CONGESTED AGGREGATION VIA NEWTONIAN INTERACTION
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ABSTRACT. We consider a congested aggregation model that describes the evolution of a den-
sity through the competing effects of nonlocal Newtonian attraction and a hard height con-
straint. This provides a counterpoint to existing literature on repulsive-attractive nonlocal
interaction models, where the repulsive effects instead arise from an interaction kernel or the
addition of diffusion. We formulate our model as the Wasserstein gradient flow of an in-
teraction energy, with a penalization to enforce the constraint on the height of the density.
From this perspective, the problem can be seen as a singular limit of the Keller-Segel equation
with degenerate diffusion. Two key properties distinguish our problem from previous work on
height constrained equations: nonconvexity of the interaction kernel (which places the model
outside the scope of classical gradient flow theory) and nonlocal dependence of the velocity
field on the density (which causes the problem to lack a comparison principle). To overcome
these obstacles, we combine recent results on gradient flows of nonconvex energies with viscos-
ity solution theory. We characterize the dynamics of patch solutions in terms of a Hele-Shaw
type free boundary problem and, using this characterization, show that in two dimensions
patch solutions converge to a characteristic function of a disk in the long-time limit, with
explicit rate of convergence. We believe that a key contribution of the present work is our
blended approach, combining energy methods with viscosity solution theory.
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1. INTRODUCTION

In recent years, there has been significant interest in physical and biological models with
nonlocal interactions. These models describe the pairwise interactions of a large number of
individual agents, for which, in the continuum limit, the nonnegative density p(z,t) satisfies
the aggregation equation with degenerate diffusion

(1.1) pr =V - (pVN xp) + Ap™,

for an interaction kernel A : R — R and m > 1. This equation is mass-preserving and,
provided that N (z) possesses sufficient convexity and regularity, it is a Wasserstein gradient
flow of the energy

Em(p) = W(p) + Sm(p),
where the interaction energy W(p) and Rényi entropy Sy, (p) are given by

Wip)= 5 [Wxp@plade and Su(p) = 2 [ plo)da.
See section for further background on this gradient flow structure, including Remark
for the case when [ p # 1.

Depending on the choice of interaction kernel and diffusion parameter, equations similar
to arises in a range applications in physics and biology, including models of granular
media [6}/18], biological swarming [12,/52], robotic swarming [19}/45], molecular self-assembly
[21,47,55], and the evolution of vortex densities in superconductors [3,37,/40,/46]. Of particular
interest are kernels and diffusion parameters for which the model exhibits competing repulsive
and attractive effects, causing solutions to blow up in finite time or form rich patterns in the
asymptotic limit (c.f. |45, /79 23-25,/50]). For example, with m > 1 and the interaction is
given by the Newtonian interaction kernel

1
1] for d = 2,

(1.2) N(z)=3 f)lg = o d o with ag the volume of the unit ball in RY,
m‘x| for d ;é 2,

equation (|1.1)) corresponds to the Keller-Segel model for biological chemotaxis [10,/11}29]
(1.3) pr =V - (pV(N *p)) + Ap™.

In this case, the interaction kernel is purely attractive and competes with the repulsion induced
by the degenerate diffusion. If m > 2 —2/d, diffusion dominates at large density, and bounded
solutions exist globally in time [49]. Otherwise, depending on the choice of initial data, solutions
with bounded initial data may blow up in finite time.

In the present work, we consider a diffusion-aggregation model similar to the Keller-Segel
equation, but with the role of diffusion instead played by a hard height constraint on the
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density. Heuristically, the evolution of p(x,t) is given by the congested aggregation equation

{pt =V (pVNp) if p(z,t) <1,

1.4
(1.4) p(z,t) <1 always,

where Np := A * p denotes the Newtonian potential of p. Informally, solutions of seek
to evolve according to the “desired velocity field” VNp, subject to a hard height constraint.
More precisely, we define p(x,t) as the Wasserstein gradient flow of the constrained interaction
energy

L[ Np@)p(@)de i [lo]lo < 1,
+00 otherwise.

(1.5) Eoo(p) = {

Our choice of hard height constraint is inspired by the work of Maury, Roudneff-Chupin,
Samtambrogio, and Venel [41,42], who introduced such a constraint in their model of pedestrian
crowd motion. They considered a congested drift equation

{pt =V (pVV) if pla,t) < 1,

1.6
(L6) p(x,t) <1 always,

for a local drift V : R? — R, where VV is the “desired velocity field” of the density. As in the
present work, they rigorously defined the evolution of the density as the Wasserstein gradient
flow of the constrained potential energy

Veolp) = {5 [ V@p)dz it o] <1

+00 otherwise.

They then showed that this gradient flow satisfies a formulation of the continuity equation,
where the velocity field is given by the L? projection of VV onto the set of admissible velocities
that do not increase the density in the saturated zone, {p = 1} [41]. Furthermore, when V' (z)
is semiconvex (e.g. when V2V (z) is bounded below—see section [2.1)) the energy V. is likewise
semiconvex and Wasserstein gradient flow theory ensures that this evolution is unique.

Building upon this work, Alexander, Kim, and Yao |1] showed that solutions of the con-
gested drift equation could be approximated by solutions to a corresponding nonlinear diffusion
equation

(1.7) oo =V (V) + Ap"
as m — 400, which are gradient flows of the energy
1
Vinlp) = [ Veip(a)ds + 2 [ plo)a,

(Note that, for a fixed p, Voo (p) is the limit of V,,,(p) as m — 00.) They then applied this result
to characterize the dynamics of the congested drift equation: given a velocity field satisfying
AV > 0 and initial data that is a characteristic function on a patch, p(z,0) = xq,(x) for

( ) 1 if x € Qy,
T) =
Xsto 0 otherwise,

the solution remains a characteristic function, and the evolution of the patch is given by a
Hele-Shaw type free boundary problem.
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In spite of the similarities between our congested aggregation equation (|1.4) and the con-
gested drift equation , two key differences prevent its analysis by the same methods. First,
unlike Vi, the energy E., does not satisfy the semiconvexity assumptions of classical gradient
flow theory that ensure uniqueness. This lack of convexity also makes the equation inaccessible
by classical approximation methods—specifically, quantitative approximation by the discrete
gradient flow or JKO scheme for semiconvex energies—which was a key tool in Alexander, Kim,
and Yao’s result on the convergence of the nonlinear diffusion equation as m — +oo to
the congested drift equation. The second major difference between the congested aggregation
and congested drift equations is that the velocity field of the former depends nonlocally on
the density. This prevents a direct adaptation of Maury, Roudneff-Chupin, and Santambro-
gio’s characterization of solutions in terms of a continuity equation, since their argument relies
upon an Euler-Lagrange equation for the discrete gradient flow sequence, the proof of which
strongly leverages the local nature of the drift. Finally, the nonlocal nature of the velocity
field causes there to be no comparison principle, an important element in Alexander, Kim, and
Yao’s analysis of the patch dynamics.

To overcome these difficulties, we combine new results on the Wasserstein gradient flow of
non-semiconvex energies with a refined approximation of the congested aggregation equation
by nonlinear diffusion equations to characterize the dynamics of patch solutions and study
their asymptotic behavior. To address the lack of convexity, we appeal to recent work by
the first author, inspired by the present problem, that proves well-posedness of Wasserstein
gradient flows for energies that are merely w-convexr and provides quantitative estimates on
the convergence of the discrete gradient flow. (See section . We apply these results to
conclude that if the initial data pg satisfies ||pg|loc < 1, then there exists a unique Wasserstein
gradient flow po of the constrained interaction energy F,. However, due to the low regularity
of F, gradient flow theory doesn’t provide a characterization of its evolution in terms of a
partial differential equation.

Our goal in this paper is to study the dynamics and asymptotic behavior of p.,. We focus
on the case when the initial data pg is a patch, i.e. py = xq,, where g C R? is a bounded
domain with Lipschitz boundary, and we seek to answer the following questions:

L. If po is a patch, does ps (-, t) remain a patch xq) for all £ > 07
2. If so, what partial differential equation determines the evolution of the set ()7
3. What is the asymptotic behavior of Q(t) as t — co?

To answer these questions, we blend the gradient flow approach with viscosity solution
theory. Due to the attractive nature of the Newtonian kernel , we show that the solution
of the congested aggregation equation p(7,t) indeed remains a patch: p(7,t) = xq() () for
a time dependent domain (¢). We then show that Q(t) evolves with outward normal velocity
V = V(x,t) satisfying

V=-v-(Vp+VNps) atazedt),

where v = v(x,t) is the outward unit normal at x € 9€(t) and, for each ¢ > 0, p = p(z,1t)
solves

—Ap(-,t) =11in Q(t), p(-,t) = 0 outside of Q(t).
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Since, Q(t) = {p(-,t) > 0}, this gives a Hele-Shaw type free boundary problem for the pressure
variable p,

~Ap( =1 i {p> 0}
(P) V=—v-(Vp+V® on 0fp>0}
® = NXx{p>o}-

Provided that p is sufficiently regular (for example, p € L'([0, 00); H'(R?)), this would imply
that the solution of the congested aggregation is a weak solution of the continuity equation

(1.8) pt =V - (p(VNp+ Vp)),

where Vp is the pressure generated by the height constraint that modifies the “desired velocity
field” VNp. In terms of p, v = —Vp/|Vp| and V = p;/|Vp|, so in the smooth setting the
second condition in can be written as

pe = |Vp|? + Vp-V® on d{p > 0}.

Even if Qy has smooth boundary, the evolving set (t) = {p(-,t) > 0} may undergo topo-
logical changes such as merging. Consequently, to describe the evolution of €2(t), we require
a notion of weak solution for While viscosity solutions are a natural choice, given their
utility in free boundary problems, because of the nonlocal dependence of the outward normal
velocity V' on p itself, lacks a comparison principle. Instead, we consider an auxillary
problem for a fized, nonnegative function p(z,t) € L>(R? x (0, 00)),

—Ap(-,t) =1 in {p>0}
(P)oo V=—v-(Vp+V® on 0fp>0}
® = Np.

We show that the comparison comparison principle holds for |(P)s hence viscosity solution
theory applies. We then define p to be a solution of @ if it is a weak viscosity solution of

with p = x{p>0} almost everywhere.
We now state our first main result, which follows from Theorems [3.8] and

Theorem 1.1 (Characterization of dynamics of aggregation patches).

(a) Let Qo C R? be a bounded domain with Lipschitz boundary, and let pso(-,t) € L°(R™)
be the gradient flow of Es with initial data xq,. Consider the free boundary problem
(P )oo| with p replaced by pso, and the initial data py given by

(1.9) —Apo(+,0) =1 1n Qo, po(-,0) =0 outside of Q.

Then there is a unique minimal viscosity solution p(x,t) of with initial data pg.
(b) Let Q(t) = {p(-,t) > 0}. Then poo(-,t) remains a patch for all times, and

Poo(+5t) = Xa@) a-e. for allt > 0.
(c) Therefore, p is a weak solution of in the sense of Definition .

Next, we consider the asymptotic behavior of patch solutions as t — +o00. For any given mass
and any dimension, the Riesz rearrangement inequality [35, Theorem 3.7] immediately gives
that the global minimizer of the constrained interaction energy must be a characteristic
function of a ball. However, this does not guarantee that the gradient flow poo(t) of the
constrained interaction energy always converges to a translation of the global minimizer as
t — +oo. In particular, the main obstacle is to show the mass of ps(t) cannot escape to
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infinity in the long time limit, which requires us to obtain some compactness estimates on
Poo(t) uniformly in time.

For the Keller-Segel equation with subcritical power m > 2 — 2/d, the situation is
very similar. Again, there exists a unique (up to a translation) global minimizer of E,, for
any given mass 36,38, but it is unknown whether solutions converge to it as ¢ — +oo. In
dimension two, convergence has been recently shown by Carrillo, Hittmeir, Volzone, and the
third author [16], where compactness is obtained via a uniform in time bound of the second
moment, though no explicit convergence rate towards the global minimizer is given. For d > 3,
the only available convergence result towards the global minimizer is work by the second two
authors on radial solutions [31].

In our work, for dimension two, we not only prove convergence of solutions towards the global
minimizer of the constrained interaction energy , but also provide explicit estimates on the
rate of convergence. We accomplish this by again applying a blended approach, combining the
gradient flow structure of the problem with viscosity solution theory and the characterization of
patch dynamics from Theorem . We begin by using a rearrangement inequality of Talenti [51]
to show that the second moment of p(t) is non-increasing in time and is strictly decreasing
at time t unless (¢) is a disk. Then, applying a quantitative version of the isoperimetric
inequality due to Fusco, Maggi, and Pratelli [26] and our characterization of patch dynamics,
Theorem we provide explicit estimates on the rate that the second moment is decreasing,
in terms of the symmetric difference between Q(¢) and a disk. Finally, using the gradient flow
structure of the problem, we show that as t — 400, poo(t) strongly converges to a characteristic
function of a disk in LY for any 1 < ¢ < oo, and its energy Foo(poo) converges to its global
minimizer with an explicit rate. This gives our second main result, which combines Theorems

4.9 and 412

Theorem 1.2 (Long time behavior in two dimensions). Assume d = 2. Let Qg C R? be a
bounded domain with Lipschitz boundary, and let po be the gradient flow of Eo, with initial
data xqo,- Then ast — 400, poo(-,t) converges to xpg, in L1 for any 1 < q < oo, where By is
the unique disk with the same area and center of mass as those of Qg. Furthermore, we have
the following rate of convergence in terms of the free energy,

0 < Eoo(poo(-+1)) = Eoo(xB,) < C(1Q0], Ma[Q0])t~/°.

Remark 1.3. Let us point out that our control for the second moment relies on the particular
structure for the 2D Newtonian kernel, and we are unable to obtain similar compactness
estimates for higher dimensions. For d > 3, whether ps(f) converges to a ball as t — oo
remains an interesting open question.

We now describe the key ingredients in our characterization of the dynamics of the congested
aggregation equation. At the heart of our analysis is an approximation of this equation as the
singular limit of a sequence of nonlinear diffusion equations. This provides the bridge between
the gradient flow and viscosity solution approach. In particular, while the gradient flow of
FE is merely a curve in the space of measures, approximating it by a sequence of solutions to
nonlinear diffusion equations allows us to bring to bear the tools of viscosity solution theory
in the limit.

Following the analogy with Alexander, Kim, and Yao’s previous work, one might hope to
approximate the congested aggregation equation by the Keller-Segel equation , which also
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has a gradient flow structure corresponding to the energy

(1.10) Exs(p // xz)Np(z)dx + 71 p(x)"dx

Note that for a fixed p, Ex(p) is the limit of Exg(p) as m — oo. However, Exg satisfies
neither the classical assumptions for semiconvexity nor the weaker assumptions for w-convexity.
Consequently, we lack the quantitative estimates on the rate of convergence of the discrete
gradient flow that are an essential element of our approach. Instead, we replace the nonlocal
potential Np in Exg with a local potential @, ,,(z,?) that depends on time, the initial data
p(z,0), and the diffusion parameter m > 1. (See Definition for a precise definition of this
potential.) This leads to the energy

Enilp) = [ o)yl 0+ 2

which we can show is w-convex. We then prove that the (tlme dependent) gradient flow of this
energy, which corresponds to a solution of

(PME-D);, pt =V - (Vi) + Ap™

converges as m — +oo to a solution of the congested aggregation equation. (See section
for our construction of this time dependent gradient flow.) Then, rewriting ((PME-D),,|in the

form

p(x)"dx,

(1.11) o=V (V1 + Tpn)), for pp =" L,

we use viscosity solution theory to show that, as m — 400, p,, converges to a solution of the
free boundary problem By uniqueness of the limit, we conclude the characterization of
dynamics of patch solutions of the congested aggregation equation, as stated in Theorem

Our paper is organized as follows. In section [2, we prove that the solutions of the nonlinear
diffusion equations converge as m — oo to the gradient flow of F,, with an
explicit rate depending on m. We also provide background on Wasserstein gradient flow,
including recent results by the first author on the gradient flows of w-convex energies. In
section (3], we show that the pressure p,, corresponding to the nonlinear diffusion equations,
given in equation , converges as m — 400 to a solution of Combining these results,
we show that the gradient flow of E is a characteristic function of the evolving set Q(t) and
that 2(¢) can be obtained from the viscosity solution of (P). In section 4, we consider the
asymptotic behavior of p, in two dimensions, proving that it converges to a disk with explicit
rate. Let us remark that the characterization of p,, by the pressure variable p plays a crucial
role in the proof of this asymptotic result. Finally, we conclude with an appendix section
[l which contains proofs of several lemmas from section [2] as well as definitions of viscosity
solutions for the limiting free boundary problem (P)so.

There are several directions for future work. First, our analysis only addresses solutions that
are initially a patch. Results for more general initial data could leverage recent work by Kim
and Pozar [30] and Mellet, Perthame, and Quiros [44]. Second, in the light of work by Maury,
Roudneff-Chupin, and Santambrogio [41], it would be interesting if one could characterize the
modified velocity Vp + VNp in as the projection of the original velocity VINp onto the
space of admissible velocities under the height constraint. At the moment, this appears to be
a difficult question, due to the highly nonlinear nature of the projection and its dependence
on the solution. A third direction for future work would be to pursue to what extent our
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analysis extends to nonlocal velocity field generated by kernels aside from the Newtonian N/,
which arise in a range of biological and physical applications. While our result on the singular
limit of the nonlinear diffusion equations extends to a range of kernels (see Remark , our
analysis of the free boundary problem strongly leverages the structure of the Newtonian kernel.
A final direction for future work would be to make rigorous the link between the congested
aggregation equation and the Keller-Segel equation as m — +00, completing the analogy
with previous work by Alexander, Kim, and Yao that found that the hard height constraint
may be obtained as the limit of slow diffusion.

2. CONVERGENCE OF GRADIENT FLOWS: DRIFT DIFFUSION TO HEIGHT CONSTRAINED
INTERACTION

In this section, we show that the gradient flow of the height constrained interaction energy
FE, defined in equation , may be approximated by solutions of the nonlinear diffusions
equations as m — +oo. This provides a link between the abstract Wasserstein
gradient flow of E.,, which in general is merely a curve in the space of probability measures,
and solutions to partial differential equations.

Remark 2.1 (Choice of interaction kernel). For the sake of continuity with sections |3| and
we assume that the interaction kernel A is Newtonian . However, our results in this
section may be extended to any kernels that satisfy [20, Assumption 4.1] and the estimates of
Proposition 2.3} In particular, this includes many repulsive-attractive potentials of interest in
the literature.

2.1. Preliminary results. We begin by collecting some results on the Wasserstein gradient
flow of w-convex energies that will be useful in what follows. For further background on the
Wasserstein metric and gradient flows of semiconvex energies, we refer the reader to the books
by Ambrosio, Gigli, and Savaré [2] and Villani [54]. For more details on gradient flows of
w-convex energies, see recent work by the first author [20].

Let Po(R?) denote the set of probability measures on R? with finite second moment, i.e.
[1z]2dp < +oo. If a measure u € Po(R?) is absolutely continuous with respect to Lebesgue
measure (u < £4), we will identify p with its density, i.e. du(x) = p(z)dr. In particular, we
write ||| pe < 400 if du(z) = p(x)de and pu(x) € L2 (RY).

Given p,v € P2(R%), a measurable function t : R? — R? transports u onto v in case
[ f(t(x))du = [ f(y)dv for all f € L*(dv). We then call v the push-forward of i under t and
write v = t#pu. If p is absolutely continuous with respect to Lebesgue measure (as will be the
case for all the measures we consider), then the Wasserstein distance from p to v is given by

(2.1) Wa(p, v) = inf { (/ It — id|2d,u> v Dt = u} :

where id(xz) = z. Furthermore, the infimum is attained by an optimal transport map t = t,
which is unique p-almost everywhere.
The metric space (P2(R?), W3) is complete, and convergence can be characterized as

Wa(pn, ) =+ 0 <= [ fdu, — [ fdu for all f € C(R?) such that
3C > 0,20 € R% so that |f(z)] < C(1+ |z — x0]?).
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We will refer to such f as continuous functions with at most quadratic growth. Furthermore, for
any f € C1(RY) with uniformly bounded gradient, we can quantify the difference between the
integral of f against p and the integral of f against v using the following elementary lemma.

Lemma 2.2. For f € CY(R?) and p,v € Py(RY),

'/ﬂm—/fw

Proof. For simplicity, suppose that < £%, so there exists an optimal transport map t),. (The
proof is identical in the general case, using optimal transport plans.) By Jensen’s inequality,

‘/ﬁm—/}w

Along with its metric structure, (Po(RY), Ws) is a geodesic space, since any two measures
o, 11 € P2(R?) are connected by a geodesic o € P2(RY), o € [0,1], satisfying

WQ(:UOHM/B) = ’/3 - a‘W2(M07M1) for all aaB € [07 1]
If o < £, then the geodesic from g to any g € P2(R%) is unique and of the form

pra = (1 — a)id + at),f)#puo.

Unlike a square Hilbertian norm, the square Wasserstein distance is not convex along geodesics
(a0 WE(v, 1) is not convex) [2, Example 9.1.5]. Consequently, Ambrosio, Gigli, and Savaré
introduced an expanded class of curves known as generalized geodesics, so that, between any two
measures, there is always at least one curve along which the square distance is convex [2, Lemma
9.2.1, Definition 9.2.2]. Given pg, u1,v € P2(RY) with v < L%, the generalized geodesic from
o to w1 with base v is

< IV FlloWa(p, v).

1/2
< [15 = ottldu <1941 ( [ —id|2du> e Wa s, ).
]

pa = (1 — @)t + ot )#v,
and along such a curve we have
W3 (v, ) = (1 = Q)W3 (v, o) + aW3 (v, 1) — a(l — ) [64° = 5|72 4,
An additional class of curves along which the square Wasserstein metric is convex are linear
interpolations of measures,
po = (1 — a)po + aupur.
For any po, i1, v € Pa(RY), we have

(2.2) W3 (v, ha) < (1= )W (v, o) + aW3 (v, ).

(See, for example, [48, Proposition 7.19].)

Due to the fact that (P2(R?),W3) is a geodesic space, it induces a natural notion of con-
vexity on energy functionals E : Po(R?) — R U {400}, i.e. given a geodesic fiq, the function
a +— E(uq) is convex. We recall both this standard notion of convexity, as well as two gener-
alizations: semiconvexity and w-convexity.

(i) E is convez along pg if E(pa) < (1 — a)E(po) + aFE(uy).
(ii) E is semiconvex along p,, if there exists A\ € R so that
E(pa) < (1= a)E(po) + B (1) — a(l — )3 W3 (o, )
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(iii) E is w-convex along p, if there exists A, € R and a continuous, nondecreasing function
w: [0,+00) = [0,+00), which vanishes only at = = 0, so that
E(na) < (1=a)E(uo) +aB () =3 [(1—a)w(@®W3 (1o, i) +aw((1— ) W3 (1o, i1))]-
If, for any pg, u1 € P2(R?), there exists a geodesic p, from pg to puy along which E satisfies
one of the above inequalities, we say E is convez/semiconver/w-convex along geodesics. On
the other hand, if for any po, p1,v € Po(R?), there exists a generalized geodesic p, from pug
to puy with base v along which E satisfies one of the above inequalities (replacing Wa (g, f41)
on the right hand side with [|t,° — t}* ||%2(V)), we say E is convex/semiconver/w-convez along
generalized geodesics. We will also say that E is proper if the domain of the energy D(E) =
{p: E(n) < o0} is nonempty.
A key element of our analysis is that the height constrained interaction energy E., defined
in equation is w-convex along generalized geodesics. This follows from the following
estimates on the Newtonian potential of a bounded, integrable function.

Proposition 2.3 (c.f. [39, Theorem 2.7]). Suppose p, p,v € P2(R?) with ||p|loo, |1tllee < 1.
Then there exists Cq > 1, depending only on the dimension, so that

IVNpl < o |ANp|w <1 [ Nodv = ~Ci,
[VNp(z) — VNp(y)| < Cyo(|z —y]), and [VNp — VNpul|p2ray < Wa(p, p)-

where

2x|log x| if0 <z <el1V2/2
(2.3) o(x):=

\/x2 +2(1+ \@)e_l_\@ if © > e(-1-v2)/2,

We defer the proof of this proposition to the appendix in Section [5.2
By the above estimates and |20, Theorem 4.3, Proposition 4.4], E, is w-convex along gen-

eralized geodesics with A\, = —Cy and w(z) a log-Lipschitz modulus of convexity
(2.4) x| log x| if0<az<e V2
. wlr) =
\/x2 +21+V2)e V2 if x> e V2

The w-convexity of E, then leads to the following result on the well-posedness of the gradient
flow:

Theorem 2.4 ( |20, Theorem 4.3, Proposition 4.4]). For any py € D(Es) (that is, py € P2(R%)
with ||pollec < 1), the gradient flow poo(t) of Ex with initial data py is well-posed. Specifically
Poo : (0, +00) — Po(RY) is the unique curve that is locally absolutely continuous in time, with

poa(t) % po and
1d__o Aw 9
3772 (Poo(t), ) + S w(W3 (poo(t), v)) < B(v) = Elpoo(t)), Vv € D(Eec), a.e. t> 0.
In order to provide a PDE characterization of po(x,t) in Section |3, we use the following
higher regularity of po(x,t) and VNps(z,t), which we prove in appendix Section .

(2.5)

Proposition 2.5 (time regularity of the gradient flow of Ew,). Suppose poo(x,t), with initial
data pso(z,0) € D(Ex), is a gradient flow of Es. Then Wa(poo(t), poo(s)) < 2Cq4|t — s|, where
Cq > 0 is as in Proposition [2.5
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Proposition 2.6. Suppose pso(x,t), with initial data peo(z,0) € D(Ew), is a gradient flow
of Exo. Then VNpso(x,t) is log-Lipschitz in space and 1/2d-Hélder continuous in time. In
particular, with Cq > 0 and o(x) as in Proposition[2.3,

[VNpoo(2,) = VNpoo(y,t)| < Cao(|z —y|)  for all z,y € R%, ¢ >0,
VN poo (2, 1) — VN poo (2, 8)| < 10C4|t — s|*/?? for all 0 < |t — s| < e(1V2/2 0 e RY

An important tool in the analysis of Wasserstein gradient flows is a discrete time approxi-
mation of gradient flows known as the discrete gradient flow or JKO scheme [27]. This scheme
is analogous to the implicit Euler method for approximation of ordinary differential equations
in Euclidean space. For any u € D(E4) and time step 7 > 0, the discrete gradient flow of Eo,
is given by

1

pr € argmin {Wg(pfl,u) + EOO(V)} and p¥ := p.
vePy(Rd) LT

By [20, Theorem 4.3, Proposition 4.4], the discrete gradient flow of E exists for all p € D(E«)

and 7 > 0, and if 7 = ¢/n for any ¢ > 0, the discrete gradient flow converges to the continuous

gradient flow,

lim Wz(p?/n, Poo(t)) = 0.

n—-+00

As demonstrated in previous work by the first author [20], well-posedness of the gradient
flows of w-convex eneriges is closely related to the well-posedness of the ODE

{%Ft(gj) = —de(Ft(x))7

For w(z) as in equation 1) 0 <z <e'™VZ andt > 0, the solution is given by Fy(z) = 2,
Furthermore, for all z,¢ > 0, F}(x) is nondecreasing in space and nonincreasing in time.

In a similar way, analysis of the discrete gradient flow of E, is closely related to a discrete
time approximation of (2.6). In particular, we define

r— Cyrw(x) ifxz>0,
fola) = 07 T e
0 if £ <0,

so that fT(m) (z) is the mth step of the explicit Euler method with time step 7. In the following
proposition, we recall some properties of the function f-(x) that will be useful in our estimates
of the discrete time sequences.

Proposition 2.7 (properties of f-(x)).
(i) If 0 <z <y < r, there exists ¢, > 0 so that f(x) < f-(y) + C3c?r2.
(it) For all 2,y > 0. fo(z+9) < fo(2) + .
(iii) For all z,t > 0, |Fy(w) — {1 (x)| < Caw(x)t/n.

Proof. and are consequences of |20, Lemma 2.25]. is a consequence of |20, Propo-
sition 2.24] and the fact that F}(x) is nonincreasing in time. O

Finally, we recall a contraction inequality for the discrete gradient flow of an w-convex
energy, which we use to conclude stability of the discrete gradient flow sequences.
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Proposition 2.8 (contraction inequality). Let E : Po(R?) — RU{+o00} be proper, lower semi-
continuous, bounded below, and w-convex along generalized geodesics, for w(x) as in equation

and Ay, < 0. Fiz p,u € D(E) and, for 7 > 0, choose pr and p, satisfying

1 1

pr € argmin {Wg(p, v) + E(V)} and pr € argmin {WZQ(M, v)+ E(y)} .
vePy(Rd) (2T vePy(RA) L 4T

Then there exist positive constants C' and T, depending on Wa(p, ), A, E(p), and E(v) so

that for all 0 < T < Ty,

FE W3 (pr, pir)) < W3 (py 1) + [Nl 7w(CWalpa, 7)) + 27(E(p) — E(pr)) + O,
Proof. This is a particular case of [20, Theorem 3.2]. O

Remark 2.9 (Wasserstein gradient flow of measures with mass not equal to 1). We conclude
by observing that the gradient flow theory can be easily extended to nonnegative measures
whose integral is not equal to 1. For a fixed A > 0, let Py 4(R?) denote the set of non-negative
measures that integrate to A and have finite second moment. For y,v € Py 4(R?) (with the
same A), we can then define Wy(p,v) in the same way as in (2.1), and given initial data
po € P2.a(RY) with [|po]lec < 1, the same arguments lead to the well-posedness of a gradient
flow poo 1 (0,400) = P2 a (RY) of E... However, for the sake of simplicity, we will assume that
po is a probability measure for the remainder of this section.

2.2. Definitions of energies and discrete time sequences. We now turn to the definitions
of the energies and discrete time sequences that we will use to show that solutions of the
nonlinear diffusions equations converge as m — —+oo to the the gradient flow
of the height constrained interaction energy E.,. We begin by defining the local potential
D, /m(x, t), which induces the drift in As described in the introduction, previous
work by Alexander, Kim, and Yao suggests that the gradient flow of F., should be obtained
as the limit of the gradient flows of the Keller-Segel energy Erg, defined in equation .
However, we lack sufficient convexity of Exg to prove this rigorously. Instead, we replace
the nonlocal potential Np in Fxg with a local potential <I>1/m(a:, t) that depends on time, the
initial data pg(x) of the gradient flow of E+, and the diffusion parameter m > 1.

Definition 2.10 (local potential ® ., (x,t)). Given initial data po, let po(7,t) be the gradient

flow of the height constrained interaction energy Eo. Fir a mollifier 1 € C°(RY) satisfying
Y >0 and [ =1, and let ¢y ) () = mp(mz). Then, for any m > 1, define

(27) (I)(J?,t) = N,Ooo(l‘»t) and <Dl/m(xa t) = ¢1/m * Npoo(ff>t)-

This definition is guided by the following intuition: given initial data pg, one heuristically
expects that the gradient flow of Exg should converge to po. Consequently, if we replace Np
in the definition of Exg by Npo, we expect that the gradient flow of this new energy will still
converge to poo as m — +o0o. We include the extra mollification on the potential to leverage
the existing theory on the porous medium equation with drift, which requires the potential to
be twice continuously differentiable in space. By Proposition V®(x,t) is log-Lipschitz in
space, hence V@, = 91, * V& converges to V® uniformly on R? x [0, 4+00). Furthermore,
by Proposition [2.3
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With this precise definition of the drift arising in [(PME-D),,| in hand, we now turn to
the definitions of the the three energy functionals that we use in our analysis of the limit of

(PME-D),,| as m — +o0.

Definition 2.11 (energy functionals). Fiz ¢ € C°(R?) as in Definition and ;1 € Po(RY)
with ||p||ec < 1. For any p € Po(RY), define

Eoolp) i= {UNP(ff)dp(l‘) if lpllos <1,

400 otherwise;

E S =
(i 11) 400 otherwise;

N {f Nu(z)dp(z) if |plles < 1,

g [ p(@)dx + [y Np(@)dp(a) if p < L,
+00 otherwise.

En(p;p) := {

As shown in previous work by the first author, the gradient flows of the above energies are
well-posed |20, Theorem 4.3, Proposition 4.4]. In particular, while these energies fall outside
the scope of the theory of gradients flows of semiconvex energies, all three energies are instead

w-convex along generalized geodesics for A\, = —Cy, as in Proposition and w(z) a log-
Lipschitz modulus of convexity, as in equation (2.4)). The third energy is also A-convex along

m—-+00

generalized geodesics for A = A\(m) —o0 |2, Proposition 9.3.2, Proposition 9.3.9].
Corresponding to these energies, we consider the following discrete time sequences.

Definition 2.12 (discrete time sequences). For a fized time step T > 0 and p € D(E), define
(i) discrete gradient flow of Fu:

1
Py € argfgég) {%Wf (o) + Eoo(V)} and p) = p.
veP2

(ii) time varying discrete gradient flow of E: for p as in

- . 1 e ~ N
pr € avguin { 5 WGE )+ Bl ) b and 3=
vePy(rd) L 27

(iii) time varying discrete gradient flow of E,,: for p as in and m > 1,
1

5 W (P7m V) + Em(v; p?)} and pl,, = p.

Py € argmin {
vePa(RY)

The existence of the above sequences is guaranteed by [20, Theorem 4.3, Proposition 4.4].

However, they are not necessarily unique, and we use the notation pZ, p7, and p?,, to denote

any such sequence. Still, using Proposition [2.8] which provides a contraction inequality for

w-convex functions, we can at least bound the Wasserstein distance between any two such
sequences—for example, see Proposition in the appendix for such an estimate for Fo.

If one takes 7 = t/n for t > 0, then as n — +oo the discrete gradient flow of E, converges to

the continuous gradient flow of Fo, with initial data ps(0) = p [20, Theorem 4.3, Proposition

4.4]. Likewise, p?/n’m converges to a solution of the nonlinear diffusion equations |(PME-D),,

which we denote by p,,(z,t), with the same initial data (see Proposition 5.6 . We refer to pI' ,,
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as the “time varying” discrete gradient flow of E,, since we change the second argument of
E,.(+;-) at each step of the sequence to accommodate the time dependent drift in

The main goal of this section is to show that limy, 100 Wa(poo(t), pm(t)) = 0, which we
accomplish by showing that the distance between the sequences p7 and p7,,, becomes arbitrarily
small as m — +00. We use the sequence p?, defined in above, to serve as a bridge between
the two. In what follows, we will often use the crude estimate w(z) < /z, for z > 0 sufficiently
small. Consequently, the rate of convergence we obtain for p,,(t) — poo(t) is certainly not
sharp, but the inequalities are much simpler.

We close this introductory section with a few elementary estimates on the above discrete
time sequences. In these estimates, as well as in what follows, it will be useful to consider one
step of the above sequences:

Definition 2.13 (one step minimizers). For a fized time step 7 > 0, we define
(i) one step of discrete gradient flow of E.: given p € Po(R?),

1
pr € anguin { 5 W3p.0) + Bu()}
vePy(Rd) LT

(ii) one step of discrete gradient flow of Eoo(-;): given p € Po(R?) and p € Po(RY) with
lullos < 1,

- . 1 ~
pr € argmin {Wf(ﬂa v) + Eoo(V;u)} :
vePo(Re) L 2T

(iii) one step of discrete gradient flow of E,,(;pu): given p € Pa(RY), p € Po(R?) with
llelloo < 1, and m > 1,

1
prm € argmin {Wgz(/n V) + En(v; M)}‘
vePy(RY) L 27

As before, (20, Theorem 4.3, Proposition 4.4] ensures these minimization problems admit at
least one solution. Again, these minimizers are not necessarily unique, and we use the notation
Prs Pr, and pr o, to denote any such minimizer.

First, we estimate how the Wasserstein distance, energies, and L™ norms behave under one
step of the discrete gradient flow.

Lemma 2.14. Fiz p, i € Po(R?) with ||p]|eo < 1. Then for C4 > 0 as in Proposition and
any T >0 and m > 2,

(i) If |plloo <1, then Wa(pr, p) < 2Ca7 and Ex(p) < Eoolpr) + 2C3T;
(i) If ||plloc < 1, then Wa(pr, p) < 2Car and Ex(p; 1) < Eoo(pr; 1) + 2C5;
(i4i) For all p € P2(RY),

Wa(prm, p) < \/,ffl(llpllﬁ% = llormllm) +2Car,  Z5llormlln < wsllelln + 5CF,
and En(p; 1) < Em(prami 1) + (ol = lormlli) + Cay /5255 ol + 2C
Proof. We begin with Taking v = p in the definition of p, and rearranging,

WE (5, p) < 27 (Bsclpi ) = Bolri i)
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Thus, applying Lemma with f = Ny, and Proposition [2.3

0 < Esolp; 1) — Eoo(prs 1) = /Nudp — /Nﬂdﬁf < CaWa(pr, p)-

Combining the above two inequalities gives the results.
Next, we show Again, taking v = p in the definition of p,,

W3 (pr, p) < 27(Eoo(p) = Eco(pr))-
Thus, applying Lemma with f = Np and f = Np,, along with Proposition

1
0 < Es(p) = Eolpr) = 5 (/ Npdp — /dipT + /Nppo - /prdp7> < CaWa(pr,p).

Combining the above two inequalities again give the results.
It remains to show For simplicity of notation, let ®,/,, = 11, * Nu. Taking v = p in
the definition of p; m,
1
(2.9) 5= W3 (9, prm) + Em(prmi 1) < Em(p; ).
By definition of E,,, Lemma with f = ®,,,, and Proposition this implies

o7 mllm/ (m = 1) < lpllz/(m = 1) + </ 1 /mp — /<I>1/mp7,m> — W3 (p, prm)/(27)

< |lplim/(m = 1) + CaWa(p, pr.m) — W5 (p, pram)/(27)
= |lpllm/(m — 1) — (Wa(p, prim) — 7Ca)* /(27) + 7C3 /2
Dropping the negative term shows the second inequality. Rearranging gives
(Walp, prm) — 7Ca)* /(27) < llpllim/(m = 1) = [l prmllm/(m — 1) + 7C} /2,

which, by the subadditivity of /-, gives the first inequality.
To show the third inequality, we combine ({2.9)) with Lemma and use the previous estimate
on the Wasserstein distance,

1 m m
0 < Bnlpin) = Enprami ) < - (ol = lpranllid) + [ Nid(p = prin)

2T
< (1ol = Noraml) + Cay/ = llpllz: +2C3.

Iterating the above lemma provides bounds on the Wasserstein distance between the discrete
time sequences of F, F~, and E,, and their initial data.

Corollary 2.15. Under the assumptions in Lemma given initial data p € D(Ey),

0

Wa(pl,p) < 2Cant, Wa(pl p) < 2Cant, and Walplh . p) < \/Antllpllz +8CIn272.

Proof. The first two inequalities are a direct consequence of Lemma [2.14]and triangle inequality,
so it remains to show the third inequality. By Lemma and (a +b)? < 2a® + 202,

S A7 - .
W3 (Pl s Pim) < (il = 1k ll) + 8CET>.

m—1
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The result then follows by the triangle inequality, Cauchy’s inequality, and 1/(m — 1) < 1,

2 n
i) (ZW2 f’m’P’T%) <0 S WE (0l e plh) < el ol + 5CEr

0

In the next three lemmas, we estimate the size of p;,,. These estimates are similar in
some respects to the corresponding results in previous work by Alexander with the second and
third authors [1]. However, the proofs must be adapted since the semiconvexity of the drift
potential ¢, * Ny in the energy E,,(+; ) deteriorates as m — +o00, and we must instead use
that E,,(-; 1) is w-convex uniformly in m.

Though we do not, in general, have ||p},,|lcc < 1, in the next lemma, we show that the mass
of prm above 1 becomes arbitrarily small as m — +oo0.

Lemma 2.16. Fiz p, i € P2(R%) with both ||p|o, |1t]lcc < 1 and consider pr.m, as in Definition
[2.13 Then for Cq > 0 as in Proposition[2.5 and 0 <7 <1, m > 2,

ﬁpﬂm(‘r) - 1)+d$ < (2 + Cg)/m

Proof. By the Cauchy-Schwarz inequality and the fact that [{prm > 1} < [ prm =1,

2100 [(rm =10+ = 1o 2 1 [(prm = 12) e (fen—02) "

Furthermore, for m > 2, the convexity of f(s) = s™ ensures s™ > 1+m(s— 1)+W(s— 1)2
for all s > 1, which yields (s — 1)3r < 2 75" for all s > 0. Consequently, (2.10)) becomes

m(m—1)

/Rd(pf,m -1 < (m(nf_l)/dpﬁfm) 1/2~

Since ||pllc < 1, m > 2, and 7 < 1, Lemma ?q ensures ——|[prm | < 1 +C’2/2
Substituting this into the above 1nequahty gives the re

Finally, we use the previous lemma to show that p.,, is always close to a measure v that
satisfies ||V|lcc < 1 and is almost a one step minimizer.

Lemma 2.17. Under the assumptions of Lemma there exists v € Pa(RY) with ||v]|e < 1
and C' > 0 depending only on the dimension, so that

(2.11) Wa(pram,v) <Cm™ Y4 and  En(v; ) < Em(pram; p) + Cm~Y2,
Proof. Define a := [(prm —1)4. Since pr, is a probably measure, a < 1, and by Lemma
we also have a < /(2 + C3)/m.

To construct v, we decompose pr, as prm = p%m + p%jm, where p%m = min{prm,1 —a}
and p%m = (prm — (1 — a))+. First, note that

12 [on = (1= 0l{ow > 1=} + [(on =D = (1= D)l{on > 1-a} 40,
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so subtracting a from both sides and dividing by 1 — a ensures |{p;,,n > 1 —a}| < 1. Thus,

(2.12) [ = [ =1s +al{prm > 1= 0}l Sa+ a1 =20

Now, choose Ry so g := %XBRd(O) € Po(R?) and define v = Prm + %P3, € Po(R?). By
Young’s inequality, the definition of p;m, and inequality 1’

1
IVl < llprmlloe + Igllocllormlli < (1 —a) + 3 2a<l

It remains to show that v satisfies (2.11). To show the first inequality, we construct a
transport plan between p; ,,, and v as follows: keep all the mass of p;m at its original location

and distribute the mass of p2 () uniformly over the disk Bg, (). Since [ p2,, < 2a, the total
cost of this plan is bounded by 2aR2, which gives Wa(prm,v) < vV2aRg < Ra(4(2+C2)/m)/4.
To show the second inequality in (2.11)), we abbreviate ®; /,,, = 1 /m * Np. Then,

1 1
Em(V;,u) _Em(pﬂm;M) = _1/7/m_Tn_l/pfrrfm_{—/q)l/mdy_/q)l/mdpﬂm

m

< HVH%/(m - 1) + /(g * (I)l/m - (I)l/m)pz,m < (m - 1)71 + QCLHg * (I)l/m - (I)l/mHoo

< 2m~ ! + 2a ess sup,

[ @) - Byt~ o)y
y€BR, ()

<omt+ 20|V /|| oo Rallgllt < 2m~t + 20,R4\/ (2 + Cy)2/m,
where in the last inequality we use Proposition O

2.3. Distance between discrete time sequences of E.,, F~, and E,,. In this section,
we apply the previous results to show that as m — +o00, pn,(t) converges to poo(t), with
quantitative rates of convergence on bounded time intervals. We accomplish this by first
estimating the distance between the discrete time sequences of E, and Eoo and then Eoo and
FE,,. We begin by showing that one step of the discrete gradient flow of F is also one step of
the discrete time sequence corresponding to Fac.

Lemma 2.18 (one-step comparison between p, and p,). Given 7 > 0 and p € Po(RY), if pr
is a one step minimizer of Ex, then it is also a one step minimizer of Exo(+, pr).

Proof. Assume, for the sake of contradiction, that p, is not a one step minimizer of Eoo(-, pr).
Then there exists v € Po(R%) with ||v||s < 1, such that

1 ~ 1 ~
(2.13) 5 W3 (9 pr) + Encpri pr) > 5= W3 (p,v) + Eoo(¥; pr)-
Define p° := (1 — &)p, +ev € P2(R?), 50 ||p°]|loc < 1. We will show that for € > 0 small,
1 1
EWg(Pv pr) + Eso(pr) > ZWg(Pa p°) + Ex(p),

which contradicts the fact that p, is a one step minimizer of F.
By inequality (2.2), W3 is convex along linear interpolations of measures, hence

(2.15) W3(p,p°) < (1 = )W3(p, pr) + W5 (p,v) = Wi(p, pr) — € (W3 (p, pr) = W3 (p,v)) -

(2.14)
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Likewise, we use that 2Fu(pr) = Eoo(pr; pr) to estimate the behavior of E,, along p° by

Ewlp) = [ N(1=2)pr +20)d((1- pr +20)
— &)’ Eoo(pr) +2(1 - 5)E~00(V§ pr) +€°Eoo(v)

=(1
= Eoo(pT) - E(Eoo(p’r; PT) - Ew(V; Pr)) + D527

where D := Eoo(pr) + Eoo(¥) — Eso(v, pr) is a constant independent of e. Multiplying (2.15))
by 1/(27) and adding to (2.16) yields

1 2 £
—W Es(p°
o 5(p,p°) + Ex(p°)

(2.16)

1 1 )
< - W3(p,pr) + Eoolpr) = € <2T(W22(p, pr) = W3(p,v) + Eco(pri pr) — Eoo(v; pT)) + De”.

By (2.13), the quantity within parentheses is strictly positive, hence we obtain (2.14]) for
small. 0

Using this lemma and Proposition [2.8] which proves a contraction inequality for one step
of the discrete gradient flows of w-convex energies, we can bound the distance between the
discrete gradient flow of FE,, and the discrete time sequence corresponding to Fn..

Proposition 2.19 (multi-step comparison between p? and p). Given T > 0 and initial data
p € D(E), there exist positive constants C' and N depending on the dimension, T, and Eoo(p)
so that for r=t/n, 0 <t <T, and n > N,

Wa(plt, ji) < C(n= 1212

Proof. By Lemma [2.18] p7 is also a time varying discrete gradient flow of E, in the sense of
Definition (i1)l Hence, by Proposition for any T > 0 there exist positive constants
C and N (which we allow to change from line to line), depending on the dimension, 7', and
E(p) so that for 7 =t/n,0 <t <T,and n > N,

FEM (W3 (o2, p2)) < Cw(t/n) < Cnt/?

Furthermore, combining Corollary and the triangle inequality provides the following crude
bound for the distance between the two sequences:

Wa(pZ, p7) < Walp, p) + Wa(pF, p) < 4C T < C.
Therefore, by Proposition and the fact that Fj(x) is decreasing in time,
Fonr (W3 (py, 7)) < O™ 'V2 4+ 2Caw(C)T/n = For(W3 (o}, 57)) < Cn™ '/
Since for 0 < x < 6_1_‘/5, Fy(x) = xecdt, for n sufficiently large, we have
Wa(pl, ) < C(n~ 121200
which gives the result. O

Next, we bound the distance between one step of the discrete time sequences corresponding
to F and E,,.
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Proposition 2.20 (one-step comparison between 5, and p, ). Given p,u € P2(R%) with
[plloos Itlloo < 1 and Cyq > 0 as in Proposition [2.3, there exists C > 0 depending only on the
dimension so that for all0 <7 < 1/6Cy and m > 2,

Wo (pT,mu ﬁT) < Cm_l/8 + 26_1/(4CdT)-
Proof. Let v be as in Lemma and define

1 1
n = <2t; + 2t,’f) 7P

to be the midpoint on the generalized geodesic from v to p, with base p. Since the L* norm of

a generalized geodesic is bounded by the L norm of its endpoints (c.f. [20, inequality (60)]),
we have |||l < 1. Furthermore, by the optimality of p; ., and p;,

1 1
?Wg (p,m) + Em(n; 1) > ng (ps prom) + B (promi 1),

1 - 1 - ~

3= W2 () + Boo(n; 1) Z 5= W3 (p, ) + Eoo (s 1)-
Adding these inequalities together and collecting the distance and energy terms gives
(2.17) Tw +Tg >0,

for

Ty = 2 W3(p.1) = o= WE(p, pran) — 5= WE(p.5r)

w = —W5(p,n) = = Wa p, prm) = 5= W2 (p, pr);
Tg = Epn(n; 1) + Eco (05 1) = Em(pr.m; 1) — Eoo(prs 1)

Next, we find upper bounds on Ty and Tg. Define A := ||t} — tngHLz(p). Since W2(p, -) is
2-convex along generalized geodesics with base p [2, Lemma 9.2.1],

W3 (p,n) < W3(p,v)/2+ W5 (p, pr)/2 — A* /4.
Substituting this in the definition of Tyy,

1 A% 1 A?
TW < 9 (W22(p7 V) - W22(107p7',m)) - 4 < 9 WQ(pT,may)(W2(p7 1/) + W2(p7 PT,m)) - 4
T T T T
1 A2 C A?
< — D <« IppiA
> 2TW2(pT,m7V)(W2(pT,maV) + 2Wa(p, PT,m) e 27_7” e

where in the last inequality we apply Wa(prm,v) < Cm~Y4 from Lemma Walprm,p) <
V27 4+ 2C,7 from Lemma and the facts that m > 2 and 7 < 1. We also allow C > 0,
depending only on the dimension, to change from line to line.

In order to bound T from above, we first estimate the difference between FE,,(ii, u) and
Eoo(fi, p) for any i € Po(R?) with [|fi]leo < 1. As usual, we abbreviate ® := Ny and Dy =
Y1 /m * Np. Given Ry > 0 so that supp ¢ C Bg,(0), for any x € R?, Proposition ensures

@1/ (2) — @(z)| =

Consequently,

[0 = 1) = 8@y < RoTR ™ < Can™

B (s 1) — Ew(ﬂ?ﬂ)‘ < m_1

/ an / (@10 — @[ dft < (m—1)" 4By~ P loc < (2+Ca)m .
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Therefore, first applying Lemma to the definition of T and then using the above inequal-
ity,
(2.18) T < En(0; 1) + Boo(n; 1) = Em (v, 1) — Boo(prs ) + Cm~ /2

< 2B (0 1) — Boo (v, 1) — Eso(pr ) + Cm ™2,

Since Eoo(-, 1) is w-convex along generalized geodesics and 7 is the midpoint along the gener-
alized geodesic from v and p, with base p,

2B (1 1) = Eoo (v 1) = Eoo(Brs 1) < %w (T) .

Substituting this into inequality gives
Tp < Cm™ 2 + Cqw (A2/4) .
Finally, combining our upper bounds on Ty and T with inequality , we obtain
(2.19) A2 <om™ YA 4 aCTw (A%)4) .
We now claim that
(2.20) A < V20m™Y8 4 9e~1/1CaT)
If A2/4 > ¢™17V2 then combining inequality and 7 < 1/(6Cy) implies
A2 <Om ™M 4 4rCw (A?/4) < Cm7 V4 4371047 = A <V20m™ V5,

hence holds. Alternatively, if A2/4 < ¢=1-V2,
(2.21) A? < Om M 4 47Cw (A?/4) = Cm ™Vt — Oy A% log (A%/4) .

If is violated, we have 4 > v2Cm Y8 and A > 2e=1/(4Ca7) g0 Cm~1/4 < A%/2 and
—CyTA%log(A?/4) < A;. Adding these together would contradict , S0 again holds.
Since A = ||tZ—t'ZTHL2(p) = ||ty ot) —id| 125,y and tjots #pr = v, we have Wa (v, pr) < A.
Therefore, using and Lemma we may conclude the result,
W2(P7,m7 ﬁ,r) < W2(P7,m7 V) + WQ(Va )57) < Cm_1/4 +A
< Cm™ Y4 4 V20m ™Y 4 2671/ CaT) < O 71/8 4 9e=1/(ACaT),
O

Proposition 2.21 (multi-step comparison between g7 and p7,,). Given T' > 0 and initial
data p € D(E), there exist positive constants C', N, and M depending on the dimension, T,
Eo(p), and 1 so that fort =t/n, 0 <t <T,n >N, m > M, and n = o(m'/®),

Wa (Pl s 1) < C(n= 4 4 =1/8) /25500

Proof. Define d; := Wa(pt ., pt) for any i = 1,...,n. Using Corollary and ||p|lm <1, we
have the crude bound

(2.22) di < Wa(ply 1 p) + Walpl, p) < VAT +8C4T? + 2C4T.
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n
Prm
_we

FIGURE 1. An illustration of the tree structure used in the multi-step compar-
ison between p7 and p?,,

The one step estimates from Proposition [2.20] allow us to control the distance between
one-step minimizers of F,, and E., when they have the same initial data. In particular, for

(2.23) 5= Cm~V/8 4 9= 1/(CuT)

we have d; < 4. In order to apply Proposition to control d; for i = 2,...,n, we use a
sequence of densities 7' to serve as a bridge between pf ,,, and p7, following the tree structure

in Figure [1} Specifically, we choose n° € Po(R?) so that, by Proposition m

(2.24) n' € argmin { W2 v) + En(v; p:_)} — Wh(pl,n') <.
vePy(R9)

Since 7' and pt ,, are one-step minimizers of the same energy Ep, (-, pi.) with different initial
data (pi~! and p’;n% respectively), we may control their distance using Proposition

First, we obtain a few elementary bounds on how the energy changes along the discrete time
sequence. Combining Lemma Proposition Lemma and the definition of pZT’_Wl1 as

a minimizer,

Em(p}r,_nlw p77" ) (pT m p‘r) - K (p7m7 pT )
B0 05) /wl/m * Npiad(ph — pi") < Em(py i 057 1) + CaWal(ph, o)
E

m(Prms ) + 2037 < -+ < En(ps p7) + 2057

En(pymi P5)

IN
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Likewise, we may control the first term on the right hand side of the last inequality by

En(pi}) = lolln/(m = 1)+ [ 10+ Npkdo <14+ 28(p) + [ Nod(wsjm 5t~ )
<1+ 2E1OO( ) + CdW2(¢l/m * pT’ ) <1+ 2EOO( ) + Cd(WQ(d}l/m * pT,p}r) + WQ(p}-a P))
< 1+42Ex(p) + Ca((1/m) My +2CyT)

where, in the last step, we apply |2, Lemma 7.1.10], which ensures

1 V2
2.25 W <= Zp(x)d = — My,
(2.25) o= e < o ([ lefutonae) = Lo,
Combining the above two inequalities, we conclude that there exists constant C' > 0 (which
we allow to change from line to line) depending on the dimension, T, Ex(p), and 9 so that
Em(p’;nll,p;) <Cforalli=1,...,n

Furthermore, by Proposition we also have that E,,(+;) is uniformly bounded below.

Using these estimates on the energy, we may now apply Proposition 2.8 to conclude that
there exist positive constants C' and N depending on the dimension, T, Ex(p), and v, which
we allow to change from line to line, so that for 7 =¢/n, 0 <t < T, and n > N,

AW, pi,m» < iy + Carw(CWa(n's pr 1)) + 27 (B ns 1) = Em(prmi £7)) + C°.
By Lemma we have the following bounds for two quantities on the right hand side:

S 21 e
Wan', 571) < | —— 167 [l + 2Car < CV/T,

En(prm: £7) = En(0rmi 05) < (lo7mllim = 195 mllin) + CV/T.

Therefore,
(2.26) FRWE (0 ) < diy 427 (o5l = 105 mllim) + O
We now use this estimate to bound d; = Wg(plﬂm, pL). By the triangle inequality and ([2.24]),
i) 2 i i
(2:27) di < (Wa(i', o) + Walphyn'))” < W31, ) + (2Wa (0, 95 ) +6) 6

Furthermore, by Lemma - (ii1), inequality , and equation ([2.23|)
Wa(n', pl ) < Wa(n', o) +dic1 + 6 < C,
Thus, by Proposition we may apply fT(Q) to both sides of the to obtain
O(d?) < fPWEn', p,)) + Co + Cr2.
Combining this with gives, forallt=1,...,n

(2.28) PO < iy 27 (5l — ok mllim) + O/ + Co.
We claim that the result will follow if we can show that, for all j =1,...,n,
(2:29) FENAR) < di i+ 27 (1ol e = Nl i) + 20745 4 €6

In particular, if this holds, then taking j = n and using that e~1/4Ca™ = O(7%/4) gives
FPM(d2) < 27||p|lm + 20T 7Y + Con < C(n~Y*  nn /%),
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By Proposition and the fact that F;(x) is decreasing in t,
Fone(d2) < C(n~ Y4 4 nm ™8 + 2C,w(C)T/n = Fop(d?) < C(n~Y* + nm~1/%).

For 0 <z < 6_1_\/5, we have Fy(z) = z¢", Thus, for n and m sufficiently large, depending
on the dimension, 7', Fx(p), and ¢, and with n = o(ml/s), we have

d, < C’(n_l/4 + nm—l/8)1/2520dT’

which gives the result.
It remains to show (2.29). We proceed by induction. The base case for j = 1 follows from
(2.28]), so we assume the result holds for j — 1,

FROIE) < &2y + 2l U = Noll) + 20754 — 1) + C5(j = 1).

For any j = 1,...,n, the right hand side is bounded by a constant depending on the dimension,
T, Ex(p), and 1. Thus, by Proposition we may apply f7(2) to both sides to conclude

FE(dR) < PO jir) + 20|05 e = 5 mlli) + 207574 = 1) + C8(j — 1) + C*7
<dp_;+ 27|05 I = o7 mllim) + 2075 + C5j
where, in the second inequality, we apply and the fact that 272 < C71/T. U
Combining the previous propositions, we obtain our main result.

Theorem 2.22 (convergence of p,,(t) to pso(t)). Given T > 0 and initial data p € D(E),
there exist positive constants C and M depending on d, T, Ex(p), and ¢ so that for all
0<t<T andm>M,

Wa(pm(t), poo(t)) < Cm~t/144e" ™

Proof. Combining Proposition m Proposition [20, Theorem 3.8], and Proposition
there exist positive constants C' and N depending on d,T, Ex(p), and ¢ so that for 7 = t/n
andalln >N, m>d+1,0<t<T, andnzo(ml/g),

Wa(pl, pp) < Cn~ 1A, Wl s 1) < C(n~ 4 4~ 1/8) /26247
— 20,4T _ ACT
Wa(p}, poo(t)) < Cn /105700, Wa (Pl s () < O~ 1168547,
Hence,
Wa(pm(8), poc(£)) < C(n~ /10T 1/ 20T =1 /16560,
Taking n = ml/9 gives the result. 0

3. CONVERGENCE OF VISCOSITY SOLUTIONS: DRIFT DIFFUSION PRESSURE TO FREE
BOUNDARY PROBLEM

In the previous section, we showed that the gradient flow of the height constrained interaction
energy F., which is merely a curve in the space of measures, may be approximated by solutions
of the nonlinear diffusion equations as m — —+oo. This approximation provides
the bridge by which we are able to unite the energy methods approach with viscosity solution
approach. In the present section, we use this approximation to characterize the dynamics of
patch solutions in terms of a Hele-Shaw type free boundary problem. We accomplish this by
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considering the nonlinear diffusion equations in terms of their pressure variables: given p,, a
weak solution of (PME-D),y}, the pressure variable py, := " (pm)™ ! uniquely solves

(P)} (Pm)t — (m — 1)pm (Apm + Aq)l/m) = Vpm - (Vpm + v(I)l/m) =0.

For initial data given by , we show that as m — 400 the half-relaxed limits of viscosity
solutions of satisfy sub- and supersolution properties of The comparison principle
of [P)oo| then yields that these half-relaxed limits are ordered with respect to the viscosity
solution p of |(P)oo| with the same initial data. In terms of the density variable, we show that
pm uniformly converges to xq) away from 9€(t), where Q(t) = {p(-,t) > 0}. It follows that
Poo = Xq(t) almost everywhere, and thus identifies with @ Due to the fact that the
link between (P)s and (P) lacks a priori stability estimates as the initial data varies, we must
introduce additional perturbations and approximations into our proof of this final result.

Remark 3.1. The lack of the comparison principle for the original problem @ is not the main
reason we consider We could have considered the drift term given by @ := N x p,,,
and thus proved the convergence of the Keller-Segel equation to our problem, if we had known
that the corresponding solutions p,, converged to p as m — +o00. Obtaining such convergence
seems to require a uniform L° bound on the gradient flow solutions of which is
an open question at the moment.

3.1. Basic properties of viscosity solutions of |(P)},| and |(P).. We refer the reader to
Alexander, Kim, and Yao [1, Section 3] and Kim and Lei [33] Section 2.1] for the definitions
of classical and viscosity solutions of [(P)},,} and we refer the reader to appendix section for
the definition of viscosity solutions To clarify our notion of weak solutions for the
original free boundary problem (P), we make the following definition:

Definition 3.2. p is a weak solution of (P) if it is a viscosity solution of (P)so with initial
data po and pec = X{p>0) almost everywhere.

We now recall the several results on well-posedness of viscosity solutions of |(P)},| and the
L' contraction of the corresponding density variable.

Lemma 3.3. Consider the porous medium equation with drift and source terms,
(3.1) pr =V (pVP1/m) + Ap™ + pf,

with f € L' and bounded initial data.
(a) If p1 and pa are weak solutions of (3.1|) with source terms f1 and fa, then for allt > 0,

t
lo18) = paCo s < 10 = o Olsga + [ [ o1 = ol

(b) Let p be a weak solution of (3.1) for any continuous, compactly supported initial data

po and continuous function f. Then the pressure variable p,, = mT_lpm_l 18 a viscosity

solution to
(Pm)t — (m — 1)pp(Apm + A(I>1/m +f) = Vpm (Vpm + vq)l/m) = 0.
Proof. (a) is due to [53}, Section 3.2.2], and (b) follows from |33 Corollary 2.11]. O

We now turn to the following estimates on the size and support of solutions to |(P)},} which
are uniform in m. The first ensures that if the initial data is bounded uniformly in m, it
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remains so on bounded time intervals. The second ensures that if the support of the initial
data is bounded uniformly in m, it likewise remains so on bounded time intervals.

Lemma 3.4 (Estimates on size and support of solutions to |(P)l,)). Let p,, be a wviscosity
solution of |(P )| with continuous, compactly supported initial data py(-,0). Suppose that there
exists Ry > 1 sufficiently large so that {py(-,0) > 0} C Bg,/2(0) and pm(-,0) < R§/4d. Define
R(t) :== (Ro + %)et/d - %, with Cq > 0 as in (2.8). Then,

() {pm(-8) > 0} € By (0) for all t € 0,7,

(b) pm(z,t) < R(t)?/2d for all t > 0.

Proof. We prove the result by comparison with a classical supersolution of |(P)},} Define

2
h(z) = {1256' for |z| < 1,
0 for |z| > 1,
so that h(z) satisfies —Ah = 11n |z| < 1 and h =0 in |x| > 1. Let ¢(z,t) := R(t)?h(z/R(t)),
where R(t) solves R'(t) = @ + Cq with r(0) = Ry, and Cjy is the upper bound of [|[V®, /,,[|oc
given by . We claim that such ¢ is a classical supersolution of |(P)},| for all m. To check
this, direct computation gives that in the support of ¢,

LR (x| (_eR0)\ _ ROR()
and ||[Vo(,t)]loc = R()||Vh|eo = @. In addition, since A¢ = —1 in its support and
Ady,,, <1 for all m, we have
R R
B3 (n- 1686+ A0y) Vo (Vo Vo) < 0 (B0 ).
—_——

<0

Comparing (3.2) with (3.3) gives that ¢ is a classical supersolution if R'(t) = % + Cy.
With R(0) = Ry, we have p,,(-,0) < ¢(-,0) for all m, so comparison principle yields that

{pm(-,t) > 0} € Bp)(0) for all ¢, and py,(x,t) < R(t)?/2d for all x,t. O
Remark 3.5. Lemma and the fact that p,, = (%pm)l/(m_l) directly lead to the bound
(3.4) limsup ||pm (-, t)]|eo <1 for all £ > 0,

m—0o0

which we will make use of in what follows.

A key property of viscosity solutions of |(P)},| is that they satisfy a comparison principle,
which we now recall. We say two functions f,g : R? — [0,00) are strictly separated, denoted
by f<g,if f <gin {f >0}, and {f > 0} is a compact subset of {g > 0}.

Theorem 3.6 (comparison theorem for |(P)},)). Suppose u and v are viscosity sub- and super-
solutions of |(P)y) If the initial data are strictly ordered, i.e.

u(-,0) <wv(-,0) in {u(-,0) > 0} and {u(-,0) > 0} is a compact subset of {v(-,0) > 0},
then u(-,t) < v(-,t) for all t > 0.
Proof. The result follows from [33, Theorem 2.25]. O



26 KATY CRAIG, INWON KIM, AND YAO YAO

We also have the following comparison theorem for solutions to |[(P).} which we prove at
the end of this section.

Theorem 3.7 (comparison theorem for (P).)). Suppose (u,X) and v are respectively viscosity
sub- and supersolutions of . If the initial data are strictly ordered, i.e.

(3.5)  wu(-,0) <wv(-,0) in XN{t =0} and XN {t =0} is a compact subset of {v(-,0) > 0},
then u(-,t) < v(-,t) and SN {t} C {v(-,t) > 0} for all t > 0.

While the above theorem almost provides uniqueness of the requirement that the
initial data be strictly ordered prevents us from concluding this result. However, combining
the comparison principle with Perron’s method yields the following:

Theorem 3.8. For any bounded open set Qo C R with Lipschitz boundary, there exists
minimal and mazximal viscosity solutions of |(P )

Proof. The result follows from [32]. O

We will use this comparison theorem, as well as the L! contraction theorem for p,,, to obtain
our first main result: we identify p., with the characteristic function on the support of the

minimal viscosity solution of [(P)} when the initial data pg is given by (1.9)).

3.1.1. Comparison theorem for[(P)s) To conclude this section on basic properties of viscosity
solutions of [(P)],] and [(P) s we sketch the proof of the comparison principle for[[P)oc} Theorem
Our approach is to consider the first contact time for regularizations of the sub- and
supersolutions, obtained by considering their sup and inf convolutions over space-time smooth
sets. Such regularizations are often used to prove comparison principles for free boundary
problems (c.f. [1,|13,|14,132]), as they ensure that, when the free boundaries intersect for the
first time, the free boundaries have both the interior and exterior ball property at the contact
point. This provides sufficient regularity to consider a first-order asymptotic expansion of
the free boundary graph at the contact point. In many ways, our proof parallels previous
work by Alexander, Kim, and Yao [l, Theorem 2.7|, the main differences being that our
drift term V@, has less regularity uniformly in m. This makes more susceptible to
perturbations, so we must carefully choose our regularization procedure so that the regularized
solutions remain sub- and supersolutions of the original problem.

We now describe the details of these regularizations of the sub- and supersolutions. Fix

ro € [0,e("17V2/2) Let () be the unique solution to
/
=-2
56) { (t) = —2Cao(r(t),
T(O) =To,

with Cy and o(x) as defined in Proposition Given (u, ) and v as in Theorem define
the spatial sup and inf convolutions

(3.7) u'(x,t) = sup wu(y,t), v (x,t):= inf o(y,t), X7 := U= O(t) x {t},
Br(t)(x) Br(t)(x)

where Q") (t) := {x : d(z,Q(t)) < r(t)}. Next we define the spacetime sup and inf convolutions
(3.8)
" (z,t):= sup u"(y,s), 0" (x,t):= inf 0" (y,s), X" :={(x,t):d((z,t),X") <r*}.
Br* (I,t) B’r'* (Z’,t)
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for fixed 7, > 0.

Lemma 3.9. Let r* := [o(r(T))/11]2*. Then (@",%") and ©" are viscosity sub- and superso-
lutions of [(P)sd] in R™ x (ro, T — ).

Proof. We will show that (4", ¥") is a subsolution of according to Definition Parallel
arguments apply to prove that 9" is a supersolution.

We begin by showing that (u”,X") is a subsolution of |(P).l It follows quickly from the
definition that u" is upper semicontinuous and (u", ") satisfies|(a)l so we devote our attention
to @

Suppose u” — ¢ has a local maximum zero at (g, o) with respect to X" N {t < to}. In case
if either zg € Q" (to) or u” (xzo,t0) > 0, fix yo € Byty)(wo0) so that u(yo,to) = u" (o, %) and
either yog € (o) or u(yo, to) > 0. Let ¢(x,t) = p(z+20—yo,1), so u— @ has a local max zero in
YN {t <to} at (yo,t0). Since (u,X) is a subsolution, we have —Ap(xg,t0) = —A@(yo, to) < 1.

Now consider case so u"(zp,to) = 0, with (zg,t9) € 0¥ and |[V|(zg,to) # 0. Choose
Yo € OB,(1y)(x0) so that (yo,to) € 0% and u(yo, to) = 0. Since [Vip|(zo,t0) # 0 and u" — ¢ has
a local maximum at (z,t0), yo — x¢ is parallel to v := Ve /|Vp|(xg,to).

Define ¢(z,t) := @(x — r(t)v,t). Then ¢(yo,to) = @(xo,to) and u — @ has a local maximum
zero at (Yo, to) with respect to {u > 0} N{t < tp}. Consequently,

min(—A@ — 1,3, — V@[> — V@ - V)(yo, o) < 0.

By Proposition [2.6
’V(I)(yo, to) — V(I)(.CU[), to)‘ S C’da(r(to)).

Since @1(yo, to) = @i(zo,to) — r'(t0)| V| (zo, to), we have
min(—Ag — 1, — |[Vo|> = Vo - VO — /|V| — Cyo(r)|Vel|) (w0, to) < 0.
Hence, since r/(t) = —2Cy0(r(t)),
(3.9) min(—Ap — 1,¢; — |Vo|? = Vo - VO 4 Cyo (r)|V|) (z0, tg) < 0,
which, in particular, implies Therefore, (u",X") is a subsolution of |[(P)|
> ain, u” is upper

Now we use this fact to show that (4", %") is a subsolution of
semicontinuous and (", X") satisfies |(a)l so we devote our attention to @ Property
follows as above, so we only discuss the barrier property on the free boundary. Suppose

@ — ¢ has a local maximum zero in X7 N {t < to} at (zg,to) € OX" with 4" (xg,t9) = 0 and
IV|(xo,to) # 0. Choose (yo, o) € IBp=(x0,t0) so (yo,s0) € X" and u"(yo, so) = 0. Since
IVo|(zo,to) # 0 and @" — ¢ has a local maximum zero at (g, to), (yo — o, So — to) is parallel
to w := V10/|Varol(zo,to).

Define ¢(x,t) := ¢((x,t) —r*w). Then @(yo, so) = p(x0,to) and u” — @ has a local maximum
zero at (Yo, sp) with respect to {u” > 0} N {t < tp}. Consequently, by inequality above,

min(—A@ — 1,3 — |[V@|* = V@ - VO + Cyo(r)|VE]) (yo, s0) < 0.
For 0 < z < e(=17V2)/2 we have — log(z) < o~ 1/2 < 27 11/24 hence o(z) < 2'/2¢. Therefore,
by Proposition |2.6
IV (yo,s0) — VP(x0,t0)| < 11C’d(r*)1/2d = Cyo(r(T)) < Cyo(r(so)),
and thus it follows that
min(—Ayp — 1, ¢, — [Vg|* — Vi - VO)(z0, 1) <0,
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which concludes the proof. O
The rest of the proof of Theorem parallels [1, Theorem 2.7], so we omit the proof.

3.2. Convergence of [(P)],] to [[P).} In this section, we show that, as m — 400, viscosity
solutions p,, of |(P)},| approach a solution p of and use this to show that patch solutions
to the congested aggregation equation satisfy ps = Xq() almost everywhere, where (1) =
{p(‘v t) > 0}

We begin with the following lemma which states that p,, converges to p, weakly even if p,,
has initial data (%po)l/ (m=1) "instead of requiring the initial data of p,, to coincide with the
initial data of ps, as proved in Theorem

Lemma 3.10. Let Qy C R? be a bounded domain with Lipschitz boundary, and let pso(-,t) be
the gradient flow of Es with initial data py = Xxq,. Let pm be the weak solution of
m with initial data (=Z<po)'/ ™=V, where py is as in ([.9). Then for any t > 0 and any
f € C(RY), we have

(3.10) lim pm(x,t) f(x)dx = / Poo(x,t) f(x)dx  for all t > 0.

m—0o0 Rd Rd

Proof. We will first prove (3.10)) for all f € C(R%) N L>®(RY), and at the end of the proof we
will extend it to all (possibly unbounded) continuous functions.

Let pp, be the weak solution of |(PME-D),,| with initial data xq,. Theorem then yields
that limy,—eo Wa(pm (), poo(t)) = 0 for any ¢t > 0. By |2, Remark 7.1.11 and Remark 5.1.2],

convergence in Wy distance implies that

(3.11) lim pm(z,t) f(x)dx = /Rd Poo(x,t) f(x)dz  for all f € C(RY) N L®(RY).

m—r0o0 Rd
To relate p,, with p,,, note that they are both weak solutions to |[(PME-D),,| with different
initial data xq, and (-Z7po)Y/ (™~ respectively. Since (-Z:po)!/"~1 — xq, pointwise as
m — +00, we have

LI(RY)

i |2 m)

m—00 m

— XQo

by dominated convergence theorem. Also, recall that for any m > 1 and t > 0, the L!
contraction result in Lemma [3.4] gives

Po - XQ()

m 1/(m-1)
) LY(RY)

1pm (- 8) = pm (5 )| L1 ety < H (m 1

Combining the above two equations yields limp, oo [[Am (1) = pm (-, )| L1 ey = 0, hence

(3.12) lim (pm (2, 1) — pm(z,t)) f(z)dz =0 for all f € L®(R?).

m—0o0 Rd

Putting (3.11) and ([3.12) together gives us (3.10) for all f € C(R?) N L>®°(R%). To remove
the requirement f € L®(R?), recall that Lemma E gives that p,,(-,t) is supported in some

bounded set B(0, R(t)) for all m, and as a result po(-,t) is supported in it too. If f € C(R?)
is unbounded, we can simply set f = fn, where 1 is a smooth cut-off function that is 1 in
B(0, R(t)) and 0 outside of B(0, R(t) + 1). We then have (3.10)) holds for f. Since changing f
to f will not change the integrals in , we know @ holds for f too. O
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We begin our study of the limit of solutions of |(P)},| with the following result, which shows
that the half relaxed “limit infimum” of solutions of |(P)},|is a supersolution of |(P) |

Proposition 3.11. Suppose pm,(x,t) is a viscosity solution of|(P )| with initial data py,(-,0) =
po as given in (1.9). Then the half relaxed limit
(3.13) uz(x,t) = liminf p,, (2, t) = lim inf Pm (Y, S)

n—+00 m>n
|(I7t)_(yv5)‘<1/n

18 a viscosity supersolution of .

Proof. First, note that us is lower semicontinuous. Next, suppose that us — ¢ has a local
minimum zero at (o, ty) with respect to RN{t < to}. By subtracting 6 (z—x0)?+3(to—t) from
© with § > 0 sufficiently small, we may assume that us —¢ has a strict minimum at (xg, tg) with
respect to a parabolic neighborhood @ of (zo,9). Define (v, ty) := argming ppm — ¢, Gy, :=
P (T, ) — @(Tm, tm), and @r, := @+ Chy, SO Py — @i, has a local minimum zero at (2, ty,).
As in |1} Theorem 3.4] (see paragraph A.2), up to a subsequence, we have (z,, t,m) — (xo, o),
limy,— 400 P (Tm, tm) = Uminf, py, (20, to) = u2(xo,to), and (Xm, tm) € {pm > 0}. Since p,, is

a viscosity supersolution of |(P )]
(3.14) (¢t — (m = Dpm(Ap + Ay )p,) — Vo - (Vo + VO ) (T, tm) >0 for all m.

First, consider the case when us(zg,%y) > 0, and assume —Ap(xg,ty) < 1 for the sake of
contradiction. Since ¢ € C%1(Q), we have p;— V- (Vo+ V@ /)| (@ tm) 18 uniformly bounded
for all m. Hence if we can show that

(3.15) i Sup pon (T, tm) (A@(@ms tm) + APy (T, tn)) > ¢ > 0
m—00

for some positive ¢, it would imply that the left hand side of goes to —oo along a
subsequence of m — oo, contradicting 3.14:. Let us take a subsequence of m — +oo such
that (zm,tn) — (20,t0) and Py (Zm,tm) > su2(zo,to) > 0 for all terms in this subsequence.
(We still denote this subsequence by m for notational simplicity.) Since lim,—s0o A (T, tm) =
Ap(xo,to) > —1, to show (3.34), it suffices to show that Ay /,, (2, ty) = 1 for all sufficiently
large m in this subsequence. Since (%, ty,) minimizes p,, — ¢ in @, combining this with
P (Timy ) > %’U,Q(.’IJ(),to) yields that p,,(x,t) > %uz(xo,to) > 0 for all (z,t) € QN Byy(Tm, tm),
where 79 > 0 is a sufficiently small constant only depending on uz(wo,to) and ||¢|c1.1(g)- Also,
note that we have B, /2(20,t0) C Byry(¥m,tm) for sufficiently large m due to the fact that
(T, tm) — (z0,t0). In other words, for all sufficiently large m, we have

m m—1 uo(xg, tg) \ ™1 1
pm(x,t) = <m_1pm($7t)> > <2(800)> =:¢y" for all (z,t) € QN BTO/Q(xO,tg).

_1
m—1

Since lim,;, o0 Cq = 1, combining the above inequality with the weak convergence of p,,
towards pso in Lemma yields that poo(z,t) > 1 almost everywhere in Q N B, /2(7o,to)
(indeed, we must have ps, = 1 in this set since po, < 1 by definition), hence

Aq)l/m(xmatm) = ¢1/m * Poo(Tms tm) =1
for all sufficiently large m in this subsequence, which yields (3.34) and thus contradicts (3.14]).
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Now, we consider the case when (zg,%p) € 0{ug > 0}, ua(xo,to) = 0 and ¢ satisfies ((5.2]).
For a given small a > 0, let us consider a (second-order) perturbed version of ¢,

@z, t) == p(z,t) — a(z — xz0) - v — aC((x — x0)T)? + M((z — z0) - v)2.

Here v = Dy(z0,t9) # 0, (v — x0)T = (x — x0) — [(z — 20) - V]V, C = max |D?p|. We choose M
sufficiently large so that

(3.16) A@(z0,t0) > 0.

Note that in a small neighborhood of (zg, t9) that depends on @ and M, ¢ < max|p, 0]. Thus
& still touches ug from below at (xg,ty). We will show that, for any choice of a > 0,

(&0 = V@[> = V@ - V)(x0,t0) > 0,
which yields the desired conclusion for ¢.
Assume, for the sake of contradiction, that there is ¢y > 0 so
(3.17) @t — V@2 = V@ - VO(x0,t0) < —co < 0.

Let (2, tm) chosen as before but with ¢ instead of . First, suppose pp,(Tm,tm) > 0 for
sufficiently large m. Then (3.14) and (3.16])-(3.17) yields a contradiction.

Lastly suppose (Zm,tm) & {pm > 0} for m sufficiently large. Since (zy,, tm) € {pm > 0}, up
to a subsequence, we have (zp,,ty) € 0{pm > 0}. This contradicts |1, Lemma 3.3]. (Though
the proof of this lemma in [1] only considers the time independent case, it continues to hold
in our setting.)

0

Next we proceed to show that taking a “limit supremum” of p,, yields a subsolution of
Here we need to be a bit careful, due to the fact that subsolution property is based on maximum
points only in the support of the subsolution. (See Definition ) Indeed, due to the nature
of one-phase problem it is not possible to perturb a smooth test function ¢ to create a strict
maximum of u! — ¢ without restricting the domain to {u! > 0}. This can create technical
difficulties with arguments along the lines of above proof to ensure that the local maximum
points are stable under the limit m — oo, especially when the support of p,, degenerates as
m — 00. To overcome this obstacle, we work with a modified notion of viscosity subsolutions,
which are comprised of a pair (u,X). This allows the set evolution ¥ to be larger than the
support of u. (See Definition for details.)

Proposition 3.12. Suppose py,(x,t) is a viscosity solution of |(P)y| Define

o

(3.18) S(t) == N1 (Umsm{pm(- 1) > 0}), X1 := Uso(S(t) x {t})
Then if uy is the half-relaxed limit of pp,

*
ul(x7t) = hmsuppm(ajvt) = lim sup pm(ya S)a

n—+0o m>n
‘($,t)—(y,8) ‘ <1/TL

(u1,X1) is a viscosity subsolution of [(P )
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Proof. Since w1 is upper semicontinuous and S (t) is open, it remains to check properties
@ of Definition By definition, S(¢)¢ C {ui(-,t) = 0}, hence {ui(-,t) > 0} C S(¥).
By [1, Theorem B.1], for all ¢ty > 0,

(3.19) if (w0, o) € Oy then (z0,to) € (S1 N {t > to})’

Now we turn to property Let u—¢ have a local maximum zero at (xg, to) in X1N{t < to}.
First we consider part where either (xq,t) € X1 or ui(zo,to) > 0. By adding §(z — x9)? +
d(to — t) to ¢ with 6 > 0 sufficiently small, we may assume there is a parabolic neighborhood
Q of (o, tp) so that u; — ¢ has a strict maximum with respect to QNI N{t <t} =QNX;.

First, note that if suffices to consider the case when u;(z,%y) > 0. In particular, if (xg,t9) €
Y1, then by , we may assume that @ is sufficiently small so that Q@ C 3. This implies
u1(zo,to) > 0, since otherwise (-, tp) has a local minimum zero at ¢, contradicting the fact
that it is superharmonic. Likewise, we may assume that u; — ¢ has a strict maximum zero at
(w0, to) with respect to Q, since o(xg,to) = u1(z0,t0) > 0 and u; = 0 in (271)c

We now show that

(3.20)  — Ag(xo,to) < f(xo) for any f € C(RY) such that f > puo(-, to) almost everywhere.

In particular, we have, ¥ ﬂlﬁ_%lf to} CEN{t <to} for all ¢ty > 0.

In particular, this implies that —Ap(zg,t9) < 1, which gives the result. Suppose for the sake
of contradiction that —Agp(xg,ty) > f(xg) for some f.

Let (zm,tm) = argmaxgpm — @, Cpm = pm(@Tm,tm) — G(Tm, tm), and Gm = & + Cn,
SO Pm — Pm has a maximum zero at (x,,t,) with respect to Q. As in [1, Theorem 3.4] (see
paragraph A.2), up to a subsequence, we have (X, tm) — (To,t0) € Q, limy, 5400 P (T, tin) =
lim sup™ pi, (20, to) = u1 (o, to) > 0. Since py, is a viscosity subsolution of |(P )},

(3.21) (e = (m = D)pm(Ap + APy ) = Vo - (Vo + V@ )) (@, tm) < 0.
Because A®y/,, = 1 /m * poo < f+0(1) and —Awp(z0,t0) > f(z0), we have

(A(p + Aq)l/m)(xmv tm) <0
for sufficiently large m, which is a contradiction.

Now we consider part where (z9,tg) € 0%1, ui(xo,to) = 0, and |V|(zo,to) # O.
Suppose, for the sake of contradiction, that

(3.22) — Ap(xg,t0) > 1 and (¢ — |[Vo|> = Vi - V®)(x0,t) > 0.

We can now apply parallel argument as in the proof of Theorem 3.4 in [AKY] to conclude.
O

We now show that the initial data of the half-relaxed limits coincides with the initial data
given in equation . Specifically, this ensures that the initial data of u; and us coincides
with the initial data of the sequence p,,, in spite of the time regularization inherent in the
definitions of these half-relaxed limits. In what follows, we make frequent use of the following
inner and outer approximations:

(3.23) Q" i={z:d(z,Q° >r}and Q" :={z:d(z,Q) <r}.

Lemma 3.13. Consider a bounded domain Qo C R with the “no-crack” property Qo = Q.

Suppose py, are viscosity solutions of |(P )| with initial data po as given in (L.9). Then, for the
half-relazed limits u; and ua, we have uy(x,0) = ua(z,0) = po(z).
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Proof. 1. We begin by proving the following claim on the support of p,, for given € > 0:
(3.24)  There is T. > 0 such that Q;° C {u;(-,t) >0} C Qg for all t € [0,T,] and ¢ = 1,2.

We begin by showing {p,,(-,t) > 0} C QF for 0 < ¢ < ¢, for some t. € (0,1) that is independent
of m. Suppose zo € ()¢, so that p,, = 0 in B.(z) for all m.
Let us define

|z — x|
o(e,t) = (W@ —z0) - +1)
2d +
where f is an increasing function which we will determine momentarily. Let f(0) = —N(e) +

Ci+1, where C > 0 is such that py,(-,t) < Cy for all m and t € [0, 1], given by Lemma [3.4(b).
Such choice of f guarantees that ¢(x,0) > C; > pp(x,0) in {e¢ < |z — x| < 1} (hence
¢(-,0) > pm(+,0) in Bi(xo)), and ¢(x,t) > C1 > pm(x,t) on 0B;(xp) for all ¢t € [0, 1].

We claim that if we let f(¢) increase sufficiently fast, ¢ would be a classical supersolution
of (P)y, for all m in By(zo) x [0, ] for some t. > 0. Note that at time ¢, ¢(-,¢) has support
{r(t) < |z —xo| < 1}, where 7(t) € (0,1) solves N (r(t)) — T(th + f(t) = 0, hence it satisfies
r(t) > N7Y—f(t)+1) > 0. (Here N~! is the inverse function of ). By definition, A¢ = —1
in its support. Thus in order to make ¢ a classical supersolution of (P),,, all we need is
bt > |VO|(|VP| + [V Py ,]) everywhere in its support. In the support of ¢, we have ¢; = f'(t),
and |Vo| < N'(r(t)) + 1 < N'(N7H—f(t) + 1)) + 1. Finally, let

F1(t) = W'NTH=F(t) + 1) + 1+ Ca)?,
where Cy is the bound for [V®,/,| as in (2.8). The standard ODE theory guarantees that
f is finite in some [0, ¢;] (where ¢ > 0 depends on ¢, C and d), hence r(t) > 0 in [0,.].
By comparing p,, with ¢ in the domain Bj(x¢) X [0,t.] and using the definition of viscosity
solutions, we conclude that p,, = 0 in B, )(xo) for t € [0, t.]. In particular, o € {pm(-,t) > 0}¢
for all m and all ¢ € [0, t.], and since x¢ € (£2§)¢ was arbitrary, this gives the result.

Similarly we show €5° C {pm(-,t) > 0} for small times by constructing a classical subsolu-
tion of H Suppose yo € 5°, so that B:(y0) C Qo. Let hy,(z,t) solve —Ahy, (-, t) = % in
Bt (yo), with hy,(+,t) = 0 on 9B, (yo). Here 7(t) := ¢ — Mt, and M is a large constant to

2 12
be determined later. Note that h,, takes the explicit expression hy,(z,t) := (%) ,
+

thus |[Vhp (-, t)] < r(t)/dm in its support. So the following holds in the support of hy,:

(1 = V(A + ABy ) + Vi - (Vs + Ty ) = "L, — 70 (T(” N Cd)

m ~dm \ dm
r(t)? @) ()
__Mm_dm<mn+QO’

where Cy is the bound for [[V®, /|| by (2.8), and we also used A®, /,,, > 0 in the first inequality.
Since (hy, )¢ = r(t)r'(t)/dm in its support, in order for h,, to be a classical subsolution of (P),,,
all we need is 1’ < —7r/2—(r+||V®y /,||o0), S0 we can simply let r(t) = e— Mt with M = 1+Cjy.

Since pp,(+,0) > hp(-,0) for all m > 1, comparison principle yields that p,, > hy,, for 0 <
t < 557. It follows that pp, > hy > 16?% in ¥ := B./4(y0) % [0, 557]. Even though this lower
bound of p,, is not uniformly positive in m, we can still conclude that liminf,, o pm > 1 in

3¢ by definition of p,, = (%pm)l/ (m=1) " Given the weak convergence of p,, t0 p in Lemma
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we have that po, = 1 almost everywhere in 3.. This implies that A®y /,,, = poc* 91/, = 1
in B, /s(yo) x [0, 557] for all sufficiently large m (more precisely, for all m > 8/¢).

With this information on A®,,,, we can now define a new subsolution ¢(z,t) that solves
—Ap = 11in By (yo), with ¢(+,t) = 0 on 0By (yo), where 7(t) = ¢/8 — Mt, and M = 1+ Cjy.

One can check that ¢ is a classical subsolution of (P),,, hence p,, > ¢ > ¢, for some c¢. > 0

(that is independent of m) in B3y x [0,T¢] for all sufficiently large m, where T: := 157,

yielding (3.24).

2. To show that ui(-,0) = ua(-,0) = pp, we construct our first barrier as follows: suppose
he(z) solves

—Ah, =1+¢in Q% h. =0 on 90°.

By (3.24), S(t) € Q/2 for t € [0,T:] for some T. > 0. Thus, u; < he in S(t). Furthermore,
since u; = 0 in (S(t))¢, we conclude that

(3.25) ui(-,t) < he in QF x [0, T¢].
Next, comparison of p,, with the classical subsolution ¢ given above yields that
(3.26) Pm > ¢ in Q7° x [0,T%].
Now we construct our second barrier using . Consider g(x) solving
—Ag=1—einQ°, g=c.ondQ *.

Since ug is a supersolution of and (3.24)) ensures that Q¢ C {ug > 0} for ¢ € [0, T:], we
have —Auy > 1 in Q¢ x [0,7.]. Furthermore, (3.26) ensures that g < ug on 9Q~¢ x [0, 7%].
Therefore,

(3.27) g <wugin Q¢ x[0,T¢].
Combining inequalities (3.25)) and (3.27) and sending e — 0, we can conclude. O

We now show our main convergence theorem.

Theorem 3.14. Let Qy C R? be a bounded domain with Lipschitz boundary, and let p,, solve
(P )| with initial data py as given in (1.9)). Let p,, be the density variable corresponding to
DPm, and let U be the unique maximal solution of with initial data po, i.e.

U(z,t) := (inf{w : w is a viscosity supersolution of [(P)sd] with w(-,0) > po})«.
Then the following holds for each t > 0:
(@) Poo(*s1) = Xfur(-£)>0} = Xfuz(-£)>0} = X{U(-t)>0} almost everywhere;
(b) Let Q(t) := {ua(-,t) > 0}, and QL(t) := {ui(-,t) > 0}. Then for every t > 0, Q(t) is
an open set with |0Q(t)] = 0, and we also have |0Q ()| = 0;

(c) pm converges to 1 uniformly in Q(t) away from its boundary—that is, the conver-
gence is uniform in any compact set Q C {(x,t) : x € Q(t)}. Furthermore, we have

im0 [|om (1) — Xa@) |21 (rey = 0 for every t > 0.

Remark 3.15. The fact that U is a solution of |(P)|is a consequence of a standard Perron’s
method argument.
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Proof. 1. To begin with, let us define two families of functions that are approximations of
pm. For n € N, let pg’~ (z) and py”™(z) be solutions to with Qg replaced by Qal/n and
Q(l)/n (as defined in (3.23))) respectively. Note that py’~ < po < p8’+. We then let p;~ be the
viscosity solution to H with initial data pg”f, and denote by pn;~ the corresponding density
function. We let pp; " solve a modified version of @Q with an extra source term, namely

pr=(m—1)p(Ap+ A®y,) + Vp- (Vp+ Vi) + pfa,
where
1
fon=xa,—q, :={uz>0}and Q, :={(z,t):d((z,t),Q) < E}’

and denote by pm the corresponding density function. Finally we let (u}"~, S™~(t)) and u}""

denote the corresponding half-relaxed limits for p,;  and p:ffr.
The motivation of these two family of functions is as follows: in step 2, we will show that

(3.28) uf"” <U<ug<u < uS”L for any n € N,

and it turns out that in order to show the last inequality we have to let pjs T solve the equation
with the extra source term, rather than |[(P)},} In step 3, we will use L' contraction result
between pi~ and pps T to show that for any ¢ > 0,

(3.29) Ap(t) := |supp ubt (-, 1) \ supp uy” ()| = 0 as n — oo,
and by combining it with (3.28|) we have that U, u; and ug are supported on the same set.

2. In this step we aim to prove . The second inequality is a direct consequence from
the minimality of U and the fact that ug is supersolution of with initial data py (which
follows from Proposition and Lemma. The third inequality immediately follows from
the definition of the half relaxed limits ug and u;. As for the first inequality, note that by
Proposition (u}"™, 8™~ (t)) is a subsolution of |(P)},} (Proposition does not require
the initial data be the same as pp.) In addition, we have uy"" (-,0) = p’~ via the same
argument as in Lemma Since p;’~ < po, combining the above discussion on u;"~ with
Proposition and the comparison principle in Theorem yields

(3.30) ul”” < ug with S7°7(¢) C {ua(,t) > 0},

which gives us the first inequality.
The last inequality of (3.28) is more difficult to obtain. We point out that this is not a

direct consequence of the comparison principle for |(P)s} since we do not know that u3’+ is a

supersolution of due to the fact that pjy*(-,0) # po. (In order to apply Proposition
the initial data must be the same as pg.)
n,+

To overcome this difficulty, we will show that u; and u," are sub- and supersolutions of
another free boundary problem, for which the comparison principle also holds. From the

proof (in particular (3.20))) of Proposition it follows that in addition to (u1, S(t)) being a
(P)odl

viscosity subsolution of uy satisfies
(3.31) — Aui(+t) < poo

in the integral sense. On the other hand, parallel arguments as in Proposition yield
that u;’+ satisfies supersolution properties of (see Definition , but with the interior
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operator —A — 1 replaced by —A — po. In particular we have
(3.32) — Aul™ > poo in {uht > 0}

in the integral sense. As a result, (u;,S(t)) and ug’Jr are respectively viscosity sub- and
supersolutions of

3 —Ap(-,t) = poo in  {p>0};
(P)oo V=—v-(Dp+D¥) on {p>0};
U =N % poo.

Using this fact, one can modify the proof of comparison principle for |(P).| to show that, for
any n € N,

(3.33) uy < uy ™t with Sy(t) € {uy (-, t) > 0}.

The proof of is parallel to that of Theorem 2.7 in [1] with the only difference lies
showing the second inequality in the interior operator which we discuss below. Let us give a
heuristic sketch of the proof under the assumption that S(t) and {uy " (-,t) > 0} have smooth
boundaries: the actual proof is carried out with regularizations as given in — which
generate strict subsolution and supersolution of As usual in the proof of comparison
principle, we begin with the scenario that u; crosses u§’+ from below at some time and yield
a contradiction. More precisely we suppose that the first crossing time is finite, i.e.

to == sup{t : u1(-,s) < uy (-, s) and S(t) C {uh (-, t) > 0} for s < t} < o0.

Note that tg > 0 since S(0) = Qo = {u1(-,0) > 0} due to Lemma and u; < uy" at
t = 0 from the construction. Observe also that (3.31)-(3.32) rules out the possibility that the

crossing occurs at an interior point, i.e.,
ur(t) < uy () in {ur (- ) > 0}

as long as {uy(-,t) > 0} C S(t) C {uy™ > 0}.

Hence this means that the set S(t) touches the boundary of {u} " (-,) > 0} for the first time
at some point (o, tp). Then the normal velocity law for the sets S(t) and {uy(-,t) > 0}, as
well as the fact that uy(-,t0) < uy™* (-, to) yields a contradiction.

Note that and the definition of €),, ensures that the source term for u; remains smaller

than that of u}’ ™ after the regularization process given in (3.7)-(B.8) if r(¢) is sufficiently small.
Based on this fact, the rest of the proof is the same as to that of Theorem 2.7 in [1].

3. Next we will show (3.29)). First, note that py;  satisfies (3.1)) with no source term, while
pm satisfies (3.1) with source term pj; T f, which is non-negative. Since their initial data is
also ordered, comparison principle for (3.1)) yields that pn; < p%Jr. We then define

An () = / (o0 (2,1) — ol (2, 1)),

which is nonnegative. We can apply the L' contraction property of (3.1 in Lemma, to
conclude that, for any ¢ > 0 and any m > 1,

(3.34) A (t) < /0 /p%J“(x,s)fn(a:,s)da:ds + A, (0).
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By (3-30) and the definition of S}~ for all ¢ > 0 and sufficiently large m, we have

(3.35) supp pp; (1) = supp pp;~ (t) € supp ua(t) =: Q(¢).
Thus for all sufficiently large m, the spatial integral in (3.34)) can be controlled as

/ o (2 8) fu(, 8)dr = / (2, s)da < AT (),
Qn(s)\Q(s)

where in the last step we used that pn; (z,s) = 0 in Q,(s) \ Q(s) for all large m, which follows
from (3.35). Plugging this into yields A" (t) < fot A (s)ds + A% (0), thus Gronwall’s
inequality immediately yields that A7 (t) < A" (0)el. It is easy to check that lim,, o, A% (0) =
104/ \ Qg ") < C/n, which yields lim inf,, . A" (t) < Cet/n for all n € N, ¢ > 0.
Next we claim
lim inf A™ (t) > |supp ub'" (-,t) \ supp u}"~ (-, 1)].
m—r0o0

To show this, it suffices to show that

(3.36)
liminf/p%"r(x,t)cm > [supp ub (-, )| and limsup/p%_(z:,t)dx < |supp uy"" (-, t)].
m— 00 m—ro0

For the first inequality, note that by definition of the half-relaxed limit, for any x € supp u3+( 1),
we have iminf,, oo pri (2,t) > 0, thus Biminf,, e pra (z,t) > 1. Therefore

/lim inf p* (2, t)dz > |supp ug’+(-,t)],

m—o0

and applying Fatou’s lemma to it yields the first inequality of . The second inequality fol-
lows from the definition of the half-relaxed limit u{"~ and the fact that lim sup,, o [lom |loo <
1, which is due to (3.4).

We now combine the above claim with liminf,, . A% (t) < Ce'/n to conclude that the
Ap(t) defined in ([3.29) satisfies A,(t) < Ce'/n for all n € N,¢ > 0, which yields (3.29).
Applying this to then yields that X {4,501 = X{us>0} = Xqu>0} almost everywhere. So
the proof of part (a) would be finished if we can show p is also equal to these functions almost
everywhere, which we postpone to step 4.

At the end of step 3, let us point out part (b) can be easily proved using the above bound
on Ay (t): note that Q(t) = {ua(-,t) > 0} is open due to the lower-semicontinuity of ug, hence

00(t) = (1) \ (t) C supp uy™" () \ supp uy” (-, 1),

where we used (3.28]), (3.30) and (3.33]) in the last inequality. The above bound on A, (¢) thus
gives |0Q(t)| < A, (t) < Ce'/n for all n € N;t > 0, and by sending n — oo we obtain part (b)

for Q(t). In addition, the inequalities (3.28)), (3.30) and (3.33) also lead to [0QL(t)| < A, (),

hence we also have [0Q!(t)| = 0.

4. To finish the proof of part (a), it suffices to relate ug and po, and show that

(3.37) Poo = X{uz>0} a.e.

The direction peo > X{u,>0} 18 easier: take any (wo,to) such that a := uz(zo,t0) > 0.
By definition of the half-relaxed limit ug, there exists some positive ry and Ny, such that
Pm(x,t0) > a/2 > 0 for all @ € By (x0), m > No. Hence pp(z,t) > (Z2La)/ (M= for 2, m as
above. Combining this lower bound (which approaches 1 as m — oo) with the weak convergence
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of pm, towards po in Lemma we have poo (-, t0) > 1 in By, (z0). Since zg € {ua(-,to) > 0}
is arbitrary, we have poo > X{u,>0}-

For the other direction, we will use p,; . Using the definition of S™(¢) (see (3.18))) as well
as (3.28)), we have

(3.38) lm sup x g n = oy = Xsm=(5) < X{ua(-)>0p  for any n € N, ¢ > 0.

m—r0o0

In addition, since limsup,,, o [|pm (t)]lco < limsup,,_~ |pm(t)]lcc < 1 by (3.4), it implies
. n— (. . L
(3.39) h;nﬁs;p o (1) < llr?jgop X{pms= ()0} = lim sup X{pie (-1)>0}"

m—r0o0
Finally we will relate po, with pp;~ . Note that for any continuous, bounded f > 0, we have
the following (where we omit the = dependence in integrals due to space limitation):

(3.40) /poo(t)fdm = lim /pm(t)fd:n = lim lim [ pl™(¢)fdx < /hmsupp%_(t)fdx,
m—00 mM—+00 N—00 m,n—o00

where the first equality follows from Lemma the second one is due to the L! contraction

property of Lemma and the fact that pn; < pm, and the last inequality follows from

Fatou’s lemma. This implies that

Poo(t) <Hmsup,, , o, pm (- t) a.e., and this with (3.38)-(3.39) implies poe < X{u,>0}, Wwhich

finishes the proof of (3.37), thus yielding part (a).

5. To prove part (c), take any compact set @ C {(z,t) : x € Q(t)}. By definition of the
half-relaxed limit wug, for each (zg,tp) € @ there is some ¢y > 0, such that p,, > u(xg,t9)/2
in By, (zo,to) for all sufficiently large m, which yields that p,, uniformly approaches 1 in
By, (xo,t0). The compactness of @) then allows us to find a finite number of points (z;, t;) such
that By, (z;,t;) covers @, implying that p,, — 1 uniformly in Q.

Finally let us prove the L' convergence result, where we use the elementary inequality

G =gl = [o= Pedet [(r-grdn<2 [(g— Pt + \ [ -0

Let f = pm(-1t), 9 = Xa() = Poo(+,t). Since the mass of pm (-, 1) and poo(-,t) are both preserved

in time, we have
/(f = 9)dz| < [[pm(+,0) = xaollzr = H(mpo)l/(m_l) - XQOHLl — 0 as m — oo.

To control [(g— f)4dz, note that g = 0 a.e. in Q(t)¢, hence [(g— f)4+dz = fﬂ(t)(l — pm)+dx.
Since €(t) is open, for any € > 0 we can find a compact set D C Q(t), such that [Q2(t) \ D| < e.
We can then apply the uniform convergence result of p,, in D to conclude that [(g—f)ydz < 2e
for sufficiently large m, and since € > 0 is arbitrary we have lim,,, ,~ [(9— f)4+dz = 0. Plugging
the above results into (3.41)) yields the L' convergence result.

m

0

4. LONG TIME BEHAVIOR

In this section, we investigate the long-time behavior of a patch solution p., in two dimen-
sions, using the pressure variable characterization of the dynamics of p., obtained in section
Throughout this section, we consider our spatial domain to be R?. By Theorem we know
that po(:,t) = xq() for some Q(t) C R? for all t > 0. Our goal is to show that, as t — oo,
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Q(t) converges to the unique disk By with the same mass and the center of mass as 9. (See
Theorem

We proceed as follows: in sections4.1{and we show that the second moment of poo (-, ) =
Xq(t) decreases unless €)(t) is a disk, from which we are able to conclude that Q(t) cannot stay
uniformly away from a disk for all times, in terms of its Fraenkel asymmetry. In section [£.3]
we combine this with the gradient flow structure of p, to show that as t — +oo the energy
E(pso(t)) approaches the minimum of E,, with a quantitative estimate on the rate. Lastly,
in section we show that poo(-, ) converges to x g, strongly in L? for any 1 < g < oc.

4.1. Evolution of the second moment. Let M[f] := [p. f(x)|z[*dz denote the second
moment of f. In this subsection, we investigate the evolution of the second moment of
po(st) = Xau)- Before we present the rigorous derivation of the evolution of the second
moment, we begin with the following heuristic computation. As described in the introduction,
Poo(+, t) formally satisfies the transport equation

pt =V - (p(VNp + Vp)),

where p is a solution to[(P)} (See equation (L.8).) By definition, p(, ) solves Ap = —1 in Q(t)
and p = 0 on 09Q(t). Hence, supposing that 0€Q(t) is smooth, the evolution of Ma[pso(t)] is
given by

d
M) = =2 [ pTNpoc o —2 [ poVp-ada
R2 R2

dt
1 T—yY)T
= —/ / poo(x)poo(y)%dydx — 2/ Vp - zdx
T JR2 JR? |z -y Q(t)

1
=5 / / Poo () poo (y)dyd + 4 / p(z)dx
T JR2 JR2 Q(t)

1 1
:—Qt2+4/ p(x)dr = ——|Q 2+4/ p(z)dz.
el OOF +4 [ p@de= gl 4 [ pie)

In the second equality, we use that, in two dimensions, Np, = N * ps with N (z) = % log |x].
In the third equality, we symmetrize x and y in the first integral (hence the extra factor of %),
and in the last equality, we use that ps, preserves its mass (which is [Q|) for all time.

In the following proposition, we rigorously obtain the time evolution of Ma[pso(t)] by an-
alyzing the evolution of the second moments for each p,, and sending m — 400, using our
convergence results from the previous sections. We show that the evolution of the second mo-
ment indeed satisfies a time-integral form of , with the exception that we must substitute
p(z) with u;(z), the half-relaxed limit of p,, defined in Lemma to take into account the
fact that €(¢) may not have smooth boundary for all time.

Proposition 4.1. Let Qg C R? be a bounded domain with Lipschitz boundary, and let poo (-, t) =
Xa() be the gradient flow of E with initial data po = xq,- Then for any T > 0,

1 T
(42) Mg[poo(T)] — Mg[po] < _7’QOI2T + 4/ / ul(a:, t)da:dt,
27 o Jaw

where uy is the half-relazed limit of py,, defined in Lemma and Q(t) = {ua(-,t) > 0}, as
defined in Theorem ()}
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Proof. For any m > 1, let p,, be the weak solutlon of|(PME-D),,| with initial data (=1 po)/ (m=1),

where py is given by equation (1.9). Let p, := "5 p; " be the corresponding solution of -
Taking |z|? as our test function, we have for any 7' > 0,

(4.3) /R2 pm(x,T)\x|2dx—/R pm(2,0)|z|*dx

V

711

= —2/ / PNV Py (2, 1) xdazdt+4/ / o (x, t)dxdt .
R2
=

3 =:1

(Since py, has compact support in [0,77], our test function is not required to have compact
support since we can always take a cut-off sufficiently far away.) As m — +oo, Lemma
yields that I; converges to Ma[poo(T')] and I converges to Ms[pso(0)].

To show the convergence of I3, we decompose the integral into two parts:

T T
Iy = / / pmV®(2,t) - xdadt +/ / PV (P (2,1) — ®(2,1)) - zdadt =: I31 + 3.
0 JRr2 0 JRr?

Since V®(x,t) -z € C(R?) for any ¢, Lemma again gives that

m——+00 T 1 g : 71
I3 —>/ / PV O(2,1t) - wdwdt = / </ poodx> dt = QT
0 RQ m 0 ]RQ n

where the last two equalities are obtained by symmetrizing = and y in the integrand and using
conservation of mass, as in equation (4.1)).
To control 33, we first bound [[V®,/,, — V®||12R2). By Proposition

1
(14) V@~ Tlz2(52) < Walpne # U1/ ) < - [ G@)lald

where, in the last step, we apply [2, Lemma 7.1.10]. Hence
T
ol < [ om0l 291 = V0l it — 0 s m — oc,
0

where the fact that supycp ) SuPm>1 [[om (5 t)|2[l2 < +00 is a consequence of Lemma
which ensures p,, is uniformly bounded and compactly supported. Combining the estimates
on I3 and I3z yields that I3 — ;- ]QO|2T as m — +0o0.

Finally, we consider I,. We Wlll show that

T T
(4.5) limsup/ / o (x, t)dzdt S/ / uy(x,t)dxdt.
m—oo Jo JR2 0 JO(t)

The proof is then finished by taking limsup,,_, ., on both sides of (4.3).
To show (4.5), first note that, since p,, = “gpm~ 1 we may write p = mTflpmpm and
apply Remark [3.5] to obtain

T
(4.6) limsup/ / pr(x, t)dzdt < hmsup/ / Pm(z,t)dxdt.
m—00 R2 m—o0 R2
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It remains to show that

T T
(4.7) limsup/ / pm(x,t)dxdtg/ / u(x, t)dxdt.
m—oo Jo JR2 0 JR2

For any n € N, define
Ul,n(x>t) = sup pm(% 5)'
m>n
|($,t)*(y,8)|<1/n
Note that wu;,, is decreasing in n and lim u;, = u; by definition of u;. For each n € N, we
n—oo

have p,, < uq,y, for all m > n, hence

T T
lim sup/ / Pm(x, t)dxdt < / / uip(z,t)dedt  for all n € N.
0 R2 0 R2

m—00
We can then take n — 400 in the above inequality and apply the monotone convergence
theorem. By Theroem (@) Q(t) = {ui(-,t) > 0} almost everywhere. Thus, inequality

(4.7) holds. O

4.2. Some rearrangement inequalities. In this subsection, we digress a bit to obtain an
upper bound for the quantity

(4.8) F(Q) = —21ﬂ_|§22+4/ﬂp(x)dx,

where Q is a bounded set with smooth boundary and p : Q — R satisfies —Ap = 1 in Q and
p = 0 on 9. This quantity appears in our heuristic computation for the evolution of the
second moment of p(t), where we show %Mg [Poo] < F(2(t)). Likewise, fOT F(Q(t))dt would
have appeared on the right hand side of our rigorous result, given in equation , if the
boundary of Q(t) were smooth for all time. While in this subsection we only aim to control
F () for smooth domains, in the next subsection we discuss how to use this bound to control
the right hand side of ([4.2), even when the boundary of Q(¢) is not smooth.

The following result, due to Talenti [51], shows that F(©2) < 0, with equality if and only
if  is a disk. We sketch the proof below for the sake of completeness. In the subsequent
proposition, we will modify the proof to get a stronger inequality.

Proposition 4.2 (c.f. [51, Theorem 1]). Let Q C R? be a bounded domain with smooth bound-
ary, and let F(Q2) be as in (4.8)). Then we have

(4.9) F(Q) <0,
and the equality is achieved if and only if Q is a disk.

Proof. First, note that maximum principle yields that p > 0 in Q and p > 0 in €. For any
k € [0,supq p), let us define

Qp:={x € Q:p(x) >k} and g(k):=|Q.
Note that g(0) = |2|. By definition of p and the divergence theorem, we have

(4.10) g(k) = —Ap(z)dx = / —n-Vpdo = / |Vp|do.
Q% o, o0y

On the other hand, by the co-area formula (c.f. [22]),

oe 1 1
4.11 g(k :/ / ——dods, ¢'(k)= / ——do.
. =y Joo, 091 = oo, 190
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Combining (4.10)) and (4.11)) and applying the Cauchy-Schwarz inequality,

(4.12) o0 = ( [ N wriao) (- [ N o) < PO,

where P() is the perimeter of Q. For any bounded domain E C R?, the isoperimetric
inequality yields

(4.13) oy/m\/|E| < P(E
Applying inequality (4.13)) to Q in (4.12) gives
9k (k) < — (2v/7V/g®)) = —dmg(h)

hence g(k) satisfies the differential inequality

(4.14) g (k) < —4r for all k € <0,81;2pg> .

Combining this with g(0) = |Q| yields that g(k) < (|Q2] — 47k)4 for all £ > 0. Therefore,
supq p o0 1
[ oz = [ gan < [ (10 - ank), di = o l0P,
Q 0 0 8

which gives (4.9). In order to achieve equality, {2; must be a disk for almost every k > 0, hence
) must be a disk. I

We now prove a stronger version of the above inequality by replacing the isoperimetric
inequality in the above argument (see (4.13)) by the following quantitative version due to
Fusco, Maggi, and Pratelli [26].

Lemma 4.3 (c.f. [26, Section 1.2]). Let E C R? be a bounded domain. We define the Fraenkel
asymmetry A(E) € [0, 1] as

EA B
A(E) := inf{‘(qfow cx0 € R%, 112 = |E|},

where B is the unit disk. Then there is some constant ¢ € (0,1), depending only on the

dimension, such that
) > 2vm/|E| (1+ cA(E)?),
where P(E) = HY(OE) denotes the perimeter of E.

We begin with the following simple observation regarding the Fraenkel asymmetry.

Lemma 4.4. Let E C R? be a bounded domain. For all U C E satisfying |U| > |E|(1 — @),
we have

A(E)
AU) = ==

Proof. Assume the statement is not true, so there exists some disk By with the same area as
U so that

UABy| _ A(E)
0] 1
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Since |U| = |By/|, we have [UABy| = 2(|U| — |U N By|). Hence the above inequality becomes

\UﬁBU\>]U|< —A(8E)>.

Let B be a disk with the same area as E that contains By. Then since |U| > |E|(1 — @),

|EN Bg| > |UnN By| > |E| (1_A(E)> <1_A(8E)> > 15| (1_3A%E))

4 8
Therefore,
|[EABg|  2(|E|—|ENBgl) 3
= < 7A(E)a
|E| |E] 4
which contradicts the fact that A(F) < |EABg|/|E|. This gives the result. O

With this lemma, we are now able to conclude a stronger upper bound on F'(2) than provided
by Proposition

Proposition 4.5. Under the same assumptions as Proposition [{.9, there exists a constant
co € (0,1), such that

F(Q) < —cpA(Q)3Q)2.
Proof. We follow the proof of Proposition with the following difference: instead of apply-

ing the isoperimetric inequality (4.13) to the set € in inequality (4.12), we now apply the
quantitative version from Lemma 4.3 to obtain

g (k) < —dr (14 cA(%)?)? < —dr (14 cA()?) .

To relate A(€Qy) with A(Q), we apply Lemma [4.4] to obtain that A(Q) > @ for any k such
that g(k) > |Q|(1 — @). In other words, we have

2
(4.15) q (k) < —4r <1 + CAl(g) > for all k such that g(k) > || <1 — A(4§2)> .
We claim that this implies
cA()? A(Q)|€]
4.1 <|Q—-4r (1 for all — .
(4.16) g(k) < Q| 7r<+ 16 )k or a kG(O, T

To see this, note that for all k£ € (0, A(:?Q)Tlm), the right hand side of (4.16|) is greater than

\Q](l—@) since 14+cA(Q)2/16 < 2. As aresult, if (4.16) is violated at some kg € (0, A(&lﬂl),

then we must have g(k) > |Q|(1 — @) for all k € (0, kp), since g is a decreasing function. We
can then integrate (4.15)) in (0, ko) to conclude that (4.16)) actually holds at ko, a contradiction.

Let h(k) = (|2 —47k)+. Inequality (4.16]) implies that g(k) < h(/{)—%)g‘QI at k = 221

128 32w
For k > A(?g)JrQ', recall that by inequality (4.14]), we have ¢'(k) < —4r for k € (0,supq g), and
i B . o A(Q)]9
by definition of &, we have h/(k) = —4m in (0, |Q2|/(47)). This gives that g(k) < h(k) — “g—

for A(Q)|9|/32m < k < |Q]/4w. Since A(2) < 1 this range of k is larger than |Q|/8, and since
g(k) < h(k) for all k, we have

/ gk < / * pydk - AP 0P _ cA@plop
0 —Jo 2000 8 2000 '
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Finally, this gives
> Q2 cA(Q)30)?
F(Q) = k) — <
(&) /0 9(k) 8t — 2000

hence the result holds with cp := 5755- O

4.3. Convergence of energy functional as ¢t — oo. In this section, we aim to show that,
along the solution p (-, t), the energy functional E., converges to its global minimizer as ¢t —
+00. We begin by estimating the rate of change of the second moment along p~,. Combining
Proposition with our heuristic computation (4.1)) suggests that

& Molpo(0)] < ~co A1)

We now show that this inequality is indeed true in the time-integral sense, even if Q(¢) does
not have smooth boundary.

Proposition 4.6. Let Qo C R? be a bounded domain with Lipschitz boundary, and let pso(-,t) =
Xa() be the gradient flow of Ex with initial data po = xq,. Then we have

(4.17) Malpoo(T)] — Malpo] < —co/? / A1) dadt,

where cg € (0,1) is the constant given in Proposition .

Proof. Since the evolution of the second moment is already given by Proposition it remains
to show

(4.18) — |QO\2T+4/ / (z,t)dzdt < —cO\QO\Q/ A(Q(t))3dt,

where u; is the half-relaxed limit of p,, defined in Lemma [3.12)]

Let Q'(t) = {u1(-,#) > 0}. By Theorem [3.14 pl@ andwe have Q1(t) = Q(¢) almost
everywhere, so A(Q(t)) = A(QL(t)), and [0Q*(t)| = 0 for all ¢ € [0,T]. Hence for any ¢ > 0
and t € [0,T], we can find a set D(t) C R? with smooth boundary such that Q(t) C D(t),
and |D(t) \ Q'(t)] < e. For any t > 0, we then have a classical solution p(-,t) such that
—Ap(-,t) = 1in D(t), and p(-,t) = 0 on 9D(t) and D(¢)¢. In addition, we may choose D(t)
so that 0D(t) is continuous in time with respect of Hausdorff distance of sets, which ensures
that p is continuous in time.

We first aim to show that

(4.19) ui(x,t) < p(z,t).

It suffices to show that w;(z,t) < ap(z,t) for any a > 1. Towards a contradiction, assume
that there exists some a > 0, such that sup,epe ¢ejo,r)(u1 — ap) > 0. Since p is continuous in
both space and time, and u; is upper semicontinuous by definition as the half-relaxed limit,
u; — ap achieves a strictly positive maximum at some (xg,ty). Furthermore, since p > 0,
we have uj(zg,tg) > 0. Again using that (uj,X1) is a subsolution of we have that
—aAp(wg,to) < 1, which implies that —Ap(xg,t9) < 1. However, since zg € Q! (tg) C D(to),
we must have —Ap(z,ty) = 1, which gives the contradiction.

We now show inequality (£.18)). Since |D(t) \ Q'(¢)| < &, there exists C' depending on
Q0] so that A(QL(t)) = A(Q(t)) < A(D(t)) + Ce. Combining this observation with
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and Proposition we obtain the following bound for the left hand side of (4.18]), where C
depends on €y and 71"

T T
/ —1|QO\2+/ wi (@, t)dz dtg/ —1\D(t)]2+/ p(@ t)dz | dt + Ce
0 2m Q1) 0 27 D(t)

T T
< —CO/ A(D()?| D)t + Ce < —comoy?/ AQU))3dt + Ce.
0 0
Sending € — 0 gives the result. O

Corollary 4.7. Under the assumptions of Proposition[{.6, for any T > 0, there exists some
to € (0,T), such that

(4.20) A(Q(t)) < C(Qo)T /3,
where C'(p) = (MQ[XQO]/CO|QQ|2)1/3, for ¢y as in Proposition .

Proof. Fix T > 0. Towards a contradiction, assume A(Q(tg)) > C(Q)T /3 for all to € (0,T).
By Proposition and the definition of C(Qyp),

T
Ma[poo(T)] < Ma[po] — c0|QO|2/0 A(QUt))*dadt < Ms[po] — o Qo[> T(C(Q0)T /%)% = 0,

which contradicts with the fact that Ms[pso(t)] must be positive for all time. O

The above corollary does not directly yield that lim; , A(2(¢)) = 0. To show this and
conclude that (t) converges to a disk, we will use the fact that the energy F. is decreasing
in time along poo(+,t). In the next lemma, we show that if A(€2) is small, then the energy is
close to its minimum.

Lemma 4.8. Let Q C R? be a bounded domain, and let Bg C R? be a disk with |Bg| = |£].
Then,

0 < Eoo(Xa) = Foo(XxBg) < 40[Q2/(1 + 2] 4+ Ma[xa]) v A(Q)

Proof. The first inequality is a direct consequence of Riesz’s rearrangement inequality. To
prove the second one, let us first rewrite Eo(Xq) — Eoo(XB,) a8

Foo(x0) — Eao(X50) // (@) — XBa (@) (x®) + x50 (y)) log |z — yldzdy

where I} and I» denote the 1ntegral in the domains |z —y| <1 and |z — y| > 1, respectively.
First, we consider I;. Note that for any z € R?, we have

<2 / log |z — y|dy
lz—y|<1

:7‘("

/ (xa(y) + xBq (y)) log |z — y|dy
y€B(x,1)
hence

< 7llxQ — XBqll1-

o0

I < ||xa — XBqlh

/ (xa) + o)) 108 = — yldy
yeB(z

)
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Now, we consider Is. For |z —y| > 1, log|z —y| < |z —y| < |z| + |y| < (1 + |z|)(1 + |y|), so

b= () < xa @10+ e ) ([ (ol + xna ()1 + b))
1/2
<llxa — XQBH}/Z </R2 Ixa(x) — xBg(x)|(1+ \:c|)2dx>

1/2
21002 ([ o) + o 1+ bl )
< 221002 |Ixa — xasll > (Ma[xa] + Ma[xn,] + 2/9).

Combining the above estimates on I; and Iy with the facts that |[xo — xB, |1 < 2|Q| and
1/m <1, we have
(4.21)

1 1
Eoc(x0) = Exo(X80) < 511 + 512 < 12" ]|xa = x5l (1 + Malxal + Malxs,) + 2/2).

<7
— 27

The proof is then split into the following two cases: A(2) > 1/2 and A(Q2) < 1/2.

Case 1: A(2) > 1/2. In this case, we have ||xa — xB, |1 < 2| <4A(Q)|Q] for any disk B
with the same measure as ). Since F, is invariant under translations, we can simply choose
Bq to be centered at 0. Such a choice directly yields Ma[xp,] < Ma[xq], hence becomes

Eoo(x0) —Eoo(x5g) < |92/'?(4A(Q)|Q)"?(1+2/Q]+2Ms[xa]) < 41Q1(1+]Q+Ma[xa]) v/ A(%),

which gives the result.
Case 2: A(Q2) < 1/2. In this case, we choose Bg to be the disk minimizing |Q2A Bg|, which
then gives

(4.22) Ixe = xBoll = A)|€].

This choice of B no longer directly gives us Ms[xp,] < Ma[xq], but we claim that we still
have Ma[xB,,] < 36Ma[xq]. To see this, first note that A(Q2) < 1/2 implies |Bgq \ 2| < |Baql/2.
Also, a simple computation yields that for any z,y € Bg, we have |z|2 < (Jy| + |z — y|)? <
2ly|? + 2|z — y|> < 2|y|? + 8]Q| /7. Therefore,

8
Ms[xp,] = / |z|2dz < |Bq| max |z|? < 2|Bq N Q| max |z|? < 2/ <2yy|2 + ym) dy
Bq r€Bq r€Bq BoNQ ™

/\/W

0

2

16
< 4Ms[xq] + ?mﬁ < 4Ms[xq] + 32 (27T> < 4Mjs[xq] + 32 ( re. 27T7'd7’> < 36Ma[xql,

Combining this and equation (4.22)) with inequality (4.21]) then yields
Eoo(x0) = Bso(xBq) < |Q1(1 + 37Ms[xo] + 2100 A(Q)"?,

which completes the proof. [l

Combining the above results, we are now able to show that, along the solution ps(t), the
energy functional FE, is converging towards its global minimizer with an explicit rate.
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Theorem 4.9. Let Qy C R? be a bounded domain with Lipschitz boundary, and let poo(-,t) =
Xq() be the gradient flow of Eo with initial data py = xq,. Suppose By is a disk with the
same area as S2y. Then, for any t > 0, we have

0 < Exo(Xa() — Eoo(xB0) < C1(|Q0], Ma[Q))t /6,
where C1(|Qo|, Ma[Q0]) = Ca|Q?/3(|Q0] + Ma[Q])7/6 and Cy is a universal constant.
Proof. By Corollary we have that, for any ¢ > 0, there exists some ty € (0,t), so that
/3,
A1) < (Melxay]/col ) " £

By definition of the discrete gradient flow and the lower semicontinuity of Eoo, Fuo(poo(t)) is
nonincreasing in time. Therefore, at time ¢, we may apply Lemma to conclude

Eoo(Xa() — Feo(X8) < Boo(Xa(t) — Eo(x8,) < 40[2(t0)|(1 + Q0] + Ma[xa(to))) v/A(Q(t0))
< 40[Q](1 + || + Malxay)) (Malxa,) /col[?) ' 71/
< Co|Q0[3 (1 + |Q0| + Ma[)) /6176,
]

Remark 4.10. While the rate in Theorem [4.9] is probably not optimal, the following example
shows that the optimal power cannot go beneath —1. For 0 < ¢ <« 1, let Qf = B(z.,e) U
B(0, R.), where z. := (¢7%,0) € R?, and R. := v/1 — &2 is chosen such that |QF| = m. This
definition ensures that M»[25] is uniformly bounded for all e < 1. Since 8,(N*xp(0,1))(r) ~ 77
for 7 > 1, the extra me? amount of mass will stay outside B(0, (2¢)~!) for all ¢ € [0, c1e7%,
where ¢; > 0 is independent of . During this time interval, the free energy is at least coe?| log |
greater than its global minimizer for some c; > 0. Hence Euoo(xo:(11)) — Eoo(XB(0,1)) 2
T logT.| for T = c1e72, implying that the optimal power of ¢ in Theorem cannot
be less than —1.

4.4. Convergence of p.(t) as t — oo. We now conclude our study of asymptotic behavior
by showing that, as t — 00, poo(t) converges to xp, in LY for any 1 < ¢ < oo, where By is the
disk with the same area and the center of mass as {25. We begin with the following lemma,
which ensures that the center of mass of p(t) is preserved for all time.

Lemma 4.11. Let Qo C R? be a bounded domain with Lipschitz boundary, and let poo(-,t) =
Xa() be the gradient flow of Ex with initial data po = xq,- Then for any T > 0, we have

Jg2 Poo(@, T)xdx = [po poo(z,0)ada.

Proof. We proceed as in the proof of Proposition For any m > 1, let p,, be the weak
solution of (PME-D),,| with initial data (mT_lpo)I/ m=1) where py is as in equation m For
i =1 or 2, we take our test function to be z;, the i-th component of x. Then, for any 17" > 0,

T
(4.23) / pm(x,T)a:idx—/ pm(x,O)midx:—/ / PmOi®1 (T, t)dxdt.
R2 R2 0 R2

By Lemma the left hand side of ([4.23)) converges to [p2 poo(z, T)xidx — [p2 poo(,0)xidz
as m — oo. The right hand side can be controlled in the same way as the term I3 in the proof

of Proposition 4.1 which gives

lim pmaiq)l/m(l‘,t)dl‘ = /
2

m—00 R R2

1 Ti —Yi
0D, ) dr = — oo () Poc dady = 0.
p0®(e e = 5o ([ pla)pcl) Ty
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Hence, sending m — oo in (4.23), we have [ps poo(®, T)xidx = [po poo(z,0)zidx for i = 1,2,
which finishes the proof. O

With this control on the center of mass of p(,t) in hand, we now turn to the proof of the
main result.

Theorem 4.12. Let Qo C R? be a bounded domain with Lipschitz boundary, and let By C R?
be a disk such that |Bo| = |Qo| and [ xdr = [ xdx. Let peo(-t) = Xa) be the gradient
flow of Es with initial data xq,. Then for any 1 < q < +o00, we have

i [l (1) = X, | zagee) = 0.

Proof. We first show that, for any f € C,(R?), the space of bounded, continuous functions,

(4.24) lim Poo(x,t) f(x)dr = /2 XB, f(z)dz.

t—o00 R2 R
To show this, take any diverging time sequence (t,)72 ;. By Proposition Ms[poo(tn)] is
uniformly bounded for all n. Hence by Prokhorov’s Theorem |2, Theorem 5.1.3], there exists
a subsequence (t,, )72, and p € L ((1 + |z])%dz) so that

lim [ el tu) f(a)ds = [ pta)fa)da
—0 JR2 R2

for all f € Cy(R?). Choosing suitable test functions f, we have [udr = Q| and ||p)s <
SUP;>0 || Poo(+t)]|co = 1. In addition, by letting the test function f approach f(x) = x, we have

(4.25) lim poo(x,tnk)xdx:/ w(x)xde.

k—oo Jr2 R2

Since the energy functional F., is lower-semicontinuous with respect to weak-* convergence
of probability measures [20, Proposition 4.5], by Theorem

Eoo(ﬂ) < h]?_l)ggf Eoo(poo(t k)) = EOO(XBQ)'

As the only global minimizers of E., are translations of xp,, p# must equal some translation
of xB, almost everywhere. Finally, recall that Lemma [£.11] and the definition of By give that
Jg2 poo (@, t)zdz = [ xqoxdz = [ xp,xdx for all time. Combining this with (4.25]), we obtain
fR2 pw(x)xdr = [ xp,rdr, leading to u = xp, a.e.. Thus, any diverging time sequence contains
a subsequence satisfying , so we conclude that must hold.

We now show that peo(-,t) — x5, in L*(R?). Since 0 < po < 1, we have py < X5, a-€. in
By and ps > xB, a.e. in Bj. Hence

lpoc(-5t) = XBoll1 = 2/RZ(XBO — poo(,t))XByd.

Thus, by choosing f € Cy(R?) sufficiently close to x5, and applying , we can show that,
for any € > 0, ||poo(+,t) — xB,|l1 < € for sufficiently large t. This shows that pso(-,t) = x5, in
L'(R?). Finally, for 1 < ¢ < oo, the convergence in L follows directly from the L' convergence
and the fact that ||peo(-,t) — XBylloo < 1. O
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5. APPENDIX

5.1. Definition of viscosity solutions of We begin by recalling some notation. For
Q C R4 x (0,00), we write f € C>1(Q) if f is twice continuously differentiable in 2 and once
in t. We say that u— ¢ has a local mazimum (minimum) zero (xg,to) in Q if there exists € > 0
such that

¢(x0,t0) = u(wo, to) and ¢ > u (¢ < u) in Q N (B:(wg) X (to — &, t0 +€)).

In other words, ¢ touches u from above (below) at (x¢, o) with respect to Q.
Likewise, given an open set Q C R? and a function h : Q x [0, +00) — R, we denote its
upper and lower semicontinuous envelopes by

5.1 h* (2, t) = li h(y,s), h(z,t):=lm inf h(y,s).
(5.1) (1) S (y,8); halz,t) = limy inf h(y,s)
[t—s|<e [t—s|<e

Note that h* is the smallest upper semicontinuous function satisfying A < h*, and h, is the
largest lower semicontinuous function satisfying h > h..

Now, we define the notion of viscosity subsolution, supersolution, and solution of
Instead of proceeding as above and defining solutions of by comparison with classical
sub- and supersolutions, we follow an approach reminiscent of Kim [32] and Alexander, Kim,
and Yao [1]. While the former would ease our proof of the comparison theorem, Theorem @
the latter is more natural from the perspective of the convergence theorem, Theorem [3.14
One notable difference in the definition below from those of Alexander, Kim, and Yao [1] is
the separation of the solution and the set evolution in our notion of subsolutions.

Definition 5.1 (subsolution of. An upper semicontinuous function u : R? x (0, +00) —

[0, +00), paired with a space-time set ¥ = Uy (Q(t) x {t}), is a viscosity subsolution of[(P)s|
if

(a) {u(-,t) >0} C Q) and SN {t <to} SN {t < to} for every ty > 0;
(b) for all ¢ € C*1(R? x (0,+00)) so that u — ¢ has a local mazimum zero at (xg,to) in
Sn{t<to},
(i) if xo € Qto)° or u(xo,to) > 0, then —Ap(zo,t0) < 1;
(ii) if zog € ON(to), u(zo,to) =0, and |Vo|(xo,to) # 0, then

min(—Ap — 1,01 — |Vo|> = Vi - V&) (20, t0) < 0.

We will say that u : R% x [0, +00) — [0, 400) has compactly supported initial data ug if, in
addition,

(c) u(-,0) = ug(-) and {ug > 0} =X N {t = 0}.

We introduce the set 3 for technical reasons, to allow the possibility that u becomes zero in
the evolving set Q(t). Condition @ ensures that a subsolution does not jump up from zero.
Condition |(b)j(ii)| ensures that limits of viscosity solutions are viscosity solutions, since it is
possible that the boundary collapses in a limit and boundary points of the limiting functions
become interior points of the limit.

Definition 5.2 (supersolution of. A lower semicontinuous function v : R% x (0, +00) —
(0,+00) is a viscosity supersolution of with initial data vy if for all ¢ € C*1(R? x
(0,+00)) so that v — ¢ has a local minimum zero at (xq,to) with respect to RN {t < to},

(l) Zf (x(],t()) S {U > 0}, —A(p(l‘o,to) >1;
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(ir) if (zo,to) € {v > 0}, v(zo, t0) =0,
(5.2) |Vep|(zo,to) #0, and {¢ >0} N{v>0}N B #D for some ball B centered at (xg,1o)
then max(—Ap — 1,0 — |[Vp|? = Vi - V®)(x0,t0) > 0.
Will we say that v : R? x [0, +00) — (0, 400) has initial data vy if v(-,0) = vo(-)
Condition ensures that ¢ touches v from below in a non-degenerate way.

Definition 5.3. A lower semi-continuous function u is a viscosity solution of in R% x
(0, 00) with compactly supported initial data uo if (u*, {u > 0}) and u are respectively viscosity
sub- and supersolutions of |(P )| with initial data .

The following lemma illustrates the fact that the solution of is entirely characterized
by its support.

Lemma 5.4. Suppose u is a viscosity solution of in R x (0,00) and {u* > 0} = {u > 0}.
Then, for each t > 0, u(-,t) = (ht)s, where

hi(z) = inf{a(x) : —Aa > 1 in an open set E containing {u(-,t) > 0};a >0 on E.}

Proof. By the definition of a viscosity supersolution, —Awu(-,t) > 1 in {u(-,t) > 0}, so (hy)« <
u(-,t). On the other hand, by the definition of a viscosity subsolution, —Au*(-,¢) < 1 in R?
and u*(-,t) is supported in {u(-,t) > 0}. Therefore u*(-,t) < « for any candidate function a(x)
in the definition of hs, so u*(-,t) < (hy)*. Consequently, we conclude that u(-,t) = (h¢)«.

5.2. Further properties of gradient flows of E., Es, and E,,. In this section, we collect
several results on the gradient flows of E, Es, and E,,. We begin by proving Proposition
[2.3] which provides elementary estimates on the Newtonian potential of a bounded, integrable
function. We use these estimates to conclude that E., is w-convex along generalized geodesics.
(See |20, Theorem 4.3, Proposition 4.4].)

Proof of Proposition [2.3. The fourth inequality is a classical potential theory result (c.f. [17,
Proposition 2.1], |28, Lemma 2.1]), and the fifth inequality is due to Loeper |39, Theorem 2.7].
(While Loeper only considers the case d > 3, the same argument applies in d = 2.)

For the bounds on VNp and ANp, note that if B = B;(0),

IVNplloo < [[VN]|L1(m)llplloc + IVN (oo (peyllplls < Ca and  [|ANp|loc = [|pl[L < 1.
Likewise, for the lower bound on [ Npdp, if we let N~ (x) denote the negative part of N(z),

/ Nodu > / N~ p(@)du(z) > — N * plloe > —IN [z 0lloe — IV a0y Il > —Cat
]

Next, we prove Proposition which ensures that p, is Lipschitz in time, with respect to
the Wasserstein metric.

Proof of Proposition[2.5. By [20, Theorem 3.11], the function S(t) : D(Ex) — D(Ex) :
Poo(,0) = pso(-,t) is a semigroup, i.e. S(t + s) = S(t)S(s)u for t,s > 0. Therefore, it
suffices to show that Wa(peo(t), poo(0)) < 2Cy4t for all ¢ > 0.
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Let p be the discrete gradient flow of E, with initial data p = pso(0) and time step 7 > 0,
as defined by equation By [20, Theorem 3.8], if we take 7 = t/n for any ¢t > 0, then
limy, 400 Wg(p?/n, Poo(t)) = 0. Therefore,

n

Wa(poo(t), poo(0)) = Tim Walpfy,,p) < lim > Walpl. py,) < 2Cat,
i=1

where the last inequality follows from Lemma which ensures Wa(p! Jn pz/_nl) < 2C4(t/n).
U

We now turn to the proof of Proposition which concerns the regularity of VNpoo(x,t)
in space and time.

Proof of Proposition[2.6. The fact that VNps(z,t) is log-Lipschitz in space is an immediate
consequence of Proposition We now consider the continuity with respect to time. By
Proposition Poo 18 Lipschitz in time with respect to the Wasserstein metric, so it suffices
to translate this into continuity in time with respect to the Euclidean norm.

Fix 1) € C°(RY) so that supp ¢ € B1(0) and [|1)]|e < 1, and let ®(x,t) = Npoo(x,t) and

D1/, := @ %9y p,. Combining the fifth inequality in Proposition [2.3| with Proposition
|vq)1/m($vt) - V(I)l/m(l'a S)| = W}l/m * (VNp(l‘,t) - va(l‘? S))‘
< 11 /mll 22 (20 [ VNDoo (£) = VNpoo (5)l| 2 (Ray < M2 Wa(poo (), poo(s)) < 2Cam™?[t — 5.
We now use this inequality controlling the continuity in time of V&, ,,,(z,t) to estimate the
continuity in time of V®(z,t). By Proposition [2.3]
IVO(2,t) = Vi (2, 1)| = ‘/ (Ve(z,t) = Ve(z —y, t))lbl/m(y)dy‘ < Cd/v(\yl)%/m(y)dy

< Caa(1/m) [ w1jmly)dy = Cao(1/m).
Therefore,
IV®(z,t) — VO(x,s)|
SVE(x, 1) = VO (@, 8)[ + [V 1 (@, 8) = VO (y, )] + [V 1y, 1) = VO(y, 1))
< 2C40(1/m) + 2Cam¥?|t — s|.
Let p = 1/2d. Since |t — s| < e"1=V2/2 if we choose m = |t — s|("2/D(1-P) > 1 we have

m®2|t—s| = |t—s|P, which takes care of the second term in the above inequality. Furthermore,
q=1/(2(2—1/d)) < 1/2 ensures |log(z)| < z~%/2 < 297! for 0 < z < 1. Therefore,

(1/m)? i 1/m < eZ12V2/2 - (Ga/d)(1-p) _ »
o(l/m) < {3/m £ 1/m > e(1V2)2 < 3(1/m)? = 3|t — 5| = 3|t — s|”.

Therefore, |V®(z,t) — V®(z,5)| < 10Cy|t — s|'/??, which gives the result. O

_In the next proposition, we show that, while the discrete time sequence corresponding to
F may not be unique, the distance between any two such sequences converges to zero as the
time step 7 — 0.
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Proposition 5.5. Fiz T' > 0 and initial data p € D(Eoo) and let p? and i be two choices for
the time discrete time sequence corresponding to Fo, as defined in Deﬁmtwnnm Then
there exist positive constants N and C, depending on the dimension, T, and Ex(p), so that
fort=t/n and all0 <t <T andn > N,

FEW (W5, i) < Cuo(r).
Proof. By Corollary we have the following crude bound for all i =1,...,n,
Wa(p, i) < Wa(py, p) + Wa(fis, p) < 4CqT.

To obtain a more refined bound, we use Proposition First, we estimate the behavior of
the energy E along the discrete time sequence. By Proposition Lemma, and the
definition of p. as a minimizer

Ewo( 1 0L)
= B Y0571 + Eno(p 5 05) — Eoo(ﬁi1;pi1)=Eoo(ﬁil;pil)+/Npl (pi = pih)

Likewise, we may control the first term on the right hand side by
Bl 1) = 2Bns(p) + Bl p1) = Enclpi) = 2Buc(p) + [ Np(ph = p) < 2Enc(p) + 2Cr

Thus, there exists C' > 0 (which we allow to change from line to line) depending only on the
dimension, 7', and E(p) so that

Em(ﬁ?% Pé—) <C.

Likewise, by Proposition Eoo(-; ) is uniformly bounded below by —Cj.

Due to these estimates, we may apply Proposition to conclude that there exist positive
constants C' and N depending on the dimension, T, and Ex(p) so that for 7 =¢/n, 0 <t < T,
and n > N,

UG GNE)
S W i)+ Carw( CWaliig, i) + 27 (Boo (975 97) = B (053 7)) + €72

By Lemma we may bound the second term by Cy7w(C7) and the third term by
4037'2. Therefore, for alli =1,...,n

(5.3) FOWE(pL, b)) < WP i) + Crw(r).
We now show that, for all j =1,...,n,
(5.4) FED W (P, i) < W3 (g7, it ™) + 2CTw(r)j.

Once we have this, taking j = n gives the result. We prove ([5.4) by induction. The base case,
when j =1, is a consequence of (5.3). Suppose that the result holds for j — 1,

JEGDN W (g, i) < W, i) 4+ 207w(r)(j — 1),



52 KATY CRAIG, INWON KIM, AND YAO YAO

By Proposition applying fT(2) to both sides,
FEDWE (e, i) < fA W+ ar=ity) + 2C7w(r)(j — 1) + O
< W5 (5", 1"7) + 2CTw(7)j

where the second inequality is a consequence of ([5.3) and the fact that C7? < Crw(r). This
gives the result. O

Now, we turn to the proof that the discrete time sequence p7,, corresponding to E, con-
verges to the solution of (PME-D),,|as the time step goes to zero.
Proposition 5.6. Given initial data p € D(Ew), let p7,, be the discrete time sequence given

in Definition . Then, for any t > 0, p;‘/nm converges as n — +0oo to a limit py(t),

and there exist positive constants C and N depending on the dimension, Ex(p), and T so that
foralln >N, m>d+1, and 0 <t < T,

Wa (P} s Pm(t)) < O 1/16¢
Furthermore, pp,(t) is the unique weak solution of |(PME-D )|

Proof. Given initial data p € D(FE«), let p be the discrete gradient flow of E, as in Definition
Using this sequence, we define a time dependent energy E7,, by

Lo feav(@)™dz + [pa 1)m * Np(z)dv(z) if v < LY,
+oo otherwise.

404T

E%@%Zﬂmwﬂ={

Then p?,, given in Definition is the time varying discrete gradient flow of this energy
in the sense that

(5.5) P € angin { S WHL )+ Bl(0) ) and = p.
vePy(RY) L 4T

Consequently, we may apply the first author’s results on convergence of the discrete gradient
flow of time dependent energies [20, Theorem A.3], provided that we can show E]" satisfies |20,
Assumption A.2].

First, by |20, Theorem 4.3, Proposition 4.4], E” satisfies |20, Assumption 2.18] uniformly for
n €N, m > 1, and 7 > 0. In particular, there exists a solution to the minimization problem
and E? is w-convex along generalized geodesics, for A, = —Cy as in Proposition and
w(z) as in equation (2.4).

Next, we estimate the behavior of the energies and Wasserstein distance along the discrete
gradient flow. By Lemma forall 1 <i <n,

. . 2T . .
Wt 6500 < ) =2 58I — 1) + 2 < o (14 m7C3/2) +2C,

m—1
where, in the second inequality, we use that [|p°||”" < 1. Likewise, by Corollary

Wa(pmrsP) < \/4nT(1 + 8C3%nT).

Finally, since Proposition @ ensures £}, is uniformly bounded below by —Cjy, there exists a

constant Cy > 0, depending only on the dimension, so that

E2 () = El (02 ) < Em(p,p) + Ca < 1+ /Np(w)wl/m x p(z)dz + Cq < Cq+ Exo(p),
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where in the last inequality we use that Np(x) is a continuous function with at most quadratic
m——+00

growth and vy /,,, * p % p, 50 [ Np(z)thy jm * p(x)dz ——— [ Np(z)p(z)dz.
2

It remains to show that ET,, possesses sufficient continuity in n7. To do this, we first
estimate the continuity of p” in n7. By Lemma we have the following crude bound

W3 (o2, pfi) < (2Ca(nT + kh))* < 16C3T*.

Combining this with Proposition and [20, Theorem 3.6], we obtain that for any 7" > 0,
there exists 7 = 7(T,d) and C' = C(T,d) so that for all 0 < h < 7 < 7 and k,n € N with
kh,nt <T,

Forn (W3 (o™, pF)) < C [\/(m — kh)2 + 72n + hk&(\/T) + h2k + w(h2)k}
+ 2h(Ew(p) — inf Eso) 4+ Caw(16C5T*)T /n.

Since Fy(z) is decreasing in ¢, this implies there exists C' = C(T, d, Ex(p)) so that for 0 < 7 < 7,
(5.6) Far(W3 (o2, ph)) < C [v/(n7 = kR)? + v/7|log 7]

Since Fyr(z) is strictly increasing and convex in x, FQ_T1 (x) is strictly increasing and concave.
Therefore,

o(x) =\ Fy (V)

is a continuous, nondecreasing, concave function that vanishes only at zero. In particular, o(z)
is also subadditive, so (5.6)) implies that, for some C" = C'(T,d, Ex(p)),

(5.7) Wa(p, pf) < ¢ [0 ((n7 — kh)?) + o (1] log T|*)] .
We use this estimate to show that ET, is continuous in n7, up to an error that decreases

with 7. Since f := N(¢)y/p, * p;m) € C!, by Lemma

B2 (P ) = Ef (0 )| = [ B (0 i P7) — Ein(ph 1 p10)] = ’/Rd N1/ * ph ) (P2 — )

<"Vl [0 ((nT — kh)Q) +o (T| logTIQ)] )

Finally, ||V f||s is bounded uniformly in m, i, and 7, since for B = B;(0), there exists ¢
depending only on the dimension (and which we allow to change from line to line) so that, for
allm>d+1,

IV flloo < IVN | poorar 5y + HVNHLW'(B)”pi',mHLm(]Rd) <c+ (1/ad)(m71)/(m)\\p;m\le(Rd)
< (14 llplln + ((m = 1)TC3/2)™) < e

where the fourth inequality uses Lemma
Thus, |20, Assumption A.2] is satisfied, so by [20, Theorem A.3], we conclude that for all
0 <t <T, there exists C = C(Ex(p),T,d) (which we allow to change from line to line) so

Fot (W om(0)) < C [t/ 4 10 (V/t]0) + 022 /n) + o ¢/l og(t/m)]?)]

Hence, using again that Fi(x) is decreasing in t,

For (W3 (03 s pm(1)) < C [n/ logn -+ \/ Fy (¢/v/) + 1/ Fyt (/4] log<t/n>|>] .
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For 0 <z < e 17V2 Fy(z) = 2¢7" and n=Y/2logn = O(n=1/%), so for n sufficiently large,

20T
2e77d 4CyT

— e2CqT n — e
(Walplmr pm(@)) < COTHIE — Wapfl s () < Cn 710

Finally, it remains to show that the limit p,, is the unique solution of Following
a parallel argument as in Jordan, Kinderlehrer, and Otto’s original work on the convergence of
the discrete gradient flow to solutions of the Fokker-Planck equation [27], one can show that
for all ¢ € C$°(R? x [0, +00)),

+oo
(5.8) 0= /Rd pm(z,0)((z,0)dz —i—/o /Rd pm (7, 8)(0sC(w,8) = VP (z,5)V((7,s))drds

+o0
A .
—i—/o /Rd pm(x, s)"Al(x, s)dzds

To conclude that pp,(x,t) is the unique weak solution of (PME-D),,| it remains to show that
for all 0 < t < 400,

t
(5.9) // lpm (2, 5)|"dxds < 400,
0 JRd
Vpm(x,s)™

(5.10) /Ot (/Rd pm (T, 8)

(See, for example, |15, Theorem 6.1] and [34, Theorem 7.1]. While these references do not
consider the case of a time-dependent drift, an identical argument applies to the present case.)
To show ((5.9) and (5.10f), we define the following piecewise constant interpolations:

9 1/2
+ V@i (z,8)| pm(z, s)dz) ds < +o0.

ﬁt/n,m(xvs) = pi/n,m(l‘) and ﬁt/n(xvs) = pi/n for s € ((Z - 1)t/n7it/n]'

Using |20, Theorem 3.6] (see [20, Appendix A.3] for the adaptation to “time dependent” gra-
dient flows), one can show that

_ —+ ~ +
pt/n,m(mﬁ 3) % pm(.’IJ, S) and pt/n(xv 3) 7"0—I>/V—200> p00($7 8)'

We begin with (5.9). By the lower semicontinuity of || - ||7; with respect to Wasserstein
convergence [43, Lemma 3.4], Fatou’s Lemma, and Lemma which bounds ||p} /nm||m

uniformly in ¢ and n,

/ / |om (x, 8)["dxds < %gng‘/ / Pt /nm (5 8 |md:nds—hm1nfz / \pt/nm "dr < +o0.

We now turn to (5.10)). To ease notation, we recall the definition of the Rényi entropy and
its metric slope [2, Theorem 10.4.6],
9 1/2
M(z)dm) .

Sl) 1= / p(w)mde, (0S| (u) = ( /R d

By inequality ([2.8)),

t 1/2
/ (/ ’V@l/m(l‘, S)‘me(:b, s)dx) ds < Cgt < +00.
0 R4

Vp(z)™
()




CONGESTED AGGREGATION VIA NEWTONIAN INTERACTION 55

Thus, by the triangle inequality and Jensen’s inequality, it suffices to show

t 1/2
(5.11) (/ \8Sm|2(pm(8))d5) < o00.
0
By [2, Theorem 3.1.6, Theorem 10.4.13] and the fact that E,, is A\-convex for A = A(m),
j 2
! V(pi/n’m)m i i 1 i1 i i i
"/ 7 TV C1ym Noyn| AP < 1+ Xt/n [Em(pt/n,m?f’t/n) = B0} rms P )

Summing both sides from i = 1,...,n and using the definition of py/p s, Pt/n» and Ep,

/ / V(pt/nm(T,8))™ + P x Nowols, o) Qﬁ oo
Re | Pt/nm(T;$) L/m b/ t/m,mis
n .on 7 i+1 q
< m [E (p7 pt/n) - Em(pt/n,mvpt/n) + ;/Rd Nwl/m * Pt/n’m(x) {pt/n (CC) — pt/n(t’l})} dx] ,
1
< - - ol
S T a/n |:Em(p, Pijn) + Ca+ QC'mCdt} :

where in the last inequality we use Propositions and for C,, chosen so that
VN1 /i, * 0} /nm”oo < C,. Taking the square root of both sides and applying the reverse

triangle inequality for the L?(dp, /n,m (5 8)) norm and Proposition

¢ 1/2 1 1/2
2/= 1
(/ 0S| (Pt/n,m(S))d8> < —F— [Em(p;pt/n) +Ca+ 2Cm0dt} + Ca-
0

V1+At/n

Taking the liminf,, {~ and using that |0.S,,| is lower semicontinuous with respect to Wasser-
stein convergence [2, Corollary 2.4.10], we conclude the result.
O
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