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1. Introduction

With the advent of computer, splines have gained more
importance. Aryan [2] solved two point boundary value
problem by using ninth degree lacunary spline function of
the type (0, 1, 3, 5, 7), while Karwan and Aryan [8] have
studied second order initial value problem by lacunary
spline function of type (0, 2, 4, 5), and Abbas [1] in his
topic discussed approximation solution by lacunary
interpolation of type (0, 2, 4). Lacunary interpolating by

deficient spline of type (0, 1, 3, 5) exhibited by Saeed [11].

Saeed and Jwamer [12] devoted their paper to lacunary
interpolation by spline function of type (0, 1, 4). L. L. [9]
raised the idea of basic theory spline function. Jwamer and
Karim [7] showed sextet lacunary solution of fourth order
initial value problem. J. Karwan [6] found approximation
solution of second order initial value problem by spline
function. Fazal [5] investigates numerical solution of
fourth order initial value problem. Splines and differentia
equation taked by [4] Gianluca. De Boor spoke on
apractical guid to spline [3]. [10] M. K. resolved
numerical solution of differential equation.

In our paper we are trying to solve second order initial
value problems

V=t (xyy)¥(%)=n
Y (%0)=Y2

Where f € €*1[0,1] x R%,n > 2 and that it satisfies the
Lipschitz condition

£(r) (X ¥, Y1)~ i) (X, Y2, Y% )‘

<L(ly1=Yo|+]y1-¥72[) r=0132...,n-1

oy

For all x € [0,1], and all reals y,, y,, y;and y,, where
r=0, 1, 2,.., n-1, and L is lipschitz constant. Constructing
lacunary spline of degree seven of the type (0, 1, 6).
Existence and uniqueness of spline function of degree
seven have discussed, and convergence and error bound
have studied. An illustration example used to show the
convergence the lacunary spline function to the exact
solution, and the error bound numerically calculated .

The lacunary interpolation problem, which we have
searched for in this occupation comprised in finding the
seven degree spline S(x) of deficiency six, interpolating
data has given on the function value and one and sixth
derivatives in the interval [0,1].

In the following section spline function of degree seven
has offered which interpolates the lacunary data(0, 1, 6).
The results concerning existence and uniqueness of the
spline function of degree seven are coming in section 3.
And convergence and error bounds have studied in section
4. Finally in section 5 the demonstration of the
convergence of the particular lacunary spline function, and
numerical example have been given.

2. Descriptions of the Method

In order to introduce seven degree spline interpolation
for one dimensional and given sufficiently smooth
function f defined on [0,1]

Let Xg, X1,..., X, be n+1 grid points in the interval [0,1]
such that x;=xq+ih, X,=0, x,=1, i=0, 1,..., n; h =% is the
distance of each subintervals, so 0 = x5 < x; < x5 ... <
x, = 1, Is the uniform partition of [0,1]

A seven degree spline interpolation S(x) for one
dimensional on the interval [x,, x;] defined as
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X=X
S0 0) = o +(1-10)p + L
— 3 m
WD xx) e+ (x-x0 205 @
6
X=X
+% y(6) +(x- Xo)7 8,7

where a, j, j = 4,5,7, are unknown to be determined. Let a
seven degree spline interpolation S(x) on subintervals
[xi, %411, i =1,2,..,n—2 which is denoted by
S; (x) regarded as follows:

S (%) =i +(x=%) ¥+ (x=%)a 2
+(x=x) a3+ (x=x) a4 +(x=%)ais (3

6
+(X_Xi)
720

where a;;,i=1.2,..,n—1,j=
to be determined.

y© + (x—x)’ a7

2,3,4,5,7 are unknown

3. Existence and Uniqueness of the Spline
Function

In this section, we are supplying the existence and
uniqueness theorem for lacunary spline function of degree
seven of the type (0, 1, 6).

Theorem (3.1):

Given the real numbers y(x), y'(x;) and y©(x;) for i=0,1,
2,...,n, then there exist a unique spline of degree seven as
given in the equation (2), (3) such that

S(%)=y(x) .
fori=0,1,2,...,n
s (x)=y" (%), r=16 (4)

and (%) =y (%) and S (x9)=y (%)

Proof:
The spline function S(x) is defined as follows:
$(x) Sp (x), where x [Xg, %]

S1(x), where x e[, %j;1];i=0,1,2,...,n-2

Where the coefficients of these polynomials are to be
determined by the following condition

Si (Xi41) = Siva (Xis1) = Yina

Si(r) (Xi41) = Sl(Il) (%iy1) = yu(g r=16 ' ()
Si (Xis1) =Sis1 (%is1)and ;' (Xi41) = iy (%i41)
i=012,....n-2

and Sy; (%) =Yn S (%) =y, r=16... (6

To find uniquely the coefficients in S,(x) of equation
(2) by using the condition (5) where i = 0. Let h=X;+1-X;
we obtain the following

h*ag4 +hags +h'ag;

VRV I I N O @
=Y1—Yo—NYo 2Y0 6Yo 720y0

h*ag4 +h°ags+h'ag;

=YY _hy _ny _Eym_ﬁy(G) (8)
1000570 e 70 7000

5040hag 7 = y{& - y{®) 9)
From (3) we have
S1(%) =B (%) = y.?
S (%)=a S (%)=6a37?
st () =24a14,50 (%) =120a 5
And from (5) and (6)
So (%) =S1(%) =150 (%) =81 (%) = ¥
S0 (34) =5 (1)~ 17

1 h R
Nowsince |4 5h 7h3|#0
0 0 1

Then by solving the above equations (7)-(9),

a9 4 ——[yl—)’o]——[ 1+4V6J

2 . h2 (10)
2 (6) 5 (6)j|
th YO YO 5040[ Y1 7 +9Yp
4 1r ., .
2,5 =—h—5[y1—yo]+h—4[y 1+3yo]
L 1 - ) (11)
" 6 6
—Yo+——VYg-——|3 11
et Y 5040[ o }
_ (6) (6)} 12
%7 = 5040h[yl Yo (12
From the boundary condition (6)
b
281, — Yo —hyo +—y(() ) (19)

=12h%ay 4 +20h%ay 5 +42h°ag ;

3
62,3 v —% y{®) = 24hag , + 60hZag 5 +210h%ay ; (14)

By substituting these values (11) — (12) in equation
(13) and (14) we get

al,Z—__[Y1_YO]+ [2y'1+3yo]
4 (15)

L { y(6)+_y<e>}+§y" LR

Tao0[37 T3l [Tt

a3 = —i—g[yl— yo]+h%[3y‘1+7yo]
(16)

h3 (6) (s)} 4 v 1 m
43 +15 F—VYo+—
504 o[ ¢ Yoo [Fpfoty Yo

Now we are trying to find the coefficients of S;(x)for
i=1,2,..,n—1 which defined in equation (3) so we
have,
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aivz + haiy3 + hzai'4 + h3ai15 + hsaiy7

1 LR (s 1
= h—Z[Yi+1 - yi —hy; ~250 Yi( )]
2ai’2 +3hai’3 +4h2ai’4 +5h3ai’5 + 7h58i’7
1. W5 (6) (18)
:F[yiﬂ_ Vi~ 150 Vi ]
1 6 6
&7 =00 40h[yi(+1) —yi( )} (19
1 h R
Since |4 5h 7h3|#0
0 O 1
So above system has the following unique solution:
5 1. . '
84 = h—4[Yi+1 - Yi]—h—3[Yi+1 +4y;i]
) (20)
h (6) 5 (6) 3 2
2520 Yis1 ——Yi —h—zai,z _Fai,3
4
Q5 = __5[yi+1 Y|]+ [y|+1 +3y|]
h © @7 2 (21)
5040[3y|+1 +1lyl }+h—3ai'2 +h—2aiy3
1 6 6
&7 = oa0n 40h[yi(+% - yi( )} (22)
From the fact that S";(x;1) = ¥" ;41 andS""; (xi41) =

nr

v +1 we have

S'i (%i41) = ¥ i1 = 28 p +6hay 3 +12h%a; 4
4
+20h3aiy5 +2—4 y-(e) +42h5ai’7

ai’Z — ai+1’2 +3hai’3 + 6h2ai’4

4 (23)
+10h%a; 5 +21hPa; ; = -2—8 y©

S"i (Xis1)=6aj,13

2 h3 (6) 4
= 6ai'3 + 24hai‘4 +60h aiys +? yi 7~ + 210h aiy7

3
8j 3 — 8,13 +4ha; 4 +10ha; 5 +35h*a; ; = —2—6 yi(s) (24)

Substituting the values of a; 4, a;s and a; ; in (23) and
(24) we get

23 p — 23,12 =—6ha; 3

5 1 ] 1

— i —Yil=-=Yia+4yil
122" h

L <6>+§ ©] 3, .2,

2520 Yird 5V H2 i2 743

4

_5[yi+1 )’l]+ [y |+1+3y|]
oty (6) . 17(6)], 2 1

5040 |:3y|+1 +11yl j|+h_3ai‘2 +h—2ai13

_ZhS{Wth[yi(fl)_yi(G)}}_%yi(s)

60
2ay 9 — 2,99 = —6hay 3 _h_z[yi+1 =il

12 . 48 . h* (6 1 (6)
+FYi+1+TYi—myi+1—ayi

80 20
+36a; 5 +24ha; 3 +h—2[Yi+1 —Yil= ik

_80,.,30% (e), 1tn* (6) _
h it o5 i T o

h* 6 h* (6 h* (6
—20ha; ; ——— 1% 4 T yl0) T
137100 Y Tt T g Y

40ai’2

—2&i+1’2 + 6ai 2+ 2ai 3

20 h* 6 6
:F[YHI y|] _[2y|+1 3y|]_ﬁ[3yi(+]). +4yi( ):l
10
A2 3o —dj3= —h—3[yi+1 -il

NPNOIPNG)
5040[3yi+l+4yi }

(25)

20, . .
a3y
6a; 3 —6aj,13

1 . .
[yi+1—yi]—h—3[Yi+1+4yi]
=24h 2
h (6) 5 (6)] 3
2520 yi+1+§yi hz |2—Fa|3
4 1. ,
, ——5[yi+1—Yi]+—4[Yi+1+3Yi]
—60h

h (6) 6], 2 1
5040[3y|+1+ ly; }+Fai'2+h—2ai,3

owon2{ L [y _®7_h° )
210n {5040h[y‘+1 i }} 36!

120 24 96
__3[yi+1 yl]+ y|+1+ h2 y i

h® 6 h (6 72
105 y|(+%_5yi( )+ra|2+483|3

2 w122y -y,
h h
L3 (6), 11n° (5) 120
T N T T2
(), h° ©_h° (5)

—608j 3 ——— Vi1 YR 361

48
1263 3 ~63j,13 — -3 2

120

12 . '
= —3[Yi+1 - yi]—h—2[3Yi+1 +7Yi]

“ai -]
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8
218 3 +8j,13 +Fai,2

= Z—S[ym il [3y.+1+7y.] (26)
h® [2au(®) _160v(®)
5040[78)"+1 ~160% }

So the coefficient matrix of the system of equations
(15), (16), (25) and (26) for the unknown a;,,i =
1,2,..,n—1 is a non-singular matrix and thus the
coefficients a; ,,i = 1,2, ...,n — 1 are specified uniquely,
and consequently the coefficients a; 4, a; s and a; ; . Hence
the proof of the theorem has achieved.

4. Convergence and Error Bound

This section, includes studying the error bound of the
spline function S(x)of degree seven which is defined in
section (1) and it is a solution of problem (1).
Theorem4.1:

lety € €7[0,1] and S(x) be a unique spline function of
degree seven which is the solution of the problem (1).
Then for x € [x., x;], the following error bounds are holds

wy (f;h) r=0

hw, (f;h) r=1

2

%W7(f;h) r=2
Sgr)(x)—y(r)(x)ﬁ £h3W(fh) r=3

21 N

168h4w7(f h) r=4

103

——h' f;h =5,6,7

2o (0

Where w,(f;h) denotes the modulus of continuity
of y™, where ||f (x)|| = max{|f(x); 0 < x < 1}
Proof:

Let x € [x,,x;] the Taylor’s expansion formed about
x =x,fory € C7[0,1]

y(x)=y(%)+(x=%)y'(%)

2 3
+—(X_2XO) y"(xo)+—(x_é(0) y" (%)

+(X—XO)4 y(4)(xo)+
24
(X Xo) (6)
720 720

where x, <y < x;
First to find ||s$” (x) — y™|| from (2)

(X—XO)5 (5)
120 Y (%)

(X_Xo) y(7) (XO)

(o) 5040

s{") (x) =5040a, ; @27)
By using (27) and (12)

\sé”(x)—y(”(x)
1 6 _©®7]_ ()
—|5040
{5040h[ -3 |-y
1r & 7 6 7
=H[yé)+hyé)—yé)—y((yﬂ

7 7
-3

~ 504020 -y ()

(28

=w; (h; )

Since SM(x;) = y™ (x))forr = 1,6,i = 0,1,2, ...,n S0
we have

sée)(xo):y(s)(xo)orso (x)- y ( 0)=0 (29)

J(s0 (5)-y") (s)ds

X0

\sé Jx)-y® )| =

< f ‘(537)(5)— y(7)(s))‘ (30)
X0

X
<ds [wy (h; £)=hw, (h; f)
X0
To find [s$® (x) — y® (x)| we need the following

Using Taylor’s series expansion on y®(x) a bout
X = X1

y® (x)= y® (%) +(x=%) y® (%)

2
(x—2><o) NOI

(31)
+

From (2)
58 (x) =120ag5 + (x— %9 ) y® (x0) + 2520h%ay ; (32)
Then from (10)-(12) and(31), (32)we get

120 VR0
‘585)(x)—y(5)(x)‘= 205+ (x=%)y™ (%)

+2520a0’7h2 - y(S)(x)
7 7 h?
=2 y(()7) T y(Xo)[ < ?‘yg) (en)- yg)?) (ap )‘ (33)
h2
< =W (f:h)

where Xo<a; <a, <x;.

09 %) -y (x)

(X—Xo)2 (6)
=243y 4 +120ay s +—22yO) (x
89,4 a5 > y ( 0) (34)

+840h3a0'7 - y(4) (%) hy(s) (Xo)
h2 h3
-y (x6) -y (1g) < Py (1)

from (10)-(12), (2) and
(x) about x = x 1

To find |sg" (o) — ¥ (x0)],
Taylor's series expansion on y'"”’
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[s009-"(x0)
Yo +24hag 4 +60h%ag 5
3
+% y® (%) +210h%ag 7
=l . W2 (s (35)
=y 00) =) (50) =¥ (30)
h3 h*
oy y©(x) o y(7) (%)
11h* _
< EWY ( f y h)

To find |sg' (x) — ¥"'(x,)| from equations (10) — (12),
(2) and Taylor's series y'" (x) about x = x ;

5000y 00)

Yy “O+ hy(")' +2 h2a0,4 + h3a0’5

4
X=X

+(To)y(6) (XO )+42h530‘7

= ’ (36)

Yo (x0)-hy" (%)~ 2-¥*) (10)

h3 h* h°
—-———y(G)(xo) Y(7)(Xo)
:103h5

24 120
@) () (D) e (£
Yy (n)-y (r2) 2520 7(f:h)
where xo <y, <y, < X1,

Since s™(x;) = y™(x;) for r=1,6, i=0,1,...,n, so we
have s’y (xy) = ¥'(x,) or s’y (xy) — y'(xy) = 0 ,and from
(36), then

103h°
<=
2520

\SG(X)—-yKX)\= T(Sé(s)—'Y"(S»dS
X0

< j (S"O(s)—y"(s))‘ds (37
X0
t 103h° 103h®

< | 2520 "7 (1) =550 W1 (T3
X0

Also from (4) and (37) we have sqy(xy) — y(x,) = 0,
then

|so (x)—Yo (x)| = ]E (s'o(t)- Yo (t))dt

X0

< |50 (0)=vo (1)t (38)
X0

103
<
2520
Lemma4.1:
Let y€C’[0,1] , then |e;,| < K;hSw,(f,h) for
i=1,2,..,n—1where

hSw, (f:h)=
I wr (3h) 2520

€2 =Zai‘2 —Yi (39)

K; depend on the numbers of interval
Proof:

Fory € C7[0,1], then from Taylor’s expansion formula,
we have

()= y05)+ )y )+ By

(x=x )7 )

where x; < 6 < x;,, and similar expressions for the
derivatives for y(x) can be used.

Now if i = 1, then from equations (15) and (16) we
obtain

_ o
2 =28,y =— 25 ) (611)
h° h° h°
o (0a2) gy (0aa) 33597 (00
where

Xj < 6!1’1 < 92’1 < 9&1 < 94’1 <X
31

< how, ( f:h
orfe] < 550" (1:h)
SO Kl :i_

2520

If i = 2, then from equations (15)-(17), and using (39)
we obtain
239 5 239
e 5| <——h>w; (f;h)so K, =——.
ez s0a0" "7 (Tih)s0 Kz =20
By the same way aforementioned above and using the
step before K; we can show that the inequality

|ei,2|§ Kih5w7(f,h) fori=12,..,n-1.

Hence the proof have completed.
Lemma 4.2:

Let y € C7[0,1] , then |e;s| < K';h*w,(f,h) for
i=12,..,n—-1
where

€i3= 6ai'3 - y'"i (40)
and K'; depend on the numbers of intervals.
Proof:
Fory € C7[0,1], then from Taylor’s expansion formula,
we have

(X—XOZ

y(x)=y(%)+(x=x)y'(x)+ y"(%)
(x=x )7 7
" 5040 y( )(

wherex; < ¢ < x;,, and similar expressions for the
derivatives for y(x) can be used.

Now if i = 1, then from equations (16), and (40) we
obtain

%),
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h4
120 y(7) ( .

=6a —_y"M — _
e1,3 i,3 Y 5040
RN 13n* S0 h @)
+ a0 ) (o) oy (osa) =55y oua)

Where X < @11 < @pq < P31 < Pgq < x; then |el,3| <
4 ;11
1680 h wy(f;h) so K'y ~ Tes0'

Also if i = 2, then from equation (15), (16), and (18)
and using (40) we obtain

213 213

560

By same way in above and using the step before K'; we
can show that the inequality

|e33|< h4w7(f h)so K’y =——

loi.3| < K'jh*wer ()

for i=1,2,..
lemma (4.2).
Theorem 4.2:
Let y € C7[0,1] and S(x) be a unique spline function
of degree seven which is a solution of the problem (4).

,n—1 this completes the proof of the

Then for x € [x;,x;44], i = 1,2,...,n—1 the following
error bounds are holds:
7 00—y 0 <
w; (f;h) r=0
hw; (f;h) r=1

120h?K;w, ( f;h)+20n?K ; w7(f;h)+h?w7(f;h),r:2

3
84h%K,w, ( f;h)+12h%K w7(f;h)+%w7(f;h),r=3
4 4 11n*
24h"K;w, (f;h)+2h"K" W7(f;h)+Ew7(f ;h),r=4
5

4 7h
20K w, (f:h)+—h°K " w, (f:h)+—w, (f:h), r=5
o (F5) 20Ky (10)+2 2w (1)

2h6+<iw7(f;h)+fh6K'i W7(f;h)+ﬁw7(f;h), r=
6 360

7
2h7Kiw7(f;h)+%h7K'i W7(f;h)+%w7(f;h), r=7

Proof:

Letx € [x;,x44],i=12,...,n—1

From equation (2) and Taylor’s expansion formula we
get

s(7) (x) =50402; ; (41)
|si(7)(x) -y (x)| = |5040qa;; — y (x|, and from (22)
- 5040[ O40h[y'(+% yi(ﬁ)}_y(Y)(x)
I B B € R N )
h[y. +hyp —yi } y 7 (x) (42)
= yi7—yi7(¢)‘éw7(f;h)

By (5), s (x) =y (x), r=16,i=0,1,..,n 50

we have
5 (%)= 11 ) or s (x5) -y (x) =0
‘ (6) Xl (X)‘ _[(S (7) (S))dS

(43)
ois_jw7 (f;h)=hw, (f;h)

Xi

< J
Xj

To find |s& () —y® )| where y®(x) about
x = x; s

1700 =917 05+ 0™ ()
2 (44)
(X—Xi) y(7) _

And from (3)
s (%) = 1203 5 +(x—X;) y-(e) (%) +2520h%a, 7,

then from (21), (22) and (40) we get

5 04) =% 9

1208 5 +(x—x ) y\®) (% )+ 2520n2a; ;
RAMCORCSIRICY
_M (7)(Xi)

2

1208 5 +(x—x ) Y{® (%))
2 (%) (x=x) 9 (%)

IA

2
+|2520n2a; 7 —h? ) (x )‘ (45)
120 20
< ?(Zai,z —Yi)|+ h—Z(Gai,s —VYi ‘

2
+[2520n2a; 7 —h? v\ (x)

|eI 2|+ |e, 3|+ 2520h2aI 7 —ﬁy,( )(x)

From lemma (4.1) and (4.2) we obtain

59 ()% 0| <5 P (£:0)
2
+ﬁ—(2)K'ih4w7(f;h)+h7w7(f;h) (46)

2
=120K;h?w, ( f;h)+20K jh2w, (f;h)+h?w7(f;h)

To find |s™(x) —y®(x)| from Taylor's y™®(x)
about x = x; we get
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—
a1

W 0= 06)+ (=39 (%)
2 3
L0 ) B ),
and from (3) and (4) , (20) —(22)
s (%) = 243 4+120ha,5+h22

hence

s () -y (%)

2
24a; 4 +120ha; 5 +h7 y-(e) (%)

= +840h3ai’7 - yi(4) (x)—(x=x%) yi(s) (%)
2 3
S8 )L )

12 3h3
f:h
(e|3)+ 10 ( )

84
o2 (el 2)+—

I/\

Where

h3
<— f;h
L (1:h)

o, U5 1)
15 Vi (%)

3
<84h3K;wy ( £3h)+12h°K ' wy (f;h)+%w7(f

leiz| = hSkiw, (f; h)
leis| = h*kw, (f; h)

rnr rnr

Where

y(6) (Xi )+ 840h33i’7 ,

(47)

;h)

To find [s"";(x;) — ¥""(x)| from Taylor’s y'"’(x) about

x = x; We get

() =y"05)+ (x=x) Y x) +

3 Y
+(X—6X|) y(ﬁ)(xi)+( 24I) y(7)(xi),

and from (3) and (4)
" (X)=y"(x;)+20ha; 4

3

+60h%a; 5 +h7 y® (x)+210n%; 5,

then from (21)-(23)
57 (x)=y"; (x)|

2
= |-y " (% _(X_Xi)y(4)(xi )_My(s) (%)

_%y(ﬁ)(xi)__

IN

24 w11
T(ei,z) +2(63; 3 - Yj )+m

wiy. 3
y () + 20ha; , + 604 5 +h7y(6) (% )+210h*

a7

17
Where
h? (7| < h*

210h%a; 7 —— 7 (fih

a-|7 24 y| 24W7( )

. _ i 110 _
< 24n*Kywy (£:1)+ 20*K iy (£:0)+ 2wy (T5h)
(48)
where leio| = R*Kiw, (f; h)

|eis| = R*K';w; (f; )

To find |s";(x;) —¥";(x)| from Taylor’s y"'(x) about

x = x; We get

=505y

A0 )+ B8040 )

+(X_Xi) y(6)(xi) (X X,) y(7)( )

24 120
and from (3) and (20)-(22)
5" (x)=y"(x)+hy"(x)+12h%a; 4

4

h
+20h%a; 5 *o2 y(©) (x;)+42h°a; ;

Hence

[s7()=y"(x)|

y"(x)+(x—xi)y'"(xi)
4
+12h2ai,4 + 20h3aiy5 +% y(G) (%)

= +42h5aiy7 =y ()= (x=x)y" (%)

Cn) oy

3
i CX)” 6 ()

y

_(X_Xi)4 (6)(Xi)—(x ) y(7)(X.)

24 y 120
2(2a|2_Y|)+( )(6313 y )
< 5
+%W7 (f;h)
Where|42h°a;; - Eyf7)| < EW7(f h).

Hence

|s"(x) - y"(x)| < 2n°kwy ( f;h)
4 5. 7h*

—h7k;j fih)+— f;h
g ki (fih)+ogsw (fih)

|ei,2| = h3kw, (f; h)
|ei,3| = h*kw, (f; h)

To find |s';(x)
have s';(x) — y'(x;) = 0 from which we obtain

where

(49)

—yi(x)| from (4) and (49) we
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Thus the proof has completed for x € [ x;,x;44],i =
1,2,..,n—1.

s (0)-y'(x)| = f_(si" (t)-y" ()t

X, . X 5. Numerical Conclusion
< [|6si ()= vi ()dt =2 [n°Kiwy (F5h)
% X (50) In this section we are performing numerical result to
4% 7 X show the convergence of the spline function of degree
s IhSK 'wy (f,h)+—— jhf’w7 (f,h) seven which constructed in section 4 to the second order
6 360, initial value problem.
Example:

Consider the second order initial value problem
y" =4y+12x,y(0)=4,y'(01)=1

- ZhGKiw7(f;h)+%h5Ki'w7(f;h)+$h5w7(f;h).

To find |s;(x) —y(x)| from (4) and (50) we have
5;(x) — y(x;) = 0 from which we obtain where xe [0, 1]with the exact solution

51 () =% (x)| = }(s; (1)-y'(t)dt| < ﬂsi' (6)- v y(x) =36 +e 2 -3x

Solution:
M X X Let h=0.1, n=10.
= zthKiw7 ( f;h)dt+fj‘h5Ki'W( f: h)dt+LJ'hGW7 (f:h) 'I_'he _foIIowing are absolute errors e; for s(x) and its
X 6 360 derivative.
2h"K;wy ( f;h)+fh7|<i'w7 (f;h)+Lh7w7(f;h).
6 360
The results of sy(x) and y(x) and the errors e
X s0(X) y(X) E
0 4 4 0
0.01 4.023221761455326 4.010802693387022 1.241906806830305x 1072
0.02 4.052977540396584 4.023221761729488 2.975577866709558x 102
0.03 4.089410921147630 4.037274173220328 5.213674792730286x 1072
0.04 4.132676097802936 4.052977549411511 7.969854839142376x 102
0.05 4.182938075201394 4.070350172262902 1.125879029384910x 107?
0.06 4.240372881521335 4.089410991455285 1.509618900660507x 10~
0.07 4.305167792726000 4.110179631970488 1.949881607555124 x 10
0.08 4.377521569102155 4.132676401941642 2.448451671605134x 10
0.09 4.457644704148236 4.156922300776703 3.007224033715329x 10~
0.1 4.545759686082378 4.182939027558492 3.628206585238867x 10
The results of s4(x) and y'(x) and the errors e
X s0(X) y'(x) E
0 1 1 0
0.01 1.323285738895434 1.160810693547024 1.624750453484092x 1071
0.02 1.653489245157033 1.323285766849683 3.302034783073504x 10
0.03 1.991137759303147 1.487490212103660 5.036475471994871x 10
0.04 2.336769478127523 1.653489713276480 6.832797648510434x 10
0.05 2.690934250283532 *1.821350672381967 8.695835779015650x 10~
0.06 3.054194285121044 1.991140236041939 1.063054049079105x 10~
0.07 3.427124875552130 2.162926322345752 1.264198553206378
0.08 3.810315135737784 2.336777648018439 1.473537487719345
0.09 4.204368754404904 2.512763755908317 1.691604998496587
0.1 4.609904764620713 2.690955042805055 1.918949721815658
The results of s{ (x) and y"(x) and the errors e
X 50 (%) y"(x) E
0 16 16 0
0.01 1.633288693894130x 10! 1.616321077354809x 10! 1.696761653932101x 107?
0.02 1.669190844809274x 10! 1.633288704691795x 10! 3.590214011747844x 10
0.03 1.707763499274600x 10! 1.650909669288131x 10! 5.685382998646865x 10!
0.04 1.749067686605782x 10! 1.669191019764605x 10! 7.987666684117757x 10~
0.05 1.793168496731045x 10! 1.688140068905161x 10! 1.050284278258835
0.06 1.840135162662548x 10! 1.707764396582114x 10! 1.323707660804343
0.07 1.890041147703789x 10! 1.728071852788195x 10! 1.619692949155937
0.08 1.942964237489029% 10! 1.749070560776657x 10! 1.938936767123721
0.09 1.998986636956269x 10! 1.770768920310681x 10! 2.282177166455882
0.1 2.058195072360869% 10! 1.793175611023397x 10! 2.650194613374725
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The results of s{'(x) and y"'(x) and thr errors e
X 50" (%) ¥ (x) e
0 16 16 0
0.01 1.729314295558173% 10* 1.664324277418810% 101 6.499001813936368x 10~
0.02 1.861395698062813x 10* 1.729314306739873x 101 1.320813913229401
0.03 1.996455103721259x 10* 1.794996084841464x 10* 2.014590188797949
0.04 2.13470779125100 10" 1.861395885310592 10* 2.733119059404173
0.05 2.276373700113413x 10* 1.928540268952787x 10" 3.478334311606260
0.06 2.421677714048418x 10* 1.996456094416775x 10" 4.252216196316421
0.07 2.570849950220852x 10* 2.065170528938301 10! 5.056794212825511
0.08 2.724126054295114% 10* 2.134711059207375x 10! 5.894149950877379
0.09 2.881747501761962x 10* 2.205105502363327x 10! 6.766419993986348
01 3.043961905848285x 10 2.276382017122022x 10" 7.675798887262630
The results of s{”(x) and y*(x) and the errors e
X 55" (x) y®(x) e
0 64 64 0
0.01 6.533154775576520% 10* 6.465284309419236x 10! 6.787046615728405x 10~
0.02 6.676763379237094x 10* 6.533154818767180x 10! 1.436085604699138
0.03 6.831053997098398x 10" 6.603638677152524x 10! 2.274153199458746
0.04 6.996270746523129% 10* 6.676764079058418x 10 3.195066673647103
0.05 7.172673986924178x 10* 6.752560275620644x 10! 4.201147113035341
0.06 7.360540650650192% 10* 6.831057586320644x 10! 5.294830643217371
0.07 7.560164590815155% 10* 6.912287411152781x 10* 6.478771796623794
0.08 7.771856949956116x 10* 6.996282243106627 10" 7.755747068494883
0.09 7.995946547825076x 10* 7.083075681242724x 10! 9.128708665823528
01 8.232780289443475x 10* 7.172702444093586x 101 1.060077845349890
The results of 5. (x) and y®(x) and the errors e
X 56 (%) YO ) e
0 64 64 0
0.01 6.917257182232693x 10* 6.657297109675238x 10! 2.599600725574547
0.02 7.445582792251253% 101 6.917257226959492x 10! 5.283255652917606
0.03 7.985820414885036x 10* 7.179984339365856x 10" 8.058360755191794
0.04 8.538831165004036x 10* 7.445583541242368x 10! 1.093247623761669x 10*
0.05 9.105494800453650 10* 7.714161075811147x 10! 1.391333724642504x 10*
0.06 9.686710856193670x 10* 7.985824377667102x 10! 1.700886478526568x 10*
0.07 1.028339980088341x 102 8.260682115753203 10 2.022717685130204% 10*
0.08 1.089650421718045x 102 8.538844236829502x 10! 2.357659980350952x 10*
0.09 1.152699000704785x 10+ 8.820422009453307 10 2.706567997594539% 10*
01 1.217584762339314x 10*2 9.105528068488088x 10 3.070319554905052% 10*
The results of s{”(x) and y®(x) and the errors e
X 55 (x) YO (x) e
0 256 256 0
0.01 2.613261910230608x 10*2 2.58611372367695x 10*2 2.714818646291362
0.02 2.670705351694838x 10*2 2.61321927506872x 102 5.744342418796551
0.03 2.732421598839359 10*2 2.641455470861010 10*2 9.096612797834984
0.04 2.798508298569252x 10*2 2.67075631623367x 10*2 1.278026669458841 10*
0.05 2.869095947696252x 10*2 2.701024110248258x 10*2 1.680454845214137x 10*
0.06 2.944216260260077x 10*2 2.732423034531382x 107 2.117932257286948x 10*
0.07 3.024065836326062x 10+ 2.764914964461112x 107 2.591508718649500% 10*
0.08 3.108742779982446x 10*2 2.798512897242651x 107 3.102298827397953x 10
0.09 3.198378619130031x 10*2 2.833230272497090x 107 3.651483466329411x 10*
01 3.293112115777390x 10*2 2.869080977637435x 107 4.240311381399560x 10"
The results of s (x) and y™(x) and the errors e
X 55 (%) y? () e
0 256 256 0
0.01 2.76690287289077x 10? 2.662918843870095x 107 1.039840290229819% 10*
0.02 2.978233116900501x 102 2.766902890783797x 107 2.113302261167042x 10"
0.03 3.194328165954015x 102 2.871993735746343x 107 3.223344302076718x 10"
0.04 3.415532466001615x 107 2.978233416496947x 107 4.372990495046678x 10!
0.05 3.642197920181460x 107 3.085664430324459 107 5.565334898570016x 10*
0.06 3.874684342477468x 107 3.194329751066841 107 6.803545914106273x 10*
0.07 4.113359920353363x 102 3.304272846301281x 107 8.090870740520818x 10"
0.08 4.358601686872182x 102 3.415537694731801 107 9.430639921403807x 10*
0.09 4.610796002819139x 102 3.528168803781323x 107 1.082627199037816x 10°

0.1

4.870339049357256x 102

3.642211227395235% 102

1.228127821962021x 102
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