLLECTION

Braking time, variable torque

t2 � t1 ¼ �I

Z N1

N2

dN
TðNÞ þ cN

Braking time, constant torque

t2 � t1 ¼ I

c
ln
Tþ cN1

Tþ cN2

Braking time, full stop, constant torque

t ¼ I

c
ln

�
1þ c

T
x

�

Braking time or clutch, acceleration time, negligible damping,
constant torque

T � IN
t

¼ mr2gn

10t
ðSI unitsÞ ¼ Wr2gn

307t
ðOE unitsÞ

Constant braking torque, full stop

T ¼ c
N

e
c
I t� 1

Constant clutch torque, start from rest

T ¼ c
N

1� e
� c

I t

Clutch acceleration time, variable torque

t2 � t1 ¼ I

Z N2

N1

dN
TðNÞ þ cN

Clutch acceleration time, constant torque

t2 � t1 ¼ I

c
ln

T� cN1

T� cN2
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Clutch acceleration time, constant torque, from rest

t ¼ I

c
ln

1

1� ðc=TÞN
Clutch, heat dissipated during acceleration

WðNÞ ¼ T N i s� I

Z Ni

0

TðNÞN
TðNÞ � cN

dN
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9

Centrifugal, One-Way, and Detent
Clutches

These are special-purpose clutches that are used in automatic transmissions,
in devices for bringing high-speed machinery up to speed, in chain saws, in
conveyor drives, and in similar industrial, vehicular, and large- and small-
equipment applications. The centrifugal clutches provide a speed-dependent
torque which acts only when the rotational speed exceeds a particular value;
the one-way, or overrunning, clutches provide a torque that is not speed de-
pendent once they are engaged, but is dependent on the direction of rota-
tion; and the detent clutches provide a torque that cannot exceed a prescribed
value.

I. CENTRIFUGAL CLUTCHES

A centrifugal clutch may be described as consisting of an inner cylinder that is
attached to the input shaft and an outer housing that is attached to the output
shaft, as in Figure 1. Sectors of the inner cylinder are cut out to allow it to be
fitted with weights that can slide radially outward as the inner cylinder rotates
so that the weights are forced against the outer housing by centrifugal force
and thereby transmit torque to the outer housing. Centrifugal clutches de-
signed for lower power transfer may use simpler designs. In some chain saws,
for example, it is the weights themselves that are recessed to accept radial
guides from the central shaft.
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Because of the variety of centrifugal clutch designs, their analysis will be
described in general terms. Let A denote the cross-sectional area of each
weight in a plane perpendicular to the axis of rotation, written in the form of
an annular sector of angle fo as

A ¼ cfor
2
o ð1� h2Þ ð1-1Þ

where h = ri/ro. Parameters h and c are factors that may be used to express
other cross-sectional areas in this formof equation (1-1).Whenh=0, c=1/2,
and fo = 2k, area A in equation (1-1) becomes that of a disc of radius ro.

Let w denote the width of each weight, measured in a direction parallel
to the axis of rotation, and let g represent the mass density of the weights. If

FIGURE 1 Centrifugal clutch. (Courtesy Dana Corp., Inc., Toledo, OH.)
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the static deflection of a retaining spring attached to each mass is ys, then its
spring constant k is given by

k ¼ gA
wg

ys
ð1-2Þ

in which g is the acceleration of gravity, taken to be 9.8067 m/sec2, or 32.2 ft/
sec2.

Denote the radius to the center of gravity of each weight by rc. Then the
centrifugal force acting on each weight as it rotates at angular velocity x
about the axis of the clutch and moves outward a distance y is then given by

F ¼ gwAðrc þ yÞx2 � gn
yþ ys
ys

ð1-3Þ

where the spring constantmay be increased by the factor n to hold eachweight
more securely against its stop at low rotational speeds.

Consider a prototype weight as being made from a sector of a thick
cylinder whose inner radius is ri and whose outer radius is ro. Form the sector
by cutting the cylinder to length w, which will be the width of the sector, and
then cut the cylinder with two radial planes separated by angle fo. Retain one
of the two sectors that subtend anglefo as the prototype weight shown in later
Figure 3(a). The radius of gyration of this weight about the axis of the original
cylinder is given by

rc ¼ roffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h2

p
ð1-4Þ

In order to express the radius of gyration of other geometries in this form,
let

rc ¼ Ero
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h2

p
ð1-5Þ

The torque that can be delivered by N of these weights after they have
moved outward a distance y to make contact with the inner surface of the
housing at radius ro may be written as

T ¼ AroF ¼ AgwroNA ðrc þ yÞx2 � gnð1þ DÞ
 � ð1-6Þ
where D = y/ys. This relation may be solved for the w required for the clutch
to transmit torque T at angular speed x to get

w ¼ T

NAgfocr
3
oð1� h2Þ

�
ðrc þ yÞx2 � gnð1þ DÞ

� ð1-7Þ

Centrifugal, One-Way, and Detent Clutches 193



Maximum pressure on the lining may be found from

F ¼ row

Z fo=2

�fo=2

p cos fx ¼ rowpmax

Z fo=2

�fo=2

cos ðfÞ2df

¼ pmax

2
rowðfo þ sin foÞ

ð1-8Þ

upon using the pressure distribution from equation (1-2) in Chapter 4. Hence,

pmax ¼ 2F

rowðfo þ sin foÞ
ð1-9Þ

The angular velocity of the input shaft when the weights make initial
contact with the drummay be found by setting the square bracket in equation
(1-6) equal to zero. Substitution of x=2kn/60, where n is in rpm, followed by
solving the resulting expression for n, yields

n ¼ k
30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

g

rcðhÞ þ y
ð1þ DÞ

r
ð1-10Þ

The role of parameters h and E in equation (1-5) upon force F, equation
(1-3), and therefore upon pmax, equation (1-9) and the speed at which they first
contact the drum are shown in Figures 2(a) through (d).

Observe that the variation of the pressure, and hence the force, that each
weight exerts against the drum is a linear function of parameter E and that it
becomes a nearly linear function of h, and hence of ri, for h greater than about
0.3. The dependence of the width of each weight, however, becomes increas-
ingly nonlinear as h increases and as E decreases. The rotational speed for
initial contact is also nearly linear for h<0.6, especially for the larger values
of E.

Example

Design a centrifugal clutch to provide a torque of 2400 N-m when the rota-
tional speed reaches 870 rpm using sector weights having the geometry shown
in Figure 3(a). Preferred characteristics are that initial contact between
weights and drum occur at between 220 and 230 rpm and that the width of
the weights be less than 30 cm. Assume a lining coefficient of friction of 0.35
and design for an inside drum radius (minus the lining thickness) of 15 cm, a
displacement y of 3 mm for the segments to contact the drum, and a static
deflection of 1 mm. The segments are to be made from an iron alloy having a
nominal density of 7880 kg/m3, and a safety factor of 3.5 is mandated. Hold
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FIGURE 2 (a) Variation of pressure (kPa) with h for E = 0.2, 0.4, 0.6, and 0.8 for
curves 1, 2, 3, and 4, respectively. (b) Variation of width (cm) with h for E = 0.2, 0.4,
0.6, and 0.8 for curves 1, 2, 3, and 4, respectively. (c) Variation of pressure (kPa)
with E for h = 0.2, 0.4, 0.6, and 0.8, respectively. (d) Variation of contact speed
(rpm) with E for h = 0.2, 0.4, 0.6, and 0.8 for curves 1, 2, 3, and 4, respectively.
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FIGURE 3 (a) Sector cross section. (b) Curve 1: pressure P (kPa) vs. h; Curve 2:
initial contact speed n (rpm) vs. h. (c) Sector width w (cm) vs. h.
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the weights against their rest position with a force 1.2 times their weight.
Maximum lining pressure of less than 440 kPa is preferred.

Because the lining pressure on a segment decreases with angle u from the
centerline of that segment according to equation (4-2), use six weights to get a
greater force transfer, each subtending an angle fn = 42j.

Begin the design process by plotting pressure p, contact speed n, and
width w against h by substituting the following values into equations (1-1)
through (1-3), (1-5) through (1-7), and (1-9).

T ¼ 24; 000 N-m ro ¼ 150 m g ¼ 7880 kg=m3 n ¼ 870 rpm c ¼ 0:50

y ¼ 0:003 m ys ¼ 0:001 m n ¼ 1:2 fo ¼ 42j A ¼ 0:35

D ¼ 3 N ¼ 6 E ¼ 1ffiffiffi
2

p g ¼ 9:8067 m=sec2

These plots are shown in Figure 3(b) and (c).
Figure 3(b) shows that an initial contact speed between 220 and 230 rpm

may be had for h between 0.6 and 0.7, Figure 3(c) shows that the correspond-
ing width of the sector would be less than 30 cm. Substituting h = 0.65 into
equation (1-10) yields n=226.59 rpm, which is within the desired range. This
is close enough to the preferred value of 225 rpm for manual iteration of h to
find that

n ¼ 225:001 rpm at h ¼ 0:6367

The width of each weight and the maximum lining pressure corresponding to
h = 0.6357 are found to be

w ¼ 23:8 cm and pmax ¼ 304 kPa

by substitution into equations (1-7) and (1-9), respectively. The required
spring constant may be found by substituting from equation (1-1) into
equation (1-2) to get

k ¼ wcfor
2
og

g

ys
nð1� h2Þ ð1-11Þ

Substitution into this expression yields

k ¼ 1366N=mm

II. ONE-WAY CLUTCH: THE SPRING CLUTCH

Wiebusch gave the first description of this clutch, shown in Figure 4, in 1930
[1]. As may be soon from the figure, it consists of a helical spring snugly,
wrapped about both the input and output hubs, parts 1 and 3 in Figure 4, but
is attached to neither of them. If the input hub tends to turn in the direction
that causes the helix to tighten, the increased friction between the spring and
hubs tends to resists any further relative rotation. Relative rotation in the
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other direction, however, tends to loosen the helix, and relative rotation may
proceed with only a relatively small restraint by the spring clutch.

Although Wahl [2] appears to have derived a more accurate expression
for the torque that may be transmitted, Tt, agreement between the Wiebusch
theory and experiment seems to be close enough to justify use of the simpler
relationship, which is

Tt ¼ Elrh
1

R2
� 1

R1

� �
e2kNA � 1
� 	 ð2-1Þ

in terms of the elastic modulus E of the spring material, the moment of area I
of the spring wire in bending, the radiusR1 of the neutral surface of the wire in
helix 4 in Figure 4 when it is free of external load, the radius R2 of the wire
when the helix is in tight contact with hubs 1 and 5 in the figure, and the
number of turnsN on one hub if both hubs have the same number of turns. If
both hubs do not have the same number of turns, N is the smaller of the two.
The friction coefficient is represented by A, and rh denotes the hub radius.

Wiebusch found that the torque Tu in the unwinding direction was
approximately equal to

Tu ¼ Elrh
1

R2
� 1

R1

� �
1� e�2kNA� 	 ð2-2Þ

FIGURE 4 Spring clutch and its components. (Courtesy Warner Electric Brake &
Clutch Co., South Beloit, IL.)
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Equation (2-1) obviously holds for a torque less than that which cor-
responds to themaximum force than can be carried by the spring wire at yield.
Kaplan and Marshall [3] have indirectly suggested that the limiting torque
satisfies the inequality

Tmax Ð bt2
1:05

2rh
R1 � R2 � t

2

� �
ð2-3Þ

for rectangular wire whose dimension in the radial direction is t and whose
dimension in the axial direction of the helix is b.

III. OVERRUNNING CLUTCHES: THE ROLLER CLUTCH

These clutches are designed to transmit torque from shaft A to shaft B when
shaft A tends to rotate faster than shaft B but to disengage when shaft B
rotates faster thanA.Details of four designs that accomplish this are shown in
Figure 5, which shows that the clutch consists of two concentric races, in
which one is circular and the other consists of a series of cams, with a roller
under, or above, each cam. Relative rotation which wedges the rollers be-
tween the narrow portion of the cam and the circular surface of the other race
forces both races to rotate together, while relative rotation in the opposite
direction frees the rollers and allows the two races to rotate at different an-
gular rates.

In particular, if the cams are cut in the outer race and tapered in the
direction shown in Figure 5(a), (b), and (c), rotation of the inner race in the
clockwise direction will cause the rollers to wedge themselves between the two
races so that the outer race must also rotate in the clockwise direction, that is,
when

xi > xo

If the outer race is then accelerated to a rotational speed greater than that of
the inner race so that

xo > xi

the roller will move to the larger ends of the cam and the outer race is free to
accelerate to a speed greater than that of the inner race. The sequence just
described is, for example, that used in starting gas turbines with an electric
motor to get them up to operating speed, at which point the turbine accel-
erates under its own power and disengages the starter motor, which is then
shut off.

If the cam surface is cut in the inner race and tapered as shown in Figure
5 (d), clockwise rotation of the outer race will drive the inner race whenever

xo > xi
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Acceleration of the inner race in the clockwise direction will cause the clutch
to disengage whenever

xo < xi

as is obvious from the taper geometry. These clutches are said to be free-
wheeling or overrunning when the relative rotation of the race is such that no
torque is transmitted from one to the other.

From the geometry of Figures 5 it follows that the torque transmitted to
a roller and a convex race is limited by themaximum contact stress that can be
sustained along the line of contact (actually, a narrow strip after the surfaces
have deformed slightly) between the roller and the race with the smaller radius
of curvature.

jxx ¼ �2F

k2a
ða2þ 2x2 þ 2z2Þ z

a
C� 2k

z

a
� 3xzA

þ Að2x2 � 2a2 � 3z2ÞAþ 2Ak
x

a
þ 2Aða2 � x2 � z2Þ x

a
C

ð3-1aÞ

jzz ¼ � 2F

k2a
zðaC� xAþ AzAÞ ð3-1bÞ

jxz ¼ � 2F

k2a
z2Aþ Aða2 þ 2x2 þ 2z2Þ z

a
C� 2kA

z

a
� 3AxzA

h i
ð3-1cÞ

away from the contacting surfaces and by

jxx ¼ �A
4F

ka
x

a
� x2

a2
� 1

� �1=2
" #

; x ð a

¼ � 2F

ka
1� x2

a2

� �1=2

þ 2A
x

a

" #
; �a V x V a ð3-2aÞ

jxx ¼ �A
4F

ka
x

a
� x2

a2
� 1

� �1=2
" #

; x Ð � a

If a finite element analysis program with contact stress capability is not
available, the pertinent stress components may be estimated from an analysis
by Smith and Liu [4] for the contact (Hertzian) stresses between two parallel
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FIGURE 5 Typical roller clutch configurations. (a) Outer cam type of roller one-way
clutch diagram. (b) Caged roller type of clutch diagram (hook-type cam). (c) Loose
roller type of clutch diagram (leg-type cam). (d) Inner can type of roller one-way
clutch diagram. (Reprinted with permission; D 1984 Society of Automotive
Engineers, Inc.)



FIGURE 5 Continued.
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cylinders, such as between the rollers and the inner races in Figure 6 (a), (b),
and (c).

jzz ¼ � 2F

ka
1� x2

a2

� �1=2

; �a Ð x Ð a

¼ 0; x Ð� a; x ða
ð3-2bÞ

FIGURE 6 Forces on cam and race in an overrunning roller clutch.
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jxz ¼ � 2F

ka
A 1� x2

a2

� �1=2

; �a Ð x Ð a

¼ 0; x Ð� a; x ð a

ð3-2cÞ

on the contacting surface. For larger values of A the maximum stress is on the
surface and for smaller values it lies below the surface. Quantities A andC in
equation (3-1) are defined by

A ¼ k
k1f

1� k2
k1

� �1=2" #
C ¼ k

k1f
1þ k2

k1

� �1=2" #

f ¼ 2
k2
k1

� �1=2
k2
k1

� �1=2
þ k1 þ k2 � 4a2

2k1

" #1=2

where

k1 ¼ ðaþ xÞ2 þ z2 k2 ¼ ða� xÞ2 þ z2

a ¼ 2
E

k

1� v21
E1

þ 1� v22
E2

1

r1
þ 1

r2

0
BB@

1
CCA
1=2

Quantities v1, v2, r1, r2, E1, and E2 refer to the Poisson ratios, radii, and
Young’s moduli of the components in contact, i.e., a roller and the outer race
or a roller and the inner race. Since the trios of quantities v1, r1, E1 and v2, r2,
E2 enter symmetrically into the expression for a, either trio may be associated
with a roller and the other trio associated with the inner race. Coordinates x
and z lie in the circumferential and radial directions, respectively, and
quantity a represents the half-width of the contact area measured in the
circumferential direction, hence the inclusion of F in the definition of a.
Loading force per unit length in the axial direction between a race and a roller
is denoted by F. One misprint and one apparent misprint have been corrected
by the author in reproducing equations 4 and 12 in Ref. 4 in the preceding set
of equations.

Maximum compressive stress at the surface between a roller and a
concave race is given by

jzz ¼ �1

k
F

1

r1
� 1

r2

� �
1� v21
kE1

þ 1� v22
kE2

� �
2
6664

3
7775
1=2

ð3-3Þ

from Ref. 5.
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Insertion of the force F used to calculate the previous stresses into
equation (3-3) will give the torque transferred to the outer ring as

T ¼ FNl r1 þ r3ðlþ cos aÞ½ �ðsin aþ A cos aÞ ð3-4Þ
in terms of the angle a between F1 and the direction ofF2, the length/of each of
the rollers, the number of rollers,N, the radius r1, and the radius of a roller, r3.

Forces acting on a roller as it is wedged between the inner and outer
races are shown in Figure 7. Summing forces in the direction of F1 yields

F2 cos aþ A2F2 sin a ¼ F1 ð3-5Þ
and summing forces perpendicular to the direction of F2 yields

F2 sin a ¼ A2F2 sin aþ A1F1 ð3-6Þ
From Figure 7 we note that the magnitude of the force transmitted to

the outer race is given by F2(sin a� A2 cos a). This force would reach its max-
imum and the shear stress on the roller and outer race would vanish if only a
normal force acted between a roller and the outer race or, more precisely, the

FIGURE 7 Forces acting on a roller wedged between an outer cam and and the
inner race.
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internal cams on the outer ring. To find the requirement for this condition to
be true, set A2 = 0 in equations (3-5) and (3-6) to get the equations that hold
when only a normal force. F2, acts between a cam and a roller, as in Figure 7.
Substitute the value ofF1 from equation (3-5) into equation (3-6). The result is
sin a = A, cos a, or

tan a ¼ A1 ð3-8Þ
Therefore lubrication of the races (races and cams) and rollers not only

reduces wear on the contacting surfaces, but also reduces the angle of the
outer cams, for which equation (3-8) is satisfied.

Example

Is it possible to produce a roller clutch to provide a torque of 950 ft-lb that has
an inner race no more than 5 in. in diameter and that has a roller length equal
to or less than 1.8 in.? Assume that the roller and races are made from a
material whose working stress should be no more than 100,000 psi in either
tension or shear and that its Young’s modulus is that of steel.

Assume Poisson’s ratio of 0.3, a friction coefficient of 0.34, and a
Young’s modulus of 3 � 107 psi. Since the circumference of a 5-in. diameter
race is 15.71 in., initially select 10 rollers with 0.50-in. diameters and assume a
strut angle of 9j. Let the initial trial contact length of each roller be 1.8 in.

First solve equation (3-5) for F to find F=36.776 lb/in. Substitute F=
36.776 lb/in. into equations (3-1) and (3-2) and the definitions of the
parameters to get a = 7.925 � 10�4 in., so the contact width is from x =
�0.0079 in. to x=0.00079 in. Values of k1 and k2 are k1 = 2.389� 10�6 in.2

and k2=1.676� 10�6 in.2, and parametersA andC are given byA=1.610�
105 in.�2 and C = 1.826 � 106 in.�2. After calculating the foregoing stress
component at the surface and at 0.001 in. below the surface, we find that the
largest tensile stress for the points calculated on the surface was 78,060 psi at
x=�0.001, the largest shear stress was 43,560 psi at the center of the contact
area and the largest compressive stress was�78,060 psi at x=0.001 in. At z=
0.001 in. below the surface, all of the direct stresses calculated were compres-
sive, the largest being jxx=1,642,000 psi at x=�0.001 in. The largest stress
found was jxx = 98,140 psi at x = �0.00018 in., just outside of the contact
region at z = 0.001 in. Equation (3-3) gave a compressive stress jxx =
�26,530 psi at the surface of the cam on the outer ring.

IV. OVERRUNNING CLUTCHES: THE SPRAG CLUTCH

A representative sprag clutch is shown in Figure 8. These clutches are also
direction depenent, but they differ from the roller clutches in that sprags are
used rather than circular cylindrical rollers. Sprags are cylinders whose cross
section, as shown in Figure 9, is designed to allow them (1) to engage and
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FIGURE 9 Conventional sprag and a sector of its inner and outer races.

FIGURE 8 Overrunning sprag clutch. (Courtesy Dana Corp., Inc., Toledo, OH.)
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disengage in a fraction of a turn and (2) to provide a larger radius of curvature
along the contact line between the sprag and the races than would be possible
if complete circular cylinders were used. Placing more sprags between the
inner and outer races increases the torque by increasing N in equation (3-5)
while increasing the radius of curvature reduces the (1/R1�1/R2) term in
equations (3-1) and (3-2) and thereby reduces the contact stress for a given
value of F, which permits an increase in the magnitude of F in equation (3-5)
for a given stress level in each race. These comments also apply to sprags
whose cylindrical surface has been cut by intersecting planes, as in Figure 10,
to further increase N, the number of contacting sprags.

Some sprags are designed to respond to centrifugal forces as well as
frictional forces, so that as the rotational speed of the faster race increases, the
sprags rotate under the influence of the centrifugal force and break contact
with one of the races, thereby reducing wear and drag.

Sprags designed to respond only to friction are often termed conven-
tional sprags, while those which are designed to respond to both friction and
to an increase in speed are termed either throw-out or throw-in sprags,
depending on whether they disengage from the inner or outer race at the
lift-off speed.

Conventional sprags and three installation variations are shown in
Figure 11. The energizing spring in all three configurations is to hold the
sprags in a position to become engaged as soon as conditions permit, while the
cages, shown in Figure 11(a) and (c), are to space the sprags apart to reduce

FIGURE 10 Modified sprag design for closer packing. (Courtesy Georg Muller of
America, Inc., Schaumburg IL.)
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friction between them and permit faster engagement. Double cages are used
to allow the first few sprags that make contact to force the remaining sprags
into contact as these first ones assume a more radial orientation and thus
cause angular rotation of one cage relative to the other. They may be used
with external connections to force disengagement before the driven race
reaches a speed greater than that of the driving race. Full complement con-
figurations, represented by Figure 11(b), are used for larger torsional loads,
while the single- and double-cage configurations are for smaller loads and
faster response.

One version of an overrunning throw-out sprag is shown in Figure 12, in
which the cage rotates with the outer race. The small projection at the left of
each sprag in this figure not only aids in moving the center of gravity to
provide a rotational moment due to the centrifugal force, but acts as a stop

FIGURE 10 Continued.
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FIGURE 11 Conventional sprags with their retaining springs and cages. (a) Typical
single-cage one-way clutch diagram. (b) Typical full-complement sprag one-way
clutch diagram. (c) Typical double-cage sprag one-way clutch diagram. (d) Sprag
one-way clutch diagram. (Reprinted with permission; n 1984 Society of Automotive
Engineers, Inc.)



FIGURE 11 Continued.
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to prevent sprag rollover under clutch overload conditions, as pictured in
Figure 12(c). Springs between the cage and the sprags, not shown in these
figures, may be selected to control the lift-off speed.

One manufacturer of throw-in clutches uses a sprag and spring design,
as shown in Figure 13, where the sprag retainer, or cage, moves with the inner
race so that as the speed of that race increases, the centrifugal force acting on
the center of mass of the sprag, which lies to the right of the pivot, causes the

FIGURE 12 Throw-out sprags with antiroller rails; C/T designates centrifugal
throw-out: (a) High RPM–C/T overrunning: No > Ni. (b) Regular engagement
condition: No = Ni. (c) Overload-imposed conditions: No = Ni. (Courtesy Dana
Corp., Toledo, OH.)
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sprag to rotate in a counterclockwise direction and lose contact with the outer
race. As the speed of the inner race decreases, the spring causes the sprag to
rotate in the clockwise direction so that it will again make contact with the
outer race.

Returning now to the conventional sprag profile, let A and B denote the
contact points on the profile of a sprag, as shown in Figure 14, let the line
between A and B termed the strut, and let a represent the angle subtended by
the strut at the center of the clutch. Let ro and ri represent the radii of the outer
and inner races, respectively, let Ao and Ai denote the corresponding coef-
ficients of friction, and let Fo and Fi refer to the associated normal forces. In
these terms,

AoForo � AiFiri ¼ 0 ð4-1Þ
is the moment equilibrium equation of the sprag about the axis of rotation of
the clutch. Summing forces in the direction of the friction force at A gives

AoFo þ Fi sin a� AiFi cos a ¼ 0 ð4-2Þ
as the equilibrium condition in that direction. Substitution for Fo in equation
(4-2) from equation (4-1) yields

ri
ro

¼ cos a� 1

Ai
sin a ð4-3Þ

FIGURE 13 Throw-in sprag configuration and spring. (a) Regular engagement. (b)
Centrifugal throw-in engagement.
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as a guide in selecting angle a. The value of sin amay be found by substituting
for cos a from equation (4-3) and substituting into the trigonometric identity

sin2 aþ cos2 a ¼ 1

and then solving for sin a from the quadratic formula to give

sin a ¼ ri
ro

Ai
1þ A2i

1þ ð1þ A2i Þ
ro
r1

� 1

� �� �1=2
�1

( )
ð4-4Þ

Forces Fo and Fi are related to the torque according to

FiV
T

Ai �N� ri
ð4-5Þ

and, from the equilibrium equations for the sprag,

Fo ¼
Ai
ro
l
sinðaÞ � cos asin

ro
l
sinðaÞ

� �� �
Aosin aþ asin

ro
l
sinðaÞ

� �� �
� cos aþ asin

ro
l
sinðaÞ

� �� � ð4-6Þ

>
T

AoNro

FIGURE 14 Sprag and race geometry: ri = radius of inner race; ro = radius of outer
race; rs = radius of sprag contact surface (commonly the arc of a circle or of a
logarithmic spiral).
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in which l is the length from A to B in Figure 14. These values of rs and rimay
be substituted into equations (3-1) and (3-2) and values of rs and ro substituted
into equation (3-3) or into a finite element program for contact stresses at the
inner and outer radii, to find the minimum radius of curvature rs, shown in
Figure 14, that will give a permissible stress for these sprag profiles for the
inner race (IR) and for the outer races (OR). Different radii may be selected
for contact stresses at the IR and OR for the sprag configurations shown in
Figure 11.

Sprag overrunning clutches have speed envelopes within which they can
operate as designed. Although these envelopes have the same general shape,
the nature of the envelope in the third quadrant (that to the left of the vertical
axis and below the horizontal axis)may vary as shown in Figures 15 and 16 for
sprag clutches. Recommended operating speeds lie between the upper curve,
which is the upper boundary of the envelope, and the 45j diagonal, which is
the lower boundary of the envelope. In both figures the upper curved arrow in
each quadrant depicts the direction of rotation of the outer race in that
quadrant, the lower curved arrow in each quadrant indicates the direction of
rotation of the inner race in that quadrant, and the inclined line between the

FIGURE 15 Relative overrun speed envelope showing the directions of rotation
and the strut angle. (Courtesy Dana Corp., Toledo, OH.)

Centrifugal, One-Way, and Detent Clutches 215



curved arrows indicates the direction of the strut. In all cases clockwise ro-
tation is taken as positive.

No curved arrows are shown in the fourth quadrant because in that
quadrant the IR rotation is positive, the OR rotation is negative, and the strut
thrust angle is such that one will always drive the other, so that no over-
running is possible. No overrunning will occur at points in the first quadrant
below the diagonal because in this region the OR rotates more slowly than the
IR but the strut angle is such that the IR cannot overrun the OR. Similar
reasoning regarding the third quadrant will show that the OR cannot override
the IR.

Rotational combinations corresponding to points above and/or to the
left of the envelope in the first and second quadrants are not recommended
even though overrunning is possible in these regions because at these higher
rotational speeds of the OR it tends to accelerate the IR in the first quadrant
and decelerate it in the second quadrant. Similarly, rotational speeds corre-
sponding to points below and/or to the left of the envelope in the third
quadrant, where overrunning in possible, are not recommended because these
IR speeds tend to accelerate the OR. As noted in Figure 15, at OR speed in

FIGURE 16 Relative overrun speed envelope showing representative variation
between models. (Courtesy Dana Corp., Toledo, OH.)
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excess of 1200 rpm in the first and third quadrants, the IR rotational speed
tends to be only 50 rpm less than the OR speed.

V. TORQUE LIMITING CLUTCH: TOOTH AND DETENT
TYPES

Although tooth clutches, as pictured in Figure 17, are usually used for posi-
tioning one shaft relative to the other, theymay, in an emergency, also serve as
overload detent clutches, because their torque is limited by the axial force

FIGURE 17 Tooth clutch for shaft positioning.
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holding the toothed jaws together. FromFigure 18we find that the tangential,
Ft, and normal, Fn, forces are given by

Ft ¼ N sin ~ þ AN cos ~ ð5-1Þ
and

Fn ¼ N cos ~ � AN sin ~ ð5-2Þ
fromwhich it follows that the ratioFt/Fn, the ratio of the tangential load to the
axial load, becomes

Ft

Fn
¼ sin ~ þ A cos ~

cos ~ � A sin ~
ð5-3Þ

which may be simplified to read

Ft

Fn
¼ tanð~ þ hÞ ð5-4Þ

if h is defined to be

h ¼ tan�1 A ð5-5Þ
The maximum torque that a tooth clutch with wedge-shaped teeth can

transmit may be estimated from

T ¼ NrkFn tanð~ þ hÞ ð5-6Þ
whereN is the number of teeth and rk is the radius from the axis of the clutch
to the circle that passes through the center of the teeth in Figure 17.

Clutches designed specifically as overload release clutches remain
engaged only if the transmitted torque is less than a prescribed critical value.
Once that value is exceeded, the clutch is disengaged and remains disengaged
until it is manually reset. Several versions will be considered here.

FIGURE 18 Forces acting on a single wedge tooth. (Courtesy Horton Mfg. Co.,
Minneapolis, MN, and Machine Design, Penton Press, Cleveland, OH.)
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The first is shown in Figure 19. Torque is transferred by means of clutch
plates that are alternately keyed to the driver ring on the left and to the clutch
body that is concealed by the clutch plates and is enclosed by the sleeve on the
right in this figure. A collar on the input shaft (not shown) is bolted to the
driver ring and the clutch body is keyed to the output shaft. Pressure between
clutch plates is exerted by the adjusting ring that is shown just to the right of
the clutch plates. A trio of levers that lie between that clutch body and the
outer sleeve that extends to the right of the adjusting ring hold the adjusting
ring in place when the race on the sleeve engages the cam on the driver ring.
An overload causes the clutch plates to slip, which in turn allows the cam
on the driver ring to push against the race on the sleeve and cause it to move
axially to the right to disengage internal levers that maintain clamping pres-
sure on the clutch plates. Until the clutch is reset the torque transfer drops to
1% of the rated torque with no ratcheting. Rated torque capability for
clutches of this type from this manufacturer range from 20 lbs ft. to 2400
lbs ft., depending upon size.

A second style of overload clutch may employ spring-loaded rollers (or
balls) held in sockets attached to one plate such that the rollers rest in pockets
in the other, as shown in Figure 20. These rollers will remain in the pockets as
long as the tangential force between plates is satisfies

Ft Ð Fk
cos ~ þ Að1þ sin ~Þ
sin ~ � Að1þ cos ~Þ ð5-7Þ

FIGURE 19 Overload release clutch using clutch plates and wedge-shaped
release cam. (Courtesy of Carlyle Johnson Machine Co., Manchester, CT.)
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whereFk is the spring force on the ball,Ft is the lateral force on the ball, A is the
coefficient of friction, and e is the angle between the detent wall and the
vertical. This relation may be derived by taking moments about the instanta-
neous center at the contact between the roller and the pocket in Figure 20.

Torque transmitted by the clutch may be written as

T ¼ FtRN ð5-8Þ
where R is the radius from the center of the balls to the axis of rotation of the
disk on which they are mounted and N is the number of spring-and-ball
assemblies on the disk.When equality holds in equation (5-7), substitution for
Ft from equation (5-8) into equation (5-7) yields that the spring force must
satisfy

Fk ¼ T

NR

sin ~ � Að1þ cos ~Þ
cos ~ þ Að1þ sin ~Þ ð5-9Þ

Most, if not all, detent overload clutches use something similar to the
geometry shown schematically in Figure 20, in which the detents are in one
plate and the spring-loaded balls and their retainers are mounted on the other
plate. Immediately after an overload occurs, the balls are pushed from their
detents and pop into and out of adjacent detents until either the rotation is
stopped or the overload is removed. Consequently it is often recommended
that they be used on shafts that rotate at less than 500 rpm to reduce damage
to both the balls and the detents. The transmitted torque after the balls are
pushed from their detents may be about 5% of the rated torque of the clutch.
Ball and detent arrangements in clutches where indexing (maintaining a
constant angular relation between input and output shafts) after an overload
is not required usually are arranged in axial symmetry in order to reduce shaft
vibration and noise.

FIGURE 20 Forces on a typical roller or ball in a detent clutch using one or more
such elements. The spring-loading mechanism is replaced by Fk and Fc.
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Many manufacturers of ball and detent overload clutches designed for
applications where indexing is important are reluctant to display the partic-
ular designs used to achieve automatic indexing after an overload is removed.
The following description of a detent arrangement is offered, therefore, only
to show that a simple detent layout is possible that can provide automatic
indexing. It is based upon the observation that without axial symmetry of the
detent positions there should be only one relative position between mating
disks where all of the balls in one disk fit into all of the detents in the other disk
so that the clutch can transmit its rated torque.

An example of one possible configuration is that shown in Figure 21, in
which each detent subtends an angle of 10j from the center of the disk and all
eight detents lie in a circle about the center of the disk so that they all
contribute equally to the total torque.

Three disadvantages of this arrangement are: (1) the balls slam into and
out of the detents when the disks rotate relative to one another in the overload
condition; (2) the plates must have masses either added or removed to
establish dynamic balance; and (3) shaft speed should usually be no more
than 500 rpm. During overloading, this type of clutch may transmit a small
fluctuating torque that could be of the order of 5–13% of the rated torque
until the overload is removed. The compensating advantage is that after the
overload is removed, the clutch automatically reindexes to the proper
position.

FIGURE 21 Detent positions for an indexing ball and detent overload clutch.
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Detent center locations, and that of the mating detent balls, shown in
Figure 21, are arranged according to the angular positions shown in the
following table. Addition of Duj shown in the top row above detent number 1
to the value of uj just above detent number 1 gives uj for detent number 2, and
so on.

Duj 25 30 35 40 45 50 60 75
uj 0 25 55 90 130 175 225 285 360
Detent number 1 2 3 4 5 6 7 8 1

This detent arrangement could be improved. That is because in each
rotation of the disk fitted with the spring-loaded ball assembly relative to the
disk inwhich the detents are cut there are three relative orientationswhere two
ball-and-detent pairs engage. In those three instances the torque may
momentarily jump to 25% of the rated torque rather than to the 12.5% that
may occur when only one ball-and-detent pair engages.

To elaborate, if the ball-and-detent pairs are numbered in the clockwise
direction when viewed from the driving plate to the driven plate, as in Figure
21, we find that during clockwise rotation of the driving plate relative to the
driven plate three instances occur wherein two ball-and-detent pairs are
engaged before the plates reindex. The first instance occurs when balls 8
and 3 engage detents 1 and 5. This is because the angular separation between
detents 8 and 3 is the same as that between detents 1 and 5. In particular, from
the preceding table of the angular positions of the ball-and-detent pairs and
the angular separation between centers we find

75j between detents 8 and 1

25j between detents 1 and 2

30j between detents 2 and 3

130j between detents 8 and 3

and that the angular separation between detent centers 1 and 5 is given by

25j between detents 1 and 2

30j between detents 2 and 3

35j between detents 3 and 4

40j between detents 4 and 5

130j between detents 1 and 5

The second instance occurs when balls 8 and 1 engage detents 1 and 5,
where ball centers 8 and 1 are separated by 75j and detent centers 3 and 4 are
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separated by 35j and 4 and 5 are separated by 40j for a combined separation
of 75j. The third and last instance is when balls 7 and 1 engage detents 4 and 7.
Placing ball-detent pairs at different radii eliminates engagement except at the
index position, but those ball and detent locations at smaller radii transmit
less torque.

VI. TORQUE LIMITING CLUTCH: FRICTION TYPE

Torque limiting friction clutches are another version of overload clutches.
They differ from those considered in the previous sections in that the trans-
mitted torque does not drop sharply from the rated torque. Instead, the

FIGURE 22 Torque limiting clutch. From the Carlyle Johnson Machine Co., Bolton,
CT, Web page on the Thomas Register Web site.
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transmitted torque does not exceed a preset value regardless of the speed or of
the torque imposed by the driven unit. The clutch simply slips when its preset
torque is exceeded. A torque limiting friction clutch, as shown in Figure 22,
consists of a series of spring-loaded clutch plates in which greased alternate
steel and bronze plates are keyed to the input and output sections of the
clutch. Spring loading to set the torque limit is accomplished by controlling
the spring force on the plates by means of the adjusting nut at the right-band
end of the clutch hub. Grease sealed within the hubs provides a lubricant
between the clutch plates, and it is the viscous characteristics of the grease that
are used to determine the torque characteristics of the clutch, i.e., the slope of
the curves in Figure 23. Consequently, a variety of torque characteristics are
available. Torque limits are a linear function of the spring compression, also
as illustrated in Figure 23 for a particular grease.

FIGURE 23 Torque as a function of the adjustable gap for the models noted. From
the Carlyle Johnson Machine Co., Bolton, CT, Web page on the Thomas Register
Web site.
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Torque capabilities of models similar to that shown in Figure 22 range
from 0 to 10 lb-ft up to 0 to slightly over 1400 lb-ft.

VII. NOTATION

A area (l2)
a factor in Hertzian (contact) stress formulas (l)
b width, rectangular wire (l)
c correction factor (1)
E elastic modulus (Young’s Modulus) (ml �1t�2)
F force (mlt�2)
g acceleration due to gravity (lt�2)
l moment of area (l4)
k spring constant (mt�2)
m mass (m)
N number, an integer (1)
n angular velocity in revolutions per minute, rpm (t�1)
p pressure (ml�1t�2)
R,r radius (l)
ro radius to a centroid (l )
T torque (ml2t�2)
t time (t) or wire thickness (l )
W weight (mlt�2)
w width (l )
x,z cartesian coordinates (l )
a angle (1)
h ratio of radii (1)
g mass density (ml�3)
y displacement (l )
~ safety factor (1)
D displacement ratio (1)
u angle (1)
n spring multiplication factor (1)
E centroid parameter (1)
A friction coefficient (1)
r Poisson’s ratio (1)
j stress (ml�1t�2)
A factor in Hertzian (contact) stress formulas (l�2)
f angle (1) and intermediate parameter in Hertzian stress

formulas
C factor in Hertzian (contact) stress formulas (l�2)
g angular velocity in radians (t�1)
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VIII. FORMULA COLLECTION

Maximum pressure, centrifugal clutch:

pmax ¼ 2F

rowðfo þ sinfoÞ
Torque, centrifugal clutch:

T ¼ groF ¼ Agwro NA ðro þ yÞx2 � gnð1þ DÞ
 �
D ¼ y=ys

Torque, spring clutch, winding direction:

Tt ¼ Elrh
1

R2
� 1

R1

� �
ðe2kAN � 1Þ

Torque, spring clutch, unwinding direction:

Tu ¼ Elrh
1

R2
� 1

R1

� �
ð1� e�2kANÞ

Maximum torque, spring clutch, based on wire dimensions:

Tmax Ð bt2
1:05

2rh
R1 � R2 � t

2

� �
Normal plus tangential contact stress, away from surface:

jxx ¼ � 2F

k2a
ða2 þ 2x2 þ 2z2Þ z

a
C� 2k

z

a
� 3xzA

h
þ 2kA

x

a
þ Að2x2 � 2a2 � 3z2ÞAþ 2Aða2 � x2 � z2Þ x

a
C
i

jzz ¼ � 2F

k2a
zðaC� xAþ AzAÞ

jxz ¼ � 2F

k2a
z2fþ Aða2 þ 2x2 þ 2z2Þ z

a
C� 2Ak

z

a
� 3AxzA

h i
Normal plus tangential contact stress, on surface:

jxx ¼ �A
4F

ka
x

a
� x2

a2
� 1

� �1=2
" #

for x ð a

¼ � 2F

ka
1� x2

a2

� �1=2

þ 2A
x

a

" #
for � a Ð x Ð a

jxx ¼ �A
4F

ka
x

a
þ x2

a2
� 1

� �2
" #

x Ð� a
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jzz ¼ � 2F

ka
1� x2

a2

� �1=2
for � a Ð x Ð a

¼ 0 for x Ð� a; x ð a

where

A ¼ k
k1f

1� k2
k1

� �1=2" #
C ¼ k

k1f
1þ k2

k1

� �1=2" #

f ¼ 2
k2
k1

� �1=2
k2
k1

� �1=2
þ k1 þ k2 � 4a2

2k1

" #1=2

k1 ¼ ðaþ xÞ2 þ z2 k2 ¼ ða� xÞ2 þ z2

a ¼ 2
Fr

k

1� m21
E1

� 1� m22
E2

1

r1
þ 1

r2

0
BB@

1
CCA

1=2

for all previous normal and tangential contact stresses (i.e., modifiedHertzian
stresses).

Hertzian stress, outer ring, cam:

jzz ¼ �1

k
F

1

r1
� 1

r2
1� m21
kE1

þ 1� m22
kE2

� �
2
6664

3
7775
1=2

Radial force, centrifugal clutch:

F ¼ gwA ðrc þ yÞ � gn
yþ ys
ys

� �

Torque, overload detent clutch:

Ft ¼ T

NR

sin ~ � Að1þ cos ~Þ
cos ~ þ Að1þ sin ~Þ

Spring constant, centrifugal clutch:

k ¼ wcf2
or

2
og

g

ys
nð1� h2Þ

Centrifugal, One-Way, and Detent Clutches 227



REFERENCES

1. Wiebusch, C. F. (1939). The spring clutch. Journal of Applied Mechanics.
Vol. 6:A103–A108.

2. Wahl, A. M. (1940). Discussion of the spring clutch. Journal of Applied Me-

chanics. Vol. 7:A89–A91.
3. Kaplan, J., Marshall, D. (1956). Spring clutches. Machine Design. Vol. 28:107–

111.

4. Smith, J. O., Liu, C. K. (1953). Stresses due to tangential and normal loads on an
elastic solid with application to some contact stress problems. Journal of Applied
Mechanics. Vol. 20:157–168.

5. Timoshenko, S. P., Goodier, J. N. (1970). Theory of Elasticity. NY: McGraw-
Hill Book Co., pp. 417–418.

6. Poritsky, H. (1950). Journal of Applied Mechanics. Vol. 17:191.

Chapter 9228



10

Friction Drives with Clutch Capability

Friction drives that also have clutch capabilities are attractive because they
are relatively simple and inexpensive. However, they have been inherently
limited to relatively low-power applications because of their dependence upon
a coefficient of friction that is usually less than 0.6 between the contacting
materials. A friction drive was used in an early automobile, but it was
discontinued because of its power limitation.

Friction drives recently have been given new life with the development
of elastohydrodynamic fluids that become solid under pressure and can
change from solid to liquid and back within microseconds. The fluids provide
an effective friction coefficient that may be 1.0 or greater as long as the
tangential forces impose a shear stress that is less than the ultimate shear stress
of the solid-state form of the elastohydrodynamic fluid. Hence, these drives,
which feature metal-to-fluid/solid-to-metal contact, can transmit sufficient
power to find industrial and automotive applications that benefit from their
ability to easily and simply provide continuously variable speeds. At this time
they are relatively expensive because of the structure needed to support the
large contact forces that induce the fluid-to-solid transformation. They are
presently known as traction drives. At this time, however, no known traction
drives in production include a clutch capability; consequently they will not be
included in this chapter.

Several formulas presented in this chapter may be written in nondimen-
sional form for three reasons: (1) the nondimensional form indicates the
relative significance of the ratios selected; (2) it allows drive designs to easily
be scaled up or down for various applications; and (3) it allows any consistent
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set of units to be used for each ratio, and the resulting ratios are independent
of the units used.

Relatively broad curves are shown in the following computer-generated
graphs for easy reading to show characteristic behavior and to provide
contrast against the grid lines. Associated routines, such as Mathcad Trace,
appear to read them from the originating data, thereby eliminating the read-
ing errors associated with trace widths.

I. BELT DRIVES

Equipment using nonmetallic belt drives may include the clutch capability by
mounting the motor (because it is usually smaller than the driven machine)
either upon a hinged base or upon a sliding base fitted with a lever or a linkage
that permits the motor to be moved to and from the driven machine in order
to apply and relieve the belt tension and thereby give clutching (applying belt
tension) and declutching (relieving belt tension) capability.

These designs eliminate the need for a mechanical clutch. Their sim-
plicity is achieved, however, at the risk of introducing the possibility that
frictional heating of the belt during idling, when the belt (or belts) may rest on
the motor’s rotating sheave (pulley). That may generate enough heat to cause
belting materials to slowly shrink. This reduction in the center distance
between the driving and driven pulleys, or sheaves, may be great enough to
cause an unintended re-engagement of the motor and the driven machine. It
may also inhibit their disengagement. Consequently, some belt manufacturers
produce belts that resist shrinkage due to heating for use in these clutching
and declutching applications.

Torque capability for these drives is a separate calculation to be
performed according to the procedures given by the belt manufacturers.
Therefore, it will not be considered in the following discussion.

A. Hinged Base

At first glance it may appear that moving a motor by mounting it either on a
hinged base or on a sliding base is so simple that no analysis is necessary. An
analysis, however, does bring forth several considerations that may be missed
in selecting the dimensions of the base plate, in locating the position of the
base plate hinge, or in designing the linkage for the sliding base plate.

Two similar, but distinct, mounting designs for hinged bases will be
considered. In these configurations it is the weight of the motor alone that
provides the belt tension. The tension vector shown in Figure 1(a) and (b)
acting at the center of the motor shaft represents the sum of the tension acting
through the upper and lower belts.
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Analysis of the first of the two is based upon the configuration shown in
Figure 1(a). Upon taking moments about the hinge point P in Figure 1(a) we
have

W a cos u� b sin uð Þ ¼ T a sin uþ Bð Þ þ b cos uþ Bð Þ½ �
After letting s = b/a, this equation may be written as

T

W
¼ cos u� s sin u

sin uþ fð Þ þ s cos uþ fð Þ ð1-1Þ

where u is positive in the clockwise direction from a horizontal plane through
point P and f is positive counterclockwise from a horizontal plane either
through or parallel to the motor’s axis of symmetry.

Figure 2(a) and (b) show that the weight-to-tension ratio W/T = 1/(T/
W ) decreases with angle uwhen f=0. In other words, sinceW is constant, a
decreasing W/T ratio means that tension T increases as u decreases until u
becomes negative enough for the tension vector T to pass through the hinge
line that passes through point P. That occurs at the point whereW/T= 0 on
the two lower curves in Figure 2(a). TensionT goes to infinity in Figure 2(b) at
those points that are at approximately u= �30.8j for s= 0.6 on the middle
curve and at approximately u = �16.6j for s = 0.3 on the lower curve, as
determined either by usingMathcad’s x� y Trace feature or by interpolation.
By comparing the curves in Figure 2(a) it is evident that the W/T ratio also
increases as s increases for f = 0 and u = 20j.

FIGURE 1 Hinged base, belt drive.
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Upon turning to Figure 2(b) and recalling that nonmetallic belts under
tension stretch over time, it is clear that whenever these belts are used, the
tension on them will increase as the angle u decreases due to the belt’s
stretching. Hence, the motor must be moved periodically if the tension is to
remain within narrow limits.

The rapid increase in tension for negative values of u in Figure 2(b)
emphasizes that the configuration shown in Figure 1(b) should be avoided
whenever possible.

A second hinged configuration, shown in Figure 3, differs from the first
because the motor base must be supported in the operating, or clutched,
position and then lowered for declutching. A cam is shown in Figure 3 as one
of several means for lowering themotor for declutching. Some provisionmust
be made, however, to maintain belt tension as the belt stretches.

Upon taking moments about the hinge and letting l represent the
distance from the hinge to the support point (from the hinge to the contact
between the cam and base plate in Figure 3) we have that

Fl ¼ W a cos uþ b sin uð Þ þ T a sin uþ fð Þ � b cos uþ fð Þ½ � ð1-2Þ
Let

D ¼ a

l
K ¼ W

T
~ ¼ b

a

FIGURE 2 Variation of weight-to-tension W/T ratio and tension-to-weight ratio T/W
with angle. (a) Plot of W/T, in which f = 0 for all curves; curve 1, s = 0.8; curve 2, s
= 0.6; curve 3, s = 0.3. (b) Plot of T/W, in which f = 0 for all curves; curve 1, s = 0.3;
curve 2, s = 0.6; curve 3, s = 0.8.

Chapter 10232



So equation (1-2) may be written in dimensionless form as

F

T
¼ D sin uþ fð Þ � ~ cos uþ fð Þ þ L cos uþ ~ sin uð Þ½ � ð1-3Þ

B. Sliding Base

A third mechanism for clutching and declutching involves placing the motor
on a sliding base, as shown in the upper drawing in Figure 4, in which the
motor basemay be bothmoved back and forth and locked in place by a pair of
linkages, one on each side of the sliding base, as shown in the lower drawing in
Figure 4. It is locked in place by moving the linkage to a stop below the plane
of the slide, as pictured in the lower drawing in Figure 4. This geometry
provides a feature not found in the previous two designs: a detent effect on the
clutching and declutching force in which the links a and r will snap into the
clutched, or engaged, position after a force maximum is reached. This occurs
because the belt is stretched slightly beyond its operating length as the motor
base moves back and forth from the declutched to the clutched position of the
base.

By summing forces in the horizontal direction acting on the slide upon
which the motor is mounted, and assuming that the slide is lubricated so that
that the small friction force between sliding surfaces may be ignored in com-

FIGURE 3 Second hinged base configuration, belt drive.
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parison with the belt tension, we find from Figure 4 that the force Fa that acts
through link a is related to the horizontal forceH acting on the base according
to

Fa cos k ¼ H ð1-4Þ
where from Figure 4 we also find that

H ¼ T cos a ð1-5Þ
The change in angle a as the slide moves is assumed to be small enough
relative to changes in angles u and E that it may be ignored. Upon taking

FIGURE 4 Upper drawing: enlarged sketch of sliding motor mount for a belt drive.
Lower drawing: linkage geometry.
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moments about pivot B in Figure 4(b) we obtain

Fol ¼ Far sin y ð1-6Þ
where

y ¼ h� E in the clutched; or operating; position

y ¼ u� E during de-clutching;
ð1-7Þ

when belt tension is relaxed and where Fo is the force that either the operator
or the actuator exerts at the left-hand end of link r. From the law of sines and
the geometry in Figure 4, E is related to u according to

a sin k ¼ r sin u in the de-clutched position

a sin k ¼ r sinh in the clutched ðoperatingÞ position:
ð1-8Þ

After substituting for y from the second of equation (1-7) into equation (1-6)
and then solving for g from the first of equations (1-8), equation (1-6) may be
rewritten as

Fol ¼ Far sin u� sin�1 r

a
sin u

� �h i
ð1-9Þ

Moving the motor away from the driven machine to begin declutching causes
the belt to stretch an amount Dc. The corresponding change in length b is
given by

Db ¼ Dc cos a ð1-10Þ
according to the geometry shown in Figure 4.

The force acting on the sliding base during the initial declutching
motion as the linkage moves to increase the distance b may be written as

Hþ DH ¼ Tþ k Dcð Þcos a ¼ T cos aþ k Db ð1-11Þ
upon using relation (1-10). In equation (1-11), constant k is the spring for the
belt, which is defined by k = force/elongation, hence the force required to
strech the belt, which is given by k Dc.

Length Db may be calculated from the law of cosines, by which the
length bmay be written in terms of the lengths of links r, a and included angle
y as

b2 ¼ r2 þ a2 � 2ar cos y

Substitution from y = h � E and from the first of equations (1-7) gives

bo ¼ r2 þ a2 � 2ar cos h� sin�1 r=að Þsin hð Þ
 �� �1=2
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at the locked, or clutched, position, and substitution of y = h � E from the
second of equations (1-7) gives

b ¼ r2 þ a2 � 2ar cos u� sin�1 r=að Þsin uð Þ
 �� �1=2
Recall that u V h during declutching, and note that both h and u are

positive in the counterclockwise direction from the horizontal plane.
By subtracting b from bo we have

Db ¼ r2 þ a2 � 2ar cos h� sin�1 r

a
sin h

� �h in o1=2

� r2 þ a2 � 2ar cos u sin�1 r

a
sin u

� �h in o1=2
ð1-12Þ

which may be rewritten as

Db ¼ a 1þ G 2 � 2G cos h� sin�1 G sin hð Þ
 �� �1=2
� a 1þ G2 � 2G cos u sin�1 G sin uð Þ
 �� �1=2 ð1-15Þ

where G= r/a and h is the limiting value of u at the operating position when
link a rests against a stop as shown in Figure 4(b). Preparatory to the next
substitution, note that the belt’s effective spring constant kmay bewritten as k
= T/q, where q is the elongation of the belt due to tension T.

Substitution from equation (1-12) into equation (1-11) and then into
equations (1-4) and (1-9) yields

Fo

T
¼ n cos aþ g 1þ U2 � 2U cos h� sin�1 U sin hð Þ� 	
 �1=2n

� g 1þ U2 � 2U cos u� sin�1 U sin uð Þ� 	
 �1=2g ð1-13Þ

� sin u� sin�1 U sin uð Þ
 �
cos sin�1 U sin uð Þ
 �

upon substituting for ka/T according to ka/T = a/q. Parameters g and n are
defined by

g ¼ a

e
n ¼ r

l
U ¼ r

a
ð1-14Þ

By measuring angles in the counterclockwise direction, the force Fo will
be positive upward when links a and r are below the horizontal and negative
when they are above, indicative of the directions of the initial force to declutch
and of the force necessary to keep the linkage in equilibrium when u goes
negative as belt tension is relieved.

Examination of equation (1-13) reveals that n is a multiplicative
constant that decreases the belt tension with increasing lever arm l relative
to link r and that g is a parameter that introduces the effect of belt elasticity.
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The plot of Fo/T as a function of U in Figure 5 shows that there is an
optimum value of U that gives the largest detent effect. When U = 0 there is
obviously no belt stretching because r=0 for all finite l. When U=1, length r
is the same as length a, which implies that they have common pivot points,
again making belt stretch impossible. Notice that although the maxima in
Figure 5 vary slightly with u, they lie in the vicinity of U = 0.3 for the
parameters shown.

By plotting Fo/T as a function of u in Figure 6 we find that the
maximum lies at at or close to 12j for h = 20j. It is also clear that for these
values of n, g, and h that the choice of h (hz u) is important if a detent effect
is to be had.

II. FRICTION WHEEL DRIVE

This type of drive, shown in Figure 7, provides both clutch capability and
speed variation functions in one pair of discs. This type of friction drive is
limited to relatively low-power applications, such as the smaller riding lawn-
mowers for residential use, because power transfer between discs is limited by
the contact force, the friction coefficient, and the shear strength of the tire on

FIGURE 5 Variation of the ratio of operator force to belt tension, Fo /T, with U. For
all curves, n = 1, g = 1000, a = 14j, and h = 20j. Angles u are as follows: curve 1,
6j; curve 2, 9j; curve 3, 12j; curve 4, 15j, and curve 5, 20j.
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FIGURE 7 Friction drive.

FIGURE 6 Dependence of the ratio of operator force to belt tension, Fo /T, on angle
u. For all curves, n = 0.001, U = 0.336, g = 1. Curve 1, h = 20j; curve 2, h = 15j;
curve 3, h = 10j; and curve 4, h = 5j.
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the driven disc. It is an inexpensive alternate to a clutch, bevel gears, and a
transmission.

From Figure 7 it follows that the maximum input torque is given by
T0=ANr, which is limited by the normal forceN and the coefficient of friction
A between the disks. If we let N0 and N1 represent the angular velocities of the
small driver disk and the large driven disk, respectively, it is evident from
Figure 7 that the output angular velocity and the maximum output torque T1

will be given by the following relations if no power is lost due to slippage
between the disks; namely,

N1 ¼ N0
r

R
and T1 ¼ T0

R

r
¼ ANR: ð2-1Þ

Two possible modes of torque transfer appear possible. In one there
may be momentary no-slip contact between the driving and driven discs at
some point at or between radii R � w/2 and R + w/2, where w is the
width of the tire on the driven disc. Since the location of this point may
change from moment to moment, the driven angular velocity may vary
between

N1� ¼ N0
R� w=2

r
and N1þ ¼ N0

R� w=2

r
ð2-2Þ

Consequently, the tire may slide over the driver disc except at some point
along a line in the contact region. In the other possible mode there may be
slip everywhere over the contact region. In the first case, the rotational
speed of the driven disc may be found from equation (2-1), and in the
second case it will not exceed that given by equation (2-1). Torque transfer
may be calculated using the dynamic rather than the static coefficient of
friction for the materials involved.

Next, let T0 denote the torque supplied by the driver disk and T1 denote
the torque transmitted from the driven disk. In terms of the magnitude of the
tangential forces fmax or fmin that act between the surface of the driver disk and
the tire of the driven disk at their region of contact, we have

fmax R� w

2

� �
¼ T0 ð2-3Þ

fmin R� w

2

� �
¼ T0

where ANz fmax>fmin, in which A is the dynamic coefficient of friction for the
materials involved and N is the normal force that presses the driven wheel
against the surface of the driving disc. Thus, if the driven wheel is driven at its
outer edge,

T1min ¼ rfmin ¼ T0
r

Rþ w=2
ð2-4Þ
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and if the driven wheel is driven at its inner edge,

T1max ¼ rfmax ¼ T0
r

R� w=2
ð2-5Þ

hence

Tmax

Tmin
¼ Rþ w=2

R� w=2
¼ 2þ w=R

2� w=R
ð2-6Þ

Ifw/R=0.1, thenTmax/Tmin= 2.1/1.9= 1.11, which is to say that the torque
may vary by slightly more than 10%.

Because of the variations in both speed and torque given by equations
(2-2) and (2-5), friction drives of this design also may be limited to those
systems where the inertia of the driven elements are large enough to effectively
average, and thereby smooth, the speed and torque output of the driven unit.

Clutch action is had by raising and lowering the driven disk from and to
the driver disk. Speed control is achieved by moving the driven disk in or out
to change the value ofR in equation (2-1). This type of relatively inexpensive,
easily maintained, drive is used to send power to the rear wheels on one
manufacturer’s line of small riding lawnmowers designed for residential use.
Normal force N may be applied by a spring (cantilever, leaf, or coil), and
power may be transferred from the small disk by means of a chain or belt
arranged to accommodate the changing positions of the small disc relative to
the position of the driven component.

III. FRICTION CONE DRIVE

These friction drives are likewise suited for relatively low-power applications
and are employed by one manufacturer of zero-turning-radius residential
lawnmowers. Contacting components for this drive are shown in Figure 8,
where their axes of symmetry aremutually perpendicular andwhere each cone
rotates about its own axis of symmetry. They are sketched in the declutched
configuration, in which there is no contact between cones. The driving
element is the central double cone having a vertical centerline, and and the
driven elements are the individual single cones, one on either side of the driver
cone, having horizontal centerlines. Cones having a horizontal centerline are
close enough to the driving cone that clutching and declutching is accom-
plished simply by moving them up or down to contact the driver cone.
Directional control of the rotation of the driven cones is selected by moving
them to contact either the upper cone or the lower cone of the double-cone
driver.
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This type of drive is an inexpensive alternate to bevel gears for a right-
angle drive, a clutch, and a reversing mechanism.

When the right-hand cone in Figure 8 is moved downward to contact
the upper half of the double cone and the left-band cone is moved upward to
contact the lower half of the double cone, both the left- and right-hand cones
rotate in the same direction. If the right- and left-hand cones drive the right-
and left-hand wheels of a lawnmower, the mower moves forward. If the right-
hand cone is moved downward and the left-hand remains downward, the
wheels they drive turn in opposite directions and the mower rotates in its own
length to provide the zero turning radius. (The unpowered front wheels are on
casters.) Finally, if the right-hand cone remains downward and the left-hand
cone is moved upward, the mower moves in reverse.

Contact between cones would be along a line where the generators of
each cone are in contact if the cones were absolutely rigid. However, the
elasticity of the relatively softer cone linings form a contact strip centerd along
what would have been the contact line.

Again there are two possible modes of torque transfer; one with no slip
at some point or transverse line within the contact region and slip elsewhere,
and the other with slip everywhere within the contact area. As illustrated in
Figure 9, if slippage at all but one point or line is assumed to occur when two
rotating cones are in contact, then the speed of the driven cone will depend
upon the location of the no-slip point or transverse line.

From Figure 9 it is evident that with either point or line contact, the
angular velocity of the output cones may fall somewhere between the limits
determined by the location of that point, or line, within the contact strip where

FIGURE 8 Cone friction drive schematic. Central double cone drives output cones
on either side.
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the two cones maymomentarily make contact without slipping. Therefore the
angular velocity of an output cone may vary from Nnl to Nn2 as given by

Nn1 ¼ Ndrd1
rn1

¼ Nd1
ld1
ln1

tan2 f and Nn2 ¼ Ndrd2
rn2

¼ Nd
ld2
ln2

tan2 f

ð3-1Þ
where rd1 and rnl are the radii of the driver and driven cones, respectively, at
point 1, rd2 and rn2 are driver and driven radii at point 2, ld1, ln1, ld2, and ln2 are
the corresponding generator lengths, and u= k/2� f, so that tan u= cot f.
Angular velocity Nd is that of the driver cone, and Nn1 and Nn2 are the angular
velocities of a driven cone when driven by contact at points or transverse lines
at location 1 or 2, respectively. If there is slip throughout the contact strip, the
driven angular velocity will be between the two values for Nn given in
equations (3-1).

FIGURE 9 Contact between the driver cone and a driven cone.
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It is tacitly assumed that the cones roll smoothly when in contact along a
cone generator. This assumption will be valid only if the driving cone fits
within the driven cone without interference. Design of cones that will meet
this requirement may be begun by returning to the analytical geometry of
cones and recalling that the shortest line on the surface of a cone from its apex
to it base is called a generator of the conical surface and by also recalling that
any two-dimensional surface has two principal directions. The radius of
curvature is maximum in a plane perpendicular to the surface through one of
these principal directions and is minimum in a similar plane through the other
principal direction. A generator on a conical surface is the principal direction
that has the maximum radius of curvature, infinite, and the minimum radius
of curvature of a conical surface at a particular point lies in a plane
perpendicular to the generator at that point.

For simplicity in the following discussion, let the minimum radius of
curvature of a conical surface be referred to as just the radius of curvature.

From Figure 9 it is evident that for the two cones to fit together without
interference, the largest radius of curvature of the driver cone must be equal
to, or smaller than, the smallest radius of curvature of the driven cone along
their lines of contact. Calculation of the principal radius of curvature in a
plane normal to the generator of a cone requires that an expression be
obtained for the curve formed by the intersection of the conical surface, as
shown in Figure 10(a), and a plane perpendicular to a generator. The equation
of a conical surface in the XYZ system shown in Figure 10(b) is

X2 þ Y2 ¼ Z tan fð Þ2 ð3-2Þ
Substitution for X, Y, and Z in terms of x, y, and z from the coordinate
transformation relations corresponding to Figure 10(b) yields

X ¼ x

Y ¼ y cos u� z sin u ð3-3Þ
Z ¼ y sin uþ z cos u

Equation (3-2) may be written in the x, y, z system by substituting from
equations (3-3) into equation (3-2) to get

x2 þ y cos u� z sin uð Þ2¼ y sin uþ z cos uð Þ2tan2 f ð3-4Þ
as the equation of a conical surface having a vertex half-angle fwhose axis of
symmetry lies in the yz-plane and makes an angle u with the positve z-axis, as
shown in Figure 10(a). The equation of the curve formed by the intersection of
this conical surface and the plane z = h is found by simply setting z = h in
equation (3-4). After this substitution equation (3-4) becomes either the
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equation of an ellipse or the equation of a parabola, depending upon the
values of u and f.

Inasmuch as the equation for the radius of curvature c of a curve in the
xy-plane is given by

c ¼
1þ dy

dx

� �2
" #3=2

d 2y

dx

� � ð3-5Þ

it is necessary to calculate the first and second derivatives of ywith respect to x
from equations (3-3). The result is

dy

dx
¼ x

u
and

d 2y

dx2
¼ 1

u
� x

u2
dy

dx
tan2 f sin2 u� cos2 u
� 	 ð3-6Þ

where

u ¼ y tan2 f sin2 u� cos2 u
� 	þ h 1þ tan2 u

� 	
sin u cos u: ð3-7Þ

Let the line of intersection between the driver and driven cones coincide
with the z-axis so that u = f in (3-4), (3-6), and (3-7). Since the driver cone
must roll freely within a driven cones, it is essential that its radius of curvature

FIGURE 10 Cone geometry and its related coordinates. (a) Cone with vertex at
the origin showing radii and angles. (b) Relation between coordinates X, Y, Z and
x, y, z.
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be less than that of the driven cones all along their lines of contact. This will be
the case if the radius of curvature at point 2 in Figure 9 is equal to or less than
that of the driven cone at that point.

To satisfy this condition it is necessary to evaluate equation (3-5) at
u= f=0, Figure 10, at the z-value for point 2. A convenient means of doing
this and selecting both cones is to plot equation (3-5) as a function of z, as in
Figure 11. Examination of Figure 11 shows that satisfactorily mating cones

FIGURE 11 Plots of the radius of curvature U as a function of distance z from the
apex of cones having the included half-angle u shown. The units of U are the units
of z.
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whose axes of symmetry are mutually perpendicular may be selected in a five-
step process. The first step is to choose two half-angles that add to 90j, such as
f = 30j and u = 60j. The second step is to select a generator length for the
driver cone, z (the one with the smaller included angle), and to read up from
that particular z-value to the line corresponding to the half-angle, u, for that
cone. That gives the radius of curvature at that value of z for a cone whose
half-angle is u. The next step is to decide whether the contacting driven cone
should have the same radius of curvature at the inner contact point (point 2 in
Figure 9) or a larger radius of curvature.

Both choices have consequences. The same radius of curvaturemay give
a slightly broader contact strip about the contact line due to compression of
the lining, at least near point B. A larger radius of curvature may give greater
assurance of no interference.

If the same radius of curvature is selected, step 4 is to move toward the
left along the line U = U0 to the line for the half-angle f of the driven cone.
Last, read down to the ordinate to find the corresponding value of z on the
driven cone. This completes the fifth step if the same radius of curvature was
selected. Otherwise, it is completed by choosing a z-value for a larger U-value
on the line for the corresponding f.

Selecting u=f=45j is a special case. After choosing a particular value
of z for the driving cone, select a larger value of z and a correspondingly larger
value of U for the driven cones in order to allow the driver cone to roll freely
inside the driven cones.

In either case, choosing U at point 2 in Figure 9 ensures that the driver
cone will roll freely inside the driven cone, because U of the driver cone
decreases as zmoves toward the driver cone’s apex and U for the driven cone
increases as z moves outward, away from its apex. This may be verified by
plotting x as a function of y from equation (3-4) when written in the form

x ¼ y sin u� z cos uð Þ2 tan2 f� y cos u� z sin uð Þ2
h i1=2

ð3-8Þ

to get the curves shown in Figure 12 for the z-values selected. As pictured in
Figure 12, when the smallest radius of curvature of the driven cone at every
point along the contact line (centerline of a contact strip) is larger than the
largest radius of curvature for the driver cone at that same point, there is no
interference between them at locations away from the contact line because the
cone surfaces move away from each other, as indicated by their values as the
x-coordinate increases.

Selecting the length of the cylindrical section of the double cone may be
accomplished using formula (3-9). It may be written from inspection of
Figure 13, which shows the cross sections of half of the driver double cone
and half of a driven cone on the left-hand side of the driver cone. From
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the dimensions shown in that figure, where b is the length of the contact strip,
c is the length of the cylindrical section between cones, ln1 is the length
of a generator on the driven cone, and D is the vertical distance that the
driven cone must move vertically to go from contacting the upper driver
cone to contacting the lower driver cone, it is evident thatDmay be written as
D = 2(ln1 � b) sin u � c. Thus,

c ¼ 2 ln1 � bð Þsin u�D ð3-9Þ

where (ln1 - b) is the z-coordinate along the generator of the driven cone to that
point where the contact line between the driver and driven cone begins.

Torque that could be transferred to a driven cone for a given dynamic
friction coefficient may be estimated from the geometry shown in Figure 9. If
the pressure is uniform along the contact line over a small width w, then the

FIGURE 12 Intersection curves of contacting cones with a plane perpendicular to
the contact line in terms of the coordinates in Figure 10. Upper curve, z = 3 in.,
f = 55j (driver); lower curve, z = 6 in., f = 35j (driven).
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maximum torqueT that can be contributed by the pressure over an element of
length of the contact line may be written as dT= Ar dN, where dN is given by
dN= pw dl, r is the radius to the element of length dl, p denotes the pressure,
and w represents the width of the lining that is compressed along the contact
strip. From Figure 9 it follows that normal force N is related to vertical force
V according to N = V cos u = V sin u. Thus,

dT ¼ Ar dN ¼ Apwr dl ð3-10Þ

where from Figure 9 dl sin u= dr, so integration from l1 to l2 is equivalent to
integration from r1 to r2. Hence, from equation (3-10),

T ¼ Apw
sin f

Z r2

r1

r dr ð3-11Þ

which integrates to

T ¼ Apw
2 sin f

r22 � r21
� 	 ¼ Apw

sin f

r2 þ r1ð Þ
2

r2 � r1ð Þ ð3-12Þ

FIGURE 13 Cross sections of a driven cone and half of the driver cone in contact.
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Substitution from the relations for r1 and r2 yields

r2 � r1 ¼ l2 � l1ð Þsin f and r2 þ r1 ¼ l2 þ l1ð Þsin f

So with pw(l2 � l1) = N = V sin f we have

T ¼ AV
l2 þ l1

2
sin2 f ð3-13Þ

IV. EXAMPLE I: BELT DRIVE, HINGED MOTOR MOUNT

Would you approve a motor mount as illustrated in Figure 1(a) for clutching
and declutching? The mass of the motor is 18.6 kg and the center of the motor
shaft is 12 cm above the bottom of the motor’s base, which is 17.8 cm wide.
Center-to-center distance between the shaft of the motor and the shaft of the
driven machine is to be 50 cm. Belt tension is to be 298.5 N, the belt should be
replaced after the center distance increases 2.4 cm, the angle of the line
between centers may be from 15j to 20j with the horizontal, and the shaft of
the driven machine is above and to the right of the motor shaft.

The gravitational force on the motor is given byW=mg in terms of the
mass of the motor and the acceleration of gravity. Thus

W ¼ 18:6 9:8067ð Þ ¼ 182:4 N

to giveT/W=1.637. From themotor specifications, b=12 cm and amust be
equal to or larger than 17.8/2 = 8.9 cm. As an aid to selecting a value for a,
plot T/W as a function of s for f= 20j and 30j and for u= 20j and 30j, as
shown in Figure 14. Select f=20j and compare designs using u=20j and u
=30j. Use of f=15jwas rejected in order to avoid excessive belt tension as
the belt stretches. Consider s= 0.2 to have a larger T/W ratio and consider s
=0.685, corresponding to a=13 cm, to get a more compact mounting. Thus
a = 44.5 mm for s = 0.2 and 13 mm for s = 0.685.

Since belt elongation during use can alter the geometry shown in
Figure 15 by changing angle u and thereby changing the belt tension, calculate
the change in u due to belt elongation as part of the evaluation of the motor
mounting system. Denote the axis of rotation of the motor mount hinge byA,
and let c be the center distance between the centerline of the motor shaft and
sheave, or pulley, shown on the left-hand side of Figure 15, and the centerline
of the input shaft of the driven machine.

From the geometry shown in Figure 15 it is evident that

k ¼ uþ atan s ð3-14Þ
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where a=tan�1s= a tan s.With this angle known, the law of cosines may be
used to find length d from

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ c2 � 2hc cos Eþ fð Þ

q
ð3-15Þ

and from the law of sines,

f ¼ a sin
c

d
sin Eþ fð Þ

� �
ð3-16Þ

Return to equation (3-15), with center distance c now replaced by cs, the
center distance when the belt is stretched, to calculate the increase in angle ~
which is equal to the decrease in angle u, since u+ a+ ~ is a constant. Thus

Du ¼ cos�1 h2 þ d 2 � c2

2hd

� �
� f ð1-17Þ

FIGURE 14 Variation of the ratio of the weight to belt tension, W/T, with the ratio
s = b/a. Upper pair: top curve, u = 20j, f = 15j; bottom curve, u = 30j, f = 15j.
Lower pair: top curve, u = 20j, f = 20j; bottom curve, u = 30j, f = 20j.
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in which ~ represents its value when the belt is new, i.e., as given by equation
(3-16).

Call upon equation (1-1) to calculate T/W for the case where f = u =
20j and s = 0.2, that is, for a = 44.5 cm, to find T/W = 1.095. Thus, the
tension provided by the weight of the motor is only 199.73 N. Consequently,
an additional mass of 9.21 kg must be added to the support to achieve the
tension necessary to drive the load. Likewise for f = 20j and u = 30j, the
ratio T/W=0.434, which means that weight of the motor alone can induce a
tension of only 79.20 N. Thus an additional mass of 51.50 kg must be added.
For simplicity of the following calculations, it will be assumed that the weight
may be added such that the center of gravity remains along the centerline of
the motor shaft.

Substitution into equations (1-14) through (1-17) for u= f= 20j and
s = 0.2 yields a reduction in u of 3.930j, which reduces u to 16.070j, so
equation (1-1) gives T/W= 1.095. Using the augmented weight added to the
motor weight in calculating belt tension when the belt center distance has
increased to 52.4 cm gives a belt tension of 329.08 N. For the other design, in
which s=0.685, u=30j, andf=20j, equations (1-14) through (1-17) yield
an angular reduction of 8.866j, which reduces u to 21.134j. When the motor
and its additional weight are in this position, the belt tension increases to
401.8 N.

FIGURE 15 Hinged base and motor geometry.
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If space is available, the choice of s=0.2, in which a=44.5 cm, would
be preferred because the tension is less sensitive to belt elongation. Belt life
may be enhanced in either choice by attaching the hinge to a movable base
that can be periodically adjusted to hold u near 20j as the belt stretches.

V. EXAMPLE 2: BELT DRIVE, SLIDING MOTOR MOUNT

Design a linkage similar to that in Figure 4 for a belt drive for a food grinder in
which the operating tension is 173 lb. A line between the centers of the motor
and generator shafts lies at an angle of 14j relative to the plane of the slide.
The operator’s lever arm, link r in Figure 4, should have 3- to 5-inch clearance
between the free end of link l and the pin joint connecting it to link a. The belt
that will be used stretches 1/32 of an inch when the tension is 173 lb on a freely
turning sheave and a detent force of between 3 and 5 pounds.

Plotting Fo as a function of u reveals that a detent effect is obtained, as is
evident from Figure 16, for the parameters listed. Because the desired detent
force is much less than 173 lb, initially select g = 180; guided by Figure 5,
select U = 0.3. Motivated by Figure 6, choose h = 20j; and from the

FIGURE 16 Variation of the ratio of operator force to belt tension, Fo /T, with angle
u. n = 1, g = 1000, U = 0.3, a = 14j, and h = 20j for all curves. g = 1000 on the
largest-amplitude curve, g = 500 on the intermediate curve, and g = 200 on the
smallest-amplitude curve.
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maximum in Figure 16, set g = 13.52j, as read using the Mathcad Trace
feature. Evaluation of equation (1-13) for n=0.2, g=180, U=0.3, a=14j,
and h = 20 for u = 13.52j and for u = 20j gives a detent force of 4.544 lb,
which is within the acceptable range. Substitution of g=180 and q=1/32 in.
into a= gq= 180/32 = 5.625 in. enables determination of r from r= Ua=
0.(5.625) = 1.688 in. With length l given by l= r/n=1.688/0.2 = 8.44 in., it
follows that the clearance given by l� r= 8.440 � 1.688 = 6.752 in. exceeds
that specified.

This clearance requirement may be satisfied by increasing the magni-
tude of n and reducing the magnitude of g. Thus, if n=0.28 and g=150, the
detent force becomes 4.702 lb, a is reduced to 4.688 in., and r becomes 1.406 in.
These values give l= 5.021 in., so the clearance is 5.021 � 1.406 = 3.615 in.,
which is within the desired range.

VI. EXAMPLE 3: CONE DRIVE

Select a cone drive for a combination golf card and a proposed congested area
commuter cart for use in communities that accept them. Analysis of torque
transmission on the basis of the dynamic coefficients of friction for acceptable
linings indicates that a 2.00-in. overlap would be sufficient.

For comparison, consider one design with the driver cone having an
apex half-angle of 40j and driven cones having apex half-angles of 50j and a
second design in which both the driver and driven cones have apex half-angles
of 45j. In both cases initially select a cone generator length of 6.00 in. to allow
the overlap to be greater than 2.00 in. in the event that the prototype should
require modification.

Begin with the 40j, 50j combination and turn to Figure 11 to select the
dimensions of the cones by entering the curve at z= 6 and reading up to the
40j line. The principal radius of curvature at that point is 5.0346. Since z is
measured in inches, the principal radius of curvature is 5.0346 in. Reading to
the left at this value of U yields that at z = 4.25 in., the principal radius of
curvature of the 50j half-angle cone is 5.0650 in. A plot of the x-dimension for
each cone, shown in Figure 17(a), confirms that the two cones should roll
without interference.

When both the driver and the driven cones have an apex half-angle of
45j, the driver cone may have a generator length of 6.00 in., but the driven
cone generator length must be greater in order to have a larger principal
radius of curvature. Since the selection of the radii of curvature in the 40j, 50j
case differed by 0.0304 in., select the same difference in radii of curvature for
the 45j, 45j degree choice, for comparison. FromFigure 11 we find that along
the 45j line, z= U; at z= 6.000 in., the principal radius of curvature is 6.000
in.; at z = 6.0304 in., U = 6.0304 in. Plotting of the x-dimensions of the two
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cones to the scale of Figure 17(a) shows, as might be expected, that the two
curves are indistinguishable from one another, because at y=l, their x-values
differ by only 0.0088 in. Consequently, compression of the lining between the
cones will produce a wider contact strip at this value of z. Calculation of the
clearance at a point two in. into the overlap region (i.e., to a point z=6.2000)
produces a clearance of 0.107 in. at y = 1, which is evident on the scale of
Figure 17(a) , as shown in Figure 17(b).

Length of the cylindrical section of the driven cone necessary to have a
vertical motion of 0.5 in. for either of these designs may be calculated from
equation (3-9). The results are that c=4.964 in. for the 40j, 50j combination
and c = 8.028 for the 45j pair. Thus, the 40j, 50j pair occupies a smaller
volume, reduces the speed of the driven cone, may increase the torque to the
driven cone, subject to the restrictions of the lining friction coefficient and the
vertical force, and may have a smaller contact region between the cones.
Conversely, the 45j pair occupies a larger volume, may give nearly a one-to-
one speed ratio, and provides a larger contact area on a compressible lining
between the cones.

FIGURE 17 Intersection curves of a driver and a driven cone with a plane at the
z-values listed. Graph (a): upper curve, z = 4.25 in., f = 50j; lower curve, z = 6.00
in.,f = 40j. Graph (b): upper curve, z = 6.20 in.,f = 45j; lower curve, z = 5.8304 in.,
f = 45j.
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VII. NOTATION

a,b length (l )
c center distance between shafts or cylindrical section,

cone drive (l )
D vertical displacement (l )
F force (mlt�2)
H horizontal force (mlt�2)
k spring constant (mt�2)
l length (l )
p pressure (ml�1t�2)
R, r radius (l )
T torque (ml2t�2) or tension (mlt�2)
W weight (mlt�2)
w width (l )
a angle sliding base
h angle, sliding base
q belt elongation (l )
~ angle
u angle, hinged and sliding bases, driven cone
f angle, cone half-angle
E link angle, sliding base
A coefficient of friction
N angular velocity (t�1)
c radius of curvature (l )

A. Dimensionless Ratios

� W/T
n r/l
g a/q
D a/l
s b/a
U r/a

VIII. FORMULA COLLECTION

Belt drive, hinged base:

T

W
¼ cos u� s sin u

sin uþ fð Þ þ s cos uþ fð Þ
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Belt drive, supported hinged base:

F

T
¼ D sin uþ fð Þ � s cos uþ fð Þ þ k cos uþ s sin uð Þ½ �

where

D ¼ a

l
L ¼ W

T
s ¼ b

a

Belt drive, sliding base:

Fo

T
¼ n

n
cos aþ g 1þ U2 � 2 U cos h� sin�1 Uð Þsin hð Þ� 	
 �1=2

� g 1þ U2 � 2U cos u� sin�1 Uð Þsin uð Þ� 	
 �1=2o

� sin u� sin�1 Uð Þsin uð Þ
 �
cos sin�1 Uð Þsin uð Þ
 �

where

g ¼ a

q
n ¼ r

l
U ¼ r

a

Speed ratio, friction drive discs:

N1 ¼ N0
R

r

Torque variation:

Tmax

Tmin
¼ Rþ w=2

R� w=2

Friction drive, cone and plane curve of intersection:

x ¼ y sin uþ z cos uð Þ2 tan2 f� y cos u� z sin uð Þ2
h i1=2

Cone torque:

T ¼ AV
l2 þ l1

2
sin2 f

Cylindrical section length, driver cone:

c ¼ 2 ln1 � bð Þcos u�D
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11

Fluid Clutches and Brakes

Fluid clutches and brakes may be divided into two groups: those containing a
fluid only and those containing a mixture of fluids and solids. Those con-
taining only a fluid rely primarily upon the mass of the fluid and secondarily
upon its viscosity to transmit torque. Units containing both a fluid and a solid
in a particulate form rely upon the suspended solids to provide the major
bond between the components that either transmit or resist torque when un-
der the influence of an external electromagnetic field.

The advantage of fluid clutches and brakes is that there is no lining to
wear and replace. This, however, is obtained at the expense of some power loss
in the transmission of torque and the distinct need for some sort of fluid
cooling for both fluid clutches and fluid brakes. Moreover, occasional fluid
seal replacement may also be required.

I. FLUID COUPLINGS AS CLUTCHES

Fluid couplings may serve as soft start clutches and as torque limiting
clutches. A typical fluid coupling consists of an input shaft attached to an
impeller and an output shaft attached to a runner, with both encased within a
closed housing and oriented as shown in Figure 1. An impeller may differ
from a runner in the shape of the radial vanes of the sort shown in Figure 2
and may be attached to, and rotate with, the housing that contains both the
impeller and the runner. As indicated in Figure 1, the shafts are supported by
bearings at the housing and by bearings at the far ends of each shaft that in
turn are supported by an enclosure, as shown in Figure 3. Each impeller and
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runner consists of half of a torus, as shown in cross section in Figure 1, that is
fitted with radial vanes that extend radially inward across the torus, as is
evident in Figure 2. The location of the impeller and runner in a fluid coupling
is also shown on the right-hand side of Figure 3 for a commercially available
coupling that rests upon its oil reservoir, which is also known as a sump.

An internally driven pump located on the right-hand side of the outer
housing is to pump fluid from the reservoir into the inner chamber that
encloses the impeller and runner to provide a soft start over an interval of
approximately five (5) seconds. Fluid from the reservoir must be circulated
through a pumping and cooling system provided by the user. Standard
cooling systems are generally not provided by the fluid couplingmanufacturer
because of the extensive variety of service conditions in which these coupling
may be used.

Typically the heat to be dissipated is approximately three percent (3%)
of the input power. Conversion between the power dissipated, in either watts
or horsepower, and heat produced per unit time, as expressed in either large
calories or Btu, is given by

1 Btu=sec ¼ 1:41391 hp

1 kilocalorie=min ¼ 69:7333 W

Transmitted power P is related to the input rpm (revolutions per
minute) n according to the relation

P ¼ P0ðn=n0Þa ð1-1Þ

FIGURE 1 Cross section of a semitoroidal impeller and runner and their enclosure,
or housing. (Courtesy TRI Transmission & Bearing Corp., Lionville, PA.)
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in whichP0 is a reference power and n0 is a reference rpm. Both of them, along
with exponent a, are dependent upon the fluid drive involved. Relation (1.1)
may be displayed on log-log paper, as in Figure 4, for ease of selecting an
appropriate fluid coupling without the use of pocket calculator or a computer
to evaluate equation (1-1).

Use of Figure 4 is straightforward. For example, to select a coupling to
be driven by an motor turning at 1160 rpm that is to transmit 150 hp, merely
enter the graph at 1160 rpm and read up to 150 hp. As a guide to reading the

FIGURE 2 Runner and shaft in a fixture used for dynamic balancing. Not all of the
balancing equipment is shown. (Courtesy TRI Transmission & Bearing Corp., Lion-
ville, PA.)
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logarithmic scale for power, notice that only the unlabeled 200-hp grid line lies
between the labeled 100-hp and 250-hp grid lines. Hence, the point whose
coordinates are 1160 rpm and 150 hp lies within the region of the model 230
coupling.

These and similar fluid couplings are suitable for use with crushers and
chippers, with conveyors and similar materials handling equipment, as well as
with portable equipment. They may also be used in series with marine drives
to offer propeller protection.

Not all fluid couplings control their torque limits by adjusting the
amount of fluid in the impeller chamber. One coupling manufacture produces
a small coupling, shown in Figure 5, that is filled with fluid at all times; no
pump or reservoir is needed. The housings rotate with the input shafts in both
clutch and brake applications, so in both uses the attached cooling fins rotate
to dissipate the heat generated by fluid losses.

Average heat loss drops from 240% for 0.125-hp continuous duty at 600
rpm to 30% for 5.0-hp continuous duty at 3600 rpm. Simplicity gained by
pump and reservoir omission has been exchanged for these losses.

Typical applications include exercise machines, amusement rides, bak-
ing ovens, valve operations, crane trolleys, reversing carriages, and winding
and unwinding equipment.

FIGURE 3 Fluid coupling designed for a sheave to be bolted to the face plate on
the left. Dextron ATF, automatic transmission fluid, is the recommended fluid.
(Courtesy TRI Transmission & Bearing Corp., Lionville, PA.)
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FIGURE 4 Output power as a function of input revolutions per minute. (Courtesy
TRI Transmission & Bearing Corp., Lionville, PA.)

FIGURE 5 Photograph of a fluid clutch with input from an electric motor and a belt
drive using the sheave that is a part of the right-hand side of the housing, shown in
cross section. (Courtesy Fluid Drive Engineering Co., Inc., Burlingame, CA.)
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II. FLUID BRAKES: RETARDERS

Fluid retarders may be thought of as fluid couplings with the runner held
stationary, which is, therefore, known as the stator. Figures 7(a) and (b) show
opposites sides of a retarder that is equipped with a heat exchanger, an oil
reservoir, or sump, and a remotely controlled valve that regulates the flow of
oil from the sump into the chamber that encloses the impeller, or rotor, and
the stator. The entire unit may be mounted in series with the primary shaft, as
shown in Figure 7(d), for example, or it may be mounted on secondary shaft
that maintains a given speed ratio relative to the primary shaft.

Removal of the bolts shown in Figure 7(b) and setting that section to the
side reveals the internal construction, as shown in Figure 7(c). The rotor that
rotates with the input shaft is shown on the right-hand side in Figure 7(c) and
the stator is shown on the left-hand side of that figure. Both are mounted in
the housing above its portion of the sump. The elbow on the lower left side of
the housing section, Figure 7(c), that holds the stator carries external coolant
from the heat exchanger that extends from the lower part of the housing, as
shown in Figure 7(a). The flow control valve assembly also is shown at the top
of the retarder in Figure 7(a).

FIGURE 6 Clutch/brake torque/speed curve for the unit shown in Figure 5. (Cour-
tesy Fluid Drive Engineering Co., Inc., Burlingame, CA.)
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No fluid is in the rotor/stator chamber when the retarder is not in use.
Activating the retarder causes fluid to be forced from the sump into the rotor/
stator chamber using air from the vehicle’s air compressor as regulated by the
valve assembly that in turn is controlled electrically by the driver in selecting
the amount of braking desired. As in the case of a fluid coupling, the torque
capacity of the retarder is determined by the amount of fluid in the chamber
that encloses the rotor and the stator.

Retarder performance curves shown in Figure 8, display the retarding
moment as a function of the rotor speed and the amount of fluid in the rotor/
stator chamber. Curves 1 through 5 that arise from the origin in Figure 8 and
ascend with increasing rotational speed N are plots of the work done on the
retarder as kinetic energy is imparted to the fluid by the rotor as given by

W¼KE¼ IN2

2
ð2-1Þ

in which I denotes the moment of inertia of the fluid that is set into motion by
the rotor and N denotes its rotational speed in radians/second. Curves 6, 7,

FIGURE 8 Retarding moment M as a function of rotor angular velocity N.
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and 8 that descend from the top of the figure toward the right hand side with
increasingN represent themomentM that is associatedwith each of the curves
of constant power P according to the relation

M ¼ P

N
: ð2-2Þ

Both torque, or moment, and kinetic energy may be plotted on the same
graph, of course, because they have the same units; namely, ml 2t�2, in terms
of the mechanical units mass m, length l, time t.

When the rotor/stator chamber is partially filled the retarding moment
increases with rotor speed along a curve similar to curve 1 in Figure 8. In-
creasing the amount of fluid in the rotor/stator chamber causes the retarding
moment to grow more rapidly with rotor speed N, as represented by curves 2,
3, and 4 for intermediate fluid volumes. Whenever the chamber is filled the
torque-speed curve may be represented by curve 5 in Figure 8.

Point a is reached on curve 1 when the rotor, which also acts a pump,
forces more oil out through the stator than the air pressure on the sump can
force into the rotor/stator chamber; i.e., the rotor induced pressure exceeds
the air pressure in the sump that forces fluid into the chamber.

That portion of the curve that includes the maximum between a and b
is determined by the design, position, and dimensions of the inlet and outlet
throttles of the system.

The latter portion of the performance curve between points b and c is
determined by the number and diameters of the outlet ports in the stator in
combination with the flow resistance in the piping circuit to, from, and within
the heat exchanger that transfers heat to the coolant that circulates through
vehicle’s radiator*.

MomentM is related to the resisting torque,Tr, that the retarder applies
to the primary shaft according to

Tr ¼ ðN=NrÞM ¼ ðn=nrÞM; ð2-3Þ
where n represents the rotational speed of the retarder’s rotor in revolution/
minute andwhereNr and nr represent the rotational speed of the primary shaft
in radians/second and in revolutions/minute respectively. Clearly n/ns = 1
when the retarder acts on the primary shaft directly, as in Figure 7(d).

Depending upon the model, retarders as described here may provide
either a torque up to 4000 Nm (2950.4 ft-lb) at rotor speeds up to 2800 rpm or
a torque up to 3200 Nm (2360.2 ft-lb) at rotor speeds up to 5000 rpm. Other

*This explanation of retarder operation was provided by Rainer Kläring of Voith Turbo GmbH

& Co. KG. Any errors in the explanation are due entirely to the author.
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combinations of torque and speed characteristics are also available, as well as
a retarder that uses water as its working fluid.

Energy, E, to be dissipated by the retarder in slowing a vehicle may be
estimated from the work done on the vehicle and the change in kinetic and
potential energy; namely,

E ¼ 1

2
mðv21 � v22Þ þ mgðh1 � h2Þ þ Wo ð2-4Þ

in which m represents the mass of the vehicle plus its load, v1 and v2 represent
the initial and final velocities during the time that the retarder is engaged, g
denotes the acceleration of gravity, h1 and h1 represent the initial and final
elevation changes during the time that the retarder was engaged, and Wo

denotes the work done on the vehicle while the retarder was active.

III. MAGNETORHEOLOGICAL SUSPENSION CLUTCH
AND BRAKE

Magnetorheological suspensions have been referred to asmagnetorheological
fluids even though the fluid itself is not magnetorheological. It is the
suspension of magnetically susceptible particles, such as carbonyl iron, in
the fluid that causes the mixture to become a magnetorheological suspension,
or a magnetorheological fluid. The first magnetorheological suspension was
demonstrated by Rabinow and Winslow in 1948 and termed a magnetic fluid
clutch, made from a suspension of carbonyl iron* in silicone oil and kerosene
[1]. Application of a magnetic field causes the iron particles to converge along
the lines of flux, which in turn increases the flux density. In the case of a brake,
the braking action is due to increased magnetic attraction between stator and
rotor. The same principle applies to a clutch, except that the attraction is
between the input rotor and the output rotor. The concentration of particles
along the flux lines also may retard fluid motion to some extent, and thereby
aid somewhat in both the braking and clutching actions.

Settling of the suspended material is apparently not a problem because
the suspended material is remixed by the motion of the clutch or brake.
However, having a fluid that displays a low viscosity when the clutch or brake
is disengaged is important in order to reduce operating losses when they are
inactive.

Subsequent development of the magnetorheological fluids seems to
have been concentrated in the area of finding or developing fluids whose

*The Handbook of Chemistry and Physics (CDC Press) lists three forms of carbonyl iron.

FE(CO)4, FE(CO)5, and FE(CO)9.
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viscosity does not change due to high shear stress, and perhaps compressive
stress, over time. (Some earlier fluids were reported to have reached the vis
cosity of shoe polish due to stress over time.) This thickening was thought to
be due to spailing of a thin, brittle surface layer on the carbonyl iron. Presently
available magnetorheological fluids that have been developed to ameliorate
this problem are said to be able to sustain 107 J/cm3 before becoming unusable
[2].

A small, commercially available, brake that employs a magnetorheo-
logical suspension is shown in Figure 9. Its maximum torque is approximately
5.6 N-m (about 50 in.-lb), and, because it contains a fluid, it provides a small
torsional load that is less than approximately 0.3 N-m (2.7 in.-lb) when the
brake is not engaged.

The requisite magnetic field is supplied by an electric current of 1.0 A or
less in a circular coil that induces the magnetic field shown in the schematic
cross section of the brake and coil in Figure 10. This excitation produces a
linear relation between the braking torque and the electric exciting current
within the range from 0 to 1.0 A, as shown in Figure 11.

The operating temperature range of the brake is from about �30jC to
70jC, corresponding to �20jF to 160jF. Notice that a residual torque
capability of 0.3 N-m is available at zero curent, probably due to fluid
viscosity as augmented by either the suspended or precipitated particles.

FIGURE 9 Magnetorheological brake. Omitted: power cord attached to housing. (n
2002 Lord Corporation. All rights reserved. Lord Corp., Materials Division, Cary,
NC.)
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FIGURE 11 Typical torque in newton-meters vs. electric current in amps. It should
not be used for specifications. (n 2002 Lord Corporation. All rights reserved. Lord
Corp., Materials Division, Cary, NC.)

FIGURE 10 Photograph and schematic cross section of a magnetorheological
brake. (n 2003 Lord Corporation. All rights reserved.)
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IV. NOTATION

V. FORMULA COLLECTION

Power transmitted:

P ¼ P0
n

n0

� �a

Energy dissipated:

E ¼ KEþW0 þ PE ¼ 1

2
m v2t � v22
� 	þmg DhþW0

Power dissipated:

P ¼ KE

t
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g acceleration of gravity (lt�2)
h height (l)
KE kinetic energy (ml2t�2)
m mass (m)
n, n0 rpm (t�1)
P, P0 power (ml2t�3)
PE potential energy (ml 2t�2)
t time (t)
v1, v2 velocity (lt�1)
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12

Antilock Braking Systems

Antilock braking systems (also known as antiskid braking systems) for
vehicles are discussed here because they represent perhaps the most involved
commonly used systems for automatic brake control. The data collection,
analysis, and system design involved may suggest initial procedures to be
followed for clutch and brake automation in other applications.

Design of an antilock system (ABS) for highway vehicles requires de-
cisions to what is to be measured, how it is to be measured, and how to use the
data to prevent skidding. These systems are different from the early antilock
systems in that they are computer based, so they collect and process more
data.

The first patent for antilock brakes was granted in Germany in 1905 [1],
and the first antilock brakes for railroad cars were available in 1943 [2].
Electronic control of antilock brakes was widely incorporated into aircraft by
1960 [3] in order both to control aircraft skidding and to prevent excessive
wear to the tires on the landing gear of large aircraft. Although it may be
difficult to specify when the first extension to highway vehicles began, Ford
and Kelsey Hayes produced an ABS system for the rear wheels only of the
1969 Thunderbird [4]. Introduction of what was said to be modern electroni-
cally controlled ABS for passenger cars was by Daimler-Benz [5] and BOSCH
[6] in 1978.

Because of the proprietary nature of the available antiskid and traction
control systems, the latter portion of this chapter, dealing with antiskid
braking and traction control systems, will be a combination of information
from the literature and of conjecture regarding the possible techniques
available for achieving brake control.
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I. TIRE/ROAD FRICTION COEFFICIENT

Antilock brake control for stopping a vehicle in what is intended to be a
straight-line path clearly requires some method for detecting the skid, or slip,
of each wheel, for assimilating the data from all wheels, for analyzing this data
to estimate the vehicle’s motion, and for selecting the appropriate commands
to be sent to each wheel or set of wheels both to stop the vehicle and to
maintain stability.

Figure 1(a) portrays the condition in which there is no slip between the
wheel and the road. Under these conditions, a wheel of radius r rotating with
angular velocity N0 about its axis of rotation (the centerline of the axle to
which it is attached) at any instant also rotates about its instantaneous center
(the idealized point where it contacts the road as though there were no tire

FIGURE 1 Velocity v0 is the vehicle velocity as calculated (a) for a wheel rolling
with angular velocity N0 without slip and (b) for rolling with angular velocity N1 and
with slip velocity vs.
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deformation) with angular velocity N0. Hence, calculation of the rotation
about the instantaneous center reveals that the axle moves horizontally with
velocity v0, as given by

v0 ¼ rN0 ð1-1Þ
If there is slip between the wheel and the road, as in Figure 1(b), and if v1

denotes the velocity of the axle with respect to the point where the wheel
contacts the road, then the velocity of the axle relative to that point is given by

v1 ¼ rN1 ð1-2Þ
whereN1 is the angular velocity of the wheel about its axis of symmetry, which
is perpendicular to the plane of the wheel. Thus, if the wheel slips with velocity

FIGURE 2 AB as a function of E for (1) dry asphalt, (2) wet asphalt, thin water film,
(3) wet asphalt, thick water film, (4) fresh snow, (5) packed snow, (6) glare ice. The
positive slope of curve 4 with increasing E is due to snow build-up in front of the tire
as its rotation slows to zero.
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vs (i.e., the point where the wheel contacts the road moves with velocity vs),
then the velocity v0 of the vehicle relative to the road is given by

v0 ¼ v1 þ vs ð1-3Þ

Wheel slip during braking is commonly described by the slip ratio E, as
defined by

E ¼ vs
v0

¼ v0 � v1
v0

: ð1-4Þ

The slip ratio is frequently presented as a percentage, E(%) = 100E, as in
Figure 2.

For reasons that may include tire flexibility, tension and torsion of the
tread within the contact patch, and the continual replacement of material
within the tire’s contact patch, the complex nature of the tire’s contact with
the road within the contact patch means that the coefficient of friction, here
represented by AB, does not immediately jump from its static to its dynamic
value, as illustrated in Figure 2 [7]. That portion of each curve between E=0
and the maximum, except for curve 4, may be considered a stable region, in
that initial braking causes the friction coefficient to increase so that increased
brake pressure within this region is effective in reducing vehicle velocity. The
region beyond the maximum in AB may be considered a region of instability,
because, except for curve 4, increased brake pressure to further slow wheel
rotation becomes increasingly ineffective in slowing the vehicle itself due to a
decreasing friction coefficient. Returning to curve 4, its local maximum is also
followed by a region of instability, but that region is followed by a stable
region caused by the build up of snow in front of the wheel as its rotation
slows.

II. MECHANICAL SKID DETECTION

Early antilock braking systems used annular disks that were friction driven to
rotate with each wheel during normal acceleration and deceleration but that
would slip as frictional resistance was overcome during abnormal or panic
breaking, as a means of detecting wheel deceleration. Whenever the wheel
would decelerate beyond a certain threshold, the disk that was concentric with
it would continue rotating and thereby trip some mechanism that would
reduce brake pressure. This technique, or a modification of it, was the only
practical means of detecting wheel deceleration prior to the introduction of
microprocessors. It was also relatively inexpensive and therefore its use
continued through 1968, and perhaps beyone, for some inexpensive European

Chapter 12274



automobiles. An example was the Lucas Girling Stop Control System (SCS),
which is explained in the paragraphs below Figures 3–5, taken from Ref. 8,
which describe the modulator. It was designed for front wheel drive (FWD)
vehicles and employed only two modulators, one on each front wheel. Each
modulator controlled its front wheel and the diagonally opposite rear wheel
through a proportioning valve, as required by European regulations. Dis-
played components in these figures are

1. Drive shaft
2. Flywheel
3. Flywheel bearing
4. Ball and ramp drive
5. Clutch
6. Flywheel spring
7. Dump valve
8. Dump valve spring

FIGURE 3 Flywheel and valve positions for the Lucas Girling SCS during normal
braking.
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9. Dump valve lever
10. Eccentric cam
11. Pump piston
12. Piston spring
13. Cutoff valve
14. Deboost piston spring
15. Deboost piston
16. Cutoff valve spring
17. Pump inlet valve
18. Pump outlet valve

Since the text below each figurewas reproduced directly fromRef. 8. Figures 9
and 10 mentioned in Figure 4 correspond to Figures 3 and 5 as reproduced
here.

All systems using rotating disks that must move axially to engage the
brake control mechanism are handicapped by the time required to accelerate

FIGURE 4 Flywheel and valve positions for the Lucas Girling SCS during panic
braking.
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the mass of the disk laterally over the required distance s. This relationship is
qualitatively similar to that for the distance traveled by a mass m that is
accelerated from rest by a force F over time t:

x

s
¼ F

2m
ðx; yÞ2 ð2-1Þ

where x (0VxV s) is that portion of distance s traveled during time t
(0V tV H ), where t is the corresponding portion of the activation time t (see
Figure 6). Thus, in the first half of the required time, the mass has moved only
one-fourth of the required distance.

Faster response may be had by using electrical wheel-speed sensors that
measure wheel speed and send that data to a small, dedicated computer
known as an electronic control unit, or an ECU.

FIGURE 5 Flywheel and valve positions for the Lucas Girling SCS during return to
normal braking.
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III. ELECTRICAL SKID DETECTION: SENSORS

Development of relatively inexpensive microprocessors, accelerometers, and
electromagnetic wheel-speed sensors that could be incorporated into auto-
motive controls permitted more precise measurement of wheel speed and,
hence, vehicle speed, acceleration, and deceleration alongwith rapid detection
of and improved response to individual wheel deceleration associated with
wheel skid.

Addition of a small dedicated computer known as an electronic control
unti, or an ECU, to an antilock system allows the correlation of data from
wheel-speed sensors on each of all four wheels into a preprogrammed decision
and control process. Presently each wheel-speed sensor consists of two
components: a permanent bar magnet with a coil of wire wrapped around
it and a sensor ring, as shown in Figure 7. The sensor ring rotates with the

FIGURE 6 Graph of x/s as a function of t/H from equation 12-1.
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vehicle wheel while the permanent magnet and its housing remain fixed
relative to the vehicle’s frame. As the wheel and the attached sensor ring
rotate together, the magnetic field associated with the permanent magnet
changes as a pole piece approaches and leaves each tooth on the toothed
sensor ring. A fluctuating current is generated in the coil as the magnetic field
fluctuates, with each fluctuation corresponding to the passage of a tooth.

These sensors alsomay be in the wheel bearings, in the differential, or on
any other component whose rotation maintains a constant relationship to the
wheel’s rotation.

IV. ELECTRICAL SKID DETECTION: CONTROL

The ECU calculates wheel speed by counting the fluctuations per unit of time
and differentiates the speed to calculate wheel acceleration or deceleration,
wherein deceleration is handled as negative acceleration. In the absence of
independent data on themotion of the vehicle itself, data from thewheel speed

FIGURE 7 Sensor (a) has a chisel pole pin and sensor (b) has a cylindrical pole pin.
The components in both: (1) electric cable, (2) permanent magnet, (3) housing, (4)
winding, (5) pole pin, and (6) sensor ring. (Courtesy Robert Bosch GmbH,
Stuttgart, Germany.)
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sensors must be used to estimate vehicle speed. When all wheels give the same
vehicle speed, to within a specified error limit, that common speed is taken to
be the vehicle speed. When all wheels do not give the same speed, wheel slip is
assumed. The problem, of course, is to decide which wheel is slipping.

Typically the ECU in a front wheel drive vehicle with an antilock brake
system will evaluate two data sets, one for the right front wheel and the left
rear wheel and the other for the left front wheel and the right rear wheel. A
typical rear wheel drive vehicle will also evaluate two data sets but one set will
be for the front wheels and the other will be for the rear wheels. In either case,
most systems test for wheel slip by compare diagonally opposed wheels in one
of two ways: one is for the ECU control algorithm to use the signal from the
faster of the two wheels as a reference speed for brake pressure modulation,
known as the select-high method, the other is for the ECU to use the signal
from the slower of the two wheels as the reference speed, known as the select-
low method.

The proprietary control program, or algorithm, reacts once slip is
detected. If the only input data is wheel speeds and their calculated accel-
eration/deceleration, the program may recall from permanent memory the
greatest wheel acceleration/deceleration that is possible under zero-slip
conditions. Hence, greater acceleration or greater deceleration (more negative
acceleration) at a particular wheel indicates slip at that wheel.

Part of the ECU calculations is that of associating a wheel’s rotational
speedwith the optimumwheel slip from equation (1-4) for E between values E1
and E2, in which E1may be 10%and E2 may be 20%, for example. This may be
achieved by returning to equation (1-4) and solving for v1 and then replacing
v1 and v0 with the associated values of rN1 and rN0, respectively, where r is the
wheel radius, to get

N1 ¼ N0ð1� k1Þ
Likewise,

N2 ¼ N0ð1� k2Þ ð4-1Þ
Since E1<E2, it follows that N1>N2 during braking. Thus, whenever the
angular velocity N of the wheel is such that it lies between N1 and N2, that is,
whenever

N1 z Nz N2

the slip velocity of the wheel is optimum, so the braking pressure will be held
constant.

IfNz N1 (i.e., if the angular velocity of the wheel is large enough relative
toN0 for the slip velocity to be small enough to lie between 0 and E1), the brake
pressure may be increased because doing so will move the slip velocity into the
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optimum regions. If NVN2 (i.e., if the angular velocity of the wheel is so small
relative to N0 that the slip velocity is large), the brake pressure will be reduced
in an attempt to move the slip velocity back to the optimum region.

Figure 8 represents most, if not all, ECUs that calculate angular
acceleration from the measured wheel angular velocity in order to anticipate
velocity changes in the next few milliseconds. This ability to anticipate ve-
locity changes accounts for the superior performance of an electronically

FIGURE 8 Estimated wheel reference angular velocity N, optimum slip limits N1

and N2, angular acceleration a with decision limits a1 and a2, and brake pressure
p, all as a function of time t.
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controlled ABS over a less expensive one that relies upon a rotating annular
ring to activate braking after velocity changes have begun.

An already noted, in an ABS that has no independent means of finding
the vehicle velocity, the ECU memory in many such systems may contain
typical data for the decrease in velocity as the brakes are applied for a selected
road condition, as represented by the upper curve in Figure 2. The bottom
graph in Figure 8 shows the pressure changes as commanded for a wheel by an
ECU that does not alter the reference angular velocity N0 for zero slip while
the ABS is in control of braking. The dashed lines labeledN1 andN2 bound the
range of N within which AB is at or near its maximum value.

ABS control is triggered by the wheel deceleration in region 1, which
exceeds the reference deceleration a2 (i.e., negative acceleration is less than-
a2) as it crosses into the optimum slip region, region 2, for braking where
angular velocity N is larger than N1 [9]. At this point the ECU calls for
constant brake pressure until either the acceleration reverses or the angular
velocity falls below N2, which is the case in this instance. Once N is below N2 in
region 3, the brake pressure is reduced until the acceleration increases enough
to again be greater than�a2. In region 4, the brake pressure stays constant
until the acceleration is larger than a1, which indicates that the wheel is
speeding up andwheel slip is being reduced to the point that it may again enter
the optimum region. Thus the pressure is increased in region 5 in small steps,
and the acceleration is checked after each step before commanding the next
step. Wheel slip enters the optimum slip range in region 6, and brake pressure
is again held constant. Once the wheel’s angular velocity in region 7 rises
above N1, it is in the stable region of Figure 6, and the brake pressure may be
increased until the slip velocity enters the optimum range between N1 and N2

in region 8, where the ECU again holds the pressure constant. In region 9,N is
below N2, so brake pressure is reduced.

Similar logic holds in systems that employ accelerometer information to
indicate actual vehicle response to the braking action of all wheels [10]. Since
vehicle velocity and acceleration are determined independently from each
wheel’s angular velocity and angular acceleration, the road conditions at each
wheel associated with the curves in Figure 2 may be estimated from calcu-
lations of AB and its gradients as a function of E.

With this information, the reference curve for N may be continuously
updated to give better data on wheel slip, as displayed in Figure 9, which in
turn should usually yield shorter stopping distances when used with equally
well-programmed ECUs. As in Figure 8, the N0 curve represents the angular
velocity of the particular wheel, which is directly related to the velocity of the
vehicle when there is zero slip between the wheel and the road.

Again the ABS is activated at the beginning of region 1 when the
acceleration falls below�a2, at which point the angular velocity N exceeds N1
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and the ECU holds the brake pressure constant throughout region 2. Because
braking of all four wheels has caused the vehicle to slow, as detected by one or
more accelerometers, the reference angular velocity has decreased in region 2
and continues to decrease in regions 3 and 4 due to the action of the remaining
wheels, even though this wheel continues to slip. Brake pressure is reduced
in region 3 because N<N2 and a<�a2. Brake pressure is held constant in

FIGURE 9 Wheel reference angular velocity N based upon accelerator data,
optimum slip limits N1 and N2, angular acceleration a with limits a1 and a2, and
brake pressure p, all as a function of time t.
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region 4 because the acceleration is larger than�a2. It remains constant in
region 5 because the velocity is between N1 and N2, and it increases in region 6
because the velocity has increased to a value greater thanN1, which places it in
the stable region where AB increases as the brake pressure increases. Finally,
brake pressure remains constant through region 7 because N has again moved
into the optimum range.

Control systems described in Figures 8 and 9 are but two of many
possible control methods. The system implied in Figure 8may be improved by
an ECU that remembers all of the road conditions shown in Figure 2 and
compares all wheel velocities and accelerations to select the appropriate
curve. For example, if all wheels decelerate quickly so that the negative
angular acceleration falls below�a2 for all wheels, the ECU may assume the
vehicle is on glare (black) ice, curve 6.

The decision process itself, as illustrated in Figures 8 and 9, is inde-
pendent of whether or not that particular wheel is driven. Driven wheels have
a larger effective moment of inertia than do undriven wheels, however, which
will slow their response time to braking relative to an undriven wheel. Clearly
their effective moment of inertia will depend upon what components are
automatically disengaged during brake application. Some ECUs may be
designed to account for this by receiving data that indicate when the wheels
are engaged to a drive train.

Additional control may be had if an ECU has input from accelerom-
eters, such as shown in Figure 10, that are positioned to measure both
longitudinal and transverse acceleration. With both longitudinal and trans-
verse accelerometer data, the ECU can compare accelerations to detect both
spinning and transverse sliding during panic stops and other driving maneu-
vers and thereby can better maintain stability to the extent possible with brake
control alone.

An example of the analysis associated with a particular accelerometer
arrangement may be had by supposing that four accelerometers are arranged
with their sensitive axes lying in a common horizontal plane that is parallel to
the plane of motion of the vehicle. Also suppose that they are placed in the
vehicle with two at the right front and two at the left front, each at distance R
from an arbitrary reference point P in the plane, as shown in Figure 11.
Accelerometers in each pair are positioned such that their sensitive axes are
mutually perpendicular: One is parallel to the longitudinal axis of the vehicle,
and the other is perpendicular to the longitudinal axis of the vehicle.

Let A and a denote the linear acceleration at point P and the angular
acceleration about P, respectively, let a1L and a1T represent the accelerations
measured in the longitudinal and transverse directions, respectively, at loca-
tion 1, and let a2L and a2T represent the accelerations measured in the
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longitudinal and transverse directions, in that order, at location 2. Let V
denote the angular velocity of the spin of the vehicle about point P.

In terms of the dimensions shown in Figure 11, the accelerations
measured by accelerometers a1L, a1T, a2L, and a2T are given by

a1L ¼ A cos uþ RV2 cos f� Ra sin f ð4-1Þ
a1T ¼ A sin uþ RV2 sin fþ Ra cos f ð4-2Þ
a2L ¼ A cos uþ RV2 cos fþ Ra sin f ð4-3Þ
a2T ¼ �A sin uþ RV2 sin h� Ra cos f ð4-4Þ

From the measured accelerations, the ECU can provide

V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1T þ a2T
2R sin f

r
ð4-5Þ

FIGURE 10 Single-axis accelerometer capable of measuring acceleration from
F20g to F500g, depending upon the model, which may be attached to the
vehicle. (Courtesy GS Sensors, Ephrata, PA.)
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and

a ¼ a2L � a1L
2 R cos f

ð4-6Þ

Note that angular velocity V was found without integration of the angular
acceleration a with respect to time. However, because it appears in equations
(4-1) through (4-4) as V2, only its magnitude may be calculated. This is
consistent with the centrifugal force being independent of the direction of
rotation.

By defining B1 and B2 as

B1
a1L þ a2L

2
� RV2 cos f ð4-7Þ

B2 ¼ a1T � a2T
2

� Ra cos f ð4-8Þ
the acceleration A may be found from

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
1 þ B2

2

q
ð4-9Þ

FIGURE 11 Plan view of accelerometer locations in a vehicle. Accelerometers a1L
and a2L record positive in the forward direction (motion right to left); acceler-
ometers a1T and a2T record positive outward (away from the centerline).
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and angle u may be calculated from

u ¼ atan 2ðx; yÞ 180
k

ð4-10Þ

in which atan 2 (x,y) calls a program that calculates u from sin u and cos u and
places the result in the proper quadrant in a coordinate system in which u=0
on the positive x-axis and u is positive in the counterclockwise direction. In
equation (4-10),

x ¼ a1L þ a2L � 2RV2 cos f ð4-11Þ
and

y ¼ a1T � a2T � 2Ra cos f ð4-12Þ
Finding the linear velocity of the vehicle does require integration. A

simple means of numerical integration is for the ECU to remember the last
calculated velocity vi� 1 at time ti� 1 and thereby calculate the latest velocity
vi at time ti from

vi ¼ Ai þ Ai�1

2
Dt þ vi�1 ð4-11Þ

in terms of the time interval Dt= ti� ti-1 between accelerometer readings. An
even simpler formula may be to replace the average acceleration over the
sampling period [(Ai + Ai-1)/2] with the last measured acceleration Ai. This
second choice emphasizes the last acceleration measurement and in some
cases may be equally satisfactory as formula (4-11). Whether to use either of
these formulas or another numerical formula depends upon the vehicle’s
inertia, braking response times, and perhaps other factors, such as the
sampling time and the expected acceleration range, along with the expected
accumulated error over the time that the ABS operates.

Depending upon the ECU program, control may be improved by
merging this information with present data on the steering angles and angular
rates of the front wheels. Similar data from all wheels may be used for vehicles
in which all wheels steer.

Commands from the ECU are transmitted to the brakes through either
hydraulic lines or electrical lines, which may differ in number from the data
lines that run from the wheel sensors to the ECU. For example, in front wheel
drive automobiles, all wheels are fitted with wheel sensors, but the ECU
typicallymay have only two command lines, or circuits: One controls the right
front and left rear wheels and the second controls the left front and right rear
wheels. Rear wheel drive automobiles typically may have one command line
to the front wheels and one to the rear wheels. Four-wheel-drive vehicles may
have four control lines: one to each wheel. Data lines and control lines
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generally are more in number and the ECU programs are usually more
elaborate for trucks and buses.

A system that includes the control both of braking and of acceleration
during driving is commonly referred to as fraction control system, or TCS.

AlthoughFigure 2 alsomay apply to vehicle acceleration, equation (1-4)
must be modified to read

E ¼ v1 � v0
v0

¼ N1 � N0

N0
ð4-11Þ

if E is to remain positive. Here v1 represents the velocity the vehicle would have
achieved during acceleration if there were no slip and v0 represents the actual
vehicle velocity. Associatedwheel angular velocities are represented byN1 and
N0.

For additional information on published details of ABS and TCS
designs, see publications from the Society of Automotive Enginers (SAE),
such as Ref. 11, from BOSCH publications, such as Ref. 9, and from other
automotive engineering journals.

Example 1

To demonstrate that equation (4-5), (4-6), (4-9), and (4-10) yield the angular
and linear accelerations and the magnitude of vehicle rotation, suppose that
an accelerating vehicle’s motion at a particular instant is equivalent to the
center of gravity’s accelerating at 14.9 ft/sec2 at an angle of�8j relative to the
vehicle centerline and to the vehicle rotating with an angular velocity of 1.9
rad/sec and an angular acceleration of �1.7 rad/sec2 about its center of
gravity. Let the center of gravity be such that R = 3 ft and B = 18j.

Substitution of A= 14.9, R= 3, V= 1.9, B= 18j, and u= �8j into
equations (4-1) through (4-4) yields

a1L ¼ 18:076 ft=sec2 a1T ¼ �13:574 ft=sec2

a2L ¼ 25:736 ft=sec2 a2T ¼ �2:692 ft=sec2

Substitution of these values into (4.5), (4-6), (4-9), and (4-10), yields

A ¼ 14:9 ft=sec2 V ¼ 1:9 rad=sec a ¼ �1:7 rad=sec2

u ¼ �8j

Example 2

During braking, a vehicle decelerates with a motion that is equivalent to a
linear deceleration of 20 m/sec2 along a line oriented at 30j relative to the
vehicular centerline, an angular acceleration of 11.7 rad/sec2, and an angular
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velocity of �4.2 rad/sec. Accordingly, enter A= �20 m/sec2, R = l m, V=
�4.2 m/sec, B = 18j, and u = 30j into equations (4-1) through (4-4). The
result is

a1L ¼ �4:159 m=sec2 a2L ¼ 3:072 m=sec2

a1T ¼ 6:578 m=sec2 a2T ¼ 4:329 m=sec2

Substitution of these accelerations into equations (4.5), (4-6), (4-9), and
(4-10), yields

A ¼ 20 m=sec2 V ¼ 4:2 m=sec a ¼ 11:7 rad=sec2

u ¼ �150j

which indicates that the foregoing relations correctly evaluate the input data
to describe the vehicle’s motion except for the algebraic sign of V.

Accelerations and velocities used in our two examples are for demon-
stration only. Most ABS and TCS programs analyze and process input data
rapidly enough that the controlled vehicle follows the driver’s input com-
mands (stopping, turning, accelerating, and backing) to the extent that
deviations between the commands and the response of the vehicle are
unnoticed under most conditions.

V. NOTATION

A, a linear acceleration (l/t2)
F force (ml/t2)
m mass (m)
R, r radius (l)
s stopping distance (l )
t time (t)
v linear velocity (l/t)
x distance (l)
a angular acceleration (1/t2)
E tire slip (1)
B angle (1)
u angle (1)
H stopping time (t)
V angular velocity (t�1)
N angular velocity (t�1)

VI. FORMULA COLLECTION

Slip velocity, linear:

vs ¼ v0 � v1
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Slip velocity, angular:

Ns ¼ N0 � Ns

Acceleration:

a1L ¼ A cos uþ RV2 cos B� Ra sin B

a1T ¼ A sin uþ RV2 sin Bþ Ra cos B

a2L ¼ A cos uþ RV2 cos Bþ Ra sin B

a2T ¼ �A sin uþ RV2 sin B� Ra cos B

Angular velocity:

V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1T þ a2T
2R sin f

r
Angular acceleration:

a ¼ a2L � a1L
2R sin f

Linear acceleration:

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
1 þ B2

2

q
Linear velocity:

vi ¼ Ai þ Ai�1

2
Dtþ vi�1
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13

Brake Vibration

Formal studies of brake vibration appear to have been first reported in 1935
by Lamarque and Williams, who were concerned with brake squeak [1].
Subsequent theoretical studies provided a mathematical formulation of the
problem and further experimental data. Holography and finite element
analyses have provided a unified description of the behavior of the brake
assembly (drum, backplate, shoes, and lining in the case of drum brakes and
disk and caliper in the case of disk brakes) as it vibrates and have shown that
brake vibration is the result of an interplay between the variation of the
coefficient of friction as a function of the relative velocity between the brake
pad the friction surface (disk or drum) and themasses, equivalent springs, and
dampers that comprise the associated mechanical system.

I. BRIEF HISTORICAL OUTLINE

Lamarque andWilliams [1] appear to have been the first to suggest that brake
vibration was due to a stick-slip frictional phenomenon dependent on the
coefficient of friction decreasing as the relative velocity between the friction
surfaces increased. Although not explained in detail, the implication was that
the brake would engage and the associated mechanical system would deform
slightly under the applied load to the point where the shoe and drum
configuration would change enough for the elastic forces to cause the shoe
and brake to disengage momentarily. Once disengaged, the elasticity of the
mechanical system would cause the shoe and drum to snap back to their
undistorted configuration fast enough to lower the friction between contact-
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ing surfaces sufficiently for the components to nearly reassume their original
configuration and the process to repeat. In the years that followed, many
investigations were conducted to better understand the role of the factors that
affected brake and clutch vibration. Only a few of the many contributors to
the literature of brake vibrationwill be discussed explicitly in this section. This
partial listing is sufficient, however, to portray the general trends in the years
after 1935.

An experimental investigation by Hollmann [2], reported in 1954,
indicated that the tendency for frictional vibration increased with the contact
pressure and that it also increased with the temperature of the friction ma-
terials up to 100jC but then decreased rapidly as the temperature rose above
100jC. After studies of brake squeal on railway vehicles, Broadbent [3] also
concluded that brake vibrationwas dependent on themechanical linkage used
and was associated with a friction coefficient that decreased with increasing
velocity between shoe and brake. He also observed that no chatter was found
when wooden brakes whose friction coefficient increased with increased slip
speed were used. Similar results were found by Sinclair [4], who also reported
that the frequency of oscillation was strongly dependent on the equivalent
mass and spring constant of the mechanical system that held the brake lining
in place in the slider block configuration used in the laboratory model.

Spurr [5] rejected the notion that it was necessary for the friction
coefficient to decrease with increasing slip speed in order to have frictional
vibration. His experiments with railway block brakes on a railway wheel in-
dicated that vibration was independent of the change in the friction coefficient
with slip speed but that it was more likely if the friction coefficient was large.
The stick-slip theory of friction appeared to hold as the driving means,
however, and Spurr also observed that the frequency of oscillation depended
on the associated mechanical system used to force the brake block against the
wheel.

In the discussion of Spurr’s paper, F. R. Murray introduced what has
been called the sprag theory in British literature, involving a sprag (a can-
tilevered beam pressed against a moving surface), as shown in Figure 1. A
somewhat similar configuration was used by Jarvis and Mills [6] in their
theoretical and experimental simulation of a caliper disk brake. Their analysis
was based on the classical analysis of the normal deflection of a circular disk in
terms of Bessel functions and an assumed deflection of the sprag with co-
efficients chosen to match experimentally observed values. Substitution of
these deflections and their time derivatives into the Lagrangian equations of
motion resulted in a set of nonlinear partial differential equations whose
solution was approximated by what they termed the ‘‘slowly varying ampli-
tude and phase’’ method described in Ref. 7. The solution found in this
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manner contained an exponential term which became infinite for certain
lateral displacement distributions along the sprag and certain forces between
the disk and the sprag. These combinations of sprag deflections and disk
forces defined a region of instability which was interpreted to signify large
sprag and disk vibration. As formulated, the solution depended only on the
mass and elastic properties of the disc and sprag and was not influenced by
variation of the coefficient of friction with slip velocity.

Although the solution so obtained agreed with the measured regions of
instability in terms of the slope of the sprag relative to the plane of the disk, the
shape of the calculated boundary curve for the region of instability differed
markedly from the experimentally measured curve. The measured curve was
concave upward but the theoretical curve was concave downward.

Based on these results, Jarvis and Mills concluded that brake vibration
could be avoided by careful design of the disk and caliper without specifying a
particular variation for the coefficient of friction. In the published discussion
Spurr agreed that brake vibration could be controlled by careful design of the
associated mechanical system.

In spite of the comments by Broadbent, Sinclair, Spurr, and Jarvis and
Mills on the effect of the associated mechanical system in determining the
vibration resulting from the friction excitation, various authors, such as
North [8], have considered the papers by Spurr and by Jarvis and Mills as

FIGURE 1 The sprag mechanism suggested by Murray in Ref. 5.
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expounding a theory different from those of Broadbent, Sinclair, and others,
who discussed the effect of a negative slope for the curve of the friction
coefficient as a function of the relative speed between friction surfaces, the slip
speed. Amore careful reading of their papers, however, shows that while they
may have devoted more space to a discussion of friction characteristics, they
were definitely aware of the importance of the response characteristics of the
brake’s activation system in determining the nature of the resulting oscilla-
tions. There has, therefore, been general agreement as to the nature of the
problem even though the aspects emphasized have changed with time.

Analysis of themechanical system studied by Spurr, by Jarvis andMills,
and byNorth [9] was extended byMillner [10] to consider the effect of a single
pad at the contact region of the sprag and the disk. This analysis, which was
based on a highly simplified lumped-parameter model, implied that nonlinear
pad compression may cause the brake to vibrate within discrete bands of
actuating pressure.

FIGURE 2 Vibration mode of a yoke-type disk brake at 10 kHz. (Reprinted with
permission; n 1984 Society of Automotive Engineers, Inc.)
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II. RECENT EXPERIMENTAL DATA

Using experimental techniques not available in the 1960s for the examination
of both disc and drumbrake vibration, Felske,Hoppe, andMatthäi employed
holographic interferometry to demonstrate conclusively that it is the caliper
vibration that is the major contributor to brake noise from disk brakes [11]
and the backplate vibration that is the major contributor from drum brakes
[12]. Typical standing wave shapes, or the nodal patterns, for the disk are
shown in Figures 2 and 3. Vibration of the caliper is shown in Figures 4 and 5.
The alternating black and white line boundaries represent contour lines, or
elevation lines, on the caliper and disk and consequently measure the de-
flection of the disk and caliper in a direction perpendicular to the plane of the
photograph, as indicated in Figure 6 for an antinode on the disk.

FIGURE 3 Vibration of a first-type disk brake at kHz. (Reprinted with permission; n
1984 Society of Automotive Engineers, Inc.)
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FIGURE 4 Reconstruction of a double-pulsed hologram of a squealing yoke-type
caliper exposed at a noise level of 120 dB at 2.5 kHz along with its frequency
spectrum. (Reprinted with permission; n 1984 Society of Automotive Engineers,
Inc.)
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Typical modes of backplate vibration in the first mode are shown in
Figure 7 and its nodal lines, indicated by dashed curves in Figure 7, are
shown alone in Figure 8. Figures 9 and 10 show a backplate before and after
a raised portion (Figure 11) was added to reduce the frequency of the noise
generated.

III. FINITE ELEMENT ANALYSIS

Murakami, Tsudada, and Kitamura [13] reported on a finite element analysis
of automotive disk brakes to compare the calculated resonance frequencies
with previous measurements of brake squeal on a chassis dynamometer and
to associate them with calculated deformation of the brake components.
Secondary low-frequency squeal from 2 to 3 kHz and primary high-frequency
squeal from about 5.5 to 10.5 kHz, as shown in the histogram in Figure 12,
correlated well with the clustering of frequencies found for the brake disk,
cylinder, pad, and torque member, shown in Figure 13. Calculated disk and
caliper frequency modes where verified by holographic interferometry and by
accelerometer measurements in the case of the caliper, or cylinder.

Although the cluster of frequencies correlated with the primary and
secondary squeal regions, several component resonant frequencies between 3
and 5.5 kHz did not result in brake squeal in this frequency range. This
implied that the driving force, the stick-slip phenomenon, did not excite these
frequencies and that they were not excited by structural coupling. Linearized,
seven-degree-of-freedom analysis of the system using the lumped-parameter
model, as shown in Figure 14, gave solutions of the form

u ¼ Aeat sinðNtþ fÞ ð3-1Þ

for each of the seven variables in which exponent a, which determined the
regions of instability in the Jarvis and Mills analysis, was termed the squeal
index. This analysis indicated that the squeal index was related to the negative
gradient of the friction coefficient, as illustrated in Figure 15, which also
shows test results for two test brake lining pads. These results also correlate
with Spurr’s finding that the squeal probability increased as the friction co-
efficient increased. The low squeal index between 3.0 and 5.5 kHz and its slope
also correlate with the histogram shown in Figure 12, which implies that
negative slope of the friction coefficient versus velocity curve is one of
several significant parameters in the generation of brake squeal. Analysis
of the influence of the torque member, shown in Figure 16, indicated that
its influence was also minimum in the vicinity of 3 kHz, as shown in Figure
17, which also accounts for the low squeal amplitude between 3.0 and
5.5. kHz.
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FIGURE 5 Vibration mode of a squealing yoke-type caliper exposed at 120 dB at
3.1 kHz along with its frequency spectrum. Reconstruction of a double-pulsed
hologram. (Reprinted with permission; n 1984 Society of Automotive Engineers,
Inc.)
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Calculated mode shapes for the disk, pad, cylinder, and torque member
are displayed in Figures 18 through 21.

IV. CALIPER BRAKE NOISE REDUCTION

An example of caliper brake redesign in an attempt to reduce brake noise is
that shown in Figure 22. According to the manufacturer, the one-piece sound
insulator and backplate shown in that figure are central to its noise reduction.
Details are not given because the design is patented and proprietary.
Examination of the cross section shown in Figure 22, however, suggests that
the physical dimensions and the material properties of the different regions in

FIGURE 6 Relation between contour lines in an interference hologram and the
displacement perpendicular to the plane of the interference pattern.
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the insulator strip above the friction material may serve to dampen and
suppress high-frequency vibration, and the pad material, central plate, and
grooves may aid to suppress low-frequency vibration.

Grooves in brake pads of caliper brakes also aid in removing water
when the brake operates in wet conditions.

Longer pad life is said to be another advantage of this design, because
the insulator and backplate tend to absorb and dissipate the heat generated
during stopping over a greater surface than in caliper brake pads that are not
of this design. This improved heat dissipation is said to be an advantage
because the heat generated causes the pad material to deteriorate.

According to U.S. patent 5,433,194, the proprietary lining material,
which may also contribute to the noise reduction, is composed of organic,
carbonaceous, metal, and mineral particles, rubber/resin curatives, and a
corrosion inhibitor, in several different proportions.

FIGURE 7 First vibration mode of a backplate on 200 � 400 mm drum brake at 1.1
kHz. Broken nodal lines superimposed on reconstructed double-pulsed hologram.
(Reprinted with permission; n 1984 Society of Automotive Engineers, Inc.)
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FIGURE 8 Nodal lines for the first vibration mode superimposed on a photograph
of the entire back plate. (Reprinted with permission; n 1984 Society of Automotive
Engineers, Inc.)
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FIGURE 9 Backplatemodes at 1888Hz for a 180� 30mmdrumbrake.Noisy config-
uration. (Reprinted with permission, n 1984 Society of Automotive Engineers, Inc.)

FIGURE 10 Backplatemodes at 1771 Hz after backplatemodification for a 180� 30
mm drum brake. Quiet configuration. (Reprinted with permission; n 1984 Society of
Automotive Engineers, Inc.)



FIGURE 11 Backplate modified by adding stiffening ridges and a central raised
portion, which reduced squeal by 6.5 dB at low frequency (820–990 Hz) and 4.8
dB at high frequency (1681–1888 Hz).

FIGURE 12 Squeal histogram for a vehicle test on a chassis dynomometer.
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FIGURE 13 The natural, or resonant, frequencies of each component of the
automotive disk brake tested.
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FIGURE 13 Continued.
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FIGURE 14 Sketch of a caliper and disk showing the spring and dashpot asso-
ciated with each of the masses involved.
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FIGURE 15 (a) Variation of squeal index awith variation in the friction coefficient; (b)
assumed dependence of the friction coefficient A on the relative, or slip, velocity.
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FIGURE 16 Sketch of the caliper and disk brake assembly.

FIGURE 17 Dependence of the squeal index on the torque member stiffness.
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FIGURE 18 Examples of calculated mode shapes of the disk.
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FIGURE 19 Examples of mode shapes for the brake pad.
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FIGURE 20 Examples of the mode shapes for the cylinder portion of the caliper. (a)
and (b) Modal analysis (left); FEM (right).
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FIGURE 21 Examples of mode shapes for the torque member of the caliper. (a)
and (b) Modal analysis (left); FEM (right).
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FIGURE 22 Photograph and cross section of a ThermoQuiet brake pad. (Courtesy
Wagner Brake Products, Federal-Mogul Corp., Southfield, MI.)
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14

Engineering Standards for Clutches
and Brakes

I. SAE STANDARDS

Fifteen of these standards for the year 2003 that pertain to brake or clutch
components are briefly described in the remainder of this chapter. Other stan-
dards apply to brake line hoses, fluids for hydraulically activated brakes,
brake cables, clutch flywheels, and so on.

Descriptions of these standards are arranged in the numerical order of
the standards. This order differs from the coded order found in the SAE
Handbook, wherein the first digits are listed in numerical order, followed by
the second digits, and so on. In that system the order would be SAE J1079,
SAE J1087, SAE J160, SAE 286, SAE J866.

Society of Automotive Engineers (SAE) standards may be purchased
from the Society of Automotive Engineers, 400 Commonwealth Drive,
Warrendale, PA, 15096-0001. All of them are collected in the SAEHandbook,
which is also available for sale from the society. They are frequently updated
to reflect current engineering practice and some, such as SAE J659, have been
cancelled.

A. SAE J160

This seven-page standard, entitledDimensional Stability of FrictionMaterials
When Exposed to Elevated Temperatures, is to ‘‘establish a common labo-
ratory method for determining the dimensional stability of friction materials
when exposed to elevated thermal conditions.’’ Dimensional changes in a
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lining material may cause unintended contact in either clutches or brakes
between mating surfaces, with the obvious possibility of serious consequen-
ces. This standard is to provide a specific measure of dimensional changes
under well-defined conditions.

B. SAE J286

This five-page standard, entitled SAE No. 2 Clutch Friction Test Machine
Guidelines, is to specify the requirements for a friction test machine to evaluate
friction characteristics of wet friction clutch systems using automatic trans-
mission fluids. It also outlines testing procedures to be employed.

C. SAE J373

This two-page standard, entitledHousing Internal Dimensions for Single- and
Two-Plate Spring-Loaded Clutches, gives theminimum internal dimensions to
provide recommended clearance for these clutches relative to SAE clutch
numbers and to SAE flywheel housing numbers.

D. SAE J379

This four-page standard, entitled Gogan Hardness of Brake Lining, requires
use of a commercially available Gogan Model 911 direct-reading hardness-
testingmachine or an equivalent to perform testing in which a shallow surface
deformation induced by a penetrator of specified geometry serves as a quality
check of a brake lining. It is to be a quality and processing check by a lining
manufacturer for each thickness, configuration, and formulation. Loads for
the scale symbols shown are given, along with the associated recommended
ranges of Gogan numbers.

E. SAE J380

This three-page standard, entitled Specific Gravity of FrictionMaterial, is also
to serve as a quality check by providing another indicator of the consistency of
the formulation and processing of friction materials. It describes the equip-
ment to be used and the procedures to be followed. Acceptable range for each
product is to be established by the manufacturer. See ASTM B 376 for a
corresponding test for sintered metal powder friction materials.

F. SAE J621

This four-page standard, entitled Industrial Power Take-Offs with Driving
Ring-TypeOvercenterClutches, includes a drawing of a driving ring-type over-
center clutch, along with a table of recommended dimensions for industrial
power takeoffs. See SAE 1079 for related speed testing of these clutches.
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G. SAE J661

This seven-page standard, entitled Brake Lining Quality Test Procedure,
defines a uniform laboratory procedure for obtaining and recording friction
and wear properties of brake lining material using a typical, commercially
available, friction materials test machine as illustrated in the first two figures
in the standard. Its intended uses are for quality control by a manufacturer
and for lining evaluation by buyers of brake liningmaterial. Grids for plotting
the friction coefficient as a function of temperature for first fade, first
recovery, second fade, second recovery, and wear are shown in the master
form plot sheet on page 7.

H. SAE J662

This two-page standard, entitled Brake Block Chamfer, shows the chamfering
in two figures, with appropriate instructions.

I. SAE J663

This two-page standard, entitled Rivets for Brake Linings and Bolts for Brake
Blocks, is presented in three tables and three figures for rivet and bolt
configurations and dimensions.

J. SAE J840

This ten-page standard, entitled Test Procedures for Brake Shoe and Lining
Bonds, ‘‘covers equipment and procedures for qualification of bonded or
integrally molded drum and disc shoe and lining assemblies.’’ It includes
bonded and molded shear test procedures and related equipment, complete
with drawings.

K. SAE J866

This two-page standard, entitled Friction Coefficient Identification System for
Brake Linings, gives the code letters for friction coefficient ranges from below
0.15 to over 0.55. It scheduled to be withdrawn immediately upon adoption of
standards SAE 1802 and SAE 2430.

L. SAE J1087

This seven-page standard, entitled One-Way Clutches—Nomenclature and
Terminology, with eight figures, is ‘‘intended to establish common nomen-
clature and terminology for automotive transmission one-way clutches.’’This
terminology also applies to one-way clutches for other applications, such as
jet engine and turbine starters.
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M. SAE J1079

This two-page standard, entitled Overcenter Clutch Spin Test Procedure, sets
forth a test procedure either to find the rotational velocity at which a driving
ring type of overcenter clutch will burst or to verify that it will not burst at
a specified speed. The required test equipment is described in SAE J1240.
See SAE J621 for a description and figure of a driving ring-type overcenter
clutch.

N. SAE J1499

This four-page standard, entitled Band Friction Test Machine (SAE) Test
Procedure, refers to a SAE band friction test machine and gives the test
procedure to be followed. The band friction test machine involved is neither
shown nor described in this standard.

O. SAE J1646

This 18-page standard, entitled Glossary of Terms—Lubricated Friction
Systems, contains graphs, definitions, and equations related to these terms
as used in the testing automatic transmission clutch plates, band brakes, and
other friction systems that operate in a fluid environment. Terms and graphs
used to present test results are also described and defined.

II. AMERICAN NATIONAL STANDARDS INSTITUTE (ANSI)

TheAmericanNational Standards Institute, whose acronym isANSI, collects
and compiles standards from between 60 and 70 professional societies (The
number depends upon whether different committees within an organization
are counted separately) in the United States and also cooperates with inter-
national standards organizations. Many of these standards include the acro-
nym of the authoring organization, and many, but not all, of these standards
are sold to users through its subsidiary organization, the National Standards
System Network, whose Web address is www.nssn.org.

ANSI itself appears to have authored some of these standards, such as
ANSI B11.3—2002, Machine Tools—Safety Requirements for Power Press
Brakes.

III. OTHER STANDARDS ORGANIZATIONS

Notice that some of the acronyms for the following organizations may not
represent the initials of that organization. For example, the ISO standards
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from the International Organization for Standardization are published in
three languages: French, English, and Russian. The order of the majuscules
ISO in its acronym does not correspond to the order of the leading characters
in any of these three languages.

Australia: Standards Australia (SAA).
Canada: Standards Council of Canada (SCC).
Europe: European Committee for Standardization (CEN)
Finland: Finnish Standards Association (SFS).
France: Association Franc�aise de Normalisation (AFNOR).
Germany: Deutsches Institut für Normung (DIN).
Italy: Eute Nazionale Italiano di Unificazione (UNI).
Japan: Japanese Industrial Standards (JIS).
Korea: Korean Standards Association (KSA).
Malaysia: Standards and Industrial Research of Malaysia (SIRIM).
Netherlands: Nederlands Normalisatie-Instituut (NEN).
Norway: Norwegian Standards Association (—)
Slovenia: Standards and Metrology Institute (SMIS).
Taiwan: Bureau of Standards and Metrology Institute (BSMI).
United States: Department of Defense (DoD—STD—), (MIL—).

A. Selected Standards from these Other Organizations

The titles of the following standards were copied from theNSSNWeb site as a
partial indication of the topics and applications considered. At this time of
this writing, the standards listed by NSSN may be found by going to www.
ossn.org, where a left-click of a computer mouse on the words Search for
Standards, which are directly under the words www.NSSN.ORG at the top
left of the screen, will call a search form to the screen. Entering the word clutch
in the Find By Title Word block and leaving all other blocks blank will
produce the name of all of the standards available to NSSN that have the
word clutch in the title. A left click on the document number of a particular
standard will then yield a screen with instructions for obtaining a copy of that
standard.

JIS D 4421:1996:Method of Hardness Test for Brake Linings, Pads and
Clutch Facings for Automobiles.

JIS D 0152:1997: Clutches and Brakes—Vocabulary.
ASME B5.55M: Specification and Performance Standard, Power Press
Brakes R(2002).

BSMI B2004400: Hand Brakes for Bicycles.
BSMI B4003700: Axles with Brakes of Trailer for Power Tiller.
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BSMI B7005800: Method of Test for the Rear Brakes of Bicycles.
BSMI D3010900: Method of Test for Air Brakes of Automobiles.
CEN EN12622: Safety of Machine Tools—Hydraulic Press Brakes.
CEN PREN 12622: Hydraulic Press Brakes—Safety.
CEN PREN 1292-2: Safety Requirements for Passenger Transporta-
tion by Rope—General Provisions—Part 2: Additional Require-
ments for Reversible Bicable Aerial Ropeways Without Carrier
Truck Brakes.

DIN 11742: Agricultural Machinery: Internal Expanding Brakes for
Trailers, Dimensions.

DIN 154332-2: Power Transmission Engineering: Disc Brakes, Brake
Linings.

DIN 15435-2: Power Transmission Engineering: Drum Brakes, Brake
Shoes.

DIN 15435-2: Power Transmission Engineering: Drum Brakes, Brake
Linings.

DIN 22261-4: Excavators, Spreaders and Auxiliary Equipment in
Opencast Lignite Mines—Part 4: Hoisting Winch Brakes.

DIN 22261-5: Excavators, Spreaders and Auxiliary Equipment in
Opencast Lignite Mines—Part 5: Slewing Brakes and Overload Pro-
tecting Devices.

DIN 25108: Suburban Railways: Interface and Outline Dimensions for
Magnetic Track Brakes.

DIN 27205-4: State of Railway Vehicles—Brakes—Part 4: Non-
ventilated Axle-Mounted Brake Discs.

DIN 27205-5: State of Railway Vehicles—Brakes—Part 5: Wheel-
Mounted Brake Discs.

ISO 8710:1995: Motorcycles—Brakes and Braking Devices—Test and
Measurement Methods.

ISO 8709:1995: Mopeds—Brakes and Braking Devices—Test and
Measurement Methods.

ISO 7176-3:2003: Wheelchairs—Part 3: Determination of Effectiveness
of Brakes.

KSA B4045: Mechanical Multiple-Disc Clutches (Wet Type).
KSA B4080: Mechanical Multiple-Disc Clutches (Wet Type).
KSA B4081: Oil Hydraulic Multiple-Disc Clutches (Wet Type).
KSA B4082: Electromagnetic Multiple-Disc Clutches (Wet Type).
DoD-STD-2144 NOT 2: Induction Clutches, Low-Magnetic-Field De-
sign of.

MIL-C-18087A: Clutches for Propulsion Units and Auxiliary Machi-
nery, Naval Shipboard.

Chapter 14322



Bibliography

1. Limpert, R. (1999). Brake Design and Safety. 2nd ed. Warrendale, PA: Society of
Automotive Engineers.

2. Peeken, H., Troeder, Christoph. (1986). Elastische Kupplungen: Ausführungen, Ei-

genschaften, Berechnungen. New York: Springer-Verlag.
3. Shaver, R., Shaver, F. R. (1997). Manual Transmission Clutch Systems. Warren-

dale, PA: Society of Automotive Engineers.

4. Winkelmann, S., Harmuth, H. (1985). Schaltbare Reibkupplungen: Grundlagen,
Eigenschaften, Konstruktionen. New York: Springer-Verlag.

323





Index

Acceleration time, clutch,
165–169

Activation force
annular disk clutch, 86
annular sector disk brake, 86
band brake lever, 24
centrifugal clutch, 193
circular pad, 90
cone clutch/brake, 109, 92–99

Activation moment, drum brake,
centrally pivoted external
shoe, 73

American National Standards
Institute (ANSI), 320

Annular contact disk brake/clutch,
92–99

Annular sector pad, caliper disk
brake, 102–104

ANSI, American National
Standards Institute, 320

Antilock braking history, 271
ASME, American Society of

Mechanical Engineers,
selected standard, 321

Band brakes
backstop design, 24–29
design formulas, 17–22
efficiency, 21
example, 22–23
lever actuated, 24
link force, 20
torque, 20, 22

Band friction test machine, SAE
standard, 320

Belt drives
hinged base, 230–233, 249–252

cam force to tension ratio, 233
torque to weight ratio, 231

sliding base, 223–237, 252–253
lever force to tension ratio,
236

Brake block chamfer, SAE
standard, 319

Tension control, 178–180
Brake fade, 4–6
Brake fluid, 262–268
Brake lining test procedure , SAE

standard, 319
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Brake shoe and lining bonds, SAE
standard, 319

Brake vibration
brief history, 293–297
caliper noise reduction, 301–303;

associated figure, 315
experimental data, 297–299;

associated figures, 301–306
finite element analysis, 299–301;

associated figures, 306–314
Braking energy dissipated, geared

systems
rotation only, 153–155
rotation and translation,

155–156
rotation, translation, and

elevation change, 156
Braking examples

brake dynamometer, 175–178
conveyor brake, 163–165
crane, 169–175
grinding wheel, 162–163

Braking torque, see torque
Braking torque and time to stop,

156–161
BSMI, Bureau of Standards and

Metrology Institute,
Taiwan, selected, 321

Caliper brake noise reduction,
301–303

Caliper disk brakes, See Disk
Brakes

Cam brake, 45
Carbon-carbon, 13–14
CEN, European Committee for

Standardization, 321, 322
Centrally pivoted, external shoe

brakes, 69–74
Centrifugal clutch, 191–197
Circular pad caliper disc brake,

99–102

Clutch acceleration time, 161–162,
165–169

soft start, 185–187
rotary kiln, 165–168

Clutch, annular contact
activation force, 86
uniform pressure, 98
uniform wear, 92, 95

pressure distribution,uniform
wear, 85, 95, 98

torque, 86
uniform pressure, 98
uniform wear, 92, 95

Clutch, centrifugal, 191–197
Clutch, fluid, 258, 266–268
Clutch friction test, SAE standard,

317
Clutch housing dimensions, SAE

standard, 318
Clutch, one-way, spring type,

197–199
Clutch, overrunning

roller type, 199–206
sprag type, 206–217

Clutch torque and acceleration
time, 161–162

Clutch, torque limiting
friction type, 223–225
tooth and detent type, 217–223

Cone brakes/clutches
activation force, 109
brake design example, 118–120
clutch design examples, 116–118,

120–122
design curves, 111–113
folded cone brake, 113–116
activation force, 116
torque, 114, 116

pressure distribution, 108
retraction force, 110
torque, 109
wear, 120–122
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Cone clutch, See Cone brakes/
clutches

Cone drive, 240–249, 253–254
Conveyor brake, 163–165
Crane brake, 169–175

Detent clutch, torque limiting,
217–223

Dimensional stability of friction
materials, SAE standard,
317

DIN, Deutsches Institut für
Normung, 321, 322

Disk brakes
annular contact, activation

force, 86
uniform pressure, 98
uniform wear, 92, 95

caliper
activation force, 86, 90
circular pad, 90, 99–102
design examples, 99–104
pressure distribution, 85
torque, 86, 88, 89

pressure, uniform wear, 85
torque
uniform pressure, 98
uniform wear, 86, 92,
95, 96

ventilated, 91–92
DoD, United States Department

of Defense standards, 321,
322

Drum brakes, linearly acting
activation force, 73, 79
braking torque, 70, 74
design examples, 77–80
efficiency, 74
external pivot location, 72
internal support location, 77
pressure distribution, 69
torque, 70, 74

Drum brakes, pivoted
dual anchor, 40–46

design examples, 46–50
external, long shoe, 31–37
external, short shoe, 37–38
internal, electric, 60–64
internal, pivoted, 38–39
internal, single anchor, twin

shoe, (Bendix type) 50–60
pressure distribution, 34, 54, 55
torque, 35, 46

Duplex brake, 45
Dynamometer, 175–178

Eddy-current brakes, clutches
138–148

theory, 126–129
Efficiency
band brakes, 21
drum brakes, 39

Electrical skid detection, 278–279
control, accelerometer

augmented, 282–289
control, electrical, wheel data

only, 279–282
control, mechanical, 274–278
sensors, 278–279

Energy dissipated
examples

conveyor brake, 163–165
crane brake, 169–173
grinding wheel, 162–163
hysteresis brake
dynamometer, 175–178

magnetic particle brake
dynamometer, 175–178

rotary kiln clutch, 165–169
soft start, 185–187
tension control, 178–180
torque and speed control,
180–185

geared system, 153–155

Index 327



[Energy dissipated]
translating and rotating system,

155–156
External drum brakes

long shoe, 31–37
short shoe, 37–38

External dual anchor, twin-shoe,
example, 46–49

External, linearly acting, twin-shoe
brake, 77–78

External shoe brakes, centrally
pivoted, 69–74

Finite element analysis, brake
vibration, 299–301

Fluid brake, retarder, 262–266
Fluid brakes: retarders, 262–266
Fluid clutch/coupling

magnetorheological suspension,
266–268

power transmitted, 258
Folded cone brake, 113–116
Friction code, 2
Friction coefficient code, 2

coefficient identification system,
SAE standard, 319

tire/road, 373
Friction cone drive, 240–249,

253–254
torque to vertical force ratio,

249
Friction wheel drive, 237–240

torque limit, 239

Geared systems, energy, 153–159
Girling twinstop brake, 69
Gogan hardness of brake lining,

SAE standard, 318
Grinding wheel brake, 162–163

Hinged base, belt drive, 230–233,
249–252

Hysteresis brakes/clutches,
132–138

dynamometer, 175–178

Industrial power take-off,
overcenter clutch, SAE
standard, 318

Internal drum brakes
dual anchor, twin shoe, 40–49
electric, 60–64
single anchor, twin shoe, (Bendix

type) 50–60
Internal linearly acting shoe brakes,

74–77
twin-shoe brake, 78–80

Internal, single anchor, twin-shoe
brake design, 56–60

ISO, International Organization
for Standardization,
320–321, 322

JIN, Japanese Industrial
Standards, selected, 321

Kevlar, 7–10
KSA, Korean Standards

Association, 321, 322

Linearly acting external shoe
brakes, see Drum brakes

Linearly acting internal shoe
brakes, see Drum brakes

Lubricated friction systems, SAE
standard, 320

Lucas–Girling stop control
system, 275–277

Magnetic particle brakes/clutches,
130–132

dynamometer 175–178
Magnetorheological suspension

clutch and brake, 266–268
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Maxwell’s equations, 126–129
Mechanical skid detection,

274–278
MIL, Military Standard, United

States, 322
Mineral enhanced friction material,

10–11

One-way clutch nomenclature,
SAE standard, 319

One-way clutch, spring, 197–199
Overcenter clutch spin test, SAE

standard, 320
Overrunning clutch, 199–217

Polytetrafluoroethylene friction
material, 6

Power dissipated
fluid coupling/clutch, 258
magnetic particle clutch, 178

Proprietary friction material,
14–15

PTFE friction material, 6–7

Retarder, 262–266
Rivet and bolt for brake lining,

SAE standard, 319
Roller clutch, overrunning,

199–206
Rotary kiln, 165–169
Rotating and translating systems,

energy, 155–156

SAE Standards
SAE J160, 317
SAE J286, 318
SAE J373, 318
SAE J379, 318
SAE J380, 318
SAE J621, 318
SAE J661, 319
SAE J662, 319

[SAE Standards]
SAE J663, 319
SAE J840, 319
SAE J866, 319
SAE J1087, 319
SAE J1079, 320
SAE J1499, 320
SAE J1646, 320

Simplex brake, 45
Sintered lining material, 11–13
Skid detection, 274–289
electrical, 278–279
mechanical, 274–278
sensors, 274–279

Sliding base, belt drive, 223–237,
252–253

Slip friction clutch, 223–225
ratio, 274

Soft start, 185–187
Specific gravity of friction

materials, SAE standard,
318

Sprag clutch, overrunning, 206–217
Spring clutch, one-way 197–199
Standards organizations, 317,

320–321
selected, 317–319, 321–322

Stopping time, braking, 156–161,
162–165

conveyor belt, 163–165
crane, 169–175
grinding wheel, 162–163

Tension control, 178–180
Tetrafluoroethylene friction

material, 6
TFE friction material, 6
Time to stop, braking, 156–161,

162–165
conveyor belt, 163–165
crane, 169–175
grinding wheel, 162–163
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Tire/road friction coefficient,
272–274

Tooth clutch, torque limiting,
217–220

Torque
annular disk brake/clutch,

86, 96, 98
band brake, 20, 22
caliper disk brake, 88
centrifugal clutch, 193
cone clutch/brake, 109, 114
cone friction drive, 248–249
detent clutch, 219–223
drum brakes

dual shoe, 44, 46, 53
eddy-current clutch/brake, 146
linearly acting, 70, 74
single shoe, 35, 37

engagement force, sliding base,
236

friction wheel limit, 239
limiting friction clutch, 223–225
magnetic particle clutch/brake,

137
spring clutch, one-way, 198
toothed clutch, torque limiting,

217–219

[Torque]
vertical force ratio, cone drive,

248
weight ratio, belt drive, hinged,

231
Torque, band brakes, 20, 22
Torque, cone clutch/brake, 109
Torque and speed control, 180–185
Traction drive, 229
Translating and rotating system,

155–156

Uniform pressure, annular contact,
96–99

Uniform wear, annular contact,
92–96

Ventilated caliper disc brake,
91–92

Vibration, brake history,
293–297

experimental data, 297–299
finite element analysis, 299–301

Wear, 3–4
Wedge brake, 45
Wheel slip ratio, 274
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