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Sophus Lie (1842-1899), around 1865, at the end of his studies at the
University of Christiana (Oslo), approximately seven years before his
first work on continuous groups, later known as “Lie groups.”

(Photo Frederik Klem/Joronn Vogt, with the kind permission of Joronn Vogt
and Arild Stubhaug)
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Introduction

Johnny walked to a corner of the room,

faced the wall, and started mumbling to himself.
After a while he turned around and said:

“You need the theory of group characters.”
Whereupon von Neumann went to Issai Schur,
obtained reprints of two of his papers

and gave them to Wigner.!

Symmetries of geometric figures, crystals, and other macroscopic physical items
have been observed and analyzed for centuries. In modern terms, the sym-
metries of an object form a group. The idea of a group emerged slowly in
the middle of the nineteenth century. Afterward, though, the study of groups
accelerated markedly. Due to the work of Sophus Lie (1842-1899), Georg
Frobenius (1849-1917), Wilhelm Killing (1847-1923), Elie Cartan (1869-1951),
Issai Schur (1875-1941), Hermann Weyl (1885-1955), and many, many others,
group theory expanded enormously. Applications to quantum mechanics and
elementary particle theory were developed throughout the twentieth century. If
this history interests you, read the introduction to Group Theory and Physics
by Shlomo Sternberg (1994), and consult the books by Charles Curtis (1999),
Thomas Hawkins (2000), and Armand Borel (2001), or the essays and tran-
scriptions of round tables between physicists and mathematicians in the volume
Symmetries in Physics.?

Sophus Lie wrote in an 1877 letter to the mathematician Adolph Mayer®
that he had “created group theory” in January 1873. He was certainly referring
to the groups that he called “continuous” and that have since become known

L A. Pais, The Genius of Science, Oxford University Press, Oxford, 2000, p. 335. This
scene took place in 1926 in Berlin. “Johnny” was the mathematician and physicist
John von Neumann (1903-1957), speaking to Eugene Wigner (1902-1995). The
papers by I. Schur were probably “Neue Begriindung der Theorie der Gruppen-
charaktere,” Sitzungsberichte Preussischen Akademie der Wissenschaften zu Berlin
(1905), 406-432, and F. G. Frobenius and I. Schur, “Uber die reellen Darstellungen
der endlichen Gruppen,” ibid. (1906), 186-208.

2 M. G. Doncel, A. Hermann, L. Michel, and A. Pais, eds., Symmetries in Physics
(1600-1980), Seminari d’Historia de les Ciencies, Universitat Autonoma de
Barcelona, Bellaterra, 1987.

3 Mayer (1839-1908) was a professor at the University of Heidelberg whose work on
the calculus of variations and partial differetial equations was close to that of Lie.



xii Introduction

as “Lie groups” and in French as “groupes de Lie.”* Lie was trying to extend
the application of groups from the study of algebraic equations, where Evariste
Galois had introduced them, to the study of differential equations. Inspired by
the work of Camille Jordan and by a collaboration with Felix Klein, Lie pub-
lished an article titled Uber Gruppen von Transformationen in 1874. As early as
1871, the idea of an infinitesimal generator of a one-parameter group of trans-
formations had already appeared in his work;® the set of infinitesimal generators
of one-parameter subgroups of a continuous group forms what today is called
a “Lie algebra.”® Between 1888 and 1890, Killing established a classification of
semisimple Lie algebras over the field of complex numbers, which was corrected
and completed by Cartan in his 1894 thesis. Cartan would succeed in classifying
Lie algebras over the field of real numbers, a more difficult problem, in 1914.

Frobenius, in response to a question that had been posed by Dirichlet,”
invented the theory of characters of finite groups in 1896, and Schur, begin-
ning in 1901, developed the representation theory of finite and infinite groups.
Their joint work, Uber die reellen Darstellungen der endlichen Gruppen, was
published in the proceedings of the Berlin Academy in 1906. The theory of
characters was used by William Burnside in the second edition of his treatise
Theory of Groups of Finite Order, which appeared in 1911.

It was Eugene Wigner and Weyl who showed the pertinence of group
theory, particularly group representations, for the quantum mechanics being
developed in the 1920s by Werner Heisenberg and Paul Dirac. Wigner was the
first to introduce group theory into physics in two articles in the Zeitschrift fir
Physik in 1927. His book Gruppentheorie und ihre Anwendung auf die Quan-
tenmechanik der Atomspektren, which appeared in 1931, was followed in 1939
by a fundamental article in the Annals of Mathematics in which he deter-
mined the representations of the Poincaré group. At the end of 1927, Weyl
published an article in the Zeitschrift fiir Physik in which he introduced what
is now called “Weyl quantization,” and the first edition of his Gruppentheorie
und Quantenmechanik came out in 1928. In 1932 Bartel van der Waerden’s
Die gruppentheoretische Methode in der Quantenmechanik appeared. These
three books marked the beginning of the use of group theory in theoretical
physics, which continues to this day.

After Heisenberg had solved a two-electron problem related to the spec-
trum of the helium atom, Wigner become interested in the more-than-two-
identical-particles problem. He first solved the case of three elements, then went

4 The term “groupes de Lie” first appeared in French in 1893 in the thesis of Lie’s
student Arthur Tresse. See p. 46.

5 This point of view was essential to Emmy Noether’s 1918 article in the Gdttinger
Nachrichten establishing the relationship between symmetries of a variational
problem and conservation laws. About ten years later, Noether published a very
important article situating the representation theory of finite groups and of algebras
in the context of noncommutative rings.

 This name was suggested much later by Weyl in his 1933-1934 lectures at the
Institute for Advanced Study in Princeton.

" Peter Gustav Lejeune Dirichlet (1805-1859) taught in Paris, Breslau (now
Wroclaw), Berlin, and finally Gottingen. His works on number theory and on
analysis are equally fundamental.
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to consult von Neumann on how to extend his already very complicated
computations to the case of an arbitrary number of electrons. In 1983,
he recalled,®

As to representation theory: I realized that there must be such a theory
but I had no knowledge of it. Dr. von Neumann to whom I presented the
problem (and I presented to him the representations of the permutation
groups of three and four elements because those I could establish by
long hand calculations) gave me a reprint of the article of Frobenius
and Schur [1906]. And that was wonderful!

One may consider group representation theory as a vast generalization of
Fourier analysis. It has been developed continuously and has, since the middle
of the twentieth century, seen innumerable applications to differential geometry,
ergodic theory, probability theory, number theory, the theory of automorphic
forms, and dynamical systems, as well as to physics, chemistry, molecular
biology, and signal processing. Currently it is the basis of several branches of
mathematics and physics.

*okk

The aim of this course is to introduce and illustrate the basic notions of finite
group theory and, more generally, compact topological groups, to introduce the
notions of Lie algebras and Lie groups, at least in the case of linear Lie groups
(closed subgroups of the linear groups), to study the Lie groups SO(3) and
SU(2) in detail, and then the Lie group SU(3) and its application to the theory
of quarks. The idea of a group representation, an action on a vector space by
linear transformations, plays the most fundamental role in this study.

In Chapter 1, we recall some general facts about groups and group actions,
and we give examples of finite and infinite groups.

To study the representations of finite groups, we exploit the properties of
the characters of these representations, that is, the traces of the linear transfor-
mations that define the representation in question. This is done in Chapter 2,
where we define irreducible representations and intertwining operators. We state
Schur’s lemma which, though simple, will be essential to the proofs of important
consequences such as the orthogonality of the characters of irreducible represen-
tations. We study the regular representation. A brief paragraph will introduce
induced representations.

Chapter 3 extends certain results proved for finite groups to compact groups,
using the existence of an invariant measure on each compact group, the Haar
measure. In this chapter, some topological and analytic results are stated with-
out proof and references to the literature are supplied. A table summarizes the
properties of representations of compact groups.

The beginning of Chapter 4 consists of an introduction to the general
notion of a Lie algebra and a review of exponentiation of matrices. Next we
study the Lie algebra of a linear Lie group, that is, the set of infinitesimal gen-
erators of one-parameter subgroups, with the operation of matrix commutation,
and we show the relationship between the representations of a Lie group and
the representations of its Lie algebra.

8 Round Table on the Evolution of Symmetries, chaired by Louis Michel, in Doncel
et al., p. 633.
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In Chapter 5 we study the Lie groups SO(3) and SU(2), proving the
fundamental property that SU(2) is the universal cover of the rotation group.

In Chapter 6 we determine all the irreducible representations, first of sl(2, C),
and then of SU(2) and SO(3). These results are as important for the general
theory of group representations as they are for quantum mechanics.

Chapter 7 consists of a study of spherical harmonics, which appear in the
representation theory of the group of rotations of Euclidean space of three
dimensions. This is an introduction to the theory of special functions.

In Chapter 8 we begin the study of irreducible representations of SU(3) by
considering examples, and we show that quark theory appears as a consequence
of the mathematical properties of this group. In this chapter we introduce the
roots and weights that are, more generally, the essential tools the representation
theory of a large class of Lie algebras, the semisimple Lie algebras.

*okok

We have introduced much notation and many concepts used in physics in the
hope that this book will be useful to students in the physical sciences as well as
in mathematics. Except for Chapters 3 and 8, complete proofs of all results are
given. The symbol O denotes the end of a proof. At the end of each chapter we
give bibliographic references to the principal sources of the material treated in
the chapter and references for further study. For each chapter, there are exercises
of various degrees of difficulty, many of which introduce additional definitions
and results. The eight chapters are followed by a series of nine problems with
detailed solutions, which constitute both an application of results proved in this
book and in introduction to several more advanced topics. The book ends with

a bibliography and an index.
Kok

This textbook arose from a course taught for several years at the Ecole
Polytechnique to third-year students majoring in mathematics or physics. This
course, roughly corresponding to an advanced undergraduate or beginning grad-
uate course, was taught in nine weeks as ninety-minute lectures followed by
two-hour exercise sessions. The problems that complement the text are drawn

from the examinations that were administered at the end of the term.
kksk

This book is designed to serve as an introduction to more advanced texts
and to encourage the reader to develop and use the ideas sketched here. The
bibliography at the end of this work contains some very classical texts, several
books on the history of the subject, recent textbooks on diverse aspects of group
and representation theory, books that will be useful as reference for results not
proved here, and books that further develop harmonic analysis or representa-
tion theory in various ways, chosen from an extremely vast literature. Among
these works, we have starred those that are most directly related to the matter
treated in this text. Others, perhaps in spite of their titles, go “beyond an
introduction.” We hope that our readers will find instruction and pleasure in
this book.

Paris, July 2009
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Chapter 1

General Facts About Groups

1 Review of Definitions

A group is a set equipped with an associative composition law, containing an
identity element and such that each element has an inverse. The identity ele-
ment, also called the unit element, may be denoted by e, 1, or, in the case of a
matrix group, I.

A group is called commutative or abelian if its composition law is commu-
tative. In this case the composition is generally denoted by + and the identity
element is generally denoted by 0.

We denote by |X| the cardinality of a finite set X. The order of a finite
group G is the number |G| of elements of the group.

An element g € G is said to be of order n (n > 1) if n is the smallest integer
such that

g =e.
Ezample. The rotation through an angle 27/n is an element of order n in the
group of rotations of the plane.

A subgroup H of G is a subset satisfying the conditions e € H, g € H implies
g '€ H,ifge Hand ¢’ € H then g¢g’ € H.

The subgroup generated by a subset of a group G is the smallest subgroup
of G containing the subset.

A group is called cyclic if it is generated by a single element. Such a group
is abelian.

Let H be a subgroup of G. The left H-cosets are the sets gH, g € G. The
set of left H-cosets is the quotient set G/H. The right H-cosets are the sets Hg,
g € G. The set of right H-cosets is the quotient set H\G. The set G is the union
of left (respectively, right) H-cosets, each of which has |H| elements. We deduce
that the order of H divides the order of G, and that the number of left H-cosets
equals the number of right H-cosets. We can now state the following result.

Theorem 1.1 (Lagrange’s Theorem). Let G be a finite group and let H be
a subgroup of G. Then |H| divides |G| and

GI/|H| = |[H\G| = |G/H]| .
The integer |G|/|H]| is called the indez of H in G.

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 1
DOI 10.1007/978-0-387-78866-1_1, (© Springer Science+Business Media, LLC 2010
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A morphism of groups (or group morphism) ¢ : G; — Go is a mapping of a
group (1 into a group Gs such that for every g, ¢ € G1, p(99") = ©(9)p(d’),
which implies that ¢(e1) = e2, where e; is the identity element of G; (i = 1, 2),
and ¢(g7 1) = (©(g))~!. Note that most authors use the term homomorphism.

An isomorphism of groups is a bijection that is also a morphism. Its inverse
is then also a morphism.

An automorphism of a group is an isomorphism of a group onto itself. In
particular, for each g € G, the isomorphism C, of G defined by

Cy:h— ghg™?

is called an inner automorphism or a conjugation.

A subgroup of G is called normal or invariant if it is stable under conjugation
by every element of G.

If a subgroup H of G is normal, then for each g € G, gH = Hg, and the set
of what we may now call the set of H-cosets is then a group, called the quotient
group of G by H, and denoted by G/H. The projection p : G — G/H, defined
by g — gH, is a morphism of groups.

The kernel of a morphism of groups ¢ : G; — G5 is a normal subgroup
of G1. Conversely, if H is a normal subgroup of a group G, then it is the kernel
of a group morphism, the projection p: G — G/H.

The center of G is by definition the set {h € G | Vg € G,hg = gh}. The
center of GG is a normal subgroup of G.

If G; and G5 are groups, their direct product is the product G; x G5 with
group law (g1, 92).(91,95) = (9191, 9295)-

The notion of a semidirect product of groups is introduced in Exercise 1.4.

2 Examples of Finite Groups

2.1 Cyclic Group of Order n

For n a positive integer, the set of integer multiples of n is denoted by nZ. It
is a subgroup of the abelian group Z; in fact, it is a normal subgroup, since all
subgroups of an abelian group are normal.

The following groups are isomorphic and are called cyclic groups of order n:

e 7, =7Z/nZ, in particular Zy = Z/2Z, denoted additively by {0,1} or
multiplicatively by {1, —1}.

e The group of rotations of the plane around the origin through angles
2kmw/n,0 < k <n — 1, under composition.

e The group of complex numbers {**™/™ | 0 < k < n — 1} under
multiplication.

e The subgroup {1,9,9%,...,9" '} if g is an element of order n in a
group G.

A cyclic group is generated by a single element.
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2.2 Symmetric Group &,

The permutation group of a set of cardinality n is denoted by &,, and called
the symmetric group on n elements. The order of &,, is n!.

Every element of G,, can be written as a product of transpositions. To every
element o € G,,, we associate the number 1 or —1 according to the parity of
the number of transpositions, which parity is independent of the decomposi-
tion. This number is denoted by (—1)7 and called the signature of o. The map
0 €6, +— (—1)7 € Zy is a group morphism, called the signature morphism.

The alternate group 2, is the kernel of the signature morphism. If n > 2, it
is a normal subgroup of index 2 of &,,.

2.3 Dihedral Group

The dihedral group D, is the group of rotations and symmetries of the plane
preserving a regular n-sided polygon (n > 3). It is a subgroup of &,, of order 2n.
Some authors use the notation Dy, for this group. (See Exercise 1.6.)

2.4 Other Examples

We denote by O(3) the group of linear isometries of R?, and by SO(3) the group
of rotations of R3, which is the kernel of the determinant map on O(3), and thus
a normal subgroup of O(3). For each regular polyhedron—tetrahedron, cube,
octahedron, icosahedron (fullerene), dodecahedron—we define the correspond-
ing groups of symmetries, that is, the subgroup of SO(3) and the subgroup of
0O(3) leaving the solid globally invariant. These are finite groups, and they are
known as crystallographic groups. The first is of index 2 in the second:

SO(3) 0(3)
tetrahedron A4 order 12 S4 order 24
cube G4 order 24 G4 X Zs order 48
octahedron G4 order 24 &4 X Zso order 48

icosahedron As order 60 A5 X Zso order 120
dodecahedron 25 order 60 5 X Zso order 120

The classification of all finite subgroups of SO(3) and of O(3), which is well
known, is of great importance in physics, in particular in crystallography.

3 Examples of Infinite Groups

Among the groups with an infinite number of elements, there are discrete groups
such as, for example, the abelian group Z. But we are mainly interested in the
nondiscrete groups called “continuous groups,” of which we now give examples.

Let K denote the field R or C. We denote by GL(n,K) the group of linear
isomorphisms of K™, called the linear group of dimension n. This is the group
of invertible n x n matrices with coefficients in K, of which we shall consider
several subgroups. We denote the transpose of a matrix A by ‘A. The complex
conjugate of a complex number or matrix is denoted by a bar over that number
or matrix.
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e Special linear group over K:
SL(n,K) = {A € GL(n,K) | det A = 1}.
e Orthogonal group over K:
O(n,K) = {4 € GL(n,K) | A'A =TI}.
In particular, we call the real orthogonal group the orthogonal group and we
denote it simply by O(n).

e Special orthogonal group over K:
SO(n,K) = {A € O(n,K) | det A = 1}.

In particular, we call the real special orthogonal group the special orthogonal
group, and we denote it simply by SO(n).

More generally, if p + ¢ = n, we denote by J,, the diagonal matrix with p
diagonal elements 1 followed by ¢ diagonal elements —1, and we set

O(p,q) = {A € GL(n,R) | A Jpy 'A = Jpy}

and
SO(p,q) = {A € O(p,q) | det A =1}.

In particular, O(3,1), the group of isometries of Minkowski space, is called the
Lorentz group.

e Unitary group:
U(n) = {A € GL(n,C) | A "4 = I}.
The matrix *A is the adjoint of the matrix A, also denoted by A*.

e Special unitary group:
SU(n) ={A € U(n) | det A =1}.

Definition 3.1. A topological group is a group G that is a Hausdor[f topological
space such that multiplication (g,g") — gg’ is a continuous map of G x G into
G and inversion g — g~ is a continuous map of G into G.

The linear group GL(n, K) with its usual topology (as an open subset of K”Z)
is a locally compact topological group, and each of the groups listed above is a
closed subgroup of a linear group. The groups O(n) and U(n), as well as SO(n)
and SU(n), are compact.

Below we give the definition of real and complex Lie groups, which brings in
the notion of manifolds, an abstraction of the notion of a surface in Cartesian
space.

A (real) Lie group of (real) dimension N is a group that is a smooth (real)
manifold of dimension N such that multiplication and inversion are smooth
differentiable maps.
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A complex Lie group of complex dimension N is a group that is a complex-
analytic manifold of complex dimension N such that multiplication and inver-
sion are analytic maps.

All closed subgroups of GL(n, K) are real Lie groups, called linear Lie groups.
This is a theorem that we state without proof. The linear Lie groups are the
only ones we consider, and we shall call them simply Lie groups. Thus all of
the examples above are examples of Lie groups. There are other examples of
Lie groups: the symplectic groups Sp(n) and Sp(n,C), the spinor groups, etc.
In this text we study the Lie groups SO(3) and SU(2) in detail.

Remark. Every complex Lie group of complex dimension N is a real Lie group
of real dimension 2N. The group GL(n,C) and some of its subgroups are also
complex Lie groups. This is the case for SL(n,C), O(n,C), and SO(n,C) but,
not for U(n), nor for SU(n), which are real Lie groups only.

4 Group Actions and Conjugacy Classes

Definition 4.1. Let G be be a group and let M be a set. A group action (or
stimply an action) of G on M is a mapping o : G x M — M, denoted by
(g,m) — g-m, such that for every m € M, e-m = m, and for every g and
g €G, g-(g-m)=1(99") -m. In this case we say that G acts on M.

In other words, « defines a group morphism of G into the group of bijections
of M onto itself.

If G is a topological group and if M is a topological space, we shall assume
that the action a of G on M is continuous. If G is a Lie group and if M is a
smooth manifold, we shall similarly assume that « is smooth.

The orbit of m € M under the action of G is the set {g-m | g € G}. The
orbits define a partition of M.

FEzxzamples.

e The trivial action of G on a set M consists in sending each element of the
group to the identity mapping of M onto itself. In this case, the orbits
are the points of M.

e Under the action of G = O(2) on the unit sphere M = S? C R3 by
rotations around the axis Oz, the orbit of m € S? is a point if m is the
north pole or the south pole, and is otherwise a circle around the axis Oz
(a one-dimensional submanifold).

e The action of G on G by left (respectively, right) translation is the action

(gym) eGXxGr—gmeqG

(respectively, (g,m) € G x G +— mg~t € G). In other words, we associate
to g € G the left (respectively, right) translation [, (respectively, r,-1) in
G, thus defining a morphism of G into the bijections of G onto G (but
not into the automorphisms of G).

We remark that the left coset gH of g € G relative to a subgroup H of G is
the orbit of g under the action of H C G acting by right translation.
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e The action of G on G by conjugation, denoted by (g,h) — C4(h) and
defined by
Cy(h) = ghg™",

is an action of G on itself by automorphisms. The orbit of h € G,
Cn={ghg™" | g € G},

is called the conjugacy class of h.

FEzxzamples.

The conjugacy class of e is {e}.
If G is abelian, the conjugacy class of g € G is {g}. This is the case, for
example, for SO(2).

e In G, the number of conjugacy classes is the number of partitions of n.
(See Exercise 1.3.)

e In GL(n,K), the conjugacy class of a matrix A is the set of all matrices
similar to A, {PAP~! | P € GL(n,K)}.

e In SO(3), two rotations are conjugate by a rotation if and only if their
angles are equal or opposite. The conjugacy classes are in bijective cor-
respondence with the interval [0, 7].

In fact, by a direct orthonormal change of basis, any rotation can be written

as g(0) = (5 cos —s(i)na), with 6 € [0,27]. From the equality g(—0) =
0 sinf cos@ 100
909(0)gy ', where gy = ( 0 ?(1)), it is easy to see that g(6’) is conjugate to

g(0) if and only if 8/ =6 or ¢ = —0.
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Exercises

Exercise 1.1 Application of Lagrange’s Theorem.

Show that in a finite group G of order n, for each element a € G, a™ = e.
Conclude that every morphism of G into the group GL(1,C) = C* takes values
in the group of nth roots of unity.
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Exercise 1.2 Center of &,,.
Show that for n > 3, the only element in the center of the symmetric group
G, is the identity.

Exercise 1.3 Conjugacy classes of G,,.
An element in &,, is called a cycle of length k (1 < k < n) if it is a circular
permutation of k£ elements that leaves the other n — k elements invariant.

(a) Show that each permutation is the composition of disjoint cycles. Is this
decomposition unique?

(b) Show that in &,, two elements are conjugate if and only if they have the
same decomposition into cycles. Deduce that the number of conjugacy
classes of G,, is the number of partitions of the integer n, that is, of finite
sequences of integers A1, As,..., Ay such that Ay > Xy > -+ > Xy > 0,
and Zle Ai = n.

Exercise 1.4 Semidirect products of groups.
If a group H acts on a group N by group automorphisms, we define a
multiplication on G = N x H by

(n,h)(n', 1) = (n(h-n'), ).

(a) Show that, equipped with this multiplication, G is a group. This group,
denoted by N x H, is called the semidirect product of N and H. What is
the inverse of (n, h) in G7 Show that N is a normal subgroup of G.

(b) Show that the group &3 is the semidirect product of the alternate group
A3 and Zs. Is the group &,, a semidirect product of the alternate group
A, and Zy, for n > 37

(c¢) Find the standard definitions of the Galilean group and the Poincaré group
in any textbook. Show that each of these groups is a semidirect product.

Exercise 1.5 Group of isometries of the plane.

(a) Show that the group Zs = {1, —1} acts by group automorphisms on SO(2)
via € - g = ¢°, where ¢ = 1. Show that O(2) is the semidirect product
SO(?) A ZQ.

(b) Determine the conjugacy classes of SO(2) and of O(2).

Exercise 1.6 The dihedral group D).

Let D(y,) be the dihedral group of order 2n, i.e., the group of rotations
and symmetries of the plane that leave invariant a regular n-sided polygon
(n > 3).

(a) Show that D,y = I',, x Zy, where I, is the cyclic group of order n and
the group Zs = {1, -1} acts on I';, by € - g = ¢°, where ¢ = +1.

(b) Show that Dy is isomorphic to &, if and only if n = 3.

(c) The set {41, +i, +j, &k}, with multiplication law 2 = j? = k? = —1,
ij= —ji =k, jk = —kj =1, ki = —ik = j, is a group, called the quater-
nion group. Show that D(4) is not isomorphic to the quaternion group.
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Chapter 2

Representations of Finite Groups

In mathematics and physics, the notion of a group representation is fundamen-
tal. The idea is to study the different ways that groups can act on vector spaces
by linear transformations.

In this chapter, unless otherwise indicated, we shall consider only represen-
tations of finite groups in complex, finite-dimensional vector spaces.

1 Representations

1.1 General Facts

Let G be a finite group. If E' is a vector space over K, where K = R or C, we
denote by GL(F) the group of K-linear isomorphisms of E. (The group GL(E)
is not finite unless £ = {0}.)

Definition 1.1. A representation of a group G is a finite-dimensional complex
vector space E along with a group morphism of groups p: G — GL(E).

Thus, for every g,¢" € G,

plgg’) = p(9)p(d), plg™") = (p(g))~", ple) =1dg.

The vector space E is called the support of the representation, and the
dimension of F is called the dimension of the representation. We denote such a
representation by (F, p) or simply p.

If in particular E = C", we say that the representation is a matriz repre-
sentation of dimension n.

The fundamental representation of a subgroup G of GL(FE) is the represen-
tation of G on E defined by the canonical injection of G into GL(E).

Any representation such that p(g) = Idg for each g € G is called a trivial
representation.

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 9
DOI 10.1007/978-0-387-78866-1_2, (© Springer Science+Business Media, LLC 2010
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Example 1.2. Here is a first example of a representation of a nonabelian group.
Let t € G3 be the transposition 123 — 132 and c¢ the cyclic permutation
123 — 231 that generate G3. We set j = €2™/3_ so that j2 + j 4+ 1 = 0. We can
represent G5 on C? by defining

s =1 0= (3 o). sa=(3 5).

Definition 1.3. Let ( | ) be a scalar product on E. We say that the represen-
tation p is unitary if p(g) is unitary for every g, that is, if

Vge G, Vo,ye B, (p(g)z | p(9)y) = (z | y)-

A representation (E, p) is called unitarizable if there is a scalar product on
E such that p is unitary.

In order to prove the following theorem, as well as many other propositions,
we shall use a fundamental property:

Lemma 1.4. Let G be a finite group. For every function ¢ on G taking values
m a vector space,

Vge G, D wlgh) =Y ¢lhg) = ok). (1.1)

heG heG keG

Proof. In fact, once g is chosen, every element of G can be written uniquely in
the form gh (or hg), where h € G. O

Theorem 1.5. Every representation of a finite group is unitarizable.

Proof. Let (E, p) be a representation of a finite group G, and let ( | ) be a
scalar product on E. We consider

@ l) = 57 L lela)e | plo)y).

geG

which is a scalar product on E. In fact, suppose that (z | x)’ = 0, that is,
>gec(p(g)z | p(g)x) = 0. Then for each g € G, (p(g9)x | p(g)z) = 0, and in
particular, (z | ) = 0, whence z = 0.

This scalar product on E is invariant under p. In fact,

(p(9)z | p(9) Z (9)z | p(h)p(9)y)

hEG

|G| > (p(hg)x | p(hg)y) = (x| ),

heG

where we have used the fundamental equation (1.1), which holds for any func-
tion ¢ on G. Thus p is a unitary representation of G on (E,( | )’). O
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1.2 Irreducible Representations

Let (E,p) be a representation of G. A vector subspace F' C E is called
invariant (or stable) under p (or under G, if the name of the representation
is understood) if for every g € G, p(g)F C F. (since F is finite-dimensional,
the condition p(g)F C F implies p(g)F = F.) We can then speak of the repre-
sentation p restricted to F', which is a representation of G on F. We denote it
by p|r. Such a representation restricted to an invariant subspace is also called
a subrepresentation.

Definition 1.6. A representation (E,p) of G is called irreducible if E # {0}
and if the only vector subspaces of E invariant under p are {0} and E itself.

Ezxample. The representation of dimension 2 of &3 defined in Example 1.2 is
irreducible, since the eigenspaces of p(t) and p(c) have trivial intersection.

Proposition 1.7. Every irreducible representation of a finite group is finite-
dimensional.

Proof. Let (FE,p) be an irreducible representation of a finite group G and let
x € E. Because the subset {p(g)x | ¢ € G} is finite, it generates a finite-
dimensional vector subspace of E. If x # 0, this vector subspace of E is not
equal to {0}. Because this subspace is invariant under p, it coincides with E,
which is thus finite-dimensional. ad

1.3 Direct Sum of Representations
Definition 1.8. Let (E1, p1) and (Eaq, p2) be representations of G. Then
(Er @ E2, p1 @ p2),

where (p1® p2)(9)(w1,22) = (p1(9)(1), p2(9)(22)), for g € G,x1 € Er, 22 € By,
is a representation of G called the direct sum of the representations (E1, p1) and
(E2, p2).

Clearly a direct sum of representations of strictly positive dimensions cannot
be irreducible, even if the summands are irreducible. For matrix representations
p1 and po, the matrices of the direct sum representation of p; and py are block-

diagonal matrices
(m (9) 0 ) .
0 p29)

More generally, if m is a strictly positive integer, we can use recursion to
define the direct sum of m representations p; @ - - - @ p,,. If (E, p) is a represen-
tation of G we denote by mp the representation p @ --- ® p (direct sum of m
terms) on the vector space E @ --- @ E (m terms).

A representation is called completely reducible if it is a direct sum of irre-
ducible representations.
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Lemma 1.9. Let p be a unitary representation of G on (E,( | )). If FCE
is invariant under p, then F+ ={y € E |Vx € F,(z | y) = 0} is also invariant
under p.

Proof. Let y € F-. Then, because F is invariant under p, for every g € G and
x € F,(z]p(g)y) = (p(g~ ")z | y) = 0. Thus p(g)y € F*. O

Theorem 1.10 (Maschke’s Theorem). Every finite-dimensional represen-
tation of a finite group is completely reducible.

Proof. Let (E,p) be be a representation of G. By Theorem 1.5, one may
suppose this representation to be unitary. If p is not irreducible, let F' be a
vector subspace of E invariant under p such that F' # {0} and F # E. Then
E = F @ F*, where F (by hypothesis) and F+ (by Lemma 1.9) are invariant
under p, and dimF < dimFE, dimF* < dimE. By induction on the dimension
of E/, we obtain the desired result. a

In fact, this theorem is true under more general conditions. (See the study
of compact groups in Chapter 3.)

1.4 Intertwining Operators and Schur’s Lemma

Definition 1.11. Let (Ey1,p1) and (Fa,p2) be representations of G. We say
that a linear map T : Fy — FE5 intertwines p; and po if

Vg e G, pa(g)oT =T o pi(g),
in which case T is called an intertwining operator for p1 and ps.

The definition can be expressed in the commutativity of the following dia-
gram for each g € G:

ElL)Eb

pl(g)l lpz(g)

ElL’E2

The following expressions are often used to express the same property:

T is equivariant under p; and pa,

T is a morphism of G-vector spaces,
T is a G-morphism,

T e HOmg(El,EQ).

If B4 = E5 = E and if p; = ps = p, an intertwining operator for p; and ps
is just an operator that commutes with p.

Definition 1.12. The representations p1 and ps are called equivalent if there
is a bijective intertwining operator for p1 and ps.



Representations 13

If T is such a bijective intertwining operator, then
Vg€ G, pa(g) =T opi(g)oT

The existence of an intertwining operator is an equivalence relation on repre-
sentations, which leads to the notion of an equivalence class of representations.
We let ~ denote this equivalence relation.

Two representations (E1, p1) and (Fa, p2) are equivalent if and only if there
is a basis By of E; and a basis By of Fy such that for every g € G, the
matrix of p1(g) in the basis By is equal to the matrix of p2(g) in the basis Bs.
In particular, if the representations (E1q,p1) and (Fs, p2) are equivalent, then
F is isomorphic to Es.

For equivalent matrix representations, we thus obtain similar matrices: if
E; = E; = C", and if p; and py are equivalent, then the matrices p;(g) and
p2(g) are similar via the same similarity matrix for every g.

If po is an n-dimensional representation of G on E, the choice of a basis (e;)
of E determines a matrix representation (C™, p); by changing to the basis (e})
via a matrix T', one obtains the equivalent representation (C™, p'),

p'(g)=Top(g)oT "

Lemma 1.13. If T intertwines p1 and po, then the kernel of T, Ker T, is
imwvariant under py, and the image of T, ImT, is invariant under ps.

Proof. If © € Ey and Tx = 0, then T(p1(g9)z) = p2(g9)(Tz) = 0. Thus Ker T is
a subspace of Fj invariant under p;.

Let y € Im T. Then, there exists € Ej such that y = Tx. Therefore
p2(9)y = p2(9)(Tx) = T(p1(g)x), and hence Im T is a subspace of Fs invariant
under pa. O

Lemma 1.14. IfT commutes with p, each eigenspace of T is invariant under p.

Proof. In fact, if Tx = Ax, A € C, then T'(p(g)z) = Ap(g)x. Thus the eigenspace
of T' corresponding to the eigenvalue \ is invariant under p. ad

Theorem 1.15 (Schur’s Lemma). Let T be an operator intertwining irre-
ducible representations (E1,p1) and (Es, p2) of G.

e If p1 and po are not equivalent, then T = 0.
o IfFE) = Fy, =F and p1 = ps = p, then T is a scalar multiple of the
identity of E.

Proof. If p1 and ps are not equivalent, T is not bijective. Hence either Ker T'# {0},
or Im T # FE5. By Lemma 1.13, Ker T is invariant under p;. Because p; is irre-
ducible, if Ker T' # {0}, then Ker T' = Ej; hence T'= 0. By Lemma 1.13, Im T
is invariant under po. Because ps is irreducible, if Im T' # FE5, then Im T' = {0},
and hence 7" = 0.

If By = Es = E and p; = py = p, then for every g € G,p(g) o T =T o p(g),
and T commutes with the representation p. Let A be an eigenvalue of T', which
must exist because T is an endomorphism of F, a vector space over C, and let
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E)\ be the eigenspace associated to A. By Lemma 1.14, F is invariant under p.
By hypothesis E\ # {0}, therefore, since p is irreducible, F\ = E, which means
that T'= X Idg. We remark that the proof of the second part of the theorem
uses the hypothesis that the vector space of the representation is a complex
vector space. O

Conversely, if each operator commuting with the representation p is a scalar
multiple of the identity, then p is irreducible. In fact, if p were not irreducible,
the projection onto a nontrivial invariant subspace would be a nonscalar oper-
ator commuting with p.

Remark. Lemma 1.14 has very important consequences in quantum mechanics.
The symmetry operators of a system represented by a Hamiltonian H (an
operator acting on a Hilbert space) are precisely the operators that commute
with H. For each energy level, that is, for each eigenvalue of the Hamiltonian,
there is a corresponding eigenspace. By this lemma, each eigenspace is the sup-
port of a representation of the group of symmetries of the system. Wigner’s
principle then states that for each energy level, the corresponding representa-
tion is an irreducible representation of the full symmetry group of the system.
The dimension of the representation corresponding to the given energy level is
called the degree of degeneracy of the energy level.

2 Characters and Orthogonality Relations

2.1 Functions on a Group, Matrix Coefficients

We shall denote by F(G), or sometimes by C[G], the vector space of functions on
G taking values in C. When this vector space is equipped with the scalar product
defined below, we call the resulting Hilbert space L?(G). (This definition will
be extended to compact groups.)

We adopt the convention that a scalar product is antilinear in the first
argument and linear in the second.

Definition 2.1. On L?(G), the scalar product is defined by

(frlfe) = |G|Zf1

geG
We shall be interested in the matrix coefficients of representations.

Definition 2.2. If p is a representation of G on C™, then for every ordered
pair (i,7), 1 <i <n, 1 < j < mn, the function p;; € L*(G) defined for each
g € G to be the coefficient of the matriz p(g) in the ith row and the jth column,
(p(9))ij € C, is called a matrix coefficient of p.

For a representation p on a vector space E, we define the matrix coefficients
pij relative to a basis (e;) satisfying

€j = Z Pij(g)ei»
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where 7 is the row index and j is the column index. If p is a unitary represen-
tation on a finite-dimensional Hilbert space, then

plg™") = (p(g))~" = “(p(9)).

Hence, in an orthonormal basis,
pij(97") = pji9);

and in particular, the diagonal coefficients of p(g) and p(g~') are complex
conjugates.

2.2 Characters of Representations and Orthogonality Relations

We denote by Tr the trace of an endomorphism.

Definition 2.3. Let (FE, p) be a representation of G. The character of p is the
function x, on G taking complex values defined by

Vg € G, x,(9) = Tr(p(g)).

Equivalent representations have the same character.
For a matrix representation of dimension n,

Xp(9) = Z(P(g))n‘. (2.1)

On each conjugacy class of G, the function Y, is constant.

Definition 2.4. A class function on G is a function constant on each conjugacy
class.

Thus characters of representations are class functions on the group.
Proposition 2.5. The following are elementary properties of characters:

o Xx,(e) =dimp.

o Vge G, xo(97") = xo(9)-

e The character of a direct sum of representations is the sum of the
characters, Xp,@ps = Xp1 + Xpa-

Proof. The first property is a consequence of formula (2.1). To prove the second
formula, we may assume that p is unitary in a certain scalar product and choose
an orthonormal basis. The direct sum property is obvious. ]

If (E1,p1) and (E9, p2) are representations of the same group G, we define
their tensor product to be (F1 ® Ea, p1 ® p2), where

(p1 @ p2)(9) = p1(g9) @ p2(9),

for each g € G. (See Exercise 2.5 for a review of the relevant definitions.) The
following is an important property of characters.
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Proposition 2.6. The character of a tensor product of representations is the
product of the characters,

Xpl®p2 = Xp1 sz' (22)

Proof. The equality follows from the fact that the trace of a tensor product of
matrices is the product of the traces. O

By Proposition 2.5, for representations p; and ps of G,

(Xpr | Xp2) |(;|§£:,xp1 97 )X (9)- (2.3)
geG

We shall show that the characters of inequivalent irreducible representations
are orthogonal and that the character of an irreducible representation is of
norm 1.

Proposition 2.7. Let (E1,p1) and (Eq,p2) be representations of G and let
u: By — FEy be a linear map. Then the linear map T, : E1 — FEs defined by

geG
intertwines py and ps.
Proof. We calculate

p2 U ‘G| sz gh u pl 1)
heG

\G| ZP2 ) u pr(k™g),

keG

by the fundamental equation (1.1). Hence,

p2(9) Tu = Tu p1(9)-
The operator T}, is thus an intertwining operator for p; and ps. a

Proposition 2.8. Let (E1, p1) and (Ea, p2) be irreducible representations of G,
let u: Ey — Ey be a linear map, and define T, by equation (2.4).

(i) If p1 and pa are inequivalent, then T, = 0.
(it) If E1 = Eo = E and p1 = pa = p, then

Tr u
T, =
dim F

Idp.

Proof. The first assertion is clear by Schur’s lemma (Theorem 1.15). For the
second, we need only calculate A given that T, = Aldg. So we obtain
Tr T, ‘GlzgegTru—Tru and thus A = Tr“ . O

mE
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Proposition 2.9. Let (E1, p1) and (Ea, p2) be irreducible representations of G.
We choose bases in Ey and Fs.

(i) If p1 and pa are inequivalent, then

Vi, gk, 6y (pa(9)ke(pi(g™"))si = 0.

geG

(i) If B4 = Eo = E and p1 = pa = p, then

1
i1 S el s = s

geG

Proof. We use a basis (e;) of Ey, 1 < j < dimEy, and a basis (f;) of Es,
1 < ¢ < dimPEs. For u : By — Fs, T, is defined by (2.4). We have, for
1<i<dimE,1< k< dimEs,

dim Fq dim Eo

Ty)ki = |G| Z Z Z 02(9))kp Upm (p1(g™H))mi-

geG m=1 p=1

Let us choose our linear map u to be the map Ueg) Ey — E5 defined by
U(Zj)(ek) = jkfz. Then
(u(es))pm = depdjm,

and consequently,
( U(ez) k |G| Z P2 k:l Pl 1))ji-
geG

Next we apply Proposition 2. 8 If p1 and po are inequivalent, then Ty, 18

always zero, whence (i). If B4 = = F and p; = py = p, then
1 1 Tr g OriOp;
AT i = (Tugp )i = J P = - 3
‘G| gezcvv(p(g))kl(p(g ))] ( (23))k dim E k dim E
which proves (ii). O

Corollary 2.10. Let (Eq,p1) and (Ea,p2) be unitary irreducible representa-
tions of G. We choose orthonormal bases in E1 and Es.

(i) If p1 and py are inequivalent, then for every i, j, k1,

((p1)ij | (p2)ke) = 0.

(ii) If By = B2 = E and p1 = pa = p, then for every i, j, k.1,

1
(pij | pre) = G 0indje-
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Proof. In fact, if p; is unitary for a scalar product on F; and if the chosen basis
in Fj is orthonormal, then

ﬁ Z(P2(9))k£(pl(g_1))ji = ﬁ Z(Pz(g))kz(m(g))ij = ((p1)ij | (p2)ke)-

geG geqG
Proposition 2.9 thus implies (i) and (ii). O
Theorem 2.11 (Orthogonality Relations). Let G be a finite group.

(i) If p1 and py are inequivalent irreducible representations of G, then

(Xpl | XP2) =0.

(it) If p is an irreducible representation of G, then

(Xp | Xp) =1

Proof. By the equality (2.3) and the preceding proposition, if p; and ps are
inequivalent irreducible representations, then (x,, | xp,) = 0. If p1 = p2 = p,

— 0ij
then &7 Yy cq p(@)ip(9™1) 5 = qiip, whence (x| x,) = 1. 0

We define the irreducible characters of G to be the set of characters of
inequivalent irreducible representations of G. We write x,, or even x; to denote
the character of an irreducible representation p;. The preceding results can be
formulated as follows.

Theorem 2.12. The irreducible characters of G form an orthonormal set in
L%(G).

Corollary 2.13. The inequivalent irreducible representations of a finite group
G are finite in number.

We shall denote by G the set of equivalence classes of irreducible represen-
tations of G.

2.3 Character Table

“Character table” is the name given to the table whose columns correspond
to conjugacy classes of a group and whose rows correspond to inequivalent
irreducible representations of the group. At the intersection of the row and the
column one writes the value of the character of the representation, evaluated
on an element (any element) of the conjugacy class. Let N be the number of
conjugacy classes of the group G. (In other words, N is the number of columns;
we shall show that it is also the number of rows.) Let g; be an element of G
in the conjugacy class Cy,, 1 <i < N, which consists of |Cy,| elements. Let py,
and py be irreducible representations of G. Then

N
1 -
(ka | sz) = @ Z |C 1| Xpr (gz) sz(gi) = Oe-
=1

This formula can be restated as the following result.
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Proposition 2.14. If the ith column is given weight |Cy,|, the rows of the
character table are orthogonal and of norm \/|G]|.

We write character tables in the following form:

|Cgy| | -vnn |Cyy |
g | e an
Xpe | Xpelg1) | oeenn Xpi (9N)
Xpe | Xoelg1) | -ovinn Xpe(9N)

2.4 Application to the Decomposition of Representations

We denote by p1,...,pn the inequivalent irreducible representations of G.
(We shall see in Corollary 3.7 that this number N equals the number of con-
jugacy classes of G.) More precisely, we choose from each equivalence class of
representations of G a representative that we denote by p;.

In the equalities below, the equal sign denotes membership in the same
equivalence class.

Theorem 2.15. Let p be any representation of G and let X, be its character.
Then

N
p= & m;p;,
i=1

where

m; = (Xpi Xp)'

Proof. We know by Theorem 1.10 that p is direct sum of irreducible repre-
sentations. We can group the terms corresponding to the same equivalence
class of irreducible representations p;, and we obtain p = @Y, m;p;, for some
nonnegative integers m;. One sees then that x, = Zf\;l m; Xp;, and hence by
orthogonality (x,, | xp) = mi (Xp, | Xp,) = M- 0

Definition 2.16. If p admits the decomposition
p=mip1 Dmopasd---DmypnN,

then the nonnegative integer m; is the multiplicity of p; in p, and m;p; is the
isotypic component of type p; of p.

Corollary 2.17. The decomposition into isotypic components is unique up to
order.

Corollary 2.18. Two representations with the same character are equivalent.
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By the previous theorem,

N

(Xp | Xp) = Zm?

i=1
Hence we have the following result.

Theorem 2.19 (Irreducibility Criterion). A representation p is irreducible
if and only if (x, | x,) = 1.

3 The Regular Representation

3.1 Definition

In general, if a group G acts on a set M, then G acts linearly on the space F(M)
of functions on M taking values in C by (g, f) € G X F(M) — g- f € F(M),
where

Vo€ M, (g-f)(z) = flg~ x).

We can see immediately that this gives us a representation of G on F(M).

Take M = G, the group acting on itself by left multiplication. One obtains a
representation R of G on F(G) called the left reqular representation (or simply
reqular representation) of G. Thus, by definition,

Vg,h € G, (R(g9)f)(h) = f(g~"h).

In the same way one can define the right reqular representation R', associated
to the right action of G on itself, by (R'(¢)f)(h) = f(hg). The right and left
regular representations are equivalent. For a finite group G the vector space
F(G) of maps of G into C is finite-dimensional, of dimension |G|. The regular
representation is thus of dimension |G|.

We use the basis (e5)gcq of F(G) defined by

€ GHC 69(9) 17
7 €q(h) =0, if h # g.

The regular representation of G satisfies
Vg, h € G, R(g)(en) = €gh-

In fact, for every k € G, (R(g)en)(k) = en(9 k), and e,(g7'k) = 1 if k = gh,
while €, (g7 'k) = 0 otherwise. (In the right regular representation, €5 — €54-1.)

Proposition 3.1. On L*(G) = F(G) with scalar product (| ), the reqular
representation is unitary.
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Proof. For fi and fy € L?(G) we have, for every g € G,

(R(9)f1 | R(g) |G| > (R(9) ) (R)(R(g)f2)(h)

heG

|G|Zf1 g7 h) f2(g~ " h)

heG
|G|Zf1 f2 (f1|f2)
ked
The operator R(g) is thus unitary for every g € G. O

3.2 Character of the Regular Representation
On the one hand,

xr(e) =Tr(R(e)) = dim F(G) = |G|.
On the other hand, if g # e, then

xr(g) = Tr(R(g)) = 0

because in this case, for every h € G, R(g)ep, # €.

The regular representation R is reducible because geG €g generates a vec-
tor subspace W of F(G) of dimension 1 that is invariant under R. In fact, for
every g € G, R(9)(Xhcq€n) = Doneq €9h = 2req €k- Furthermore, R |y is
equivalent to the trivial representation, since for every x € W, R(g)(z) = =.
We shall show that, in fact, the regular representation contains each irreducible
representation of G with multiplicity equal to its dimension.

Ezample 3.2. The regular representation of &3 on C[G3] is of dimension 6. It
decomposes into the direct sum of the one-dimensional trivial representation,
the one-dimensional sign representation, and two copies of the two-dimensional
irreducible representation studied in Example 1.2.

3.3 Isotypic Decomposition

‘We now use the notation introduced in Section 2.4.

Proposition 3.3. The decomposition of the reqular representation of G into
isotypic components is R = @£i1 n;pi, where p;, 1 =1,..., N, are the irreducible
representations of G, and n; = dim p;.

Proof. We know that
(g) = G ifg=e,
XTI =0 itge,

and hence (x,, | Xr) = X,, () = dim p;. 0
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Theorem 3.4. We have
> () =G|,

where n; = dim p;.
Proof. We have |G| = xgr(e) = Zf\il niXp, (€) = Zf\lzl(nl)2 O

The equality Zf\;l(nl)Q = |G| is often used, for example, in order to deter-
mine the dimension of a “missing” irreducible representation when one already
knows N — 1 representations.

3.4 Basis of the Vector Space of Class Functions

The vector space of class functions on G taking values in C has for dimension
the number of conjugacy classes of G. We shall show that this is also the number
of equivalence classes of irreducible representations.

Let (E,p) be be a representation of G, and let f be a function on G.
We consider the endomorphism py¢ of E defined by

pr=>_ fla)nlg). (3.1)

geG
Thus, by definition, for every x € E, py(z) = o f(9)p(9)().
Lemma 3.5. The endomorphism py has the following properties:

(4) If f is a class function, p; commutes with p.
(ii) If f is a class function and if p is irreducible, then

1617 | x,)

ldg.
dim p E

Proof. For every function f, we have

proplg) =Y f(hph)p(g) =D F(h)p(hg)

heG heG
=Y flkg™Hp(k) =Y flghg™")p(gh).
kea heG

If f is assumed to be a class function, we obtain

psoplg) =p(g) Y f(h)p(h) = plg) o py-

heG

Let us prove (ii). By (i) and Schur’s lemma (Theorem 1.15), there is a
A € C such that py = Adg. On the other hand, Trpy = 3° ; f(9)Trp(g) =

> gec F(@)xp(9) = |G|(f | X,), from which the result follows. O
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Theorem 3.6. The irreducible characters form an orthonormal basis of the
vector space of class functions.

Proof. We know that the characters pi,...,pn of inequivalent irreducible
representations of G form an orthonormal set in L?*(G) (Theorem 2.12). Let
us show that this set spans the vector subspace of class functions. Let f
be a class function such that for 1 < ¢ < N, (f|x,) = 0. We consider
(Pi)F = Xgec f(9)pi(g). By the previous lemma, (pi)7 = 0, and we deduce,
by decomposition, that for any representation p we have Py = 0. In particular,
R? = 0, where R is the regular representation. Thus,

0= Z f(h)R(R)(eg) = Z ?(h)ehga
heG heG

for g € G, and, in particular,

0= Ry(ec) = Z f(h)en = F,

so f=0. ad

Corollary 3.7. The number of equivalence classes of irreducible representa-
tions of a finite group is equal to the number of conjugacy classes of that group.

In other words, the character table is square.

Proposition 3.8. The columns of the character table of a finite group G are
orthogonal and of norm +/|G|/|Cy|, where |Cy| denotes the number of elements
of the conjugacy class of g. Fxplicitly,

ZXP7 9)Xp, (g 0, if g and g’ are not conjugate,

1 1
@ ; Xp: (9)Xp: (9) = oAk

In particular, when g = e, we recover the equation Zilil(dim pi)? =|G|.

Proof. By Theorem 3.6, if f is a class function, then

N
f= Z(X}Oi | f)XPi'

i=1

For g € G, consider the class function f, that takes the value 1 on g and the
value 0 on every other conjugacy class of G. We have

(Xp: | fg) = |G| ZXp@ ) fg(h

heG

_Cl——
|G‘ sz(g) )
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and thus f, = ‘Icél‘ Zz 1 Xm( )Xp,- In particular, if ¢’ & Cy, then

0=1/f4lg) = |G| ZX/JL 9)Xp:(9

which proves the first formula and hence the orthognality of the columns of the
character table. On the other hand, 1 = f,(g) = % Zil Xp: (9)Xp: (), which
proves the second formula. a

4 Projection Operators

We introduce the projection operators onto the isotypic components of the
decomposition of the vector space of any representation. Let (F,p) be a
representation of G and let p = ®N, m;p; be the decomposition of p into
isotypic components. The support of the isotypic component m;p;, is m; E; =
E;,®- - @ E; (m; terms). We denote this vector subspace of F by V;. We shall
write

m;

Vi=m;L; = @1 L ;,
j=

where each F; j, 1 < j < m;, is equal to E;. We thus have I/ = N, V.

Theorem 4.1. For each i, 1 <i < N, we set

P = |G‘p > xil9)n9)-
geG

Then
(i) P; is the projection of E onto V; under the decomposition E = @ | V;.
(i1) If p is unitary, then P; is Hermitian, that is, 'P; = P;.
Proof. (i) Let us choose i, 1 < iy < N, and show that P;, |v~ = Idy,, while if
20
i # ig, then P |V =0.Let x = Zlei, where z; € V;, and let z; = >

where x”EE”,vvhenceﬂL“—z:z 1 2y @ij- Then

_dim p;,
Py, (z) = H|TC17*,T ZZZMO 9)Ti;

i=1 j=1geqG

. N m;
_ % 3 ( > X (g)pi(g)> Tij-

i=1 j=1 \geG

Li g,

Because x;, is a class function and p; is irreducible, we may apply Lemma 3.5,
and we obtain
G|

Y |G|
;Xm (9)pi(9) = pixmg = dim p; (Xio | xi)ldg, = m&igld&o,
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which finally leads to

N m; Mg
PZo(x) = E § 6i0imi,j = E Lig,j = Lig-
=1 j—1 =1

(ii) The equations P;P; = 0 if i # j and P? = P; follow from (i).
(iii) If p is unitary, then

G| ' — -
S Pi=)_xi@)'el9) = D xi(@)pla™")
im p;
geG geG
=> xilg™e9) =D xi9)pila),
geG geG
which is equal to dilgl P;, which proves (iii). O

Pi

The decomposition E = & ; V; is unique up to order. On the other hand,
the decomposition V; = 693721 E; j is not always unique. For example, if p = Idg,
then p can be written in an infinite number of ways as a direct sum of one-
dimensional representations.

5 Induced Representations

Induction is an operation that associates to a representation of a subgroup H
of a group G a representation of the group G itself.

5.1 Definition

Let G be a finite group and H a subgroup. Let (F, ) be a representation of H.
We define the vector space

E={p:G—F|Vhe Hp(gh) = n(h~")p(9)}, (5.1)

and a representation p = !¢ of G on E by

Vo e E, (plgo)e)(g) = ¢(95'9), (5.2)

for every gg € G and for every g € G. We can see that p(go)p lies in F because
(p(g0)¢)(gh) = @(gg 'gh) = w(h™ )e(gg ' 9) = (A1) ((p(g0)#)(9)):

and on the other hand, we see that g — p(g) is a group morphism of G into

GL(E).

Definition 5.1. The representation p = ©1¢ of G on E is called the represen-
tation of G induced from the representation w of the subgroup H of G.

For example, if H = {e} and if 7 is the trivial representation of H on C,
then the vector space F is equal to C[G] and the representation of G induced
from 7 is the regular representation of G.
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5.2 Geometric Interpretation

We can interpret the vector space E as the space of sections of a “vector bundle.”
We consider the Cartesian product G x F' and we introduce the equivalence

relation
(g,2) ~ (gh,m(h"Yx), Vh € H. (5.3)

Let G x, F be the quotient of G x F' by this equivalence relation, and let
q:Gx, F—G/H

be the projection that sends the equivalence class of (g,z) to gH. Note that
this is well defined, because if (¢,2’) ~ (g,z), then ¢’ = gh, for some h € H.
The inverse image under the projection ¢ of any point in G/H is isomorphic to
the vector space F. We call G x, F a vector bundle over G/H with fiber F.

A section of the projection ¢ : G X F — G/H (or of the vector bundle
G x5 F) is, by definition, a map v from G /H to G x F such that got) = Idg /5.

Proposition 5.2. The support E of the induced representation ¢ is the vec-
tor space of sections of the projection q : G X, F — G/H.

Proof. To ¢ € E and g € G we associate the equivalence class of (g,¢(g)).
The result depends only on the class of ¢ modulo H. In fact, if ¢’ = gh, with
h € H, we obtain the equivalence class of (gh, p(gh)), which is equal to the
equivalence class of (g, m(h)p(gh)) = (g,¢(g)), since ¢ € E. Thus one defines
a section of ¢ : G X, F' — G/H. On the other hand, to any given section of ¢
we may associate an element of E by considering the second component of the
equivalence class associated to an element of G/H. Since this construction is
the inverse of the previous one, we have thus obtained an isomorphism of the
space F of the induced representation onto the vector space of sections of the
vector bundle G x, F. O

The notion of an induced representation can be defined more generally than
just for finite groups, and has many applications in mathematics and physics.
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Exercises

Exercise 2.1 The symmetric group Ss.

We write ¢ for the cyclic permutation (123) and ¢ for the transposition (23).
Show that {c,t} generates &3, and that tc = c*t,ct = tc?. Find the conjugacy
classes of the group Gs.

Exercise 2.2 Representations of Gs.

(a) Find the one-dimensional representations of the group ;.

(b) Let €1, ez, e3 be the canonical basis of C3. For g € &3, set o (g)e; = ey
Show that this defines a three-dimensional representation o of G3 and
that V' = {(z1, 22,23) € C* | 21 + 22 + 23 = 0} is invariant under o. This
representation is called the permutation representation of the symmetric
group.

We denote by p the restriction to V' of the representation o.

(¢) Show that there is a basis (uy, ug) of V such that p(t)u; = ua, p(t)us = uy,
p(c)ur = juy, p(c)ug = j2us, where j2 + j + 1 = 0. Is the representation
p irreducible?

(d) Find the character table of &3.

(e) What is the geometric interpretation of &3 as a group of symmetries?
What is the geometric interpretation of the representation p?

Exercise 2.3 The symmetric group Sy.
Find the conjugacy classes and character table of the symmetric group &4.

Exercise 2.4 The alternate group 2y.

Find the character table of 2l4. Which representations of 24 are the restric-
tion of a representation of G47 Which representations of &4 have an irreducible
restriction to A4? Which have a reducible restriction?
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Exercise 2.5 Tensor products of vector spaces and of representations.
We denote the dual of a vector space E by E*, and the duality pairing

by (,

).

If F and F are finite-dimensional vector spaces over K (where K = R or C),
one can define the tensor product F ® F' as the vector space of bilinear maps
of E* x F~* into the scalar field K. For x € E, y € F, we define the element
r®@y e E®F by

(z@y)(&n) = &2)nYy),

for every £ € E*, n € F*.

(a)
(b)

Let (e1,...,e,) be abasis of E and let (f1,..., fp) be a basis of F'. Show
that (ei ® fj)lgigmlgjgp isa basisof E® F.

An element of E® E is called a contravariant tensor (or simply a tensor)
of order 2 on E. Every contravariant tensor of order 2 on E can be written
T = Z? i—1 Te;, ® ej, where the T are scalars, called the components
of T in the basis (e;). What are the components of T" after a change of
basis?

We can associate to £ ®y € E* ® F the linear map u of E into F' defined
by u(x) = ({,x)y, for x € E. Show that this defines an isomorphism of
E* ® F onto the vector space of linear maps of F into F, L(E, F).
Show that if u: F — E and v : F — F are linear maps, then there is a
unique endomorphism u®v of EQ F satisfying (u®v)(z®y) = u(z)@v(y)
for each x € F, y € F. In E® F, we choose the basis

(e1®fr,e1®fa, ..., e1Qfp,e2@f1,€2® fo,...,e2®@fp, ..., en®f1,...,en@fp).

Write the matrix of u ® v, where u (respectively, v) is an endomorphism
of E (respectively, F') with matrix A = (a;;) (respectively, B = (b;;)) in
the chosen bases.
If (E1,p1) and (Fa, p2) are representations of a group G, we set, for
g€G,

(p1 ® p2)(9) = p1(9) ® p2(g)-

Show that this defines a representation p; ® ps of G on F; ® E5. What
can one say about the character of p; ® p2? If p; and py are irreducible,
is the representation p; ® ps irreducible?

Exercise 2.6 The dual representation.
Let (E, ) be a representation of a group G. For g € G, £ € E*, x € E, we

set (7
, ) is the duality pairing.)

and (
(a)
(b)

(9)(€), x) = (& m(g7)(x) ). (As in Excercise 2.5, E* is the dual of E,

Show that this defines a representation 7* of G on E*. The representation
7* is called the dual (or contragredient) of .
Show that if (E,w) and (F,p) are representations of a group G, then
g-u=p(g)ouon(gt), forue L(E,F) and g € G, defines a represen-
tation of G on L(FE, F), equivalent to 7* ® p.
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Exercise 2.7 Exterior and symmetric powers.

Let E be a finite-dimensional vector space, with basis (e1,...,e,). We
denote by /\2 E (respectively, S?E) the vector subspace of E ® E generated
by e;®@ej—e;®e;, 1 < i < j < n (respectively, e;®e; + e;®e;, 1 <i < j <n).
These definitions are independent of the choice of basis and EFQE = /\2 E®S?E.
The space /\2 E is the exterior (or antisymmetric) power of degree 2 of E, and
the space S2FE is the symmetric power of degree 2 of E.

(a) If (E,p) is a representation of a group @, then A’E and S?E are
invariant under p ® p. We denote the restriction of p ® p to /\2E
(respectively, S2E) by A’p (respectively, S2p). Suppose that G is
finite. Show that the characters of these representations satisfy, for each
geaG,

1

() = 5 (000~ x(8)), x52(9) = 5 ((0o(0)) +x,(67).

(b) If pis the two-dimensional irreducible representation of &3, find x 52, and
Xs2,- Decompose p ® p into a direct sum of irreducible representations.

Exercise 2.8 Equivalence of the left and right reqular representations.
Show that the left and right regular representations of a finite group are
equivalent.

Exercise 2.9 Representations of abelian and cyclic groups.

(a) Show that every irreducible representation of a finite group is
one-dimensional if and only if the group is abelian.

(b) Find all the inequivalent irreducible representations of the cyclic group
of order n.

Exercise 2.10 An application of the orthogonality relations.
Let p; and p; be irreducible representations of a finite group G. Let x; = x,,
and x; = X,,. Show that for every h € G,

Té| S xi@lo )

geG

1
~ dim p;

Exercise 2.11 Regular representation of Ss.

Decompose the regular representation of 3 into a direct sum of irreducible
representations.

Find a basis of each one-dimensional invariant subspace and a projection
onto the support of the representation 2p, where p is the irreducible represen-
tation of dimension 2.

Exercise 2.12 Real and complezified representations.
Let E be a vector space over R, of dimension n. A morphism of a finite
group G into GL(FE) is called a real representation of G, of (real) dimension n.
We consider E© = E @ iE = E ® C, a vector space over C, of complex
dimension n, called the complexification of E.
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(a) Show that every real representation of G on E can be extended uniquely
to a (complex) representation of G on EC. This representation is called
the complezification of the real representation.

(b) Let the symmetric group &3 act on R? by rotation through angles of
2k7 /3 and reflection. Show that the complexification of this representa-
tion is equivalent to the irreducible representation of &3 on C2.

(c) Let the cyclic group of order 3 act on R? by rotations through angles of
2k /3. Is this real representation irreducible?

(d) Are all irreducible real representations of abelian groups one-dimensional?

Exercise 2.13 Representations of the dihedral group.

(a) Show that if H is an abelian subgroup of order p of a finite group G of
order n, then every irreducible representation of G is of dimension < n/p.

(b) Conclude that for every n > 3, every irreducible representation of the
dihedral group D) is one- or two-dimensional.

Exercise 2.14 Peter—Weyl theorem for finite groups.

Let p', p%, ..., p"V be unitary representations of a finite group G, chosen from
each equivalence class of irreducible representations.

Show that the matrix coefficients of the representations p*, k = 1,..., N,
in orthonormal bases form an orthogonal basis of L?(G). Conclude that every
function f € L?(G) has a “Fourier series”

dim py,

N
=> Z k(P51 )Pl
k=1

where the dj are integers.

Exercise 2.15 Representation of GL(2,C) on the polynomials of degree 2.

Let G be be a group and let p be a representation of G on V"= C". Let
P®) (V) be the vector space of complex polynomials on V that are homogeneous
of degree k.

(a) For f € PR)(V), we set p*)(g)(f) = fop(g~"). Show that this defines
a representation p(*) of G on P*)(V).

(b) Compare p(*) and the dual representation of p.

(c) Suppose that G = GL(2,C), V = C2, and p is the fundamental rep-
resentation. Let & = 2. To the polynomial f € P®)(C?) defined by
f(z,y) = az? + 2bzy + cy? we associate the vector vy = <(§> € C3. Let

p denote the representation of GL(2,C) on C* defined by p®) and the
isomorphism above. Find the dual of p.
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Exercise 2.16 Convolution.

Let G be be a finite group and let C[G] be the group algebra, of G that is,
the vector space F(G) with multiplication defined by e, = €44/, for g and
g € G, and extended by linearity.

(a) Show that the product of two functions fi, fo € C[G] is the convolution

product (f1 % f2)(9) = Xpeq fr(h) f2(h™1g).

(b) Let p be a representation of G and suppose f € C[G]. Set
Pr= ZgGG f(g)p(g). Show that Pfrxfa = Pf1 O Pfa-

(¢) Show that f € C[G] is a class function if and only if f is in the center of
the algebra C[G] equipped with convolution (that is, f commutes in the
sense of convolution with every function on G).

Exercise 2.17 On the map f — py.
For every representation (E, p) of G and each function f on G, consider the
endomorphism py of E defined by

pr=>_ fla)nlg).

geaG

(a) Let R be the regular representation of G. Consider Ry(e,), for g € G.
Show that Rf(e.) = f. Is the map f € C[G] — R; € End(C[G])
injective?

(b) Let p; and p; be irreducible representations of G and let x; (respectively,
X;) be the character of p; (respectively, p;). Find py for p = p; and

F =

Exercise 2.18 Tensor products of representations.
Let p be the irreducible representation of dimension 2 of the symmetric
group G3. We set p = p®!, and by induction we define for every integer k > 2,

pBk = p®k=1) g

(a) For each positive integer k, decompose p®* into a direct sum of irre-
ducible representations.

(b) Let 23 C &3 denote the alternate group. For each positive integer k,
decompose the restriction of p®* to A3 into a direct sum of irreducible
representations.
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Chapter 3

Representations of Compact Groups

In this chapter, we shall extend to compact topological groups many of the
properties proved in the case of finite groups. Some properties will be stated
without proof.

1 Compact Groups

Recall that a topological group is a group equipped with the structure of a
Hausdorff topological space (for example, a subset of a normed vector space)
such that multiplication and inversion are continuous maps. A topological space
is locally compact if each point has a compact neighborhood. A topological
group that is a compact (respectively, locally compact) space is called a compact
group (respectively, locally compact group).

If F is a Banach space (i.e., a complete normed vector space) over the real or
complex field, we denote by L(F, E) the vector space of continuous linear maps
of E into E (also called endomorphisms of E or continuous linear operators or
bounded operators on E). We equip it with the standard norm on linear maps
defined, for each continuous, linear u : F — F, by

[ull = sup g < fJu(2)]-

For each Banach space E we denote by GL(FE) C L(E, E) the group of isomor-
phisms of F/, that is, bijective and bicontinuous endomorphisms of E. In order
to show that the inverse of a continuous linear operator is continuous, it suffices
to show that the operator is bijective. We consider GL(F) to be a topological
subspace of the normd vector space L(E, E).

The unit ball in a normed vector space is compact if and only if the space
is finite-dimensional. Thus each closed and bounded subset of GL(E), where E
is a finite-dimensional vector space, is compact. For example U(n) C GL(n,C)
and O(n) C GL(n,R) are compact. Similarly, SU(n) and SO(n) are compact.
The abelian group R with its usual metric is locally compact but not compact.
The groups GL(n,C) and SL(n,C), GL(n,R), and SL(n,R) are locally
compact but not compact.

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 33
DOI 10.1007/978-0-387-78866-1_3, (© Springer Science+Business Media, LLC 2010
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2 Haar Measure

On a finite group G, we know that for each function f € F(G) and for every
g€G,

S Hm)y =" flgh) =Y fhg).

heq heG heq

If we denote by I, (respectively, ry) the left (respectively, right) multiplication
by g € G, we have, by definition, f(gh) = (f oly)(h) and f(hg) = (f o r4)(h).
Consequently, the averaging operation

M:f— M(f
f |G|g;;f

satisfies the following conditions:

e M is a positive linear form on F(G), that is, M takes nonnegative values
on real nonnegative functions;
e M is both left- and right-invariant, that is,

Vg e G, M(folg)=M(forg)=DM(f);
e M(1)=1.

On any compact group there is a measure, the Haar measure, that has
analogous properties. More generally, on a locally compact group, there are
measures that are either left-invariant or right-invariant but in general, not
both.

Theorem 2.1. Let G be a locally compact group.

(i) There exists a positive measure on G, finite on compact sets and not
identically zero, that is left-invariant, i.e., for each integrable function f
and for every h € G,

/fhgdu /f )du(g

Such a measure is unique up to multiplication by a positive real number.

If f is a continuous, nonnegative function, then fG g)du(g) = 0,
implies f = 0.

(i) If G is compact, there is a unique left-invariant measure p such that
fG du(g) = 1.

(i11) On a compact group, every left-invariant measure is right-invariant.

Proof. (1) The proof of this result is beyond the scope of this book. See, e.g.,
Loomis (1953).

(ii) If po is a left-invariant measure on a compact group G and if
Joduo(g) = m, we set p = L 419, and p is clearly the unique left-invariant
measure such that [, du(g) = 1.
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(iii) Let u be a left-invariant measure on a locally compact group G. For any

continuous f With compact support we set p(f fG . Let h € G
and consider puy(f) = [ f(gh)du(g), that is, uh(f) wu(fo rh) Then
vk e Gun(fol) = [ flkaman(o) = [ flah)in(o) = (1)

and hence, by the uniqueness of left-invariant measures up to a factor, there is
a positive real number A(h) depending on h satisfying

pn(f) = A(h)u(f).

If G is compact, the constant function 1 is integrable. Therefore we obtain
pn(1) = u(1) = A(h)u(1). Hence A =1, and g is thus also right-invariant, i.e.,

/fghdu /f )du(g

for every h € G. a

Definition 2.2. On a compact group, the unique left- and right-invariant
measure of total mass 1 is called the Haar measure.

On a locally compact group G, the function A : h € G +— A(h) € R is called
the modular function of G. It satisfies

A(n') = A(h)A(R),

since AGRRYu(f) = i (f) = p(f o tu) = p(f 0 7w 070) = A(RYu(f 0 ) =
A(h)A(R)u(f). We say that a locally compact group G is unimodular if A = 1.
The preceding theorem says that if G is compact, then G is unimodular.

One often writes [ f(g)dg instead of [ f(g)du(g). Thus, if G is compact,
then for each measurable function f,

VheG, /G f(g)dg = /G f(hg)dg = /G f(gh)dg,

and we require that 4 satisfy the normalization condition [ cdg=1

FEzxzamples.

e On an abelian group, each left-invariant measure is obviously also right-
invariant.

e In the case of the locally compact abelian group R, every invariant
measure is proportional to the Lebesgue measure.

o IfG=U(1)=8"={e"0 cR/2nZ} = {2 € C | |z| = 1}, then

do d
dg=— or dg= c
T

2wz

e For the groups SU(2) and SO(3), see Exercises 5.4, 5.5, and 5.6.
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3 Representations of Topological Groups and
Schur’s Lemma

All the Hilbert spaces we consider are over the field of complex numbers, and
we assume each Hilbert space to be separable, that is, we assume that it has a
countable Hilbert space basis.

3.1 General Facts

Definition 3.1. Let G be a topological group. A continuous representation (or
simply a representation) of G is defined to be a Hilbert space E and a morphism
group p : G — GL(E) such that for every x € E,

geG—plg)reE
s a conlinuous mapping.

A sufficient condition for the continuity of the map g +— p(g)z, for every
x € F, is that

lim [|p(g) — Idg|| =0,

that is, p should be continuous as a map of G into GL(FE) with the topol-
ogy induced by the norm of L(E, E). If E is finite-dimensional, this sufficient
condition is also necessary.

The dimension, finite or infinite, of E is called the dimension of p.

The trivial representation of G on a vector space F is defined by p(g) = Idg,
for every g € G.

Let E be a complex Hilbert space. If u € L(E, E), the adjoint u* of u is
defined by

Va,y € B, (ux | y) = (z | u"y),

and an element v € GL(FE) is a unitary operator if uu* = w*u = Idg. The group
of unitary operators of E is denoted by U(F). In finite dimensions and in an
orthonormal basis, a unitary operator is represented by a unitary matrix.

A representation p of G on F is called unitary if FE is a complex Hilbert
space and if for every g € G, p(g) is a unitary operator. Then for every g € G,
z,y € E, we have (p(g)z | p(9)y) = (x| y), and in particular, |p(g)z|| = [|=|.

Remark. In the same way, one can define representations on real Hilbert spaces.
In this case one speaks of orthogonal representations.

3.2 Coefficients of a Representation
Let E* be the dual of E. For x € E and £ € E*, we set

pze(9) = (& p(9)x),
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where (, ) denotes the duality pairing. In finite dimensions, given a basis (e;)
of FE, and the dual basis (e]) in E*, we recover the matrix coefficients p;;

defined in Chapter 2, because

Pese: (9) = (€7, p(9)ej) = pij(9)-

One can also consider, for z,y € E,

Py (9) = (z [ p(9)y)-
If p is unitary, then

on,(g7h) = ¢ha(9).

In finite dimensions, for each basis (e;) of E, we consider the coefficients

vii(9) = (e | p(g)e;)-

If the basis (e;) is orthonormal, then
e = pij-
3.3 Intertwining Operators

Definition 3.2. Let (Ey,p1) and (Esz,p2) be unitary representations of G.
An intertwining operator for p; and ps is defined to be any continuous linear
mapping T : Ey — Ey such that for every g € G, p2(g) o T =T o p1(g).

In particular, if (F, p) is a unitary representation of G, a continuous linear
mapping T : E — FE intertwines p with itself if and only if it commutes with p.

Two representations (F1, p1) and (Ea, p2) are equivalent if there is a bijective
(and thus bicontinuous) intertwining operator T' for p; and py. Then FEj is
isomorphic to By and pa(g) = T'o p1(g) oT~1. Thus one defines the equivalence
class of a representation.

Definition 3.3. A representation (E, p) of G is called irreducible if E # {0}
and if no closed nontrivial vector subspace of E is invariant under p.

For a closed vector subspace F' invariant under p, the restriction of p to F'
is called a subrepresentation of p.

Proposition 3.4. If (E, p) is a unitary representation and if F C E is a closed
vector subspace invariant under p, then the orthogonal complement F* of F is
also a closed vector subspace invariant under p, and the orthogonal projections
Pr on F and Pp. on F+ commute with p.

Proof. We know that for every vector subspace F of FE, the orthogonal
complement F+ of F is closed. By hypothesis, for every = € F, p(g)x € F.
Let y € F*. Then for every x € F, (x | y) = 0. Hence for every z € F,
(x| p(9)y) = (p(g) "' | y) = 0, and s0 p(g)y € F-. Furthermore,

p(9)y = p(9)(Pry + Prry) = p(9)Pry + p(g) Prry.
The first term is Pr(p(g)y) and the second is Pr1 (p(g9)y). O
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3.4 Operations on Representations

One can take the Hilbert direct sum (©FE;, ©p;) of a countable family of unitary
representations (E;, p;) of a topological group G. In the vector space of the
representation, each F; is a closed subspace, the E; are pairwise orthogonal,
and the direct sum is dense.

A representation is called completely reducible (or semisimple) if it is the
Hilbert direct sum of irreducible representations.

If p is an irreducible representation, we use the notation mp to denote the
isotypic component of type p of a completely reducible representation, where m
can be an integer or co.

We define the tensor product (Ey ® Fa,p1 @ p2) of two representations
(E1,p1) and (Es, p2) of G by setting, for g € G, x1 € Eq, and x9 € Es,

((p1 ® p2)(9)) (1 ® 22) = p1(g)T1 @ p2(g)T2.

If p; and py are infinite-dimensional representations, we consider E;®FE5, the
tensor product completed under the norm associated to the scalar product
defined by

(21 @ a2 | 2] @ x3) = (21 | 2}) (22 | 25),
for z; and z} € E;, i = 1,2, which can be shown to be positive. The Hilbert
space F1®FE, is called the Hilbert tensor product of By and Fs.

Theorem 3.5. Fvery finite-dimensional unitary representation of a topological
group is completely reducible.

The proof is the same as in the case of finite groups using Proposition 3.4.

There exist (nonunitary) representations that are reducible but not
completely reducible.

3.5 Schur’s Lemma

Theorem 3.6 (Schur’s Lemma). Let G be a topological group and let
(E1, p1) and (Ea, p2) be irreducible unitary representations of G. Let T be a con-
tinuous linear mapping of Eq into Fo that intertwines p; and ps. Then either
T =0 or T is an isomorphism (and consequently p1 and ps are equivalent), and
T is then unique up to a multiplicative constant.

In summary, if pa(g) o T = T o p1(g) for every g € G, then either p; = po
and T = 0, or p; ~ p2 and T is an isomorphism. The proof, which we omit, uses
the spectral decomposition of Hermitian operators. See, e.g., Gurarie(1972).

Corollary 3.7. Let G be a topological group and let (E, p) be a unitary repre-
sentation of G. The representation p is irreducible if and only if every endo-
morphism of E that commutes with p is a scalar multiple of the identity.

Proof. If p is not irreducible, the projection onto a nontrivial closed invariant
subspace is a nonscalar endomorphism of E that commutes with p. The converse
is a consequence of Schur’s lemma. O



Representations of Compact Groups 39

Corollary 3.8. The unitary irreducible representations of an abelian group are
one-dimensional.

Proof. Let (E, p) be an unitary irreducible representation of an abelian group G.
Let g be an element of G. Then for every h € G, p(g)p(h) = p(h)p(g), and thus
p(g) commutes with p. By Corollary 3.7 of Schur’s lemma, G acts by scalar
multiplication. Because the representation p is assumed irreducible, it must be
one-dimensional. ad

4 Representations of Compact Groups

In this section, we consider a topological group G that we assume to be compact,
and as above, by “representation,” we mean a continuous representation on a
separable complex Hilbert space.

4.1 Complete Reducibility

Theorem 4.1. Every representation of a compact group is unitarizable.

Sketch of Proof. Let G be be a compact group, and let (E, p) be a representation
of G. We set, for x,y € F,

(x| y) = /G (p(9)z | pl9)y)dg,

where dg is the Haar measure on G. This is indeed a scalar product because
if (z|z)" = 0, then by Theorem 2.1, (p(g)z | p(g)x) = 0 for every g € G, and
consequently x = 0. On the other hand,

(0(9)z | plaly) = /G (p(hg) | p(hg)y)dh = /G (p(h)z | p(h)y)dh = ( | 4.

Thus p(g) is unitary for ( | )’. Next one shows that the norms associated to
(| )and ( | )" are equivalent, which implies that the representation remains

continuous and that the representations p on the Hilbert spaces (E,( | ))
and (E,( | )) are equivalent, which means that the identity mapping of E is
bicontinuous and intertwines the representations. O

Combining this theorem with Theorem 3.5, we obtain the following corollary:

Corollary 4.2. Every finite-dimensional representation of a compact group is
completely reducible.

A proof of the following result may be found in, e.g., Naimarkatern(1982).

Theorem 4.3. Every irreducible representation of a compact group is finite-
dimensional.

Remark. This theorem, as specified above, assumes representations to be
continuous and representation spaces to be separable complex Hilbert spaces.
The theorem is not true in all generality, but it is true for continuous repre-
sentations taking values in certain topological vector spaces more general than
Hilbert spaces.
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4.2 Orthogonality Relations

We define a scalar product on the vector space of complex-valued functions on
G by

(] fa) = /G T f2(9)dg,

where dg is the haar measure. We denote by L?(G) the Hilbert space obtained
by completing this pre-Hilbert space under the norm defined by the scalar
product. This is the Hilbert space of square-integrable function on G. (Strictly
speaking, this vector space consists of equivalence classes of square-integrable
functions under the equivalence relation of equality almost everywhere.)

We know that the irreducible representations of G are finite-dimensional.
The orthogonality relations of characters of irreducible representations of finite
groups extend to the compact case.

Theorem 4.4. Let G be be a compact group and let (Ey,p1) and (Ea, pa) be
irreducible unitary representations of G. For every x1,y1 € E1 and x4,ys € Fo,

(o2, |92 ) 0 if p1 < p2,
iyn L Ty diélE (xo | 1) (y1 | y2) if By = Ex = FE and p; = p2 = p.

Proof. Generalizing the process used in the proof of Proposition 2.9 of
Chapter 2, we define, for each continuous linear mapping v : E; — FEs, the
following operator intertwining p; and ps:

Tuz/sz(g)um(g)’ldg-

For y; € E1,y2 € E», we consider the linear map wy,y, : £1 — E» defined by
Uy, y, () = (Y1 | ©)y2, for = in E;. Using the fact that p; is unitary, we then
obtain the equation (1, | @82, ) = (z2 | Ty, ,,T1)-

Then we apply Schur’s lemma. The quantity above is zero if p; is not equiv-
alent to pp. If By = Ep = E and py = p2 = p, then Ty, = T(y1, y2)Id g,
where 7(y1,y2) is antilinear in x; and linear in z5. We calculate 7(y1,y2) by
calculating the trace of Ty, , . This is equal to the trace of uy,,, because for
each linear mapping u, TrT,, = [, Tr(p(g) cuo p(g~'))dg = [, Trudg = Tru.
Because Tr(uy,y,) = (y1 | y2), we obtain the desired result. O

In particular, if p; and p, are inequivalent, then in every orthonormal basis,

(] 1¢fi) =0, (4.1)
and if p; = pa = p, then

1
(055 | he) = mfsiktsjz . (4.2)

We denote by G the set of equivalence classes of irreducible representations
of a compact group G. When L?(G) is separable—which is usually true in the
cases one meets in practice—the orthogonality relations above imply that G is
countable.
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By (4.1) and (4.2) the matrix coefficients in orthonormal bases of inequiva-
lent irreducible unitary representations of G form an orthogonal set in L?(G).
We now state without proof the Peter—Weyl theorem, which states that these
matrix coefficients form an orthogonal basis of L?(G) in the Hilbert space sense.
For a proof, see, e.g., Simon (1996) or Gurarie(1992).

Theorem 4.5 (Peter—Weyl Theorem for Compact Groups). Every func-
tion f € L*(G) has a “Fourier series”

dim p©
F=Y>0 ol (4.3)

ac hi=1

converging in the L? sense, where the p® are unitary representatives of the
classes of inequivalent irreducible representations of G, the pf; are their matriz
coefficients in orthonormal bases, and

e = (im )y | 1) = (@im ™) | 70 @ (1.0

Ezample. The irreducible representations of the abelian compact group
G = R/2nZ are the exponentials ey : z +— e* for k € Z. Thus in this case
G =1

We thus see that the expansion of functions of L?(G) as series, where G is
a compact group, given by the Peter—Weyl theorem is a generalization of the
Fourier series expansion of 27-periodic functions square-integrable on [0, 27].
If G = R/27Z, then for every f € L*(G),

f = chek, (45)

kEZ

where

27
cr=(ex | f)= % ; f(0)e"*0q0. (4.6)

In this case, each representation is one-dimensional, and its unique matrix co-
efficient is the character of the representation. The formulas (4.3) and (4.4) are
thus seen to be generalizations of the classic formulas (4.5) and (4.6) of Fourier
analysis.

If (E, p) is a finite-dimensional representation of G, we define the character
X, of p by

Vg € G, Xpl9) = Tr (p(9))-

The complex-valued function thus defined on G is continuous. It is a class
function that depends only on the equivalence class of the representation p.

Theorem 4.6 (Orthogonality Relations). Let p; and ps be irreducible
representations of G. Then

( | ) = 0 if py » pa,
XP1 sz - 1 if p1~ pa.
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Proof. With the help of Theorem 4.1, these relations are a consequence of the
preceding formulas (4.1) and (4.2). O

A representation p is irreducible if and only if (x, | x,) = 1.
If p is a representation of G, we can decompose it as a Hilbert sum of
irreducible representations p;, where i € G. We shall write

p= & mipi,
ieG
where
m; = (Xpi Xp)'

We may have m; = co.

Theorem 4.1 of Chapter 2 concerning the projection operators generalizes
as follows. A projection on the isotypic component m;p; is

P, = dim p; /G xi(9)p(g)dg.

In general, many results from the representation theory of finite groups
extend to the case of compact groups, replacing averaging over the group with
the Haar integral.

We shall determine the irreducible representations of the compact groups
SU(2) and SO(3) in Chapter 6.

The following section summarizes the principal properties of the represen-
tations of compact groups, compared to those of finite groups.

5 Summary of Chapter 3

We summarize the properties of finite groups that are true also for com-
pact groups. The representations are assumed continuous on separable complex
Hilbert spaces.

Representations of Finite G Representations of Compact G
Every representation is unitarizable true
Every finite-dimensional representation is completely reducible true
Every irreducible representation is finite-dimensional true

There is a finite number of equivalence classes of irreducible
representations = number of conjugacy classes of the group
= dimension of the vector space of class functions false

The irreducible characters form an orthonormal basis true
of the vector space of class functions as a Hilbert space basis
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The matrix coefficients in orthonormal bases of unitary

irreducible representations form an orthogonal true
basis of the vector space L*(G) as an orthogonal set
Every representation has a decomposition into a direct Hilbert sum
into a direct sum p = &N, m;p; p=®;camipi
m; = (Xi | Xp) mi = (Xi | Xp)

Decomposition of the regular representation
N .
>im (dim p;)? = |G| false

Each irreducible representation is contained in the regular
representation a number of times equal to its dimension true

Projection onto an isotypic component
P = S s oxil9)e(9) Py =dimp; [ xi(9)p(9)dg
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Exercises

Exercise 3.1 Continuity condition for a representation

Let F be a Hilbert space and let p be a morphism of the locally compact
group G into GL(FE), the group of bijective continuous linear operators from
E to E. (One knows that such an operator is bicontinuous.) We consider the
following conditions:

(@) p is a continuous mapping of G into GL(FE) with the usual norm.

() limg . [|p(9) — idg| = 0.

(#ii) The mapping (g,7) € G X E — p(g)(z) € E is continuous.

(i) For each x € E, the mapping ¢ € G — p(g)(x) € E is continuous
(in which case p is called a representation of G on E).

(a) Show that conditions (i) and (ii) are equivalent.

(b) Show that (7) implies ().

(¢) Show that the conditions (i7) and (iv) are equivalent. [We know by the
Banach-Steinhaus theorem (uniform boundedness theorem) that if K is a
compact subset of G and if sup ¢ ¢ [|p(g) ()| < oo, for every z € E, then

supge [[p(9)ll < 00.]
(d) Show that if E is finite-dimensional, these conditions are equivalent.

Exercise 3.2 Dual of a unitary representation.

Show that the dual representation of a unitary representation of a compact
group is equivalent to the conjugate representation.

Exercise 3.3 Regular representation of a compact group.

Let G be a compact group, and let £ = L?(G) be the Hilbert space of
square-integrable functions on G with respect to the Haar measure. We set, for
every f € L?(G),g,h € G.

(R(g)(F)(h) = f(g~"h).

Show that R is a unitary representation of G on L*(G).
Exercise 3.4 Equivalence of representations.

Show that two equivalent unitary representations of a topological group are
unitarily equivalent. [Hint: Introduce the adjoint T of the intertwining operator
T and the positive square root of the positive self-adjoint operator T7T*.]

Exercise 3.5 An application of Schur’s lemma.

Let (E, p) be an irreducible representation of a compact group G. Show that
if two scalar products on E are invariant under the representation p, they are
proportional.
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Exercise 3.6 A not completely reducible representation.

Let G be be the group of complex matrices (& %) such that |a| = 1, with the
usual topology.

(a) Is this group compact?

(b) Show that the fundamental representation of G on C? is reducible, but
not completely reducible.

(c) Find the endomorphisms of C? that commute with the fundamental
representation of G.

Exercise 3.7 Haar measure.

(a) Find the Haar measure on O(2).
(b) Find the left-invariant and the right-invariant measures on the group of
affine transformations of R.

Exercise 3.8 Representations of the direct product of two compact groups.

Let (E1,p1) and (Fa, p2) be finite-dimensional representations of compact
groups G1 and G, respectively. Show that we can define a representation
p = p1xp2of Gi x Gy on By ®Es by p(g1,92)(v1 ®@v2) = p1(g1)v1 @ p2(g2)ve, for
g1 € G1,92 € Go,v1 € Ey,v5 € Ey. Show that each irreducible representation
of G1 x Gy is of the form (Ey ® Ea, p1 X p2), where (E;, p;) is an irreducible
representation of G;, i = 1, 2.
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Chapter 4

Lie Groups and Lie Algebras

We restrict ourselves to the study of linear Lie groups, that is, to closed
subgroups of GL(n,R), for an integer n, in other words, to groups of real
matrices. We adopt the convention, introduced in Chapter 1, of calling such
a group simply a Lie group. We shall show that to each Lie group there corre-
sponds a Lie algebra. For ease of exposition, we start by defining Lie algebras,
and return later to the study of groups.

1 Lie Algebras

1.1 Definition and Examples

We can define Lie algebras over any field. We restrict ourselves to the real or
complex case. So let K= or C.

Definition 1.1. A Lie algebra a over K is a finite- or infinite-dimensional

K-vector space with a K-bilinear, antisymmetric operation [ , | satisfying the
Jacobi identity
VX,Y,Z €a, [X,[V,Z)) + [V, [Z,X]] + [Z, X, Y] =0.  (L1)

The bilinear operation | , | is called the Lie bracket (or simply bracket).
FEzxzamples.

e The vector space R? with the cross product is a real Lie algebra of
dimension 3.

e Let F be a K-vector space. We define the commutator of two K-linear
operators v and v on E by

[u,v] =uov—wvou. (1.2)
The verification of the Jacobi identity is immediate, because
uo(wow—wov)—(vow—wov)ou+vo(wou—uow)—(wou—uow)ow

+wo(uov—vou)—(uov—vou)ow =0.

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 47
DOI 10.1007/978-0-387-78866-1_4, (© Springer Science+Business Media, LLC 2010
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Thus the commutator defines a Lie algebra structure on the vector space of
K-linear operators on F.

In particular, the vector space of n X n matrices with coefficients in the
field K, with the commutator

[X,Y] = XY - VX, (1.3)
is a Lie algebra over K of dimension n?, denoted by gl(n, K).

Definition 1.2. A Lie subalgebra of a Lie algebra is a vector subspace closed
under the bracket.

Thus each K-vector subspace of gl(n,K) closed under the commutator is a
Lie algebra on K.

FEzxamples.

e The vector space of real (respectively, complex) matrices of trace zero is
a real (respectively, complex) Lie algebra.
The vector space of complex anti-Hermitian matrices is a real Lie algebra.
The vector space of real antisymmetric matrices is a real Lie algebra.
More generally, if p + ¢ = n, we denote by J,, the diagonal matrix with
p diagonal elements 1 followed by ¢ diagonal elements —1, and we set

s0(p,q) = {X € gl(n,R) | XJpg + Jpq 'X =0}
This is a Lie subalgebra of gl(n,R). In fact, for X and Y € so(p, q),
Jpq(ty X-'XY)= =Y Jpq ‘X + X Jpg Y = —(XY - Y X)Jpq

Remark. Neither the vector space of symmetric matrices nor that of Hermitian
matrices is stable under the commutator.

A Lie algebra is called abelian if the bracket is identically zero.

An ideal of a is a Lie subalgebra b of a such that [a,b] C b, i.e., for every
element X in a and for every element Y in b, [X,Y] is in b. In any Lie algebra
a, the ideals {0} and a itself are called the trivial ideals.

The center of a Lie algebra a is the abelian ideal of a,

{Xe€a|VYWeaq [X,Y] =0}

A Lie algebra is called simple if it has no nontrivial ideals and is not of
dimension 0 or 1. It is called semisimple if it has no nonzero abelian ideals.

If F is a normed vector space over K, we consider the vector space of con-
tinuous K-linear maps of E into F, with the standard norm of linear maps
satisfying the inequality

[l o o] < fullllv]]. (1.4)
This vector space with the commutator (1.2) is a Lie subalgebra of the Lie
algebra of all linear operators on E. We denote it by gl(E).

If F is finite-dimensional, every linear map on E is continuous; therefore
in this case gl(E) is the Lie algebra of all linear operators on E. In particular,
gl(K™) can be identified with the Lie algebra gl(n,K) of n x n matrices with
coefficients in K.
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1.2 Morphisms

Let a and b be Lie algebras over K. A morphism of Lie algebras of a into b is a
K-linear map ¢ of a into b such that

VX,Y € a,[pX,0Y]s = o([X,Y]q).

An isomorphism of a onto b is a bijective morphism. An automorphism of a is
an isomorphism of a onto a. We write Aut(a) for the group of automorphisms
of a.

For all of the following, we shall consider finite-dimensional Lie algebras.

1.3 Commutation Relations and Structure Constants

Let a be a Lie algebra of finite dimension d, and let (e;), i = 1,...,d, be a basis
of the vector space a. The commutation relations of a in the basis (e;) are the
Lie brackets [e;, e;],1 < i < j < d. The constants, real or complex numbers C’;k
such that

d
leq, €j] = Z ijek,
k=1

are called structure constants. If two finite-dimensional Lie algebras have the
same commutation relations, they are isomorphic. More precisely, if there exist
in the Lie algebras a and b of the same finite dimension bases (e;) and (f;)
such that the structure constants are the same, then the linear isomorphism of
a onto b defined by e; — f; is an isomorphism of Lie algebras.

1.4 Real Forms

On the one hand, each complex vector space E can be considered as a vector
space over R, denoted by E®, of twice the dimension. On the other hand, each
real vector space E can be complexified by setting E¢ = F @ iE = F ® C and
by setting i(X +iY) = =Y + iX, for every X and Y € E. Note that if £
is a complex (respectively, real) vector space and E # {0}, then (E®)* # E
(respectively, (EC)® # E), as one can easily see by calculating the dimensions.
If a is a complex Lie algebra, we denote by a® the Lie algebra over R (of twice
the dimension) obtained by “realification.” On the other hand, if a is a real Lie
algebra, the corresponding complexified vector space can be given the structure
of a complex Lie algebra by setting [X,1Y] = i[X,Y] and [iX,iY] = —[X,Y],
for every X and Y € a. We denote by a® the complex Lie algebra thus obtained,
called the complexification of the real Lie algebra a.
A real form of a complex Lie algebra g is a real Lie algebra a such that
= g. For example, (gl(n,R))® = gl(n,C). In general, a complex Lie algebra
has several nonisomorphic real forms.

aC
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1.5 Representations of Lie Algebras

Here we define Lie algebra representations, restricting ourselves to the case of
finite-dimensional representations. We shall see in Section 7.2 the relationship
between representations of groups and representations of Lie algebras.

Definition 1.3. Let g be a Lie algebra over K. A representation of g is a
K-linear mapping R of g into gl(E), where E is a finite-dimensional complex
vector space satisfying

VX,Y €g, [R(X),R(Y)] = R([X,Y]).

A representation of a complex Lie algebra g on a complex vector space E is
thus a morphism of complex Lie algebras of g into gl(F). The dimension of E
is called the dimension of the representation.

A representation of a real Lie algebra g on a complex vector space F is a
morphism of real Lie algebras of g into gl(E)®. We show below (Proposition 1.4)
that such a morphism has a unique extension to a morphism of complex Lie
algebras of g* into gl(E). Later, we study numerous examples. Here is a very
simple one. The matrices

00 0 0 0 1 0 -1 0
m=(0 0 1|, m=(0 0 o], ns=[1 0 o0
01 0 -1 0 0 0 0 0

form a basis of a real Lie algebra g = s0(3), of dimension 3, whose commutation
relations are
(71 1] = 1hm
for each cyclic permutation k, ¢, m of 1,2,3. To the elements 7,792,713 of g we
associate the complex 2 x 2 matrices
i

1 7
&= 501 §o = —592, §3 = 303

(01 (0 - (1 0
o1 = 1 0)° 02 = i 0 ) g3 = 0 1)

are the Pauli matrices. Because

where

[51@7 5@] = E’ma

we see immediately that the R-linear map of so(3) into gl(2,C)® defined by
ne — & is a representation of g on C2. Furthermore, extending this map by
C-linearity defines a morphism of complex Lie algebras of 50(3)C into gl(2,C).

Remark. We can also define the real representations of Lie algebras over K,
which are R-linear maps into gl(F), where E is a real vector space.

A representation (E, R) of g is called irreducible if E # {0} and there are
no nontrivial subspaces of E invariant under R, i.e., the only vector subspaces
of E invariant under R are {0} and E itself.
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Representations (Ey, Ry) and (F2, Ry) of a Lie algebra g are equivalent if
there is an isomorphism 7" of F; onto E5 such that

VX €g, Ro(X)oT =T o Ry(X).

Proposition 1.4. Let g€ be the complezification of a real Lie algebra g. Fvery
representation of g can be extended uniquely to a representation of g©. There is
a bijective correspondence between irreducible representations of g and of g°.

Proof. Let (E, R) be a representation of the Lie algebra g on a complex vector
space FE. We set

VX,Y €9, R(X +iY) = R(X) +iR(Y) € gl(E).

A calculation using the equation R([X, X']) = R(X) o R(X') — R(X’) o R(X),
for X and X' € g, shows that

R(X +iY, X' +1Y']) = R(X +iY) o R(X' +4Y") — R(X' + 1Y) o R(X +1iY).

Thus the extension of R is a representation of g©. The uniqueness is obvious.
On the other hand, from a representation of g& one can define a representation
of g by restriction. Thus it is clear that there is a bijective correspondence
between representations of g and representations of g€. Furthermore, if a
representation of g is irreducible, the corresponding representation of g is
irreducible as well. ad

In summary, the equivalence relation on the representations of g corresponds
to the equivalence relation on the representations of g€. Thus the equivalence
classes of irreducible representations of g and of g€ are in bijective correspon-
dence.

2 Review of the Exponential Map

Let X € gl(n,K). We set

o0

P
epr:eX:Z%. (2.1)
p=0
For each compact set K C gl(n,K) there exists a positive real number M such
that || X|| < M for all X € K. Therefore when we equip gl(n,K) with the
standard norm of linear maps, which satisfies the inequality (1.4), the series
(2.1) is convergent and uniformly convergent on each compact set.
We have
exp 0 =1, (2.

2)
Vs, t € R, exp(sX) exp(tX) = exp(s +t)X. (2.3)

Furthermore, if XY = Y X (but in this case only!), then exp(X +Y) =
exp X exp Y.
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We deduce from (2.3) that for every X, exp X is invertible with inverse
exp(—=X),
(exp X) ™! = exp(—X).

Thus the exponential map is a map from gl(n,K) into the group of invertible
matrices GL(n, K) C gl(n, K).

Lemma 2.1. The map t € R+ exp(tX) € GL(n,K) is differentiable and

%exp(tX) = X exp(tX) = exp(tX)X. (2.4)

Proof. The term-by-term differentiation of the exponential series for exp(tX)
is legitimate and gives

St Z Z Xr—— ZXP = X exp(tX) = exp(tX) X,

for every t € R. a
In particular,

d
Eexp (tX)|,_, = X. (2.5)

Proposition 2.2. The exponential map of gl(n,K) into GL(n,K) C gl(n,K)
is smooth, and its differential at the origin is the identity map of gl(n,K) into
itself.

Proof. We have
X p—1

eXpX_I+X+XZ

p=2

whence [lexp X —exp 0 — X|| < ||X]| e(X), where

IS =
p=2 P! q= g+ 2
This last series converges, so lim) x| [le(X)| = 0, which shows that exp is

differentiable at 0, with differential Idg(, k-
One can show, that the map exp is differentiable at each point and is of
class C* (see Exercise 4.6), and we shall use this result. O

By the inverse function theorem, we obtain the following result.
Corollary 2.3. There exist an open neighborhood Uy of 0 in gl(n,K) and an

open neighborhood Vi of T in GL(n,K) such that exp is a diffeomorphism of Uy
onto V.
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We call the inverse diffeomorphism, defined on a neighborhood of
I € GL(n,K), the logarithm. We denote it by log (or sometimes In). Then,

oo Xp+1
VX € gl(n,K) such that || X|| < 1, log(I + X) = Z(—l)p .
=0 p+1
Proposition 2.4. For every X,Y € gl(n,K),
2
exp(tX) exp(tY) = exp (t(X +Y)+ E[X’ Y]+ O(t?’)) . (2.6)

Proof. For t near 0, on the one hand,
o 3 v 3
exp(tX) exp(tY) = (I +tX + EX +O@) ) (I+1tY + EY +O(t”)
2
= I+tX+Y)+ 5 (X? +2XY +Y?) + O(t%).
On the other hand,

exp (t(X +Y)+ g(XY -YX)+ O(t3)>

2 2
=T+tX+Y)+ %(XY ~-YX)+ %(X2 + XY +YX +Y?) +0(8%).

The two expressions are thus equal. O

One could expand further and consider the coefficients of the terms of order
t3,t%, etc. The result is known as the Baker-Campbell -Hausdorff formula.

Corollary 2.5. The exponential of a sum can be expressed as

k
X Y
exp(X +Y) = kgrfw (expz exp?) . (2.7)

Proof. We have, for every positive integer k,

R O))
exp <X+Y+O (%)) ,

so the result follows by the continuity of the exponential map. O

Proposition 2.6. For each X € gl(n,K),
exp(TrX) = det(expX). (2.8)

In particular, the exponential of a traceless matriz is a matriz of determinant 1.
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Proof. Over C, one can triangularize the matrix X. If X is similar to a triangular
matrix 7', then exp X is similar to exp T'. If the diagonal coefficients of T" are
ai,-..,a,, then the diagonal coefficients of the matrix exp T are e®',... e%".
Hence

det(expX) = He‘“ = eri=1% =T

Over R, the equation is valid for real numbers. a

Corollary 2.7. We have
d B
T det(exp(tX))|t=O =TrX.

Proof. In formula (2.8), we replace X by tX and differentiate. a

3 One-Parameter Subgroups of GL(n,K)

We shall show that in the case of one-parameter subgroups of the group of
invertible matrices, the hypothesis of continuity implies differentiability.

Definition 3.1. A one-parameter subgroup of a topological group G is a
continuous map f : R — G such that

Vte R, Vs e R, f(t+s) = f(t)f(s).

We may also simply write one-parameter group. The definition implies that

f(0)= e.

Lemma 3.2. Let [ : R — GL(n,K) be a one-parameter subgroup of GL(n, K).
Then f is differentiable.

Proof. Let a € R, a > 0. The map f is continuous, and thus fo t)dt exists.

For each s € R,
a a s+a
dt = dt = dt.
| e =g [ swa= [ s

This quantity is differentiable with respect to s. To prove that f is differentiable

it is sufficient to show that there is a real number a > 0 such that fo t)dt is
invertible. Now, because f is continuous at 0 and f(0) = I,
1

3a>0, [l <a, 70— 1] < 5,

whence we deduce that

([

and thus fo t)dt is invertible. O

a

1 /Oa(f(t) - I)dtH < % <1,
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Proposition 3.3. Let [ : R — GL(n,K) be a one-parameter subgroup of
GL(n,K). There exists a unique X € gl(n,K) such that for each t € R,

F(t) = exp(tX). (3.1)

Proof. The uniqueness is clear, since f is differentiable by the preceding lemma,
and hence the desired matrix X must satisfy the equation

d
af(t)|t:0 =X. (3.2)
‘We have
d . f+s) = f(H) . f(s) — f(0)
() = tim DD I g () B L ) x

By Lemma 2.1, we see that f(t) and exp(tX) are solutions of the same dif-
ferential equation with the same initial condition f(0) = I. The proposition
follows. a

Definition 3.4. The element X of gl(n,K) satisfying (3.1) is called the
infinitesimal generator of the one-parameter group t — f(t).

We have
X = f'(0)

and, more generally,
vteR, (f(H)7f(t) = X. (3.3)

Ezample. The rotations around the axes Ox, Oy, 0z, respectively, constitute the
one-parameter groups

1 0 0 cost 0 sint cost —sint 0
0 cost —sint |, 0 1 0 , |sint cost 0],
0 sint  cost —sint 0 cost 0 0 1
of the form exp(tn;),i = 1,2,3, where the infinitesimal generators are the

matrices 11,12, n3 defined in Section 1.5.

Important Remark. In physics, the name “infinitesimal generator” of a
one-parameter group f(t) is given to the matrix A satisfying

f(t) = exp(—itA).

Thus A = iX. In particular, if the one-parameter group consists of unitary
transformations of a finite-dimensional Hilbert space, then the operator A
is Hermitian (self-adjoint), and the operator X is anti-Hermitian. In infinite
dimensions, the problem is that the operator A is not necessarily bounded.
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4 Lie Groups

Definition 4.1. A linear Lie group is a closed subgroup of a group GL(n,K).

We can identify GL(m,C) with a closed subgroup of GL(2m,R). In fact,
each complex m X m matrix A can be written A = B +iC, where B and C' are
real m X m matrices and the R-linear map A +— (g _BC) of GL(m,C) onto a
closed subgroup of GL(2m,R) is a morphism of groups. A linear Lie group is
thus a closed subgroup of GL(n,R), for a certain n. In Chapter 1 we have given
an abstract definition of real Lie groups as smooth manifolds equipped with
a group structure compatible with their differentiable structure, and we have
stated that each linear Lie group is a real Lie group. In the following, we study
only linear Lie groups, and by convention, we call them simply Lie groups. There
exist Lie groups that are not linear Lie groups, such as the universal cover of
SL(2,R). Most of the properties proved below extend to the general case.

In Chapter 1, we saw several examples of Lie groups: the real and complex
special linear groups in dimension n, the orthogonal groups, and the unitary
groups, related by

real Lie groups

—N—
SO(n) € O(n) € GL(n,R) SU(n) Cc U(n) C GL(n,C)
N N
SL(n,R) SL(n,C)

For each positive integer n, the additive group R” is isomorphic to the group
of (n+ 1) x (n+ 1) matrices of the form (/ %), where z € R", or to the group

e®1
of matrices ( - , and is thus a Lie group.
ern

The group of affine transformations of R™ is a Lie group.
The symplectic groups Sp(n,C) and Sp(n) are defined by

Sp(n,C) = {A € SL(2n,C) | AJ'A = J},
Sp(n) = Sp(n, C) NU(2n),

where J = (% {), and are Lie groups.

5 The Lie Algebra of a Lie Group

Let G be be a Lie group, i.e., a closed subgroup of GL(n,R). We consider
g={X=70)]v : T—G, of class C', 7(0) = I},

where 7 is an open interval of R containing 0. This is the set of vectors tangent
to parametrized curves of class C' in G passing through I for the value 0 of the
parameter. We shall show that g is not only a real vector space, but also a Lie
subalgebra of gl(n,R).
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Theorem 5.1. Let G be a Lie group and let g be defined as above.

(i) g is a vector subspace of gl(n,R).

(ii) X € g if and only if for everyt € R, exp(tX) € G.
(iii) If X € g and if g € G, then gXg~! € g.
(iv) g is closed under the matriz commutator.

Proof. (i) Let v : Z — G be of class C* and such that v(0) = I. Set 7/(0) = X.
For each A € R, the parametrized curve ¢ — ~(At) has tangent vector AX at 0.
Thus g is closed under multiplication by real scalars. Let v; : Z — G, i = 1,2,
be of class C* and such that ~;(0) = I. Let X; = ~](0), Xo = +5(0). Then

D), = X1 + X

Thus g is closed under addition.
(ii) Tt is clear that if exp(tX) € G, then X = dtexp (tX) ‘t 0

€9
Conversely, if X € g, then by hypothesis, X = dt'y with v(t) € G.

By the Taylor expansion, for any positive integer k,

(0)-r+rvo(d)-en((x ()

We can deduce that

Mo

and hence

i (+(2)) - ewier

This equation implies that exp(tX) € G because v(£) € G, and G is a closed
subgroup.
(ili) If X € gand g € G, then gXg~' = & exp(t(9Xg~*
t, the matrix exp(t(gXg—1)) = glexp(tX)
(iv) Let X and Y € g. Then, exp(tX
by (iii). In the vector space g, we consider

) |t:0, and for every

g~ ! belongs to G, so gXg~! € g.
€ G and exp(tX)Y exp(—tX) € g,

~— —

% (exp(tX)Y exp(—tX)) |t:0

This element of g is XY —YX = [X,Y]. O

Definition 5.2. The Lie algebra g, the tangent space to G at I, is called the
Lie algebra of the Lie group G.

Property (ii) of Theorem 5.1 is the fundamental characterization of the Lie
algebra of a Lie group.

The dimension of the real vector space g is called the dimension of the
Lie group G. This is the number of independent parameters necessary to
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parametrize the points of the group. (This is also the dimension of the Lie
group as a real manifold.)

If the group G is a discrete subgroup of GL(n,R), a continuous curve in G
is necessarily constant, and the Lie algebra of the group is thus reduced to {0},
and the dimension of the group is 0.

Ezamples. The Lie algebras of GL(n, K), SL(n,K), O(n),SO(n), U(n),SU(n) are
denoted respectively by gl(n,K),sl(n,K),o(n),s0(n),u(n),su(n). The notation
gl(n, K) is consistent with our previous notation: it is the vector space of all the
n X n matrices with coefficients in K equipped with the commutator.

Proposition 5.3. The Lie algebras of SL(n,K),O(n),SO(n),U(n), and
SU(n) are

o s5l(n,K)={X €gl(n,K)| Tr X =0} is the Lie algebra of traceless n xn
matrices with coefficients in K, and

dimg sl(n,R)=n? — 1, dimcsl(n,C) =n? -1, dimgsl(n,C) =2(n* —1).

e o(n) = so(n) = {X € gl(n,R) | X +* X = 0} is the Lie algebra of
antisymmetric real n x n matrices and dim so(n) =n(n —1)/2.
e u(n)={X €gl(n,C) | X +' X =0} is the Lie algebra of anti-Hermitian

complex n x n matrices and dim u(n) = n?.

e su(n)={X e€gl(n,C) | X+'X =0, TrX = 0} is the Lie algebra of trace-
less anti-Hermitian complex n x n matrices and dimg su(n) = n? — 1.

Proof. In each case we express the condition for exp(¢X) to belong to the indi-
cated Lie group, for every t € R. O

In certain, but not all, cases, where the Lie group G is a subgroup of
GL(n,C), its Lie algebra has the structure of a complex vector space. This
is the case for sl(n, C), but not for u(n).

Theorem 5.4. The application exp is a diffeomorphism of a neighborhood of 0
in g onto a neighborhood of I in G.

Proof. Let Uy be a neighborhood of 0 in gl(n,R) and let V be a neighbor-
hood of I in GL(n,R) such that exp is a diffeomorphism of Uy onto Vj, as in
Corollary 2.3. We consider a supplementary vector subspace g’ of g in gl(n, R).

We shall first show by contradiction that there exists a neighborhood Uj C
Up of 0 in ¢’ such that the two conditions X € U} and exp X € G imply X = 0.
Suppose then that in each neighborhood of 0 in g’ there is an X # 0 such that
exp X € G. In particular, for every n, there is an X,, € (UyNg’), X,, # 0, such
that exp X,, € G. Thus we construct a sequence (X,,) in g’ that tends to 0 as
n tends to infinity. We set Y,, = X,,/|| X, ||, which implies ||Y,,|| = 1. Because
the unit sphere is compact, there is a subsequence of (Y;,) that converges in the
vector space g’ to a limit Y of norm 1. For ¢t € R, we consider the integral part
pn(t) of t/]| X, || defined by

t
[ X0

=pn(t) + un(t), pu(t) €Z, wu,(t)€0,1].
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Then

t
eXp <||)(||Xn> = (exp Xn)pn(t) exp(un(t)Xn)'

The sequence exp(u, (t)X,) tends to I, since the sequence (u,(t)) is bounded
and the sequence (X,,) tends to 0, and (exp X,,)P»(®) is in G since G is a group.

Therefore the sequence exp (an) tends to an element in G. Because the

exponential map is continuous, the limit of exp (ﬁXn) is exp(tY’), which is

therefore in G. By Theorem 5.1 (ii), this in turn implies that Y is in g, which
contradicts the hypothesis gNg’ = {0}.
Now let a: g ® g’ — GL(n,R) be the map defined by

a(X, X") =exp X exp X'.

The differential at 0 of « is the identity, and thus « is a local diffeomorphism
of a product U x U’ of neighborhoods of 0 in g and g’ respectively onto a
neighborhood W of I in GL(n,R). We can assume that U’ C Uj}. We show that
WNG =expU. It is clear that exp U C WNG. On the other hand, if g € WNG,
then g = exp X exp X', where X € U C g, X’ € Ujj C ¢’. Then we have X' =0,
since X’ € U} and exp X' = (exp X)"'g € G. Thus WNG C expU. O

6 The Connected Component of the Identity

Definition 6.1. The connected component of a point g € G is the largest con-
nected set contained in G and containing g. The connected component of the
identity s often called the connected component of G for short. We shall denote

The connected component of a point g € G is the union of the connected
sets contained in G and containing g. Clearly, if G is connected, G = G and
G has only one component.

Proposition 6.2. Fach connected component of G is open and closed in G.

Proof. Each connected component is closed because the closure of a connected
set is connected. It is also open. In fact, each point of G has a connected neigh-
borhood: for I, the image of a ball centered at the origin under the exponential
map; for an arbitrary element of the group, the translate of such a neighborhood.
For h in the connected component of g € G, let V' be a connected neighbor-
hood of h. Then V is contained in the connected component of g, and thus the
connected component of g is a neighborhood of h. a

Recall that the only nonempty open subset of a connected set is the set
itself. It follows that G is the disjoint union of its connected components.

Proposition 6.3. The connected component of the identity of G is a subgroup
of G. Any open and closed subgroup of G contains the connected component of
the identity of G.
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Proof. If g € Gy, the left translate of Gy by ¢! is diffeomorphic to Gy, and
thus is connected, and it contains I, so it is contained in Gy. Thus, Gy is a
subset containing I and such that for every ¢ and ¢’ € G, g~ !¢’ is in Gy, i.e.,
Gy is a subgroup.

Let H be an open and closed subgroup of G. Then H N Gy is open and
closed. Since it contains I, it is nonempty. Therefore H N Gy = Gy. O

Ezample. The connected component of O(n) is SO(n). For n = 3, this fact will
be proved in Section 2.1 of Chapter 5.

Proposition 6.4. Fvery neighborhood of the identity in G generates a subgroup
of G containing the connected component of the identity. In particular, if the
Lie group G is connected, every neighborhood of the identity generates G.

Proof. Let U be an open neighborhood of I in GG, and let H be the subgroup gen-
erated by U. Because the translations are diffeomorphisms, for every g € H, the
subset Ug of H is open, and it is contained in H because H is a subgroup of G.
Thus H is open. On the other hand, each open subgroup H of any topological
group is also closed. In fact, the entire group is the union of left (or right) cosets
modulo H and each class is open. Since H is the complement of the union of
cosets other than that of the identity, and since this union of open sets is open,
we deduce that H is closed. Thus the subgroup H is open and closed. We deduce
that it contains the connected component of the identity. a

Theorem 6.5. Let G be be a Lie group and let g be its Lie algebra. The sub-
group of G generated by expg is the connected component of the identity. In
particular, if G is connected, each element of G is the product of a finite number
of exponentials.

Proof. By Theorem 5.4, the image of the exponential map is a neighborhood of
the identity. Thus the subgroup that it generates contains G, by Proposition
6.4. Because exp g is connected, it is contained in GGy and so is the subgroup
that it generates, since Gy is a subgroup of G, by Proposition 6.3. Therefore
exp g generates G. a

Every g € Gy is thus a finite product exp X7 - - -exp Xi, X; € g.

7 Morphisms of Lie Groups and of Lie Algebras

We defined in Section 1.2 the algebraic notion of a morphism of Lie algebras.
Now we define the morphisms of Lie groups and consider the close relationship
between these two definitions.

7.1 Differential of a Lie Group Morphism

Definition 7.1. Let G and G’ be Lie groups. A morphism of Lie groups, or Lie
group morphism, [ : G — G’ is a continuous morphism of groups of G into G'.
Most authors use the term homomorphism.
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Theorem 7.2. Let f be a Lie group morphism of G into G', and let g and ¢’
be the Lie algebras of G and G', respectively.

(i) For each X € g, the map t € R — f(exp(tX)) € G’ is a one-parameter
subgroup of G'.

(ii) Let
P(X) = S flexp(tX))],_y (71)
Then for every t € R,
f(exp(tX)) = exp (tp(X)), (7.2)
and in particular,
f(exp X) = exp(p(X)). (7.3)

(@i) The map ¢ : X — @(X) is a morphism of Lie algebras from g into g'.

Proof. (i) The map t — f(exp(tX)) is continuous and also satisfies the group
property

f(exp((t + 5)X)) = flexp(tX) exp(sX)) = f(exp(tX)) f(exp(sX)).

It is therefore a one-parameter subgroup of G’, and by Lemma 3.2, we can
differentiate the map ¢ — f(exp(tX)).

(ii) Because p(X) = %f(exp(tX))Lt:O is the infinitesimal generator of the

one-parameter group ¢ — f(exp(tX)), we obtain (7.2) and in particular, (7.3).

f(exp X) = exp(p(X)). (7.4)

(i) Let us show that ¢ is R-linear. Let s be a real number. Then
o(sX) = sp(X). In fact, t — f(exp(t(sX))) is a one-parameter subgroup with
infinitesimal generator

d d
© Flexp(tsX)] o = 5 Flexp(uX))],_, = se(X).
Now this infinitesimal generator is ¢(sX) by definition. Thus ¢(sX) = s@(X).
Let us show that ¢ is additive. Let X and Y be elements of g. On the one
hand, the map ¢t — f(exp(t(X +Y))) is a one-parameter subgroup of G’, with

infinitesimal generator (X +Y'). On the other hand, using Corollary 2.5 and
the continuity of f, we obtain

exp(tp(X +Y)) = f (exp(t(X +Y))) = lm_f ((eXp <1§X> P <;Y>)k>

s (e () oo ()
L (eXp (]:w(X)> exp <2¢(Y)>)k7
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because +¢(X) is the infinitesimal generator of t — f(exp(£X)). Thus

exp(tp(X +Y)) = exp (Hp(X) + ¢ (Y))) -

Hence
P(X +Y) = o(X) + oY)

It remains to show that ¢ preserves the commutator. Let us show first that
Vg€ G, VX €9, p(gXg™") = fg)e(X)(f(9)) "
In fact,
exp(tp(9Xg™")) = flexp(g(tX)g™")) = f(gexp(tX)g™")
(

= f(9)f(exp(tX))f(g~") = f(g) exp(te(X)) (f(g)) "
=exp(tf(9)e(X)f(g™"))

whence for every Y € g and for every ¢t € R,

p(exp(tY) X exp(—tY)) = f(exp(tY))p(X)f(exp(—tY)).
Differentiating at 0, since the map ¢ is linear, we obtain
P(YX = XY) = o(Y)o(X) — o(X)p(Y),
which is the desired equation. O

Definition 7.3. The morphism of Lie algebras ¢ defined by (7.1) is called the
differential of the Lie group morphism f, and is denoted by Df.

Thus, by definition,

(Df)(X) = *f(exp (tX))],_p- (7.5)

Remark. A Lie group, more generally a topological space, is called simply con-
nected if each continuous loop can be deformed continuously to a point. If the
Lie group G is connected and simply connected, then for every morphism of
real Lie algebras ¢ of g into g’, there is conversely a unique Lie group morphism
of G into G’ whose differential is ¢. For a proof of this important theorem, see,
e.g., Rossmann (2002) or Hall (2003).

7.2 Differential of a Lie Group Representation

One may define and study the infinite-dimensional representations of Lie groups.
In particular, if the Lie group is compact, the results of Chapter 3 concerning
the representations on separable complex Hilbert spaces apply. But we shall
nonetheless limit ourselves here to the case of finite-dimensional representations.
If F is a finite-dimensional complex vector space, then GL(FE) is a (real) Lie
group, with Lie algebra gl(E)E.
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Definition 7.4. A representation of a Lie group G is a Lie group morphism
from G into GL(E), where E is a finite-dimensional complex vector space.

Let p be a representation of a Lie group G on a finite-dimensional complex
vector space E. We denote by Dp the differential of the Lie group morphism
p: G — GL(E). This is a morphism of Lie algebras of g into gl(E)® (and in
particular into gl(n,C)® if E = C"). Thus Dp is a representation of the Lie
algebra g on E in the sense of Definition 1.3. We have, by definition, for each
X ey,

(Dp)(X) = Tolexp(tX))],_ (76)

In other words, p(exp(tX)) is a one-parameter subgroup of GL(E) with
infinitesimal generator (Dp)(X), and we then have, for every t € R,

plexp(tX)) = exp(t(Dp)(X)). (7.7)
The following definition is thus justified.

Definition 7.5. Let (E, p) be be a representation of a Lie group G. The differ-
ential of the representation p is the Lie algebra representation Dp : g — gl(E)
defined by (7.5).

Theorem 7.6. Let (E, p) be a representation of a Lie group G.

(i) If F C E is invariant under p, then F' is invariant under Dp.
(ii) If Dp is irreducible, then p is irreducible.
(@i) If (B, ( | )) is a finite-dimensional complex Hilbert space and if (E, p) is
unitary, then the Lie algebra representation (E, Dp) is anti-Hermitian.
(iv) Let (E1,p1) and (Eo,p2) be representaions of G. If p1 ~ pa, then
Dp1 ~ ng

The converses are true if G is connected.

Proof. (i) If for every X € g and for every t € R, F is invariant under
plexp(tX)), then F is invariant under (Dp)(X).

(ii) is an immediate consequence of (i).

(iii) Suppose p is unitary. Then for every X € g and every t € R,

(p(exp(tX))u | plexp(tX))v) = (u | v),

for every u and v € E. Differentiating with respect to t at t = 0, we obtain
(Dp(X)u | v) + (u| Dp(X)v) =0, (7.8)

which says that Dp is anti-Hermitian.

(iv) If there exists a bijective linear map T : B3 — Es satisfying

Vg € G, p2(g) oT = Topi(g),
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then by setting g = exp(tX) and differentiating with respect to ¢, we obtain
the desired equation

VX €g, (Dp2)(X)oT =T o (Dp1)(X).

The converses are true if G is connected because, in this case, every element
of G is the product of a finite number of exponentials, by Theorem 6.5. We
prove, for example, the converse of (iii). Suppose Dp is anti-Hermitian. Using
the equation & p(exptX) = Dp(X) o p(exptX), we obtain

%(p(eXth Ju | plexptX)v)

— (Dp(X)p(exptX)u | plexptX)v) + (plexptX)u | Dp(X)p(exptX)v).

This quantity is zero for every ¢ € R by hypothesis. Thus the value of the
scalar product (p(exptX)u | p(exptX)v) remains constant and equal to the
value (u | v) it takes at t = 0. Thus p is unitary. O

If (Eq, p1) and (E9, p2) are representations of G, then
D(p1 & p2) = Dp1 & Dp>

and
D(pl & P2) = Dpl ® IdEz + IdEl ® Dp?a (79)

that is, explicitly, for every X € g and for every vy € Eq, vy € Fs,
D(p1 ® p2)(X)(v1 ® v2) = (Dp1)(X)v1 @ v2 +v1 ® (Dp2)(X)v2.  (7.10)

This equation is proved by taking the derivative at ¢ = 0 of the equation defining
P1 & P2,
(p1 ® p2)(9)(v1 ® v2) = p1(g)v1 @ p2(g)ve,

for g € G and vy € Fy, vy € Ey, where g = exp(tX).

7.3 The Adjoint Representation

Let G be be a Lie group with Lie algebra g. We consider the conjugation action
of G on itself. For each g € G,

Cg:hEGthg_leG

is an automorphism of the Lie group G that leaves the identity element of
G invariant. The differential of C, at the identity is a linear mapping of g
into g, called the adjoint action of g and denoted by Ad,. From the equation
Cgqg =Cq0Cy, for g and ¢’ € G, we see that

Adyy = Ady 0 Ady.

Furthermore, because Ad, is the identity of g when g = I, we deduce that
Ad:ge G— Ad, € GL(g) is a representation of G on g.
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Definition 7.7. The representation Ad of G on g is called the adjoint repre-
sentation of the Lie group G.

To the representation Ad of the Lie group G on g there corresponds a repre-
sentation D(Ad) of the Lie algebra g on itself, called the adjoint representation
of the Lie algebra g, and denoted by ad. The following equation is thus true by
definition, for every t € R and each X € g:

Adexp(ex) = exp(tadx). (7.11)
Proposition 7.8. (i) Let A be an invertible matriz belonging to the Lie group
G and let X be a matrix belonging to the Lie algebra g of G. Then
Ady(X)=AXAL
(i) Let X andY € g. Then
adx(Y) = [X,Y].
(i11) Let X andY € g. Then
ad[x,y] = [adx, ady]. (7.12)

Proof. (i) By definition, for B € G, we have C4(B) = ABA™!, and thus

Ada(X) = %A exp(tX)Ail}tzo = AXAL

(ii) Furthermore,

d d
adx(Y) = aAdEXP(tX)(Y)L:O =% exp(tX)Y exp(—tX)|t:0

= XY -YX=[X,Y].

(iii) Equation (7.12) expresses the fact that ad is a Lie algebra representa-
tion. It is a direct consequence of the Jacobi identity. ad
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Exercises

Exercise 4.1 The exponential mapping and Lie brackets.
Let X and Y be real or complex n X n matrices. Show that for ¢,s € R,
k e N*

(a) exp(tX)exp(tY)exp(—tX) = exp (tY + t2[X, Y] + O(t?)).
(b) exp(tX)exp(tY) exp(—tX)exp(—tY) = exp (2[X, Y] + O(t?)).

(¢) expt[X,Y] = lim (exp (t%) exp (%) exp (—t%) exp (—%))kQ.

k—+o00

(d) [X,Y] = Btaa (exp(tX)eXp(sY) exp(—tX)exp(—sY)) |t:s:0'
Exercise 4.2 Infinite-dimensional Lie algebra: vector fields on R™.

Consider the vector space of first-order linear differential operators on R",
of the form D = 7" | X9 Bt where each X* is a smooth function on R”.
Show that the commutator gives this vector space the structure of an infinite-
dimensional Lie algebra over R.

Exercise 4.3 Infinite-dimensional Lie algebra: vector fields on the circle (the
Virasoro algebra).

Consider the vector space FE of smooth maps from the circle
St ={e|0<6<2r} into C and set, for f € E, X; = f(0) d/d6.

(a) Let f,g € E. Show that there exists h € E such that [X, X,] = Xj.
Conclude that F is a Lie algebra, whose Lie bracket we denote as usual

by [, |. Calculate [e"??,e™], for n,m € Z. This Lie algebra is called the
Witt algebra.
o o) = [ 1) Las.
’ 0 do3
Let E = E® C, and let k be a complex constant. For every (f, ) and
(9,1) € E, set

[(fa /\)a (gvlu)]k = ([f’ g]v kc(f, g))

Show that (E, [, ]i) is a Lie algebra. Calculate [(€, \), (€™, )], for
n,m € Z. This Lie algebra is called the Virasoro algebra.
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Exercise 4.4 Exzample of a nonsurjective exponential map.

(a) Show that the exponential map of s[(2, C) into SL(2, C) is not surjective.
(b) Is the exponential map always injective?

Exercise 4.5 The Heisenberg group.
(a) Let

0 0 00 0 0
xX=1{0 o], y=[(o o 1|, H=[0
0 0 00 0 0

OO =

Calculate [H, X], [H,Y] and [X,Y].
Calculate exp(tX), exp(tY) and exp(tH), for t € R.
The real Lie algebra g generated by X,Y, H is called

the Heisenberg
algebra, and the group G of real matrices of the form (é g ?) is called

the Heisenberg group.
Show that the exponential map is a bijection of the Heisenberg
algebra onto the Heisenberg group.

(b) What is the center of g? of G7

(¢) More generally, we consider, for every positive integer n, the Lie algebra
g generated by Q, Py, H, Kk =1,...,n, with the commutation relations

(Qr, H] = [Py, H] = [Qx, Q¢] = [Pr, Pr] = 0,
(Qk, Pr] = adreH,

where « is a nonzero scalar. (The equations [Qg, Py] = ihdge are the
Heisenberg relations.) Show that this Lie algebra has no finite-dimensional
irreducible representation such that p(H) # 0, and that the irreducible
finite-dimensional =~ representations such that p(H) = 0 are
one-dimensional.

Exercise 4.6 Differential of the exponential map.
Let G be a Lie group and g its Lie algebra. Show that dx (exp), the differ-
ential at the point X € g of the map exp : g — G, satisfies

eXp(—X)dX (exp) = M

)

adx

where the right-hand side deno@es the sum of a series. [Hint: Consider, for X and
Ying, A,(X,Y) = exp(—sX)% exp(s(X+tY))|t=O and calculate %AS(X, Y).]

Exercise 4.7 Killing form.
Let g be a finite-dimensional Lie algebra on K = R or C. The Killing form
of g is the K-bilinear form on g defined by

VX, Y €g, K(X,Y)=Tr(ady oady).
(a) Show that for every X,Y,Z € g,
K([X,Y],Z)+ K(Y,[X, Z]) = 0.
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(b) Let G be a Lie group with Lie algebra g. Show that K is an invariant
bilinear form, that is, for every g € G,

K(Ad,X,Ad,Y) = K(X,Y).

(¢) Find the Killing form and determine its signature for each of the Lie
algebras s[(2,C), sl(2,R), and so(3).

Exercise 4.8 Dimension of the symplectic groups.
Let J = (7% I(;L ) Calculate the dimension of the Lie algebra

sp(n,C) = {X € s(2n,C) | X.J + J'X = 0}.

What are the dimensions of Sp(n,C) and of Sp(n) = Sp(n,C) N U(2n)?

Exercise 4.9 Derivations and the adjoint representation.
A derivation of a Lie algebra g is a linear mapping of g into g satisfying, for
every X,Y € g,
DX, Y]=[DX,Y]+ [X,DY].

Let G be a Lie group with Lie algebra g. Let h be a Lie algebra. Show that
if p is a representation of G on h by automorphisms, then Dp is a representa-

tion of g on b by derivations. What can one say about the representations Ad
and ad?

Exercise 4.10 Coadjoint representation.

Let G be a Lie group with Lie algebra g and let g* be the dual vector space
of g. By definition, the coadjoint representation of G on g* is the dual of the
adjoint representation. The coadjoint orbit of an element ¢ of g* is its orbit
under the coadjoint action of G.

Find the coadjoint orbits in the case G = SO(3).

Exercise 4.11 Real forms.
Show that s0(3),su(2),50(2,1),sl(2,R) are real forms of s[(2,C). Are they
isomorphic as real Lie algebras?

Exercise 4.12 The connected component of the identity of a Lie group.
Let G be a Lie group and let Gy be the connected component of the identity
of G.

(a) Show that Gy is a normal subgroup of G.
(b) Show that the Lie groups G and Gy have the same Lie algebra.

Exercise 4.13 Connected components.

(a) Show that GL(n,C), for n > 2, and U(n), for n > 1, are connected. Find
the connected component of the identity of GL(n,R).

(b) Study the connected component of the identity of the Lorentz group.
How many connected components does the Lorentz group have?
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Exercise 4.14 Ideals of Lie algebras and normal subgroups.

Let G be a connected Lie group with Lie algebra g, and let H be a closed
connected subgroup of G. Show that H is normal if and only if the Lie algebra
h of H is an ideal of g.

Exercise 4.15 Invariant measure on Lie groups.
Suppose that the elements of a Lie group G of dimension p are parametrized

by = (z1,%2,...,7,). We denote by g~! %ﬂ% the matrix whose columns are the
components of the vectors g_l(m)aaTgk(m), k=1,2,...,p, in a basis of g. Show

that |det(g*1%)| is a left-invariant volume element on G.
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Bourbaki group and a great mathematician of the twentieth century.
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Chapter 5

Lie Groups SU(2) and SO(3)

1 The Lie Algebras su(2) and so(3)

We know that su(2) and so(3) are real Lie algebras of dimension 3. We shall
show that they are isomorphic by showing that there are bases of each in which
the commutation relations are the same.

1.1 Bases of su(2)

The Lie algebra su(2) = {X €gl(2,C) | ‘X + X =0,TrX =0} is the real
vector space of dimension 3 of traceless anti-Hermitian 2x 2 complex matrices.

(a) The three linearly independent matrices

1/0 4 1/0 -1 1/ 0
51:2(1 0)7 52:2<1 0)7 63:2<0 Z>7

form a basis over R of su(2) and satisfy the commutation relations

[51@7 5@] = f’ma

where k, ¢, m is a cyclic permutation of 1,2, 3.

(b) In physics one considers the Pauli matrices which are Hermitian matrices

, 0 1 , 0 — . 1 0
o1 = —2151 = (1 O) s 09 = 2252 = (Z 07’> , o3 = _2253 = <O _1> .

They satisfy the commutation relations
[0k, 00] = 2iom,.

One also sometimes uses the matrices
- 1 . - 1 . - 1 .
o1=501= —il1, 02 = 502 = iy, 03 = 503 = —i€3,

which satisfy the commutation relations

[&ka gé] - iam,-

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 71
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(c) We also introduce the matrices
S = 18k,
which satisfy the commutation relations,
[T, Jo] = i .

We also consider the matrices

1 /-1 0
']3_5(0 1)’
. 0 0 . 0 -1
J+:J1+ZJ2:<1 0), J:J1—2J2:<O O)

We have
J3 =il = —03 = 508
~ —~ 1 .
Jy=JixiJy = ifl :F§2 = —01 1oy = 5(—0’1 i’LO'Q),

and so ) L
. i
§3 = —iJs, §1=—§(J++J—)7 §2=—§(J+—J—)-

The matrices J3, Jy, J_ satisfy the commutation relations,

[T, J ] =2J5, [J5,Je] = £Js.

(d) Finally, we introduce the basis of su(2),

() () (2

We see immediately that

2= 72 = K2 =1,
IJ=K=-JI, JK=T=-KJ, KI=J=-IK,

and the commutation relations of su(2) can thus be written
Z,J]=2K, [J,K]=2Z, [K,I]=2J7.
We have

7= 251 = 27,51 = iUl = —2iJ1,
j = 252 = 721‘&2 == 72.02 == 7221]2,
K= 253 = 2’L'53 = ’iO’g = —2iJ3.



The Lie Algebras su(2) and so0(3) 73

A matrix X of su(2) can be written X = 217 + z2J + x3K, i.e.,

X —To + 121
X = 5 : ,
To + 121 —1I3
where x1,x9, 3 are real numbers. We have then

det X = || X2, (1.1)
where ||)_(>H is the Euclidean norm of the vector X with components (x1, T2, x3).

Interpretation in terms of quaternions. Let H be the associative algebra of
the quaternions, a vector space of dimension 4, with basis (1,4, j, k), with the
multiplication defined by

P=2=k=-1, ij=—ji=k, jk=—kj=1, ki=—ik=]j.

The map i — Z, j — J, k — K defines a bijection of the vector space su(2)
onto the vector subspace of H generated by i, 7, and k, called the vector space
of pure quaternions, and denoted by Hy. The vector subspace Hy is not a
subalgebra of the associative algebra H, but Hj is a Lie algebra under the
commutator, and the bijection above is an isomorphism of Lie algebras.

Remark. All the triples of matrices considered above form bases over C of
(su(2))® = sl(2,C). While the & and the matrices Z,J,K belong to su(2),
the Pauli matrices oy, and the matrices Jj; belong to isu(2).

1.2 Bases of s0(3)

The Lie algebra s0(3) is the vector space of antisymmetric real 3 x 3 matrices.
We have already seen that the matrices

0 0 O 0 0 1 0 -1 0
m=10 0 —=1], =10 0 0, =11 0 0],
0 1 0 -1 0 O 0 0 0

form a basis of this Lie algebra, with the commutation relations

[nk’v 775] = Tm-

It is clear that n; — ey, where (ey, eq,e3) is the canonical basis of R?, defines
an isomorphism of the Lie algebra so0(3) onto the Lie algebra (R3, A).
On the other hand,
su(2) ~ s0(3).
More precisely, an isomorphism of Lie algebras is realized by the R-linear map
defined by & — mi. From the fact that su(2) and so(3) are isomorphic, we
deduce that (so(3)) = sl(2,C).
We may also consider the matrices
j\k = i’l]k.

In the preceding isomorphism, o1 — —Ji, g3 +— Jo, 03 — —J3.
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1.3 Bases of sl(2,C)

Other than the bases already described above, the most frequently used basis is

Y R () B ok
which satisfies the commutation relations
[H, Xy]=+2X,, [X,,X_]=H.
We have
H = -2J3 = —2ié3 = 203 = 03,
X = —Jo = —Jy £ idy = —(iy £ &) = &1 + iy — %(m +ic),

and thus 1
ng—iH, J:t:—Xy,
and
I=iX4++X), JT=—-(X;y—-X_), K=iH.

2 The Covering Morphism of SU(2) onto SO(3)

We shall see that although the Lie algebras of the Lie groups SO(3) and SU(2)
are isomorphic, the groups themselves are not. The one, SU(2), is connected and
simply connected, but the other, SO(3), is connected but not simply connected,
and there is a surjective group morphismn of the first onto the second, whose
kernel consists of the elements I and —I of SU(2).

2.1 The Lie Group SO(3)

Every orthogonal transformation of R3 of determinant +1 leaves a unit vector
a of R3 invariant. This is then a rotation through an angle t € R/27Z, denoted
by Rot(a,t). Thus an element of SO(3) is determined by a € R3, ||la|| = 1, and
t € [0,27]. The image of an element = € R® by Rot(a,t) is

Rot(a,t)(z) =x+ (1 —cost)a A (a Ax)+sint a A x. (2.1)
For the proof, we observe first that if x is orthogonal to a, then
Rot(a,t)(x) = cost x + sint a A x.

Next we decompose any x as Aa+ ub, where b is orthogonal to a, and we exploit
the linearity of Rot(a,t). Hence

Rot(a,t)(x) = cost x + (1 — cost)(x | a)a + sint a A z.

Finally, we use the triple product formula, u A (v A w) = (u | w)v — (u | vV)w,
which gives (x| a)a = = + a A (a A x), which proves (2.1).
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Proposition 2.1. Two rotations are conjugate in SO(3) if and only if they have
equal or opposite angles.

Proof. Tt is clear that for ¢ # 0, the pair (a,t') defines the same rotation as
the pair (a,t) if and only if (¢/,¢') = (a,t) or (¢’,¢') = (—a, —t). We shall now
prove that rotations Rot(a,t) and Rot(a’,t’") are conjugate in SO(3) if and only
if ' = +¢. In fact, if a rotation R leaves a invariant, then for each g € SO(3), the
rotation gRg ! leaves ga invariant. More precisely, it follows from the preceding
formulas that

Vg €9S0(3), gRot(a,t) g~ = Rot(ga,t), (2.2)

for z € R3. Therefore, if R’ = Rot(a’,t') is a rotation conjugate to R = Rot(a, t)
by an element g € SO(3), then Rot(a’,t’) = Rot(ga,t), and therefore R
and R’ have equal or opposite angles. Conversely, each rotation Rot(a’,t) is
conjugate to Rot(a,t) by an element g € SO(3) such that ¢’ = ga, and each
rotation Rot(a’, —t) is conjugate to Rot(a,t) by an element g € SO(3) such that
—a' = ga. O

Surjectivity of the exponential map of s0(3) onto SO(3). Let ny be the infinites-
imal generators of the one-parameter groups of rotations around the axes ey,
k =1,2,3. By definition,

exp(tni) = Rot(eg, ).

Let a be any unit vector in R®. We choose k = 1,2, or 3, and let g be an element
of SO(3) such that a = g(ey). Then

Rot(a,t) = g Rot(ey,t)g~" =g exp(tng)g " =exp(tgm g~ ')

By Theorem 5.1 (iii) of Chapter 4, the element gnig~! belongs to so(3). We
have thus shown that the exponential map is surjective from so0(3) onto SO(3).
We deduce that SO(3) is arc-connected, hence connected, and that it is the
connected component of the identity of O(3). We remark that the exponential
map is clearly not injective from so0(3) into SO(3) because for X =n;, (k=1,2
or 3) and ¢ integer, exp((t + 2/m)X) = exp(tX).

Identification of s0(3) with R3. Let a — M, be the R-linear map from R? onto
50(3) defined by e +— 7. The equation M., (z) = ni(x) = er A x implies
by linearity that M,(z) = a A x, for every x € R3 and for ¢ € SO(3),
My (z) =gaAz=glangtz)=gM,g *(z). Thus

Vg € SO(3), Ya € R®, My, = Ad,M,.
Proposition 2.2. For each a € R? of unit norm and for every t € R,
exp(tM,) = Rot(a, ). (2.3)

Proof. The two sides are one-parameter subgroups of SO(3). By (2.1),

d
Vr € R, &Rot(a,t)(at)‘tzo =aAuz,
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while d
3 —
Vo € R”, & exp(tMa)(x)‘tzo = M,(x),

which proves (2.3). O

Remark. Despite the differences of notation, formula (2.3) is the same as a
formula to be found in physics books, e.g., (1.48) in Blaizot-Tolédano (1997),

—
—
w-J

D(U,a) =e ,

where z denotes the triple of matrices 7y, ins2, 113, which we have denoted by
J1, J2, J3 (but which are denoted by Ji, Jo, J3 in that book). This equation says
that the rotation determined by the unit vector @ = (uy,us,us3) and angle o
is the exponential of the matrix fia(uljl + uQJA'Q + u?,jg) Since this matrix is
equal to a(uim + uane + usns), this equation is in fact the same as (2.3). In
Tung (1985), this equation is (7.2-8), written

Ry () = 00,

where n is a unit vector with components n',n?,n3, and v is the angle of the
rotation.

2.2 The Lie Group SU(2)

The Lie group SU(2) = {A € GL(2,C) | A'A = I, det A = 1} is diffeomorphic
to the sphere S? C R* because

SU(2) = {(_‘2 Z) | a,beC,laf? + b2 = 1}.

In fact, for a matrix A = (‘; g), the equations A*A = I and det A = 1 imply
that |a|?+|b]? = 1, |¢|>*+|d|? = 1, ad—bc = 1, ac+bd = 0, whence adé+bdd = 0,
whence ¢ = —b, and similarly, d = a. The elements of the Lie group SU(2) thus
depend on three independent real parameters.

Like the sphere S3, the group SU(2) is compact, connected, and simply
connected.

Every unitary matrix is diagonalizable by means of a unitary matrix.
Because the eigenvalues of a unitary matrix are of modulus 1, for every
A € SU(2), there are a real number ¢ and a special unitary matrix g such

that .t
. e’ 0 -1
A= g ( 0 6“) g .

Furthermore (e;t 69“) and (6_0“ e?t) are conjugate via (9}) in SU(2).

Surjectivity of the exponential map of su(2) on SU(2). Let Azg(%ﬁegit )g_l

be a matrix of SU(2). From the equation

it 0
<60 6”) = exp(t/C),
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we deduce that
A =exp(tgkg™),

with gkCg~1 € su(2). Thus the exponential map is surjective from su(2) onto
SU(2).
Identification of su(2) with R3. Let a — X, be the R-linear map from R3 onto
su(2) defined by

e1—7Z, ea—J, e3r— K.

Then (see formula (1.1))
det X, = ||al|?,

and in addition,
(X,)? = —(det X,)I.

We deduce the following lemma:

Lemma 2.3. For each X € su(2), X? = —(det X)I.

Proposition 2.4. For each X € su(2) such that det X = 1, and for every
teR,
exp(tX) =cost I +sint X.

Proof. It is clear that the two sides have X for derivative at t = 0. It thus suffices
to show that if det X = 1, the map ¢t + cost I + sint X is a one-parameter
subgroup of GL(2,C). For ¢t and s € R,

(cost I +sint X)(coss I +sins X)

= costcoss [ +sintsins X2 + (sintcoss + costsin s) X.
Thus by the lemma, if det X = 1, then
(cost I +sint X)(coss I +sins X) = cos(t + s)I + sin(t + s)X.

One can also use the definition of the exponential as a series of matrices and
the preceding lemma. a

As a consequence of Proposition 2.4, we see that each matrix of SU(2) can
be written agl + a1Z + aaJ + a3k, where the vector (ag, a1, ag, az) of R* has
norm 1. Thus SU(2) is identified with the group of quaternions of unit norm.

2.3 Projection of SU(2) onto SO(3)
We consider the adjoint representation of SU(2) on su(2),
Ad : SU(2) — GL(su(2)).

When we identify su(2) with R® by means of the isomorphism a +— X,, the
map Ad is identified with a map

¢ : SU(2) — GL(3,R).
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This is the map that to g € SU(2) associates the matrix of Ad, in the basis
(Z,T,K) of su(2).

For each g € SU(2),Ad, : su(2) — su(2) is the map X — ¢gXg~! that
preserves determinants. By (1.1), in the identification of su(2) with R3, the
determinant of a matrix corresponds to the square of the Euclidean norm of
the vector; hence for every g € SU(2), ¢(g) preserves the norm, and thus
©(SU(2)) € O(3). In fact, since ¢ is continuous and SU(2) is connected,
©(SU(2)) € SO(3). We know that the map ¢ : SU(2) — SO(3) is a mor-
phism of groups. We shall show that the morphism ¢ is surjective from SU(2)
onto SO(3), and we shall determine its kernel.

Proposition 2.5. (i) In the basis (Z,J,K) of su(2), the matriz of ade, is 1,
fork=1,2,3.

(i) For eacht € R,
p(exp(t€k)) = exp(tng)-

(iii) For each a € R® of unit norm, and for everyt € R,
p(exp(tX,)) = Rot(a, 2t).
(iv) The map ¢ is surjective.

Proof. (i) It suffices to write ade, (§) = [€k, £] = &m, and we immediately obtain
the matrix of ade, in the basis (&1, &2,&3), which is also its matrix in the basis
(Z,T.K).

(ii) is the consequence of (i).

(iii) Let the components of a € R3 be aj,as,as3. Then, by definition,
Xo = a1 + axJ + a3k = 2(a1&1 + a2&2 + az€s). Thus the matrix of adx,
in the basis (Z,7,K) is 2(a1m + asnz + agns) = 2M,. Therefore the matrix of
Adep(x,) in this basis is exp(2tM,). If @ is of unit norm, then it is Rot(a, 2t).

(iv) is the consequence of (iii). O

The kernel of Ad is {g € SU(2) | Ady = Idsy2)}. Let g = (%) be such
that gk = Kg, gZ =Zg, gJ = Jg. One sees that b = 0 and a is real. Because
detg =1, we have g = I or ¢ = —I. Thus Kerp = {I, —I}. The morphism ¢ is
thus not injective, since its kernel contains two elements.

Because ¢ is continuous and surjective, and since SU(2) is simply connected,
we can state the following result:

Proposition 2.6. The group SU(2) is the double-sheeted universal cover of the
group SO(3).
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William Rowan Hamilton (1805-1865) applied the theory of quaternions to
the problem of the composition of rotations in space.

In this chapter and the next we introduce notation used in physics for which
see Basdevant—Dalibard (2005), Ludwig—Falter (1996), Tung (1985), Edmonds
(1974), Blaizot—Tolédano (1997), or Rougé (2005).

Exercises

Exercise 5.1 Conjugate rotations
We use the notation of Section 2.1. Let = be a vector in R? and let g — g(t)
be a one-parameter subgroup of SO(3), with infinitesimal generator M,..

(a) Show that the rotations g(t) leave the vector = of R? invariant.
(b) For go € SO(3), show that ¢ — gog(t)gy ' is a one-parameter subgroup
of SO(3) with infinitesimal generator Mg, ,.

Exercise 5.2 Eigenvalues —1 and 1 of Ad,.

(a) Show that the endomorphism Ad, + Idgy) of su(2) is invertible for
every g € SU(2) except for a set of measure zero. Find this set of measure
zero.

(b) Find the dimension of the kernel of Ad, — Idsy2) as a function of
g € SU(2).

Exercise 5.3 An isomorphism of Lie algebras.
Show that the Lie algebra su(2) x su(2) is isomorphic to the Lie
algebra s0(4).

Exercise 5.4 Haar measure on the group SU(2).
We parametrize SU(2) off a set of measure zero by setting, for an element
g€ SU2), g= (_“Eg), a = aj + tas and b = by + ibs, and

ap = cosls, as = sinfl3 cosfly, by = sinflz sinfy cosfly, by = sinfl3 sinfy sinfy,
for 0, € (0,27‘(’), 0, € (O,Tf’), 05 € (0,71').
(a) Show that the Haar integral on SU(2) can be written

_ 1
272

I(f) / f(61,6,05) sin®f5 sinfy dh; dfy dbs,
@]

where O = (0,27) x (0,7) x (0,7).
(b) Set 03 = t. Show that the Haar integral of a class function f is

2 ™
7/ f(t) sint dt.
™ Jo
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Exercise 5.5 Euler angles and Haar measure on the group SO(3).

(a) Show that each rotation g € SO(3) can be written

g = exp(ans) exp(Bn) exp(yn3)

with 0 < a <27, 0< <m0 <~ <27, uniquely if 3 # 0 and § # 7.
The angles a, 8, v are called the Fuler angles of the rotation.
(b) Show that the Haar integral of SO(3) can be written

1
8772 Qo

I(f) = fle, B,7) sinf3 da dB d,

where Qg = (0,27) x (0,7) x (0,27).

Exercise 5.6 Euler angles and Haar measure on the group SU(2).
Let Q = (0,27) x (0,7) x (—=2m,27).

(a) Show that for every pair of complex numbers a and b such that
la]?2 + |b]* = 1, IZm(a) # 0, and Re(b) # 0, there is a unique triple
(¢,0,7) € Q such that a = cos gei¢+w/27 b = isin gei¢_w/2. Conclude
that off a set of measure zero of SU(2), each matrix g = ( % ?) € SU(2)
can be written in one and only one way as

g = exp(p&3) exp(0€1) exp(¥€3),

with (¢, 0,1) € Q. Show that the image of g(¢, 6,1) under the morphism
o of SO(3) onto SU(2) is the rotation with Euler angles (¢, 6, ).
(b) Show that the Haar integral on SU(2) can be written

I(f) = /qu,ew sind d¢ df dep.

1672



Chapter 6

Representations of SU(2) and SO(3)

To study the representations of the Lie group SU(2), we first study those of its
Lie algebra su(2), by studying the representations of the Lie algebra sl(2,C).
In fact, by Proposition 1.4 of Chapter 4, if g€ is the complexification of a real
Lie algebra g, there is a bijective correspondence between irreducible represen-
tations of g and of g€. In order to determine the irreducible representations of
su(2), we shall thus study those of sl(2, C). We recall that by our convention, a
representation is a representation on a finite-dimensional complex vector space.

1 Irreducible Representations of sl(2, C)

1.1 The Representations D7

We consider sl(2,C) equipped with the basis

10 0 0 0 0
w=(o 8) =G0 =000)

in which the commutation relations can be written

[H,Xy1] =+2X4,
[X.,X_]=H. (1.1)

Let (E, R) be an irreducible finite-dimensional representation of sl(2,C).
The operator R(H) has at least one eigenvalue A and an eigenvector v for this
eigenvalue that by definition satisfies v # 0 and

R(H)v = Mv.
By the commutation relations (1.1),

RUH)R(X,)v = (R(X4)R(H) +2R(X,))v = A+ 2)R(X: v (1.2)

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 81
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and
R(H)R(X_)v=(R(X_)R(H) —2R(X_))v=(A—2)R(X_)v. (1.3)

Because there can be no more than a finite number of distinct eigenvalues of
R(H), there are an eigenvalue A\ and an associated eigenvector vy such that
R(H)vg = Agvg, and furthermore,

R(X,)vo = 0. (1.4)

Then we set, for k € N,
Vi = R(X,)kvo.

By iterating equation (1.3), we obtain
R(H)vg = (Ao — 2k)vg. (1.5)

The nonzero vectors vy, are thus eigenvectors of R(H) with distinct eigenvalues.
We shall show, by induction on & that for any positive integer k,

R(X+)'Uk = k()\o —k + 1)”1671'
The equation is satisfied for k£ = 1 because by (1.1) and (1.4),
R(X+)Ul = R(X+)R(X_)UO = R(H)UO = )\0’00.

Assume that the equation holds for k. Using the hypothesis v11 = R(X_)vg
and the second equation of (1.1), we obtain

R(X4)vir = ROX)R(X)u, = (R(X_)R(X4) + R(H))vy
== R(X_)k()\o —k + 1)Uk_1 + ()\0 - 2k)vk
= (kAo —k+ 1) + Ao — 2k)vg = (k + 1) (Ao — k)vg,

which proves the equation.
Since the nonzero vectors v are linearly independent and the vector space
FE was assumed finite-dimensional, there is an integer n such that

v #£0, v #0, ..., v, #0, v,p1=0.
Hence, writing R(Xy)v,4+1 = 0, we have
)\0 =nNn.

One can then verify that for every k € N,

[R(X.), R(X_)|ve = R(H)vp, [R(H), R(X4)]ve = £2R(X 4 )v.

The vectors, vg, vy, ...,v, generate a subspace of E invariant under R, and
since the desired representation is irreducible, they generate E, which is thus
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of dimension n + 1. In summary, we have found a representation (E() R(™)) of
dimension n + 1 of s[(2,C) and a basis vg,v1, . .., v, of B such that

RM™ (H)vy, = (n — 2k)vg,
R (X_)op = vpg, (1.6)
RM(X v, = k(n — k + 1V)vg_1,

for 0 < k < n,and v_1 = 0, v,41 = 0. Let us show that the representation
(E™, R(™) is irreducible. We suppose that u is a nonzero vector in a vector
subspace F of E(™ invariant under R . Then

n
u = E UV, ug € C.
k=0

Suppose ug, # 0, Ug,+1 = -+ = U, = 0, where 0 < ko < n. Then (R (X ))*ou
is proportional to vy with a nonzero coefficient. Thus vy belongs to F', and
consequently so do the vy, for & = 0,...,n. Thus each nontrivial invariant
subspace coincides with the entire space. On the other hand, the proof above
showed that every irreducible finite-dimensional representation of sl(2, C) is of
the form (E(™ R(M), for a certain n € N.

Proposition 1.1. The irreducible finite-dimensional representations of sl(2, C)
are the (B R™) n € N.

Often, particularly in physics texts, one writes simply Huvg, X vk, X o,
where the name of the representation is understood. Physicists set n = 27,
with j integer or half-integer, and they prefer the basis Js, J;, JJ_ of sl(2,C).
They use (E7, D7) to denote the representation (E(%) R(2)) and they use the
basis of £/ = E7) indexed by the number m, —j < m < j (m is integer if
Jj is integer, half-integer if j is half-integer), denoted by |j, m) and called the
standard basis of the representation D7, defined by

4,m) = (=1)7+" (J_—miz Vjtm- (1.7)

The notation comes from the “bras” and “kets” formalism of Dirac in quantum
mechanics. In the basis |7, m),

' J3|],m> = m|j7m>7
D7 S Ty lgym) = /(G —m)(G +m+1)]j,m+ 1), (1.8)

Hence

Jelj,m) =G +1) —m(m £1)|j,m £1). (1.9)
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1.2 The Casimir Operator

In each representation space (E,R) of sl(2,C), we can consider the operator
(R(J1))? + (R(J2))? + (R(J3))?, which we write in shorthand:
J2=J7 + J5 + J5. (1.10)

Because JiJ_ = (J; + iJo)(Jy — ido) = JE + J3 —i[J1, Jo] = JE + J3 + Ja,
we have
J? =Ty J_+ Js(Js— 1) = J_Jy + J3(Js + I).

It is clear that if R = D7, each vector |j,m) is an eigenvector of J2. More
precisely, we find from (1.8) and (1.9) that
J21j,m) = j(j +1)|5,m).

Thus we see that, in the representation D7, not only is each vector |7, m) an
eigenvector of J2, but in fact J? acts as the multiple of the identity j(j + 1)I.
The operator J? is called the Casimir operator of the representation DJ.
It commutes with each operator of the representation DJ.

1.3 Hermitian Nature of the Operators J3 and J?

We shall show that the operators J3 and J? in the representation (E7, D7) of
5l(2,C) are Hermitian with respect to a well-chosen scalar product on EJ. We
define the scalar product on EJ by requiring that [j,m) be an orthonormal
basis. We denote by X* the adjoint of a matrix X, i.e., X* = *X. Then

Proposition 1.2.
(J) =Jd-, (J) =Ty, (J)=J5 (J) =J%
Proof. We use the basis
(I, =30 1, =3+ 1) -5 13,5 = 1), 15,9)),

in the given order.

e The matrix of J3 in the basis above is | o '-. 0); thus J3 is real and
J
symmetric, thus Hermitian (self-adjoint).
e The matrix of J; is

0 0 0
VZj 0 0
0 22/ —1) 0
0 0 0
22j—-1) 0 0
0 VZi 0
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e The matrix of J_ is

0 V2j 0
0 0 2025 — 1)
0 0 0

o OO
o
&
o,

We have (J_)mi1m = VG +1) —m(m+1) = (Ji)mms1. Thus the
matrices of J, and J_ are real and are transposes of one another.
Furthermore,

(S =TT+ J3(Js — 1) = Jod_ + Js(J5 — 1) = J*.

which proves the proposition. O

In quantum physics, the Hermitian operators J; and J? are observables
that correspond, respectively, to the component along the z-axis of the angular
momentum and the square of its norm.

By restricting the representation D7 to the real form su(2) of sl(2,C), we
obtain a representation of su(2), which we shall denote by the same symbol, D7.

Because J3 = i€3, we deduce from Proposition 1.2 that

D7 (&3)" = =D’ (&3).

Because Ji1 = 1&1 F &, we have

G= s +0), G=g(] — ),
whence
DI(&)* = —DI(&), DI(&)" =—D'(&).

As a consequence, for every X € su(2), D/(X)* = —DJ(X). We thus have
proved the following proposition.

Proposition 1.3. The operators of the representation D’ of su(2) are anti-
Hermitian for the scalar product on E7 defined by the condition that |j, m) be
an orthonormal basis.
Thus, denoting this scalar product by ( | ), we have
(DX(X)a1 | w2) = —(x1 | DY(X)a2)

for every X € su(2) and for every x1,z2 € E’. The matrix of D7(X) in the
basis |j, m) is anti-Hermitian.
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2 Representations of SU(2)

2.1 The Representations D7

We shall study representations D7 of SU(2), show that they have as differentials
DDJ the representations D7 of su(2) studied above, and show that these are
the only irreducible representations of SU(2).

The group SL(2,C) acts on C? by the fundamental representation, so that

a b z1\ _ [az1 + bz

¢ d) \z) \ezi+dzn)’
As we have seen in Section 3.5 of Chapter 2, it is natural to make SL(2,C) act
on the space of functions from C? to the complex numbers by

p(g)f =fog™ ",

for each function f on C2. Thus one defines a representation of SL(2,C). (Here
“representation” means only that p(gg’) = p(g) o p(¢’) if g and ¢’ € SL(2,C).)
Ifg= (‘; Z) has determinant 1, then g~ ! = ( dc _ab); thus explicitly,

(p(9)f)(21,22) = f(dz1 — bza, —cz1 + aza). (2.1)

We shall study the representation p restricted to SU(2), but it is certainly not
irreducible, and we shall find vector subspaces on which SU(2) acts irreducibly.
For each g € SU(2), g7! = !g, we then have p(g)f = f o g, and if
a b
9= ( ~ba )7 -
(p(9) f)(21,22) = f(az1 — b2, bz1 + aza). (2.2)

Let V7 be the vector space of homogeneous polynomials with complex
coefficients in two variables, (z1,22), of degree 2j, where j € %N. This com-
plex vector space is of dimension 2j 4+ 1. A basis is

zgj, zlzgj_l, o z{+ng_m, e zfj, —j<m <.

For example, these bases are

|
if j = bR 22, 21,
if j =1, 23, z129, 27,
3
e 3 2 2 3
1fj:§, 25, 2175, 2172, 21-

Clearly, V7 is invariant under the representation p of SU(2). Now we shall study
the representation D’ of SU(2) on V7 obtained by restriction.
We introduce the notation

f,jn(zla 2:2) — Z{'+ng—m.
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Action of diagonal matrices in SU(2). In the representation D7, the diagonal
matrices of SU(2) act in a simple way on V7. We set

et 0 1/i 0
gt - (0 eit) - eXp(t/C) - eXp(2t§3)? Where £3 - 5 <0 —Z> .

Then . . . . . . .
(D7 (g¢) ) (21, 22) = f%@(e_nzla €Zt22) = e—sztf}]n(zh 22),
and so . ‘ ‘ ‘
DI (ge) [, = 2™ f,.
Each f7 is thus an eigenvector of D’(g,) for the eigenvalue e
Calculation of the differential of DI. Let X = (a ﬂ) € s5l(2,C) and

—2imt,
v$
ot =) = (261 1)
Then ¢(0) = I and ¢'(0) = X, and thus a(0) = d(0) = 1, b(0) = ¢(0) = 0, and
a'(0)=a, V(0)=p8, d(0)=y, d(0)=0
Thus, for every polynomial f in two variables,

(DP) (X)) (e, 22) = To(g0) 1)1, 22)] g = S0 0922,

= (az1 + B22)01 f (21, 22) + (21 + 022) 02 f (21, 22).
Thus
(DR o1, 22) = —3 (2101 — 2201,
((DP)(E) ) (a1, 2) = = 5(201f + 2100,
((Dp)(€)) (21, 22) = 5(:201f — 2101,

Therefore we obtain

(Dp)(Js) = i(Dp) ) = 5 (2101 — 220%),
(D)(J+) = i(Dp)&r) ~ (Dp)(E2) = 2105
(Dp)(1-) = i(Dp)(&1) + (Dp)(€2) = 220

We shall study the action Dp restricted to V7. It suffices to determine the
value of the operators (DD7)(&), for k = 1,2,3, or (DDY)(J3), (DD?)(J,),
(DDY)(J-), on the basis vectors fi,, —j < m < j, of V. It is clear that

(DD?)(&3) f3, = —imf,.
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Using

) ] 1 i— . . i i—m—1
Onfl, = (j+m)T T Bafd = (j —m)] T,
we obtain

(DDI) ) fhy = 5 (G + ) s + G =) ),

(DD (E) = S(G+m)fL o — (G —m)f ),

[\

and the simple formulas

(DD?)(J3) fh, = mf,
(DD (L) f = (G —m) fiia,
(DD () f3, = (G +m)f2 .

We set

We have then
. J3‘]7m> :m|jam>a
DD?  Jylj,m) = /(5 —m)(j +m+1)|j,m+1),
J_|j,m) = /(G +m)(j —m+1)|j,m—1).

We deduce immediately from these formulas that the differential DD of the
representation (V7, D7) of SU(2) is equivalent to the representation D7 of the
Lie algebra su(2), because they are the restrictions of the same representation
of 5[(2,C). We thus have proved the following proposition.

Proposition 2.1. The differential of the representation D’ of SU(2) can be
identified with the representation D7 of su(2).

From now on, we shall identify the support V7 of DDJ with the support
EJ of DI,

Proposition 2.2. For each j € 3N, the representation (VI,D7) of SU(2) is
unitary for the scalar product on V7 defined by requiring that |j,m) be an
orthonormal basis.

Proof. In light of Theorem 7.6 of Chapter 4, this result is the consequence of
Propositions 1.3 and 2.1, and of the fact that SU(2) is connected. O
For each g € SU(2), the matrix of D7(g) in the basis |j,m) is thus unitary.

Proposition 2.3. For each j, integer or half-integer, (V7, D7) is an irreducible
representation of SU(2) of dimension 2j + 1.
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Proof. By Theorem 7.6 of Chapter 4, the proposition follows from the fact that
the differential of D7 is an irreducible representation. (If V is a vector subspace
of V7 invariant under D7, it is invariant under DD?, and thus V is trivial.) O

Corollary 2.4. Every irreducible representation of SU(2) is equivalent to one
of the representations (VI,D7), j € %N.

Proof. Because the group SU(2) is compact, we know, by Theorem 4.3 of
Chapter 3, that every irreducible representation of SU(2) is finite-dimensional.
We have seen that each finite-dimensional irreducible representation of su(2) is
one of the D7, j € 1N. Because SU(2) is connected, the result follows. O

2.2 Characters of the Representations D7

J

2imt
me—; €. Therefore, for every

By definition, for j € 3N, x;(t) = xpi (t) =
€ (0,m),
sin(2j + 1)t
() = 2 T
xi(?) sint

We have x;(0) = 2j + 1, which is the dimension of the representation, and

x(r) = (“1)P (2 1), |
Character of D7* ® D72, One can express x;(t) as a function of X = e**, for
jG%N. Ift#0andt#m,

Xitl _x—J
Z XM=

m=—j -1
Let j; and js € %N. We have
J1 ; i
. X2+l _ X —J2
X (D)X, (1) = Z X (X—l)
m=—=ji
1 J1 J1
_ m—+ja+1 m—j
bl IV D DI S
m=-in m=-=J1

We set m = j; — k in the first sum and m = k — j; in the second. We obtain

1 21 o 21 o
X1 (t)ij (t) = xX_1 <Z Xtietl-k _ ZX_Jl_J2+k> )

k=0 k=0
Suppose j; < jo. Then 0 < k < 2j; implies j; + jo — k > 0, and thus

2j1
XJ1 X]z Z Xijr+j2— k X31+J2( ) + Xj1+j2*1(t) T+ X (t)
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For t = 0, the left-hand side is x;, (¢)x;j,(t) = (2j1 + 1)(2j2 + 1). On the right-
hand side, there are 2j; + 1 terms whose sum is

2j1 2j1
> Xiwoi4k(0) =) (241 + j2) + 1 — 2k)
k=0 k=0

= (271 +1)(2(j1 +Jj2) +1) — 251 (251 + 1)
= (251 + 1)(2j2 + 1).

The formula thus holds in this case. The proof for ¢ = 7 is analogous. We have
thus proved the formula

Xi1 Xg2 = Xlja—jal T Xlgz—jul+1 T "+ Xgi+ia- (2'3)

From (2.3) and from equation (2_.2) of Chapter 2, we deduce the decompo-
sition of the tensor product DJ* ® D72 into a direct sum of irreducible represen-
tations, called the Clebsch—Gordan formula:

DIt @ DIz = pliz=itl g pliz=al+l g ... g pirtiz, (2.4)

3 Representations of SO(3)

We recall the existence of the surjective morphism ¢ from SU(2) onto SO(3),
with kernel {I, —I}, studied in Section 2.3 of Chapter 5. If (E, p) is a represen-
tation of SU(2), then p factors through the projection ¢ if and only if

p(=1) = p(I) = 1dp. (3.5)

If p factors through ¢ as o o ¢, where o : SO(3) — GL(E), then o is a
representation of SO(3), and p is irreducible if and only if ¢ is irreducible.
The representation D’ of SU(2) satisfies the condition (3.5) if and only if j is
integer. In fact —I = g, and D’(g,)f) = e 2™ fJ where the scalar factor
is 1 if and only if m is integer, thus if and only if j is integer. Thus we see
that the representations obtained by factorization of D°, DY, D2 ..., DI, .
where j is integer, are irreducible representations of SO(3). We denote these
representations of SO(3) by D’ or even D7, by abuse of notation. Because the
Lie group SO(3) is connected, we can conclude the following:

Theorem 3.1. Every irreducible representation of SO(3) is equivalent to one
of the representations (VI,D7), j € N.

References
One can find the results concerning the representations of SU(2) and of SO(3) in
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Also see the beginning of the book by Knapp (2002). They are used in the
theory of angular momentum in quantum mechanics; see Basdevant—Dalibard
(2005), Tung (1985), Edmonds (1974), or Rougé (2005).

Alfred Clebsch (1833-1872) and Paul Gordan (1837-1912) developed the
theory of invariants. The “Clebsch—Gordan formula” is a modern group-theoretic
interpretation of the finite series expansion for the invariants of binary forms
(polynomials in two variables), which they derived independently in 1872 and
1871, respectively.

Hendrik Casimir (1909-2000) was led to the definition of the operator that
bears his name in the early 1930s after defending his thesis on the quantum
mechanics of the rigid body and finding inspiration in Weyl (1931).

Exercises

Exercise 6.1 Equivalent representations.
We set, for g € SU(2) and for each complex-valued function f on C2,

plg)f=fog "

Show that p: SU(2) — GL(V7) is a representation of SU(2) equivalent to D7.
Exercise 6.2 The representations Dz and D*.

(a) Write the matrices of Js, J4, and J_ in the basis f, for the representa-
tions Dz and D'. Same question for &1, &9, 5.

(b) Is the representation Dz equivalent to the fundamental representation of
SU(2) on C2? Is the representation D! equivalent to the complexification
of the fundamental representation of SO(3) on R3?

(¢) Decompose D'/? @ D'/?, D' @ D', DV/? @ D', and D'/? @ DY/? ® D'/?
into direct sums of irreducible representations.

Exercise 6.3 Differential operators on polynomials.

(a) Using the Euler identity for the homogeneous polynomials of degree 2j,
show that

(DD?)(J3) f = (j — 2101)f = (2202 + j) -

(b) Express J.J_ + J_J., (J3)? and J? as differential operators of order
less than or equal to 2 on the homogeneous polynomials of two variables
of degree 2j.

Exercise 6.4 Clebsch—Gordan coefficients.
In the tensor product V7t ® V72 we consider the two orthonormal bases

[71,m1) @ |72, m2), —j1 <my <ji, —jo <may < ja,

and
[, M), |j1—7dol <JT<ji+4+j2, —J<M<J
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The Clebsch—Gordan coefficients are the coefficients C'(J, M, j1,mq, j2, ma) of
the change-of-basis matrix

|J, M) = Z C(J, M, j1,ma, j2,m2) |j1,m1) @ |j2,m2) .

mi,ma

Calculate the Clebsch-Gordan coefficients in the case of V1/2®@ V1/2 and of
ViZgvi
Exercise 6.5 Restriction to SO(2) of the representations D’ .
(a) Find the irreducible representations of the group SO(2).
(b) Find the character of the representation D7 of SO(3), for j € N.
(¢) Decompose the restriction to SO(2) of the representation D’ of SO(3),
for j € N, into a direct sum of irreducible representations.
(d) Identify D' with the complexification of the fundamental representation
of SO(3), and find a basis of C3 adapted to the decomposition. of the
restriction of D' to SO(2). Is the restriction to SO(2) of the fundamental

representation of SO(3) reducible?

Exercise 6.6 Matriz coefficients of D7.
We set, for 6 € [0, 7],

d?(0) = D? (exp(0&1)).
Calculate the matrix coefficients dg,,d}y, and d';, in the orthonormal
basis [j, m).
Exercise 6.7 Orthogonality of characters.

(a) Find the value of the integral

/% sin(ji + 3)¢ sin(jz + 1)t sin(j + )t
- dt
0 51n§

in terms of the values of ji, js, j € N.

(b) Same question for ji, j2, j € N.



Chapter 7

Spherical Harmonics

Spherical harmonics play an important role in electrodynamics and in quan-
tum mechanics. We shall show how they appear in the representation theory
of the rotation group SO(3). Each irreducible representation of SO(3) can be
realized in a finite-dimensional Hilbert space of functions on the sphere, the
restrictions of harmonic homogeneous polynomials of a given degree, and this
representation is unitary. We shall determine an orthonormal basis of this space
that is transformed in a simple way under the action of the group of rotations:
the elements of such a basis are simultaneous eigenfunctions for the operators
J3 and J2, defined below. The functions thus defined on the sphere are called
spherical harmonics.

1 Review of L?(S?)

We denote by S? the unit sphere in R?,
§? = {(z1, 22, 23) € R® | (21)” + (22)* + (23)* = 1}.

We introduce spherical cordiates (r,60,¢) on R®, » > 0, 6§ € [0,7], ¢ € [0,27),
such that
x1 =rsinfcos ¢, xo =rsinfsing, x3 = rcosb.

The angle ¢ is the longitude and @ is the colatitude. On R? minus the axis Ox3
(r > 0and 0 < 6 < 7), the passage from Cartesian coordinates to spherical
coordinates is smooth. The volume element of R? is then r2sin 6 dr df d¢, and
the surface area element on the unit sphere is

1
dp = —sinfdf de.
dr

We denote by L?(S?) the separable Hilbert space of (equivalence classes of)
complex functions on S? that are square-integrable for the scalar product

(11 = 3= [ 000 0)sin0 a0

P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 93
DOI 10.1007/978-0-387-78866-1_7, (© Springer Science+Business Media, LLC 2010
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In spherical coordinates, the Laplacian A = (0/0z1)*+(0/0z2)*+ (0/0x3)*
can be written ,
0 20 1
A=—+-—+=A
or? * r or * rz S5
where Age is the spherical Laplacian,
0? 0 1 02
+ cot 00— +

As: = 5g2 90 s’ 090

2 Harmonic Polynomials

2.1 Representations of Groups on Function Spaces

We shall make use of the important fact, stated in Section 3.1 of Chapter 2,
that each group of transformations of a space can be represented on the vector
space of complex-valued functions on that space. If f is a function on R3, and
if g € SO(3), we set, for z € R?,

(9- )z) = flg~ " w),

and this defines a representation of SO(3) on the vector space of functions on
R3. (This turns out to be an infinite-dimensional representation. Here we talk
of representation from the algebraic point of view only, without insisting on
continuity.) We shall denote this representation by o, defined by

og)f=9-f

By abuse of language, we denote its restriction to certain subspaces of functions
also by o.

We introduce the harmonic polynomials and show that, by restricting o to
spaces of harmonic polynomials, we obtain all the irreducible representations
of SO(3), which were determined in Chapter 6.

2.2 Spaces of Harmonic Polynomials

Definition 2.1. We call a function f of class C? harmonic on R? if
Af=0.
For any nonnegative integer ¢ we denote by P the vector space of
homogeneous polynomials of degree ¢ with complex coefficients on R3. We then
consider the vector subspace of P() consisting of harmonic polynomials, i.e.,

polynomials with vanishing Laplacian, which we denote by H ).

Lemma 2.2. The vector space H is of dimension 2+ 1.
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Proof. First we calculate the dimension of the vector space P). A homogeneous
polynomial of degree ¢ on R? is determined by £+ 1 homogeneous polynomials in
two variables, of respective degrees 0, 1, . . ., £. Because the vector space of homo-
geneous polynomials in two variables of degree k is of dimension k+ 1, we obtain

(L+1)(£+2)
—

We observe next that the operator A sends P into P~2). Let us show
that the linear map A : P) — P(=2) is surjective. First we observe that for
every g3 € N, 24* belongs to the image of A, because

A@PT?) = (g3 +2)(gs + 1)z

dim P =142+ +(£+1) =

Similarly, one can easily see that z;24* and zoz4® are in Im A. The formula
AP aad) = a1g — Do %P + ga(ge — Daliaf o
+qs3(qs — 1)a{ aPal™ 2
which holds for every ¢1, g2, g3 € N, shows that if the property z{' z3*21* € Im A
is true for g1 +¢2 = q¢—2, it is true for ¢; + g2 = ¢. Since this property is true for
¢ = 0 and for ¢ = 1, the surjectivity of the linear map A : P®) — PU=2) ig thus

proved by induction on ¢. Consequently, dim H®) = dim P®) — dim P(*~2) =
20+ 1. O

2.3 Representations of SO(3) on Spaces of Harmonic Polynomials

Let us prove that SO(3) acts on H®). Tt is clear that if P € P() and if g € SO(3),
then o(g)P = g - P is still a homogeneous polynomial of degree ¢.

Proposition 2.3. The subspace H) of PY is invariant under o.

Proof. Let f be a function of three variables of class C? and let g be in SO(3).
We denote by (4;5), 4,7 = 1,2,3, the matrix of g, and by y; the components of
y = g(x), for x € R3. We have

3

0 0
5o 00)(@) = Y Aus ).

j=1

Hence
3

0 f
A(fog))(z) = AjiApi———(y).
AU = 3 g
Because (A;;) is an orthogonal matrix, we obtain

2

(A(f Z = (Af)(g(x)),

that is, A(f og) = (Af) o g. Consequently, if P is a harmonic polynomial, then
for every g € SO(3), the polynomial o(g)P = g- P = Pog~! is also harmonic. O
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On the other hand, for a given homogeneous polynomial P, the coefficients
of the polynomials g - P depend continuously on the coefficients of the matrix
g € SO(3). Thus we can state the following.

Proposition 2.4. By restricting o to H), we obtain, for each £ € N, a repre-
sentation (H®), o) of SO(3) of dimension 20 + 1.

We shall show that the representation o of SO(3) on H® is equivalent to
the representation D¢ defined in Section 3 of Chapter 6. For this, we shall use
the following lemma.

Lemma 2.5. For ( € 3N, let (V,p) be a representation of dimension 2( + 1 of
SU(2). If €% or =219 js an eigenvalue of p(gy), where go = (ew 0 ), then

0 e—i@

p is equivalent to D*.

Proof. We can decompose the given representation into a direct sum of irre-
ducible representations,

Jo

=D mD,

j=0
and since dimV = 2¢ 4 1, it follows that jo < £. If we had jo < ¢, all the
eigenvalues of p(gg) would be of the form €™ with |m| < ¢. Thus, one of
the D7 in the direct sum is equal to D*. The condition on the dimension of the
representation then implies that p = D¢. a

We immediately deduce from this lemma that a (2¢ 4+ 1)-dimensional repre-
sentation (Vo) of SO(3), where ¢ € N, is equivalent to D if and only if ¢
or =2 is an eigenvalue of o(¢(ge)). Here ¢ is the morphism of SU(2) onto

SO(3) defined in Section 2.3 of Chapter 5.

Proposition 2.6. The representation o of SO(3) on HW® s equivalent to the
representation D’.

Proof. The polynomial p, = (z; +ix2)" belongs to P®_ We can easily see that
it is harmonic. Furthermore, in the representation o of SO(3) on H® it is an
eigenfunction of (gg) for the eigenvalue e=2%?, because

cos20 —sin26 0
©(g0) = p(exp20¢3) = Rot(es,20) = | sin20  cos26 0
0 0 1

and consequently,

(¢(g0)) - pe = e 2*p,.

The lemma then gives the desired result. ad

Proposition 2.7. For each { > 2,

PO =H® ¢ r2pt=2),
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Proof. The sum of the dimensions of the subspaces H®) and r2P“~2) of P®) is
equal to the dimension of P®). Let us show that their intersection is trivial If
P e PY | then with the help of the Euler identity z; 22 69} +xo 22 830 + a5 22 830 =/(P,
we establish, for every integer k > 0, the formula

A(r?FP) = 2k(20 + 2k 4+ 1)r** 2P 4+ r?F AP.

For P € H®  let k be the largest integer such that there exists a polynomial Q €
PU=2k) satisfying P = 72*Q. We thus have 0 = 2k(20—2k+1)r?*2Q +r?* AQ.
We must have k = 0, since if not, Q would be divisible by 72, which contradicts
the hypothesis on k. a

We deduce from this proposition that
P(Z) — H(e) o) 7.2H(é*2) Q- (21)

where the last term is ' H(©) if ¢ is even, and "' H® if ¢ is odd.

3 Definition of Spherical Harmonics

A homogeneous polynomial on R? is entirely determined by its restriction to
the unit sphere S2.

Definition 3.1. The functions on the sphere obtained by restriction of har-
monic homogeneous polynomials are called spherical harmonics.

For each nonnegative integer £, the spherical harmonics of degree ¢ form a
vector space H) of dimension 2¢ + 1 that is isomorphic to H®) and contained
in the space of smooth functions on the sphere, itself contained in L?(S?).

We observe first that by equation (2.1), the space of restrictions to the sphere
of homogeneous polynomials of degree £ can be written

PO _FO gD ... (3.1)

where the last term is H© if ¢ is even, and H® if ¢ is odd.

3.1 Representations of SO(3) on Spaces of Spherical Harmonics

For each ¢ € N, by the identiﬁcation of H® with H®_ we obtain a repre-
sentation, also denoted by o, of SO(3) on the space of spherical harmonics
of degree £. These representatlons are unitary, as one can easily see using the

rotational invariance of the measure on S2. In fact, for all functions f; and
fo € L?(S?), and each g € SO(3), setting o(g)f = fog~! yields

(0(9) Frlo(9)f2) /f1 D falg™ )du(x) /f1 Va@)du(z) = (filf2).

We have already seen (see Chapter 6, Section 2.1) that when a Lie group is
represented on a function space, the differential of the representation associated
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to each element of the Lie algebra of the group is a differential operator on the
functions (when these are differentiable). By Theorem 7.6 of Chapter 4, if the
representation of the group is unitary, the representation of the Lie algebra is
anti-Hermitian.

Let 11,712,713 be the basis of the Lie algebra so(3) of SO(3), introduced in
Section 1.2 of Chapter 5. We see easily, by calculating %f(exp(—tnk)x)‘tzo for
each f € C°(R3), z € R?® with components x1, 22,23, and k = 1,2, 3, that the
differential Do of the representation o of SO(3) on C°°(IR3) is such that

0 0
(DJ)?]l = 1'38—1:2 — Z'Qa—xg,

0 0
(Do)n2 = 3318_:103 - 11?36—581,

0 0
(DU)U3—9€28 o 18_:32'

By restriction, these formulas define the action of s0(3) on P) and H®), and
thus on H®)_ In spherical coordinates,

(Do)my = sin d)% + cos ¢ cot 02,

99
9 . o)
(Do)ng = — cos (b% + sin ¢ cot 96—¢,
0
(Do)ns = —a—(b.

Each of these operators is anti-Hermitian for the scalar product of L?(S?), since
the operators associated to elements of the group SO(3) by o are unitary, and
this fact can also be proved by a direct calculation. We introduce the operators

9
0¢’
J1:i<sm¢ +cosq§cot98¢)

J3 = —1

0 0
J2:i<—cos¢>8 —|—sm¢c0t98¢>
which are thus Hermitian. We introduce also Jy = J; £1.Js,

; 0 0
Jy =t (= t0—
+ =€ ( 90 + 12 co 9 ¢)
While the operator J3 is Hermitian, the operators J; and J_ are adjoint to one
another.

Remark. The notation is consistent with that of Chapter 5. The Hermitian
operators J, are associated to the matrices Jr = &, or Ji = ink,AwhileAthe
operators Ji are associated to Jy = Jy +iJo =& Fé& or JL = Jp +iJy =
i F n2. But to be prefectly rigorous, the operators we denote by Ji are by
definition i(Do)ny rather than (Do) (ing), since the in, do not belong to so(3).
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3.2 The Casimir Operator

Now we introduce the Casimir operator of the representation in question (see
Section 1.2 of Chapter 6),

PP =R+ T4+ J=J,J +Ji—Js,

with the notation as above. The operator J? is Hermitian, since Js as well as
JiJ_ are Hermitian.

A simple calculation shows that J? is equal to the negative of the spherical
Laplacian,

J? = —Ag2, (3.2)
that is,

3
S (Do)m)? = Ase.

k=1

3.3 Eigenfunctions of the Casimir Operator
We can write for P € P,

P(r,0,¢) =Y (0, ).
The condition AP = 0 is equivalent to

Ag2Y = —L(L+1)Y.

Therefore, the numbers —¢(¢ + 1), for nonnegative integer ¢, are eigenvalues of
the operator Agz, of multiplicity 2/ + 1, since the corresponding eigenspace is
H® . Thus,

Age ‘f](z) = —f(f + 1)Idf~[(,4).

Theorem 3.2. The space L*(S?) is the Hilbert direct sum of the Itj(é), for
leN.

Proof. We show first that the H® are pairwise orthogonal in L2(S2). This is
the consequence of the fact that these are the eigenspaces of the operator Age,
which is Hermitian, as we have just shown.

Because the space of continuous functions on S? is dense in L?(5?), it suffices
to show that each continuous function on S? is a uniform limit of sums of
elements of the H®). By the Weierstrass theorem, we can approximate any
continuous function on S? by the restriction of polynomials on R3. We then
decompose the polynomials into sums of homogeneous polynomials, and in view
of the decomposition (3.1), the proof is then complete. O

We see that the space of square-integrable functions on the sphere decom-
poses into a Hilbert sum of eigenspaces of the spherical Laplacian, which are
the spaces of spherical harmonics. Thus we can conclude as follows.
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Corollary 3.3. The spectrum of the Casimir operator operating on the func-
tions of class C? on the sphere is discrete, its eigenvalues are the integers
L(L+1), ¢ €N, and the associated eigenfunctions are the spherical harmonics
of degree {.

Remark. The observables of quantum mechanics are Hermitian operators on the
Hilbert space of states. As we oserved in Chapter 6, the Hermitian operators Jy,
k =1,2,3, and J? have a physical interpretation: up to a factor of A (h = h /2,
where h is Planck’s constant), Ji, Ja, J3 are the observables associated to the
components of the angular momentum of a particle, and up to the factor A2, J>
is the observable associated to the square of the norm of the angular momentum.
Thus the numbers h%(¢ + 1), for nonnegative integers ¢, are the eigenvalues of
the square of the norm of the angular momentum.

3.4 Bases of Spaces of Spherical Harmonics

More particularly, we use the name spherical harmonics for the elements of an
orthonormal basis Y, —¢ < m < ¢, of H¥) c L?(S?), for each nonnegative
integer £. Some authors seek to realize the orthonormalization condition accord-
ing to the normalized scalar product on L?(S5?) introduced in Section 1, while
others use the unnormalized scalar product defined by

T 2T
18 = [ [ R0 50.0)sm00 00,
o Jo
We define the following functions, for £ > 0. If 0 < m < /£, we set
Y (0,0) = 7 Zin (0)™,

where
d£+m

Z8,(6) = sin™ 0 QL (cos ), QL () = ~——(1 —a?)",

dx2+m

and %, is the real number

, e 20 + 1
’YWL = 2g€|

If ¢ <m <0, we set

Y. = (—1)’”Y_‘
Thus we define, for each £ > 0, a family Y, —¢ < m < £, of 2{+ 1 functions on
the sphere. We shall show that these functlonb are spherical harmonics in the

preceding sense, and that they form an orthonormal basis of the space H® for
the unnormalized scalar product { | ).

On the one hand, the functions Y% are eigenvectors of the operator
Js = —i% with eigenvalue m,

JYE =mYr.

m*

(3.3)
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On the other hand, the functions Y;*, satisfy the equations

JLYE =/ —m)(l+m+ 1)V, (3.4)

and

JY = (+m)l—m+1)Y: |, (3.5)

which we can easily verify by distinguishing the cases m > 0 and m < 0. Thus
we see that the functions Y,! are eigenvectors of J? = —Ag2 with eigenvalue
LL+1),

JYE =00 +1)Y7, (3.6)

and we note that the eigenvalue does not depend on m. Each function Y;! is
thus seen to be a spherical harmonic. Because the operator J3 is Hermitian, the
functions Y% are pairwise orthogonal. These 2¢ + 1 functions of H*) thus form
an orthogonal basis.

The functions Y% correspond to the “kets” |¢,m) introduced in Section 1.1
of Chapter 6, equation (1.7). More precisely, the formulas (3.3), (3.4), and (3.5)
show that one defines an isomorphism of (IA{T ), %) onto (V¢ D) by mapping
the basis Y to the basis |£,m).

Remark. We know that J? commutes with the operators Jj, k = 1, 2, 3. Because
the operators J? and J3 commute, we can diagonalize them simultaneously. This

is what we have done by our choice of the basis (V}/,).

We would like to show that for the scalar product {( | ), this basis is
orthonormal. We know already that it is orthogonal. We show next that for
fixed ¢, all the basis vectors Y%, of H (©) have the same norm, using the equalities
(3.4) and (3.5) and the fact that J; and J_ are adjoints of one another. For
—+1<m<Hd,

(S Y1 | V) =V +m)(—m+ 1) (Y, | Yy,

while

Vo1 [ J-Y ) =V (E+m)(0—m+ 1)V | V).

Because these two quantites are equal, we conclude, by induction on m, that
all the vectors Y, have the same norm. It suffices then to calculate (Y | Y/).
The polynomial Q¥ is the constant (—1)¢(2¢)!, and consequently,

Y8, 6) = (—1) f (20)! sin’ 0 ¢,
We then have , .
(Yo 1Y) =Ty,
where
ve = 2m(v;(20)1)°

and

Ty = / sin?*1 9 do.
0
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We have Zy = 2 and 79 = 1/2, whence (Y | Y) = 1. Integration by parts

shows that Zy, 1 = Iy — ﬁIngh that is, (2¢ + 3)Zy+1 = (20 + 2)Z,. Because

(20 4 2)yp+1 = (204 3)7¢, we can deduce that
(V¢ [ Y =1,
for every ¢ € N. By Theorem 3.2, we can thus state the following theorem.

Theorem 3.4. The spherical harmonics Y.\, £ € N, —¢ < m < {, form a
Hilbert basis of L*(S?) equipped with the unnormalized scalar product.

In other words, each function belonging to L?(5?) has a series expansion in
spherical harmonics, convergent in the sense of the norm of L?(S?),

=30 3 RAYE =Y AV Y Y
=0 —0<m<t

where the coefficients of the expansion are given by the unnormalized scalar
products of functions on the sphere,

=Y | £)-
Remark. The Legendre polynomials are defined, for ¢ € N, by

TV,
Pi) = G -2,

and the Legendre functions are defined, for m € N and for z € [-1, 1], by

m dEer

m _1\¢+m
5 d ( 1) _x2)2

qom L@ = 50

Py (@) = (1) (1 = 2?) %)

dgttm (1 -

In general one expresses the spherical harmonics Y;Y by means of the Legendre
functions Py ,,. We see that for m > 0,

Y5 (0,6) = Ye,mPrm(cos0)e™?,

2041 [(£—m)!
Tem = 4 (L +m)!
The functions denoted by Z% (f) above differ from the Legendre functions
Py (cos @) only by a numerical factor,

ZE(0) = (—1)™ 28 01 Py (cosB),

where

and the constants v/, and Ye,m are related by

l+m
¢ (=1
Tm = W%,m-
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This close link between spherical harmonics and Legendre functions allows
us to deduce the properties of Legendre functions from those of spherical
harmonics that were proved using the representation theory of groups. This
method generalizes to other groups to which there correspond other special
functions.

We can obtain the orthonormality property of the basis functions (Y,Y) by
expressing them as functions of the matrix coefficients of the unitary repre-
sentations of and using the orthogonality relations proved in Theorem 4.4 of
Chapter 3 (see Problem 9).

3.5 Explicit Formulas

In spectroscopy, the levels ¢ = 0,1,2,3,4,5 are denoted by the letters s,p,d,
f, g, h. Here are the explicit formulas for the levels s, p, and d:

o_ /L1
§ Yy = 4
po | Yg =/ cosb

ps | Vi =F\/Zsing et

do | Y§=1/12=(3cos?6 — 1)

der| Y2, =7F % sin 6 cos 0 e+
dio| Yiy= 312577 sin? @ e*2¢

We also calculate for the level f,

7
3 _ 29 —
Yy =1/ T6n cos (5 cos” 6 — 3),
and so forth.

We also introduce, for m > 0, real linear combinations of spherical
harmonics,

Ynzm,c = (_l)m\/i%nzfn(o) cos me

and
VL = (C1)VE 2 (0 sin o,

When one restricts a representation D to a finite subgroup of SO(3), such
as a dihedral group, one obtains a representation, in general not irreducible,
of this subgroup. With linear combinations of spherical harmonics Y’ , one can
construct bases for the spaces of irreducible representations of finite subgroups

of SO(3).
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The theory of spherical harmonics has vast generalizations in which the
groups considered are compact Lie groups more general than SO(3). What
generalizes the spheres are the homogeneous spaces, which are manifolds that
are quotients of Lie groups by closed subgroups.
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Exercises

Exercise 7.1 Representations of SO(2).
Let (r,0) be polar coordinates on R? minus the origin. We recall that the
Laplacian in polar coordinates can be written

0? +1 0 N 1 02
or2  ror  r2002

(a) Show that (o(g)f)(z) = f(g~'(x)), z € R?, defines a unitary represen-
tation o of SO(2) on L?(R?).

Denote by H®) the vector space of harmonic homogeneous polynomials on
R? of degree ¢, where ¢ € N.

(b) Find a basis of H©®).

(¢) Show that H® is invariant under o. Is the restriction of o to H
irreducible for every ¢ > 07 If not, find its decomposition into a direct
sum of irreducible representations of SO(2).

Exercise 7.2 Orthogonality relations for the Legendre functions.
Deduce from the properties of spherical harmonics the orthogonality rela-
tions for the Legendre functions,

1
/ Py (2) P (2)dz =0 if  £# L,
-1

and calculate the value of the integral for ¢ = /.
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Exercise 7.3 Addition theorem for spherical harmonics.

Let d’,,(0), —¢ <m < {, —¢ <n < {, 0 € [0,7], be the matrix coefficients of
the rotation exp(fn;) in the representation D¢ in the orthonormal basis |¢, m).
Then

a6 (6) = P(cost),

where P, is the /th Legendre polynomial, and the coefficients d,,(0) are related
to the spherical harmonics Y,/ (6, ¢) by

}/7€L(95¢) = \/ A (_Z) dfno(o)e ¢,

[These formulas are proved in Problem 9. The factor (—i)™ appears here instead
of the factor ™ because %, = (—1)*"™|¢m) implies pf,, = (—1)™d’ o]

(a) Verify these formulas when ¢ = 1 using the result of Exercise 6.6.
(b) Prove the equation

4
2(41 1 Z Y’rfz(aa ¢)nyl(9/7 (25) = PZ(COS(H — 9/)).

m=—

This equation, called the addition theorem for spherical harmonics, has impor-
tant applications in quantum mechanics.

Exercise 7.4 Recurrence relation.
Show that there are constants a(¢, m) and B(¢, m) such that

cosY: = a(l,m)YE 4+ 8(0,m)Y5t .
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Chapter 8

Representations of SU(3) and Quarks

1 Review of sl(n,C), Representations of s[(3, C)
and SU(3)

1.1 Review of sl(n,C)

In sl(n,C), we denote by h the abelian Lie subalgebra of the traceless diagonal
matrices. We note that b is maximal among the abelian Lie subalgebras of
sl(n,C). In fact, if a Lie subalgebra of sl(n,C) contains h and a nondiagonal
matrix, it is nonabelian, since no nondiagonal matrix commutes with every
traceless diagonal matrix. The Lie subalgebra b of sl(n,C) is called a Cartan
subalgebra of sl(n, C).

We denote by F;;, 1 < i < n, 1 < j < n, the matrix having 1 on the
intersection of the ith line and the jth column and having 0 everywhere else.
We set H; = E;; — E;41,;41. Recall that a basis of sl(n, C) is formed by the E;;,
1<i<n, 1<j<mn,i#j, and the H;, i = 1,...,n — 1, where the matrices
H;,i=1,...,n— 1, are a basis of h.

We have E;;E, = §;,F;, whence the commutation relations of these
matrices,

[Eij, Exi] = 6By — 6By, (1.1)
[H, Eij] = (A — X\j)(H)Eij

where \;: H — A\;(H) denotes the linear map of h into C that associates to
each traceless diagonal matrix the element on the ith line.

1.2 The Case of s1(3,C)

In the case of s[(3,C), the Cartan subalgebra b is of dimension 2 and has as a
basis

1 0 0 0 0 O
H=(0 -1 0], Hy=1(0 1 0
0O 0 O 0 0 -1
P.Y. Kosmann-Schwarzbach, Groups and Symmetries, Universitext, 107
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We can take as a basis of the vector space of strictly upper triangular matrices,

01 0 0 0 0 00 1
Ei=FEn=[0 0 0|, Bo=FEp=[0 0 1|, Bs=Es=10 0 0],
0 0 0 0 0 0 0 0 0

and as a basis of the vector space of strictly lower triangular matrices,
Fy="'Ey1=Ey, Fh="'Ey=EF;, F3="E;=EFE;.

We set

Hy = Hy + Hy =

S O =
o O O
(@)

The commutation relations can be written

[HlvHQ]:Ov [E“FZ] :Hz i:172737
[Ey, Ep) = Es, [Ey,E3] =0, [Ey E3]=0,
[F1, Fol = —F3, [F1,F3]=0, [Fy F3]=0,

and

[E17F2]:Oa [E27F1]:O7
[Ey, F5] = —F», [Fs,F1] = —E»,
[Eo, F3] = F1, [Es, Fy] = E).
The remaining commutation relations will interest us more particularly in what

follows. Some of them say that Fy, Es, and E3 are common eigenvectors of the
endomorphisms ady, and adg, of g = s((3,C),

[Hy, Er] = 2By, [Ha, Ey] = —Ex,
[Hy,E2] = —E», [Hs, Es] = 2E»,
[HlaE?)] = E3a [H27E3] = Eg.

The others say that, similarly, Fy, F5, and F3 are common eigenvectors of the
endomorphisms ady, and adgy,,

[H17F1]:_2F17 [H27F1]:F17
(Hi, Fo] = F2,  [Ha, F>] = —2F3,
[H17F3]:_F37 [H25F3}:_F3'

We let oy (Hy) (respectively, a1 (Hz)) denote the eigenvalue of adp, (respec-
tively, adg,) corresponding to the eigenvector Ey. By the preceding formulas,

Oél(Hl) = 2, al(HQ) = —1.

In fact, each element of the Cartan subalgebra h can be written as a lin-
ear combination of H; and H,, and we thus define a linear form «; on b.
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The values of this linear form on the basis vectors (Hq, Hs), are (2, —1). These
are also the components of this linear form in the basis dual to the basis
(Hy, Hy), by the definition of the notion of dual basis. We introduce simi-
larly the notation as(H) for the eigenvalues of H € b corresponding to the
eigenvector Fo,

a(Hy) = =1, az(Hz) =2.

Finally, let as(H) be the eigenvalue of H € b corresponding to the
eigenvector Ej3,
a3(H1) = 17 Ozg(Hg) =1.

We clearly have

By definition,
[H;,Ej] = aj(H;)E;, 1<i<3, 1<j5<3,
and we also see that
[H;, Fj] = —oj(H))F;, 1<i<3, 1<j<3.

The linear forms aq, as, a3, —ay, —as, —as on h play an important role in
representation theory. They are called the roots of sl(3, C).

Above we have introduced the linear form on f, denoted by A;, that asso-
ciates to each matrix in h the element on the ith line. We see immediately,
directly or from (1.2), that

a1 =AM — Xy, az=XA— A3, az=A;— A3

1.3 The Bases (I5,Y) and (I3,T3) of b

In the Cartan subalgebra b of sl(3,C) we introduce a new basis (I3,Y") defined
by

) ) L[ 0 0
Iy=gHi, Y=g(Hi+2H)=5[0 1 0
0 0 -2

‘We introduce also

10 0
1

= y_ 1 (o 1

0

2 2B\, y

and we consider the basis (I3, Tg) of h C s((3,C) as well.

Remark. In many physics books, I3 is denoted by T5. The quantity @ = %Y—‘r[g
is introduced as well. The eigenvalues of the operators I3, Y, and @ of the
symmetry algebra in a representation correspond to the third component of the
isospin, to the hypercharge, and to the electric charge, respectively.
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1.4 Representations of sl(3,C) and of SU(3)

There is a bijection between the irreducible representations of s1(3, C) and those
of su(3), by complexification and, conversely, by restriction. Furthermore, the
irreducible representations of the Lie algebra su(3) are in bijective correspon-
dence with those of the Lie group SU(3), since this group is connected and
simply connected.

2 The Adjoint Representation and Roots

In what follows we are interested in the representations of the Lie group
SU(3). By the preceding remarks, it suffices to study the representations of
the Lie algebra s[(3,C), which is of complex dimension 8. We make use of the
notation of Section 1.1. The commutation relations of sl(3,C) imply that if

M(H) 0 0
H = 0 Xa(H) 0 ), then [H, E;;| = (A\i(H) — X\j(H))E;;. The roots of
5((3,C) aroe ‘chu;J gix;\gr(lHk))y the following table:

root | relations basis (I3,Y) | basis(I3,Tg)

ar | I3, E] = F4 [Y,E1] =0 (1,0) (1,0)

ay | s, Bo) = —1Ey [Y,Eo] = By (—3,1) (-1, %3)

ag | [Is, B3l = 3B [V, B3] = E3 (3:1) (3. %)

o | U, Fil=-F  [Y,F]=0 (=1,0) (=1,0)

a | I Rl=3F  [VRl=-R (G- | G—%)

ay | s, Bs] = —3Fs [V,Fy]=—F| (-3,-1) | (-3,—%)

The following equalities are obvious:

/ A A
agz =+, a] =—Q1, Q5= —Q, Q3= —03.

The first can also be seen as a consequence of the Jacobi identity, because

[H;, B3] = [H;, [En, Bo| = [[H;, Erl, Eo] + [Ex, [H;, B3]
= a1 (H;)[En, Eo] + az(H;)[E1, Ep] = (a1 + a2)(H;) E3.

We recall also that a; = A\; — Ao and as = Ay — A3.

Now we draw the roots of s[(3,C) in the plane relative to the axes I3 and
Ty (Figure 1). We see that these six roots form a regular hexagon, which would
not have been the case had we used the basis (I3,Y"). Technically, 0 is not called
a root, but for every H € b, 0 is a double eigenvalue of the endomorphism ad.
This is why we draw the point 0 as a double point (a point surrounded by a
little circle). The adjoint representation is of dimension 8, and we shall denote
it in the rest of this chapter by 8. In the following sections, we shall talk more
generally of weights of representations of the algebra sl[(3,C) and we shall see
that the roots are the weights of the adjoint representation.
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Ts A

Figure 1. The representation 8.

3 The Fundamental Representation and Its Dual

3.1 The Fundamental Representation

Now we consider the fundamental representation. We have
Hiey =e1, Hie; =0,
Hies = —e3, Haex = e,
Hie3 =0, Hse3= —e3.

By definition, the weights of this representation are the linear forms A1, A2, and
A3 on b satisfying, for H € h and i = 1,2, 3,

Hei = )\I(H)el
Thus in the basis (Hy, H2) the components of the three weights are
A1 =(1,0), o= (=1,1), A3=(0,-1).

Hence we have the following table:

weight | relations | basis (I3,Y) | basis(fs,Ts) | quark
A1 ey =361 Yer = 3e (3,3) (3, 2—\1/3) U
Ao Ise; = —%es Yeo = ey (3. %) (-3, ﬁ) d
A3 Ises =0 Yes = —%63 (0, —%) (0, 3—\1/5) s
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Thus there are three linearly independent vectors eq,es, es that are common
eigenvectors of all elements H of . We denote them by u, d, s, which designate

the quarks,
u = up, d = down, s = strange.

(See more information on the quarks in Sections 6 and 7 below.)
In the basis (I3,7T3), the weights A\; = w,, \a = wg, A3 = w; of the funda-
mental representation form an equilateral triangle. We have

AM+A+A3=0.

In Figure 2 we draw the weight diagram of the fundamental representation of
5((3,C), which we shall call 3 from now on.

Ts A

= |- —
&

Figure 2. The representation 3.

3.2 The Dual of the Fundamental Representation

We pass from the fundamental representation to its dual by replacing the
matrices X € s[(3,C) by X’ = —*X, and so Hje; = —\;(H;)e;. The equations

/ /

H1€1 = —€1, H261 = 0,
/ 4

Hleg = €2, H262 = —€9,
/ /

H1€3 = 0, H2€3 = €3,

show that the components of the three weights A}, A, A5 of this representation
in the basis (H;, Hs) are

/1 = (_170)7 )‘IQ = (17_1)7 {3, = (07 1)

One obtains thus the following table for the weights of the dual representation
of the fundamental representation:
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weight | relations | basis (I3,Y) | basis(I3, %) | antiquarks
)\/1 1361:—%61 Y61 :—%61 (—%,—%) (—%,—ﬁ) u
)\2 1362 = %62 Y@g = —%62 (%, —%) (%, —ﬁ) d
A3 | Ize3=0 Yeg = 2e; (0,2) (0, %) 5

The weight vectors @, d, and 5 are called the antiquarks.
In Figure 3 we draw the weight diagram of the representation dual to the
fundamental representation of s[(3,C), which we shall call 3 from now on.

Ts A
(Ov%) Ws
1 1
2 0 2
1 1 >
| | I3
(=5 ~5y5)wm wal3, —5v5)

Figure 3. The representation 3.

4 Highest Weight of a Finite-Dimensional Representation

4.1 Highest Weight

A weight of a representation (F, p) is a linear form w on § such that there is a
nonzero vector v € E satisfying p(H)v = w(H)v for every H € b.

We shall see that in each of the three representations described above, one
of the weights plays a particular role. It will be called the highest weight of
the representation. An eigenvector corresponding to the highest weight, which
is defined up to multiplication by a nonzero scalar, is called the highest-weight
vector.

FEzample 1. In 3, the highest weight is Ay = w,, with highest-weight vector
e; = u. We verify the following properties:

(i) Hyey = ey, Hyey =0 (eq is an eigenvector for each H € ),

(it) Eiey =0, i=1,2,3.
Furthermore, we obtain e, and e3 by the action of Fy, Fy, and F3 on e;. More

precisely,
Frey = ey, Fayer =0, Fze; =es.
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Ezample 2. In 3, the highest weight is A} = ws, with highest-weight vector
ez = 5, that is,
(7,) H{egzo, H2€3—€3 (
(it) Eles = —Fieg =0, i=1,

es is an eigenvector of each H € h),

2,3.

As in the preceding example, we obtain scalar multiples of e; and e; by the
action of Fy, F3, and F} on e3. More precisely,

! / /
F1€3 = —E1€3 = 0, F2€3 = —E2€3 = —€9, F3€3 = —E3€3 = —€7.

Ezample 3. In 8, the highest weight is a3, with highest-weight vector Ej.
We have

(i) [Hi,E3) = E3, [Ha,E3)=FE;3 (Fsisan eigenvector of each H € b),
(i) [Ei, B3] =0, i=1,2,3.

Here we obtain scalar multiples of Fi, Fo, Fy, F5, F3, H1, Hy by the action of
F1, F5, and F3 on E3. More precisely,

[F17E3]: o, [Fo, By = —Ev, [Fy, Es] = —H,
[Fy, [F1, B3] = —Ha, [F3,[F1, Es)] = — I,
[, [Fy, B3]l = —Hy,  [F3,[F, B3] = Fy,
[F5, [F5, E3)] = —2F3.

In summary, we have seen that for the representations p studied so far, there
is a highest weight wmay and a vector ey .y called highest-weight vector, defined
up to multiplication by a nonzero scalar, satisfying the following properties:

(i) for every H € b, the vector epnax is an eigenvector of p(H) for the
eigenvalue wyax (H),
(@) fori=1,2,3,
P(E;)(emax) = 0,

(ii1) the images of the vector epax by repeated application of the operators
p(F;), for i = 1,2, 3, generate the entire space of the representation.

4.2 Weights as Linear Combinations of the \;

We have set
M (H) 0 0
H = 0 Ao (H) 0 ,
0 0 As(H)

and thus defined linear forms A1, A2, and A3 on . We shall see that each weight
of the representations above can be written

W = MmiA1 + Moy + m3A3

(which means that w(H) = mi\ (H)+maeX2(H) +msA3(H), for every H € b),
where the m; are integers. We can denote a weight by a triple (mq,ma,ms3).
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Such a triple is not unique. In fact, A\; + Ay + A3 = 0, and consequently we can
always reduce to the case in which one of the m; is zero. For example, we can
write

w = (m1 — mg)/\l + (mg — mg))\g + m3(>\1 + Ao + )\3) = mll/\l + m’2)\2 .

We can also reduce to the case in which the m; are all three positive or zero,
as we shall show in the following examples.

FEzxample 1. The representation 3. In 3, the weights are
Wy = A1, Wqg = A2, Ws = A3.
We see that
wy, = A = A + 0y +0X3 — (1,0,0),

wg = Ao =01 + 1o + 0A3 — (O, 1,0),
ws = A3 = 0A1 + 0Ag + 1A3 — (070, ].)

Ezample 2. The representation 3. In 3, the weights are
Wy = —A1, w7 = —A2, Wz = —A3.
We then have
Wy = _)\1 = )\2 +)\3 - (Oalal)a
U}E = —)\2 = )\1 + )\5 — (].,O, 1),
Wz = 7)\3 - )\1 + AQ — (1, 1,0)

Ezample 3. The representation 8. In the representation 8, the weights are the
roots «;, —ay, 1 = 1,2,3. We see that

041:)\1—)\2—>(2,0,].), 0/1:)\2—)\1—>(0,2,1),
042:)\2*)\3%(13230)7 04,2:)\37A24)(13032)7
0&32)\1—/\3—>(2,1,0), aé=>\3—/\1—>(0,1,2).

In these three examples, we see that the highest weight is the one for which
the triple (mj, ma, mg) is the largest in lexicographic order.

4.3 Finite-Dimensional Representations and Weights

For each finite-dimensional irreducible representation p of s[(3,C), there are a
highest weight w and a highest-weight vector v, defined up to multiplication by
a nonzero scalar, satisfying, for every H € b,

p(Hyo=w(H)v, p(E)v=0, i=1,23.

Furthermore, the action of compositions of powers of p(F;), i = 1,2,3, on
v generates the entire space of the irreducible representation of sl(3,C).
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These facts are a special case of general theorems on the representations of
semisimple Lie algebras, for which see the references at the end of this chapter.

From the calculation
p(H)p(Fi)v = p(F;)p(H)v + p([H, F])v = w(H)p(F)v — o (H)p(F;)v,

we obtain
p(H)p(Fy)o = (w — a2) (H)p(F v, (4.1)

and it follows that each vector p(F;)*' p(Fy)*2 p(F3)*3v, for nonnegative integers
ki, i=1,2,3,is a weight vector corresponding to the weight w — kjaq — kaas —
ksas. The weights thus obtained are part of the translate of the root diagram
that contains the point w. The following is a useful rule:

Rule. In the root diagram of s[(3, C), the weights of an irreducible representation
of s1(3,C) lie on concentric hexagons that may degenerate into triangles. The
multiplicity of each weight is 1 on the edge, it increases by 1 on each concentric
hexagon approaching the center, and it is constant on the triangles.

For a proof of this rule, see Fulton-Harris (1991).

4.4 Another Example: The Representation 6

We consider the representation of highest weight w = 2\;. The other weights
will be constructed by adding the negative integer multiples of A1 — A, Ay — A3,
and Ay — Az such that the weights obtained are not higher than the highest
weight. Let v be a highest-weight vector. By definition,

Hiv=2v, Hyv =0, Fiv= FEyv = F3v = 0.
Knowing that Hv = w(H )v, we obtain, using equation (4.1),
H(F/U) = (w — Oéi)(H)(Fi’U),

whence

H(Fiv) = (w— (A — A2))(H)(F1v)

= (M + A2)(H)(F1v) = =A3(H) (F1v),
H(F3v) = (w— (A — A3))(H)(F3v)

= (A1 + A3)(H)(F3v) = =X (H)(F3v).

By repeated action of F, Fy, F3, we obtain Figure 4. This representation is of
dimension 6, and we shall denote it by 6.
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a2:A27)\3

Ts 4

2/\2 2A1
=1 — A2
-1 1 73
A2+ A3 = -\t A+ A3 =—X2
—Q3 = )\3 — )\1

Figure 4. The representation 6.

4.5 One More Example: The Representation 10

We consider the representation of highest weight w = 3A;. Below is the list of
weights of this representation. Because of the applications to particle physics,
which we shall discuss briefly in Section 6, we have given the names of the
elementary particles associated to each weight, as well as the value of the com-
ponent of each weight on the element Q) = %Y + I3 that corresponds to the

charge of each particle:

weight w w(l3) | w(Y) w(Tg)| w(Q) | particle

3\ 2 1 oL 2 At

2A1 + Ao i 1 3 1 At
o= Az =XM+2x | 1 1 3 0 A°
) ~3 1 o1 | A

Aa— A =2+ | -1 0 0 -1 | 2
As—M=X+2) | -1 -1 = 1| B
33 =23 — A\ — Ao 0 -2 /3| -1 | Q
A3 — Aoy =223+ Ay L -1 - 0 =%0
Az 420 = A1 — Ay 1 0 0 1 et
0 0 0 0 0 3*0
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In Figure 5 we draw the weight diagram of this representation, which is of
dimension 10, and which we denote by the symbol 10. To each weight corre-
sponds a unique weight vector up to scalar multiplication. This representation
is irreducible, since one can show by examining the weight diagram that it is
not the direct sum of representations of smaller dimension. In fact, we can give
a complete list of these irreducible representations of small dimension:

the trivial representation, denoted by 1,

the fundamental representation 3,

the dual 3 of the fundamental representation 3,
the representation 6,

the dual 6 of the representation 6,

the adjoint representation 8.

Ts A

A++

—\/3 ¥

Figure 5. The representation 10.

5 Tensor Products of Representations

Let (E1,p1) and (Es, p2) be representations of the same group G. We recall
that by definition, p; ® p2 is the representation of G on EF; ® Es defined by

(p1 ® p2)(9)(v1 ® v2) = p1(g)v1 @ p2(g)va,
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for g € G and vy € Eq, vo € Ey. Then the differential of this representation
satisfies equation (7.9) of Chapter 4,
D(p1 ® p2)(X)(v1 @ v2) = (Dp1)(X)v1 ®@ v2 + v1 ® (Dp2)(X)ve,
for every X € g. Abusing language, we write
D(p1 ® p2) = Dp1 @ Dpa.

The following result is almost obvious given the formula above, but it is very
important, and is in fact valid in general.

Proposition 5.1. If vy is a weight vector of a representation Ry of sl(3,C)
for a weight wy, and if vy is a weight vector of a representation Ry of sl(3,C)
for a weight wo, then v1 ® vo is a weight vector of the representation Ry ® Ro
for the weight wy + ws.

Ezample 1: 3 ® 3. We shall treat the example of the representation 3 ® 3
graphically (see Figure 6). We see that

33=8®1.
The weight 0 is of multiplicity 3, and the other weights are of multiplicity 1.

Tz A

Figure 6. 33 =8® 1.

Example 2: 3 ® 3 ® 3. In this tensor product, there are three weights of mul-
tiplicity 1, six weights of multiplicity 3, and the weight 0 is of multiplicity 6
(see Figure 7). We obtain

33®3=1008P8P1.
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The table below gives the components of the weights with the corresponding
weight vectors:

ddd g

weight vectors I3 Y
UUY % 1
ddd —g 1
$8S 0 —2
uud udu duu % 1
UUS usu SUU 1 0
ddu dud udd f% 1
dds dsd sdd -1 0
S$8U Sus UusSs % —1
ssd sds dss f% -1
uds dus sud usd dsu sdu 0 0
A Ts
ddu u u d
du d V3 u du
u d d@ 2 du u

p UUU

Figure 7.3®3®3 =108 308 1.

~ Y

3
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6 The Eightfold Way

Up until 1955, scientists had observed seven baryons, and an eighth was
observed in 1958, the Z%. On the other hand, there were seven known mesons.
This set of observations led Murray Gell-Mann and Yuval Ne’eman, indepen-
dently, during the winter of 1960-1961, to propose the symmetry group SU(3)
for the classification of the elementary particles. The eight baryons were grouped
in the octet of the adjoint representation, and the seven known mesons formed
part of such an octet. The publication of Ne’eman’s results took place in 1961,
while the internal report of the California Institute of Technology by Gell-Mann
was not published as an article in Physical Review until 1962. The particle n
completing the octet of mesons and whose existence was predicted by this
theory was discovered in 1962.

The basic idea is that each elementary particle “is” a weight vector of the
representation. To each weight vector corresponds a weight that is the collection
of the eigenvalues of the operators associated to the chosen basis vectors in the
Cartan subalgebra. Thus each weight is defined by two numbers, the eigenvalues
of Hy and Hs, or of I3 and Y, or of I3 and Tg, according to the basis chosen.
These two numbers are the quantum numbers, which characterize the particle
when the weight is simple:

e the quantum number corresponding to I3 is the third component of the
150SpIN;
e the quantum number corresponding to Y is the hypercharge.

Then the charge is Q = %Y + I3, and furthermore, Y = B + S, where B is the
baryon number and S is the strangeness, which is zero for the proton and the
neutron, and for the three m mesons.

The baryon and meson octets were obtained as the representation 8 of SU(3),
whence the name of eightfold way given to the theory, echoing the “noble eight-
fold path” of Buddhism.

Other extremely short-lived elementary particles called resonances were
observed in 1961, the four A and the three ¥*. These corresponded to seven
of the ten points of the weight diagram of the representation 10 of SU(3). The
theory predicted the existence of two particles of hypercharge —1, the =* which
were discovered in 1962, as well as the particle corresponding to the tenth point,
which was called 27, and was discovered later, in 1964. This discovery was a
great success for the SU(3) theory.

We reproduce below tables of baryons and of mesons, the corresponding dia-
grams (Figures 8a and 9a), and the diagram of baryon resonances (Figure 10a),
all three adapted from Sternberg (1994), as well as the same diagrams (Figures
8b, 9b, and 10b) adapted from Blaizot—Tolédano (1997). We recognize imme-
diately the weight diagram of the representation 8 for the baryons and the
mesons, and that of the representation 10 for the baryon resonances. In these
tables, J denotes the spin and I the isospin of the particle.
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6.1 Baryons (B =1)

S I Iz Q J Ve, Halflife (s)
= -2 1 -3 -1 3 1321 1.6 x 10710
2 -2 3 3 0o 3 1315 2.9 x 10710
¥ -1 1 -1 -1 3 1197 1.5 x 10710
2 -1 1 0 0o 3 1193 7.4 %1072
-1 1 1 13 1189 0.8 x 10710
A -1 0 0 0o 3 1116 2.6 x 10710
n o 3 -1 0o 3 940 0.9 x 10
p o 3 3 11 938 stable

The eight observed baryons belong to the weight diagram of the representation

8 as shown in Figures 8a,b.

YA
Y 1F n P
[ ) [ )
n D
EO
0
- L O O o
x- 0 »t A°
.E’ éo T = =0
Figure 8a. The baryon octet. >
-1 0 1 I3
Figure 8b. The baryon octet.
6.2 Mesons (B = 0)
B R N Half-life (s)
Kt 1 & 4 1 0 494 1.2 x 1078
KO 1 1 -1 0 0 498 Kg=5(K'+EK) 09x107"
B -1 5 L 0 0 498 K =LK' -K) 52x10°°
K- -1 & -1 -1 0 4% 1.2 x 1078
at 0 1 1 1 0 140 2.6 x 1078
° 0 1 0 0 0 135 8.4 x 1017
7~ 0 1 1 -1 0 140 2.6 x 1078

For the meson 7, S
548 MeV /c.

0,1 =0,1I3 =0, Q =0, J = 0. Its mass is
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YA
Y K° K*
K° Kt 1}
° °
0
° & ° I OF 7~ at
T n T
° °
- 20 -1t )
K K K- K’
Figure 9a. 3
The meson octet. ”
—1 1 I3

Figure 9b. The meson octet.

The observed and predicted baryon resonances belong to the weight diagram of
the representation 10 as shown in Figures 10a, b.

The baryon resonances have a very short half-life, of order 10723 s for
AT AT A and A,

Y Y)
A~ A% 1+ At AT 1
E*— E*O 2*4»
I 3 I 1 1 I 3 0
-3 1 =5 [0 3 1 3
== _11 E*O —1F
-2+ Q° -2
Figure 10a.

The baryon resonances.

-1

I

1 3

Figure 10b. The baryon resonances.
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7 Quarks and Antiquarks

However, the representations 8 and 3 did not correspond to any observed
particle. The quark model allows us to consider the hadrons (baryons and
mesons) as “states composed of quarks and antiquarks.” Mathematically, this
means the following:

e The quarks are the particles corresponding to the representation 3 of
SU(3): the three quarks, u (up), d (down), and s (strange), are the weight
vectors of this representation:

3 w w(ls)| w(Y) | w(Ts) | w(Q)
u Wy = M\ i % ﬁ %
| w43 s |
5 |ws=A3=—X —Xa| O -2 —% —1

e The antiquarks are the particles corresponding to the representation 3
of SU(3): the three antiquarks, @, d, and s, are the weight vectors of this

representation:

3 w w(lz) | wY) | w(Tg) | w(Q)

| wg = At 1 1 1 2

b = —)\1 T2 3 _2\/5 3

S| wa = AtAs 1 1|1
— ) 2 3 23 3

_ Ws = Al + )\2 2 1 1

S 7}\3 0 3 ﬁ 3

e One obtains the meson octet in the decomposition of the tensor product
3 ® 3, more precisely, 323=801,

whence “a meson is composed of a quark—antiquark pair.”

e We obtain the baryon octet and decuplet in the decomposition of the
tensorproduct 3®3®3:10€B8@8@17

whence “a baryon is composed of three quarks.”

These decompositions were proved graphically in Section 5 above.

To avoid difficulties due to fractional charges and an incompatibility with the
Pauli exclusion principle, an additional SU(3) symmetry was in fact introduced
later, corresponding to a new quantum number, the color, and leading to the
theory of quantum chromodynamics.
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Exercises

Exercise 8.1 Orthonormal basis of b

(a) Show that the Killing form of s[(3,C) is K(X,Y) =6 TrXY.

(b) Equip the Cartan subalgebra h with the restriction of the Killing form
of 51(3,C). Show that (I3,Y") and (I3, Tg) are orthogonal bases of h. Find
an orthonormal basis of b.

Exercise 8.2 The representation 3 ® 3.
Decompose the representation 3®3 of SU(3) into a direct sum of irreducible
representations with the help of the weight diagram.

Exercise 8.3 The representation 10.
Prove that the representation 10 of SU(3) is irreducible.

Exercise 8.4 On the representation 3 @ 3.
Prove that the adjoint representation of s[(3, C) is equivalent to the restric-
tion of 3 ® 3 to the smallest invariant subspace containing the vector u ® .
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Exercise 8.5 Restrictions to s((2,C).
The subalgebra g of sl(3, C) generated by E1, Fy, H; is isomorphic to sl(2, C).

Decompose the restriction to g of the adjoint representation of s[(3,C) into a
direct sum of irreducible representations of g. Same question for the represen-

tations 6 and 10.

Exercise 8.6 Representations of dimension 15.
(a) Show that there are four inequivalent irreducible representations of
dimension 15 of sl(3,C), denoted by 15, 15, 15’, 15 , and draw their

weight diagrams in the basis (I3, Tg).
(b) Show that 3@ 3®3®3=33®26®315®15'.



Eugene Wigner was born in Budapest in 1902 and died in Princeton, NJ,
in 1995. He introduced the theory of groups into quantum mechanics
as early as 1927 and received the Nobel Prize for physics in 1963 for
his discovery of the fundamental symmetry principles in the theory of
elementary particles.

(American Institute of Physics, Emilio Segré Visual Archives)



Problems and Solutions

1 Restriction of a Representation to a Finite Group

Let Rot(a,d) be the rotation of the space R® through the angle 6 leaving
invariant the unit vector a. Consider the rotations, for p = 0,1, 2,

2
gp = Rot (63, ];W) and h, = Rot(gpe1,7),

where (€1, ez, e3) is the canonical basis of R?. Set

I'= {903913927 h’Oa h’la hQ}

1. Prove the equalities
g1ho = hog2, g2ho = hog1, h1 = hog1i, ha = hoga.

Show that T' is a subgroup of the group of rotations SO(3) isomorphic to the
symmetric group on three elements, Gs.

2. Find the character table of the group I'.

For j € N, we denote by D’ the representation of SO(3) obtained by passing to
the quotient in the representation D7 of SU(2).

3. Show that the value of the character X; of D’ on rotation through an angle 6,
0 € (0,2mx], is
sin(2j +1)§
X (0) = ————

J sin ¥
S 5

What is X; (0)?

4. Find, for each j € N, the decomposition of the restriction to I' of the represen-
tation D’ into a direct sum of irreducible representations of I'. [Hint: Consider
the cases j = 3k, j = 3k + 1, j = 3k + 2, where k € N.]

P. Y. Kosmann-Schawarzbach, Groups and Symmetries, Universitext, 129
DOI 10.1007/978-0-387-78866-1, (©) Springer Science+Business Media, LLC 2010
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Solutions

1. Tt is clear that gg is the identity and that

92 =(q1)% (9)®=g0, (hp)*=g0, p=0,1,2.

10 0 ) -3 -%o0
We have hy = exprny = (8})1 _01>, g1 = expgny = 51
0 0 1
-3 4
go = exp%’“ng 3 1 calculating the products of the matrices,
0 0

we see that g1hg = hoge =

" (=]
OM‘%M\»—‘
S “\3 Z

). We deduce that gohoge = g291ho =
—1
goho = hg, whence gahg = hogs.

The rotation hy leaves gie; invariant. The same is true of hgg; because
hogi(gie1) = ho(gze1) = g1(hoe1) = gier. On the other hand, hy and hogy both
square to the identity; the rotations h; and hgg; are thus the same rotation
around gje; and through an angle 7. Similarly, the rotation hogo leaves goeq
invariant, and squares to the identity; thus it is equal to hs. The set T' is thus

I' = {90, 91, 92, ho, hog1, hog2}-
The symmetric group on three elements can be written
63 = {e,c, 2, t,te, tc?).

It is generated by c and ¢ with the relations ¢3 = e, t? = e, ct = tc?. We define a
bijection a of " onto &3 by setting a(g,) = ¢ and a(h,) = tcP. The equations
shown above imply that I" is a group, and that « is an isomorphism of groups.

2. We denote by 1 the trivial one-dimensional representation, by e the signature
representation, and by pg the irreducible representation of dimension 2 of Gs.
The character table of I' is then as follows:

Xel 1 1-1
Xpo| 2 -1 0

3. The conjugacy classes of SO(3) are parametrized by 6 € [0,7].
By definition, D’(Rot(es,#)) = DI(A), where A € SU(2) is such that
©(A) = Rot(es, ), where ¢ is the covering morphism of SU(2) onto SO(3).
Because p(texp(0&3)) = exp(0ns3), we have

D (Rot(3,6)) = D’ (eo O) .
e ‘2
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Thus X, (0) = x;(0/2), where x;(t) is the value of the character of D7 on the

matrix (e: 69“ >7 that is, sin(2j + 1)t/sint. Consequently,

sin(2j + 1) 4

x;(0) = —— 0<f<m.
- sin g
4. We thus have the following characters:
n @ G
r 9o g1 ho
Xy | Ok+1 1 (—1)*
Xgpys | Ok+3 0 (—1)Ft!
Xgppo | Okt5 —1 (—1)*

The restriction to the subgroup I of the representation D’ can be written
D’ |, = myl & mee @ my, po,

where for p =1, ¢, po,

(127 + Dxol90) +2x, (92)x0(91) + 3x, (o)X (o) ) -

| =

Let j = 3k + r, where k is an integer and r = 0,1, or 2. The calculation of the
coefficients my, m¢, and m,, gives us the following decomposition. If j is even
(k and r have the same parity), then

D'\, = (k+1)1® ke (2k + 1) po.
If j is odd (k and r have opposite parity), then

D'\, =k1® (k+1)e & (2k +7)po.

In each case we verify that the direct sum is of dimension 25 + 1.

2 The Group O(2)

Let O(2) be the group of rotations and symmetries of the plane preserving the
origin, generated by the matrices

reg = cosf —sinf ,0<0<2r, and s= 01 .
sinf  cos@ 1 0
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1. Find the conjugacy classes of O(2).

2. (a) Show that each irreducible representation of O(2) is of dimension < 2.
[Hint: Consider the restriction of the representation to the subgroup
SO(2).]

(b) Find the representations of dimension 1 of O(2).

(¢) Show that the two-dimensional irreducible representations of O(2),
up to equivalence, are such that

ez’n@ 0
71—“(7.9) = ( 0 6in9> ’

for some integer n > 1. Find the character x,, of m,.

3. Let Ad be the adjoint representation of O(2) in its Lie algebra. Show that it
is equivalent to one of the representations studied in Question 2.

4. Decompose 7, ® m,,, for n > 1 and m > 1, into a direct sum of irreducible
representations.

5. (a) Show that rzx and s generate a subgroup G of O(2) isomorphic to the
symmetric group &3 on three elements.

(b) Find, for every integer n > 1, the decomposition of the restriction o,
of m, to the subgroup G as a direct sum of irreducible representations.
Give a geometric interpretation of the result.

Solutions

2 1

1. The equations s° = I and srgs™ = 7r_g Imply r9s = sr_p, whence
TeST_g = ST_op. Thus the conjugacy class of s is {sry | # € [0,27)}. On the
other hand, ry and 7y are conjugate if and only if #’ = 46. Thus the other
conjugacy classes of O(2) are {I}, {— I}, and {rg,7_p}, for 0 < 6 < 7.

2. (a) Let p be an irreducible representation of O(2) on C?. Because SO(2)
is abelian, the restriction of p to SO(2) is a direct sum of representations of
dimension 1. Let 2 € C? be a vector generating one of the lines invariant under
the restriction of p. The vector space generated by x and p(s)z is invariant
under O(2), since p(rg)p(s)x = p(s)p(r—g)x is collinear with p(s)z. Because the
representation is assumed irreducible, this is the whole space, and thus d < 2.
The representation is of dimension 1 if and only if « and p(s)x are collinear.

(b) Let p: O(2) — C be a representation of dimension 1 of O(2). One has
either p(s) =1 or p(s) = —1. Because p(srg) = p(s), we must have p(rg) = 1,
for every 0 € [0,27). Thus, either p = x1 (the trivial representation) or p = x}
(the determinant representation).

(c) Let p: O(2) — GL(C?) be a representation of dimension 2 of O(2). There
exists x € C? such that = and p(s)x are linearly independent (otherwise the
representation is of dimension 1). In the basis (x, p(s)x) of C2, the matrix of p(s)
is (93). Because the restriction of p to SO(2) is a direct sum of representations
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of dimension 1, there are integers n and m such that the matrix of p(ry) in the

basis (z, p(s)z) of C? is (eigs ei?"" ) The equation rps = sr_g implies m = —n.
We verify that for every integer n, m,(s) = (94) and m,(rg) = (eige 5*9"9>

defines a two-dimensional representation of O(2). The representations m,, and
m_, are equivalent.

The only lines in C? invariant under 7, (s) are C(e; + e3) and C(e; — eg).
These are invariant under m,(rg) for every 6 if and only if n = 0. We have
mo = x1 @ X;. For n > 1, m, is irreducible. The character x,, of m, is such that

X, (re) = 2cosnb, xx, (s)=0.

3. The Lie algebra of O(2) is 0(2) = s0(2), a real one-dimensional abelian Lie
algebra. We can choose the basis ({ ') in 0(2) to identify 0(2) with R. Thus
Ad : O(2) — GL(0(2)) is a representation of O(2) of dimension 1. It must
be equivalent to either y; or x}. We have Ads : X € 0(2) — sXs™! € 0(2)

T e

thus Ady = —1. Hence Ad ~ x}, the determinant representation.
4. Let n > 1 and m > 1 be integers. We have

X7 @7 = X X7t +

This character is zero on s and satisfies
(X, X, ) (1) = 4 cosnb cosmb = 2(cos(n + m)f + cos(|n — m|6)).

If n # m, we find that

X7 & X1tm = XTntm + Xﬂ-‘n,mp

whence
Tp @ T, = Tn+m ¥ 7T|n—m|~
If n = m, then (X, X, )(T0) = X, (r9)+2. The two-dimensional representation

mo whose character takes the value 2 on r9 and 0 on s is reducible, with my =
X1 D x;- We then have

Ty @ T = Top D X1 @Xll-
5. (a) We set ¢ = r2x. We verify that ¢ and s satisfy the relations A =1,
5?2 = I, and ¢*s = sc. The subgroup G of O(2) generated by ¢ and s is the
group of six elements
{e,c,c?, s, sc,5¢%}

isomorphic to G&3.
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(b) The representation o,, = 7rn| o decomposes as a direct sum of representations
of G ~ G3. We have

. :2 —_— =
X, (¢) = 2 cos “1ifn£0 (mod 3).

onm {2 if n=0 (mod 3),
3

On the other hand, the restriction of x; to &3 is the trivial representation 1
while the restriction of x} is the signature representation e. The restriction oy
of my is the two-dimensional irreducible representation of G3. One obtains the
following character table:

e c s

11 1 1

el 1l 1 -1

o1 |2 -1 0

n=0(mod 3) o, | 2 2 0
n#Z0(mod3)o, | 2 -1 0

Hence, for k € N,o3p, =1® €,03k4+1 = O3k4+2 = O1.

Geometric interpretation. If n = 0 (mod 3), the rotations ¢ = T2x and ¢ = Tax
act by m, as the identity on the plane C2. On the other hand, m,(s) always
leaves invariant the line D; generated by the vector e; + e2 and the line Dy
generated by the vector e; — e5. More precisely 7, (s)(e; + e2) = e + ez and
Tn(s)(e1 — ea) = —(e1 — e2). Because these two lines are invariant under o,
we have

onlp,=1 and o, |p,= €.

If n # 0 (mod 3), then o, (c) = m,(r2x ) leaves none of the lines in C? invariant.
Thus o, is a two-dimensional irreducible representation of &3. This is the
complexification of the representation of &3 in R? by the symmetries of an
equilateral triangle centered at the origin: rotations through the angles 27/3
and 47/3 and symmetries with respect to the three altitudes.

3 Representations of the Dihedral and Quaternion Groups

Let n be an integer, n > 2. We denote by C,, the cyclic group of order n and
by D(,) the dihedral group of order 2n. We know that

2 n—1
Cp={Lr,r*, .. orP o ")

. 2 n—1 2 n—1
Dy = {L,r,r%,...,0" " s, 8m,87%, .. s

where v =1,s*> =1, and srs =L
Part T

For 0 < k <n —1, we denote by x; the character of C), such that

2ink

Xk(r)=e .
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1. What are the inequivalent irreducible representations of C,,?

2. Find the conjugacy classes of D(,). [Hint: Distinguish the case of n odd from
the case of n even.|

3. Find the one-dimensional representations of Dy,.

For each k, 0 < k < n — 1, we consider the induced representation of the
representation xy from C, to D(,), which we denote by p.

4. (a) Show that the representation pj is of dimension 2. Choose a basis of the
vector space of this representation and write the matrix of pg(r) and the
matrix of pi(s) in this basis.

(b) Find the character of p.

5. (a) Show that px and p,,—j are equivalent. Is the representation pg irreducible?
Show that if n is even, with n = 2m, the representation p,, is not
irreducible.

(b) Find the inequivalent irreducible representations of D).

Part IT
In the group O(2), each element can be written ry or sorp, 0 < 6 < 27, with

cos —sinf 0 1
Te = | . and sg = .
sinf  cos@ 1 0

We set
cosf) —sinf 0 1 0 0
79 = | sinf cosf 0 and So=[0 —1 0
0 0 1 0o 0 -1

6. (a) What is the geometric interpretation of 7y and of 557

(b) Show that there is a unique injective group morphism v : O(2) — SO(3)

such that
W(rg) =719 and  Y(sg) = So.

Let ¢ be the projection (covering morphism) from SU(2) onto SO(3). We
introduce the matrices Z = (9¢) , 7 = ({ '), and K = (§ %).
7. (a) What is the inverse image under ¢ of 79? of 557

(b) Show that D¢, can be identified with a subgroup of O(2) generated by

a rotation and so. What is the order of the group I, = ¢~ (¥)(D()))?
What are the elements of this group?

8. Show that I's is the quaternion group,
{+I,+£Z,+J,+K}.
9. Create the character table of the group I's.

Let R™Y), where N is a nonnegative integer, be the representation of T'y
obtained as the restriction to I's of the irreducible representation of dimension
N +1 of SU(2).



136 Problems and Solutions

10. (a) Find the character of R(Y).

(b) Find the decomposition of RY) as a direct sum of irreducible represen-
tations of I'sy.

¢) Same question for each of the representations p ® R, where p is an
(c) a P P ; P
irreducible representation of I's.

Solutions

Part T

1. Because (), is an abelian group, all the irreducible representations of C,
are one-dimensional. The group C,, thus has |C,,| = n inequivalent irreducible
representations: these are the characters xi, 0 < k < n — 1, such that for

2imkp

nggn—l,xk(ﬂ’):e n

I we deduce the equation sr = r~'s, whence for every

2. From srs = r—
integer p,
srPs =r7P,

(i) Conjugacy classes of rotations. We deduce from the preceding formula
that 77 and r"~7 are conjugate in D(,). For P to be conjugate to r?,
it is necessary and sufficient that there be an integer ¢ such that
PP’ = sr9rPsrd, which is equivalent to r? = srPs, ortop+p =0 (mod n).

e Ifnisodd, n=2m+1, there are m+1 = % conjugacy classes of
rotations,
(), {r, ey, ™ e

e Ifniseven, n = 2m, there are m = 4 +1 conjugacy classes of rotations,

{1}, {r,r" Y, ™ e ™

(ii) Conjugacy classes of symmetries. For sr?’ to be conjugate to srP, it is nec-
essary and sufficient that there be an integer ¢ such that srP = rlgrPp—a
or sr?'= srisrPr—4s. The first condition gives p’ — p + 2¢ = 0 (mod n),
and the second condition gives p’ +p —2¢ =0 (mod n).

e If n is odd, such a choice of ¢ is always possible. Thus there is only

one conjugacy class of symmetries, {s,sr,...,sr" 1}
e If n is even, there are two conjugacy classes of symmetries,
{s,s7%,...,5r" 2} and {sr,sr®,..., sr" 1} each having % elements.

n+3
2

1) (2 2) (n)

n

1 r L..oTT2 s

To summarize, if n is odd, there are

conjugacy classes,

and if n is even, there are 5 + 3 conjugacy classes,

51 r%

In both cases, we verify that there are 2n elements in the group D).
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3. Let 7 : D¢,y — C* be a one-dimensional representation of D). Let a = 7(r)
and b = 7(s). It must be true that

a"=1, bv¥*=1, bab=a"'.

Hence a = £1 and b = +1.
If n is odd, we must have a = +1; there are two one-dimensional represen-
tations: the trivial representation 7; and the representation 7} defined by

m(r)y=1, mi(s)=-1.

If n is even, there are four one-dimensional representations: 1, 7y, and mq, )

defined by

whence 7o (r?) = mh(rP) = (=1)P, ma(sr?) = (=1)P, wh(srP) = (—1)PTL.

4. (a) By definition, the space Ej of the representation pj is the vector space
of maps f of D, into C such that

Vg € Dy, Yh € Cr, f(gh) = xi(h™")f(9),

_ 2imkp
n

ie, f(gr*) =e f(g), for 0 < p <n — 1. Therefore

_ 2imkp

Fr) = e 5 ()

and
2imkp

flsr?) = e f(s),

and the function f is entirely determined by f(I) and f(s), which are arbitrary
complex numbers. Thus the representation py is of dimension?2.

Let f1 be the element of Ej, such that f1(I) =1, fi(s) = 0 and let f5 be the
element of Ej such that fo(I) =0, fa(s) = 1. Then (f1, f2) is a basis of Ej.

By definition, for f € Ej and go,g € D(y),

(Pr(90) /) (9) = f(95 ' 9),

whence

2ink

(pr(r) F)UI) = fr™) = xu(r) f(I) = €™ f(1),
(pr(r)f)(s) = f(r™ts) = f(sr) = xu(r™1)f(s) = e

Thus pi(r)f1 = o2t f1and pg(r)fa=e" ok f2, whence the matrix of pg(r) in
the basis (f1, f2) of E} is given by

_ 2ink

m f(s).
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Similarly, (px(s)f)(I) = f(s) and (px(s)f)(s) = f(I), whence pi(s)f1 = f2
and pg(s)f2 = f1. Hence we have

(b) We have

and

0 _ 2imkp
e n
Pk(STp) = ( 2inkp ) .
e n 0

The character of py is thus given by

Tr(p(r?)) = 2cos 222, 0<p<n—1,
Tr(pg(srP)) = 0.

We verify that it takes the same value on each conjugacy class of D).

5. (a) The representations pp and p,_ are inequivalent since they have same
character.

The representation pg is not irreducible. In fact, pg = m @ 7}.
If n is even, n = 2m, the character of p,, takes the values 2(—1)P at rP
and 0 at sr”. We have x,,, = X, + Xx}, Whence p,, = T2 © 5.

(b) (i) Case of odd n, n = 2m + 1. The representations po, p1, - -, Pm—1, Pm
are inequivalent, since the values of their characters at r are different.

Each of the representations pg, 1 < k < m, is irreducible. In fact, if
1 < k < m, the only vector subspaces of Ej invariant under pg(r) are the
lines Cf; and Cfy, and these are not invariant under pi(s). [One can also show
that the modulus of the character of each of these representations is equal to 1.]

The representations my, 7}, p1,..., pm are 2 +m = "T% inequivalent irre-
ducible representations. This is the number of conjugacy classes of D, for
n odd. Thus we have determined all the irreducible representations of D).
[Another argument: the sum of the squares of the dimensions of these represen-
tations is (dim7y)? + (dim7})? 4+ Y%, (dim p)? = 2 + 4m = 2n, which is the
order of D(,).]

(ii) Case of even n, n = 2m. The representations p1, ..., pm—1 are inequiv-
alent and irreducible (see the odd case).
The representations 7,7, T2, 75, p1,...,Pm—1 are 4 + m —1 = & + 3

inequivalent irreducible representations, and this number is the number of con-
jugacy classes of D, for even n. We then have the complete list. [Another
argument: the sum of the squares of the dimensions of these representations is
4 4 4(m — 1) = 2n, which is the order of D,).]
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In both cases, the irreducible representations of D(,) are one- or two-
dimensional.

Part IT

6. (a) The transformation 7 of R? is the rotation around the axis Oz and
through an angle 6, Rot(es, 6), and $p is the symmetry with respect to the axis
Oz, Rot(ey,m).

(b) We see immediately that 7y and $g belong to SO(3). We set

o~ o~

w(sore) = S0T0-

Thus we define an injective map from O(2) into SO(3). It is clear that
FoTer = Torer = Tare,  (50)? = (s2) = I. The matrix product §y795p is equal to
7_g = (79) L. We deduce that 1 is a group morphism. In fact,

Y(ro(sore)) = ¥(sore—a) = SoTg—as

while
Y(re) P (sorer) = FpSoTer = SoT_aTer = SoTgr—p-
Similarly,
P((sor)(s079:)) = ¢ (ror—0) = Tor—o,
while

—

P(sore)(sore) = SoTpSoTe = Tor—p-

Geometrically, we associate to the rotation through an angle 6 in the plane
xOy the rotation of R?® with the same angle and with axis Oz, and to the
symmetry sq of the plane Oy that exchanges the axes, the symmetry of R3
with respect to the axis z. (While in R? a symmetry with respect to a line has
determinant —1, a symmetry with respect to a line in R3 is a rotation through
an angle 7, with determinant +1.)

7. (a) We know that on the one hand, ¢(exp $K) = Rot (e3,6) = 79, and on
the other hand, p(exp §7Z) = Rot(e1,m) = 59. We then have

go_l(rAg) = {exp gIC, —exp gIC} ,

0 (%) = {exp gI, — exp gI} .

We have exptZ = costl + sintZ, whence exp §Z = Z. Thus

¢~ (%) =1{Z,-T}.
Similarly, exp tKC = costl + sin tK, whence

0 0 0 0
—1/~ _ -z . z _ z o z
o (1p) = {COSZI+Sln21C, COSQ[ sm2IC}.

(b) The group D, can be identified with the subgroup of O(2) generated
by the rotation 72 and the symmetry sg.
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The group (D)) is of the same order as D,), i.e., 2n. The group
I = ¢ H(¢(D(ny)) is of order 4n, since for each element g of ¥(Dy,)), ¢~ '(g)
contains two opposite elements of SU(2 )

The group w(D(n)) is generated by 72x T2x and Sp. It consists of transformations
of R3 rzpw and g sorzpﬂ for0<p<n-— 1. The group I';, = ¢~ 1 (v(D (n))) is thus

generated by the matrices of SU(2), £(cos =1 +sin nIC), Z, and —Z. It consists
of the matrices

T T T T
cos p—[—l—sinp—lC, — oS8 p—[—sinp—lC,
n n n n
and the matrices
T U us T
cosp—I—sinp—j, —cosp—I+sinp—j,
n n n n

for0<p<n-—1.
8. If n = 2, the group I'y = ¢~ *(¢)(D(2))) consists of the matrices
I, -1,7, -1, 79, -J, K, =K.

Therefore it is the quaternion group. We can study the case n = 2 directly.
The group D(9) is the group {I,r,s,sr}, with r> = s* = I, rs = sr. It can be
realized in R? as the group

0 1
{I,Tﬂ—:—l, 80:<1 O)’ Sorﬂ:_so}a

and in R? as the group

-1 0 0 1 0 0 -1 0 0
I,)o -1 0,0 -1 0 {f,]0 1 O
0 0 1 0o 0 -1 0 0 -1

We have ¢~ 1(I) = {I,—1I}. (The letter I sometimes denotes the identity
on R?, sometimes the identity on R? and sometimes the identity on C2.) On
the other hand,

v~ (M) = {K, =K},

¢~ '(%) = {Z, -1},
o Y sorn) ={T,~T}, because KT = J.

c'°> §>

Thus we obtain the list of elements of the group I's.
9. Wenote that Z~' = -7, J'=-7, K' =-K.

The conjugacy classes of I's are

{1}7 {_I}’ {17171}’ {j’jilh {’Cvlcil}'
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Infact, JZJ ' = ~JIJ = -JK = -Z,and KIK ' = -KIK = -JK = —I.
These calculations show that Z, 7, K are pairwise not conjugate.

There are four one-dimensional representations of I's. To show this, let a
and b be the values of a one-dimensional representation y of I'y at Z and K
respectively. Then

a’b* =1 and =1,

since

72°K2 =71 and K 'IKZI=K'ZJ=1.

Thus a = +1 and b = £1. These choices determine the value of x at J = KZ
and at —I = 2.

Because this group has five conjugacy classes, there is another irreducible
representation, «, of dimension d > 2. We must have 4 + d*> = |I'y|. Because
the order of I's is 8, necessarily d = 2. We complete the character table using
the orthogonality of columns. The representation « is in fact the fundamental
representation of I'y C SU(2). One obtains the table

mm e @ @

I -1 T J K
apl 1 1 1 1 1
o] 1 1 1 -1 -1
az| 1 1 —1 1 —1
as| 1 1 —1 —1 1
al 2 -2 0 0 0

(We have used the same letter to denote the representation and its character.)

10. (a) Let ") be the character of the irreducible representation of dimension
N +1 of SU(2). We have x(N)(I) = N + 1.

We know that if g € SU(2) is conjugate to (GSG ePie) ,0 <60 <, then

w|Z

i sin(N +1)0
X(N)(g): Z e? 0 _ ( )

sin 6
S

Since Z, J, and K are conjugate in SU(2) to the matrix (ei% B% ), we have
e

xM(T) = xM(T) = xM(K) = sin(N + l)g = cosNg.
Thus we obtain
M) =0, if N is odd,
M) =1, if N=0 (mod4),
XMN(T) = =1, if N =2 (mod4).
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We have —I = (Bl _01)

(0 P) If N is even, N = 2N,

N/
XM= = > T =2N'+1=N+1,
=—N'

while if NV is odd, N = 2N’ + 1, the index m takes half-integer values, and thus
each of the N + 1 terms of the sum is equal to e~ = —1, and we obtain

xM(=I) = =(N +1).

Hence
XM (1) = ()N (N +1).
(b) In order to find the decomposition of R(N) as a direct sum of irreducible

representations, we calculate (o | xN)), 0<i <3, and (o | x¥)). We have

1

(a0 [ x™) = SO + X (=1) + 6xV(T)),
(i | X)) = é(x“v)(f) + M=) —2¢™N(T)), 1<i<3,
(o | X)) = 000 (1) = XV (1))

If N is odd, then (o; | X)) =0, for 0 < i < 3, and (o | xV)) = L(NV + 1),
whence
N+1

RWN) = —

In particular, R = a.
If N is even and N = 0 (mod 4), then (ag | xV)) = & +1, (a; [ xV)) = &
for 1 <i <3, and (o | x™)) = 0, whence
N N
RW) = (Z + 1) g D Z(Oél D ag D 043).

If N is even and N = 2 (mod 4), then (ag | xM) = 2(2(N +1) — 6) = 22,

(a; [ X)) =L2(N+1)+2) =22 for 1 <i <3, and (a | xV)) = 0, whence

N-2  N42

RWI) 1 g D 1

(Oél @D (6%) o) Oég).

We verify that in each case, the dimension of RV is N + 1.

(c) We have R(Y) = a. Tt is clear that ap ® @ = a. By calculating the scalar
products of the characters, we obtain a; ® a = v, for 0 < i < 3, and

a®@oa=0oayDa; Do D as.
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The preceding results can be generalized to the subgroups go_l(q/)(D(n))),
n > 2, and more generally, to the finite subgroups of SU(2). These either are of
the form o~ 1(G), for a finite subgroup G of SO(3), or are cyclic groups of odd
order. For each finite subgroup of SU(2), one can decompose each tensor prod-
uct of an irreducible representation and the restriction of the two-dimensional
representation of SU(2) into a direct sum of irreducible representations. One
can show that the matrix of coefficients appearing in these decompositions can
be calculated from a matrix, called the Cartan matrix, associated to a simple
Lie algebra. The correspondence between finite subgroups of SU(2) and simple
Lie algebras is called the McKay correspondence. See B. Kostant, “The McKay
correspondence, the Coxeter element and representation theory,” in Elie Cartan
et les mathématiques d’aujourd’hui. The Mathematical Heritage of Elie Cartan,
Astérisque, hors série, Société Mathématique de France, 1985, pp. 209-255, and
“The Coxeter element and the branching law for the finite subgroups of SU(2),”
in The Cozeter Legacy. Reflections and Projections, C. Davis and E. W. Ellers,
eds., American Mathematical Society, Providence, RI, 2006, pp. 63-70.

4 Representations of SU(2) and of S3

We denote by o the fundamental representation of SU(2) in C?, and by (uq, u1)
the canonical basis of C2.

Let ugem = up ® up ® Uy, where k,£,m = 0 or 1, be the vectors of the
canonical basis of the vector space E = C? @ C? ® C2.

1. Show that o is equivalent to Dz. Find an isomorphism of C? onto the support
1 1 1
V'z of the representation Dz that intertwines o and Dz.

2. Decompose the representation p = 0 ® 0 @ o of SU(2) in E into a direct sum
of irreducible representations.

3. Let Dp be the differential of the representation p. Set

12 O
£3 = 5 <0 —7,> S 5u(2).

Is each ugs, an eigenvector of (Dp)(€3)? Find the eigenvalues of (Dp)(€3) and
the multiplicity of each one.

4. Let &3 be the symmetric group on three elements.

(a) Give the list of inequivalent irreducible representations and the
character table of &3.

(b) We define a representation 7 of &3 in E by
(9)(ukem) = Ug=1(k)g=1(0)g=1(m)

for ¢ € S3. Find the character of m and decompose 7 as a direct sum of
irreducible representations.

5. Find a basis of each of the isotypic components of (E, 7).
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6. Show that each isotypic component of (E,7) is the support of a represen-
tation of SU(2) and find the representation. Find a basis of F adapted to the
decomposition of the representation p of SU(2) into irreducible representations.

Solutions

1. Because o is two-dimensional, in order to show that o is equivalent to
1 . . . . .
Dz, it suffices to show that o is irreducible. In fact, the eigenspaces of

g = (e: e%) are Cug and Cuy, and these lines are not invariant under
(%) €8UQ).
By definition, if g = ( % %) € SU(2), then

o(g)ug = aug — buy, o(g)u; = bug + auy,

(D%(Q)f)(zl,zé) = f(az — bzg,le + az)

1 1
and f; (21,22) = 21, f?1(21,22) = 2z2. Thus

The isomorphism T of C2 onto V3 defined by

T(wo) = f3,, Tlw)=-f

NI o=

intertwines o and Dz. This can be easily verified by calculating D%(g)T(uk)
and T'(o(g)ug), for k=0 and 1.

2. Because the representation o is equivalent to D%, p=0R®oRo0o is equivalent
1 1 1 . .
to D2 @ D2 ®Dz. We can thus apply the Clebsch—Gordan formula, which yields
1 1
Dz ®D2 = D°® D!, D° being the trivial one-dimensional representation. Thus

p=(D°®D)®D> =D? @ (D' @ D?).
Because D! @ Dz = D2 & D%, we obtain
p=2D? &D3.
3. Because p = 0 ® 0 ® 0, for X € su(2), we have

(Dp)(X)ugem = (Do)(X)ug @ ue @ um
+ug @ (Do)(X)up @ up,
+up @up @ (Do) (X)up,.

If X = &, we have (Do)(&3)uy, = E3uy = (—1)F Luy,, whence

(D) (E)tkem = (<1 + (1) + (=)™ 3.

Thus each uge, is an eigenvector of (Dp)(&3).
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The eigenvalues are

3i 3 i i

2’ 27 2 2’
with the eigenvectors uggp for 3i/2; wii; for —3i/2; wgor,uo10, and uigg for
i/2; wo11,u101, and uq1p for —i/2. Thus 3i/2 and —3i/2 are simple, while /2
and —i/2 have multiplicity 3.
4. (a) We know that &3 has two irreducible one-dimensional representations,
the trivial representation 1 and the signature representation ¢, and a two-
dimensional irreducible representation, a. The conjugacy class of a cyclic
permutation ¢ contains two elements (the two cyclic permutations different
from the identity), and the conjugacy class of a transposition ¢ contains three
elements (the three transpositions). Thus the character table is

SORECIRNG)

e ¢ t
x| 1] 1] 1
Xe| 1] 1 |-1
Xe| 2 | =1 0

(b). The group &3 acts on ordered triples (k, ¢, m) by permutations. The
trace xr(g) of m(g) is the number of triples that are invariant under the action
of g71. We have x.(e) = 8. If g is a cyclic permutation, only uggg and u11; are
invariant, and thus x.(c) = 2. If ¢ is a transposition, then x.(t) = 4. In fact,
t = (12) leaves upoo, U111, U001, U110 invariant.

We find the decomposition of 7 = m;1 & m.e ® moa by calculating, by
means of the character table,

my = (XﬂX‘n) =4, m.= (X€|X7T) =0, mg= (Xa|Xﬂ') =2

Thus
T=4132 a.

5. We have seen that F = 4FEL @ 2E“ We denote by V1 = 4FL and
V& = 2E® the isotypic components of E. Thus E = V1g Ve,
The projection of E onto V1 is defined by

1 1
Puugem = & Y 7(g)ukem = ¢ D Ug(kyg(0)g(m):
gEG3 ge6s3

‘We obtain
Prugoo = uooo, Pruiin = uin
1
Piugor = Prugio = Piuigo = g(uom + up10 + Ui00) = U ,

1
I
Piugii = Piuior = Piurio = g(uon + u101 + u110) = .

A basis of Vl = 4El is thus (Uooo, U111, U, Ul).
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For the projection onto V*, we obtain

1
PaukZm - _(2uk£m — Upmk — umk[)'
3

Thus PauOoo = Paulll =0 and

1 1
/
Pougor = 5(2U001 — U100 — Uo10) =V, Pallioo = §(2u100 — Ug10 — Uoo1) =V,
1 1 ,
Pyuyio = 5(2U110 —uo11 — ui01) = w, Pauon = 5(2U011 — U101 — U110) = W',
and
Pyugro = —Pa(ugo1 + u100),
Pyui01 = —Pa(u110 + uo11)-

A basis of V¥ = E* @ E® is thus given by the four vectors v, v, w,w’.

We can also obtain this result by observing that V* is the orthogonal com-
plement of V1 for the scalar product on E such that the vectors wu,, form an
orthonormal basis.

Set j = €5, so that j2+j+1 = 0. We see that vectors z = (G4+2)v + (2j+1)0'

= ugo1 + ju100 + j2uor0 and y = (j — 1)v — (j + 2)v" = ug10 + juoo1 + j>u100, ON
the one hand, and vectors 2’ = (j + 2)w + (2§ + 1)w’ = u110 + juor1 + j2uio1
and ¥ = (j — Dw — (j + 2)w’ = w101 + jui1o + j>uo11, on the other hand, form
a basis of a vector space E“, the support of the representation « of Ss.
6. Let us show that the subspace V1 is closed under the representation Dp
of su(2), and thus under the representation p of SU(2), which is connected.
For convenience we denote (Dp)(X)ugim by X - tgim, for X € su(2). The four
vectors of the basis given above are eigenvectors of (Dp)(&3),

&3 - uooo = %Uooo, §3-uin = —%unu §3-u= %U, £3-u' = —%U/~

On the other hand,

? i

(Do) (&1)uo = U1, (Do) (&1)ur = 5 U0,
(Do) ()0 = gu, (Do)(E)ur = —uo
Thus,
&1+ uooo = %Ua §1-uin = %ul, §1-u= %(uooo +2u') e VL,

and similarly, &; - v’ = %(uln + 2u) € VL. Furthermore,

3 3 1
&2 - Ugoo = Pt §o - U111 = —57/7 §oru= —5(%00 —2u') e V4,

and similarly, & - u' = %(uln —2u) € Vi
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The restriction of Dp to V1 is a representation of dimension 4 of su(2) in
which &5 has eigenvalue 3i/2. We know that this property implies that p|y1 is
equivalent to D3.

We verify that T : V1 — V3 = E?, defined by T(ugo) = —f°s,
2

e

T(u111) = f3 , Tu= f21, Tu' = —f1 , intertwines D/’|v; and D3.
Next we con51der the space V& = 2E°‘. We have

Z’ / Z / ? / 7/ /
Sv = -, v == Sw = ——w, cw' = —-w'.
&3 5V & 5 €3 5 &3 5
The vector subspace generated by v and w is the support of a representation
Dz. In fact, it is closed under Dp. We have §; - v = —sw and & - w = —3v,
because &7 = 4I. Furthermore, & - v = f%w and & - w = %v

We verify that if we set Tv = f_% , and Tw = f%, the isomorphism T
intertwines the restriction of Dp to th2e vector space generated by v and w
with D3,

Analogous equations for v" and w’ show that the vector subspace generated
by v' and w’ is also the support of are presentation Dz. In conclusion, the two
vector subspaces generated by v and w on the one hand, and by v' and w’ on
the other hand, are each the support of a representation D3,

Using the decomposition of E under the action of &3, we have obtained a
basis of F adapted to the decomposition of p =0 ® o ® 0.

We see that the isotypic components in the decompositions of the representa-
tion p of SU(2) and of the representation 7 of &3 correspond to one another:
Vi=4FLl ~ E% and V® = 2E ~ 2E%. We have proved

E = (dim E*)E? @ (dim EY)E? = (dim E?)E* @ (dim E?)EL.

The fact that p = @rer Prpr = Prer MrTr, where the py are irreducible
representations of SU(2) and the mj, irreducible representations of &g, with
pr = dim 7, and myg = dim py, is a particular case of a general property, the
Schur-Weyl duality between representations of GL(V) and of &, on V" for
a given vector space V and a positive integer r (here V = C? and r = 3). See
Goodman—Wallach (1998).

5 Pseudo-unitary and Pseudo-orthogonal Groups

We consider the Lie group

_ 1
SU(1,1) = {A € SL(2,C) | AJ'*A=J}, where J= (O 01> .

1. Show that A € SU(1,1) if and only if A = (¢ g), where a and b are complex
numbers such that |a|?> — |b]? = 1.

Is the Lie group SU(1, 1) compact?
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2. For g € SL(2,R), we set u(g) = 7g7~!, where 7 = (! ). What is the image
of 11?7 Show that the Lie groups SU(1,1) and SL(2,R) are isomorphic.

3.0Let & = 3(%9%), & =3(93Y), & = 2 (52%). Show that the matrices

My = —i&, My = —i, M3 = &3 form a basis of the Lie algebra su(1,1) of
SU(1,1). Write the commutation relations of su(1,1) in this basis.

On R3 we consider the quadratic form defined by Q(x) = 23+ 2% — 22, where
71,2, 23 denote the components of x € R3in the canonical basis (eq, 2, e3).

4. Define an isomorphism « from R? onto su(1,1) by setting
alex) = My, k=1,2,3.

(a) For each z € R3, calculate the determinant of a(z) and compare it
to Q(x).
(b) Denote by K the Killing form of su(1,1). Show that for every x € R3,

K(a(z), a(z)) = 2Q(x).

Consider the Lie group

1 0 O
0(2, ].) = {A c GL(?),R) | AJ21 tA = ng}, where J21 = 0 1 0
0 0 -1

Let SO(2,1) = O(2,1)NSL(3,R), and let SO((2, 1) be the connected component
of the identity of SO(2,1).

5. Let A € GL(3,R). Show that A € O(2,1) if and only if for every z € R3,
Q(Az) = Q(x).

6. Find a basis of the Lie algebra s0(2,1) of SO(2,1). Write the commutation
relations of s0(2,1) in this basis.
What can one say about the Lie algebra of O(2,1)?

7. Are the Lie algebras su(1,1) and so(2, 1) isomorphic? Are the Lie algebras
s[(2,R) and s0(2,1) isomorphic?

8. Counsider the adjoint representation Ad of the group SU(1,1) on its Lie
algebra. To g € SU(1,1) we associate the matrix ¥(g) of Ad, in the basis
(My, Mo, M3) of su(1,1). It is known that SU(1,1) is connected.

(a) Show that for every g € SU(1,1), 1(g) € O(2,1).

(b) Show that ¢ is a Lie group morphism from SU(1,1) to SOg(2,1). What
is the kernel of 1?7

(¢) Find the differential of . Show that 1 is surjective from SU(1,1) onto
SOp(2,1).
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Solutions

1. The condition AJ A = J can be written

9o )66

which is equivalent to aa —bb =1, cé — dd = —1, a¢ — bd = 0, ac — bd = 0. We
deduce that acé — bed = 0. Because ad — be = 1, we have acé — add + d = 0,
whence d = @ and ¢ = b. Thus A = (‘g g), and the condition detA = 1 is
equivalent to |a|? — |b]? = 1.

To show that the Lie group SU(1, 1) is not compact, it suffices to show that
the set {(a,b) € C?| |a|?> — |b|> = 1} is not bounded; it contains, for example,
all pairs of positive reals of the form (vz2 + 1,x).

2. Ifr= (i), thent =1 (1 7"). Let g = (:?) € SL(2,R). Then u(g) is
the matrix

TW_ICLb>1<a+5—Kﬁ—ﬂ ﬁ+7—ﬂa—®>.

Y

SY

c d)  2\B+y+ila—06) a+s+i(B—7)

We verify that d = @, ¢ = b, and |a|? — |b|? = ad — By = 1 because g € SL(2,R).
Furthermore, det ;1(g) = det g = 1. Thus the image of u is contained in SU(1, 1).
On the other hand, if h = (¢ Y) € SU(1,1), we have

T BY _1fa+td+i(b—c) b+c+i(a—d)
T v 6) 2\b+c—ila—d) a+d—ilb—c)]’

We see that under the hypothesis d = @ and ¢ = b, the numbers «, 3, v, and &
are real. Furthermore, because h € SU(1, 1),

det(r7'h7) = deth = 1.

Thus p is a bijection of SL(2,R) onto SU(1,1). Furthermore, p is a group
morphism since u(gg’) = p(g)p(g’) for every g and ¢’ € SL(2,R). Finally, the
coefficients of p(g) are linear functions and thus are continuous in the coefficients
of g. Thus p is a Lie group isomorphism of SL(2,R) onto SU(1,1).

3. Let M be a matrix of gl(2,C). By differentiating both sides of the equation

exp(sM)J exp(s 'M) = J
with respect to s € R, we obtain
exp(sM)(MJ + J "M)exp(s "M) = 0.

By evaluating at s = 0, we see that in order for exp(sM) to belong to SU(1,1)
for every s € R, we must have M J +.J ‘M = 0. And conversely, if the condition
MJ+ J M = 0 is satisfied, the matrix exp(sM)J exp(s *M) is constant and



150 Problems and Solutions

equal to its initial value, which is J. On the other hand, the condition TrM = 0
is equivalent to Det(expsM) = 1, for every s. Hence the Lie algebra of
SU(1,1) is

su(1,1) = {M €sl(2,C) | MJ + J "M = 0}.
The matrices of su(1,1) are of the form (5 %, ), where u is pure imaginary. A
basis of su(1,1) is thus

1/0 1 1/ 0 7 1/(2 0
_ — 9 — R — E—s = s — = = .
5 (1 O) &1 = My 5 <—i 0) 1€y = My 5 (O —i) §3 = M;3

The commutation relations are

[M17M2} - 7M33 [M27M3] = M17 [M37M1] = MQ'

3 3 . )
4. (a) If z = 3 apey, then a(z) = Y xpeMy, = 3(,*2 “1H*), whose
k k=1

Ilfimg 77;13
=1
determinant is +(—(2% + 23) + 23) = —1Q(x).
(b) By definition, K(X,Y) = Tr(adxady ). We have, in the basis (M),
0 O 0 0 0 1 0 -1 0
ad]wl = 0 0 -1 5 adM2 = 0 0 0 , adMB = 1 0 0
0 -1 0 1 0 0 0O 0 O
Set X = a(z) = Eizl xp My and set Y = a(y) = Zi:l yr M}, Then
0 —x3 X9
adx = | x3 0 —x1 |,
X9 —X1 0

whence Tr(adxady ) = 2(x1y1 + 22y2 — x3ys3). Thus K(a(z), a(z)) = 2Q(x).

5. The group O(2,1) is the group of transformations of R® preserving the
quadratic form @ of signature (2,1), and therefore not positive definite. In fact,
if X is the column vector of components x1, x2, T3, then

Q(fE) = tXJ21X,
and if A € GL(3,R),
Q(AJ?) = tX tA J21 A X,
then Q(Az) = Q(x) for every x is equivalent to ‘AJyA = Jo;. Now,
because (J21)? = I, the condition *4 € O(2,1) is equivalent to A € O(2,1). In
fact, tAJ21A = J21 1mphes AJ21 tAngA = A, whence AJ21 tA = J21.
6. Using the same argument as in Question 3, we see that if M € gl(3,R),

the condition exp(sM)Ja1 exp(s M) = Jo1, for every s € R, is equivalent to
the condition M Jy; + Jo3 M = 0. The matrices M of gl(3,R) satisfying the

0 uw

condition MJy; + Jo; *M = 0 are of the form ( —u 0 '1(1)1), where u,v,w € R.
Thus TrM = 0. The Lie algebra of SO(2,1) is thus

50(2, 1) = {M S 5[(3,R) | MJs1 + Jon M = O}
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The matrices

0 0 0 0 0 1 0 -1 0
G=10 0 —-1), ¢=1]0 0 0f, GG=(1 0 0],
0 -1 0 1 0 0 0 0 0

form a basis of s0(2,1).
The commutation relations are

[C1,C) = —C3, [G2,G3] = (1, [G3,C1] = Ga-

It follows from the remark above on the vanishing of the trace that the Lie
algebra of O(2,1) is equal to so(2,1).

7. The linear mapping of su(1,1) on so(2,1) defined by My +— (x, for k = 1,2, 3,
is an isomorphism of Lie algebras, since in these bases the commutation relations
are the same in the two Lie algebras.

On the other hand, one can deduce from Question 2 above that the
Lie algebras of SU(1,1), and SL(2,R) are isomorphic. Thus the Lie algebras
50(2,1),su(1,1), and s[(2,R) are isomorphic.

Observe that because Tr((ad€,)?) = —2, the Killing form of su(2) is negative
definite. The Lie algebras su(1,1) and su(2) are not isomorphic, since their
Killing forms do not have the same signature.

8. (a) By definition a0 ¢(g) = Ad, o «, for every g € SU(1,1). The linear
mapping Ad, preserves the determinants, and hence (g) preserves @, because
det a(z) = —1Q(z), for every z € R3. Thus v(g) € O(2,1).

1

(b) Because SU(1,1) is connected, the image of 1 is contained in the con-
nected component of the identity of O(2, 1), which is the component SOy(2, 1)
of its subgroup SO(2,1).

It is clear that v is a Lie group morphism. The kernel of v is the subgroup
of SU(1,1),

{9 € SU(1,1) | Adg = Idgu(1,1)} = {9 € SU(1,1) | VM € su(1,1),gM = Mg}.
A calculation shows that g = (‘g g ) satisfies this condition if and only if
b=0, a =a, whence a = 1 and Ker ¢ = {I,—1I}.

(¢) The differential of ¢ is the morphism of Lie algebras that associates to
X € su(1,1) the matrix of adx in the basis (M} ). This morphism is the isomor-
phism from su(1, 1) onto so(2,1) constructed in Question 7 above, because the
matrix of adyy, is (x, for k = 1,2, 3, as we have seen in the proof of Questions
4(b) and 6.

On the other hand, each element of SO¢(2,1) is a product of exponen-
tials. Thus to show that ) is surjective, it suffices to show that for every
M € s0(2,1), there is an N € su(1,1) such that ¢(exp N) = exp M. Because
P(exp N) = exp((Dy)N), and because D is an isomorphism, it suffices to take
N = (Dy)~1(M).
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The morphism v is a double cover of SOy(2,1). But SU(1, 1) is not simply
connected. The universal cover of SOg(2,1) is an example of a Lie group that
is not a linear Lie group.

We can define the analogue of Euler angles for SU(1, 1) and express the Haar
integral in this parametrization. Since the Lie group SU(1,1) is not compact,
it has infinite-dimensional irreducible unitary representations. One can realize
the representations of SU(1, 1) in spaces of homogeneous functions of a complex
variable, study the special functions associated to the matrix coefficients of these
representations, etc. See Vilenkin (1968) or Vilenkin-Klimyk (1991).

In physics, the noncompact Lie group SOg(3,2) is called the anti—de Sitter
group, while SOq(4,1) is called the de Sitter group. The importance of the
anti—de Sitter group is due to the fact that the Poincaré group can be obtained
from it by contraction. The group O(3,2) is the symmetry group of a
one-sheeted hyperboloid in R®, called the anti-de Sitter space-time, AdSs.

The case of O(2,1) corresponding to the two-dimensional space-time AdSs
has been studied intensively. See for example the anti-de Sitter version of
Hamiltonian mechanics of J.-P. Gazeau, “On two analytic elementary systems
in quantum mechanics,” in Géométrie complere, F. Norguet, S. Ofman, and
J.-J. Szczeciniarz, eds., Hermann, Paris, 1996, pp. 175-199. We quote from an
article by S. Detournay, D. Orlando, P. Petropoulos, and P. Spindel, “Three-
dimensional black holes from deformed anti-de Sitter,” JHEP 07 (2005) 072,
hep-th/0504231: “Three-dimensional anti-de Sitter space provides a good
laboratory for studying many aspects of gravity and strings, including black-
holes physics.” The geometry of the anti—de Sitter space-time as well as the
representations of the groups SU(1,1) and SL(2,R) play an essential role in
these theories. In the preprint list http://fr.arxiv.org/find /hep-th, the number
of papers containing “anti-de Sitter” or “AdS” in the title was 77 in 2005, 100
in 2006, 123 in 2007, and 176 in 2008.

6 Irreducible Representations of SU(2) x SU(2)

Let H be the associative algebra of quaternions, a real vector space of dimen-
sion 4 with basis (1,7, j, k) and multiplication defined by

P=72=k=-1, ij=—ji=k, jk=—-kj=1, ki=—ik=]j.

For ¢ = apl + a1i 4+ asj + ask, we set ¢ = agl — a1i — asj — aszk and

llqll? = qg. It is known that ||¢q||* = Zzzo(ap)Q and that for all ¢, ¢’ € H,

lgd'll = llallllg'l-

Denote by S the group of unit quaternions

S={qeH]| [q] =1}
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Consider the real vector space H generated by the matrices

N e e}

Observe that SU(2) and su(2) are contained in H.
Part I

1. We write M + qp for the isomorphism of real vector spaces from H onto H
defined by I — 1, T — i, J — j, K — k.
(a) Show that the restriction to SU(2) of this map is an isomorphism from
the group SU(2) onto the group S.
(b) Show that for every X € su(2),

d
ar (Qexp(tx)) |t=0 =d4x-

2. Let (A4, B) € SU(2) x SU(2). We consider the map
oc(A,B):H—H

defined by
o(A,B)g=qa q(q8)"", VgqeH.

We identify H and R* by means of the R-linear map defined by 1 + e,
i ey, j > e, ks e, where (eg, €1, ea,e3) is the canonical basis of R%,

(a) Show that o(A, B) can be identified with an element of O(4).
(b) Show that o is a group morphism from SU(2) x SU(2) into SO(4).
(¢) Find the kernel of the morphism o.

3. (
(

(¢) Show that the image of o is SO(4).

)
a) Find the differential Do : su(2) @ su(2) — so(4) of o.
b) Show that Do is an isomorphism of Lie algebras.

)

Part 11

Let (E1,p1) and (Es, p2) be finite-dimensional representations of compact
Lie groups GG; and G, respectively. We define a representation p of G; x G2 in
E1 (24 EQ by

(g1, 92)(v1 @ v2) = p1(g1)v1 @ p2(g2)v2,

for g1 € G1, g2 € Go, v1 € Eq, vo € E5. We denote this representation by
pP=p1Xp2.

We state without proof that each irreducible representation of G; x Gy is
of the form (E; ® Es, p1 X p2), where (E;, p;) is an irreducible representation of
Gi,i=1,2.

4. Find the irreducible representations of SU(2) x SU(2) and those of SO(4).
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5. Let gy (respectively, g2) be the Lie algebra of Gy (respectively, Ga). Let R
be the differential of p = p; x pa. Evaluate R(X1, X5)(v; ® va), for X7 € g1,
X5 € go, v1 € Fy, vy € Ey, by means of Dp; and Dp,. Denote by Dp; x Dpo
such a representation of su(2)@su(2) or of its complexification s((2, C)®sl(2, C).

6. Let 71,72 € %N. Consider, with the notation of Question 5, the representation
DU2) = DIt x D32 of 5[(2,C) @ s[(2,C) on V7' @ V72, Set

1(0 1 ifo 1 1(1 0
Ji=—= Jo=—= Js=—= :

Let |7, m) be the usual basis of the space V7. Choose a basis of V7* @ V72 and
write the matrices of DU172)(X,0) and of DU172)(0, X) in this basis,

(a) for X = J17 ‘]27 J37 when jl = j2 - %’

(b) for X = Js, when j; =1 and jp = 5

(c) for X = Js, when j; = % and jo = 1.

7. Are the representations DU172) and DU271) equivalent? Why?

8. For X € sl(2,C), set DY/ (X2) = DU2)(X,0) o D(jlj2)(X 0) and
DYV(X?) = DU (0, X) o DUW2(0,X). Set OV = Y8 DUV (2),
i =1, 2. Evaluate the operators C’fjlj” and C’éhh .

9. We continue to use the notation of the preceding questions. We want to

evaluate the multiplicity of the negative-energy bound states of a hydrogen
atom. Let e, m, and & be constants. We define the Rydberg constant

4

Ry = ——.
H = op2

Let Ry and Iy, £ = 1,2, 3, be elements of sl(2,C). We set R? = Zz 1 D(”)(Rz)
and [? = Z[ 1D(”)(lz) Assume that

2 2
R =etpopt
m

and that

_ER2+Z2 2h2(c(JJ)+CJJ)>

Find the value of the energy F as a function of the constant Ry and the integer
n=2j+1.

Solutions

Part I

1. (a) The map M +— ¢ps respects multiplication, since

I?=J°=K*=-1, 77 =-JI =K,
JK=-KJ =1, KI=-IK=J.
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The restriction of this map is thus a group morphism. The image of SU(2) is S,
since if A € SU(2), A = ol + auZ + 2 J + 3K with Zf’):o(ap)z = 1; hence
qa € S, and conversely, each quaternion of norm 1 is the image of a matrix A
belonging to SU(2). Thus A € SU(2) — g4 € S is a group isomorphism.

(b) The vector space H is in fact a subalgebra of the associative algebra
of complex 2 x 2 matrices (with matrix multiplication). If X € su(2), then
X% /k! € H for each k € N, and one has, in H,

Qexp(tX) = Q1 + tx + o(t2) = 1 + tqx + O(t?).

Hence %Qexp(tX) |t:0 =d4x-
One can also use the equation exp(tX) = cost I 4+ sint X, which holds for
X € su(2) of determinant 1, whence for every X € su(2),

) X
exp(t) = cos(t] XD + sinfe] X1 7
whence  gexpex)y = cos(t||X|)1 + H—lllsin(t||X||)qX7 and  therefore

d _
EQexp(tX) !t:O =dqgx-

2. (a) In the identification of H with R*, the quaternion norm can be identified
with the Euclidean norm. The map o(A, B) preserves the quaternion norm
because

lgag(as) I = llaallllalll (az) "1l

which is equal to ||q||, since ||gall = ||lgzl = |[(¢g5) 7| = 1, for A, B € SU(2).
Thus o can be identified with an element of O(4).

(b) Let (A, B) and (A’, B’) be elements of SU(2) x SU(2). Then
o(A,B)oo(A',B') ¢ =0(A, B)(qaq(as) ") = qaqarq(as) " (a5) "
Now A — g4 is a group morphism, and hence
gaqar = qaa and  (g) " '(gr)"' = (gBep) " = (gBB) "

Hence

0(A,B)oc(A',B")=0(AA', BB").
The image of SU(2) x SU(2) is contained in SO(4) because SU(2) x SU(2) is
connected.

(¢) The kernel of o is the set of ordered pairs (A, B) such that for every
q € H, gaq = qqp. Taking ¢ = 1, we see that g4 = gg.We set

qa = ol + aqi + asj + ask.
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The condition gai = iq4 implies
Ckoi — 1 — Oégk + Ckgj = Oéoi — Q] + Ckgk — Oégj,

whence
g = (3 = 0.

The condition gaj = jgp implies vy = 0. One thus obtains g4 = ¢ = agl.
Because ||ga|| = 1, the solutions are g4 = qg = 1 and g4 = ¢ = —1. The
kernel of ¢ is thus the set

{(I,1),(—1,-I)} C SU(2) x SU(2).
3. (a) We have

d d
(Da)(X,Y)a = <-oexp(tX), exp(tY))a],_y = 1 (dexp(r) @ dospi )],

=d4xq9 — 499y,

by the equation %Qexp(tX) |t:0 =qx.

(b) We know that Do : su(2) @ su(2) — so(4) and that Do is a morphism
of Lie algebras.

The kernel of Do is the set of pairs (X,Y) € su(2) @ su(2) such that
qxq = qqy, for every ¢ € H. This implies gx = gy = «apl. Because X
and Y belong to su(2), ¢x and gy are zero. Hence KerDo = (0,0). Because
su(2) @ su(2) and so0(4) have the same dimension, 6, this injective morphism is
an isomorphism.

(c) Every element of SO(4) can be written exp Z;- - - exp Zj, where Z; € so(4).
Because Do is bijective, Zy = Do (X, Yy) for some ordered pair (X, Yy) € su(2).
So exp Z; = exp Do (X, Yy) = o(exp Xy, exp Yy); thus exp Zy € Imo. We deduce
that exp Z; - - - exp Zi € Imo, and thus Imo = SO(4).

Part IT

4. The irreducible representations of SU(2) x SU(2) are Dt x D2,
(j1,J2) € 3N x iN. We set

pliz2) — pit x Pl
The irreducible representations of SO(4) are the DU172) that can be factored
through the projection o of SU(2) x SU(2) onto SO(4), that is, that satisfy
DU2) (], —T) = Idyi, gyi»- Now,
D(ju'z)(_[, —I)(v1 @ vg) = DI (=I)vy @ D72 (—1)vy
= (71)j1+j2’01 & vg.

Therefore the irreducible representations of SO(4) are DUI2),
(j1.J2) € AN x &N, such that j; + j» € N.



Irreducible Representations of SU(2) x SU(2) 157

The irreducible representations of SU(2) x SU(2) and their dimensions are

thus

p(00) D(O%) p(OoL) D(O%) p(02) D(0j2)

1 2 3 4 5 272+ 1
D(%O) D(%%) D(%l) D(%%) D(%Q) D(%jz)

2 4 6 8 10 2(2j2 + 1)
p(10) D(lé) ph D(lg) p12) p(Li2)

3 6 9 12 15 3(2j2 + 1)
pl0)  plU13) plah) pl13) plir2) plitiz)

21+1 220 +1) 32 +1) 42h+1) 52+l (2 4+ D22t 1)

The irreducible representations of SO(4) are

po)  pOy  pO2) . p(0j2) Jj2 integer
pGEH  ptH ... pl3d2) j2 half-integer
plo)  phn ... pli2) Jjo integer

DU2) 4 and jo integers or ji and j» half-integers.

5. By definition, we have

d
D(p1 x p2)(X1, X2)(v1 @ v2) = o p1(exp(tXy))or ® pa(exp(tX2))va|,_g
= Dpl(Xl)Ul R vy + 11 ® DIDZ(XQ)UQ.

6. In V7, we use the basis (|7, —j), |4,—j + —1),...,|5,7 — 1), |4,7)) in this
order. The matrix of D7(J3) in this basis is

—J 0 0
0 —j+1 0
0 0 J
On the other hand, J+ = J; *+ iJ5, whence J; = %(JJr + J_) and

Jo = —%(Jy — J_), whence

0 V2] 0
Y7ol o 2025 — 1) 0 ’
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0 i 0
) —iv/2j 0 in/2(25 - 1)
D=5 | o 2027 — 1) 0

In the basis (|1,

m\»a

I\J\H
l\:)\ —_
N /\ ‘\""‘
o
,_.
(e}

In the basis (|1,—1), |1,0), [1,1)) of V1,

-1 0 0
DYJ3)=|0 0 o],
0 0 1
and

. 0 V2 0 . 0 iv2 0
D'()=5s[v2 0 V2|, D'()=<|-iv2 0 V2

2 2
0 V2 0 0 —iv2 0

By definition,
D(j17j2)(X’ 0) = D (X) @ Idy s, D(jl’jz)(O7X) =Idyi, ® DIz (X).

We set, for fixed j; and jo, |j1,m1) ® |j2, m2) = |m1;me), and we use the
basis

(| =dis—do), | —duis—Jde+ 1), ..o | —dusgo), | — i+ 1;—d2), ..,
| — g1+ Lij2), -, |71 5 2))-
(a) Let j1 = jo = 3. Then
-1 0 0 0 -1 0 0 O
(%% J 11 0O -1 0 0 D(%%)OJ :} 0 1 0 0
J.0=3516 o 1 of O =314 o 1 o
0 0 0 1 0 0 0 1
0O 0 1 0 0O 1 0 O
110 0 0 1 11 111 0 0 O
DGE(J;,0) = = , DED(0,;) == :
(/1,0) = 3 1 0 0 0 0,41) =3 00 0 1
0O 1 0 O 0O 0 1 0
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and
0 0 i 0 0 i 0 0
1fo o o i . 1l=i 0 0 0
DGE2)(J,,0) = = , DED(0,1) ==
(2)2—1‘000 (0,72) =5 0 0 i
0 -7 0 0 0 — 0
(b) Set j1 =1 and jp = 5. Then
1 0 0 0 0 0
0 -1 0 0 0 0
DD (.0) = 0 0 0 0 0 0 |
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
10 0 0 0 0
0 1 0 0 0 0
1lo o =10 0o o
D130, J5) = =
O7)=510 o o0 1 0o o
0 0 0 0 —1 0
0 0 0 0 0 1
(c) Let j; = 5 and jo = 1. Then
1 0 0 0 0 0
0 -1 0 0 0 0
1lo o =1 0 0 o0
DG (J5,0) = = ,
B0=316 o o0 1 0 o
0 0 0 0 1 0
0 0 0 00 1
100 0 0 0
0 00 0 0 0
DD (0, 1) = 0 01 0 00
0 00 -1 0 0
0 00 0 0 0
0 00 0 01

7. If j; > jo, then j; is an eigenvalue of DU172)(J3,0) and not of DU271)(.J3,0).
Thus the representation D172) is equivalent to D7271) if and only if j; = jo.



160 Problems and Solutions

8. We have
3 o 3 )
ST DI (01 @ ve) = Y DI (JR)vr @ va = 1 (1 + Dor ® v
=1 =1

for v; € VI and vy € V72, and a similar result for ZZ’Zl Déjlj?)(,]g). Hence

Ci(jlj2) = .71(.71 + 1)Idv.7‘1 QVizs 1=1,2.
9. From R? = ¢* + QE%, we find that
4
m me
_7R2 l2 h2 _ _
2F e 2F "’
whence, by replacement from — 7% R? + [ = 2h? (ng) + Céjj)%

4

y . me
RCH +CF) +1) =~
Because C’fjj) = C’éjj) =j(j+ 1), and since we set ’;Te; = Ry, we obtain
__Pu
(27 + 1)
or .
H
E=—7

The degeneracy of the energy level E = —Rp/n? of the hydrogen atom
is the dimension (2j + 1)2 = n? of the corresponding eigenspace of the
Hamiltonian operator that is the support of the irreducible representation D@9
of SO(4). This degeneracy, which has been observed experimentally, can there-
fore be explained by the fact that the full symmetry group of the hydrogen
atom is the group SO(4), a symmetry group larger than the obvious symmetry
group SO(3). This is what is called the hidden symmetry of the hydrogen atom.
See, for example, Singer (2005) or Gilmore (2008). The operator (Ry, Rs, R3)
corresponds to the Lenz-Pauli vector ]_3: in classical mechanics. The fact that it
involves a representation with j; = js is a consequence of the fact that the Lenz—
Pauli vector ]_% is orthogonal to the angular momentum 7 In other works, the
constant called the Rydberg constant is R}y = Ry /h = Ry /2nh. The values of
these constants are Ry = 13.61 eV and R, = 3.29 x 10'% s71. See also Sudbery
(1986) and Blaizot-Toédano (1997).

7 Projection Operators

Part I

Let G = &3 be the symmetric group on three elements. We denote by e the

identity, by ¢ the cyclic permutation (32 3%) and by ¢ the transposition (12 3).

We denote by pg the representation of &3 in C? such that
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wor= (5 0). wo= (3 1)

where j is the zero of ¥? + z + 1 with positive imaginary part.
Let E = F(G) = C|G], the vector space of functions on G taking values in C,
with basis (¢5)gcq- Let (E, R) be the regular representation of G.

1. Write the decomposition of R as a direct sum of irreducible representations.

We propose finding a vector subspace of F invariant under R and such that
the restriction of R to this subspace is equivalent to pg.

We denote by pas the matrix coefficients of pg (1 < a <2, 1< <2), and
we set

=23 psalg™R(g) € Bud ().

geG

2. (a) Find the matrices po(e), po(c?), po(tc), po(tc?).

(b) Express P11, Paa, Pa1, and Pio explicitly as linear combinations of R(g),
ge€aq.

(¢) Calculate Piy(ep), for every h € G. What is the dimension of the vector
subspace Pi1(FE) of E? Is it invariant under R?

(d) Same questions as in (c) replacing Pi1 by Pao.
3. Choose a basis (u1,u}) of Pi1(E).
(a) Calculate Py (u1) and show that Paj(u1) € Pao(E).

(b) Let Ey 1 be the vector subspace of E generated by u; and Pa;(uq). Show
that Ep; is invariant under R and that the restriction of R to Ep; is
equivalent to py.

()

g > Where E ; is the vector subspace of £
)1 ’
generated by u} and Poy(u})?

4. Show that Pj; + Pss is the projection Py of E onto the isotypic component
of type pg of E, and that Py(E) = Eo1 @ Ej ;.

Part 1T
Let G be a finite group, and let (E™, p(), i =1,...,N, be its inequivalent
irreducible representations. We set dim E) = d; and we denote by paﬁ, for

1 <a<d,1<p<d,;, the matrix coefficients of the representation p(¥ in a
basis (eq) of E(). We recall that for all integers o, 3, A, u between 1 and d;,

i 0 if ¢ # j,
S g (g) = {@5 Y (1)
d;

eyt ax0py it i=7.
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Let (E,p) be a representation of G. We set E = &N VO with
V@O = m; E®, where m; is the multiplicity of E®) in E. We fix the index
1,1 <i< N,andfor1 <a<d;,1<pg<d;, we consider

pY _ —1
Py = |G| =N 052 (97 Nelg) € End (E).
geG

5. Compare sz:l Pc(foz to the projection P() of E onto the isotypic component
V@ of E.

6. Set1<i<N, 1<j<N.Show that P.}(V\)) = {0} if j # i, and that
Pgﬁ)(ey) =dpyeq for 1l <~ <d;.

7. (a) Let a, B, A, u be integers between 1 and d;. Show that PS[; o Pg} =0if
1 # 7, and that
P(Z) ° P — 6 P(l)
(b) Conclude that P(/; vanishes on PW( ) if v # 3, and that P(ig defines
an isomorphism of P(z)( E) onto ri (B).
8. Show that p(g) o P\) = 30, pld(g) PL).
9. Let x € PY(E), 2 #£0. For 8=1,..., set dz, v = P (x). Let B{" () be
the vector subspace of E generated by ($1, CXy)- Show that the restriction
of p to E%l) (z) is equivalent to p(*).

10. Construct m; vector subspaces of E whose direct sum is V() and such that
the restriction of p to each is equivalent to p(*).

11. Define projection operators PC(ZB) in order to apply an analogous procedure
to the decomposition of a representation of a compact group.
Solutions

Part I

1. The irreducible representations of G = &g are the trivial representa-
tion 1 and the signature representation e, both one-dimensional, and the
two-dimensional representation py. Hence

R:l@€@2p0

2. (a) By calculating matrix products, we obtain

10 i 0 ) 20
,00(8) = (0 1) ) pO(C) = (é ]2) ’ PO(C ) = <JO ]) 5
.2 .
polt) = (2 ;) . polte) = (E’ JO) Cpolte) = (;’2 f)) -
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We shall make use of the equations ¢® = e, t2 = e, ct = tc?, c¢*t = tc, and
ctc=1.

(b) We note that ¢~ = ¢2, (c?)~! = ¢. By definition,

Piy = (R(e) + R(e) + JR(), P = 5(R(e) + JR(E) + 7*R())

wl

Because t, tc, and tc? are equal to their inverses, and since e, ¢, and ¢? are
diagonal, we obtain

Pio =2 3 pur(g™)Rlg) = 5 (R() + jR(t0) + °R(te?))
geG

P =2 3 pialg™)Rlg) = 5 (R() + J*Rite) + jR(1%))
geG

(c) We know that R(g)e, = g, for g, h € G. Thus

1 . .
Pii(en) = g(ﬁh + j2€ch + jeczn)-
Hence
1 9 .
Pll(ee) = g(ee A +]€c2)a
1 9 . 1 . 9
Pii(e) = g(Gt + j%€ct + jecy) = g(et + Jete + J7€c2).

We set
Pii(e) =u1, Pii(e) =i,

which are linearly independent. Then,

Pii(e) = jur, Pri(ez) = juy,

Pll(etc) = j2u11a Pll(etc2) = Jull

Thus Py (E) is two-dimensional.

We have R(t)u; = 3(e; + j2€c + jege2), which does not lie in Pyy(E). Thus
Py, (F) is not invariant under R.

(d) By (b) and the equation R(g)es, = €4, we obtain

1 _ \
Poa(en) = §(€h + jech + jo€c2n)-

Hence

1 . .
P22(€e) = g(ﬁe + J€c +]26c2)a

(& + j2€re + Jere2).

w|

1 . .
Poy(er) = g(ft + Jé€ct +]2€c2t) =
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We set
Poy(er) = v1, Pa(ec) = vy,

which are linearly independent. We have

Po(ec) = j*h,  Palec) = jui,

Pay(€re) = jur,  Paa(ere) = j7v1.
Thus P, (FE) is two-dimensional.

We have R(t)vy = 3 (e + j%€c + jee2), which does not lie in P2 (E). Thus

P55(F) is not invariant under R.

3. (a) We calculate Py (u1) = 3(R(t)u1 + j2R(tc)uy + jR(tc*)ur). We have

1 . .
R(t)ur = = (€ + j2€te + Jee2) = v1,

3

1 . . )
R(tc)u; = g(ﬁtc +]2€tc2 +jet) = jui,

1 ) . )
R(tc2)u1 = g(etcz + j%¢, + jere) = 5201,

Hence Pyi(u1) = wv1, which belongs to Pa(FE). Furthermore, u; and v; are
linearly independent.

(b) We have R(c)uy = %(e + j’e2 + jeo) = juy and R(t)uy = w1,
and thus u; and Paj(up) generate a two-dimensional vector subspace Ej i
of E, invariant under R. We have R(c)v; = (€2 + jere + jie) = j2ur
and R(t)vy = 3(ec + jez2 + j%€) = ui. Thus the matrices of R|E0 _ in the

basis (u1,v1) are
o= (7 %) (O 1),
0 52 10

Thus R| Fos is equivalent to py.

(¢) Similarly, R

5 1s equivalent to po.
0,1

4. By definition,

Piy 4 Py = % Z(,Ou(g_l) +p22(97")R(9)
geG

= % > Xuo(9)R(9),
geG

where x,, is the character of the representation po. We know that this endo-
morphism of E is the projection Py onto the isotypic component of type pg,
which here has multiplicity two. Because Ep ; and Ej ; are of type py and have
trivial intersection {0}, we have

Po(E) =FEp1 @ E{),l'
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Part IT
5. We know that Za 1 pa(,(g_l) = X, (97") = X, (g). Thus, by the defini-

tions,
d;
R
a=1

6. Let (¢x), A=1,...,d;, be a basis of ). Since p(g)(p,) :Zijzlpgjg(g)wx,
it follows from (1) that if ¢ # j, then

Z ZP P(AJ,Z (9) | pr=0.

A=1 \geCG

P(l (o)

IGI

Because V) = ij(j), the operator Po(f) vanishes on V().
On the other hand, using (1) for i = j yields

P (e

d; d;
-1
> p5(a70(9) | ex =Y dardayer = dpea.
A=1 \geqG A=1

7. (a) We calculate

P(Z) ° P(J —

LS )5 (97 Mnlg) | o (Z pfﬁ(h*)p(h))

geG heG

R )p(gh).

geG heG
Setting gh = k, whence g—! = hk™!, we obtain

Pé?oPii;): Z(Z 0 (k=10 (h™ )) p(k).

keG \heG

We use pg;(hk:’l) = Z:l/;l p(ﬁif/(h)pgi&(k’l) along with equation (1), and we
obtain

Piyo Pyl = |G‘2 ZZ (Z P ()P (h >) P (k) (k)
kEG’Y— heG
=5zj@225w55ww “o(k)
kGG’Y_
:&jémm > phak k) = 81050 P4;).
keG

which proves the desired results.
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(b) In particular, Pég o Pf%) =0ifi # j, and Po(tg ) %) =0ify # S.
Furthermore,

PQoPY)=0ifa#ps, PYoP) =P

Therefore, the P(gfo)t are projection operators onto subspaces of V() such that
their images P.) (F) and Pﬂ(g (E) have trivial intersection if « # (.

We now show, by means of the result of part (a), that Pc(jﬁ) is an isomorphism
of Pﬁ(lﬁ) (E) onto P(EZ(E) We use

P(l) P(Z)

(1) _ p(i) (4)
ﬁﬁ_Pa PtgzaOPozﬁ

B
to show that P((jﬁ) (P[gzﬁ) (E)) C P (E). Let us show that the restriction of Pgﬂ) to
P(i)(E) is bijective. It is injective, since if u € E satisfies Pgﬁ)Pﬁ(g (u) =0, then
0= P[ggPo(égP( )(u) = P[ggPﬁ(Zﬁ) (u) = Pﬁ(lﬁ) (u). Tt is also surjective onto P(gg(E),
because for every u € E, and for every §=1,...,d;,

P (u) = PO P () = PO PSP (w),
and thus Po(éa( ) belongs to the image under P(B of P )(E)

8. We calculate p(g) o P(g %ZhGG pﬁi(h Bp(g)p(h). We set gh = k,
=k'g.

k™

whence h = g~ 'k and h™! We obtain
() _ (Z)
keG
(Z) k)
|G| p Npl(9)p(
keGy=1

72[) (9)PY.

9. We consider the family (zg = P/éil) (), B=1,...,d;, where x € Pl(l)( E)
and = # 0. Let us show that (z1,...,23,...,24,) are linearly independent.
We remark first that x; = =z, since (P(Z)) = (Z) Assume that there are

complex numbers Ai,...,Ag, such that Zg 1 )\BP@ () = 0. Then for every
o = ]., e ,di,

Z)\ PP () Zxﬁéaﬁpll( ) = Aaz.
B=1
Because z # 0, we see that A\, = 0 for each «. The vector space Ey) (x)

generated by (z1,...,24,) is thus of dimension d;. We also recall that Pﬂ(il) is an
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isomorphism from Pﬁ)(E) onto P[gg(E) and that the (P[gg(E)), g=1,....d;,
form a direct sum decomposition of V& = m,; E®.
By the equation proved in Question 8,

d;
p(9)zs = plg) (PS5 () =Y ph(9) P} ()
~y=1

d;
=>" o9z,
y=1

which shows that p|E(i>(w) is equivalent to p(*).

10. In order to obtain m; vector subspaces of E whose direct sum is V) and on
each of which the group acts by the representation p(*), it suffices to apply the

procedure of Question 9 successively to the vectors of a basis of Pﬁ) (E), as we
did in Part I of this problem. In fact, we have seen that for fixed x in Pl(?(E),
the corresponding vector subspace E%i) (2) is invariant under G. If 2 and y are
linearly independent, EY') ()N E%z)(y) reduces to {0} by the irreducibility of
the representation p'*

We have already noted that the ( (Z)(E))7 a=1,...,d;, form a direct sum.

Since VW = PO(E) = (Za:l Pég) (E), we obtain

V@ — @ p(l)

Because the P(%(E), o =1,...,d;, are isomorphic, we have dim Py (E) =m,.

Thus by choosing m; basis vectors (x!,...,2™) in Pl(? (E) and by subjecting
them to the process of Question 9, we obtain m,; vector subspaces Efz)(acA)

A = 1,...,m;, such that P ED (pa) is equivalent to p(¥ for every A, and
1
VO =@, E;Z)(xA). This is the desired decomposition.

)

Clearly, Part I of this problem consisted in the direct study of a particu-
lar case of this process, where p(*) = pg, one has chosen the basis (u1,u}) of

Pl(?(E) = P;1(F), and one has set Eii)(ul) =FEoy1, Eiz)(u’l) = E{ -

11. For a compact group, we use the Haar integral fG g)dg to define

P(Z — d / pﬁa —1 dg,

and we proceed as in the case of a finite group.

This method is useful for determining the Clebsch—Gordan coefficients,
and has many applications in quantum mechanics. See for example the study
of the distribution of isotopic-spin states for a collection of free particles in
Barut-Racgzka (1977, 1986), p. 183.
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In that book, on p. 177, the authors write, “The technique of the projection
operators is extremely useful, elegant and effective in the solution of various
practical problems in representation theory and quantum physics.”

8 Symmetries of Fullerene Molecules

We propose to study certain properties of the icosahedron group, which is
the symmetry group of rotations of “soccer-ball molecules,” Cgp, also called
fullerenes or buckyballs.

Part I: Character table of G

We give below, without proof, the list of conjugacy classes of the symmetric
group &5 on five elements and the number of elements of each class. We denote
by

e the class of the identity, with one element,

a the class of the permutation (12): (1,2,3,4,5) — (2,1,3,4,5), with
10 elements,

« the class of (123): (1,2,3,4,5) — (2,3,1,4,5), with 20 elements,

b the class of (1234): (1,2,3,4,5) — (2,3,4,1,5), with 30 elements,

v the class of (12345): (1,2,3,4,5) — (2,3,4,5,1), with 24 elements,

B the class of (12)(34): (1,2,3.4,5) — (2,1,4,3,5), with 15 elements,

¢ the class of (12)(345): (1,2,3,4,5) — (2,1,4,5,3), with 20 elements.

1. The permutation representation of G5 decomposes as the direct sum of the
trivial representation p; and a four-dimensional representation py. Find their
characters. Find the character of the signature representation p} as well as the
character of the representation p) obtained as the tensor product of ps with pf.
Verify that ps and p) are irreducible.

2. Show that for each finite-dimensional representation (V, p) of a finite group
G of character y,, the character of the representation A?p satisfies

X2p(9) = 5 (6p(9))? ~ (97

and that xs2, = (x,)? — Xa2p- (Here A denotes the exterior product and S the
symmetric product.)

3. Calculate the characters of the representations A%(ps) and S?(p4). [Hint: Use
the equations o = a, b? = b, v2 =, ¢? = a.] Show that A?(p4) is irreducible.
Show that S?(p4) is a direct sum of three irreducible representations, and then
show that S2(ps) = p1 @ ps @ ps, where ps is a five-dimensional irreducible
representation.

4. Give the character table of &5.
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Part 1I: Character table of 5

Here is the list of conjugacy classes of the alternating group 25 with the
number of elements of each class:

e the class of the identity, with one element,

a the class of (123), with 20 elements,

3 the class of (12)(34), with 15 elements,

~ the class of (12345), with 12 elements,

72 the class of (23451): (1,2,3,4,5) — (3,4,5,1,2), with 12 elements.

5. Show that the representations p1, p4, and ps stay irreducible when restricted
to As. We denote these also by p1, p4, p5-

Show that the restriction to 25 of A%(p4) is the direct sum of two inequivalent
irreducible representations ps and p4, and that each of them is three-dimensional.

6. Let 7 = % be the golden mean. Show that the values of the charac-
ters of the representations p3z and p4 of 2s on the classes (e,a, 3,7,7?) are
(3,0,—1,7,1 —7) and (3,0,-1,1 — 7, 7).

7. Find the character table of 2s.

Part III: Some representations of the icosahedron group

It is known that the group 25 can be identified with the subgroup Z of
the group of rotations of R? leaving a regular icosahedron invariant. In this
identification, the elements of the conjugacy classes (e, o, 3,7, v?) of 25 become

rotations through angles (0, 27 /3,7, 27r/5,47r/5), respectively. We recall that

2cos T = Ly5 _

8. Denote by ¢ the covering morphism of SU(2) onto SO(3). What is the image

under ¢ of the element g, = (e;a e )7

For j € N, we denote by D’ the irreducible representation of dimension
27+ 1 of SO(3) obtained from the representation D7 of SU(2) by passing to the
quotient. Show that the value of the character xp; of D’ on a rotation through
an angle 6 € [0, 7] is

J
ng(a): Z eime.

m=—j

For each j € N, we consider the restriction to the subgroup Z of the represen-
tation D7. We denote it by R’ and its character by 7.

9. Calculate x? for j € N. Show that for each element g € I,g # e, of Z and
for every integer £ € N,

3004 (g) = X (g).

X
10. Show that the representations R°, R', and R? of the group 7 are irreducible.
Decompose the representation R? into a direct sum of irreducible representa-
tions, and then decompose the representations R3%*3, for every integer £ > 1.
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11. Decompose the representation R? @ R? of the group Z into a direct sum of
irreducible representations.

Epilogue: Representations of G = ¢~ *(Z) C SU2

Similarly, we can study the representations of the double cover of the icosa-
hedron group, the inverse image of the group Z under the morphism . It is a
subgroup G of SU(2) with 120 elements. It has nine conjugacy classes, whose
representatives are g, with

™ m 4w
0[20, T, =y 59 5 =
2° 3 5

Tm 6w 27
3’ b -

55 5

These classes have 1,1,30,20,20,12,12,12,12 elements respectively. Can
you find the character table of G? Can you show that restricted to G, the
representation D7 of SU(2) is irreducible for 0 < j < 2? Can you find the

decomposition of the restrictions to G of the representations D7, j € % N, into
a direct sum of irreducible representations?

Solutions

Part I: Character table of G5

1. Let p; be the one-dimensional trivial representation. We know that
Xp:(g) = 1, for every g. In the permutation representation, x(g) is the number
of elements that are invariant under g. Because x,, + X,, = X, we obtain the
following character table:

We caleulate (Xp,Xp.) = (Xp;[Xp,) = 135 (16 +40 420 + 24 +20) = 1, and
thus p4 and pj are irreducible.

2. The representation p is unitarizable, so for every g € G, p(g) is diagonizable.
Let (e;) be a basis of V' such that p(g)e; = \;(g)e;, where \;(g) € C. Then

(p(9) @ p(g))(e;i @ej —e; @ei) = Ni(g)Aj(g)(e; @ ej — e @ e;),
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whence

() = S A6 = 5 (T A0) - X o))
= 2 (@) %)

Because p @ p = A2p @ S?p, we have ys2, = (X,)?> — Xr2,. Therefore
pp P P p p p

1
x55(9) = 5((%p(9))* + X0(9%)).
3. The calculation yields
X/\z(p4) = (6, 0, 0, 0, 1, —2, 0) and st(p4) = (10, 4, 17 0, 0, 2, 1)

We have (Xa2(p,)[Xr2(p0)) = 135 (36424+60) = 1, and thus A?(py) is irreducible.
On the other hand,

1
(XSz(p4)|XSQ(p4)) = HO(].OO + 160 + 20 + 60 + 20) = 3.

We cannot write 3 = Y m?, where the m; are integers, unless three of them
are equal to 1 and the others are zero. We have

(XpIXs2(00)) =1, (Xpalxs2(o) = 1,

and thus S?(ps) = p1 & pa @ ps, where dimps = 5 and x,, = (5,1,—-1,—1,0,1,1);
thus (xps|Xps) = 1, and ps is therefore irreducible.

4. We denote by ps = A%(ps) the six-dimensional irreducible representation
of &5. We obtain the character table of &5:
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We verify the orthogonality of the columns and of the rows, weighted by the
number of elements of each class.

Part II: Character table of s
5. Using the preceding table, we obtain the following characters of 2A5:

pr 1] 11|11

pa 4] 110 |=1]-1

ps |5 =11 1101 0

ps |6] 0 =211

We see that

(Xm‘Xm) =1, (XP4|XP4) =1, (XP5|XP5) =1, (XPG|XPG) =2.

Thus the representations py, p4, ps are irreducible and A%(ps) = ps = p3 © ph
with (dim p3)? + (dim p4)? + 1 + 16 + 25 = 60, and hence

dim p3 = dim pj = 3.

6. Let (3, A, B,C, D) and (3, A’, B',C’, D) be the last two rows of the character
table of 5. Using the orthogonality of columns and rows, we obtain A=A"= 0,
B=B=-1,C+D=1,C"+D' =1, C"? - D"”? = 0. Because D' = —C
is impossible, we have D' = C and C' = D, whence C? — C — 1 = 0. We can
choose C = 7, and then ¢’ =7 -1, D =1-171, D' = 7. If we had chosen
C = 1—7, we would only have inverted the last two rows of the character table.

7. Hence we obtain the character table of 2s5:

1120 15 12 12

el a| B | ~ 7
o [1] 1 1
pa |4l 10| 1| <1
ps |5 =1 1] o 0
p3 |31 0 | -1 T 1—7
ps |31 0 | —=1]|1-7 T
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Part I1I: Some representations of the icosahedron group

8. In the projection ¢ : SU(2) — SO(3), the element

el 0
Ja = eXP(QOéfS) = ( 0 —ia>

e
projects to the rotation through an angle 2a:

cos2a  —sin2a 0

Rot(es, 2a) = exp(2am3) = | sin2a  cos2a 0

0 0 1

We know that xpj(ga) = fn:_j e2ime  whence

J
Xps (Rot(es, 0)) = xpi(ge) = > ™.
m=—j
9. We calculate 4
J

, . sin(j + 2)0

J(0) = E €1m9 — 2 ,
X'() — sing
m=—j

for § # 0. We obtain x?(0) = 2j + 1 and for § = 27/3, 7, 27/5, 47/5,

on 1 if =0(mod 3),
X () —{0  ifj=1(mod 3),
—1 if j =2 (mod 3),

) = {1 if j = 0 (mod 2),
-1 if j =1 (mod 2),

1 if 5 =0 (mod 5),

on 2c08F =T if 7 =1 (mod 5),
X’ <5) =40 if j = 2 (mod 5),
—2cos £ = —7 if j =3 (mod 5),

-1 if j =4 (mod 5),

1 if 7 =0 (mod 5),
1—7 ifj=1(mod 5),

(A e
X’ <> =40 if j =2 (mod 5),
T—1 if j =3 (mod 5),
-1 if j =4 (mod 5).

It is thus clear that for every integer £ € N and each rotation g € 7 different

from the identity,
j-‘rSOZ(

X 9) =X’ (9)-
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We can find the table of all characters x7, for 0 < j < 29. We write the first
TOWS:

20 | 15 | 12 | 12
o3| |2 %
ROJo[ 1| 1] 1] 1 1 | x°
REJ1| 3|0 |—-1| 7 [1—7|x'
R* |25 |-1]11]0 0 |x?
R I3l 7|1 |-1|—-7]7—-1]%°
RJ4alofl o | 1| =1] —1 |x
RS |5 (11| —-1|-1]1 1 [x°
RS |6 (13| 1 | 1| 7 |1=7[x°

10. We see immediately that R® = p; (the trivial representation), R! = ps,
and R?> = ps. Therefore R, R', and R? are irreducible. We denote by
X1, X3, X3’ X4, X5 the characters of p1, ps, ph, pa, p5. We have

ah®) =0, (xshx®) =0, (xalx>) =1 (ul®) =1 (slx®) =o0.

Thus
R = ply @ pa.
We set, for m = 1,3,3',4,5,

(xn) = oo (27 + Dm + 43),

where m = m for m = 1,3,4,5 and m = 3 for m = 3’. Then
. 1 . . )
Oom[X* ) = <5 ((2 + 1+ 600m + Aj,) = fm+ (xom|X7)-
Thus if (xm|x') = (af, ai, a%, a3, a3), then
(xm|X*H7) = al + ¢, a} + 3¢, af, + 30, a}, + 4L, al + 50
In particular,
Oem X203y = ¢, 3¢, 30+ 1, 40+1, 5¢,

whence
R3%F3 — 1p) @ 30ps @ (304 1)ps @ (404 1)ps @ 5ps.

We verify that 2(300 +3) + 1 = £+ 90 + 90 + 3 + 16( + 4 + 25.
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11. In order to decompose R? ® R?, we can use
D?eD*=D'eD?*¢ DD D°,

which implies the same relationship between the D7 and thus between the R7.
The decompositions of R* and of R® are

R*=ps®ps, R =ps®ply & ps.

Hence
R?>®@ R® = 2p3 @ 2ply @ 2p4 @ 3ps.

We verify that 5 x 7=6+ 6 + 8 + 15.
One can also write

R?® R’ = ps @ (py @ pa) = (p5 @ p) ® (p5 © pa).
The character of ps ® p4 is (15,0, —1,0,0), and thus
ps @ ply = p3 B Pl & ps B ps.
The character of ps ® py is (20,—1,0,0,0), and hence
p5 @ pa = p3 D P S ps © 2ps.
We recover
R*® R® =2p3 @ 2p @ 2p4 ® 3ps.
Epilogue: Representations of G = ¢~1(T) C SU2

Each conjugacy class of G has a representative g,, 0 < o < 27.

order 1 2 4 6 3 10 10 5 5

cardinality | 1 1 30 | 20 20 12 12 12 12

7 61 27

a 0 ™ 5 5 =

SIE]
w|y
w

EGIE

The class of e, 0 = 0, of order 1, yields &« = 0 (order 1) and o = 7 (order 2).

The class with 15 elements, § = 7, of order 2, yields a class with 30 elements
of order 4, o = 7/2.

The class with 20 elements, § = 27/3, of order 3, yields a class with 20
elements of order 3, & = 47/3, and a class with 20 elements of order 6, « = /3.

Each class with 12 elements, § = 27/5 (respectively, § = 47 /5), of order 5,
yields a class with 12 elements of order 5, & = 67/5 (respectively, a = 27/5),
and a class with 12 elements of order 10, o = /5 (respectively, a = 77 /5):

1 15 20 12 12
Mm@ 0 (5) (5)
SN 1 /N /N N

H @ @ & 6 6 aoy S J10)
1 1 3 20 20 12 12 12 12
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We can easily write the characters of the representations p1, ps, p5, p4, ps-

In addition, for j = 1/2, there are a representation ps obtained by restriction
of D'/? and a representation p). The representations py, p3, pa, ps are the restric-
tions of DY, D', D3/2 D2, Hence we obtain the character table of G = ¢~ (I):

order 1] 2] 4 6 3 10 10 5 5
cardinality | 1| 1 |30|20] 20| 12 | 12 | 12 12

D° 1 1] 1| 1] 1| 1 1 1 1 1
Dl/2 2 2l =2 o 1| -1 7 |1=7| =7 |71
D! 3 3 3| -1l o| o 7 |1—=7| 7 |1—=7
D3/? 4 4| -4 0| —-1| 1 1 -1 -1
D? 5 5/ 5| 1| -1 =1 0 0 0 0
D/? 6 6| -6 0| 0| o -1 | —1] 1 1
4/ al 4 0o 1| 1| 1| —-1| =1 -1

3’ 31 3| -1 0 O(1—7 T T—1 T

2/ 21 =2 o 1| —-1|1=7| 7 | 7—=1| —7

The first six rows are irreducible characters, as shown by the calculation of
) T 0
the norm squared. Since, for j > %7 DY2 @ Di =Di~z DItz we obtain, for
k> 2,

20k=(k—1)® (k+1).

Furthermore,
202 =4, 203 =6'=2"23, 204 =2"96.
We can show that
301=2%% 4322=2% 533292=291g1, 6¢42%3% =2%° 32,

and similarly, 4’,3’,2’ can be written in terms of linear combinations of tensor
powers of 2.

A reference for the properties proved in this problem is F. R. K. Chung,
B. Kostant, S. Sternberg, “Groups and the buckyball,” in Lie Theory and
Geometry, J.-L. Brylinski, R. Brylinski, V. Guillemin, V. Kac, eds., Birkhauser,
Boston, 1994, pp. 97-126.

It is proved there that the multiplicities aj;, of the representations
r = 1,2,...,2" in the restriction to G of the representations D*/2 k € N,
are the coefficients of the series expansion of a rational function, where only the
numerator depends on r.
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9 Matrix Coefficients and Spherical Harmonics

Let j be a nonnegative integer or half-integer. We denote by V7 the complex
vector space of homogeneous polynomials in two variables (z1, 22) with complex
coefficients, of degree 2j.

1. To each matrix g = (¢} )belonging to SL(2, C) and each polynomial f € V7,
we associate the polynomial pl,(g)f defined by

(P(9)f) (21, 22) = f(az1 + cza,bz1 + dzo).

Show that we have thus defined a representation p{/ of SL(2,C) in V7.

We denote by P’ the complex vector space of polynomials with complex
coefficients in one variable x of degree < 2j.

2. Show that the map ® of V7 into P7 defined by

(@(f)(x) = flx,1),

for f € V7, is an isomorphism of vector spaces.
3. For g=(2%) € SL(2,C) and ¢ € P9, we define p(g)(¢) € P7 by

(7 (9)o)(@) = (b + d)¥ (bj ;) |

Show that we have thus defined a representation p/ of SL(2, C) in P’ equivalent
to the representation (V7, pi,).
4. We denote by 77 the differential of the representation p/. Find the differential
operator 7 (X) for X = (f{‘ g) € sl(2,0C).
For —j < m < j and j — m integer, we set
xI—m

)= GG

5. We consider the basis of s((2,C),

1/(-1 0 0 0 0 -1
Jy = - T = LT = .
3 2(0 1) * (1 0) (0 0)

Find the images under each of the operators r7(Js), r/(Jy), r7(J_) of the
polynomials 7 | for —j < m < j and j — m integer.

6. Show that the representation p/ of SL(2,C) on P/ is irreducible.

7. Show that there is a unique scalar product on P’ invariant under the
restriction to SU(2) of the representation p/ of SL(2,C) and such that the
polynomials (7, form an orthonormal basis of PJ. Is the matrix of p’(g) in
the basis (¢7,) unitary for every g € SL(2,C)?
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We write (| ) for the scalar product defined above. The matrix coefficients
pJ of the representation p’ in the basis () are defined by

Phn(9) = (@107 (9)¢h),

for g € SL(2,C).

8. Let g = ( ) € SL(2,C). Use Taylor’s formula for the function
(ax + )7~ (bx + d)J along Wlth a change of variable, to show that if a # 0
and b # 0, then

. pn—m dj—m . )
_ : —n +n
p]m,n(g) - C(]? m, n)de]‘,m ((1 - x)] (1 + 'T)j )‘z:ad-&-bc’

where C'(j,m,n) is a constant to be determined.
9.(a) Let & = %( 8). We set p?(0) = p(exp(6&1)), 0 < 0 < m. Find p/ (7).
ShOW that pm,—n(e) - p—mn(a)
(b) We assume that j and m are integers and that m > 0. We recall that the
Legendre function P; ,, is defined, for —1 <z <1, by

—1)it+m m  Jitm ;
Punle) = S (1=t ¥ T (=)

Show that an,o(a) = PJ (cosf), where PJ is a function of one variable
proportional to P;,,, and find the coeflicient of proportionality.

For —j < m < 7, what is the relation between the function pfnwo(ﬂ)eimd’
and the spherical harmonic Y, (0,¢) (0 <0 < 7,0 < ¢ < 27)?

10. Prove the orthonormality property of the system of spherical harmonics
from the orthogonality relations for the matrix coefficients of irreducible repre-
sentations of SU(2).

Solutions

1. For every matrix g € SL(2,C) and for every f € V7, the polynomial p{/ (9)f
is homogeneneous of degree 2j, and its coefficients depend continuously on the
coefficients of the matrix g. The definition can be written pi{,(g)f = fo ‘g;
hence if g1 and go € SL(2,C),

Pl(g192)f = fo ‘g2 tgr = plr(91)(0) (92) ).

Thus p), is a representation of SL(2,C) on V7.

2. It is clear that ® is linear. The vector spaces V7 and P’ have the same
dimension, 2j + 1. Furthermore, ® is injective. In fact, if ®(f) = 0, all the
coefficients of the homogeneous polynomial f are zero, and hence it is zero.
Thus @ is an isomorphism. The inverse ¥ of ® is given by

(W) (21, 22) = 2 (—) Cpepi.
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3. When we identify V7 with P/ by means of the isomorphism ®, the trans-
formation pi,(g) can be identified with the transformation p/(g). In fact, for
fevy,

bxr +d
= flaz + c,bz + d) = (p},(9)f)(z,1) = @(p},(9)

P (9)(@())(x) = (b + ) (B(f)) (aﬂc) (be +d)¥ f (in; )

We deduce that p/ is a representation of SL(2,C) in P7, equivalent to p{/.
The isomorphism ® intertwines the representations p{, and p/.

e(t) d(t)
such that a(0) = d(0) = 1, b(0) = ¢(0) =0, and a’(0) = «, V' (0) = 3, ¢(0) =7,
d'(0) = §. One thus obtains, for ¢ € P7,

4. Let X = (a ’g) € sl(2,C). Then exp(tX) = (a(t) b(t) ) is a matrix of SL(2, C)

(7 (X)p)(w) = (P (0t X)) @],

d a(t)z + c(t)
= g (0 +d()¥ <b(t)sc n d(t))

t=0

= 2j(Br + O)p(a) + (2% + (o~ D) +7) T (a),

that is,
) d
(X)) = 2j(Bx +6) + (—p2* + (a — 0)x + v)a
5. In particular,
d d . d
o J - J —_9 2=

(J3) j xd:c’ r ( +) dx7 T (J*) j.’L“"IL‘ dx7

and hence

() (eh) = VG —m) G +m+ 1)l
P (J-)(@h) = =G +m) (G —m+ 1),y

6. The preceding equations show that the representation 7 of sl(2, C) is equiva-
lent to the representation D7, the basis (—1)?~™¢J corresponding to the stan-
dard basis |j,m). We know that this representation is irreducible. We deduce
immediately that the representation p’ of SL(2,C) is irreducible.

7. There exists a unique scalar product on PJ such that the basis (¢7) is
orthonormal. Let us show that this scalar product is invariant under p’ ’SU )’

that is, that the restriction of p? to SU(2) is unitary for this scalar product.
Because SU(2) is connected, it suffices to show that the matrices in the basis
(1)) of the operators 77(&;), k = 1,2,3, are anti-Hermitian, or equivalently,
that the matrices of 7/ (J) and r7(J_) are conjugate transposes of one another,
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and that the matrix of 77(J3) is Hermitian. Because the operator 77 (J3) is real
and diagonal, it is Hermitian. We have

(r! (J)ehlel) = =/ (G —m) (G +m+ 1)dmi1m,
(@l (J)eh) = =V ([ +n)(j —n+1)0mn
\/ +m + 1 )6m+1,n7

which shows that the matrices of 7/(.J) and r7(.J_) are real and are transposes
of one another. The operators p?(g) are thus unitary for g € SU(2). But clearly
this is not true for an arbitrary element of SL(2,C): the operators r/(X) are
anti-Hermitian for X € su(2) and Hermitian for X € isu(2).

8. The coefficient of 27~ in (ax + ¢)?~"(bx + d)I ™ is

1 qi-m

=0’

and hence
o P |Gt gyt
Pm.n(9) (\/(j_m)!(j+m)! VG =)l +n)! )
G+m)! ¢

_ - .
- VG —n)G+n)G - )!dxj_m((al'+c)] (bx + d)’ )|r:0’
We set %1 = a(bz + d). Taking the equation ad — bc = 1 into account, we have

41 — plaz + ¢). We assume a # 0 and b # 0. Because the variable y is a linear
function of z, we obtain

. ) pn—m djfm . o
pjm,n(g) - C(]a m, n)w dyj_m ((1 - y)j (1 + y)]Jr )}y = ad+be’

where
(=1 (G +m)! _
2t G = )G+ n)l (G — m)!

C(]’ m7 n) =

9. (a) We know that exp(6¢;) = ( €08 29 isin 2 ) In particular, exp(m&;) = (% §).

7 sin bl cos 2
Now, (p? (7))l )(x) = iZigdtm = 20 (), and thus

1
G=m)l(G+m)!
P (W)t =0 s Pl (M) = 0
From the equation p?(8)p (7) = p?(7)p?(0), we deduce that
P (0) = P10 (0).

In particular, pfn,o(ﬂ) = pj_m70(0).
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(b) For 0 < 6 < 7, we calculate p{mo(e) = pim’o(e) by the general formula
obtained above. We obtain

. —1)J P — |
= C JGmt

(1 —z?)7
27 5! (j +m)! deer( z7) |

zr=cos 0’

When 0 < 6 < 7, the equation sinf = (1 — cos? 9)% is valid. Consequently,
for 0 < 6 < 7, pl,o(0) = Pj(cosh), where the function P}, is defined for
—1<x<1by

. —1)/ 'fm. m jtm .

We verify that for j and m integers, m > 0, Pi (1) = 8,0 and P, (—1) =
(—1)78,,.0, which extends the result to the case # = 0 and 6 = . If we use Pj,
to denote the Legendre function, we obtain an equation valid for 0 < 6§ < 7,

Phool0) =\ i Pyam (cos ).

We know that for 0 < m < j, the spherical harmonics are the functions

27 +1 —m)! ;
Y7 (0,9) =/ J i U +m P} m(cos0)e™?.
(j+m)

We deduce that in this case,

j 2‘+1-m j im
Y (0,0) =\ Z =i 0 (0).

This equation is valid for —j < m < 0 as well. In fact, by definition,
Yi = (- )mY m; therefore; YJ = (—l)mq/%%impj_m’o(ﬁ)eim“ﬁ. Since
p{m’o(e) = pfn’o(e) and pf'w’o(e) = (—1)mpzn,0(9), the result follows.

10. We know that a dense open set of SU(2) is parametrized by the Euler angles.
For a matrix g = (% ?) € SU(2) such that Zm(a) # 0, Re(b) # 0, there are
unique parameters ¢ € [0,27], 0 € [0, 7], 1 € [-2m, 27| such that

9=9(8,0,9) = i | = exp(9€3)exp(0€1)exp(1&s).

In this parametrization, the Haar integral on SU(2) can be written

~ 162 /277/ / g(6,0,v))sinf dg do dy.
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Now consider the matrix coefficients of the representation p’ of SU(2).

iy

vz 0 .

Because ¢(¢,0,0) = exp(¢€3) = 60 e | for each function ¢ € P7,
(& 2

we obtain (p?(g(¢,0,0)))(x) = e~ %p(e'®x), whence
P (9(9,0,0)27 "™ = e~ MmO

The matrix of p/(g(¢,0,0)) in the basis ¢/, is thus diagonal, with elements
e”™mé  —j < m < j. Similarly, the matrix of p/(g(0,0,%)) is diagonal, with
elements e =M%,

We have set p? () = p/ (exp(0¢1)), i.e., p?(0) = p?(g(0,0,0)). By writing

P (9(6,0,0)) = > ph, 1 (9(6,0,0)ph ()], (9(0,0,)),

p,q

we obtain

Pl (9(0,0,0)) = e Mot pl(6).

In particular,

P o(9(e,0,0)) = e ™l ((6).

The orthogonality relations for the matrix coefficients of unitary
irreducible representations p/ of SU(2) imply

2m
167T2/ / / Ph0(9(,6, w>>pm,0< (¢,60,1))sin@ do d dy

5mm5 )
2J+1 3,3"

whence, because p!, , does not depend on ),

2]—!—1

27
/ / me 9(4,0,0))p’ ,0( (¢,0,0))sin6 de db = 0y 9;,j-

The elements corresponding to ¥ = 0 can be identified with the points of
the sphere S?: to exp(¢&3)exp(0€;) corresponds the point exp(¢ns)exp(6n; )es,
with spherical coordinates (6,¢ — 5).

Now, for j € N, —j <m < j,

; 2] +1 . im
Yi(0.0) =\ Z—=i"e ™), o(0).

Furthermore, we know that pfn,o(ﬂ) is either real or pure imaginary. This equa-
tion means that up to a coefficient, the spherical harmonic Y7 (0,¢) is the
conjugate of the matrix coefficient p), 4(g(¢,0,0)). Taking into account the
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value of the modulus of this coefficient, the orthogonality relation above can
be written

T 27 : ,
/ / Y#L(G, QZ/))Y?%/(@, d)) sin 6 do dd) = 5m,m’5jj’7
0 0

which proves that the spherical harmonics (Y}), j € N, —j < m < j, form an
orthonormal set in L?(S?) equipped with the unnormalized scalar product.

From the properties of the matrix coefficients of the irreducible represen-
tations of the group SU(2), one can prove the orthogonality properties, the
addition theorems, and many other properties of the Legendre polynomials, the
Legendre functions, and the spherical harmonics.



Hermann Weyl (1885-1955) wrote his doctoral dissertation in 1908 in
Gottingen under the direction of David Hilbert, taught in Zurich from
1913 to 1930, succeeded Hilbert at Géttingen, and left Germany in 1933
for the United States, where he accepted a position at the newly formed
Institute for Advanced Study in Princeton. His most important contri-
butions to group theory date from the years 1920—-1940.

(Collection of Professor Konrad Jacobs, with the kind permission of the
Mathematisches Forschungsinstitut Oberwolfach)
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