Chapter

Group Theory

Most lectures on group theory actually start with the definition of what is a
group. It may be worth though spending a few lines to mention how mathe-
maticians came up with such a concept.

Around 1770, Lagrange initiated the study of permutations in connection
with the study of the solution of equations. He was interested in understanding
solutions of polynomials in several variables, and got this idea to study the be-
haviour of polynomials when their roots are permuted. This led to what we now
call Lagrange’s Theorem, though it was stated as [5] If a function f(z1,...,2,)
of n wvariables is acted on by all n! possible permutations of the variables and
these permuted functions take on only r values, then r is a divisior of n!. It is
Galois (1811-1832) who is considered by many as the founder of group theory.
He was the first to use the term “group” in a technical sense, though to him it
meant a collection of permutations closed under multiplication. Galois theory
will be discussed much later in these notes. Galois was also motivated by the
solvability of polynomial equations of degree n. From 1815 to 1844, Cauchy
started to look at permutations as an autonomous subject, and introduced the
concept of permutations generated by certain elements, as well as several nota-
tions still used today, such as the cyclic notation for permutations, the product
of permutations, or the identity permutation. He proved what we call today
Cauchy’s Theorem, namely that if p is prime divisor of the cardinality of the
group, then there exists a subgroup of cardinality p. In 1870, Jordan gathered all
the applications of permutations he could find, from algebraic geometry, num-
ber theory, function theory, and gave a unified presentation (including the work
of Cauchy and Galois). Jordan made explicit the notions of homomorphism,
isomorphism (still for permutation groups), he introduced solvable groups, and
proved that the indices in two composition series are the same (now called
Jordan-Holder Theorem). He also gave a proof that the alternating group A,
is simple for n > 4.

In 1870, while working on number theory (more precisely, in generalizing
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Kummer’s work on cyclotomic fields to arbitrary fields), Kronecker described in
one of his papers a finite set of arbitrary elements on which he defined an abstract
operation on them which satisfy certain laws, laws which now correspond to
axioms for finite abelian groups. He used this definition to work with ideal
classes. He also proved several results now known as theorems on abelian groups.
Kronecker did not connect his definition with permutation groups, which was
done in 1879 by Frobenius and Stickelberger.

Apart permutation groups and number theory, a third occurence of group
theory which is worth mentioning arose from geometry, and the work of Klein
(we now use the term Klein group for one of the groups of order 4), and Lie,
who studied transformation groups, that is transformations of geometric objects.
The work by Lie is now a topic of study in itself, but Lie theory is beyond the
scope of these notes.

The abstract point of view in group theory emerged slowly. It took some-

thing like one hundred years from Lagrange’s work of 1770 for the abstract
group concept to evolve. This was done by abstracting what was in commun to
permutation groups, abelian groups, transformation groups... In 1854, Cayley
gave the modern definition of group for the first time:
“A set of symbols all of them different, and such that the product of any two of
them (no matter in what order), or the product of any one of them into itself,
belongs to the set, is said to be a group. These symbols are not in general con-
vertible [commutative], but are associative.”

Let us start from there.

1.1 Groups and subgroups

We start by introducing the object that will interest us for the whole chapter.

Definition 1.1. A group is a non-empty set G on which there is a binary
operation (a,b) — ab such that

e if ¢ and b belong to G then ab is also in G (closure),
e a(bc) = (ab)c for all a,b,c in G (associativity),
e there is an element 1 € G such that al = la = a for all a € G (identity),

e if o € G, then there is an element a~! € G such that aa™! = a~ta =1
(inverse).

One can easily check that this implies the unicity of the identity and of the
inverse.

A group G is called abelian if the binary operation is commutative, i.e.,
ab = ba for all a,b € G.

Remark. There are two standard notations for the binary group operation: ei-
ther the additive notation, that is (a,b) — a + b in which case the identity is
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denoted by 0, or the multiplicative notation, that is (a,b) — ab for which the
identity is denoted by 1.

Examples 1.1. 1. Z with the addition and 0 as identity is an abelian group.

2. Z with the multiplication is not a group since there are elements which
are not invertible in Z.

3. The set of n x n invertible matrices with real coefficients is a group for
the matrix product and identity the matrix I,,. It is denoted by GL,(R)
and called the general linear group. It is not abelian for n > 2.

The above examples are the easiest groups to think of. The theory of algebra
however contains many examples of famous groups that one may discover, once
equipped with more tools (for example, the Lie groups, the Brauer group, the
Witt group, the Weyl group, the Picard group,...to name a few).

Definition 1.2. The order of a group G, denoted by |G|, is the cardinality of
G, that is the number of elements in G.

We have only seen infinite groups so far. Let us look at some examples of
finite groups.

Examples 1.2. 1. The trivial group G = {0} may not be the most exciting
group to look at, but still it is the only group of order 1.

2. The group G ={0,1,2,...,n—1} of integers modulo n is a group of order
n. It is sometimes denoted by Z,, (this should not be confused with p-adic
integers though!).

Definition 1.3. A subgroup H of a group G is a non-empty subset of G that
forms a group under the binary operation of G.

Examples 1.3. 1. If we consider the group G = Z4 = {0, 1,2, 3} of integers
modulo 4, H = {0, 2} is a subgroup of G.

2. The set of n x n matrices with real coefficients and determinant of 1 is
a subgroup of GL,(R), denoted by SL,,(R) and called the special linear

group.

At this point, in order to claim that the above examples are actually sub-
groups, one has to actually check the definition. The proposition below gives an
easier criterion to decide whether a subset of a group G is actually a subgroup.

Proposition 1.1. Let G be a group. Let H be a non-empty subset of G. The
following are equivalent:

1. H is a subgroup of G.

2. (a) xz,y € H implies xy € H for all z,y.
(b) x € H implies x~' € H.
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3. x,y € H implies xy~* € H for all x,y.
Proof. We prove that 1. = 3. = 2. = 1.
1. = 3. This part is clear from the definition of subgroup.

3. = 2. Since H is non-empty, let z € H. By assumption of 3., we have that
xz~! = 1 € H and that 127! € H thus z is invertible in H. We now
know that for x,y € H, x and y~! are in H, thus z(y~!)~! = zy is in H.

2. = 1. To prove this direction, we need to check the definition of group. Since
closure and existence of an inverse are true by assumption of 2., and
that associativity follows from the associativity in G, we are left with the
existence of an identity. Now, if z € H, then z—! € H by assumption of
2., and thus zz~! = 1 € H again by assumption of 2., which completes
the proof.

O

We will often use the last equivalence to check that a subset of a group G is
a subgroup.

Now that we have these structures of groups and subgroups, let us intro-
duce a map that allows to go from one group to another and that respects the
respective group operations.

Definition 1.4. Given two groups G and H, a group homomorphism is a map
f: G — H such that

fzy) = f(z)f(y) for all z,y € G.

Note that this definition immediately implies that the identity 1g of G is
mapped to the identity 1y of H. The same is true for the inverse, that is

fl@™) = fl@)~"

Example 1.4. The map exp : (R,+) — (R*,:), = — exp(x) is a group homo-
morphism.

Definition 1.5. Two groups G and H are isomorphic if there is a group homo-
morphism f : G — H which is also a bijection.

Roughly speaking, isomorphic groups are “essentially the same”.

Example 1.5. If we consider again the group G = Z4 = {0, 1,2, 3} of integers
modulo 4 with subgroup H = {0,2}, we have that H is isomorphic to Zs, the
group of integers modulo 2.

A crucial definition is the definition of the order of a group element.

Definition 1.6. The order of an element a € G is the least positive integer n
such that a™ = 1. If no such integer exists, the order of « is infinite. We denote
it by |al.
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Note that the critical part of this definition is that the order is the least
positive integer with the given property. The terminology order is used both for
groups and group elements, but it is usually clear from the context which one
is considered.

1.2 Cyclic groups
Let us now introduce a first family of groups, the cyclic groups.

Definition 1.7. A group G is cyclic if it is generated by a single element, which
we denote by G = (a). We may denote by C,, a cyclic group of n elements.

Example 1.6. A finite cyclic group generated by a is necessarily abelian, and
can be written (multiplicatively)

{1,a,a?, ...,a" '} with a" =1

or (additively)
{0,a,2a,...,(n—1)a} with na = 0.

A finite cyclic group with n elements is isomorphic to the additive group Z,, of
integers modulo n.

Example 1.7. An nth root of unity is a complex number z which satisfies the
equation 2" = 1 for some positive integer n. Let ¢, = €2/ be an nth root
of unity. All the nth roots of unity form a group under multiplication. It is
a cyclic group, generated by (,, which is called a primitive root of unity. The
term “primitive” exactly refers to being a generator of the cyclic group, namely,
an nth root of unity is primitive when there is no positive integer k£ smaller than
n such that ¢& = 1.

Here are some properties of cyclic groups and its generators.

Proposition 1.2. If G is a cyclic group of order n generated by a, the following
conditions are equivalent:

1. |a*| =n.
2. k and n are relatively prime.

3. k has an inverse modulo n, that is there exists an integer s such that
ks =1 modulo n.

Proof. Before starting the proof, recall that since a generates G of order n, we
have that the order of @ is n and in particular a™ = 1. The fact that |a*| = n
means in words that the order of a* is also n, that is, a” is also a generator of G.
We first prove that 1. <= 2., while 2. <= 3. follows from Bezout identity.
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1. = 2. Suppose by contradiction that k and n are not relatively prime, that is,

there exists s > 1 such that s|k and s|n. Thus n = ms and k = sr for
some m,r > 1 and we have

(ak)m — g5 — g = 1.

Now since s > 1, m < n, which contradicts that n is the order of a”.

2. = 1. Suppose that the order of a* is not n, then there exists m < n such that

(a®)™ = 1 and thus n|km since n is the order of a. If k and n were to
be relatively prime, then n would divide m, which is a contradiction since
m < n.

2. = 3. If k and n are relatively prime, then by Bezout identity, there exist r,s

such that 1 = kr + ns and thus kr = 1 modulo n.

3. = 2. If kr =1 modulo n then 1 = kr + ns for some s and the greatest common

divisor of k£ and n must divide 1, which shows k and n are relatively prime.
O

Corollary 1.3. The set of invertible elements modulo n forms a group un-
der multiplication, whose order is the Euler function ¢(n), which by definition
counts the number of positive integers less than n that are relatively prime to n.

Example 1.8. Consider the group Zg = {0,1,2,3,4,5}, the group Z§ of in-
vertible elements in Zg is Z§ = {1,5}. We have that ¢(6) = ¢(2)p(3) = 2.

1.3 Cosets and Lagrange’s Theorem

Definition 1.8. Let H be a subgroup of a group G. If g € G, the right coset
of H generated by g is
Hg={hg, he H}

and similarly the left coset of H generated by g is
gH = {gh, h € H}.

In additive notation, we get H + g (which usually implies that we deal with
a commutative group where we do not need to distinguish left and right cosets).

Example 1.9. If we consider the group Zs = {0,1,2,3} and its subgroup
H = {0,2} which is isomorphic to Zs, the cosets of H in G are

0+H=H,1+H={1,3}, 2+ H=H, 3+ H=1{1,3}.
Clearly 0O+ H =2+ H and 1+ H =3+ H.

We see in the above example that while an element of ¢ € G runs through
all possible elements of the group G, some of the left cosets gH (or right cosets
Hg) may be the same. It is easy to see when this exactly happens.
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Lemma 1.4. We have that Ha = Hb if and only if ab=* € H for a,b € G.
Similarly, aH = bH if and only if a='b € H for a,b € G.

Proof. If two right cosets are the same, that is Ha = Hb, since H is a subgroup,
we have 1 € H and a = hb for some h € H, so ab™* =h € H.

Conversely, if ab~! = h € H, then Ha = Hhb = Hb, again since H is a
subgroup. ]

While one may be tempted to define a coset with a subset of G which is not
a subgroup, we see that the above characterization really relies on the fact that
H is actually a subgroup.

Example 1.10. It is thus no surprise that in the above example we have O+H =
2+ H and 1+ H = 3+ H, since we have modulo 4 that 0 —2 =2 € H and
1-3=2¢€¢H.

Saying that two elements a,b € G generate the same coset is actually an
equivalence relation in the following sense. We say that a is equivalent to b
if and only if ab~! € H, and this relation satisfies the three properties of an
equivalence relation:

o reflexivity: aa~ ' =1¢€ H.
o symmetry: if ab=! € H then (ab=!)"1 =ba~! € H.
o transitivity: if ab™' € H and be™' € H then (ab=')(bc™!) = ac™! € H.

The equivalence class of a is the set of elements in G which are equivalent

to a, namely
{b, ab' € H}.

Since ab™! € H <= (ab 1)~ =ba~! € H <= b € Ha, we further have that
{b, ab=' € H} = Ha,
and a coset is actually an equivalence class.

Example 1.11. Let us get back to our example with the group Z, = {0, 1, 2,3}
and its subgroup H = {0,2}. We compute the first coset 0 + H = H, and thus
we now know that the equivalence class of 0 is H, and thus there is no need to
compute the coset generated by 2, since it will give the same coset. We then
compute the coset 1 + H = {1,3} and again there is no need to compute the
one of 3 since it is already in the coset of 1. We thus get 2 cosets, and clearly
they partition Z,:

Zy={0,2}U{1,3} =HU(1+ H).

It is important to notice that the right (resp. left) cosets partition the group
G (that the union of all cosets is G is clear since we run through all elements
of G and H contains 1, and it is easy to see that if x € Ha and x € Hb then
Ha = HD).
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Example 1.12. Consider R as an additive group with subgroup Z. Every real
number up to addition by an integer looks like a number in [0,1). Thus

R = U0§x<1(x + Z)a
and the cosets of Z partition R.

Furthermore, since the map h — ha, h € H, is a one-to-one correspondence,
each coset has |H| elements.

Definition 1.9. The index of a subgroup H in G is the number of right (left)
cosets. It is a positive number or co and is denoted by [G : HJ.

If we think of a group G as being partitioned by cosets of a subgroup H,
then the index of H tells how many times we have to translate H to cover the
whole group.

Example 1.13. In Example 1.12, the index [R : Z] is infinite, since there are
infinitely many cosets of Z in R.

Theorem 1.5. (Lagrange’s Theorem). If H is a subgroup of G, then |G| =
|H||G : H]. In particular, if G is finite then |H| divides |G| and |G : H] =
GI/|H].

Proof. Let us start by recalling that the left cosets of H forms a partition of G,
that is
G = UgH,

where g runs through a set of representatives (one for each coset). Let us look
at the cardinality of G:

G| = [UgH| =" |gH]|

since we have a disjoint union of cosets, and the sum is again over the set of

representatives. Now
> lgH| =" |H]|

since we have already noted that each coset contains |H| elements. We then
conclude that

Gl=)_|H|=[G: H]|H]|.

Example 1.14. Consider G = Z, H = 3Z, then [G : H| = 3.

Of course, Lagrange did not prove Lagrange’s theorem! The modern way
of defining groups did not exist yet at his time. Lagrange was interested in
polynomial equations, and in understanding the existence and nature of the
roots (does every equation has a root? how many roots?...). What he actually
proved was that if a polynomial in n variables has its variables permuted in
all n! ways, the number of different polynomials that are obtained is always a
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Figure 1.1: Joseph-Louis Lagrange (1736-1813)

factor of n!. Since all the permutations of n elements are actually a group, the
number of such polynomials is actually the index in the group of permutations
of n elements of the subgroup H of permutations which preserve the polynomial.
So the size of H divides n!, which is exactly the number of all permutations of
n elements. This is indeed a particular case of what we call now Lagrange’s
Theorem.

Corollary 1.6. 1. Let G be a finite group. If a € G, then |a| divides |G|. In
particular, al®l = 1.

2. If G has prime order, then G is cyclic.

Proof. 1. If a € G has order say m, then the subgroup H = {1,a,...,a™ 1}
is a cyclic subgroup of G with order |H| = m. Thus m divides |G| by the
theorem.

2. Since |G| is prime, we may take a # 1 in G, and since the order of a has
to divide |G|, we have |a| = |G|. Thus the cyclic group generated by a
coincides with G.

O

Example 1.15. Using Lagrange’s Theorem and its corollaries, we can already
determine the groups of order from 1 to 5, up to isomorphism (see Table 1.1).
If |G| is prime, we now know that G is cyclic.

Let us look at the case where G is of order 4. Let g € G. We know that
the order of g is either 1,2 or 4. If the order of g is 1, this is the identity. If G
contains an element g of order 4, then that means that g generates the whole
group, thus G is cyclic. If now GG does not contain an element of order 4, then
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G| G
1 {1}
2 Co
3 Cs
4 04, CQ X CQ
5 Cs

Table 1.1: Groups of order from 1 to 5. (), denotes the cyclic group of order n.

apart the identity, all the elements have order 2. From there, it is easy to obtain
a multiplication table for G, and see that it coincides with the one of the group

Lo x Lo = {(z,y) | z,y € Lo}
with binary operation (z,y)+ (2/,y) = (x + ',y +y'). This group is called the
Klein group, and it has several interpretations, for example, it is the group of

isometries fixing a rectangle.

Remark. The above example also shows that the converse of Lagrange’s Theo-
rem is not true. If we take the group G = Cy x (s, then 4 divides the order of
G, however there is no element of order 4 in G.

Once Lagrange’s Theorem and its corollaries are proven, we can easily deduce
Euler’s and Fermat’s Theorem.

Theorem 1.7. (Euler’s Theorem). If a and n are relatively prime positive
integers, with n > 2, then

™ =1 mod n.
Proof. Since a and n are relatively prime, we know from Proposition 1.2 that
a has an inverse modulo n, and by its corollary that the group of invertible
elements has order ¢(n). Thus

a?™ =1 mod n

by Lagrange’s Theorem first corollary. ]

Corollary 1.8. (Fermat’s Little Theorem). If p is a prime and a is a
positive integer not divisible by p, then

a*'=1 mod p.

This is particular case of Euler’s Theorem when n is a prime, since then
p(n)=p-—1.
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1.4 Normal subgroups and quotient group

Given a group G and a subgroup H, we have seen how to define the cosets of H,
and thanks to Lagrange’s Theorem, we already know that the number of cosets
[G : HJ is related to the order of H and G by |G| = |H|[G : H]. A priori, the
set of cosets of H has no structure. We are now interested in a criterion on H
to give the set of its cosets a structure of group.

In what follows, we may write H < G for H is a subgroup of G.

Definition 1.10. Let G be a group and H < G. We say that H is a normal
subgroup of G, or that H is normal in G, if we have

cHe ' =H, forall c € G.

We denote it H < G, or H << G when we want to emphasize that H is a proper
subgroup of G.

The condition for a subgroup to be normal can be stated in many slightly
different ways.

Lemma 1.9. Let H < G. The following are equivalent:
1. cHc™' C H forallceG.
2. cHc™' = H for all c € G, that is cH = Hc for all c € G.

3. Every left coset of H in G is also a right coset (and vice-versa, every right
coset of H in G is also a left coset).

Proof. Clearly 2. implies 1., now cHc™' C H for all ¢ € G if and only if
cH C He. Let x € He, that is x = hc for some h € H, so that

z = (ccHhe = c(c he) = b/

for some h/ € H since cHc™' C H for all ¢ and thus in particular for ¢=!. This
shows that Hec is included in cH or equivalently that H C cHc™*.

Also 2. clearly implies 3. Now suppose that ¢H = Hd. This means that
¢ belongs to Hd by assumption and to Hc by definition, which means that
Hd = He. O

Example 1.16. Let GL,(R) be the group of n X n real invertible matrices, and
let SL,,(R) be the subgroup formed by matrices whose determinant is 1. Let us
see that SL,(R) < GL,(R).

For that, we have to check that ABA™! € SL,(R) for all B € SL,(R) and
A € GL,(R). This is clearly true since

det(ABA™!) = det(B) = 1.

Proposition 1.10. If H is normal in G, then the cosets of H form a group.
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Proof. Let us first define a binary operation on the cosets: (aH,bH) — (aH)(bH) =

{(ah)(bL), ah € aH, bh' € bH}. We need to check that the definition of group
is satisfied.

e closure. This is the part which asks a little bit of work. Since cH = Hc
for all ¢ € G, then

(aH)(bH) = a(Hb)H = a(bH)H = abHH = abH.
Note that this product does not depend on the choice of representatives.
e Associativity comes from G being associative.
e The identity is given by the coset 1H = H.

e The inverse of the coset aH is a ' H.

O

Definition 1.11. The group of cosets of a normal subgroup N of G is called
the quotient group of G by N. It is denoted by G/N.

Let us finish this section by discussing the connection between normal sub-
groups and homomorphisms. The first normal subgroup of interest will be the
kernel of a group homomorphism.

Recall that if f : G — H is a group homomorphism, the kernel of f is defined
by

Ker(f)={a € G, f(a)=1}.

It is easy to see that Ker(f) is a normal subgroup of G, since
flaba™") = f(a)f(b)f(a)™" = fla)f(a)™" =1

for all b € Ker(f) and all a € G.
The converse is more interesting.

Proposition 1.11. Let G be a group. Every normal subgroup of G is the kernel
of a homomorphism.

Proof. Suppose that N <G and consider the map
7:G— G/N, ar aN.

To prove the result, we have to show that 7 is a group homomorphism whose
kernel is N. First note that 7 is indeed a map from group to group since G/N
is a group by assuming that N is normal. Then we have that

m(ab) = abN = (aN)(bN) = 7(a)mw(b)
where the second equality comes from the group structure of G/N. Finally

Ker(m) ={a e G| m(a) =N} ={a€eG|aN =N}=N.
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Definition 1.12. Let N < G. The group homomorphism
7:G— G/N, ar— aN

is called the natural or canonical map or projection.

Recall for further usage that for f a group homomorphism, we have the
following characterization of injectivity: a homomorphism f is injective if and
only if its kernel is trivial (that is, contains only the identity element). Indeed,
if f is injective, then Ker(f) = {a, f(a) =1} = {1} since f(1) = 1. Conversely,
if Ker(f) = {1} and we assume that f(a) = f(b), then

flab™") = f(a)f(0)~" = fla)f(a)™" =1

and ab~! = 1 implying that a = b and thus f is injective.

Terminology.
monomorphism=injective homomorphism
epimorphism=surjective homomorphism
isomorphism=nbijective homomorphism
endomorphism=homomorphism of a group to itself
automorphism=isomorphism of a group with itself

We have looked so far at the particular subgroup of G which is its kernel.
The proposition below describes more generally subgroups of G and H.

Proposition 1.12. Let f : G — H be a homomorphism.

1. If K is a subgroup of G, then f(K) is a subgroup of H. If f is an epi-
morphism and K is normal, then f(K) is normal.

2. If K is a subgroup of H, then f~1(K) = {z € G, f(x) € K} is a subgroup
of G. If K is normal, so is f~1(K).

Proof. 1. To prove that f(K) is a subgroup of H, it is enough to show that
f(a)f(b)~! € f(K) by Proposition 1.1, which is clear from

fla)f(®)~" = fab™) € f(K).

If K is normal, we have to show that cf(K)c™! = f(K) for all ¢ € H.
Since f is an epimorphism, there exists d € G such that f(d) = ¢, so that

cf(K)c™t = f(d)f(K)f(d)~" = fdKd™") = f(K)

using that K is normal.
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2. As before, to prove that f~!(K) is a subgroup of G, it is enough to
showing that ab~! € f~1(K) for a,b € f~1(K), which is equivalent to
show that f(ab~!) € K. This is now true since f(ab™') = f(a)f(b)~!
with a,b € f~}(K) and K a subgroup.

For the second claim, we have to show that

or equivalently

flefHK)e™) =K, ceq.
For c € G and a € f~!(K), then

since K is normal.

1.5 The isomorphism theorems

This section presents different isomorphism theorems which are important tools
for proving further results. The first isomorphism theorem, that will be the
second theorem to be proven after the factor theorem, is easier to motivate,
since it will help us in computing quotient groups.

But let us first start with the so-called factor theorem. Assume that we
have a group G which contains a normal subgroup N, another group H, and
f : G — H a group homomorphism. Let 7 be the canonical projection (see
Definition 1.12) from G to the quotient group G/N:

¢t m

| 7

G/N

We would like to find a homomorphism f : G/N — H that makes the diagram
commute, namely

f(a) = f(m(a))

forall a € G.

Theorem 1.13. (Factor Theorem). Any homomorphism [ whose kernel K
contains N can be factored through G/]\[ In other words, there is a unique
homomorphism f: G/N — H such that f om = f. Furthermore

1. f is an epimorphism if and only if f is.

2. f is a monomorphism if and only if K = N.
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3. f is an isomorphism if and only if f is an epimorphism and K = N.

Proof. Unicity. Let us start by proving that if there exists f such that for = f,
then it is unique. Let f be another homomorphism such that fonm = f. We
thus have that

for all @ € G, that is

f(aN) = f(aN) = f(a).
This tells us that for all bN € G//N for which there exists an element b in G
such that m(b) = bN, then its image by either f or f is determined by f(b).
This shows that f = f by surjectivity of 7.
Existence. Let aN € G/N such that w(a) = aN for a € G. We define

f(aN) = f(a).

This is the most natural way to do it, however, we need to make sure that this
is indeed well-defined, in the sense that it should not depend on the choice of
the representative taken in the coset. Let us thus take another representative,
say b € aN. Since a and b are in the same coset, they satisfy a='b € N C K,
where K = Ker(f) by assumption. Since a='b € K, we have f(a='b) = 1 and
thus f(a) = f(b).

Now that f is well defined, let us check this is indeed a group homomorphism.
First note that G/N is indeed a group since N < G. Then, we have

f(aNbN) = f(abN) = f(ab) = f(a)f(b) = f(aN)f(bN)
and f is a homomorphism.

1. The fact that f is an epimorphism if and only if f is comes from the fact
that both maps have the same image.

2. First note that the statement f is a monomorphism if and only if K = N
makes sense since K = Ker(f) is indeed a normal subgroup, as proved
earlier.

To show that f is a monomorphism is equivalent to show that Ker(f) is
trivial. By definition, we have

Ker(f)

{aN € G/N, f(aN) =1}
{aN € G/N, f(n(a)) = f(a) =1}
{aN € G/N, a € K =Ker(f)}.

So the kernel of f is exactly those cosets of the form aN with a € K, but
for the kernel to be trivial, we need it to be equal to N, that is we need
K =N.

3. This is just a combination of the first two parts.
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O
We are now ready to state the first isomorphism theorem.

Theorem 1.14. (1st Isomorphism Theorem). If f : G — H is a homo-
morphism with kernel K, then the image of f is isomorphic to G/K:

Im(f) ~ G/Ker(f).
Proof. We know from the Factor Theorem that
f:G/Ker(f) = H

is an isomorphism if and only if f is an epimorphism, and clearly f is an epi-
morphism on its image, which concludes the proof. ]

Example 1.17. We have seen in Example 1.16 that SL,(R) < GL,(R). Con-
sider the map
det : GL,(R) — (R, "),

which is a group homomorphism. We have that Ker(det) = SL,(R). The 1st
Isomorphism Theorem tells that

Im(det) = GL,(R)/SLy(R).

It is clear that det is surjective, since for all a € R*, one can take the diagonal
matrix with all entries at 1, but one which is a. Thus we conclude that

R* ~ GL,(R)/SL,(R).

The 1st Isomorphism Theorem can be nicely illustrated in terms of exact
sequences.

Definition 1.13. Let F. G, H,I,... be groups, and let f,g,h,... be group ho-
momorphisms. Consider the following sequence:

!

F a7

h

H 1

We say that this sequence is exact in one point (say G) if Im(f) = Ker(g). A
sequence is exact if it is exact in all points.
A short exact sequence of groups is of the form
!

g J

1—>F a H 1
where i is the inclusion and j is the constant map 1.
Proposition 1.15. Let

AN LR ANy R AN ¥ |
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be a short exact sequence of groups. Then Im(f) is normal in G and we have a
group isomorphism

G/Im(f) ~ H,
or equivalently

G/Ker(g) ~ H.

Proof. Since the sequence is exact, we have that Im(f) = Ker(g) thus Im(f) is
a normal subgroup of G. By the first Isomorphism Theorem, we have that

G/Ker(g) ~Im(g) = H.
since Im(g) = Ker(j) = H. O

The formulation in terms of exact sequences is useful to know, since it hap-
pens very often in the literature that an exact sequence is given exactly to be
able to compute such quotient groups.

Let us state the second and third isomorphism theorem.

Theorem 1.16. (2nd Isomorphism Theorem). If H and N are subgroups
of G, with N normal in G, then

H/(HNN)~ HN/N.
There are many things to discuss about the statement of this theorem.

e First we need to check that HN is indeed a subgroup of G. To show that,
notice that HN = N H since N is a normal subgroup of G. This implies
that for hn € HN, its inverse (hn) ! = n~'h~! € G actually lives in HN,
and so does the product (hn)(h'n’) = h(nh')n'.

e Note that by writing HN/N, we insist on the fact that there is no reason
for N to be a subgroup of H. On the other hand, N is a normal subgroup
of HN, since for all hn € HN, we have

hnNn'h™' =hNh ' C N
since N is normal in G.

e We now know that the right hand side of the isomorphism is a quotient
group. In order to see that so is the left hand side, we need to show that
H N N is a normal subgroup of H. This comes by noticing that H N N is
the kernel of the canonical map 7 : G — G/N restricted to H.

Now that all these remarks have been done, it is not difficult to see that the
2nd Isomorphism Theorem follows from the 1st Isomorphism Theorem, as does
the 3rd Isomorphism Theorem.

Theorem 1.17. (3rd Isomorphism Theorem). If N and H are normal
subgroups of G, with N contained in H, then

G/H ~ (G/N)/(H/N).
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1.6 Direct and semi-direct products

So far, we have seen how given a group GG, we can get smaller groups, such as
subgroups of G or quotient groups. We will now do the other way round, that
is, starting with a collection of groups, we want to build larger new groups.

Let us start with two groups H and K, and let G = H x K be the cartesian
product of H and K, that is

G={(hk), he H, ke K}.

We define a binary operation on this set by doing componentwise multiplication
(or addition if the binary operations of H and K are denoted additively) on G:

(hl,kl)(hg,kg) = (hlhg,klk‘g) c HxK.

Clearly G is closed under multiplication, its operation is associative (since both
operations on H and K are), it has an identity element given by 1¢ = (1, 1k)
and the inverse of (h,k) is (h~1,k71). In summary, G is a group.

Definition 1.14. Let H, K be two groups. The group G = H x K with binary
operation defined componentwise as described above is called the external direct
product of H and K.

Examples 1.18. 1. Let Zy be the group of integers modulo 2. We can
build a direct product of Zs with itself, namely Zs x Zo with additive law
componentwise. This is actually the Klein group, also written Cy x Cs.
This group is not isomorphic to Z,!

2. Let Zs be the group of integers modulo 2, and Z3 be the group of integers
modulo 3. We can build a direct product of Zy and Zs, namely Zo x Z3
with additive law componentwise. This group is actually isomorphic to
Zg!

3. The group (R, 4+)x (R, +) with componentwise addition is a direct product.

Note that G contains isomorphic copies H and K of respectively H and K,
given by - B
H:{(hle)thH}aK:{(lf‘bk)akeK}v

which furthermore are normal subgroups of G. Let us for example see that H
is normal in G. By definition, we need to check that

(h,k)H(R ' k™Y C H, (h,k) €G.
Let (h', 1) € H, we compute that
(h, k)W, 1) (R~ k=Y = (R, 1) € H,

since hh’h~! € H. The same computation holds for K.
If we gather what we know about G, H and K, we get that
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e by definition, G = HK and H N K = {15},
e by what we have just proved, H and K are two normal subgroups of G.
This motivates the following definition.

Definition 1.15. If a group G contains normal subgroups H and K such that
G =HK and HNK = {lg}, we say that G is the internal direct product of H
and K.

Examples 1.19. 1. Consider the Klein group Zs X Zo, it contains the two
subgroups H = {(h,0), h € Zy} and K = {(0,k), k € Zz}. We have
that both H and K are normal, because the Klein group is commutative.
We also have that H N K = {(0,0)}, so the Klein group is indeed an
internal direct product. On the other hand, Z, only contains as subgroup
H = {0,2}, so it is not an internal direct product!

2. Consider the group Zo x Zs, it contains the two subgroups H = {(h,0), h €
Zso} and K = {(0,k), k € Zs}. We have that both H and K are normal,
because the group is commutative. We also have that H N K = {(0,0)},
so this group is indeed an internal direct product. Also Zg contains the
two subgroups H = {0,3} ~ Zs and K = {0,2,4} ~ Z3. We have that
both H and K are normal, because the group is commutative. We also
have that H N K = {0}, so this group is indeed an internal direct product,
namely the internal product of Zy and Zj3. This is in fact showing that
Z6 ~ ZQ X Z3.

The next result makes explicit the connection between internal and external
products.

Proposition 1.18. If G is the internal direct product of H and K, then G is
isomorphic to the external direct product H x K.

Proof. To show that G is isomorphic to H x K, we define the following map
fHxK—G, f(h k)= hk.

First remark that if h € H and k € K, then hk = kh. Indeed, we have using
that both K and H are normal that

(hkh" Yk ' € K, h(kh™ 'k~ ') € H

implying that
hkh™ 'kt e KN H = {1}.

We are now ready to prove that f is a group isomorphism.

1. This is a group homomorphism since

f((h7 k)(hla k/)) = f(hhlv kk/) = h(h,k)k/ - h(kh/)k/ = f(ha k)f(h/ﬂ k/)
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2. The map f is injective. This can be seen by checking that its kernel is
trivial. Indeed, if f(h, k) =1 then

hk=1=h=k"'=hecK=hcHNK = {1}.
We have then that h = k = 1 which proves that the kernel is {(1,1)}.

3. The map f is surjective since by definition G = HK.

O

Note that the definitions of external and internal product are surely not re-

stricted to two groups. One can in general define them for n groups Hy, ..., H,.
Namely

Definition 1.16. If Hy,..., H, are arbitrary groups, the external direct prod-
uct of Hy, ..., H, is the cartesian product

G:H1><H2><~-~><Hn

with componentwise multiplication.

If G contains normal subgroups Hi,...,H, such that G = Hy--- H, and
each g can be represented as hj - --h, uniquely, we say that G is the internal
direct product of Hy,..., H,.

We can see a slight difference in the definition of internal product, since
in the case of two subgroups, the condition given was not that each g can
be represented uniquely as hjho, but instead that the intersection of the two
subgroups is {1}. The next proposition shows the connection between these two
points of view.

Proposition 1.19. Suppose that G = H;y--- H, where each H; is a normal
subgroup of G. The following conditions are equivalent.

1. G is the internal direct product of the H;.
2. HlHQ"'HZ‘_l ﬂHZ = {1}, fOT‘ all i = 1,...,7’L.
Proof. Let us prove 1. <= 2.

1. = 2. Let us assume that G is the internal direct product of the H;, which means
that every element in G can be written uniquely as a product of elements
in H;. Now let us take g € HyHs--- H;_1 N H; = {1}. We have that g €
H{Hy--- H;_y, which is uniquely written as g = hiha---hi—11lpg, -+ 1m,,
h; € Hj;. On the other hand, g € H; thus g = 1, ---1y, ,g and by
unicity of the representation, we have h; =1 for all j and g = 1.

2. = 1. Conversely, let us assume that g € G can be written either

g:h1h2'~'hn, thHj,
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or
g:klkz"'k‘n, ]{1]' GHJ'.

Recall that since all H; are normal subgroups, then
hih; = hjh;, h; € H;, h; € Hj.

(If you cannot recall the argument, check out the proof of Proposition
1.18). This means that we can do the following manipulations:

hiha - hy = kiks - ky,
= hyhy= (W k) kg Ky
N—_——
€H,
> hz-hy = (W] k1) (hy tko)ks - Ky

and so on and so forth till we reach
hnky b= (hy k) - (Bl k)

Since the left hand side belongs to H,, while the right hand side belongs
to Hy--- H,_1, we get that

hnk'gl €H,NHy---H, 1= {1},
implying that h,, = k,. We conclude the proof by iterating this process.

O

Let us get back to the case of two groups. We have seen above that we can
endow the cartesian product of two groups H and K with a group structure by
considering componentwise binary operation

(hl,kl)(hg,kg) = (hlhg,klkg) c H x K.

The choice of this binary operation of course determines the structure of G =
H x K, and in particular we have seen that the isomorphic copies of H and
K in G are normal subgroups. Conversely in order to define an internal direct
product, we need to assume that we have two normal subgroups.

We now consider a more general setting, where the subgroup K does not
have to be normal (and will not be in general), for which we need to define a
new binary operation on the cartesian product H x K. This will lead us to the
definition of internal and external semi-direct product.

Recall that an automorphism of a group H is a bijective group homomor-
phism from H to H. It is easy to see that the set of automorphisms of H forms a
group with respect to the composition of maps and identity element the identity
map Idy. We denote it by Aut(H).
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Proposition 1.20. Let H and K be groups, and let
p: K — Auwt(H), k— py
be a group homomorphism. Then the binary operation
(Hx K)x (HxK)— (HxK), ((hk),(W,k"))— (hpx(h'), kE")
endows H x K with a group structure, with identity element (1,1).

Proof. First notice that the closure property is satisfied.
(Identity). Let us show that (1, 1) is the identity element. We have

(ha k)(lv 1) = (hpk(l)a k) = (ha k)
forall h € H, k € K, since pi is a group homomorphism. We also have
(LR, E) = (o (1), k') = (K, k')
for all B’ € H, k' € K, since p being a group homomorphism, it maps 1x to
Lau(r) = Idg.
(Inverse). Let (h,k) € H x K and let us show that (p;'(h™!),k71) is the
inverse of (h, k). We have
(h, k) (o (R 1), k™) = (how(py (7)), 1) = (AR, 1) = (1,1).
We also have
(o ' (1), k(o k) = (p (W) (h), 1)
= (o1 (P H)p-1(h), 1)

using that p,?l = pp—1 since p is a group homomorphism. Now

(pr=1 (h™pr=1(R),1) = (-2 (h"h), 1) = (= (1),1) = (1,1)

using that pp-1 is a group homomorphism for all k£ € K.
Associativity. This is the last thing to check. On the one hand, we have

[(hk)(R',EDI(R" K" = (hpr(R'), k') (", K”)
= (hpe(R)prw (B"), (kK" E"),
while on the other hand
(B )W KRR = (b k) i (), KR
= (hpr(W' pi (")), k(K'E")).

Since K is a group, we have (kk")k” = k(E'k"). We now look at the first
component. Note that prpr = pr o prr using that p is a group homomorphism,
so that

hpr(R') prir (B") = hpi(h) prc(prr (B")).
Furthermore, py is a group homomorphism, yielding
how (1) pi(prr (R")) = how (I prr (1))
which concludes the proof. O
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We are now ready to define the first semi-direct product.

Definition 1.17. Let H and K be two groups, and let
p: K — Aut(H)
be a group homomorphism. The set H x K endowed with the binary operation
((h, k), (W K)) > (hpi (), KK)

is a group G called an external semi-direct product of H and K by p, denoted
by G=H x, K.

Example 1.20. Let us consider the group Zs of integers modulo 2. Suppose
we want to compute the semi-direct product of Z, with itself, then we need to
first determine Aut(Zs). Since an automorphism of Zs must send 0 to 0, it has
no other choice than send 1 to 1, and thus Aut(Zs) is only the identity map,
in which case the semi-direct product is just the direct product, since py is the
identity for every k. To have a bigger automorphism group, let us consider
H = 7Z3. In that case, apart the identity map, we also have the map x — !,
that is 0 — 0, 1 — 2, 2 — 1. Thus p(0) = po is the identity, p(1) = p; is the
inverse map, and we can form the external semi-direct product G = Z3 x, Zs.

In fact, this example holds for Z,,, n > 3.

Example 1.21. Let H = Z,, be the group of integers mod n, K = Zs be the
group of integers mod 2, and let p : K — Aut(H) be the homomorphism that
sends 0 to the identity, and 1 to the inverse map of H, given by x — !, which
is indeed a group homomorphism of H since H is abelian. Since the subgroup
of Aut(H) generated by the inverse map is of order 2, it is isomorphic to K.
We can thus define the external semi-direct product G = Z,, X, Zs.

We can make observations similar to what we did for direct products. Namely,
we can identify two isomorphic copies H and K of respectively H and K, given
by

H={(h1x), he H}, K ={(1n,k), k € K},

and look at the properties of these subgroups.

e The subgroup H = {(h,1), h € H} is normal in H x, K, this can be seen
by writing down the definition of normal subgroup. (We cannot claim the
same for K!).

e We have HK = H x, K, since every element (h,k) € H x, K can be
written as (h,1)(1, k) (indeed (h,1)(1,k) = (hp1(1),k) = (h, k)).

e We have H N K = {1}.

This motivates the definition of internal semi-direct products.
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Definition 1.18. Let G be a group with subgroups H and K. We say that G
is the internal semi-direct product of H and K if H is a normal subgroup of G,
such that HK = G and H N K = {1¢}. It is denoted by

G=HxK.

Example 1.22. The dihedral group D,, is the group of all reflections and ro-
tations of a regular polygon with n vertices centered at the origin. It has order
2n. Let a be a rotation of angle 27 /n and let b be a reflection. We have that

D, ={d', 0<i<n-—1, j =01},

with
a” =b* = (ba)? = 1.

We thus have that (a) = C), and (b) = Cy, where C,, denotes the cyclic group
of order n.

The geometric interpretation of D,, as symmetries of a regular polygon with
n vertices holds for n > 3, however, note that when n = 2, we can still look
at the relations defined above: we then have a? = b = (ba)? = 1, thus Dy
contains only 4 elements, the identity and 3 elements of order 2, showing that
it is isomorphic to the Klein group Cy x Cs.

To prove, for n > 3, that

DnZCn ><]CQ,

we are left to check that (a) N (b) = {1} and that (a) is normal in D,,. The
former can be seen geometrically (a reflection cannot be obtained by possibly
successive rotations of angle 27 /n, n > 3). For the latter, we first show that

bab~! € (a),

which can be easily checked, since (ba)? = baba = 1, thus bab = a=! = bab~!
using that b = 1. This also shows that ba = a~'b from which we have:

ba’b™! = baab™! = a"(bab™t) € (a),

similarly
ba*b™t = baa’b™' = a"H(ba*b™ ") € (a).

Again similarly to the case of direct products, these assumptions guarantee
that we can write uniquely elements of the internal semi-direct product. Let us
repeat things explicitly.

Lemma 1.21. Let G be a group with subgroups H and K. Suppose that G =
HK and HNK = {1g}. Then every element g of G can be written uniquely in
the form hk, for h € H and k € K.

Proof. Since G = HK, we know that g can be written as hk. Suppose it can
also be written as h'k’. Then hk = W'k so W' 'h = Kk~ € HN K = {1}.
Therefore h = I/ and k = k'. O
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The internal and external direct products were two sides of the same objects,
so are the internal and external semi-direct products. If G = H x, K is the
external semi-direct product of H and K, then H = H x {1} is a normal
subgroup of G and it is clear that G is the internal semi-direct product of
H x {1} and {1} x K. This reasoning allows us to go from external to internal
semi-direct products. The result below goes in the other direction, from internal
to external semi-direct products.

Proposition 1.22. Suppose that G is a group with subgroups H and K, and
G is the internal semi-direct product of H and K. Then G ~ H x, K where
p: K — Aut(H) is given by pp(h) = khk™', k€ K, h € H.

Proof. Note that pj belongs to Aut(H) since H is normal.
By the above lemma, every element g of G can be written uniquely in the
form hk, with h € H and k € K. Therefore, the map

p:Hx,K— G, ¢oh,k)=hk

is a bijection. It only remains to show that this bijection is a homomorphism.
Given (h, k) and (R, k") in H x, K, we have

(B k)W K)) = o((hpr (W), k') = (hk'K k') = Wk = @(h, K)p(, ).
Therefore ¢ is a group isomorphism, which concludes the proof. ]

In words, we have that every internal semi-direct product is isomorphic to
some external semi-direct product, where p is the conjugation.

Example 1.23. Consider the dihedral group D,, from the previous example:
Dn ~ Cn A CQ.

According to the above proposition, D, is isomorphic to an external semi-direct
product
Dn ~ Cn Xp 02,

where
p: Cy — Aut(C,),

maps to the conjugation in Aut(C,,). We have explicitly that

1 p1=1d¢,, b+ py, po(a) =bab™t =a~ "

In fact, we are back to Example 1.21!

Before finishing this section, note the following distinction: the external
(semi-)direct product of groups allows to construct new groups starting from
different abstract groups, while the internal (semi-)direct product helps in ana-
lyzing the structure of a given group.
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G abelian G non-abelian

{1} -
Cs

Cs -

04, CQ X CQ -

Cs -
06203X02 D3:C3><]CQ

Cr -
Cg,C4XCQ,CQXCQXCQ D4:C4>402

(SRS I NS BN JUR OIS e

Table 1.2: C), denotes the cyclic group of order n, D,, the dihedral group

Example 1.24. Thanks to the new structures we have seen in this section,
we can go on our investigation of groups of small orders. We can get two new
groups of order 6 and 4 of order 8:

e (3 x (5 is the direct product of C'5 and Cs. You may want to check that
it is actually isomorphic to Cg.

e The dihedral group D3 = C3 x Cs is the semi-direct product of C3 and
Cs5. We get similarly Dy = Cy x Cs.

e The direct product Cy x Cy and the direct product of the Klein group
CQ X CQ with CQ.

The table actually gives an exact classification of groups of small order (ex-
cept the missing non-abelian quaternion group of order 8), though we have not
proven it. The reason why the quaternion group of order 8 is missing is exactly
because it cannot be written as a semi-direct product of smaller groups (see
Exercises).

1.7 Permutations and Group action

Since we introduced the definition of group as a set with a binary operation
which is closed, we have been computing things internally, that is inside a group
structure. This was the case even when considering cartesian products of groups,
where the first thing we did was to endow this set with a group structure.

In this section, we wonder what happens if we have a group and a set, which
may or may not have a group structure. We will define a group action, that is a
way to do computations with two objects, one with a group law, not the other
one.

As a first result, we will prove the so-called Cayley’s theorem, whose proof
will motivate the introduction of group action. Since the statement of this theo-
rem uses permutation groups, we start by recalling the necessary definitions. We
will give enough background on permutations to define the alternating group, a
group which is useful as an illustration of many concepts!
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Definition 1.19. A permutation of a set S is a bijection on S. The set of
all such functions (with respect to function composition) is a group called the
symmetric group on S. We denote by S,, the symmetric group on n elements.

Example 1.25. Consider the symmetric group S3 of permutations on 3 ele-
ments. It is given by (note here that by ab we mean that we first apply the
permutation b, then a)

e 123 — 123 or ()
a @ 123 — 213 or (12)
b 123 — 132 or (23)
ba : 123 — 312 or (132)
ab : 123 — 231 or (123)
aba : 123 — 321 or (13)

One can check that this is indeed a group. The notation (132) means that the
permutation sends 1 to 3, 3 to 2, and 2 to 1.

We can generally write a permutation on m elements as (i1, ..., %), which
is called a cycle notation. The permutation (iq,...,4,) is called an m-cycle.
When m = 2, a 2-cycle is called a transposition. Note that several different
cycles can represent the same permutation (e.g., (132) = (321) = (213)), and
not every permutation is a cycle. For example, if we consider 1 +— 2, 2 —
1, 3 = 4, 4 — 3, this permutation is not a cycle. However, it is clearly the
product of two disjoint cycles, namely (12)(34). Formally, we say that two cycles
(i1,...,is) and (j1,...,J:) are disjoint if and only if {i1,...,4s} N {j1,...,J¢} is
empty. Such a decomposition of a permutation into product of disjoint cycles
is true in general.

Proposition 1.23. FEvery element of S,, can be expressed uniquely as a product
of disjoint cycles, up to ordering of the cycles, and notational redundancy within
each cycle. Furthermore, every cycle can be written as a product of transposi-
tions.

Proof. Let o be an element of S,,. Choose any index i; € {1,...,n}. By
applying o repeatedly on i1, we construct a sequence of elements of {1,...,n}:
i1,12,..., where i; = o(i;_1) for j > 2. If we let j grow, this sequence necessarily
contains repetitions: suppose that the kth term is the first one which is repeated,
that is i), = ¢; with j < k. But this means that both i;_; and 7;_; are mapped
to i by o, and since o is a bijection, two elements cannot be mapped to iy,
thus it must be that i, = 41 (the only element which has not yet a preimage).
We then see that o defines a k — 1-cycle

(1,0 ip—1)-

If k — 1 = n, we are done. If not, we take i] another index not covered by the
first cycle, and iterate. This second cycle has to be disjoint from the first one,
since ¢ is a bijection. We then obtain a disjoint cycle representation for o.
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Now take an l-cycle (i1,...,4;). It can be rewritten as
(i1, i) = (i1 i2)(d2 i3) -+ (G—1 Q).
Indeed, start with the right hand-side: 4; and 4;_; are swapped. Thus (i1,...,4;)
is mapped to an [-tuple whose last 2 terms are i;,7;_1. The next transposition
is (ij—2,%;—1), thus both terms are swapped, and we now have as last 3 terms
i1_1,%1,1_2. The next swap will yield
U—2,%-1,1%,1-3
and by iterating this process, we reach the last swap (i1, 42), that is
19,03, « 01,11
as we wanted to prove. ]
The representation has a product of transpositions is not unique, for example
(2,5,3,6) = (2,6)(2,3)(2,5) = (5,2)(3,5)(6,3) = (1,7)(2,6)(2,3)(2,5)(1, 7).
We can however define an invariant of a permutation, called the parity.

Definition 1.20. An element of S, is said to be even if it can be expressed as
a product of an even number of transpositions. It is said odd otherwise.

For this definition to make sense, parity of an element of \S;, should be unique,
which it is.

Theorem 1.24. For n > 2, every element of S, has a unique parity, even or
odd.

Proof. To prove this, we need to introduce some ordering on the permutations.
We call the switching number of a permutation ¢ the number of ordered pairs
(i,7) with ¢ < j but o(i) > o(j). The switching number is an invariant of a
permutation. Let ¢ be the switching number of o, and let 7 be an arbitrary
transposition, say 7 = (i j). Without loss of generality, we may assume that i
comes before j in the permutation

o(l),...,0(n).

By applying 7 to o, we switch ¢ and j, and the picture now looks like
(1,2,...,07 @), ...,07 (§),...,n) B (0(1),0(2), ... 0.y gy .., 0(n))

= (0(1),0(2),....7(0),...,7(j), ., 0(n))
(where the first vector is ordered, but not the second and the third).
To understand the effect of the transposition 7 on the switching number of
o (that is we are computing the switching number of 7o and see how it differs

from that of o), we need to remember that we are looking at all the ordered
pairs (k,1), k <lI,in (1,2,...,n):
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1. For the ordered pair (0~ !(i),071(4)), when applying o, either (a) the
ordering is preserved (i.e., i < j), the switching number thus does not
change, however when applying 7, the ordering is reversed, and thus ¢
increases by 1, or (b) the ordering is changed, but 7 changes again the
ordering, so that ¢ decreases by 1.

2. Let us now assume that ¢ < j (if not do the same with j > 7). Then
for every index [ such ¢ < | < j, we can look at the non-ordered pairs
(i,1) and (1,7). It might be that 0=1(i) is either greater or smaller than
o~ 1(1), yielding one ordered pair or the other, and similarly for o=1(j) and
o~ 1(l). Thus each ordered pair might or not contribute to the switching
number of o, but after 7 is applied, ¢ and j are reversed, and thus both
(¢,1) and (I,7) are changed at once. Thus the switching number increases
by 2, decreases by 2, or does not change. We can write down the cases
explicitly:

(@@, 07 1), (07 (), 071 () = (@0), (L5) = (5,0, (L), i <1<

thus the switching number of ¢ is ¢ including no switch for these 2 pairs,
and that of 7o has two switches for these 2 paires, thus is of ¢ + 2.

(0= (@), 0 (1), (0 ()0 (D) 2 (i,0), (G, 1) = (G, 1), (i,1), i <1<

and the switching number of ¢ is here ¢ including one switch for the
second pair, and that of 70 has one switch for the first pair, but none for
the second, thus a total of t. The case (¢=1(1),071(i)), (e 1(1),071(5))
also gives t, and finally

('), 071 (@), (7 (), oM D) = (L,4), (4, 1) = (1L,4), (i,1), i <1<

has a switching number of ¢ for ¢ including two switches for these 2 pairs,
and 7o has no switch, thus a total of ¢t — 2.

3. All the non-ordered pairs (k,1), where | < i < j and k <l or k > [, or
l>j>iand k <lork >1 (that is all the cases not conisdered so far) do
not induce any change in the switching number, since by swapping ¢ and
4, we do not change the ordering of the pairs.

This shows that given a permutation o with switching number ¢, composing with
one transposition always changes the parity of the switching number. Since the
switching number is invariant, this means that it always takes an even number of
transpositions applied to ¢ to have a chance to keep the same switching number.
This establishes that the parity of a permutation is either even or odd, but not
both. O

Definition 1.21. The set of even permutations forms a subgroup of S,, called
the alternating group, denoted by A,,.
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Note that if 7 is any odd permutation, then the coset TA,, consists entirely
of odd permutations, and conversely, if o is an odd permutation, then 7 'o is
even, so o € TA,. This shows that |A,| = [S,|/2.

We will encounter the alternating group in the future, but for now, we only
need to recall the definition of the symmetric group .S,, to prove Cayley’s The-
orem.

Theorem 1.25. (Cayley’s Theorem.) Every group is isomorphic to a group
of permutations.

Proof. Let S be the group of permutations of G. We will prove that every
group is isomorphic to a subgroup of Sg. The idea is that each element g € G
corresponds to a permutation of G, namely we need to define a map from G to
S(;:

NG = Sa, g—=Ag) =Xy

and since ), is a bijection on G, we need to define what A\, does:

Ag 1 G — G, N\g(x) = gu.
For justifying that A, is indeed a bijection, it is enough to see that g1 exists
since G is a group (try to write down the definition of injection and surjection).
We are left to check that A is an injective group homomorphism. Injectivity
again comes from G being a group, for if A\,j(z) = Ap(x) for all € G, then it
has to be true that g = hx when x = 1.
Now

(Aa) 0 A(B)) () = (Aa 0 Ap)(2) = a(bx) = Aap(2) = A(ab)(x)

for all z, so that A(a) o A(b) = A(ab) which concludes the proof. O

Examples 1.26. 1. Consider the group {0,1} of integers modulo 2. The
group element 0 corresponds to the identity permutation, while the group
element 1 corresponds to the permutation (12).

2. Let us consider the group {0, 1,2} of integers modulo 3 to get a less simple
example. Again 0 corresponds to the identity permutation, 1 corresponds
to the permutation (123), and 2 to the permutation (132). To see that it
makes sense, you may want to check that the arithmetic works similarly
on both sides. For example, we can say that 1 +1 = 2 on the one hand,
now on the other hand, we have (123)(123) = (132).

3. One can check that the dihedral group D3 of order 6 is isomorphic to S3
(this can be done for example by working out the multiplication table for
each group).

The key point in the proof of Cayley’s Theorem is the way the function A,
is defined. We see that for x € G, g “acts” (via A\y) on x by multiplication.
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[

Figure 1.2: Arthur Cayley (1821-1895): he was the first to define the concept of
a group in the modern way. Before him, groups referred to permutation groups.

Definition 1.22. The group G acts on the set X if for all ¢ € G, there is a
map
GxX—=X, (g2)—>g-x

such that
1. h-(g-x) = (hg) -« for all g,h € G, for all z € X.

2. 1-x=xforall z € X.

The first condition says that we have two laws, the group law between ele-
ments of the group, and the action of the group on the set, which are compatible.

Examples 1.27. Let us consider two examples where a group G acts on itself.

1. Every group acts on itself by left multiplication. This is called the regular
action.

2. Every group acts on itself by conjugation. Let us write this action as

g-x=gxg "

Let us check the action is actually well defined. First, we have that
h-(g-x2)=h-(92g~") = hgrg~'h™" = (hg)zg~*h™' = (hg) - .
As for the identity, we get

1-z=1z1"' = 2.
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Similarly to the notion of kernel for a homomorphism, we can define the
kernel of an action.

Definition 1.23. The kernel of an action G x X — X, (g,z) — ¢ - x is given
by
Ker={g€ G, g-x =z forall z}.

This is the set of elements of G that fix everything in X. When the group G
acts on itself, that is X = G and the action is the conjugation, we have

Ker={g € G, grg ' =z for all 2} = {g € G, gx = g for all z}.
This is called the center of G, denoted by Z(G).

Definition 1.24. Suppose that a group G acts on a set X. The orbit B(x) of
x under the action of G is defined by

B(z)={g-x, g€ G}.

This means that we fix an element x € X, and then we let g act on & when g
runs through all the elements of G. By the definition of an action, g - x belongs
to X, so the orbit gives a subset of X.

It is important to notice that orbits partition X. Clearly, one has that
X = UzexB(z). But now, assume that one element 2 of X belongs to two
orbits B(y) and B(z), then it means that © = g -y = ¢’ - z, which in turn
implies, due to the fact that G is a group, that

y=9"9 2 2= "9y
In words, that means that y belongs to the orbit of z, and vice-versa, z belongs to
the orbit of y, and thus B(y) = B(z). We can then pick a set of representatives
for each orbit, and write that

X =UB(x),
where the disjoint union is taken over a set of representatives.

Definition 1.25. Suppose that a group G acts on a set X. We say that the
action is transitive, or that G acts transitively on X if there is only one orbit,
namely, for all z,y € X, there exists g € G such that g-x = y.

Definition 1.26. The stabilizer of an element x € X under the action of G is
defined by
Stab(x) ={g € G, g -z = z}.

Given z, the stabilizer Stab(z) is the set of elements of G that leave x
fixed. One may check that this is a subgroup of G. We have to check that if
g,h € Stab(z), then gh~! € Stab(z). Now

(gh™")-x=g- (b )
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by definition of action. Since h € Stab(x), we have h -z = z or equivalently
x=h"1. 2z, so that
g-(ht-a)=g z=uz,

which shows that Stab(z) is a subgroup of G.

Examples 1.28. 1. The regular action (see the previous example) is tran-

sitive, and for all x € X = G, we have Stab(z) = {1}, since z is invertible

and we can multiply g« =« by 2~ '.

2. Let us consider the action by conjugation, which is again an action of G
on itself (X = G): g-x = grg~!. The action has no reason to be transitive
in general, and for all x € X = G, the orbit of x is given by

B(z) = {gzg™", g€ G}.

This is called the conjugacy class of x. Let us now consider the stabilizer
of an element = € X:

Stab(z) = {g € G, gzg ' =z} = {g € G, gz = xg},
which is the centralizer of z, that we denote by Ce(x).

Note that we can define similarly the centralizer C(S) where S is an arbi-
trary subset of G as the set of elements of G which commute with everything in
S. The two extreme cases are: if S = {z}, we get the centralizer of one element,
it S =G, we get the center Z(G).

Theorem 1.26. (The Orbit-Stabilizer Theorem). Suppose that a group G
acts on a set X. Let B(x) be the orbit of x € X, and let Stab(x) be the stabilizer
of x. Then the size of the orbit is the index of the stabilizer, that is

|B(z)| =[G : Stab(x)].

If G is finite, then
|B(x)| = |G/|Stab(x)].
In particular, the size of an orbit divides the order of the group.

Proof. Recall first that [G : Stab(z)] counts the number of left cosets of Stab(x)
in G, that is the cardinality of

G/Stab(z) = {gStab(z), g € G}.

Note that cosets of Stab(x) are well-defined since we saw that Stab(z) is a
subgroup of GG. The idea of the proof is to build a function between the sets
B(z) and G/Stab(z) which is a bijection. That the cardinalities are the same
will then follow.

Take y € B(z), that is y = g -  for some g € G. We define a map

f: B(x) = G/Stab(z), y = g - © — gStab(x).
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Before checking that this map is a bijection, we need to check that it is well
defined. Indeed, for a given y, there is no reason for the choice of g to be unique
(there is in general no bijection between G and B(x)). Suppose that

Yy=g1-r=g2-2

then
g5 g1-x =1 <= g;Stab(z) = g.Stab(z).

The equivalence is the characterization of having two equal cosets. This is
exactly what we wanted: the image by f does not depend on the choice of g,
and if we choose two different g’s, their image falls into the same coset.

The surjectivity of f is immediate.

We conclude the proof by showing the injectivity. Let us assume that f(y1) =
f(y2) for y1 = g1 -« € B(x), y2 = g2 - « € B(x). Thus

g1Stab(z) = g2Stab(z) <= g;'g1 € Stab(z) <= gy 'g1xr =1 <= g1-v = ga-x.
O

Let G be a finite group. We consider again as action the conjugation (X =
@), given by: gz = grg~!. Recall that orbits under this action are given by

B(z) = {gzg™", g € G}.

Let us notice that a always is in its orbit B(x) (take g = 1). Thus if we have

an orbit of size 1, this means that
gavg_1 =x < gr =229

and we get an element x in the center Z(G) of G. In words, elements that have
an orbit of size 1 under the action by conjugation are elements of the center.
Recall that the orbits B(z) partition X:

X =UB(x)
where the disjoint union is over a set of representatives. We get
Gl = ) |B()|
12(G)| + ) |B(x)]
1Z(G)|+ ) _[G : Stab(z)],

where the second equality comes by splitting the sum between orbits with 1
element and orbits with at least 2 elements, while the third follows from the
Orbit-Stabilizer Theorem. By remembering that Stab(z) = Cg(x) when the
action is the conjugation, we can alternatively write

Gl =12(A)| +Y_IG : Co(x)].

This formula is called the class equation.
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Example 1.29. Consider the dihedral D4 of order 8, given by

2

D, =A{1,s,r, 23 rs,r 5,7"33},

with s2 = 1, 74 = 1 and srs = r~1. We have that the center Z(D,) of Dy is
{1,7%} (just check that 72s = sr?). There are three conjugacy classes given by

{r, 7'3}, {rs,r3s},{s,r23}.

Thus
|Dy| =8 =|Z(Ds)| + |B(r)| + [B(rs)| + [B(s)|.

The following result has many names: Burnside’s lemma, Burnside’s count-
ing theorem, the Cauchy-Frobenius lemma or the orbit-counting theorem. This
result is not due to Burnside himself, who only quoted it. It is attributed to
Frobenius.

Theorem 1.27. (Orbit-Counting Theorem). Let the finite group G act on
the finite set X, and denote by X9 the set of elements of X that are fized by g,
that is X9 ={x € X, g-x =x}. Then

1
number of orbits = ITel] Z | X9,
G| %2

that is the number of orbits is the average number of points left fixed by elements

of G.
Proof. We have

SIXY = [{(g,2) €Gx X, g-x=ua}
geG

= ) [Stab(z)|

zeX

= > lGl/IB()

reX
by the Orbit-Stabilizer Theorem. We go on:
> 1Gl/1B(=)| G Y 1/|B(x)]

zeX reX

-6 Y Yo

Be set of orbits z€B

= |G| > 1

Be set of orbits

which concludes the proof. Note that the second equality comes from the fact
that we can write X as a disjoint union of orbits. O
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1.8 The Sylow theorems

We look at orders of groups again, but this time paying attention to the occur-
rence of prime factors. More precisely, we will fix a given prime p, look at the
partial factorization of the group order n as n = p"m where p does not divide
m, and study the existence of subgroups of order p or a power of p. In a sense,
this is trying to establish some kind of converse for Lagrange’s Theorem. Recall
that Lagrange’s Theorem tells that the order of a subgroup divides the order of
the group. Here we conversely pick a divisor of the order of the group, and we
try to find a subgroup with order the chosen divisor.

Definition 1.27. Let p be a prime. The group G is said to be a p-group if the
order of each element of G is a power of p.

Examples 1.30. We have already encountered several 2-groups.

1. We have seen in Example 1.15 that the cyclic group C4 has elements of
order 1,2 and 4, while the direct product Cy x C5 has elements of order 1
and 2.

2. The dihedral group D, is also a 2-group.

Definition 1.28. If |G| = p"m, where p does not divide m, then a subgroup P
of order p" is called a Sylow p-subgroup of G. Thus P is a p-subgroup of G of
maximum possible size.

The first thing we need to check is that such a subgroup of order p" indeed
exists, which is not obvious. This will be the content of the first Sylow theorem.
Once we have proven the existence of a subgroup of order p”, it has to be a
p-group, since by Lagrange’s Theorem the order of each element must divide p”.

We need a preliminary lemma.

Lemma 1.28. If n = p"m where p is prime, then (;ﬁ) =m mod p. Thus if p
does not divide m, then p does not divide (:)
Proof. We have to prove that

(n) =m mod p,
p”‘

after which we have that if p does not divide m, the m # 0 mod p implying
that (;ﬁ) % 0 mod p and thus p does not divide (;)
Let us use the binomial expansion of the following polynomial

p" r
(x+1)P = Z <€€>mprk1k =2 +1 modp
k=0

where we noted that all binomial coefficients but the first and the last are
divisible by p. Thus

(z+1)P™= (2 +1)™ mod p
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Figure 1.3: Ludwig Sylow (1832-1918)

which we can expand again into
%" (me) P Mk = i <m> (ﬂc”r)m_k mod p.
k=0 & k=0 k
We now look at the coefficient of 27" on both sides:
e on the left, take k = p"(m — 1), to get (”;In),
e on the right, take k = m — 1, to get (,™ ) = m.
The result follows by identifying the coefficients of zP" . O

We are ready to prove the first Sylow Theorem.

Theorem 1.29. (1st Sylow Theorem). Let G be a finite group of order p"m,
p a prime such that p does not divide m, and r some positive integer. Then G
has at least one Sylow p-subgroup.

Proof. The idea of the proof is to actually exhibit a subgroup of G of order p".
For that, we need to define a clever action of G on a carefully chosen set X.
Take the set

X = {subsets of G of size p"}

and for action that G acts on X by left multiplication. This is clearly a well-
defined action. We have that

p'm

p

which is not divisible by p (by the previous lemma). Recall that the action of
G on X induces a partition of X into orbits:

X =UB(S5)
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where the disjoint union is taken over a set of representatives. Be careful that
here S is an element of X, that is S is a subset of size p". We get

x| =" |B(S)|

and since p does not divide | X|, it does not divide > |B(S)|, meaning that there
is at least one S for which p does not divide |B(S)|. Let us pick this S, and
denote by P its stabilizer.

The subgroup P which is thus by choice the stabilizer of the subset S € X
of size p" whose orbit size is not divisible by p is our candidate: we will prove
it has order p".

|P| > p". Let us use the Orbit-Stabilizer Theorem, which tells us that
|B(S)| = |GI/|P| = p"m/|P].

By choice of the S we picked, p does not divide |B(S)|, that is p does
not divide p"m/|P| and |P| has to be a multiple of p", or equivalently p"
divides |P|.

|P| < p". Let us define the map A\, = € S, by
Ae i P =S, g Aa(g9) = gz

In words, this map goes from P, which is a subgroup of G, to S, which is
an element of X, that is a subset of G with cardinality p”. Note that this
map is well-defined since gz € S for any € S and any g € P by definition
of P being the stabilizer of S. It is also clearly injective (g = hx implies
g = h since z is an element of the group G and thus is invertible). If we
have an injection from P to S, that means |P| < |S| = p".

O

Example 1.31. Consider the general group G = GL,,(F,) of n x n invertible
matrices with coefficients in F,,, which denotes integers mod p, p a prime. Let
us compute a Sylow p-subgroup of G. For that, we first need to know the
cardinality of G. This is a classical combinatorial computation: to build an
invertible matrix with coefficients in F,, the first column can be anything but
the whole zero vector, thus p™ — 1 choices, the 2nd column can be anything
but a multiple of the first column, thus p™ — p choices, the 3rd column can be
anything but a linear combination of the first 2 columns, thus p™ —p? choices,...,
thus the cardinality is

G| = |GL.(Fp)| = " -1DE" -p)@" —p*) - " —p")
— (pn _ 1)p(pn—1 _ 1)p2(pn—2 _ 1) . .pn—l(p _ 1)

_ pn(nfl)/Z H(pk - 1)
k=1
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Figure 1.4: Augustin Louis Cauchy (1789-1857)

Clearly p™("~1)/2 is the highest power of p that divides G, we thus have to find a

subgroup of G of that order. Consider the set U(p,n) of n x n upper triangular
matrices with every diagonal coefficient at 1 and elements of I, above. This is
clearly a subgroup of G, since such matrices are invertible and form a group.
Its cardinality is p™("~1/2 as wanted (there are n(n — 1)/2 coefficients above
the diagonal, which can take any value mod p).

Corollary 1.30. (Cauchy Theorem). If the prime p divides the order of G,
then G has an element of order p.

Proof. Let P be a Sylow p-subgroup of G (which exists by the 1st Sylow Theo-
rem), and pick x # 1 in P. The order |z| of z is a power of p by definition of a

p-group, say |z| = p*. Then 27" has order p. O

The above corollary gives some converse to Lagrange’s Theorem. The one
below gives an alternative definition of a finite p-group. It is tempting to use it
as a definition of p-group, however it cannot be used for infinite groups.

Corollary 1.31. A finite group G is a p-group if and only if the order of G is
a power of p.

Proof. If the order of G is not a power of p, then it is divisible by some other
prime ¢, in which case G contains an element of order ¢ by Cauchy’s Theorem,
which contradicts the definition of p-group.

The converse is clear using Lagrange’s Theorem. O

Example 1.32. Let us consider again the group H = U(p,n) of n X n upper
triangular matrices with every diagonal coefficient at 1 and elements of I, above
computed in Example 1.31. We know that |H| = p™(»~1/2_ thus it is a p-group.
Now let us consider the union

G=JUpn).

n>1
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This forms an infinite p-group, since every element has order a power of p.

Now that we know that at least one Sylow p-subgroup exists, let us derive a
result on the number n, of Sylow p-subgroups in a group G.
We need again a preliminary lemma.

Lemma 1.32. Let H and K be arbitrary finite subgroups of a group G. Then

|H| K]

HE| = .
R = 1A g

Note that if K is further assumed to be normal in G, then this result can be
deduced from the second isomorphism Theorem.
Proof. Consider the map
f:HxK— HK, (h,k)— hk.

Since f is surjective, |HK| < |H x K| < oo since H and K are finite, and thus
HK is finite. Let h1kq,..., hgkq be the distinct elements of HK. Then H x K
is the disjoint union of the f~1(h;k;), i = 1,...,d. Now we can check that

f~Hhk) = {(hg,g"'k), g€ HN K}
and this set has cardinality
[f 7 (hk)| = [H N K.

Thus
|H x K| =d|/HnNK|

which concludes the proof. O
Theorem 1.33. (2nd Sylow Theorem). Let G be a finite group of order

p'm, p a prime such that p does not divide m, and r some positive integer.
Denote by n, the number of Sylow p-subgroups of G. Then

np =1 mod p.
Proof. Consider the set
X = { all Sylow p — subgroups of G }

whose cardinality |X| is denoted by n,. By the 1st Sylow Theorem, this set is
non-empty and there exists at least one Sylow p-subgroup P in X, whose order
is p". We can thus let P act on X by conjugation, i.e., g-Q = gQg~ !, g € P,
Q@ € X. Note that in the case where P is the only Sylow p-subgroup, then we
can take QQ = P.

By the Orbit-Stabilizer Theorem, we have that the orbit B(Q) of any Sylow
p-subgroup @ in X has cardinality

[B(Q)] = |P|/[Stab(Q)[ = p"/|Stab(Q)].
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In particular, the size of an orbit of any Sylow p-subgroups divides p", meaning
it has to be either 1 or a power of p.

Let us recall that the set X is partitioned by the orbits B(Q) under the
action of P, so that the cardinality of X is:

X[ =) 1BQ)|=>_[B@)+ > IBQ")

where Q" and Q" denote subgroups whose orbit has respectively one element or
at least two elements. Since p divides the second sum, we have

|X| = number of orbits of size 1 mod p.

To conclude the proof, we thus have to show that there is only one Sylow p-
subgroup whose orbit has size 1, namely P itself (it is clear that P has an orbit
of size 1, since conjugating P by itself will not give another subgroup).

Let us assume there is another Sylow p-subgroup ) whose orbit has only
one element, namely (recall that one element is always in its orbit):

9Q9™ " =Q. ge P,
which translates into
gQ =Qg forallge P <— PQ = QP.
This easily implies that PQ is a subgroup of GG, and by the previous lemma

p'p"
PQ| =
PQl=15Ag

implying that |PQ)| is a power of p, say p© for some ¢ which cannot be bigger
than r, since |G| = p"m. Thus

p"=|P| <|PQ| <p"

so that |PQ| = p" and thus |P| = |PQ]|, saying that @ is included in P. But
both @ and P have same cardinality of p", so @ = P. O

The third of the Sylow Theorems tells us that all Sylow p-subgroups are
conjugate.

Theorem 1.34. (3rd Sylow Theorem). Let G be a finite group of order
p'm, p a prime such that p does not divide m, and r some positive integer.
Then all Sylow p-subgroups are conjugate.

Proof. Let P be a Sylow p-subgroup of G and let R be a p-group of G. We will
prove that R (being a p-group in general) is contained in a conjugate of P.
Let R act by multiplication on the set Y of left cosets of P:

YV ={gP, g€ G}.
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It is a well-defined action (it is multiplication in the group G).
We want to prove that there is an orbit of size 1 under this action. By
Lagrange’s Theorem, we know that

p'm

Y| =|G|/|P| =
Y1 =1G1/1PI= =5

=m

and thus p does not divide |Y| by assumption on m. By writing that we have a
partition of Y by its orbits, we get

Y= [B)

and there exists one orbit B(y) whose size is not divisible by p. By the Orbit-

Stabilizer Theorem, we have that the size of every orbit divides |R|, which has

order a power of p (by a corollary of the 1st Sylow Theorem), so every orbit size

must divide p, which gives as only possibility that there is an orbit of size 1.
Let gP € Y be the element whose orbit size is 1. We have

h-gP =gP

for h € R, since gP belongs to its orbit. Thus

g thge P < hegPg!

for all hin R. We have just proved that the p-group R is contained in a conjugate
of P.

All we needed for the proof is that R is a p-group, so the same proof holds
for the case of a Sylow p-subgroup, for which we get that R is contained in a
conjugate of P, and both have same cardinality, which concludes the proof.

We will use the fact that the proof works for R a p-group in general for
proving one corollary. O

Corollary 1.35. 1. Every p-subgroup of G is contained in a Sylow p-subgroup.

2. The number n,, of Sylow p-subgroups divides m.

Proof. 1. Now we know that if P is a Sylow p-subgroup, then so is gPg~!,

g € G, by the above theorem. The proof of the theorem itself shows that
any p-group is included in gPg~' and we are done.

2. Let the group G act by conjugation on the set of its subgroups. In partic-
ular, G acts on the Sylow p-subgroup P, and the orbit of P has size the
number of Sylow p-subgroups in G, denoted by n,. By the Orbit-Stabilizer
Theorem, n, divides |G| = p"m. But p cannot be a prime factor of n,
since n, =1 mod p, from which it follows that n, must divide m.

O
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1.9 Simple groups

We will now see a few applications of the Sylow Theorems, in particular to
determine the structure of so-called simple groups.

Definition 1.29. A group G is simple if G # {1} and the only normal subgroups
of G are G itself and {1}.

Finite simple groups are important because in a sense they are building
blocks of all finite groups, similarly to the way prime numbers are building
blocks of the integers. This will be made clearer in the coming section by
the Jordan-Holder Theorem. Infinite simple groups exist and can be found for
example among Lie groups, but we will concentrate here on finite groups.

The case of simple abelian groups is easy to understand. Suppose that G
is a simple abelian group. Note that G cannot be {1}. Now G being abelian,
all its subgroups are normal. On the other hand, G being simple, its only
normal subgroups are {1} and itself, leaving as only solution that G has only
two subgroups, namely {1} and G. Thus G has to be a cyclic group of prime
order.

We now start looking at non-abelian simple groups. We start with some
preliminary results.

Proposition 1.36. If P is a non-trivial finite p-group, then P has a non-trivial
center.

Proof. Let P act on itself by conjugation. The orbits of this action are the
conjugacy classes of P, and we have that = belongs to an orbit of size 1 if and
only if 2 belongs to the center Z(P).

By the Orbit-Stabilizer, the size of any orbit must divide |P|, which is a
power of p by a corollary of the 1st Sylow Theorem.

If it were true that the center is trivial, that is Z(P) = {1}, then that means
there is only one orbit of size 1, and thus all the other orbits must have size
that divides p, namely they are congruent to 0 mod p. Thus

Pl =12(P)|+ Y IBI=1 modp,

where the sum is over orbits of size at least 2. This is clearly a contradiction,
which concludes the proof. ]

Lemma 1.37. The group P is a normal Sylow p-subgroup of a group G if and
only if P is the unique Sylow p-subgroup of G.

Proof. We know from the 3rd Sylow Theorem that the Sylow p-subgroups form
a single conjugacy class. Then P is the unique Sylow p-subgroup means that P
is the only element in the conjugacy class, and thus it satisfies

gPg~' =P,

for every g € G, which exactly means that P is a normal subgroup of G.
Conversely, if P is normal, then gPg~! = P for all ¢ € G, which means that
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when we conjugate P by any element of G, P is the only Sylow p-subgroup in its
conjugacy class. Since all the Sylow p-subgroups belong to the same conjugacy
class, P is the only Sylow p-subgroup. O

Thanks to the two above results, we can now prove that a non-abelian simple
group must have more than one Sylow p-subgroup.

Proposition 1.38. Let G be a finite group which is non-abelian and simple.
If the prime p divides |G|, then the number n, of Sylow p-subgroups is strictly
bigger than 1.

Proof. Let us look at the prime factors appearing in the order of G.

e If p is the only prime factor of |G|, then |G| must be a power of p, that
is G is a non-trivial p-group (it is non-trivial by definition of simple and
a p-group by a corollary of the 1st Sylow Theorem). Now the above
proposition tells us that its center Z(G) is non-trivial as well. Since Z(G)
is a normal subgroup of G and G is simple, it must be that G = Z(G),
which contradicts the assumption that G is non-abelian.

e We then know that |G| is divisible by at least two distinct primes. So if
P is a Sylow p-subgroup, then

{1} < P <G,

where the second inclusion is strict since the order of G is divisible by two
primes.

If there were only one Sylow p-subgroup, namely n, = 1, then this Sylow
p-subgroup would be normal by the above lemma, which contradicts the
simplicity of G.

O

Let us see if we can be more precise by refining the assumptions on the order
of the group G we consider. The group G can be either abelian or non-abelian,
though the results on simplicity are more interesting for non-abelian groups.

Proposition 1.39. Let G be a group of order pq, where p and q are distinct
primes.

1. If ¢ 21 mod p, then G has a normal Sylow p-subgroup.
2. If bothq#21 mod p and p %1 mod q, then G is cyclic.
3. G is not simple.

Proof. 1. By Lemma 1.37, saying that G has a normal Sylow p-subgroup is
the same as saying that there is a unique Sylow p-subgroup. This is now
indeed the case, since the number n, of Sylow p-subgroups has to satisfy
both n, =1 mod p and n, | ¢ by the Sylow Theorems. Since ¢ is prime,
ny is either 1 or ¢. It cannot be that n, = ¢, since it would imply that
q¢ =1 mod p which contradicts the assumption.
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2. By the previous point, the group G has a normal Sylow p-subgroup P
and a normal Sylow g-subgroup @, both of them cyclic (since they are of
prime order). Let us write them respectively P = (z) and @ = (y). Since
both P and @ are normal, with P N Q = {1}, we have that zy = yz (we
have seen that before, but the argument goes like that: take the element
ryx~'y~! and show that it belongs to P N Q by normality of P and Q).
Thanks to this commutativity property, we have that (zy)™ = 2"y" and
the order of zy is pq, showing that G is cyclic with generator zy.

3. Without loss of generality, we can assume that p > ¢ so that p does not
divide ¢ — 1 which can be rewritten as

qg#%1 mod p.

By the first point, we know that G has a normal Sylow p-group, and thus
G cannot be simple.

O

Here is another family of groups which are not simple. The proof contains
an interesting combinatorial argument!

Proposition 1.40. Let G be a group of order |G| = p?>q where p and q are two
distinct primes. Then G contains either a normal Sylow p-subgroup or a normal
Sylow q-subgroup. In particular, G is not simple.

Proof. Recall that having a normal Sylow p-subgroup (resp. g-subgroup) is the
same as saying there is a unique Sylow p-subgroup (resp. g-subgroup). Suppose
that the claim is not true, that is both the number of Sylow p-subgroups n,, and
the number of Sylow g-subgroups n, are bigger than 1. Let us start this proof
by counting the number of elements of order ¢ in G.

If a Sylow g-subgroup has order ¢, it is cyclic and can be generated by any
of its elements which is not 1. This gives ¢ — 1 elements of order ¢ per Sylow
g-subgroup of G. Conversely, if y has order ¢, then the cyclic group it generates
is a Sylow g-subgroup, and any two distinct Sylow g¢-subgroups have trivial
intersection. Thus

number of elements of order ¢ = ny(g — 1).

Now we know from the Sylow Theorems that n, | p?, thus n, is either p of
p? (ng = 1 is ruled out by the fact that we do a proof by contradiction).

° ng = p?: then the number of elements of order NOT ¢ is
p*q—p*(¢ - 1) =p*.

On the other hand, if P is a Sylow p-subgroup, then it also contains p?
elements, and all of them have order not ¢, so that we can conclude that
P actually contains all elements of order not ¢, which implies that we have
only one Sylow p-subgroup, yielding the wanted contradiction.
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|G| abelian non-abelian
P C) simple not possible
p" | not simple | not simple since |Z(G)| > 1
pq | not simple not simple
p?q | not simple not simple

Table 1.3: C), refers to a cyclic group of prime order.

e 1, =p: We know from Sylow Theorems that
ng=1 modg=p=1 modqg=p>gq,

but also that
ny | q

and since ¢ is prime, that leaves n, = 1 or n, = ¢ and thus n, = q. As
before
np=1 modp=¢=1 modp=q>p.

This concludes the proof.
O

We have thus shown that the situation is easy for simple abelian groups.
For non-abelian groups, we have seen two cases (|G| = pq and |G| = p?q) where
groups are not simple. To find a non-abelian group which is simple, one has to
go to groups of order at least 60. Indeed, it has been proven that the smallest
non-abelian simple group is the alternating group As of order 60, this is the
group of even permutations of a finite set. This result is attributed to Galois
(1831). It is not an easy task to determine the list of simple groups, and in fact,
the classification of finite simple groups was only accomplished in 1982 (there
has been some controversy as to whether the proof is correct, given its length -
tens of thousands of pages - and complexity).

1.10 The Jordan-Holder Theorem

We have mentioned when introducing simple groups in the previous section that
they can be seen as building blocks for decomposing arbitrary groups. This will
be made precise in this section.

Definition 1.30. Let G be a group, and let Gy, . .., G, be subgroups of G such
that

1. G, ={1} and Gy = G,

2. Gi+1§]Gi,i:O,...,n—1.
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Then the series

is called a subnormal series for G.

Suppose that G;;1 is not a maximal normal subgroup of G;, then we can
refine the subnormal series by inserting a group H such that G;11 < H < Gj,
and we can repeat this process hoping it will terminate (it will if G is finite, it
may not otherwise).

Definition 1.31. Let G be a group, and let Gy, ..., G, be subgroups of G such
that

1. G, ={1} and Gy = G,

2. Gi41 <G, i =0,...,n—1, such that G;11 is a maximal normal subgroup
of GZ

Then the series
{1}:Gn<]Gn_1<]"’<G0:G

is called a composition series for G. The factor groups G;/G;11 are called the
factors of the composition series, whose length is n.

Another way of stating the condition G, is a maximal normal subgroup of
G; is to say that G;/G;1q is simple, i = 0,...,n — 1. To see that asks a little
bit of work. This result is sometimes called the 4rth isomorphism theorem.

Theorem 1.41. (Correspondence Theorem). Let N be a normal subgroup
of G and let H be a subgroup of G containing N. Then the map

¥ : {subgroups of G containing N} — {subgroups of G/N}, H — (H) = H/N

is a bijection. Furthermore, H is a normal subgroup of G if and only if H/N is
a normal subgroup of G/N.

Proof. We first prove that 1 is a bijection.

Injectivity. If H;/N = Hy/N, then cosets in each subgroup are the same,
that is for any hy € Hy, we have hyN = hoN for some hy € Hs, implying that
h;lhl € N C Hs and thus hy € Hs, showing that H; C Hy. By repeating the
same argument but reverting the role of H; and H,, we get Ho C H; and thus
H, = Hs.

Surjectivity. Let @ be a subgroup of G/N and let 7 : G — G/N be the
canonical projection. Then

7 Q) ={a € G, aN € Q}.
This is a subgroup of G' containing N and

Y(n7H(Q)) = {aN, aN € Q} = Q.
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We are left to prove that H <G <= H/N < G/N. Assume thus that
H < G. For any a € G, we have to show that

(aN)(H/N)(aN)~' = H/N.
Now for any hN € H/N, we have
(aN)(hN)(aN)"! = (aha )N € H/N

and we are done.
Conversely, suppose that H/N < G/N. Consider the homomorphism

a+— (aN)(H/N)

which is the composition of the canonical projection 7 of G onto G/N, and the
canonical projection of G/N onto (G/N)/(H/N) (the latter makes sense since
H/N <4 G/N). We now want to show that H is the kernel of this map, which
will conclude the proof since the kernel of a group homomorphism is normal.
An element a is in the kernel if and only if (aN)(H/N) = H/N, that is if
and only if aN € H/N, or equivalently aN = hN for some h € H. Since N
is contained in H, this means a/N is in H and thus so is a, which is what we
wanted to prove. 0

Let us now go back to the composition series of G. If G/N is simple, then
by definition it has only trivial normal subgroups, namely N and G/N. Now
using the Correspondence Theorem, the normal subgroups N and G/N exactly
correspond to the normal subgroups N and G in G, which shows that N is the
maximal normal subgroup of G.

The Jordan-Holder Theorem will tell us that if G has a composition series,
then the resulting composition length n and the simple composition factors
G;/Gi+1 are unique up to isomorphism and rearrangement. This for example
shows that if G; and G2 are two groups with different composition factors, then
they cannot be isomorphic.

Lemma 1.42. Let G be a group with composition series
{1} =G, <Gp1<--- <Gy =G.

Then for any normal subgroup K of G, if we remove the duplicates from the
series
{1}=KnNnG,<KNG,-14---<KNGy =K,

the result is a composition series for K of length at most n.

Proof. We need to show that K N G411 < K N G; and that the group (K N
G;)/(K N Giy1) is simple for all 1.

Let 2z € KNG; and g € KN Giyq. Then zgz~! € K since by assumption
K is a normal subgroup of G, and zgz~! € G,y since G;;1 < G;. Thus
xgr~t € K NGy which proves that KNGy < K NG;.
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We now look at the quotient group (K N G;)/(K N Giy1). Since G;/Git1
is simple, G;41 is a maximal normal subgroup of G;, and thus the only normal
subgroups of G; that contain G;1; are G; and G;4.

Recall that KNG, is normal in G; (it is the kernel of the canonical projection
of G to G/K restricted to G;), so that we get

Gi+1 < (Kﬂ Gi)Gi+1 <Gl
For the first normal inclusion, compute that for kg € (K N G;)G;+1 we have
kgGiy19 'k = kG k™t C Giy

since k € G; and G;41 is normal in G;. For the second normal inclusion, we
have for g € G; that

9(KNG)Gis19” " = (KNGi)gGis1g9™"
since K N G; is normal in G; and
(KNGi)gGivrg™" € (KNGi)Gip

since Gi1 < G.
Thus either G;11 = (K NG;)Gi41 or (KNG;)Gi41 = G;. Using the second
isomorphism theorem (with G;11 < G; and (K N G;) < G;), we have

(K n Gi)Gi+1/Gi+1 ~ (K n Gl)/(K n Gl N Gi+1) = (K n Gl)/(K n Gi—i—l)-

We can see that if G;11 = (K NG;)Giq1, then KNG; = KN G471 and we have
a duplicate to remove. If (K N G;)Gi41 = G, then

Gi/Giy1 = (KNG;)/(KNGita)

and thus (K NG;)/(K N Giyq) is simple. O

Theorem 1.43. (Jordan-Hoélder Theorem). Let G be a group that has a
composition series. Then any two composition series for G have the same length.
Moreover, if

{1} =G, <Gp1<9---<1Gy =G

and
{1}=Hn<]Hn_1<]~'~<H0:G

are two composition series for G, there exists a permutation T such that G;/Giy1 ~

HT(i)/HT(i)+1 .

Proof. The proof will be on induction on the length of a composition series.
Suppose that G is a group with a composition series of length 1. Then the
subnormal series

G {1}
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Figure 1.5: Camille Jordan (1838-1922) and Otto Hélder (1859-1937)

cannot be refined, so it must be a composition series. In particular G ~ G/{1}
is simple. This is also the only composition series for G and so all the assertions
are true for length 1.
Suppose now that n > 1 and that the claims are true for composition series
of length up till n — 1. Let G be a group with composition series of length n,
say
{1} =G, <Gpro1<---<1Gy =G

(so that G; # G;41 for each 7). Now let
{1}=Hm<]Hm_1<]~'~<]H0:G

be a composition series for G (again H; # H;;1 for each 7).

We first have to show that m = n after which we discuss the unicity of the
decomposition.

(Proof that m = n). The idea of the proof goes as follows: to use the
induction hypothesis, we need to get a composition series of length smaller than
n, that is, we need to identify the first composition factors, which we will using
the above lemma. Concretely, we first exclude the case when G; = Hj, then
compute a composition series of length n — 2 for H; N G, which will indeed be
the second composition factor. We then use the second composition series of G
to get another composition series for H; NGy whose length depends on m, that
we can compare to the known one.

If Gy = Hj, then by the induction hypothesis applied to G1, we have n—1 =
m — 1, we have a suitable permutation 7 of the n — 1 factors, and we are done.

Suppose then that H; # G;. Since both GG; and H; are maximal normal in
G, we see that Hy < G1Hy; < G with H; # G1H; since we assumed H; # G;.
Thus G1 H, = G, from which we conclude by the 2nd isomorphism theorem that

GlHl/Hl ~ G/H1 ~ G1/(H1 N Gl)
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Since G/H; is simple, we get that G1/(H; N G1) is simple as well. Now by the
above lemma, upon removing duplicates from the series

{1} =H,NG,<---<H NGy = Hy,

we get a composition series for H; of length at most n and thus upon removing
duplicates
{1}:H10Gnﬂ"'§]HlﬁG1

is a composition series for H; NGy of length at most n — 1. Since G1/(H; NGY)
is simple, it follows that upon removing duplicates

{1} =H1 NG, <---<AH NG <Gy
is a composition series for G;. But then
Gi>Ga>--- > G, ={1}
and
Gi>HINGi>H NGy >--->H NG, ={1}

are both composition series for G, with the first series of length n — 1. By
induction hypothesis, both series have the same length. Since G; # Hi N Gy
(recall that we assumed H; # G1), any duplication must occur later in the
series. Let

Gl:K1>K2:H1QG1I>K3I>"'I>K7L:{1}

denote the composition series for GG; of length n — 1 that results from remov-
ing the duplicates. By hypothesis, there exists a permutation « such that
Gi/Giy1 ~ Ko@)/ Kagy41 for each i = 1,...,n — 1. Set a not to move the
index 0, then

G=Gy>G >G> >G, ={1}

and
G:KQDGl:K1I>K2:H10G1\>K3I>"'I>Kn:{l}

are composition series of length n for G and « is a permutation such that
Gi/Giy1 =~ Koiy/Kagiy+1 for each i =0,...,n — 1. Moreover, we have found a
composition series for H; N G of length n — 2.

Let us now repeat similar computations for the composition series

G=Hy>Hy>--->H,={1}

and the normal subgroup G; of G. Again by the above lemma, upon removing
the duplicates from the series

Gi=HynGi>H NG >--->H,, NG, :{1}
we obtain a composition series for (G, so that upon removing the duplicates

HiNG >--->H,NG = {1}
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yields a composition series for H; N G1. Now since H; N G has a composition
series of length n — 2, namely

K2:H1NG1|>"'|>K»,L:{1},

we apply the induction hypothesis to H; N G to conclude that all composition
series of H1 NG have length n—2, and so in particular the preceding composition
series

HlﬁGl\Z"'EHmﬂGl Z{l}

has length n — 2. We cannot conclude yet, since we do not know how many
terms there are in function of m in the above composition series (we need to get
rid of the duplicates).

Since we know from the 2nd isomorphism theorem that H;/(H; N Gp) ~
H,G1/G1 = Go/G1, which is a simple group, it follows that Hy/(H; N Gy) is
simple. Thus upon the removal of the duplicates from

Hi>H NG > -->H,NG ={1}

the result is a composition series for H; of length n — 1 (we added the term H;
to the composition series for H; N Gy of length n — 2). Also

Hy>Hy> > H, ={1}

is another composition series for Hy. Since the first series has length n — 1, by
our induction hypothesis, the second series must also have length n — 1. Since
its length is m — 1, it follows that m = n.

(Unicity of the composition factors). Again by induction hypothesis
on Hi, we have a permutation 8 of the n — 1 composition factors (which can
be extended to n factors by setting 5(0) = 0.) Namely, let L;, i = 1,2,...,n
denote the distinct terms in the series

H1I>H1ﬂG1\>HQQG1\>"'DHan1:{1}
so that L1 = Hy and Ly, = H; N G1. Then we have composition series
G:H0[>H1|>Hn:{1} andG:L0>L1l>-~~Ln:{1}

of length n for G and there exists a permutation S of {0,1,...,n— 1} such that
H;/Hiy1 ~ Lgy/Laiy41 for each i =0,1,...,n — 1.

We are almost done but for the fact that we need an isomorphism between
H;/H;y1 and Gy /G g(iy41 instead of having H;/H;y1 ~ Lgy/Lgy+1 - Were-
call that we already have a permutation « such that G;/Gii1 ~ Ko@)/ Ka(i)+1-
We are thus left to find one between L;/L; 11 and K;/K; 1.

Finally, since Ko = Ly = H; N Gy, we have two composition series for G:

G> Gi> HinGi> K> - K, 1> Kn:{l}
G> Hi>> HiNGi> L3> -+ L, 1> Ln:{1}~
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We may apply the induction hypothesis to H; N G; to obtain the existence
of a permutation v of {2,3,...,n — 1} such that for each 7 in this set we have
Ki/Kiy1 ~ Lyiy/Lyy4+1- We have already seen that G/Gy ~ Hy/(H1NGy) and
G/H, ~ G1/(H1NGy), so we may extend v to a permutation of {0,1,...,n—1}
by setting v(0) = 1 and (1) = 0. Then since

Ko =G = Lo, K1 =G, L1 = Hy, Ko = Ly = Hi NGy,

we have

Ki/Ki+1 >~ Lny(i)/Lny(i)+17 1= 0, e, = 1.

In summary, we have m = n, and for 7 = = va, we have
Gi/Gi+1 2HT(1')/HT(1‘)+17 i:O,...,n—l.
This concludes the proof. ]

Example 1.33. The cyclic group C12 has three composition series
(& QCQQCGQClQ, Cl<02<04<012, C1 <0300 <aCg

and all of them have the same length. Furthermore, the factor groups appearing
are

{027 037 CZ}a {027 027 Cd}v {Cdv CQa 02}
which are indeed the same up to permutation.

Corollary 1.44. (Fundamental Theorem of arithmetic). Let n > 1 be a
positive integer. Then there exist unique primes p1 < ps < --+ < pr and unique
positive integers r1,...,ry such that n = p'py? - pF.

Proof. Let G = (g) be a cyclic group of order n. Then every subgroup of G is
normal, and there is a unique subgroup of size d for each positive divisor d of
n. Let d be the largest proper divisor of n, and let G; be the unique subgroup
of G of size d. Then G/G; is simple and cyclic, hence of prime order. We may
repeat this construction on the cyclic subgroup G, so by induction, we obtain
a composition series

G=Gy<G1 <Gy <Gy, = {1}
for G with G;/G;41 of prime order p; for each i. Thus
n = |G|
|G/G1|G|
|G/G1|G1/Gal - [Gm—1/ Gl |Gl
= pip2-"Pm-1-

The uniqueness of the prime decomposition of n follows from the Jordan-Holder
Theorem applied to G. L]



58 CHAPTER 1. GROUP THEORY

1.11 Solvable and nilpotent groups

Let us start by introducing a notion stronger than normality.

Definition 1.32. A subgroup H of the group G is called characteristic in G if
for each automorphism f of G, we have

f(H) = A.
We may write H char G.

This is stronger than normal since normality corresponds to choose for f the
conjugation by an element of g.

Note that f restricted to H a characteristic subgroup (denoted by f|m)
is an automorphism of H (it is an endomorphism by definition of H being
characteristic).

Here are a few immediate properties of characteristic subgroups.

Lemma 1.45. Let G be a group, and let H, K be subgroups of G.

1. If H is characteristic in K and K is characteristic in G, then H is char-
acteristic in G (being characteristic is transitive).

2. If H is characteristic in K, and K is normal in G, then H is normal in

G.

Proof. 1. Note that by assumption H < K < G. Let ¢ be an automorphism
of G. Since K is characteristic in G, then ¢(K) = K by definition, and thus
®| Kk is an automorphism of K. Now ¢|x (H) = H since H is characteristic
in K. But ¢|x is just the restriction of ¢ (recall H < K), so ¢(H) = H.

2. Consider the automorphism of K given by k — gkg™', g € G, which is
well defined since K is normal in G. For any choice of g, we get a different
automorphism of K, which will always preserve H since H is characteristic
in K, and thus gHg~! C H which proves that H is normal in G.

O

Let us introduce a new definition, that will give us an example of character-
istic subgroup.
Definition 1.33. The commutator subgroup G’ of a group G is the subgroup
generated by all commutators

[2,y] = zyz 'y~

It is also called the derived subgroup of G.
Let us make a few remarks.

e By the subgroup generated by all commutators, we mean that by definition
we take the smallest subgroup of G containing all the commutators. It is
thus closed by construction.
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e The product of two or more commutators need not be a commutator. It
is known that the least order of a finite group for which there exists two
commutators whose product is not a commutator is 96.

e Note that the inverse [z,y] !

yry tzl.

of [z,y] is given by [z,y]™! = [y,z] =

Here are a list of properties of the commutator subgroup G'.
Lemma 1.46. Let G’ be the commutator subgroup of G.

1. G’ is characteristic in G.

2. G is abelian if and only if G is trivial.

3. G/G" is abelian.

4. If N is normal in G, then G/N is abelian if and only if G' < N.

Proof. 1. To show that G’ is characteristic in G, we have to show that
f(G") =G for f any automorphism of G. Now

Flz,y)) = flayz=ly™h) = f@) f) f) 7 fly) ™" = [f(2), F(y)]-

2. We have that G is trivial if and only if zyz 1y !

that zy = yx.

= 1 which exactly means

3. Since G’ is characteristic, it is also normal in G, and G/G’ is a group.
We are left to prove it is an abelian group. Take two elements (that is
two cosets) G’z and G’y in G/G’. We have that G'zG'y = G'yG'z <=
G'zy = G'yx by definition of the law group on G/G’. Now

G'zy = Glyr <= zy(yr) ' € G < zyz 'y ' €,
which holds by definition.

4. Let us assume that N is normal in G. We have that G/N is a group, and
G/N is abelian if and only if for Na, Ny two cosets we have

NzNy = NyNz <= Nzy= Nyz <= ay(yz) ' € N < ayz 'y ' € N

which exactly tells that each commutator must be in N.
O

We can iterate the process of taking commutators:
GV =qg oV =q¢, % =(Y,..., G =@y ...

The process may or may not reach {1}.
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Definition 1.34. The group G is said to be solvable if G(") = 1 for some 7.
We then have a normal series

1}=G"M aGrYa...960 =¢q

called the derived series of GG. The term“solvable” historically refers to Galois
theory and the question of “solvability” of quintic equations, as we will see later.

We have already seen the notion of subnormal series in the previous section.
By normal series, we mean a serie where not only each group is normal in its
successor, but also each group is normal in the whole group, namely each G
is normal in G. We have indeed such series here using the fact that the commu-
tator subgroup is a characteristic subgroup, which is furthermore a transitivity

property.
Let us make a few remarks about the definition of solvable group.

Lemma 1.47. 1. Every abelian group is solvable.
2. A group G both simple and solvable is cyclic of prime order.
3. A non-abelian simple group G cannot be solvable.

Proof. 1. We know that G is abelian if and only if G’ is trivial. We thus get
the normal series
G =aG>aM ={1}.

2. If G is simple, then its only normal subgroups are {1} and G. Since G’ is
characteristic and thus normal, we have either G’ = {1} or G’ = G. The
latter cannot possibly happen, since then the derived serie cannot reach
{1} which contradicts the fact that G is solvable. Thus we must have that
G’ = {1}, which means that G is abelian. We conclude by remembering
that an abelian simple group must be cyclic of order a prime p.

3. If G is non-abelian, then G’ cannot be trivial, thus since G is simple, its
only normal subgroups can be either {1} or {G}, thus G’ must be either
one of the other, and it cannot be {1}, so it must be G. Thus the derived

series never reaches {1} and G cannot be solvable.
O

There are several ways to define solvability.
Proposition 1.48. The following conditions are equivalent.

1. G is solvable, that is, it has a derived series

{1}=6¢" <G Va...969 =qG.

2. G has a normal series
{1} =G, <G,_1<--- 4Gy =G

where all factors, that is all quotient groups G;/Giy1 are abelian.
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3. G has a subnormal series
{1}:Gr§]Gr—1S‘S‘G0:G
where all factors, that is all quotient groups G;/Giy1 are abelian.

Proof. That 1. = 2. is clear from Lemma 1.46 where we proved that G/G’ is
abelian, where G’ is the commutator subgroup of G.

That 2. = 3. is also clear since the notion of normal series is stronger than
subnormal series.

What we need to prove is thus that 3. = 1. Starting from G, we can always
compute G, then G, ... To prove that G has a derived series, we need to
check that G(*) = {1} for some s. Suppose thus that G has a subnormal series

1:GT§GT71§“‘§GO:G

where all quotient groups G;/G;41 are abelian. For i = 0, we get G; < G and
G /G is abelian. By Lemma 1.46, we know that G/G is abelian is equivalent
to G’ < Gy. By induction, let us assume that G < G, that is taking ¢
times the derived subgroup of G is a subgroup which is contained in the ith
term G; of the subnormal series, and see what happens with GU+t1). We have
that GO+ = (GW) < G by induction hypothesis (and noting that if H C G
then H' C G’, since all the commutators in H surely belong to those of G).
Furthermore, G, < G;41 since G;/G;11 is abelian. Thus G <@, = {1}. O

Let us see what are the properties of subgroups and quotients of solvable
groups.

Proposition 1.49. Subgroups and quotients of a solvable group are solvable.

Proof. Let us first consider subgroups of a solvable groups. If H is a subgroup
of a solvable group G, then H is solvable because H® < G for all i, and
in particular for 7 such that H™ < G(") = {1} which proves that the derived
series of H terminates.

Now consider N a normal subgroup of a solvable group GG. The commutators
of G/N are cosets of the form s NyNxz " !Ny='N = zyx~'y !N, so that the
commutator subgroup (G/N)" of G/N satisfies (G/N) = G'N/N (we cannot
write G'/N since there is no reason for N to be a subgroup of G’). Induc-
tively, we have (G/N)®) = GO N/N. Since G is solvable, G(") = {1} and thus
(G/N)(") = N/N = {1} which shows that G/N is solvable. O

Example 1.34. Consider the symmetric group Sy. It has a subnormal series
{1}<]CQ X Coy <1 Ay < Sy,

where Ay is the alternating group of order 12 (given by the even permutations
of 4 elements) and Cy x Cy is the Klein group of order 4 (corresponding to the
permutations 1, (12)(34), (13)(24), (14)(23)). The quotient groups are

Cy x Cy/{1} =~ C3x Cy abelian of order 4
Ay/Cy x Cy ~ (4 abelian of order 3
Sy4/Ay ~ (Cy abelian of order 2.
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We finish by introducing the notion of a nilpotent group. We will skip
the general definition, and consider only finite nilpotent groups, for which the
following characterization is available.

Proposition 1.50. The following statements are equivalent.

1. G is the direct product of its Sylow subgroups.

2. Every Sylow subgroup of G is normal.

Proof. If G is the direct product of its Sylow subgroups, that every Sylow sub-
group of GG is normal is immediate since the factors of a direct product are
normal subgroups.

Assume that every Sylow subgroup of G is normal, then by Lemma 1.37,
we know that every normal Sylow p-subgroup is unique, thus there is a unique
Sylow p;-subgroup P; for each prime divisor p; of |G|, ¢ = 1,...,k. Now by
Lemma 1.32, we have that |PyPy| = |Py||P2| since Py N P, = {1}, and thus
|Py--- Py| = |P1|--- | Px| = |G| by definition of Sylow subgroups. Since we work
with finite groups, we deduce that G is indeed the direct product of its Sylow
subgroups, having that G = P, --- P, and P; N Hj# P; is trivial. O

Definition 1.35. A finite group G which is the product of its Sylow subgroups,
or equivalently by the above proposition satisfies that each of its Sylow subgroup
is normal is called a nilpotent group.

Corollary 1.51. FEvery finite abelian group and every finite p-group is nilpotent.

Proof. A finite abelian group surely has the property that each of its Sylow
subgroup is normal, so it is nilpotent.

Now consider P a finite p-group. Then by definition P has only one Sylow
subgroup, namely itself, so it is the direct product if its Sylow subgroups and
thus is nilpotent. ]

Finite nilpotent groups are also nicely described with respect to their nor-
malizer.

Proposition 1.52. If G is a finite nilpotent group, then no proper subgroup H
of G is equal to its normalizer No(H) = {9 € G, gH = Hg}.

Proof. Let H be a proper subgroup of G, and let n be the largest index such
that G,, € H (such index exists since G is nilpotent). There exists a € G,,41
such that @ ¢ G (since H is a proper subgroup). Now for every h € H, the
cosets aGG,, and hG,, commute (since G,,+1/G, C Z(G/G,)), namely:

Gnah = (Gpa)(Gph) = (Gph)(Gpa) = Grha
and thus there is some A’ € G,, C H for which
ah = h ha

that is
aha™' = h'h € H.

Thus a € Ng(H) and a & H. O
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Here is the definition for possibly infinite nilpotent groups.

Definition 1.36. A central series for a group G is a normal series

such that G;/Giy1 C Z(G/Gi41) for every i = 0,...,n— 1. An arbitrary group
G is said to be nilpotent if it has a central series. The smallest n such that G
has a central series of length n is called the nilpotency class of G, and G is said
to be nilpotent of class n.

Example 1.35. Abelian groups are nilpotent of class 1, since

(1}=G, <Gy =G

is a normal series for G and for ¢ = 0 we have G/{1} ~ G C Z(G).

Nilpotent groups in general are discussed with solvable groups since they
can be described with normal series, and one can prove that they are solvable.
Indeed, if G;/Gi+1 € Z(G/Git+1), then the elements of G;/G; 1 commute with
each other, since they commute with everything in G/G;;1, thus G;/G;4q is
abelian. It is not true that solvable groups are necessarily nilpotent (see Exer-
cises for an example).
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CHAPTER 1. GROUP THEORY

The main definitions and results of this chapter are

e (1.1-1.2). Definitions of: group, subgroup, group
homomorphism, order of a group, order of an element,
cyclic group.

e (1.3-1.4). Lagrange’s Theorem. Definitions of:
coset, normal subgroup, quotient group

e (1.5). 1st, 2nd and 3rd Isomorphism Theorems.

e (1.6). Definitions of: external (semi-)direct product,
internal (semi-)direct product.

e (1.7). Cayley’s Theorem, the Orbit-Stabilizer The-
orem, the Orbit-Counting Theorem. Definitions of:
symmetric group, group action, orbit, transitive ac-
tion, stabilizer, centralizer. That the orbits partition
the set under the action of a group

e (1.8). Definition: p-group, Sylow p-subgroup. The 3
Sylow Theorems, Cauchy Theorem

e (1.9). Definition: simple group. Applications of the
Sylow Theorems.

e (1.10). Definitions: subnormal series, composition
series. Jordan-Holder Theorem.

e (1.11). Definitions: characteristic subgroup, commu-
tator subgroup, normal and derived series, solvable
group, finite nilpotent group.




Chapter

Exercises on Group Theory

Exercises marked by (*) are considered difficult.

2.1 Groups and subgroups

Exercise 1. Let G be a group and let H be a nonempty subset of G. We have
seen that the two following statements are equivalent:

a) H is a subgroup of G,
b) b)) z,ye H=ayec H
b)) r€e H=2"1t€cH.
1. Show that b1) is not sufficient to show that H is a subgroup of G.

2. Show that however, if G is a finite group, then by) is sufficient.

Answer.

1. Consider for example the group G = Q* with multiplication. Then the
set Z with multiplication satisfies that if x,y € Z then xy € Z. However,
Z is not a group with respect to multiplication since 2 € Z but 1/2 is not
in Z.

2. Let « € H. Then take the powers x,z2,23,... of x. Since G is finite,
there is some n such that ™ = 1, and by b1), 2™ € H thus 1 € H, and

2" l=g"tecH.

Exercise 2. Let G be a finite group of order n such that all its non-trivial
elements have order 2.

1. Show that G is abelian.

65
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2. Let H be a subgroup of G, and let g € G but not in H. Show that HUgH
is a subgroup of G.

3. Show that the subgroup H U gH has order twice the order of H.

4. Deduce from the previous steps that the order of G is a power of 2.
Answer.

1. Let z,y € G, x,y not 1. By assumption, 22 = y? = 1, which also means
that xz,y and zy are their own inverse. Now

(zy)(zy) =1 = ay = (zy) ' =y 2~ ! = yz.

2. First note that H U gH contains 1 since 1 € H. Let x,y € H UgH. Then
xeHorxegH,andy € Hory e gH. If both z,y € H, then clearly
xy € H since H is a subgroup. If both z,y € gH, then z = gh,y = gh’
and zy = ghgh’ = hh' € H since G is commutative and g2 = 1. If say
x € H and y € gH (same proof vice-versa), then zy = xgh = g(xzh) € gH
since G is commutative. For the inverse, if x € H, then 2~ ! € H since H
is a subgroup. If x € gH, then = gh, and 27! = h='g~! = gh since G
is commutative and all elements have order 2.

3. It is enough to show that the intersection of H and gH is empty. Let
x € H and z € gH. Then x = gh for h € H, so that zh = gh? = g, which
is a contradiction, since xh € H and g is not in H by assumption.

4. Take h an element of order 2 in G, and take H = {1,h}. If G = H we
are done. If not, there is a ¢ not in H, and by the previous point H U gH
has order 4. We can now iterate. If G = H UgH we are done. Otherwise,
HUgH = H' is a subgroup of GG, and there exists a ¢’ not in H', so that
H'Ug'H' has order 8. One can also write a nice formal proof by induction.

Exercise 3. Let GG be an abelian group, and let xz,y € G of finite order. Show
that |xy| divides lem(|z|, |y|), where lem stands for “least common multiple”.
Give an example to illustrate that |zy| # lem(|z|, ly|) in general.

Answer. Let x € G be of order n and let y € G be of order m. Since G is an
abelian group, we have that

(zy)* = aby"
for any k. Thus by definition, the order |zy| is the smallest positive k such that
zFy* = 1. Also by definition, the lem(|z|,|y|) = lem(n,m) = N satisfies that
N =nn' = mm/, so that

:L’NyN _ (mn)n (ym)m 1.

Finally (zy)* = (2y)" = 1 and since k is the smallest such positive integer with
this property, it must divide N. (If you are not yet convinced, you can add that
k is smaller than NN, thus you can divide N by k and write N = kq+r, r < k,
which implies that 1 = (zy)*?*" = (2y)", a contradiction to the definition of k.)
An easy counter-example is: take y = 21, x # 1, then |1| # lem(|x], |[271]).
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Exercise 4. Let GG be a group and let H and K be two subgroups of G.

1. Is H N K a subgroup of G? If your answer is yes, prove it. If your answer
is no, provide a counterexample.

2. Is HU K a subgroup of G?7 If your answer is yes, prove it. If your answer
is no, provide a counterexample.

Answer.

1. This is true. It is enough to check that xy~' € HNK for 2,y € HN K.
But since x,y € H, we have 2y~' € H since H is a subgroup, and likewise,
xy~! € K for x,y € K since K is a subgroup.

2. This is false. For example, take the groups of integers modulo 3 and 2,
namely Z/3Z and Z/27Z. Then 2 and 3 are in their union, but 5 is not.

Exercise 5. Show that if G has only one element of order 2, then this element is
in the center of G (that is the elements of G which commute with every element
in G).

Answer. Let x be the element of order 2. Then yzy~! has also order 2. Thus

it must be either 1 or z. If yzy~' = 1, then = 1 a contradiction. Thus

ymy‘l =

Exercise 6. Let GG be a group and H be a subgroup of G. Show that
Ng(H) ={g € G, gH = Hg}

and
Co(H)={9€ G, gh=hgforall he H}

are subgroups of G.

Answer. Take z,y € Ng(H). We have to check that xy~! € Ng(H), that is,
that zy 'H = Hay '. But Hzy ' = xHy ! since * € Ng(H), and xHy ! =
2y~ H since yH = Hy <= y 'H = Hy .

Now take z,y € Cg(H). We have to check that xy~'h = hay~! for all
h € H. But hay~! = zhy~! because * € Cg(H), and zhy~' = xy~'h since
yh =hy <= y 'h=hy '

2.2 Cyclic groups

Exercise 7. Let G = Z3, be the group of invertible elements in Zy4. Find all
cyclic subgroups of G.

Answer. We have that the size of G is

Gl = ¢(24) = p(3)p(2°) =2-4 =
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G is given by the elements that are invertible mod 24, that is, those that are
coprime to 24:
G =1{1,5,7,11,13,17,19,23}.

Now
(1) = {1},
(5) = {5,5* = 1},
(1) ={7,7* =49 = 1},
(11) = {11,112 = 121 = 1}
(13) = {13,132 = 169 = 1}
17y = {17,17* = (-7)? =1}
(19) = {19,192 = (=5)? =1}
(23) = {23,232 = (—1)? =1

and there are 8 cyclic subgroups of G, including the trivial subgroup {1}.

Exercise 8. Let G = Z3, be the group of invertible elements in Zs. Find two
subgroups of order 4 in G, one that is cyclic and one that is not cyclic.

Answer. As in the exercise above, G contains
|Gl = ¢(20) = p(4)p(5) = 2-4 =38
These 8 elements are coprime to 20, that is
G=1{1,3,7,9,11,13,17,19}.

The subgroup
(3) =1{3,32=9,3=7,3" =21 =1}

is cyclic of order 4. We have that
11,112 =121 = 1,19,192 = (-1)2 = 1,11- 19 = (-11) = 9,9 =81 = 1

and
{1,11,19,9}

is a group of order 4 which is not cyclic.

Exercise 9. Let ¢ be the Euler totient function. Let G be a cyclic group of
order n.

1. First show that the order of ¢* is
lg®| = n/ged(k,n).

2. Show that if m|n, then (g"/™) is the unique subgroup of G of order m.

3. Prove that for every factor m of n, the number of elements in G with order
m is exactly ¢(m).
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4. Furthermore, show that >, ¢(m) = n.

Answer. Let G = (g) be a cyclic group of order n, so that every element in G
is of the form

gk7 1<k<n.

1. Set m = ged(k,n), so that k = mk/, n = mn/. If (¢*)" = 1, then nl|kr,
and
n  kr

m m’
By definition of m, n/m and k/m are coprime, so that n/m divides r.
Hence n/m is the smallest power of g* such that (¢*)*/™ = 1 showing
that n/m = |g*|.

2. Let H be a subgroup of order m, then H = (¢g*) with |H| = m and some
k > 0. We will show first that H can be also generated by an element g¢
where d = ged(k,n), and in particular, we can always write

H = (gd>, d|n.

Since d|k, k = dgq and ¢g* = g% € (¢%) and (¢*n) C (g%). Conversely,
d = gcd(k,n) = kr 4+ ns for some r, s and

gd _ gkr—i-ns _ gkr c <gl~c>

and (g?) C (¢*). Now m = |H| = |¢*| = |¢?| = n/gcd(d,n) by the above,
and since d|n, we get that m = n/d, or d = m/n.

3. Now for m|n, an element is of order m if and only if it is the generator of
the only subgroup of G of order m. Now there are as many generators for
this subgroup as elements coprime to m, that is ¢(m).

4. To show that Zm‘n p(m) = n, we can sort the elements of G according
to their order. Since the order of each element divides n, we have

n= Z nb of elements of order m = Z p(m).

m|n mln

1.3 Cosets and Lagrange’s Theorem
Exercise 10. Let G = S3 be the group of permutations of 3 elements, that is
G ={(1),(12),(13),(23), (123), (132)}

and let H = {(1), (12)} be a subgroup. Compute the left and right cosets of H.
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Answer. We have

g gH Hyg

(1) {(1),(12)} {(1),(12)}
(12)  {(1),(12)} {(1),(12)}
(13)  {(13),(123)} {(13),(132)}
(23)  {(23),(132)} {(23),(123)}
(123)  {(13),(123)} {(23),(123)}
(132) {(23),(132)} {(13),(132)}

For example, H(23) is {(1)(23), (12)(23)}. Clearly (1)(23) = (23). Now (12)(23)
sends 123 — 132 via (23), and then sends 132 — 231 via (12), so that finally
we have 123 + 231 which can be written (123).

Exercise 11. Let G be a finite group and let H and K be subgroups with
relatively prime order. Then H N K = {1}.

Answer. Since H N K is a subgroup of both H and K, we have
[HNK|||H], |[HNEK|||K]|

by Lagrange’s Theorem. Since (|H|,|K]|) = 1, it must be that |[H N K| =1

implying that H N K = {1}.

2.3 Normal subgroups and quotient group

Exercise 12. Consider the following two sets:

a b X (10
ro{(5 . mecwver) v {(1 7). ses).

1. Show that T is a subgroup of GLy(R).
2. Show that U is a normal subgroup of 7.
Answer.
1. It is enough to show that if X,Y € T, then XY ! € T. Let
a b a v
oo r=6e)

then
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2. We have to show that XY X! € U when Y € U and X € T. We have
1 fd W\ (1 b\ 1 ([ =V
Xrx <0 c') (0 1) @e\0 «
_(d db+b\ 1 [ =V
o 0 c a'c \ 0 a

1 !0 _ WA ! !/ /
<ac ba —i—a(ab—i—b))eU‘

a'c 0 a'c

Exercise 13. Let G be a group, and let H be a subgroup of index 2. Show
that H is normal in G.

Answer. If H is of index 2, that means by definition that there are only 2
cosets, say H and g H for some g; not in H. Note that if g; # g2 € G are not
in H then g;g9o € H. Indeed, we have that either g1g2 € H or g1g2 € g1 H (recall
that the cosets partition the group), and g192 € g1 H is not possible since g is
not in H. In other words, if both g1, go are not in H, then (g192)H(g1g2) "' € H.

Now let h € H, g € G. If g € H, then ghg~! € H and we are done. If
g is not in H, then gh is not in H and by the above remark we have that
ghg™ = (gh)g~' € H (take g1 = gh,g2 = g~ '). Alternatively by the same
above remark, since (g1g2)H (g192)~* € H for every g1, g2 not in H, it is enough
to wrote g as g1gs, say g1 = g (g is not in H) and g = g~ *h (which is not in
H either).

Exercise 14. If Gy is normal in G5 and G5 is normal in G3, then G is normal
in G3. True or false?

Answer. This is wrong (we need the notion of characteristic to get transitivity,
this is introduced in the section ”Solvable and Nilpotent Groups”). An example
is the dihedral group Dy:

Dy={r,flf*=1,7"=1,fr=r"1f).
The subgroup
H=(rf,fr)={1,rfr? fr} = Cs x C;
is isomorphic to the Klein group. We have that H < G. Finally
K=(fy={1rf}<H
but K is not normal in G, since f-rf-f~t = f-rf-f= fr which is not in K.

Exercise 15. Let G be a group and let Z(G) be its center (that is the elements
of G which commute with every element in G). Show that if G/Z(G) is cyclic
then G is abelian. Give an example to show that if G/Z(G) is only abelian,
then G does not have to be abelian.
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Answer. If G/Z(G) is cyclic, then G/Z(G) = (¢Z(G)). Let x,y € G, then
their corresponding cosets are x7(G),yZ(G) which can be written

2 Z(G) = (9Z(G)" = ¢"Z(G), yZ(G) = (9Z(G))' = ¢ Z(G)

and
v=g 21, y=g'z, 2,2 Z(q).
Now
vy =g 219'2% = yx

since 21,22 € Z(G). For example, consider the dihedral group Dy = (r, f|f? =
Lr* = 1,fr = r=1f). TIts center is Z(Dy) = {1,72}. Thus D4/Z(Dy) is a
group of order 4, it contains 4 cosets: Z(Dy),rZ(Dy), fZ(Dy),rfZ(Dy), which
is isomorphic to the Klein group, which is abelian but not cyclic.

Exercise 16. 1. Let G be a group. Show that if H is a normal subgroup of
order 2, then H belongs to the center of G.

2. Let G be a group of order 10 with a normal subgroup H or order 2. Prove
that G is abelian.
Answer.

1. Since H is of order 2, then H = {1,h}. It is furthermore normal, so that
gHg™' = {1,ghg~'} is in H, thus ghg~! = h and we are done, since this
is saying that h commutes with every g € G.

2. Since H is normal in G, G/H has a group structure, and |G/H| =
|G|/|H| = 10/2 = 5. Thus the quotient group G/H is a group of or-
der 5, implying that it is cyclic. Now take z,y in G, with respective coset
xH, yH. Since the quotient group is cyclic, there exists a coset gH such
that H = (¢H)* = ¢*H, and yH = (gH)" = ¢g'H for some k,l. Thus
x = g"h, y = g'h’ for some h,h’ € H. We are left to check that zy = yz,
that is g®hg'h’ = ¢g'h’g*h, which is true since we know that h,h’ € H
which is contained in the center of G (by the part above).

2.4 The isomorphism theorems
Exercise 17. Consider A the set of affine maps of R, that is
A={f:z—ax+b, a € R*, beR}.
1. Show that A is a group with respect to the composition of maps.

2. Let
N={g:xz—x+b, beR}.

Show that N is a normal subgroup of A.

3. Show that the quotient group A/N is isomorphic to R*.
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Answer.
1. Let f,g € A. Then
(fog)(x) = flax +b) =d (ax +b) +b =dax +adb+V,

where a’a € R* thus the closure property is satisfied. The composition
of maps is associative. The identity element is given by the identity map
since

Idof=fold=f.

Finally, we need to show that every f € A is invertible. Take f~!(z) =
a 'z —a~'b. Then

flof(x)=fax+b)=a'(ax+b) —a 'b=2z.
2. Let g € N and let f € A. We have to show that
fogof~teN.
We have

foglaz—a™'b) = fla () —a b+ V)=x—b+ab +bc N.

3. Define the map
p: A= R f(z)=ax +b— a.
It is a group homomorphism since
o(fog)=da=e(f)e(g)

The kernel of ¢ is NV and its image is R*. By the 1st isomorphism theorem,
we thus have that
A/N ~R*.

Exercise 18. Use the first isomorphism theorem to

1. show that
GL,(R)/SL,(R) ~ R*.
2. show that
C*/U ~R%,
where

U={ze€C"||z| =1}

3. compute
R/277Z.

Answer.
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1. Consider the map:
det : GL,(R) —» R*, X — det(X).

It is a group homomorphism. Its kernel is SL, (R), its image is R* and
thus by the 1st isomorphism theorem, we have

GL,(R)/SL,(R) ~ R*.
2. Consider the map
exp: C* — R

It is a group homomorphism. Its kernel is U, and its image is R* and thus
by the 1st isomorphism theorem, we have

C*/U ~Rj.
3. Define the map ‘
fR—=C*, xr ™.

It is a group homomorphism. Its kernel is 27Z. Its image is {e*, 2 €
R} = U. Thus by the 1st isomorphism theorem

R/27Z ~ U.
Exercise 19. Let G = (x) be a cyclic group of order n > 1. Let h, : Z — G,
mi— ™.
e Show that h, is surjective and compute its kernel.
e Show that G ~Z/nZ.
Answer.

e Let g € G. Since G = (), g = 2" for some 0 < k < n — 1 and thus h, is
surjective. Its kernel is the set of m such that " = 1, thus m must be a
multiple of n and Ker(h,) = nZ.

e By the 1st isomorphism theorem, since h, is a group homomorphism, we

have
G ~Z/nZ.

Exercise 20. Prove the second isomorphism theorem for groups, namely that
if H and N are subgroups of GG, with N normal in G, then

H/(HNN)~ HN/N.

Answer. Let 7 be the canonical epimorphism from G to G/N, and let 7y be the
restriction of  to H. Then the kernel of mg is HN N, so by the 1st isomorphism
theorem for groups, we have that H/(H N N) is isomorphic to the image of
which is {hN, h € H} = HN/N.
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Exercise 21. Prove the third isomorphism theorem for groups, namely that if
N and H are normal subgroups of G, with IV contained in H, then

G/H ~ (G/N)/(H/N).

Answer. This follows from the 1st isomorphism theorem for groups, if we can
find an epimorphism of G/N into G/H with kernel H/N: take f(aN) = aH.
Now f well-defined, since if aN = bN, then a='b € N C H so aH = bH. Since
a is arbitrary in G, f is surjective. By definition of coset multiplication, f is a
homomorphism. The kernel is

{aN, aH=H}=1{aN, a€ H} = H/N.
Exercise 22. Consider the short exact sequence of groups
J

l— A “.B_*s(C 1

where ¢ is the inclusion and j is the constant map 1.

1. Show that Im(u) = Ker(v) <= wvou =1, and Ker(v) C Im(u) (1
denotes the constant map here).

2. Show that in the short exact sequence, we have that u is injective and v
is surjective.

3. Show that u(A) is normal in B and that we have a group isomorphism
B/u(A) ~C.

Answer.

1. If Im(u) = Ker(v), then clearly Ker(v) C Im(u). Then v o u(x) =
v(u(z)) = 1 since u(z) is in the kernel of v. Conversely, we have to show
that I'm(u) C Ker(v). Let u(z) € Im(u). Now v(u(z)) = 1 and thus u(x)
is in Ker(v).

2. To show that w is injective, we compute its kernel. Now Ker(u) = Im(i) =
{1} and w is injective. To show that v is surjective, we have to see that
Im(v) = C, but Im(v) = Ker(j) = C.

3. Since Im(u) = Ker(v), u(A) is normal in B, and we conclude by the 1st
isomorphism theorem.

2.5 Direct and semi-direct products

Exercise 23. The quaternion group Qg is defined by

Q8 = {17 _17i7 _i7ja _j7 ka _k}
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with product - computed as follows:

lra=a-1=a, VaecQs

(- (-1)=1, (-)-a=a-(-1)=—a, VaeQs
ii=joj=k-k=—1

i-j=k, j-i=—k,

Show that Qg cannot be isomorphic to a semi-direct product of smaller groups.

Answer. By definition, a semi direct product must contain two smaller sub-
groups of trivial intersection {1}. Now the smaller subgroups of Qg are {1, —1},
{1,i,—4, -1}, {1,4,—4,—1}, {1,k,—k,—1}, and each contains —1 so that it is
not possible that Qg is a semi-direct product.

Exercise 24. Consider the set of matrices

G:{(‘g afl ) a0, a,beIFp}

(where F), denotes the integers mod p).
1. Show that G is a subgroup of SLy(F)).
2. Write G as a semi-direct product.
Answer.

1. That G is a subset of SLy(F,) is clear because the determinant of every
matrix in G is 1. We have to show that for X,Y € G, XY~ € G. This
is a straightforward computation:

a b b —d ac™l  —da+ bc
(O a1>(0 c)z( 0 ale )EG'
K:{(S a91>,a7é0,a€Fp}
w (1) ver)

Both K and H are subgroups of G. Their intersection is the 2-dimensional
identity matrix, and HK = G, since

(o) (o )=(8 %)

2. Take

and
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and ba~! runs through every possible element of [, (since b does). Also
H is normal in G, since

a b 1 b ab —=b\ (1 a% cH

0 a! 0 1 0 a ) O 1 ’
Note that K is not normal, which can be seen by doing the same compu-
tation. Thus G is the semi-direct product of H and K.

Exercise 25. Show that the group Z,, x Z,, is isomorphic to Z,,, if and only
if m and n are relatively prime. Here Z,, denotes the integers modulo n.

Answer. If m and n are relatively prime, then for a multiple of (1,0) to be
zero, it must be a multiple of n, and for a multiple of (0, 1) to be zero, it must
be a multiple of m. Thus for a multiple k of (1,1) to be zero, it must be a
multiple of both n and m, and since they are coprime, the smallest possible
value of k is mn. Hence Z, X Z,, contains an element of order mn, showing
that Z,, X Z, is isomorphic to Z,,,. Conversely, suppose that ged(m,n) > 1.
Then the least common multiple of m and n is smaller than mn, let us call it d.
This shows that every element of Z,,, x Z,, has order at most d and thus none of
them can generate the whole group, so that it cannot be cyclic, and thus cannot
be isomorphic to Z,,,,.

Note that one can also prove this result by the definition of direct product:
we have that Z,, and Z,, are both normal subgroups of Z,,,, because this is an
abelian group. We are thus left to look at the intersection of Z,,, and Z,,. Recall
that Z,, and Z,, are embedded into Z,,,, as respectively

Zp ={0,n,2n,...,(m—1)n}, Z, =4{0,m,2m,...,(n— 1)m}.

If m and n are coprime, then Z,, N Z, = {0}. Conversely, if = belongs to the
intersection and is non-zero, then z must be a multiple of both n and m which
is not congruent to 0 modulo mn, and thus m and n cannot be coprime.

Exercise 26. Let Zs denote the group of integers modulo 3.

1. Show that the map
0:0s X Ls— L X ZLs,(x,y) — (z+y,y)
is an automorphism of Zz x Z3 of order 3.

2. Show that the external semi-direct product of Zs x Zs and Zs by p, p :
Zs — Aut(Zz x Z3), i+ o', is a non-abelian group G satisfying that

a®b® = (ab)?
for any a,b in G.

Answer.
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1. So to be an automorphism, o has to be a group homomorphism, but
o((z+a,y+y') = (w+2'+y+y' y+y) = (2t+y,9)+@"+y ) = o(2,y)+o (@, y).
It clearly goes from the group to itself, and it is a bijection. It is an
injection
o(@y)=o(@y)=(@+yy) =0"+y.y)=y=y =2,
and thus it is a surjection since the group is finite. It is of order 3, since

o(z,y) = (+y,y), o*(z,y) = (x+2y,y), o*(z,y) = (x+3y,y) = (z,y).

2. An element in the external semi-direct product is of the form ((z,y),1%),
and we have

((,9), ) ((@,y),9) = (2.y) + o' (2, y), 20),

((z,9),1)° = ((x,y)+ 0" (x,9) + 0% (2,y),3i)

= ((z,9) + (= +iy,y) + (z + 2iy,y), 30)
((3z + 3iy, 3y), 31)
((0,0),0).

This shows that for any element a of the semi-direct product a® = 0, thus
b3 = 0, ab is another element of the group thus (ab)® = 0 which shows
that a®b® = 0 = (ab)?, though the group is non-abelian (because o is not
the identity).

2.6 Permutations and Group action

Exercise 27. (*) In a group G of order n, for all divisors d of n, there exists
at least one subgroup of order d. True or false? [Though the statement only
involves the order of a group, there were not enough examples of groups seen in
the lecture notes earlier to come up with a counter-example.]

Answer. This is false. The smallest counterexample is the alternating group
G = A4 of even permutation on 4 elements, given explicitly by

Ay ={e, (12)(34), (13)(24), (14)(23), (123),

(132), (124), (142), (134), (143), (234), (243)}.

It has 12 elements. We will now show that it has no subgroup of order 6. Let
H denote a subgroup of order 6, that is, H has index 2 in A4 and there are only
two cosets, satisfying

A4 =HU Ha,
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for all @ € A4 but not in H. Consider the coset Ha?. We have that either Ha? =
H or Ha? = Ha. If Ha®> = Ha, then Ha = H and a € H, a contradiction.
Thus

Ha* = H,

for all @ € A4 but not in H. But those a € H, because H is a subgroup, also
satisfy that Ha? = H, so that we deduce that

Ha? = H, Ya € Ay.

This in turn implies that
a’ € H Va € Ay.

Let now b € A4 be an element of order 3, that is 6> = e. Then b? = b1
and b?> € H showing that b~' € H and finally b € H. We have just shown
that every element of order 3 in A4 are in H, which is contradiction, since Ay
contains 8 elements of order 3. (If you are not satisfied with this proof, please
check “Variations on a Theme: A4 Definitely Has No Subgroup of Order Six!”
by M. Brennan and D. Machale, available online, where 12 different proofs are
provided.)

Exercise 28. 1. Let G = GL,(C) and X = C™ — {0}. Show that G acts on
XbyGx X — X, (M,v)— Mv.

2. Show that the action is transitive.
Answer.

1. We have to show that
M-(M'-v)y=(MM") v, 1g-v=r.

The first point is clear by properties of matrix vector multiplication. The
second is also clear since 14 is the identity matrix.

2. We have to show that there is only one orbit (which is why we have to
remove the whole zero vector from C™). For that, we need to show that
for any two vectors v,’ € X, there is a matrix M € G such that Mv = /.
We thus have a system of n linear equations for n? unknowns, so that we
have enough degrees of freedom to find such a matrix. Alternatively, if
v=_(ay,...,an), vV = (b1,...,b,), where a;,b; are all non-zero, take the
matrix

diag(ay?t,...,a,")

r N

and notice that

diag(by, ..., b,)diag(a; !, ... a, v =1

r 'n

The case where some a;, b; are zero can be done similarly.
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Exercise 29. Let G be group, and H be a subgroup of G. Show that

9 9'H=ggH
defines an action of G on the set G/H of cosets of H. Find the stabilizer of gH.
Answer. To show that the action is well defined we have to check that it
does not depend on the choice of the representative, and that it satisfies the
definition of group action. First suppose that ¢/ H = ¢” H. We have to show

that g-¢"H = gg'H. But ¢ H = ¢"H <= (¢") ¢ € H <= (99") '(99) €
H <= g¢'H = gg”"H. The definition of group action can be checked easily:

g1-(92-9'H)=91-920'H = g192 H = 192 - ¢'H, 1-¢'H = ¢'H.

The stabilizer of gH is formed by ¢’ such that ¢’¢H = gH that is g~ '¢'g € H.

Thus g~ '¢’g = h, for some h € H, or equivalently ¢’ = ghg~', thus the stabilizer

is gHg L.

Exercise 30. Consider the dihedral group Dg given by

2577“35}

Dg = {1,s,7,7%,73 rs,r
(that is s> =1, r* = 1 and (rs)? = 1).
1. Divide the elements of the dihedral group Dg into conjugacy classes.
2. Verify the class equation.

Answer.

1. There are 5 conjugacy classes
{13, {7}, {r Y, {5, 872, {1, 57° ).
2. We have that {1} and {r?} are in the center. Thus
D] =8 =|Z(D4)| + |B(r)| + [B(rs)| + | B(s)|.
Exercise 31. The quaternion group Qg is defined by
Q8 = {1’ _17i7 _iaja _j7 k7 _k}
with product - computed as follows:
la=a-1=a, Vac€ Qg
(=) (=)=1L (-D-a=a-(-1)=—a, VaecQs
ivi=j-j=k-k=-1
icj=k jei=—k
jok=i kej=—i
k-i=7j, i k=—j.
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1. Show that if x ¢ Z(Qs), then |Cq, ()| = 4.

2. Show that as a consequence, the class of conjugacy of ¢ Z(Dsg) has only
two elements.

Answer.
1. The center Z(Qg) is Z(Qg) = {1,—1}. We have by definition that
Cou(x) = {g € @s, gz = zg}.

Thus
CQs(i) = {17 _17i7 _i}a CQg(j) = {]-7 _17j7 _j}7 CQs(k) = {17 _1a kv _k}

2. When the action is defined by conjugation, we have that Stab(z) =
Cgs(x). Thus by the Orbit-Stabilizer, the size of an orbit, which is a
conjugacy class, is

[B(x)| = |Qs]/|Cqq () = 8/4 =2.

Exercise 32. Let G be a group and let H and K be two subgroups of G.

1. Show that the subgroup H acts on the set of left cosets of K by multipli-
cation.

2. Consider the coset 1K = K. Compute its orbit B(K) and its stabilizer
Stab(K).

3. Compute the union of the cosets in B(K) and deduce how many cosets
are in the orbit.

4. Use the Orbit-Stabilizer Theorem to get another way of counting the num-
ber of cosets in B(K). By comparing the two expressions to count the
cardinality of B(K), can you recover a known result on the cardinality of
HK?

Answer.

1. Let X = {¢gK, g € G} be the set of left cosets of K. We have to check
that b’ - (h- gK) = (h'h) - gK which clearly holds, as does 1y - gK = gK.

2. We have that B(K) = {h- K, h € H} and Stab(K) ={h € H, h- K =
K}=HNK.

3. The union of the cosets in B(K) is HK, the cosets in B(K) are disjoint
and each has cardinality K, so that we have |HK|/|K| cosets in B(K).
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4. By the Orbit-Stabilizer Theorem, we have
|B(K)| = [H|/|Stab(K)| = |HK|/|K| = [H|/[H N K|

and thus
|H| K|

HK|=————.
K = 1A g

Exercise 33. Let GG be a finite group, and let p be the smallest prime divisor
of the order of G.

1. Let H be a normal subgroup of GG. Show that G acts on H by conjugation.
2. Let H be a normal subgroup of G of order p.

e Show that the orbits of H under the action of G are all of size 1.

e Conclude that a normal subgroup H of order p is contained in the
center of G.

Answer.

1. We check the definition, that is, the group G acts on H if for the map
(g,2) v~ g-x = grg~t, o € H, defined from G x H — H (note that we
need here H normal to guarantee that grg~' € H!), we have

o h-(g-x)=h-(grg™") = h(gzg " )h~' = (hg) - =
o l-x=xgforallz e H

2. e By the orbit stabilizer theorem, the size of an orbit B(x),x € H
divides the size of G, the group that acts on H, thus if |B(x)| is
not 1, it must be at least p, since p is the smallest divisor of the
order of G. Now the orbits partition H, that is H = UB(z) and
thus |H| = " |B(x)|, that is the sum of the cardinals of the orbits is
|H| = p. Among all the B(z), we can take x = 1 € H since H is a
subgroup. The orbit B(1) = {g-1,9 € G} = {glg~! = 1} has only
1 element, there is at least one orbit of size 1, and thus no orbit can
have size greater or equal to p, since then p + 1 > p. Thus all orbits
of H are of size 1.

e We have that B(z) = {g- 2,9 € G} = {gzg~',g € G} is always
of size 1, and since for ¢ = 1 € G we have x € B(z), we deduce
that B(z) = {x}, that is gzg~! = z, or gx = 2g showing that for
all x € H, x actually commutes with every g € G, that is, H is
contained in the center.

Exercise 34. Let G be a group acting on a finite set X.

1. We assume that every orbit contains at least 2 elements, that |G| = 15,
and that | X| = 17. Find the number of orbits and the cardinality of each
of them.
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2. We assume that |G| = 33 and |X| = 19. Show that there exists at least
one orbit containing only 1 element.

Answer.

1. The cardinal of every orbit divides the order of GG. Furthermore, the sum
of the orbit cardinalities is equal to the cardinality of X. If |G| = 15,
|X| = 17, and there is no orbit of size 1, there is only one possibility: 4
orbits of length 3 and 1 of length 5. Indeed, we are looking for integers
such that their sum is 17, but each integer must divide 15, that is we need
to realize 17 as a sum of integers belonging to {3,5,15} (1 is excluded by
assumption). Then 15 is not possible, and we can use only 3 and 5: 1542
is not possible, 1047 is not possible, so only 5+12 works.

2. Now |G| = 33 and |X| = 19. The divisors of 33 are 1,3,11 and 33. We
need to obtain as above 19 as a sum of these divisors. 33 is too big, and
we cannot possibly use only 11 and 3. Thus there must be at least one
orbit of size 1.

Exercise 35. Let G be a finite group of order n > 1 and let p be a prime.
Consider the set

X={z=1(91,92,---,90) €G" | g1-92---9p =1c}
1. Compute the cardinality | X| of the set X.

2. Show that if (¢1,...,6,) € X, then (g2,...,0p,91) € X. Denote by o the
corresponding permutation. Show that < ¢ > acts on X as follows:

Ok ’ (917-“7912) = (go'k(l)v"' ago'k(p))y keZ

3. What is the cardinal of one orbit of X7

4. What are the orbits with one element? Show that there is at least one
such orbit.

5. Deduce that if p does not divide n, then

nP~'=1 mod p.

6. Deduce Cauchy Theorem from the above, namely, if p | n then G has at
least one element of order p.

Answer.

1. Since g1, ..., gp—1 can take any value in G (only g, is constrained so as to
have g1 - g2+ g, = 1g), we have | X| = |G[P~! = nP~ L.

2. Since (g1,...,9p) € X, then g1 - g2---g9p = lg and g2---gp - 1 = 91_1'
1 - g1 showing that (g2,...,9p,91) € X. To show that < ¢ > acts on X,
check the definition, namely o' - (6% - (g1,...,g,)) = o'o* - (g1,...,gp) and

o (g1, 9p) = (91, 9p)-
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. The answer is either 1 or p. There are two ways to do it: one can notice

that < o > has order p, and thus by the Orbit-Stabilizer Theorem the
size of the orbit divides p, so it can be either 1 or p. Also one can just
write down the definition of one orbit: the orbit of (g1,...,g,) is formed
by all the shifts of the components, and thus since p is prime, there will
be p distinct shifts, apart if all the components are all the same, in which
case there is only one element in the orbit.

. Since an element always belongs to its orbit, we have that orbits with one

element are of the form B(x) = {z}, and if there is only one element,
that means that the shifts are doing nothing on = = (¢1,...,g,) thus
x = (g,...,9) and since x € X, that further means that g = 1. To
show one such orbit exists, take the orbit of (1,...,1).

. Since the orbits partition X, we have

X1 =Y |Ba)l + Y [B')]

where the first sum is over orbits of size 1, and the second over orbits of
size greater or equal to 2. By the above, if the size is at least 2, it is p, and
thus |B(2’)] = 0 mod p. Then if there were more than (1,...,1) with
orbit of size 1, that means an element g such that g = 1, which would
mean p|n, a contradiction. Thus only there is only one orbit of size 1, and

|IX|=n""'=1 mod p.

. Again, we have that

Pl = |X| = Z |B(x)| + Z |B(z")|

and if p|n then 0 = Y |B(z)| and there must be at least another element
with orbit size 1, that is an element g of order p.

2.7 The Sylow theorems

Exercise 36. Let G be a group of order 399.

1. Show that G has a unique Sylow 19-subgroup P which is normal in G.

2. Let @ be a Sylow 7-subgroup. Show that N = PQ is a subgroup of order

133 of G.

Answer.

1. The number ni9 of Sylow 19-subgroups is = 1 mod 19 and divides 21,

thus it must be 1. Since it is unique, it has to be normal.
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2. Since P is normal in G, we have that N = P(Q is a subgroup of G.
(The fact that P is normal can be used to check directly the definition of
subgroup). By the 2nd isomorphism theorem for groups, we have

Q/(QNP)~PQ/P=Q~PQ/P
since @ N P = {1} so that |[PQ| = |P||Q] =197 = 133.
Exercise 37. Let G be a simple group of order 168.
1. Compute its number of Sylow 7-subgroups.
2. Deduce the number of elements of order 7 in G.
Answer.

1. Since 168 = 23-3-7, the number of Sylow 7-subgroups must be = 1 mod 7
and must divide 24. The only possibilities are thus 1 and 8. Since G is
simple, it cannot be 1.

2. Elements of order 7 correspond to generators of the cyclic Sylow 7-subgroups,
and there are 6 of them per Sylow 7-subgroup, that is 6 X 8 = 48 elements
of order 7.

Exercise 38. (*) This exercise aims at classifying groups of order up to 8.
1. For p prime, show that any group G with cardinality p? is abelian.

2. For p an odd prime, show that any non-abelian group G of order 2p is
isomorphic to the dihedral group D,,.

3. Determine all the finite groups of order at most 8 up to isomorphism.
Answer.

1. Let Z(G) be the center of G. We have by Lagrange Theorem that |Z(G)|
divides p?, thus we have 3 cases:

e |Z(G)| = 1: we know that the center of a p-group cannot be trivial,
thus this case cannot happen.
e |Z(G)| = p?: then clearly G is abelian.

e |Z(G)| = p: then |G/Z(G)| = p?/p = p, and then quotient group is
cyclic, and we already showed (see Exercise 15) that in this case it
implies that G is abelian.

2. Let G be a group of order 2p. Then G contains an element « of order p,
and an element S of order 2, by Cauchy Theorem. We will prove

(a, B) =~ D,,.
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e First we have that |{a, 8)| = 2p. Indeed, it must divide 2p, and it

must be great than p, since (o) has already cardinality p and does
not contain f.

We now show that

Baf~t=a" L.
Since («) is normal in G, then
Bop ! = o

for some 7. Since 82 =1

a=paB?=BBaf )BT =B’ = (BB = o

and i =1 mod p. If i =1 mod p, then o and S commute, so G
cannot be non-abelian. Thus ¢ = —1 mod p as wanted.

2

Finally, it is enough to conclude to show that
Fam) = o e

is an isomorphism, where a is a rotation of angle 27/p and b is a
reflection. This map is surjective, and both sets have same size, so it
is injective. It is also clear that f is a group homomorphism.

For prime order |G|, we have that G is cyclic, so that gives Cq, Cs,
Cs, Cr.
For |G| = 4, we already know that either G contains an element of

order 4, and G = (4, or G has only elements of order 2 (except of
course the identity), and then G = Cy x Cs.

If |G| = 6, if G contains an element of order 6, then G = C4. If not,
then G must contain 1 element of order 3, and one of order 2, and
by the above computations, we have G = Ds.

If |G| = 8, then elements in G can have order 2,4 and 8. If there is an
element of order 8, then G = Cs. If all elements have order 2, then
G is abelian (namely Co x Cy x Cy), so for G to be non-abelian, we
must have an element of order 4, say g. Now we have 1, ¢, g%, ¢° € G.
If there is an element h of order 2, h not in (g), then hah~! has order
4, and repeating the above computations, we can see that G = Ds.
If such an h does not exist, then all elements not in (g) have order 4.
Let k be such an element of order 4, then k2 has order 2 and must
then be ¢g?. In this case, we obtain G = Qg. Finally, if G has an
element of order 4 and is abelian but not cyclic, then G = C5 x Cy.

Exercise 39. Consider the set of matrices of the form

1 b
0 c
0 1

o = Q
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where a,b, ¢ are integers modulo 2. Show that this set forms a group and
compute its cardinality. Can you identify this group?
Answer. This set forms a group under matrix multiplication. Matrix mul-
tiplication is clearly associative. Omne can check that the product of two such
matrices still belongs to the set. The identity element is given by the identity
matrix. Every matrix is clearly invertible with inverse

-1

1 a b 1 —a ac—2>
0 1 ¢ = 0 1 —c
0 0 1 0 0 1

Since a, b, ¢ are integers modulo 2, there are 8 possible such matrices. Thus it is
a group of order 8. It is not commutative, thus it is either D4 or Qs. We note
that

1 a b 1 a b 1 0 ac
01 ¢ 01 ¢c|=10120
0 0 1 0 0 1 0 0 1
thus
1 1 b
0 1 1
0 0 1
is an element of order 4, and the subgroup it generates is
1 1 0 1 0 1 1 1 bv+1
01 1J),{f0o 1 0], 01 1 3.
0 0 1 0 0 1 0 0 1

So when a = 0 and ¢ =1, or a = 1 and ¢ = 0, we see that we get elements of
order 2 not in this subgroup, thus it must be Dy. (This line of argument comes
from the above exercise where we did the classification of groups of order 8.)
Alternatively, we can notice that

1 10
01 0
0 0 1

is of order 2, and the intersection of this subgroup of order 2 with that above
of order 4 is the identity. Again this cannot happen with Qg since we know
the intersection of any two subgroups cannot be trivial (this was the line of
argument used to show that Qg cannot be a semi-direct product).

Exercise 40. Let G be a finite p-group, and let H be a normal subgroup of G.
Show that H N Z(G) cannot be trivial (where Z(G) denotes the center of G).
Is it still true when G is an infinite p-group?[this is harder!]

Answer. The subgroup H is normal, thus G acts by conjugation on H. Since
|G| = p" for some r, the size of the non-trivial orbits is divisible by p. Since
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G is a p-group, H is also a p-group, with say |H| = p° for some s < r. We
deduce that the union of orbits has size p®, and since the orbits of size > 2 are
divisible by p, the union of trivial orbits, that is of orbits of fixed points, is also
of cardinality divisible by p. But the union of orbits of fixed points is HNZ(G).
Since it contains the identity element, it at least contains p elements and cannot
be trivial.

This is not true anymore when the group is infinite. Take for example the

group

G=JUn),

n>1

where U(p, n) is the group of n xn upper triangular matrices with every diagonal
coefficient at 1 and elements of IF), discussed in Example 1.31. This is an infinite
p-group. Now the center Z(U(p,n)) of U(p,n) is a cyclic group of order p,
formed by matrices with every diagonal coefficient at 1, one element of FF), in
position (1,n) and zeros elsewhere. Thus the center of the infinite p-group G
which is itself the limit of the U(p,n) when n grows will be contained in the
limit of these centers, which is in fact the trivial group (that is the limit of the
identity matrix when n tends to infinity).

Exercise 41. Let G be a group of order 57 which is not cyclic.
1. Compute the number of its Sylow 19-subgroups.
2. Deduce the number of elements of order 3 in G.
Answer.
1. Since 57 =319, n1g9|3 and n1g =1 mod 19, showing that nig = 1.

2. Let a # 1 be in G. Then |a| = 3 or |a| = 19 (Ja| # 57 since G is not cyclic
and |a| # 1 since a # 1). Since there is only one Sylow 19-subgroup, which
is cyclic, it contains 18 elements of order 19, which are all the elements of
order 19 of G. Thus there are exactly 38 elements of order 3 in G.

Exercise 42. Let GG be a group of order 231.
1. Show that G as a unique Sylow 11-subgroup M.
2. Compute the number nz of its Sylow 7-subgroups.

3. Let P be a Sylow 3-subgroup and L be a Sylow 7-subgroup. Show that
N := PL forms a subgroup of order 21.

4. Show that N is furthermore normal.(*)
5. Deduce from the above that G can be written as M N.
6. Prove that the Sylow 11-subgroup M belongs to the center of G.

Answer.



2.7. THE SYLOW THEOREMS 89

1. We have that
231=11-3-7.

Thus n1; =1 mod 11 and nqq | 21. Thus it must be 1.
2. Again, ny =1 mod 7 and n7 divides 33. Thus it must be 1.

3. Notice first that since L is a unique Sylow 7-subgroup, it is normal. We
have to see that PL is a subgroup. Let pl be an element of PL. Its inverse
is (pl)~! = 7'p~! and since L is normal, we know that gL, = Lg for every
g in G. Thus in particular ['p~t € Lp~! = p7'L and I"tp~! = p= 7
showing that the inverse belongs to PL. The same argument works to
show that plp’l’ € PL. We know that lp’ = pl” by normality of L, thus
p(lp")l! = p(p'l")l" € PL and 1 is in PL. Now about the order of PL,
since |P| = 3 and |L| = 7, and P N L = {1} because they are groups of
order respectively 3 and 7, we have that |PL| = |P||L|/|P N L| = 21.

4. This is the most difficult part. The most likely quickest way to do it is by
using the normalizer Ng(N) of N. It is a subgroup of G, thus its order
divides |G]. Since N is contained in its normalized, |[Ng(N)| > 21. So if we
can prove that |[Ng(N)| > 21, we are done, because then |Ng(N)| = 231
and the normalizer is G, which yields the desired conclusion. To show
that [Ng(N)| > 21, it is enough to exhibit at least one element in the
normalizer which is not in N. This is not the most economical way of
doing it, but one way is to just get an element in the center. By Cauchy
Theorem, we know G contains an element g of order 3, and since M is
the unique Sylow 1l-subgroup, it is a normal subgroup of G, which is
furthermore cyclic, generated by say m. We thus have that gM = Mg
that is gm = m!g and we are left to show that [ is one. Since g is of order
3, then m = g¥mg=3 = ¢g*(gmg~")g™2 = g*>m'g™2 = g(gm'g~)g™" =
g(m)lg=' = m!”. This shows that [> = 1 mod 11. But this is possible
only if I =1 (ged(3,10) = 1) and m belongs to the center.

5. That M N is a group works as above, because N is normal. That the
cardinality is right also works as above, since |[M| =11 and |N| = 21, thus
their intersection is 1, and thus |[MN| = 231, from which it follows that
MN =G.

6. We first observe that M commutes with N, since if m € M,n € N,
then by normality of M (it is a unique Sylow 11-subgroup) we have that
mnm~in=t € M NN = {1} implying that mn = nm. To show that M
commutes with G, we use the fact that G = M N, and thus every element
g € G can be written as g = m’n’. Now gm = (m/n")m = m’mn’ since M
and N commute, and m’mn’ = mm’n’ = mg since M is abelian (it is in
fact cyclic).
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2.8 Simple groups
Exercise 43. Show that no group of order 200 is simple.

Answer. The number of Sylow 5-subgroups of a group of order 200 = 52 - 23 is
=1 mod 5 and divides 8, thus it must be 1. Thus the unique Sylow 5-subgroup
is normal and thus the group cannot be simple.

Exercise 44. (*) Let G be a group such that |G| < 59. Show that if G is
simple, then |G| is prime.

Answer. We know that if |G| = pq, p,q two distinct primes, then G is not
simple. This can be extended by noting that if |G| = p*m, where k > 0 and
(m,p) = 1, m < p. Indeed, in this case, n, must divide mp®, and thus must
divide m. But also, n, = 1 mod p, so that if n, # 1 then n, > p+1 > m,
which contradicts that ny|m. We are thus left to check that groups of order

12,24, 30, 36, 40, 45, 48, 56

are not simple. We know G with |G| = 45 = 5 - 32 is not simple since G is not
simple when |G| = p?q. If |G| = 40, then the number ns of Sy- low 5-subgroups
is congruent to 1 modulo 5 and divides 8. The only possibility is n5; = 1, and
G has a normal Sylow 5-subgroup. If |G| = 56 = 23 - 7, then the number n; of
Sylow 7-subgroups must divide 8 and =1 mod 7. If n; = 1, G is not simple.
If n; = 8, then we get 6 - 8 = 48 elements of order 7, and only 8 elements are
left in the group not of order 7, which correspond to the Sylow 2-subgroup of
size 8. Similarly if |G| = 12, there are ng = 1 mod 3 Sylow 3-subgroups, where
n3|12, so this can be 1 or 4. If n3 = 1 G is not simple. If nyg =4, we get 4-2 =8
elements of order 3. The other 4 elements must be part of the Sylow 2-subgroup
which is of order 4. We are thus left with

24, 30, 36, 48

One way to take care of 24,36 and 48 at once is to prove that the order of
G divides n,!/2. Otherwise it can be done case by case. |G| = 30 is done
individually.

Exercise 45. Let GG be a group of order 105. Prove that it is impossible that
1Z(G)| =T7.

Suppose to the contrary that |Z(G)| = 7, then |G|/|Z(G)| = 15 and thus
G/Z(@G) is a group of order 15. Since 15 = 3 -5, that is p = 3, ¢ = 5, with p
which does not divide ¢ — 1 = 4, then G/Z(G) is cyclic (by Proposition 1.39)
and thus G is abelian (by Exercise 15).

Exercise 46. Let G be a group, H a subgroup, and consider Ng(H) = {g €
G, gH = Hg}.
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1. Show that the number of conjugates of H in G is equal to the index of
NG (H) in G.

2. Deduce a formula for the number of Sylow p-subgroups of G.

3. Use the above to show that a simple group G of order 60 cannot have a
subgroup of order 20.

Answer. First recall that Ng(H) is a subgroup of G (see Exercise 6).

1. Let G act by conjugation on the set X of its subgroups. By the orbit-
stabilizer theorem, we have that |B(H)| = |G|/|Ng(H)| since Ng(H) is
the stabilizer of H. Now |B(H)| is the number of conjugates of H, which
proves the claim.

2. Let H be a Sylow p-subgroup of G. We know by the Sylow theorems that
all Sylow p-subgroups are conjugate, thus n, = |B(H)| and n,, is the index
of Ng(H)

3. Assume by contradiction that K is a subgroup of order 20, then K has a
unique Sylow 5-subgroup L which is then normal, and thus K C Ng(L).
Now the order of K must divide the order of Ng(L) and the order of G,
and since | K| = 20, we have that |[Ng(L)| is 20 or 60:

e if it is 60, then the index of Ng(L) is 1, and there is a unique Sylow
5-subgroup in GG, which is then normal, and contradicts the simplicity

of G.

e if it is 20, then the index is 3, and there are 3 Sylow 5-subgroups
in G, that is ns = 3 which contradicts the Sylow theorems: ns = 1
mod 5

Exercise 47. (*) Let G be a simple group of order 60, which thus cannot
contain a subgroup of order 20.

1. Show that if G contains a subgroup K of order 12, then K contains 4
Sylow 3-subgroups.

2. Show that if H and K are two distinct subgroups of order 4 of G, then
HnNnK={1}.

Answer.

1. K is of order 12, thus its number ng of Sylow 3-subgroups is congruent to
1 mod 3, so
ny=1orng =4

(it cannot be more since K is of order 12). To show that it must be 4,
we show that it cannot be 1. Let us assume that K has a unique Sylow
3-subgroup L, then L must be normal in K, then K must be contained
in No¢(L) = {9 € G, gL = Lg}, and since N (L) is a subgroup of G, its
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order must divide 60, and also be divisible by the order of K which is 12.
Thus

[Na(L)| =12 or 60.

Its index in G is then respectively 5 or 1. Since its index is also the
number of Sylow 3-subgroups (because they are all conjugate, and using
the Orbit Stabilizer theorem), that means that we have either 1 or 5
Sylow 3-subgroups in G, which is impossible: 1 is impossible since G is
simple, and 5 is impossible since |G| = 60, and thus its number of Sylow
3-subgroups is congruent to 1 mod 3.

. The intersection of two subgroups is a subgroup, thus its order is either

1,2 or 4. It cannot be 4 since they are distinct, to prove that it is 1, let
us assume by contradiction that it is 2, thus a cyclic group of order 2:

HNK = {(a)

and a® = 1. Since the order of H is 4, the index of (a) in H is 2, and
(a) is normal in H, that is hah™ = a and H is contained in Cg(a) =
{9 € G, ga = ag}. The same holds for K and since both H and K are in
Cg(a), so must be their union H U K. Now the size of H U K is 6, and
thus |Cg(a)| > 6 and must be divisible by 4. The possibilities are

12,20, 60.

Now 20 is impossible, by what is mentioned in the statement of the ex-
ercise. 12 is also impossible by the previous question: then C¢(a) would
have 4 Sylow 3-subgroups, showing that there should be only 1 Sylow 2-
subgroup, but both H and K are in Cg(a). This leaves 60: in that case,
we would get that (a) is a normal subgroup, and thus it should be the
unique Sylow 2-subgroup, which is also a contradiction.

2.9 The Jordan-Holder Theorem

Exercise 48. Prove that every finite group has a composition series.

Answer. Take the longest possible subnormal series of G, say

{1} =G, <Gr1<--- <Gy =G

which is possible since G is finite. Then the composition factors are all simple.
Indeed, if there exists a composition factor G;/G;+1 which is not simple, then it
has a non-trivial normal subgroup, which by the correspondence theorem gives
a normal subgroup between G; and G;1;. This extends the subnormal series
assumed to be the longest possible, thus a contradiction. The longest possible
subnormal series is then a composition series.
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Exercise 49. Prove that the infinite cyclic group G has no composition series.

Answer. Let G = (g) where |g| = oco. Suppose there exists a composition series
for G, that is
{1} =G, <Gp1<---<1Gy =G.

It cannot be that n = 1, that is
{1} =Gy« G

because that would mean that G is simple, and clearly G is not simple, because
for example (g?) is a proper normal subgroup of G. Thus n > 2, and the
composition series contains a subgroup G, different than {1} and G. Then
G,—1 is a non-trivial subgroup of G, which means it is of the form G,,_; = (gk)
for some positive integer k. But then G, _; is an infinite cyclic group, so it
cannot be simple, which contradicts the definition of composition series.

Exercise 50. Show that the group GL,(R) has a subnormal series, but no
composition series.

Answer. The series
{1} < Z(GL,(R)) <« SL,(R) <« GL,(R)

is a subnormal series, however GL,(R) cannot have a composition series, be-
cause it contains a normal subgroup isomorphic to the infinite cyclic group
(look at matrices of the form a scalar times the identity matrix, which clearly
commute with every matrix in GL, (R)).

2.10 Solvable and nilpotent groups

Exercise 51. Consider the general dihedral group
Doy, ={a,b|a"=b*=1,b""ab=0a""}.

Is D5, solvable? Prove your answer.

Answer. We have seen several equivalent definitions of G solvable. One of
them is that G is solvable if and only if there exists a normal series

{1} =Gy<G1 <Gy <+ <Gy, =G

such that G;y1/G; is abelian. The rotations (a) form a subgroup of order n, this
is not the case of the reflections (composing two reflections gives a rotation).
We have that (a) is normal. So the series

{1} < <Cl> < D2n

is normal and the quotient Da,,/{a) has order two hence is the cyclic group of
order 2 which is abelian.
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Exercise 52. Consider thel dihedral group
Dg={a,b|a*=0*=1,b""ab=0a""},

which was shown to solvable in the previous exercise. Is Dg nilpotent? Prove
your answer.

Answer. It is not, because the number ny of its Sylow 2-subgroups is 3. Indeed,
we know that no = 1 mod 2, and ny = 0 mod 3. This contradicts the fact that
a finite nilpotent group must have a unique Sylow p-subgroup for every p.

Exercise 53. Show that the nilpotency class of the quaternion group Qg is 2.

Answer. A central series for Qg is
{1} =Gy <Gy = {1,*1} < GO = Q8~

Indeed, we notice that G is the center of QQg, thus it is normal in (Jg, which
shows that this is a normal series. Now for ¢ = 1, we have that G1/G2 ~
{1,-1} € Z(G/G3) ~ {1,—1}. For i = 0, we have that Go/G1 ~ G/Z(G),
since G/Z(@G) is of order 4 and cannot be cyclic (otherwise Qs would be abelian)
it must be the Klein group, which is commutative (anyway knowing that the
quotient group is of order 4 is enough to conclude the commutativity). Thus
G/Z(G) C Z(G/Z(G)). Finally, the central series cannot be shortened, since
Qs is not abelian, thus the nilpotency class of Qg is 2.

Exercise 54. (*) Let G be a group of order 16, which contains an element g
of order 4. Show that (g?) is normal in G.

Answer. There are two cases:

1. If {g) is normal in G, then (g?) is also normal in G, since it is characteristic
in G (this can be checked by the definition, take any automorphism f of
{g), it thus maps some g’ to some g’ and thus f((¢9?)%) = f(¢")? = (¢)? €

(9%)).
2. If (g) is not normal in G, then the subgroup
H={he€G, hig)=(g)h}

(called the normalizer of (g)) will be order 8. Indeed H is a subgroup of
G, thus |H| divides 16, that is |H| = 1,2,4,8,16, and |H| > |(g)|, so that
|H| = 4,8,16. It cannot be 16, since otherwise (g) would be normal in
G. Finally, if |H| = 4, then that would mean that (g) = H. This is not
possible either (see result on nilpotent groups (currently Prop 1.50) in the
lecture notes). If we can now prove that (g2) is characteristic in H, then
we are done, since then (g?) is characteristic in H which is normal in G
(it is of index 2 in G) thus (g?) is normal in G.
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We are thus left to prove that if H is a group of order 8, with a cyclic group (g)
of order 4, then (g?) is characteristic in H.

1.

If H is abelian, then H is isomorphic to Cy or to {g) x Cy. In both cases
it is characteristic (in the first case, (g?) is a subgroup of a cyclic group,
thus it is characteristic).

If H is not abelian, then its center Z(H) is of order 2 (the order of the
center has to divide |H]|, if it were 4 or 8, then H/Z(H) would be of
order 2 or 1, thus cyclic, which implies that H is abelian). Furthermore,
the center intersects non trivially every non-trivial normal subgroup of H.
Thus Z(H) = (g?) since this is the only subgroup of (g) of order 2 and (g)
is normal in H (it is of index 2). Finally Z(H) is a characteristic subgroup
of H which concludes the proof.

Exercise 55. True/False.

Q1.
Q2.
Q3.

Q4.
Q5.
Q6.

Q7.
Qs.

Q9.
Q10.

There are 3 kinds of groups of order 4, up to isomorphism.
Let H and K be two subgroups of G. Then HK is a subgroup of G.

Let G be a group, and let X be a set. Then the orbit B(x) of x in X under
the action of G is a subgroup of G.

The dihedral group Dyg of order 20 is simple.
The dihedral group D3 is isomorphic to the symmetric group Ss.

Let H and N be two subgroups of GG, with N normal in G. Then the
following two quotient groups are isomorphic: HN/N ~ H/N.

Every simple p-group G is abelian.

The number of elements in any conjugacy class of a finite group G divides
the order of G.

The Klein group is a 2-group.

Let G be a cyclic group of order n. Then there is a subgroup of size d for
each positive divisor d of n.

Answer.

Q1.
Q2.

Q3.

False. There are only the Klein group C5 x C5 and the cyclic group Cj.

False. Indeed, you need the extra condition that HK = KH for it be
true! If you try to find an inverse for hk, you will see you cannot find
it. Of course, in G it should be k~'h~!, but without the assumption that
HK = KH, this element has no reason to live in HK.

False. For B(x) to be a subgroup of G, then B(x) at least need to contain
the identity element 1. However gx has no reason to be 1 in general, since
x belongs to X which is an arbitrary set.
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Q4.

Q5.

Q6.

Q7.

Qs.

Qo.

Q1o0.
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False. Remember that Dyg has order 2-10 = 20. Now 20 = (22) -5 = p?q
and we have seen that groups of such order cannot be simple.

True. One can for example check out the multiplication table for both
groups.

False. In fact H/N is not even properly defined since N has no reason to
be included in H to start with.

True. G is a p-group, thus its center is non-trivial (result proved in the
lecture notes). The center of G is always normal in G. Now G is simple,
thus its normal subgroups are only {1} and G. Thus either the center is
{1} or it is G. It cannot be one since it’s non-trivial, thus it is G and G
is abelian.

True. Use the Orbit-Stabilizer theorem to deduce that the number of
elements in an orbit divides the order of the group, and now notice that
a conjugacy class is nothing else than an orbit when G acts on itself by
conjugation.

True. The Klein group is of order 4, and is actually isomorphic to Cy x Cs.
All its elements are order 2, so it is indeed a 2-group.

True. It is not true in general for an arbitrary group, but it is true for
cyclic groups. Indeed, take g to be the generator of G of order n. Now
if d divides n, then n = kd for some k. Take the subgroup generated by
g¥. Clearly (g*)% = 1 since g" = 1. There cannot be a d’ < d such that
(¢F)* = 1, otherwise this would mean the order of G is < n.



