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Abstract

This dissertationstudiesdifferenteffects from the fiber Kerr nonlinearityon optical

fiber communicationsystemswith the focuson efficient methodsto computethe system

degradationsfrom thesenonlineareffects.

Wefirst review anddevelopseveralanalysistoolswhichareessentialto thestudyof op-

tical fiber systems.Theseanalysistoolsfocuson solvingthenonlinearSchr̈odinger(NLS)

equationthat describesthe propagationof optical pulsesthroughoptical fiber channels.

EventhoughtheNLS equationcanbesolvednumericallyby thesplit-stepFourier (SSF)

method,analyticalsolutionslike the Volterraseriestransferfunction (VSTF) methodare

still preferablefor systemperformanceevaluationwhenstochasticparametersof the sig-

nal andfiber channelareconsidered.ThemodifiedVSTF methodsis introducedto solve

the energy divergenceproblemassociatedwith the truncatedthird-orderVSTF method,

offeringamoreaccurateresult.

Wethenstudythetwo mostimportantnonlineareffects,cross-phasemodulation(XPM)

andfour-wave mixing (FWM), in the wavelength-division multiplexing (WDM) systems

basedon theVSTF method.Thesetwo nonlineareffectsboth causeintensityfluctuation

of a channelfrom its neighboringchannels.Thesamesystemmodelis usedfor thestudy

of both effectsandconsequentlydirect comparisonsbetweenthe two effects is possible

in our study. As an indication of the systemperformance,we computethe varianceof

the intensity fluctuationfor both synchronousand asynchronousWDM systemsin this

dissertation.Dif ferentmethodologiesto reducethenonlineareffectsbasedon optimizing

thesystemparametersis alsodiscussed.

Anotherapproachto improvethesystemperformanceof WDM systemsbasedonmul-



tiuserdetectionis introducedin this dissertationtoo. The key ideais to make useof the

informationcarriedby thechannelcorrelationsdueto fibernonlinearityby theuseof mul-

tiuserdetection.Theanalysisis significantlycomplicatedby thepresenceof thephotode-

tector, a square-law device, in the system. Using the Gaussianapproximationafter its

validation,botherrorperformanceof themultiuserdetectorandits asymptoticbehavior in

suchsystemsarethoroughlystudiedby upper- andlower-boundsandcomparedwith the

conventionalsingle-userdetector.

Thenoiseprocessin a communicationsystemmustbeknown in orderto computethe

systemperformance.However, dueto nonlinearinteractionbetweentheamplifiedsponta-

neousemission(ASE) noisefrom opticalamplifiersandthesignal,theASEnoiseis being

amplifiedby thesignalduringpropagation.Thenoisenonlinearamplificationwith any ar-

bitrarily modulatedsignalis studiedbasedontheperturbationtheoryupto thesecond-order

in nonlinearityfor both realandimaginarypartsof thenoisewherewe fully characterize

theoutputnoiseprocessby thecorrelationfunction in the frequency domain. Significant

noiseamplificationandenergy transferbetweentherealandimaginarypartsareidentified.

Thevalidationrangeof our resultis alsodiscussedwith somesimpleapplicationgivenfor

systemperformancestudy.

Presently, opticalfibercommunicationsystemsareevolving from 10Gb/sto 40Gb/sper

channel.At 40Gb/s,sincethesignalshave wider bandwidthandhighersignalpower, the

dispersioncompensationmustbecarefullyoptimizedto controltheinteractionbetweenthe

dispersionandnonlinearity. However, differentdeviceparametershavebeenusedin previ-

oussystemperformancestudies.Wefocushereontheeffectof differentdeviceparameters

on thedispersioncompensationoptimizationandwe foundthatbothsystemperformance



andoptimaldispersioncompensationvary significantlydependingon theparametersused

for transmitters,receivers,fibersanddispersioncompensatorsin thestudy.

With all our studies,we hopeto betterunderstandthe optical fiber communication

systemsandto achievebetterdesignfor suchsystems.
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Chapter 1

Intr oduction

Sincethe developmentof the first-generationoptical fiber communicationsystemsin

theearly80’s,theopticalfibercommunicationtechnologyhasdevelopedrapidlyto achieve

largertransmissioncapacityandlongertransmissiondistance,partly dueto theincreasing

demandof computernetwork. Thedemandontheincreasingsystemandnetwork capacity

is expectedto remainasmorebandwidth-needingtechnologieslike videoconferenceand

real-timeimagetransmissionemerge.To keepin stepwith thecapacityincreasingrequire-

ment,new devicesandtechnologiesarein greatneed.Ontheotherhand,thesystemsmust

becarefullystudiedanddesigned.

The mostimportanttransmissionimpairmentsassociatedwith long-distancehigh-bit-

rateopticalfibercommunicationsystemsincludefiberdispersion,fiberKerrnonlinearities,

fiber polarizationmodedispersion(PMD), noiseaccumulationfrom amplifiersand the

interactionbetweenthem. How to achieve optimal systemsis beingstudiedextensively

aroundthe world. However, the complicatedinteractionbetweenthe impairmentsmake

thestudyon theopticalfibercommunicationsystemsachallendgingtask.Wefocusonthe

studyof fibernonlineareffectonthefiberopticcommunicationsystemsin thisdissertation

andPMD is thenneglectedin thefollowing.

1
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The key objective of this dissertationis to study the fiber Kerr nonlineareffects on

opticalfiber communicationsystems.Onetraditionalapproachto improvethesystemper-

formanceof WDM systemsis to optimizethesystemparametersby reducingthenonlinear

interferencefrom otherchannels.Two dominatingnonlineareffectsin presentWDM sys-

temsarecross-phasemodulation(XPM) andfour-wave mixing (FWM). Their effectson

WDM systemsarethoroughlystudiedandmethodsto reducetheireffectsarealsodiscussed

in this dissertation.

Anotherapproachto improve the systemperformanceof a WDM systemis to make

useof the nonlinearity-inducedcorrelationbetweenchannels(users)by usingmultiuser

detection.The error performanceof suchmultiuserdetectorandits asymptoticbehavior

areincludedin this dissertation.

Theinteractionbetweentheamplifiedspontaneousemission(ASE)noiseandthesignal

is alsostudiedin this dissertation.Dueto thesignal-dependentnatureof theoutputnoise

afterits interactionwith thesignal,thenoiseis characterizedby its cross-correlation.

In thischapter, asimplifiedopticalfibercommunicationsystemis first givenin Section

1.1. Thenthe nonlinearSchr̈odinger(NLS) equationwhich describesthe slowly varying

complex envelopeof the optical field in the fiber is introducedin Section1.2. Finally,

Section1.3givestheorganizationof this dissertation.

1.1 A Simplified SystemModel

As mostopticalfibercommunicationsystemnowadaysuseintensitymodulation-direct

detection(IM/DD), we focuson this kind of systemsin this dissertation.A simplemulti-

spanfibersystemis shown in Figure1.1.
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Figure1.1: A schematicof a fiberopticalcommunicationsystem.

At the transmitterside, single or multiple lasersare usedas the transmitterswhich

sendout on-off modulatedpulsesstreamsover ; frequencies.Directly modulatinglaser

diodesor externalmodulatorscanbeused.A power boosterbasedon Erbium-dopedfiber

amplifier (EDFA) or semiconductoroptical amplifier (SOA) is also usedright after the

transmitterin somesystems. If WDM is used,a multiplexer (MUX) is neededbefore

transmittingthesignalsthroughfiberspans.

Eachfiber spanconsistsof a pieceof single-modefiber (SMF) or dispersion-shifted

fiber (DSF) followedby anopticalamplifier (G) and(possibly)a dispersioncompensator

(DC). The optical amplifier is usedto compensatefor the fiber attenuationwith the cost

of introducinga considerableamountof ASE noise. Sincefiber dispersionbroadensthe

signalpulses,a dispersioncompensatoris usuallyusedto reducethis effect. Eachfiber

spancouldbethesameor couldbedifferent.An especiallyimportantcaseis systemsusing

dispersionmanagementwherefiberspanswith dispersionof oppositesignsarebothusedto

achieveoptimaloperationexploiting theinteractionbetweendispersionandnonlinearities.

However, aswassaidearlier, theoptimalsystemdesignis notknownyetandit alsostrongly

dependson thesystemparameters.Wewill furtheraddressthis issuein this dissertation.

At the receiver side, the signal is passedthrougha WDM demultiplexer (DEMUX),

which is effectively an optical filter bank, to separatethe signals,if WDM is used. In
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eachbranchthesignalis photodetectedandsampledat thebit rate,thenpassedthrougha

thresholddevice to restoretheinformationbits. Thephotodetectorcanusuallybemodeled

asa square-law receiver whoseoutputis proportionalto theintensityof theopticalsignal.

Theoptimalreceiver usinga photodetectoris to put anopticalmatched-filter(MF) before

the photodetector. However, optical filters with suchnarrow bandwidthare usually not

availablewith presenttechniques.What is usuallydoneis to put a narrow-bandelectrical

filter beforethesamplerto furtherreducethenoisefrom themuchwider opticalfilter. As

always,synchronizationis neededfor thereceiver to work correctly.

In this dissertation,we focuson the nonlineareffects from the fiber. To do this, the

transmitteris usuallymodeledto sendout Gaussianor super-Gaussianpulseswith con-

trolled chirping. The receiver assumesperfectsynchronizationtogetherwith optical and

electricalfilters of commonlyusedbandwidth.

1.2 Nonlinear Schrödinger Equation

As always,amathematicalmodelis neededto describethephysicaltransmissionchan-

nel. The nonlinearSchr̈odinger(NLS) equationis found to serve this role andit is used

to describethe slowly-varying envelopeof the optical field. Neglecting the polarization

effect, theNLS equationwritten in a referenceframemoving at thegroupvelocity of the

pulseis givenby [1]?�@?BA �� � � @DC&E� � � ? � @?�F � C �G ��H ? H @?IF H  E � J�K @ K � @DC E=$L ??IF K @ K � @  NM5O @ ? 	 K @ K � �?�F P / (1.1)

where
@ � @ 	 F / A � is the slowly varying complex envelopeof the optical field at time

F
andposition

A
alongthefiber. � is thefiber loss,

� � and
��H

arethesecond-andthird-order

dispersioncoefficientsrespectively. Thesethreeeffectsareusuallycombinedandreferred
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to asthelineartermof theNLS equation.� is thenonlinearitycoefficientof thefiber with� � =$L and � MQO representingthestrengthof theself-steepeningeffectandstimulatedRaman

scattering(SRS)effect respectively. Thisequationapproximatesexperimentalresultsvery

well for opticalpulsesof durationover50fs.

A simplifiedversionof theNLS equationis givenas[1]?�@?BA �! � � @DC>E � � � ? � @?�F �  E � K @ K � @ / (1.2)

whereself-steepeningandSRSeffectsareneglected,which is valid whenever the pulses

havedurationlongerthan1ps.Thissimplifiedversionof theNLS equationis usedthrough-

out this dissertation.For systemstransmittingat 10Gb/sor lower, aslong asthechannel

is not at the wavelengthwherethe second-orderdispersionis zero (the zero-dispersion

wavelength),thethird-orderdispersiontermcanalsobeneglected.For higherbit-ratethan

10Gb/s,theeffectsfrom thethird-orderdispersiontermwill bediscussedin thefollowing

chapterswheneverapplicable.

To giveanideaof how thelinearandnonlineartermsaffect IM/DD systems,we study

two simplecasesfirst in this section.For thefirst one,we assumethat � �R�
. Then(1.2)

canbesolveddirectly in thefrequency domainwhereweget@ 	 = / A � �S�T�1�
	U � A�  E � � = � A� � @ 	 = /0� � (1.3)

where
@ 	 = / A � is the Fourier transformof

@ 	 F / A � . In this case,the fiber actsasa linear

filter with attenuationandphaseshift. Both theattenuationandthephaseshift dependon

thetransmissionlength.Thesetwo effectscanbecompensatedby anopticalamplifierand

adispersioncompensatorrespectively.
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For thesecondcaseweassumethat
� � �S�

, then(1.2)canbesolvedto give@ 	 F / A � � @ 	 F /0� � �T�1�V	W � A� � �T�1�YXV E � K @ 	 F /Z� � K � �[ \�T�1�
	U � A �� ] � (1.4)

In this case,if a singlechannelis transmitted,the nonlinearityintroducesa time-varying

phasecalledself-phasemodulation(SPM), � K @ 	 F /0� � K � �^�2_a`cbedf� �
�Ug� , to theinputpulses.How-

ever, for anIM/DD systems,aphasedoesnot introduceany penaltyto thesystem.

However, if bothdispersionandnonlinearityarepresent,we will have interactionbe-

tweenthesetwo effects.As a result,phasemodulation/intensitymodulation(PM/IM) con-

versionoccursandtheSPMis convertedinto intensityfluctuationwhichaffectsthesystem

performanceof adirectdetectionsystem.Unfortunately, asimpleanalyticalsolutionto the

NLS equationdoesnotexist for thiscaseandwewill thoroughlystudythiscasein thenext

chapter.

1.3 Outline of the Dissertation

As saidin thetitle of this dissertation,thekey objective of this dissertationis to study

thefibernonlineareffectsonopticalcommunicationsystems.Thedissertationis organized

asfollows.

In Chapter2, we develop several analysistools which are essentialto the study of

the optical fiber systems.Theseanalysistools focuson how to solve the NLS equation.

They arethesplit-stepFourier(SSF)method,theVolterraseriestransferfunction(VSTF)

method,andthemodifiedVSTF (MVSTF) method.TheSSFmethodprovidesanefficient

numericalapproachto solve the NLS equation. The VSTF methodgives an analytical

solution to the NLS equationbasedon the Volterraseriesexpansion. The MVSTF is a

modifiedversionof theVSTFwhich is moreaccuratethanthetruncatedthird-orderVSTF



7

method.

Chapter3 is dedicatedto thestudyof nonlineareffectsin WDM systemsbasedon the

VSTFmethod.Two mostimportantnonlineareffectsin WDM systemsareXPM andFWM

which both introduceintensityfluctuationfrom the interferingchannels.The varianceof

theintensityfluctuationis foundfor bothsynchronousandasynchronousWDM systems.

In Chapter4, anotherapproachbasedon multiuserdetectionto improve the perfor-

manceof WDM systemsis thoroughlystudiedby themeansof theerrorperformanceand

theasymptoticbehavior assignal-to-noise(SNR)increasesundertheGaussianapproxima-

tion. Thekey ideabehindthis is thatsincethenonlinearprocessesaredeterministicgiven

the informationbits sentacrosschannels,the optical WDM systemsshouldbenefitfrom

multiuserdetectors.

Dueto thenonlinearinteractionbetweentheASEnoiseandthesignal,thenoiseis am-

plified by thesignal.We studythenoisenonlinearamplificationfrom any arbitrarily mod-

ulatedsignalin Chapter5. At theoutput,thenoiseis signal-dependentandnon-stationary.

We describethe output noiseprocessby its cross-correlationfunction in the frequency

domain.

In Chapter6,westudytheoptimizationof dispersioncompensationfor 40Gb/ssystems.

Wefocusontheeffectsof usingdifferentdeviceparametersonthedispersioncompensation

optimization.

The last chapterfocuseson conclusionsandfuture work. Due to the fast-developing

technologies,onecannever finish theexploration.Togetherthesesevenchaptersdescribe

thework for my Ph.D.dissertation.



Chapter 2

Modified Volterra SeriesTransfer
Function Method

We develop several tools for analyzingoptical fiber communicationsystemsin this

chapter. Wegiveabrief discussionon thesplit-stepFourier(SSF)methodandtheVolterra

seriestransferfunction(VSTF)methodfirst, thenwe focuson theModifiedVSTFmethod

whichgivesmoreaccurateanalyticalresultsthanthetruncatedthird-orderVSTF method.

2.1 Split-StepFourier Method

As mentionedin the introduction, the NLS equationis usedto describethe slowly

varyingcomplex envelopeof theopticalfield in thefiber andit canbewrittenas?�@?BA �! � � @DC E � � � ? � @?�F �  E � K @ K � @ � (2.1)

This equationis valid for optical pulseswith durationno shorterthan1ps. Whenshorter

pulses(or wider bandwidth)areused,extra termsfrom self-steepeningandstimulatedRa-

manscattering(SRS)shouldbeincluded.(2.1) is valid for mostof thework in this disser-

tationunlessotherwiseindicated.

TheNLS equationis generallyhardto solveanalyticallyexceptfor somespecialcases

andnumericalcomputationis widelyusedinstead.Themostwidelyusednumericalmethod

8
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to solve theNLS equationis theSSFmethod.Detaileddiscussionon theSSFmethodcan

befoundin [1]. Thebasicideaof SSFmethodis to divide thefiber spaninto many steps.

Within eachstep,thelinearandnonlineareffectsareappliedconsecutively. To seehow the

SSFmethodworks,we rewrite (2.1)as?�@ 	 F / A �?hA �R	 6i C 6< � @ 	 F / A � (2.2)

where 6i and 6< areoperatorscorrespondingto linearandnonlineareffectsrespectively. In

particular, 6i �� � � C E � � � ? �?IF � / (2.3)6< �% E � K @ K � � (2.4)

Thenwithin eachstep,wehave@ 	 F / AjClk � � �T�1�
	 k 	 6i C 6< �c� @ 	 F / A �m �T�1�
	 k 6i � �T�1�V	 k 6< � @ 	 F / A �� n ���po �T�1�
	U � k� � �T�1�
	W E � � = � k� � nrq @ 	 F / A � �����s	U E � K @ 	 F / A � K � k �0thu
(2.5)

where
n

and
n ��� standfor theFourierandinverseFourier transform.It is clearthat the

solution from the SSFmethodconvergesto the exact solution of (2.1) as the stepsize

decreasesto 0. It is alsoknown that the error introducedin eachstepis in the orderofk �
in (2.5). In practice,in orderfor theSSFto beaccurateenough,thestepsize

k
should

satisfy �wvyx � K @ 	 F / A � K � k{z ���9���|'
rad. Throughoutthis dissertation,the resultsfrom the

SSFsimulationareassumedto betheexactsolutionsto theNLS equationandareusedas

abasisfor comparisonwith theresultsfrom our theoreticalanalysis.
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Severalvariantsof theSSFmethodexist to reducethecomputationcomplexity or the

computationerror. To reducethecomputationerror, asymmetricSSFmethodcanbeused.

To reducethe computationtime, an adaptive stepsizecanbe usedasthesignalpower is

reducedalongthetransmissiondueto fiberattenuation.

2.2 Volterra SeriesTransfer Function Method

Eventhoughnumericalmethodsto solvetheNLS equationexist, ananalyticalsolution

to the NLS equationis still preferred. In [2], Peddanarappagariand Brandt-Pearcede-

rivedtheVSTFasanapproximateanalyticalsolutionto theNLS equationin thefrequency

domain.To do this,wefirst write (2.1) in thefrequency domainas?�@ 	 = / A �?hA �R	U � �  E � � � = � � @ 	 = / A �  E �8(} ��~�~ @ 	 = � / A � @w� 	 = � / A � @ 	 =  = � C = � / A �I� = � � = �
(2.6)

where
@ 	 = / A � is theFouriertransformof

@ 	 F / A � . After applyingtheVolterraseriesmethod

andsubstituting@ 	 = / A � � � � 	 = / A � @ 	 = /0� �C ~�~ ��H�	 = � / = � / = / A � @ 	 = � /0� � @ �
	 = � /Z� � @ 	 =  = � C = � /0� �I� = � � = �C �e�e�
(2.7)

into (2.6),wefinally obtain� � 	 = / A � �S�����
	W � A� � �T�1�V	W E � � = � A� � (2.8)

and��H
	 = � / = � / = / A � �! E �8�} � � � 	 = / A � �[ \�T�1�
	W � A  E � � 	 = �  = � 	 = �  = � � A �� C E � � 	 = �  = � 	 = �  = � � (2.9)
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asthe first- andthird-orderVolterraserieskernelcoefficients. (2.8) representsthe linear

effect from fiber lossanddispersion. (2.9) representsthe nonlineareffect. Due to high

computationalcomplexity associatedwith integration,wetruncatetheVSTFto third order.

Thefirst- andthird-orderVSTF serieskernelcoefficientscanalsobederivedby using

the sameapproachas the SSFmethodunderthe assumptionthat the nonlineareffect is

smallcomparedwith the lineareffects. We assumethata fixedstepsizeis used,andlater

we let thestepsizego to zero.For thefirst step,wehave@ 	 F / k � � n ��� o ���1�
	U � k� � �T�1�
	U E � � = � k� � nrq @ 	 F /0� � �T�1�Q	U E � K @ 	 F /Z� � K � k ��t u
(2.10)m n ���$o ���1�
	U � k� � �T�1�
	U E � � = � k� � nrq @ 	 F /0� � 	W�[ E � K @ 	 F /0� � K � k ��thu
(2.11)

or in thefrequency domain@ 	 = / k � m �T�1�
	U � k� � �T�1�
	W E � � = � k� � @ 	 = /Z� �  E � k �T�1�
	W � k� � ���1�V	U E � � = � k� �~�~ @ 	 = � /0� � @ �
	 = � /0� � @ 	 =  = � C = � /0� �I� = � � = � (2.12)

Note thatwe have usedtheapproximationthat
���1�
	U E � K @ 	 F /Z� � K � k � m �� E � K @ 	 F /0� � K � k

above. Following thesamestepsandkeepingup to thethird-ordertermonly, weobtain@ 	 = /Z� k � m �T�1�
	W � � k� � �T�1�
	U E � � = � � k� � @ 	 = /Z� �  E � k �����
	W � � k� � �T�1�V	W E � � = � � k� �~�~�� ���� �0� � ���1�
	U ��� k  E � � 	 = �  = � � 	 = �  = � � k �@ 	 = � /0� � @ �
	 = � /0� � @ 	 =  = � C = � /0� �I� = � � = �� �T�1�
	W � � k� � �T�1�
	U E � � = � � k� � @ 	 = /Z� �  E � k �����
	W � � k� � �T�1�V	W E � � = � � k� �~�~ �[ \���1�
	U � � k  E � � 	 = �  = � � 	 = �  = � � k ��� ��T�1�
	U � k  E � � 	 = �  = � � 	 = �  = � k �



12@ 	 = � /Z� � @ �
	 = � /0� � @ 	 =  = � C = � /0� �I� = � � = � �
Now letting

k�� �
and

A ��� k
asthetotal transmissiondistance,weget@ 	 = / A � m �����
	W � A� � �T�1�
	U E � � = � A� � @ 	 = /Z� �  E � ���1�
	U � A� � �T�1�
	W E � � = � A� �~�~ �j \���1�
	U � A  E � � 	 = �  = � � 	 = �  = � A �� C E � � 	 = �  = � � 	 = �  = �@ 	 = � /0� � @ �
	 = � /0� � @ 	 =  = � C = � /0� �I� = � � = � (2.13)

whichgivesthefirst- andthird-orderVolterrakernelcoefficientsof theVSTFmethod.

It hasbeenshown thattheVSTF methodis equivalentto theperturbationmethod[12,

13]. As animportantapplicationof theanalyticalsolutionto theNLS equation,Narimanov

andMitra have calculatedthe channelcapacityof a fiber optics communicationsystem

basedonperturbationtheory[31].

Unfortunately, themethodhasonly limited applicationbecausethepredictedor mod-

eledopticalpulseenergy divergesquickly whenthe input power is large. Thusa method

to solve theenergy divergenceproblemis requiredto extendtheapplicationrangeof the

truncatedVSTF method. In the next section,we presenta way to modify the truncated

third-orderVSTFmethod.ThemodifiedVSTF(MVSTF) methodcansuccessfullyremove

the energy divergenceandthusgivesmoreaccurateresultsthanthe truncatedthird-order

VSTFmethod.

2.3 Modified Volterra SeriesTransfer Function Method

To getthethird-orderVolterrakernel,we haveusedtheassumptionthat
�T�1�$	U E � K @ 	 F /A � K � k � m �� E � K @ 	 F / A � K � k . Thisassumptionfails if thesignalpower is largeenough,then

higher-ordertermsshouldbe includedin this case.What the MVSTF methoddoesis to
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restorethetruncatednonlineartermsbackinto thephase.To do this, rewrite (2.13)as@ 	 = / A � m @"� 	 = / A � CD@w�
� 	 = / A � (2.14)

where
@"� 	 = / A � and

@"�$� 	 = / A � correspondto thefirst- andthird-ordertermsin (2.13)re-

spectively, Thenthemodificationis madeasfollows@ 	 F / A � ��� @�� 	 F / A � �����r�I����� d��¡  �Ug�I� d9�¡  �cgp¢ if

K @w�$� 	 F / A � K z K @"� 	 F / A � K@�� 	 F / A � CD@"�$� 	 F / A � if

K @"�$� 	 F / A � K¤£¥K @�� 	 F / A � K (2.15)

where
@�� 	 F / A � and

@w�
� 	 F / A � aretheinverseFouriertransformationof
@"� 	 = / A � and

@w�$�	 = / A � respectively. Note that at the rising andfalling edgeof the pulseswherethe input

signal is very small, we keepthe original VSTF simply to avoid dividing
@w�
� 	 F / A � by

zero. For single-channelsystems,
@"�$� 	 F / A � is simply the self-phasemodulation(SPM)

term. We show later that theMVSTF methodgivesa muchmoreaccurateresultthanthe

truncatedthird-orderVSTF method.

It canalsobe shown that the MVSTF methodagreeswith theoreticalresultsfor the

importantcaseof asmall
� � . Dueto fiber attenuation,thenonlineareffectdecreasesasthe

signalpowerdecreasesalongthetransmission.Thus,thenonlineareffect is only important

at thefront-endof afiber. Therestof thefiberactsasadispersive-onlyfiberandweassume

that thedispersionis compensatedby a dispersioncompensatorat theoutputof thefiber.

During thepartwherethenonlineareffect is important,wewrite@ 	 F / A � � @ 	 F /0� � ���1�V	.¦B	 F / A �§� �����s	 E2¨ 	 F / A �§� ���1�
	U � A� � � (2.16)

For simplicity, weassumethattheinput
@ 	 F /0� � is realin thefollowing derivation.

Substituting(2.16)into (2.1),weget@ 	 F /0� � ? ¨ 	 F / A �?hA �  � @ H 	 F /0� � ���1�V	©�(¦B	 F / A �§� ���1�V	U � A � C � �� q @�ª ª 	 F /0� � C � @�ª 	 F /0� � ¦ ª 	 F / A �C @ 	 F /0� � ¦ ª ª 	 F / A � C«@ 	 F /Z� � 	¬¦ ª 	 F / A �§� �  @ 	 F /0� � 	 ¨ ª 	 F / A �§� � t / (2.17)
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where
@ ª 	 F /0� � � ­­ � @ 	 F /0� � , ¦ ª 	 F / A � � ­­ � ¦B	 F / A � and ¨ ª 	 F / A � � ­­ � ¨ 	 F / A � . Since

� � is small,

the dominatingterm in (2.17) is the first term, andthe solutionfor the phasechangebe-

comes ¨ 	 F / A � �% � @ � 	 F /0� � �[ \�T�1�
	U � A �� �
(2.18)

Thisphasetermis exactly thesameas(1.4)when
� � �S�

.

Anotherequationweobtainedby substituting(2.16)into (2.1) is@ 	 F /0� � ? ¦B	 F / A �?hA �  � �� 	©� @jª 	 F /0� � ¨ ª 	 F / A � CD@ 	 F /0� � ¨ ª ª 	 F / A � C � @ 	 F /0� � ¦ ª 	 F / A � ¨ ª 	 F / A �§�
(2.19)m  � �� 	©� @jª 	 F /0� � ¨ ª 	 F / A � CD@ 	 F /0� � ¨ ª ª 	 F / A �§� � (2.20)

When
� � is small, thePM/IM conversioneffect

¦B	 F / A � is small andis proportionalto
� � .

Thus,thelasttermon theright sideof (2.19)canbedroppedbecauseit is smallerthanthe

otherterms.Substituting(2.18)into (2.20),weobtain¦B	 F / A � m � � �� ®°¯ 	 @�ª 	 F /0� �§� � Cl@ 	 F /0� � @�ª ª 	 F /Z� �c± �[ \�T�1�
	U � A �� (2.21)

since
A³² ��µ´ for practicalsituationsand

¦ ª 	 F / A � is smallcomparedwith theotherterms.

Usingtheassumptionthat
� � is smallsothat

� � = �¶ ² � where= ¶ is thebandwidthof

thesignal,we canexpandthedenominatorin thedoubleintegralof (2.13)as�� C E � � 	 = �  = � 	 = �  = � � m ��  E � �� � 	 = �  = � 	 = �  = � � / (2.22)

wherewe haveusedthesimplificationthat
�T�1�
	U � A � ² �

. Notealsothat
� � 	 = � �¥�

due

to thedispersioncompensatorused.Thefirst termontheright sideof (2.22)determinesthe

nonlinearphase,andthesecondtermdeterminestheamplitudechange.It is easyto show

that thetwo termsof (2.22),after they areconvertedinto thetime-domainanddividedby



15@ 	 F /0� � , arethesameas(2.18)and(2.21)respectively, therebyshowing thevalidity of the

third-orderMVSTF for thecaseof asmall
� � . It is alsoveryeasyto show thattheMVSTF

givesthecorrectanalyticalsolutionto theNLS equationwhen
� � �S�

.

We now comparetheresultsfrom theSSFmethod,theVSTF methodandtheMVSTF

methodfor different
� � . Wefirst show simulationresultsof theMVSTF methodfor asingle

channel,singlepulsecasefor botha singlespanand10 spansof
�
���

km each.Thesystem

modelwe simulateis includedin Figure2.1. Theamplifiercompensatesfor thefiber loss

andthedispersioncompensatorcompensatesfor thelineardispersionfrom theopticalfiber.

Theinput is achirplesssingleGaussianpulse.Theoutputpulsesfrom theSSFsimulation,

VSTF andMVSTF methodsarecomparedin Figure2.2. Theenergy of theoutputpulses

for the SSF, original VSTF andthe MVSTF methodaregiven for the first spanin Table

2.1. The improvementby the MVSTF is clearly seenin Figure2.2 and from the above

energy comparison.Theimprovementis evenmoredramaticfor 10spanswheretheresult

from VSTF methoddivergesgreatly(beyond the limit of our numericalsimulator)andis

thereforenot includedin theplot.

OutputInput

Optical Fiber Dispersion CompensatorAmplifier

DCG

Figure2.1: Systemmodelof onespan.
���{�T�1�$	 �
��[� .

The situationgetsmorecomplicatedin WDM system. As always,onecan take the

multiple channelsasa big single-channelandusethe above modification. However, this

schemehides the details on the cross-phasemodulation(XPM) and four-wave-mixing

(FWM) from the interactionsbetweenchannels.Figure2.3 shows the output of a two-
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Figure2.2: ComparisonbetweenthefiberoutputscomputedusingSSF, VSTFandMVSTF
for single channel,single pulsecase. Simulationparametersare

� � � �
ps
���

km, � ������
dB/km, inputpeakpower �$� �!�e�

mW, � �>�
W ��� km ��� , spanlength

�%�
�(�
km.

channelsystemtakenasa big single-channel.The total energiesof theoutputpulsesare

alsogivenin Table2.1.

For any multi-channelsystem,supposethat the Fourier transformof the input canbe

written as
@ 	 = /0� � � ·&¸ ����Z� � @ � 	 = /Z� � , where

@ � 	 = /0� � is the input at channel � of ;
channels;then

@"�$� 	 = / A � consistsof ® ¸H ± termsfrom the doubleintegral of (2.13). For

example,@ �   ¹µº ¸ 	 = / A � � ~»~ ��H�	 = � / = � / = / A � @ � 	 = � /0� � @"�� 	 = � /0� � @ � 	 =  = � C = � /0� �I� = � � = �
is the SPM term for channel� . Now insteadof lumping all signalstogetherasa single

channel,we cando channelby channelby modifying thethird-orderVSTF expansionfor
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Figure 2.3: Comparisonbetweenfiber output computedusing SSF, VSTF and MVSTF
for two-channel,single pulsecase. Simulationparametersare

� � �  "�
ps
�T�

km, � ������
dB/km, �$� �!�
�

mW, � �S�
W ��� km ��� , singlespanof length

�&'(�
km.

theoutputat channel� as@ � 	 F / A � � � @ �   � 	 F / A � �T�1�¼� �I½U¾ �1� d9�¡  �Ug� ½U¾ � d��¡  �Ug�¢ if

K @ �   �$� 	 F / A � K z K @ �   � 	 F / A � K@ �   � 	 F / A � C«@ �   �
� 	 F / A � if

K @ �   �
� 	 F / A � K¤£%K @ �   � 	 F / A � K (2.24)

where
@ �   �
� 	 F / A � is thesumof thenonlineartermsfor channel� includingits SPMterm@ �   ¹�º ¸ 	 F / A � , theXPM termsfrom otherchannelsandany FWM termson it. Theresults

for the centralchannelof a three-channelWDM systemwith equalchannelspacingand

randominput bits for eachof thepumpchannelareshown in Figure2.4 for a singlespan.

It is clearly seenthat the MVSTF methodperformsequallywell asthe SSFmethodand

successfullysolves the energy divergenceproblemof the original truncatedthird-order

VSTFmethod.
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1 Channel 2 Channels

SSF 3.5449 ¿ �
� ��� H J 7.0894 ¿ �
� ��� H J
VSTF 3.9194 ¿ �
� ��� H J 11.8150 ¿ �
� ��� H J
MVSTF 3.5511 ¿ �
� ��� H J 7.6820 ¿ �
� ��� H J

Table2.1: Comparisonbetweenfiber outputpulseenergy computedusingSSF, VSTF and
MVSTF with singlepulseinput for bothsingle-channelandtwo-channelcases.

2.4 Multiple Spans

Both theVSTF andMVSTF canbeappliedspanby spanto multiple-spansystems,as

theSSFmethoddoes.An exampleis shown in Figure2.2 with a singlepulsefor a single

channelsystem.Ontheotherhand,thetransferfunctionupto thethird-orderfor thewhole

systemcan be found, then (2.13) is calculated. The latter approachrequiresmuch less

computation,andits accuracy is checkedin this sectioncomparingwith simulationresults

andtheresultsfrom aspan-by-spancalculation.

The multiple-spansystemstudiedin this dissertationconsistsof a concatenationof

spansshown in Figure2.1. A post-dispersioncompensatoris usedat the fiber outputto

removetheaccumulateddispersionif apartialdispersioncompensatoris usedin eachspan

to compensatepartially thefiber dispersion.TheVSTF keptup to thethird-orderis found

with
� � 	 = / A � <�ÀÂÁ � �%�

dueto post-dispersioncompensationand��H�	 = � / = � / = / A � <ÃÀÂÁ � �  E �8(} � �� \�T�1�
	W �$Á  E � � 	 = �  = � 	 = �  = � � Á �� C E � � 	 = �  = � 	 = �  = � �¿ ��Ä ���� �0� � �����
	W E � i 	 = �  = � 	 = �  = � �§� (2.25)

where <ÃÀ is the numberof total spans,Á is the spanlength and
i

is the accumulated

dispersionfor eachspan.TheMVSTF is againobtainedby modifying VSTF using(2.15)

and(2.24)respectively.
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Figure2.4: ComparisonbetweenfiberoutputcomputedusingSSF, VSTFandMVSTF for
thecentralchannelof a three-channelsystem.Simulationparametersare

� � �% �)
ps
���

km,� �R���#�
dB/km, �
� ���
�

mW, � �,�
W ��� km ��� , singlespanof length

�,'(�
km. Note that

randominput bits of 0 and1 areusedfor thethreechannels.

We comparethe VSTF andMVSTF resultswith the SSFsimulationresultsfor two

differentsystems.Thefirst systemconsistsof a concatenationof fiber spanswithout dis-

persioncompensationfor eachspanwhile the secondsystemconsistsa concatenationof

fiberspanswith 100%dispersioncompensationfor eachspan.Thepeakpower is setto be

2mW. For a fair comparison,wedefinethenormalizedenergy deviation (NED) as<¼Å i �ÇÆ K @"È � È 	 F / A �  @wÉ¬Ê�Ë 	 F / A � K � � FÆ K @wÉÌÊ#Ë 	 F / A � K � � F (2.26)

where
@�È � È 	 F / A � is theanalyticalresultsobtainedfrom theVSTF or MVSTF methodwith

span-by-spancalculationor with total transferfunctionand
@"É¬Ê#Ë 	 F / A � is obtainedfrom the

SSFsimulation.TheNEDsareshown in Figures2.5and2.6for thetwo systemsseparately



20

asspannumberincreases.

5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

8

9

10

Span number

N
E

D
 (

in
 %

)

VSTF span
MVSTF span
VSTF total
MVSTF total

Figure2.5: Normalizedenergy deviation (NED) for multiple-spansystemwithout disper-
sioncompensationfor eachspan.

In eithersystem,theMVSTF with span-by-spancalculationgivesnegligible errorand

the MVSTF with total transferfunction is muchmoreaccuratethanthe truncatedthird-

orderVSTF with total transferfunction. As channelincreases,the errorsof all the four

approachesalsoincreaseasexpected,but atdifferentrates.Thefour approachesarefound

to work muchbetterfor thesystemwithoutdispersioncompensationfor eachspanthanfor

thesystemwith 100%dispersioncompensationfor eachspan.Theresultsfor thesystem

with 100%dispersioncompensationfor eachspanis believedto have moreerrorbecause

thenonlineareffectsfrom eachspanfor thissystemaddconstructively with eachotherand

thusaremuchstrongerthanfor theothersystem.

In conclusion,we have shown that a simplemodificationto the truncaedthird-order
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Figure2.6: Normalizedenergy deviation (NED) for multiple-spansystemwith 100%dis-
persioncompensationfor eachspan.

VSTF methodcansuccessfullysolve theenergy divergenceproblemof theVSTF method

andcanimprove the modelaccuracy by ordersof magnitude.The MVSTF methodcan

extend the applicationrangeof the original VSTF methodsignificantly while inheriting

all theadvantageof theVSTF method.It offersa bettermethodfor finding ananalytical

approximationto theoveralltransferfunctionof thecascadeof all theelementsof anoptical

link, whichcanbeusedto determineoptimalsystemparameters.In thefollowing chapters,

we study the nonlineareffectson the fiber optical communicationsystemsbasedon the

analyticaltoolsdevelopedin this chapter.



Chapter 3

Cross-PhaseModulation and Four-Wave
Mixing

As thecapacityrequirementof opticalfibercommunicationsystemsincrease,channels

with smallerchannelspacingwill be usedin wavelength-division multiplexing (WDM)

systems.As a result,the two dominantnonlineareffects,cross-phasemodulation(XPM)

andfour-wave mixing (FWM), becomemoreandmorepronounced.Both nonlinearef-

fects introduceintensity fluctuationswhich are dependenton the neighboringchannels,

thuscausinginter-channelinterference(ICI) at the receiver. In this chapter, new variance

analysesfor bothXPM- andFWM-inducedintensitydistortionbasedontheVolterraseries

transferfunction(VSTF) methodarestudiedandcompared.

Thesplit-stepFourier (SSF)method,which is themostlycommonlyusedmethodfor

fiber optic communicationsystemdesignandanalysis,is not well suitedto varianceanal-

ysis from nonlinearity-inducedintensityfluctuation. It canbe usedto study XPM- and

FWM-inducedcrosstalkin WDM systems,but thecomputationtime increasesin theorder

of at least ; H
, where ; is thetotal numberof channelsin thesystemfor eachsimulation

run. Moreover, many simulationtrials shouldbe run in order to obtaina goodestimate

for thestatisticsof thereceiverobservationswhentakinginto accountthepossiblerandom

22
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naturesof thechannelphasesandthechanneldelays.Supposetherandomchannelphases

andchanneldelaysaremodeledasuniformly distributedwith <ÎÍ differentphasesand <³Ï
differentchanneldelays,thenthe total computationtime with theSSFmethodgrows ex-

ponentiallywith respectto thenumberof usersas
	 <³ÍZ<ÐÏ � ¸ ; H

. On theotherhand,asan

analyticalapproach,theVSTFmethoddoesnotneedextracomputationwith randomchan-

nel phasesanddelays.Thus,thecomputationtime with theVSTF methodonly increases

polynomiallywith thenumberof channels.

Greatefforts have beenspenton the theoreticalanalysisof XPM- andFWM-induced

crosstalk.Theintensityfluctuationscausedby XPM have beenstudiedpreviously for sys-

temswith a continuouswave (CW) probechannelunderthe interferenceof a modulated

pumpchannel[3, 4,5]. Thesemodelsuseasmallsignalapproximationandassumethatthe

pumpchannelis undistortedby dispersionin thefiber. We call thepreviousapproachthe

power approximationin this dissertationsincein their resultstheXPM-inducedcrosstalk

dependsonly on the power of the pumpchannels.The validity of this analysisbasedon

a CW probehasbeenverified experimentally[5, 6, 7]. However, the power approxima-

tion predictsthe sameXPM-inducedintensity distortion for pumpswith different input

frequency chirping. In this chapterwe show that thedistortiondependson the frequency

chirpingwhenthefrequency chirpingis largeenough.

FWM hasbeenstudiedwith channelsof CW format,with emphasison predictingthe

FWM efficiency [8, 9]. [10] extendstheanalysison FWM by forming a statisticalmodel

including randomphasesand randombits of eachchannel. The analysisbasedon CW

signalsis aworst-caseanalysiswhereeachchannelis assumedto remainat thepulsepeak.

Theperformanceevaluationfrom thisworst-caseanalysisis usuallytooconservativecom-
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paredwith real systems.A new modelwhich takesinto accountthemodulatednatureof

thechannelsis offeredin this chapterfor abetterperformanceevaluation.

Theintensityfluctuationscausedby XPM andFWM arecomparedin [11] for aWDM

system,wheredifferentmodelsareusedfor thetwo distortions.A CW probeplusmodu-

latedpumpsareusedfor theXPM effect while a CW probeplusCW pumpsareusedfor

theFWM effect. It is not clearwhetherthecomparisonis fair: the resultmayexaggerate

theeffect from FWM.

In this chapter, we give new analysisfor bothXPM- andFWM-inducedintensitydis-

tortionbasedon theVSTFmethod[2]. TheXPM analysisdoesnot rely on theassumption

of undistortedpumpchannels,andtheFWM analysiscanbeusedwith modulatedpumps;

themodelsfor thetwo effectsareidentical.

Thischapteris organizedasfollows. WeusetheVSTFmethodto deriveboththeXPM-

andFWM-inducedintensitydistortion in Section3.1. In Section3.2, we first verify our

methodsby comparingthemwith the SSFsimulationfor a 3-channelsingle-spanWDM

system.We thenstudyandcomparethe two nonlineareffectsasthenumberof channels

increasesfor bothsingle-spansynchronousWDM systemsandsingle-spanasynchronous

WDM systemswherethevarianceof thenonlinearity-inducedintensityfluctuationis found

for bothsystems.Section3.3extendstheresultsinto multispansystemsbasedontheVSTF

methodusingtheapproximatetotal transferfunctionof thesystem.Wealsobriefly discuss

the accuracy of this methodfor multispanWDM systemsin this section.We summarize

our work in Section3.4.
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3.1 Analysis

In WDM systems,theinputconsistsof multiplechannelsandwelet
@ 	 = /0� � �&· ¸�Z� � ¸@ � 	 =  ��ÑÐ= /0� � , where

@ � 	 = /0� � is thebasebandinput of the � -th channeland ÑÐ= is the

channelspacing.HereweassumeWDM systemsof equalchannelspacingfor simplicity; a

similar analysisholdsfor WDM systemswith unequalchannelspacing.After substituting· ¸�0� � ¸ @ � 	 =  ��ÑÐ= /0� � into (2.13),weobtain
	©� ; C � � H termscontainingthefactorsof

theform
@ ��Ò 	 = � /0� � @ �� ´ 	 = � /Z� � @ �cÓ 	 =  = � C = � /0� � in thedoubleintegralof (2.13)where� � ,� � , and � H correspondto theindex of any channelbetween

 ; and ; . TheSPM,XPM,

andFWM termsarefoundto be[13]

@ ��Ò @ �� ´ @ �UÓ is ÔÕÕÕÖ ÕÕÕ×
SPMon Channel� � if � � � � � � � He/
XPM onChannel� H if � � � � �³Ø� � He/
XPM onChannel� � if � � Ø� � � � � He/
FWM on Channel� �  � � C � H otherwise

� (3.1)

Ouranalysisassumesthatchannel0 is aCW probechannelwith input
@ � 	 F /Z� � ��Ù �
�

while theotherchannelsareequallyspacedon both sidesof the centralchannel,i.e. the

total input to thefibercanbewrittenas
@ 	 F /Z� � �&· ¸�0� � ¸   �µÚ� � @ � 	 F /0� � �T�1�V	 E ��ÑÐ= F � C Ù �
�

where
@ � 	 F /0� � is anamplitudemodulatedbasebandsignalfor the � -th channel.

TheSPMeffectmustbestudiedusingamodulatedsignalaswasdoneusingtheVSTF

methodby PeddanarappagariandBrandt-Pearcein [2, 14]. The SPM effect is therefore

notconsideredhere;theSPMeffectonaCW probechannelis simplyaconstantnonlinear

phasewhich hasno effect on the output of a IM/DD system. The SPM effects of the

modulatedpumpsarealsoneglectedherebecausetheir effectson theXPM andFWM of

theprobechannelaresmallanddueto a higherordernonlinearterm.
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3.1.1 Analysisof XPM

Themodelwestudyin thissectionis includedin Figure3.1for asingle-spanfiberwith

optionalpost-dispersioncompensator. With the CW probe,the XPM term from the � -th
channelto the probechannelat point A in Figure3.1 is found to be from

	 � � / � � / � H � �	.�1/ � / � � or
	 � / � /Z� � in (3.1),giving a term@�Û   � 	 = / Á � �% w� E � �T�1�
	U � � Á � �����
	W E � i = � �eÜ �$����} ~ �� \�T�1�
	U Ð	 � C E � � 	 ��ÑÐ= � = C E � � =Ý= �  E � � = � � Á �� C E � � 	 ��ÑÐ= � = C E � � =Ý= �  E � � = � @ � 	 = � /0� � @ �� 	 = �  = /0� �I� = �

(3.2)

where Á is thefiber spanlengthand
i

is theaccumulateddispersionfor thespan.When

nodispersioncompensatoris usedafterthefiberspan,
i �S� � Á ; whenaperfectdispersion

compensatoris used,
i ���

. Notethata factorof 2 is includedfor theXPM termin (3.2)

to accountfor both term
	¬��/ � / � � and

	 � / � /Z� � . Undera small signalapproximation,the

intensitydistortionof theprobechannelinducedby theXPM from the � -th channelafter

thesquare-law detectorcanthenbeapproximatedby

Ñ�� Û   � 	 F / Á � � ÞÞÞ Ü �$� �T�1� �  � � Á ¢ C«@�Û   � 	 F / Á � ÞÞÞ �  �$� �T�1�
	U �pÁ �m Ü �
� �T�1� �  � � Á ¢ 	 @jÛ   � 	 F / Á � CD@ �Û   � 	 F / Á �§� / (3.3)

neglecting the muchsmallerterm

K @jÛ   � 	 F / Á � K � and the beattermsamongthe XPM and

FWM terms. Note that in the previous chapter, we have proposeda modified VSTF

(MVSTF) methodwhich gives a more accuratesolution to the NLS equationthan the

VSTF method.If MVSTF methodis used,theoutputwith theXPM effect will bewritten

as
Ù �$� �T�1�
	W y� � Á � �T�1�
	©· @jÛ   � 	 F / Á � � 	 Ù �$� �����
	W y� � Á �§�c� . Then,theintensitydistortionof
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theprobechannelinducedby theXPM is

Ñ�� Û   � 	 F / Á � � ÞÞÞÞ Ü �
� ���1�
	U � � Á � �T�1� X · � @�Û   � 	 F / Á �Ù �
� �T�1�
	U �pÁ � � � ] ÞÞÞÞ �  �
� ���1�
	U �pÁ �m �$� �T�1�
	W �$Á � X �T�1� X · � @�Û   � 	 F / Á � C · � @ �Û   � 	 F / Á �Ù �
� �T�1�$	U �pÁ � � � ]  ß� ]m Ü �$� �T�1� �  � � Á ¢ � � 	 @�Û   � 	 F / Á � CD@ �Û   � 	 F / Á �c� (3.4)

which is thesameas(3.3)oncelinearizationis used.

One span

DC

A

Figure3.1: Simplified systemmodel for single-spanWDM system. DC is the optional
dispersioncompensator.

Using the sameassumptionas in [5] that
�T�1�
	W �$Á � ² �

and that the modulation

bandwidthsof thepumpsignalsaremuchsmallerthanthechannelspacing,weobtain@�Û   � 	 = / Á � m  "� E � �T�1�$	U � � Á � �T�1�
	U Ðà� i = � � Ù �$�� C E � � 	 ��ÑÐ= � = ���} ~ @ � 	 = � /0� � @"�� 	 = �  = /Z� �I� = �
(3.5)�  "� E � �T�1�$	U � � Á � �T�1�
	U à � i = � � Ù �$�� C E � � 	 ��ÑÐ= � = � � 	 = /0� � � (3.6)

Whensubstituting(3.6) into (3.3),weobtain

Ñ�� Û   � 	 = / Á � m 8 �Â�$� ���1�
	U �pÁ � � � 	 = /Z� � ácâäã 	 i = � � � �� C E � � 	 ��ÑÐ= � = � (3.7)

Thisresultis exactly thesameas(6) in [5] with
i �S� � Á whendispersioncompensationis

notusedand
� � 	 ��ÑÐ= � is thewalk-off definedin [5]. Thedifferentsignin thedenominator

of (3.7)canbetracedbackto thedifferentdefinitionof theNLS equationin (2.1);another
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differenceis that we have useda frameof referencemoving with the pulseat the group

velocity, thusthepropagationdelayis alsoabsentin (3.7). Notethatour analysisdoesnot

assumeanundistortedpump(asdonein [5]), thusit expandstheprevious resultto cases

wherethe dispersioneffect on the pulseshapecannot be neglected,i.e., when
� � is not

smallor whentheinput pulseshavesignificantpre-chirping[15].

Whena perfectdispersioncompensatoris used,
i �»�

, (3.5) and(3.6) areoversim-

plified andgive zeroXPM-inducedintensitydistortion. Either(3.2) or theresultfrom the

powerapproximationin [5]@jÛ   � 	 = / Á � m  w� E � �T�1�
	U � � Á � �T�1�
	U à � i = � � � � 	 = /0� � Ù �
�� C E � � 	 ��ÑÐ= � =  à � � � = � (3.8)

canbeusedin this case.(3.8)givesgoodresultsaslong astheinput pumpchannelshave

negligible frequency chirping. One sourceof input frequency chirping comesfrom the

laserchirping associatedwith the transmitters.The SSFmethodof simulationis usedto

checktheaccuracy of theVSTF-basedXPM analysis,(3.2),andthepowerapproximation,

(3.8),for asimple2-channelsystemwith chirpedGaussianinputpulsesfor thepumpchan-

nel. From the resultsshown in Figure3.2, whenthe pumpchannelinput hassignificant

frequency chirping, (3.2) shouldbe usedinsteadof (3.8). It is alsoclearly seenfrom the

plot thatprechirpingcanbeusedto reducetheXPM effectsasstudiedin [16].

3.1.2 Analysisof FWM

TheVSTF methodcanalsobeappliedto studyFWM. From(3.1), for any FWM term

to fall on theprobechannelat channel0, � � � � � C � H musthold. As a result,theFWM

termfrom thechannelcombination
	 � � / � � / � H � with � � � � � C � H is foundto be@"å   ��Ò   �UÓ 	 = / Á � �  E � �T�1�æ�| � � Á ¢ �����YXV E � i = � ]
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Figure3.2: Comparisonof XPM-inducedintensitydistortionusingsimulation,power ap-
proximationandVSTFmethodswith chirpedpumpinput.

¿ �8�} ��~�~ @ �0Ò 	 = � /0� � @ ���ÒÌçI�cÓ 	 = � /0� � @ �UÓ 	 =  = � C = � /0� �� C E � � 	 = � C � � ÑÐ=  = � 	 = �  � H ÑÐ=  = � � � = � � = � (3.9)

wherewehaveusedtheassumptionthat
�T�1�
	U �pÁ � zÃz �

asbefore.Whenthebandwidths

of thepumpsignalsaremuchsmallerthanthechannelspacing,since � � Ø�,�
and � H Ø�,�

for theFWM termto fall on thecentralchannel,wecansimplify (3.9) to obtain@�å   �0Ò   �UÓ 	 = / Á � m  E � ���1�
	U � � Á � �����
	W à � i = � ��  E � � � HZ� � ÑÐ= ��8(} ��~�~ @ �0Ò 	 = � /0� � @ ���ÒaçI�cÓ 	 = � /0� � @ �UÓ 	 =  = � C = � /0� �I� = � � = � /(3.10)

or, equivalently,@�å   �0Ò   �UÓ 	 F / Á � m  E � �T�1�
	U � � Á ��  E � � � H§� � Ñè= �n ��� o �T�1�
	W E � i = � � nrq @ �0Ò 	 F /0� � @ ���ÒÌçI�cÓ 	 F /0� � @ �UÓ 	 F /0� ��t u (3.11)
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where
n

and
n ��� standfor theFourierandtheinverseFouriertransformrespectively. The

intensitydistortionof theprobechannelfrom the
	 � � / � � C � Hé/ � H � -th FWM termcanthen

beapproximatedbyÑ�� å   ��Ò   �UÓ 	 F / Á � m Ü �$� �T�1�
	W � � Á � 	 @�å   �0Ò   �UÓ 	 F / Á � C«@ �å   � Ò   � Ó 	 F / Á �§� � (3.12)

After substituting
@ � Ò 	 F /0� � , @ � Ò çI� Ó 	 F /0� � and

@ � Ó 	 F /0� � with CW signals,onecanobtain

thewell-known CW FWM phasematchingefficiency as(4) in [9]. (Theonly differenceis

thatthedispersionslopecoefficient is neglectedhere;it canbeeasilyincorporatedinto the

analysis.)However, our analysiscanbe appliedto any generalmodulatedpumpsignals.

WhenCW pumpsareused,thedispersioneffect introducesonly a constantphase,whilst,

whenmodulatedpumpsareused,the dispersioncanbroadenthe FWM pulsesgenerated

andlowertheinterferencepower. Onecanthereforenotaccuratelypredictthepowerof the

interferencefrom FWM by usingCW pumps.

Oneinterestingresultcomingdirectly from (3.11)is thattheFWM vanisheswhenever

theinputpumpsdonotoverlapin timenomatterhow largethewalk-off is within thespan.

This resultholdsaslong asthechannelspacingdominatesover thesignalbandwidth.The

effectivenessof reducingFWM effectsby reducingpulseoverlappinghasbeenstudiedin

[17] for thezero-dispersionwavelengthregionandhasbeenusedin [18].

3.2 Single-SpanWDM Systems

3.2.1 Model Verification

As afirst step,wechecktheaccuracy of ouranalyticalresultsonXPM- andFWM-induced

intensityfluctuationsby comparingwith simulationresultsusingtheSSFmethodfor avery

simple3-channelsingle-spanWDM system,asshown in Figure3.1,followedby anoptical
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amplifierto compensatefor thefiber transmissionloss.Thesystemconsistsof aCW probe

channelat channel0 and two independentintensity modulatedchannelsat frequencies Ñè= and ÑÐ= respectively. Thetwo pumpchannelsarealignedin timeat theinput,giving

aworst-caseXPM- andFWM-inducedintensityfluctuations.For thissystemconfiguration,

theFWM termspossibleonthecentralchannelarefrom terms
	 � � / � � / � H � �R	W ³�(/0��/e� � and	U�(/0��/e Î� � .

Figure3.3showstheintensityfluctuationof theprobechannelat theoutputof thefiber

spanfor systemsbothwith andwithout dispersioncompensation.In bothcases,thepump

channelsconsistof independentrandombit sequencesof 10Gb/schirplessreturn-to-zero

(RZ) pulsesof Gaussianshapewith full width at half maximum(FWHM) of 35ps.Other

parametersusedare � �&�1���
W ��� km ��� , � � �! "�1� G

ps
�
/km, � �>������'

dB/km,pumpchannel

pulsepeakpower � �ê�
mW, probechannelpower �$� �ë�

mW, spanlength Á �»)��
km

andchannelspacingÑíì �»'(�
GHz. It is clearly seenthat our analyticalresultsarevery

closeto theresultobtainedby theSSFmethodfor bothcases.For theparametersusedin

thisexample,theXPM-induceddistortionaddsto theFWM-induceddistortion,but thetwo

effectscancanceleachotherfor othersituations.

Oneinterestingresult that canbe derived from (3.11) is that whenthe phasesof the

two chirplesspumpchannelsaddto
	 � C �� � } for someinteger � , theFWM termgenerated

shouldhaveaverysmallrealpart.Asaresult,theFWM-inducedintensitydistortionshould

alsobe very small; the XPM-inducedintensitydistortionis independentof the phasesof

the pumpchannels.This hypothesisis confirmedin Figure3.4 wherethe phasesof the

two pumpchannelsare
�

and - � respectively. ComparingFigure3.4 with Figure3.3, the

FWM-inducedintensitydistortionis significantlyreducedby this input phaseoffsetwhile
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theXPM-inducedintensitydistortionremainsthesame.Anothereffective way to reduce

theFWM-inducedintensitydistortionwith RZ pulsesis to intentionallyintroducedelays

betweenchannels,thusmakingtheoverlappingtime betweenpumpchannelssmallat the

input.
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Figure3.3: Comparisonof intensitydistortionbetweenSSFsimulationresultsandVSTF
resultsfor a 3-channelsingle-spanWDM system. Both pumpchannelshave zero input
phases.

Themostcompellingadvantageof ouranalyticalapproachis thatsincethesystemcon-

ditionsareidenticalwecancomparetheFWM-inducedintensitydistortionwith theXPM-

inducedintensitydistortionfairly. For the 3-channelsingle-spanWDM system,we first

plot thenormalizedintensitydistortiondefinedas
	 v�x �Qî Ñ��Ãï  v âfã î Ñí��ï � � 	.� �$� � [5] ver-

susthepercentageof dispersioncompensationin Figure3.5. TheFWM-inducedintensity

distortionis almostconstantoverthepercentageof dispersioncompensationusedwhile the



33

2 3 4 5 6 7 8 9 10

x 10
−10

−0.2

−0.1

0

0.1

0.2

0.3

0.4
System without Dispersion Compensation

Time (s)

In
te

n
s
it
y
 D

is
to

rt
io

n
 (

m
W

) simulation
analysis (XPM+FWM)
XPM by analysis
FWM by analysis

2 3 4 5 6 7 8 9 10

x 10
−10

−0.2

−0.1

0

0.1

0.2

0.3

0.4
System with Dispersion Compensation

Time (s)

In
te

n
s
it
y
 D

is
to

rt
io

n
 (

m
W

) simulation
analysis (XPM+FWM)
XPM by analysis
FWM by analysis

Figure3.4: Comparisonof intensitydistortionbetweenSSFsimulationresultsandVSTF
resultsfor a 3-channelsingle-spanWDM system. The input phasesfor the two pump
channelsare0 and - � respectively.

XPM-inducedintensitydistortionshowsastrongdependenceondispersioncompensation.

This behavior of FWM canbeexplainedfrom (3.11): sincethedispersionof our system,� � �¥ "�1� G
ps
�
/km, is small,it doesnot affect theoverlappedpulse

@ ��� 	 F /0� � @ � 	 F /0� � much

evenwithoutdispersioncompensation.

In Figure3.6,weplot thenormalizedintensitydistortionversusdispersionfor systems

bothwithoutandwith dispersioncompensation.As expectedfrom thetheoreticalanalysis,

the FWM-inducedintensitydistortion falls much fasterthan the XPM-inducedintensity

distortionas

K � � K increaseswhendispersioncompensationis not used.From(3.11),dueto

the fact that � � Ø�ð�
and � H Ø�ð�

, thedominatingterm in thedenominatoris E � � � H0� � ÑÐ= � ,
thustheFWM distortiondecreasesas

� � � � . However, for XPM, thedominatingtermin the
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Figure3.5: Intensitydistortionvs. percentageof dispersioncompensationfor a 3-channel
single-spanWDM system.

denominatorof (3.8)is � when= is small,thusweexpecttheXPM effect to decreasemuch

slower than
� � � � . When dispersioncompensationis used,the FWM-inducedintensity

distortiondominatesover theXPM-inducedintensitydistortioneffect.

Figure3.7showsthenormalizedintensitydistortionversuschannelspacingfor systems

bothwithout andwith dispersioncompensation.Theplot confirmsthattheFWM-induced

intensity distortion decreasesas
� � ÑÐ= � as predictedby (3.11) while the XPM-induced

intensitydistortiondecreasesmuchslower.

From the above analysisandcomparison,we concludethat the XPM-inducedinten-

sity distortiondominateswhendispersioncompensationis not usedwhile FWM-induced

intensity distortion dominateswhen dispersioncompensationis usedfor this 3-channel
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Figure3.6: Intensitydistortionvs. dispersionparameter
� � for a 3-channelsingle-span

WDM system.

single-spanWDM case. The above analysisandcomparisonalsoshow ways to reduce

theXPM andFWM effectswhendesigningWDM systems.It is betterto usedispersion

compensationto reduceXPM-inducedintensitydistortionanduseoptimalchannelphases

and channeltime misalignmentto lower the FWM-inducedintensity distortion. As an

example,in Figure3.8 we show the eye-diagramsfor the centralchannelof a 3-channel

WDM systemfor four differentcaseswith andwithout dispersioncompensationandwith

andwithout input phaseoffset. For this example,the input of the centralchannelis also

intensity-modulatedinsteadof CW, asfoundin realsituations.Theparametersusedin the

SSFsimulationarethesameasfor Figure3.3exceptthat100GHzchannelspacingis used.

A 5th-orderButterworthopticalfilter is usedto filter out thecentralchannel.The100GHz
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Figure 3.7: Intensity distortion vs. channelspacingfor a 3-channelsingle-spanWDM
system.

channelspacingis usedto avoid ICI introducedby opticalfiltering which dominatesover

thenonlinearityinducedintensitydistortionif 50GHzchannelspacingis used.No narrow-

bandwidthelectricalfilter is usedto avoid introducingintersymbolinterference(ISI). The

effectivenessof our designon reducingtheXPM andFWM effectsis clearlyseen.

3.2.2 Variance for Time SynchronizedSystem

Whenthe numberof channels; increases,both XPM andFWM effects increase.The

numberof XPM termsgeneratedon the centralchannelis ; , andthe numberof FWM

termsgeneratedon the centralchannelis on the orderof ; �
. However, the magnitude

of FWM termsdecreasesfasterthanthemagnitudeof XPM termsasthechannelspacing
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Figure3.8: Comparisonof eye-diagramswith modulatedprobeandtwo pumpchannelsfor
singlespan.(A) withoutdispersioncompensationwith samechannelinputphases;(B) with
dispersioncompensationandsamechannelinput phases;(C) without dispersioncompen-
sationwith channelinput phasesarrangement

	¬��/0��/ - � � ; (D) with dispersioncompensation
with channelinput phasesarrangement

	.�1/0��/ - � � .
increases.As a result, whetherFWM- or XPM-inducedintensity distortion dominates

remainsa question.In [11], Ten et. al. madea comparisonof FWM andXPM penalties

for a
8|� ¿ �
� Gb/ssystemwith channelspacingof

�
���
GHz wherethey found that XPM

penaltiesdominate. As discussedabove, differentsystemmodelsfor XPM- andFWM-

inducedintensitydistortionwhich favor XPM areused.To avoid this bias,in this section,

we usethesamesystemmodelto studyXPM- andFWM-inducedintensitydistortionand

comparethetwo effectsasthenumberof channelsincreases.We assumein thefollowing

that eachchannelis transmittingindependentrandombit sequencefrom eachotherand
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thateachchannelhasa randominput phasethatis uniformly distributedover
îñ j}Ý/c} ï . The

centralchannelis still assumedto beaCW probechannel.

Wefirst considerWDM systemswherethechannelsaretimesynchronizedat theinput

(or thechannelshavefixeddelaysat theinput). We considertheasynchronousWDM sys-

temlater in this section.Oneexampleof a synchronousWDM systemsis onewhich uses

externalmodulatorsdrivenby thesameclock. WDM networkswith add/dropoperations

areexamplesof asynchronousWDM systems.The systemwe modelhereand the next

subsectionis thesameasthesystemusedin the3-channelmodelverificationabove. The

only differenceis thatmorechannelsarepresentnow.

Supposetheinput for channel� is
@ � 	 F /0� � �S·>ò ½5ó �   ò ½0ô � 	 F  yõ � MÂö( �M � � �T�1�V	 E2¨ � � whereó �   ò ½ is the

õ �
-th bit for channel� ; ó �   ò ½ �S�

or
�

with probability �� andis independentof all

otherbits asappropriatefor anuncodedsystem;ô � 	 F � representsthepulseshape;
MÂö

is the

bit period,
M �

is thefixed channeldelayand ¨ � is thechannelinput randomphasewhich

is assumedto beuniformly distributedover
î÷ �}Ý/§} ï . Then,from (3.8),define ô Û   � 	 F / Á � � "� E � Ù �$� n ���Vø _Ì`cbédù�5ú ´ ÏÂû ´ g� ç àUü ´ �Zý û�û � Ò´ ü ´ û ´ nrq K ô � 	 F � K � t�þ asthe XPM pulseshapegeneratedat the

fiber output.WeobtaintheXPM onchannel
�

dueto channel� as@jÛ   � 	 F / Á � � � ò ½ ó �   ò ½�ô Û   � 	 F  «õ � MÂöV �M � / Á � � (3.13)

Note that in obtaining(3.13), the fiber loss is assumedto be compensatedby a perfect

opticalamplifierandtheXPM pulsesgeneratedby overlappingof differentpulsesarevery

smallandthusneglected.Then,Ñ�� Û 	 F / Á � � ¸��0� � ¸   �µÚ� � Ü �
� 	 @jÛ  
� 	 F / Á � CD@w�Û   � 	 F / Á �c�� ¸��0� � ¸   �µÚ� � � ò ½ ó

�   ò ½�ÿ � 	 F  \õ � MÂö
 NM � / Á � (3.14)
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whereÿ � 	 F / Á � isadeterministicfunctiondefinedby ÿ � 	 F / Á � � Ù �$� 	 ô Û   � 	 F / Á � C ô �Û   � 	 F / Á �§� .
Thevarianceof theXPM-induceddistortion,definedas Å î Ñí� �Û 	 F / Á � ï  Å � î Ñ�� Û 	 F / Á � ï
over randomphasesandbits, 1 is easilyfoundto be� �Û 	 F / Á � � �8 ¸��0� � ¸   �µÚ� � � ò ½ ÿ �

� 	 F  \õ � M5ö
 NM � / Á � � (3.15)

Wedefinethenormalizedworst-casevariancefrom XPM effectsas6� �Û � �8 v�x �� � ¸��0� � ¸   �µÚ� � � ò ½ ÿ �
� 	 F  «õ � MÂöV �M � / Á � � � �� � / (3.16)

whichcorrespondsto samplingat theworsttime.

For FWM-inducedintensitydistortion,wesubstitute
@ � 	 F /0� � �&· ò ½ ó �   ò ½ ô � 	 F  õ � M5öQ M � � �T�1�V	 E2¨ � � into (3.11).For eachchannelcombination
	 � � / � � / � H � with � � � � � C � H , we

obtain@"å   ��Ò   �cÓ 	 F / Á � �  E ��  E � � � � � H ÑÐ= � � ò ½ Ò �ò ½ Ò�� ½ Ó � ò ½ Ó ó ��Ò   ò ½ Ò ó ��Ò¬çI�UÓ   ò ½ Ò�� ½ Ó ó �cÓ   ò ½ Ó�T�1�
	 E 	 ¨ ��Ò C ¨ �cÓ  ¨ �0Ò.çI�cÓ �§� n ��� qµ�����s	U E � i = � � n¼q ô ��Ò 	 F  \õ �0Ò MÂö$ NM �0Ò �ô ���Ò¬çI�UÓ 	 F  \õ ��Ò.çI�UÓ MÂö$ M �0Ò.çI�cÓ � ô �cÓ 	 F  \õ �UÓ M5ö
 NM �cÓ ��t|t (3.17)

and Ñ�� å 	 F / Á � � ¸��0Ò   �cÓ°� � ¸ � ò ½ Ò �ò ½ Ò�� ½ Ó � ò ½ Ó ó �0Ò   ò ½ Ò ó �0Ò¬çI�UÓ   ò ½ Ò�� ½ Ó ó �cÓ   ò ½ Óø�� �0Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � �����
	 E 	 ¨ �0Ò C ¨ �cÓ  ¨ �0Ò.çI�cÓ �§� C�� � � � þ (3.18)

where � ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � is a deterministicfunctiondefinedby� �0Ò   �cÓ   ò ½ Ò   ò ½ Ò	� ½ Ó   ò ½ Ó 	 F / Á � �  E � Ù �$��  E � � � � � H ÑÐ= � n ��� qµ�T�1�
	U E � i = � �nrq ô �0Ò 	 F  «õ ��Ò M5ö
 �M ��Ò � ô ���Ò¬çI�UÓ 	 F  «õ �0Ò¬çI�UÓ MÂö$ �M �0Ò¬çI�cÓ � ô �cÓ 	 F  «õ �cÓ M5ö
 �M �cÓ ��t|t /
(3.19)

1We usethenotation 
�� 
�� to meantheexpectedvalueof therandomvariableX.
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andc.c. standsfor complex conjugate.Notethatmostof the � �0Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � terms

are zero becausethe correspondingpulsesgeneratedfrom the threechannelshave very

little overlappingat theinput. To find thevariance,we usethefact thatthecontribution to

thevariancefrom each� �0Ò   �cÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � termis uncorrelatedto obtain� �å 	 F / Á � � ¸�� Ò   � Ó � � ¸�0Ò   �cÓ0Ú� �� � Ò çI� Ó � � ¸ � ò ½ Ò �ò ½ Ò�� ½ Ó � ò ½ Ó�� ��Ò   �cÓ K � �0Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � K � (3.20)

with � ��Ò   �UÓ � ÔÕÖ Õ×
�� � � � � He/� � � �% � He/�� otherwise

� (3.21)

Wealsodefinethenormalizedworst-casevariancefrom theFWM effectsas

6� �å � vyx �� � � �ý º�� 	 F / Á � � � ���� � (3.22)

In our discussionon 3-channelsingle-spanWDM systems,we found that optimized

channelphasescanhelpto reducetheFWM effect. Thesamepropertycanbeextendedto

morechannels.As thenumberof channelsincreases,thedominatingFWM termson the

centralprobechannelarefrom channelcombinations
	W ³��/Z��/e� � /µ	U��/0�1/e� � and

	W ³�(/e w�¤/e ³� � .
To reducetheFWM effect from thesethreecombinations,weneedoptimalchannelphases

arrangedas
�f�ù�ù/e - � /e - � /0��/0�1/ - � / - � /§}�/§}Ý/e�ù�f� .

In Figure 3.9 and 3.10, we comparethe normalizedworst-casevariancefor XPM-

inducedandFWM-inducedintensitydistortionfor a single-spansystemwith
��'

GHz and'(�
GHzchannelspacingrespectively. Sameparametersareusedasfor the3-channelWDM

systemexceptthat � �ë�
mW and �
� �ë�

mW here. Both systemswith andwithout dis-

persioncompensationarestudied. The channelsat the input arealignedfor worst-case

analysis,that is,
M � � �

. The input pump channelswe usedare chirp-free,thus (3.2)
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from our modeland(3.8) from the power approximationgivesvery closeresultson the

XPM-inducedintensitydistortion,thereforewe only includedtheresultscalculatedusing

our model.We considera randomphasesystemandtwo casesof fixedchannelphases:in

onecaseeachchannelhasthesamephase;in thesecondcasethechannelinput phasesare

arrangedasabove to reducethe FWM effects. Whenthe channelspacingis
��'

GHz, the

FWM-inducedintensitydistortiondominatesno matterwhetherdispersioncompensation

is usedor not. The total intensitydistortionfrom the sumof FWM andXPM effectsfor

the systemwithout dispersioncompensationis slightly lessthanthat for the systemwith

dispersioncompensation.Whenthechannelspacingis
'��

GHz, whethertheFWM or the

XPM effect dominatesdependsstronglyon whetherdispersioncompensationis usedor

not. The systemwith dispersioncompensationis preferredconsideringthe total effect.

Note the effectivenessof usingphasearrangementto reducethe FWM-inducedintensity

distortion,especiallyfor thesystemwith
'(�

GHzchannelspacing.

In thesefigures,we alsoincluderesultsfor FWM if CW pumpsareusedin themodel

insteadof modulatedpumps. The magnitudeof the CW pumpsis set to be equalto the

peakpower of the modulatedpumps. Whendispersioncompensationis used,the same

varianceis found for both CW pumpsandmodulatedpumpswith randomphasewhich

suggeststhattheworstcasefor themodulatedpumpsoccursaroundthepeakof thepump

pulses.However, whendispersioncompensationis not used,theFWM effect is reduced,

yet theanalysisusinga CW pumpassumptiondoesnot show this reduction.With modu-

latedpumps,theresidualdispersionbroadensthegeneratedFWM pulses,thusreducesthe

intensitydistortion.However, with CW pumps,theFWM termis exaggeratedbecausethe

residualdispersiondoesnot changethemagnitudeof thegeneratedCW FWM.
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Figure3.9: Normalizedworst-casevariancefor synchronousWDM systemwith 25GHz
channelspacing.

3.2.3 Variance for Time AsynchronousSystem

AsynchronousWDM systemsaremodeledby introducinga randomdelayuniformly dis-

tributedover
î ��/§MÂö ï for eachpumpchannelinsteadof a fixedchanneldelayasin thesyn-

chronoussystems.Theuseof aCW probemakestheanalysisindependentof thesampling

timeof thereceiver. As aresult,we focusoncalculatingthevarianceof thereceiverobser-

vationssampledat
MÂö

only.

Theanalysisof theXPM effect is easilyextendedto theasynchronousWDM systems.

Therandomdelayof thepumpchannelsimplypassesover to theXPM generatedpulsesto

give ÿ � 	 F  «M � / Á � where
M �

is uniformly distributedover
î ��/§MÂö ï now. By samplingat

MÂö
andtakinganaveragewith respectto therandomphases,randombits andrandomdelays,
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Figure3.10: Normalizedworst-casevariancefor synchronousWDM systemwith 50GHz
channelspacing.

weobtain� �Û � ¸��0� � ¸   �µÚ� � � �Û   �� ¸��0� � ¸   �µÚ� � � ò ½ �� Å î ÿ �� 	ÌMÂöV «õ � MÂö
 �M � � ï  �8 	 Å î ÿ � 	aM5öV «õ � M5öV �M � � ï � � /
(3.23)

wheretheremainingexpectationis over timedelays.

The analysisfor the FWM effect becomesquite complicateddue to the interactions

betweenchannelswith randomdelays. The meanof Ñ�� å 	 F / Á � with randomdelaysis

easilyshown to bezero. For thevariance,therandomdelaysin � �0Ò   �cÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � of

(3.19),
M �0Ò

,
M �0Ò¬çI�UÓ

, and
M �UÓ

, shouldbetakeninto account.Sampling� ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á �
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at
M5ö

andtakingtheexpectationwith respectto therandomdelays,weobtain� �å � ¸��0Ò   �cÓ°� � ¸� Ò   � Ó Ú� �� �0Ò¬çI�cÓ � � ¸ � ò ½ Ò �ò ½ Ò�� ½ Ó � ò ½ Ó � ��Ò   �UÓ Å î K � �0Ò   �cÓ   ò ½ Ò   ò ½ Ò	� ½ Ó   ò ½ Ó 	 F / Á � K � ï K � � À�� (3.24)

To get Å î K � � Ò   � Ó   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � K � ï , wefirst exchangetheorderof takingtheFouriertrans-

form and taking the expectation,(which is valid for energy-limited pulseas in the case

of our analysis),anddefine
k ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / F ª � � Å î ô �0Ò 	 F  &õ �0Ò MÂö[ SM ��Ò � ô ���Ò¬çI�UÓ 	 F  õ �0Ò¬çI�UÓ M5ö� "M �0Ò.çI�cÓ � ô �UÓ 	 F  wõ �cÓ M5öT "M �cÓ � ô ��0Ò 	 F ª  �õ �0Ò M5ö� "M �0Ò � ô ��Ò¬çI�UÓ 	 F ª  �õ �0Ò¬çI�cÓ M5ö� "M ��Ò.çI�UÓ � ô ��UÓ 	 F ª  õ � Ó MÂö� SM � Ó � ï . k � Ò   � Ó   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / F ª � is a deterministicfunction dependingon the pulse

shapesandcanbeevaluatednumericallyfor each
F
and

F ª
. Alsodefine

� �0Ò   �cÓ   ò ½ Ò   ò ½ Ò	� ½ Ó   ò ½ Ó 	 = / = ª �
asthetwo-dimensionalFouriertransformof

k ��Ò   �cÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / F ª � anddefine�k ��Ò   �cÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / F^ª � � �8(} ��~�~ �T�1�
	W èE � i = � � �T�1�V	§E � i = ª � �� ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 = / = ª � ���1�
	 E = F � �T�1�V	 E = ª:F^ª �I� = � = ª � (3.25)

We thusobtainÅ î K � � Ò   � Ó   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � K � ï � � � �
�� � C 	¬� � � � � H ÑÐ= � � � �k � Ò   � Ó   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F /é F � � (3.26)

Oneneedsto be careful whencomputing
k ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / F ª � . Thereare two special

caseswhich needseparatecomputation.Onecaseis when � � � � H ; a differentresult is

obtainedwhen � � �+ � H becauseô ��Ò¬çI�UÓ 	 F � � Ù �$� is the probechannel. Note that as

above,mostof the � ��Ò   �UÓ   ò ½ Ò   ò ½ Ò�� ½ Ó   ò ½ Ó 	 F / Á � termsarevery smalleitherbecausethegenerat-

ing pulseshave very little overlappingor becausethegeneratedFWM pulseis away fromMÂö
.

Figure3.11and3.12show thevarianceof theXPM- andFWM-induceddistortionfor

asynchronousWDM systemsas the numberof channelsincreasesfor both
�('

GHz and
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GHz channelspacingrespectively. The sameparametersasin the last sub-sectionare

usedhere. Both systemwith andwithout dispersioncompensationareincluded. Similar

resultsarefoundfor bothsystemswith 25GHzand50GHzchannelspacing.Whendisper-

sioncompensationis notused,theXPM effectsdominatewhile theFWM effectsdominate

whendispersioncompensationis used.Systemswith dispersioncompensationshow less

total variancethansystemswithout dispersioncompensation,but the differencebetween

systemswithout andwith dispersioncompensationbecomessmallerasthechannelspac-

ing is reduced.WhenasynchronousWDM systemsarecomparedwith synchronousWDM

systems,theasynchronousWDM systemsarefound to have oneorderlessvariancethan

the correspondingworst-casesynchronousWDM systemsconsidered.This hugediffer-

enceis partially dueto our useof RZ pulsesfor the pumpchannels.This confirmsthat

large systemperformanceimprovementcanbe achieved by correctlyaligning the WDM

channelswith suitabledelaysbetweeneachother.

Simulationresultsfrom theSSFmethodhave beenincludedin Figure3.12for several

small numberof channelsfrom ¯ to � for the
'(�

GHz channelspacingcase. An optical� th-orderButterworth filter with
��'

GHz bandwidthis usedto filter out theprobechannel

in the simulation. The resultsfor the casewithout dispersioncompensationmatchour

analyticalresultsvery well. Thevariancefor thesystemwith dispersioncompensationis

oneorderlessthanthatwithout dispersioncompensation.As a result,somediscrepancy

betweenourtheoreticalresultsandsimulationresultsexistsandpartof thisdiscrepancy can

betrackeddown to channelleakagefrom filtering effectsasalsoshown in theplot. Therest

of thediscrepancy maycomefrom the inaccuracy of simulationresultsor thesimplifying

assumptionswemadein ouranalyticalmodel.
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Figure3.11: Normalizedvariancefor asynchronousWDM systemwith 25GHzchannel
spacing.

3.3 Multispan Optically Amplified Systems

Undera smallsignalapproximation,thetotal intensityfluctuationat thereceiver is the

accumulationof theintensityfluctuationscreatedby eachfiberspan.Underthiscondition,

(3.8) canbe generalizedto analyzethe multispansystemsaswasdonein [5]. The same

approachcanbeadoptedfor theVSTF-basedXPM andFWM analysis.However, in order

to find thetotal intensityfluctuationsat thereceiver, theinputof eachchannelto eachspan

mustbeknown. TheSSFmethodcanbeusedfollowedby filtering out eachchannel,but

thesimulationbasedon theSSFmethodis time-consumingandthefilteredinputsarenot

accurateif thechannelsaretightly packed.

Anotherway to find theintensitydistortionfor multispansystemsis to applytheVSTF
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Figure3.12: Normalizedvariancefor asynchronousWDM systemwith 50GHzchannel
spacing.

methodby approximatingthetotal transferfunctionof thewholesystem.Thesystemwe

modelin thissectionis shown in Figure3.13.Thesystemconsistsof multiplecopiesof the

samesegment.Within eachsegment,thereare < � spansof fiberswith bothpre-andpost-

dispersioncompensation(DC) for eachfiber spananda residualdispersioncompensation

after < � fiber spans.Thus,thetotal numberof spansis < ¹ < � with < ¹ asthenumberof

segments.Letting
i d Ê g���! and

i d Ê g�#" É � betheamountsof dispersioncompensationprovidedby

thepre-andpost-DCof the $ -th spanrespectively, then
���1�
	§à � = � · �&%Ê � � 	Ì� d Ê g� Á d Ê g  i d Ê g���!  i d Ê g�'" É � �c� is thetransferfunctionfor theresidualdispersioncompensationwhere

� d Ê g� and Á d Ê g
arethedispersionandspanlengthof the $ -th fiber span.

At point
@

in Figure3.13,with thetotalsystemtransferfunctiontruncatedto third-order
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Figure3.13:Systemmodelfor multispanWDM systems.

asin [33], thedistancepropagatedis (*) andtheVolterrakernelsaregivenby +-,�.0/21�(*)436587
and +:9�.;/<,'1=/?>@1A/21�(*)43<5CBED 7FHG >JI&KL MON ,QPSR

MOTVU'WYX .ZB[D]\ R
M_^ , T .;/<,`Ba/[3@.0/6,�Ba/`>'3A3b R

MOT&c D]d R
MOT> .;/<,`Ba/[3@.0/6,`Be/`>'3 (3.27)

where \ R
MOT

is theaccumulateddispersionup to the f -th fiber span,i.e., \ R
MOT 5hg M_^ ,i N , .	d R i

T>j R i
T Bk\ R i

Tl�m!n Bo\ R i
Tl#prq � 34Bo\ R

MsTl�m!n , and b R
MOT

and PSR
MOT

arethefiber lossandnonlinearitycoefficient

for the f -th fiber span,respectively. (We assumein thefollowing thatthesameparameters

are usedfor eachspanfor simplicity; the result can be extendedto generalcaseswith

distributedparameters.)Thenafter tvu segments,the distancethe signalhaspropagated

is (�wx5 tvu](*) , and the total transferfunction is approximatedas +-,@.;/21y(�w43e5 7 and+:9�.;/<,'1=/?>@1A/21�(�w43<5zt{u]+|9}.0/<,'1A/`>*1A/21�(*)43 .
To find the varianceof the nonlinearity-inducedintensityfluctuationfor a multispan

systemaswasdonein Section3.2for asinglespan,wefirst noticethatsince+-,�.;/21�(�w~36587
and +:9�.0/6,�1A/`>*1A/21�(�w43<5�tvu]+:9�.;/<,#1A/`>@1=/21�(*)43 , wehave � > .�(�wS3�5zt >u � > .�(*)�3 .

Now wecanconcentrateonfinding � > .�(*)�3 within eachsegment.Dueto thedispersion-

inducedwalk-off effect,we assumethat theintensityfluctuationfrom eachspanis uncor-

relatedfrom eachother, that is � > .�(*)�3:5�g I KMON , � >M where � >M is the interferencevariance
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contribution from the f -th fiberspanwithin eachsegment.Thisassumptionis valid aslong

asthepumpchannelswalk-off by at leastonebit periodwith respectto eachother.

To find � >M , we needthe input of eachpumpchannelto the f -th fiber span. With the

approximatetotal transferfunctionup to thethird-order, we have the input signalinto thef -th fiberspanfrom channel� as� R
MOTM��   i .0/[3�5 U#W�X .ZB[D]\ R

MOT ����/�/[3 U'W�X .=B D � \ R
MOT / > 3 � i .0/21���3#� (3.28)

Thefirst term

U#W�X .ZB[D]\ R
MOT �Y�v/�/[3 is simplyaconstanttimedelaydueto thewalk-off effect,

andthesecondterm

U'WYX .ZB��> \ R
MOT / > 3 is thepulsebroadeningdueto theresidualdispersion.

Then,theXPM termgeneratedby the � -th channelfrom the f -th fiber spanis very similar

to (3.2)andis foundto be� R
MOT�   i .0/21�(*)43�5 B � D P

U#W�X .=B D � \ R
MOT / > 3�� ���7� G�� � R

MOTM��   i .0/<,A3@. � R
MOTM��   i .0/6,`Ba/[3A3A�b c D�d&>}.��Y�v/[3r/ c D�d&>A/�/<,?BkD]d&>�/ ><� /<,'� (3.29)

TheFWM termis foundto be� R
MOT�   i'�   i=� .0/21�(*)43 5 B[D Pb B¡D¢��,A�£9yd&>'�v/ > U#W�X .=B D � \ R

MOT / > 3¤�¥ � R
MsTM��   i � .	¦A3@. � R

MOTM��   i �	§ i � .;¦A3�3 � � R
MOTM��   i � .	¦A3�¨ (3.30)

which is very similar to the previous analysison FWM. Then � >M caneasilybe obtained

following thediscussionin Section3.2.2and3.2.3for bothsynchronousandasynchronous

WDM systemsfor eachfiber spanwith the broadenedinput pulseshapeof (3.28)anda

new channeldelayof © i c \ R
MsT ����/ .

In Figure3.14,we show the standarddeviation of the XPM- andFWM-induceddis-

tortion for a multispanWDM systemswith differentnumberof channels.Sinceperfect
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post-DCis usedfor eachspan,we have t{)85ª7 . (This is alsooften usedin practice.)

For this system,we expectthevarianceto increaseas t >w where t«w is thenumberof total

spans.To emphasizethelinearrelationshipbetweenthestandarddeviationof theintensity

distortionandthenumberof spans,weplot herethenormalizedstandarddeviation instead

of varianceof theintensityfluctuation.It is clearthatourmodelis reasonablyaccuratefor a

smallnumberof spans.As thenumberof spansincreases,discrepancy dueto higher-order

nonlineartermsemerges.

0 1 2 3 4 5 6 7 8 9 10
0

0.01

0.02

0.03

0.04

0.05

0.06

Number of spans

N
o

rm
a

liz
e

d
 s

ta
n

d
a

rd
 d

e
v
ia

ti
o

n

3 Channels, analytical
3 Channels, simulation
5 Channels, analytical
5 Channels, simulation
11 Channels, analytical
21 Channels, analytical

Figure 3.14: Normalizedstandarddeviation for asynchronousmultispanWDM system
with 50GHzchannelspacing.Perfectpost-DCis usedfor eachspan.

Perfectdispersioncompensationfor eachspanhasalsobeenusedto studythe XPM

effect in [4] for threedifferentWDM systems.It is interestingto notethat their approach,

basedon anundistortedpumpassumption,alsopredictsa linear relationshipbetweenthe
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totalXPM effect andthenumberof spans.This fact is obscuredin Figure3 in [4] because

of the useof a semi-logscale. Our model, which is basedon a differentmathematical

model,providessimilar resultsto [4] for their restrictedcase,yet is powerful enoughto

modelFWM anddispersion-distortedpumpsaswell. 2

3.4 Chapter Summary

We have derivednew analyticaltools to studytheXPM- andFWM-inducedintensity

distortion by using the VSTF method. The analysisshows good accuracy for practical

systemparameters.With the new results,the XPM andFWM effectscanbe compared

fairly under identical systemconfigurations. We also presentmethodsto calculatethe

varianceof theintensityfluctuationfor bothsynchronousWDM systemsandasynchronous

WDM systems.This is thefirst studywhich includestheeffect of randomchanneldelays

on thenonlinearityinducedintensitydistortion,to theauthors’knowledge. This requires

a FWM analysisusingmodulatedpumpchannelsasis donehere;all previousworkswere

doneusingCW pumpchannels.After thevariancesof thenonlinearityinducedintensity

distortion, � >� and � >� , areknown, the varianceof the receiver samplesare found to be� > 5¬� >� c � >� c � >I wherethe last term � >I is thecontribution from thenoise.TheSNR

canthenbe approximatedas �`�'­}� . The analysisheregivesan easyandaccurateway to

predicthow tight onecanpackthe WDM channelswhile maintaininga reasonableSNR

basedon thevarianceof theintensityfluctuation.

Our analysisalsosuggestswaysto reducethenonlinearityinduceddistortion. Results

from Figure 3.5 show that dispersioncompensationis an effective way to reduceXPM
2[4] focuseson the XPM-inducedintensity fluctuation,thus the FWM effect is not included. In their

calculation,achannelspacingof 100GHz is usedwhich leavesaverysmallFWM effect.
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while FWM is robust to dispersioncompensation.On theotherhand,dueto the fact that

FWM decreasesquickly asfiber dispersionincreases,dispersionmanagementcanbeused

to reduceFWM effects. Both dispersioncompensationanddispersionmanagementhave

beenextensively studiedby both simulationandexperiment,for examplein [19, 20, 21,

22, 23]. Channelmisalignmentandoptimal channelphasescan alsobe usedto reduce

the FWM-inducedintensityfluctuations. Otherknown ways to reducethe nonlinearity-

induceddistortionarepolarization-divisionmultiplexing [24] andunequalchannelspacing

[25, 26, 27].

Theoptimizationof dispersioncompensationordispersionmanagementdependsstrongly

on thesystemparameters,thusanaccurateandeasy-to-usetheoreticalmodelis highly pre-

ferred over exhaustive computersimulation. The resultspresentedin this chaptergive

bettertools to find theoptimal systemparameterswhendesigninga WDM systemin the

nonlineareffectslimited regime. Theoptimizationcouldbe takenwith respectto, (but is

not limited to), channelinputpower, dispersion,dispersioncompensationandpulseshape.

Theanalyticaltoolsareshown to bemoreconvenientthanexhaustivecomputersimulation.

In this chapter, theFWM-inducedintensitydistortionis studiedwith a CW probeand

modulatedpumpssothatit canbecomparedto theXPM effect. Similar analysisonFWM

(only) couldbedonewith bothprobeandpumpsmodulatedasin realsituations;this may

give a betterunderstandingfor FWM limited systemsthan the analysisbasedon a CW

probe,andis thesubjectof futurework.



Chapter 4

Multiuser Detectionfor WDM systems

In thepreviouschapter, we thoroughlystudiedtheXPM andFWM effectson optical

fiber WDM systems.Methodologyon how to reducethenonlineareffectsis alsogivenby

adjustingthesystemparameterslike dispersion,dispersioncompensationandchannelin-

putphases.However, thenonlineardegradationis entirelydeterministicgiventhedatabits

acrossthe channels.Nonlinearcrosstalktermsappearingin WDM, including FWM and

XPM, resultin acorrelatedstatisticacrosswavelengths.This indicatespossiblebettersys-

temperformancethroughtheuseof amultiuser(multichannel)detectoroveraconventional

single-userdetectorfor opticalfiber WDM systemsthatarenonlinearitylimited.

Multi-userdetectionhasbeensuccessfullyusedfor processingcode-division multiple

access(CDMA) signals,both in radio andoptical channels([28] andreferencestherein).

To dateno attempthasbeenmadeto usethis techniquein WDM systems.The primary

methodof addressingnonlinearitybaseddegradationin fiber is to reducetheir sourceby

manipulatingthechannelitself, i.e.,thefiberlink. Severaltechniquessuccessfullysuppress

themaincrosstalkcomponentsbystrategicchannelplacement[42,43] anddispersionman-

agement[44, 45, 46]. Thesetechniquesalwaysleave residualtermswhich, asthroughput

demandof theselinks increases,dominatetheerrorrate.

53
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Whatmakesmulti-userdetectionof WDM signalsuniqueandwhatmakesthemmath-

ematicallyinterestingis thatboththeinterferenceandthenoisearesignaldependent.This

is dueto thenonlinearityof thefiberandthepresenceof thephotodetectorwhichactsasa

square-law deviceon thesignalplusinterferenceplusnoise.

Noncoherentmultiuserdetectionhasbeenstudiedin [47, 48, 49, 50, 51], but none

of theseresultscanbe appliedhere. Noncoherentmultiuserdetectionwasintroducedin

the context of differentialphase-shifted-keying (DPSK) modulationfor the synchronous

Gaussianchannelin [47] andfor theasynchronousGaussianchannelin [48]. [49] focuses

on the performanceof noncoherentdecorrelative detectionfor nonorthogonalmultipulse

modulationundermultiuserinterference.[50] appliesdecision-feedbackto noncoherent

decorrelative detectionstudiedin [49] and [51] studiesnoncoherentmultiuserdetection

overtheRayleigh-fadingchannels.Ourworkhereconsiderstheperformanceof theoptimal

noncoherentmultiuserdetectorwith square-law receivers.

This chapteris organizedas follows. In Section4.1 we introducethe systemmodel

studiedwith a square-law receiver andtheGaussianapproximationfor errorperformance

evaluation.We thenproposeanoptimummultiuserdetectorfor this systemin Section4.2

andstudyits performance.Theasymptoticbehavior of this optimummultiuserdetectoris

thenstudiedin Section4.3. We apply the multiuserdetectorto several differentsystems

includinga WDM systemin Section4.4. We discussour conclusionsandfuturework in

Section4.5.
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4.1 SystemDescription

Square-law receivershave beenwidely usedin opticalcommunicationsystemswhere

wecanwrite thedecisionstatisticafterthesquare-law receiverandanidealsampleras® M 5°¯²± M � M c�³ M .�± 3 c t M ¯ > 1´f`5C7V1*�*�*��1'µ (4.1)

for the f�B th userof the total µ users,where ± M{¶ ¥ �Y1*7V¨ is the bit sentby user f , � M is

the signalamplitudeof user f at the samplinginstant,

³ M .�± 3 is the correlationamongthe

usersdueto thefibernonlinearityandfiltering leakagewhenthevectorof informationbits± is sent. In this chapter, the size (dimensionality)of the observation vector
®

is used

exchangeablywith the numberof users. t M is the additive complex Gaussiannoiseex-

periencedby user f dueto fiber amplifiersbeforethesquare-law receiver andassumedto

dominateover thenoiseintroducedby thesquare-law receiver. We alsoassumeindepen-

dentnoisefrom differentusershere.Otherassumptionsusedin (4.1)are:1) inter-symbol

interferenceis absentfor every user;2) theuserstransmitat thesamerateandthesystem

is synchronized;3) all the signals
� M

andcorrelations

³ M .�± 3 are real for simplicity. For

lateruse,wedefinetwo differentcasesbasedon thecorrelationbetweenusers.Wecall the

correlationlinearif ³ M .�± 365 L i�·NYM ³ M   i ± i � i 1 (4.2)

i.e. thecorrelationis nonzerowheneverotheruserssenda “one”, andnonlinearif³ M .�± 365 L i�·NYM ³ M   i ± M ± i � i 1 (4.3)

i.e. the correlationis zerounlessusers� and f both sendout pulses. Linear correlation

is very commonin wirelesschannels.Nonlinearcorrelationshows up in optical WDM

communicationswhereXPM introducescrosstalkbetweentwo differentchannels(users).
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Dueto thesquare-law receiver, thedecisionstatistic
® M

is distributedascentralor non-

centraļ > distributionof 2 degreesof freedom.In opticalcommunicationsystemanalysis,

theGaussiandistribution hasbeenwidely usedto approximatethereceiver statistics([52]

andreferencestherein).However, boththecentralor non-centraļ > distributionhavequite

different tail behavior from the Gaussiandistribution, plus the impossibility of negative

data.

We first studythe accuracy of this approximationfor the single-usercase,wherewe

have
® 5¹¯²± � c tº¯ > . Supposethenoiseis complex Gaussiandistributedwith zeromean

andvariance� > . Then
®

is distributedascentralor non-centraļ > distributionof 2 degrees

of freedom. The error probability of the optimal detectoris derived using the optimal

thresholdfrom the two ¸ > distributions. It is easyto show that the performanceof the

optimal thresholddetectorwith a ¸ > distribution dependson
�

and � only throughthe

ratio andwe definethesignal-to-noiseratio (SNR)beforethesquare-law receiver as
� ­H� .

Theerrorprobabilityof the ¸ > optimaldetectorcanbeapproximatedby deriving theerror

probability of an optimal detectordesignedfor a Gaussianstatisticassumingthe same

meansandvariances.It canalsobeshown thattheapproximatederrorprobabilityfrom the

Gaussianapproximationdependssolelyon thesignal-to-noiseratio (SNR)
� ­H� beforethe

square-law detector. As a result,we only needto comparetheerrorprobabilitiesfrom the¸ > andGaussiandistribution with a fixed signal level A. This mustbe donenumerically

becausethe optimal thresholdbetweencentralandnon-centraļ > distribution cannot be

writtenin closed-form.Theresultis shown in Figure4.1. It is clearlyseenthattheGaussian

approximationworksquitewell within errorprobability rangeof practicalinterestfor the

single-usercase.Theasymptoticbehavior of theoptimaldetectorasSNR increaseswith
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Figure 4.1: Comparisonof error probability of optimal single-userand 2-userdetector
undeŗ > andGaussiandistributions.

the ¸ > distribution andits Gaussianapproximationin thesingle-usercasewill bestudied

in Section4.3 using the asymptoticefficiency. Here,
®

is of centralor non-centraļ >
distribution of 2 degreesof freedom.If ¸ > distributionsof degreesof freedomhigherthan

2 areinvolved,theperformancefrom theGaussianapproximationis againverycloseto the

exactperformance[53].

Unfortunately, theoptimal thresholdsfor thesetwo distributionsarequite differentas

shown in Figure 4.2. This meansthat we can only usethe Gaussianapproximationto

estimatetheerrorperformanceof thesystem,not to estimatethethreshold.A similar result

is obtainedin [53] for ¸ > distributionof higherdegreesof freedom.

Our next stepis to studywhetherthis fortuitouscoincidenceextrapolatesto the2-user

case.Theoptimalmultiuserdetectoris definedasonewhich maximizethe likelihoodof
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Figure4.2: Comparisonof normalizedthresholdof optimalsingle-userdetectorunder ¸ >
andGaussiandistribution.

thedataof all usersundertheassumedstatistics.In theGaussiancasethedetectorreduces

to a quadraticform, i.e., thedecisionboundariesarequadratic.In the ¸ > case,thedetector

cannot besimplifiedso,leadingto morecomplex implicitly-defineddecisionboundaries.

With anon-zerocorrelationbetweenthetwo users,theerrorprobabilitycannotbewritten

in closed-formevenfor theGaussianapproximation.We includea numericalintegration

of theerrorprobabilitiesfor thelinearcorrelationcasein Figure4.1whereweobserve that

theGaussianapproximationagainworkswell. However, thedecisionboundariesarefound

to bequitedifferent,asfor the1-D case.Similar resultsarefoundfor thecaseof nonlinear

correlation.

Basedon the above observations,we concludethat a Gaussianapproximationcanbe

usedto approximateerrorperformancefor thesquare-law multiuserdetector. Weuseit ex-
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clusively in thefollowing discussion.WealsoassumewithoutvalidationthattheGaussian

approximationworks reasonablywell on theerrorprobabilityanalysisfor morethantwo

users.However, oneneedsto bearin mindthattheGaussianapproximationcannotbeused

to derivedecisionboundarieson detectionstatistics.

4.2 PerformanceAnalysis

In this section,we studytheperformanceof theoptimalsquare-law multiuserdetector

in thepresenceof userinterferenceundertheGaussianapproximation.Theoptimalsquare-

law multiuserdetectoris simplyamaximum-likelihood(ML) detector. However, dueto the

factthatthenoisevarianceis signal-dependentafterthesquare-law operation,thedecision

boundariesare no longer linear but quadraticand no closed-formexpressionexists for

theerrorprobability. Sincenumericalintegrationof tails of probabilitydensitiesis time-

consumingin higherdimensions,wepreferto boundtheerrorprobability.

The bit error probability for user f of an µ -usersystemcanbe upperboundedusing

theunionboundas� n   M¼» 7�V½ L ¾¿ À Á   ¾¿ Á �Â.�±yÃM 5C7£1�Ä± ÃM ¯²± M 5Å�Y1�Ä± M 3 c 7�V½ L ¾¿ À Á   ¾¿ Á �Â.�±yÃM 5z�Y1�Ä± ÃM ¯²± M 5¬7£1�Ä± M 3 (4.4)

where Ä± M ¶ ¥ �Y1*7V¨ ½ ^ , is the vectorof transmittedbits excluding element± M and ± ÃM is the

decisionon bit ± M . With the Gaussianapproximation,we first define Æ M_Ç ¿ and È >M_Ç ¿ as the

meanandvarianceof
® M

underhypothesis± , we thenhave that Æ M_Ç ¿ 5�É >M_Ç ¿ c � � >M_Ç ¿ andÈ >M_Ç ¿ 5 � � M_Ç ¿ Ê É >M_Ç ¿ c � >M_Ç ¿ where É M_Ç ¿ and � >M_Ç ¿ are the meanand varianceof user f ’s sig-

nal beforethe square-law receiver. Second,we define Ë >¿ .�Ì 3Í5 g ½i N , .�Ì i BÎÆ i Ç ¿ 3 > ­VÈ >i Ç ¿
asthe squareof the normalizeddistancebetweenan observation vectorandthe meanof

thesignalconstellationpoint correspondingto ± . Thenormalizationrefersto thefact that
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thedistancemeasureis takenwith respectto thenoisecovariance.Third, thenormalized

minimum distance(NMD) betweenthe hypothesispair ± and ± Ã if ± is sentis definedas\Í.�± Ã ¯²± 3<5zÏÂÐÒÑ�Ó Ô�Õ R ¿
Ç ¿ À T Ë >¿ .	Ì 3 where Ö×.�± 1y± Ã 3 is thedecisionboundarybetweenthehypothe-

sispair ± and ± Ã . Fourth,we define \ M .�± 3[5ÎÏÂÐÒÑ ¾¿ À Á \ M .�± ÃM�Ø5Ù± M 1�Ä± ÃM ¯²± 3 astheNMD overall of

theconstellationpointscorrespondingto anerroron bit f underhypothesis± . With these

definitions,wecanfurtherupper-bound(4.4)withL¾¿ À Á Ô�Ú � Ç ,�ÛrÜ�Ý � �-.�±yÃM Ø5z± M 1 Ä± ÃM ¯²± 3 » �Â.�Ë >¿ .�Ì 3ßÞà\ M .�± 3�35e� mZáâ R Ó
T0ã�ä Á R ¿

T�å 7æ � Gßç ½ ½èi N ,´é 7È i Ç ¿ U#W�Xeê B .	Ì i BëÆ i Ç ¿ 3 >� È >i Ç ¿ ì � Ì i'í � (4.5)

This lastintegral canbesimplifiedto asingleintegralof theformµæ � ½�î . ½ > c 7�3 �ðïæ ä Á R ¿
T Ë ½ ^ , U'WYX .ZB´Ë > ­ � 3 � Ë�� (4.6)

Similar ideasbasedon NMD have beenusedto calculateerror probability with multidi-

mensional(M-D) GaussiandistributionswhereM-D hyperplaneshave beenusedinstead

of theM-D ellipsoidsusedhere[29, 30]. Theupper-boundis expectedto be tight at high

SNR, thus it hasbeenusedasan approximationto the true error probability directly by

severalauthors[29, 30].

Thelowerboundweuseis� n Ç Mòñ 7� ½ L ¾¿ Á Ï-ó W¾¿ À Á¹ô �Â.�±yÃM 5C7£1�Ä± ÃM ¯²± M 5Å�Y1�Ä± M 3�õc 7� ½ L ¾¿ Á Ï-ó W¾¿ À Á ô �Â.�± ÃM 5z�Y1 Ä± ÃM ¯²± M 5¬7£1 Ä± M 3 õ � (4.7)

Wethenfurtherlower-boundeachtermusingtheassumptionof independentchannelnoises,
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giving �-.�± ÃM 1 Ä± ÃM ¯ ± M 1 Ä± M 3�5 �-.	ö ¿ À Á Ç ¾¿ À Á Þðö ¿ Á Ç ¾¿ Á 35 � ê ½èi N , ö ,¿ À ÷ Þ ½èi N , ö ,¿ ÷ ¯²± 1�± Ã ìñ ½èi N , �-.	ö ,¿ À ÷ Þðö ,¿ ÷ ¯²± 1�± Ã 3#� (4.8)

where ö ¿ is the likelihoodfunction given the datavector ± , and ö ,¿ is the corresponding

likelihoodfunctionin the1-D case.Now, �-.	ö ,¿ À ÷ Þøö ,¿ ÷ ¯²± 1�± Ã 3 canbeexpressedasthesums

of standardQ-functions.Note that this lower-boundmaybequite loosewhentheSNRor

thenumberof usersis large.

4.3 Asymptotic Efficiency

In this sectionwe study the asymptoticbehavior of the multiusersquare-law detectoras

theSNRincreases.Throughoutthis section,we assumethatthecomplex noisebeforethe

square-law receiverhasthesamevariancefor eachuser, andwe denoteit as � > . We define

thesquare-law detectorasymptoticmultiuser-detectorefficiency (AMDE), asù M 5�ú�û XÂü � » ¦ßýÿþÒÐ_Ï��� � � n Ç M .��¼3 ��� å æ ¦ � M� � ç��	��
 (4.9)

where

�
� ) Á> ��� is the error probability of the single-usermatchedfilter detectorin the ab-

senceof userinterference,i.e., the optimal detectorwith a linear receiver for the same

constellation(OOK). � n Ç M .	�¼3 is the error probability of the square-law multiuserdetector

for userf . For a fair comparison,wealsodefinethesquare-law single-user detectorasymp-

totic efficiency (ASDE)asù q Ç M 5 ú�û X�ü � » ¦ßýÿþ_ÐÒÏ��� � � q Ç M .��¼3 ��� å æ ¦ � M� � ç�����
 (4.10)
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where � q Ç M .��¼3 is theerrorprobabilityof thesquare-law single-userdetector.

4.3.1 AMDE: Upper-Bound

Sincethe lower- and upper-boundson � n Ç M .��¼3 do not coincideat high SNR for the

square-law multiuserdetector, wefocusonobtaininglower- andupper-boundsto theAMDE.

Weusethelower-boundon theerrorprobabilityto find anupper-boundto theAMDE, and

theresultis thefollowing theorem.

Theorem 4.1: Supposethatbeforethesquare-law receiver, thesignalfor userf hasmean

of É MÒÇ ¿ and É M_Ç ¿ À for hypothesis± and ± Ã respectively and ± ÃM Ø5Å± M , thenù M�» Ï�Ð_ÑÚ ¿ Ç ¿ À�� ¿ À Á ·N ¿ Á Û ½L i N , ¦ M_Ç i Ç ¿ Ç ¿ À (4.11)

with ¦ M_Ç i Ç ¿ Ç ¿ À 5 .�É i Ç ¿ BëÉ i Ç ¿ À 3 > ­ � >M (4.12)

asthecontribution to theAMDE from the � -th user.

To prove theabove theorem,we needthefollowing lemma.

Lemma 4.1: If � » þ_ÐÒÏ ��� � � ÷ R �
T)��r> � 5 æ ¦ i ��� 1'�|5¬7£1*� �Ò� 1'µ , and ¦ßÞ g ½i N , ¦ i , thenþ_Ð_Ï��� ��� ½i N , � .�� i .	�¼3�3����� � )> �! 5 � � (4.13)

Proof of Lemma 4.1: For any "aÞ � , thereexists �&� suchthat if � � �&� , we have¯ � ÷ R �
T)��r> � B æ ¦ i ¯ » " for any � , thus

� .A. æ ¦ i c "�3 )> � 3 » � .�� i .��¼3A3 . Using the following

inequalityfrom Page98 of [28].=7 B 7#ÿ> 3 U#W�X .=B # > ­ � 3æ � G # � � . # 3 � U#W�X .=B # > ­ � 3æ � G # 1 # ÞÅ7 (4.14)

wehave þÒÐ_Ï��� � � ½i N , � .�� i .	�¼3�3� . � � )> � 3 ñ þ_ÐÒÏ��� � � ½i N , � .�. æ ¦ i c "�3 )> � 3� . � � )> � 3
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ÞÙþÒÐ_Ï��� � � ½i N , � 7�B ,R � � ÷ §�$
T á ) á �&% � á  U#W�X .=B R � � ÷ §�$

T á> ) á% � á 3A­ æ � G . æ ¦ i c "�3 )> �U#W�X .=B �> ) á% � á 3A­ æ � G æ ¦ )> � 1 (4.15)

and the dominatingterm as �(' � is

U#W�X .ZB�.�g ½i N , . æ ¦ i c "y3 > BÎ¦A3 � > ­*)V� > 3 . Thus, if¦ßÞ g ½i N , . æ ¦ i c "y3 > , then þÒÐ_Ï��� � � ½i N , � .+� i .��S3�3� . � � )> � 3 5 � � (4.16)

Since" canbearbitrarily small,weobtainlemma1. ,
Proof of Theorem 4.1: For eachfactor �-.	ö ,¿ À ÷ Þ�ö ,¿ ÷ ¯ ± 1y± Ã 3 in (4.8), thelikelihoodfunc-

tions ö ,¿ ÷ and ö ,¿ À ÷ are Gaussianprobability density functions. Supposethat ö ,¿ ÷ .�Ì i 3Í5ö ,¿ À ÷ .�Ì i 3 at Ì i 5�©¼, and ©4> with ©�, � ©4> , then ©�, and ©�> arethetwo thresholds.Wealsode-

fine �×,E5(- ÷/. â ^ w áq ÷0. â , ��>ß5(- ÷/. â ^ w �q ÷/. â , ��9 5 w á ^ - ÷0. âq ÷0. â and �1% 5(- ÷/. â ^ w �q ÷/. â . Thenwe have �Â.�ö ,¿ À ÷ Þö ,¿ ÷ ¯²± 1�± Ã 3�5 � .��×,A3�B � .+�Â>#3 if É i Ç ¿ ÞÅÉ i Ç ¿ À or �-.	ö ,¿ À ÷ ÞÅö ,¿ ÷ ¯²± 1�± Ã 3�5 � .���9'3 c � .��1%#3 ifÉ i Ç ¿ � É i Ç ¿ À . Throughalgebraicsubstitution,weobtainþÒÐ_Ï��� � �×,� M ­ � � 5 þÒÐ_Ï��� � ��9� M ­ � � 5 .�É i Ç ¿ B É i Ç ¿ À 3 > ­ � >M 1 (4.17)

and þÒÐ_Ï��� � ��>� M ­ � � 5 þÒÐ_Ï��� � �1%� M ­ � � 5h.�É i Ç ¿ c É i Ç ¿ À 3 > ­ � >M � (4.18)

Thus,asSNR increases,

� .��×,�3 and

� .���9#3 alwaysdominateover

� .+�Â>#3 and

� .+�1%#3 re-

spectively unlessÉ i Ç ¿ 5ÎÉ i Ç ¿ À . (If É i Ç ¿ 5ÎÉ i Ç ¿ À , then �Â.�ö ,¿ À ÷ Þ ö ,¿ ÷ ¯ ± 1y± Ã 3[5 ,> . ) Thus,the

lower-boundof � n Ç M .	�¼3 is dominatedby a termof theform � ½i N , � .�� i 3 andthis termhas

theslowestdecayrate,i.e., Ï�Ð_ÑÚ ¿ Ç ¿ À � ¿ À Á ·N ¿ Á Û ½L i N , ¦ M_Ç i Ç ¿ Ç ¿ À � (4.19)

If ¦ is larger than(4.19), thenat leastoneof the termsin the lower boundof � n Ç M .	�¼3 is
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divergingby Lemma4.1,asa result,þ_ÐÒÏ��� � � n Ç M .��¼3 �2� å æ ¦ �� � ç 5 � 1 (4.20)

andweobtainedanupper-boundto theAMDE asstatedin Theorem4.1. ,
4.3.2 AMDE: Lower-Bound

To find a lower-boundfor theAMDE, we usetheupper-boundof theerrorprobability.

Theresultis thefollowing theorem.

Theorem 4.2: Define \ M .�± 1��¼3 asthe NMD over all of the constellationpointscorre-

spondingto anerroron userf underhypothesis± . Then,if þÒÐ_Ï ��� � ä Á R ¿
Ç � T) áÁ �&% � á ñ�3 MÒÇ ¿ ,ù M�ñ Ï�Ð_Ñ¿ 3YM_Ç ¿ � (4.21)

We summarizeherehow to prove Theorem4.2first andshow in thefollowing how to

lower-boundþ_ÐÒÏ ��� � ä Á R ¿
Ç � T) áÁ �&% � á .

To proveTheorem4.2,noticefirst from (4.4)and(4.6)thattheupper-boundof theerror

probabilityconsistsof sumsof integralof theform�54n Ç M .	�[¯²± 3<5 µæ � ½ î . ½ > c 7�3 � m ã æ ä Á R ¿
Ç � T Ë ½ ^ , U'W�X .=B2Ë > ­ � 3 � Ë�� (4.22)

As �6' � , we have \ M .�± 1y�S3!' � , and the above integral is dominatedby a function

definedas 7 .�\ M .�± 1y�¼3A36528]\ M .�± 1y�¼3 Ü<Ý áá U'W�X å B \ M .�± 1��¼3� ç (4.23)

with somefinite constant8 . Then,it is easyto show (4.21)with thefollowing lemma.

Lemma 4.2: If þÒÐ_Ï ��� � ä
R �
T) á �&% � á ñ23 with somefinite

3
, and � � ¦ � 3 , thenþÒÐ_Ï��� � 7 .�\k.��¼3A3� . � � )> � 3 ��� � (4.24)
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Theproofof theabovelemmais quitestraight-forwardby using(4.14).Firstwereplace� . � � )> � 3 with its lower boundandthencomparetheexponentialof thenumeratorwith the

exponentialof thedenominator.

As SNR increases,the upper-boundof � n Ç M is dominatedby the oneof the � 4n Ç M .��[¯ ± 3
with smallest

3YM_Ç ¿ . As a result,if ¦ � Ï�Ð_Ñ ¿ 3YM_Ç ¿ , we know thatevery � 4n Ç M .	�[¯²± 3�­ � . � � ) Á> � 3 is

converging as �9' � . Thus, � n Ç M .	�¼3�­ � . � � ) Á> � 3 is alsoconverging and Ï�Ð_Ñ ¿ 3YM_Ç ¿ is a lower-

boundto theasymptoticefficiency.

We now show how to calculatea lower-boundof þ_ÐÒÏ ��� � ä Á R ¿
Ç � T) áÁ �&% � á . Since \ M .�± 1��¼3 is the

NMD over all of the constellationpointscorrespondingto ± M to any decisionsurfacethat

changesthedecisionon bit f underhypothesis± , wehave\ M .�± 1��¼3<5�Ï�Ð_Ñ¾¿ À Á \ M .�±�ÃM Ø5�± M 1 Ä± ÃM ¯²± 1y�¼3 (4.25)

with \ M .�± ÃM-Ø5 ± M 1�Ä± ÃM ¯²± 1y�¼3 the NMD betweenthe hypothesispair ± and ± Ã for user f if ± is

sentand ± ÃM Ø5ò± M . Herewe explicitly include � to show that both \ M .�± 1@1y�¼3 and \ M .�± ÃM Ø5± M 1�Ä± ÃM ¯ ± 1y�¼3 arefunctionsof � . To find a lower-boundof þÒÐ_Ï ��� � ä Á R ¿ À Á ·
N ¿ Á Ç ¾¿ À Á;: ¿ Ç � T) áÁ �&% � á , we studytwo

differentcases.

As above, we define É i Ç ¿ and É i Ç ¿ À as the meansof the signal of the � -user( � 57<�*�*��µ ) underthetwo hypothesis± or ± Ã beforethesquare-law receiver.

CaseI: All É i Ç ¿ 1yÉ i Ç ¿ À Ø5z� .
For thiscase,with theGaussianapproximation,thedecisionboundarybetweenthetwo

hypothesesisÖ � .�Ì 3[ý&B ½L i N , .�Ì i B .	É >i Ç ¿
c � � > 3A3 >.	É >i Ç ¿ c � > 3 c ½L i N , .	Ì i B .	É >i Ç ¿ À

c � � > 3A3 >.�É >i Ç ¿ À c � > 3



665 F � > þ_Ñ ê � ½i N , .�É >i Ç ¿ c � > 3� ½i N , .�É >i Ç ¿ À c � > 3 ì � (4.26)

As �<' � , thedecisionboundarybecomesÖ � .�Ì 3=' Ö´��.�Ì 3ßý&B ½L i N , .�Ì i B É >i Ç ¿ 3 >É >i Ç ¿ c ½L i N , .�Ì i B É >i Ç ¿ À 3 >É >i Ç ¿ À 5z�Y� (4.27)

Define > as

>Ù5 7� >M@? Ï�Ð_ÑÓ Ô*ÕBA R Ó
T ½L i N , .	Ì i BëÉ >i Ç ¿ 3 >É >i Ç ¿ 5 7� >M@? Ï�Ð_ÑÓ Ô�ÕCA R Ó

T ½L i N , .�Ì i BëÉ >i Ç ¿ À 3 >É >i Ç ¿ À 1 (4.28)

thenit canbeshown that þÒÐ_Ï��� � \ M .�± Ã ¯²± 1y�S3� >M ­ F � > 5 þ_Ð_Ï��� � \ M .�± ¯ ± Ã 1y�¼3� >M ­ F � > 5�>«� (4.29)

To prove theaboveresult,weneedthefollowing lemma.

Lemma 4.3: Supposethat D � .	Ì 3 and DH��.�Ì 3�5¹þ_ÐÒÏ ��� �ED � .	Ì 3 areuniformly continuous

oversetsÖ � .	Ì 3 and ÖQ��.	Ì 3 respectively, and þ_ÐÒÏ ��� �4Ö � .�Ì 3�5ÅÖQ��.�Ì 3 , thenÏ�Ð_ÑÓ Ô*ÕBA R Ó
T DH��.	Ì 3<5 þÒÐ_Ï��� � ÏÂÐÒÑÓ Ô*ÕCF R Ó

T D � .	Ì 3'� (4.30)

To provethis lemma,noticethatfor any point Ì in Ö � .�Ì 3 , wecanfind point Ì � in ÖQ�}.	Ì 3
with ¯ D � .	Ì 3?BGDV��.	Ì � 3�¯ � " for sufficiently small � dueto theuniformcontinuity. Thus,Ï�Ð_ÑÓ Ô*ÕCF R Ó

T D � .�Ì 3 ñ Ï�Ð_ÑÓ Ô�ÕCA R Ó
T DH�}.�Ì 3?B9"@� (4.31)

Usethesamemethodbut for any point in ÖQ��.�Ì 3 , wehaveÏ�Ð_ÑÓ Ô*ÕBA R Ó
T DH��.�Ì 3 ñ Ï�Ð_ÑÓ Ô�ÕHF R Ó

T D � .�Ì 3?B9"@� (4.32)

Combinetheresultsfrom (4.31)and(4.32),weobtain(4.30).
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To applythelemma,wefirst define

D � .�Ì 3�5 ½L i N , .	Ì i B .	É >i Ç ¿
c � � > 3�3 >.�É >i Ç ¿ c � > 3 � (4.33)

For theboundariesdefinedin (4.26)and(4.27), Ì i canextendto � . Thus,D � .�Ì 3 definedin

(4.33)andthecorrespondingDV��.�Ì 3 arenot uniformly continuousover thesetsdefinedby

theboundaries.However, we know that thenormalizedminimum distancemustoccurat

somepoint betweenthetwo meanpoints,thatis,Ì ¶ Ö �� .�Ì 3�5 ¥ Ì ý�ÏÂÐÒÑ ¥ É >i Ç ¿ 1yÉ >i Ç ¿ À ¨ c � � > » Ì i » ÏÂó W ¥ É >i Ç ¿ 1yÉ >i Ç ¿ À ¨ c � � > ¨ (4.34)

or a relaxedversionof aboveÌ ¶ Ö � .�Ì 3<5 ¥ Ì ý�Ï�Ð_Ñ ¥ É >i Ç ¿ 1yÉ >i Ç ¿ À ¨ » Ì i » � ? ÏÂó W ¥ É >i Ç ¿ 1�É >i Ç ¿ À ¨�¨]� (4.35)

We then find the minimization of D � .	Ì 3 over Ö � .�Ì 3JIðÖ � .	Ì 3 . Now D � .�Ì 3 is uniformly

continuousover Ö � .�Ì 3KIoÖ���.	Ì 3 and(4.29)follows.

CaseII: SomeÉ i Ç ¿ or É i Ç ¿ À arezero.

We first studythesimplestcasewhere Éo, Ç ¿ 5Ù� , andall other É i Ç ¿ 1yÉ i Ç ¿ À Ø5C� . Similar

to (4.33),define

D � .	Ì 1y± 3�5 .�Ì¢,`B � � > 3 >� > c ½L i N > .	Ì i B�.	É >i Ç ¿
c � � > 3�3 >.�É >i Ç ¿ c � > 3 1 (4.36)

D � .	Ì 1y± Ã 3�5 .�Ì],?B .�É > , Ç ¿ À c � � > 3�3 >.�É > , Ç ¿ À c � > 3 c ½L i N > .�Ì i B�.�É >i Ç ¿ À
c � � > 3�3 >.	É >i Ç ¿ À c � > 3 1 (4.37)

thentheboundaryconditioncanbewrittenasÖ � .�Ì 3[ý&BLD � .�Ì 1�± 3 c D � .�Ì 1�± Ã 3�5 F � > þ_Ñ ê � > � ½i N > .	É >i Ç ¿ c � > 3.	É > , Ç ¿ À c � > 3 � ½i N > .	É >i Ç ¿ À c � > 3 ì � (4.38)
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Clearly, \ M .�± Ã ¯²± 1y�¼3 58ÏÂÐÒÑ Ó Ô�ÕHF R Ó
T D � .�Ì 1�± 3�­ F � > and \ M .�± ¯²± Ã 1y�S3 5CÏ�Ð_Ñ Ó Ô*ÕCF R Ó

T D � .	Ì 1y± Ã 3�­ F � >
aretheNMD for userf betweenhypothesispair ± and ± Ã if ± or ± Ã is sentrespectively.

Tofind þ_Ð_Ï ��� � ä Á R ¿ À : ¿
Ç � T) áÁ �&% � á , firstnoticethat þ_ÐÒÏ ��� �MD � .�Ì 1�± 3<5�þÒÐ_Ï ��� �ND � .	Ì 1�± Ã 3 , thusþÒÐ_Ï ��� �ä Á R ¿ À : ¿

Ç � T) áÁ �&% � á 5zþ_ÐÒÏ ��� � ä Á R ¿ : ¿ À
Ç � T) áÁ �&% � á . Now supposetheNMD occursat Ì¢, 5 � � > cPO , thenit canbe

shown that þ_ÐÒÏ��� � O >� > �	��Q (4.39)

otherwise,wehave þÒÐ_Ï ��� � ä Á R ¿ À : ¿
Ç � T) áÁ �&% � á 5 þ_Ð_Ï ��� � ä Á R ¿ : ¿ À

Ç � T) áÁ �&% � á 5 � .

Usingaboveresult,weobtainthatfor any pointontheboundarywith Ì¢,�5 � � > cRO , we

have D � .	Ì 1�± Ã 3 ñ RTS
^HU á � . â À T áU á � . â À § � á . Thus,þ_Ð_Ï��� � \ M .�± Ã ¯ ± 1y�¼3� >M ­ F � > 5 þ_ÐÒÏ��� � \ M .�± ¯²± Ã 1y�¼3� >M ­ F � > ñ þ_ÐÒÏ��� � . O B É > , Ç ¿ À 3 >� >M .�É > , Ç ¿ À c � > 3 5zÉ > , Ç ¿ À ­ � >M � (4.40)

If morethanone É i Ç ¿ or É i Ç ¿ À arezero,defineVÉ i Ç ¿ 5XW É i Ç ¿ 1 if É i Ç ¿ À 5Å�¢1�Y1 otherwise
(4.41)

andsimilarly
VÉ i Ç ¿ À , thenweobtainthatþ_ÐÒÏ��� � \ M .�± Ã ¯²± 1y�¼3� >M ­ F � > 5 þÒÐ_Ï��� � \ M .�± ¯²± Ã 1��¼3� >M ­ F � > ñ 7� >M ÏÂó W W ½L i N , VÉ >i Ç ¿ 1 ½L i N , VÉ >i Ç ¿ ÀZY � (4.42)

4.3.3 ASDE: without User Interfer ence

In the absenceof user interference,it can be shown that the single-userdetectorhasa

ASDE of ù q Ç M 5°7 . Moreover, thesquare-law single-userdetectorwith a ¸ > distribution in

the absenceof interferencealsohasASDE of 1. Thus,our resultbasedon the Gaussian

approximationis asymptoticallyequivalentto theresultfrom thetruedistributionunderthis

condition. We now show how to prove theabove two results.We first prove that ù q Ç M 5 7
undertheGaussianapproximationandweneedthefollowing lemmafor this purpose.
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Lemma 4.4: If � � þÒÐ_Ï ��� � �)�� � 5 æ ¦Z� �	� with � Þø� , thenþ_Ð_Ï��� � � .+� 3 � � å æ ¦ �� ç � � 1 if ¦ � ¦Z�@� (4.43)

Proof: For any " Þx� , thereexists �&� suchthat if � � �&� , then ¯ �)�� � B æ ¦Z�£¯ » " , or

equivalently,
æ ¦Z�6B9" » �)�� � » æ ¦Z� c " . Thus,� å . æ ¦Z�6BP"�3 � � ç ñ � .+� 3#� (4.44)

If
æ ¦ � æ ¦Z�6B9" , thenþÒÐ_Ï��� � � .+� 3 ��� å æ ¦ �� ç » þ_ÐÒÏ��� � � å . æ ¦Z�EBP"�3 � � ç ��� å æ ¦ �� ç[��� � (4.45)

Since" canbearbitrarily small,wegettheresultwewant. ,
Now we arereadyto show that ù q Ç M 5 7 without any userinterferenceusingLemma

4.1with µ 5 7 from Section4.3.1.andaboveLemma4.4. Letting theuserenergy be
� M

andusingtheGaussianapproximation,wecanwrite thedistributionsof theobservation
® M

underhypothesis0 and1 as\^] Á .	Ì�¯ ± M 5���3�5`_h. � � > 1 F � % 3�5 7æ � G � � > U#W�X å B .�Ì�B � � > 3 >� . F � % 3 ç 1 (4.46)\^] Á .�Ì¼¯²± M 5¬7�3 5 _ . � >M c � � > 1 F � > . � >M c � > 3�35 7æ � G � � � � >M c � > U#W�X å B .	Ì�B . � >M
c � � > 3�3 >� . F � > . � >M c � > 3A3 ç � (4.47)

Thetwo thresholdsarefoundfrom
\^] Á .�Ì¼¯²± M 5Î�£3[5 \^] Á .�Ì¼¯²± M 5h7�3 which givesanequation

of quadraticform. Denotethetwo thresholdsas ©¼, and ©4> with ©�, � ©4> asbefore,thenthe

errorprobabilityis foundto be� q Ç M .��¼3 5 7� � q Ç M .��E¯²± M 5C7�3 c 7� � q Ç M .	�[¯²± M 5Å��3 (4.48)5 7�ba � .��×,@.��¼3A3?B � .���>}.��¼3A30c c 7�ba � .���9}.	�¼3�3 c � .+�d%�.��¼3A30c (4.49)
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with �J,#.��¼3 , �Â>}.	�¼3 , �Â9}.	�¼3 and �1%H.��¼3 definedin Section4.3.1.It is easyto show thatþÒÐ_Ï��� � �×,�.	�¼3� M ­ � � 5 þÒÐ_Ï��� � ��>�.	�¼3� M ­ � � 5 þ_Ð_Ï��� � �Â9�.��¼3� M ­ � � 5 þ_ÐÒÏ��� � �1%H.��¼3� M ­ � � 5¬7 (4.50)

in this case.

UsingLemma4.1with µ 5¬7 andLemma4.4togetherwith7� a � .���9�.	�¼3�3 c � .+�1%H.��¼3A30c » � q Ç M .	�¼3 » 7� a � .��×,@.	�¼3�3 c � .+�Â9�.��¼3A3 c � .��1%H.��¼3A30cV1
(4.51)

it is theneasyto show that ù q Ç M 5C7 whenuserinterferenceis absent.

Wethenprovethat ù q Ç M 5C7 toowith ¸ > -distribution in theabsenceof userinterference.

In this case,wehave \e] Á .	Ì�¯ ± M 5z��3�5 7� � > U'W�X � B Ì� � >  1yÌ ñ � (4.52)\e] Á .	Ì�¯ ± M 5¬7�3�5 7� � > U#W�X å B Ì c � >M� � > çgf � å æ Ì � M� > ç 1yÌ ñ � (4.53)

where f ��. # 3 is the modifiedBesselfunction of � -th order. At high SNR, using f �}. # 3@hU#W�X . # 3�­ æ � G # andfollowing the argumentin [49], we neglect
æ � G # in the denominator

asit is muchsmallerthantheexponentialpart at high SNR.As a result,the thresholdof

theoptimaldetectoris foundto convergeto
� >M ­ F asSNRincreases.This is confirmedin

Figure4.2.

To find theASDE,wefind theasymptoticefficiency of afixed-thresholddetectorwhose

thresholdis fixed at
� >M ­ F asSNR increases.Sincethe optimal detector’s thresholdcon-

vergesto
� >M ­ F , thetwo detectorshave thesameasymptoticefficiency.

For this fixed-thresholddetector, wehave� q Ç M .��S365 7� U#W�X å B � >M)H� > ç c 7�9i 72B � å � M� 1 � M� � çLj (4.54)
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where

� .;k&1�±#3 is theMarcusQ-functiondefinedin [28] and 7 B � � ) Á� 1 ) Á> ��� 5 � � ) Á> � 1 ) Á�l� BU#W�X � Bdm ) áÁn � á  f � � ) áÁ> � á  from (A-3-1) in [54]. It is easyto show thatþÒÐ_Ï��� � 72B � . � M ­H�41 � M ­ � �¼3� . � M ­ � �¼3 5 7æ � (4.55)

using(3.45)and(3.46)in [28], whileþÒÐ_Ï��� � U#W�X .=B � >M ­*)H� > 3� . � M ­ � �¼3 5 � (4.56)

by using(4.14)asdonein theproofof Lemma4.2.Thus,thefirst termof (4.54)dominates

over thesecondtermas �o' � and ù q Ç M<» 7 becauseþÒÐ_Ï ��� �4� q Ç M .��¼3A­ � . � M ­ � �¼3 5 � . On

theotherhand,wecanshow that ù q Ç M`ñ 7 by applyingLemma4.2with

7 .�ÌY3 5 U'WYX .ZB´ÌY­ � 3 ,Ì|5 � >M ­ F � > and µ 5¬7 . Then,if � � ¦ � 7 ,þÒÐ_Ï��� � U#W�X .=B � >M ­*)H� > 3� . æ ¦ � M ­ � �¼3 �	� (4.57)

and ù q Ç M<ñ 7 follows. Thus, ù q Ç M 5x7 for theoptimalsingle-userdetectorin theabsenceof

userinterferenceundera ¸ > -distribution.

4.3.4 ASDE: with User Interfer ence

For a fair comparison,we needto find the asymptoticefficiency of the square-law

single-userdetectorunderuserinterferenceandtheresultisù q Ç M 5 ê ÏÂÐÒÑ¾¿ À Á Ç ¾¿ Áqppp É M_Ç ¿ Á N � Ç ¾¿ À Á BëÉ M_Ç ¿ Á N , Ç ¾¿ ppp ­ � M ì > � (4.58)

Withoutuserinterference,wehave É M_Ç ¿ 5Å� or
� M

and ù q Ç M 5C7 .
Proof: In this case,thelikelihoodfunctionis\^] Á .�Ì¼¯²± M 3�5 7�V½ ^ , L ¾¿ Á _ .	É >M_Ç ¿ Á Ç ¾¿ Á c � � > 1 F � > .�É >MÒÇ ¿ Á Ç ¾¿ Á c � > 3�3 (4.59)
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for ± M 5Î� or 7 where_ .	Æ 1'È > 3 is theGaussianprobabilitydensityfunctionof meanÆ and

varianceÈ > .
Let r�� 5 ¥ É M_Ç ¿ Á N � Ç ¾¿ Á ¨ and r�,Q5 ¥ É M_Ç ¿ Á N , Ç ¾¿ Á ¨ bethesetscomposedof meansfor user f

undereachhypothesis± beforethesquare-law receiver if ± M 5Å� or 7 is sentrespectively.

(i). If r��ts�r�, Ø5vu , that is, someÉ M_Ç ¿ Á N � Ç ¾¿ Á is equalto someÉ M_Ç ¿ Á N , Ç ¾¿ Á , thenthesingle-

userdetectorhaszeroasymptoticefficiency becausethecorrespondinghypothesesarenot

distinguishableno matterhow largetheSNRis. For this case,(4.58)alsogives ù q Ç M 5Å� .
(ii). If r�� and r�, are disjoint, then we have nonzeroasymptoticefficiency for the

single-userdetector. Let r 5wr��tx�r�, and rearrangethe componentsin r in the order

from small to large as Éo,#1yÉ×>*1@�*�*�@1�É > Ü . We then discardall the componentsÉ i in r
whoseadjacentneighbors( É i ^ ,'1�É i § , ) arefrom thesamesub-sets( r�� or r�, ) as É i and

denotethe remainingcomponentsas
Vr¹5 ¥yVÉo,'1 VÉ×>�1@�*�*�#1 VÉ(z½ ¨ from small to large with{µ to be the numberof remainingcomponents.As ��' � , it is easyto show that the

thresholdsbetween
VÉ >i and

VÉ >i § , dependsolelyon term _h. VÉ >i c � � > 1 F � > . VÉ >i c � > 3�3 and_h. VÉ >i § , c � � > 1 F � > . VÉ >i § , c � > 3�3 in (4.59)dueto theexponentialdecayof theGaussian

distribution. As a result, the thresholdscanbe found from a quadraticequation,that is,_h. VÉ >i c � � > 1 F � > . VÉ >i c � > 3�3<59_ . VÉ >i § , c � � > 1 F � > . VÉ >i § , c � > 3A3 .
We give anexampleof 3 usersin Figure4.3 to clarify theabove discussion.Suppose

thereareeight hypothesisin total andthey areshown in Figure4.3(a)asblackdotswithr�� 5 ¥ É×� Ç �!�!��1yÉ×� Ç �!��,#1yÉ×� Ç ��,���1yÉ×� Ç ��,!,�¨ and r�,Q5 ¥ Éo, Ç ,��!��1yÉo, Ç ,���,#1yÉo, Ç ,!,���1yÉo, Ç ,!,!,'¨ . Note that

weincludethecasethat Éo, Ç ,!,!, � É×� Ç ��,!, whichmayoccurfor sufficiently largecorrelation.

In this case,multiple thresholdsmay exist for the optimal single-userdetectorand the

crossesin Figure4.3(a)representthepossiblethresholdsfor this signalconstellation.For
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m1,111 0,011 m1,110

1,111 m1,101 m1,100m

m

(a)

(b)

m 0,010

m1,110m0,011

m0,001

m0,000 m0,010

Figure4.3: An exampleon how to calculatethe asymptoticefficiency of single-userde-
tector. (a). Signalconstellationpoints in r�� and r�, ; (b). Signalconstellationpoints inVr .

this example,
VrÅ5 ¥ É×� Ç ��,���1yÉo, Ç ,!,!,#1�É×� Ç ��,!,#1yÉo, Ç ,!,��*¨ areshown in Figure4.3(b)becauseall

otherpointshaveneighborsfrom thesamesubsetasthemselves.Thethresholdsas �g' �
arealsoshown in Figure4.3(b)by crosses.

With the thresholdsdetermined,� q Ç M .	�¼3 canbe written assumsof

�
-functionsas is

donein theproof of Theorem4.1 in Section4.3.1. As �9' � , thedominatingtermis the

onewith the slowestdecayrateandthe asymptoticefficiency of the optimal single-user

detectoris givenby (4.58)for this casealso. ,
4.4 Applications

In this section,we first studythesquare-law multiuserdetectorfor a simplecasewith

2 usersof equaluserenergy. Thenthe square-law multiuserdetectoris appliedto more

practicalopticalWDM systems.

4.4.1 2-UserCase

Usingtheresultsin Section4.2on theerrorprobabilityboundsunderGaussainapprox-

imation, we comparethe square-law multiuserdetectorwith the square-law single-user
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Figure4.4: Errorperformancecomparisonfor single-userandmultiuserdetectorfor 2-user
casewith linearcorrelation.Userenergiesareequaland

³ 5CB´�Y� F .
detectorunderinterferencewith both linear andnonlinearcorrelationsin Figure4.4 and

4.5, respectively. Thecorrelationis setto besymmetricandequalto -0.4. Theusershave

equalenergies.Theadvantageof themultiuserdetectoris clearlyseenfor bothlinearand

nonlinearcorrelationcases.We alsoconfirm that the nonlinearcorrelatedsystemsuffer

lessfrom interferencethanthelinearcorrelatedcase.Notethatacorrelationof -0.4 is used

whichgivesasignal-to-interferenceratio(SIR)of 8 dB for linearcorrelationand14dB for

nonlinearcorrelation.Consequently, thesingle-userdetectorhasa very poorperformance

even at the asymptoticallyhigh SNR we usedin the plot becauseherethe detectorerror

performanceis dominatedby theinterference.

From Figures4.4 and4.5, we seethat the lower- andupper-boundsdo not coincide

even at the high SNR that we use. Moreover, we cannot prove whetherthe lower- and
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Figure4.5: Errorperformancecomparisonfor single-userandmultiuserdetectorfor 2-user
casewith nonlinearcorrelation.Userenergiesareequaland

³ 5¬B´�Y� F .
upper-boundsareexponentiallyequivalentor not. To giveanideaof whichboundis closer

to thetrueperformance,weincludetheerrorprobabilityfrom numericalintegrationfor the

2-D casein Figures4.4 and4.5. The lower-boundis closerto the true error probability

for low SNRandtheupper-boundis closerto the trueerrorprobability for high SNR,as

expected.

Anothersignificantdifferencebetweenthemultiuserdetectorwith a linearreceiverand

a square-law receiver is thatwith thesquare-law receiver a correlationwith positivevalue

alwayshelpsto reducetheerrorprobabilitywhile a correlationwith negativevaluealways

worsenstheerrorperformance.However, positiveandnegativecorrelationsareequivalent

for thelinearreceiverdueto symmetry.

Following thediscussionin theprevioussectionontheasymptoticefficiency, theupper-
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andlower-boundson theAMDE of eitheruserfor the2-usermultiuserdetectoris foundto

be ù » W Ï�Ð_Ñ ¥ 7 c�³ > 1�.Z7 c � ³ 3 > cº³ > 1 � .=7 cº³ 3 > ¨ if

³ � �Y1Ï�Ð_Ñ ¥ 7 c�³ > 1 � .Z7 B ³ 3 > ¨ if

³ Þà� (4.60)

for linearcorrelationandÏ�Ð_Ñ ¥ 7£1�.Z7 c�³ 3 > ¨ » ù » Ï�Ð_Ñ ¥ 7V1�.=7 cº³ 3 > c�³ > 1 � .Z7 c�³ 3 > ¨ (4.61)

for nonlinearcorrelation. Numericalcomputationis neededfor the lower boundin the

linearcorrelationcase.Meanwhile,theASDE is foundto be:ù q 5�Ï�Ð_Ñ ¥ 7£1�.Z7 c�³ 3 > ¨ (4.62)

for nonlinearcorrelationandù q 5 W ÏÂÐÒÑ ¥ .=7 cº³ 3 > 1�.Z7 c � ³ 3 > ¨ if

³ � �Y1.=7 B ³ 3 > if

³ Þ � (4.63)

for linearcorrelation.

Figures4.6and4.7comparetheupper- andlower-boundsto theAMDE togetherwith

theASDEfor linearandnonlinearcorrelationsrespectively. For systemswith linearcorre-

lation, thelower boundto theAMDE is largerthantheASDE.An interestingobservation

is madearound

³ 5¹B´�Y�}| . When

³ 5òB´�Y�}| , thesquare-law single-userdetectorhaszero

asymptoticefficiency becausethe hypotheses(0,1) and(1,1) both have meanof
� ­ � for

user1 for equaluserenergy which makesthedetectionerrorpersistno matterhow large

theSNRis. This is anexampleof case(i) in theproof of (4.58).However, for thesquare-

law 2-userdetector, correctdetectioncanbemadevia theobservationstatisticfrom user2.

Thisalsoexplainswhy thelower- andupper-boundcoincideat

³ 5¬B´�Y�}| .
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Figure4.6: Asymptoticefficiency of square-law multiuserandsingle-userdetectorunder
linearinterferencefor 2-usercase.

Note that for nonlinearcorrelation,the lower boundof the AMDE is the sameasthe

ASDE.Asaresult,weonly know thattheactualAMDE liessomewherebetweentheupper-

boundto theAMDE andtheASDE, andit is likely to bevery closeto theASDE because

theactualerrorprobabilityof thesquare-law multiuserdetectoris closerto its upper-bound

while SNRincreases.

Wealsoincludetheasymptoticefficiency of themultiuserandsingle-userdetectorwith

alinearreceiverin Fig.4.8from equations(4.65)and(3.122)of [28]. Notethatthedetector

for a square-law receiver behavesquitedifferentlyfrom thedetectorwith a linearreceiver

underlinearcorrelation.Thedetectorswith a linearreceiverhavesymmetricbehavior with

respectto

³
.
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Figure4.7: Asymptoticefficiency of square-law multiuserandsingle-userdetectorunder
nonlinearinterferencefor 2-usercase.

4.4.2 Optical WDM Systems

In this section,we apply the square-law multiuserdetectorto optical WDM systems.

A simplemultiple spanfiber systemis illustratedin Figure4.9. µ channelstransmiton-

off modulatedpulsestreamsover µ frequenciesmultiplexed(MUX) onto a singlefiber.

Thepulsepropagationthroughthefiberobeys thenonlinearSchroedinger(NLS) equation.

Following eachspanof fiber is a dispersioncompensator(DC) which removesall phase

shift due to materialdispersion,and a fiber amplifier (G) to compensatefor all power

loss. The optical amplifiersalsoaddamplifiedspontaneousemission(ASE) noisewhich

canbe modeledaswide-bandGaussiannoise. The resultingsignalplus noiseis passed

througha WDM demultiplexer (DEMUX), which is effectively an optical filterbank, to
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Figure4.8: Asymptoticefficiency of multiuserandsingle-userdetectorwith conventional
linearreceiverunderlinearinterferenceandequaluserenergy for 2-usercase.

separatethesignals.In eachbranchthesignalis photodetectedandsampledat thebit rate© . Then,multiuserdetectorsareusedto decidethe transmittedbits of multiple channels

simultaneouslyinsteadof usingmultiplesingle-userdetectorsasin Figure1.1.
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Figure4.9: WDM fibercommunicationsystem.

Modernfiber communicationsystemsoperateusingtensor hundredsof WDM chan-

nels. Given that optimal multiuserdetectorshave complexity that is NP completein the
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numberof users,werestrictourdetectionschemeto t outof a totalof µ channels.Other

channelsaremodeledasprovidingadditionalcorrelatednoise.If four-wavemixing (FWM)

is consideredaswell ascross-phasemodulation(XPM), thecorrelationbetweenusersfor

channelD mustbewrittenas³ M .�± 3�5 ½Li Ç ~!Ç U?N , ³ i Ç ~!Ç U<Ç M ± i ± ~ ± U � i � �~ � U (4.64)

becauseof three-channelinteraction. The channelleakagedue to imperfectfiltering in-

troduceslinear correlationwhile XPM resultsin nonlinearcorrelationbetweenchannels.

FWM canintroduceboth linearandnonlinearcorrelations.Theoptimaldetectoris easily

modifiedto this typeof correlation.

Figure4.10 shows upperand lower boundsfor the error probability for µ 5�� and

5 usersusing a Gaussianapproximation. The meanand varianceare estimatedfrom a

WDM channelsimulation,thentheupper- andlower-boundsareappliedto studytheerror

performance.Thefigureshows thatfor µ 5
� theadvantageof usingmultiuserdetection

over conventionaldetection( µ 5�� , t 5 7 ) is on the orderof 4dB at an error rateof7�� ^ ,�� . For µ 5�| , theresultis evenmoredramaticsincetheeye-openingis entirelyclosed

if multiuserdetectionis notemployed.In thesimulation,theWDM signalsaretransmitted

through10 spansof )£� km non-zerodispersion-shiftedfibers (NZ-DSF) with dispersion

compensationusedafter eachfiber span. Eachchannelis modulatedindependentlyby

return-to-zero(RZ) pulsesat 10Gb/s. The channelspacingis only 25GHz. Multiuser

detectionis theonly known way to achieve WDM transmissionswith suchlong distances

andsmallchannelspacing.

Note that the single-userdetectorusedin this caseis a simplesinglethresholddetec-

tor, which is what is donein practice. The thresholdand the error probability areboth
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Figure4.10: Probabilityof error boundsfor total µ users,t usersmodeledin the mul-
tiuserdetector.

calculatedusingaGaussianassumption.

4.5 Chapter Summary

In this chapter, themultiuserdetectorfor a square-law receiver hasbeenstudiedbased

on the upper- and lower-boundsto the error probability andasymptoticefficiency using

theGaussianapproximation.Thesquare-law multiuserdetectoris thenappliedto optical

communicationsystemswherethe nonlinearityintroducescorrelationbetweenchannels

(users). The advantageof the multiuserdetectorover the single-userdetectoris clearly

shown for opticalcommunicationsystemswherenonlineareffectsdominate.

A fiber-optic multiusersystemwith dominantASE noisecanbe modeledto have ¸ > -
distributedobservationsbecauseof the square-law detector. We approximatethe ¸ > dis-
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tribution with a Gaussiandistribution which givesa closeerrorperformanceestimate,but

givesthresholdsor decisionboundariesfor 1-D and2-D caseswhich arevastly different

from optimal under ¸ > statistics. We study the performanceusinga Gaussianapproxi-

mationby deriving lower- andupper-boundsto theerrorprobability. We find that,unlike

thelinearreceiver for a symmetricGaussianchannel,thelower- andupper-boundsdo not

coincideat highSNRfor thesquare-law multiuserdetector.

The square-law multiuserdetectoris studiedthoroughlyfor the2-usercaseandcom-

paredwith theconventionalsquare-law single-userdetectorfor both linearandnonlinear

correlation.Greatadvantagefrom themultiuserdetectoris observedwhenthecorrelation

is largeenough.Theasymptoticbehavior of boththesquare-law multiuserandsingle-user

detectorsis studiedbasedon the asymptoticefficiency comparedwith the conventional

single-userdetectorfor thelinearreceiver in theabsenceof interference.Theerrorperfor-

mancesarequitedifferentfor thesquare-law multiuserdetectorswith linearandnonlinear

correlation.

Significantdifferencesbetweenthedetectorsbasedonasquare-law receiverandacon-

ventionallinear receiver arefound for the linearcorrelationcase.For thedetectorwith a

linearreceiver, positiveandnegativecorrelationsareequivalentdueto symmetry;however,

for thesquare-law receiver, positivecorrelationalwayshelpsto reducetheerrorprobability

while negativecorrelationincreasestheerrorprobabilityof themultiuserdetector.

Undera Gaussianapproximation,theML detectorcanbesimplifiedto a quadraticde-

tectorwhich simplifiesthedetectordesignandsavescomputation.This is very important

for optical communicationsystemsoperatingat 10Gb/sor higherwherea simpledetec-

tor with little computationis required. The optimal ¸ > -statisticdetectordoesnot have
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sucha simpleform. SincetheGaussianapproximationcannotbeusedto derive theform

of a detectorfor the ¸ > -statistic,deriving implementablesuboptimaldetectorsis still an

openquestion.A suboptimalquadraticdetectorwith coefficientsoptimizedto the actual

statisticsis feasible,but wedo notknow how it wouldperformundeŗ > -distributedobser-

vations.Thecoefficientsshouldbequitedifferentfrom thosecalculatedwith theGaussian

approximation.Anotherpossibility is finding anoptimal lineardetector. This problemis

nontrivial dueto thepresenceof signal-dependentnoise.

Throughoutthis chapter, synchronoussystemsare assumedand studied. However,

WDM networks with add/dropoperationsareexamplesof asynchronoussystems.How

to apply the square-law multiuserdetectorsto an asynchronoussystemandhow well the

multiuserdetectorsperformarestill openquestions.

Theaboveanalysisof thesquare-law detectorbasedontheGaussianapproximationcan

bedirectly appliedto detectorswith othertypesof signal-dependentnoise,suchasoptical

systemsusingavalanchephotodiodes(APD).



Chapter 5

NoiseNonlinear Amplification by Signal

In thepreviouschapters,we have focusedon thesystemperformancedegradationdue

to thesignalwaveformdegradationandICI in WDM systems.In thischapter, we focuson

theASE noiseintroducedby theopticalamplifiers,theotherperformance-limitingsource

in a long-haulopticalfiber transmissionsystem.Thenoisecharacteristicsmustbeknown

in orderto computethebit errorrate(BER) of thesystem.For mostof theworkson BER

computation,the ASE noiseis assumedto propagatethroughthe fiber without the effect

from fiber nonlinearity-inducedinteractionwith the signal. In this case,the noiseafter

transmissionis still white Gaussiannoisewhich simplifiestheBER analysissignificantly

([55] andreferencesherein). However, the nonlinearinteractionbetweenthe signaland

thenoisemaysignificantlychangethenoiseprocess.In this chapter, we presenta method

basedon perturbativeapproachto analyzethenonlinearinteractionbetweenthenoiseand

thesignalwhenthey co-propagatethroughthefiber.

The noisenonlinearamplificationby the signal, or parametricgain due to the fiber

nonlinearityhasbeenfoundto changethenoisesignificantly. First, thenoiseis no longer

stationaryor white after its interactionwith the time-varying signal; second,thereis an

energy transferbetweenthein-phaseandout-of-phasecomponentsof thenoise.Thenoise

84
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nonlinearamplificationhasbeenstudiedindependentlyin [56] and[57] with theassump-

tion of a continuous-wave (CW) pumpsignal; thenoiseprocessremainsstationaryat the

outputunderthis assumption.Theresultin [57] is furtherusedto derive theBER perfor-

manceof optical fiber communicationsystemswherethe transmittedsignalpulseis long

enoughto beapproximatedby aCW signal[58]. TheCW pumpsignalapproximationlim-

its thepreviousanalysisto systemof low bit rate.However, asstatedin [58], theextension

of CW approximationto arbitrarily modulatedsignalis a difficult problem.We presentin

this chapterthefirst resulton theanalysisof noisenonlinearamplificationandcoloringby

anarbitrarilymodulatedsignalbasedon perturbationtheory.

Thesignalis assumedto bepseudo-randomwith finite periodandarbitrarymodulation

in this chapter. Underthis assumption,theoutputnoiseprocessis non-stationaryandwe

characterizeit by theuseof correlationfunctionsbetweenits frequency components.We

first find the nonlineartermsfrom the noisenonlinearamplificationusinga perturbative

approachin thefrequency domain.Wethencomputethenoisecorrelationfunctionswhich

are kept up to the second-orderin fiber nonlinearity for computationalsimplicity. We

checkour resultsagainstan estimatednoisecorrelationfunction using the SSFmethod

with multiple realizationof the amplifier noise. The valid rangeof our approximationis

alsodiscussedin this chapter. Our resultsgive a new analyticalmethodto computethe

systemperformancewith a moreaccuratenoisemodel for ASE dominatedoptical fiber

communicationsystems.

The chapteris organizedas follows. Section5.1 is a brief discussionof the system

modelwe studyin this chapter. We thenintroducethe first- andsecond-ordernonlinear

effectsin Section5.2. Section5.3 is dedicatedto thestudyof thenoisecorrelationmatrix
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in thefrequency domainandis themainresultof thischapter. Section5.4extendsourresult

to multi-spansystemsandit alsoincludesa discussionon thecomputationcomplexity of

our results. As a specialcase,we apply our methodto the caseswith CW signalsand

compareour resultswith the previous resultsin Section5.5 We validateour resultsby

numericalsimulationandstudythe valid rangeof our methodin Section5.6. We give a

simpleapplicationof our resultsto find theprobabilitydistributionfunctionof thedetector

statisticsin Section5.7. Section5.8concludesthechapter.

5.1 SystemModel

Thesystemthatwe studyin this chapteris shown in Fig. 5.1. In this section,we fo-

cuson the noisenonlinearamplificationin a singlefiber spanandwe extendthe results

into multi-spansystemslaterin SectionV. Within eachspan,bi-enddispersioncompensa-

tion (DC) [38] with both pre- and post-dispersioncompensationis usedand we model

the pre- and post-dispersioncompensatorswith transferfunctions

U#W�X .ÒD]\ l�m!n / > ­ � 3 andU#W�X . D¢\ l'p!q � / > ­ � 3 respectively, where/ is thebasebandangularfrequency. \ l�m!n and \ l'p!q �
aretheamountof dispersioncompensationfrom thepre-andpost-dispersioncompensators

respectively. In thisstudy, weassumethat \ l�m!n c \ l#prq � 5zd&> j whered&> is thesecond-order

dispersionof thefiberand
j

is thespanlength,thatis, thefiberdispersionis perfectlycom-

pensatedby thepre-andpost-dispersioncompensationwithin eachspanascommonlyused

in practice.A lumpedopticalamplifierprovidesgain �C5 U#W�X . b j 3 to compensatefor the

fiber transmissionloss. We have neglectedthepossiblenonlineareffectsin thedispersion

compensationcomponentsin this simplifiedsystemmodel.

Theinputto thesingle-spansystemis thesumof amodulatedsignalandtheASEnoise.
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Figure5.1: Simplifiedsystemmodelfor single-spansystem.DC is thedispersioncompen-
sator.

TheASE noiseis modeledascomplex white Gaussiannoisewith power spectraldensity� �ß5 .�� Bà7�3 ? t 7 ?R���
, where

�
is Planck’sconstant,

�
is theopticalcarrierfrequency

and t 7 is theopticalamplifiernoisefigure[52]. In thischapter, wecharacterizethenoise

processin thefrequency domainandwe write theobservednoiseprocessin thefrequency

domainas të.0/[3Q5(��.;/[3 c DC� .0/[3 , i.e., ��.;/[3 and �-.;/[3 aretherealandimaginaryparts

of the noiseprocessat frequency / . The noiseis alsoassumedto be muchsmallerthan

thesignalto obtaina reasonablygoodsystemperformance.Thenonlineareffectsfrom the

noiseon thesignalarethereforeneglected.

In previousstudiesonthenonlinearinteractionbetweennoiseandsignal,thesignalwas

assumedto be CW [56, 57]. With a CW signal,thenoiseis still stationary, experiencing

only a changein the power spectrumanda correlationbetweenthe in-phaseandout-of-

phasecomponents.However, with a modulatedsignal, the noiseis no longerstationary

sincethe noiseis signal-dependentafter its interactionwith the signal. In this case,the

powerspectrumcanno longerbedefined.

In this chapter, we useanarbitrarily modulatedsignalwith a pseudo-randominput bit

sequenceandfinite window lengthasusedin any SSFsimulation.To fully characterizethe

outputnoiseprocess,we find thecorrelationfunctionsbetweenthefrequency components
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of the noiseat the outputandwe definethe correlationfunctionsof the noisefrequency

componentsas r � ] .0/6,�1A/`>'3 5 � ¥ ��.0/<,A3 ® .;/`>'3'¨]� (5.1)��.0/[3 and
® .0/[3 couldeachbe ��.;/[3 or �Â.;/[3 . � ¥H� ¨ is theexpectationoperationover the

randomnoise.When � 5 ®
, wecall thecorrelationfunctionanauto-correlationfunction;

otherwise,we call it a cross-correlationfunction. In the above definition, we have used

thefact thatboth �:.0/[3 and � .;/[3 have zeromeans.Sincetheperturbative approachgives

a naturaldescriptionof the outputsignal in the frequency domain,we focushereon the

noisecorrelationfunctionin thefrequency domaininsteadof in thetime domain.Fourier

transformationcanbeusedif thenoisecorrelationfunctionin thetimedomainis needed.

In the above definition of noisefrequency componentcorrelationfunction, real and

imaginarypartsof the noiseprocessareusedinsteadof in-phaseandout-of-phasecom-

ponentsof the noiseas in [57] due to the presenceof a time-varying phaseon the sig-

nal. At the outputof thefiber, the signalgainsa time-varyingphasedueto nonlinearity-

inducedself-phasemodulation(SPM).Supposethatthesignalat theoutputcanbewritten

as � �Â.	¦A3 U'W�X .ÒDH� .;¦A3�3 where�Â.	¦A3 is its time-varyingpowerand �Y.	¦A3 is its phase,thenthein-

phaseandout-of-phasenoisecomponentsare � ¥ ta.	¦A3 U'WYX .ZB[DH�Y.	¦A3�3�¨ and � ¥ ta.	¦A3 U#W�X .ZB[D� .;¦A3�3�¨ respectively. � standsfor therealpartand � standsfor theimaginarypart.Unfortu-

nately, � .;¦A3 cannotbewrittenout in closedform dueto thecomplicatednatureof theSPM

process;therefore,thecorrelationfunctionsbasedon �:.0/[3 and �-.;/[3 cannot bereplaced

by the in-phaseandout-of-phasecomponentsof thenoise.As a result,in this chapterwe

describethe noiseby its real andimaginarypartsso that thecorrelationfunctionscanbe

written in closed-form.
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5.2 Nonlinear Effects

In Chapter3, we have definedthe SPM, XPM andFWM termsbasedon the VSTF

method.In this chapter, we follow a perturbativeapproachwherewe assumethatthenon-

linearity is smallenoughfor thenonlineartermto betreatedasa perturbation.Following

the perturbationapproach,we divide the fiber spaninto many infinitesimalsegmentsof

length ��( and the small contribution of nonlineareffect from a small pieceof fiber at

location ( is foundto be � � I�� .;¦'1�(�3<5¬BED P ¯ � .;¦'1�(�3�¯ > � .;¦'1�(�3A�|(Y� (5.2)

This smallcontribution thenpassesthoughtheremainderof thefiber from ( to
j

without

nonlinearity. It alsopassesthroughthepost-DCandtheopticalamplifierasshown in Fig.

5.1.Thetotal nonlineartermat theoutputis thesumof thesesmallcontributions.

To find � � I�� .;¦'1�(�3 , weapproximate
� .	¦'1y(�3<5 � q .	¦'1�(£3 c të.;¦'1�(�3 with� q .	¦'1�(�3 5 � q Ç ��.;¦'1�(�3 c � q Ç ,�.;¦'1�(�3 c � q Ç >�.	¦'1�(�3 c �*�*� (5.3)ta.	¦'1�(£3 5 t �}.	¦'1�(£3 c t|,�.;¦'1�(�3 c t >�.	¦'1y(�3 c �*�*� (5.4)� q Ç ��.	¦'1y(�3 is simply the linear transmissionpart of the signalup to distance( , that is, the

signalthatpassesthroughthefiber up to distance( without considerationof nonlinearity.

It is easyto show that� q Ç ��.;/21�(£3�5 U#W�X .=B b (£­ � 3 U#W�X .ZB[D�d&>A/ > (£­ � 3 U#W�X . D¢\ l�m!n / > ­ � 3 � q Ç M .0/[3 (5.5)

where
� q Ç M .;/[3 is thesignalinput. t ��.	¦'1�(£3 is similarly defined.

� q Ç ,�.;¦'1�(�3 and t:,@.	¦'1�(£3 are

the first-ordernonlineartermsin P for the signal and noiserespectively.
� q Ç >�.	¦'1y(�3 andt{>}.;¦'1�(�3 aresimilarly definedasthesecond-ordernonlineartermsin P .
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5.2.1 First-Order NoiseNonlinear Effects

Substituting
� q .	¦'1�(�3 and të.;¦'1�(�3 into (5.2),wegetthefirst-ordernonlineartermin P as� � q Ç ,�.;¦'1�(�3 c �|t:,�.	¦'1�(£3 5 BED]�|( a ¯ � q Ç �}.	¦'1�(�3�¯ > � q Ç ��.;¦'1�(�3 c � ¯ � q Ç ��.;¦'1�(�3�¯ > t{�}.;¦'1�(�3c � > q Ç � .;¦'1�(�3=t �� .	¦'1y(�3 c +����Â� ©���c�� (5.6)

H.O.T. standsfor higher-order termsof t �}.	¦'1�(�3 and they are neglectedin the follow-

ing basedon the assumptionthat the noise is much smaller than the signal. The first

term on the right sideof (5.6) is � � q Ç ,�.	¦'1�(£3 , the SPM effect on the signal. The second-

and third-termon the right sideof (5.6) are the first-ordernoisenonlinearamplification

from the signaldueto cross-phasemodulation(XPM) andfour-wave mixing (FWM) ef-

fects, respectively, betweenthe signalandnoise. Accordingly, we define �|t � .	¦'1�(�3J5BED P � ¯ � q Ç ��.	¦'1�(£3�¯ > t{�}.	¦'1y(�3A�|( and ��t � .	¦'1y(�3v5�BED P � > q Ç � .;¦'1�(�3=to�� .	¦'1�(£3A�|( , thus ��t:,�.	¦'1y(�35Å�|t � .	¦'1�(£3 c ��t � .	¦'1y(�3 . Thesmallnonlineartermsgeneratedat distance( thenpropa-

gateslinearly throughtheremainderof thefiber, thepost-DCandtheopticalamplifier, and

at theoutputwehave in thefrequency domain�|t p Ç ,@.0/21�(�3�5 U#W�X . b � j 3 U'W�X . D � \ l'p!q � / > 3 U#W�X .ZB b � . j BQ(£3�3 U#W�X .=B D � d&>�/ > . j BQ(£3�3A�|t:,�.0/21�(�3#�
(5.7)

Defining
j ä

as \ l�m!n 5 d&> j ä , and \ l'p!q � 5 d&>}. j B j ä 3 , we can simplify (5.7) to�|t p Ç ,@.0/21�(�3k5 U#W�X . b (�­ � 3 U'WYX .ZB[D�d&>�/ > . j ä B8(£3�­ � 3��|t|,@.0/21�(�3 since \ l�m!n c \ l'p!q � 5d&> j . Now, we obtain the first-ordernoisenonlinearamplificationterm at the outputast p Ç ,�.;/[3�5����|t p Ç ,�.0/21�(�3 , wheretheintegral is takeneffectively over �|( from 0 to
j

.

Notethat t p Ç ,�.0/[3 consistsof two terms.Oneof thetermscomesfrom theXPM effect
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andis foundto bet p Ç � .;/[35 � �� U#W�X . b � (�3 U#W�X .ZB D � d&>�/ > . j ä Bº(�3�3�.=BED P 3 � ¤�¥ � q Ç ��.;¦'1�(�3 � �q Ç � .	¦'1�(�3=t{�}.;¦'1�(�3'¨ � (
(5.8)5 � �� U#W�X . b � (�3 U#W�X .ZB D � d&>�/ > . j ä Bº(�3�3�.=B D PFVG > 3 � �¹� � q Ç ��.;/21y(�3 � �q Ç � .0/21�(�3t �}.;/eBa/<, c /`>*1�(�3 � /6, � /`> � (Y� (5.9)¤ . � 3 standsfor theFourier transform.Theothertermcomesfrom theFWM effect andis

foundto bet p Ç � .;/[3�5z� �� U#W�X . b � (�3 U'WYX .ZB D � d&>=/ > . j ä Bº(�3�3�.=BED P 3 ¤�¥ � q Ç ��.;¦'1�(�3=t �� .	¦'1�(£3 � �q Ç � .	¦'1y(�3'¨ � (
(5.10)

Note that in (5.9), if we do the integrationover ( first, we will get exactly the same

expressionasthoseobtainedfrom thetruncatedthird-orderVSTF methodasdescribedin

Chapter2.

5.2.2 Second-OrderNoiseNonlinear Effects

Similar to thefirst-ordercase,wegetthenoisenonlinearamplificationof second-order

termin P as�|t{>�.;¦'1�(�3�5 BED P �|( a � > q Ç � .	¦'1�(�3=t �, .	¦'1y(�3
c � � q Ç ��.;¦'1�(�3 � �q Ç , .	¦'1�(�3=t{�H.	¦'1y(�3c � � q Ç ��.;¦'1�(�3At �� .	¦'1�(�3 � q Ç ,�.	¦'1�(£3 c � � q Ç ��.;¦'1�(�3 � �q Ç � .;¦'1�(�3At:,@.	¦'1�(£3c � � q Ç ,#.;¦'1�(�3 � �q Ç � .;¦'1�(�3At �}.	¦'1�(£3 c +����Â� ©���c�� (5.11)

Note that
� q Ç ,#.	¦'1�(�3 is the SPM term for the signalgeneratedin the fiber from � to ( as

definedabove. Similarly, t|,@.;¦'1�(�3 is thefirst-ordernonlineartermfor thenoisegenerated
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in thefiber from � to ( . Substitutingt:,@.	¦'1�(�3<5Åt � .;¦'1�(�3 c t � .	¦'1�(£3 into (5.11),wehave7

termsin total andwe definethemas�|t�� .;¦'1�(�3 5 .ZB[D P 3 � q Ç ��.;¦'1�(�3At �� .;¦'1�(�3 � q Ç �}.;¦'1�(�3A�|( (5.12)

�|t5�}.;¦'1�(�3�5 .=BED P 3 � q Ç ��.	¦'1y(�3At �� .	¦'1�(£3 � q Ç ��.	¦'1y(�3A�|( (5.13)

�|t�� .;¦'1�(�3�5 .=BED P 3 � � q Ç ��.;¦'1�(�3 � �q Ç � .;¦'1�(�3At � .;¦'1�(�3A�|( (5.14)

�|t���.;¦'1�(�3�5 .=BED P 3 � � q Ç ��.;¦'1�(�3 � �q Ç � .;¦'1�(�3=t � .;¦'1�(�3A�|( (5.15)

�|t � .	¦'1y(�3 5 .=BED P 3 � t{�}.;¦'1�(�3 � �q Ç � .	¦'1�(�3 � q Ç ,�.	¦'1�(£3A�|( (5.16)

�|t ½ .;¦'1�(�3 5 .ZB[D P 3 � � q Ç ��.;¦'1�(�3=t �� .	¦'1�(£3 � q Ç ,�.	¦'1y(�3A�|( (5.17)

�|t I .	¦'1�(�3�5 .ZB[D P 3 � � q Ç �*.	¦'1�(�3 � �q Ç , .	¦'1�(�3=t{�}.;¦'1�(�3A�|( (5.18)

The correspondingtermsat the outputof the fiber, ��t p Ç �´.;/21�(�3 to �|t p Ç I .0/21�(�3 canbe

definedsimilar to (5.7).

Finally, we obtain the second-ordernoisenonlinearamplificationterm at the output

throughintegrationover �|( ast p Ç >�.;/[3�5�t p Ç �Q.;/[3 c t p Ç ��.;/[3 c t p Ç �Y.0/[3 c t p Ç �´.;/[3 c t p Ç � .;/[3
c t p Ç ½ .0/[3 c t p Ç I .0/[3 (5.19)

and t p .0/[3=hÎt p Ç �}.0/[3 c t p Ç ,�.;/[3 c t p Ç >�.;/[3 (5.20)
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with t p Ç ��.0/[3 is thesameastheinputnoiset M .;/[3 dueto the100%dispersioncompensation

used.

Notethatevery termin (5.20)is composedof bothrealandimaginaryparts, ��.;/[3 and� .0/[3 . In thenext section,we focuson thecomputationof theauto-correlationfunctionsr 4N4 .0/6,�1A/`>'3 and r��t�6.;/<,'1=/?>�3 , andthecross-correlationfunction r 4 �<.;/<,'1A/`>'3 .
5.3 NoiseFrequencyCorr elation Functions

To computethenoisefrequency correlationfunction,wesubstitute� p .;/[3=h6� p Ç ��.0/[3 c�`� Ç ,@.;/[3 c � p Ç >�.0/[3 , � p .;/[3=h
� p Ç �}.0/[3 c � p Ç ,�.;/[3 c � p Ç >�.0/[3 into (5.1)andwehavefor example,� ¥ � p .0/<,A3�� p .0/`>'3'¨h � ¥ .�� p Ç �}.;/<,A3 c � p Ç ,�.;/<,A3 c � p Ç >}.;/<,A3�3�.�� p Ç ��.0/`>'3 c � p Ç ,@.0/?>�3 c � p Ç ,�.0/?>�3�3'¨5 � ¥ � p Ç �}.0/<,A3�� p Ç ��.0/`>'3'¨ (5.21)c � ¥ � p Ç �}.0/<,A3�� p Ç ,�.0/`>'3'¨ c � ¥ � p Ç ,�.;/<,�3�� p Ç ��.;/`>'3'¨ (5.22)c � ¥ � p Ç �}.0/<,A3�� p Ç >�.0/`>'3'¨ c � ¥ � p Ç ,�.;/<,�3�� p Ç ,#.;/`>'3'¨ c � ¥ � p Ç >�.;/<,A3 � p Ç �}.;/`>'3�¨ (5.23)c +����Â� ©��
(5.21)is thezeroth-ordernonlineartermin P in thenoisefrequency correlationfunctions,

andwe call it r 4N4 Ç ��.0/<,'1A/`>'3 . Similarly, we definethe first- andsecond-ordernonlinear

termsin thenoisefrequency correlationfunctions r 4N4 Ç ,#.;/<,'1A/`>'3 and r 4N4 Ç >�.;/<,'1A/`>'3 defined

in (5.22)and(5.23)respectively.

With ourassumptionsthattheASEnoiseis Gaussianwhitenoisewith independentreal

andimaginarypartsat theinput,wehaver 4N4 Ç ��.;/<,'1A/`>'3<52� ¥ � p Ç ��.0/6,�3 � p Ç ��.;/`>'3�¨�5�� ¥ � p Ç ��.;/<,A3¡� p Ç ��.;/`>'3�¨�5�r��M� Ç ��.0/6,�1A/`>'3
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where� >¢ 5 � G � � , becausefrequency componentsfor thenoiseareindependentandr 4 � Ç ��.0/6,�1A/`>'3<5�� ¥ � p Ç �}.0/<,A3Z� p Ç ��.0/?>�3'¨ 5Å� (5.25)

becausetherealandimaginarypartsareindependent.

In theremainderof this section,weconcentrateonstudyingthefirst-orderandsecond-

ordernonlineartermsin thenoisefrequency correlationfunctions.

5.3.1 First-Order Nonlinear Term for the NoiseFrequencyCorr ela-
tion Functions

To computethefirst-ordernonlineartermin thenoisefrequency correlationfunctions,

we have r 4N4 Ç ,�.0/6,�1A/`>'3 5£� ¥ � p Ç �}.;/<,A3�� p Ç ,#.;/`>'3'¨ c � ¥ � p Ç ,#.;/<,A3�� p Ç �}.0/`>'3'¨ , r��t� Ç ,�.0/<,'1A/`>'3 5� ¥ � p Ç ��.0/<,A3Z� p Ç ,�.0/?>�3'¨ c � ¥ � p Ç ,#.;/<,A3Z� p Ç ��.0/`>'3'¨ , r 4 � Ç ,�.;/<,'1A/`>'3�5¤� ¥ � p Ç ��.;/<,A3d� p Ç ,�.;/`>'3�¨ c� ¥ � p Ç ,<.;/<,A3�� p Ç ��.;/`>'3�¨ . After substituting� p Ç i .;/[3�5 .�t p Ç i .;/[3 c to�p Ç i .;/[3A3�­ � and � p Ç i .;/[3�5.�t p Ç i .;/[3 Bøt��p Ç i .;/[3�3A­ � D for �J58�Y1*7 into theabove equations,we find that r 4N4 Ç ,�.;/<,'1=/?>�3 ,r��M� Ç ,�.;/<,'1A/`>'3 and r 4 � Ç ,�.;/<,'1A/`>'3 areall composedof thefour terms � ¥ t p Ç ��.;/<,A3At p Ç ,�.0/?>�3'¨ ,� ¥ t p Ç ��.0/6,=3`t �p Ç , .;/`>'3�¨ , � ¥ t �p Ç � .;/<,A3=t p Ç ,�.0/`>#3'¨ , and � ¥ t �p Ç � .;/<,A3At �p Ç , .0/?>�3'¨ . For example,� ¥ � p Ç ��.0/<,A3�� p Ç ,@.0/?>�3'¨ 5 7F � ¥ .�t p Ç ��.;/<,�3 c t �p Ç � .0/6,=3�3@.�t p Ç ,#.;/`>'3 c t �p Ç , .;/`>'3A3'¨ (5.26)

For � ¥ t p Ç ��.;/<,A3At p Ç ,@.;/`>'3�¨ , wehave� ¥ t p Ç ��.;/<,A3At p Ç ,�.0/?>�3'¨«52� ¥ .�t p Ç ��.0/<,A3@.�t p Ç � .;/`>'3 c t p Ç � .0/`>'3�3�¨�5�� ¥ .�t p Ç ��.;/<,A3=t p Ç � .;/`>'3'¨
(5.27)

with � ¥ t p Ç ��.0/6,=3At p Ç � .0/?>�3'¨à5 � because� ¥ t p Ç ��.0/<,A3At �}.;/`>*1�(�3�¨ø5 � for any ( . After

substitutingin theexpressionfor t p Ç � .;/[3 andsomemathematicalmanipulations,we find
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that

� ¥ t p Ç ��.;/<,�3At p Ç ,�.0/?>�3'¨ 5 � �� U#W�X .=B D � d&>A/ >> . j ä Bº(£3�3@.ZB D PFHG > 3=� >¢ � � q Ç ��. � 1�(�3� q Ç ��.0/<, c /`>EB � 1�(£3 � � � ( (5.28)¥ ©¼,@.;/<,'1=/?>�3#�
Similarly, weobtainthat

� ¥ t p Ç ��.0/6,=3At �p Ç , .;/`>'3'¨ 5 � �� U'WYX .ZB D � d&>}.;/ >, Be/ >> 3�. j ä Bë(�3�3�. D PFVG > 3Z� >¢ � � � q Ç � Ç ¦ . � 3� �q Ç � . � c /<,`Ba/?>@1�(�3 � � � ( (5.29)¥ ©�>}.0/<,'1A/`>'3#1
� ¥ t �p Ç � .0/6,=3At p Ç ,�.;/`>'3�¨«5 © �> .0/<,'1A/`>'3#1 (5.30)� ¥ t �p Ç � .0/6,=3At �p Ç , .;/`>'3�¨«5 © �, .0/<,'1A/`>'3#� (5.31)

With theseexpressions,wearenow readyto obtainthefirst-ordernonlineartermin the

noisefrequency correlationfunction. Thefirst-orderrealnoisefrequency auto-correlation

function � ¥ � p .0/6,=3�� p .;/`>'3�¨ is

r 4N4 Ç ,�.0/<,'1A/`>'3 5 7� ¥ ©¼,�.;/<,#1A/`>�3 c © �, .;/<,'1A/`>'3�¨ (5.32)5 7� P� G � >¢ � ¥ � �� U#W�X .=B D � d&>}.;/ >, c / >> 3@. j ä B (£3�3¡>Â.;/<, c /`>*1�(£3 � (�¨]�(5.33)

In aboveequation,wehaveusedthedefinition

>-.0/21�(�3�5 7� G � � q Ç ��. � 1�(�3 � q Ç ��.�§ B � 1�(�3 � � (5.34)

or >-.;¦'1�(�3<5 � > q Ç � .;¦'1�(�3 andthefactthat ©�,@.0/?>@1A/<,A3�5�©¼,�.;/<,#1A/`>�3 , ©�>}.0/`>*1A/<,A3<5CB�©´�> .;/<,'1A/`>'3 .
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Similarly, thefirst-orderimaginarynoisefrequency auto-correlationfunction, � ¥ � p .;/<,A3� p .;/`>'3�¨ , is r��E� Ç ,�.0/<,#1A/`>�3<5¬B 7� ¥ ©�,@.0/6,�1A/`>'3 c © �, .0/6,�1A/`>'3'¨6� (5.35)

The first-orderreal-imaginarynoisefrequency cross-correlationfunction, � ¥ � p .0/6,=3� p .;/`>'3�¨ , is r 4 � Ç ,#.;/<,'1A/`>'3�5¬B D � ¥ ©¼,@.;/<,'1A/`>'3?Bë© �, .0/6,�1A/`>'3'¨6� (5.36)

Oneinterestingobservationaboutthefirst-ordernonlineareffect in thenoisefrequency

correlationis thattheits complex noisevariance,� ¥ t p .0/[3Ato�p .;/[3'¨ , is

� ¥ t p Ç ��.;/[3At �p Ç , .0/[3 c t p Ç ,�.;/[3=t �p Ç � .;/[3'¨Q5�r 4N4 Ç ,�.0/21A/[3 c r��t� Ç ,�.0/21A/[3 5�� (5.37)

That is, thefirst-ordernonlineareffect hasno amplificationover thecomplex noise,but it

introducesan energy transferbetweenthe real and imaginarypartsplus correlationsbe-

tweentherealandimaginaryparts.

Anotherinterestingobservationis thattheXPM effectdoesnotcontributeany effect to

thenoisefrequency correlationfunctionsupto thefirst-ordersincetheterm ©�>}.0/<,'1A/`>'3 that

comesform theXPM effect cancelsout.

5.3.2 Second-OrderNonlinear Terms for the NoiseFrequencyCorr e-
lation Functions

From(5.23),wehave r 4N4 Ç >�.0/<,'1A/`>'3<5�� ¥ � p Ç ��.;/<,A3�� p Ç >�.;/`>'3'¨ c � ¥ � p Ç ,�.0/6,=3�� p Ç ,�.0/?>#3�¨ c� ¥ � p Ç >�.;/<,A3L� p Ç ��.0/`>'3'¨ andsimilar expressionsfor r��t� Ç >�.0/<,'1A/`>'3 and r 4 � Ç >�.;/<,'1A/`>'3 . After

substituting� p Ç i .0/[3[5 .�t p Ç i .0/[3 c to�p Ç i .;/[3A3�­ � and � p Ç i .;/[3[5°.�t p Ç i .;/[3?B�to�p Ç i .;/[3A3�­ � D for��5z�Y1*7V1 � into theseequations,wefind that r 4N4 Ç >�.;/<,'1=/?>�3 , r��t� Ç >�.;/<,'1A/`>'3 and r 4 � Ç >�.;/<,'1=/?>�3
areall composedof two groupsof terms.Onegroupof thesetermsis of form � ¥ � p Ç ��.0/6,=3



97� p Ç >�.0/?>#3�¨ andthe othergroupis of form � ¥ � p Ç ,#.;/<,A3�� p Ç ,#.;/`>#3'¨ . We first studythesetwo

groupsof termsseparatelyin the following two subsectionsandwe combinethemin the

third subsectionto obtainthesecond-ordertermsin thecorrelationfunctions.

Termsof the form ¨d©«ª�¬¡­ ®e¯±°³²¡´�ª�¬¡­ µe¯±°�µ¶´¶·
From (5.23), the first term of ¸K¹N¹*­ µe¯+°³²¶º/°�µ�´ is ¨d©«ª�¬¡­ ®e¯±°³²¡´�ª�¬¡­ µe¯±°�µ¶´¶·¼» ²½ ¨d©B¯�¾¿¬¡­ ®e¯±°À²/´ÂÁ¾ÄÃ¬/­ ® ¯+°³²¡´¡´�¯�¾¿¬¡­ µe¯±°�µÅ´JÁ6¾ÄÃ¬¡­ µ ¯+°�µÅ´Z´�· . Note that ¾¿¬¡­ µ^¯+°Æ´ is composedof seven termsfrom¾5¬/­ ÇÈ¯±°Æ´ to ¾5¬¡­ Éy¯+°Æ´ . We list theresultsfrom eachof thesetermssuccessively.

First,wederive ¨d©^¾¿¬¡­ ®e¯±°À²/´¡¾5¬/­ ÇÈ¯±°�µ�´¶· andtheresultis¨d©^¾¿¬¡­ ®e¯±°À²/´¡¾5¬/­ ÇÈ¯±°�µ�´¶· » Ê^Ë µ ÌÍµÎJÏÑÐ® ÏÒÐÓXÔÅÕBÖ ¯/×�Ø ÊtÙ µZ° µ² ¯;Ú³ÛÜ×9Ý�´Z´ Ô¶Õ�Ö ¯/×�Ø ÊtÙ µZ° µµ ¯;ÚÀÛR×PÞß´¡´à á¤âã*ä µ Ï�å ¯±°�µ�ÁPæMº Þß´¡çè¯±°�µÂ×GæEº Ý�´ ÔÅÕBÖ ¯ Ø ÊtÙ µ�æ µ ¯;Þ¿×GÝ�´Z´/éßæBêÄéCÞ*éHÝ
(5.38)ë ì ÇÈ¯±°³²¶º¡°�µ¶´

wherewehaveusedthedefinitionof å ¯+°lº Þß´ from (5.34)andanew definitionof çè¯±°lº�Þß´=»²µ�íyîdïÈð ­ ®e¯�æEº�Þß´ ï Ãð ­ ® ¯;æ�×¼°lº Þß´¡éßæ or çñ¯�ò¶º�Þß´³»ôó ïõð ­ ®ö¯�ò¶º Þß´eó µ .
Equation(5.38) hasa clear physicalmeaning. We would expect a factor of å ¯�ò¶º Þß´

from the FWM effect in (5.12). We alsoexpecta factorof çè¯�ò¶º Ý�´ from the XPM effect

for ¾¿÷õ¯�ò¶º Þß´ . å ¯+ò¶º�Þß´ and çè¯+ò¶º Ý�´ arethe nonlineartermsgeneratedat positions Þ and Ý
respectively andthefactor ÔÅÕBÖ ¯ Ø Ù µ æ µ ¯�Þø×@Ý�´¡ù«Ê«´ is thedispersion-inducedphaseinteraction

betweenthem.Theothertwo dispersionfactorsaresimply thelineartransmissionafterthe

nonlineartermsaregenerated.

The otherterm for ¾5¬/­ ÇÈ¯±°Æ´ is of form ¨d©^¾5¬/­ ®e¯+°³²¡´/¾ÄÃ¬¡­ Ç ¯+°�µ¶´�·R»[ú since ¨d©^¾¿¬¡­ ®e¯±°À²/´¾5®^¯±°�µûº�Þß´�·y»�ú for any Þ .



98¾5¬/­ ÇÈ¯±°�µ�´Jü Ê^Ë µ Ì µÎ î Ð®gî ÐÓ ÔÅÕBÖ ¯/×�ýµ Ù µZ° µ² ¯�Ú³Ûþ×GÝ�´Z´ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µµ ¯�Ú³ÛR×PÞß´Z´ì Çy¯+°³²¶º/°�µ�´ à9ÿ ²½ í���î å ¯±°�µ�Á`æEº�Þ«´¡çè¯±°�µ³×9æEº Ý�´ ÔÅÕBÖ ¯ ý µ Ù µ�æ µ ¯�Þ ×GÝ�´Z´¡éßæ � éHÞ«éßÝ¾ÄÃ¬/­ � ¯+°�µ¶´Æü Ë µ Ì µÎ î Ð®Rî ÐÓ Ô¶Õ�Ö ¯0×�ýµ Ù µZ° µ² ¯�Ú³ÛR×9Ý�´¡´ ÔÅÕBÖ ¯Zý µ Ù µZ° µµ ¯�Ú³ÛR×PÞß´Z´ì �^¯±°³²¶º¡°�µ¶´ à ÿ ²½ í�� î å ¯�æ Á9°³²¶ºZÝ�´ å Ãö¯�æõÁG°�µöº�Þß´ ÔÅÕBÖ ¯0×�ýµ Ù µ�æ µ ¯;Þ¿×GÝ�´Z´/éßæ � éHÞ«éßÝ¾ Ã¬/­ � ¯+°�µ¶´Æü × ã Ë µ Ì µÎ î Ð®Rî ÐÓ ÔÅÕBÖ ¯0× ý µ Ù µ¡° µ² ¯;Ú³Ûþ×9Ý�´Z´ Ô¶ÕBÖ ¯ ý µ Ù µ¡° µµ ¯�Ú³ÛR×PÞß´Z´ì ��¯+°³²¶º¡°�µ¶´ à ÿ ²½ í���î çè¯+°³²�×GæEº Ý�´/ç Ã ¯�æ5×¼°�µûº�Þ«´ ÔÅÕBÖ ¯/×�ýµ Ù µ æ µ ¯�Þ ×9Ý�´¡´¡éßæ � éCÞ*éHÝ¾5¬/­ �õ¯+°�µ¶´qü ×ÈÊ^Ë µ Ì µÎ î Ð®Rî ÐÓ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µ² ¯;Ú³Ûþ×9Ý�´Z´ Ô¶ÕBÖ ¯/×�ýµ Ù µZ° µµ ¯;ÚÀÛþ×9Þß´¡´ì �È¯+°³²Åº¡°�µ�´ à ÿ ²½ í���î å ¯±°À²KÁ`æEº Ý�´¡ç�Ãû¯+°�µ³×9æEº�Þß´ Ô¶Õ�Ö ¯/×�ýµ Ù µ�æ µ ¯;Þ¿×¼Ý�´¡´¡éßæ � éHÞ«éßÝ¾ Ã¬/­ Ð ¯±°�µ�´Jü ×ÈÊ^Ë µ Ì µÎ î Ð®Rî ÐÓ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µ² ¯;Ú³Ûþ×PÞ«´Z´ ÔÅÕBÖ ¯Zý µ Ù µZ° µµ ¯�Ú³ÛR×PÞß´Z´ì Ð ¯+°³²¶º/°�µ�´ à ÿ ²½ í���î�� Ãe¯;æEº Ý�´ ïÈð ­ ®�¯+°³²�×¼°�µ�ÁPæMº Þß´ ÔÅÕBÖ ¯Zý µ Ù µZæ µ ¯;Þ ×9Ý�´¡´¡éßæ �à Ô¶Õ�Ö ¯0×	� µ ¯;Þ¿×9Ý�´Z´/éCÞ*éHÝ¾5¬/­ 
è¯+°�µ¶´Æü ×ÈÊ^Ë µ Ì µÎ î Ð®Rî ÐÓ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µ² ¯;Ú³Ûþ×PÞ«´Z´ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µµ ¯;Ú³Ûþ×PÞ«´Z´ì 
ñ¯+°³²¶º¡°�µ¶´ à ÿ ²½ í�� î � ¯;æEº Ý�´ ïÈð ­ ®�¯+°³² ÁG°�µÀ×9æEº�Þ«´ ÔÅÕBÖ ¯/×�ýµ Ù µ æ µ ¯�Þ ×GÝ�´Z´¡éßæ �à Ô¶Õ�Ö ¯0×	� µ ¯;Þ¿×9Ý�´Z´/éCÞ*éHÝ¾ Ã¬/­ É ¯±°�µ�´Jü Ê^Ë µ Ì µÎ î Ð®gî ÐÓ ÔÅÕBÖ ¯/×�ýµ Ù µZ° µ² ¯�Ú³Ûþ×9Þß´¡´ ÔÅÕBÖ ¯Zý µ Ù µ¡° µµ ¯;Ú³Ûþ×PÞ«´Z´ì Éy¯+°³²¶º/°�µ�´ à ÿ ²½ í�� î � ¯;æEº Ý�´ ï Ãð ­ ® ¯+°�µÂ×Ü°À²KÁ`æEº�Þ«´ ÔÅÕBÖ ¯/×�ýµ Ù µ æ µ ¯�Þ ×GÝ�´Z´¡éßæ �à Ô¶Õ�Ö ¯0×	� µ ¯;Þ¿×9Ý�´Z´/éCÞ*éHÝ
Table5.1: Second-ordernonlineartermsin thenoisefrequency correlationfunctionsfrom
thesecond-ordernonlinearterms,¾¿¬¡­ ÇÈ¯±°Æ´ to ¾5¬¡­ Éy¯+°Æ´ or their conjugates.

Similarly, weobtainothernon-zerotermsfor ¨d©«ª�¬¡­ ®ö¯+°³²¡´�ª�¬¡­ µö¯+°�µ¶´¶· andwe list themin

Table5.1.A new expression� ¯+ò¶º�Þß´³» ïÈð ­ ®e¯+ò¶º�Þß´ ï Ãð ­ ® ¯+ò¶º�Þß´ ïõð ­ ®^¯+ò¶º�Þß´ is usedandit originates

from theSPMof thesignal.All othertermsarezero.It is easyto prove that
ì ÃÉ ¯+°³²¶º¡°�µ¶´³»× ì Ð ¯+°³²¶º¡°�µ¶´ simplyby substitution.

Termsof the form ¨d©«ª�¬¡­ ²�¯±°³²¡´�ª�¬¡­ ²�¯±°�µ¶´¶·
The secondterm of ¸K¹N¹«­ µö¯+°³²¶º¡°�µ¶´ is of form ¨1©«ª�¬¡­ ²�¯+°³²¡´ ª�¬/­ ²�¯+°�µ¶´�· or ²½ ¨d©B¯�¾¿¬¡­ ²�¯±°À²/´yÁ¾ÄÃ¬/­ ² ¯+°³²¡´¡´y¯;¾5¬¡­ ²�¯±°�µ¶´�Á�¾ÄÃ¬/­ ² ¯+°�µ¶´¡´¶· . Note that ¾¿¬¡­ ²�¯±°Æ´ is composedof two terms, ¾5¬¡­ ÷õ¯+°Æ´
and ¾¿¬¡­ �=¯±°Æ´ . We list thenon-zerotermsin Table5.2

Notethat in thetable,theintegrationfor Þ and Ý arebothfrom ú to Ú . Now, we try to

use
ì Çy¯+°³²¶º/°�µ�´ to

ì Éõ¯±°³²¶º¡°�µ¶´ to expressthesethreetermsby dividing î Ð®þî Ð® into two parts



99¾5¬/­ ÷ ¯±°À²/´¡¾5¬/­ �³¯+°�µ¶´ ×ÈÊ^Ë µ Ì µÎ î Ð®Rî Ð® ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µ² ¯;Ú³Ûþ×PÞ«´Z´ ÔÅÕBÖ ¯0×�ýµ Ù µ¡° µµ ¯;Ú³Ûþ×9Ý�´Z´à9ÿ ²½ í���î çè¯+°³²�×GæEº�Þß´ å ¯+°�µ�Á`æEº Ý�´ ÔÅÕBÖ ¯0× ý µ Ù µ æ µ ¯;Þ¿×9Ý�´Z´/éßæ � éHÞ«éßÝ¾5¬/­ ÷ ¯±°À²/´¡¾ÄÃ¬/­ ÷ ¯±°�µ�´ × ã Ë µ Ì µÎ î Ð®Rî Ð® ÔÅÕBÖ ¯0× ý µ Ù µ¡° µ² ¯;Ú³Ûþ×PÞ«´Z´ ÔÅÕBÖ ¯ ý µ Ù µZ° µµ ¯�Ú³ÛR×9Ý�´¡´à ÿ ²½ í���î çè¯+°³²�×GæEº�Þß´ å ¯;æ5×¼°�µûº�Þß´ Ô¶Õ�Ö ¯0× ý µ Ù µ æ µ ¯;Þ¿×9Ý�´Z´/éßæ � éHÞ«éßÝ¾5¬/­ �=¯+°³²¡´/¾ÄÃ¬¡­ � ¯+°�µ¶´ Ë µ Ì µÎ î Ð®Rî Ð® Ô¶Õ�Ö ¯0× ý µ Ù µZ° µ² ¯�Ú³ÛR×PÞß´Z´ Ô¶Õ�Ö ¯ ý µ Ù µZ° µµ ¯;ÚÀÛþ×GÝ�´Z´à ÿ ²½ í�� î å ¯±°À²KÁ`æEº�Þ«´ å Ãö¯+°�µ�Á`æEº Ý�´ ÔÅÕBÖ ¯Zý µ Ù µ æ µ ¯�Þ ×9Ý�´¡´¡éßæ � éCÞ*éHÝ
Table5.2: Second-ordernonlineartermsin thenoisefrequency correlationfunctionsfrom
thebeatingof thefirst-ordernonlinearterms,¾5¬/­ ÷ ¯±°Æ´ and ¾¿¬¡­ �³¯±°Æ´ andtheir conjugates.î Ð®Rî ÐÓ and î Ð®þî Ó® . After carefulmathematicalmanipulation,weobtain¨d©^¾¿¬¡­ ÷ ¯±°³²¡´¡¾¿¬¡­ �³¯+°�µ¶´�· » ì � ¯±°�µûº¡°³²¡´�× ì ÇÈ¯±°À²�º¡°�µ¶´ (5.39)¨d©^¾5¬/­ ÷ ¯±°À²/´¡¾ Ã¬/­ ÷ ¯+°�µ¶´�· » × ì �N¯+°³²¶º¡°�µ¶´�× ì Ã� ¯±°�µûº¡°³²¡´ (5.40)¨d©^¾¿¬¡­ �=¯±°³²¡´¡¾ Ã¬¡­ � ¯+°�µ¶´�· » ì �^¯±°À²Åº/°�µ ´ Á ì Ã� ¯+°�µûº/°À²/´ (5.41)

Combined second-ordernonlinear terms in the correlations

Now we combinetheresultsin theprevioustwo sub-sectionsto obtainthefinal resultson

thesecond-ordernonlineareffectsonthenoisefrequency correlationfunctions.Theresults

arethefollowing:¸K¹N¹*­ µe¯+°³²¶º¡°�µ¶´ » � © ì �^¯+°³²¶º¡°�µ¶´KÁ ì �^¯±°�µ�º¡°³²¡´¶·qÁ
� ©B¯ ì �õ¯±°À²�º¡°�µ¶´KÁ ì � ¯+°�µûº/°À²/´¶·Á âÊ � © ì 
è¯+°³²¶º¡°�µ¶´KÁ ì 
ñ¯+°�µûº¡°³²¡´�·Hº (5.42)

¸���� ­ µe¯±°À²�º¡°�µ¶´ » � © ì �^¯+°³²¶º/°�µ�´KÁ ì �^¯+°�µûº¡°³²¡´�·È×�� © ì �È¯+°³²¶º¡°�µ¶´KÁ ì �õ¯+°�µûº¡°³²¡´�·× âÊ � © ì 
è¯+°³²¶º/°�µ�´KÁ ì 
 ¯+°�µûº¡°³²¡´�·Hº (5.43)

¸K¹�� ­ µe¯+°³²¶º/°�µ�´ » ×��õ© ì �*¯±°³²¶º¡°�µ¶´�× ì �^¯+°�µûº¡°³²¡´�·JÁ
� © ì �õ¯±°À²�º¡°�µ¶´KÁ ì �õ¯±°�µöº/°À²0´¶·Á âÊ � © ì 
è¯±°À²�º¡°�µ¶´KÁ ì 
è¯+°�µûº/°À²/´¶·�� (5.44)
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Comparingwith the first-ordernonlineareffects,we find that the second-ordereffect

for thecomplex noisefrequency domainvarianceis

¸K¹N¹*­ µe¯±°lº¡°Æ´�ÁÑ¸���� ­ µe¯±°lº¡°Æ´ø»�Ê�� ì �^¯+°lº¡°Æ´tÁ ì Ã� ¯±°lº¡°Æ´����»�ú�� (5.45)

Thatis,unlikethefirst-ordereffect,thesecond-ordernonlineareffecthasnon-zeroamplifi-

cationover thecomplex noise.Moreover, it alsointroducesenergy transferandcorrelation

betweentherealandimaginaryparts.

5.4 Extensionto Multiple Spans

In thissection,weextendour resultson thenoisenonlinearamplificationto multi-span

systems.We alsodiscussthe computationalcomplexity associatedwith our methodand

compareit with theSSFmethod.

5.4.1 NoiseCorr elationsfor Multiple Spans

For usualmulti-spansystems,we have both multiple fiber spansandmultiple optical

amplifiers.EachopticalamplifierintroducesASEnoiseindependentof eachotherandthe

ASE noisefrom eachoptical amplifier experiencesnonlinearamplificationby the signal

duringthetransmissionthroughthefollowing fiberspansafterits generation.

As afirst stepto studythenoisenonlinearamplificationin multi-spansystems,westudy

thefollowing systemshown in Fig. 5.2whereonly oneASEnoisesourceis included.The

input to themulti-spansystemis still thesumof themodulatedsignalandtheASE noise

from the previous optical amplifier. All following optical amplifiersare assumedto be

noiseless.With thecorrelationfunctionsfoundfor this case,thecorrelationfunctionscan

beeasilyextendedto thecaseof multi-spansystemswith multipleASE sourcesdueto the
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factthattheASEnoisesourcesfrom differentamplifiersareindependent.Theextensionis

includedat theendof this subsection.

Post-

DC
G

DC

Pre-

One span

S(t)

N(t)

Other Spans

Figure5.2: Simplifiedsystemmodelfor multi-spansystem.

Since100%dispersioncompensationandperfectlosscompensationareusedwithin

eachspan,wehave thefollowing relationshipïõð ­ ®ö¯+ò¶º�ÞÈÁ�� à ÚÀ´³» ïÈð ­ ®e¯+ò¶º�Þß´Åº (5.46)¾5®e¯+ò¶º�ÞÈÁ�� à ÚÀ´³»�¾¿®e¯�ò¶º�Þ«´Åº (5.47)

for differentspannumber� » â º¶ÊBº������ for both themodulatedsignalandthenoise. It is

theneasyto show that¾5¬/­ ÷�­  ¯±°Æ´=»!� ¾¿¬¡­ ÷ ¯±°Æ´Åº ¾¿¬¡­ �ß­  y¯+°Æ´=»"� ¾¿¬¡­ �=¯±°Æ´ (5.48)

where¾¿¬¡­ ÷�­  õ¯+°Æ´ and ¾5¬/­ �H­  È¯+°Æ´ arethefirst-ordernoisenonlinearamplificationtermsfrom

theXPM andFWM effectsrespectively for � spansand ¾5¬/­ ÷ ¯±°Æ´ and ¾5¬¡­ �ø¯+°Æ´ arethecor-

respondingtermsfrom thesingle-spancase.As a result,we have thefirst-ordernonlinear

termsfor thenoisefrequency correlationfunctionsas¸K¹N¹«­ ²�­  È¯+°³²¶º/°�µ�´ » âÊ �g© ì ²�¯+°³²¶º¡°�µ¶´KÁ ì Ã² ¯+°³²¶º¡°�µ¶´�·Hº (5.49)¸��#� ­ ²�­  È¯+°³²¶º/°�µ�´ » × âÊ �g© ì ²�¯±°À²Åº/°�µ ´ Á ì Ã² ¯+°³²¶º/°�µ�´¶·Hº (5.50)¸K¹�� ­ ²�­  È¯+°³²¶º/°�µ�´ » × Ø Ê �g© ì ²�¯±°À²Åº/°�µ ´ø× ì Ã² ¯+°³²¶º¡°�µ¶´�·�� (5.51)
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Thefirst-ordernoisenonlinearterms ¾¿¬¡­ ÷ ¯±°Æ´ and ¾¿¬¡­ �=¯±°Æ´ contributenot only to thefirst-

ordernonlineartermsin thenoisefrequency correlationfunctions,i.e., termsof the form¨d©^¾¿¬¡­ ®e¯±°À²/´¡¾5¬/­ ²�¯+°�µÅ´¶· , but alsothe second-ordernonlineartermsfor the noisefrequency

correlationfunctionsthroughtermsof theform ¨d©^¾¿¬¡­ ²�¯+°³²¡´/¾5¬¡­ ²�¯±°�µ¶´¶· . It is easyto seethat

their contributionsto thesecond-ordernonlineartermsfor thenoisefrequency correlation

functionsarethesameasthosefrom thesingle-spanexcepta factorof � µ from (5.48).

Now westudythesecond-ordernonlineartermsin thenoisefrequency correlationfunc-

tions (that is, termsof the form ¨1©^¾5¬¡­ ®e¯±°³²¡´¡¾¿¬¡­ µe¯+°�µÅ´�· ) from the second-ordernoisenon-

linear terms, ¾5¬¡­ Ç ­  õ¯±°Æ´ to ¾¿¬¡­ É�­  È¯+°Æ´ . For multi-spansystems,we have ¾¿¬¡­ Ç�­  È¯+°Æ´ asan

integrationover ��ú�º$� Ú�� , thatis,

¾5¬/­ Ç�­  È¯+°Æ´ » Ï  Ð® ÔÅÕBÖ ¯&% Ê ÄÞH´ ÔÅÕBÖ ¯0× Ø ÊMÙ µZ° µ ¯�Ú³ÛR× ÄÞß´Z´�¯/× Ø Ëã*ä µ ´ Ï[Ï ïõð ­ ®e¯;æ('ûº�Þß´ïõð ­ ®ö¯±°G×Gæ('�Á`æ ½ º�Þß´ Ï
)® ÔÅÕBÖ ¯ Ø ÊEÙ µ�æ µ½ ¯ ÄÞ × ÄÝB´Z´ ÔÅÕBÖ ¯0×*% Ê ¯ ÄÞ × ÄÝB´Z´ Ø Ëã ä µÊ Ï�Ï ïõð ­ ®ö¯;æß²Åº Ý�´ ïõð ­ ®û¯�æ µöº Ý�´¡¾ Ã® ¯;æ ½ ×9æH²KÁ`æ^µûº Ý�´¡é ½ æBéßÝBéHÞ (5.52)

with ÄÞ�»�Þ�× floor ¯;Þßù*ÚÀ´ à Ú , ÄÝ1»2Ýt× floor ¯�Ý�ù*ÚÀ´ à Ú asthetransmissiondistanceafterthe

lastopticalamplifier. Using(5.46)and(5.47)andintegratingfirst over thefour frequency

variablesin (5.52),(5.52)canbeseparatedinto two termswith integrationlimits of î Ð®Rî )®
and î Ð®Rî Ð) andtheresultis

¾5¬/­ Ç�­  È¯+°Æ´=» � µ Á+�Ê Ï Ð® Ï )®!, ¾�Çy¯+°lº ÝMº�Þß´/éßÝ�éHÞJÁ � µ ×-�Ê Ï Ð® Ï Ð) , ¾5ÇÈ¯±°lº Ýtº Þß´¡éßÝBéCÞ
(5.53)

with , ¾�ÇÈ¯+°lº ÝMº�Þß´ asthetotal integrandin (5.52),includingintegrationoverthefrequency

variables.For othertermsfrom ¾¿¬¡­ � ­  õ¯±°Æ´ to ¾5¬¡­ É ­  õ¯±°Æ´ , similar thingscanbedone.

Thefirst doubleintegrationin (5.53)is simply ¾¿¬¡­ ÇÈ¯±°Æ´ ; thesecondtermis anew term,
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which we nameas ¾ Ã¬¡­ Ç ¯+°Æ´ . We substitute(5.53) into ¨d©^¾5¬/­ ®^¯+°³²¡´¡¾¿¬¡­ Ç�­  È¯+°�µ¶´�· for the

second-ordernonlineareffectsfor thenoisefrequency correlation,weobtain¨d©^¾¿¬¡­ ®e¯±°À²/´¡¾5¬/­ Ç�­  È¯+°�µ¶´¶·õ» � µ Á+�Ê ì Çõ¯±°À²�º¡°�µ¶´KÁ � µ ×-�Ê ì ÃÇ ¯+°³²¶º/°�µ�´ (5.54)

with
ì ÃÇ ¯+°³²Åº¡°�µ�´ definedsimilarly as

ì Çy¯+°³²¶º¡°�µ¶´ in (5.38) using the secondterm on the

right sideof (5.53).Notethatin theaboveequationwehaveusedthefactthat ¾¿¬¡­ ®Z­  È¯+°Æ´=»¾5¬/­ ®e¯+°Æ´ for any spannumber� dueto the100%dispersioncompensationperspan.With

somemathematicalmanipulation,wecanshow thatì ÃÇ ¯+°³²¶º¡°�µ¶´=» × ì � ¯+°�µûº¡°³²¡´.� (5.55)

For othertermsfrom ¾5¬¡­ � ­  È¯+°Æ´ to ¾¿¬¡­ É�­  È¯+°Æ´ , weobtainsimilar resultssummarizedasì Ã� ¯±°³²Åº¡°�µ�´ » ì Ã� ¯+°�µöº¡°³²0´ (5.56)ì Ã� ¯±°³²Åº¡°�µ�´ » ì Ã� ¯+°�µöº¡°³²0´ (5.57)ì Ã� ¯±°³²Åº¡°�µ�´ » ì ÃÇ ¯+°�µûº/°À²/´ (5.58)ì ÃÐ ¯±°³²Åº¡°�µ�´ » × ì Ã ÃÉ ¯+°�µûº¡°³²¡´ (5.59)

Following thesameproceduresasthatfor thesingle-spancase,weobtain¸K¹N¹*­ µZ­  õ¯±°³²¶º¡°�µ¶´ » âã à © Ê/� µ Äì �^¯+°³²¶º¡°�µ¶´�×�¯0� µ ×-� ´¼Äì ÇÈ¯±°À²Åº/°�µ ´ Á�¯0� µ ×-� ´SÄì � ¯±°³²¶º¡°�µ¶´Á � µ Á+�Ê Äì 
è¯+°³²¶º¡°�µ¶´KÁ � µ ×-�Ê Äì Ã
 ¯±°À²�º¡°�µ¶´¶· (5.60)

¸��1� ­ µZ­  õ¯±°³²¶º¡°�µ¶´ » âã à © Ê/� µ Äì �^¯+°³²¶º¡°�µ¶´KÁ�¯0� µ ×-� ´ Äì ÇÈ¯±°À²Åº/°�µ ´ø×	¯0� µ ×-� ´ Äì �õ¯±°À²Åº/°�µ ´× � µ Á��Ê Äì 
 ¯±°³²¶º¡°�µ¶´�× � µ ×-�Ê Äì Ã
 ¯+°³²¶º¡°�µ¶´�· (5.61)

¸K¹�� ­ µZ­  È¯+°³²¶º¡°�µ¶´ » Ø ã à © Ê/� µ ÄÄì �^¯+°³²¶º/°�µ�´KÁ�¯0� µ ×-� ´ ÄÄì Çy¯+°³²Åº¡°�µ�´ø×	¯2� µ ×-� ´ ÄÄì �È¯+°³²Åº¡°�µ�´× � µ Á+�Ê ÄÄì 
è¯+°³²¶º¡°�µ¶´�× � µ ×-�Ê ÄÄì Ã
 ¯+°³²¶º/°�µ�´¶· (5.62)
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with thesimplifying notationsÄì#3 ¯+°³²¶º¡°�µ¶´ » ì13 ¯±°À²�º¡°�µ¶´KÁ ì Ã3 ¯±°À²�º¡°�µ¶´KÁ ì13 ¯±°�µöº/°À²0´ Á ì Ã3 ¯+°�µûº/°À²/´Åº$4�»"5Eº76 º78gº.9�º79�Ã
(5.63)

ÄÄì �^¯±°À²�º¡°�µ¶´ » ì �^¯±°³²¶º¡°�µ¶´�× ì Ã� ¯±°À²Åº/°�µ ´ø× ì �^¯±°�µûº¡°³²¡´KÁ ì Ã� ¯±°�µ�º¡°³²¡´ (5.64)

ÄÄì#3 ¯+°³²¶º¡°�µ¶´ » ì13 ¯±°À²Åº/°�µ ´ø× ì Ã3 ¯+°³²¶º¡°�µ¶´KÁ ì#3 ¯+°�µûº¡°³²¡´�× ì Ã3 ¯±°�µ�º¡°³²¡´Åº$4�»"6<º78gº.92º.9�Ã
(5.65)

For thesecond-ordernonlineareffectsonthecomplex noisevariance,̈1©^¾5¬û¯+°Æ´N¾ Ã¬ ¯±°Æ´¶· ,
westill have ¸K¹N¹*­ µZ­  õ¯±°lº¡°Æ´ÍÁÒ¸��#� ­ µZ­  È¯±°lº¡°Æ´ø»!� µ Äì �^¯+°lº/°Æ´&� (5.66)

That is, the noisenonlinearamplificationis simply a factor of � µ larger, but the noise

energy transferandcorrelationsaremorecomplicated.

Now we are readyto computethe noisefrequency correlationfunctionswith multi-

ple ASE noisesources.With the fact that the ASE noisefrom eachoptical amplifier is

independentof eachother, wecanshow that¸À¸t÷;:*­ 3 ­ É=<t¯+°³²Åº¡°�µ�´³» É <?> ²@ A B ® ¸t÷�:*­ 3 ­ É�< > A ¯±°³²Åº¡°�µ�´ÅºC4�»�ú�º â º¶ÊCº (5.67)

for asystemwith ¾ED spansin total. F and G canbeeither ª or H . Notethatwehaveused

notatioņt÷;:*­ 3 ­  È¯+°³²¶º¡°�µ¶´ asthei-th ordernonlineartermfor thenoisefrequency correlation

functionswith singleASE noisesourcepassingthrough � spansof fiberswith thesignal.

The doubleS notation ¸À¸t÷;:*­ 3 ­  y¯+°³²¶º/°�µ�´ is for the noisefrequency correlationfunctions

with multipleASEnoisesources.
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5.4.2 Computational Complexity

To build thecorrelationmatrix for thenoisefrequency components,we needto com-

putethefollowing terms:
ì ²�¯±°³²Åº¡°�µ�´ , ì �^¯+°³²Åº¡°�µ�´ , ì Çõ¯±°À²�º¡°�µ¶´ , ì �È¯+°³²¶º¡°�µ¶´ , ì 
 ¯+°³²¶º/°�µ�´ andì Ã
 ¯+°³²¶º¡°�µ¶´ . We discussherethe computationalcomplexity associatedwith computing

theseterms.

We first re-write
ì ²�¯±°³²¶º¡°�µ¶´ asfollowsì ²�¯+°³²¶º¡°�µ¶´=» Ï Ð® ÔÅÕBÖ ¯/×�Ø ÊtÙ µZ° µµ ¯;Ú³ÛÆ×ÈÞ«´Z´ à ¯/×2Ø Ëã*ä µ ´ Ì�µÎ Ï ïõð ­ ®ö¯;æEº�Þ«´ ïõð ­ ®e¯+°³²¡Áy°�µû×læEº�Þß´¡éßæCéHÞ��

(5.68)

Note that in the above equation,ïõð ­ ®e¯+°lº Þß´ is the linear propagationof the signal up to

distanceÞ andit canbe easilycomputedin the frequency domain. In the following dis-

cussion,we assumethatboth ïÈð ­ ®e¯+ò¶º�Þß´ and ïõð ­ ®e¯+°lº Þß´ areavailablefor every Þ we usein

thenumericalintegration.Then å ¯+ò¶º�Þß´À» ï µ ð ­ ® ¯�ò¶º Þß´ canbeeasilycomputed.Notethatthe

inner-integral in (5.68)is a convolution resultingin å ¯+°³²�Á`°�µÅ´ . Now, for each°³² and Þ ,
wecanwrite theintegrandin (5.68)asI © I > ² © ÔÅÕBÖ ¯0×�Ø Ê Ù µ/° µµ ¯�Ú³Ûþ×9Þß´Z´�· à I > ² © å ¯+°³²�Á9°�µÅ´¶·ß· (5.69)

with thehelpof theFastFouriertransform(FFT) andinverseFFT (IFFT). As a result,we

needJ«¾ ) ¾ Î FFT or IFFT to compute
ì ²�¯±°³²¶º¡°�µ¶´ , with ¾ ) and ¾ Î definedasthenumber

of stepsin thetransmissiondistanceandfrequency respectively.

For the second-ordernonlinearterms, we first look at
ì �^¯±°³²¶º¡°�µ¶´ . If we computeì �^¯+°³²¶º¡°�µ¶´ in the sameway as

ì ²�¯+°³²¶º¡°�µ¶´ , we needabout ¾ µ) ¾LK FFT or IFFT dueto the

doubleintegrationover the transmissiondistance.However, we cando muchbetter. For
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each°À² and Þ , we integrateover Ý first, thatis, we rewrite
ì �^¯+°³²¶º¡°�µ¶´ asì �^¯±°À²Åº/°�µ ´ » Ë µ Ì µÎLÏ Ð® Ô¶Õ�Ö ¯ Ø Ê Ù µ¡° µµ ¯;Ú³ÛÜ×9Þ«´Z´ âã ä µ Ï å¿Ã ¯;æõÁ9°�µûº�Þ«´ ÔÅÕBÖ ¯/× Ø Ê Ù µ�æ µ Þß´à ÏM)® Ô¶Õ�Ö ¯0× Ø Ê Ù µZ° µ² ¯�Ú³Ûþ×GÝ�´Z´ ÔÅÕBÖ ¯ Ø Ê Ù µ æ µ Ý�´ å ¯;æÈÁ9°³²¶º Ý�´¡éßÝBéßæBéHÞ (5.70)

Note that î )® ÔÅÕBÖ ¯/×�ýµ Ù µZ° µ² ¯;ÚÀÛP×�Ý�´Z´ ÔÅÕBÖ ¯Zý µ Ù µ æ µ Ý�´ å ¯;æbÁ�°³²¶º Ý�´¡éßÝ is simply a function ofæ if °³² is fixed, then we can combineit with ÔÅÕBÖ ¯/×�ýµ Ù µ æ µ Þß´ and convolve the product

with å Ãe¯;æ�Á�°�µûº Þß´ asfor the
ì ²�¯+°³²¶º¡°�µ¶´ term. Supposingthat the FFT andIFFT arethe

mosttime-consumingmanipulation,we only needthe samenumberof FFT andIFFT asì ²�¯+°³²¶º¡°�µ¶´ andthecomputationalcostis similarwith someextracomputationfor addition.

For all otherterms,we have confirmedthatevery second-ordernonlineartermcanbe

computedin asimilar waywith thenumberof FFTor IFFT aboutJ«¾ ) ¾ Î .
Now, we take a look at how many FFT or IFFT are neededfor the SSFsimulation

asa comparison.At eachstep,we needat leastoneFFT to transformthe signal to the

frequency-domainandcomputethe linear effect. Then,oneIFFT is neededto transform

the signalback to the time-domainandadd the nonlineareffect. As a result,eachSSF

simulationneedsÊ*¾ ) FFT or IFFT.

However, to obtain the noisefrequency correlationfunction, simulationwith differ-

ent realizationof the noisemustbe used. To get an ideaof how many noiserealizations

areneeded,we studytheestimationconfidenceof estimatingthevarianceof a zero-mean

Gaussianrandomvariable. Supposethe varianceof the Gaussianrandomvariableis Ì µ ,
andthe numberof randomobservationsis ¾ON , thentheunbiasedestimationfor thevari-

anceis ²É�P > ²�Q Ý µA , where Ý A is oneindependentobservation. For large ¾RN , ²É�POQ Ý µA can
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= 0.9

S
= 0.95

S
= 0.99Ù = 0.1 542 768 2,170Ù = 0.05 2,170 3,070 8,660Ù = 0.01 54,000 77,000 216,000

Table5.3: Numberof randomobservationsneededfor differentestimationconfidencelev-
els.

beusedinstead.Now, weneedto solve for ¾RN from theboundT á ó â¾RN @ Ý µA × Ì�µ ó?U Ù Ì�µ êWV S (5.71)

with fixed ¯ S º Ù ´ . TheparameterÙ givesthetolerablefluctuationrangeof our estimation.

The smaller Ù is, the lessfluctuationis tolerableandmoreobservationsareneeded.The

parameter
S

givestheestimationconfidence.Thelarger
S

is, themoreconfidencewe have

in our estimationandmoreobservationsareneeded.Theresultis includedin TABLE 5.3.

Fromthetable,we know thatover threethousandsobservationsareneededin orderto get

thevarianceestimationbelow XZY fluctuationwith a confidenceof only [\XZY . Practically,

we needmuchmoresimulationsto geta goodenoughestimationfor theentirecorrelation

function.

Thereareotherwaysto reducethecomputationalcostfor ourmethod.First,anadaptive

stepsizecanbeusedasin theadaptiveSSFmethod[1]. Second,wedon’t needto compute

thewholefrequency rangesincethenoiseamplificationis band-limitedasin theCW pump

case. As a result,we only needto computethe noisefrequency correlationfunction in

the frequency rangewherethenonlinearamplificationis significant. For thosefrequency

componentsoutsidetherange,wecansimplyassumethatthey arenotaffectedby thesignal

andthey arestill independentfrom all otherfrequency components.

Basedontheabovediscussiononthecomputationalcomplexity of ourmethod,wecon-
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cludethatour methodprovidesa morepracticalway to estimatethecorrelationfunctions

of theoutputnoiseprocessthanusingsimulationbasedon theSSFmethod.

5.5 SpecialCaseof CW-PumpedNonlinear Noise

In thissection,weapplyourmethodsto thespecialcasewherethenoiseisco-propagating

throughthefiberwith aCW pumpsignal.OnedifferencebetweenaCW pumpsignalanda

modulatedpumpsignalis that theCW pumpsignalassumptionsimplifiestheexpressions

for thenonlineartermssignificantlyanda transfermatrix for thenoiseprocesscannow be

found.Anotherdifferencewith a CW pumpsignalis thattheSPMeffectof theCW pump

signalis simply a constantphaseandconsequentlythe in-phaseandquadraturenoisecan

be easilydefinedandstudied. We first find the transfermatrix betweenthe in-phaseand

quadraturenoiseat theinputandtheoutput.Wethencompareourresultswith theprevious

resultsontheCW pumpsignalin [57] andverygoodagreementis foundwhile ourmethod

is muchsimplerto usethanthepreviousmethod.

With theCW pumpsignalassumption,thesignalis modeledas ïÈð ­ 3 ¯�ò¡´ »^] T ® at the

input and ïõð ­ ®e¯�ò¶º Þß´Æ» ] T ® ÔÅÕBÖ ¯/×�� µ Þß´ becausethefiber dispersiondoesnot affect theCW

pumpsignal.In thiscase,wehave theoutputnoiseprocessafteronefiberspanas

¾¿¬e¯+°Æ´ » _=¾ 3 ¯+°Æ´a` â × Ø Ê^Ë T ®% Á Ë µ T µ®Ê % ¯ % × Ø Ù µZ° µ ´ × Ê^Ë µ T µ®% µ b× ¾ Ã3 ¯/×J°Æ´ ` Ø Ë T ®% × Ø Ù µ¡° µ Á Ê^Ë µ T µ®% ¯&Ê % × Ø Ù µ/° µ ´ b�c Ô¶ÕBÖ ¯/×	% Ê ÚÀ´ ÔÅÕBÖ ¯/× Ø ÊtÙ µ�Ú�° µ ´Ô¶Õ�Ö ¯ Ø Ê �ed ° µ ´gf�� (5.72)

¾5¬û¯+°Æ´ and ¾ 3 ¯±°Æ´ referto thenoiseprocessobservedin thefrequency domainat theoutput

andinput respectively. Unlikepreviousanalysiswith modulatedsignals,wehave included
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explicitely the amplifier gain f andthe fiber loss. We alsoassumedthat only a optional

post-DCwith �ah ¬ ð2i » �jd is usedfor thiscasein orderto compareourresultswith previous

resultslater.

Dueto theCW pumpsignalassumption,theoutputnoiseat frequency ° is only related

with thenoiseinput at frequency ° and ×J° . Similarly, wecanwrite ¾ÄÃ¬ ¯0×L°Æ´ as¾ Ã¬ ¯0×L°Æ´ » _ ¾ Ã3 ¯/×J°Æ´ ` â Á Ø Ê^Ë T ®% Á Ë µ T µ®Ê % ¯ % Á Ø Ù µZ° µ ´ × Ê^Ë µ T µ®% µ b× ¾ 3 ¯+°Æ´ ` × Ø Ë T ®% Á Ø Ù µZ° µ Á ÊeË µ T µ®% ¯�Ê % Á Ø Ù µ¡° µ ´ b;c Ô¶Õ�Ö ¯0×*% Ê ÚÀ´ ÔÅÕBÖ ¯ Ø Ê Ù µ¶Úø° µ ´Ô¶Õ�Ö ¯0× Ø Ê �jd ° µ ´kfj� (5.73)

Now wecanwrite (5.72)and(5.73)in matrix form as` ¾¿¬ö¯±°Æ´¾<Ã¬ ¯/×J°Æ´ b »ml ` ¾ 3 ¯+°Æ´¾ÄÃ3 ¯0×L°Æ´ b (5.74)

withl£²�² » ÔÅÕBÖ ¯/× % Ê ÚÀ´gf ÔÅÕBÖ ¯/×�Ø Ê ¯ Ù µ¶Úo× �ed ´�° µ ´ á â × Ø Ê^Ë T ®% Á Ë µ T µ®Ê % ¯ % × Ø Ù µ¡° µ ´ × Ê^Ë µ T µ®% µ ê
(5.75)

l£²;µq» ÔÅÕBÖ ¯/× % Ê ÚÀ´gf ÔÅÕBÖ ¯/×�Ø Ê ¯ Ù µ¶Úo× �ed ´�° µ ´ á × Ø Ë T ®% × Ø Ù µZ° µ × Ê^Ë µ T µ®% ¯&Ê % × Ø Ù µ¡° µ ´ ê (5.76)

l µZ²=» ÔÅÕBÖ ¯0× % Ê ÚÂ´gf ÔÅÕBÖ ¯ZØ Ê ¯ Ù µ�Úo× �jd ´�° µ ´ á Ø Ë T ®% Á Ø Ù µ¡° µ × Ê^Ë µ T µ®% ¯�Ê % Á Ø Ù µ¡° µ ´ ê (5.77)

l µ�µ£» ÔÅÕBÖ ¯/× % Ê ÚÀ´gf ÔÅÕBÖ ¯ Ø Ê ¯ Ù µ�Ú¼× �jd ´�° µ ´ á â Á Ø ÊeË T ®% Á Ë µ T µ®Ê % ¯ % Á Ø Ù µ/° µ ´ × Ê^Ë µ T µ®% µ ê �
(5.78)

Theabove matrix shows clearphysicalmeaningson dispersionandnonlinearityandtheir

interactionuptosecond-orderin fibernonlinearity. ThefactorÔÅÕBÖ ¯0× ý µ Ù µ�Ú�° µ ´ andÔ¶Õ�Ö ¯ ý µ �ed
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Otherfactorsarecomposedof the linear transmissionpartof thenoise,andthenonlinear

amplificationof thenoiseupto first- andsecond-orderin fibernonlinearityor signalpower.

For example,theterm × Ø µon&p�q� and × Ø n&p�q� > ý�r � Î � arefrom theXPM andFWM effectsrespec-

tively. Fromthenoisetransfermatrix, it is clearthatthenonlinearamplificationdecreases

as ° increasesandtheinteractionbetweenthefiber lossandthefiberdispersiondetermines

thenoiseamplificationbandwidth.

To find thein-phaseandthequadraturenoiseat thefiber output,first notethattheCW

pumpsignalat theoutputcanbewrittenas ] T ® ÔÅÕBÖ ¯ Ø�s�t p�
�´ ÔÅÕBÖ ¯0× % ÚÂ´gf with

s�t p�
 »6× Ë T ®% ¯ â × Ô¶Õ�Ö ¯0× % ÚÀ´Z´vu�× Ë T ®% (5.79)

as Ô¶ÕBÖ ¯/× % ÚÀ´vw â for mostsystems.Thenthein-phaseandquadraturenoiseare

¾O� ­ ¬ö¯+ò¡´³»"� ©^¾5¬ö¯+ò¡´ ÔÅÕBÖ ¯/× Ø�s�t p�
�´¶· » âÊ ©^¾5¬û¯�ò¡´ Ô¶Õ�Ö ¯0× Ø�s�t p�
b´KÁÒ¾¿¬ Ã ¯+ò¡´ ÔÅÕBÖ ¯ Ø�s�t p�
b´¶·(5.80)

and

¾RxÍ­ ¬�¯�ò¡´³»y�õ©^¾5¬û¯�ò¡´ ÔÅÕBÖ ¯0× Ø�s�t p�
b´¶·õ» âÊ Ø ©^¾¿¬e¯�ò¡´ Ô¶Õ�Ö ¯/× Ø?s�t p�
b´�×P¾¿¬ Ã ¯�ò¡´ Ô¶ÕBÖ ¯ Ø�s�t p�
�´¶·(5.81)

respectively where� and � standfor realandimaginaryparts.Wecanalsowrite theabove

equationsin matrix form as` ¾O� ­ ¬�¯�ò¡´¾RxÍ­ ¬�¯�ò¡´ b » ` ²µ ÔÅÕBÖ ¯/× Ø�s�t p�
b´ ²µ ÔÅÕBÖ ¯ Ø�s�t p�
�´²µ ý Ô¶ÕBÖ ¯/× Ø?s�t p�
b´w× ²µ ý ÔÅÕBÖ ¯ Ø�s�t p�
�´ b ` ¾¿¬e¯�ò¡´¾5¬ Ã ¯�ò¡´ b � (5.82)

At theinput,wehave

¾ 3 ¯+ò¡´À»�¾O� ­ 3 ¯+ò¡´KÁ Ø ¾RxÍ­ 3 ¯�ò¡´Åº ¾ Ã3 ¯�ò¡´=»�¾O� ­ 3 ¯+ò¡´�× Ø ¾RxÍ­ 3 ¯+ò¡´Åº (5.83)
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or ` ¾ 3 ¯±°Æ´¾<Ã3 ¯/×J°Æ´ b »z` â Øâ × Ø b ` ¾O� ­ 3 ¯±°Æ´¾RxÍ­ 3 ¯±°Æ´ b � (5.84)

Now wecanwrite out therelationshipbetweenthein-phaseandquadraturenoiseat the

input andtheoutputin theformatof a transfermatrixas` ¾O� ­ ¬ö¯±°Æ´¾RxÍ­ ¬û¯±°Æ´ b » ì ` ¾O� ­ 3 ¯±°Æ´¾RxÍ­ 3 ¯±°Æ´ b (5.85)

with ì »{` ²µ ÔÅÕBÖ ¯/× Ø�s�t p�
�´ ²µ ÔÅÕBÖ ¯ Ø�s�t p�
�´²µ ý ÔÅÕBÖ ¯/× Ø�s�t p�
b´w× ²µ ý ÔÅÕBÖ ¯ Ø�s�t p�
�´ b l ` â Øâ × Ø b � (5.86)

To extendtheresultsinto systemswith � spans,we cansimplywrite` ¾L� ­  õ¯±°Æ´¾OxÍ­  õ¯±°Æ´ b »  |A B ² ì A ` ¾O� ­ 3 ¯±°Æ´¾RxÍ­ 3 ¯±°Æ´ b � (5.87)

wherethe total transfermatrix is the productof the transfermatrix from eachfollowing

span.With thenoisetransferfunctiondefined,wecanfollow thesameprocedureasin [57]

to find thepowerspectraof theenhancedASEnoisewith thetransfermatrix
ì

.

NotethattheaboveanalysisassumesasingleASEnoisesourceat theinput. Theresult

canbeeasilyextendedto thecasewith multiple ASE noisesourcesfrom differentoptical

amplifiers.In this case,theoutputnoiseafter ¾ED spanscanbecharacterizedby` ¾O� ­ ¬¡­ É < ¯±°Æ´¾RxÍ­ ¬¡­ É < ¯±°Æ´ b » É <@ B ²~}ì  �` ¾L��­ 3 ­  õ¯±°Æ´¾Ox�­ 3 ­  õ¯±°Æ´ b (5.88)

where }ì  »^� É <\� ²A B  � ² ì A is the total transfermatrix for the noiseintroducedby the � -th

opticalamplifierand
ì A

is thenoisetransfermatrix from the � -th fiber span.Notethatthe

transfermatrix for the ¾ED -th opticalamplifieris simplyanidentitymatrixsinceit doesnot

propogatethroughany fiberspan,thus, }ì É < » ì É <\� ²=»!5�µ&�*µ where5�µ&�*µ is a Ê à Ê identity
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matrix. Basedon the fact that thenoisefrom differentamplifiersareindependentof each

other, theoutputnoisespectrummatrix ¸�É < afterthe ¾ED spansis¸�É < » É <@ B ²�� ®Z­  Ê ` ó }ì  ³­ ²�²eó µ Á�ó }ì  ³­ ²;µ«ó µ }ì  À­ ²�² }ì  À­ µZ²KÁ }ì  ³­ ²;µ }ì  ³­ µ�µ}ì  ³­ ²�² }ì  À­ µZ²KÁ }ì  À­ ²;µ }ì  ³­ µ�µ ó }ì  ³­ µZ²eó µ Á�ó }ì  ³­ µ�µ«ó µ b (5.89)

where� ®Z­  qù«Ê is thepowerspectraldensityof the � -thnoisesourceand }ì  ³­ 3 ý is the ¯04¡º Ø ´ -th
entryof matrix }ì  .

Now, wecomparethegainspectrafrom [57] andthatfrom ourmethodin Figs.5.3and

5.4. Thesameparametersareusedasthosefor Fig. 1 and2 in [57]. Thesystemstudied

is madeup of 60 spansof 50kmeach.Theamplifiershave a noisefigureof 6dB andtheir

gainsareindividually adjustedso that the total power (noise+ signal)is preserved along

thechain. Otherparametersare % »ôú��TÊ«Ê dBù km, ËG» Ê W > ² km > ² , Ù µ¿»��5Ê psµ ù km andT ®d» â mW. No dispersioncompensationis usedhere,i.e., �jd »[ú . From the plot, it is

clear that our resultsagreewith the previous resultsin [57] very well while our method

is muchsimplerto useandhasa clearerphysicalmeaningthanthepreviousmethodwith

Hankel’s functions.

Dispersioncompensationhasbeenwidely usedto improve the systemperformance.

However, its effect on the noisenonlinearamplificationhasnot beenshown before. We

show herea comparisonof the in-phaseandquadratureASE noisegain spectrabetween

dispersioncompensatedsystemswith anomalousdispersionandnormaldispersionin Fig.

5.5. The sameparametersare usedas above except 100% dispersioncompensationis

usedafter eachfiber spanto fully compensatethe fiber dispersionwithin eachspan,i.e.,�ed » Ù µ¶Ú . For bothcases,thenoisegainspectrawith dispersioncompensationaresignif-

icantly differentfrom thecorrespondingoneswithout dispersioncompensationwherethe

dispersioncompensationbroadensthebandwidthof thegainspectrum.
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Figure5.3: In-phaseandQuadratureASE noisegainspectracomparisonbetweenour re-
sults(solid)andthepreviousresults(dotted)in anomalousdispersion.

5.6 Simulation Validation and Validation Range

5.6.1 Validation via Simulation

In this section,we compareour analyticalresultsfor the noisefrequency correlation

functionwith theoneestimatedusingtheSSFsimulation.Thesimulationparameterswe

useare: Ù µb» ×ÈÊ���� psµ /km, ËÑ» Ê?�TÊ W > ² km > ² , % »�ú��}ÊZX dB/km, anda two-spansystem

with spanlength Úv»�X*ú km. The signalwe useis a streamof Gaussianpulsesat a rate

of 40Gb/swith pulsewidth
ì ®5»�[ ps. Thepeakpower is setto 5mW at the input. Here,

a high input power is usedto magnify thenoisenonlinearamplificationeffect. A random

sequenceof 64 bits is usedwith 8 samplesperbit; our resultsshow that8 samplesperbit

is enoughto cover thenoisenonlinearamplificationrangeat this rate.



114

0 5 10 15 20 25 30 35 40 45 50
−4

−2

0

2

4

6

8

10

f   [GHz]

G
a

in
 [
d

B
]

Quadrature 

In Phase 

Figure5.4: In-phaseandQuadratureASE noisegainspectracomparisonbetweenour re-
sults(solid)andthepreviousresults(dotted)in normaldispersion.

Thenoisefrequency correlationfunctionsareestimatedfrom simulationusing¸�Éy¯+°³²Åº¡°�µ�´ » â¾ON @ ¾ 3 ¯+°³²Z´¡¾ Ã3 ¯+°�µÅ´�×	¯ â¾RN @ ¾ 3 ¯+°³²¡´¡´�¯ â¾ON @ ¾ 3 ¯+°�µÅ´Z´ Ã (5.90)

for thecomplex noiseprocesses,and¸t÷�:Â¯±°À²�º¡°�µ¶´ » â¾RN @ F 3 ¯±°³²¡´kG 3 ¯±°�µ�´�×	¯ â¾ON @ F 3 ¯+°³²Z´Z´�¯ â¾ON @ G 3 ¯+°�µ¶´¡´ (5.91)

for therealandimaginarynoiseprocesswith F and G representingª and/orH . Bothof the

above estimatorsfor the noisefrequency cross-correlationfunctionsarethennormalized

with respectto
Ì µÎ . In theaboveequations,¾ON<» â ÊBº�ú*ú«ú is thenumberof simulationtrials

used.

We first show ¸�ÉÈ¯+°lº¡°Æ´ in Fig. 5.6 which is thenormalizedvariancefor thecomplex
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Figure5.5: In-phaseandQuadratureASE noisegainspectracomparisonbetweendisper-
sioncompensatedsystemsin anomalousdispersionandin normaldispersion..

noiseat eachfrequency. Fromour previousdiscussion,̧�Éy¯+°lº¡°Æ´J» ã Äì �^¯+°lº/°Æ´ , a second-

ordertermin thenonlinearity. It canbeseenfrom theplot thatouranalyticalresultmatches

the estimationsquite well. The fluctuationof the estimationfrom the simulationis also

clearlyseenevenfor sucha largenumberof differentnoiserealizations.

We then show ¸K¹N¹ø¯+°lº/°Æ´ and ¸��1�Â¯±°lº¡°Æ´ in Fig. 5.7 and we clearly seethe energy

transferbetweentherealandimaginarypartsof thenoiseandthenonlinearamplification

on thenoise.

In Fig. 5.8, we then focus on the offset auto-correlationfunctions, ¸ Ã¹N¹ ¯+°³²¶º¡°�µ¶´R»¸K¹N¹ø¯±°À²�º¡°�µ¶´À×�� ��µ S ¯±°³²ø×¼°�µ¶´ , ¸ Ã�1� ¯±°À²Åº/°�µ ´³»�¸��#�À¯±°À²�º¡°�µ¶´�×W� ��µ S ¯±°³²�×¼°�µ¶´ andthecross-

correlationfunction ¸K¹��À¯±°À²�º¡°�µ¶´ with fixed °³²�» ú anddifferent °�µ . Note that we have
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Figure5.6: Complex noisevarianceat eachfrequency.

subtractedthelinearcontributionfrom ¸K¹N¹ø¯+°³²¶º¡°�µ¶´ and ¸����À¯+°³²¶º¡°�µ¶´ in orderto emphasize

the nonlinearity-inducedcorrelation. Our analyticalresultsfit the estimatedresultsvery

well in thewholefrequency range.

5.6.2 Parameter RangeValidation

It is known that the auto-correlationmatrix is always positive semi-definitefor any

noise,that is, the eigenvaluesof this matrix shouldall be non-negative. However, asthe

spannumberor signalpower increases,our approximatednoisefrequency correlationma-

trix might have negative eigenvalues. In Fig. 5.9 and5.10,we show the eigenvaluesof

the approximatednoisefrequency correlationmatrix for the previous 2-spancaseandits

extensionto 4-span. In the 2-spancase,all the eigenvaluesof the correlationmatrix are
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A. NormalizeḑK¹N¹ø¯+°lº¡°Æ´ −8 −6 −4 −2 0 2 4 6 8

x 10
10

0.48

0.5

0.52

0.54

0.56

0.58

0.6

0.62

Frequency

N
o

rm
a

liz
e

d
 v

a
ri
a

n
c
e

Analysis
Estimation

B. Normalizeḑ����À¯+°lº/°Æ´
Figure5.7: Noisevarianceat eachfrequency for realandimaginaryparts.

non-negative and this agreeswith our previous finding that our analyticalresultsin this

casematchtheestimateswell from theprevioussub-section.However, someof theeigen-

valuesarenegative in the 4-spancaseandconsequentlyour analyticalresultscannot be

usedto approximatetherealnoisefrequency correlationfunctionsin this case.

The reasonfor this failure is our assumptionthat, assignalpower or the numberof

spansincreases,thenonlineartermcanno longerbe treatedasa small,perturbative term.

Weshow hereasimpleanalysison thevalid rangeof perturbationtheoryfor asimplecase

with Ù µq»�ú whereclosed-formexpressionsfor thesignalat thefiberoutputexist. Assume

thattheinput is ïÈð ­ 3 ¯�ò¡´Æ»�] T ®C�Í¯�ò¡´ where
T ® is thepeakpower at theinput and �Í¯+ò¡´ is the

normalizedpulseshape;thentheoutputsignalafter � spansis

ïÈð ­  È¯�ò¡´³»�� T ®C�Í¯�ò¡´ Ô¶ÕBÖ á Ø Ë#� T ®«ó �Í¯�ò¡´öó µ% ¯ â × ÔÅÕBÖ ¯0× % ÚÂ´¡´¡ê-� (5.92)
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Perturbationtheorytriesto approximateïÈð ­  È¯�ò¡´ by a linearexpansionas

ïõð ­  È¯+ò¡´À» ïõð ­ 3 ¯�ò¡´ _ â Á Ø Ë1� T ®% ó �Í¯�ò¡´öó µ × âÊ ¯ Ë1� T ®% ó ��¯+ò¡´eó µ ´ µ × Ø � ¯ Ë1� T ®% ó �Í¯+ò¡´eó µ ´ ' Á!����� c
(5.93)

wherewe have usedthesimplificationthat ÔÅÕBÖ ¯/× % ÚÀ´�w â . When � T ® is small, theap-

proximationworksverywell while theapproximationfailsas � T ® increases.EventhoughÔÅÕBÖ ¯ Ø?s ´ can be expandedinto Qy�� B ® ¯ Ø�s ´ � ù/��� for any s , the dominatingtermscertainly

arenot the first two termsif s is large enough. For our simulationparameters,we have�ñË T ®Åù % »2ú���� for the4-spancase,which is quitea largevalue.

Note that theabove analysisis for theSPMeffect. We know that theXPM andFWM

effectsaremoreefficient thantheSPM effect, thus,the failureof theperturbationtheory

up to second-orderfor thenoisenonlinearamplificationanalysisis entirelypredictablefor

theinputpower thatweareusing.

As a simplerule, we will limit thevalid rangeto where �ñË T ®Åù %�� ú���J holdsfor the

systemsstudiedin this chapter. Notethatsystemswith 100%dispersioncompensationper

spanrepresentstheworst-casein nonlineareffectssincethenonlineartermsaccumulates

mostefficiently. For other typesof systems,perturbationtheorycanbe appliedto more

spansor higherpowersas indicatedfrom the discussionin Chapter2 on the VSTF and

MVSTF methods.

5.7 Application

We show a simpleapplicationof our analysison the noisenonlinearamplificationin

thissection.With thenoisefrequency correlationmatrixonhand,it is possiblefor usto use

Monte-Carlo(MC) simulationto find theprobabilitydensityfunction(PDF)of thedetector
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statisticsthat is not possibleto obtainby SSF-basedMC simulationbecausea very large

numberof simulationtrialswouldbenecessaryin orderto estimatethetail behavior of the

PDFs.

As an example,we show the PDFsfor the detectorsampleswheneitherbit 0 or 1 is

sendfor a 2-spansystem. The parametersusedare the sameas beforeexcept a higher

noiselevel. Our input is the sumof signalandnoiseandboth in-line optical amplifiers

in the 2-spansystemareassumedto be noise-free.The signal to noiseratio is given byâ ú����¡  T�¢ �=£�ù � ®Æ»�X dB. Wepickedarelatively highnoiselevel in orderto show thecross-

overof thetwo PDFsfor bit 0 and1 respectively sothatwecanreadtheoptimalthreshold

from theplot.

To do theMC simulation,wefirst usetheSSFmethodto find thesignaloutputwithout

noise. Then,we generateGaussiannoisein the frequency domainaccordingto thenoise

frequency correlationmatrix andconvert it into the time-domain.The sumof the output

signalandnoiseis thenpassedthroughanopticalfilter, a photo-detectorandanelectrical

filter. Both theopticalandelectricalfilters aremodeledasButterworthfilters of 5-th order

with bandwidthof 50GHzand32GHzrespectively. About 1.5 million trials areusedto

generatethePDFsby histogramanda pseudo-randombit sequenceof 64 bits is usedfor

eachtrial. The result is shown in Fig. 5.11 togetherwith the approximatedPDFsbased

on a Gaussianapproximationusinga bit sequenceof length 8 » â and3. TheGaussian

approximatedPDF’s for thedetectorstatisticstakinginto accounttheeffectof intersymbol

interference(ISI) from adifferentnumberof adjacentbits canbewrittenas¤ :Â¯;Ý ó¦¥�®q»2úß´³» âÊ � > ² @§¨ qC©�ª ®Z­ ²o«­¬1®/¯�° ¯0�Ü¯0¥¶®Æ»�ú�º�Ä¥ ý ´¶º Ì�µ ¯0¥¶®q»�ú�º�Ä ¥ ý ´Z´ (5.94)



120¤ :Â¯;Ý ó¦¥�®q» â ´³» âÊ � > ² @§¨ qC©�ª ®Z­ ²o« ¬1®/¯ ° ¯0�Ü¯0¥¶®Æ» â º Ä¥ ý ´¶º Ì�µ ¯0¥¶®q» â º Ä¥ ý ´Z´ (5.95)

for bothbit 0 and1 respectively. ¥ »±������º$¥ > ²�º7¥�®öº7¥�²Åº������³²2©^úBº â · � is thebit sequenceof

lengthK, ¥�® is thecentralbit we arestudyingand Ä¥ ® is thebit sequenceexcluding ¥�® . The

notation° ¯2�Ü¯´¥�®Æ» â º Ä¥ ý ´Åº Ì µ ¯´¥�®J» â º Ä¥ ý ´Z´ representsaGaussianPDFwith mean�Ü¯0¥ ´ and

variance
Ì µ ¯0¥ ´ when ¥ is send.Themeansandvariancesfor theGaussianapproximation

areestimatedfrom thesimulations.

The discrepanciesbetweenthe true PDFsbasedon MC simulationandthe Gaussian

approximationareclearlyseenespeciallynearthetailsof thePDFs.Thethresholdsfor the

maximum-likelihood(ML) detectorassociatedwith thedifferentPDFapproximationsare

alsodifferent.TheMC-basedPDFsgive anoptimal thresholdof 1.1mW, while theGaus-

sianapproximationswith 1-bit and3-bit give a thresholdof 0.8 and0.6mWrespectively.

This indicatesthat onemustbe careful in applying the Gaussianapproximationin such

typesof fiber optic communicationsystems.

Anotherobservation is that the MC-basedPDFslook like Chi-squaredistributionsas

if thenoisebeforethephoto-detectorwasGaussianwhite noiseandno electricalfiltering

waspresent.However in our study, thenoisebeforethephoto-detectoris modeledasnon-

stationaryandcoloreddueto the nonlinearinteractionbetweenthe noiseandthe signal,

andopticalandelectricalfiltering arealsopresent.A closerinvestigationis neededandis

thesubjectof futurework.

5.8 Chapter Summary

An accuratedescriptionof thenoiseis essentialfor thestudyof systemperformance.

For this purpose,we have introduceda perturbationtheorybasedmethodto analyzethe
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noisenonlinearamplificationand coloring in an optical amplified fiber systemusedto

transmitanarbitrarilymodulatedsignal.Dueto thenonlinearinteractionbetweenthenoise

andthesignal,thenoisebecomessignal-dependent,thusnotstationary. To describesucha

noiseprocess,we canno longerusetheconceptof a power spectrum.Instead,we usethe

noisecorrelationfunctionsbetweenfrequency components;thenoisecorrelationfunctions

betweenany timesamplescanbefoundby Fouriertransformaccordingly.

Theanalyticalresultspresentedin thischapterarevalidatedby comparingwith numer-

ical simulationandits rangeof validity is discussed.Our methodis accuratewithin the

rangewhereperturbationtheoryholdsbut fails for largesignalpower or largenumberof

spans.However, ourmethodbasedontheperturbationtheorystill givesanideaof how the

noiseinteractswith anarbitrarily modulatedsignal. A simpleapplicationis demonstrated

to show the probability densityfunction of the detectorstatistics,which is impossibleto

obtainby numericalsimulationwith theSSFmethod.

Even thoughthis chapterfocuseson a specifictype of systemwith 100%dispersion

compensationperspanandlumpedopticalamplifiers,theanalysiscanbeextendedwithout

muchdifficulty to othersystemswith differentconfigurationsof dispersioncompensation

and/ordistributedamplificationfromRamanamplifiers.Boththedispersionanddistributed

amplificationcanbetakencareof by modifying theintegrandsof thenonlinearterms.The

analysiscanalsobeappliedto WDM systemsandpolarizationmultiplexedsystemssimilar

to theworksin [59] and[60]. Otherstudieson theeffect of differenttypesof filtering can

alsobeconductedefficiently usingour results.

This studyon noisecorrelationis a first steptowardsaccuratelyevaluatingfiber op-

tic communicationsystemperformance.The next stepis to understandthe effect of the
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photo-detectoron thenon-stationaryandcolorednoise.Thesquare-law operationfrom the

photo-detectorintroducesaninteractionbetweenthesignalandthesignal-dependentnoise.

However, thenoiseprocessafter thephoto-detectoris no longerGaussiandistributedand

thuscannot bedescribeduniquelyby its correlationfunction. Anothermethodshouldbe

used,suchastheKarhunen-Loeve(K-L) expansionasusedin [58].
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Figure5.8: Noisecorrelationbetween°À²=»�ú anddifferent °�µ .
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Figure5.9: Eigenvaluesof theapproximate
correlationmatrix for 2 spans.
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Figure 5.10: Eigenvaluesof the approxi-
matecorrelationmatrix for 4 spans.
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Chapter 6

Optimal DispersionCompensation

As fiberopticcommunicationsystemsevolvesfrom 10Gb/sto 40Gb/s,thenonlinearin-

teractionbetweenpulsesintroducessignificantISI. In thischapter, westudyhow to achieve

bettersystemperformanceby optimizingthedispersioncompensationschemeof asystem.

We alsoshow thevariationof optimaldispersioncompensationwith thedifferentsystem

anddeviceparameters.

Dispersioncompensation(DC) or dispersionmanagementhasbeenstudiedandused

for several yearsand it is oneof the essentialtechniquesthat make 40Gb/sandhigher-

rate fiber-optic transmissionpossible. Much researchhasbeendoneon the fabrication

of betterdispersioncompensationdevicesandschemes[62, 63, 64] andon the effect of

dispersioncompensationon thesystemperformance[21, 38,22,65]. However, therestill

exist importantquestionsnot yet answeredfor 40Gb/ssystemsdueto the complexity of

suchsystems.

Among the differentdispersioncompensationtechniques,bi-enddispersioncompen-

sationintroducedin [38] is oneof themostcomprehensive. In suchsystems,botha pre-

dispersioncompensatorandapost-dispersioncompensatorareusedto compensatethefiber

dispersionwithin eachspan.As thebit rateof thesystemsevolvesto 40Gb/s,we find that

125
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significantsystemperformanceimprovementcanbeachievedby optimizingthebi-endDC

asweshow in this chapter.

To characterizetheperformanceof adigital communicationsystemliketheopticalfiber

systemstudiedin this chapter, we usuallyneedto know its bit errorrate(BER). For com-

plex systemswhereno analyticalmethodexists to computetheBER, Monte-Carlo(MC)

simulationis oftenused.However, onedifficulty with theapplicationof MC simulationto

opticalfiber communicationsystemsis the low BER requiredfor suchsystems;MC sim-

ulationcannot estimateefficiently a BER of â ú >?µ or below evenfor thesimplestsystem.

Anotherdifficulty with the applicationof MC simulationto optical fiber communication

systemscomesfrom themodelingof thefiber channel.Thevery time-consumingnumer-

ical method(SSFmethod)is the only widely-acceptedmethodto solve the light signal

transmissionin a fiber channelif thecomplicatedinteractionbetweenfiber dispersionand

nonlinearityis included. As a result,BER analysisbasedon MC simulationandtheSSF

methodis not feasiblefor systemsstudiedin this chapter. Thereexist analyticalmethods

to computetheBER of opticalfiber communicationsystemswith theassumptionthat the

noisepropagatesthroughthe fiber with the signalwithout nonlinearinteractionbetween

them([66] andreferencestherein).[58] extendedtheanalysisin [66] by approximatingthe

noisenonlinearinteractionwith a continuous-wave (CW) signal,thuslimited theanalysis

to systemswith low transmissionrate.Weshow laterin thischapterthatthenonlinearinter-

actionbetweenthenoiseandthemodulatedsignalmustbecarefullymodeledfor 40-Gbps

systemsandabove.

Otherfiguresof merit (FOM) insteadof BERareusedin practiceaswell. Oneof them

is the eye-openingpenalty(EOP),which indicatesthe signalwaveform degradationafter
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signaltransmissionandprocessing.TheEOPis fastto obtainsinceit neglectstheeffectof

opticalamplifiernoiseandtheinteractionbetweenthenoiseandthesignal.Consequently,

it is only limited to systemswherethe error is dominatedby the signalwaveform degra-

dation. AnothercommonlyusedFOM is the Q-factorbasedon the assumptionthat the

receiverstatisticsis Gaussiandistributed.Eventhoughthevalidity of theGaussianapprox-

imation is in question[58], many works still usethe Q-factor to characterizethe system

performanceasacompromisebetweenaccuracy andcomputationalcomplexity.

Undera Gaussianapproximation,only themeanandvarianceareneededto character-

ize theprobabilitydistribution functions(PDF)andthey canbeaccuratelyestimatedby a

reasonablenumberof SSFsimulationwith randomoptical amplifier noise,randominput

bit sequenceandrandominput channelphasesetc. To take into accounttheimportantISI

effectsbetweenpulsesfor thesystemsstudiedhere,a bit-sequencedGaussianapproxima-

tion is usedin this work.

An opticalfiber communicationsystemconsistsof many componentsincludingtrans-

mitter, fiber, opticalamplifier, receiver, synchronizationcircuits,coupler, etc;everydevice

mustbe carefullymodeledto obtainaccurateperformanceanalysisof suchcomplex sys-

tem.With thediversetechniquesavailable,adevicecanoftenbemodeledin differentways

with differentparameters.For example,thetransmitterhasbeenmodeledto sendoutpulse

trains of Gaussian,super-Gaussianor raised-cosinepulseshapesin previous works [1].

The receiver optical andelectricalfilters of differenttypesanddifferentbandwidths,and

dispersioncompensationfibers(DCF) with andwithout nonlinearityhasalsobeenusedin

differentworks [55, 66, 69, 70]. Our goal in this chapteris to studytherobustnessof the

DC optimizationwith respectto systemsanddeviceswith differentparameters.
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This chapteris organizedas follows. We first introducethe systemswe study and

the bit-sequencedGaussianapproximationin Section6.1. In Section6.2, we studythree

possiblemethodsto modeltheopticalamplifiernoiseandits interactionwith thesignal.We

thenstudytheeffectsof thedifferentdeviceparameterson theDC optimizationin Section

6.3. Wesummarizetheconclusionof thischapterin Section6.4.

6.1 SystemModel

A schematicof thesystemsthatwestudyin thischapteris shown in Fig. 6.1.Thetrans-

mittersendsoutanon-off keying (OOK) intensity-modulatedpulsetrainwith thespecified

pulseshape.After theopticalsignalhaspropagatedthroughmultiple identicalfiber spans

with theadditionof opticalamplifiernoise,anoptical low-passfilter (LPF) is usedto cut

the noiselevel beforethe signaland the noiseenterthe photo-detector, which is simply

modeledasa perfectsquare-law detectorin this chapter. After the electricalsignalfrom

thephoto-detectorpassesthroughanelectricallow-passfilter andis sampled,a threshold

devicedecideswhethera0 or 1 is sentbasedonthesamples.Thereceiver is assumedto be

synchronizedandthesamplesaretakenat thebit center.

In Fig. 6.1,bi-enddispersioncompensationwith bothpre-andpost-dispersioncompen-

sationis usedwithin eachspan.The pre-andpost-dispersioncompensatorsaremodeled

aslinear deviceswith transferfunctions Ô¶Õ�Ö ¯ Ø�¶ Ù µ¶Ú�° µ ù«Ê«´ and Ô¶Õ�Ö ¯ Ø ¯ â × ¶ ´ Ù µ¶Úø° µ ù«Ê«´ re-

spectively, where Ù µ is the second-orderdispersionof the fiber and Ú is the spanlength,

that is, the fiber second-orderdispersionÔÅÕBÖ ¯/× Ø Ù µ¶Ú�° µ ù«Ê«´ is perfectly compensatedby

the pre- andpost-dispersioncompensationwithin eachspan. The parameter¶ represents

thepercentageof fiber dispersioncompensatedby thepre-DCandwe call it the normal-
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ized pre-DC value. A lumpedopticalamplifierprovideslineargainto compensatefor the

fiber transmissionlosswithin eachspanwhile introducingamplifiedspontaneousemission

(ASE)noise.TheASEnoiseis modeledaswide-bandcomplex whiteGaussiannoisewith

powerspectraldensity� ®q»v¯0fG× â ´¡¾¸· àj¹ æ [71,52]. f�» ÔÅÕBÖ ¯ % ÚÂ´ is theamplifiergain

for thesignalpower with % asthefiber attenuationfactor, ¹ is Planck’s constant,æ is the

opticalcarrierfrequency and ¾º· is theopticalamplifiernoisefigure.Thenoiseintroduced

by thedifferentopticalamplifiersareassumedto beindependent.Notethatothertypesof

losslike connectionlossandcouplinglosshave beenneglectedin this work. Thesystem

parametersarekept thesamefrom spanto spanin our study. To find theoptimalDC, we

vary ¶ from 0 to 1 to achieve thebestsystemperformanceasindicatedby thelowestBER.

Post-

DC
G

DC

N(t)

One span Other spans

Pre-
Transmitter

...,0,1,1,...

Information Bits

LPF
2

LPF Received Bits

Figure6.1: Simplifiedsystemmodelsfor multi-spansystemwith bi-enddispersioncom-
pensation.DC is the dispersioncompensator. G is the optical amplifier. LPF standsfor
low-passfilter.

To characterizetheperformanceof anopticalfibercommunicationsystem,in thiswork

we useBER analysisbasedon a bit-sequencedGaussianapproximationof the receiver

statisticsas a compromisebetweenaccuracy and computationalcomplexity. Note that

the conventionalGaussianapproximationis not suitablefor 40Gb/ssystemswherethe

systemperformancemight be seriouslydegradedby ISI from two main sources:the ISI

from nonlinearinteractionbetweenpulsesandthe ISI from signalfiltering. To take into
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accounttheISI, we introduceabit-sequencedGaussianapproximationwith abit sequence

of variablelength 8 ; we write theGaussianapproximatedPDF’s for thedetectorsamples

whenbit ¥�®q»�ú and1 aresendas¤ :Â¯;Ý ó¦¥�®Â»�úß´=» âÊ � > ² @§¨ » ©�ª ®Z­ ²o«­¬1®/¯ ° ¯0�Ü¯´¥�®Æ»�ú�º�Ä ¥ ý ´Åº Ì�µ ¯´¥�®q»�ú�º�Ä ¥ ý ´Z´¶º (6.1)¤ :Â¯�Ý�ó ¥¶®Â» â ´=» âÊ � > ² @§¨ » ©¼ª ®Z­ ²o«­¬1®/¯�° ¯0�Ü¯0¥�®J» â º�Ä¥ ý ´¶º Ì�µ ¯0¥¶®Æ» â º�Ä¥ ý ´¡´ (6.2)

wheretheinterferencefrom 8 × â neighboringpulsesareconsidered.Thetwo PDF’s are

definedthesameasin theApplicationsectionof thepreviouschapter. To computetheBER

of theoptimalthresholddetector, wefirst find theoptimalthreshold
ì

numerically, wethen

calculatetheBERusing

ç�¨O½ » âÊ T ¯�Ý V ì ó¦¥�®Æ»�úß´KÁ âÊ T ¯;Ý � ì ó ¥�®q» â ´ (6.3)» âÊ � @§¨ » ©�ª ®Z­ ²o«­¬1®¡¯ Q ¾ ì ×¿�Ü¯´¥�®J»�ú�º�Ä ¥ ý ´Ì ¯´¥�®J»2ú�º Ä¥ ý ´ À Á Q ¾ �Ü¯´¥�®q» â º�Ä¥ ý ´=× ìÌ ¯´¥�®q» â º Ä¥ ý ´ À � (6.4)

whereQ ¯2Át´ is theGaussiantail integralfunction.NotethattheapproximatedBERfrom the

conventionalQ-factoris very closeto theBER from anoptimal receiver with a Gaussian

approximationbasedonasinglebit.

As a first step,we needto know what 8 shouldbe usedin our BER performance

analysis.To obtainareasonablyaccurateestimatesof themeanandvariance,wealsoneed

to know thenumberof SSFsimulationrealizationsandthenumberof bits persimulation.

Thelarger 8 , themoresimulationrealizationsandthelargernumberof bitspersimulation

we use,the moreaccuratethe computedBER performanceis, but the morecomputation

time is necessary. Oneshouldbearin mind thatsincethemeanandvarianceareestimated

from thesimulation,theBERperformancescomputedbasedontheseestimationsfluctuate
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fromtrial to trial. In thefollowingstudy, wehaveusedatotalof 100realizationsof different

randomamplifier noisewith a fixed pseudo-randominput signal bit sequenceof length

256. Otherpseudo-randominput signalbits andhighernumbersof simulationrealization

arealsousedto confirmthattheinputbit lengthandthenumberof differentrealizationsof

noisethatweusearelargeenoughto avoid largefluctuationsin theBERsobtained.

To find out what 8 is enoughfor our BER analysis,we show theBER’s approximated

basedon a Gaussiandistribution with variablebit sequencelengthsof 1, 3, 5, and7 in

Fig. 6.2. Thesystemwe studyis a 40-span,40Gb/ssystemwith a pulsetrain of Gaussian

pulseshapeat theinput. Thepulsewidth
ì ® is 8.8psandthepeakpowerof thepulseis set

to 5mW. Otherparametersusedarefiber spanlength Ú�»±X ú km, fiber attenuationfactor% » ú��TÊ¡X dB/km, second-orderdispersionÙ µ!» ×ÈÊ���� psµ /km andnonlinearitycoefficientËÄ»�Ê��TÊ W > ² km > ² . Theopticalandelectricalfilters arebothmodeledasfourth-orderBut-

terworth filters with bandwidthof 50GHzand32GHzrespectively. The receiver thermal

andshotnoiseareneglectedheresincetheaccumulatedopticalamplifierASEnoisedomi-

natesfor systemsof suchlength.Fromtheplot, it is clearthatsignificantBERperformance

improvementcanbeachievedby optimizing thenormalizedpre-DCvalue. However, the

optimalpre-DCvaluemight bedifferentfor different 8 . Thehugeerrorwith thesingle-

bit sequenceGaussianapproximationis also clearly seenin the plot, consequently, the

single-bitsequenceGaussianapproximationcannot beusedto predictthesystemperfor-

mance.While the3-bit sequenceGaussianapproximationis goodenoughfor BERanalysis

at small normalizedpre-DCvalue,it lossesits accuracy asthe normalizedpre-DCvalue

increasesbecausehigh normalizedpre-DC value introduceslarge pulsebroadeningand

overlappingat the fiber input wherethe pulseshave the highestpower andconsequently
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the nonlinearity-inducedpulseinteractionand ISI increases.The resultsfrom the 5-bit

and7-bit Gaussianapproximationarevery closeto eachotherfor thewhole rangeof the

normalizedpre-DCvalue.Thus,we usethe5-bit sequenceGaussianapproximationin the

following discussions.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10

−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

Dispersion Compensation Value

B
it
 E

rr
o

r 
P

ro
b

a
b

ili
ty

1−bit
3−bit
5−bit
7−bit

Figure6.2: BERcomparisonbasedonGaussianapproximationwith differentbit sequence
lengthof 1, 3, 5 and7.

6.2 NoiseModels

We havediscussedtheeffect from ISI in theprevioussection.In this section,we focus

ontheotherphenomenonthatlimits thesystemperformance,theASEnoise.Thermalnoise

andshotnoisefrom thephoto-detectorareneglectedhereastheASE noisedominatesfor

thesystemsstudiedin this chapter.

Thereexist differentmodelsfor theASE noiseprocessafter its transmissionwith the
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signal throughthe fiber. The first and the simplestway to model the outputnoiseafter

its co-propagationwith thesignalis to neglect thenonlinearinteractionbetweentheASE

noiseandthesignal;thenoiseat theoutputis thensimply theaccumulationof independent

noisefrom thedifferentopticalamplifiers.With this model,we canwrite thefiber output

signalasthesumof two parts,ïõð ¯�ò¡´ and ¾¼¯�ò¡´ respectively. ïÈð ¯+ò¡´ , which is theoutputof

thesignalwhenthesignalis transmittedalonewithout thenoise,canbecomputedby the

SSFmethod. ¾¼¯�ò¡´ is the linearly accumulatedASE noiseandits power spectraldensity

canbeeasilycomputed.We call this noisemodelthe linearnoisemodel. Note thatonly

oneSSFsimulationfor thesignalis neededwith thisnoisemodel.

To obtainmore accurateresultson the BER performance,the nonlinearinteractions

betweenthesignalandthenoisemustbecarefullymodeled.However, thisis in itself ahard

problemnotfully solvedyet. Analyticalresultsontheinteractionbetweenthenoiseandthe

signal,or thenoisenonlinearamplification,usuallyassumethatthesignalis a continuous-

wave (CW) pump [56, 57, 73]. In order to usetheseanalytical results,we proposeto

approximatetheoutputnoiseprocessasif thetheASE noisewastransmittedthroughthe

fiber spanswith a CW signalof the sameaveragepower asthe modulatedsignal. With

this model,we canagainwrite the fiber outputasthe sumof two parts, ïõð ¯�ò¡´ and ¾G¯+ò¡´
whereïÈð ¯+ò¡´ is theaveragesignalof thefiberoutput.Becausethenoiseis small in orderto

obtaina reasonablygoodsystemBER performance,ïõð ¯�ò¡´ canbesafelyapproximatedby

theoutputof thesignalasif thesignalis transmittedalonewithout thenoiseandit canbe

computedby theSSFmethod.Thepowerspectrumof ¾G¯+ò¡´ is computedanalyticallywith

theCW signalapproximation.We call this noisemodeltheCW pumpapproximationand

it needsonly oneSSFsimulationasfor thelinearnoisemodel.
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The mostcomprehensive noisemodel is to includethe nonlinearinteractionbetween

thenoiseandtherealmodulatedsignal.We haveproposedananalyticalnoisemodelwith

modulatedsignal in the previous chapterandintendedto apply it here,but the proposed

modelfailed for systemsstudiedin this chapterdueto the high power andlarge number

of spansused.Without any suitableanalyticalnoisemodelin hand,we have to studythe

noiseprocessby simulatingthetransmissionof thesignalandthenoisetogetherusingthe

SSFmethod.Notethattheoutputnoiseis no longerstationaryafterits interactionwith the

modulatedsignal.It is clearthatthisnoisemodelneedsmuchmorecomputationtime than

the othertwo noisemodelsasmultiple SSFsimulationswith differentrealizationsof the

ASEnoiseareneededto calculatethestatisticsat thephoto-detector.

To computethe BER performanceusing the bit-sequencedGaussianapproximation,

we needto estimatethe meanandvarianceof the receiver samplesfor eachbit pattern.

We first generatemultiple realizationof the randomASE noiseat the input andwe then

find theoutputnoiseusingthethreedifferentnoisemodels.Thesumof theoutputsignal

andtheoutputnoisethenpassesthroughtheopticalfilter, thephoto-detector, theelectrical

filter and is sampledat the bit center. With all the samplesthat areavailable, the mean

andvarianceareestimatedfor eachbit patternandthe BER is computedusingthe 5-bit

Gaussianapproximationasdiscussedin theprevioussection.

In Fig. 6.3, we comparethe BER performancebasedon the threenoisemodelsas

thenormalizedpre-DCvaluevaries.Unfortunately, theBER performancesfrom both the

linearnoisemodelandthenonlinearnoisemodelbasedon CW pumpapproximationare

quite different from the BER performancefrom the full simulationmodel. The optimal

normalizedpre-DCvaluealsovariessignificantlyfor the threenoisemodels.As a result,
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we concludethat thenonlinearinteractionbetweenthenoiseandthemodulatedsignalis

significantandshouldbecarefullymodeledfor 40Gb/ssystems.Thefull simulationmodel

is adoptedin thefollowing discussion.
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Figure6.3: BER comparisonwith differentnoisemodels.

Due to thenonlinearinteractionwith thesignal,thenoiseis expectedto be amplified

by thesignalandthenoiseoutputwith thefull simulationmodelis expectedto have larger

variancethan that from the linear noisemodel. Consequently, we expect that the BER

performancefrom thefull simulationmodelshouldbeworsethanthatfrom thelinearnoise

model. On thecontrary, theplot indicatesthat theBER from thefull simulationmodelis

lower thantheBERfrom theCW pumpnoisemodelfor all normalizedpre-DCvaluesand

is evenlower thantheBER from thelinearnoisemodelat low normalizedpre-DCvalues.

The reasonfor this behavior might be the noisesqueezingwherethe in-phasepart of the

noisehasreducedpowerafterthetransmission.However, theinteractionbetweenthenoise
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andthesignalis socomplicatedthatno analyticalexpressionhasyet beenderivedfor the

optimalnormalizedpre-DCvalueandtheBERperformance.

6.3 Robustnessof Optimal DispersionCompensation

In this section,westudytheeffectsof differentdeviceparameterson theDC optimiza-

tion usingthenoisefull simulationmodeltogetherwith the5-bit Gaussianapproximation.

The devicesstudiedhereincludetransmitterswith differentpulseshapes,receiverswith

differentfilter bandwidthsandfilter types,fiberswith differentdispersion,fiberswith dif-

ferentuncompensatedthird-orderdispersionandDCFswith andwithoutnonlinearity.

6.3.1 Transmitter PulseShape

We first considerthe effect from using transmitterswith differentpulseshapes.We

have consideredthe following four modelson the input pulseshapes:(1) Raised-Cosine;

(2) Gaussianwith
ì ®<»ÃÂ���Â ps; (3) Gaussianwith

ì ®<»ÅÄ ps; and(4) super-Gaussianof

order3 with
ì ®�»^Ä ps. Thefirst two input pulseshapesarecommonlyusedto represent

the non-return-to-zero(NRZ) pulseswhile the last two input pulseshapesarecommonly

usedto representthereturn-to-zero(RZ) pulses.To give an ideaon how thepulseshapes

from thesemodelsdiffer in time, we show pulsetrainswith eachpulseshapein Fig. 6.4.

Notethatwe have chosento usethesamepeakpower of 5mW at theinput for eachpulse

shapeinsteadof thesameaveragepower. All otherparametersarekept thesameasthose

in Fig. 6.2andwe comparetheBER performanceasthenormalizedpre-DCvariesin Fig.

6.5 for thesefour differentpulseshapes.From theplot, we seesignificantdifferencesin

both the BER performanceand the optimal dispersioncompensationamongthe chosen

pulseshapes.We believe thatonemajorsourceof thedifferencesstemsfrom thedifferent
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bandwidthsof thesepulseshapes.Amongthefour pulseshapes,theRaised-Cosinehasthe

smallestbandwidth,followedby Gaussianwith
ì ® »ÆÂ���Â ps,Gaussianwith

ì ®¿»ÆÄ psand

super-Gaussian.Thehigherbandwidththesignalhas,thehigherISI thesignalexperiences

from filtering. In orderto keepthetotal ISI down, thesignalwith higherbandwidthprefers

a lowernormalizedpre-DCvalueto lower theISI from thenonlinearinteractionsbetween

the overlappingpulses. From the plot and the above discussion,we concludethat the

optimizationof DC mustbestudiedin practicewith carefulattentionto transmitterpulse

shape.The plot alsoshows that the BER performancefor the super-Gaussianpulsehas

multiple local minimum asthe normalizedpre-DCvaluevaries. In orderto explain this

behavior, a thoroughstudyshouldbeconductedincludingtheeffectsfrom averagepower,

pulsewidth, rise time, extinction ratio andtheir interactions;this is beyond the scopeof

this chapter.
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Figure6.4: Pulsetrain in thetimedomainwith differentpulseshapes.
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Figure6.5: BER comparisonwith differentinput pulseshapes.

6.3.2 Receiver Design

We considertheeffect from receiverswith differentfilter bandwidths.As indicatedin

our systemschematicshown in Fig. 6.1, a wide-bandoptical filter is usedfollowedby a

narrow-bandelectricalfilter. The bandwidthsof both the optical andelectricalfilters are

importantparametersin thesystemdesign.Generally, a narrow filter cancut morenoise

while introducingmoreISI andsignalpower loss;a compromisemustbemadeto achieve

theoptimumsystemperformance.Filterswith optimalbandwidthshavebeenfoundto im-

prove thesystemperformancesignificantlyfor 10Gb/ssystems[72]. Our focushereis on

the robustnessof DC optimizationto the choiceof filter bandwidths,so we comparethe

BER performanceversusthenormalizedpre-DCvaluefor differentopticalandelectrical

filter bandwidthsin Fig. 6.6. In eachof thethreeplots in Fig. 6.6, theopticalfilter band-
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width variesfrom 30 GHz to 100GHz while theelectricalfilter bandwidthis fixedat 26

GHz, 32 GHz, and40 GHz for plots (A), (B), and(C) respectively. Both filters aremod-

eledasfourth-orderButterworth filters asbeforeandotherparametersfor the simulation

arekeptthesameasthoseusedin Fig. 6.2.Fromthecomparisonin theplots,it is clearthat

differentoptimalnormalizedpre-DCvalueis neededfor differentfilter bandwidths.One

preliminaryguidelineis that for a fixed electricalfilter bandwidth,the optical filter with

smallerbandwidthusuallyneedsa smalleroptimalnormalizedpre-DCvalueto lower the

ISI contribution from thenonlinearinteractionbetweenoverlappingpulsesandthuskeep

thetotal ISI low. Notethatthebestperformanceof BER� â ú > ²0Ç is obtainedusingoptical

andelectricalfilters with bandwidthsof
ã X GHzand Ê¡� GHzrespectively.

Thesecondreceiver parameterwe consideris theorderof theopticalfilter, wherethe

optical filter is assumedto be a Butterworth filter of varying orderswith a fixed 3-dB

bandwidthof 50GHz.Notethata Butterworth filter of first orderis simply a Lorentzfilter

which is oftenusedto modelopticalfilters [52]. Fig. 6.7 shows theBER performanceas

the normalizedpre-DCvaluevariesfor filters with ordersvarying from 1 to 5 andother

parametersthesameasbefore.Fromtheplot, it is clearthat theoptimalpre-DCvalueis

muchmorerobustwith respectto thefilter orderthanwith respectto thefilter bandwidth.

Even thoughwe expecta bestBER performancefor thefifth-orderfilter sincethehigher

the order is, the sharpertransitionthe filter hasand the more noiseis cut by the filter,

the second-orderfilter is found to give the bestBER performanceamongthe five filters.

This indicatesthat the interactionbetweenthefilter responseandthesignalalsoplaysan

importantrole in thesystemperformance.This is fortuitoussinceopticalfilters of higher

orderaredifficult to design.
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6.3.3 Fiber DispersionParameters

Fiber dispersionis an importanteffect in the systemdesignandit is known to affect

the systemperformancesignificantly. To give an ideaof how fiber dispersionaffectsthe

optimal pre-DCvalue,we show in Fig. 6.8 the systemperformancevs. the normalized

pre-DCvaluefor Ù µÆ»��¿Ê���� , and �OX psµ /km. Otherparametersarekeptthesameasbefore.

Fromtheplot, we find that thesignof thefiber dispersiondeterminestheoptimalpre-DC

value; the systemswith normaldispersionfiberswith Ù µ V ú needsan optimal pre-DC

valueabout0.1 while thesystemswith abnormaldispersionfiberswith Ù µ � ú needsan

optimalpre-DCvalueabout0.4. The differencebetweentheBER performancebehavior

for normalandabnormalfibersoriginatesfrom theinteractionbetweenthefiberdispersion

andthenonlinearity.

In all previoussimulations,wehavenotincludedtheeffectsfrom uncompensatedthird-

orderdispersionwhichmightbeimportantafterfull compensationof thesecond-orderdis-

persion. The resultsare shown in Fig. 6.9 with several different third-orderdispersion

values, Ù '¼» ú , ú���úZ�Z� , ú�� â JßÊ and ú��TÊ¡� ã ps' ù km respectively, with a fixed second-order

dispersionof Ù µ¿»[×ÈÊ���� psµ /km. As thesignalpropagatesfrom spanto span,theuncom-

pensatedthird-orderdispersionaccumulatesandthe signalpulsegetswider accordingly.

As a result,a lower pre-DCvalueis expectedwith uncompensatedthird-orderdispersion

to lowerthenonlinearity-inducedISI. Fromtheplot, theuncompensatedthird-orderdisper-

sionis alsofoundto degradethesystemperformanceasa resultof thepulsebroadening.
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6.3.4 Nonlinearity of DCF

Thelastdevicewe consideris thedispersioncompensatorwith andwithout nonlinear-

ity. Two main typesof dispersioncompensatorshave beendemonstratedexperimentally.

Oneof themis basedon thedesignof opticalfilters with thecorrectphasepropertiesand

this typeof dispersioncompensatorcanbemodeledasa lineardevicewithin theappropri-

atefrequency range. DCF is anotherwidely-usedtype of dispersioncompensator. Even

thoughthe DCF is usuallymuchshorterthanthe normalfiber, its smallerdimensionen-

hancesits nonlinearitywhich might beimportantto systemdesign.We comparetheBER

performanceaspre-DCvaluevariesfor severaldispersioncompensatorswith andwithout

nonlinearityin Fig. 6.10. Sameparametersasin Fig. 6.2 areusedandno third-orderdis-

persionis included.Fromtheplot, thenonlinearityof theDCFnotonly lowerstheoptimal

pre-DCvalue,but alsodegradesthesystemperformance.ThehighernonlinearitytheDCF

has,thelower theoptimalpre-DCvalueis andtheworsethesystemperformanceis.

6.4 Chapter Summary

In thischapter, wehavestudiedtheeffectsof differentdeviceparametersontheoptimal

DC for a40Gb/sbi-enddispersioncompensatedopticalfiber communicationsystemup to

40 spans.

We startby checkingthe accuracy of BER computationbasedon Gaussianapproxi-

mationwith variablebit lengthwherewe have foundthat theconventionalQ-factoris not

accurateenoughfor a 40Gb/ssystemdueto the large ISI associatedwith suchsystems.

Instead,we usethebit-sequencedGaussianapproximationwith 5-bitswheretheISI from

the4 neighboringpulsesaretakeninto account.
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Differentnoisemodelsarealsocheckedin thischapter. Boththenoisemodelneglecting

noisenonlinearinteractionwith thesignalandthenoisemodelwherethenoiseis propagat-

ing throughthefiber with CW signalarefound to be inaccuratefor 40Gb/ssystemseven

thoughthey requiremuchlesscomputationtime. Full simulationby theSSFmethodwith

multiple realizationof theASEnoiseis adoptedin this work.

Therobustnessof optimaldispersioncompensationis studiedfor severaldifferentde-

vice: (1) transmitterswith differentpulseshapes:(2) receiverswith differentoptical and

electricalfilter bandwidth;(3) receiverswith differentopticalfilter orders;(4) fiberswith

differentsecond-andthird-orderdispersion;(5) dispersioncompensatorswith andwithout

nonlinearity. In mostcases,theoptimalDC is not robustandvariessignificantlywith de-

vice parameters.Consequently, onemustbecarefulwhenextendingtheresultsfrom one

studyto anotherwith differentdeviceparameters.

Thestudyalsoshows someunexpectedresult.An opticalfilter with higher-orderdoes

not necessarilygive thebestsystemBER performance(at leastfor Gaussianpulses).The

reasonfor thisunexpectedbehavior needto bestudiedandtheresultmighthavesignificant

impacton systemdesign.

Numericalsimulationwith theSSFmethodandmultiple realizationsof amplifierASE

noiseis usedin thiswork eventhoughit is very time-consuminganddifficult to beapplied

to morecomplex systems.On theotherhand,analyticalstudiesavailableall havestringent

limitationsasthebit rateof thesystemsincreasesto 40Gb/sor higher. New analyticaltools

or extensionof old analyticaltools to systemswith 40Gb/sor higherbit rateareessential

for efficient systemperformanceanalysisand systemdesignin the future as all optical

networksbecomemoreandmorecomplex.
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Figure6.6: BER comparisonwith differentopticalandelectricalfilter bandwidth.
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Figure6.7: BERcomparisonwith differentopticalfilter models.
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Chapter 7

Conclusionsand Futur eWork

Fibernonlinearityhasbeenfoundto beoneof thelimiting factorsfor opticalfibercom-

municationsystemsaschannelcapacityrequirementcontinuesto grow. This dissertation

contributesto understandingtheeffect of fiber nonlinearityon theperformanceof optical

fiber communicationsystems.For this purpose,we have studiedthe following different

nonlineareffectsin detail:È NLS equationandits analyticalsolutions;È XPM- andFWM-inducedintensityfluctuationsin WDM systems;È Applicationof multiuserdetectionin nonlinearity-limitedWDM systemsfor better

performance;È Nonlinearinteractionbetweensignalandopticalamplifiernoiseduringco-propagation

throughfibers;È Interactionbetweendispersionand nonlinearity for 40Gb/ssystemsand the opti-

mizationof dispersioncompensation.

Wesummarizeour resultsin Section7.1andthenproposesomefuturework in Section

7.2.
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7.1 Summary

To efficiently studyopticalfibercommunicationsystems,thefiberchannelmodelbased

on the NLS equationmustbe correctlyandefficiently solved. However, thecomplicated

interactionbetweenfiber dispersionandfiber nonlinearitymake it a challengingtask to

solve theNLS equation.DespitethefactthattheSSFmethodis themostwidely-usedtool

in presentstudieson optical fiber systems,an analyticalsolutionto the NLS equationis

preferablewhenstochasticnatureof thesystemis takeninto account.To takeadvantageof

theanalyticalnatureof thetruncatedthird-orderVSTFmethodandkeepingits computation

efficiency while reducingits energy divergence,the modifiedVSTF methodis proposed

andusedto studythesignalpropagation.Comparedwith thetruncatedthird-orderVSTF

method,themodifiedVSTF methodsignificantlyreducestheenergy divergenceandthus

extendstheapplicationrangeof suchanalyticaltools.

WDM hasbeenan efficient way to increasethe systemcapacitywith channelsbeing

moreandmoretightly packed. In suchsystems,XPM- andFWM-inducedintensityfluctua-

tion areknown to betwo limiting degradationsources.In thisdissertation,wehaveapplied

theVSTF methodto studythoroughlythesetwo nonlineareffects,takingadvantageof its

efficiency on modelingstochasticsystemparametersincluding randominformation bits

andrandomchannelphases.Our work alsoextendsprevious theoreticalworks on XPM

andFWM effectssignificantly. It leadsto a bettermodelfor thestudyof the two nonlin-

eareffectsunderwhich the two nonlineareffectscanbe correctlycompared.The other

importantextensionis in the analysisof the effectsof XPM andFWM on complex opti-

cal networkswherebothnetworkswith andwithout synchronizationcanbestudiedby the

varianceof the intensityfluctuations.Several methodsto reducethe intensityfluctuation
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arealsodiscussedandvalidatedin thisdissertation.

As XPM andFWM effectsintroduceinterferencefrom channelto channel,thecorrela-

tion betweenthechannelsalsoallows thepossibilityof achieving bettererrorperformance

by usingmultiuserdetection.Consequently, we proposetheuseof multiuserdetectionin

WDM systemswherethe error performanceof suchsystemsis studiedusinga validated

Gaussianapproximationwith lower- andupper-bounds.Significantdifferencesarefound

betweenourproposedmultiuserdetectorfor opticalWDM systemandaconventionallinear

detectordueto thepresenceof thephotodetectorwhich is a nonlineardevice with square-

law operationon the signal. Asymptoticbehavior of the multiusersquare-law detectoris

alsocarefully studiedandcomparedwith the linear detectorcase. Multiuser square-law

detectionis alsoappliedto apracticalWDM systemwith verynarrow channelspacingand

the multiuserdetectorshows promisingperformancethat is impossiblefor a single-user

detectorwith suchnarrow channelspacing.

Error performanceof optical fiber communicationsystemshasbeenstudiedsincethe

advent of thesesystemswith significantimprovementmadethroughouttheseyears. But

most of the theoreticalanalyseson the error performanceare basedon the omissionof

the nonlinearinteractionbetweenthe ASE noiseand the modulatedsignal during their

co-propagationthroughthefiber. In this dissertation,we have usedperturbationtheoryto

studythis nonlinearinteractionbetweentheASE noiseandthesignal.Unlike for previous

studieswhich usetheassumptionof a CW signal,theoutputnoisein our studyis signal-

dependentandnon-stationary. In this case,we have foundthenoisefrequency correlation

functionsusing perturbationtheory, keepingup to the secondorder in nonlinearity for

computationsimplicity. Our resultsareshown to be accuratewherever the perturbative
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approachis applicableto solve theNLS equation.With thenoisecharacteristicsin hand,

the detectorstatisticscanbe obtainedby the Monte Carlo simulation. The resultsshow

PDF’s that resembleÉ µ distribution, suggestingthat thenoiseis nearGaussianbeforethe

photodetector.

As an alternative to more and more channelsbeing usedin WDM systems,we see

significantimprovementon the transmissioncapacityof a singlechannelwith theoptical

fiber communicationsystemsevolving from 10Gb/sto 40Gb/sandabove perchannel.At

a bit rateashigh as40Gb/s,the effectsfrom both fiber dispersionandfiber nonlinearity

arepronounceddueto the high power andlarge signalbandwidthused. As a result, the

complicatedinteractionbetweenthe fiber dispersionandfiber nonlinearitymustbe care-

fully studiedandthenonlinearinteractionbetweenpulsesis foundto bethelimiting system

degradationsource.To studythis nonlineareffect, previous studieshave assumeddiffer-

entsystemanddevice parameters.We focuson therobustnessof systemperformanceand

dispersioncompensationoptimizationwith respectto differentdeviceparametersin Chap-

ter 6. The differentdeviceswe considerincludetransmitterswith differentpulseshapes;

receiverswith differentopticalfilter andelectricalfilter bandwidth;receiverswith optical

filtersof differentorders;fiberswith differentsecond-orderdispersion;fiberswith different

uncompensatedthird-orderdispersion;anddispersioncompensatorswith andwithoutnon-

linearity. First,we find thatsignificantsystemperformancecanbeachievedby optimizing

thebi-endDC. Second,asignificantdifferenceis foundfor bothsystemerrorperformance

andoptimal dispersioncompensationfor differentdevice parametersin mostcases.The

resultsindicatethatthedispersioncompensationmustbecarefullyoptimizedusingdevice

parametersascloseto thepracticalsystemsaspossible.
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With theseseparatestudieson severaldifferentnonlineareffects,this dissertationhas

identifiedandstudiedthe most importantnonlineareffects for modernlong-hauloptical

fiber communicationsystems.Thegoalof this dissertationis to find accurateandefficient

toolsfor thesystemperformancestudyinsteadof studyingaspecificsystem.Theproposed

analytical tools have all beencarefully validatedand numerousapplicationsto specific

systemshavealsobeengivenasexamples.

7.2 Futur eWork

Approximationshavebeenusedthroughouttheworksin thisdissertationto simplify the

problems.For example,in thestudyof XPM- andFWM-inducedintensityfluctuations,we

have useda CW probechannelreducethecomputationalcomplexity which assumesthat

theprobechannelstaysat its peakpower. EventhoughtheVSTFmethodcanbeappliedto

thecasewhenamodulatedprobechannelis needed,it is impracticalfor thecomputationof

thefluctuationvariancedueto themultiple-dimensionintegrationin thefrequency domain.

A computationallyefficientway to do thefrequency-domainintegrationis thekey to solve

this problem.

Anotherapproximationusedin this dissertationis theQ-factorandGaussianapproxi-

mationusedin thestudyof multiusersquare-law detectionin Chapter4 andtheBER per-

formancein Chapter6. TheGaussianapproximationis popularin research,but its accuracy

hasbeenquestionedandmoreaccuratetechniquesarealwayspreferred.Recently, anex-

tensionof theK-L expansionwith colorednoisehasbeenusedto find theBERperformance

for opticalfibercommunicationsystems.To moveforward,thecolored,but still stationary

noiseshouldbereplacedby themorerealisticsignal-dependentnoise.On theotherhand,
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all known techniquesto approximatethesystemBERperformanceareverycomplicatedto

useandhave stringentlimitationson thesystemchannelmodels.Consequently, we need

to compromisebetweenaccuracy andcomputationalefficiency. Onepossibleway is to

replacetheGaussianapproximationby a É µ distribution wherethe parametersfor the É µ
distributionareestimatedbasedon theSSFsimulation.

In thisdissertation,wehavestudiedseveralimportantnonlineareffectsseparately. Most

of theworksaredoneby theVSTF methodor its equivalent,theperturbationmethod.All

of thesenonlineareffects contribute to the systemperformancedegradationand should

be consideredtogetherfor a practicalsystem.A systematictool including eachof these

nonlineareffectsshouldbedeveloped.

Fromour studyon themultiusersquare-law detector, weseesignificantsystemperfor-

manceimprovementfor WDM systemsbasedon the Gaussianapproximation.A similar

studywith the É µ distribution shouldalsobeconducted.Moreover, theGaussianapprox-

imationcannot beusedto designthedetectorwith thecorrectthresholdor boundary. In

orderto apply themultiusersquare-law detectorin practicalsystems,a methodto design

theoptimalor sub-optimaldetectorandstudyits performanceunderÉ distributionis essen-

tial. Otherthanthenonlinearity-inducedcorrelations,othersourcesof correlationshould

be includedwhich might includethefiltering leakageandcorrelatednoiseetc. Similar to

themultiuserdetectorin a ICI-limited systems,a ISI-limited systemcanalsobenefitfrom

agroupdetectorwheremultiplebitsaredetectedasagroup.

As optical fiber communicationsystemsshift from point-to-pointlong-haultransmis-

sion to more intelligent transportnetworks, many new problemsneedto be studiedand

answered.Oneespeciallyimportantoneis how to designan optical network efficiently.
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Thepresentmostwidely-usednetwork designcriteria is basedon theworst-casescenario

wherethe worst-casepath is identifiedfirst and then designedto meetthe specification

requirement.However, this methodis clearly inefficient if this pathis only a very small

portionof thewholenetwork. To achieve betteruseof thescarcesourceswe have, better

designcriteriashouldbeusedwhile meetingtheperformancerequirementfor every chan-

nel. For this purpose,somethingsimilar to the channelcapacitycouldbe definedfor the

network asthenetwork capacity, thenwetry to achievethisnetwork capacityby allocating

thechannelwavelengthandchannelpoweretc.Otherthanthestaticnetwork, adaptivenet-

work is anotheroptionwhich canusuallymake betteruseof thenetwork sourcesthanthe

staticnetwork. In this case,to find theworst-casepathmight itself bea challengingtask.
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