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2 R. STANLEY, HYPERPLANE ARRANGEMENTS

LECTURE 1

Basic definitions, the intersection poset and the
characteristic polynomial

1.1. Basic definitions
The following notation is used throughout for certain sets of numbers:

nonnegative integers

positive integers

integers

rational numbers

real numbers

positive real numbers

complex numbers

[m] theset {1,2,...,m} when m € N

< 2z

afmoeN

We also write [t¥]x(t) for the coefficient of t* in the polynomial or power series ().
For instance, [t?](1 + t)* = 6.

A finite hyperplane arrangement A is a finite set of affine hyperplanes in some
vector space V = K™ where K is a field. We will not consider infinite hyperplane
arrangements or arrangements of general subspaces or other objects (though they
have many interesting properties), so we will simply use the term arrangement for
a finite hyperplane arrangement. Most often we will take K = R, but as we will see
even if we're only interested in this case it is useful to consider other fields as well.
To make sure that the definition of a hyperplane arrangement is clear, we define a
linear hyperplane to be an (n — 1)-dimensional subspace H of V, i.e.,

H={veV :a v=0}

where « is a fixed nonzero vector in V' and « - v is the usual dot product:

(1, ap) - (v1,...,0p) :Zaivi.

An affine hyperplane is a translate J of a linear hyperplane, i.e.,
J={veV:a v=a},

where « is a fixed nonzero vector in V and a € K.

If the equations of the hyperplanes of A are given by Ly (z) = a1, ..., L(z) =
A, where © = (21,...,2,) and each L;(x) is a homogeneous linear form, then we
call the polynomial

Qa(x) = (Li(x) —a1) -+ (Lin() — am)

the defining polynomial of A. It is often convenient to specify an arrangement
by its defining polynomial. For instance, the arrangement A consisting of the n
coordinate hyperplanes has Q4 (z) = x122 - - - xy.

Let A be an arrangement in the vector space V. The dimension dim(A) of
A is defined to be dim(V) (= n), while the rank rank(A) of A is the dimension
of the space spanned by the normals to the hyperplanes in A. We say that A is
essential if rank(A) = dim(A). Suppose that rank(A) = r, and take V = K™. Let
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Y be a complementary space in K™ to the subspace X spanned by the normals to
hyperplanes in A. Define

W={veV :iv-y=0VyeY}.

If char(K) = 0 then we can simply take W = X. By elementary linear algebra we
have

(1) codimy (HNW) =1

for all H € A. In other words, H N W is a hyperplane of W, so the set Ay :=
{HNW : H € A} is an essential arrangement in . Moreover, the arrangements A
and Ay are “essentially the same,” meaning in particular that they have the same
intersection poset (as defined in Definition 1.1). Let us call Ay the essentialization
of A, denoted ess(A). When K = R and we take W = X, then the arrangement A
is obtained from Ay by “stretching” the hyperplane H N W € Ay orthogonally to
W. Thus if W+ denotes the orthogonal complement to W in V, then H' € Ay if
and only if H' ® W+ € A. Note that in characteristic p this type of reasoning fails
since the orthogonal complement of a subspace W can intersect W in a subspace
of dimension greater than 0.

Example 1.1. Let A consist of the linesx = a1, ...,z = aj in K> (with coordinates
2 and y). Then we can take W to be the z-axis, and ess(A) consists of the points
r=ay,...,x =ai in K.

Now let K = R. A region of an arrangement A is a connected component of
the complement X of the hyperplanes:

X=R"— U H.

HeA
Let R(A) denote the set of regions of A, and let
r(A) = #R(A),

the number of regions. For instance, the arrangement A shown below has r(A) = 14.

It is a simple exercise to show that every region R € R(A) is open and convex
(continuing to assume K = R), and hence homeomorphic to the interior of an n-
dimensional ball B" (Exercise 1). Note that if W is the subspace of V' spanned by
the normals to the hyperplanes in A, then R € R(A) if and only if RN € R(Aw ).
We say that a region R € R(A) is relatively bounded if RN W is bounded. If A
is essential, then relatively bounded is the same as bounded. We write b(A) for
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the number of relatively bounded regions of A. For instance, in Example 1.1 take
K =R and a; < az < --- < ag. Then the relatively bounded regions are the
regions a; < & < a;4+1, 1 <i <k — 1. In ess(A) they become the (bounded) open
intervals (a;, a;4+1). There are also two regions of A that are not relatively bounded,
viz., x < a1 and = > ag.

A (closed) half-space is a set {x € R™ : z -« > ¢} for some o € R”, ¢ € R. If
H is a hyperplane in R™, then the complement R™ — H has two (open) components
whose closures are half-spaces. It follows that the closure R of a region R of A is
a finite intersection of half-spaces, i.e., a (convex) polyhedron (of dimension n). A
bounded polyhedron is called a (convex) polytope. Thus if R (or R) is bounded,
then R is a polytope (of dimension n).

An arrangement A is in general position if

{Hi,....,H,} CA, p<n = dim(HN---NHy)=n—p
{Hi,....,H,} CA, p>n = HN---NH,=

For instance, if n = 2 then a set of lines is in general position if no two are parallel
and no three meet at a point.

Let us consider some interesting examples of arrangements that will anticipate
some later material.

Example 1.2. Let A,, consist of m lines in general position in R?. We can compute
r(Am) using the sweep hyperplane method. Add a L line to Ay (with Ax U{L} in
general position). When we travel along L from one end (at infinity) to the other,
every time we intersect a line in Ay, we create a new region, and we create one new
region at the end. Before we add any lines we have one region (all of R?). Hence

r(Am,) = #intersections + #lines + 1

- ()

Example 1.3. The braid arrangement B,, in K™ consists of the hyperplanes
Bn: xi—2;=0, 1<i<j<n.

Thus B,, has (g) hyperplanes. To count the number of regions when K = R, note
that specifying which side of the hyperplane z; — 2; = 0 a point (a1, ...,a,) lies
on is equivalent to specifying whether a; < a; or a; > a;. Hence the number of
regions is the number of ways that we can specify whether a; < a; or a; > a; for
1 < i < j < n. Such a specification is given by imposing a linear order on the
a;’s. In other words, for each permutation w € &,, (the symmetric group of all

permutations of 1,2,...,n), there corresponds a region R, of B,, given by
Ry, = {(a’la . . ~7an) eR" : Aoy (1) > Aoy (2) > > aw(n)}~

Hence r(B,,) = n!. Rarely is it so easy to compute the number of regions!

Note that the braid arrangement B,, is not essential; indeed, rank(B,,) =n—1.
When char(K) does not divide n the space W C K™ of equation (1) can be taken
to be

W ={(a1,...,a,) € K" : a1 + -+ + a, = 0}.

The braid arrangement has a number of “deformations” of considerable interest.
We will just define some of them now and discuss them further later. All these
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arrangements lie in K™, and in all of them we take 1 <i < j <n. The reader who
likes a challenge can try to compute their number of regions when K = R. (Some
are much easier than others.)

e generic braid arrangement: x; — x; = a;;, where the a;;’s are “generic”
(e.g., linearly independent over the prime field, so K has to be “sufficiently
large”). The precise definition of “generic” will be given later. (The prime
field of K is its smallest subfield, isomorphic to either Q or Z/pZ for some
prime p.)

e semigeneric braid arrangement: x; —x; = a;, where the a;’s are “generic.”
e Shi arrangement: x; —x; = 0,1 (so n(n — 1) hyperplanes in all).

o Linial arrangement: x; — x; = 1.

e Catalan arrangement: x; —x; = —1,0, 1.

e semiorder arrangement: x; —x; = —1,1.

[ ]

threshold arrangement: x; +x; = 0 (not really a deformation of the braid
arrangement, but closely related).

An arrangement A is central if (., H # 0. Equivalently, A is a translate
of a linear arrangement (an arrangement of linear hyperplanes, i.e., hyperplanes
passing through the origin). Many other writers call an arrangement central, rather
than linear, if 0 € (o4 H. If A is central with X = (., H, then rank(A) =
codim(X). If A is central, then note also that b(A) = 0 [why?].

There are two useful arrangements closely related to a given arrangement A.
If A is a linear arrangement in K", then projectivize A by choosing some H € A
to be the hyperplane at infinity in projective space P}é_l. Thus if we regard

Pt ={(z1,...,2,) : 2; € K, not all z; =0}/ ~,
where u ~ v if u = aw for some 0 # a € K, then
H=({(x1,...,2,-1,0) : 2; € K, not all #; = 0}/ ~) = PR~ 2.

The remaining hyperplanes in A then correspond to “finite” (i.e., not at infinity)
projective hyperplanes in P}éil. This gives an arrangement proj(A) of hyperplanes
in P}é_l. When K = R, the two regions R and —R of A become identified in
proj(A). Hence r(proj(A)) = 3r(A). When n = 3, we can draw P? as a disk with
antipodal boundary points identified. The circumference of the disk represents the
hyperplane at infinity. This provides a good way to visualize three-dimensional real
linear arrangements. For instance, if A consists of the three coordinate hyperplanes
x1 =0, zg =0, and x3 = 0, then a projective drawing is given by
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The line labelled i is the projectivization of the hyperplane x; = 0. The hyperplane
at infinity is x3 = 0. There are four regions, so r(A) = 8. To draw the incidences
among all eight regions of A, simply “reflect” the interior of the disk to the exterior:

Regarding this diagram as a planar graph, the dual graph is the 3-cube (i.e., the
vertices and edges of a three-dimensional cube) [why?].

For a more complicated example of projectivization, Figure 1 shows proj(B4)
(where we regard B4 as a three-dimensional arrangement contained in the hyper-
plane 21 + x3 + 23 + x4 = 0 of R*), with the hyperplane z; = x; labelled 47, and
with x1 = x4 as the hyperplane at infinity.

We now define an operation which is “inverse” to projectivization. Let A be
an (affine) arrangement in K™, given by the equations

Ll(x):alv RS Lm(x):am

Introduce a new coordinate y, and define a central arrangement cA (the cone over
A) in K™ x K = K™*! by the equations

Ll(ﬂf):al% R Lm(x):am% y:O

For instance, let A be the arrangement in R! given by z = —1, = 2, and = = 3.
The following figure should explain why cA is called a cone.
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AN
A
K

Figure 1. A projectivization of the braid arrangement By

It is easy to see that when K = R, we have r(cA) = 2r(A). In general, c¢A has
the “same combinatorics as A, times 2.” See Exercise 2.1.

1.2. The intersection poset

Recall that a poset (short for partially ordered set) is a set P and a relation <
satisfying the following axioms (for all z,y, z € P):

(P1) (reflexivity) x < x

(P2) (antisymmetry) If x <y and y < z, then x = y.

(P3) (transitivity) If + <y and y < z, then z < z.
Obvious notation such as < y for z < y and = # y, and y > = for x < y will be
used throughout. If <y in P, then the (closed) interval [z,y] is defined by

[,y ={2€ P :ax<z<y}

Note that the empty set () is not a closed interval. For basic information on posets
not covered here, see [31].
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+ X
SRV,

Figure 2. Examples of intersection posets

Definition 1.1. Let A be an arrangement in V', and let L(A) be the set of all
nonempty intersections of hyperplanes in A, including V itself as the intersection
over the empty set. Define z < y in L(A) if z D y (as subsets of V'). In other words,
L(A) is partially ordered by reverse inclusion. We call L(A) the intersection poset
of A.

NOTE. The primary reason for ordering intersections by reverse inclusion rather
than ordinary inclusion is Proposition 3.8. We don’t want to alter the well-established
definition of a geometric lattice or to refer constantly to “dual geometric lattices.”

The element V' € L(A) satisfies ¢ > V for all € L(A). In general, if P is a
poset then we denote by 0 an element (necessarily unique) such that z > 0 for all
x € P. We say that y covers x in a poset P, denoted x <y, if t <y and no z € P
satisfies * < z < y. Every finite poset is determined by its cover relations. The
(Hasse) diagram of a finite poset is obtained by drawing the elements of P as dots,
with  drawn lower than y if z < y, and with an edge between = and y if z < y.
Figure 2 illustrates four arrangements A in R?, with (the diagram of) L(A) drawn
below A.

A chain of length k in a poset P is a set xp < x1 < --- < x of elements of
P. The chain is saturated if xo < x1 < --- < x,. We say that P is graded of rank
n if every maximal chain of P has length n. In this case P has a rank function
rk : P — N defined by:

o rk(z) = 0if x is a minimal element of P.
o rk(y) =rk(z)+1lifxr<yin P.
If x < y in a graded poset P then we write rk(z,y) = rk(y) — rk(z), the length

of the interval [z,y]. Note that we use the notation rank(A) for the rank of an
arrangement A but rk for the rank function of a graded poset.

Proposition 1.1. Let A be an arrangement in a vector space V= K™. Then the
intersection poset L(A) is graded of rank equal to rank(A). The rank function of
L(A) is given by

rk(x) = codim(x) = n — dim(z),

where dim(z) is the dimension of x as an affine subspace of V.
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-2

X2

Figure 3. An intersection poset and Mé&bius function values

Proof. Since L(A) has a unique minimal element 0 = V, it suffices to show that
(a) if x<y in L(A) then dim(z) —dim(y) = 1, and (b) all maximal elements of L(A)
have dimension n —rank(A). By linear algebra, if H is a hyperplane and x an affine
subspace, then H Nz = x or dim(z) —dim(H Nz) = 1, so (a) follows. Now suppose
that = has the largest codimension of any element of L(A), say codim(z) = d. Thus
x is an intersection of d linearly independent hyperplanes (i.e., their normals are
linearly independent) Hy, ..., Hyin A. Let y € L(A) with e = codim(y) < d. Thus
y is an intersection of e hyperplanes, so some H; (1 < ¢ < d) is linearly independent
from them. Then y N H; # () and codim(y N H;) > codim(y). Hence y is not a
maximal element of L(A), proving (b). O

1.3. The characteristic polynomial

A poset P is locally finite if every interval [z,y] is finite. Let Int(P) denote the
set of all closed intervals of P. For a function f : Int(P) — Z, write f(x,y) for
f([z,y]). We now come to a fundamental invariant of locally finite posets.

Definition 1.2. Let P be a locally finite poset. Define a function p = pp :
Int(P) — Z, called the Mébius function of P, by the conditions:

plz,x) = 1, forallz € P
(2) wlz,y) = — Z w(zx, z), for all x < y in P.
r<z<y

This second condition can also be written

Z w(z,z) =0, for all z < y in P.

w<z<y

If P has a 0, then we write pu(z) = u(0, ). Figure 3 shows the intersection poset
L of the arrangement A in K2 (for any field K) defined by Q. (z) = zyz(z + y),
together with the value p(z) for all z € L.

A important application of the Mobius function is the Mdbius inversion for-
mula. The best way to understand this result (though it does have a simple direct
proof) requires the machinery of incidence algebras. Let J(P) = J(P, K) denote
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the vector space of all functions f : Int(P) — K. Write f(z,y) for f([z,y]). For
fyg € I(P), define the product fg € IJ(P) by

folwy)= > flz,2)9(z,y).

It is easy to see that this product makes J(P) an associative Q-algebra, with mul-
tiplicative identity § given by

_J L =y

R

Define the zeta function ¢ € I(P) of P by ((z,y) =1 for all z < y in P. Note that
the Mdbius function p is an element of J(P). The definition of p (Definition 1.2) is
equivalent to the relation u¢ = 60 in J(P). In any finite-dimensional algebra over a
field, one-sided inverses are two-sided inverses, so = ¢~! in J(P).

Theorem 1.1. Let P be a finite poset with Mdbius function p, andlet f,g: P — K.
Then the following two conditions are equivalent:

flx) = Zg(y), forallz € P

y>w

Z w(z,y)f(y), for all z € P.

y>w

g9(z)

Proof. The set K* of all functions P — K forms a vector space on which J(P)
acts (on the left) as an algebra of linear transformations by

€N @) = 3 &, y)f(y).

y>z

where f € K¥ and ¢ € J(P). The Mé&bius inversion formula is then nothing but
the statement
(f=9f=ng
O
We now come to the main concept of this section.

Definition 1.3. The characteristic polynomial x a(t) of the arrangement A is de-
fined by

3) xa(t)= Y plap™e),
xz€L(A)
For instance, if A is the arrangement of Figure 3, then
xa(t) =1 —4t> 45t — 2= (t — 1)(t — 2).

Note that we have immediately from the definition of x4 (t), where A is in K™,
that

xalt) = 1" — (A 4
Example 1.4. Consider the coordinate hyperplane arrangement A with defining
polynomial Q4(x) = xi2za---x,. Every subset of the hyperplanes in A has a
different nonempty intersection, so L(A) is isomorphic to the boolean algebra B,, of
all subsets of [n] = {1,2,...,n}, ordered by inclusion.

Proposition 1.2. Let A be given by the above example. Then x4 (t) = (t — 1)™.
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Proof. The computation of the M&bius function of a boolean algebra is a standard
result in enumerative combinatorics with many proofs. We will give here a naive
proof from first principles. Let y € L(A), r(y) = k. We claim that

(4) uly) = (=D
The assertion is clearly true for rk(y) = 0, when y = 0. Now let y > 0. We need to
show that

(5) S (1) <o,

z<y

The number of z such that z < y and rk(x) = 7 is (]f), so (b) is equivalent to the
well-known identity Zfzo(—l)i(]z) = 0 for kK > 0 (easily proved by substituting
g = —1 in the binomial expansion of (¢ + 1)¥). O



12 R. STANLEY, HYPERPLANE ARRANGEMENTS

Exercises
We will (subjectively) indicate the difficulty level of each problem as follows:

[1] easy: most students should be able to solve it

[2] moderately difficult: many students should be able to solve it

[3] difficult: a few students should be able to solve it

[4] horrendous: no students should be able to solve it (without already knowing how)

[5] unsolved.

Further gradations are indicated by + and —. Thus a [3-] problem is about the
most difficult that makes a reasonable homework exercise, and a [5—] problem is an
unsolved problem that has received little attention and may not be too difficult.
NoOTE. Unless explicitly stated otherwise, all graphs, posets, lattices, etc., are
assumed to be finite.
(1) [2] Show that every region R of an arrangement A in R™ is an open convex set.
Deduce that R is homeomorphic to the interior of an n-dimensional ball.
(2) [14] Let A be an arrangement and ess(A) its essentialization. Show that

tdim(ess(A))XA (t) _ tdim(A)Xess(ﬂ) (t)
(3) [2+] Let A be the arrangement in R"™ with equations
L1 = T2, L2 =3, --+; Tn-1 = Tn, Tn = T1.

Compute the characteristic polynomial x4 (t), and compute the number r(A) of
regions of A.
(4) [2+] Let A be an arrangement in R™ with m hyperplanes. Find the maximum
possible number f(n,m) of regions of A.
(5) [2] Let A be an arrangement in the n-dimensional vector space V whose normals
span a subspace W, and let B be another arrangement in V' whose normals span
a subspace Y. Suppose that W NY = {0}. Show that
xaus(t) =t "xa(t)xs(t).
(6) [2] Let A be an arrangment in a vector space V. Suppose that x.4(t) is divisible
by t* but not t**1. Show that rank(A) =n — k.
(7) Let A be an essential arrangement in R™. Let I' be the union of the bounded
faces of A.
(a) [3] Show that I" is contractible.
(b) [2] Show that I" need not be homeomorphic to a closed ball.
(c) [2+] Show that I' need not be starshaped. (A subset S of R™ is starshaped
if there is a point « € S such that for all y € S, the line segment from z to
y lies in S.)
(d) [3] Show that I is pure, i.e., all maximal faces of I" have the same dimension.
(This was an open problem solved by Xun Dong at the PCMI Summer
Session in Geometric Combinatorics, July 11-31, 2004.)
(e) [5] Suppose that A is in general position. Is T' homeomorphic to an n-
dimensional closed ball?



LECTURE 2

Properties of the intersection poset and graphical
arrangements

2.1. Properties of the intersection poset

Let A be an arrangement in the vector space V. A subarrangement of A is a
subset B C A. Thus B is also an arrangement in V. If z € L(A), define the
subarrangement A, C A by

(6) A, ={HeA:xzC H}.

Also define an arrangement A” in the affine subspace x € L(A) by
A ={anH#0: He A—-A,}.

Note that if z € L(A), then

L(A;)=2A, = {yeLA) :y<uz}
(7) LA") =V, = {yeL(A):y=a}
K
Ax
——————— - --@--------K
A AK

Choose Hy € A. Let A’ = A — {Hp} and A” = Ao, We call (A4, A", A"”) a
triple of arrangements with distinguished hyperplane Hy.

13
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° ° A"

The main goal of this section is to give a formula in terms of x4 (¢) for r(A)
and b(A) when K =R (Theorem 2.5). We first establish recurrences for these two
quantities.

Lemma 2.1. Let (A, A’,A"”) be a triple of real arrangements with distinguished
hyperplane Hy. Then

r(A) = r(A)+rA")
_ b(A") + b(A”), if rank(A) = rank(A’)
bA) = { 0, if rank(A) = rank(A’") + 1.

NoTE. If rank(A) = rank(A’), then also rank(A) = 1 + rank(A"”). The figure
below illustrates the situation when rank(A) = rank(A’) + 1.

Ho

Proof. Note that r(A) equals r(A’) plus the number of regions of A’ cut into two
regions by Hy. Let R’ be such a region of A’. Then R’ N Hy € R(A”). Conversely,
if R” € R(A") then points near R” on either side of Hj belong to the same region
R € R(A’), since any H € R(A') separating them would intersect R”. Thus R’ is
cut in two by Hy. We have established a bijection between regions of A’ cut into
two by Hgy and regions of A", establishing the first recurrence.

The second recurrence is proved analogously; the details are omitted. O

We now come to the fundamental recursive property of the characteristic poly-
nomial.

Lemma 2.2. (Deletion-Restriction) Let (A, A',A") be a triple of real arrange-
ments. Then

xa(t) = xar(t) — xa(t).
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Figure 1. Two non-lattices

For the proof of this lemma, we will need some tools. (A more elementary proof
could be given, but the tools will be useful later.)

Let P be a poset. An upper bound of z,y € P is an element z € P satisfying
z > xand z > y. A least upper bound or join of z and y, denoted x V y, is an upper
bound z such that z < 2’ for all upper bounds 2’. Clearly if z V y exists, then it
is unique. Similarly define a lower bound of x and y, and a greatest lower bound
or meet, denoted x A y. A lattice is a poset L for which any two elements have a
meet and join. A meet-semilattice is a poset P for which any two elements have
a meet. Dually, a join-semilattice is a poset P for which any two elements have a
join. Figure 1 shows two non-lattices, with a pair of elements circled which don’t
have a join.

Lemma 2.3. A finite meet-semilattice L with a unique mazimal element 1 is a
lattice. Dually, a finite join-semilattice L with a unique minimal element 0 is a
lattice.

Proof. Let L be a finite meet-semilattice. If x,y € L then the set of upper bounds
of x,y is nonempty since 1 is an upper bound. Hence

zVy= /\z

z>x
z2y

The statement for join-semilattices is by “duality,” i.e., interchanging < with >,
and A with V. |
The reader should check that Lemma 2.3 need not hold for infinite semilattices.

Proposition 2.3. Let A be an arrangement. Then L(A) is a meet-semilattice. In
particular, every interval [x,y] of L(A) is a lattice. Moreover, L(A) is a lattice if
and only if A is central.

Proof. If (.4 H = 0, then adjoin () to L(A) as the unique maximal element,
obtaining the augmented intersection poset L'(A). In L'(A) it is clear that z Vy =
xzNy. Hence L'(A) is a join-semilattice. Since it has a 0, it is a lattice by Lemma 2.3.



16 R. STANLEY, HYPERPLANE ARRANGEMENTS

Since L(A) = L'(A) or L(A) = L'(A) — {1}, it follows that L(A) is always a meet-

semilattice, and is a lattice if A is central. If A isn’t central, then \/meL(A) x does

not exist, so L(A) is not a lattice. O
We now come to a basic formula for the Mdbius function of a lattice.

Theorem 2.2. (the Cross-Cut Theorem) Let L be a finite lattice. Let X be a subset
of L such that 0 & X, and such that if y € L, y # 0, then some x € X satisfies
x <vy. Let Ny be the number of k-element subsets of X with join 1. Then

pp(0,1) =No— Ny + Ny —--- .

We will prove Theorem 2.2 by an algebraic method. Such a sophisticated proof
is unnecessary, but the machinery we develop will be used later (Theorem 4.13).
Let L be a finite lattice and K a field. The Mébius algebra of L, denoted A(L), is
the semigroup algebra of L over K with respect to the operation V. (Sometimes
the operation is taken to be A instead of V, but for our purposes, V is more con-
venient.) In other words, A(L) = KL (the vector space with basis L) as a vector
space. If x,y € L then we define zy = = V y. Multiplication is extended to all
of A(L) by bilinearity (or distributivity). Algebraists will recognize that A(L) is
a finite-dimensional commutative algebra with a basis of idempotents, and hence
is isomorphic to K#% (as an algebra). We will show this by exhibiting an explicit
isomorphism A(L) = K#L. For z € L, define
(8) or =Y u(z,y)y € A(L),

Yy

where p denotes the Mobius function of L. Thus by the Mobius inversion formula,

(9) z=> o, forallze L.

y>z

Equation (9) shows that the o,’s span A(L). Since #{o, : ® € L} = #L =
dim A(L), it follows that the o,’s form a basis for A(L).

Theorem 2.3. Let x,y € L. Then 0,0, = 0yy0,, where dyy is the Kronecker
delta. In other words, the o, ’s are orthogonal idempotents. Hence

A(L) = @ K -0, (algebra direct sum).
rel

Proof. Define a K-algebra A’(L) with basis {0, : =z € L} and multiplication
0,0, = 0zy0,. For x € Lset 2’ =3 . o,. Then

)
!,/ / /
ry E Os E Ot

s>x t>y

= (zVy).
Hence the linear transformation ¢ : A(L) — A’(L) defined by ¢(z) = 2’ is an
algebra isomorphism. Since (o, ) = oy, it follows that 0,0y = 03y05. O
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NoOTE. The algebra A(L) has a multiplicative identity, viz., 1 = 0 = > el Oz
Proof of Theorem 2.2. Let char(K) =0, e.g., K = Q. For any = € L, we

have in A(L) that
0—z=) o= oy=) oy
y>0 y>x Y2z
Hence by the orthogonality of the o,’s we have

H (0—2) = Zay,
xeX Yy

where y ranges over all elements of L satisfying y # x for all x € X. By hypothesis,
the only such element is 0. Hence

H (0 —2) =0p.
zeX
If we now expand both sides as linear combinations of elements of L and equate
coefficients of 1, the result follows. O
NOTE. In a finite lattice L, an atom is an element covering 0. Let T be the set
of atoms of L. Then a set X C L — {0} satisfies the hypotheses of Theorem 2.2 if
and only if T'C X. Thus the simplest choice of X is just X =T

Example 2.5. Let L = B,,, the boolean algebra of all subsets of [n]. Let X =T =
{{i} :i€n]}. Then Ngo= N, =---=N,,_1 =0, N, = 1. Hence p(0,1) = (-1)",
agreeing with Proposition 1.2.

We will use the Crosscut Theorem to obtain a formula for the characteristic
polynomial of an arrangement A. Extending slightly the definition of a central
arrangement, call any subset B of A central if (5 H # 0. The following result
is due to Hassler Whitney for linear arrangements. Its easy extension to arbitrary
arrangements appears in [24, Lemma 2.3.8].

Theorem 2.4. (Whitney’s theorem) Let A be an arrangement in an n-dimensional
vector space. Then

(10) xa(t) = Z (—1)#Bn—rank(®),

BCA
‘B central

Example 2.6. Let A be the arrangement in R? shown below.

C d
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The following table shows all central subsets B of A and the values of #B and
rank(B).
#B  rank(B)

o

B
0
a
b
c

d
ac
ad
be
bd
cd

acd

NN NDN - ===

NN NNNDNDF = =O

w

It follows that x4 (t) =t — 4t + (5 — 1) = t* — 4t + 4.
Proof of Theorem 2.4. Let z € L(A). Let
A, ={x e L(A) : z <z},
the principal order ideal generated by z. Recall the definition
A,={HeA: H<z(ie, zC H)}.
By the Crosscut Theorem (Theorem 2.2), we have

w(z) =Y (=1)"Ni(2),

k
where Nj(z) is the number of k-subsets of A, with join z. In other words,

w= S (—uFn

BCA.

z=Npes H
Note that z = (.5 H implies that rank(B) = n—dim z. Now multiply both sides
by t4™(2) and sum over z to obtain equation (10). O

We have now assembled all the machinery necessary to prove the Deletion-
Restriction Lemma (Lemma 2.2) for x4(t).

Proof of Lemma 2.2. Let Hy € A be the hyperplane defining the triple
(A, A, A"). Split the sum on the right-hand side of (10) into two sums, depending
on whether Hy ¢ B or Hy € B. In the former case we get

Z (_1)#Btn—rank(ﬂ5) = (t)
HogBCA
B central
In the latter case, set By = (B—{Ho})™°, a central arrangement in Hy = K"~ ! and
a subarrangement of A7 = A”. Since #B; = #B —1 and rank(B;) = rank(B) -1,
we get

Z (_1)#Btn—rank(93) _ Z (_1)#931+1t(n—1)—rank(31)
Hoeﬁgfl 31€\A”
B central
- —XA" (t)7

and the proof follows. |
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2.2. The number of regions

The next result is perhaps the first major theorem in the subject of hyperplane
arrangements, due to Thomas Zaslavsky in 1975.

Theorem 2.5. Let A be an arrangement in an n-dimensional real vector space.
Then

(11) r(A) = (=1)"xa(=1)
(12) b(A) = (1))

First proof. Equation (11) holds for A = 0, since r(#) = 1 and xp(¢t) = t™.
By Lemmas 2.1 and 2.2, both r(A) and (—1)"x4(—1) satisfy the same recurrence,
so the proof follows.

Now consider equation (12). Again it holds for A = @ since b(f) = 1. (Recall
that b(A) is the number of relatively bounded regions. When A = (), the entire
ambient space R™ is relatively bounded.) Now

xa(l) =xar(1) = xar(1).

Let d(A) = (—1)™2k )y 4 (1). If rank(A) = rank(A’) = rank(A”) 4 1, then d(A)
d(A")+d(A"). If rank(A) = rank(A’)+1 then b(A) = 0 [why?] and L(A’) = L(A”
[why?]. Thus from Lemma 2.2 we have d(A) = 0. Hence in all cases b(A) and d(A
satisfy the same recurrence, so b(A) = d(A).

Second proof. Our second proof of Theorem 2.5 is based on Mdbius inversion
and some instructive topological considerations. For this proof we assume basic
knowledge of the Euler characteristic 1(A) of a topological space A. (Standard
notation is x(A), but this would cause too much confusion with the character-
istic polynomial.) In particular, if A is suitably decomposed into cells with f;
i-dimensional cells, then

NN

(13) VA)=fo—fit o

We take (13) as the definition of ¢/(A). For “nice” spaces and decompositions, it is
independent of the decomposition. In particular, ¥(R™) = (—1)". Write R for the
closure of a region R € R(A).

Definition 2.4. A (closed) face of a real arrangement A is a set } # F = RN,
where R € R(A) and = € L(A).

If we regard R as a convex polyhedron (possibly unbounded), then a face of
A is just a face of some R in the usual sense of the face of a polyhedron, i.e., the
intersection of R with a supporting hyperplane. In particular, each R is a face of
A. The dimension of a face F is defined by

dim(F) = dim(aff(F)),
where aff(F') denotes the affine span of F'. A k-face is a k-dimensional face of A.

For instance, the arrangement below has three 0-faces (vertices), nine 1-faces, and
seven 2-faces (equivalently, seven regions). Hence )(R?) =3 -9+ 7 = 1.
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Write F(A) for the set of faces of A, and let relint denote relative interior. Then
R™ = |_| relint(F'),
FeF(A)

where | | denotes disjoint union. If fi(A) denotes the number of k-faces of A, it
follows that

(=1)" = ¥(R") = fo(A) = fi(A) + fa(A) — - -
Every k-face is a region of exactly one AY for y € L(A). Hence
fr(A) = Z r(AY).

yeL(A)
dim(y)=k

Multiply by (—1)* and sum over k to get
()" =p@®") = Y (-1)m@rAY).
yeEL(A)
Replacing R™ by « € L(A) gives
()W) = p(z) = Y ()T @r(AY).

yEL(A)
y>z

Mobius inversion yields

(_1)dim(m)r(ﬂm): Z (_1)dim(y)’u(x,y).

yEL(A)
y>z

Putting x = R™ gives
(—D)rr(A) = Y (DT u(y) = xa(-1),
yEL(A)

thereby proving (11).
The relatively bounded case (equation (12)) is similar, but with one technical
complication. We may assume that A is essential, since b(A) = b(ess(A)) and

YA (t) — tdim(fl)7dim(ess(A))XeSS(A)(t).
In this case, the relatively bounded regions are actually bounded. Let

Fo(A) {F € F(A) : F is relatively bounded}
r = |J Fr
FeFy(A)

The difficulty lies in computing ¥ (I"). Zaslavsky conjectured in 1975 that I' is
star-shaped, i.e., there exists z € I" such that for every y € T', the line segment
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C d C d

Figure 2. Two arrangements with the same intersection poset

joining x and y lies in I'. This would imply that " is contractible, and hence (since
I' is compact when A is essential) ¢(I') = 1. A counterexample to Zaslavsky’s
conjecture appears as an exercise in [7, Exer. 4.29], but nevertheless Bjorner and
Ziegler showed that I is indeed contractible. (See [7, Thm. 4.5.7(b)] and Lecture 1,
Exercise 7.) The argument just given for r(A) now carries over mutatis mutandis
to b(A). There is also a direct argument that (I') = 1, circumventing the need to
show that IT" is contractible. We will omit proving here that (') = 1. O

Corollary 2.1. Let A be a real arrangement. Then r(A) and b(A) depend only on
L(A).

Figure 2 shows two arrangements in R? with different “face structure” but
the same L(A). The first arrangement has for instance one triangular and one
quadrilateral face, while the second has two triangular faces. Both arrangements,
however, have ten regions and two bounded regions.

We now give two basic examples of arrangements and the computation of their
characteristic polynomials.

Proposition 2.4. (general position) Let A be an n-dimensional arrangement of m
hyperplanes in general position. Then

Xa(t) =t" —mt" "t + <7721) 2 (1) (m>

n

In particular, if A is a real arrangement, then

r(A) = 1+m+<rg>+---+<TZ)

m m
bA) = (1) (1- (=)
@ = (1mme (5) =0 (D)
_ m—1
= L)
Proof. Every B C A with #B < n defines an element x5 = (.5 H of L(A).
Hence L(A) is a truncated boolean algebra:

L(A) = {S C[m] : #S <n},
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Figure 3. The truncated boolean algebra of rank 2 with four atoms

ordered by inclusion. Figure 3 shows the case n = 2 and m = 4, i.e., four lines in
general position in R2. If 2 € L(A) and rk(z) = k, then [0,2] =& By, a boolean
algebra of rank k. By equation (4) there follows u(z) = (1)*. Hence

walt) = 3 (-

SC[m]
#S<n
= " mtn—l NI (_1)n <m) O
n

NOTE. Arrangements whose hyperplanes are in general position were formerly
called free arrangements. Now, however, free arrangements have another meaning
discussed in the note following Example 4.11.

Our second example concerns generic translations of the hyperplanes of a lin-
ear arrangement. Let Lq,...,L,, be linear forms, not necessarily distinct, in the
variables v = (v1,...,v,) over the field K. Let A be defined by

Ll(v) =ay,--- aLm(U) = Qm,

where aq,...,a,, are generic elements of K. This means if H; = ker(L;(v) — a;),
then

H;,n---NnH; #0 < L;,...,L; arelinearly independent.
For instance, if K = R and Lq,...,L,, are defined over Q, then aq,...,a,, are
generic whenever they are linearly independent over Q.

nongeneric generic

It follows that if z = H;, N---N H;, € L(A), then [0, 2] = By,. Hence
xalt) = 2:(_1)#3tnﬂl¢737

B
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Figure 4. The forests on four vertices

where B ranges over all linearly independent subsets of A. (We say that a set of hy-
perplanes are linearly independent if their normals are linearly independent.) Thus
XxA(t), or more precisely (—t)"xa(—1/t), is the generating function for linearly
independent subsets of L1, ..., L,, according to their number of elements. For in-
stance, if A is given by Figure 2 (either arrangement) then the linearly independent
subsets of hyperplanes are (), a, b, ¢, d, ac, ad, be, bd, cd, so x 4 (t) =t — 4t + 5.

Consider the more interesting example z; — z; = a5, 1 <1 < j < n, where the
a;; are generic. We could call this arrangement the generic braid arrangement G,.
Identify the hyperplane z; — z; = a;; with the edge 7 on the vertex set [n]. Thus
a subset B C G,, corresponds to a simple graph Gg on [n]. (“Simple” means that
there is at most one edge between any two vertices, and no edge from a vertex to
itself.) It is easy to see that B is linearly independent if and only if the graph Gs
has no cycles, i.e., is a forest. Hence we obtain the interesting formula

(14) X, (1) = Y (=)=,
F
where F' ranges over all forests on [n] and e(F') denotes the number of edges of
F. For instance, the isomorphism types of forests (with the number of distinct
labelings written below the forest) on four vertices are given by Figure 4. Hence
xg. (1) = t* — 6% 4 15t — 16t.
Equation (11) can be rewritten as

r(A) = Y ()M p().
z€L(A)
(Theorem 3.10 will show that (—1)"(®) y(x) > 0, so we could also write |u(z)| for
this quantity.) It is easy to extend this result to count faces of A of all dimensions,

not just the top dimension n. Let fr(A) denote the number of k-faces of the real
arrangement A.

Theorem 2.6. We have
(15) fe(A) = > (=)@ g y)

<y in L(A)
dim(z)=k

(16) = > lule )l
z<y in L(A)
dim(x)=k
Proof. As mentioned above, every face F' is a region of a unique A® for x € L(A),
viz., x = aff(F). In particular, dim(F) = dim(z). Hence if dim(F') = k, then r(A®)
is the number of k-faces of A contained in z. By Theorem 2.5 and equation (7) we
get
HAT) = YD (1O )

y>z
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where we are dealing with the poset L(A). Summing over all z € L(A) of dimension
k yields (15), and (16) then follows from Theorem (3.10) below. O

2.3. Graphical arrangements

There are close connections between certain invariants of a graph G and an asso-
ciated arrangement Ag. Let G be a simple graph on the vertex set [n]. Let E(G)
denote the set of edges of G, regarded as two-element subsets of [n]. Write ij for
the edge {i,5}.

Definition 2.5. The graphical arrangement Ag in K™ is the arrangement
Ti— X5 = 0, 15 € E(G)

Thus a graphical arrangement is simply a subarrangement of the braid arrange-
ment B,,. If G = K, the complete graph on [n] (with all possible edges ij), then
Ax, = Bn.

Definition 2.6. A coloring of a graph G on [n] is a map x : [n] — P. The coloring
Kk is proper if k(i) # k(j) whenever ij € E(G). If ¢ € P then let xc(q) denote the
number of proper colorings & : [n] — [q] of G, i.e., the number of proper colorings
of G whose colors come from 1,2,...,q. The function x¢ is called the chromatic
polynomial of G.

For instance, suppose that G is the complete graph K,. A proper coloring
k : [n] — [q] is obtained by choosing a vertex, say 1, and coloring it in ¢ ways.
Then choose another vertex, say 2, and color it in ¢ — 1 ways, etc., obtaining

(17) Xk, (@) =qlqg—=1)---(¢g—n+1).

A similar argument applies to the graph G of Figure 5. There are ¢ ways to color
vertex 1, then ¢ — 1 to color vertex 2, then ¢ — 1 to color vertex 3, etc., obtaining
xa(@) = qlg—1(g—1)(g—2)(¢—1)(g—1)(g—2)(g—2)(g—3)

= qla—1)"a—2)*(q—3).
Unlike the case of the complete graph, in order to obtain this nice product formula
one factor at a time only certain orderings of the vertices are suitable. It is not
always possible to evaluate the chromatic polynomials “one vertex at a time.” For
instance, let H be the 4-cycle of Figure 5. If a proper coloring & : [4] — [g] satisfies
k(1) = k(3), then there are ¢ choices for (1), then ¢ — 1 choices each for x(2) and

k(4). On the other hand, if k(1) # x(3), then there are ¢ choices for x(1), then
g — 1 choices for x(3), and then ¢ — 2 choices each for k(2) and k(4). Hence

xu(@) = al@g—1)"+q(a—1)(q—2)?
= qlg—1)(¢* =3¢ +3).
For further information on graphs whose chromatic polynomial can be evaluated
one vertex at a time, see Corollary 4.10 and the note following it.
It is easy to see directly that yx(g) is a polynomial function of gq. Let e;(G)
denote the number of surjective proper colorings & : [n] — [i] of G. We can choose

an arbitrary proper coloring k : [n] — [g] by first choosing the size i = #x([n]) of
its image in (‘Z) ways, and then choose x in e; ways. Hence

(18) =3 (")

=0
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Figure 5. Two graphs

Since () = ¢(g—1) - - - (¢—i+1)/i!, a polynomial in g (of degree i), we see that x(g)
is a polynomial. We therefore write x(t), where ¢ is an indeterminate. Moreover,
any surjection (= bijection) & : [n] — [n] is proper. Hence e,, = nl. It follows from
equation (18) that x¢(t) is monic of degree n. Using more sophisticated methods
we will later derive further properties of the coefficients of x¢(t).

Theorem 2.7. For any graph G, we have xa.(t) = xc(t).

First proof. The first proof is based on deletion-restriction (which in the
context of graphs is called deletion-contraction). Let e = ij € E(G). Let G — e
(also denoted G'\e) denote the graph G with edge e deleted, and let G/e denote G
with the edge e contracted to a point and all multiple edges replaced by a single
edge (i.e., whenever there is more than one edge between two vertices, replace these
edges by a single edge). (In some contexts we want to keep track of multiple edges,
but they are irrelevant in regard to proper colorings.)

2 4 2 4 4

G G—e Gle

Let Hy € A = Ag be the hyperplane z; = x;. It is clear that A—{Ho} = Ag—_e.
We claim that

(19) Ao = A,
so by Deletion-Restriction (Lemma 2.2) we have
Xag(t) =xae_.(t) = Xag,. ()
To prove (19), define an affine isomorphism ¢ : Hy = Rre-t by
(1,22, .., &n) = (T, Ty o, e, T,
where #; denotes that the jth coordinate is omitted. (Hence the coordinates in
R 1are1,2,...,7,... ,n.) Write H,p for the hyperplane z, = x;, of A. If neither

of a,b are equal to i or j, then ¢(H,p, N Hy) is the hyperplane z, = x5 in R*~1. If
a # i, j then o(H;a NHy) = ¢(Hq; N Hp), the hyperplane z, = x; in R”~!. Hence ¢
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Figure 6. A graph G with edge subset F and closure F

defines an isomorphism between A° and the arrangement Ag Je I R™~ ! proving
(19).

Let ne denote the graph with n vertices and no edges, and let () denote
the empty arrangement in R™. The theorem will be proved by induction (using
Lemma 2.2) if we show:

(a) Initialization: yne(t) = xp(t)
(b) Deletion-contraction:

(20) xa(t) = xa—e(t) — xaye(t)
To prove (a), note that both sides are equal to t". To prove (b), observe that
XG—e(q) is the number of colorings of k : [n] — [g] that are proper except possibly
k(i) = k(j), while xg/e(q) is the number of colorings & : [n] — [q] of G that are
proper except that k(i) = k(7). O
Our second proof of Theorem 2.7 is based on Mobius inversion. We first obtain
a combinatorial description of the intersection lattice L(Ag). Let H;; denote the
hyperplane z; = z; as above, and let F C E(G). Consider the element X =
(ijer Hij of L(Ag). Thus

(z1,...,2n) € X & x; = x; whenever ij € F.

Let C4,...,Cy be the connected components of the spanning subgraph G of G
with edge set F. (A subgraph of G is spanning if it contains all the vertices of G.
Thus if the edges of F' do not span all of G, we need to include all remaining vertices
as isolated vertices of Gp.) If i, j are vertices of some C,,, then there is a path from
i to j whose edges all belong to F'. Hence z; = z; for all (z1,...,2,) € X. On the
other hand, if ¢ and j belong to different C,’s, then there is no such path. Let

F={e=ije€ E(G) :i,j€V(Cy,) for some m},

where V(C,,) denotes the vertex set of C,,. Figure 6 illustrates a graph G with
a set F of edges indicated by thickening. The set F is shown below G, with the
additional edges F' — F not in F drawn as dashed lines.

A partition m of a finite set S is a collection { By, ..., By} of subsets of S, called
blocks, that are nonempty, pairwise disjoint, and whose union is S. The set of all
partitions of S is denoted IIs, and when S = [n] we write simply II,, for IIj,;. It
follows from the above discussion that the elements X, of L(A¢) correspond to the
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Figure 7. A graph G and its bond lattice Lg

connected partitions of V(G), i.e., the partitions 7 = {By,..., Bi} of V(G) = [n]
such that the restriction of G to each block B; is connected. Namely,

Xz ={(z1,...,2,) € K" : 4,j € By, for some m = z; = z;}.

We have X < X, in L(A) if and only if every block of 7 is contained in a block of
o. In other words, 7 is a refinement of o. This refinement order is the “standard”
ordering on II,, so L(Ag) is isomorphic to an induced subposet Lg of II,,, called
the bond lattice or lattice of contractions of G. (“Induced” means that if 7 < o
in IT,, and m,0 € L(Ag), then 7 < ¢ in L(Ag).) In particular, II,, = L(Ak, ).
Note that in general L is not a sublattice of II,,, but only a sub-join-semilattice of
IT,, [why?]. The bottom element 0 of L¢ is the partition of [n] into n one-element
blocks, while the top element 1 is the partition into one block. The case G = K,
shows that the intersection lattice L(B,,) of the braid arrangement B,, is isomorphic
to the full partition lattice I1,,. Figure 7 shows a graph G and its bond lattice Lg
(singleton blocks are omitted from the labels of the elements of L¢).
Second proof of Theorem 2.7. Let 7 € Lg. For ¢ € P define x.(q) to be

the number of colorings « : [n] — [q] of G satisfying:

e If i,j are in the same block of 7, then k(i) = k(j).

o If 4, j are in different blocks of 7 and ij € E(G), then k(i) # &(j).

Given any k : [n] — [g], there is a unique o € L¢g such that  is enumerated by
Xo(gq). Moreover, k will be constant on the blocks of some m € L¢ if and only if
o > mwin Lg. Hence

4™ => xo(q) V7€ La,

o>T

where || denotes the number of blocks of 7. By Mdbius inversion,

Xx(@) =Y qd7 i, 0),

o>T

where . denotes the Mdbius function of Lg. Let 7 = 0. We get

(21) xa(a) = xo(a) = D n(0)d”.

o€Lqg
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It is easily seen that |o| = dim X, so comparing equation (21) with Definition 1.3
shows that xa(t) = xas(t). O

Corollary 2.2. The characteristic polynomial of the braid arrangement B, is given
by
xs,(t)=tt—1)---(t—n+1).

Proof. Since B, = Ak, (the graphical arrangement of the complete graph K,,),
we have from Theorem 2.7 that x3, (f) = xk,, (£). The proof follows from equation
(17). O

There is a further invariant of a graph G that is closely connected with the
graphical arrangement Ag.

Definition 2.7. An orientation o of a graph G is an assignment of a direction
i — j or j — i to each edge ij of G. A directed cycle of o0 is a sequence of vertices
19,41, ..., of G such that ig — i1 — 4o — -+ — i — ig in 0. An orientation o is
acyclic if it contains no directed cycles.

A graph G with no loops (edges from a vertex to itself) thus has 2#F(%) orien-
tations. Let R € R(Ag), and let (z1,...,2,) € R. In choosing R, we have specified
for all 45 € E(G) whether z; < z; or x; > x;. Indicate by an arrow ¢ — j that
x; < xj, and by 7 — i that £; > ;. In this way the region R defines an orientation
ogr of G. Clearly if R # R’, then or # ogr/. Which orientations can arise in this
way?

Proposition 2.5. Let 0 be an orientation of G. Then 0 = og for some R € R(Ag)
if and only if 0 is acyclic.

Proof. If oz had a cycle i1 — i9 — -+ — iy — i1, then a point (z1,...,2,) € R
would satisfy z;, < x;, <--- <z, < ;,, which is absurd. Hence op is acyclic.
Conversely, let 0 be an acyclic orientation of G. First note that o must have a
sink, i.e., a vertex with no arrows pointing out. To see this, walk along the edges
of 0 by starting at any vertex and following arrows. Since o is acyclic, we can never
return to a vertex so the process will end in a sink. Let j, be a sink vertex of o.
When we remove j, from o the remaining orientation is still acyclic, so it contains

a sink j,_;. Continuing in this manner, we obtain an ordering ji, jo, ..., jn of [n]
such that j; is a sink of the restriction of o to ji,...,4;. Hence if z1,...,2, € R
satisfy x;, < xj, < --- < x;, then the region R € R(A) containing (x1,...,zx)
satisfies 0 = oR. O

NoTE. The transitive, reflexive closure o of an acyclic orientation o is a par-
tial order. The construction of the ordering ji,jo,...,jn above is equivalent to

constructing a linear extension of o.
Let AO(G) denote the set of acyclic orientations of G. We have constructed a
bijection between AO(G) and R(A¢). Hence from Theorem 2.5 we conclude:

Corollary 2.3. For any graph G with n vertices, we have #ZAO0(G) = (—1)"xa(—1).

Corollary 2.3 was first proved by Stanley in 1973 by a “direct” argument based
on deletion-contraction (see Exercise 7). The proof we have just given based on
arrangements is due to Greene and Zaslavsky in 1983.

NoOTE. Given a graph G on n vertices, let AZ& be the arrangement defined by

Ti — Tj = Qij, Zj S E(G),
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where the a;;’s are generic. Just as we obtained equation (14) (the case G = K,,)

we have
X (1) = D=1,
F

where F' ranges over all spanning forests of G.
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Exercises

(1)

[3-] Show that for any arrangement A, we have x.a(t) = (t —1)x4(t), where cA
denotes the cone over A. (Use Whitney’s theorem.)

[2-] Let G be a graph on the vertex set [n]. Show that the bond lattice Lg is a
sub-join-semilattice of the partition lattice II,, but is not in general a sublattice
of I1,,.

[2-] Let G be a forest (graph with no cycles) on the vertex set [n]. Show that
Lg = Bg(q), the boolean algebra of all subsets of E(G).

[2] Let G be a graph with n vertices and A¢g the corresponding graphical ar-
rangement. Suppose that G has a k-element clique, i.e., k vertices such that any
two are adjacent. Show that k!|r(A).

[2+] Let G be a graph on the vertex set [n] = {1,2,...,n}, and let Ag be the
corresponding graphical arrangement (over any field K, but you may assume
K = R if you wish). Let C,, be the coordinate hyperplane arrangement, con-
sisting of the hyperplanes z; = 0, 1 < ¢ < n. Express xasue, (t) in terms of
XA (1)

[4] Let G be a planar graph, i.e., G can be drawn in the plane without crossing
edges. Show that x4 (4) # 0.

[2+] Let G be a graph with n vertices. Show directly from the the deletion-
contraction recurrence (20) that

(=1)"xa(=1) = #A0(G).

[24] Let xg(t) = t" —cp_1t" 1 +--- 4+ (=1)""Le1t be the chromatic polynomial
of the graph G. Let i be a vertex of G. Show that ¢; is equal to the number of
acyclic orientations of G whose unique source is i. (A source is a vertex with no
arrows pointing in. In particular, an isolated vertex is a source.)

[5] Let A be an arrangement with characteristic polynomial x4(t) = t"™ —
Crn1t" P 4 ep_ot"2 — .. 4 (=1)"co. Show that the sequence cg,c1,...,c, =1
is unimodal, i.e., for some j we have

<1< <6 2Cip1 2 2 Cpe

[2+] Let f(n) be the total number of faces of the braid arrangement B,,. Find
a simple formula for the generating function

3 4 5 6

X X X X
g TTEgy LTy 4683 4

z" z?
Y fn)= =1+z+35 +13
n! 2!
n>0
More generally, let fi(n) denote the number of k-dimensional faces of B,,. For
instance, fi(n) =1 (for n > 1) and f,(n) = n!. Find a simple formula for the
generating function

Zka(n)y’“z—T =1+yz+(y+2y°)

n>0 k>0

(Ez (E3
T+ (y+ 6y +6y°) =

2l TR



LECTURE 3
Matroids and geometric lattices

3.1. Matroids

A matroid is an abstraction of a set of vectors in a vector space (for us, the normals
to the hyperplanes in an arrangement). Many basic facts about arrangements
(especially linear arrangements) and their intersection posets are best understood
from the more general viewpoint of matroid theory. There are many equivalent
ways to define matroids. We will define them in terms of independent sets, which
are an abstraction of linearly independent sets. For any set S we write

29 ={T : T CS}.

Definition 3.8. A (finite) matroid is a pair M = (S,J), where S is a finite set and
J is a collection of subsets of S, satisfying the following axioms:

(1) Jis a nonempty (abstract) simplicial complez, i.e., I # 0, and if J € J and
IcJ,then I €el.

(2) For all T C S, the maximal elements of J N 27 have the same cardinality.
In the language of simplicial complexes, every induced subcomplex of J is
pure.

The elements of J are called independent sets. All matroids considered here will
be assumed to be finite. By standard abuse of notation, if M = (S,J) then we write
x € M to mean x € S. The archetypal example of a matroid is a finite subset S of
a vector space, where independence means linear independence. A closely related
matroid consists of a finite subset S of an affine space, where independence now
means affine independence.

It should be clear what is meant for two matroids M = (S,J) and M’ = (5',7")
to be isomorphic, viz., there exists a bijection f : S — S’ such that {z1,...,z;} €7
if and only if {f(z1),..., f(z;)} € I'. Let M be a matroid and S a set of points in
R™, regarded as a matroid with independence meaning affine independence. If M
and S are isomorphic matroids, then S is called an affine diagram of M. (Not all
matroids have affine diagrams.)

Example 3.7. (a) Regard the configuration in Figure 1 as a set of five points in the
two-dimensional affine space R2. These five points thus define the affine diagram
of a matroid M. The lines indicate that the points 1,2,3 and 3,4,5 lie on straight
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1 5

3

Figure 1. A five-point matroid in the affine space R?

lines. Hence the sets {1,2,3} and {3, 4, 5} are affinely dependent in R? and therefore
dependent (i.e., not independent) in M. The independent sets of M consist of all
subsets of [5] with at most two elements, together with all three-element subsets of
[5] except 123 and 345 (where 123 is short for {1, 2,3}, etc.).

(b) Write J = (S, ..., Sk) for the simplicial complex J generated by Si, ..., Sk,
ie.,

(S1,...,8:) = {T :TCS; for some i}
251U U 25k,

Then J = (13,14, 23, 24) is the set of independent sets of a matroid M on [4]. This
matroid is realized by a multiset of vectors in a vector space or affine space, e.g., by

the points 1,1,2,2 in the affine space R. The affine diagam of this matroid is given
by

1,2 34

(c) Let J = (12,23,34,45,15). Then J is not the set of independent sets of a
matroid. For instance, the maximal elements of J N 21124} are 12 and 4, which do
not have the same cardinality.

(d) The affine diagram below shows a seven point matroid.
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If we further require the points labelled 1,2,3 to lie on a line (i.e., remove 123
from J), we still have a matroid M, but not one that can be realized by real vectors.
In fact, M is isomorphic to the set of nonzero vectors in the vector space F3, where
F5 denotes the two-element field.

010

110 011

100 101 001

Let us now define a number of important terms associated to a matroid M.
A basis of M is a maximal independent set. A circuit C is a minimal dependent
set, i.e., C is not independent but becomes independent when we remove any point
from it. For example, the circuits of the matroid of Figure 1 are 123, 345, and 1245.
If M =(S5,7) is a matroid and T C S then define the rank rk(T) of T by

tk(T) =max{#I : I €Jand I CT}.

In particular, rk(0) = 0. We define the rank of the matroid M itself by rk(M) =
rk(S). A k-flat is a maximal subset of rank k. For instance, if M is an affine
matroid, i.e., if S is a subset of an affine space and independence in M is given by
affine independence, then the flats of M are just the intersections of S with affine
subspaces. Note that if F' and F’ are flats of a matroid M, then so is F N F’ (see
Exercise 2). Since the intersection of flats is a flat, we can define the closure T of
a subset T' C S to be the smallest flat containing T, i.e.,

T= () F

flats FOT

This closure operator has a number of nice properties, such as T=Tand T’ -
T=TCT.

3.2. The lattice of flats and geometric lattices

For a matroid M define L(M) to be the poset of flats of M, ordered by inclusion.
Since the intersection of flats is a flat, L(M) is a meet-semilattice; and since L(M)
has a top element S, it follows from Lemma 2.3 that L(M) is a lattice, which we
call the lattice of flats of M. Note that L(M) has a unique minimal element 0, viz.,
0 or equivalently, the intersection of all flats. It is easy to see that L(M) is graded
by rank, i.e., every maximal chain of L(M) has length m = rk(M). Thus if z <y in
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Figure 2. The lattice of flats of the matroid of Figure 1

L(M) then rk(y) = 1 + rk(z). We now define the characteristic polynomial x s (t),
in analogy to the definition (3) of x4 (t), by

(22) ()= > p(0,z)rm ),
z€L(M)

where p denotes the Mobius function of L(M) and m = rk(M). Figure 2 shows the
lattice of flats of the matroid M of Figure 1. From this figure we see easily that

xar(t) =% — 562 + 8t — 4.

Let M be a matroid and € M. If the set {«} is dependent (i.e., if rk({z}) = 0)
then we call z a loop. Thus @ is just the set of loops of M. Suppose that =,y € M,
neither « nor y are loops, and rk({z,y}) = 1. We then call  and y parallel points.
A matroid is simple if it has no loops or pairs of parallel points. It is clear that the
following three conditions are equivalent:

e M is simple.
e )=0andz=2xforallz € M.
o rk({z,y}) = 2 for all points x # y of M (assuming M has at least two
points).
For any matroid M and x,y € M, define z ~ y if £ = g. It is easy to see that ~ is
an equivalence relation. Let

(23) M={z:zeM, z&0},
with an obvious definition of independence, i.e.,
{Z1,..., 21} €IM) < {z1,... 2} € I(M).

Then M is simple, and L(M) = L(M). Thus insofar as intersection lattices L(M)
are concerned, we may assume that M is simple. (Readers familiar with point set
topology will recognize the similarity between the conditions for a matroid to be
simple and for a topological space to be Tj.)

Example 3.8. Let S be any finite set and V' a vector space. If f : S — V, then
define a matroid My on S by the condition that given I C S,

IeI(M)< {f(z) : z €I} is linearly independent.



LECTURE 3. MATROIDS AND GEOMETRIC LATTICES 35

Then a loop is any element x satisfying f(x) = 0, and « ~ y if and only if f(z) is
a nonzero scalar multiple of f(y).

NotE. If M = (S,7) is simple, then L(M) determines M. For we can identify
S with the set of atoms of L(M), and we have

{z1,...,2x} €T & rk(x; V- -Vag)=kin L(M).

See the proof of Theorem 3.8 for further details.
We now come to the primary connection between hyperplane arrangements and

matroid theory. If H is a hyperplane, write ny for some (nonzero) normal vector
to H.

Proposition 3.6. Let A be a central arrangement in the vector space V. Define
a matroid M = My on A by letting B € I(M) if B is linearly independent (i.e.,
{ny : H € B} is linearly independent). Then M is simple and L(M) = L(A).

Proof. M has no loops, since every H € A has a nonzero normal. Two distinct
nonparallel hyperplanes have linearly independent normals, so the points of M are

closed. Hence M is simple.
Let B, B’ C A, and set

X=(H=X3 X'= () H=Xgp.
HeB HeB’
Then X = X' if and only if
span{ng : H € B} =span{ng : H € B'}.
Now the closure relation in M is given by
B={H €A :nyg €span{nyg : H € B}}.

Hence X = X' if and only if B = B, so L(M) = L(A). O
It follows that for a central arrangement A, L(A) depends only on the matroidal
structure of A, i.e., which subsets of hyperplanes are linearly independent. Thus
the matroid M4 encapsulates the essential information about A needed to define
L(A).
Our next goal is to characterize those lattices L which have the form L(M) for
some matroid M.

Proposition 3.7. Let L be a finite graded lattice. The following two conditions
are equivalent.

(1) For all z,y € L, we have rk(x) + rk(y) > rk(z Ay) + rk(z V y).

(2) If x and y both cover x Ny, then x Vy covers both x and y.

Proof. Assume (1). Let z,y > x Ay, so rk(z) = rk(y) = rk(z Ay) + 1 and
rk(xz Vy) > rk(z) = rk(y). By (1),
rk(z) +rk(y) > (rk(z) — 1) +rk(z Vy)
=1k(y) > rk(zVvy) -1
>

=xzVy xT.

Similarly x V y >y, proving (2).
For (2)=(1), see [31, Prop. 3.3.2]. O
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@ (b) (©)

Figure 3. Three nongeometric lattices

Definition 3.9. A finite lattice L satisfying condition (1) or (2) above is called
(upper) semimodular. A finite lattice L is atomic if every x € L is a join of atoms
(where we regard 0 as an empty join of atoms). Equivalently, if z € L is join-
irreducible (i.e., covers a unique element), then x is an atom. Finally, a finite
lattice is geometric if it is both semimodular and atomic.

To illustrate these definitions, Figure 3(a) shows an atomic lattice that is not
semimodular, (b) shows a semimodular lattice that is not atomic, and (¢) shows a
graded lattice that is neither semimodular nor atomic.

We are now ready to characterize the lattice of flats of a matroid.

Theorem 3.8. Let L be a finite lattice. The following two conditions are equivalent.

(1) L is a geometric lattice.
(2) L= L(M) for some (simple) matroid M.

Proof. Assume that L is geometric, and let A be the set of atoms of L. If ' C A
then write \/ T' = \/_ .+, the join of all elements of T'. Let

J={IC A :1k(VI)=#I}.

Note that by semimodularity, we have for any S C A and x € A that tk((\/ S)vz) <
rk(\/ S) + 1. (Hence in particular, rk(\/S) < #5.) It follows that J is a simplicial
complex. Let S C A, and let T, T’ be maximal elements of 2°NJ. We need to show
that #T = #T".

Assume #T < #T7, say. If y € S then y < \/T’, else T” = T’ U y satisfies
rk(\/ T"") = #T", contradicting the maximality of T". Since #T < #T" and T C S,
it follows that \/ T" < \/ T” [why?]. Since L is atomic, there exists y € S such that
y € Sbuty £\/T. But then rk(\/(T'Uy)) = 1+#T, contradicting the maximality
of T. Hence M = (A,J) is a matroid, and L = L(M).

Conversely, given a matroid M, which we may assume is simple, we need to
show that L(M) is a geometric lattice. Clearly L(M) is atomic, since every flat is
the join of its elements. Let S, T C M. We will show that

(24) rk(S) + rk(T) > rk(S N T) + rk(S U T).

zeT
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Note that if S and T are flats (i.e., S,T € L(M)) then SNT = S AT and
rk(SUT) =rk(S VT). Hence taking S and T to be flats in (24) shows that L(M)
is semimodular and thus geometric. Suppose (24) is false, so

rk(SUT) > rk(S) +rk(T) —rk(SNT).

Let B be a basis for SUT extending a basis for SUT. Then either #(BNS) > rk(S)
or #(BNT) >rk(T), a contradiction completing the proof. O

Note that by Proposition 3.6 and Theorem 3.8, any results we prove about geo-
metric lattices hold a fortiori for the intersection lattice L 4 of a central arrangement
A.

NOTE. If L is geometric and x < y in L, then it is easy to show using semi-
modularity that the interval [x,y] is also a geometric lattice. (See Exercise 3.) In
general, however, an interval of an atomic lattice need not be atomic.

For noncentral arrangements L(A) is not a lattice, but there is still a connection
with geometric lattices. For a stronger statement, see Exercise 4.

Proposition 3.8. Let A be an arrangement. Then every interval [x,y] of L(A) is
a geometric lattice.

Proof. By Exercise 3, it suffices to take = 0. Now [0,y] = L(A,), where A, is
given by (6). Since A, is a central arrangement, the proof follows from Proposi-
tion 3.6. O

The proof of our next result about geometric lattices will use a fundamental
formula concerning Md&bius functions known as Weisner’s theorem. For a proof, see
[31, Cor. 3.9.3] (where it is stated in dual form).

Theorem 3.9. Let L be a finite lattice with at least two elements and with Mobius
function p. Let 0 # a € L. Then

(25) Z w(x) = 0.

z:xVa=1

Note that Theorem 3.9 gives a “shortening” of the recurrence (2) defining u.
Normally we take a to be an atom, since that produces fewer terms in (25) than
choosing any b > a. As an example, let L = B,,, the boolean algebra of all subsets
of [n], and let @ = {n}. There are two elements = € B,, such that z Va = 1 = [n],
viz., 1 = [n — 1] and 25 = [n]. Hence u(z1) + p(z2) = 0. Since [@,xl] = B,_; and
[0, 23] = B, we easily obtain g, (1) = (—1)", agreeing with (4).

If x < y in a graded lattice L, write rk(z,y) = rk(y) — rk(x), the length of
every saturated chain from z to y. The next result may be stated as “the Mdbius
function of a geometric lattice strictly alternates in sign.”

Theorem 3.10. Let L be a finite geometric lattice with Mobius function u, and let
x <y in L. Then
(1) D p(a,y) > 0.

Proof. Since every interval of a geometric lattice is a geometric lattice (Exercise 3),
it suffices to prove the theorem for [x,y] = [0, 1]. The proof is by induction on the
rank of L. Tt is clear if rk(L) = 1, in which case u(0,1) = —1. Assume the result
for geometric lattices of rank < n, and let rk(L) = n. Let a be an atom of L in
Theorem 3.9. For any y € L we have by semimodularity that

rk(y A a) +1k(y vV a) < rk(y) + rk(a) = rk(y) + 1.
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Hence 2V a = 1 if and only if 2 = 1 or « is a coatom (e, z < 1) satisfying a £ x.
From Theorem 3.9 there follows
M(Oa i) == Z M(O,!E)
agx<i
The sum on the right is nonempty since L is atomic, and by induction every =z
indexing the sum satisfies (—1)"~1x(0,2) > 0. Hence (—1)"u(0,1) > 0. O
Combining Proposition 3.8 and Theorem 3.10 yields the following result.

Corollary 3.4. Let A be any arrangement and x <y in L(A). Then
(=)™ p(, y) >0,
where p denotes the Mdbius function of L(A).

Similarly, combining Theorem 3.10 with the definition (22) of xas(t) gives the
next corollary.

Corollary 3.5. Let M be a matroid of rank n. Then the characteristic polynomial
XM (t) strictly alternates in sign, i.e., if

XM (t) = ant™ + Ap_1t" 1+ + ao,
then (—=1)"fa; >0 for 0 <i < n.

Let A be an n-dimensional arrangement of rank r. If M4 is the matroid
corresponding to A, as defined in Proposition 3.6, then

(26) xa(t) =t"""xum(1).

It follows from Corollary 3.5 and equation (26) that we can write
XA (t) = bnt™ 4 by 1" 4 by 7T

where (—1)""%%; >0 forn —r <i <n.
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Exercises

(1)

(2)
3)

(4)

()

(a) [14] Let x¢(t) be the characteristic polynomial of the graphical arrange-
ment Ag. Suppose that xg(i) = 0, where ¢ € Z, ¢ > 1. Show that
xa(i—1) =0.

(b) [2] Is the same conclusion true for any central arrangement A?

[2] Show that if F' and F’ are flats of a matroid M, then so is F' N F".

[2] Prove the assertion in the Note following the proof of Theorem 3.8 that an

interval [x,y] of a geometric lattice L is also a geometric lattice.

[2-] Let A be an arrangement (not necessarily central), and let ¢A denote the

cone over A. Show that there exists an atom a of L(cA) such that L(A) =
L(cA)—V,, where V,={z €L : z > a}.

[2-] Let L be a geometric lattice of rank n, and define the ¢runcation T'(L) to
be the subposet of L consisting of all elements of rank # n — 1. Show that T'(L)
is a geometric lattice.

Let W; be the number of elements of rank i in a geometric lattice (or just in the
intersection poset of a central hyperplane arrangement, if you prefer) of rank n.
(a) [3] Show that for k < n/2,

Wi+Wot+- W <Wo o + W1 + -+ Wip_1.

(b) [2-] Deduce from (a) and Exercise 5 that W7 < Wy, for all 1 <k <n — 1.
(c) [5] Show that W; < W,,_; for i < n/2 and that the sequence Wy, W1,..., W,
is unimodal. (Compare Lecture 2, Exercise 9.)
[3-] Let z < y in a geometric lattice L. Show that u(x,y) = £1 if and only if
the interval [z,y] is isomorphic to a boolean algebra. (Use Weisner’s theorem.)
Note. This problem becomes much easier using Theorem 4.12 (the Broken
Circuit Theorem); see Exercise 4.13.






LECTURE 4
Broken circuits, modular elements, and supersolvability

This lecture is concerned primarily with matroids and geometric lattices. Since
the intersection lattice of a central arrangement is a geometric lattice, all our results
can be applied to arrangements.

4.1. Broken circuits

For any geometric lattice L and = < y in L, we have seen (Theorem 3.10) that
(—1)™@¥) y(z,y) is a positive integer. It is thus natural to ask whether this integer
has a direct combinatorial interpretation. To this end, let M be a matroid on the
set S = {uy,...,un}. Linearly order the elements of S, say u; < us < -+ < Up.
Recall that a circuit of M is a minimal dependent subset of S.

Definition 4.10. A broken circuit of M (with respect to the linear ordering O of
S) is a set C'— {u}, where C is a circuit and u is the largest element of C' (in the
ordering O). The broken circuit complex BCo(M) (or just BC(M) if no confusion
will arise) is defined by
BC(M)={T C S : T contains no broken circuit}.

Figure 1 shows two linear orderings O and O’ of the points of the affine matroid
M of Figure 1 (where the ordering of the pointsis 1 < 2 < 3 < 4 < 5). With respect
to the first ordering O the circuits are 123, 345, 1245, and the broken circuits are
12, 34, 124. With respect to the second ordering O’ the circuits are 123, 145, 2345,
and the broken circuits are 12, 14, 234.

It is clear that the broken circuit complex BC(M) is an abstract simplicial
complex, ie., if T € BC(M) and U C T, then U € BC(M). In Figure 1 we

1 5 3 5

3 1

Figure 1. Two linear orderings of the matroid M of Figure 1

41
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have BCo (M) = (135, 145,235, 245), while BCo/ (M) = (135,235,245, 345). These
simplicial complexes have geometric realizations as follows:

1 3

4 2

Note that the two simplicial complexes BCo(M) and BCy/ (M) are not iso-
morphic (as abstract simplicial complexes); in fact, their geometric realizations are
not even homeomorphic. On the other hand, if f;(A) denotes the number of i-
dimensional faces (or faces of cardinality ¢ — 1) of the abstract simplicial complex
A, then for A given by either BCo (M) or BCy/ (M) we have

f-1(A) =1, fo(A) =5, fi(A) =8, f2(A) =4.
Note, moreover, that
xm(t) =t —5t2 + 8t —4
In order to generalize this observation to arbitrary matroids, we need to introduce
a fair amount of machinery, much of it of interest for its own sake. First we give

a fundarpeptal formula, known as Philip Hall’s theorem, for the Mdbius function
value (0, 1).

Lemma 4.4. Let P be a finite poset with 0 and 1, and with Mébius function L.
Let ¢; denote the number of chains 0 =yo < y1 < --- <y; =1 in P. Then

u(f),i):—cl—i—cQ—c;g—!—--- .
Proof. We work in the incidence algebra J(P). We have
p(0,1) = ¢7'(0,1)
(6+(¢—=a)710,1)

8(0,1) = (¢ = 9)(0,1) + (¢ = 9)*(0,1) — -

This expansion is easily justified since (¢ —8)*(0,1) = 0 if the longest chain of P has
length less than k. By definition of the product in J(P) we have (¢ —6)%(0,1) = ¢,
and the proof follows. |

NOTE. Let P be a finite poset with 0 and 1, and let P’ = P — {0,1}. Define
A(P’) to be the set of chains of P, so A(P’) is an abstract simplicial complex. The
reduced Fuler characteristic of a simplicial complex A is defined by

XP)=—f-1+fo—fi+-,

where f; is the number of i-dimensional faces F' € A (or #F =i + 1). Comparing
with Lemma 4.4 shows that

w(0,1) = X(A(P)).

Readers familiar with topology will know that X¥(A) has important topological sig-
nificance related to the homology of A. It is thus natural to ask whether results
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(@ (b) (©
Figure 2. Three examples of edge-labelings

concerning Mobius functions can be generalized or refined topologically. Such re-
sults are part of the subject of “topological combinatorics,” about which we will
say a little more later.

Now let P be a finite graded poset with 0 and 1. Let

E(P) ={(z,y) : x <y in P},
the set of (directed) edges of the Hasse diagram of P.

Definition 4.11. An E-labeling of P is a map A : E(P) — P such that if z < y in
P then there exists a unique saturated chain

C:irx=xp<m<r1 < - <=y

satisfying
Mz, 1) < AMz1,22) < -+ < NM@p—1, p).

We call C the increasing chain from x to y.

Figure 2 shows three examples of posets P with a labeling of their edges, i.e.
a map A : E(P) — P. Figure 2(a) is the boolean algebra Bz with the labeling
A(S,S U {i}) = i. (The one-element subsets {i} are also labelled with a small
i.) For any boolean algebra B,,, this labeling is the archetypal example of an F-
labeling. The unique increasing chain from S to T is obtained by adjoining to S
the elements of T'— S one at a time in increasing order. Figures 2(b) and (c) show
two different E-labelings of the same poset P. These labelings have a number of
different properties, e.g., the first has a chain whose edge labels are not all different,
while every maximal chain label of Figure 2(c) is a permutation of {1, 2}.

Theorem 4.11. Let A be an E-labeling of P, and let x < y in P. Let p denote
the Mébius function of P. Then (—1)™ @) u(x,y) is equal to the number of strictly
decreasing saturated chains from x to y, i.e.,

()Y p(z,y) =
#Hr=xo<z < <z =y : Mo, z1) > Mz1,22) > - > Mag_1,25)}

Proof. Since A restricted to [z, y] (i-e., to £([x,y])) is an E-labeling, we can assume
[z,y] =[0,1] = P. Let S = {a1,a2,...,aj-1} C [n—1], with a1 < az <--- < a;_;.
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Define ap(S) to be the number of chains O<y <--- < Yj—1 < 1 in P such that
rk(y;) = a; for 1 <i < j — 1. The function ap is called the flag f-vector of P.

Claim. ap(S) is the number of maximal chains 0=x¢<mz < <z, =1 such
that

(27) AMziz1,25) > Mag, Tip1) =1 € 5, 1 <i<n.

To prove the claim, let 0 = yo < 31 < --- < Yji—1 < Yj = 1 with rk(y;) = a; for
1 <¢ < j—1. By the definition of E-labeling, there exists a unique refinement

O=yw=zo<x1 < <Tg, =Y < T 41 < <Ly, =Y <<y =y; =1

satisfying
)\(x()axl) S )\(xlaxZ) S e S )\(ma1,1,xal)

A(xamxaﬁrl) < )\(xa1+1axa1+2) <. < )\((E%,l,waz)

Thus if Mzi—1,2;) > (@i, xiy1), then i € S, so (27) is satisfied. Conversely, given
a maximal chain 0 = 2o < z; < --- < z,, = 1 satisfying the above conditions on A,
let y; = x4,. Therefore we have a bijection between the chains counted by ap(S)
and the maximal chains satisfying (27), so the claim follows.

Now for S C [n — 1] define

(28) Br(S) = Y (~1)*E Dap(T).
TCs

The function Gp is called the flag h-vector of P. A simple Inclusion-Exclusion
argument gives

(29) ap(S)=>_ Br(T),
TCS

for all S C [n—1]. It follows from the claim and equation (29) that 8p(7T') is equal to
the number of maximal chains 0 = z¢ <27 <--- <2, = 1 such that AMzi) > Mxit1)
if and only if ¢ € T. In particular, Sp([n — 1]) is equal to the number of strictly
decreasing maximal chains O=zo<z < -<xp=1o0f P, ie.,

Mzo, z1) > May,22) > -+ > Map_1,Tn).
Now by (28) we have
Bel=1) = 3 (~1)"#Tap(T)

TCln—1]

_ Z Z (—1)n*

k21 0=yo<y) <---<yp=1

= (=" ) (Ve

k>1

where ¢; is the number of chains ( = Yo<y1 <--- <y = 1in P. The proof now
follows from Philip Hall’s theorem (Lemma 4.4). O

We come to the main result of this subsection, a combinatorial interpretation
of the coefficients of the characteristic polynomial xas(t) for any matroid M.



LECTURE 4. BROKEN CIRCUITS AND MODULAR ELEMENTS 45

Figure 3. The edge labeling A of a geometric lattice L(M)

Theorem 4.12. Let M be a matroid of rank n with a linear ordering x1 < xo <
<o < Xy of its points (so the broken circuit complex BC(M) is defined), and let
0<i<n. Then

(=D [t Ixar(t) = fima(BC(M)).

Proof. We may assume M is simple since the “simplification” M has the same
lattice of flats and same broken circuit complex as M (Exercise 1). The atoms z; of
L(M) can then be identified with the points of M. Define a labeling A : E(L(M)) —
P as follows. Let <y in L(M). Then set
(30) ANz, y) = max{i : =V z; =y}
Note that A(z,y) is defined since L(M) is atomic.

As an example, Figure 3 shows the lattice of flats of the matroid M of Figure 1
with the edge labeling (30).

Claim 1. Define X : E(L(M)) — P by

AMz,y) =m+1— Az, y).

Then A is an E-labeling.
To prove this claim, we need to show that for all x < y in L(M) there is a
unique saturated chain ¢ = yp < y; <--- < yi = y satisfying

;\(yanl) > 5\(?!1&/2) > 2> S‘(Qk—hyk)-

The proof is by induction on k. There is nothing to prove for k = 1. Let & > 1 and
assume the assertion for k — 1. Let

j=max{i : x; <y, x; £ z}.
For any saturated chain x =z<zn < <z =Y, there is some z~ for which
xj £ zi and x; < z;41. Hence A(2;, zi41) = j. Thus if A(2o, 21) > -+ > AM2zp—1, 2x),
then A(zp, 2z1) = j. Moreover, there is a unique y; satisfying x = 2o < y; < y and
Mo, Y1) = J, viz.,, y1 = 2o V xj. (Note that y; > xg by semimodularity.)
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By the induction hypothesis there exists a unique saturated chain y; <y <
-+ <y = y satisfying A(y1,y2) > -+ > Myk—1,yx)- Since A(yo,y1) = > A(y1, y2),
the proof of Claim 1 follows by induction.

Claim 2. The broken circuit complex BC(M) consists of all chain labels A\(C),
where C' is a saturated increasing chain (with respect to 5\) from 0 to some z €
L(M). Moreover, all such A(C) are distinct.

To prove the distinctness of the labels A(C'), suppose that C is given by 0=
Yo <Y1 < - <Yk, with S\(C) = (a1,a2,...,ax). Then y; = y;—1 V 2,4, so C is the
only chain with its label.

Now let C' and S\(C) be as in the previous paragraph. We claim that the
set {Tq,,...,%q,} contains no broken circuit. (We don’t even require that C is
increasing for this part of the proof.) Write z; = x,,, and suppose to the contrary
that B = {z,,..., 2} is a broken circuit, with 1 <4; <--- <i; < k. Let BU{x,}
be a circuit with » > a;, for 1 < ¢ < j. Now for any circuit {u1,...,us} and any
1 <7 < h we have

urVugV---Vup=u1 V- VU1 VUiy1 V- Vu.

Thus
Zi, V Zi, \/---\/zij_1 Vx, = \/ Z =z \/21'2\/---\/21'_7..
z€EB
Then y;; -1 V @, = y;,;, contradicting the maximality of the label a;;. Hence
{xam s 7xak} € BC(M)
Conversely, suppose that T := {z4,, ..., Zq,} contains no broken circuit, with

ap < --- < ag. Let y; = x4, V---V,,, and let C be the chain 0 := Yo<yp < <Yg.
(Note that C' is saturated by semimodularity.) We claim that A(C) = (ay,.. ., ax).
If not, then y;—1 V x; = y; for some j > a;. Thus

tk(T) =rk(T'U {z,}) =i.

Since T is independent, T'U {z;} contains a circuit @ satisfying z; € @, so T
contains a broken circuit. This contradiction completes the proof of Claim 2.

To complete the proof of the theorem, note that we have shown that f;_; (BC(M))
is the number of chains C': 0 = yg <y; < - - - <y; such that 5\(6') is strictly increas-
ing, or equivalently, A\(C) is strictly decreasing. Since X is an E-labeling, the proof
follows from Theorem 4.11. O

Corollary 4.6. The broken circuit complex BC(M) is pure, i.e., every mazimal
face has the same dimension.

The proof is left as an exercise (Exercise 21).

NoOTE (for readers with some knowledge of topology). (a) Let M be a matroid
on the linearly ordered set u; < ug < - -+ < uy,. Note that F € BC(M) if and only
if FU{un,} € BC(M). Define the reduced broken circuit complez BC,.(M) by

BC,.(M)={F e€BC(M) : un, & F}.
Thus
BC(M) = BC(M) * uy,
the join of BC,(M) and the vertex u,,. Equivalently, BC(M) is a cone over BC, (M)
with apex u,,. As a consequence, BC(M) is contractible and therefore has the ho-

motopy type of a point. A more interesting problem is to determine the topological
nature of BC,.(M). It can be shown that BC,.(M) has the homotopy type of a wedge
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of B(M) spheres of dimension rank(M) — 2, where (—1)"2k(M=15(A1) = x/ (1)
(the derivative of xar(t) at t = 1). See Exercise 22 for more information on G(M).

As an example of the applicability of our results on matroids and geometric
lattices to arrangements, we have the following purely combinatorial description of
the number of regions of a real central arrangement.

Corollary 4.7. Let A be a central arrangement in R™, and let M be the matroid
defined by the normals to H € A, i.e., the independent sets of M are the linearly
independent normals. Then with respect to any linear ordering of the points of M,
r(A) is the total number of subsets of M that don’t contain a broken circuit.

Proof. Immediate from Theorems 2.5 and 4.12. O

4.2. Modular elements

We next discuss a situation in which the characteristic polynomial x s (t) factors in
a nice way.

Definition 4.12. An element z of a geometric lattice L is modular if for all y € L
we have

(31) rk(z) + rk(y) = tk(z A y) + tk(z V y).

Example 4.9. Let L be a geometric lattice.

(a) 0 and 1 are clearly modular (in any finite lattice).
(b) We claim that atoms a are modular.

Proof. Suppose that a <y. Then a Ay = a and a V y = y, so equation
(31) holds. (We don’t need that a is an atom for this case.) Now suppose
a £ y. By semimodularity, rk(a V y) = 1 4 rk(y), while rk(a) = 1 and
rk(a A y) = rk(0) = 0, so again (31) holds. O

(¢) Suppose that rk(L) = 3. All elements of rank 0, 1, or 3 are modular by
(a) and (b). Suppose that rk(z) = 2. Then z is modular if and only if for
all elements y #  and rk(y) = 2, we have that rk(z Ay) = 1.

(d) Let L = B,,. If z € B,, then rk(z) = #x. Moreover, for any z,y € B,, we
have z Ay =z Ny and z Vy = x Uy. Since for any finite sets  and y we
have

#r+#y = #(@Ny) + #(@ Vy),
it follows that every element of B, is modular. In other words, B, is a
modular lattice.

(e) Let g be a prime power and F, the finite field with ¢ elements. Define
B, (q) to be the lattice of subspaces, ordered by inclusion, of the vector
space Fy. Note that B, (q) is also isomorphic to the intersection lattice
of the arrangement of all linear hyperplanes in the vector space F,(q).
Figure 4 shows the Hasse diagrams of Bs(3) and Bs(2).

Note that for z,y € B,(q) we have z Ay =z Nyand zVy=x+y
(subspace sum). Clearly B, (q) is atomic: every vector space is the join
(sum) of its one-dimensional subspaces. Moreover, B,,(q) is graded of rank
n, with rank function given by rk(z) = dim(z). Since for any subspaces
x and y we have

dim(z) + dim(y) = dim(z Ny) + dim(z + y),
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B,(3)

Figure 4. The lattices B2(3) and B3(2)

it follows that L is a modular geometric lattice. Thus every = € L is
modular.

NOTE. A projective plane R consists of a set (also denoted R) of
points, and a collection of subsets of R, called lines, such that: (a) every
two points lie on a unique line, (b) every two lines intersect in exactly one
point, and (c) (non-degeneracy) there exist four points, no three of which
are on a line. The incidence lattice L(R) of R is the set of all points
and lines of R, ordered by p < L if p € L, with 0 and 1 adjoined. It
is an immediate consequence of the axioms that when R is finite, L(R)
is a modular geometric lattice of rank 3. It is an open (and probably
intractable) problem to classify all finite projective planes. Now let P and
Q@ be posets and define their direct product (or cartesian product) to be
the set

PxQ=A{(z,y) : xe€P, ycQ},

ordered componentwise, i.e., (z,y) < (2/,y') ifz < 2’ andy < ¢/. Tt is easy
to see that if P and ) are geometric (respectively, atomic, semimodular,
modular) lattices, then so is P x @) (Exercise 7). It is a consequence of the
“fundamental theorem of projective geometry” that every finite modular
geometric lattice is a direct product of boolean algebras B,,, subspace
lattices By (q) for n > 3, lattices of rank 2 with at least five elements
(which may be regarded as Bs(q) for any ¢ > 2) and incidence lattices of
finite projective planes.

The following result characterizes the modular elements of 1I,,, which is
the lattice of partitions of [n] or the intersection lattice of the braid ar-
rangement B,,.

Proposition 4.9. A partition m € 11, is a modular element of 11, if
and only if m has at most one nonsingleton block. Hence the number of
modular elements of 11, is 2" — n.

Proof. If all blocks of 7 are singletons, then m = 0, which is modular by
(a). Assume that 7 has the block A with » > 1 elements, and all other
blocks are singletons. Hence the number || of blocks of 7 is given by
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n —r+ 1. For any o € II,,, we have rk(o) =n — |o|. Let k = |o| and
j=#{Be€o: AnB #0}.

Then |t Ao| =5+ (n—r)and [t Vo|=k—j+1. Hencerk(m) =7r—1,

tk(c) =n—k,tk(r Ao) =r—j,andrk(rVo)=n—k+j—1,s07is

modular.

Conversely, let # = {By, Ba,..., B} with #B; > 1 and #B2 > 1.
Let a € By and b € Bs, and set

O':{(Bl Ub)—a,(BQUa)—b,Bg,...,Bk}.

Then
| = ol =k
Ao = {a,b,B1—a,By—b,...,Bs,...,Br} = |rAo|=k+2
nVo = {B1UBy,Bs,...,B} = |rVo|=k-1.

Hence rk(7) + rk(o) # rk(w A o) + rk(7 V ¢), so 7 is not modular. O

In a finite lattice L, a complement of x € L is an element y € L such that
zAy=0and zVy = 1. For instance, in the boolean algebra B,, every element has
a unique complement. (See Exercise 3 for the converse.) The following proposition
collects some useful properties of modular elements. The proof is left as an exercise
(Exercises 4-5).

Proposition 4.10. Let L be a geometric lattice of rank n.

(a) Let x € L. The following four conditions are equivalent.
(i) z is a modular element of L.
(i) If x Ay =0, then rk(x) + rk(y) = rk(z V ).
(iil) If z and y are complements, then rk(x) + rk(y) = n.
(iv) All complements of x are incomparable.
(b) (transitivity of modularity) If x is a modular element of L and y is modular
in the interval [0,z], then y is a modular element of L.
(¢) If x and y are modular elements of L, then x Ay is also modular.

The next result, known as the modular element factorization theorem [28], is
our primary reason for defining modular elements — such an element induces a
factorization of the characteristic polynomial.

Theorem 4.13. Let z be a modular element of the geometric lattice L of rank n.
Write x-(t) = X5, (t). Then

(82) XE() =xa(0) | D )T

Y y/\z:@

Example 4.10. Before proceeding to the proof of Theorem 4.13, let us consider
an example. The illustration below is the affine diagram of a matroid M of rank
3, together with its lattice of flats. The two lines (flats of rank 2) labelled = and y
are modular by Example 4.9(c).
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Hence by equation (32) xas(t) is divisible by x.(¢). Moreover, any atom a of
the interval [0, z] is modular, so y.(t) is divisible by x4(t) = t — 1. From this it
is immediate (e.g., because the characteristic polynomial y¢(t) of any geometric
lattice G of rank n begins 2" —az" !+ - -, where a is the number of atoms of G) that
Xz(t) = (t—1)(t—5) and xam(t) = (t—1)(t—3)(t—5). On the other hand, since y is
modular, xa(¢) is divisible by x, (), and we get as before x,(t) = (t —1)(t —3) and
xm(t) = (t—1)(t — 3)(t — 5). Geometric lattices whose characteristic polynomial
factors into linear factors in a similar way due to a maximal chain of modular
elements are discussed further beginning with Definition 4.13.

Our proof of Theorem 4.13 will depend on the following lemma of Greene [19].
We give a somewhat simpler proof than Greene.

Lemma 4.5. Let L be a finite lattice with Mobius function u, and let z € L. The
following identity is valid in the Mobius algebra A(L) of L:



LECTURE 4. BROKEN CIRCUITS AND MODULAR ELEMENTS 51

Proof. Let o5 for s € L be given by (8). The right-hand side of equation (33) is

then given by

> p)uy) (Vv y)

v<z
yNz=0

> uuy) Y o

v<z s>vVy
yAz=0

2>

v<s,v<z

p(v)p(y)

y<s,yAz=0

Do | Dou@ || X

s v<sAz y<s
SN——— yAz=0
)

0,5Az

> o > u(y)

sAz=0 N y<s
yAz=0 (redundant)

%

8

0’0.

O

Proof of Theorem 4.13. We are assuming that z is a modular element of

the geometric lattice L.

Claim 1. Let v < zand y Az =0 (sov Ay =0). Then z A (vVy) =v (as

illustrated below).

zvy

z Vvy
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Proof of Claim 1. Clearly z A (vVy) > v, so it suffices to show that rk(z A (vV
y)) < rk(v). Since z is modular we have

tk(zA(vVy)) = rk(z)+rk(vVy) —1k(zVy)
rk(z) + k(v Vy) — (rk(2) + rk(y) — rk(z A y))
0

rk(v V y) —rk(y)
(rk(v) + rk(y) — rk(v A y)) — rk(y) by semimodularity
—_———

IN

0
rk(v),

proving Claim 1.
Claim 2. With v and y as above, we have rk(v V y) = rk(v) + rk(y).
Proof of Claim 2. By the modularity of z we have
rk(z A (vVy))+1k(zV (v Vy)) =rk(z) + k(v V y).
By Claim 1 we have rk(z A (v V y)) = rk(v). Moreover, again by the modularity of
z we have
rk(z V (vVy)) =1k(z Vy) =rk(z) + rk(y) — rk(z A y) = rk(z) + rk(y).

It follows that rk(v) + rk(y) = rk(v V y), as claimed.
Now substitute p(v)v — p(v)t™E %) and u(y)y — wp(y)t» <@ =% in the
right-hand side of equation (33). Then by Claim 2 we have

vy — tnfrk(v)frk(y) _ tnfrk(v\/y).

Now v V y is just vy in the Mobius algebra A(L). Hence if we further substi-
tute p(x)r — p(z)t" ¥ in the left-hand side of (33), then the product will be
preserved. We thus obtain

Z M(x)tnfrk(:r) — ZM(U)trk(z)*rk(v) Z M(y)tnfrk(y)frk(z)

z€L v<z yAz=0

xr(t) Xz (t)
as desired. O

Corollary 4.8. Let L be a geometric lattice of rank n and a an atom of L. Then

xp(t)=(=1) > ply)" 7w,
y/\a:f)
Proof. The atom a is modular (Example 4.9(b)), and x.(t) =¢ — 1. O
Corollary 4.8 provides a nice context for understanding the operation of coning
defined in Chapter 1, in particular, Exercise 2.1. Recall that if A is an affine
arrangement in K" given by the equations

Ll(l‘) =al, ..., Lm(x) = Qm,

then the cone xA is the arrangement in K™ x K (where y denotes the last coordinate)
with equations

Ll(x) = a1y, ... aLm(x) =amy, y=0.
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Let Hp denote the hyperplane y = 0. It is easy to see by elementary linear algebra
that

L(A) 2 L(cA) —{z € L(A) : 2 > Ho} = L(A) — L(AT).

Now Hj is a modular element of L(A) (since it’s an atom), so Corollary 4.8 yields

Xea(t) = (t=1) > p(y)trrH=1=rkw)
yZ2Ho

= (t—Dxal).

There is a left inverse to the operation of coning. Let A be a nonempty linear
arrangement in K", Let Hy € A. Choose coordinates (xq,z1,...,2,) in K"*!
so that Hy = ker(zg). Let A be defined by the equations

20 =0, Li(zo,...,2n) =0, ..., Li(xo,...,2,) =0.
Define the deconing ¢c~'A (with respect to Hy) in K™ by the equations
Ly(1,21,...,20) =0, ... Ly(1,21,...,2,) =0.
Clearly c¢(c™*A) = A and L(c™'A) 2 L(A) — {x € L(A) : = > Hp}.

4.3. Supersolvable lattices

For some geometric lattices L, there are “enough” modular elements to give a
factorization of xr,(¢) into linear factors.

Definition 4.13. A geometric lattice L is supersolvable if there exists a modular
mazimal chain, i.e., a maximal chain 0= To<T1 < <Xy = 1 such that each z;
is modular. A central arrangement A is supersolvable if its intersection lattice L 4
is supersolvable.

NOTE. Let 0 = To <X <+ <Xy = 1 be a modular maximal chain of the
geometric lattice L. Clearly then each z;_; is a modular element of the interval
[f), x;]. The converse follows from Proposition 4.10(b): if O=zo<zi< - -<zp=1
is a maximal chain for which each z;_; is modular in [0, x;], then each x; is modular
in L.

NOTE. The term “supersolvable” comes from group theory. A finite group I'
is supersolvable if and only if its subgroup lattice contains a maximal chain all of
whose elements are normal subgroups of I'. Normal subgroups are “nice” analogues
of modular elements; see [29, Example 2.5] for further details.

Corollary 4.9. Let L be a supersolvable geometric lattice of rank n, with modular
maximal chain 0 = xg <x1 <---<x, = 1. Let T denote the set of atoms of L, and
set

(34) ei=#{aeT :a<z;, afxi1}
Then xr(t) = (t —e1)(t —ea) -+ (t —ep).
Proof. Since x,_1 is modular, we have

y/\$n71=()<:>y€Tandy$xn,1, ory:(j,
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By Theorem 4.13 we therefore have

XL(t) — an_l(t) Z M(a)tn—rk(a)—rk(mn_l) + H(O)tn—rk(ﬁ)—rk(mn_l)

acT
aLTy 1

Since p(a) = —1, p(0) = 1, tk(a) = 1, rk(0) = 0, and rk(z,_;) = n — 1, the
expression in brackets is just ¢t — e,,. Now continue this with L replaced by [(A)7 Tp—1]

(or use induction on n). O
NoTE. The positive integers eq, . .., e, of Corollary 4.9 are called the exponents

of L.

Example 4.11. (a) Let L = B, the boolean algebra of rank n. By Exam-

(b)

ple 4.9(d) every element of B, is modular. Hence B,, is supersolvable.
Clearly each e; =1, so x, (t) = (t —1)™.

Let L = B, (q), the lattice of subspaces of F¢. By Example 4.9(e) every
element of By, (q) is modular, so B, (q) is supersolvable. If [%] denotes the
number of j-dimensional subspaces of a k-dimensional vector space over
Fg, then

e = [-[7]]

Hence

XBo(@(t) =t =)t —q)t—q¢*) - (t—q"").

In particular, setting t = 0 gives

i, (1) = (=1)"¢l5).

k] is called a g-binomial coefficient. It is a

NOTE. The expression [J
polynomial in ¢ with many interesting properties. For the most basic
properties, see e.g. [31, pp. 27-30].

Let L = II,,, the lattice of partitions of the set [n] (a geometric lattice of
rank n — 1). By Proposition 4.9, a maximal chain of IT,, is modular if and
only if it has the form 0=mp<m < <Tp_q = i, where 7; for i > 0 has
exactly one nonsingleton block B; (necessarily with ¢ + 1 elements), with
By C By-+- C Bp—1 = [n]. In particular, II,, is supersolvable and has
exactly n!/2 modular chains for n > 1. The atoms covered by m; are the
partitions with one nonsingleton block {j,k} C B;. Hence 7; lies above

exactly (i“) atoms, so

0

It follows that xm, (t) = (t — 1)(t — 2)---(t —n + 1) and pum, (1) =
(=1)"~1(n — 1)!I. Compare Corollary 2.2. The polynomials xs, (t) and
xi, (t) differ by a factor of ¢ because B, (t) is an arrangement in K" of
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rank n — 1. In general, if A is an arrangement and ess(A) its essentializa-
tion, then

(35) trk(eSS(A))XA (t) = trk(A)Xess(A) (t)
(See Lecture 1, Exercise 2.)

NOTE. It is natural to ask whether there is a more general class of geometric
lattices L than the supersolvable ones for which xr(t) factors into linear factors
(over Z). There is a profound such generalization due to Terao [35] when L is an
intersection poset of a linear arrangement A in K™. Write K[z] = K|z1,..., %]
and define

TA) ={(p1,...,pn) € K[z]" : p;(H) C H for all H € A}.
Here we are regarding (p1,...,pn) : K" — K", viz., if (a1,...,a,) € K", then

(p1, .-y pn)(a1, . an) = (P1(a1, .-y an), s onlar, ... an)).
The K[z]-module structure K[z] x T(A) — T(A) is given explicitly by

q-(p1,---,Pn) = (@P1,- -+, qPn)-

Note, for instance, that we always have (z1,...,2,) € T(A). Since A is a linear
arrangement, J(A) is indeed a K[x]-module. (We have given the most intuitive
definition of the module T(A), though it isn’t the most useful definition for proofs.)
It is easy to see that T(A) has rank n as a K[z]-module, i.e., T(A) contains n,
but not n + 1, elements that are linearly independent over K[z]. We say that A
is a free arrangement if T(A) is a free K[x]-module, i.e., there exist Q1,...,Q, €
T(A) such that every element @ € T(A) can be uniquely written in the form
Q=qQ1+ -+ gQn, where q; € K[z]. It is easy to see that if T(A) is free,
then the basis {Q1,...,Qx,} can be chosen to be homogeneous, i.e., all coordinates
of each Q; are homogeneous polynomials of the same degree d;. We then write
d; = deg @;. It can be shown that supersolvable arrangements are free, but there
are also nonsupersolvable free arrangements. The property of freeness seems quite
subtle; indeed, it is unknown whether freeness is a matroidal property, i.e., depends
only on the intersection lattice L4 (regarding the ground field K as fixed). The
remarkable “factorization theorem” of Terao is the following.

Theorem 4.14. Suppose that T(A) is free with homogeneous basis Q1,...,Qn. If
deg Q; = d; then

xa(t) = (t = di)(t —da)--- (t = dn).

We will not prove Theorem 4.14 here. A good reference for this subject is [24,
Ch. 4].

Returning to supersolvability, we can try to characterize the supersolvable prop-
erty for various classes of geometric lattices. Let us consider the case of the bond
lattice Lg of the graph G. A graph H with at least one edge is doubly connected if
it is connected and remains connected upon the removal of any vertex (and all in-
cident edges). A maximal doubly connected subgraph of a graph G is called a block
of G. For instance, if G is a forest then its blocks are its edges. Two different blocks
of G intersect in at most one vertex. Figure 5 shows a graph with eight blocks, five
of which consist of a single edge. The following proposition is straightforward to
prove (Exercise 16).
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Figure 5. A graph with eight blocks

Proposition 4.11. Let G be a graph with blocks G1,...,Gy. Then
Lg=Lg, X X Lg,.

It is also easy to see that if L; and Lo are geometric lattices, then L; and
Lo are supersolvable if and only if L; x Lo is supersolvable (Exercise 18). Hence
in characterizing supersolvable graphs G (i.e., graphs whose bond lattice L¢g is
supersolvable) we may assume that G is doubly connected. Note that for any
connected (and hence a fortiori doubly connected) graph G, any coatom 7 of Lg
has exactly two blocks.

Proposition 4.12. Let G be a doubly connected graph, and let m = {A, B} be a
coatom of the bond lattice L, where #A < #B. Then 7 is a modular element of
L¢ if and only if #A = 1, say A = {v}, and the neighborhood N(v) (the set of
vertices adjacent to v) forms a clique (i.e., any two distinct vertices of N(v) are
adjacent).

Proof. The proof parallels that of Proposition 4.9, which is a special case. Suppose
that #A > 1. Since G is doubly connected, there exist u,v € A and u’,v’ € B such
that u # v, v’ # v, uu’ € E(G), and vv’ € E(G). Set 0 = {(AUu')—v, (BUv)—u'}.
If G has n vertices then rk(7) = rk(o) = n—2, rk(nVo) = n—1, and rk(7Ao) = n—4.
Hence 7 is not modular.

Assume then that A = {v}. Suppose that av,bv € E(G) but ab ¢ E(G). We
need to show that 7 is not modular. Let o = {A — {a,b},{a,b,v}}. Then

ovr=1, oAm={A~-{a,b},a,bv}
tk(o) =rk(mr)=n—-2, tk(cVn)=n—-1, rk(c Am)=n—4.
Hence 7 is not modular.
Conversely, let 7 = {A,v}. Assume that if av,bv € E(G) then ab € E(G).
It is then straightforward to show (Exercise 8) that 7 is modular, completing the
proof. O

As an immediate consequence of Propositions 4.10(b) and 4.12 we obtain a
characterization of supersolvable graphs.

Corollary 4.10. A graph G is supersolvable if and only if there exists an ordering
V1, V2,. .., Uy of its vertices such that if i <k, j < k, vjvy € E(G) and vjv, € E(G),
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then v;v; € E(G). Equivalently, in the restriction of G to the vertices vy, va, ..., v;,
the neighborhood of v; is a clique.

NOTE. Supersolvable graphs G had appeared earlier in the literature under the
names chordal, rigid circuit, or triangulated graphs. One of their many characteri-
zations is that any circuit of length at least four contains a chord. Equivalently, no
induced subgraph of G is a k-cycle for k > 4.
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Exercises .

(1) [2-] Let M be a matroid on a linearly ordered set. Show that BC(M) = BC(M),
where M is defined by equation (23).

(2) [24] Let M be a matroid of rank at least one. Show that the coefficients of the
polynomial x(¢)/(t — 1) alternate in sign.

(3) (a) [2+] Let L be finite lattice for which every element has a unique comple-

ment. Show that L is isomorphic to a boolean algebra B,,.

(b) [3] A lattice L is distributive if

xV(ynz) = (xVy A(xV2)
xA@yVvz) = (zAy)V(xAz)

for all 2,y, 2 € L. Let L be an infinite lattice with 0 and 1. If every element
of L has a unique complement, then is L a distributive lattice?
(4) [3-] Let x be an element of a geometric lattice L. Show that the following four
conditions are equivalent.
(i) z is a modular element of L.
(ii) If 2 Ay = 0, then

rk(z) + rk(y) = rk(z V y).

(iii) If  and y are complements, then rk(z) + rk(y) = n.
(iv) All complements of = are incomparable.

(5) [2+] Let x,y be modular elements of a geometric lattice L. Show that x A y is
also modular.

(6) [2] Let L be a geometric lattice. Prove or disprove: if  is modular in L and y
is modular in the interval [z, 1], then y is modular in L.

(7) [2-] Let L and L’ be finite lattices. Show that if both L and L’ are geometric
(respectively, atomic, semimodular, modular) lattices, then so is L x L.

(8) [2] Let G be a (loopless) connected graph and v € V(G). Let A =V (G)—v and
m = {A,v} € Lg. Suppose that whenever av,bv € E(G) we have ab € E(G).
Show that 7 is a modular element of Lg.

(9) [2+4] Generalize the previous exercise as follows. Let G be a doubly-connected
graph with lattice of contractions Lg. Let m € Lg. Show that the following two
conditions are equivalent.

(a) 7 is a modular element of L¢.
(b) 7 satisfies the following two properties:

(i) At most one block B of 7 contains more than one vertex of G.

(ii) Let H be the subgraph induced by the block B of (i). Let K be any
connected component of the subgraph induced by G — B, and let Hy
be the graph induced by the set of vertices in H that are connected
to some vertex in K. Then H; is a clique (complete subgraph) of G.

(10) [2+] Let L be a geometric lattice of rank n, and fix € L. Show that

Xe(t) = Y py)xe, (B,
yeLh
xAy=0
where L, is the image of the interval [0, 2] under the map z — 2 V y.
(11) [24] Let J(M) be the set of independent sets of a matroid M. Find another
matroid N and a labeling of its points for which J(M) = BC,(V), the reduced
broken circuit complex of N.
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(12) (a) [24] If A and T are simplicial complexes on disjoint sets A and B, respec-
tively, then define the join A % I' to be the simplicial complex on the set
AU B with faces F UG, where FF € A and G € T. (E.g., if ' consists of
a single point then A % I' is the cone over A. If I' consists of two disjoint
points, then A T is the suspension of A.) We say that A and T are join-
factors of AxT". Now let M be a matroid and S C M a modular flat, i.e., S
is a modular element of Ljy;. Order the points of M such that if p € S and
q € S, then p < ¢q. Show that BC(S) is a join-factor of BC(M). Deduce
that xas(t) is divisible by xs(¢).
(b) [24] Conversely, let M be a matroid and S C M. Label the points of M so
that if p € S and ¢ € S, then p < q. Suppose that BC(S) is a join-factor of
BC(M). Show that S is modular.
(13) [2] Do Exercise 3.7, this time using Theorem 4.12 (the Broken Circuit Theorem).
(14) [1] Show that all geometric lattices of rank two are supersolvable.
(15) [2] Give an example of two nonisomorphic supersolvable geometric lattices of
rank 3 with the same characteristic polynomials.
(16) [2] Prove Proposition 4.11: if G is a graph with blocks Gy,..., Gk, then Lg =2
Lg, X+ x Lg,.
(17) [2+] Give an example of a nonsupersolvable geometric lattice of rank three whose
characteristic polynomial has only integer zeros.
(18) [2] Let Ly and Lo be geometric lattices. Show that L, and Ly are supersolvable
if and only if L1 x Lo is supersolvable.
(19) [3-] Let L be a supersolvable geometric lattice. Show that every interval of L is
also supersolvable.
(20) [2] (a) Find the number of maximal chains of the partition lattice II,,.
(b) Find the number of modular maximal chains of II,,.
(21) [2+] Show that the broken circuit complex of a matroid is pure (Corollary 4.6).
(22) Let M be a matroid with a linear ordering of its points. The internal activity of
a basis B is the number of points p € B such that p < ¢ for all points ¢ # p not
in the closure B — p of B —p. The external activity of B is the number of points
p’ € M — B such that p’ < ¢’ for all ¢’ # p’ contained in the unique circuit that
is a subset of B U {p’}. Define the Crapo beta invariant of M by

B(M) = (—1) D=y (1),

where ’ denotes differentiation.

(a) [14] Show that 1—x 4s(1) = ¢(BC,), the Euler characteristic of the reduced
broken circuit complex of M.

(b) [3-] Show that S(M) is equal to the number of bases of M with internal
activity 0 and external activity 0.

(c) [2] Let A be a real central arrangement with associated matroid M 4. Sup-
pose that A = cA’ for some arrangement A’, where cA’ denotes the cone
over A’. Show that 3(Ma) = b(A’).

(d) [2+] With A as in (c), let H' be a (proper) translate of some hyperplane
H € A. Show that B(M4) = b(AU{H'}).






LECTURE 5
Finite fields

5.1. The finite field method

In this lecture we will describe a method based on finite fields for computing the
characteristic polynomial of an arrangement defined over Q. We will then discuss
several interesting examples. The main result (Theorem 5.15) is implicit in the
work of Crapo and Rota [13, §17]. It was first developed into a systematic tool for
computing characteristic polynomials by Athanasiadis [1][2], after a closely related
but not as general technique was presented by Blass and Sagan [9].

Suppose that the arrangement A is defined over Q. By multiplying each hyper-
plane equation by a suitable integer, we may assume A is defined over Z. In that
case we can take coefficients modulo a prime p and get an arrangement A, defined
over the finite field Fy, where ¢ = p”. We say that A has good reduction mod p (or
over F,) if L(A) = L(Ay).

For instance, let A be the affine arrangement in Q! = Q consisting of the points
0 and 10. Then L(A) contains three elements, viz., Q, {0}, and {10}. If p # 2,5
then 0 and 10 remain distinct, so A has good reduction. On the other hand, if
p=2orp=>5then 0 =10in [Fp, so L(A,) contains just two elements. Hence A
has bad reduction when p = 2, 5.

Proposition 5.13. Let A be an arrangement defined over Z. Then A has good
reduction for all but finitely many primes p.

Proof. Let Hy,...,H; be affine hyperplanes, where H; is given by the equation
v; - = a; (vi,a; € Z"). By linear algebra, we have Hy N---N H; # () if and only if

V1 am U1
(36) rank [ ¢ ! | =rank
vj o aj Uj
Moreover, if (36) holds then
U1
dim(H; N---N Hj) =n —rank

61
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Now for any r x s matrix A, we have rank(A) > ¢ if and only if some ¢ x ¢ submatrix
B satisfies det(B) # 0. It follows that L(A) 2% L(A,) if and only if at least one
member S of a certain finite collection 8§ of subsets of integer matrices B satisfies
the following condition:

(VB € S) det(B) # 0 but det(B) = 0 (modp).

This can only happen for finitely many p, viz., for certain B we must have p| det(B),
so L(A) = L(A,) for p sufficiently large. O

The main result of this section is the following. Like many fundamental results
in combinatorics, the proof is easy but the applicability very broad.

Theorem 5.15. Let A be an arrangement in Q", and suppose that L(A) = L(Ag)
for some prime power q. Then

xale) = #|F - |J H
HeA,

= ¢"—# |J H
HEA,

Proof. Let z € L(A,) so #x = ¢%™@) . Here dim(x) can be computed either over
Q or F,. Define two functions f, g : L(Aq) — Z by

flx) = H#x

#(+-Ur)

Q
—~
8
~—
Il

In particular,

Clearly

fl@)=> gy

y>w

Let p denote the Mébius function of L(A) = L(A,). By Mobius inversion (Theo-
rem 1.1),

>, y) f ()

y>x

> e, y)gt ™).

y>x

g9(z)

Put = = 0 to get
9(0) = > )™ = xa(q)-

Y

O

For the remainder of this lecture, we will be concerned with applications of
Theorem 5.15 and further interesting examples of arrangements.
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Example 5.12. Let G be a graph with vertices 1,2,...,n, so

Qac(x)= [ @i—=)).

iEE(Q)
Then by Theorem 5.15,
Xac(@) = ¢" —#{(oa,..., o) € F} : oy = a; for some ij € E(G)}
= #{(Br,....Bn) €Fy : Bi # B; Vij € E(G)}

= xa(q),

in agreement with Theorem 2.7. Note that this equality holds for all prime powers
g, not just for p™ with p > 0. This is because the matrix with rows e; — e;, where
ij € E(G) and e; is the ith unit coordinate vector in Q™, is totally unimodular, i.e.,
every minor (determinant of a square submatrix) is 0, +1. Hence the nonvanishing
of a minor is independent of the ambient field.

A very interesting class of arrangements, including the braid arrangement, is
associated with root systems, or more generally, finite reflection groups. We will
simply mention some basic results here without proof. A root system is a finite set
R of nonzero vectors in R™ satisfying certain properties that we will not give here.
(References include [6][10][20].) The Cozeter arrangement A(R) consists of the
hyperplanes « - © = 0, where o € R. There are four infinite (irreducible) classes of
root systems (all in R™):

Apo1 = {ei—e 1 1<i<j<n}=3,
D, = {e;—eje+ej:1<i<j<n}
B, = D,U{e; : 1<i<n}

Cpn = DnU{2¢; :1<i<n}

We should really regard A,,_; as being a subset of the space
{(a1,...,a,) €R™ : Zai =0} =R
We thus obtain the following Coxeter arrangements. In all cases 1 <i < j <n
and 1 <k <n.
A(Anfl) :Bn LT Iy =0
ABp)=ACr) : zi—z;=0, zi+z; =0, 2 =0
ADy)  xi—x; =0, x;+x; =0.
See Figure 1 for the arrangements A(Bz) and A(D3).
Let us compute the characteristic polynomial x 4(5,,)(¢). For p > 0 (actually
p > 2) and ¢ = p™ we have
XaB) (@) = #{ (o, .. an) €FY 0 a; # taj (i #j), a; #0 (1 <i<n)}.
Choose aq € F; = F, — {0} in ¢ — 1 ways. Then choose as € Fy — {a1,—a1} in
q — 3 ways, then a3 in ¢ — 5 ways, etc., to obtain:
XA (t) =t =1)(E=3)--(t = (2n —1)).
In particular,

r(A(Bn)) = (=1)"xam,) (1) =2-4-6---(2n) = 2"nl.
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A(B,) A(D,)
Figure 1. The arrangements A(Bz) and A(D2)

By a similar but slightly more complicated argument we get (Exercise 1)
(37) XAD)(t) =t =1)(t—=3)---(t—(2n—3))-(t —n+1).

NoTE. Coxeter arrangements are always free in the sense of Theorem 4.14 (a result
of Terao [34]), but need not be supersolvable. In fact, A(4,) and A(B,) are
supersolvable, but A(D,,) is not supersolvable for n > 4 [4, Thm. 5.1].

5.2. The Shi arrangement

We next consider a modification (or deformation) of the braid arrangement called
the Shi arrangement [27, §7] and denoted §,,. It consists of the hyperplanes

z,—r; =01, 1<i<j<n.
Thus §,, has n(n — 1) hyperplanes and rank(8,,) = n — 1. Figure 2 shows the Shi

arrangement 83 in ker(z; + x2 + z3) = R? (i.e., the space {(x1,72,73) € R3 :
xr1 + X9+ T3 = 0})

Theorem 5.16. The characteristic polynomial of 8, is given by
xs, (t) =t(t —n)"" L.
Proof. Let p be a large prime. By Theorem 5.15 we have
Xs, () = #{(a1,...,an) €F) 1 i <j = a; #aj and o # o + 1}.

Choose a weak ordered partition m = (By, ..., By_p) of [n] into p — n blocks, i.e.,
UB; = [n] and B, N B; = 0 if i # j, such that 1 € By. (“Weak” means that we
allow B; = (.) For 2 < i < n there are p — n choices for j such that i € Bj, so
(p—mn)"~! choices in all. We will illustrate the following argument with the example
p=11,n =6, and

(38) ™= ({1,4},{5},0,{2,3,6},0).

Arrange the elements of I}, clockwise on a circle. Place 1,2,...,n on some n of
these points as follows. Place elements of B; consecutively (clockwise) in increasing
order with 1 placed at some element a; € F,,. Skip a space and place the elements
of By consecutively in increasing order. Skip another space and place the elements
of Bs consecutively in increasing order, etc. For our example (38), say a1 = 6.
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Figure 2. The Shi arrangement 83 in ker(z1 + z2 + z3)

Let a; be the position (element of ) at which ¢ was placed. For our example

we have
(Oél, g, 3, 04, A5, 056) = (6, 1, 2, 7, 9, 3)

It is easily verified that we have defined a bijection from the (p—n)"~! weak ordered
partitions 7 = (Bi, ..., Bp_y) of [n] into p—n blocks such that 1 € By, together with
the choice of a; € Ty, to the set F}) —Upc(s,,), H. There are (p—mn)"~1 choices for
and p choices for o, so it follows from Theorem 5.15 that s, (t) = t(t—n)"~t. O

We obtain the following corollary immediately from Theorem 2.5.

Corollary 5.11. We have r(8,) = (n+ 1)""! and b(8,) = (n — 1)~ L.

NoOTE. Since r(8,) and b(S,) have such simple formulas, it is natural to ask
for a direct bijective proof of Corollary 5.11. A number of such proofs are known;
a sketch that r(8,) = (n + 1)"~! is given in Exercise 3.
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NoOTE. It can be shown that the cone ¢8,, is not supersolvable for n > 3 (Ex-
ercise 4) but is free in the sense of Theorem 4.14.

5.3. Exponential sequences of arrangements

The braid arrangement (in fact, any Coxeter arrangement) is highly symmetrical;
indeed, the group of linear transformations that preserves the arrangement acts
transitively on the regions. Thus all regions “look the same.” The Shi arrangement
lacks this symmetry, but it still possesses a kind of “combinatorial symmetry” that
allows us to express the characteristic polynomials xs, (t), for all n > 1, in terms
of the number r(§,,) of regions.

Definition 5.14. A sequence 2 = (A1, As,...) of arrangements is called an ezpo-
nential sequence of arrangements (ESA) if it satisfies the following three conditions.

(1) A, is in K™ for some field K (independent of n).

(2) Every H € A,, is parallel to some hyperplane H' in the braid arrangement
B, (over K).

(3) Let S be a k-element subset of [n], and define

AY ={H € A, : H is parallel to z; — x; = 0 for some i,j € S}.
Then L(AY) 2 L(Ay).

Examples of ESA’s are given by A, = B,, or A, = 8,. In fact, in these cases
we have A =2 Aj x K"7F,

The combinatorial properties of ESA’s are related to the exponential formula
in the theory of exponential generating functions [32, §5.1], which we now review.
Informally, we are dealing with “structures” that can be put on a vertex set V' such
that each structure is a disjoint union of its “connected components.” We obtain a
structure on V' by partitioning V' and placing a connected structure on each block
(independently). Examples of such structures are graphs, forests, and posets, but
not trees or groups. Let h(n) be the total number of structures on an n-set V' (with
h(0) = 1), and let f(n) be the number that are connected. The exponential formula
states that

m T

x n

(39) Do) =exp ) f(n) .
n>0 n>1

More precisely, let f: P — R, where R is a commutative ring. (For our purposes,

R =7 will do.) Define a new function 2 : N — R by h(0) =1 and
(40) W)= > S@B)S(#B) - [(#Br).
7={Bu,...,By }€Il,

Then equation (39) holds. A straightforward proof can be given by considering the
expansion

oY 105 = e st
n>1 ’ n>1 ’
_ o
- gl ];f(”) Ik

We omit the details (Exercise 5).
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For any arrangement A in K", define r(A) = (—1)"xa(—1). Of courseif K =R
this coincides with the definition of 7(A) as the number of regions of A. We come
to the main result concering ESA’s.

Theorem 5.17. Let A = (Ay,Ag,...) be an ESA. Then

—t
n

S5 = [ Senmans

n>0 ’ n>0

Example 5.13. For 2 = (B1,Bo,...) Theorem 5.17 asserts that

—t
" n

Zt(t—l).-.(t—nﬂ)ﬁ: Z(—l)"n!% :
n>0 n>0

as immediately follows from the binomial theorem. On the other hand, if 2 =
(81,82, ...), then we obtain the much less obvious identity

—t

> t(t - n)"_lfl—T = | > (-)"n+ 1)"—1%

n>0 ’ n>0

Proof of Theorem 5.17. By Whitney’s theorem (Theorem 2.4) we have for
any arrangement A in K" that

XA (t) — Z (_1)#93tn,—rank(93).

BCA
B central

Let A = (Aq, Ag,...), and let B C A, for some n. Define 7(B) € II,, to have blocks
that are the vertex sets of the connected components of the graph G on [n] with
edges

(41) E(G)={ij : Jz; —x; = cin B}
Define
Xa, ()= > (—1)#Bm®),
BCA
B central
m(B)=[n]

Then
XA, (t) = > > ()FBr ™)

W:{Bl,...,Bk}EHn BCA
B central
T(B)=n

= Z Xﬂ#Bl (t)X-A#BQ (t) e XA#B,C (t)
7={B1,...,Bx}€ll,

Thus by the exponential formula (39),

" - z"
Z XA, (t)m = exp Z XA, (t)m~

n>0 n>1
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But m(B) = [n] if and only if rk(B) = n — 1, so X4, (t) = ¢,t for some ¢, € Z. We
therefore get

n

T "
ZXAn(t)H = expthnm
n>0 n>1

t

b |

n>0

where exp )~ cn% => .50 bpZr. Put t = —1 to get

n!
—1

z" z"
-1 n)— = n— )
>0( Jrn) n! ;b n!

3

from which it follows that

a0 = [ S’

n!
n>0 n>0

—t
n

For a generalization of Theorem 5.17, see Exercise 10.

5.4. The Catalan arrangement

Define the Catalan arrangement €, in K™, where char(K) # 2, by
Qe.(x)= [[ (@i—=)(@i—a2;—1)(@i—a;+1).

1<i<j<n
Equivalently, the hyperplanes of €, are given by
z; —x; =—1,0,1, 1<i<j<n.

Thus C,, has 3(3) hyperplanes, and rank(C,) =n — 1.

Assume now that K = R. The symmetric group &,, acts on R by permuting

coordinates, i.e.,

w - (.231, “ee ,xn) = (Z‘w(l), SR ,xw(n)).

Here we are multiplying permutations left-to-right, e.g., (1,2)(2,3) = (1, 3,2) (in
cycle form), so vw -« = v - (w - «). Both B, and @, are &,-invariant, i.e., &,
permutes the hyperplanes of these arrangements. Hence &,, also permutes their
regions, and each region (1) > Ty(2) >+ > Tyy(n) Of By, is divided “in the same
way” in C,. In particular, if ro(€,,) denotes the number of regions of €,, contained
in some fixed region of B,,, then r(C,) = nlrg(C,) . See Figure 3 for C3 in the
ambient space ker(z; + z2 + x3), where the hyperplanes of Bz are drawn as solid
lines and the remaining hyperplanes as dashed lines. Each region of B3 contains
five regions of Cg, so r(C3) =6 -5 = 30.

We can compute r(C,,) (or equivalently r(C,)) by a direct combinatorial ar-
gument. Let Ry denote the region x1; > z9 > -+ > x, of B,. The regions of C,
contained in Ry are determined by those 7 < j such that z; —z; < 1. We need only
specify the mazimal intervals [, j] such that x; —z; <1, ie., ifa <i<j <band
Tqe —xp < 1, then a =4 and b = j. It is easy to see that any such specification of
maximal intervals determines a region of C€,, contained in Ry. Thus r¢(C,,) is equal
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Figure 3. The Catalan arrangement C3 in ker(z1 + z2 + x3)

to the number of antichains A of strict intervals of [n], i.e., sets A of intervals [i, j],
where 1 < i < j < n, such that no interval in A is contained in another. (“Strict”
means that ¢ = j is not allowed.) It is known (equivalent to [32, Exer. 6.19(bbb)])
that the number of such antichains is the Catalan number C,, = #(2:) For
the sake of completeness we give a bijection between these antichains and a stan-
dard combinatorial structure counted by Catalan numbers, viz., lattice paths from
(0,0) to (n,n) with steps (1,0) and (0, 1), never rising above the line y = x ([32,
Exer. 6.19(h)]). Given an antichain A of intervals of [n], there is a unique lattice
path of the claimed type whose “outer corners” (a step (1,0) followed by (0, 1))
consist of the points (j, — 1) where [i,j] € A, together with the points (7,7 — 1)
where no interval in A contains ¢. Figure 4 illustrates this bijection for n = 8 and
A= {[1,4],[3,5],[7.8]).

We have therefore proved the following result. For a refinement, see Exercise 11.

Proposition 5.14. The number of regions of the Catalan arrangement C,, is given
by r(C,) = n!C,. Each region of B, contains Cy, regions of C,.

In fact, there is a simple formula for the characteristic polynomial ye, (t).
Theorem 5.18. We have
xe,t)=tt—-n—-1)t—-—n—-2)t—n—3)---(t—2n+1).
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Figure 4. A bijection corresponding to A = {[1,4], [3,5],[7, 8]}

Proof. Clearly the sequence (C1,Ca,...) is an ESA, so by Theorem 5.17 we have

Yoo = [ Xt

n>0 n>0

—t

—t
= [ D= cuan
n>0

One method for expanding this series is to use the Lagrange inversion formula
[82, Thm. 5.4.2]. Let F(z) = a1 + azz® + --- be a formal power series over K,
where char(K) = 0 and a3 # 0. Then there exists a unique formal power series
FU = a7tz + -+ satisfying

F(F&Y () = FCU(F(2)) = 2.

Let k,t € Z. The Lagrange inversion formula states that

(42) tzFY (2)F = kot < fo)) .

Let y = En>0(—1)"Cnx”+1. By a fundamental property of Catalan numbers,

y> = —y + x. Hence y = (z + 22)(~1). Substitute t — n for k and apply equation

(42) to y = F(x), so F(=Y(2) = 2 + 2%

(43 o'l 42y = (el (2]
The right-hand side of (43) is just
(- mpr) (L) = e,

T
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a b

Figure 5. An example of an interval order

The left-hand side of (43) is given by
t—n) _tt—n)t—n—1)---(t—2n+1)

n!

a1+ 2)' " = t( .

It follows that
xe,)=tlt—-n—-1)t—-n—-2)t—n—-3)---(t—2n+1)

for all ¢t € Z. Tt then follows easily (e.g., using the fact that a polynomial in one
variable over a field of characteristic 0 is determined by its values on Z) that this
equation holds when t is an indeterminate. O

Norte. It is not difficult to give an alternative proof of Theorem 5.18 based on
the finite field method (Exercise 12).

5.5. Interval orders

The subject of interval orders has a long history (see [15][36]), but only recently
[33] was their connection with arrangements noticed. Let P = {I1,...,I,} be a
finite set of closed intervals I; = [a;,b;], where a;,b; € R and a; < b;. Partially
order P by defining I; < I; if b; < a;, i.e., I; lies entirely to the left of I; on the real
number line. A poset isomorphic to P is called an interval order. Figure 5 gives
an example of six intervals and the corresponding interval order. It is understood
that the real line lies below and parallel to the line segments labelled a, ..., f, and
that the actual intervals are the projections of these line segments to R. If all the
intervals I; have length one, then P is called a semiorder or unit interval order.
We will be considering both labelled and unlabelled interval orders. A labelled
interval order is the same as an interval order on a set S, often taken to be [n].
If an interval order P corresponds to intervals Iy,...,I,, then there is a natural
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1 6 3 3 6

Figure 6. The number of labelings of semiorders with three elements

labeling of P, viz., label the element corresponding to I; by i. Thus the intervals
I, = [0,1] and I, = [2,3] correspond to the labelled interval order P; defined by
1 < 2, while the intervals I; = [2,3] and I» = [0, 1] correspond to P, defined by
2 < 1. Note that P, and P» are different labelled interval orders but are isomorphic
as posets. As another example, consider the intervals Iy = [0,2] and I, = [1,3].
The corresponding labelled interval order P consists of the disjoint points 1 and 2.
If we now let I; = [1,3] and I, = [0, 2], then we obtain the same labelled interval
order (or labelled poset) P, although the intervals themselves have been exchanged.
An unlabelled interval order may be regarded as an isomorphism class of interval
orders; two intervals orders P; and P, represent the same unlabelled interval order if
and only if they are isomorphic. Of course our discussion of labelled and unlabelled
interval orders applies equally well to semiorders.

Figure 6 shows the five nonisomorphic (or unlabelled) interval orders (which
for three vertices coincides with semiorders) with three vertices, and below them
the number of distinct labelings. (In general, the number of labelings of an n-
element poset P is n!/#Aut(P), where Aut(P) denotes the automorphism group
of P.) It follows that there are 19 labelled interval orders or labelled semiorders on
a 3-element set.

The following proposition collects some basic results on interval orders. We sim-
ply state them without proof. Only part (a) is needed in what follows (Lemma 5.6).
We use the notation ¢ to denote an i-element chain and P+ @ to denote the disjoint
union of the posets P and Q.

Proposition 5.15. (a) A finite poset is an interval order if and only if it has

no induced subposet isomorphic to 2 + 2.

(b) A finite poset is a semiorder if and only if it has no induced subposet
isomorphic to 2+ 2 or 3+ 1.

(¢) A finite poset P is a semiorder if and only if its elements can be ordered as
I,..., I, so that the incidence matriz of P (i.e., the matrix M = (myj),
where m;; = 1 if I; < I; and m;; = 0 otherwise) has the form shown
below. Moreover, all such semiorders are nonisomorphic.
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000 001 011 001 011
000 000 000 001 001
000 000 000 000 000

SIS VAR AN

Figure 7. The semiorders with three elements

1 “ e e n

1

0

n

In (c) above, the southwest boundary of the positions of the 1’s in M form a
lattice path which by suitable indexing goes from (0,0) to (n,n) with steps (0, 1)
and (1,0), never rising above y = x. Since the number of such lattice paths is
the Catalan number C,,, it follows that the number of nonisomorphic n-element
semiorders is C),. Later (Proposition 5.17) we will give a proof based on properties
of a certain arrangement. Figure 7 illustrates Proposition 5.15(c) when n = 3. It
shows the matrices M, the corresponding set of unit intervals, and the associated
semiorder.

Let ¢1,...,¢, >0 and set n = (¢1,...,£,). Let P, denote the set of all interval
orders P on [n] such that there exist a set Iy, ..., I, of intervals corresponding to

P

P (with I; corresponding to i € P) such that £(I;) = ¢;. In other words, i < j if
and only if I; lies entirely to the left of I;. For instance, it follows from Figure 6
that #?(1’1’1) =19.

We now come to the connection with arrangements. Given n = (¢1,...,4,) as
above, define the arrangement J,, in R™ by letting its hyperplanes be given by

Ti — Ty Z&', 175']

(Note the condition ¢ # j, not ¢ < j.) Thus J, has rank n — 1 and n(n — 1)
hyperplanes (since ¢; > 0). Figure 8 shows the arrangement J(; ; 1) in the space
ker(z1 + z2 + x3).

Proposition 5.16. Let n € R"}. Then r(J,) = #P,.
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XY/
/AN

Figure 8. The arrangement J(1,; 1) in the space ker(z1 4 x2 + z3)

Proof. Let (x1,...,,) belong to some region R of J,. Define the interval I; =
[z; — {;, z;]. The region R is determined by whether z; — x; < ¢; or z; — x; > {;.
Equivalently, I; % I; or I; > I; in the ordering on intervals that defines interval
orders. Hence the number of possible interval orders corresponding to intervals

L, ..., I, with £(I;) = ¢; is just r(J,). O
Consider the case {1 = --- = {, = 1, so we are looking at the semiorder
arrangement x; — x; = 1 for i # j. We abbreviate (1,1,...,1) as 1™ and denote

this arrangement by J1». By the proof of Proposition 5.16 the regions of J;» are in
a natural bijection with semiorders on [n].

Now note that €, = J1» U B, where C, denotes the Catalan arrangement.
Fix a region R of B, say 1 < 22 < -+ < z,. Then the number of regions of
Ji» that intersect R is the number of semiorders on [n] that correspond to (unit)
intervals I, ..., I, with right endpoints z; < g < --- < x,,. Another set I{,..., I}
of unit intervals I/ = [z} — 1,2}] with 2} < 2§, < .-+ < 2] defines a different
region from that defined by I1,...,I, if and only if the corresponding semiorders
are nonisomorphic. It follows that the number of nonisomorphic semiorders on [n]
is equal to the number of regions of J1» intersecting the region z; < z2 < --- < x,
of B,,. Since C,, = J1» UB,,, there follows from Proposition 5.14 the following result
of Wine and Freunde [38].

Proposition 5.17. The number u(n) of nonisomorphic n-element semiorders is
given by
1
u(n) = ar(en) =C,,.

Figure 9 shows the nonisomorphic 3-element semiorders corresponding to the
regions of C,, intersecting the region z; < z2 < --- < x,, of B,,.

We now come to the problem of determining 7(J1»), the number of semiorders
on [n].
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X3= X3

X3= X+ 1

Figure 9. The nonisomorphic 3-element semiorders as regions of Cin

Theorem 5.19. Fiz distinct real numbers a1, a9, ...,a., > 0. Let A, be the ar-
rangement in R™ with hyperplanes

Ap Tij —Tj = A1y ..., Amy, 17&‘73

and let A} = A, UB,,. Define

Then F(z) = G(1 —e™ 7).

Proof. Let ¢(n, k) denote the number of permutations w of n objects with k cycles
(in the disjoint cycle decomposition of w). The integer ¢(n, k) is known as a signless
Stirling number of the first kind and for fixed k has the exponential generating
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function
z" 1 ik
(44) Z c(n, k)m =7 (log(1 —z)™")

n>0

For futher information, see e.g. [31, pp. 17-20][32, (5.25)].
We have

Fz)=G(l—-e™) & G(x) F(log(1 — )Y

= 3 (k) (log(t — )7

k>1

xn

= ) r(Ax) Zc(n,k)m.
k>1 n>0

It follows that we need to show that

n

(45) r(Ar) = Zc(n,k‘)r(ﬂk).

k=1

For simplicity we consider only the case m = 1 and a; = 1, but the argument is
completely analogous in the general case. When m = 1 and a; = 1 we have that
r(AX) = nlC, and that r(A,) is the number of semiorders on [n]. Thus it suffices
to give a map (P, w) ¥ @, where w € &), and P is a semiorder whose elements
are labelled by the cycles of w, and where @ is an unlabelled n-element semiorder,
such that p is nl-to-1, i.e., every @ appears exactly n! times as an image of some
(P,w).

Choose w € 6&,, with k cycles in ¢(n, k) ways, and make these cycles the vertices
of a semiorder P in r(Ay) ways. Define a new poset p(P,w) as follows: if the cycle
(c1,...,¢j) is an element of P, then replace it with an antichain with elements
c1,...,¢. Given 1 < ¢ < n, let C(c) be the cycle of w containing c¢. Define
¢ <din p(P,w) if C(c) < C(d) in P. We illustrate this definition with n = 8 and
w=(1,5,2)(3)(6,8)(4,7):

@) 47 3 4 7
N p
(1,52 (6,8) 1 5 2 6 8

(P.w) Q= p(Pw)

Given an unlabelled n-element semiorder @, such as
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we now show that there are exactly n! pairs (P,w) for which p(P,w) = @. Call a
pair of elements z,y € Q autonomous if for all z € @ we have

r<zey<z, rT>zeY> 2.

Equivalently, the map 7 : Q — @ transposing z,y and fixing all other z € @ is an
automorphism of ). Clearly the relation of being autonomous is an equivalence
relation. Partition @) into its autonomous equivalence classes. Regard the elements
of @ as being distinguished, and choose a bijection (labeling) ¢ : Q@ — [n] (in n!
ways). Fix a linear ordering (independent of ¢) of the elements in each equivalence
class. (The linear ordering of the elements in each equivalence class in the diagram
below is left-to-right.)

5 4 1

3 7 6 2 8

In each class, place a left parenthesis before each left-to-right maximum, and
place a right parenthesis before each left parenthesis and at the end. (This is the
bijection &,, — &,, @ — w, in [31, p. 17].) Merge the elements c1,ca,...,¢;
(appearing in that order) between each pair of parentheses into a single element
labelled with the cycle (c1, ¢, .., ¢;).

©) @ .1 ® @Y
p—l
/I\M /M
@ ¢ .89 @ ® 3 79 @ ®
0 P

We have thus obtained a poset P whose elements are labelled by the cycles of
a permutation w € &,,, such that p(P,w) = Q. For each unlabelled @, there are
exactly n! pairs (P,w) (where the poset P is labelled by the cycles of w € &,)
for which p(P,w) = Q. Since by Proposition 5.17 there are C,, nonisomorphic
n-element semiorders, we get

nlC, = Z c(n, k)r(Ag).
k=1

U

NoOTE. Theorem 5.19 can also be proved using Burnside’s lemma (also called
the Cauchy-Frobenius lemma) from group theory.

To test one’s understanding of the proof of Theorem 5.19, consider why it
doesn’t work for all posets. In other words, let f(n) denote the number of posets on
[n] and g(n) the number of nonisomorphic n-element posets. Set F(x) = > f (n)Z—T
and G(x) = 3 g(n)a™. Why doesn’t the above argument show that G(z) = F(1 —
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e *)? Let Q@ = 2+ 2 (the unique obstruction to being an interval order, by

Proposition 5.15(a)). The autonomous classes have one element each. Consider the

two labelings ¢ : Q — [4] and the corresponding p~!:

2 4 o1 2 4
e

1 3 1 3

4 2 ot 4 2
—

3 1 3 1

We obtain the same labelled posets in both cases, so the proof of Theorem 5.19
fails. The key property of interval orders that the proof of Theorem 5.19 uses
implicitly is the following.

Lemma 5.6. If 0 : P — P is an automorphism of the interval order P and
o(x) = o(y), then x and y are autonomous.

Proof. Assume not. Then there exists an element s € P satisfying s > x, s # y (or
dually). Since o(z) = y, there must exist ¢t € P satisfying ¢t > y, t # x. But then
{z,s,y,t} form an induced 2 + 2, so by Proposition 5.15(a) P is not an interval
order. |

Specializing m = 1 and a; = 1 in Theorem 5.19 yields the following corollary,
due first (in an equivalent form) to Chandon, Lemaire and Pouget [12].

Corollary 5.12. Let f(n) denote the number of semiorders on [n]| (or n-element
labelled semiorders). Then

S fmE =),

n>0 ’

where

Cla) =3 Cpa" = — L2

5.6. Intervals with generic lengths

A particularly interesting class of interval orders are those corresponding to intervals
with specified generic lengths n = (¢1,...,4,). Intuitively, this means that the
intersection poset P(J,) is as “large as possible.” One way to make this precise
is to say that n is generic if P(J,) = P(J,/), where ' = (¢;,...,¢,) and the
¢’s are linearly independent over Q. Thus if 7 is generic, then the intersection
poset L(J,) does not depend on 7, but rather only on n. In particular, r(J,) does
not depend on 71 (always assuming 7 is generic). Hence by Proposition 5.16, the
number #XP,, of labelled interval orders corresponding to intervals Iy,..., I, with
£(1;) = ¢; depends only on n. This fact is not at all obvious combinatorially, since
the interval orders themselves do depend on 5. For instance, it is easy to see that
n = (1,1.0001,1.001,1.01,1.1) is generic and that no corresponding interval order
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can be isomorphic to 4 + 1. On the other hand, n = (1,10, 100, 1000, 10000) is also
generic, but this time there is a corresponding interval order isomorphic to 4 + 1.
(See Exercise 17.)

The preceding discussion raises the question of computing #P,, when 7 is
generic. We write G,, for the corresponding interval order z; — x; = 4;, i # j,
since the intersection poset depends only on n. The following result is a nice appli-
cation of arrangements to “pure” enumeration; no proof is known except the one
sketched here.

Theorem 5.20. Let

x" x? 3 x? x°
z= Zr(gn)H = 142435 + 195 #1957 + 28315 + -+
n>0
Define a power series
x? a3 r?
by 1 = y(2 — e®¥). Equivalently,
(-1)
1 1+ 2z
Y * <1 +z °8 1+ )

Then z is the unique power series satisfying z'/z = y?, 2(0) = 1.

NOTE. The condition z’/z = y? can be rewritten as z = exp [ y? dz.
Sketch of proof. Putting ¢ = —1 in Theorem 2.4 gives

(46) r(Gn) = Z (—1)#Brk(B),

BCSGn
B central

Given a central subarrangement B C §,,, define a digraph (directed graph) Gs on
[n] by letting i — j be a (directed) edge if the hyperplane x; —x; = ¢; belongs to B.
One then shows that as an undirected graph G'3 is bipartite, i.e., the vertices can be
partitioned into two subsets U and V such that all edges connect a vertex in U to a
vertex in V. The pair (U, V) is called a vertex bipartition of Gg. Moreover, if B is
a block of Gp (as defined preceding Proposition 4.11), say with vertex bipartition
(Up, Vp), then either all edges of B are directed from Up to Vg, or all edges are
directed from Vg to Up. It can also be seen that all such directed bipartite graphs
can arise in this way. It follows that equation (46) can be rewritten

(47) r(Gn) = (=1)" D (=)D,
G
where G ranges over all (undirected) bipartite graphs on [n], e(G) denotes the
number of edges of G, and b(G) denotes the number of blocks of G.
Equation (47) reduces the problem of determining r(G) to a (rather difficult)
problem in enumeration, whose solution may be found in [25, §6]. O

5.7. Other examples

There are two additional arrangements related to the braid arrangement that in-
volve nice enumerative combinatorics. We merely repeat the definitions here from
Lecture 1 and assemble some of their basic properties in Exercises 19-28.
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The Linial arrangement in K™ is given by the hyperplanes z; —2; = 1,1 <i <
7 < n. It consists of “half” of the semiorder arrangement J1». Despite its similarity
to Jqn, it is considerably more difficult to obtain its characteristic polynomial and
other enumerative invariants. Finally the threshold arrangement in K™ is given by
the hyperplanes z; +z; =0, 1 <7 < j < n. It is a subarrangement of the Coxeter
arrangements A(B,,) (=A(C,)) and A(D,,).
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Exercises
(1) [2] Verify equation (37), viz.,

Xay(t)=t—=1)(t=3)---(t—(2n—3)) - (t —n+1).

(2) [2] Draw a picture of the projectivization of the Coxeter arrangement A(Bs3),
similar to Figure 1 of Lecture 1.
(3) (a) [2] An embroidered permutation of [n] consists of a permutation w of [n]
together with a collection & of ordered pairs (4, j) such that:
o 1<i<j<nforall (i,j) € E.
o If (i,7) and (h,k) are distinct elements of &, then it is false that
i<h<k<j.
o If (4,5) € € then w(i) < w(y).
For instance, the three embroidered permutations (w, &) of [2] are given
by (12,0), (12,{(1,2)}), and (21,0). Give a bijective proof that the num-
ber r(8,) of regions of the Shi arrangement §,, is equal to the number of
embroidered permutations of [n].

(b) [24+] A parking function of length n is a sequence (aq,...,a,) € P whose
increasing rearrangement by < by < --- < b, satisfies b; < i. For instance,
the parking functions of length three are 11, 12, 21. Give a bijective proof
that the number of parking functions of length n is equal to the number of
embroidered permutations of [n].

(c) [3-] Give a combinatorial proof that the number of parking functions of
length n is equal to (n + 1)"~ 1.

(4) [24] Show that if 8,, denotes the Shi arrangement, then the cone ¢§,, is not
supersolvable for n > 3.
(5) [2] Show that if f : P — R and h : N — R are related by equation (40) (with

h(0) = 1), then equation (39) holds.

(6) (a) [2] Compute the characteristic polynomial of the arrangement B/, in R"
with defining polynomial

Q)= (z1 —wn—1) [[ (@i—2).

1<i<j<n

In other words, B/, consists of the braid arrangement together with the
hyperplane 1 — x,, = 1.
(b) [5-] Is ¢B!, (the cone over B! ) supersolvable?
(7) [24] Let 1 < k < n. Find the characteristic polynomial of the arrangement §,,
in R” defined by

zi—x; =0 for 1<i<j<n
zi—x;=1 for 1<i<j<k.

(8) [24] Let 1 < k < n. Find the characteristic polynomial of the arrangement C,,
in R™ defined by

z; =0 for 1<i<n
zitzx; =0 for 1<i<j<n .
a:i—l—xj:l for 1<i<j<k.

In particular, show that r(C, 1) = 2"‘kn!(2kk).
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(9) (a) [2+] Let A, be the arrangement in R™ with hyperplanes x; = 0 for all 1,
x; = x; for all i < j, and x; = 2z, for all ¢ # j. Show that

XA, &) ==t —n—2)p_1,

where (z),, = z(x — 1)---(x — m + 1). In particular, r(A,) = 2(2n +
1)!/(n+2)!. Can this be seen combinatorially? (This last question has not
been worked on.)

(b) [24] Now let A,, be the arrangement in R™ with hyperplanes x; = x; for
all i < j and x; = 2x; for all ¢ # j. Show that

xa, )= (t—=1)(t—n—2), 3> = (3n — 1)t + 3n(n — 1)).

In particular, r(A,) = 6n%(2n — 1)!/(n + 2)!. Again, a combinatorial proof
can be asked for.
(¢) [5-] Modify. For instance, what about the arrangement with hyperplanes

x; = 0 for all 4, x; = z; for all ¢ < j, and z; = 2z; for all ¢ < 57 (This
example is actually not difficult.) Or z; = 0 for all ¢, x; = z; for all i < j,
x; = 2x; for all i # j, and x; = 3z; for all i # 57

(10) (a) [24] For n > 1 let A,, be an arrangement in R™ such that every H € A,
is parallel to a hyperplane of the form x; = cx;, where ¢ € R. Just as in
the definition of an exponential sequence of arrangements, define for every
subset S of [n] the arrangement

AY ={H € A, : H is parallel to some z; = cx;, where i,j € S}.

Suppose that for every such S we have Lys = Lg,, where k = #5S5. Let

n

F(x) = ;)(—n"r(ftn)%
G(x) = i(—l)”nk““bwn)%.
2 |
Show that
(48) > (% = SO

n>0

Verify that this formula is correct for the braid arrangement.
(b) [2] Simplify equation (48) when each A,, n > 1, is a central arrangement.
Make sure that your simplification is valid for the coordinate hyperplane

arrangement.
(11) [24] Let Ro(C,,) denote the set of regions of the Catalan arrangement €,, con-
tained in the regions 1 > z2 > -+ > x, of B,. Let R be the unique region

in Ro(C,,) whose closure contains the origin. For R € R((C,,), let X be the
set of hyperplanes H € ©, such that R and R lic on different sides of H. Let
W, ={Xr : R € Ro(Cp)}, ordered by inclusion.
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WA <}

Let P, be the poset of intervals [i,j], 1 < i < j < n, ordered by reverse
inclusion.

[1,2] [2,3] [3,4]
[1,2] [2,3]

[1.3]

[1.4]
P ?

Show that W,, & J(P,), the lattice of order ideals of P,. (An order ideal of a
poset P is a subset I C P such that if z € I and y < z, then y € I. Define J(P)
to be the set of order ideals of P, ordered by inclusion. See [31, Thm. 3.4.1].)
(12) [2] Use the finite field method to prove that

xe,t)=tt—-n—-1)t—-—n—-2)t—n—3)---(t—2n+1),

where C,, denotes the Catalan arrangement.
(13) [2+] Let k € P. Find the number of regions and characteristic polynomial of the

extended Catalan arrangement

Cn(k): x;—x; =0,£1,£2,..., £k, for 1 <i<j<n.

Generalize Exercise 11 to the arrangements C,, (k).

(14) [3-] Let 82 denote the arrangement
xi:I:xj = 0,1, 1§z’<j§n
9%; = 0,1, 1<i<n,
called the Shi arrangement of type B. Find the characteristic polynomial and

number of regions of 8. Is there a “nice” bijective proof of the formula for the
number of regions?
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(15) [5-] Let 1 < k < n. Find the number of regions (or more generally the charac-
teristic polynomial) of the arrangement (in R™)

(1, 1<i<k
TiTEITY 2, k+1<i<n,

for all ¢ # j. Thus we are counting interval orders on [n] where the elements
1,2,...,k correspond to intervals of length one, while k 4+ 1,...,n correspond
to intervals of length two. Is it possible to count such interval orders up to
isomorphism (i.e., the unlabelled case)? What if the length 2 is replaced instead
by a generic length a?

(16) [2+] A double semiorder on [n] consists of two binary relations < and < on [n]
that arise from a set x1,...,x, of real numbers as follows:

i<gj if :L'i<$j—].
g if .’137;<33‘j—2.

If we associate the interval I; = [z; — 2,2;] with the point z;, then we are

specifying whether I; lies to the left of the midpoint of I;, entirely to the left of

I;, or neither. It should be clear what is meant for two double semiorders to be

isomorphic.

(a) [2] Draw interval diagrams of the 12 nonisomorphic double semiorders on
{1,2,3}.

(b) [2] Let p2(n) denote the number of double semiorders on [n]. Find an
arrangement g2 satisfying T(Jg)) = pa(n).

(¢) [24] Show that the number of nonisomorphic double semiorders on [n] is

given by 2n1+1 (3")

(d) [2-] Let F(z) =3, ﬁ(?’”)x". Show that
Zpg ——F(l—e ).
n>0

(e) [2] Generalize to “k-semiorders,” where ordinary semiorders (or unit interval
orders) correspond to k = 1 and double semiorders to k = 2.

(17) [14] Show that intervals of lengths 1,1.0001,1.001, 1.01, 1.1 cannot form an in-
terval order isomorphic to 4 4+ 1, but that such an interval order can be formed
if the lengths are 1, 10,100, 1000, 10000.

(18) [5-] What more can be said about interval orders with generic interval lengths?
For instance, consider the two cases: (a) interval lengths very near each other
(e.g.,1,1.001, 1.01, 1.1), and (b) interval lengths superincreasing (e.g., 1, 10, 100,
1000). Are there finitely many obstructions to being such an interval order? Can
the number of unlabelled interval orders of each type be determined? (Perhaps
the numbers are the same, but this seems unlikely.)

(19) (a) [3] Let L,, denote the Linial arrangement, say in R™. Show that

O E (e

(b) [14] Deduce from (a) that
xeu®) _ (CDxe,(t4m)

t —t+n
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1 3 2 4 2 4 1 3
r——o—0 r——o—0
1 4 2 3 3 4 1 2
r——o—0 r——o—0
2 3 1 4
4
2 3
1 3
4

Figure 10. The seven alternating trees on the vertex set [4]

(20) (a) [3-] An alternating tree on the vertex set [n] is a tree on [n] such that
every vertex is either less than all its neighbors or greater than all its neigh-
bors. Figure 10 shows the seven alternating trees on [4]. Deduce from
Exercise 19(a) that r(L,,) is equal to the number of alternating trees on
[n 4 1].

(b) [5] Find a bijective proof of (a), i.e., give an explicit bijection between the
regions of L, and the alternating trees on [n + 1].
(21) [3-] Let
e, (1) = ant™ —an_1t" - (1) Lagt.
Deduce from Exercise 19(a) that a; is the number of alternating trees on the
vertex set 0, 1,...,n such that vertex 0 has degree (number of adjacent vertices)
i.

(22) (a) [24] Let P(t) € CJt] have the property that every (complex) zero of P(t)
has real part a. Let z € C satisfy |z|] = 1. Show that every zero of the
polynomial P(t — 1) 4+ zP(t) has real part a + 1.

(b) [2+] Deduce from (a) and Exercise 19(a) that every zero of the polynomial
Xz, (t)/t hasreal part n/2. This result is known as the “Riemann hypothesis
for the Linial arrangement.”

(23) (a) [2-] Compute lim, o0 b(8,)/r(8y), where §,, denotes the Shi arrangement.

(b) [3] Do the same for the Linial arrangement L,,.

(24) [2+] Let L,, denote the Linial arrangement in R™. Fix an integer r # 0, £1, and
let M,,(r) be the arrangement in R™ defined by x; = rz;, 1 <4 < j < n, together
with the coordinate hyperplanes z; = 0. Find a relationship between x,, (t) and
X, (r) (1) without explicitly computing these characteristic polynomials.

(25) (a) [3-] A threshold graph on [n] may be defined recursively as follows: (i) the
empty graph () is a threshold graph, (ii) if G is a threshold graph, then so is
the disjoint union of G and a single vertex, and (iii) if G is a threshold graph,
then so is the graph obtained by adding a new vertex v and connecting it
to every vertex of G. Let T,, denote the threshold arrangement. Show that
r(Ty) is the number of threshold graphs on [n].
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(26)

(28)
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(b) [24] Deduce from (a) that

2—e”
n>0
(¢) [14] Deduce from Exercise 10 that
Do xm () = (L4 a)(2e = 1)
n>0 !
[5-] Let

For instance,

X7, (1) = t3-3t2+3t—1
X7, (t) = t*—6t3 1562 — 1Tt + 7
X7, (t) = t° —10t* 4 45¢3 — 105t + 120t — 51.
By Exercise 25(a), ag + a1 + - -+ + ap—1 + 1 is the number of threshold graphs

on the vertex set [n]. Give a combinatorial interpretation of the numbers a; as
the number of threshold graphs with a certain property.

(a) [14] Find the number of regions of the “Linial threshold arrangement”
itz =1 1<i<j<n.
(b) [5-] Find the number of regions, or even the characteristic polynomial, of
the “Shi threshold arrangement”
z+2; =01, 1<i<yj<n.
[3-] Let A,, denote the generlc threshold arrangement” (in R") x; + 2; = a4 ,

]
1 <i < j < n, where the a;;’s are generic. Let
x™
1) =) "o
= n!
the generating function for labelled trees on n vertices. Let
xn
o S
' )
= n!

the generating function for rooted labelled trees on n vertices. Show that

n »
Y orAn) S = T@miR® (LR(“’))
n>0 n! R
a? x? 24 5 p
= 1—+-x-|-2——1—854.54__,_533_+6934a

[2+] Fix n > 1. Let f(k,n,r) be the number of k£ x n (0,1)-matrices A over
the rationals such that all rows of A are distinct, every row has at least one 1,
and rank(A) = 7. Let g,(g) be the number of n-tuples (a1, ...,a,) € Fy such
that no nonempty subset of the entries sums to 0 (in F,). Show that for p > 0,
where ¢ = p?, we have

Nk
gn(q) =Z( kll) f(k,n,r)g" ™"

k,r




LECTURE 5. FINITE FIELDS 87

(The case k = 0 is included, corresponding to the empty matrix, which has rank
0.)






LECTURE 6
Separating Hyperplanes

6.1. The distance enumerator

Let A be a real arrangement, and let R and R’ be regions of A. A hyperplane
H € A separates R and R’ if R and R’ lie on opposite sides of H. In this chapter
we will consider some results dealing with separating hyperplanes. To begin, let

sep(R,R') = {H € A : H separates R and R'}.

Define the distance d(R, R') between the regions R and R’ to be the number of
hyperplanes H € A that separate R and R/, i.e.,

d(R,R") = #sep(R, R').
It is easily seen that d is a metric on the set R(A) of regions of A, i.e.,
e d(R,R’) >0 for all R, R’ € R(A), with equality if and only if R = R’
e d(R,R') =d(R',R) for all R, R’ € R(A)
e d(R,R")+d(R',R") > d(R,R") for all R, R', R" € R(A).
Now fix a region Ry € R(A), called the base region. The distance enumerator of A
(with respect to Rg) is the polynomial

Dag,(t) = Y t!Hom,
RER(A)

We simply write D4 (t) if no confusion will result. Also define the weak order (with
respect to Rg) of A to be the partial order W4 on R(A) given by

R < R if sep(Ro, R) C sep(Ro, R').

It is easy to see that Wy, is a partial ordering of R(A). The poset W4 is graded
by distance from Ry, i.e., Ro is the 0 element of R(A), and all saturated chains
between Ry and R have length d(Ro, R).

Figure 1 shows three arrangements in R?, with Ry labelled 0 and then each
R # Ry labelled d(Rp, R). Under each arrangement is shown the corresponding
weak order Wy. The first arrangement is the braid arrangement B3 (essentialized).
Here the choice of base region does not affect the distance enumerator 1+ 2t 4 2¢2 +
t3 = (1 +t)(1 + t + t?) nor the weak order. On the other hand, the second two
arrangements of Figure 1 are identical, but the choice of Rg leads to different weak
orders and different distance enumerators, viz., 1 4+ 2t + 2t? + 3 and 1 + 3t + 2t2.

89
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N\1/, 0|1 1] 2
1] 2 0|1

3/\ 1 — —
2 2 | 3 1| 2

SR

Figure 1. Examples of weak orders

Consider now the braid arrangement B,,. We know from Example 1.3 that the
regions of B,, are in one-to-one correspondence with the permutations of [n], viz.,

R(B,) — 6,
Tw(1) > Tw(2) > " > Ty(n) < W.

Given w = ajas - - a, € S, define an inversion of w to be a pair (i,j) such that
i < jand a; > a;. Let ¢(w) denote the number of inversions of w. The inversion
sequence IS(w) of w is the vector (c1,--- ,¢,), where
cj=#{i 1 i<j, w () <w (i)}

Note that the condition w='(j) < w™!(i) is equivalent to i appearing to the right
of j in w. For instance, IS(461352) = (0,0, 1,3,1,4). The inversion sequence is a
modified form of the inversion table or of the code of w, as defined in the literature,
e.g., [31, p. 21][32, solution to Exer. 6.19(x)]. For our purposes the inversion
sequence is the most convenient. It is clear from the definition of IS(w) that if
IS(w) = (c1,. .., ¢n) then £(w) = ¢1 + - - -+ ¢,,. Moreover, is easy to see (Exercise 2)
that a sequence (cy, ..., ¢,) € N™ is the inversion sequence of a permutation w € &,,
if and only if ¢; <i — 1 for 1 <14 < n. It follows that

Z t@(w) _ Z tclerJrcn

weG, (c1,..-5¢n)
0<e;<i—1

() (%)

(49) LI+ +t4+t2) - (At 4+,

a standard result on permutation statistics [31, Cor. 1.3.10].

Denote by R,, the region of B,, corresponding to w € &,,, and choose Ry = Riq,
where id= 12- - - n, the identity permutation. Suppose that R,, R, € R(B,,) such
that sep(Ro, Ry) = {H} Usep(Ro,u) for some H € B,,, H & sep(Ry, R,,). Thus R,
and R, are separated by a single hyperplane H, and Ry and R, lie on the same
side of H. Suppose that H is given by x; = x; with ¢ < j. Then ¢ and j appear
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001
002 000

012 010
011

Figure 2. The inversion sequence labeling of the regions of Bz

consecutively in u written as a word aq - - - a,, (since H is a bounding hyperplane of
the region R,) and i appears to the left of j (since Ry and R,, lie on the same side
of H). Thus v is obtained from w by transposing the adjacent pair ij of letters. It
follows that £(v) = £(u) + 1. If u(k) = ¢ and we let s, = (k,k + 1), the adjacent
transposition interchanging k and k£ + 1, then v = usy.

The following result is an immediate consequence of equation (49) and mathe-
matical induction.

Proposition 6.18. Let Ry = Riq as above. If w € &,, then d(Rg, Ry) = £(w).
Moreover,

Dy (1) = (1+8)(1 4t 4+182) (Lt tt-- 4 h),

There is a somewhat different approach to Proposition 6.18 which will be gen-
eralized to the Shi arrangement. We label each region R of B, recursively by a
vector A(R) = (c1,...,cn) € N™ as follows.

o )‘(RO) = (030730)
e Let ¢; denote the ¢th unit coordinate vector in R™. If the regions R and R’
of B,, are separated by the single hyperplane i with the equation z; = z;,
i < j, and if R and Ry lie on the same side of H, then A(R') = A(R) +e;.
Figure 2 shows the labels A(R) for Bs.

Proposition 6.19. Let w € &,,. Then A(Ry) = IS(w), the inversion sequence of
w.

Proof. The proof is a straightforward induction on ¢(w). If £(w) = 0, then w =id
and

A(Riq) = MRo) = (0,0,...,0) = IS(id).
Suppose w = a3 ---a, and f(w) > 0. For some 1 < k < n — 1 we must have
ar = j > i = agt1. Thus £(wsy) = £(w) — 1. Hence by induction we may assume
Awsg) = IS(wsy). The hyperplane z; = x; separates R,, from R, . Hence by
the definition of A\ we have

AMRw) = MRuws, ) + €5 = IS(ws) + e;.
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By the definition of the inversion sequence we have IS(wsy) + e; = IS(w), and the
proof follows. |

NOTE. The weak order Wg,, of the braid arrangement is an interesting poset,
usually called the weak order or weak Bruhat order on &,,. For instance [14][17][30],
the number of maximal chains of Wy is given by

(3)!
1n—13n—25n—3 ... (2n — 3)"
For additional properties of W3, , see [5].

6.2. Parking functions and tree inversions

Some beautiful enumerative combinatorics is associated with the distance enumer-
ator of the Shi arrangement §,, (for a suitable choice of Rp). The fundamental
combinatorial object needed for this purpose is a parking function.

Definition 6.15. Let n € P. A parking function of length n is a sequence
(a1,...,a,) € Z™ whose increasing rearrangment by < by < .-+ < b, satisfies
1 <b; <iforl<i<n. Equivalently, the sequence (b — 1,...,b, — 1) is the
inversion sequence of some permutation w € G,,.

The parking functions of length at most 3 are given as follows:

1 11 12 21
111 112 121 211 113 131 311 122
212 221 123 132 213 231 312 321 °

The term “parking function” [21, §6] arises from the following scenario. A one-
way street has parking spaces labelled 1,2,...,n in that order. There are n cars
C1,...,C, which enter the street one at a time and try to park. Each car C; has
a preferred space a; € [n]. When it is C;’s turn to look for a space, it immedi-
ately drives to space a; and then parks in the first available space. For instance,
if (a1,a2,as,a4) = (2,1,2,3), then Cq parks in space 2, then Cy parks in space
1, then C3 goes to space 2 (which is occupied) parks in space 3 (the next avail-
able), and finally C4 goes to space 3 and parks in space 4. On the other hand, if
(a1,a9,as3,a4) = (3,1,4,3), then Cy is unable to park, since its preferred space 3
and all subsequent spaces are already occupied. It is not hard to show (Exercise 3)
that all the cars can park if and only if (a1, ...,a,) is a parking function.

A basic question concerning parking functions (to be refined in Theorem 6.22)
is their enumeration. The next result was first proved by Konheim and Weiss [21,
§6]; we give an elegant proof due to Pollak (described in [26][16, p. 13]).

Proposition 6.20. The number of parking functions of length n is (n + 1)"~ 1.

Proof. Arrange n+1 (rather than n) parking spaces in a circle, labelled 1, ..., n+1
in counterclockwise order. We still have n cars C4,...,C, with preferred spaces
(a1,...,ay), but now we can have 1 < a; < n + 1 (rather than 1 < a; < n).
Each car enters the circle one at a time at their preferred space and then drives
counterclockwise until encountering an empty space, in which case the car parks
there. Note the following:

e All the cars can always park, since they drive in a circle and will always

find an empty space.
e After all cars have parked there will be one empty space.
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7 8 3 4
LN
S
6 10 2 11
9 1 12

Figure 3. A rooted forest on [12]

e The sequence (ai,...,a,) is a parking function if and only if the empty
space after all the cars have parked is n + 1.

e If the preference sequence (aq, ..., a,) produces the empty space ¢ at the
end, then the sequence (a1 +k, ..., a,+k) (taking entries modulo n+1 so
they always lie in the set [n+ 1]) produces the empty space i + k (modulo

n+1).
It follows that exactly one of the sequences (a1 + k,...,a, + k) (modulo n + 1),
where 1 < k < n+1, is a parking function. There are (n+1)"™ sequences (a1, . .., ay)
in all, so exactly (n+1)"/(n+1) = (n+1)"~! are parking functions. O

Many readers will have recognized that the number (n+ 1)1 is closely related
to the enumeration of trees. Indeed, there is an intimate connection between trees
and parking functions. We therefore now present some background material on
trees. A tree on [n] is a connected graph without cycles on the vertex set [n]. A
rooted tree is a pair (T,i), where T is a tree and 7 is a vertex of T', called the root.
We draw trees in the standard computer science manner with the root at the top
and all edges emanating downwards. A forest on [n] is a graph F' on the vertex set
[n] for which every (connected) component is a tree. Equivalently, F' has no cycles.
A rooted forest (also called a planted forest) is a forest for which every component
has a root, i.e., for each tree T of the forest select a vertex i of T' to be the root of
T. A standard result in enumerative combinatorics (e.g., [32, Prop. 5.3.2]) states
that the number of rooted forests on [n] is (n + 1)"~1.

An inversion of a rooted forest F on [n] is a pair (¢, ) of vertices such that i < j
and j appears on the (unique) path from 4 to the root of the tree in which ¢ occurs.
Write inv(F) for the number of inversions of F. For instance, the rooted forest F
of Figure 3 has the inversions (6,7), (1,7), (5,7), (1,5), and (2,4), so inv(F) = 5.

Define the inversion enumerator I,,(t) of rooted forests on [n] by

I(t) =y ™),
F

where F' ranges over all rooted forests on [n]. Figure 4 shows the 16 rooted forests
on [3] with their number of inversions written underneath, from which it follows
that

I3(t) = 6 + 6t + 3t> + ¢°.
We collect below the three main results on I, (¢). They are theorems in “pure”
enumeration and have no direct connection with arrangements. The first result,

due to Mallows and Riordan [23], gives a remarkable connection with connected
graphs.
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123 13 12 2 3 21 32 31 1
[ 3 N ] I. I. I. I. I. I. A
2 3 1 3 1 2 2 @3
0 0 0 1 0 1 1 0
2 3
1 1 2 2 3 3
1A3 1A2 2 3 1 3 1 2
3 2 3 1 2 1
1 2 0 1 1 2 2 3

Figure 4. The 16 rooted forests on [3] and their number of inversions

Theorem 6.21. We have
I(1+1t) =)
G
where G ranges over all connected (simple) graphs on the vertez set [0,n] = {0,1,...,n}

and e(G) denotes the number of edges of G.

For instance,
I3(1+t) =16 + 15t + 6% + t°.
Thus, for instance, there are 15 connected graphs on [0, 3] with four edges. Three of

these are 4-cycles and twelve consist of a triangle with an incident edge. The enu-
meration of connected graphs is well-understood [32, Exam. 5.2.1]. In particular,

if
Cu(t) =Yt
G

where G ranges over all connected (simple) graphs on [n], then
xn n Jjn
(50) > Cnl)— =10gZ(1+t)(2)—!.

n
n>0 n>1

Thus Theorem 6.21 “determines” I,,(¢). There is an alternative way to state this
result that doesn’t involve the logarithm function.

Corollary 6.13. We have

(51) L - =zt
n%% n: Z t(’;)%

The third result, due to Kreweras [22], connects inversion enumerators with
parking functions. Let PF,, denote the set of parking function of length n.
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Theorem 6.22. Letn > 1. Then
(52) tGrn,am= Y gereteon

(a1,...,an)EPF,,

We now give proofs of Theorem 6.21, Corollary 6.13, and Theorem 6.22.

Proof of Theorem 6.21 (sketch). The following elegant proof is due to Gessel
and Wang [18]. Let G be a connected graph on [0,n]. Start at vertex 0 and let
T be the “depth-first spanning tree,” i.e., move to the largest unvisited neighbor
or else (if there is no unvisited neighbor) backtrack. The edges traversed when all
vertices are visited are the edges of the spanning tree T. Remove the vertex 0 and
root the trees that remain at the neighbors of 0. Denote this rooted forest by Fe.

0 4 6
5 1e
3 4
2 6

Given a spanning forest F' on [n], what connected graphs G on [0, n] satisfy
F = Fg? The answer, whose straightforward verification we leave to the reader, is
the following. Add the vertex 0 to F' and connect it the roots of F', obtaining 7.
Clearly G consists of T with some added edges ij. The edge ij can be added to T
if and only if the path from 0 to j contains ¢ (or vice versa), and if i’ is the next
vertex after ¢ on the path from i to j, then (j,i’) is an inversion of F. Thus each
inversion of F' corresponds to a possible edge that can be added to 7', and these
edges can be added or not added independently. It follows that

Z 756((}) _ 7fe(T)(1_|_t)inv(F)
G:F=F¢g

_ tn(]. + t)inv(F).

Summing on all rooted forests F' on [n] gives

Zte(G) _ th(l +t)inv(F)

G F
= t"I,(1+1),
where G ranges over all connected graphs on [0, n]. (]

Proof of Corollary 6.13. By equation (50) and Theorem 6.21 we have
> o, 1(1+t =log > ( 14¢)(
n>0 n>0
Substituting ¢ — 1 for ¢ gives
D= )" e (t) oy =log > 1
n>0 n>0

Now differentiate both sides with respect to  to obtain equation (51). g
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Proof of Theorem 6.22. Let

) = ORI

(]

(a1,...,an)EPF,,
_ (1S

ePF,

N>

(a1,...,an

Claim #1:

(53) Jng1(t) = zn: <n> (Lt + 824+ )T () i (D).

7
=0

Proof of claim. Choose 0 < i < n, and let S be an i-element subset of [n]. Choose
also a € PF;, g € PF,,_;, and 0 < j < 4. Form a vector v = (7v1,...,7n+1) by
placing « at the positions indexed by S, placing (81 +i+1,...,0,—; +i+ 1) at
the positions indexed by [n] — S, and placing j + 1 at position n + 1. For instance,
suppose n =7,i=3,5 ={2,3,6}, a =(1,2,1), 8= (2,1,4,2), and j = 1. Then
v=1(6,1,2,5,8,1,6,2) € PFg. It is easy to check that in general v € PF,, ;1. Note
that
n+1 7

D= ar+d B+ n—i)i+1)+j+1,
k=1 k=1 k=1

<n—2|—2) Y- (z—|2—1> s (n—;—Fl) N eti

Equation (53) then follows if the map (¢, S, o, 3,j) — = is a bijection, i.e., given
v € PF,+1, we can uniquely obtain (i, S, a, 3, 7) so that (i,S5,«,3,7) — 7. Now
given -, note that ¢+ 1 is the largest number that can replace ~,,+1 so that we still
have a parking function. Once i is determined, the rest of the argument is clear,
proving the claim.

NoTE. Several bijections are known between the set of all rooted forests F' on
[n] (or rooted trees on [0,n]) and the set PF,, of all parking functions (a1,...,an)
of length n, but none of them have the property that inv(F) = a1 + -+ + an — n.
Hence a direct bijective proof of Theorem 6.22 is not known. It would be interesting
to find such a proof (Exercise 4).

Claim #2:

n

(54) Lipa(t) = (’;) (Lt + 82+ + YL () i (D).

=0

Proof of claim. We give a proof due to G. Kreweras [22]. Let F' be a rooted forest
on S C [n], #5 =i, and let G be a rooted forest on S = [n] — 5. Let uy < --- < u;
be the vertices of F', and set u;+1 =n + 1. Choose 1 < j < i+ 1. For all m > j
replace up, by tm41. (If j =i+ 1, then do nothing.) This gives a labelled forest F”
on (SU{n+1})—{u;}. Let TV be the labelled tree obtained from F’ by adjoining
the root u; and connecting it to the roots of F’. Keep G the same. We obtain a
rooted forest H on [n + 1] satisfying

inv(H) =j — 1+ inv(F) + inv(G).
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/ Ill /R : = / /IQ. -
4 —_—
8 3 8 12
5 1 6 9 1 6 9
2 56 11 3
2 H

F G

This process gives a bijection (S, F,G,j) + H, where S C [n], F'is a rooted
forest on S, G is a rooted forest on S, 1 < j <1+ #S, and H is a rooted forest on
[n + 1]. Hence

SN EO L)@+t ) = L (8),
1=0 SC[n]
#5=i
and the claim follows.
The initial conditions Iy(t) = Jo(t) = 1 agree, so by the two claims we have
I,(t) = Ju(t) for all n > 0. The proof of equation (52) follows by substituting 1/t
for t. t

6.3. The distance enumerator of the Shi arrangement

Recall that the Shi arrangement §,, is given by the defining polynomial

Qs, = [ (mi—a)@i—=z;—1).

1<i<j<n
Let K =R, and let Ry denote the region
(55) T1>Tg >0 > Ty >x — 1,

so x € Ry if and only if 0 < z; —x; < 1 for all ¢ < j. We define a labeling
A R(8,) — N” of the regions of §,, as follows.
e \(Ry) =(0,0,...,0)
e If the regions R and R’ of §,, are separated by the single hyperplane H
with the equation z; = x;, ¢+ < j, and if R and Ry lie on the same side of
H, then A(R') = A(R) + ¢; (exactly as for the braid arrangement).
e If the regions R and R’ of B,, are separated by the single hyperplane H
with the equation z; = x; +1, 4 < j, and if R and Ry lie on the same side
of H, then A(R') = AM(R) + e;.
Note that the labeling A is well-defined, since A\(R) depends only on sep(Rg, R).
Figure 5 shows the labeling A for the case n = 3.

Theorem 6.23. All labels A(R), R € R(S,,), are distinct, and
PF, ={(a1+1,...,an+1) : (a1,...,a,) = AM(R) for some R € R(S,)}.

In other words, the labels A(R) for R € R(S,,) are obtained from the labels A(R)
for R € R(B,,) by permuting coordinates in all possible ways. This remarkable fact
seems much more difficult to prove than the corresponding result for B,,, viz., the
labels A(R) for B,, consist of the sequences (ai,...,a,) with 0 < a; < i—1 (an
immediate consequence of Proposition 6.19 and Exercise 2.

Proof of Theorem 6.23 (sketch). An antichain J of proper intervals of [n]
is a collection of intervals [¢,j] = {¢,i 4+ 1,...,j} with 1 <4 < j < n such that if
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X5 = Xg 1
X =
201 2= %3
101 200
102 210
100 X=Xt
002 001 110
X1 = X2
120
Xi=X%t1

X=X
Figure 5. The labeling A of the regions of 83

I,I'’ e 3 and I C I’, then I = I'. For instance, there are five antichains of proper
intervals of [3], namely (writing ij for [Z, j])

0, {12}, {23}, {12,23}, {13}.

In general, the number of antichains of proper intervals of [n] is the Catalan number
C,, (immediate from [32, Exer. 6.19(bbb]), though this fact is not relevant here.

Every region R € R(8,,) corresponds bijectively to a pair (w,J), where w € &,,
and J is an antichain of proper intervals such that if [i,j] € I then w(i) < w(j).
Namely, the pair (w,J) corresponds to the region

Tw(1) = Tw(2) > " > Tw(n)
Ty(ry — Tu(s) < Lif [r,5] €T
Ty(ry — Tu(s) > 1 if r <s,w(r) <w(s), and A[i, j] € J such that i <r < s <.
We call (w,J) a valid pair. Given a valid pair (w,J) corresponding to a region R,
write d(w,J) = d(Ro, R). It is easy to see that
(56) d(w,T) = #{(1,5) 1 <Jj, w(i) > w(j)}
+#{(i,7) : i < j, w(@) <w(j), no I € J satisfies i,j € I}.

We say that the pair (4, ) is of type 1 if i < j and w(i) > w(j), and is of type 2 if
1 < j, w(t) < w(j), and no I € T satisfies i,7 € I. Thus d(w,T) is the number of
pairs (i, 7) that are either of type 1 or type 2.

Ezample. Let w = 521769348 and J = {14,27,49}. We can represent the pair
(w,J) by the diagram
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7N N
521769348

This corresponds to the region
Ty > Xo > T1 > Ty > Tg > Tg > T3 > Ty > X8
Trs—x7 <1, 20 —x3 <1, x7 —xg < 1.
This region is separated from Ry by the hyperplanes
T5 = X2,x5 = x1,... (13 in all)
x5 =x6+ 1,25 =29 + 1,... (7 in all).
Let A(w,J,w(i)) be the number of integers j such that (i, j) is either of type 1 or
type 2. Thus
)‘(R) = (A(’LU, jv 1)a ce ,A(’U), ja n))
For the example above we have A\(R) = (2,3,0,0,7,2,3,0,3). For instance, the
entry A(w,J,5) = 7 corresponds to the seven pairs 12, 13, 17, 18 (type 1) and 15,
16, 19 (type 2).
Clearly AM(R) + (1,1,...,1) € PF,, since A(w,J,w(i)) < n — i (the number of
elements to the right of w(¢) in w).
Key lemma. Let X be an r-element subset of [n], and let v = v; -+ - v, be a

permutation of X. Let J be an antichain of proper intervals [a, b], where v, < vp.
Suppose that the pair (i, ) is either of type 1 or type 2. Then

A, J,vi) > A(v,J,v5).
The proof of this lemma is straightforward and is left to the reader. For the ex-

ample above, writing A(R) = (A1,..., ) = (5,2,1,7,6,9, 3,4, 8), the above lemma
implies that

(a) /\5 > /\2, )\5 > )\1, )\5 > /\3, /\5 > /\4, Ay > )\1, )\7 > )\6; /\7 > /\3, /\7 > )\4,
)\6 > )\3, )\6 > /\4, /\g > /\3, /\g > )\4, )\9 > )\8

(b) As > )\6, A5 > )\9, A5 > )\87 Aoy > )\4, Ay > )\3, A > )\4, A1 > Ag.

The crux of the proof of Theorem 6.23 is to show that given o+ (1,1,...,1) €
PF,,, there is a unique region R € R(8,,) satisfying A(R) = a. We will illustrate the
construction of R from « with the example o = (2,3,0,0,7,2,3,0,3). We build up
the pair (w,J) representing R one step at a time. First let v be the permutation
of [n] obtained from “standardizing” « from right-to-left. This means replacing
the 0’s in « with 1,2,...,m; from right-to-left, then replacing the 1’s in « with
my + 1,m1 + 2,...,mo from right-to-left, etc. Let v=' = (t1,...,t,). For our
example, we have

« = 2 3 0 0 7 2 3 0 3
v = 5 8 3 2 9 4 7 1 6.
vl = 8 4 3 6 1 9 7 2 5
Next we insert t1,...,t, from left-to-right into w. From « we can read off where ¢;

is inserted. After inserting t;, we also record which of the positions of the elements
so far inserted belong to some interval I € J. We can also determine from « the
unique way to do this. The best way to understand this insertion technique is to
practice with some examples. Figure 6 illustrates the steps in the insertion process
for our current example. These steps are explained as follows.
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8

7N N
169348
ara Y
1769348
~ <<\
21769348

”OT\
521769348

Figure 6. Constructing a valid pair (w,J) from the parking function a = (2, 3,0,0,7,2, 3,0, 3)

(1)
(2)

First insert 8.

Insert 4. Since ag = 0, 4 appears to the left of 8, so we have the partial
permutation 48. We now must decide whether the positions of 4 and 8
belong to some interval I € J. (In other words, in the pictorial represen-
tation of (w,J), will 4 and 8 lie under some arc?) By the first term on
the right-hand side of (56), we would have aqy > 1 if there were no such I.
Since ay = 0, we obtain the second row of Figure 6.

Insert 3. As in the previous step, we obtain 348 with a single arc over all
three terms.

Insert 6. Suppose we inserted it after the 3, obtaining 3648, with a single
arc over all four terms (since 3 and 8 have already been determined to lie
under a single arc). We have ag = 2, but the contribution so far (of 3648
with an arc over all four terms) to ag is 1. Thus later we must insert some
j to the right of 6 so that the pair (6,j) is of type 1 or type 2. By the
lemma, we would have A(w,J,6) > A(w, T, j), contradicting that we are
inserting elements in order of increasing «;’s. Similarly 3468 and 3486 are
excluded, so 6 must be inserted at the left, yielding 6348. If the arc over
4,6,8 is not extended to 6, then we would have ag > 3. Hence we obtain
the fourth row of Figure 6.
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(5) Insert 1. Using the lemma we obtain 16348. Since oy = 2, there is an arc
over 1 and two other elements to the right to 1. This gives the fifth row
of Figure 6.

(6) Insert 9. Placing 9 before 1 or 6 yields ag > 4, contradicting ag = 3.
Placing 9 after 3,4, or 8 is excluded by the lemma. Hence we get the sixth
row of Figure 6.

(7) Insert 7. Placing 7 at the beginning yields four terms j < 7 appearing to
the right of 7, giving ay > 4, a contradiction. Placing 7 after 6,9,3,4,8 will
violate the lemma, so we get the partial permutation 1769348. In order
that a7 = 3, we must have 7 and 8 appearing under the same arc. Hence
the arc from 6 to 8 must be extended to 7, yielding row seven of Figure 6.

(8) Imsert 2 and 5. By now we hope it is clear that there is always a unique
way to proceed.

The uniqueness of the above procedure shows that the map from the regions
R of 8, (or the valid pairs (w,J) that index the regions) to parking functions «
is injective. Since the number of valid pairs and number of parking functions are
both (n + 1)"~1, the map is bijective, completing the (sketched) proof. In fact,
it’s not hard to show surjectivity directly, i.e., that the above procedure produces
a valid pair (w,J) for any parking function, circumventing the need to know that
r(8,) = #PF,, in advance. O

Corollary 6.14. The distance enumerator of 8, is given by

(57) DSn (t) _ Z (ot tan—n.
(a1,...,an)EPF,,
Proof. It is immediate from the definition of the labeling A : R(8,,) — N” that if
AR) = (a1, ...,an), then d(Ro, R) = a1 + - - - + a,. Now use Theorem 6.23. O
NOTE. An alternative proof of Corollary 6.14 is given by Athanasiadis [3].

6.4. The distance enumerator of a supersolvable arrangement

The goal of this section is a formula for the distance enumerator of a supersolvable
(central) arrangement with respect to a “canonical” base region Ry. The proof will
be by induction, based on the following lemma of Bjorner, Edelman, and Ziegler
8].

Lemma 6.7. Every central arrangement of rank 2 is supersolvable. A central
arrangement A of rank d > 3 is supersolvable if and only if A = AgWA; (disjoint
union), where Ag is supersolvable of rank d—1 (so A1 £ 0) and for all H', H" € A4
with H' # H", there exists H € Ag such that H " H” C H.

Proof. Every geometric lattice of rank 2 is modular, hence supersolvable, so let A
be supersolvable of rank d > 3. Let 0 = xp <21 <---<xq_1 <xq = 1 be a modular
maximal chain in L 4. Define

Ag=Ay, , ={HEA : v41 CH},
so L(Ap) & [f), x4+1]. Clearly Ag is supersolvable of rank d — 1. Let Ay = A — Ay.
Let H' H" € Ay, H # H". Since x4_1 € H' we have 41 V (H'V H") = 1in
L(A). Now rk(z4—1) =d—1, and rk(H’ vV H") = 2 by semimodularity. Since z4_1
is modular we obtain
tk(zg-1 A(H'VH")=(d—-1)+2—-d=1,
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ie,zq 1 AN(H'VH")=H € A. Since H < z4_1 it follows that H € Ag. Moreover,
H' NH" C H since H < H'Vv H"”. This proves the “only if” part of the lemma.
The “if” part is straightforward and not needed here, so we omit the proof. O

Given Ag = A,,_, as above, define a map 7 : R(A) - R(Ap) (the symbol —
denotes surjectivity) by 7(R) = R’ if R C R'. For R € R(A) let

F(R) = {Ry € R(A) : 7(R) = n(R1)} = 7~ L(n(R)).

For example, let A be the arrangement

Let Ag = {H}. Then F(1) = {1,2,3} and F(5) = {4, 5, 6}.

Now let R € R(Ap). By Lemma 6.7 no H', H"” € A can intersect inside R’.
The illustration below is a projective diagram of a bad intersection. The solid lines
define Ag and the dashed lines A;.

Thus 7~ *(R’) must be arranged “linearly” in R’, i.e., there is a straight line
intersecting all R € 7~ 1(R).
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Since rank(A) > rank(Ag), we have #7~!(R’) > 1 (for H € A does not bisect
R’ if and only if rank(Ao U H) = rank(Ap)). Thus there are two distinct regions
R, Ry € m~Y(R’) that are endpoints of the “chain of regions.”

Let e4 have the meaning of equation (34), i.e.,

ea=#{HEA: Hg Ao} = #A1.

Then 7=!(R’) is a chain of regions of length e4, so #7 1(R') = 1 + eq. We now
come to the key definition of this subsection. The definition is recursive by rank,
the base case being rank at most 2.

Definition 6.16. Let A be a real supersolvable central arrangement of rank d, and
let Ag be a supersolvable subarrangement of rank d — 1 (which always exists by the
definition of supersolvability). A region Ry € R(A) is called canonical if either (1)
d <2, orelse (2) d > 3, m(Ry) € R(Ap) is canonical, and Ry is an endpoint of the
chain F(Rp).

Since every chain has two endpoints and a central arrangement of rank 1 has
two (canonical) regions, it follows that there are at least 2¢ canonical regions.

The main result on distance enumerators of supersolvable arrangements is the
following, due to Bjorner, Edelman, and Ziegler [8, Thm. 6.11].

Theorem 6.24. Let A be a supersolvable central arrangement of rank d in R™. Let
Ry € R(A) be canonical, and suppose that

xa(t) = (t—e)(t —eg) - (t — eq)t" "

(There always exist such positive integers e; by Corollary 4.9.) Then

d
D/LRo(t) = H(]. +t 4t +oe ).
=1

Proof. Let W4 be the weak order on A with respect to Ry, i.e.,
W4 = {sep(Ro,R) : R € R(A)},

ordered by inclusion. Thus W, is graded with rank function given by rk(R) =
d(Ro, R) and rank generating function

> R = Da(t).

ReWy4
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Since Ry is canonical, for all R’ € R(Ag) we have that 7=1(R’) is a chain of length
eq- Hence if R € R(A) and h(R) denotes the rank of R in the chain F(R), then
da(Ro, R) = da,(7(R)) + h(R).
Therefore
Dy(t)=Da,()(1 +t+---+t%),
and the proof follows by induction. |
NoOTE. The following two results were also proved in [8]. We simply state them
here without proof.
e If A is a real supersolvable central arrangement and Ry is canonical, then
W4 is a lattice (Exercise 7).
e If A is any real central arrangement and W, is a lattice, then Ry is
simplicial (bounded by exactly rk(A) hyperplanes, the minimum possible).
In other words, the closure Ry is a simplex. As a partial converse, if every
region R is simplicial, then W, is a lattice (Exercise 8).

6.5. The Varchenko matrix

Let A be a real arrangement. For each H € A let ag be an indeterminate. Define
a matrix V = V(A) with rows and columns indexed by R(A) by

VRR’ = H amg.

Hesep(R,R')

For instance, let A be given as follows:

1 2

1 2 3

p 3
5 7
6
Then
1 2 3 4 5} 6 7
1 1 a1 aias  aias as asas3  a1a20s3
2 a1 1 as as ajas a1a20as3 a2a3
V= 3 a1a9 as 1 a2a3 a102a3 a1as as
41 aqas as as0a3 1 a1 a1a2 as
5 as aias aiaasz a1 1 as a1a2
6| asaz aga2a3 ajasz  ai1as as 1 ai
7 a1ao20as3 a1as as as aia9 a1 1

The determinant of this matrix happens to be given by

det(V) = (1—a3)’ (1—a3)’ (1 - a})’
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In order to state the general result, define for x € L(A),

Ay == HCLH

HDx
nz) = (A7)
p(x) = b(c_lﬂm):ﬁ(ﬂm)a

where as usual A* = {zNH #0 : 2 £ H and A, = {H € A : H D z}, and
where ¢~! denotes deconing and 3 is defined in Exercise 4.22. Thus
n(z) = xa=(=1)| = Y _ |u(z,y)|
y>z
p(@) =[x, (1)]-

Example 6.14. The arrangement of three lines illustrated above has two types of
intersections (other than 0): a line x and a point y. For a line z, A® consists of
two points on a line, so n(z) = r(A*) = 3. Moreover, A, consists of the single
hyperplane x in R2, so ¢ 'A, = ) and p(z) = b(0) = 1. Hence we obtain the
factor (1 —a;)? in the determinant. On the other hand, AY = () so n(y) = r(0) = 1.
Moreover, A, consists of two intersecting lines in R2, with characteristic polynomial
x4, (t) = (t —1)%. Hence p(y) = |X’Ay(1)| = 0. Equivalently, ¢c~'A, consists of a
single point on a line, so again p(y) = b(c"'A,) = 0. Thus y contributes a factor
(1—a2)? =1 to det(V).

We can now state the remarkable result of Varchenko [37], generalized to
“weighted matroids” by Brylawski and Varchenko [11].

Theorem 6.25. Let A be a real arrangement. Then
det V(A) = H (1 — a2)"@P@),
O#aeL(A)

Proof. Omitted.
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Exercises

(1) Let A be a central arrangement in R” with distance enumerator D4(t) (with
respect to some base region Rg). Define a graph G4 on the vertex set R(A)
by putting an edge between R and R’ if #sep(R,R’) = 1 (i.e., R and R’ are
separated by a unique hyperplane).

(a) [2-] Show that G4 is a bipartite graph.

(b) [2] Show that if #A is odd, then D4(—1) = 0.

(c) [2] Show that if #A is even and r(A) = 2 (mod 4), then D4(—1) = 2 (mod 4)

(s0 Da(~1) £0).

(d) [2] Give an example of (c), i.e., find A so that #A is even and r(A) =
2 (mod 4).

(e) [2] Show that (c) cannot hold if A is supersolvable. (It is not assumed that
the base region Ry is canonical. Try to avoid the use of Section 6.4.)

(f) [24] Show that if #A is even and r(A) = 0 (mod4), then it is possible for
D4(—1) =0and for Dg(—1) # 0. Can examples be found for rank(A) < 3?

(2) [2-] Show that a sequence (ci,...,¢,) € N™ is the inversion sequence of a per-
mutation w € &, if and only if ¢; <i—1for 1 <i<n.

(3) [2] Show that all cars can park under the scenario following Definition 6.15 if
and only if the sequence (a1,...,a,) of preferred parking spaces is a parking
function.

(4) [5] Find a bijective proof of Theorem 6.22, i.e., find a bijection ¢ between the
set of all rooted forests on [n] and the set PF,, of all parking functions of length
n satisfying inv(F) = (";‘1) —ay — -+ —a, when o(F) = (a1,...,a,). NOTE.
In principle a bijection ¢ can be obtained by carefully analyzing the proof of
Theorem 6.22. However, this bijection will be of a messy recursive nature. A
“nonrecursive” bijection would be greatly preferred.

(5) [5] There is a natural two-variable refinement of the distance enumerator (57)
of §,. Given R € R(S,), define do(Rp,R) to be the number of hyperplanes
x; = x; separating Ry from R, and di(Rp, R) to be the number of hyperplanes
x; = xj + 1 separating Ry from R. (Here Ry is given by (55) as usual.) Set

Dy(q,t)= Y ghUio®palion,
RER(Sn)

What can be said about the polynomial D,,(q,t)? Can its coefficients be inter-
preted in a simple way in terms of tree or forest inversions? Are there formulas
or recurrences for D, (q,t) generalizing Theorem 6.21, Corollary 6.13, or equa-
tion (53)? The table below give the coefficients of ¢t/ in D, (q,t) for 2 <n < 4.

A0 1 2 3 4 5 6
N0 12 3 0 [T 1 2 3 3 3 1
wlo1 o frTar L |3PeTes
0 |1 1 1 12 2 2
111 9 |2 9 3 |6 79 6
3 |1 4 |5 6 5
5 |3 3
6 |1




(7)
(8)
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Some entries of these table are easy to understand, e.g., the first and last
entries in each row and column, but a simple way to compute the entire table is
not known.

[5-] Let G, denote the generic braid arrangement

Ti — Tj = Q4 1<i<j<n,

in R™. Can anything interesting be said about the distance enumerator Dg,, (%)

(which depends on the choice of base region R and possibly on the a;;’s)? Gen-

eralize if possible to generic graphical arrangments, especially for supersolvable

(or chordal) graphs.

[3-] Let A be a real supersolvable arrangement and Ry a canonical region of A.

Show that the weak order W, (with respect to Rp) is a lattice.

(a) [24] let A be a real central arrangement of rank d. Suppose that the weak
order W, (with respect to some region Ry € R(A)) is a lattice. Show that
Ry is simplicial, i.e., bounded by exactly d hyperplanes.

(b) [3-] Let A be a real central arrangement. Show that if every region R €
R(A) is simplicial, then W, is a lattice.

(a) [2] Set each ag = ¢ in the Varchenko matrix V of an arrangement R in R,
obtaining a matrix V(q). Let r = r(A). The entries of V(¢) belong to the
principal ideal domain Qlg], so V(¢) has a Smith normal form AV (q)B =
diag(p1,-..,pr), where A, B are r X r matrices whose entries belong to QJ[g]
and whose determinants are nonzero elements of Q, and where p1,...,p, €
Qlg] such that p; | p;+1 for 1 <4 <r—1. The Smith normal form is unique
up to multiplication of the p;’s by nonzero elements of Q. For instance, if
A = Bgs, then

AV (q)B = diag(1,¢* —1,¢* = 1,¢* = 1,(¢* = 1)%,(* = 1)*(¢* + ¢* + 1)).
Show that each p; is a polynomial in ¢2.

(b) [3+] Let a; be the number of j’s for which (¢ —1)¢ | p; but (¢> — 1)1 { p;.
Show that

i>0
(c) [5] What more can be said about the polynomials p;? By Theorem 6.25
they are products of cyclotomic polynomials, so one could begin by asking
for the largest powers of ¢ + 1 or ¢* + ¢% + 1 dividing each p;.
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