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Abstract

We prove that for a nondegenerate holomorphic map F = (f(x,y), g(x,y)) of C> to C> where f and g are entire
functions and f is a transendental one, there exists a ray J(6) = {(x,y); x = te’®,y = kte?? (0 < t < o0)} where k is
an arbitrarily fixed complex number except some Lebesgue measure zero set and 6 is some real number depending
on value k, such that F(x, kx), in any open cone in C? with vertex (0, 0) containing the ray J(#), does not omit any
algebraic curve with three irreducible components in a general position.

Keywords: Julia directions, equi-two-dimensional nondegenerate holomorphic maps, Little Picard theorem, Mon-
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1. Introduction

Using the theory of normal family, G. Julia in 1919 improved the big and little Picard theorem such that for every
transendental holomorphic function has a Julia direction as the following theorem.

Theorem Let f(z) be a transendental entire function on C. Then there exists a ray J(6) = {z = te?;0 < t < oo}
such that f, in any open sector with vertex z = 0 containing the ray J(0), takes every value in C except at most one
value in infinite times.

Z-H. Tu in 1996 proved a generaization for a transendental entire holomorphic curve with an asymptotic value in
|

We shall prove a generalization for a nondegenerate (that is, the image set contains an open set) transendental entire
map of C? to C? (Theorem 4.1) by the method of Kobayashi hyperbolic geometry (for the fundamental concepts
and properties, see Kobayashi, 1998).

2. Preliminary (1)

Theorem 2.1 (Julia, 1919, p. 103) Let f(z) be a holomorphic function on R < |z| < oo and z = oo is an essential
singular point of f. Then there is a half-line Lg,: = {z = Rte'™} where 6y is some real number and t € [1, ) such
that for every € > 0 f(z) takes all values except at most one value in infinite times in G where G: = | Jg_g,|<¢ Lo

To prove above the theorem, the following lemma is essential.

Lemma 2.2 We set f; = f(z2t) for t € [1, 00). We consider {f}e[1.00) a family of holomorphic functions on R < 7] <
co. Then {fi}ieq1,00) is not normal in {Ry < |z| < Ry} where Ry and R, are some positive number with R < Ry < R».
More pricisely there exists a sequence {f.}i=12.. for t; < tp < --- — oo of the family has never convergent
subsequence to a holomorphic function or o in {R; < |z] < Ry}.

By the method of blowing up at (0, 0), the following proposition is easy to see by Proposition 11.8 in (Adachi,1995).

Proposition 2.3 Let f(x,y) be a transendental entire function. We denote by E the set of k € C such that f(x, kx)
is not transendental, then Lebesgue measure of E (in R?) is zero.

3. Preliminary (2)

Following sections let A be an algebraic curve with three irreducible components in C? and L, is the line at infinity.
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From Theorem 8.1 in (Adachi, 1995), we have the following proposition.
Proposition 3.1 There are only following two cases:

(1) S c2_4(P?) = 0 or an algebraic curve C in P?> which consists of irreducible components called a nonhyperbolic
curve with respect to A U Ly, (for the prisice definition of the nonhyperbolic curve, see Definition 4.1 in Adachi,
1995),

(2) S 24 (P?) = P%, where S c2_,(P?) is roughly speaking the limitting degeneration locus of dc2_, (for the prisice
definition, see Definition 1.1 in Adachi, 1995).

From Proposition 8.2 and Corollary 8.3 in (Adachi, 1995), it is concretely determined that when the case (2) above
occurs and such cases are rather special ones.

Definition 3.2 When A is an algebraic curve with three irreducible components in C? and satisfies the case (1) in
the above proposition, we call A in a general position in C2.

From Theorem 12.1 in (Adachi, 1995), we have the following proposition.

Proposition 3.3 Let A be an algebraic curve with three irreducible components in a general position in C* and
F: C* = C? — A be a holomorphic map with essential singularity at Le,. Then F(C?) c Cy which is one of
the irreducible components of C in Proposition 3.1 and Co ¢ A. Therefore every nondegegenerate transendental
entire map F does not omit A.

From Theorem 4.4 in (Adachi, 1997), we have the following proposition.

Proposition 3.4 Let A and C be the same of above proposition. Then C*>—A is tautly imbedded modulo S ¢>_,(P*)(C
C U L) in P?, that is, each sequence {F}}in Hol(A*,C? — A) where A¥ = Ax --- X A and A is the unit disk, we
have one of the following:

(a) {F}j=12,.. has a subsequence which converges in Hol(AF, P?) with compact open topology;

(b) for each compact set K ¢ A* and each compact set L € P? — § ca_,(P?), there exists an integer N such that
F{(K)NL=0for j= N, that is, {F;} diverges compactly to S c2_a(P?).

4. Conclusion

Theorem 4.1 Let F = (f(x,), g(x,y)) be a nondegenerate holomorphic map of C* to C*> where f and g are entire
functions and f is a transendental one, there exists a ray J(0) = {(x,y) = (te”, kte”) (0 £ t < )}, where k is an
arbitrarily fixed complex number except some Lebesgue measure zero set and 0 is some real number depending on
the value k such that F(x,y), in any open cone in C* with vertex (0,0) containing the ray J(0), does not omit any
algebraic curve in C* with three irreducible components in a general position.

Proof. Assume that F omits an algebraic curve in C? with three irreducible components in a general position. Let
D be a domain D: = {R < |x| < oo} and F be a restriction anew of F to {y = kx, x € D}. Let E be the same of
Proposition 2.3 and & be fixed such as k ¢ E. We set F; = (f(xt, kxt), g(xt, kxt)) where t € [1,00). It is easy to
see that F,(D) C F(D). From Lemma 2.2 and Proposition 2.3 { f(xt;, kxt;)};=1 2. has no convergent subsequence
in {R; < |x|] < Ry} where R; and R, are some positive number with R < R} < Rpandf; < f < --- — oo,
And there is a point (xg, kxp) with R; < |xp| < Ry such that in any neighborhood of (xo, kxo) {F}}i=12.. has no
convergent subsequence. From Proposition 2.4, the case (a) does not occur. Then {F }i=1 ».... diverges compactly to
an algebraic curve C. Since {y = kx, R} < |x| < Ry} N (C U L) is a set P of finite points for almost k and {F, }i=12....
diverges compactly to P, such sequence have a convergent subsequence to a point of P. It is a contradiction. [

Problem 4.2 The key lemmas of Theorem 4.1 are Proposition 2.3 (little Picard theorem) and Proposition 2.4
(Montel’s theorem) in two-dimensional case. Since those n-dimensional case version are obtained in (Adachi,
2009, 2013), we think that there may be some n-dimensional case version of Theorem 4.1.
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