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Preface

The current book is an outgrowth of the lecture notes that | prepared for the four-credit
course Electrodynamics that was introduced in the Uppsala University curriculum in
1992, to become the five-credit course Classical Electrodynamics in 1997. To some
extent, parts of these notes were based on lecture notes prepared, in Swedish, by
BENGT LUNDBORG Who created, developed and taught the earlier, two-credit course
Electromagnetic Radiation at our faculty.

Intended primarily as a textbook for physics students at the advanced undergradu-
ate or beginning graduate level, it is hoped that the present book may be useful for
research workers too. It provides a thorough treatment of the theory of electrodynam-
ics, mainly from a classical field theoretical point of view, and includes such things
as formal electrostatics and magnetostatics and their unification into electrodynam-
ics, the electromagnetic potentials, gauge transformations, covariant formulation of
classical electrodynamics, force, momentum and energy of the electromagnetic field,
radiation and scattering phenomena, electromagnetic waves and their propagation in
vacuum and in media, and covariant Lagrangian/Hamiltonian field theoretical meth-
ods for electromagnetic fields, particles and interactions. The aim has been to write
a book that can serve both as an advanced text in Classical Electrodynamics and as a
preparation for studies in Quantum Electrodynamics and related subjects.

In an attempt to encourage participation by other scientists and students in the
authoring of this book, and to ensure its quality and scope to make it useful in higher
university education anywhere in the world, it was produced within a World-Wide
Web (WWW) project. This turned out to be a rather successful move. By making an
electronic version of the book freely down-loadable on the net, comments have been
only received from fellow Internet physicists around the world and from WWW ‘hit’
statistics it seems that the book serves as a frequently used Internet resource. This
way it is hoped that it will be particularly useful for students and researchers working
under financial or other circumstances that make it difficult to procure a printed copy
of the book.

Thanks are due not only to Bengt Lundborg for providing the inspiration to write
this book, but also to professor CHRISTER WAHLBERG and professor GORAN FALDT,
Uppsala University, and professor YAkov IsTOMIN, Lebedev Institute, Moscow, for
interesting discussions on electrodynamics and relativity in general and on this book in
particular. Comments from former graduate students MATTIAS WALDENVIK, TOBIA
CaRrozzl and ROGER KARLSSON as well as ANDERS ERIKSSON, all at the Swedish
Institute of Space Physics in Uppsala and who all have participated in the teaching,
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on the material covered in the course and in this book are gratefully acknowledged.
Thanks are also due to my long-term space physics colleague HELMUT KopPkA of
the Max-Planck-Institut flir Aeronomie, Lindau, Germany, who not only taught me
about the practical aspects of the of high-power radio wave transmitters and trans-
mission lines, but also about the more delicate aspects of typesetting a book in TEX
and IATEX. | am particularly indebted to Academician professor VITALIY LAZAREV-
ICH GINZBURG, 2003 Nobel Laureate in Physics, for his many fascinating and very
elucidating lectures, comments and historical footnotes on electromagnetic radiation
while cruising on the Volga river at our joint Russian-Swedish summer schools during
the 1990s and for numerous private discussions.

Finally, I would like to thank all students and Internet users who have downloaded
and commented on the book during its life on the World-Wide Web.
Uppsala, Sweden Bo THIDE
January, 2004
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Classical Electrodynamics

Classical electrodynamics deals with electric and magnetic fields and interactions
caused by macroscopic distributions of electric charges and currents. This means
that the concepts of localised electric charges and currents assume the validity of
certain mathematical limiting processes in which it is considered possible for the
charge and current distributions to be localised in infinitesimally small volumes of
space. Clearly, this is in contradiction to electromagnetism on a truly microscopic
scale, where charges and currents have to be treated as spatially extended objects and
guantum corrections must be included. However, the limiting processes used will
yield results which are correct on small as well as large macroscopic scales.

It took the genius of JAMES CLERK MAXWELL to unify electricity and magnet-
ism into a super-theory, electromagnetism or classical electrodynamics (CED), and to
realise that optics is a subfield of this super-theory. Early in the 20th century, No-
bel laureate HENDRIK ANTOON LORENTZ took the electrodynamics theory further to
the microscopic scale and also laid the foundation for the special theory of relativ-
ity, formulated by Nobel laureate ALBERT EINSTEIN in 1905. In the 1930S PAUL
A.M.DIRAC expanded electrodynamics to a more symmetric form, including mag-
netic as well as electric charges. With his relativistic quantum mechanics, he also
paved the way for the development of quantum electrodynamics (QED) for which
RICHARD P. FEYNMAN, JULIAN SCHWINGER, and SIN-ITIRO TOMONAGA in 1965 re-
ceived their Nobel prizes. Around the same time, physicists such as Nobel laureates
SHELDON GLASHOW, ABDUS SALAM, and STEVEN WEINBERG managed to unify
electrodynamics with the weak interaction theory to yet another super-theory, elec-
troweak theory. The modern theory of strong interactions, quantum chromodynamics
(QCD), is influenced by QED.

In this chapter we start with the force interactions in classical electrostatics and
classical magnetostatics and introduce the static electric and magnetic fields and find
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1. CLASSICAL ELECTRODYNAMICS

two uncoupled systems of equations for them. Then we see how the conservation
of electric charge and its relation to electric current leads to the dynamic connection
between electricity and magnetism and how the two can be unified into one “‘super-
theory’, classical electrodynamics, described by one system of coupled dynamic field
equations—the Maxwell equations.

At the end of the chapter we study Dirac’s symmetrised form of Maxwell’s equa-
tions by introducing (hypothetical) magnetic charges and magnetic currents into the
theory. While not identified unambiguously in experiments yet, magnetic charges and
currents make the theory much more appealing for instance by allowing for duality
transformations in a most natural way.

1.1 Electrostatics

The theory which describes physical phenomena related to the interaction between
stationary electric charges or charge distributions in space with stationary boundaries
is called electrostatics. For a long time electrostatics, under the name electricity,
was considered an independent physical theory of its own, alongside other physical
theories such as magnetism, mechanics, optics and thermodynamics.*

1.1.1 Coulomb’s law

It has been found experimentally that in classical electrostatics the interaction between
stationary, electrically charged bodies can be described in terms of a mechanical force.
Let us consider the simple case described by Figure 1.1 on page 3. Let F denote the
force acting on a electrically charged particle with charge q located at x, due to the
presence of a charge g’ located at x’. According to Coulomb’s law this force is, in
vacuum, given by the expression

F(x) = qq’ X—X’|3: qq’v( 1 ) qq’ v'< 1 ) (1.1)

" Aneg X — X! dreg  \IX—-X|/)  4neg IX — X|

where in the last step Formula (F.71) on page 161 was used. In Sl units, which we
shall use throughout, the force F is measured in Newton (N), the electric charges g
and g’ in Coulomb (C) [= Ampere-seconds (As)], and the length |[x — x’| in metres
(m). The constant &y = 107/(4nc?) ~ 8.8542 x 1072 Farad per metre (F/m) is the

1The physicist and philosopher Pierre Duhem (1861-1916) once wrote:

“The whole theory of electrostatics constitutes a group of abstract ideas and general propos-
itions, formulated in the clear and concise language of geometry and algebra, and connected
with one another by the rules of strict logic. This whole fully satisfies the reason of a French
physicist and his taste for clarity, simplicity and order.. ..’
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Electrostatics

0]

FIGURE 1.1:  Coulomb’s law describes how a static electric charge q, located at
a point x relative to the origin O, experiences an electrostatic force from a static
electric charge g’ located at x’.

vacuum permittivity and ¢ ~ 2.9979 x 108 mys is the speed of light in vacuum. In CGS
units &g = 1/(4x) and the force is measured in dyne, electric charge in statcoulomb,
and length in centimetres (cm).

1.1.2 The electrostatic field

Instead of describing the electrostatic interaction in terms of a “force action at a dis-
tance’, it turns out that it is for most purposes more useful to introduce the concept of
a field and to describe the electrostatic interaction in terms of a static vectorial electric
field Ett defined by the limiting process

ot & i F 1.2)

a-0(

where F is the electrostatic force, as defined in Equation (1.1) on the preceding page,
from a net electric charge g’ on the test particle with a small electric net electric charge
g. Since the purpose of the limiting process is to assure that the test charge q does not
distort the field set up by q’, the expression for ES* does not depend explicitly on g
but only on the charge g’ and the relative radius vector x — x’. This means that we can
say that any net electric charge produces an electric field in the space that surrounds
it, regardless of the existence of a second charge anywhere in this space.?

2In the preface to the first edition of the first volume of his book A Treatise on Electricity and Magnet-
ism, first published in 1873, James Clerk Maxwell describes this in the following, almost poetic, manner
[l
‘For instance, Faraday, in his mind’s eye, saw lines of force traversing all space where the
mathematicians saw centres of force attracting at a distance: Faraday saw a medium where
they saw nothing but distance: Faraday sought the seat of the phenomena in real actions
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1. CLASSICAL ELECTRODYNAMICS

Using (1.1) and Equation (1.2) on the preceding page, and Formula (F.70) on
page 160, we find that the electrostatic field ES*® at the field point x (also known as
the observation point), due to a field-producing electric charge g’ at the source point
X', is given by

qg x-X q 1 q 1
EStat(y) — = _ \v/ = \4 13
() = 471'80 X — X’|3 dreg X — X’| dreg X = x| (1.3)

In the presence of several field producing discrete electric charges g7, located at
the points x{, i = 1,2,3,..., respectively, in an otherwise empty space, the assumption
of linearity of vacuum?® allows us to superimpose their individual electrostatic fields
into a total electrostatic field

1 X =X
E¥(x) = q ' (1.4)
4neg .Z x-x?

If the discrete electric charges are small and numerous enough, we introduce the
electric charge density p, measured in C/m?® in Sl units, located at x’ within a volume
V’ of limited extent and replace summation with integration over this volume. This
allows us to describe the total field as

E(x) = —— / x) X=X [ @ plx )v(

x—xP 47T£0

— V/ dSX/ p(X)
47r£o Va X — X’|

where we used Formula (F.70) on page 160 and the fact that p(x’) does not depend on
the unprimed (field point) coordinates on which V operates.

We emphasise that under the assumption of linear superposition, Equation (1.5)
above is valid for an arbitrary distribution of electric charges, including discrete
charges, in which case p is expressed in terms of Dirac delta distributions:

1
|X - X/l) (15)

p(x) = 3/ 6(< ~ X)) (L6)

as illustrated in Figure 1.2 on the facing page. Inserting this expression into expres-
sion (1.5) above we recover expression (1.4).

Taking the divergence of the general ES® expression for an arbitrary electric
charge distribution, Equation (1.5) above, and using the representation of the Dirac

going on in the medium, they were satisfied that they had found it in a power of action at a
distance impressed on the electric fluids.’

3In fact, vacuum exhibits a quantum mechanical nonlinearity due to vacuum polarisation effects mani-

festing themselves in the momentary creation and annihilation of electron-positron pairs, but classically
this nonlinearity is negligible.
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Electrostatics

o

FIGURE 1.2:  Coulomb’s law for a distribution of individual charges x{ localised
within a volume V' of limited extent.

delta distribution, Formula (F.73) on page 161, we find that

1 X’

V.ER(x) = V. / dX p(x') XX
drey Jvr [x — x|

S 1 d3x’p(x)v v( ! >

471'8 [X — X’

[ ()

——/d3X’ p(X) 8(x - X') = p()

1.7

which is the differential form of Gauss’s law of electrostatics.

Since, according to Formula (F.62) on page 160, V x [Va(x)] = 0 for any 3D R
scalar field a(x), we immediately find that in electrostatics

V x E(x) = —%SOV x <v /V,d3)<' pKX) ) =0 (1.8)

X = X']

i.e., that ES® js an irrotational field.

To summarise, electrostatics can be described in terms of two vector partial differ-
ential equations

V. ESt(x) = (X) (1.9a)
V x ES®(x) = (1.9b)

representing four scalar partial differential equations.
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1. CLASSICAL ELECTRODYNAMICS

1.2 Magnetostatics

While electrostatics deals with static electric charges, magnetostatics deals with sta-
tionary electric currents, i.e., electric charges moving with constant speeds, and the
interaction between these currents. Here we shall discuss this theory in some detail.

1.2.1 Ampeére’s law

Experiments on the interaction between two small loops of electric current have shown
that they interact via a mechanical force, much the same way that electric charges
interact. In Figure 1.3 on the facing page, let F denote such a force acting on a small
loop C, with tangential line element dl, located at x and carrying a current | in the
direction of dl, due to the presence of a small loop C’, with tangential line element dl’,
located at X’ and carrying a current |’ in the direction of dI’. According to Ampére’s
law this force is, in vacuum, given by the expression

F(X)=%fédlx ) ar (x=x)

X — x’®

_ _Holl jq{dlx arxv( 2
4r Jc c [X — X’

In Sl units, uo = 47 x 1077 ~ 1.2566 x 10~% H/m is the vacuum permeability. From
the definition of &9 and g (in SI units) we observe that

(1.10)

EoMo = 1 s (F/m) x4nx 1077 (H/m) = 1 (s2/m2) (1.11)

which is a most useful relation.

At first glance, Equation (1.10) above may appear unsymmetric in terms of the
loops and therefore to be a force law which is in contradiction with Newton’s third
law. However, by applying the vector triple product ‘bac-cab’ Formula (F.51) on
page 160, we can rewrite (1.10) as

F(x )_—”01: 7{ dl'fdl v<|x 1X,|)
“O”'j[ji e A

Since the integrand in the first integral is an exact differential, this integral vanishes
and we can rewrite the force expression, Equation (1.10) above, in the following sym-
metric way

(1.12)

ot >
F(x) = 7{%: -l (1.13)

which clearly exhibits the expected symmetry in terms of loops C and C’.
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Magnetostatics

@)
Ficure 1.3:  Ampere’s law describes how a small loop C, carrying a static
electric current | through its tangential line element dl located at x, experiences
a magnetostatic force from a small loop C’, carrying a static electric current I’
through the tangential line element dI’ located at x’. The loops can have arbitrary
shapes as long as they are simple and closed.

1.2.2 The magnetostatic field

In analogy with the electrostatic case, we may attribute the magnetostatic interaction
to a static vectorial magnetic field BS®, It turns out that the elemental B can be
defined as

def uol” ,, X=X

dBsa(x) € KO g1 x .

1.14
dr [X —x’ ( )

which expresses the small element dBS®(x) of the static magnetic field set up at the
field point x by a small line element dI’ of stationary current 1’ at the source point
X’. The Sl unit for the magnetic field, sometimes called the magnetic flux density or
magnetic induction, is Tesla (T).

If we generalise expression (1.14) to an integrated steady state electric current
density j(x), measured in A/m? in Sl units, we obtain Biot-Savart’s law:

— ’ n 1
BSt"’“x:/ﬂ/dsx"x'xu:—ﬂ—o/d&"x’xV( )
) iz ) j(x) X XT 4z ) j(x) X x|

=By [ dx J(x)
Ar v [X — x|

(1.15)

where we used Formula (F.70) on page 160, Formula (F.57) on page 160, and the
fact that j(x’) does not depend on the unprimed coordinates on which V operates.
Comparing Equation (1.5) on page 4 with Equation (1.15), we see that there exists a
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1. CLASSICAL ELECTRODYNAMICS

close analogy between the expressions for ES® and BS® put that they differ in their
vectorial characteristics. With this definition of BS®, Equation (1.10) on page 6 may
we written

Fx) = | fi dl x BSt(x) (1.16)

In order to assess the properties of BS®, we determine its divergence and curl.
Taking the divergence of both sides of Equation (1.15) on the preceding page and
utilising Formula (F.63) on page 160, we obtain

V - B%(x) = Z_;v- (v x [ d¥ J(x) ) =0 (1.17)
v

X = x|

since, according to Formula (F.63) on page 160, V - (V x a) vanishes for any vector
field a(x).

Applying the operator ‘bac-cab’ rule, Formula (F.64) on page 160, the curl of
Equation (1.15) on the preceding page can be written

V x B (x) = ﬁ:—fer (Vx /V’dsx' 1) ) =

X — x|
_ _Ho / & jo) v —1 ) + “—0/ a [i(x) - vV —
4rr S X = x| ar Jvr X = x|
(1.18)
In the first of the two integrals on the right hand side, we use the representation of the
Dirac delta function given in Formula (F.73) on page 161, and integrate the second
one by parts, by utilising Formula (F.56) on page 160 as follows:

/ % [i(x) - VIV’ (Ix —1x’|>
= Xk/ % V' {J(X) [6xk (Ix X )]} / X [v-ieav (|X‘1X'|
<|X xl) /d3x’ " j(x)] V’(|X_1X,|>

Then we note that the first integral in the result, obtained by applying Gauss’s theorem,
vanishes when integrated over a large sphere far away from the localised source j(x’),
and that the second integral vanishes because V - j = 0 for stationary currents (no
charge accumulation in space). The net result is simply

N—

(1.19)

VX B0 = o [ ¥ J6)60x ~X) = i) (1.20)
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Electrodynamics

1.3 Electrodynamics

As we saw in the previous sections, the laws of electrostatics and magnetostatics can
be summarised in two pairs of time-independent, uncoupled vector partial differential
equations, namely the equations of classical electrostatics

V- Estat(x) — @
£0

V x ES(x) = 0

and the equations of classical magnetostatics

V- leal(x) =0
V x B*(x) = p0j(x)

(1.21a)
(1.21b)

(1.22a)
(1.22b)

Since there is nothing a priori which connects E® directly with B, we must con-
sider classical electrostatics and classical magnetostatics as two independent theories.

However, when we include time-dependence, these theories are unified into one
theory, classical electrodynamics. This unification of the theories of electricity and
magnetism is motivated by two empirically established facts:

1. Electric charge is a conserved quantity and electric current is a transport of
electric charge. This fact manifests itself in the equation of continuity and, as a
consequence, in Maxwell’s displacement current.

2. A change in the magnetic flux through a loop will induce an EMF electric field
in the loop. This is the celebrated Faraday’s law of induction.

1.3.1 Equation of continuity for electric charge

Let j(t,x) denote the time-dependent electric current density. In the simplest case
it can be defined as j = vp where v is the velocity of the electric charge dens-
ity o. In general, j has to be defined in statistical mechanical terms as j(t,x) =
S o o JADVT,L(t, X, V) Where f,(t,x,V) is the (normalised) distribution function for

particle species a with electric charge q,.

The electric charge conservation law can be formulated in the equation of con-

tinuity

9p(t,x) . _
Q5 * V-jit,x) =0

(1.23)

which states that the time rate of change of electric charge p(t, x) is balanced by a
divergence in the electric current density j(t, x).
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1.3.2 Maxwell’s displacement current

We recall from the derivation of Equation (1.20) on page 8 that there we used the fact
that in magnetostatics V - j(x) = 0. In the case of non-stationary sources and fields,
we must, in accordance with the continuity Equation (1.23) on the preceding page, set
V -j(t,x) = —dp(t, x)/ot. Doing so, and formally repeating the steps in the derivation
of Equation (1.20) on page 8, we would obtain the formal result

V x B(t, x) = ,uo/d%(' J(t, x")o(x — X)+4 5t/d?>x,p(t (|x—lx’|>

. 0
= uoj (t, X) + ﬂOaSOE(t, X)
(1.24)

where, in the last step, we have assumed that a generalisation of Equation (1.5) on
page 4 to time-varying fields allows us to make the identification’

, 1 0 1 , 1
4neg 6t/ X ot X)V <|x—x’|> T ot { 4rey d3x Pt X)V<|x—x'|>}
_of 1 , PtX)] _d
- { V//d"’x ] = SECX)

ot | dneg [X — X’|
(1.25)
The result is Maxwell’s source equation for the B field
. 0
V x B(t,X) = uo | j(t,x) + &sOE(t, X) (1.26)

where the last term deoE(t, X)/0t is the famous displacement current. This term was
introduced, in a stroke of genius, by Maxwell[8] in order to make the right hand side
of this equation divergence free when j(t, X) is assumed to represent the density of the
total electric current, which can be split up in ‘ordinary’ conduction currents, polar-
isation currents and magnetisation currents. The displacement current is an extra term
which behaves like a current density flowing in vacuum. As we shall see later, its
existence has far-reaching physical consequences as it predicts the existence of elec-
tromagnetic radiation that can carry energy and momentum over very long distances,
even in vacuum.

1.3.3 Electromotive force

If an electric field E(t, X) is applied to a conducting medium, a current density j(t, x)
will be produced in this medium. There exist also hydrodynamical and chemical
processes which can create currents. Under certain physical conditions, and for certain

“4Later, we will need to consider this generalisation and formal identification further.
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materials, one can sometimes assume a linear relationship between the electric current
density j and E, called Ohm’s law:

it x) = ocE(t, %) (1.27)

where o is the electric conductivity (S/m). In the most general cases, for instance in
an anisotropic conductor, o is a tensor.

We can view Ohm’s law, Equation (1.27) above, as the first term in a Taylor ex-
pansion of the law j[E(t, X)]. This general law incorporates non-linear effects such as
frequency mixing. Examples of media which are highly non-linear are semiconduct-
ors and plasma. We draw the attention to the fact that even in cases when the linear
relation between E and j is a good approximation, we still have to use Ohm’s law with
care. The conductivity o is, in general, time-dependent (temporal dispersive media)
but then it is often the case that Equation (1.27) is valid for each individual Fourier
component of the field.

If the current is caused by an applied electric field E(t, x), this electric field will
exert work on the charges in the medium and, unless the medium is super-conducting,
there will be some energy loss. The rate at which this energy is expended is j - E
per unit volume. If E is irrotational (conservative), j will decay away with time.
Stationary currents therefore require that an electric field which corresponds to an
electromotive force (EMF) is present. In the presence of such a field EEMF, Ohm’s
law, Equation (1.27) above, takes the form

j = o(E® + EEMF) (1.28)
The electromotive force is defined as

&= j[ dl - (B 4+ EEVF) (1.29)
C

where dl is a tangential line element of the closed loop C.

1.3.4 Faraday’s law of induction

In Subsection 1.1.2 we derived the differential equations for the electrostatic field. In
particular, on page 5 we derived Equation (1.8) which states that V x ES®(x) = 0 and
thus that ES is a conservative field (it can be expressed as a gradient of a scalar field).
This implies that the closed line integral of ES®t in Equation (1.29) above vanishes and
that this equation becomes

&= j[ dl . EEWF (1.30)
C

It has been established experimentally that a nonconservative EMF field is pro-
duced in a closed circuit C if the magnetic flux through this circuit varies with time.
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FIGURE 1.4: A loop C which moves with velocity v in a spatially varying
magnetic field B(x) will sense a varying magnetic flux during the motion.

This is formulated in Faraday’s law which, in Maxwell’s generalised form, reads

E(t.X) = }{:dl CE(t,X) = —%(Dm(t, X)
(1.31)

d 2
_ —a/sds-s(t,x) _ —/Sds. SBLX)

where @, is the magnetic flux and S is the surface encircled by C which can be in-
terpreted as a generic stationary ‘loop’ and not necessarily as a conducting circuit.
Application of Stokes’ theorem on this integral equation, transforms it into the differ-
ential equation

0
V x E(t,x) = _EB(t’ X) (1.32)
which is valid for arbitrary variations in the fields and constitutes the Maxwell equa-
tion which explicitly connects electricity with magnetism.

Any change of the magnetic flux @, will induce an EMF. Let us therefore consider
the case, illustrated if Figure 1.4, that the ‘loop’ is moved in such a way that it links

Version released 20th January 2004 at 23:34. Downloaded from http://www.plasma.uu.se/CED/Book



Electrodynamics

a magnetic field which varies during the movement. The convective derivative is
evaluated according to the well-known operator formula

d o
G=xtVY (1.33)

which follows immediately from the rules of differentiation of an arbitrary differen-
tiable function f(t, x(t)). Applying this rule to Faraday’s law, Equation (1.31) on the
preceding page, we obtain

&(t, x)———/dS B=- /ds /dS (v-V)B (1.34)

During spatial differentiation v is to be considered as constant, and Equation (1.17)
on page 8 holds also for time-varying fields:

V-B(t,x)=0 (1.35)
(it is one of Maxwell’s equations) so that, according to Formula (F.59) on page 160,
Vx(Bxv)=(v-V)B (1.36)

allowing us to rewrite Equation (1.34) in the following way:

a(t,x)zfm-EEMF:—E/ds-B
C

(1.37)
—/dS ——/dS V x (B xV)
With Stokes’ theorem applied to the last integral, we finally get
8(t,X) = ?fé dl - EEVF = / ds - 7{ dl- (B x V) (1.38)
or, rearranging the terms,
]4 dl- (EE™F v x B) = / ds. 2 (1.39)

where EEMF is the field which is induced in the ‘loop’, i.e., in the moving system. The
use of Stokes’ theorem ‘backwards’ on Equation (1.39) above yields

B
V x (EEMF —v x B) = ‘Zt (1.40)
In the fixed system, an observer measures the electric field
E=E"M _vxB (1.41)
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Hence, a moving observer measures the following Lorentz force on a charge q
qEEMF = gE + q(v x B) (1.42)
corresponding to an ‘effective’ electric field in the *loop” (moving observer)
EEMF-E+vxB (1.43)

Hence, we can conclude that for a stationary observer, the Maxwell equation

OB
VXxE=-— 1.44
X a0 (1.44)

is indeed valid even if the ‘loop’ is moving.

1.3.5 Maxwell’s microscopic equations

We are now able to collect the results from the above considerations and formulate the
equations of classical electrodynamics valid for arbitrary variations in time and space
of the coupled electric and magnetic fields E(t, x) and B(t, x). The equations are

v.e=L£ (1.453)
£0
0B
VXE=-— 1.45b
X i ( )
V.B=0 (1.45¢)
oE .
VxB= 80/105 +,lloj(t, X) (145d)

In these equations p(t, X) represents the total, possibly both time and space depend-
ent, electric charge, i.e., free as well as induced (polarisation) charges, and j(t, x)
represents the total, possibly both time and space dependent, electric current, i.e.,
conduction currents (motion of free charges) as well as all atomistic (polarisation,
magnetisation) currents. As they stand, the equations therefore incorporate the clas-
sical interaction between all electric charges and currents in the system and are called
Maxwell’s microscopic equations. Another name often used for them is the Maxwell-
Lorentz equations. Together with the appropriate constitutive relations, which relate
p and j to the fields, and the initial and boundary conditions pertinent to the physical
situation at hand, they form a system of well-posed partial differential equations which
completely determine E and B.

1.3.6 Maxwell’s macroscopic equations

The microscopic field equations (1.45) provide a correct classical picture for arbitrary
field and source distributions, including both microscopic and macroscopic scales.
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However, for macroscopic substances it is sometimes convenient to introduce new
derived fields which represent the electric and magnetic fields in which, in an average
sense, the material properties of the substances are already included. These fields are
the electric displacement D and the magnetising field H. In the most general case,
these derived fields are complicated nonlocal, nonlinear functionals of the primary

fields E and B:
D = D[t,x; E,B]
H = HI[t, x; E, B]

(1.46a)
(1.46b)

Under certain conditions, for instance for very low field strengths, we may assume
that the response of a substance to the fields is linear so that

D=c¢E
H=u'B

(1.47)
(1.48)

i.e., that the derived fields are linearly proportional to the primary fields and that the
electric displacement (magnetising field) is only dependent on the electric (magnetic)

field.

The field equations expressed in terms of the derived field quantities D and H are

V-D =p(t,x)
0B

VXE=-—
ot

vV-B=0

VxH-= 66—? +j(t,x)

(1.49a)
(1.49b)
(1.49¢)
(1.49d)

and are called Maxwell’s macroscopic equations. We will study them in more detail

in Chapter 6.

1.4 Electromagnetic duality

If we look more closely at the microscopic Maxwell equations (1.45), we see that
they exhibit a certain, albeit not a complete, symmetry. Let us follow Dirac and make
the ad hoc assumption that there exist magnetic monopoles represented by a magnetic
charge density, which we denote by p™ = p™(t,X), and a magnetic current density,
which we denote by j™ = j™(t, x). With these new quantities included in the theory,
and with the electric charge density denoted p® and the electric current density denoted
J&, the Maxwell equations will be symmetrised into the following four coupled, vector,
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partial differential equations:

v.E=Z (1.50)
£
VXE = —% — ptoj™ (1.50b)
VB = o™ (1.50c)
JE .
VxB= 80/105 +,lloje (150d)

We shall call these equations Dirac’s symmetrised Maxwell equations or the electro-
magnetodynamic equations.
Taking the divergence of (1.50b), we find that

V-(VxE):—%(V~B)—,u0V~ijO (1.51)

where we used the fact that, according to Formula (F.63) on page 160, the divergence
of a curl always vanishes. Using (1.50c) to rewrite this relation, we obtain the equation
of continuity for magnetic monopoles

m

ol LM = 1.52
5 +V-j 0 (1.52)

which has the same form as that for the electric monopoles (electric charges) and
currents, Equation (1.23) on page 9.

We notice that the new Equations (1.50) exhibit the following symmetry (recall
that EoMo = 1/02):

E—cB (1.53a)
cB - -E (1.53b)
co® — p" (1.53c)
o — —cpt (1.53d)
cji®* = j" (1.53¢)
j™ — —cj° (1.53f)

which is a particular case (6 = n/2) of the general duality transformation (depicted by
the Hodge star operator)

*E = Ecosf +cBsing (1.54a)
c*B = —-Esing +cBcosé (1.54b)
c*p® = cp®cosh+pmsing (1.54c)
*o™ = —cp®sind + p" cosé (1.54d)
c*j® =cj®cos@ +j"sing (1.54e)
*i™ = —cj®sing +jM cosé (1.54f)
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which leaves the symmetrised Maxwell equations, and hence the physics they describe
(often referred to as electromagnetodynamics), invariant. Since E and j¢ are (true or
polar) vectors, B a pseudovector (axial vector), o® a (true) scalar, then o™ and 6, which
behaves as a mixing angle in a two-dimensional ‘charge space’, must be pseudoscalars
and j™ a pseudovector.

>FARADAY’S LAW AS A CONSEQUENCE OF CONSERVATION OF MAGNETIC CHARGE

Postulate 1.1 (Indestructibility of magnetic charge). Magnetic charge exists and is indes-
tructible in the same way that electric charge exists and is indestructible. In other words we
postulate that there exists an equation of continuity for magnetic charges:

9p"(t. )

e H VN0 =0

Use this postulate and Dirac’s symmetrised form of Maxwell’s equations to derive
Faraday’s law.

The assumption of the existence of magnetic charges suggests a Coulomb-like law for mag-
netic fields:

Ho m X _ _Ho N\ Y 1
B (x) = /d3x (x) - ,lg =12 /V/d3x 0 (X)V<|x—x’|>
_/J_OV /’d%(/ ,D (X)

4n [X = x’|

[cf. Equation (1.5) on page 4 for ES*] and, if magnetic currents exist, a Biot-Savart-like law for
electric fields [cf. Equation (1.15) on page 7 for Bs‘a‘]:

_ Mo ) mror X— m 1
Eam(x)__ﬂ/vrdng (x) x o X’3 /d3xj (X)XV(|X X’|)
, JMX)

Jv X = x|

(1.55)

(1.56)

Ho
=--Vx
A

Taking the curl of the latter and using the operator ‘bac-cab’ rule, Formula (F.59) on page 160,
we find that

V x E%%(x) = ——Vx (Vx/ d¥x m(xl)) -

X = x’|
__/Jo A TVAY v
_ 4—n./\/,d%<j (X)V (|X—

#O ’ m ’ ’ ’ 1
x'|)+ﬂ./wd3x U70<)- vV (IX—X’I)

Comparing with Equation (1.18) on page 8 for ES® and the evaluation of the integrals there, we
obtain

(1.57)

V x ES%(x) = —o /V/d%(’ I 8(x = X') = —poj™(X) (1.58)

We assume that Formula (1.56) above is valid also for time-varying magnetic currents.
Then, with the use of the representation of the Dirac delta function, Equation (F.73) on page 161,
the equation of continuity for magnetic charge, Equation (1.52) on the preceding page, and
the assumption of the generalisation of Equation (1.55) to time-dependent magnetic charge
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distributions, we obtain, formally,

—_ -l ’ v _/‘102/ ’ m ’ ’ 1
V x E(t,x) = MO/\,,daxj (t,x)8(x — x') _47r6t.v/d3x P"(t, X))V (IX—X’I)
0
— _ynim _9
= —poj " (t, X) 6tB(t’X)
(1.59)

[cf. Equation (1.24) on page 10] which we recognise as Equation (1.50b) on page 16. A
transformation of this electromagnetodynamic result by rotating into the ‘electric realm’ of
charge space, thereby letting j™ tend to zero, yields the electrodynamic Equation (1.50b) on
page 16, i.e., the Faraday law in the ordinary Maxwell equations. This process also provides
an alternative interpretation of the term 9B/dt as a magnetic displacement current, dual to the
electric displacement current [cf. Equation (1.26) on page 10].

By postulating the indestructibility of a hypothetical magnetic charge, we have thereby been
able to replace Faraday’s experimental results on electromotive forces and induction in loops as
a foundation for the Maxwell equations by a more appealing one.

<! END OF EXAMPLE 1.1

EXAMPLE 1.2 >DUALITY OF THE ELECTROMAGNETODYNAMIC EQUATIONS

Show that the symmetric, electromagnetodynamic form of Maxwell’s equations (Dirac’s
symmetrised Maxwell equations), Equations (1.50) on page 16, are invariant under the duality
transformation (1.54).

Explicit application of the transformation yields

e
V-*E=V-(Ecosé+cBsing) = p—cosa+c,uopmsin9

&
. (1.60)
1 (e 1 mg P
== (p cosf+ —p sm@) ==
&0 C &0
0*B . 0 1_ .
V x*E + =V x(Ecos6+cBsing) + — [ ——Esing + Bcoso
ot ot c
0B 10E
= —uoj™ COS A — — €0SH + Cugj®sind + = —sing
o) at ol ¢ at (1.61)
10E 0B
— =——sinf+ — cos@ = —upj™ oS A + Cugj®sin
c ot + ot Ho) + Cuo)
= —uo(—Cj®sin + j™ cos ) = —uo*j™
1_ . €
V. *B=V.(~-Esing+Bcos6) = - sing + ugp™ cosd
c ceo (1.62)

= po (—cp€sin @ + p™ cos F) = ug*p™
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.. 10E 1_ . 10 .
V x B—?T:Vx(—EEsm«9+Bcose)—?a(Ecose+chme)
1 ... 10B . 1 0E
= —uoj"sinf + = — cos @ + ppj°cosf + — —— cos 6
c c at c? ot 163
1 0E 10B (1.63)
1. . . .
= o (EJ”‘ sm9+ﬁcos€) = up*j°
QEDN

<] END OF EXAMPLE 1.2

>DIRAC’'S SYMMETRISED MAXWELL EQUATIONS FOR A FIXED MIXING ANGLE
Show that for a fixed mixing angle 6 such that
o™ =cpftand (1.64a)
j™ =cj°tano (1.64b)
the symmetrised Maxwell equations reduce to the usual Maxwell equations.
Explicit application of the fixed mixing angle conditions on the duality transformation

(1.54) on page 16 yields

1 . 1 .
*0® = p®cosf + Epm sinf = pcosé + Ec,oetanesm 0

1 1 (1.65a)
= —(p°c0s? 6 + p°sin? ) = ——p°
cose(p P ) cos6”
*p™ = —cp®sind + cptanHcosH = —cp®sinf + cp®sind = 0 (1.65b)
1 1
*j® = jecos@ + j°tandsind = ——(j cos? 6 + j°sin? ) = ——j¢ 1.65¢
1= J C059(1 J ) coso) ( )
*i™ = —cj®sing + cj€tanHcosH = —cj®sin O + ¢jsingd = 0 (1.65d)

Hence, a fixed mixing angle, or, equivalently, a fixed ratio between the electric and magnetic
charges/currents, ‘hides’ the magnetic monopole influence (o™ and j™) on the dynamic equa-
tions.

We notice that the inverse of the transformation given by Equation (1.54) on page 16 yields
E = *Ecos6 - c*Bsinéd (1.66)

This means that
V-E=V-*Ecosf—-cV-*Bsing (1.67)

Furthermore, from the expressions for the transformed charges and currents above, we find that

e P°_ 1 p°
V*E=--_~- 1.68
&0 C0s 8 g ( )

and
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EXAMPLE 1.4

V- *B=u*p™=0 (1.69)
so that
1 (<] e
E=— " cosg-0="1 (1.70)
cosf &g €0
and so on for the other equations. QEDE

<l END OF EXAMPLE 1.3

The invariance of Dirac’s symmetrised Maxwell equations under the similarity
transformation means that the amount of magnetic monopole density p™ is irrelevant
for the physics as long as the ratio p™/p® = tan@ is kept constant. So whether we
assume that the particles are only electrically charged or have also a magnetic charge
with a given, fixed ratio between the two types of charges is a matter of convention,
as long as we assume that this fraction is the same for all particles. Such particles are
referred to as dyons [14]. By varying the mixing angle 8 we can change the fraction of
magnetic monopoles at will without changing the laws of electrodynamics. For 6 = 0
we recover the usual Maxwell electrodynamics as we know it.°

>>COMPLEX FIELD SIX-VECTOR FORMALISM
The complex field six-vector

G(t,x) = E(t, x) + icB(t, X) (1.72)
where E, B € R2 and hence G (3, has a number of interesting properties:
1. The inner product of G with itself
G-G=(E+icB)-(E +icB) = E? - c?B? + 2icE - B (1.72)
is conserved. l.e.,
E? - ¢2B? = Const (1.73a)
E - B = Const (1.73b)
as we shall see later.
2. The inner product of G with the complex conjugate of itself
G-G' = (E+icB)- (E —icB) = E2 + ¢?B? (1.74)
is proportional to the electromagnetic field energy.

3. As with any vector, the cross product of G with itself vanishes:

5As Julian Schwinger (1918-1994) put it [15]:
‘...there are strong theoretical reasons to believe that magnetic charge exists in nature,
and may have played an important role in the development of the universe. Searches for
magnetic charge continue at the present time, emphasizing that electromagnetism is very
far from being a closed object’.
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GxG=(E+icB)x (E +icB)
=EXE-¢?BxB +ic(E x B) +ic(B x E) (1.75)
=0+0+ic(ExB)—-ic(ExB)=0

4. The cross product of G with the complex conjugate of itself

Gx G =(E+icB)x (E-icB)
=EXE+¢?BxB-ic(E xB) +ic(BxE) (1.76)
=0+0—ic(E x B) — ic(E x B) = —2ic(E x B)

is proportional to the electromagnetic power flux.

<1 END OF EXAMPLE 1.4

>DUALITY EXPRESSED IN THE COMPLEX FIELD SIX-VECTOR

Expressed in the complex field vector, introduced in Example 1.4 on the facing page, the
duality transformation Equations (1.54) on page 16 become

*G=*E+ic*B =Ecos6+cBsind —iEsind + icBcosd

= E(cosé —ising) + icB(cos 6 — ising) = e7(E + icB) = e /G (L.77)
from which it is easy to see that
*G-*G = |*G[° =G - ¢'G" = [G? (L.78)
while
*G-*G=e%G.G (1.79)

Furthermore, assuming that 6 = 6(t, x), we see that the spatial and temporal differentiation
of *G leads to

87G = aatc; = —i(0:0)e7G + e79,G (1.80a)
9-*G=V-*G=-ieV9-G+eV.-G (1.80b)
IX*G=VX*G=-ie"VoxG+eVxG (1.80c)

which means that 9.*G transforms as *G itself only if 6 is time-independent, and that V - *G
and V x *G transform as *G itself only if 6 is space-independent.

<1 END OF EXAMPLE 1.5
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Electromagnetic Waves

In this chapter we investigate the dynamical properties of the electromagnetic field by
deriving a set of equations which are alternatives to the Maxwell equations. It turns
out that these alternative equations are wave equations, indicating that electromagnetic
waves are natural and common manifestations of electrodynamics.

Maxwell’s microscopic equations [cf. Equations (1.45) on page 14] are

V-E= 'O(;—OX) (Coulomb’s/Gauss’s law) (2.1a)
VXE= —%—? (Faraday’s law) (2.1b)
V-B=0 (No free magnetic charges) (2.1c)
VxB= 8ouo§ + uoj(t, X) (Ampere’s/Maxwell’s law) (2.1d)

ot

and can be viewed as an axiomatic basis for classical electrodynamics. In particular,
these equations are well suited for calculating the electric and magnetic fields E and
B from given, prescribed charge distributions p(t, X) and current distributions j(t, x) of
arbitrary time- and space-dependent form.

However, as is well known from the theory of differential equations, these four
first order, coupled partial differential vector equations can be rewritten as two un-
coupled, second order partial equations, one for E and one for B. We shall derive
these second order equations which, as we shall see are wave equations, and then
discuss the implications of them. We shall also show how the B wave field can be
easily calculated from the solution of the E wave equation.
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2.1 The wave equations

We restrict ourselves to derive the wave equations for the electric field vector E and the
magnetic field vector B in a volume with no net charge, o = 0, and no electromotive
force EEMF = 0.

2.1.1 The wave equation for E

In order to derive the wave equation for E we take the curl of (2.1b) and using (2.1d),
to obtain

Vx(VxE):—%(VxB):—pO% (j+gO%E> (2.2)
According to the operator triple product ‘bac-cab’ rule Equation (F.64) on page 160

V x(VxE)=V(V-E)-VE (2.3)
Furthermore, since p = 0, Equation (2.1a) on the preceding page yields

V.-E=0 (2.4)
and since EEMF = 0, Ohm’s law, Equation (1.28) on page 11, yields

j=oE (2.5)

we find that Equation (2.2) can be rewritten

9 0
2 — JE— _— =
V°E Moo (O’E +806’[E) 0 (2.6)
or, also using Equation (1.11) on page 6 and rearranging,

0E 1 5E

VE o= - 29 = 2
KT 50 ~ 2 a2

(2.7)

which is the homogeneous wave equation for E.

2.1.2 The wave equation for B

The wave equation for B is derived in much the same way as the wave equation for E.
Take the curl of (2.1d) and use Ohm’s law j = o'E to obtain

Vx(VXxB)=puVxj+ g(m%(v X E) = ugoVx E + gopog(v x E) (2.8)
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which, with the use of Equation (F.64) on page 160 and Equation (2.1c) on page 25
can be rewritten
oB 0?
-B) = V?B = —poo— — oo — B 2.
V(V-B) HoO - = €00 5 (2.9)
Using the fact that, according to (2.1c), V- B = 0 for any medium and rearranging, we
can rewrite this equation as

B 1B _

VB - o - =92
HoT75¢ ~ 2 a2

(2.10)

This is the wave equation for the magnetic field. We notice that it is of exactly the
same form as the wave equation for the electric field, Equation (2.7) on the facing

page.

2.1.3 The time-independent wave equation for E

We now look for a solution to any of the wave equations in the form of a time-
harmonic wave. As is clear from the above, it suffices to consider only the E field,
since the results for the B field follow trivially. We therefore make the following
Fourier component Ansatz

E = Ep(x)e™'! (2.11)

and insert this into Equation (2.7) on the preceding page. This yields

2

, 0 19 ,
VZEo(x)e 't — uoa-&Eo(x)e"‘“t - Eo(x)e !

2 o2
. : 1 . i
= V2E — ppo(—iw)Eg(x)e™t — C—Z(—lw)ZEo(x)e"“’t

1 (2.12)
= V?E — ppo(—iw)E - g(—iw)zE =

2
=v2E+“’—2<1+ii>E=o
C Eow

Introducing the relaxation time T = g¢/o of the medium in question we can rewrite
this equation as

w? i
VE+ — <1 + ) E=0 (2.13)
C TW
In the limit of long 7, Equation (2.13) tends to

2 o
V°E + ?Ezo (2.14)
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which is a time-independent wave equation for E, representing weakly damped propagat-
ing waves. In the short = limit we have instead

V2E + iwpooE =0 (2.15)

which is a time-independent diffusion equation for E.

For most metals 7 ~ 1074, which means that the diffusion picture is good for
all frequencies lower than optical frequencies. Hence, in metallic conductors, the
propagation term 6°E/c?0t? is negligible even for VHF, UHF, and SHF signals. Al-
ternatively, we may say that the displacement current £9dE/at is negligible relative to
the conduction current j = oE.

If we introduce the vacuum wave number

k=" (2.16)

we can write, using the fact that ¢ = 1/ v/egug according to Equation (1.11) on page 6,

1 1
=2 27 [B_Z%p (2.17)

Tw ew eck kVe  k

where in the last step we introduced the characteristic impedance for vacuum

Ro= /™ ~ 37670 (2.18)
£0

EXAMPLE 2.1 >WAVE EQUATIONS IN ELECTROMAGNETODYNAMICS

Derive the wave equation for the E field described by the electromagnetodynamic equations
(Dirac’s symmetrised Maxwell equations) [cf. Equations (1.50) on page 16]

e

v.eE= (2.19a)
€0
VxE = —% — toj" (2.19b)
VB = g™ (2.19¢c)
E .
VxB= so,uoa— + poj® (2.19d)

ot

under the assumption of vanishing net electric and magnetic charge densities and in the absence
of electromotive and magnetomotive forces. Interpret this equation physically.

Taking the curl of (2.19b) and using (2.19d), and assuming, for symmetry reasons, that
there exists a linear relation between the magnetic current density j™ and the magnetic field B
(the analogue of Ohm’s law for electric currents, j¢ = ¢°E)

j"=o"B (2.20)

one finds, noting that gou = 1/c?, that
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ot c2 ot

1 0E E 10E
= —/Joo'm (ﬂoo’eE + C—Z(Z—t) - ea 6

Vx(VxE):—,roxjm—%(VxB):—,uoo-mVxB—g (uoje+ iﬁ)
(2.21)

HoT 50 ~ 2 bt

Using the vector operator identity V x (V x E) = V(V - E) — V2E, and the fact that V-E = 0
for a vanishing net electric charge, we can rewrite the wave equation as
o.m

0E 1 06%E
V2E — po (ae + C—z) Y —p2"*E =0 (2.22)

This is the homogeneous electromagnetodynamic wave equation for E we were after.

Compared to the ordinary electrodynamic wave equation for E, Equation (2.7) on page 26,
we see that we pick up extra terms. In order to understand what these extra terms mean physic-
ally, we analyse the time-independent wave equation for a single Fourier component. Then our
wave equation becomes

o.m

2
V2E + iwuo (o-e + ?) E+ %E Vet =

2 e m/n~2
e (1o L Ho mge) T e
c? w? & Eow

(2.23)

Realising that, according to Formula (2.18) on the preceding page, uo/o is the square of the
vacuum radiation resistance Ro, and rearranging a bit, we obtain the time-independent wave
equation in Dirac’s symmetrised electrodynamics

o +o0™m/c?

eo0 (1= Fomoe) =0 (2.24)

2 2
VE+ S (1— R%w&) 1+i
w

From this equation we conclude that the existence of magnetic charges (magnetic monopoles),
and non-vanishing electric and magnetic conductivities would lead to a shift in the effective
wave number of the wave. Furthermore, even if the electric conductivity o€ vanishes, the
imaginary term does not necessarily vanish and the wave might therefore experience damping
(or growth) according as o™ is positive (or negative). This would happen in a hypotethetical
medium which is a perfect insulator for electric currents but which can carry magnetic currents.

Finally, we note that in the particular case that w = Ro VoMo, the wave equation becomes
a (time-independent) diffusion equation

2 P e el
VE + iwuo 0'+C—2 E=0 (2.25)

and, hence, no waves exist at all!

<! END OF EXAMPLE 2.1
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2.2 Plane waves

Consider now the case where all fields depend only on the distance ¢ to a given plane
with unit normal A. Then the del operator becomes

0
V= A— 2.26
N (2.26)
and Maxwell’s equations attain the form
oE
A-—=0 2.27
n o (2.273)
oE oB
Ax o— = 22 2.27
A x o 5 (2.27b)
0B
- —=0 2.27
A5 (2.27c)
. 0B . OoE oE
nx I Hoj(t, x) + EoHo 5 = HooE + E0Ho (2.27d)
Scalar multiplying (2.27d) by A, we find that
.~ (. 0B R 0
0=n- (nx 6_{> =f- (/100'4-80[10&) E (2.28)

which simplifies to the first-order ordinary differential equation for the normal com-
ponent E,, of the electric field

dEn T o (2.29)
dt &0

with the solution
En=Ene "% = Epe" (2.30)

This, together with (2.27a), shows that the longitudinal component of E, i.e., the com-
ponent which is perpendicular to the plane surface is independent of ¢ and has a time
dependence which exhibits an exponential decay, with a decrement given by the re-
laxation time 7 in the medium.

Scalar multiplying (2.27b) by f, we similarly find that

. (. OE . 0B
O_n'<n><a(>_—n~6t (2.31)
or
0B
A — = 2.32
A 5 0 (2.32)

From this, and (2.27c), we conclude that the only longitudinal component of B must
be constant in both time and space. In other words, the only non-static solution must
consist of transverse components.
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2.2.1 Telegrapher’s equation

In analogy with Equation (2.7) on page 26, we can easily derive the equation
0E JE 1 0°E
a2z M T 2o

This equation, which describes the propagation of plane waves in a conducting me-

dium, is called the telegrapher’s equation. If the medium is an insulator so that o- = 0,
then the equation takes the form of the one-dimensional wave equation

#E 10°E
o2 c? ot?
As is well known, each component of this equation has a solution which can be written

=0 (2.33)

=0 (2.34)

Ei=f(—ct)+g(f+ct), i=1,23 (2.35)

where f and g are arbitrary (non-pathological) functions of their respective arguments.
This general solution represents perturbations which propagate along £, where the f
perturbation propagates in the positive ¢ direction and the ¢ perturbation propagates
in the negative ¢ direction.

If we assume that our electromagnetic fields E and B are time-harmonic, i.e., that
they can each be represented by a Fourier component proportional to exp{—iwt}, the
solution of Equation (2.34) becomes

E = Ege @) = Egel(Tkeh) (2.36)
By introducing the wave vector

k:kﬁ:%ﬁ:—k (2.37)
this solution can be written as

E = Ege'kx-eD (2.38)

Let us consider the lower sign in front of k¢ in the exponent in (2.36). This cor-
responds to a wave which propagates in the direction of increasing . Inserting this
solution into Equation (2.27b) on the preceding page, gives

. OE

A x 6_§ = iwB = ikix E (2.39)
or, solving for B,
k . 1 1. N
B:—an:—kxE:Eksz\/so,uoan (2.40)
w w

Hence, to each transverse component of E, there exists an associated magnetic field
given by Equation (2.40). If E and/or B has a direction in space which is constant in
time, we have a plane polarised wave (or linearly polarised wave).
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2.2.2 Waves in conductive media

Assuming that our medium has a finite conductivity o-, and making the time-harmonic
wave Ansatz in Equation (2.33) on the previous page, we find that the time-independent
telegrapher’s equation can be written

&’E . &’E
6—{2 + 30;10sz + ipgowE = 6_(2 +K’E=0 (2.41)
where
2
K2 = eouow? (1+ ii) -2 (1+ ii) = K2 (1+ ii) (2.42)
Eow C Eow EA)

where, in the last step, Equation (2.16) on page 28 was used to introduce the wave
number k. Taking the square root of this expression, we obtain

K=k, /l+i— =a+i8 (2.43)
Eqw

Squaring, one finds that

K2 <1 + i(’) = (® - ) + 2iap (2.44)
Eqw
or
B2 =a? -k (2.45)
2
of = 27 (2.46)
250w

Squaring the latter and combining with the former, one obtains the second order al-
gebraic equation (in a?)

k4c?
2¢.2 2y _
a'(a' —k)—m (247)
which can be easily solved and one finds that
2
1+ (QL&,) +1
a=Kk 5 (2.483)
2
1+ (%) 1
B=k 5 (2.48b)
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As a consequence, the solution of the time-independent telegrapher’s equation, Equa-
tion (2.41) on the preceding page, can be written

E = Ege Plel@-eD (2.49)

With the aid of Equation (2.40) on page 31 we can calculate the associated magnetic
field, and find that it is given by

B:lkaEzE(RxE)(cHiﬁ):E(RxE)|A|e"f (2.50)
w w w

where we have, in the last step, rewritten @+i3 in the amplitude-phase form |A| exp{i-}.
From the above, we immediately see that E, and consequently also B, is damped, and
that E and B in the wave are out of phase.

In the limit ew < o, we can approximate K as follows:

3 3
K =k<1+i(’> —k {i(’ (1-i‘9°‘”)] zk(1+i)1/2(7
Eow Eqw o o (251)

= Ve +i) 50 = (L) 25

In this limit we dind that when the wave impinges perpendicularly upon the medium,
the fields are given, inside the medium, by

E’' = Egexp {— #ng(} exp {i ( ”ngg— wt)} (2.52a)

B = (L+i) “20—5 (Ax E) (2.52b)

Hence, both fields fall off by a factor 1/e at a distance

2
Hoow

S = (2.53)

This distance ¢ is called the skin depth.

2.3 Observables and averages

In the above we have used complex notation quite extensively. This is for mathemat-
ical convenience only. For instance, in this notation differentiations are almost trivial
to perform. However, every physical measurable quantity is always real valued. l.e.,
‘Ephysical = Re {Emathematicat}”. It is particularly important to remember this when one
works with products of physical quantities. For instance, if we have two physical
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vectors F and G which both are time-harmonic, i.e., can be represented by Fourier
components proportional to exp{—iwt}, then we must make the following interpreta-
tion

F(t,X) - G(t,X) = Re {F} - Re {G} = Re {Fo(x) 7'} - Re {Go(x) e7“'} (2.54)

Furthermore, letting * denote complex conjugate, we can express the real part of the
complex vector F as

Re{F} = Re {Fo(x) e} = %[Fo(x) et Fy(x) el (2.55)

and similarly for G. Hence, the physically acceptable interpretation of the scalar
product of two complex vectors, representing physical observables, is

F(t,x) - G(t,x) = Re {Fo(X) e—iwt} .Re {Go(X) e—iwt}
= %[FO(X) e_iwt + FB(X) eiwt] . %[GO(X) e—iwt 4 GS(X) eiwt]

1 . . s
= Z(Fo -Gy +Fy - Go + Fo - Goe 2! + F - Gy e?)

= %Re {Fo . GS +Fo - Go e‘Zi“"}

1 . ' :
= ERE {Fo gt Gy e + Fo - Go e_Zth}
1 .
= 5Re {F(t,x) - G*(t,x) + Fo - Goe™ %'}
(2.56)

Often in physics, we measure temporal averages (¢ )) of our physical observables.
If so, we see that the average of the product of the two physical quantities represented
by F and G can be expressed as

(F-G)=(Re{F}-Re{G}) = %RE{F -G} = %Re{F* -G} (2.57)

since the temporal average of the oscillating function exp{—2iwt} vanishes.

2.4 Bibliography

[1] J. D. JacksoN, Classical Electrodynamics, third ed., John Wiley & Sons, Inc.,
New York, NY ..., 1999, ISBN 0-471-30932-X.
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Electromagnetic Potentials

Instead of expressing the laws of electrodynamics in terms of electric and magnetic
fields, it turns out that it is often more convenient to express the theory in terms of
potentials. This is particularly true for problems related to radiation. In this chapter
we will introduce and study the properties of such potentials and shall find that they
exhibit some remarkable properties which elucidate the fundamental apects of elec-
tromagnetism and lead naturally to the special theory of relativity.

3.1 The electrostatic scalar potential

As we saw in Equation (1.8) on page 5, the electrostatic field ES®(x) is irrotational.
Hence, it may be expressed in terms of the gradient of a scalar field. If we denote this
scalar field by —¢%%(x), we get

EStat (X) — _V¢Stat (X) (31)

Taking the divergence of this and using Equation (1.7) on page 5, we obtain Poisson’s
equation

V2 ¢stat(x) - _V. Estat(x) — _@ (3.2)
0

A comparison with the definition of ES®, namely Equation (1.5) on page 4, shows that
this equation has the solution

P = / ) 3¢ 1 (33)

drgg Jvr X = X/|
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where the integration is taken over all source points x” at which the charge density
p(X’) is non-zero and « is an arbitrary quantity which has a vanishing gradient. An
example of such a quantity is a scalar constant. The scalar function ¢*®(x) in Equa-
tion (3.3) on the preceding page is called the electrostatic scalar potential.

3.2 The magnetostatic vector potential

Consider the equations of magnetostatics (1.22) on page 9. From Equation (F.63)
on page 160 we know that any 3D vector a has the property that V- (V x a) = 0
and in the derivation of Equation (1.17) on page 8 in magnetostatics we found that
V - B*(x) = 0. We therefore realise that we can always write

BS(x) = V x A%¥(x) (3.4)

where AS®(x) is called the magnetostatic vector potential.

We saw above that the electrostatic potential (as any scalar potential) is not unique:
we may, without changing the physics, add to it a quantity whose spatial gradient
vanishes. A similar arbitrariness is true also for the magnetostatic vector potential.

In the magnetostatic case, we may start from Biot-Savart’s law as expressed by
Equation (1.15) on page 7. Identifying this expression with Equation (3.4) allows us
to define the static vector potential as

Astat(x) — @ j(X')

Ir o = d + a(x) (3.5)

where a(x) is an arbitrary vector field whose curl vanishes. From Equation (F.62) on
page 160 we know that such a vector can always be written as the gradient of a scalar
field.

3.3 The electrodynamic potentials

Let us now generalise the static analysis above to the electrodynamic case, i.e., the
case with temporal and spatial dependent sources p(t, X) and j(t, X), and corresponding
fields E(t,x) and B(t, x), as described by Maxwell’s equations (1.45) on page 14. In
other words, let us study the electrodynamic potentials ¢(t, X) and A(t, X).

From Equation (1.45c) on page 14 we note that also in electrodynamics the homo-
geneous equation V - B(t, x) = 0 remains valid. Because of this divergence-free nature
of the time- and space-dependent magnetic field, we can express it as the curl of an
electromagnetic vector potential:

B(t,x) = V x A(t, X) (3.6)

Version released 20th January 2004 at 23:34. Downloaded from http://Awww.plasma.uu.se/CED/Book



The electrodynamic potentials

Inserting this expression into the other homogeneous Maxwell equation (1.32) on page
12, we obtain

V x E(t,X) = —% [V x A(t,X)] = -V x %A(t, X) (3.7)

or, rearranging the terms,

V x (E(t, X) + %A(t, x)) =0 (3.8

As before we utilise the vanishing curl of a vector expression to write this vec-
tor expression as the gradient of a scalar function. If, in analogy with the electro-
static case, we introduce the electromagnetic scalar potential function —¢(t, x), Equa-
tion (3.8) becomes equivalent to

E(t,x) + %A(t, X) = =Vo(t, X) (3.9
This means that in electrodynamics, E(t, X) can be calculated from the formula
E(t,x) = —=Vg¢(t,x) — %A(t, X) (3.10)

and B(t, x) from Equation (3.6) on the preceding page. Hence, it is a matter of taste
whether we want to express the laws of electrodynamics in terms of the potentials
o(t,x) and A(t, x), or in terms of the fields E(t, x) and B(t, x). However, there exists
an important difference between the two approaches: in classical electrodynamics the
only directly observable quantities are the fields themselves (and quantities derived
from them) and not the potentials. On the other hand, the treatment becomes signific-
antly simpler if we use the potentials in our calculations and then, at the final stage,
use Equation (3.6) on the facing page and Equation (3.10) above to calculate the fields
or physical quantities expressed in the fields.

Inserting (3.10) and (3.6) on the facing page into Maxwell’s equations (1.45) on
page 14 we obtain, after some simple algebra and the use of Equation (1.11) on page 6,
the general inhomogeneous wave equations

v2g = LN 0 g (3.11a)
&0 ot
1 0°A . 1_0¢
VA - S = V(V-A) = —uj(t vV 3.11b
Cz atz ( ) /JOJ( 7X) + Cz ot ( )
which can be rewritten in the following, more symmetric, form
1% _,. ptx) 1 d¢
- V= (VA A+ S 12
g T 4 ta ( e 6t> (3.122)
1 8°A . 1 9¢
S — VA= poj(t,X) -V (V-A+ 5 — 3.12b
CZ atz ﬂOJ( X) ( + CZ 0’[) ( )
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These two second order, coupled, partial differential equations, representing in all four
scalar equations (one for ¢ and one each for the three components A;,i = 1,2,3 of A)
are completely equivalent to the formulation of electrodynamics in terms of Max-
well’s equations, which represent eight scalar first-order, coupled, partial differential
equations.

As they stand, Equations (3.11) on the preceding page and Equations (3.12) on the
previous page look complicated and may seem to be of limited use. However, if we
write Equation (3.6) on page 36 in the form V x A(t, X) = B(t, X) we can consider this
as a specification of V. x A. But we know from Helmholtz’ theorem that in order to
determine the (spatial) behaviour of A completely, we must also specify V - A. Since
this divergence does not enter the derivation above, we are free to choose V - A in
whatever way we like and still obtain the same physical results!

3.3.1 Lorenz-Lorentz gauge

If we choose V - A to fulfil the so called Lorenz-Lorentz gauge condition®

the coupled inhomegeneous wave Equation (3.12) on page 37 simplify into the fol-
lowing set of uncoupled inhomogeneous wave equations:

1 6? 16 t
o % (?% - Vz) e (3.142)
0
def (1 6 1 6°A :

where [1? is the d’Alembert operator discussed in Example 13.5 on page 175. Each
of these four scalar equations is an inhomogeneous wave equation of the following
generic form:

O%¥(t, x) = f(t,x) (3.15)
where W is a shorthand for either ¢ or one of the components A; of the vector potential

A, and f is the pertinent generic source component, p(t, X)/eq Or wo ji(t, X), respect-
ively.

Ln fact, the Dutch physicist Hendrik Antoon Lorentz, who in 1903 demonstrated the covariance of
Maxwell’s equations, was not the original discoverer of this condition. It had been discovered by the Danish
physicist Ludvig V. Lorenz already in 1867 [5]. In the literature, this fact has sometimes been overlooked
and the condition was earlier referred to as the Lorentz gauge condition.
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The electrodynamic potentials

We assume that our sources are well-behaved enough in time t so that the Fourier
transform pair for the generic source function

def

FL0] E f(tx) = / :dw f,(x) et (3.16a)
FIHE] D 1,0 = % / : dt £(t, x) et (3.16b)
exists, and that the same is true for the generic potential component:
W(t, x) = /_ :dw ¥ (x) et (3.17a)
W, (x) = % /_ : dtw(t, x) et (3.17h)

Inserting the Fourier representations (3.16a) and (3.17a) into Equation (3.15) on the
facing page, and using the vacuum dispersion relation for electromagnetic waves

w =ck (3.18)
the generic 3D inhomogeneous wave equation, Equation (3.15) on the preceding page,
turns into

V2, (X) + K2, () = —f,(X) (3.19)

which is a 3D inhomogeneous time-independent wave equation, often called the 3D
inhomogeneous Helmholtz equation.

As postulated by Huygen’s principle, each point on a wave front acts as a point
source for spherical waves which form a new wave from a superposition of the indi-
vidual waves from each of the point sources on the old wave front. The solution of
(3.19) can therefore be expressed as a superposition of solutions of an equation where
the source term has been replaced by a point source:

V2G(x, X) + K®G(x,X') = —=8(X — X') (3.20)

and the solution of Equation (3.19) which corresponds to the frequency w is given by
the superposition

W, (X) = /V &X' £,(<)G(x. X) (3.21)

The function G(x, X’) is called the Green function or the propagator.

In Equation (3.20) above, the Dirac generalised function 6(x — x”), which repres-
ents the point source, depends only on x — x’ and there is no angular dependence
in the equation. Hence, the solution can only be dependent on r = |x — x’| and not
on the direction of x — x’. If we interpret r as the radial coordinate in a spherically
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polar coordinate system, and recall the expression for the Laplace operator in such a
coordinate system, Equation (3.20) on the preceding page becomes

OT'Tzz(re) +K2(rG) = —rs(r) (3.22)

Away fromr = [x — X’| = 0, i.e., away from the source point x’, this equation takes the
form

d? 2
§2(16) +K(rG) =0 (3.23)

with the well-known general solution

eikr e—ikr eik|x—x’| e—ik|x—x’\
G=C*—+C~ =C* +C” (3.24)
r r [x = x| [x — x|

where C* are constants.
In order to evaluate the constants C*, we insert the general solution, Equation (3.24)

above, into Equation (3.20) on the preceding page and integrate over a small volume

around r = |x — x’| = 0. Since

1 1

)~C* +C” x =X’

G(|x-Xx ,
(‘ [x — x| [x — x|

-0 (3.25)

The volume integrated Equation (3.20) on the previous page can under this assumption
be approximated by

1
X = x|

= [ ¢ a(x-x)
V/

(C*+C) V/d3x’ V2< ) +k?(C*+C7) | dX L

v x=x (3.26)

In virtue of the fact that the volume element d3’ in spherical polar coordinates is
proportional to [x — X’|?, the second integral vanishes when |x — x’| — 0. Furthermore,
from Equation (F.73) on page 161, we find that the integrand in the first integral can
be written as —4x6(]x — x’|) and, hence, that
P |
Cr+C =— (3.27)
Ar
Insertion of the general solution Equation (3.24) into Equation (3.21) on the pre-
vious page gives

eik|x—x'|

c-/ d £ (x
X + y (x)

e—ik|x—x’|

W, (x) = C* /V &% £u(x) (3.28)

X — X = x|
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The electrodynamic potentials

The inverse Fourier transform of this back to the t domain is obtained by inserting the
above expression for ¥, (x) into Equation (3.17a) on page 39:

soao(i-52)

X = x|

+C /V/de‘x’/_:dw £y [ 1+ 25%))

X = X’]

W(t,x) = C* /V % / " dw £,(¢)
- (3.29)

If we introduce the retarded time t,., and the advanced time t;, in the following way

[using the fact that in vacuum k/w = 1/c, according to Equation (3.18) on page 39]:

ter = tet(t, X =X'|) =t = KXl _y I _CX'| (3.30a)

thav = Gav(t X =X ) = t+ K =X _y, _CX’| (3.30b)
and use Equation (3.16a) on page 39, we obtain

W(t,x) = C* /V/d3x’ % +c [ % (3.31)

This is a solution to the generic inhomogeneous wave equation for the potential com-
ponents Equation (3.15) on page 38. We note that the solution at time t at the field
point x is dependent on the behaviour at other times t’ of the source at x” and that
both retarded and advanced t’ are mathematically acceptable solutions. However, if
we assume that causality requires that the potential at (t, x) is set up by the source at
an earlier time, i.e., at (t;.;, X"), we must in Equation (3.31) set C~ = 0 and therefore,
according to Equation (3.27) on the preceding page, C* = 1/(4x).?

The retarded potentials

From the above discussion on the solution of the inhomogeneous wave equations in
the Lorenz-Lorentz gauge we conclude that, under the assumption of causality, the
electrodynamic potentials in vacuum can be written

_ 1 ’ p(t;eh X/)
#(t,X) = yr— /V ,d3x Yol (3.32a)
Mo ’ j(t;et’ X,)
_ 32
A(t, x) i /V/d3x -~ (3.32b)

Since these retarded potentials were obtained as solutions to the Lorenz-Lorentz equa-
tions (3.14) on page 38 they are valid in the Lorenz-Lorentz gauge but may be gauge
transformed according to the scheme described in subsection 3.3.3 on the next page.
As they stand, we shall use them frequently in the following.

2In fact, inspired by a discussion by Paul A. M. Dirac, John A. Wheeler and Richard P. Feynman
derived in 1945 a fully self-consistent electrodynamics using both the retarded and the advanced potentials
[7]; see also [3].
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3.3.2 Coulomb gauge

In Coulomb gauge, often employed in quantum electrodynamics, one chooses V- A =
0 so that Equations (3.11) on page 37 or Equations (3.12) on page 37 become

Vip = —”(;—’OX) (3.33)
1 0°A . 1_0
Vz - C_ZW = —/,loj(t, X) + ?V[)—? (334)

The first of these two is the time-dependent Poisson’s equation which, in analogy with
Equation (3.3) on page 35, has the solution

Hx) = / ¥ peX) |, (3.35)

dreg X — X’|

where « has vanishing gradient. We note that in the scalar potential expression the
charge density source is evaluated at time t. The retardation (and advancement) effects
occur only in the vector potential, which is the solution of the inhomogeneous wave
equation

1 6°A S oo 0 , (6 X)

+—=V_—
A Ot v [x — x|

(3.36)

Other useful gauges are
e The temporal gauge, also known as the Hamilton gauge, defined by ¢ = 0.

e The axial gauge, defined by Az = 0.

3.3.3 Gauge transformations

We saw in Section 3.1 on page 35 and in Section 3.2 on page 36 that in electrostatics
and magnetostatics we have a certain mathematical degree of freedom, up to terms of
vanishing gradients and curls, to pick suitable forms for the potentials and still get the
same physical result. In fact, the way the electromagnetic scalar potential ¢(t, x) and
the vector potential A(t, x) are related to the physically observables gives leeway for
similar “manipulation’ of them also in electrodynamics. If we transform ¢(t, x) and
A(t, x) simultaneously into new ones ¢’(t,x) and A’(t, X) according to the mapping
scheme

H0X) o (00 = 9t ) + 20 (3.372)
A(t,x) = A'(t,x) = A(t,x) — VI'(t, x) (3.37b)
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where T'(t, x) is an arbitrary, differentiable scalar function called the gauge function,
and insert the transformed potentials into Equation (3.10) on page 37 for the electric
field and into Equation (3.6) on page 36 for the magnetic field, we obtain the trans-
formed fields

) . OA (V) A  H(VI) AA
EZ—V - :—V - = — —_— = - _— .
P A S S S (3:383)
B =VXA =VXA-Vx(V[D)=VxA (3.38b)

where, once again Equation (F.62) on page 160 was used. We see that the fields are
unaffected by the gauge transformation (3.37). A transformation of the potentials ¢
and A which leaves the fields, and hence Maxwell’s equations, invariant is called a
gauge transformation. A physical law which does not change under a gauge trans-
formation is said to be gauge invariant. By definition, the fields themselves are, of
course, gauge invariant.

The potentials ¢(t, x) and A(t, x) calculated from (3.11a) on page 37, with an ar-
bitrary choice of V - A, can be further gauge transformed according to (3.37) on the
preceding page. If, in particular, we choose V - A according to the Lorenz-Lorentz
condition, Equation (3.13) on page 38, and apply the gauge transformation (3.37) on
the resulting Lorenz-Lorentz potential equations (3.14) on page 38, these equations
will be transformed into

16% _,. 8 [1dT _, p(t, X)

—— L -V — ———— VT = — .
2o V% <02 ot ) £0 (3.39)
12A 16T _, .

LA _va (?W v r> = it x) (3.390)

We notice that if we require that the gauge function I'(t, x) itself be restricted to fulfil
the wave equation

1 6°T

2

these transformed Lorenz-Lorentz equations will keep their original form. The set of
potentials which have been gauge transformed according to Equation (3.37) on the
facing page with a gauge function T'(t, x) restricted to fulfil Equation (3.40) above,
or, in other words, those gauge transformed potentials for which the Lorenz-Lorentz
equations (3.14) are invariant, comprises the Lorenz-Lorentz gauge.

The process of choosing a particular gauge condition is referred to as gauge fixing.

>ELECTROMAGNETODYNAMIC POTENTIALS EXAMPLE 3.1

In Dirac’s symmetrised form of electrodynamics (electromagnetodynamics), Maxwell’s
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equations are replaced by [see also Equations (1.50) on page 16]:

e

v.E=Z (3.41a)
€0
B
VXE=—ujm - % (3.41Db)
VB = o™ (3.41c)

. E
VxB-= ﬂoje + 80/106 (341d)

ot

In this theory, one derives the inhomogeneous wave equations for the usual “electric’ scalar

and vector potentials (¢, A®) and their ‘magnetic’ counterparts (¢™, A™) by assuming that the
potentials are related to the fields in the following symmetrised form:

E = -Ve¢S(t,x) - %Ae(t, X)—VxA" (3.42a)
B——iv ™(t,X) — iﬁAm(t X) +V x A® (3.42b)
eVt 2ot '

In the absence of magnetic charges, or, equivalenty for ¢™ = 0 and A™ = 0, these formulae
reduce to the usual Maxwell theory Formula (3.10) on page 37 and Formula (3.6) on page 36,
respectively, as they should.

Inserting the symmetrised expressions (3.42) above into Equations (3.41), one obtains [cf.,
Equations (3.11a) on page 37]

e
Vg 0 (7 AY = ) (3.43a)
ot £
m
vign o 2 (v am = 20X (3.43b)
at P
1 92A¢ 1 86° )
Zar VATV (V AT ait) = koj®(t,x) (3.43¢)
1 A" 1 9™ _
2 gz~ VAT+Y (V AT S W) = poi"(t,X) (3.43d)

By choosing the conditions on the vector potentials according to the Lorenz-Lorentz prescripton
[cf., Equation (3.13) on page 38]

VAT =0 (3.44)
VAT S O =0 (3.45)

these coupled wave equations simplify to
ciz a;ge v - pe(S#;X) (3.46a)
Ciza;A; - V2A® = 1oje(t, x) (3.46h)
0_126;'?‘: - V2A™ = 110j"(t, X) (3.46d)
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exhibiting once again, the striking properties of Dirac’s symmetrised Maxwell theory.

<1 END OF EXAMPLE 3.1
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Relativistic Electrodynamics

We saw in Chapter 3 how the derivation of the electrodynamic potentials led, in a
most natural way, to the introduction of a characteristic, finite speed of propagation
in vacuum that equals the speed of light ¢ = 1/ +/gouo and which can be considered
as a constant of nature. To take this finite speed of propagation of information into
account, and to ensure that our laws of physics be independent of any specific co-
ordinate frame, requires a treatment of electrodynamics in a relativistically covariant
(coordinate independent) form. This is the object of this chapter.

4.1 The special theory of relativity

An inertial system, or inertial reference frame, is a system of reference, or rigid co-
ordinate system, in which the law of inertia (Galileo’s law, Newton’s first law) holds.
In other words, an inertial system is a system in which free bodies move uniformly
and do not experience any acceleration. The special theory of relativity' describes

1The Special Theory of Relativity, by the American physicist and philosopher David Bohm, opens with
the following paragraph [4]:

‘The theory of relativity is not merely a scientific development of great importance in its own
right. It is even more significant as the first stage of a radical change in our basic concepts,
which began in physics, and which is spreading into other fields of science, and indeed,
even into a great deal of thinking outside of science. For as is well known, the modern trend
is away from the notion of sure ‘absolute’ truth, (i.e., one which holds independently of all
conditions, contexts, degrees, and types of approximation etc..) and toward the idea that a
given concept has significance only in relation to suitable broader forms of reference, within
which that concept can be given its full meaning.’
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FIGURE 4.1: Two inertial systems X and X’ in relative motion with velocity v

along the x = x” axis. Attimet = t’ = 0 the origin O’ of ¥’ coincided with the

origin O of X. At time t, the inertial system X’ has been translated a distance ot

along the x axis in . An event represented by P(t, X, y,z) in X is represented by
P(t,x,y,Z)inX.

how physical processes are interrelated when observed in different inertial systems in
uniform, rectilinear motion relative to each other and is based on two postulates:

Postulate 4.1 (Relativity principle; Poincaré, 1905). All laws of physics (except the
laws of gravitation) are independent of the uniform translational motion of the system
on which they operate.

Postulate 4.2 (Einstein, 1905). The velocity of light in empty space is independent of
the motion of the source that emits the light.

A consequence of the first postulate is that all geometrical objects (vectors, tensors)
in an equation describing a physical process must transform in a covariant manner,
i.e., in the same way.

4.1.1 The Lorentz transformation

Let us consider two three-dimensional inertial systems X and X’ in vacuum which are
in rectilinear motion relative to each other in such a way that £ moves with constant
velocity v along the x axis of the X system. The times and the spatial coordinates as
measured in the two systems are t and (X, y, z), and t’ and (X', y’,2’), respectively. At
timet = t" = 0 the origins O and O’ and the x and x’ axes of the two inertial systems
coincide and at a later time t they have the relative location as depicted in Figure 4.1,
referred to as the standard configuration.
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The special theory of relativity

For convenience, let us introduce the two quantities

v
= - 4.1
= (4.1)
1

Yy — 4.2
Ry (4.2)
where v = |v|. In the following, we shall make frequent use of these shorthand nota-

tions.

As shown by Einstein, the two postulates of special relativity require that the spa-
tial coordinates and times as measured by an observer in X and X’, respectively, are
connected by the following transformation:

ct’ = ~y(ct — xB) (4.39)

" = (X — ut) (4.3b)
y =y (4.3c)
7=z (4.3d)

Taking the difference between the square of (4.3a) and the square of (4.3b) we find
that

C2t2 = X2 = /2 (CP1% — 2xGt + X2 — X + 2xut — 1Pt2)

1 2.2 2 2 2
e (1-2) (1) »

C2
22 _ 2

=C

From Equations (4.3) we see that the y and z coordinates are unaffected by the trans-
lational motion of the inertial system X’ along the x axis of system X. Using this fact,
we find that we can generalise the result in Equation (4.4) above to

2= X2 -y — 22 = P2 — X% — % 72 (4.5)

which means that if a light wave is transmitted from the coinciding origins O and O’
attime t = t' = 0 it will arrive at an observer at (X, y,z) at time t in X and an observer
at (x',y’,7’) attime t’ in ¥’ in such a way that both observers conclude that the speed
(spatial distance divided by time) of light in vacuum is c. Hence, the speed of light
in X and ¥’ is the same. A linear coordinate transformation which has this property is
called a (homogeneous) Lorentz transformation.

4.1.2 Lorentz space

Let us introduce an ordered quadruple of real numbers, enumerated with the help of
upper indices u = 0,1, 2, 3, where the zeroth component is ct (c is the speed of light
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and t is time), and the remaining components are the components of the ordinary R3
radius vector x defined in Equation (M.1) on page 164:

x = (X0, xt, %%, x3) = (ct, X, y, 2) = (ct, X) (4.6)

We want to interpret this quadruple x* as (the component form of) a radius four-vector
in areal, linear, four-dimensional vector space.> We require that this four-dimensional
space be a Riemannian space, i.e., a metric space where a ‘distance’ and a scalar
product are defined. In this space we therefore define a metric tensor, also known as
the fundamental tensor, which we denote by g, .

Radius four-vector in contravariant and covariant form

The radius four-vector x* = (x°, x%, x2,x%) = (ct,x), as defined in Equation (4.6)
above, is, by definition, the prototype of a contravariant vector (or, more accurately,
a vector in contravariant component form). To every such vector there exists a dual
vector. The vector dual to x* is the covariant vector x,, obtained as

Xy = GuyX” 4.7

where the upper index u in x* is summed over and is therefore a dummy index and
may be replaced by another dummy index v This summation process is an example of
index contraction and is often referred to as index lowering.

Scalar product and norm

The scalar product of x# with itself in a Riemannian space is defined as
G XX = X, X (4.8)

This scalar product acts as an invariant ‘distance’, or norm, in this space.

To describe the physical property of Lorentz transformation invariance, described
by Equation (4.5) on the preceding page, in mathematical language it is convienient to
to perceive it as the manifestation of the conservation of the norm in a 4D Riemannian
space. Then the explicit expression for the scalar product of x* with itself in this space
must be

2

XX = 2 — X2 — y? - 72 (4.9)

2The British mathematician and philosopher Alfred North Whitehead writes in his book The Concept
of Nature [13]:

‘I regret that it has been necessary for me in this lecture to administer a large dose of four-
dimensional geometry. | do not apologise, because | am really not responsible for the fact
that nature in its most fundamental aspect is four-dimensional. Things are what they are. ...’
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We notice that our space will have an indefinite norm which means that we deal with
a non-Euclidean space. We call the four-dimensional space (or space-time) with this
property Lorentz space and denote it I.*. A corresponding real, linear 4D space with
a positive definite norm which is conserved during ordinary rotations is a Euclidean
vector space. We denote such a space R*.

Metric tensor

By choosing the metric tensor in L* as

1 ifu=v=0
gy=1-1 ifu=v=i=j=1,2,3 (4.10)
0 ifu#v

or, in matrix notation,

1 0 0 O
0 -1 0 O
@I)=10 0 -1 o (4.11)
0 0 0 -1
i.e., a matrix with a main diagonal that has the sign sequence, or signature, {+, —, —, -},

the index lowering operation in our chosen flat 4D space becomes nearly trivial:
Xy = gy X" = (Ct, —X) (4.12)

Using matrix algebra, this can be written

Xo 1 0 0 0 x° x0

x1| [0 -1 0 O Bl [ =xt

X2] 10 0 -1 0 X2 | | -x2 (4.13)
X3 0 0 0 -1/ \x® —x8

Hence, if the metric tensor is defined according to expression (4.10) above the cov-
ariant radius four-vector x,, is obtained from the contravariant radius four-vector x*
simply by changing the sign of the last three components. These components are re-
ferred to as the space components; the zeroth component is referred to as the time

component.
As we see, for this particular choice of metric, the scalar product of x* with itself
becomes
X, X! = (ct,X) - (ct, —x) = ¢t? — x* —y? - 72 (4.14)

which indeed is the desired Lorentz transformation invariance as required by Equa-
tion (4.9) on the facing page. Without changing the physics, one can alternatively
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choose a signature {—, +, +, +}. The latter has the advantage that the transition from
3D to 4D becomes smooth, while it will introduce some annoying minus signs in the
theory. In current physics literature, the signature {+, —, —, —} seems to be the most
commonly used one.

The IL* metric tensor Equation (4.10) on the previous page has a number of inter-
esting properties: firstly, we see that this tensor has a trace Tr(g,w) = —2 whereas in
R*, as in any vector space with definite norm, the trace equals the space dimension-
ality. Secondly, we find, after trivial algebra, that the following relations between the
contravariant, covariant and mixed forms of the metric tensor hold:

Gy = Gy (4.15a3)
9" = gu (4.15b)
gwd™ = ¢, = 5, (4.15¢)
9" G = g, = 9, (4.15d)

Here we have introduced the 4D version of the Kronecker delta 6%, a mixed four-tensor
of rank 2 which fulfils

1 ifu=
o =0, = ne=y (4.16)
0 ifu+v

Invariant line element and proper time

The differential distance ds between the two points x* and x* + dx* in L* can be
calculated from the Riemannian metric, given by the quadratic differential form

ds? = g, dx"dx* = dx,dx* = (dx°)? — (dx})? - (dx?)? - (dx®)? (4.17)
where the metric tensor is as in Equation (4.10) on the preceding page. As we see,

this form is indefinite as expected for a non-Euclidean space. The square root of this
expression is the invariant line element

2 2 2

ds = cdt 1_C_12 [(%1) + <%2> + (z_i(s) ‘|
.18
= cdt \/ 1 3 (0 + 02 + (0] = cat @ (4.18)

=cdt1-p2 =(:g =cdr
4

where we introduced

dr =dt/vy (4.19)
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Since dr measures the time when no spatial changes are present, it is called the proper
time.

Expressing the property of the Lorentz transformation described by Equations (4.5)
on page 49 in terms of the differential interval ds and comparing with Equation (4.17)
on the facing page, we find that

ds? = c?dt? — dx? — dy? — dz? (4.20)

is invariant during a Lorentz transformation. Conversely, we may say that every co-
ordinate transformation which preserves this differential interval is a Lorentz trans-
formation.

If in some inertial system

dx? + dy? + dz? < c?dt? (4.21)
ds is a time-like interval, but if

dx? + dy? + dz? > c?dt? (4.22)
ds is a space-like interval, whereas

dx? + dy? + dz? = c2dt? (4.23)

is a light-like interval; we may also say that in this case we are on the light cone. A
vector which has a light-like interval is called a null vector. The time-like, space-like
or light-like aspects of an interval ds are invariant under a Lorentz transformation. l.e.,
it is not possible to change a time-like interval into a space-like one or vice versa via
a Lorentz transformation.

Four-vector fields

Any quantity which relative to any coordinate system has a quadruple of real num-
bers and transforms in the same way as the radius four-vector x* does, is called a
four-vector. In analogy with the notation for the radius four-vector we introduce the
notation a* = (a°, a) for a general contravariant four-vector field in I and find that
the ‘lowering of index’ rule, Formula (4.7) on page 50, for such an arbitrary four-
vector yields the dual covariant four-vector field

2,(X) = g’ (x) = (@°(x"), —a(x)) (4.24)
The scalar product between this four-vector field and another one b*(x¥) is
gn@ (XY (x) = (@°,-a) - (b° b) = a’’ —a- b (4.25)

which is a scalar field, i.e., an invariant scalar quantity a(x*) which depends on time
and space, as described by x* = (ct, X, y, 2).
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The Lorentz transformation matrix

Introducing the transformation matrix

7 By 00
By 7 00

(a)=|7 7 (4.26)
0 0 01

the linear Lorentz transformation (4.3) on page 49, i.e., the coordinate transformation
X — xM = xH(x0, x, x2, x3), from one inertial system X to another inertial system %’
in the standard configuration, can be written

X* = AH X (4.27)

The Lorentz group

It is easy to show, by means of direct algebra, that two successive Lorentz transform-
ations of the type in Equation (4.27) above, and defined by the speed parameters 3,
and 3, respectively, correspond to a single transformation with speed parameter

_Bitp
1+B1B,

This means that the nonempty set of Lorentz transformations constitutes a closed al-
gebraic structure with a binary operation which is associative. Furthermore, one can
show that this set possesses at least one identity element and at least one inverse ele-
ment. In other words, this set of Lorentz transformations constitutes a mathematical
group. However tempting, we shall not make any further use of group theory.

B (4.28)

4.1.3 Minkowski space

Specifying a point x* = (x°, x*, x2, x%) in 4D space-time is a way of saying that ‘some-
thing takes place at a certain time t = x°/c and at a certain place (x, y, z) = (x%, X2, x%)".
Such a point is therefore called an event. The trajectory for an event as a function of
time and space is called a world line. For instance, the world line for a light ray which
propagates in vacuum is the trajectory x° = x.

Introducing
X% = ix? = ict (4.29a)
xt=xt (4.29b)
X? = x? (4.29c)
X3 =x® (4.29d)
dS =ids (4.2%)
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Ax©
X/O

b _

FIGURE 4.2: Minkowski space can be considered an ordinary Euclidean space

where a Lorentz transformation from (x*, X° = ict) to (x'1, X’° = ict’) corresponds

to an ordinary rotation through an angle 6. This rotation leaves the Euclidean
distance (x1)° + (X°)% = x2 — c2 invariant.

where i = V-1, we see that Equation (4.17) on page 52 transforms into
dS? = (dX?)? + (dX1)? + (dX?)? + (dx3)? (4.30)

i.e., into a 4D differential form which is positive definite just as is ordinary 3D Eu-
clidean space R3. We shall call the 4D Euclidean space constructed in this way the
Minkowski space M*.2

As before, it sufiices to consider the simplified case where the relative motion
between X and ¥’ is along the x axes. Then

dS? = (dX%)? + (dx1)? = (dX%)? + (dx})? (4.31)

and we consider the X° and X! = x! axes as orthogonal axes in a Euclidean space. As
in all Euclidean spaces, every interval is invariant under a rotation of the X°x! plane
through an angle 6 into X"%x'*:
X0 = —x'sing + X% cos (4.32a)
Xt = xtcos@ + X%sing (4.32b)
See Figure 4.2.
If we introduce the angle ¢ = —i6, often called the rapidity or the Lorentz boost

parameter, and transform back to the original space and time variables by using Equa-
tion (4.29) on the facing page backwards, we obtain

ct’ = —xsinh ¢ + ctcosh ¢ (4.33a)
X" = xcosh¢ — ctsinh g (4.33b)

3The fact that our Riemannian space can be transformed in this way into an Euclidean one means that
it is, strictly speaking, a pseudo-Riemannian space.
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0=0 P xt = x

FIGURE 4.3: Minkowski diagram depicting geometrically the transformation
(4.33) from the unprimed system to the primed system. Here w denotes the world
line for an event and the line x° = x* & x = ct the world line for a light ray
in vacuum. Note that the event P is simultaneous with all points on the x* axis
(t = 0), including the origin O. The event P’, which is simultaneous with all
points on the X’ axis, including O’ = O, to an observer at rest in the primed
system, is not simultaneous with O in the unprimed system but occurs there at
time [P - P’| /c.

which are identical to the transformation equations (4.3) on page 49 if we let

sinhy =B (4.34a)
coshp = (4.34b)
tanhe =B (4.34c)

It is therefore possible to envisage the Lorentz transformation as an “‘ordinary’ rotation
in the 4D Euclidean space M*. Such a rotation in M* corresponds to a coordinate
change in IL* as depicted in Figure 4.3. Equation (4.28) on page 54 for successive
Lorentz transformation then corresponds to the tanh addition formula

tanh ¢; + tanh ¢,

4,
1 + tanh ¢y tanh g, (4.35)

tanh(ey + ¢2) =

The use of ict and M*, which leads to the interpretation of the Lorentz transform-
ation as an ‘ordinary’ rotation, may, at best, be illustrative, but is not very physical.
Besides, if we leave the flat IL* space and enter the curved space of general relativity,
the “ict” trick will turn out to be an impasse. Let us therefore immediately return to IL*
where all components are real valued.
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4.2 Covariant classical mechanics

The invariance of the differential ‘distance’ ds in L#, and the associated differential
proper time dr [see Equation (4.18) on page 52] allows us to define the four-velocity

M
de

_ UX _ (0
u = i = (u”,u) (4.36)

=(c,v) =

c \'
V-5 4 /1-5%

which, when multiplied with the scalar invariant mq yields the four-momentum

dx# moC MoV
pPr=mo =mefey) = | ——=——.——— | = (o".p) (437)

From this we see that we can write

p=mv (4.38)

Mo

m =g = ———
v
V-~ ¢&

We can interpret this such that the Lorentz covariance implies that the mass-like term
in the ordinary 3D linear momentum is not invariant. A better way to look at this is that
p = mv = ymgV is the covariantly correct expression for the kinetic three-momentum.

Multiplying the zeroth (time) component of the four-momentum p* with the scalar
invariant ¢, we obtain

(4.39)

2

moC
cpl = ympc? = ——— = = mc?
1-%

(4.40)

Since this component has the dimension of energy and is the result of a covariant
description of the motion of a particle with its kinetic momentum described by the
spatial components of the four-momentum, Equation (4.37) above, we interpret cp®
as the total energy E. Hence,

cp = (cp° cp) = (E,cp) (4.41)
Scalar multiplying this four-vector with itself, we obtain

cpucp* = g, p’ P! = 2[(p°)? - (p1)? - (pH)? - (p*)4]
= (E,—cp) - (E,cp) = E? - c?p?

(moc2)2 02
= 1_2 1- 2 = (mOC2)2
T2

(4.42)
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Since this is an invariant, this equation holds in any inertial frame, particularly in the
frame where p = 0 and there we have

E = mgc? (4.43)

This is probably the most famous formula in physics history.

4.3 Covariant classical electrodynamics

Let us consired a charge density which in its rest inertial system is denoted by po. The
four-vector (in contravariant component form)

. dx
1= po-— = polt" = poA(C.V) = (pC. pV) (4.44)

where we introduced

p =100 (4.45)

is called the four-current.

The contravariant form of the four-del operator 0¥ = 9/0x, is defined in Equa-
tion (M.71) on page 175 and its covariant counterpart ,, = 9/0x* in Equation (M.72)
on page 175, respectively. As is shown in Example 13.5 on page 175, the d’Alembert
operator is the scalar product of the four-del with itself:

0% = 99, = 0,0" = ZaE " \& (4.46)

Since it has the characteristics of a four-scalar, the d’Alembert operator is invariant
and, hence, the homogeneous wave equation (12 f(t,x) = 0 is Lorentz covariant.

4.3.1 The four-potential

If we introduce the four-potential

A= (9, A) (4.47)

c

where ¢ is the scalar potential and A the vector potential, defined in Section 3.3 on
page 36, we can write the uncoupled inhomogeneous wave equations, Equations (3.14)
on page 38, in the following compact (and covariant) way:

I:’ZA;[ — #Ojl—l (448)
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With the help of the above, we can formulate our electrodynamic equations covari-
antly. For instance, the covariant form of the equation of continuity, Equation (1.23)
on page 9 is

=0 (4.49)
and the Lorenz-Lorentz gauge condition, Equation (3.13) on page 38, can be written

9N =0 (4.50)
The gauge transformations (3.37) on page 42 in covariant form are

A A = A+ 9T(X) (4.51)

If only one dimension Lorentz contracts (for instance, due to relative motion along
the x direction), a 3D spatial volume element transforms according to

2
AV = d% = ZdVp = dVo /1— =dV“/1_z_2 (4.52)
7

where dVy denotes the volume element as measured in the rest system, then from
Equation (4.45) on the facing page we see that

pdV = podVo (453)

i.e., the charge in a given volume is conserved. We can therefore conclude that the
elementary charge is a universal constant.

4.3.2 The Liénard-Wiechert potentials

Let us now solve the the inhomogeneous wave equations (3.14) on page 38 in vacuum
for the case of a well-localised charge g’ at a source point defined by the radius four-
vector x* = (x© = ct’, x, x’2, x®). The field point (observation point) is denoted by
the radius four-vector x* = (x° = ct, x%, x2, x3).

In the rest system we know that the solution is simply

_(? (9 1
(A¥), = <C,A> " <4ﬂ£0 S X'Io’0> (4.54)

where |x — X'|o is the usual distance from the source point to the field point, evaluated
in the rest system (signified by the index ‘0’).

Let us introduce the relative radius four-vector between the source point and the
field point:

RF = xt —x* = (c(t —t'),x = X) (4.55)

Downloaded from http://www.plasma.uu.se/CED/Book Version released 20th January 2004 at 23:34. 59




4. RELATIVISTIC ELECTRODYNAMICS

60

Scalar multiplying this relative four-vector with itself, we obtain
RER, = (c(t —t),x = X) - (c(t — ), —(x — X)) = *(t - t')* — |x — x’|2 (4.56)

We know that in vacuum the signal (field) from the charge q’ at x’* propagates to
x* with the speed of light ¢ so that

x=X|=c(t-t) (4.57)
Inserting this into Equation (4.56), we see that

R‘R, =0 (4.58)
or that Equation (4.55) on the previous page can be written

RH = (]x—x’

,X=X) (4.59)

Now we want to find the correspondence to the rest system solution, Equation (4.54)
on the preceding page, in an arbitrary inertial system. We note from Equation (4.36)
on page 57 that in the rest system

W= | = ———| =0 (4.60)
@ v=0

and

(R0 = (|x - X

X=X)o = (jx =X

0> (X=X)o) (4.61)

As all scalar products, u“R,, is invariant, which means that we can evaluate it in
any inertial system and it will have the same value in all other inertial systems. If we
evaluate it in the rest system the result is:

WR, = (UHRH)O = (")o(Ruo (4.62)

= (€. 0) - (|x=x|;.—(x=X)o) = ¢ |x = X|,
We therefore see that the expression
qQ u
AH = 4.63
drrey CUVR, ( )

subject to the condition R“R,, = 0 has the proper transformation properties (proper

tensor form) and reduces, in the rest system, to the solution Equation (4.54) on the

preceding page. It is therefore the correct solution, valid in any inertial system.
According to Equation (4.36) on page 57 and Equation (4.59)

UR, =7, V) - (|x=x

,—(x=X)) =7(c|x=x]-v-(x-X)) (4.64)
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Generalising expression (4.1) on page 49 to vector form:

ﬂ:ﬁvﬁf% (4.65)
and introducing
sgfh—x’—vwirx)z‘—x’—ﬁ~@—xﬁ (4.66)
we can write
U'R, = ~Cs (4.67)
and
u 1 v
= (=, = 4.68
Cu’R, (cs czs> (4.68)
from which we see that the solution (4.63) can be written
qQ (1 v ¢
AX)Y=— | =, 5= )= =.A 4.69
) 4reg (cs czs> (c ) (4.69)

where in the last step the definition of the four-potential, Equation (4.47) on page 58,
was used. Writing the solution in the ordinary 3D-way, we conclude that for a very
localised charge volume, moving relative an observer with a velocity v, the scalar and
vector potentials are given by the expressions

B qr E B q/ 1
o(t.x) = drney s Admey X —X| - B (X —X) (4.702)
Attx) = —_Y__4 v (4.70b)

dregc? s AmeoC? X —X| =B (X = X)

These potentials are called the Liénard-Wiechert potentials.

4.3.3 The electromagnetic field tensor
Consider a vectorial (cross) product ¢ between two ordinary vectors a and b:

C=axb = gjkaibjXk = (azbz — azhy)Xy + (azhy — aibz)Xz + (arhz — azb1)X3
(4.71)

We notice that the kth component of the vector ¢ can be represented as
ckzaibj—ajbi = Gjj = —Cjj, i,j#k (4.72)

In other words, the pseudovector ¢ = a x b can be considered as an antisymmetric
tensor of rank two.
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The same is true for the curl operator Vx. For instance, the Maxwell equation

oB
VXxE=-2 473
X i (4.73)

can in this tensor notation be written
0 _OF _ 0B
oxt oxl ot
We know from Chapter 3 that the fields can be derived from the electromagnetic
potentials in the following way:

(4.74)

B=VxA (4.75a)

E=-Vo- %? (4.75b)

In component form, this can be written
0A;  OA

Bij = N oxi = 0iA; - 0jA; (4.769)
op  OA
Ei = o T ot = —0i¢p — OiA; (4.76b)

From this, we notice the clear difference between the axial vector (pseudovector) B
and the polar vector (‘ordinary vector’) E.

Our goal is to express the electric and magnetic fields in a tensor form where the
components are functions of the covariant form of the four-potential, Equation (4.47)
on page 58:

A = (%,A> (4.77)
Inspection of (4.77) and Equation (4.76) makes it natural to define the four-tensor
v iz
Fr = 9A _ oA = HAY — OVAH (478)
ox, 0%,

This anti-symmetric (skew-symmetric), four-tensor of rank 2 is called the electromag-
netic field tensor. In matrix representation, the contravariant field tensor can be writ-
ten

0 -Ex/c -E,/c -E;/c

E,/c O B, B

Hvy y

(F™) e B, 0 B (4.79)
E.c -B, By 0

The covariant field tensor is obtained from the contravariant field tensor in the usual
manner by index lowering:

Fi = GugnaF = 9,A, — 9,A, (4.80)
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In matrix representation

0 Esc E,/c Ejc
(F) = -EJc 0 -B, B,
m ~E,)c B, 0 -By
~Ec -B, By O

(4.81)

It is perhaps interesting to note that the field tensor is a sort of four-dimensional curl
of the four-potential vector A*.
That the two Maxwell source equations can be written

OHF" = (4.82)

is immediately observed by explicitly setting 4 = 0 in this covariant equation and
using the matrix representation Formula (4.79) on the preceding page for the covariant
component form of the electromagnetic field tensor F#*, to obtain

OF0  9F10  GFZ 0F3O_O 1<6EX 9E, 6EZ)

+ + + + +—+ =
0 1 2 3
OX . O0X O0X oX c \ Ox dy 0z (4.83)
=V E = uoj° = pocp
or, equivalently,
_ 2 _ P

€0

which is the Maxwell source equation for the electric field, Equation (1.45a) on page 14.
For u = 1, Equation (4.83) above yields

oFo s oF! s oF% s oF% 1 9E, Lo 9B 9By
x® Tod Taxd T T T ot oy oz Mol T HoPOx
(4.85)
or, using eouo = 1/¢?,
0B, 0B, OE .
_ 27 = 4.86
o7 oy OHo HoJx (4.86)
and similarly for 4 = 2,3. In summary, in three-vector form, we can write the result
as
oE .
VxB- Eoflo o = Hoj (t,X) (4.87)

which is the Maxwell source equation for the magnetic field, Equation (1.45d) on
page 14.
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The two Maxwell field equations

oB
VXE=-— 4.88
X i (4.88)

V-B=0 (4.89)

correspond to (no summation!)

akFyv + aﬂ Fy + akay =0 (490)

Hence, Equation (4.82) on the previous page and Equation (4.90) constitute Maxwell’s
equations in four-dimensional formalism.
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Electromagnetic Fields and Particles

In previous chapters, we calculated the electromagnetic fields and potentials from ar-
bitrary, but prescribed distributions of charges and currents. In this chapter we study
the general problem of interaction between electric and magnetic fields and electric-
ally charged particles. The analysis is based on Lagrangian and Hamiltonian methods,
is fully covariant, and yields results which are relativistically correct.

5.1 Charged particles in an electromagnetic field

We first establish a relativistically correct theory describing the motion of charged
particles in prescribed electric and magnetic fields. From these equations we may
then calculate the charged particle dynamics in the most general case.

5.1.1 Covariant equations of motion

We will show that for our problem we can derive the correct equations of motion
by using in four-dimensional I.* a function with similiar properties as a Lagrange
function in 3D and then apply a variational principle. We will also show that we can
find a Hamiltonian-type function in 4D and solve the corresponding Hamilton-type
equations to obtain the correct covariant formulation of classical electrodynamics.
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Lagrange formalism

Let us now introduce a generalised action

Sy = / La(x", u") dr (5.1)

where dr is the proper time defined via Equation (4.18) on page 52, and L4 acts as a
kind of generalisation to the common 3D Lagrangian so that the variational principle

5S4 =6 / L,y dr = 0 (5.2)
70

with fixed endpoints 7g, 77 is fulfilled. We require that L, is a scalar invariant which
does not contain higher than the second power of the four-velocity u* in order that the
equations of motion be linear.

According to Formula (M.98) on page 180 the ordinary 3D Lagrangian is the
difference between the Kinetic and potential energies. A free particle has only kinetic
energy. If the particle mass is mo then in 3D the kinetic energy is mov?/2. This
suggests that in 4D the Lagrangian for a free particle should be

1
Ly = Smouy, (5.3)
For an interaction with the electromagnetic field we can introduce the interaction with
the help of the four-potential given by Equation (4.77) on page 62 in the following
way

1
Ly = Emou”uﬂ + qu, A“(X") (5.4)

We call this the four-Lagrangian and shall now show how this function, together with
the variation principle, Formula (5.2), yields covariant results which are physically
correct.

The variation principle (5.2) with the 4D Lagrangian (5.4) inserted, leads to

1 m
0S4 =6 (fuﬂuy + qu“Aﬂ) dr

70

™ mo (W) PR T
_/ro {2 o U +q | A6U” +u W&x dr (5.5)

= /T1 [Mou,ou + g (A,0U + U#9,A,6x")] dr =0

To
According to Equation (4.36) on page 57, the four-velocity is

_ dx*
T dr

U (5.6)
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which means that we can write the variation of u” as a total derivative with respect to
7!

s =5(2) = L om -

Inserting this into the first two terms in the last integral in Equation (5.5) on the facing
page, we obtain

6S, = / ' mouﬂi(éx”)+qA#£(6x”) +qQuio,AL8X” | dT (5.8)
o dr dr
Partial integration in the two first terms in the right hand member of (5.8) gives
T1 A
0S4 = / —mo%éxﬂ - qd—”dx" +quid,A6x ) dr (5.9)
o dr dr

where the integrated parts do not contribute since the variations at the endpoints van-
ish. A change of irrelevant summation index from u to v in the first two terms of
the right hand member of (5.9) yields, after moving the ensuing common factor §x”
outside the partenthesis, the following expression:

0S4 = / me g9 L qua,a, ) oxdr (5.10)
0 dr dr

Applying well-known rules of differentiation and the expression (4.36) for the
four-velocity, we can express dA, /dr as follows:

dA, _ A, dx!
dr — ax¢ dr
By inserting this expression (5.11) into the second term in right-hand member of Equa-

tion (5.10) above, and noting the common factor qu* of the resulting term and the last
term, we obtain the final variational principle expression

= 9, AU (5.11)

T1 d
5S4 = / [—mo% T+ QU (8,A, - 8,A,) | X" dr (5.12)
T0 T

Since, according to the variational principle, this expression shall vanish and §x” is
arbitrary between the fixed end points ¢ and 77, the expression inside [ ] in the in-
tegrand in the right hand member of Equation (5.12) must vanish. In other words, we
have found an equation of motion for a charged particle in a prescribed electromag-
netic field:

du,
dr

With the help of Equation (4.78) on page 62 we can express this equation in terms of
the electromagnetic field tensor in the following way:

Mo qu* (8,A, — 8,A,) (5.13)

uy

md
%dr

= qu'Fy, (5.14)
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This is the sought-for covariant equation of motion for a particle in an electromagnetic
field. It is often referred to as the Minkowski equation. As the reader can easily
verify, the spatial part of this 4-vector equation is the covariant (relativistically correct)
expression for the Newton-Lorentz force equation.

Hamiltonian formalism

The usual Hamilton equations for a 3D space are given by Equation (M.103) on
page 180 in Appendix M. These six first-order partial differential equations are

oH _ dqi
35 = i (5.15a)
oH _ dpi

where H(pi, gi,t) = pidi—L(ai, G, t) is the ordinary 3D Hamiltonian, g; is a generalised
coordinate and p; is its canonically conjugate momentum.

We seek a similar set of equations in 4D space. To this end we introduce a canon-
ically conjugate four-momentum p* in an analogous way as the ordinary 3D conjugate
momentum:

o= Ik (5.16)

au,

and utilise the four-velocity u#, as given by Equation (4.36) on page 57, to define the
four-Hamiltonian

Hy = p”Uﬂ - Ly (517)

With the help of these, the radius four-vector x#, considered as the generalised four-
coordinate, and the invariant line element ds, defined in Equation (4.18) on page 52,
we introduce the following eight partial differential equations:

OH4 _ dXﬂ

OH4 _ dpﬂ
e (5.18b)

which form the four-dimensional Hamilton equations.

Our strategy now is to use Equation (5.16) above and Equations (5.18) to derive
an explicit algebraic expression for the canonically conjugate momentum four-vector.
According to Equation (4.41) on page 57, ¢ times a four-momentum has a zeroth
(time) component which we can identify with the total energy. Hence we require
that the component p° of the conjugate four-momentum vector defined according to
Equation (5.16) be identical to the ordinary 3D Hamiltonian H divided by ¢ and hence
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that this cp? solves the Hamilton equations, Equations (5.15) on the preceding page.
This later consistency check is left as an exercise to the reader.

Using the definition of H4, Equation (5.17) on the facing page, and the expression
for L4, Equation (5.4) on page 68, we obtain

1
Hs = p'u, — Ly = pPu, — Emou"uﬂ — qu,A*(X") (5.19)
Furthermore, from the definition (5.16) of the canonically conjugate four-momentum
p*, we see that

P = % = % <%mou”u# + qu#A”(XV)) = mou¥ + gA* (5.20)
u u

Inserting this into (5.19), we obtain
1 1
Hs = mou“u, + gA*u, — Emou*‘uﬂ - qQu'A,(X") = Emou”uﬂ (5.21)

Since the four-velocity scalar-multiplied by itself is u“u, = c2, we clearly see from
Equation (5.21) that H, is indeed a scalar invariant, whose value is simply

2
Hy = 10¢ (5.22)
2
However, at the same time (5.20) provides the algebraic relationship
W= = (o - ga) (5.23)
Mo
and if this is used in (5.21) to eliminate u*, one gets
Mo (1 gy 2 (p, -
Hy = = (mo (P — o) - (Pu qAﬂ)>
1
= omg (P~ ) (e — 9A) (5.24)
= e (P Py — 20A"p, + GPA“A,)

That this four-Hamiltonian yields the correct covariant equation of motion can be
seen by inserting it into the four-dimensional Hamilton’s equations (5.18) and using
the relation (5.23):

OH, q oA,
2t - _ 1 (p = gAY
OXH mo(p g )axﬂ

0
Mo~ Ox (5.25)
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where in the last step Equation (5.20) on the previous page was used. Rearranging
terms, and using Equation (4.79) on page 62, we obtain

du
mod—: =qu” (8,A, - 8,A,) = qU'F, (5.26)

which is identical to the covariant equation of motion Equation (5.14) on page 69. We
can then safely conclude that the Hamiltonian in question is correct.

Recalling expression (4.47) on page 58 and representing the canonically conjugate
four-momentum as p“ = (p°, p), we obtain the following scalar products:

PP = (p%)° - (p)? (5.27a)
1

Apy = o’ = (p- A) (5.27h)

AA, = C_12¢z — (A)? (5.27¢)

Inserting these explicit expressions into Equation (5.24) on the previous page, and
using the fact that for H, is equal to the scalar value moc?/2, as derived in Equa-
tion (5.22) on the preceding page, we obtain the equation

moC 1 2 2
= ame |0 0= Caor® + 200 A)+ 5ot~ PA? | (528)
which is the second order algebraic equation in p°:

2 2
(0% = 00 - [(9) - 20p - A+ GE(AY?] + 9% — mic? = 0 (529)

(P—-gA)?

with two possible solutions

p° = %qﬁ + 1/(p - gA)? + m3c2 (5.30)

Since the zeroth component (time component) p° of a four-momentum vector p* mul-
tiplied by c represents the energy [cf. Equation (4.41) on page 57], the positive solu-
tion in Equation (5.30) must be identified with the ordinary Hamilton function H
divided by c. Consequently,

H=cp®=q¢ +c/(p - gA)* + m3c2 (5.31)

is the ordinary 3D Hamilton function for a charged particle moving in scalar and
vector potentials associated with prescribed electric and magnetic fields.

The ordinary Lagrange and Hamilton functions L and H are related to each other
by the 3D transformation [cf. the 4D transformation (5.17) between L4 and Hy]

L=p-v-H (5.32)
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Using the explicit expressions (Equation (5.31) on the preceding page) and (Equa-
tion (5.32) on the facing page), we obtain the explicit expression for the ordinary 3D
Lagrange function

L=p-v-0g¢—cy/(p—gA)? + mic? (5.33)

and if we make the identification

_ MoV
praA=
\/ 2

where the quantity mv is the usual kinetic momentum, we can rewrite this expression
for the ordinary Lagrangian as follows:

L =gA-v+mv® — ¢ — ¢ y/m2? + m3c2
- (5.35)

=mv® —q(¢p - A-Vv) —mc? = —q¢p + gA - v — moc? -5

=mv (5.34)

What we have obtained is the relativstically correct (covariant) expression for the
Lagrangian describing the motion of a charged particle in scalar and vector potentials
associated with prescribed electric and magnetic fields.

5.2 Covariant field theory

So far, we have considered two classes of problems. Either we have calculated the
fields from given, prescribed distributions of charges and currents, or we have derived
the equations of motion for charged particles in given, prescribed fields. Let us now
put the fields and the particles on an equal footing and present a theoretical description
which treats the fields, the particles, and their interactions in a unified way. This
involves transition to a field picture with an infinite number of degrees of freedom.
We shall first consider a simple mechanical problem whose solution is well known.
Then, drawing inferences from this model problem, we apply a similar view on the
electromagnetic problem.

5.2.1 Lagrange-Hamilton formalism for fields and interac-
tions

Consider the situation, illustrated in Figure 5.1 on the next page, with N identical mass
points, each with mass m and connected to its neighbour along a one-dimensional
straight line, which we choose to be the x axis, by identical ideal springs with spring
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FIGURE 5.1: A one-dimensional chain consisting of N discrete, identical mass
points m, connected to their neighbours with identical, ideal springs with spring
constants k. The equilibrium distance between the neighbouring mass points is
a and 7_1(t), 7 (t), m.1(t) are the instantaneous deviations, along the x axis, of
positions of the (i — 1)th, ith, and (i + 1)th mass point, respectively.

constants k. At equilibrium the mass points are at rest, distributed evenly with a dis-
tance a to their two nearest neighbours. After perturbation, the motion of mass point i
will be a one-dimensional oscillatory motion along X. Let us denote the deviation for
mass point i from its equilibrium position by 7; (t)X.

The solution to this mechanical problem can be obtained if we can find a Lag-
rangian (Lagrange function) L which satisfies the variational equation

6/L(7ﬁ,‘rﬁ,t) dt=0 (5.36)

According to Equation (M.98) on page 180, the Lagrangian is L =T —V where T
denotes the kinetic energy and V the potential energy of a classical mechanical system
with conservative forces. In our case the Lagrangian is

N
L= 3 2 - Keno - (537)

Let us write the Lagrangian, as given by Equation (5.37), in the following way:

N
L=Ya% (5.38)
IZ! .
Here,
1[m, izl — 15\ 2
RGO (639

is the so called linear Lagrange density. If we now let N — eo and, at the same time,
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let the springs become infinitesimally short according to the following scheme:

a — dx (5.40a)
m dm
— > — = li densi .
2 ax M inear mass density (5.40b)
ka—>Y Young’s modulus (5.40c)
T 07
1 x (5.40d)
we obtain
L= / Zdx (5.41)
where

Jomon N L (am\ ()
g(”’ at’ax’t>_2[“<at> Y ax (542)

Notice how we made a transition from a discrete description, in which the mass points
were identified by a discrete integer variable i = 1,2, ..., N, to a continuous descrip-
tion, where the infinitesimal mass points were instead identified by a continuous real
parameter x, namely their position along X.

A consequence of this transition is that the number of degrees of freedom for the
system went from the finite number N to infinity! Another consequence is that .# has
now become dependent also on the partial derivative with respect to x of the ‘“field
coordinate’ . But, as we shall see, the transition is well worth the price because it
allows us to treat all fields, be it classical scalar or vectorial fields, or wave functions,
spinors and other fields that appear in quantum physics, on an equal footing.

Under the assumption of time independence and fixed endpoints, the variation
principle (5.36) on the preceding page yields:

_ o 0n on
‘6//"% (”’ 6t’6x> dt

’ (5.43)
=// gé»fﬁ_ £5(3_r])+£5(3_r]) dx dt
. an P (d_ﬂ) ot g (d_ﬂ) 0X
at X
=0
The last integral can be integrated by parts. This results in the expression
/ / % 0 [ 0Z | _ 9 [ 0Z | s axdt=0 (5.44)
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where the variation is arbitrary (and the endpoints fixed). This means that the integ-
rand itself must vanish. If we introduce the functional derivative

6z _oz o [ oz

- == (5.45)
o dn  Ox\ g (g_;z)

we can express this as
0z _ 9 02 =0 (5.46)

6 ot ¥
T (%)
which is the one-dimensional Euler-Lagrange equation.

Inserting the linear mass point chain Lagrangian density, Equation (5.42) on the
preceding page, into Equation (5.46) above, we obtain the equation of motion for our
one-dimensional linear mechanical structure. It is:

& g u P
—pn-Y—n=(S—=-——)n=0 5.47
o™ "ox2 <Yat2 oxz ) " (547
i.e., the one-dimensional wave equation for compression waves which propagate with
phase speed vs = /Y/u along the linear structure.

A generalisation of the above 1D results to a three-dimensional continuum is

straightforward. For this 3D case we get the variational principle

6/Ldt=6//$d3xdt
:5/.,%(7;,%)&

_// 0L 0 [ 0L V|
B on o \ o () 1
ox¢

(5.48)

=0

where the variation &7 is arbitrary and the endpoints are fixed. This means that the
integrand itself must vanish:

3L 8 [ oz

o " e a(@) =0 (5.49)

X!

This constitutes the four-dimensional Euler-Lagrange equations.
Introducing the three-dimensional functional derivative

67 0z _ o ( oz

5n  on axi @

(5.50)
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we can express this as

sz o[ ox

5 i @ =0 (5.51)

ot

In analogy with particle mechanics (finite number of degrees of freedom), we may
introduce the canonically conjugate momentum density

0z

F(Xﬂ) = 7T(t, X) = 7{9 (552)
o(%)
and define the Hamilton density
N, 91\ 2 01 _ (91 O

If, as usual, we differentiate this expression and identify terms, we obtain the following
Hamilton density equations

aA _ on

= At (5.54a)
8N or

== - _= 5.54b
omn ot ( )

The Hamilton density functions are in many ways similar to the ordinary Hamilton
functions and lead to similar results.

The electromagnetic field

Above, when we described the mechanical field, we used a scalar field 7(t,x). If
we want to describe the electromagnetic field in terms of a Lagrange density .’ and
Euler-Lagrange equations, it comes natural to express .Z in terms of the four-potential
A (X).

The entire system of particles and fields consists of a mechanical part, a field part
and an interaction part. We therefore assume that the total Lagrange density ' for
this system can be expressed as

gtot — gmech +$inter +$ﬁeld (555)

where the mechanical part has to do with the particle motion (kinetic energy). It is
given by L4/V where L, is given by Equation (5.3) on page 68 and V is the volume.
Expressed in the rest mass density og, the mechanical Lagrange density can be written

1
meeh — Egou“u# (5.56)
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The Z™™" part describes the interaction between the charged particles and the
external electromagnetic field. A convenient expression for this interaction Lagrange
density is

L= A, (5.57)

For the field part ™4 we choose the difference between magnetic and electric
energy density (in analogy with the difference between kinetic and potential energy in
a mechanical field). Using the field tensor, we express this field Lagrange density as

- 1
el = — prE, 5.58
4o g (5.58)
so that the total Lagrangian density can be written

1 . 1.,
ot _ EQOU”U;; + A, + %Fﬂ Fuv (5.59)

From this we can calculate all physical quantities.

>FIELD ENERGY DIFFERENCE EXPRESSED IN THE FIELD TENSOR

Show, by explicit calculation, that

1 1 /B?
FPF,, = = [ — — gE? 5.60
duo. "2 (uo % ) (560

i.e., the difference between the magnetic and electric field energy densities.

From Formula (4.79) on page 62 we recall that

0 -Ex/c -E,/c -E;/c

N
E.c -B, Bx 0
and from Formula (4.81) on page 63 that
0 Exy/c E,/c Ej/c
(Fw) = :Eﬁ ;’Z B _BB”X (562)

~E,c -B, B, O

where u denotes the row number and v the column number. Then, Einstein summation and
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direct substitution yields
F*F,, = F®Fg + F®Fq + F®2Fg + F®F
+ FF 0 + FYFy + F2Fp, + FBF 3
+ F2F, + F2'F, + F2F 5 + F3®F
+ FF3 + F3F3 + F¥F3, + F¥F 4

=0-EZ/c® - EZ/c® - EZ/c?

- E2/c? +0+ B2+ B? (5.69)
- EZ/c*+BZ+0+B7
-EZ/c?+B]+BL+0
= —2E%/c? — 2E7/c® — 2EZ/c? + 2B% + 2B? + 2BZ
= —2E2/c? + 2B? = 2(B? - E?/c?)
or
2 2
et () 3 (3 o2)
where, in the last step, the identity equo = 1/¢? was used. QEDE

<1 END OF EXAMPLE 5.1

Using " in the 3D Euler-Lagrange equations, Equation (5.49) on page 76 (with
nreplaced by A,), we can derive the dynamics for the whole system. For instance, the
electromagnetic part of the Lagrangian density

. oy 1
gEM — gpinter +$f|eld — JVAV + 4_Fva”V (565)
Ho

inserted into the Euler-Lagrange equations, expression (5.49) on page 76, yields two
of Maxwell’s equations. To see this, we note from Equation (5.65) above and the
results in Example 5.1 that

6$EM
oA,
Furthermore,

o™ 1 .
On {a(a,lAy)} = I {a(a,lAy) (F AF“”]

= iaﬂ { 9 [(0AY = ' A) (B AL — 0,A)] }
0

= (5.66)

4u 9(0,A))
= ia 9 AN, - O A'O,A (5.67)
= 4/10 “ 6(6”Av) Iavi ARk .

— 'AD A, + aﬂAkaﬂAK] }

1 i)
= A A, — A, A
200" b(aﬂAy) (PR 0= A0, “)}
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But
] d 9
KA/l KA - KAA A A KA/l
AOA) (FA‘DcAL) = 6 a(aﬂAv)‘9 1+ O ”a(a Ay
d
= 9*A! A A *8,g% A
9 a0, (@, A Pt O NS Ay)‘f 9" As
d 9 5.68)
— AKAL A 1 A A ( .
TN Gy O+ 979 O 53 Oubs
d o
— KA/l A a/Aﬁ a/A
9 a(aﬂAv)a“ 1+ B(BA)a s
= 20" AV
Similarly,
9 K A A vV AU
oA (A'01A) = 20" A (5.69)
JIEAN
so that
0. LM ] 1
A, =0, (A - A = =3, F" 5.70
{a(aAv) il )= 0 (5.70)

This means that the Euler-Lagrange equations, expression (5.49) on page 76, for
the Lagrangian density .M and with A, as the field quantity become

0.LEM 0.LEM 1
- = ' - —a,F" = 5.71
0 |agag| g0 0 67
or
0, F™ = o j” (5.72)

which, according to Equation (4.82) on page 63, is the covariant version of Maxwell’s
source equations.

Other fields

In general, the dynamic equations for most any fields, and not only electromagnetic
ones, can be derived from a Lagrangian density together with a variational principle
(the Euler-Lagrange equations). Both linear and non-linear fields are studied with this
technique. As a simple example, consider a real, scalar field  which has the following
Lagrange density:

3——(0 no'n — mr]) (5.73)
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Insertion into the 1D Euler-Lagrange equation, Equation (5.46) on page 76, yields the
dynamic equation

(O*-mY)yp=0 (5.74)

with the solution

= et 5.75)
1 X '
which describes the Yukawa meson field for a scalar meson with mass m. With
1 on
- -7 5.76
d c2 ot (5.76)
we obtain the Hamilton density

1
H = 3 [c?n® + (Vn)? + m?rf] (5.77)

which is positive definite.
Another Lagrangian density which has attracted quite some interest is the Proca
Lagrangian

. : . 1
LM = giner . el = A, + —FPF,, + MPARA, (5.78)
4pao
which leads to the dynamic equation
6;1FIJV _ mZAv — IJOjV (579)

This equation describes an electromagnetic field with a mass, or, in other words,
massive photons. If massive photons would exist, large-scale magnetic fields, includ-
ing those of the earth and galactic spiral arms, would be significantly modified to yield
measurable discrepances from their usual form. Space experiments of this kind on-
board satellites have led to stringent upper bounds on the photon mass. If the photon
really has a mass, it will have an impact on electrodynamics as well as on cosmology
and astrophysics.
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Electromagnetic Fields and Matter

The microscopic Maxwell equations (1.45) derived in Chapter 1 are valid on all scales
where a classical description is good. However, when macroscopic matter is present,
it is sometimes convenient to use the corresponding macroscopic Maxwell equations
(in a statistical sense) in which auxiliary, derived fields are introduced in order to
incorporate effects of macroscopic matter when this is immersed fully or partially in
an electromagnetic field.

6.1 Electric polarisation and displacement

In certain cases, for instance in engneering applications, it may be convenient to sep-
arate the influence of an external electric field on free charges on the one hand and on
neutral matter in bulk on the other. This view, which, as we shall see, has certain lim-
itations, leads to the introduction of (di)electric polarisation and magnetisation which,
in turn, justifies the introduction of two help quantities, the electric displacement vec-
tor D and the magnetising field H.

6.1.1 Electric multipole moments

The electrostatic properties of a spatial volume containing electric charges and located
near a point Xo can be characterized in terms of the total charge or electric monopole
moment

4= [ &% plx) (61
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where the p is the charge density introduced in Equation (1.7) on page 5, the electric
dipole moment vector

pl0) = | 3¢ (X =) p(x) 62)
with components p;, i = 1,2, 3, the electric quadrupole moment tensor
Qa) = | ¢ (¢ = x)X = 0) () (6.3)

with components Q;j, i, j = 1,2, 3, and higher order electric moments.
In particular, the electrostatic potential Equation (3.3) on page 35 from a charge
distribution located near X, can be Taylor expanded in the following way:

[ q 1 (X = Xo)i
+ 5P
X —Xol |X—=Xo|” X—Xol

1 Qs (g(x—xo)i (X — Xo)j —16”) +}

X = Xol® 2 [x—Xol X—Xo| 2

stat( ) —

(6.4)

where Einstein’s summation convention over i and j is implied. As can be seen from
this expression, only the first few terms are important if the field point (observation
point) is far away from Xg.

For a normal medium, the major contributions to the electrostatic interactions
come from the net charge and the lowest order electric multipole moments induced
by the polarisation due to an applied electric field. Particularly important is the dipole
moment. Let P denote the electric dipole moment density (electric dipole moment per
unit volume; unit: C/m?), also known as the electric polarisation, in some medium. In
analogy with the second term in the expansion Equation (6.4) above, the electric po-
tential from this volume distribution P(x") of electric dipole moments p at the source
point X’ can be written

I f— 1 4 4 1
(0 = 7— /d P(X') - |x X,|3 _—Fgo/v,dﬁ‘x P(x).v<|x_x,|)
! d3x’ P(X) - V’< ! >

47T60 X — X’|

(6.5)

Using the expression Equation (M.85) on page 177 and applying the divergence the-
orem, we can rewrite this expression for the potential as follows:

1 [ e o (PX) ) V- P(X)
%) = 4 [/Vd3x V'<|x—x/|> - 5 ]

_ 1 j{dzx'P(X)'”_/dsx/V'P(x)
drey |Js X — X’| / X — X’|

(6.6)
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where the first term, which describes the effects of the induced, non-cancelling dipole
moment on the surface of the volume, can be neglected, unless there is a discontinuity
in P - A at the surface. Doing so, we find that the contribution from the electric dipole
moments to the potential is given by

1 , =V - P(X)
%0 = Fao//d%‘ X — ] ©7
Comparing this expression with expression Equation (3.3) on page 35 for the elec-
trostatic potential from a static charge distribution p, we see that —V - P(x) has the
characteristics of a charge density and that, to the lowest order, the effective charge
density becomes p(x) — V - P(x), in which the second term is a polarisation term.
The version of Equation (1.7) on page 5 where free, ‘true’ charges and bound,
polarisation charges are separated thus becomes

e(x) — V - P(x)

v.e=" (6.8)

€0

Rewriting this equation, and at the same time introducing the electric displacement
vector (C/m?)

D=gE+P (6.9)
we obtain
V- (s0E +P) =V -D = p"™8(x) (6.10)

where p'™ is the ‘true’ charge density in the medium. This is one of Maxwell’s
equations and is valid also for time varying fields. By introducing the notation pP® =
—V - P for the ‘polarised’ charge density in the medium, and p@ = ptue 4 ,Pol
for the ‘total’ charge density, we can write down the following alternative version
of Maxwell’s equation (6.22a) on page 87

ptotal (X)
€0

V-E= (6.11)
Often, for low enough field strengths |E|, the linear and isotropic relationship
between P and E

P=¢ewE (6.12)

is a good approximation. The quantity y is the electric susceptibility which is material
dependent. For electromagnetically anisotropic media such as a magnetised plasma or
a birefringent crystal, the susceptibility is a tensor. In general, the relationship is not of
asimple linear form as in Equation (6.12) above but non-linear terms are important. In
such a situation the principle of superposition is no longer valid and non-linear effects
such as frequency conversion and mixing can be expected.
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Inserting the approximation (6.12) into Equation (6.9) on the preceding page, we
can write the latter

D=c¢E (6.13)
where, approximately,

e=¢o(1+y) (6.14)

6.2 Magnetisation and the magnetising field

An analysis of the properties of stationary magnetic media and the associated currents
shows that three such types of currents exist:

1. Inanalogy with ‘true’ charges for the electric case, we may have “true’ currents
j™e, i.e., a physical transport of true charges.

2. In analogy with electric polarisation P there may be a form of charge transport
associated with the changes of the polarisation with time. Such currents, in-
duced by an external field, are called polarisation currents and are identified
with 9P /dt.

3. There may also be intrinsic currents of a microscopic, often atomic, nature that
are inaccessible to direct observation, but which may produce net effects at
discontinuities and boundaries. These magnetisation currents are denoted j™.

No magnetic monopoles have been observed yet. So there is no correspondence in
the magnetic case to the electric monopole moment (6.1). The lowest order magnetic
moment, corresponding to the electric dipole moment (6.2), is the magnetic dipole
moment

m:%L@%uum@muq (6.15)

For a distribution of magnetic dipole moments in a volume, we may describe this
volume in terms of the magnetisation, or magnetic dipole moment per unit volume,
M. Via the definition of the vector potential one can show that the magnetisation
current and the magnetisation is simply related:

M=VxM (6.16)

In a stationary medium we therefore have a total current which is (approximately)
the sum of the three currents enumerated above:

. . oP
Jtotal — jtree 4 o +VxXM (6.17)
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One might then, erroneously, be led to think that
jtrue aP
VxB=po (J"+ 20+ VXM (INCORRECT)

Moving the term V x M to the left hand side and introducing the magnetising field
(magnetic field intensity, Ampére-turn density) as

H= B_ M (6.18)
Ho
and using the definition for D, Equation (6.9) on page 85, we can write this incorrect
equation in the following form
V x H :jtrue+a_P thrue+__8o_
ot
As we seg, in this simplistic view, we would pick up a term which makes the equation
inconsistent; the divergence of the left hand side vanishes while the divergence of the
right hand side does not. Maxwell realised this and to overcome this inconsistency he
was forced to add his famous displacement current term which precisely compensates
for the last term in the right hand side. In Chapter 1, we discussed an alternative way,
based on the postulate of conservation of electric charge, to introduce the displacement
current.

We may, in analogy with the electric case, introduce a magnetic susceptibility for

the medium. Denoting it y,, we can write

(6.19)

H=— (6.20)
M
where, approximately,
p=Ho(l+xm) (6.21)

Maxwell’s equations expressed in terms of the derived field quantities D and H
are

V-D=p(t,x) (6.22a)

V-B=0 (6.22b)
oB

VXxE-= Ty (6.22¢)

VxH=j{tx)+ %D (6.22d)

and are called Maxwell’s macroscopic equations. These equations are convenient to
use in certain simple cases. Together with the boundary conditions and the constitutive
relations, they describe uniquely (but only approximately!) the properties of the elec-
tric and magnetic fields in matter.
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6.3 Energy and momentum

We shall use Maxwell’s macroscopic equations in the following considerations on the
energy and momentum of the electromagnetic field and its interaction with matter.

6.3.1 The energy theorem in Maxwell’s theory
Scalar multiplying (6.22¢) by H, (6.22d) by E and subtracting, we obtain

H- (VXE)-E-(VxH)=V-(ExH)

oB oD 10 (6.23)
=-H-. E—EJ E- i 26t(H B+E-D)-j-E

Integration over the entire volume V and using Gauss’s theorem (the divergence the-
orem), we obtain

2 1 e , -
‘&/\/Idsx E(H.B+E.D)_/Vld3xj E+]§S,d2x (ExH)-A (6.24)

We assume the validity of Ohm’s law so that in the presence of an electromotive
force field, we make the linear approximation Equation (1.28) on page 11:

j = o(E + EEMF) (6.25)

which means that

/ d% j-E = / d3x’ / ¥ j . EEWF (6.26)
Inserting this into Equation (6.24) above, one obtains
3¢ j - EEMF = d3x’ d3X’—(E D+H- B)+fd (Ex H)-
v/ o (9’[
Applied electric power Joule heat Field energy Radiated power
(6.27)

which is the energy theorem in Maxwell’s theory also known as Poynting’s theorem.
It is convenient to introduce the following quantities:

U, = = / &% E-D (6.28)
2 v
_ 1/ d% H.B (6.29)
2 v
S=ExH (6.30)

where Ug is the electric field energy, Uy, is the magnetic field energy, both measured
inJ, and S is the Poynting vector (power flux), measured in W/m?.
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6.3.2 The momentum theorem in Maxwell’s theory

Let us now investigate the momentum balance (force actions) in the case that a field
interacts with matter in a non-relativistic way. For this purpose we consider the force
density given by the Lorentz force per unit volume pE + j x B. Using Maxwell’s
equations (6.22) and symmetrising, we obtain

ot

=E(V-D)+(VxH)xB—%xB

. D
pE+jXB=(V-D)E+<VXH—a—>XB

=E(V-D)-Bx (VxH)
0 oB

—a(DxB)+DxE (6:31)
=E(V-D)-Bx(VxH)

0
- a(D xB)-Dx(VxE)+ H(V:-OB)

=[E(V-D)-Dx(VxE)]+[H(V-B)-Bx(VxH)]
0
—a(DxB)

One verifies easily that the ith vector components of the two terms in square brack-
ets in the right hand member of (6.31) can be expressed as

1 oD oE 0 1
(6.32)

and

1 0B oH 0 1
[H(V~B)—BX(VXH)]i = E (H.a—Xi_B.a_Xi) +6_Xj (HiBj—§B~H5ij)
(6.33)

respectively.
Using these two expressions in the ith component of Equation (6.31) and re-

shuffling terms, we get

. 1 oD oE 0B oH 0
0 1 1
= —axj (EiDj - §E~D6ij + HiBj - EH 'Béij>
(6.34)

89
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6. ELECTROMAGNETIC FIELDS AND MATTER

Introducing the electric volume force Fey Vvia its ith component

(Fev)i=(pE+ij)i—%KE.@—D-E)+(H-@—B.ﬁ”

O0Xi OXi OXi OXi
(6.35)
and the Maxwell stress tensor T with components
1 1
Tij=EiDj—§E~D5ij+HiBj—§H-Béij (6.36)
we finally obtain the force equation
0 6Tij
— B)| =—=(V-T) 6.37
Fos 50xB) = ZU- (1) (637)

If we introduce the relative electric permittivity « and the relative magnetic per-
meability k, as

D = keoE = €¢E (6.38)
B = kmuoH = uH (6.39)

we can rewrite (6.37) as

aTj; KKm 0S
_ (g, 4 m 3> 6.40
X ( P! 6t)i (6.40)

where S is the Poynting vector defined in Equation (6.28) on page 88. Integration over
the entire volume V yields

d
/ d% Foy +— [ g Mg 74 d Ty (6.41)
\VZ dt \V4 C2 S
Force on the matter Field momentum Maxwell stress

which expresses the balance between the force on the matter, the rate of change of the
electromagnetic field momentum and the Maxwell stress. This equation is called the
momentum theorem in Maxwell’s theory.

In vacuum (6.41) becomes

/V,de’x’ o(E +VxB)+ clz% /Vlde’x’ 5= & Ty (6.42)
or

d mech d field 2y

G g = S/dx Ta (6.43)
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CHAPTER /

Electromagnetic Fields from
Arbitrary Source Distributions

While, in principle, the electric and magnetic fields can be calculated from the Max-
well equations in Chapter 1, or even from the wave equations in Chapter 2, it is often
physically more lucid to calculate them from the electromagnetic potentials derived
in Chapter 3. In this chapter we will derive the electric and magnetic fields from the
potentials.

We recall that in order to find the solution (3.31) for the generic inhomogeneous
wave equation (3.15) on page 38 we presupposed the existence of a Fourier transform
pair (3.16a) on page 39 for the generic source term

f(t,x) = / " do £,(x) et (7.1a)
£,(0) = % /_ : dt £(t, x) et (7.1b)

That such transform pairs exist is true for most physical variables which are neither
strictly monotonically increasing nor strictly monotonically decreasing with time. For
charge and current densities varying in time we can therefore, without loss of gener-
ality, work with individual Fourier components p,,(x) and j,,(X), respectively. Strictly
speaking, the existence of a single Fourier component assumes a monochromatic
source (i.e., a source containing only one single frequency component), which in turn
requires that the electric and magnetic fields exist for infinitely long times. However,
by taking the proper limits, we may still use this approach even for sources and fields
of finite duration.

This is the method we shall utilise in this chapter in order to derive the electric and
magnetic fields in vacuum from arbitrary given charge densities p(t, x) and current
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densities j(t, x), defined by the temporal Fourier transform pairs

Pt = [ dopuxe (7.22)
1 /= ;
=5 [ dtpt e (7.2)
271' —eo
and
it = [ doj,ge™ (7.3)
o0 = — / dtj(t, x) et (7.30)
27T J —eo
under the assumption that only retarded potentials produce physically acceptable solu-
tions.
The temporal Fourier transform pair for the retarded scalar potential can then be
written
8(t, X) = / doo ¢, () €71 (7.42)

eik\x—x’|

_ 1 " iwt_i ’ ’
0,00 = 5= [ _dto et = 7 [ % pux) (7.40)

X —Xx’|

where in the last step, we made use of the explicit expression for the temporal Fourier
transform of the generic potential component ¥, (x), Equation (3.28) on page 40.
Similarly, the following Fourier transform pair for the vector potential must exist:

A(t.X) = /  dw A(x) et (7.5a)

eiklx—x’l

_ i 0 jwt _ /170/ ’ = Y
A = - /_ LA e = B 6 60 s (7.5b)

Clearly, we must require that

A, =A bu =0-, (7.6)

—w?

in order that all physical quantities be real. Similar transform pairs and requirements
of real-valuedness exist for the fields themselves.

In the limit that the sources can be considered monochromatic containing only one
single frequency wg, we have the much simpler expressions

p(t,x) = po(x)e™ (7.79)
i(t.%) = jo(x)e™ ! (7.7b)
(. X) = go(x)e ! (7.7¢)
A(t, X) = Ag(x)e ot (7.7d)
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The magnetic field

where again the real-valuedness of all these quantities is implied. As discussed above,
we can safely assume that all formulae derived for a general temporal Fourier rep-
resentation of the source (general distribution of frequencies in the source) are valid
for these simple limiting cases. We note that in this context, we can make the formal
identification p,, = pod(w — wo), jo = jod(w — wp) etc., and that we therefore, without
any loss of stringence, let po mean the same as the Fourier amplitude p,, and so on.

7.1 The magnetic field

Let us now compute the magnetic field from the vector potential, defined by Equa-
tion (7.5a) and Equation (7.5b) on the preceding page, and Formula (3.6) on page 36:

B(t,X) = V x A(t, x) (7.8)

The calculations are much simplified if we work in w space and, at the final stage,
inverse Fourier transform back to ordinary t space. We are working in the Lorentz
gauge and note that in w space the Lorentz condition, Equation (3.13) on page 38,
takes the form

V~Aw—i§¢w=0 (7.9)

which provides a relation between (the Fourier transforms of) the vector and scalar
potentials.

Using the Fourier transformed version of Equation (7.8) and Equation (7.5b) on
the preceding page, we obtain

|k|x X/

B,(X) = V X A(X) = —Vx/d3x’ i () (7.10)

IX — x|

Utilising Formula (F.57) on page 160 and recalling that j.,(x") does not depend on X,
we can rewrite this as

. eik\x—x'|
Bw(x)———/df‘x 10 [ (55|
[/ d% ju(X) x ( — X,ls) gl

/ d% j () x ( i/le'k“"> ﬁ} (7.11)
_ Mo , Jw(X)e T x (x - X)
_E[/ld%( x —x®
, (=1K)j, (X)X x (x — x')
+ /\,,dsx X XP }
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From this expression for the magnetic field in the frequency (w) domain, we ob-
tain the total magnetic field in the temporal (t) domain by taking the inverse Fourier
transform (using the identity —ik = —iw/c):

B(t.X) = / " dw B, (x) et
Ho s [ dw jo (x)e M Xl i (x — )
-ie{ [

X —x?

L e Lm0 GO0t x 9
c Jv

X — x|

_ Ho , J(te, X)) X (X = X') Mo ’ J(tret,X)X(X—X')
- /dax +47TC/ o

4r Jv x —x® X — X|?
Induction field Radiation field
(7.12)
where
def (0]
i) (3) (7.13
t=tig

The first term, the induction field, dominates near the current source but falls off rap-
idly with distance from it, is the electrodynamic version of the Biot-Savart law in
electrostatics, Formula (1.15) on page 7. The second term, the radiation field or the
far field, dominates at large distances and represents energy that is transported out to
infinity. Note how the spatial derivatives (V) gave rise to a time derivative (')!

7.2 The electric field

In order to calculate the electric field, we use the temporally Fourier transformed
version of Formula (3.10) on page 37, inserting Equations (7.4b) and (7.5b) as the
explicit expressions for the Fourier transforms of ¢ and A:

Eu(X) = —V6,(X) + iwA,(X)

1 pikix—x'| iﬂow . ek
= _47l'gov v w( ) 47'[_ /\//d%( Jw(x)'x_x/l
- = { / i 2o )e'k'x - ‘(X - ) (7.14)
4”‘90 |X _ X/|3
|k/ d3x/ pa)(x )(X X ) jw(x/) eik|X—X'\
|X X' C |X — X/l

Using the Fourier transform of the continuity Equation (1.23) on page 9

V' jo(X) —lwp,(X) = 0 (7.15)
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we see that we can express p,, in terms of j,, as follows

pold) ==V (x) (7.16)

Doing so in the last term of Equation (7.14) on the facing page, and also using the fact
that k = w/c, we can rewrite this Equation as

, Po(X ) XI(x — X')
w(X) - 71'80 |:/V d%( |3

[x — x’
(Vo (X)X = X') glki—x (7.17)
o o ( xox el )> X - x'|]
lo

The last vector-valued integral can be further rewritten in the following way:

w = / dx’ ([V’ Ju(X)](X = X') 3 ikjw(x’)) gikix=x'|
V2

IX—X’I X — x|

o ((om 1= § kx| (7.18)
B / (8x;n X — x’| ~ ki )>X' X — x|
But, since
0 (j - X =X eiklx—x’l) _ (‘9me) I oikx=x'|
X’ w w2 - OX’. ’
X X —X'| ! [X = X'| , (7.19)
T jom < X — X eikx—x’|>
Moxr \ x — x|
we can rewrite 1, as
o X| - . , eile—X’\
l, = _/ d |:me(9X' ( '2>?| elklx—x) +ikj°’|x X,J
'X Xl (7.20)

/ H XI & |k|x—x’|
- 6x’< el )

where, according to Gauss’s theorem, the last term vanishes if j,, is assumed to be
limited and tends to zero at large distances. Further evaluation of the derivative in the
first term makes it possible to write

_/ a3 (_. gikix=x'| n 2 [J (X — X’)] (X — X')eiklx_x"

v Yoo e 7.21

— ik da)(’ (_ [jw . (X — X')] (X - ) Ik\x X| eiklx d > ( . )
V/

+]
X —x? “Ix = x|
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Using the triple product ‘bac-cab’ Formula (F.51) on page 160 backwards, and in-
serting the resulting expression for I, into Equation (7.17) on the preceding page, we
arrive at the following final expression for the Fourier transform of the total E field:

1 ;o 8 ipow i e
Ew(X) - _Fgov/\/rdax pu)(x)lx_x/l + 4ﬂ- /\'//dRX Jw(X)|X—X'|
- U i P =)

4neg x —x'[?
/d3x’ [ (x")ex= T)l (>;,|4X)](X X') (7.22)
/ 93¢ i, (X)e"* 1 x (x = x')] X (x —X')
x — x’[*
/ d3x’ [io(X)e X1 x (x = x)] x (X — X')
X —xP?

Taking the inverse Fourier transform of Equation (7.22) above, once again using
the vacuum relation w = kc, we find, at last, the expression in time domain for the
total electric field:

E(t,x) = / " dwE,, (x) et
1 / , P(ters X)X = X)
=_— [ @3¢ B2 /A% 77

dreg [x — x’|3

Retarded Coulomb field
L[ gy D) (- X)lix-X)

+

47TSOC . |X _ X/|4
Intermediate field (7.23)
+ 1 / d U(tret’x ) X (X — X/)] X (X - X,)

4

drregC Sy X — X|

Intermediate field
1 3y [](tret’ X)X (X =X)] % (X=X
d 3
471'80C2 ’ X — x|

Radiation field
Here, the first term represents the retarded Coulomb field and the last term represents
the radiation field which carries energy over very large distances. The other two terms
represent an intermediate field which contributes only in the near zone and must be
taken into account there.

With this we have achieved our goal of finding closed-form analytic expressions
for the electric and magnetic fields when the sources of the fields are completely ar-
bitrary, prescribed distributions of charges and currents. The only assumption made
is that the advanced potentials have been discarded; recall the discussion following
Equation (3.31) on page 41 in Chapter 3.
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7.3 The radiation fields

In this section we study electromagnetic radiation, i.e., the part of the electric and mag-
netic fields, calculated above, which are capable of carrying energy and momentum
over large distances. We shall therefore make the assumption that the observer is loc-
ated in the far zone, i.e., very far away from the source region(s). The fields which are
dominating in this zone are by definition the radiation fields.

From Equation (7.12) on page 96 and Equation (7.23) on the facing page, which
give the total electric and magnetic fields, we obtain

Bt x) = / " dw B, (x) e it = HO / g 1er X) X <§—X> (7.24a)
—e0 4nc Jv X — X’|

Erad(t, X) — / dw Eradw(X) e—iwt

._ 7.24b
Y PO SIS R (7:249)
4reoC? Sy X —x®
where
s def (0]
it (3) (7.29

Instead of studying the fields in the time domain, we can often make a spectrum
analysis into the frequency domain and study each Fourier component separately. A
superposition of all these components and a transformation back to the time domain
will then yield the complete solution.

The Fourier representation of the radiation fields Equation (7.24a) above and Equa-
tion (7.24b) were included in Equation (7.11) on page 95 and Equation (7.22) on the
facing page, respectively and are explicitly given by

ijd(x) = 2i/ dt B9t x) et
T Jeo
_ il / i Jo() X (X=X e
A Jv X — X'|2
- _jHe / g 1) XK g
ar Jv X — X’|
E:fd(x) = % / dt Erad(t, X) giot

o T XK= XTX (K= X) ey
4dreqC /’d3x X — X’|3 glkh=x] (7.26b)
! /’d3x’ [ (X) X K] % (x — X') pikix-X'

4megC X — X2

(7.26a)

where we used the fact that k = kk = k(x = x")/ |x = x‘.

Downloaded from http://www.plasma.uu.se/CED/Book Version released 20th January 2004 at 23:34. 99




7. ELECTROMAGNETIC FIELDS FROM ARBITRARY SOURCE DISTRIBUTIONS

100

)

FIGURE 7.1: Relation between the surface normal and the k vector for radi-

ation generated at source points x’ near the point Xq in the source volume V. At

distances much larger than the extent of V, the unit vector fi, normal to the sur-

face S which has its centre at Xq, and the unit vector k of the radiation k vector
from x’ are nearly coincident.

If the source is located inside a volume V near Xy and has such a limited spatial
extent that max |x’ — Xo| < [X — X’|, and the integration surface S, centred on Xg, has
a large enough radius |x — Xg| > max |X’ — Xq|, we see from Figure 7.1 that we can
approximate

kjx=X|=k-(x=x)=k-(x=x0)—k- (X = Xo)

(7.27)
~ K|X = Xg| — K- (X" — Xq)

Recalling from Formula (F.45) and Formula (F.46) on page 159 that
dS = |x — Xo|2dQ = X — Xo|? sin@do dy

and noting from Figure 7.1 that k and f are nearly parallel, we see that we can ap-
proximate.

k- ds k-
o= —1_ds ~d0 (7.28)
IX — Xol [X = Xol

Both these approximations will be used in the following.

Within approximation (7.27) the expressions (7.26a) and (7.26b) for the radiation
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fields can be approximated as

. ; jo(X) XK i
B(x) ~ —|Z—fr glkh=xol //d3x’ Jib(( —)X'l g k(X —x0)

Tkix= (7.29a)
o gikix—Xol / TR —ik-(¢~X0)
ar ix—xq) 0¥ ul) x e
90 ~ i o et [ gy DoDXMX KD ey
¢ 4dnenC X — X'
1 ekl (X—Xo) B Ti (¢ ] -k (7.29b)
~ areoc X = xol X = Xol x/v/ bo(X) x K]e

le., if max X’ — Xo| < |x — X’|, then the fields can be approximated as spherical waves
multiplied by dimensional and angular factors, with integrals over points in the source
volume only.

7.4 Radiated energy

Let us consider the energy that is carried in the radiation fields B, Equation (7.26a),
and E™, Equation (7.26b) on page 99. We have to treat signals with limited lifetime
and hence finite frequency bandwidth differently from monochromatic signals.

7.4.1 Monochromatic signals

If the source is strictly monochromatic, we can obtain the temporal average of the
radiated power P directly, simply by averaging over one period so that

(S)y =(E x H) = iRe{E x B*} = iRe {Ee™ x (B,e™")"}
2uo 2uo
1 1 (7.30)
—Re{E, x B! e"“lglt] = Re E, x B;
= ke } = 5, Re (EuxB)
Using the far-field approximations (7.29a) and (7.29b) and the fact that 1/c = +/eotio
and Ry = +/uo/ego according to the definition (2.18) on page 28, we obtain

1 ’ —ik-(X"—Xo) 2 X —Xo
® = 3R n X| / & (o, x Ke ] (7.31)
or, making use of (7.28) on the facing page,
32 = LR / & (ji, x K)e K - (7.32)

which is the radiated power per unit solid angle.
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7.4.2 Finite bandwidth signals

A signal with finite pulse width in time (t) domain has a certain spread in frequency
(w) domain. To calculate the total radiated energy we need to integrate over the whole
bandwidth. The total energy transmitted through a unit area is the time integral of the
Poynting vector:

/_:dt S(t) = /_:dt (E x H)

o w . (7.33)
= [ do [ dor [ dtExH et
If we carry out the temporal integration first and use the fact that
/_ :dt e @ = 275(w + W) (7.34)
Equation (7.33) above can be written [cf. Parseval’s identity]
[ :dt S(t) = 2r [ :dw (E, x H_y)
p (/OM(EM x H_,)dw + /_O (E, x H_,) dw)
p </°°(Ew x H_,) dw — /_M(Ew xH_,) dw>
0 0 (7.35)

= 2r ( / (E, x H_,) dw + / (E_waw)dw>
0 0
2r [®
=_/ (E, X B, +E_, X B,)dw
Mo Jo
o [ |
=—”/ (E, x B!, + E!, x B,) dw
Ho Jo

where the last step follows from physical requirement of real-valuedness of E,, and
B,,. We insert the Fourier transforms of the field components which dominate at large
distances, i.e., the radiation fields (7.26a) and (7.26b). The result, after integration
over the area S of a large sphere which encloses the source, is

1 ®0
U=—1/@fd2xﬁ-/ dw
A7 \ & Js 0

Inserting the approximations (7.27) and (7.28) into Equation (7.36) and also intro-
ducing

. K , 2
[ o ﬁe'kwl k (7.36)

U= / U,, dw (7.37)
0
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and recalling the definition (2.18) on page 28 for the vacuum resistance Ry we obtain

. 2
/ a3 (j, x K)e K& gy (7.38)
JV’

which, at large distances, is a good approximation to the energy that is radiated per unit
solid angle dQ in a frequency band dw. It is important to notice that Formula (7.38)
includes only source coordinates. This means that the amount of energy that is being
radiated is independent on the distance to the source (as long as it is large).
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CHAPTERS8

Electromagnetic Radiation and
Radiating Systems

In Chapter 3 we were able to derive general expressions for the scalar and vector
potentials from which we then, in Chapter 7, calculated the total electric and magnetic
fields from arbitrary distributions of charge and current sources. The only limitation
in the calculation of the fields was that the advanced potentials were discarded.

Thus, one can, at least in principle, calculate the radiated fields, Poynting flux and
energy for an arbitrary current density Fourier component and then add these Fourier
components together to construct the complete electromagnetic field at any time at
any point in space. However, in practice, it is often difficult to evaluate the source
integrals unless the current has a simple distribution in space. In the general case, one
has to resort to approximations. We shall consider both these situations.

8.1 Radiation from extended sources

Certain radiation systems have a geometry which is one-dimensional, symmetric or in
any other way simple enough that a direct calculation of the radiated fields and energy
is possible. This is for instance the case when the current flows in one direction in
space only and is limited in extent. An example of this is a linear antenna.
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FIGURE 8.1: A linear antenna used for transmission. The current in the feeder

and the antenna wire is set up by the EMF of the generator (the transmitter).

At the ends of the wire, the current is reflected back with a 180° phase shift to
produce a antenna current in the form of a standing wave.

8.1.1 Radiation from a one-dimensional current distribu-
tion

Let us apply Equation (7.32) on page 101 to calculate the power from a linear, trans-
mitting antenna, fed across a small gap at its centre with a monochromatic source.
The antenna is a straight, thin conductor of length L which carries a one-dimensional
time-varying current so that it produces electromagnetic radiation.

We assume that the conductor resistance and the energy loss due to the electro-
magnetic radiation are negligible. The charges in this thin wire are set in motion due
to the EMF of the generator (transmitter) to produce an antenna current which is the
source of the EM radiation. Since we can assume that the antenna wire is infinitely
thin, the current must vanish at the end points —L/2 and L/2. Furthermore, for a
monochromatic signal, the current is sinusoidal and is reflected at the ends of the an-
tenna wire and undergoes there a phase shift of z radians. The combined effect of this
is that the antenna current forms a standing wave as indicated in Figure 8.1

For a Fourier component wq the standing wave current density can be written as
J(t', X)) = jo(X") exp{—iwgt’} [cf. Equations (7.7) on page 94] where

sin[k(L/2 - |x4])]

Jo(X) = 106(x1)8(x5) Sn(kL/2) X3 (8.1)

where the current amplitude | is a constant (measured in A).

In order to evaluate Formula (7.32) on page 101 with the explicit monochromatic
current (8.1) inserted, we use a spherical polar coordinate system as in Figure 8.2 on
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FIGURE 8.2: We choose a spherical polar coordinate system (r = |x|, 8, ¢) and

orient it so that the linear antenna axis (and thus the antenna current density j,,)
is along the polar axis with the feed point at the origin.

the facing page to evaluate the source integral

2
[ 0% Jo x ke E

Kk sin ee—ikxé cos Geikxo cos @ dX'3

L/2 snn[k(L/2—| X))
/L/Z sin(kL/2)

2
, k?sin’g

%sin?(kL/2) |
_ 42 ( CosIKL/2) cos ] - cos(KL/2) 2
- sin@sin(kL/2)

L/2
? 2/ sin[k(L/2 — x3)] cos(kxj cos ) dx;
0

(8.2)

Inserting this expression and dQ = 27 sin@dé into Formula (7.32) on page 101 and
integrating over 6, we find that the total radiated power from the antenna is

P(L) = Rol2 1/ (cos[(kL/Z)cosH]—cos(kL/Z)

2
singsin(kL/2) ) singdo (8.3)
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One can show that

x [L\?
Jim P(L) = 5 (—) Rol3 (8.4)

where 2 is the vacuum wavelength.
The quantity

2 2
redy = PO _ PO _ Rog (5) ~ 197 (%) Q (8.5)

2 112
15 515 A

is called the radiation resistance. For the technologically important case of a half-
wave antenna, i.e., for L = A/2 or kL = &, Formula (8.3) on the preceding page
reduces to

, 1 7 cos?(%coso) "

P(/2) =Rolb - | N (8.6)

The integral in (8.6) can always be evaluated numerically. But, it can in fact also
be evaluated analytically as follows:

v 2 (n 1 2 (n
/ wdezmwﬂ]:/ cos? (5U) . _
0 _

siné 1 1-u?
(my _ 1+ cos(rru)
o () - )

/1 1 + cos(ru)

1 (L+u)(1-u)

B 11+ cos(nu) 11+ cos(;ru) (8.7)
‘4/ 4/ au

(1+u) (1—u)
B 11+cos(7ru) B v
‘2/ Tlru ‘[““*;]

271 _ 1
- —/ COSY 4y = [y + In 27 — Ci(27)]
2 Jo v 2
~ 1.22

where in the last step the Euler-Mascheroni constant -y = 0.5772... and the cosine
integral Ci(x) were introduced. Inserting this into the expression Equation (8.6) above
we obtain the value R(1/2) ~ 73 Q.

8.1.2 Radiation from a two-dimensional current distribu-
tion

As an example of a two-dimensional current distribution we consider a circular loop

antenna and calculate the radiated fields from such an antenna. We choose the Cartesian
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FIGURE 8.3:  For the loop antenna the spherical coordinate system (r, 9, ¢) de-
scribes the field point x (the radiation field) and the cylindrical coordinate system
(o', ¢’, ") describes the source point X’ (the antenna current).

coordinate system Xj x,Xs with its origin at the centre of the loop as in Figure 8.3 on
the facing page

According to Equation (7.29a) on page 101 the Fourier component of the radiation
part of the magnetic field generated by an extended, monochromatic current source is

Brad _ _iﬂoeik‘x‘ / d3x/ e—ik~X’ i xk (8 8)
[ 47T le v Jw .
In our case the generator produces a single frequency w and we feed the antenna
across a small gap where the loop crosses the positive x; axis. The circumference
of the loop is chosen to be exactly one wavelength A = 2zc/w. This means that the
antenna current oscillates in the form of a sinusoidal standing current wave around the
circular loop with a Fourier amplitude

Jo=locos¢’s(p” —a)d(z')¢’ (8.9)
For the spherical coordinate system of the field point, we recall from subsection F.4.1 on
page 159 that the following relations between the base vectors hold:

? = sin#cos pX; + sin@sin pX, + Cos OX3

6 = c0S0.c0s Xy + C0SHSin ek, — Sin X3

@ = —SinpX; + COS Xy
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and
K1 = sincos ¢f + cos O cos ¢b — sin p@
Ko = sinOsin of + cos Osin ¢h + COS PP
X3 = COSOF — sin 60

With the use of the above transformations and trigonometric identities, we obtain for
the cylindrical coordinate system which describes the source:

p =cose' Xy +Ssing' X,

= sin@cos(y’ — @)F + cosOcos(y’ — ) + sin(¢’ — ¢)@ (8.10)
@ =~ sin go’>-‘<1 +€0S ¢’ X | ) 6.11)
= —sindsin(¢’ — ¢)f —cosdsin(¢’ — ¢)0 + cos(¢’ — @)@
7 = %3 = cosf — sin 6o (8.12)
This choice of coordinate systems means that k = kf and x’ = ap’ so that
k- x" =kasingcos(¢’ — ¢) (8.13)
and
@ x k = k[cos(¢’ — ¢)@ + cos@sin(¢’ — ¢)@] (8.14)

With these expressions inserted and d3’ = p’dp’dy’dz’, the source integral be-
comes

S 2n L ,
/V/d?;X/ e—lk-x jw x Kk = aA d(,Dl e—lkasmecos(p —tp)lo cos 90, ‘)b x K
2t . , "
= lpak / gkasinfcosle’=¢) cog(y’ — ) cos ¢’ dy’ @ (8.15)
0

2r .. ,
+ lpak cos 6 / e ikasingcos¢’=¢) gjn (o’ — ) cos ¢’ de’ @
0

Utilising the periodicity of the integrands over the integration interval [0, 2x], in-
troducing the auxiliary integration variable ¢”” = ¢’ — ¢, and utilising standard trigo-
nometric identities, the first integral in the RHS of (8.15) can be rewritten

2n H H "
/O e—|kasm9005¢ COS(,O” COS((,O” +(,0) d(p"

‘271 H H ' - - -
=COoS¢ / ekasindcos¢” 052 7 dy'” + a vanishing integral
JO

2 i i . 1 1
= COS ¢ / gikasinfcosy <§ *5 cos 2g0"> de” (8.16)
0

1 2n ikasi "
— E COS(,D/O pikasingcos ¢ dtp”

1 o ”
+ E COS(p/ e—lkasm 6cos ¢ cos 2‘pN d(,D”
0
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Analogously, the second integral in the RHS of (8.15) can be rewritten

2n .o
A e—lkasm fcosy S|n(,0// COS((,DH + ‘P) d(p"

1. o "
— Esm‘p/O e—lkasmecos(p dtp"

1 L "
_ E Siﬂ(p/ e—lkasanCOStp COS 290” dQO"
0
As is well-known from the theory of Bessel functions,

In(=€) = (=1)"In()
j—n j—n

T 2
In(=4) = —/ e %% cosnp dyp = —/ e7%¢ cosny de
T Jo 27 Jo
which means that

2r ” i
/ g-ikasin6cosy dy” = 2nJo(kasin 6)
0

/O - ekasingcose” 0o5 20" dy” = —21d,(kasin )
Putting everything together, we find that
V’d3x’ e X j,xk=56+1¢
= loakm cos ¢ [Jg(kasin ) — Jo(kasin6)] @
+ lpakm cos @sin ¢ [Jo(kasin6) + Jo(kasin6)] ¢

so that, in spherical coordinates where |x| = r,

—i eikr
BI0) = — - —
TT

(50+1)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

To obtain the desired physical magnetic field in the radiation (far) zone we must
Fourier transform back to t space and take the real part and evaluate it at the retarded

time:
(ikr—ot’)

B"d(t, x) = Re{_iﬂojiﬂr (Z§9+Ip¢’)}

_HO G — ot (184 1
_47Trsm(kr wt') (50+149)

|0ak/10

= sin(kr — wt) ( cos ¢ [Jo(kasin 6) — J,(kasin 6)] @

+ cosdsinp[Jo(kasin ) + Jp(kasin )] ¢)

(8.22)

From this expression for the radiated B field, we can obtain the radiated E field with

the help of Maxwell’s equations.
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8.2 Multipole radiation

In the general case, and when we are interested in evaluating the radiation far from
the source volume, we can introduce an approximation which leads to a multipole
expansion where individual terms can be evaluated analytically. We shall use Hertz’
method to obtain this expansion.

8.2.1 The Hertz potential

Let us consider the equation of continuity, which, according to expression (1.23) on
page 9, can be written

Ip(t, X)
ot

In Section 6.1.1 we introduced the electric polarisation P such that V - P = —pP°!, the
polarisation charge density. If we introduce a vector field z(t, X) such that

+V-jt.x) =0 (8.23)

V.n=-p" (8.24a)
o e

- 8.24b

ot ] ( )

and compare with Equation (8.23), we see that x(t, X) satisfies this equation of con-
tinuity. Furthermore, if we compare with the electric polarisation [cf. Equation (6.9)
on page 85], we see that the quantity 7 is related to the ‘true’ charges in the same way
as P is related to polarised charge, namely as a dipole moment density. The quantity
7 is referred to as the polarisation vector since, formally, it treats also the ‘true’ (free)
charges as polarisation charges so that

true+ppol -V-7r-V-P

v.eE=" (8.25)
&0 €0
We introduce a further potential TI° with the following property
V-II* = -¢ (8.26a)
1 omm®
——=A 8.26b
c2 ot ( )

where ¢ and A are the electromagnetic scalar and vector potentials, respectively. As
we see, TI°® acts as a ‘super-potential’ in the sense that it is a potential from which
we can obtain other potentials. It is called the Hertz’ vector or polarisation poten-
tial. Requiring that the scalar and vector potentials ¢ and A, respectively, fulfil their
inhomogeneous wave equations, one finds, using (8.24) and (8.26), that Hertz’ vector
must satisfy the inhomogeneous wave equation

16

2yqe — — Y e _ 2 ezl
DI = & 5l - VI = — (8.27)
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0

FIGURE 8.4:  Geometry of a typical multipole radiation problem where the field

point x is located some distance away from the finite source volume V' centred

around Xo. If kX" — X < 1 < K |X — Xol|, then the radiation at x is well approx-
imated by a few terms in the multipole expansion.

This equation is of the same type as Equation (3.15) on page 38, and has therefore
the retarded solution

1 a(te, X)
e _ ’ ret
(t, ) = s //d%( e (8.28)

with Fourier components

1 T (X/)eik\X—X’l
mx) = / oo T 8.29
o) drey Jvr X — x| (829
If we introduce the help vector C such that
C=VxII* (8.30)

we see that we can calculate the magnetic and electric fields, respectively, as follows

106C
B=-— 31
2 (8.31a)
E=VxC (8.31b)

Clearly, the last equation is valid only outside the source volume, where V - E = 0.
Since we are mainly interested in the fields in the far zone, a long distance from the
source region, this is no essential limitation.

Assume that the source region is a limited volume around some central point X
far away from the field (observation) point x illustrated in Figure 8.4. Under these
assumptions, we can expand the Hertz’ vector, expression (8.28), due to the presence
of non-vanishing z(t/.;, X’) in the vicinity of Xo, in a formal series. For this purpose we
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recall from potential theory that

ikix-x’| eiKI(x=X0)—(x"—Xo)|

IX =X ~ (X = Xo) — (X' — Xo)| (8.32)

= ik Z(zn + 1)Pp(c0s ©) jn(k X" — Xo[)nE (K Ix — Xol)
n=

where (see Figure 8.4 on the previous page)

eiklx—x’l
is a Green function

X = X'|

O is the angle between X" — Xg and X — Xg
Pn(cos ®) is the Legendre polynomial of order n
in(k
h® (k |x — xq|) is the spherical Hankel function of the first kind of order n

X - xoj) is the spherical Bessel function of the first kind of order n

According to the addition theorem for Legendre polynomials

n H ’
Pa(cos®) = Y (~1)"Pp(cos 6)P,™(cos g')eMe=¢) (8.33)

m=-n

where P is an associated Legendre polynomial and, in spherical polar coordinates,

X' = Xo = (|X = %o

,0',8") (8.34a)
X —Xo = (X = Xol, 0, ®) (8.34b)

Inserting Equation (8.32), together with Formula (8.33) above, into Equation (8.29)
on the preceding page, we can in a formally exact way expand the Fourier component
of the Hertz’ vector as

® n

- o > 3 @0+ DI~ PRcos )™
0 A=0 M==n (835)

x / A%’ 7,(X) jnlk |X' - Xo) Pa™(cos &) ™

V!
We notice that there is no dependence on x — X, inside the integral; the integrand is
only dependent on the relative source vector X" — Xo.

We are interested in the case where the field point is many wavelengths away from
the well-localised sources, i.e., when the following inequalities

k|X = xo| <1 < k|X—Xol (8.36)
hold. Then we may to a good approximation replace h{!) with the first term in its

asymptotic expansion:

o) e
hy? (K IX = Xol) = (1) KX =Xo| (8.37)
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and replace j, with the first term in its power series expansion:

X = Xo|)" (8.38)

. , 2"n!
jn(k X" = Xo|) ~ G D) (k

Inserting these expansions into Equation (8.35) on the preceding page, we obtain the
multipole expansion of the Fourier component of the Hertz’ vector

e~ Y o (8.39%)
where
1 elkx-xol 2npj
l-[e(n): _i\n / ?>X/ N (kIx - np )
&M = (-i) Ines K= xa| (20)1 V/d 7,(X') (K |X' = Xo|)" Pn(cos ®) (8.39b)

This expression is approximately correct only if certain care is exercised; if many
™ terms are needed for an accurate result, the expansions of the spherical Hankel
and Bessel functions used above may not be consistent and must be replaced by more
accurate expressions. Taking the inverse Fourier transform of IS, will yield the Hertz’
vector in time domain, which inserted into Equation (8.30) on page 113 will yield C.
The resulting expression can then in turn be inserted into Equation (8.31) on page 113
in order to obtain the radiation fields.

For a linear source distribution along the polar axis, ® = 6 in expression (8.39b),
and Pp(cos 6) gives the angular distribution of the radiation. In the general case, how-
ever, the angular distribution must be computed with the help of Formula (8.33) on
the preceding page. Let us now study the lowest order contributions to the expansion
of Hertz’ vector.

8.2.2 Electric dipole radiation

Choosing n = 0 in expression (8.39b), we obtain

eik\x—xo| 1 eik|x—x0|

new):i/ o () = —— 4
@ 47T80|X—X0| V'd ﬂw(X) 471'80 |X—Xo| P (8 0)

Since & represents a dipole moment density for the ‘true’ charges (in the same vein as
P does so for the polarised charges), p,, = f,,d%’ m,,(X) is the Fourier component of
the electric dipole moment

P(t, Xo) = /V & nlt'.x) = /V &% (¢~ xo)p(t. ) (8.41)

[cf. Equation (6.2) on page 84 which describes the static dipole moment]. If a spher-
ical coordinate system is chosen with its polar axis along p,, as in Figure 8.5 on the
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FIGURE 8.5: If a spherical polar coordinate system (r, 8, ) is chosen such that
the electric dipole moment p (and thus its Fourier transform p,,) is located at the
origin and directed along the polar axis, the calculations are simplified.

following page, the components of TI¢© are

def 1 elkix—Xdl
m=m®.f=-— > p_cosd 8.42a
' @ drreg X — Xol P ( )
def - 1 eikxXl .
m=m®.6=———— - _p,sine 8.42b
f @ drey X — Xol P ( )
m g mo.g=0 (8.42¢)

Evaluating Formula (8.30) on page 113 for the help vector C, with the spherically
polar components (8.42) of T2 inserted, we obtain

0 1 1 " eik\x—xol
C —cO g i inog 8.43
=00 o () Sy Pesines (8.43)

Applying this to Equation (8.31) on page 113, we obtain directly the Fourier compon-
ents of the fields

. Wi 1 ) eik\x—x0| ) ~
B, = —i 0 —ik) S p,sing 8.44a
4 <|x—xo| )|x—x0|p $ (8.443)

1 1 ik X — Xo
= 2 = cos @
4reg IX = Xol* X = Xol X = Xol

1 ik ] elkixxol
+( 5 - —k2> smea]—pw
IX = Xol® X —=Xol X — Xol

(8.44b)
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Keeping only those parts of the fields which dominate at large distances (the radi-
ation fields) and recalling that the wave vector k = k(x — Xg)/ [X — Xo| where k = w/c,
we can now write down the Fourier components of the radiation parts of the magnetic
and electric fields from the dipole:

e|k\x Xol ,u elk\x Xol
grad — _LHO Jksing L, x k 8.45a
© = T ax —xg P “n K —xg] P X ) (8.452)
1 e|k|x Xol R 1 elk\X Xol
Ered - __— Wksingh = ——— » X K) x K 8.45b
@ dreg X — Xo| P dreg |X — Xpl [(p ) ] ( )

These fields constitute the electric dipole radiation, also known as E1 radiation.

8.2.3 Magnetic dipole radiation

The next term in the expression (8.39b) on page 115 for the expansion of the Fourier
transform of the Hertz’ vector is for n = 1:

eik|x—x0|
M =i / o k
g 0
T (8.46)
= ik [ 8% [x=x0) - (¢ =307, (x)
4reg X — Xo|

Here, the term [(X — Xg) - (X' — Xo)] 7w, (X’) can be rewritten
[(X = Xo) - (X = X0)] 0 (X') = (Xi = X0, )(X{ — X0} wer(X') (8.47)
and introducing

T = Xi — Xoji (8.48a)
=X — Xo,j (8.48b)

the jth component of the integrand in Hi(l) can be broken up into

(16~ X0) - (¢ = Xl TN = 57 (7 + 707

1
+ E”ﬁ (ﬂ'w,jni’ - ﬂw,i”]ﬁ)

(8.49)

i.e., as the sum of two parts, the first being symmetric and the second antisymmetric
in the indices i, j. We note that the antisymmetric part can be written as

l / / 1 / /
57 (o = i) = 5o (mn) = 7 (a7l

= Jlm(n- 1) - 1) (©50)

= % {(x = Xo) X [, x (X' — XO)]}]‘
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The utilisation of Equations (8.24) on page 112, and the fact that we are consider-
ing a single Fourier component,

a(t,x) = e (8.51)
allow us to express «, in j,, as
_ o

My =i (8.52)
w

Hence, we can write the antisymmetric part of the integral in Formula (8.46) on the
previous page as

%(x — Xo) X / A’ 7, (x) X (X' = Xo)
Vl
S it (x - xg) / d% j,0¢) X (X = Xo) (8.53)
2w Y
= —ii(x —Xo) X M,
w
where we introduced the Fourier transform of the magnetic dipole moment
m,, = % / d% (X = Xo) X ju (X)) (8.54)
Vl

The final result is that the antisymmetric, magnetic dipole, part of TI*® can be
written

k ikIx—Xo|
° 2 (X — Xg) x m,, (8.55)

He,antisym(l) __
@ Areqw X — Xo

In analogy with the electric dipole case, we insert this expression into Equation (8.30)
on page 113 to evaluate C, with which Equations (8.31) on page 113 then gives the B
and E fields. Discarding, as before, all terms belonging to the near fields and transition
fields and keeping only the terms that dominate at large distances, we obtain

gy - _H0 € k) x k 8.56
Bo (X)__E|x—xo|(m‘“x ) X (8.56a)
Erad kel k 8.56b

@ (X)_47rsoc|x—xo| M X (8.56)

which are the fields of the magnetic dipole radiation (M1 radiation).

8.2.4 Electric quadrupole radiation

The symmetric part IIEY™® of the n = 1 contribution in the Equation (8.39b) on
page 115 for the expansion of the Hertz’ vector can be expressed in terms of the
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electric quadrupole tensor, which is defined in accordance with Equation (6.3) on
page 84:

Q(t, x0) = /V A% (X' = x0)(X' = Xo)o(t, X) (8.57)

Again we use this expression in Equation (8.30) on page 113 to calculate the fields
via Equations (8.31) on page 113. Tedious, but fairly straightforward algebra (which
we will not present here), yields the resulting fields. The radiation components of the
fields in the far field zone (wave zone) are given by

ad B i[low eik|x—x0| .
B30 = Ko b (k- Qu) xk (8.584)
Ered e Kl x k 8.58b
w(X)_Bﬂ—Solx—Xol [(k- Q) x K] x (8.58b)

This type of radiation is called electric quadrupole radiation or E2 radiation.

8.3 Radiation from a localised charge in arbitrary
motion

The derivation of the radiation fields for the case of the source moving relative to the
observer is considerably more complicated than the stationary cases studied above. In
order to handle this non-stationary situation, we use the retarded potentials (3.32) on
page 41 in Chapter 3

_ 1 ’ p(t;et’ X,)

8.0 = = / o B (8.59%)
_ Ho , J(ters X')

A X) = &2 /V o L (8.59b)

and consider a source region with such a limited spatial extent that the charges and
currents are well localised. Specifically, we consider a charge g’, for instance an
electron, which, classically, can be thought of as a localised, unstructured and rigid
‘charge distribution” with a small, finite radius. The part of this ‘charge distribution’
dg’ which we are considering is located in dV’ = d’ in the sphere in Figure 8.6 on
the next page. Since we assume that the electron (or any other other similar electric
charge) moves with a velocity v whose direction is arbitrary and whose magnitude can
be almost comparable to the speed of light, we cannot say that the charge and current
to be used in (8.59) is fy, p(tie, X') A3 and f, V(L. X') d’, respectively, because
in the finite time interval during which the observed signal is generated, part of the
charge distribution will ‘leak’ out of the volume element d*’.
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FIGURE 8.6:  Signals which are observed at the field point x at time t were

generated at source points x’(t’) on a sphere, centred on x and expanding, as time

increases, with the velocity ¢ outward from the centre. The source charge element

moves with an arbitrary velocity v and gives rise to a source ‘leakage’ out of the
source volume dv’ = d'.

8.3.1 The Liénard-Wiechert potentials

The charge distribution in Figure 8.6 on page 120 which contributes to the field at x(t)
is located at x’(t") on a sphere with radius r = [X — X’| = c(t—t’). The radius interval of
this sphere from which radiation is received at the field point x during the time interval
(t',t +dt") is (r', r’ + dr’) and the net amount of charge in this radial interval is

g’ = p(tie, X') dS” ' — p(te, x’)% ds’ dt’ (8.60)
where the last term represents the amount of “‘source leakage’ due to the fact that
the charge distribution moves with velocity v(t’) = dx/dt’. Since dt’ = dr’/c and

dS’ dr’ = d*’ we can rewrite the expression for the net charge as

xX=x)-v 3,

40" = pltr X) 8%~ plt X"
/ (8.61)
= ot x) (1- M a3
= Pets clx —X|
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or
o dR dg’
Pt X ) dX = 1— 0w (8.62)
T o=
which leads to the expression
Pet: X)) 3, dg’
ot O - g 53

This is the expression to be used in the Formulae (8.59) on page 119 for the retarded
potentials. The result is (recall that j = pv)

1 dg’
t,X) = 8.64
00 =g | o e (8.642)
_ Ho vdg’
Atx =42 [ - (8.64b)

For a sufiiciently small and well localised charge distribution we can, assuming that
the integrands do not change sign in the integration volume, use the mean value the-
orem and the fact that f, dg’ = g’ to evaluate these expressions to become

B q/ 1 B q/ }
o(t.x) = dreg |X — X'| - K—LX_f v 4ney S (8.652)
__ v v __a v_Vv
Altx) = AregC? X — X!| — —(X‘):)"’ "~ Amepc? s 2 9(t.x) (8.650)
where
s=s(t',x) = [x=X'(t')] - w (8.66a)
_ Nt _ X— X,(t,) V(t,)
= [x = X'(t)] <1 Kx® c > (8.66h)
_ Y X — X/(t/) _ V(t/)
- (X=X (t)) (7|X_X, O c ) (8.66¢)

is the retarded relative distance. The potentials (8.65) are precisely the Liénard-
Wiechert potentials which we derived in Section 4.3.2 on page 59 by using a covariant
formalism.

It is important to realise that in the complicated derivation presented here, the ob-
server is in a coordinate system which has an ‘absolute” meaning and the velocity v is
that of the particle, whereas in the covariant derivation two frames of equal standing
were moving relative to each other with v. Expressed in the four-potential, Equa-
tion (4.47) on page 58, the Liénard-Wiechert potentials become

oo 9 (1 VY _(¢
A = Areg (cs’c%) B (C’A) (8.67)
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v(t')

X' (1)

x(t)

FIGURE 8.7:  Signals which are observed at the field point x at time t were

generated at the source point x’(t"). After time t’ the particle, which moves with

nonuniform velocity, has followed a yet unknown trajectory. Extrapolating tan-

gentially the trajectory from x’(t’), based on the velocity v(t’), defines the virtual
simultaneous coordinate Xq(t).

The Liénard-Wiechert potentials are applicable to all problems where a spatially
localised charge emits electromagnetic radiation, and we shall now study such emis-
sion problems. The electric and magnetic fields are calculated from the potentials in
the usual way:

B(t,x) = V x A(t, X) (8.68a)

OA(t, X)
at

E(t, ) = —V(t, X) - (8.68b)

8.3.2 Radiation from an accelerated point charge

Consider a localised charge g’ and assume that its trajectory is known experimentally
as a function of retarded time

X =X(t) (8.69)

(in the interest of simplifying our notation, we drop the subscript ‘ret’ on t” from now
on). This means that we know the trajectory of the charge q’, i.e., x’, for all times
up to the time t” at which a signal was emitted in order to precisely arrive at the field
point x at time t. Because of the finite speed of propagation of the fields, the trajectory
at times later than t” is not (yet) known.
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Radiation from a localised charge in arbitrary motion

The retarded velocity and acceleration at time t’ are given by

N OX

v(t) = i (8.70a)
N o Ov d?X

at)y =v(t') = G = G (8.70b)

As for the charge coordinate X’ itself, we have in general no knowledge of the velocity
and acceleration at times later than t’, in particular not at the time of observation t. If
we choose the field point x as fixed, application of (8.70) to the relative vector x — x’

yields
d ! (4! ’
@(x -X'(t')) = —v(t) (8.71a)
d? .
dt7(x -X'(t')) = —v(t") (8.71b)
The retarded time t’ can, at least in principle, be calculated from the implicit relation
' =t'(t,x)=t— w (8.72)

and we shall see later how this relation can be taken into account in the calculations.

According to Formulae (8.68) on the preceding page the electric and magnetic
fields are determined via differentiation of the retarded potentials at the observation
time t and at the observation point x. In these formulae the unprimed V, i.e., the
spatial derivative differentiation operator V = X;d/0x; means that we differentiate with
respect to the coordinates X = (X1, X2, X3) While keeping t fixed, and the unprimed time
derivative operator 9/dt means that we differentiate with respect to t while keeping x
fixed. But the Liénard-Wiechert potentials ¢ and A, Equations (8.65) on page 121, are
expressed in the charge velocity v(t) given by Equation (8.70a) above and the retarded
relative distance s(t’, x) given by Equation (8.66) on page 121. This means that the
expressions for the potentials ¢ and A contain terms which are expressed explicitly
in t’, which in turn is expressed implicitly in t via Equation (8.72) above. Despite
this complication it is possible, as we shall see below, to determine the electric and
magnetic fields and associated quantities at the time of observation t. To this end, we
need to investigate carefully the action of differentiation on the potentials.

The differential operator method

We introduce the convention that a differential operator embraced by parentheses with
an index x or t means that the operator in question is applied at constant x and t,
respectively. With this convention, we find that

< P ) X=X (t)] = X=X’ <i)x (x=X(t)) = _x=X) ) g g5

o X — X| v X — X’|

Downloaded from http://www.plasma.uu.se/CED/Book Version released 20th January 2004 at 23:34. 123
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Furthermore, by applying the operator (9/dt) to Equation (8.72) on the preceding
page we find that

a_t> _1_<g) X =X (t/(t. %)l
(at . ot ), c
B 0 X — X/| ot’
--|(), ] (%), 670

:l+(x—x’)-v(t’) <£>

CIx —x| ot
This is an algebraic equation in (6t’/dt)x which we can solve to obtain
ot [x — x| X = X/|
) = = 8.75
(6t >X X = X|—=(x=x)-v(t)/c S 875

where s = s(t’, x) is the retarded relative distance given by Equation (8.66) on page 121.
Making use of Equation (8.75), we obtain the following useful operator identity

(), (). (). =57 (&), 679

Likewise, by applying (V) to Equation (8.72) on the previous page we obtain

, X=X (t'(t,x X —x ,
W)t = XX XX gy (- x)
c C|X—X|
, , (8.77)
X=X (X =x)-v(t) ,
SR (Ot
c|x —X'| clX—x|
This is an algebraic equation in (V) t" with the solution
X—-X
V)it = — e
(V' = -~ (8.78)
which gives the following operator relation when (V) is acting on an arbitrary function
of t" and x:
0 x-x"(a
V = V t/ - V r = — - V ’ 879
@= [0 (5 ) + e =35 (). + O 879

With the help of the rules (8.79) and (8.76) we are now able to replace t by t” in the
operations which we need to perform. We find, for instance, that

V¢E(V¢)t=v( . q—,)

dreg S
q Xx=x" v({t') x-x [0ds
= " 4nees? [lx—x’l ¢ ¢S <W)X]
oA [0A d (o qv(t)
e () a6 550),

— q, _ ’ " ’ _ _ ’ ’ ﬁ
_WDX X'| sv(t’) - [x x\v(t)(atI>J

(8.80a)

(8.80b)
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Utilising these relations in the calculation of the E field from the Liénard-Wiechert
potentials, Equations (8.65) on page 121, we obtain

E(t,X) = —=Vo¢(t,x) — %A(t, X)
q (x=Xx(t)) - Ix = X'(t) | v(t')/c

" dreo2(U, X) X — X' ()]
_u—ww»—v—wwwMWc(meU X=X
cs(t’, ) a ), c?
(8.81)

Starting from expression (8.66a) on page 121 for the retarded relative distance s(t’, x),
we see that we can evaluate (9s/dt’)x in the following way

os\ (0 1 (X=x)-v(t)
().~ (@), (1= 520)

_ 0 n) L [Ox=X) sy V)
= o X —X'(t') —E<T-V(t)+(X—X(t))' v >
C(x=x)v(t) ) (x=X) - ()

T x=x] i c

(8.82)

where Equation (8.73) on page 123 and Equations (8.70) on page 123, respectively,
were used. Hence, the electric field generated by an arbitrarily moving charged
particle at x’(t’) is given by the expression

E(t’ X) = qi/ ((X - X’(t’)) — w) (1 _ Uz(t,)>

4regs3 (7, X) c c?

Coulomb field whenv — 0

+
4regs3(t, X) c?

Radiation (acceleration) field
(8.83)

The first part of the field, the velocity field, tends to the ordinary Coulomb field when
v — 0 and does not contribute to the radiation. The second part of the field, the
acceleration field, is radiated into the far zone and is therefore also called the radiation
field.

From Figure 8.7 on page 122 we see that the position the charged particle would
have had if at t” all external forces would have been switched off so that the trajectory
from then on would have been a straight line in the direction of the tangent at x’(t’) is
Xo(t), the virtual simultaneous coordinate. During the arbitrary motion, we interpret
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X—Xg as the coordinate of the field point x relative to the virtual simultaneous coordin-
ate xo(t). Since the time it takes for a signal to propagate (in the assumed vacuum)
from x’(t) to x is [x — X’| /c, this relative vector is given by

X = X"(t) v(t')
c

X —=Xp(t) =x = xX'(t') - (8.84)

This allows us to rewrite Equation (8.83) on the previous page in the following way

Etx) = -3 [(x — o) (1 - z—i) + (X=X % M] (8.85)

4rregsd c?

In a similar manner we can compute the magnetic field:

B(t,x):VxA(t,x)E(V)txA:(V)trxA—X;SX, x ( ‘9) A

o

q X=X X=X oA

= XV — X | —
4renC2s2 [X — X/| clx—x| ot /.,

(8.86)

where we made use of Equation (8.65) on page 121 and Formula (8.76) on page 124.
But, according to (8.80a),

X—-X q X—-X

Vh=—"—-——-— .87
clx—x| X (Vhe AnepC?s? X — X/| (8.:87)
so that

X=X 0A
B(t,x) = ~ X [—(V¢)t - (—) ]

CIX — x| ot /), (8.88)

X=X '

= KX x E(t, x)

The radiation part of the electric field is obtained from the acceleration field in
Formula (8.83) on the preceding page as

E™(t,x) = lim E(t,x)
[X=X'|—>e0

= fraacegs () X[ 0) ]

where in the last step we again used Formula (8.84) above. Using this formula and
Formula (8.88), the radiation part of the magnetic field can be written

X=X
Brad AR Erad 8.90
(620 = oo XEM0 (8.90)
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The direct method

An alternative to the differential operator transformation technique just described is to
try to express all quantities in the potentials directly in t and x. An example of such
a quantity is the retarded relative distance s(t’, x). According to Equation (8.66) on
page 121, the square of this retarded relative distance can be written

7 (41 , v , 2
S2(,x) = [x = X()|* =2 [x - X' (V)| (x=x (tc))'v(t) + <(X_X (9) 'V(t))

c
(8.91)
If we use the following handy identity
x=x)-v 2+ xX=x)xvVv 2
c c
_y2,2 2,2
_ k=X (>:<2| Y oy 4 KXY (>:<2| L sin2e’ (8.92)
X=X 5o X=X
= T(cos ¢ +sin“ @) = — Q=
we find that
((x—x/)-v>2= =XPi <(X_X,)XV>2 (893)
c c c

Furthermore, from Equation (8.84) on the facing page, we obtain the following iden-

tity:
(X=X'(t')) x Vv =(x—Xp(t)) x Vv (8.94)

which, when inserted into Equation (8.93) above, yields the relation

((x—x’)~v)2: x—xP? ((X—Xo)xV>2 (8.95)

c c? c

Inserting the above into expression (8.91) for s?, this expression becomes

(x—x’)-v+|x—x’|2v2 (X = Xo) X V) 2
c c? c

’ 2 2
_ ((x—x’)— |x—cx|v> ~ <(x—>§))xv)

52=]x—x'2—2\x—x’

? (8.96)
= (X —Xo)* - (W)
’ 2
= X = Xo(t)* - (M)
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EXAMPLE 8.1

where in the penultimate step we used Equation (8.84) on page 126.

What we have just demonstrated is that if the particle velocity at time t can be
calculated or projected from its value at the retarded time t’, the retarded distance
s in the Liénard-Wiechert potentials (8.65) can be expressed in terms of the virtual
simultaneous coordinate Xo(t), viz., the point at which the particle will have arrived
at time t, i.e., when we obtain the first knowledge of its existence at the source point
X' at the retarded time t’, and in the field coordinate x = x(t), where we make our
observations. We have, in other words, shown that all quantities in the definition
of s, and hence s itself, can, when the motion of the charge is somehow known, be
expressed in terms of the time t alone. l.e., in this special case we are able to express
the retarded relative distance as s = s(t, X) and we do not have to involve the retarded
time t’ or any transformed differential operators in our calculations.

Taking the square root of both sides of Equation (8.96) on the preceding page, we
obtain the following alternative final expressions for the retarded relative distance s in
terms of the charge’s virtual simultaneous coordinate Xo(t):

2
s(t, x) = \/|x — Xof? - <M> (8.97a)

c

2
X —Xol /1 - % sin? 6y (8.97b)
v? X —Xg) - V) 2
\/ X = Xol? (1 - C—2> + (7( CO) ) (8.97¢)

Using Equation (8.97c) above and standard vector analytic formulae, we obtain

2
V2 = v [|x—x0|2 (1_ g) + (W) ]
2
=2 |:(X — Xo) (l — %) + \é—\zl . (X _ XO):| (898)

2[(x—xo)+%x (%x(x—xo))}

which we shall use in the following example of a uniformly, unaccelerated motion of
the charge.

>THE FIELDS FROM A UNIFORMLY MOVING CHARGE

In the special case of uniform motion, the localised charge moves in a field-free, isolated
space and we know that it will not be affected by any external forces. It will therefore move uni-
formly in a straight line with the constant velocity v. This gives us the possibility to extrapolate
its position at the observation time, x’(t), from its position at the retarded time, x’(t’). Since
the particle is not accelerated, v = 0, the virtual simultaneous coordinate xo will be identical to
the actual simultaneous coordinate of the particle at time t, i.e., Xo(t) = X’(t). As depicted in
Figure 8.7 on page 122, the angle between x — X and v is 6 while then angle between x — x’
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and vis @',

We note that in the case of uniform velocity v, time and space derivatives are closely related
in the following way when they operate on functions of x(t) [cf. Equation (1.33) on page 13]:

— > -v.V (8.99)
Hence, the E and B fields can be obtained from Formulae (8.68) on page 122, with the potentials

given by Equations (8.65) on page 121 as follows:
oA v 16vep v vV d¢

E=-V¢-

at 2 at c2 ot
- _Vo+ % (% ‘v¢) :_(1_ ‘g) Vo (8.100a)
()
B=VxA=Vx(56)=Vox == xV
:éx [(%‘w)%_v(p] :éx <Cv—\2/—l)-V¢ (8.100b)
:éxE

Here 1 = X;X; is the unit dyad and we used the fact that v x v = 0. What remains is just to
express V¢ in quantities evaluated at t and x.

From Equation (8.65a) on page 121 and Equation (8.98) on the preceding page we find that

V¢:4q (%):_8‘153%2
TEQ TEQ
(8.101)

=_$;S3 [(x—xo)+gx (%X(X—Xo)ﬂ

When this expression for V¢ is inserted into Equation (8.100a), the following result

E(t.X) = <\é—\2' -1) ~v¢=_$;sg (g_l) Vs

@ {(x—xo)+%x (%x(x—xo))

T Aneysd

—%(%(X—Xo)) _\é_\;. [%x (%x(x—xo))} }
(8.102)

- %{(x—xm%(%-(x—x@)—(x—xO)Z—z
—g(%'(x—xo))}

follows. Of course, the same result also follows from Equation (8.85) on page 126 withv = 0
inserted.

From Equation (8.102) we conclude that E is directed along the vector from the simultan-
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eous coordinate Xo(t) to the field (observation) coordinate x(t). In a similar way, the magnetic
field can be calculated and one finds that

’ U2 1
B(t,x) = % (l - C—z) VX (X —Xp) = C—zvx E (8.103)

From these explicit formulae for the E and B fields we can discern the following cases:

1. v — 0 = E goes over into the Coulomb field Eouomb
2. v — 0 = B goes over into the Biot-Savart field

3. v = ¢ = E becomes dependent on 8y

4. v —>c,sinfy~ 0= E — (1 — v?/c?)ECoulomb

5. v—C,sinfp ~ 1= E — (1 - v?/c?)Y/2gCoulomb

<] END OF EXAMPLE 8.1

>THE CONVECTION POTENTIAL AND THE CONVECTION FORCE

Let us consider in more detail the treatment of the radiation from a uniformly moving rigid
charge distribution.

If we return to the original definition of the potentials and the inhomogeneous wave equa-
tion, Formula (3.15) on page 38, for a generic potential component ¥(t, xX) and a generic source
component f(t, x),

16
c2 ot2

O2¥(t,x) = ( - vz) Y(t,x) = f(t,X) (8.104)

we find that under the assumption that v = vX;, this equation can be written

( vz) b G o S O
1
c2

or _ or O 1
FYe + e + Py (x) (8.105)

i.e., in a time-independent form. Transforming

&= \/l%v/c (8.106a)
Er =Xo (8106b)
&3=X3 (8.106¢)

and introducing the vectorial nabla operator in ¢ space, V. S (0/0¢&1,0/0&2,0/&3), the time-
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independent equation (8.105) reduces to an ordinary Poisson equation

V2W(E) = —f(V1-0?/c2é1,86,85) = —F(£) (8.107)
in this space. This equation has the well-known Coulomb potential solution
1 f(¢)
YE) = — de’ 8.108
©= g | z=e ¥ (8.108)

After inverse transformation back to the original coordinates, this becomes
1 f(x’
W) = — / T g3 (8.109)
At Jv S
where, in the denominator,
7\2 UZ 7\2 7\2 %
s=|(x—-Xx) + | 1- e [(x2 = X5)" + (X3 — X3)°] (8.110)

Applying this to the explicit scalar and vector potential components, realising that for a rigid
charge distribution p moving with velocity v the current is given by j = pv, we obtain

l ’
BtX) = —— / PX) g3 (8.111a)
drneg v S
1 X)) 5,V
A = 4 /V P = Zot.x) (8.111b)
For a localised charge where [pd%’ = ¢, these expressions reduce to
q/
t,x) = 8.112
) = 7 (8.1122)
q'v
A(t,x) = 8.112b
(%) 4renc?s ( )

which we recognise as the Liénard-Wiechert potentials; cf. Equations (8.65) on page 121. We
notice, however, that the derivation here, based on a mathematical technique which in fact is a
Lorentz transformation, is of more general validity than the one leading to Equations (8.65) on
page 121.

Let us now consider the action of the fields produced from a moving, rigid charge distri-
bution represented by g’ moving with velocity v, on a charged particle g, also moving with
velocity v. This force is given by the Lorentz force

F =q(E +VvxB) (8.113)

With the help of Equation (8.103) on the facing page and Equations (8.111) above, and the
fact that 9; = —v - V [cf. Formula (8.99) on page 129], we can rewrite expression (8.113) above

as
F=q [E+vx (é xE)] -q [(% ‘V¢) % —V¢—%x (% xvm (8.114)
Applying the ‘bac-cab’ rule, Formula (F.51) on page 160, on the last term yields
% x (% xVg) = (% v9) % - z—zw (8.115)
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which means that we can write
F=-qVy (8.116)

where
U2
¥ = (1 - ?) ¢ (8.117)

The scalar function y is called the convection potential or the Heaviside potential. When the
rigid charge distribution is well localised so that we can use the potentials (8.112) the convection
potential becomes

Y= (1 - U—Z) q (8.118)

c? ) 4neps

The convection potential from a point charge is constant on flattened ellipsoids of revolution,
defined through Equation (8.110) on the previous page as

2
X1 — X!
(1—) + (X = 1)+ (Xa = X5

VI=2/c?

=7 (x1 - X1)? + (X2 — X5)” + (xs — X3)* = Const

(8.119)

These Heaviside ellipsoids are equipotential surfaces, and since the force is proportional to the
gradient of v, which means that it is perpendicular to the ellipsoid surface, the force between
two charges is in general not directed along the line which connects the charges. A consequence
of this is that a system consisting of two co-moving charges connected with a rigid bar, will
experience a torque. This is the idea behind the Trouton-Noble experiment, aimed at measuring
the absolute speed of the earth or the galaxy. The negative outcome of this experiment is
explained by the special theory of relativity which postulates that mechanical laws follow the
same rules as electromagnetic laws, so that a compensating torque appears due to mechanical
stresses within the charge-bar system.

<1 END OF EXAMPLE 8.2

Radiation for small velocities

If the charge moves at such low speeds that v/c < 1, Formula (8.66) on page 121
simplifies to

s:\x—x’|—wz|x—x’, v<C (8.120)
and Formula (8.84) on page 126

x—xoz(x—x’)—sz—x’, v C (8.121)
so that the radiation field Equation (8.89) on page 126 can be approximated by

Erd(t, x) = q 5 K-X) X [-x) X, v (8.122)

4rregC2 X — X/
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from which we obtain, with the use of Formula (8.88) on page 126, the magnetic field

@ P x X)) v (8.123)

B¥(t,x) = ——
(t.%) AregC3 |X — X!

It is interesting to note the close correspondence which exists between the nonre-
lativistic fields (8.122) and (8.123) and the electric dipole field Equations (8.45) on
page 117 if we introduce

p=0qx(t) (8.124)

and at the same time make the transitions
qV =P > -w’p, (8.125a)
X=X =X-Xp (8.125h)

The power flux in the far zone is described by the Poynting vector as a function
of E™ and B, We use the close correspondence with the dipole case to find that it
becomes

pod(V)? -, X=X

_ 8.126
1672¢ X — x’|? X — x| ( )

where @ is the angle between v and x — xo. The total radiated power (integrated over a

closed spherical surface) becomes
b_ #OqIZ(\'/)Z _ q/2i)2
67C 6regCs

(8.127)

which is the Larmor formula for radiated power from an accelerated charge. Note that
here we are treating a charge with v < ¢ but otherwise totally unspecified motion while
we compare with formulae derived for a stationary oscillating dipole. The electric
and magnetic fields, Equation (8.122) on the preceding page and Equation (8.123),
respectively, and the expressions for the Poynting flux and power derived from them,
are here instantaneous values, dependent on the instantaneous position of the charge
at x’(t’). The angular distribution is that which is ‘frozen’ to the point from which the
energy is radiated.

8.3.3 Bremsstrahlung

An important special case of radiation is when the velocity v and the acceleration v are
collinear (parallel or anti-parallel) so that v x v = 0. This condition (for an arbitrary
magnitude of v) inserted into expression (8.89) on page 126 for the radiation field,
yields

rad _ ql
E™(t,x) = 2

Tmagczs? X X)X L =x) x V], vy (8.128)
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FIGURE 8.8: Polar diagram of the energy loss angular distribution factor
sin?9/(1 — v cos 6/c)° during bremsstrahlung for particle speeds v = 0, v = 0.25c,
and v = 0.5c.

from which we obtain, with the use of Formula (8.88) on page 126, the magnetic field

q X —x|

B™(t,x) = ————
) 4negcdsd

[vx(x=x)], viv (8.129)
The difference between this case and the previous case of v < ¢ is that the approximate
expression (8.120) on page 132 for s is no longer valid; we must instead use the correct
expression (8.66) on page 121. The angular distribution of the power flux (Poynting

vector) therefore becomes
e sin? 6 X —x

- 16nZelx =X’ (1- tcosp)® XX

(8.130)

It is interesting to note that the magnitudes of the electric and magnetic fields are the
same whether v and v are parallel or anti-parallel.

We must be careful when we compute the energy (S integrated over time). The
Poynting vector is related to the time t when it is measured and to a fixed surface in
space. The radiated power into a solid angle element dQ, measured relative to the
particle’s retarded position, is given by the formula

du rad (9)
dt

o= wq'??  sin?e

do  (8.131)
167°C (1 2cosh)°

dQ=S-(x-x)|x-x|d

On the other hand, the radiation loss due to radiation from the charge at retarded time
t:

dUrad dUrad ot
= — Q 132
@ 7 T (aw)xd (8.132)
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FIGURE 8.9:  Location of radiation between two spheres as the charge moves
with velocity v from x} to x5 during the time interval (t’,t’ +dt’). The observation
point (field point) is at the fixed location x.

Using Formula (8.76) on page 124, we obtain

dUrad dUrad S
dQ = dQ=S-(x-x")sdQ 8.133
dt’ dt X — x| (x=x7)s ( )
Inserting Equation (8.130) on the facing page for S into (8.133), we obtain the
explicit expression for the energy loss due to radiation evaluated at the retarded time

du™(@) = uq?®  sing
dt/ a 1671'20 (l—%COSG)S

The angular factors of this expression, for three different particle speeds, are plotted
in Figure 8.8 on the preceding page.

Comparing expression (8.131) on the facing page with expression (8.134) above,
we see that they differ by a factor 1 — vcosé/c which comes from the extra factor
s/ |x — x’| introduced in (8.133). Let us explain this in geometrical terms.

During the interval (t’,t" + dt”) and within the solid angle element dQ the particle
radiates an energy [dU"4(6)/dt’] dt’dQ. As shown in 8.9 this energy is at time t located
between two spheres, one outer with its origin at x(t") and radius c(t — t’), and one
inner with its origin at x5 (' +dt") = x}(t")+v dt’ and radius c[t—(t’ +dt")] = c(t—t'—dt").

From Figure 8.9 we see that the volume element subtending the solid angle ele-
ment

dQ (8.134)

do- %

- (8.135)
|x =X}
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d% = dS dr = [x - x;|* dQdr (8.136)

Here, dr denotes the differential distance between the two spheres and can be evalu-
ated in the following way

dr =[x - X}

+cdt’ — [x =X

_ 27" v dt’
————
vcosd (8.137)

= (C_ ‘§_§:2’ 'V> dtlzlxcisx/dt/
2 -2

where Formula (8.66) on page 121 was used in the last step. Hence, the volume
element under consideration is

S

d> =dS dr = ds cdt’ (8.138)

[x =]
We see that the energy which is radiated per unit solid angle during the time interval
(t',t" + dt’) is located in a volume element whose size is 6 dependent. This explains
the difference between expression (8.131) on page 134 and expression (8.134) on the
preceding page.
Let the radiated energy, integrated over Q, be denoted U™, After tedious, but
relatively straightforward integration of Formula (8.134) on the previous page, one
obtains

drad ~ Moqlz-vz 1 ~ g q’2'u2 L f -3
d ~  6ncC (1 02)3 " 34nec3 c?
@

(8.139)

If we know v(t’), we can integrate this expression over t” and obtain the total energy
radiated during the acceleration or deceleration of the particle. This way we obtain a
classical picture of bremsstrahlung (braking radiation). Often, an atomistic treatment
is required for an acceptable result.

>BREMSSTRAHLUNG FOR LOW SPEEDS AND SHORT ACCELERATION TIMES

Calculate the bremsstrahlung when a charged particle, moving at a non-relativistic speed,
is accelerated or decelerated during an infinitely short time interval.

We approximate the velocity change at time t’ = t; by a delta function:
V(t') = AVS(t - to) (8.140)

which means that

M(to) = / : v (8.141)
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Also, we assume v/c < 1 so that, according to Formula (8.66) on page 121,

S~ X —X| (8.142)
and, according to Formula (8.84) on page 126,

X—=Xg~X—-X (8.143)

From the general expression (8.88) on page 126 we conclude that E L B and that it suffices
to consider E = \E“’*‘|. According to the ‘bremsstrahlung expression’ for E"™, Equation (8.128)
on page 133,
q’siné ,
E=—F7—"—~Avs(t' -t 8.144
4nmegC? X — X'| 0ot~ o) ( )
In this simple case B = |B™!| is given by

B= (8.145)

Fourier transforming expression (8.144) for E is trivial, yielding
q’sing ot

W= ————Apelh 8.146
8m2e0C2 X — X/| v ( )

We note that the magnitude of this Fourier component is independent of w. This is a con-
sequence of the infinitely short ‘impulsive step” §(t’ —to) in the time domain which produces an
infinite spectrum in the frequency domain.

The total radiation energy is given by the expression

“Jrad ®0
gt [ 9Y dt’:/ /(EXE)~det'
dt’ — JS Ho
- i// EBdt d¥ = i// E2dt’ 0¥ (8.147)
Mo JS J-eo MoC Js J-eo
= £oC / / 2t d&
S J-e

According to Parseval’s identity [cf. Equation (7.35) on page 102] the following equality
holds:

/ E2dt’ = 4n / IE, 2 dw (8.148)
—e0 0

which means that the radiated energy in the frequency interval (w, w + dw) is
0™ dew = dreoc ( / IE. P dzx) dow (8.149)
S

For our infinite spectrum, Equation (8.146), we obtain

’2 2 . H)
~redy 9 (AV) / sin @ 2,
Vo de = 16730C3 Js |x — x/|? dxde
B q/Z(Av)z
T 1673g,C3

_ Q7 (M) de
" 3megc \ C 2r

2r 4
/ de / sin 9 sin 0dg dew (8.150)
0 0
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We see that the energy spectrum U'jd is independent of frequency w. This means that if we
would integrate it over all frequencies w € [0, e0), a divergent integral would result.

In reality, all spectra have finite widths, with an upper cutoff limit set by the quantum
condition

Fwmax = %m(Av)z (8.151)

which expresses that the highest possible frequency wmax in the spectrum is that for which all
kinetic energy difference has gone into one single field quantum (photon) with energy fw max-
If we adopt the picture that the total energy is quantised in terms of N, photons radiated during
the process, we find that

Urdde

=dN, (8.152)
hw
or, for an electron where q’ = — |e|, where e is the elementary charge,
e? 2 (A dw 1 2 [(Av)? dw
No = oo 3r (?) RSAT (?) w (8.153)

where we used the value of the fine structure constant o = e?/(4neohc) ~ 1/137.

Even if the number of photons becomes infinite when w — 0, these photons have negligible
energies so that the total radiated energy is still finite.

<1 END OF EXAMPLE 8.3

8.3.4 Cyclotron and synchrotron radiation

Formula (8.88) and Formula (8.89) on page 126 for the magnetic field and the radi-
ation part of the electric field are general, valid for any kind of motion of the localised
charge. A very important special case is circular motion, i.e., the case v L v.

With the charged particle orbiting in the x; X, plane as in Figure 8.10 on the facing
page, an orbit radius a, and an angular frequency wq, we obtain

o(t") = wet’ (8.154a)
X'(t') = a[Ry cos ¢(t') + KXo sinp(t')] (8.154b)
V(t") = X'(t') = awo[—X1 Sin(t") + Xz cos ¢(t')] (8.154c)
v=|V| =awg (8.154d)
V(') = X' (t') = —aw3[%1 cos p(t’) + Ko sin o(t')] (8.154¢)
b= V| = aw? (8.154f)

Because of the rotational symmetry we can, without loss of generality, rotate our
coordinate system around the x3 axis so the relative vector x — x’ from the source
point to an arbitrary field point always lies in the x,x3 plane, i.e.,

x-X =[x =X| (% sina + &3 cos ) (8.155)
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AX2
(t.x) X=X
X
<~ \%
. o
S~ t,x’)
S al . o
<~ \Y;
(y(\ < (,D(t,) -~
0 Xq
X3

FIGURE 8.10:  Coordinate system for the radiation from a charged particle at

X’(t") in circular motion with velocity v(t’) along the tangent and constant accel-

eration v(t’) toward the origin. The x;X, axes are chosen so that the relative field

point vector x — x’ makes an angle « with the x3 axis which is normal to the plane
of the orbital motion. The radius of the orbit is a.

where « is the angle between x — x” and the normal to the plane of the particle orbit
(see Figure 8.10). From the above expressions we obtain

(x=x)-v=|x=x|vsinacosy (8.156a)

psinasing = [x - X'| vcos @ (8.156h)

(X=X)-V==|x-X

where in the last step we simply used the definition of a scalar product and the fact
that the angle between v and x — X’ is 6.

The power flux is given by the Poynting vector, which, with the help of For-
mula (8.88) on page 126, can be written

1 1 X=X
S= —(ExB)= —IEP 8.157
llo( ) Cuo X — X’ ( )
Inserting this into Equation (8.133) on page 135, we obtain
dUrad , RV
@) _ H=Xls ) (8.158)

dt (71

where the retarded distance s is given by expression (8.66) on page 121. With the
radiation part of the electric field, expression (8.89) on page 126, inserted, and using
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(8.156a) and (8.156b) on the previous page, one finds, after some algebra, that

) 2 2 cin2 o sin?
dU™(a,¢)  puoq2i? (1-¢sinacosy)” — (1— 3) SIn~asinte (8.159)
y = > . 5 '
dt 1672c (1-Ysinacosy)

The angles @ and ¢ vary in time during the rotation, so that 6 refers to a moving
coordinate system. But we can parametrise the solid angle dQ in the angle ¢ and the
(fixed) angle « so that dQ = sin a da de. Integration of Equation (8.159) over this dQ
gives, after some cumbersome algebra, the angular integrated expression

dUrad ~ #Oq;Zl-]Z 1

8.160
dt’ 6mC ( 02)2 ( )
T
In Equation (8.159) above, two limits are particularly interesting:
1. v/c < 1 which corresponds to cyclotron radiation.
2. v/c < 1 which corresponds to synchrotron radiation.
Cyclotron radiation
For a non-relativistic speed v < ¢, Equation (8.159) reduces to
dU"™ (e, ¢) _ poq'*i? 02 a2
= 1- 161
v 16:2¢ (1 - sin“ asin® ¢) (8.161)
But, according to Equation (8.156b) on the previous page
sin? asin® ¢ = cos? 0 (8.162)

where @ is defined in Figure 8.10 on the preceding page. This means that we can write

durad () 12:2 12:2

) _ podo (1 - cos?g) = HoT ¥

dt’ 1672c 1672¢
Consequently, a fixed observer near the orbit plane will observe cyclotron radi-
ation twice per revolution in the form of two equally broad pulses of radiation with

alternating polarisation.

sin? @ (8.163)

Synchrotron radiation

When the particle is relativistic, v < c, the denominator in Equation (8.159) above
becomes very small if sinacose ~ 1, which defines the forward direction of the
particle motion (a ~ /2, ¢ ~ 0). Equation (8.159) then becomes

dU™(/2,0)  pog?® 1
’ - 2 )3
dt 16rcC (1-2)

(8.164)

Version released 20th January 2004 at 23:34. Downloaded from http://www.plasma.uu.se/CED/Book



Radiation from a localised charge in arbitrary motion

0 X1

X3

FIGURE 8.11:  When the observation point is in the plane of the particle orbit,
i.e., @ = /2 the lobe width is given by A6.

which means that an observer near the orbit plane sees a very strong pulse followed,
half an orbit period later, by a much weaker pulse.

The two cases represented by Equation (8.163) on the preceding page and Equa-
tion (8.164) on the facing page are very important results since they can be used to
determine the characteristics of the particle motion both in particle accelerators and in
astrophysical objects where a direct measurement of particle velocities are impossible.

In the orbit plane (a = 7/2), Equation (8.159) on the preceding page gives

i

v 2 .
dU"™(r/2, ¢) ~ #Oqul-}z (1 -¢ cosso) - (1 - Cz) sin? g

= (8.165)
’ 2 5
dt 1674c ( — % cos (;0)
which vanishes for angles ¢ such that
COS @y = % (8.166a)
. v?
Singg = 1/1— 2 (8.166b)

Hence, the angle ¢, is a measure of the synchrotron radiation lobe width A9; see
Figure 8.11. For ultra-relativistic particles, defined by

g = s 1, 4/1- z— <1, (8.167)
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one can approximate

@o~singg=(/1-— =- (8.168)

Hence, synchrotron radiation from ultra-relativistic charges is characterized by a
radiation lobe width which is approximately

1
AO ~ — (8.169)
y
This angular interval is swept by the charge during the time interval
A
At = Af (8.170)
Wo
during which the particle moves a length interval
Al = vAt = vﬁ (8.171)

wo

in the direction toward the observer who therefore measures a pulse width of length

Al AV A 1
AtzAt’—?zAt'—%:(l—E)At’z(1—3)—6z(1—3)

c C/ wo C/ pwo
-H0en 1 #y 111
1+°2 “ywo c2 ) 2ywg 24 wo
C
= 7
(8.172)

Typically, the spectral width of a pulse of length At is Aw < 1/At. In the ultra-

~

relativistic synchrotron case one can therefore expect frequency components up to

i =2/ wp (8.173)
A spectral analysis of the radiation pulse will therefore exhibit a (broadened) line
spectrum of Fourier components nwy fromn = 1 up to n ~ 2+°.

When many charged particles, N say, contribute to the radiation, we can have
three different situations depending on the relative phases of the radiation fields from
the individual particles:

Wmax ~

1. All N radiating particles are spatially much closer to each other than a typical
wavelength. Then the relative phase differences of the individual electric and
magnetic fields radiated are negligible and the total radiated fields from all in-
dividual particles will add up to become N times that from one particle. This
means that the power radiated from the N particles will be N? higher than for a
single charged particle. This is called coherent radiation.

Version released 20th January 2004 at 23:34. Downloaded from http://www.plasma.uu.se/CED/Book



Radiation from a localised charge in arbitrary motion

2. The charged particles are perfectly evenly distributed in the orbit. In this case
the phases of the radiation fields cause a complete cancellation of the fields
themselves. No radiation escapes.

3. The charged particles are somewhat unevenly distributed in the orbit. This hap-
pens for an open ring current, carried initially by evenly distributed charged
particles, which is subject to thermal fluctuations. From statistical mechanics
we know that this happens for all open systems and that the particle densities
exhibit fluctuations of order vN. This means that out of the N particles, VN
will exhibit deviation from perfect randomness—and thereby perfect radiation
field cancellation—and give rise to net radiation fields which are proportional
to VN. As a result, the radiated power will be proportional to N, and we speak
about incoherent radiation. Examples of this can be found both in earthly labor-
atories and under cosmic conditions.

Radiation in the general case

We recall that the general expression for the radiation E field from a moving charge
concentration is given by expression (8.89) on page 126. This expression in Equa-
tion (8.158) on page 139 yields the general formula

ra ’ ’ ’ 2
o0 (e (- )]

16m2cs®
(8.174)
Integration over the solid angle Q gives the totally radiated power as
djrad 12,2 1 i sin2
L L (8.175)

dv —  6xc ( §)3

where  is the angle between v and v.
If v is collinear with v, then siny = 0, we get bremsstrahlung. For v L v, siny =
1, which corresponds to cyclotron radiation or synchrotron radiation.

Virtual photons

Let us consider a charge q” moving with constant, high velocity v(t’) along the x;
axis. According to Formula (8.102) on page 129 and Figure 8.12 on the following
page, the perpendicular component along the xs axis of the electric field from this
moving charge is

’ 2
E, =Ey= —J <1 v )(x—x0)~>“<3 (8.176)

- dreos® \© 2
(8.177)
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vt

B

EJ_ )’23
FIGURE 8.12: The perpendicular field of a charge " moving with velocity v =
vXISE, 2

Utilising expression (8.97a) on page 128 and simple geometrical relations, we can
rewrite this as

g, =7 b
4720 -2 ()2 + b2 /7]

(8.178)

This represents a contracted field, approaching the field of a plane wave. The passage
of this field ‘pulse’ corresponds to a frequency distribution of the field energy. Fourier
transforming, we obtain

3 i e iwt 9 bw bw
Eus = 5 [ LGE@e = va < (5 (8.179)

Here, K; is the Kelvin function (Bessel function of the second kind with imaginary
argument) which behaves in such a way for small and large arguments that

q’
~ —_— 7, .1
= dn2eqbo’ bw < vy (8.180a)
Evr~0, bw>uvy (8.180b)

showing that the ‘pulse’ length is of the order b/(v7y).
Due to the equipartition of the field energy into the electric and magnetic fields,
the total field energy can be written

. Drax 00
U = e / E? d% = & / / E2 vt 27b db (8.181)
\ Bryin / —e0

where the volume integration is over the plane perpendicular to v. With the use of
Parseval’s identity for Fourier transforms, Formula (7.35) on page 102, we can rewrite
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this as

. e (N
U =/ U, dw =47rgov/ / |Ew,l|2 dw 27b db
0 mn /0 (8.182)

q/2 e rry/w db d
- 27r2£ou/o /mm b
from which we conclude that

12
0, ~ -3 In( ‘”) (8.183)

2rn2equ Pminw

where an explicit value of b, can be calculated in quantum theory only.
As in the case of bremsstrahlung, it is intriguing to quantise the energy into
photons [cf. Equation (8.152) on page 138]. Then we find that

N, dw ~ 2% In ( cr ) do (8.184)
Ve

Bminw w

where a = e2/(4neohc) ~ 1/137 is the fine structure constant.
Let us consider the interaction of two (classical) electrons, 1 and 2. The result of
this interaction is that they change their linear momenta from p; to p} and p, to p5,

respectively. Heisenberg’s uncertainty principle gives bpyin ~ 7/ \pl — p}| so that the
number of photons exchanged in the process is of the order
2a cy 1\ dw
N,, dew ~ 7|n(%\p1-p1\) = (8.185)

Since this change in momentum corresponds to a change in energy hw = E; — E7 and
E1 = mo-yc?, we see that

2« E; |Cp1 - Cp’1| dw
Ny dow ~ & n | =& P2 =l ) B¢ 1
wdw —In (mocz Ei_E » (8.186)

a formula which gives a reasonable semi-classical account of a photon-induced electron-
electron interaction process. In quantum theory, including only the lowest order con-
tributions, this process is known as Mgller scattering. A diagrammatic representation
of (a semi-classical approximation of) this process is given in Figure 8.13 on the fol-
lowing page.

8.3.5 Radiation from charges moving in matter

When electromagnetic radiation is propagating through matter, new phenomena may
appear which are (at least classically) not present in vacuum. As mentioned earlier,
one can under certain simplifying assumptions include, to some extent, the influence
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P2 P2

P1 p;
FIGURE 8.13:  Diagrammatic representation of the semi-classical electron-
electron interaction (Maller scattering).

from matter on the electromagnetic fields by introducing new, derived field quantities
D and H according to
D = &(t,X)E = keoE (8.187)
B = u(t,X)H = «kmuoH (8.188)

Expressed in terms of these derived field quantities, the Maxwell equations, often
called macroscopic Maxwell equations, take the form

V-D =p(t,x) (8.189a)
oB

=—— 8.189b

VxE 5 ( )

V-B=0 (8.189c)

VxH-= % +j(t,x) (8.189d)

Assuming for simplicity that the electric permittivity € and the magnetic permeab-
ility «, and hence the relative permittivity « and the relative permeability x, all have
fixed values, independent on time and space, for each type of material we consider,
we can derive the general telegrapher’s equation [cf. Equation (2.33) on page 31]

2 2
(;TE - O’/l% - 8#% =0 (8.190)
describing (1D) wave propagation in a material medium.

In Chapter 2 we concluded that the existence of a finite conductivity, manifesting
itself in a collisional interaction between the charge carriers, causes the waves to
decay exponentially with time and space. Let us therefore assume that in our medium
o = 0 so that the wave equation simplifies to

= 8.191
oz~ Mg (8.191)
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If we introduce the phase velocity in the medium as
1 1 c
v = = =
Y \VEL  \KeokmHo  \Kkm

where, according to Equation (1.11) on page 6, ¢ = 1/ +/eouo is the speed of light,
i.e., the phase speed of electromagnetic waves in vacuum, then the general solution to
each component of Equation (8.191) on the preceding page

(8.192)

Ei = f({—v,t) +g(¢ +v,t), =123 (8.193)
The ratio of the phase speed in vacuum and in the medium

UE = Vikm = cvEE 2 (8.194)

(7]
is called the refractive index of the medium. In general n is a function of both time and
space as are the quantities ¢, u, «, and «, themselves. If, in addition, the medium is
anisotropic or birefringent, all these quantities are rank-two tensor fields. Under our
simplifying assumptions, in each medium we consider n = Const for each frequency
component of the fields.

Associated with the phase speed of a medium for a wave of a given frequency w

we have a wave vector, defined as

k € kk = ki, =

Y%

@w Ve (8.195)
Uy Uy

As in the vacuum case discussed in Chapter 2, assuming that E is time-harmonic, i.e.,

can be represented by a Fourier component proportional to exp{—iwt}, the solution of

Equation (8.191) can be written
E = Epel(*-e) (8.196)

where now k is the wave vector in the medium given by Equation (8.195). With these
definitions, the vacuum formula for the associated magnetic field, Equation (2.40) on
page 31,

B:@RxE:ikszlkxE (8.197)
l)¢ w
is valid also in a material medium (assuming, as mentioned, that n has a fixed constant
scalar value). A consequence of a k # 1 is that the electric field will, in general, have
a longitudinal component.
It is important to notice that depending on the electric and magnetic properties of
a medium, and, hence, on the value of the refractive index n, the phase speed in the
medium can be smaller or larger than the speed of light:

C w
= - = — '1
b= = (8.198)
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where, in the last step, we used Equation (8.195) on the preceding page.

If the medium has a refractive index which, as is usually the case, dependent on
frequency w, we say that the medium is dispersive. Because in this case also k(w) and
w(K), so that the group velocity

_ Ow

- 1
vg = 5 (8.199)

has a unique value for each frequency component, and is difterent from v,,. Except in
regions of anomalous dispersion, v, is always smaller than c. In a gas of free charges,
such as a plasma, the refractive index is given by the expression

20N _ ‘”FZJ
where
N-02
2 _ oHo
wp = (TE o (8.201)

is the square of the plasma frequency wp. Here m, and N, denote the mass and number
density, respectively, of charged particle species . In an inhomogeneous plasma,
N, = Ng(x) so that the refractive index and also the phase and group velocities are
space dependent. As can be easily seen, for each given frequency, the phase and group
velocities in a plasma are different from each other. If the frequency w is such that
it coincides with wj at some point in the medium, then at that point v, — eo while
vg — 0 and the wave Fourier component at w is reflected there.

Vavilov-Cerenkov radiation

As we saw in Subsection 8.1, a charge in uniform, rectilinear motion in vacuum does
not give rise to any radiation; see in particular Equation (8.100a) on page 129. Let us
now consider a charge in uniform, rectilinear motion in a medium with electric prop-
erties which are different from those of a (classical) vacuum. Specifically, consider a
medium where

g = Const > g (8.202a)
K= Ho (8.202b)
This implies that in this medium the phase speed is
c 1
— = <c 8.203
0T Vi (8.203)

Hence, in this particular medium, the speed of propagation of (the phase planes of)
electromagnetic waves is less than the speed of light in vacuum, which we know is an

Ve =
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absolute limit for the motion of anything, including particles. A medium of this kind
has the interesting property that particles, entering into the medium at high speeds
Iv|, which, of course, are below the phase speed in vacuum, can experience that the
particle speeds are higher than the phase speed in the medium. This is the basis for
the Vavilov-Cerenkov radiation that we shall now study.

If we recall the general derivation, in the vacuum case, of the retarded (and ad-
vanced) potentials in Chapter 3 and the Liénard-Wiechert potentials, Equations (8.65)
on page 121, we realise that we obtain the latter in the medium by a simple formal
replacement ¢ — c/n in the expression (8.66) on page 121 for s. Hence, the Liénard-
Wiechert potentials in a medium characterized by a refractive index n, are

q 1 7q

t,X) = - = — 8.204

o(t.x) 4meg [IX - x| — nﬁ—)—x‘ﬁ Y| dneo s ( )
qv 1 qv

A(t,X) = — = 8.204b

%) AneoC? |Ix — x| - n&XY|  Aregc? s ( )

where now

5= |x_x'|-n7(x_:)"’ (8.205)

The need for the absolute value of the expression for s is obvious in the case when
v/c > 1/n because then the second term can be larger than the first term; if v/c < 1/n
we recover the well-known vacuum case but with modified phase speed. We also
note that the retarded and advanced times in the medium are [cf. Equation (3.30) on

page 41]
KIx —x’ X —=X|n
ter = tar(t, [X = X|) =t - | | =t- | C | (8.2064a)
kx =x —-x
thy = ta(t [X =X ) =t + XDy me (8.206b)

so that the usual time interval t — t” between the time measured at the point of obser-
vation and the retarded time in a medium becomes

’ |X_X/|n
t-t =

(8.207)

For v/c > 1/n, the retarded distance s, and therefore the denominators in Equa-
tions (8.204) above vanish when

v n
n(x—x’)-E = \x—x’];vcosecz x = X'| (8.208)
or, equivalently, when

c
cosf; = - (8.209)
v
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X (t)

FIGURE 8.14: Instantaneous picture of the expanding field spheres from a point
charge moving with constant speed v/c > 1/n in a medium where n > 1. This
generates a Vavilov-Cerenkov shock wave in the form of a cone.

In the direction defined by this angle 6., the potentials become singular. During the
time interval t — t’ given by expression (8.207) on the preceding page, the field exists
within a sphere of radius [x — x’| around the particle while the particle moves a distance

| = ot - t) (8.210)

along the direction of v.
In the direction 6, where the potentials are singular, all field spheres are tangent to
a straight cone with its apex at the instantaneous position of the particle and with the
apex half angle a. defined according to
sina@. = cos 6, = ° (8.211)
no
This cone of potential singularities and field sphere circumferences propagates with
speed c/n in the form of a shock front, called Vavilov-Cerenkov radiation.! The

1The first systematic exploration of this radiation was made by P. A. Cerenkov in 1934, who was then
a post-graduate student in S. I. Vavilov’s research group at the Lebedev Institute in Moscow. Vavilov wrote
a manuscript with the experimental findings, put Cerenkov as the author, and submitted it to Nature. In
the manuscript, Vavilov explained the results in terms of radioactive particles creating Compton electrons
which gave rise to the radiation (which was the correct interpretation), but the paper was rejected. The
paper was then sent to Physical Review and was, after some controversy with the American editors who
claimed the results to be wrong, eventually published in 1937. In the same year, I. E. Tamm and I. M. Frank
published the theory for the effect (‘the singing electron’). In fact, predictions of a similar effect had been
made as early as 1888 by Heaviside, and by Sommerfeld in his 1904 paper ‘Radiating body moving with
velocity of light’. On May 8, 1937, Sommerfeld sent a letter to Tamm via Austria, saying that he was
surprised that his old 1904 ideas were now becoming interesting. Tamm, Frank and Cerenkov received
the Nobel Prize in 1958 “for the discovery and the interpretation of the Cerenkov effect’ [V. L. Ginzburg,
private communication).
The first observation of this type of radiation was reported by Marie Curie in 1910, but she never pursued
the exploration of it [8].
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Vavilov-Cerenkov cone is similar in nature to the Mach cone in acoustics.
In order to make some quantitative estimates of this radiation, we note that we can
describe the motion of each charged particle g’ as a current density:

J=qvé(x —vt) =qvs(X —ut)s(y')s(z)Xy (8.212)
which has the trivial Fourier transform

o = S e 5o 8213
This Fourier component can be used in the formulae derived for a linear current in
Subsection 8.1.1 if only we make the replacements

£ — £ =N’gy (8.2144a)

K — ”?“’ (8.214b)

In this manner, using j,, from Equation (8.213) above, the resulting Fourier transforms
of the Vavilov-Cerenkov magnetic and electric radiation fields can be calculated from
the expressions (7.11) on page 95) and (7.22) on page 98, respectively.

The total energy content is then obtained from Equation (7.35) on page 102 (in-
tegrated over a closed sphere at large distances). For a Fourier component one obtains
[cf. Equation (7.38) on page 103]

1 > o 12l
US40 ~ / (i, x K)e & d3| do
TTEQ JV
9°ne? | [® (WX 2 (8219)
= Toriec / exp [I( . —kx’coseﬂ dx’| sin“6dQ
0 —eo

where @ is the angle between the direction of motion, X7, and the direction to the
observer, k. The integral in (8.215) is singular of a ‘Dirac delta type’. If we limit the
spatial extent of the motion of the particle to the closed interval [-X, X] on the X" axis
we can evaluate the integral to obtain

2nw? sin? 6 sin® [(1 - 2 cos ) X2]

UraddQ:q/
T a1 o) o

(8.216)

which has a maximum in the direction 6, as expected. The magnitude of this max-
imum grows and its width narrows as X — eo. The integration of (8.216) over Q
therefore picks up the main contributions from 6 ~ 6.. Consequently, we can set
sin? 0 ~ sin? 6, and the result of the integration is

gred = 271/ Ud(6)singde = [cosd = —&] = 27r/ UR() de
0 -1

_ g%nw?sin’ 6, /‘1 sin? [ (1 + %) Xe] (8.217)
~ 2m2goC3 Joa [(1 + nug) w
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The integrand in (8.217) is strongly peaked near £ = —c/(nv), or, equivalently, near
cosf. = c¢/(nv). This means that the integrand function is practically zero outside
the integration interval ¢ € [-1, 1]. Consequently, one may extend the £ integration
interval to (—eo, e0) without introducing too much an error. Via yet another variable
substitution we can therefore approximate

Lsi 2 n_U{: X_w 2 0 ojn2
Sin2 90/ sin [(1 + c ) v ] df ~ (1 _ C ) % / SIN® X dx
+ (@ -

+n%f)ﬂ2 N2 ) wn Joe X2

_ () @

T wn n2v?
leading to the final approximate result for the total energy loss in the frequency interval
(w, w + dw)

,2 2
Gredgy, = 4% (1 - C—) wdw (8.219)

(8.218)

As mentioned earlier, the refractive index is usually frequency dependent. Real-
ising this, we find that the radiation energy per frequency unit and per unit length
is

ljraddw quw c2
“ = 1- 22
2X 4renC? < nz(a))vz) dv (8:220)

This result was derived under the assumption that v/c > 1/n(w), i.e., under the con-
dition that the expression inside the parentheses in the right hand side is positive. For
all media it is true that n(w) — 1 when w — eo, so there exist always a highest
frequency for which we can obtain Vavilov-Cerenkov radiation from a fast charge in
a medium. Our derivation above for a fixed value of n is valid for each individual
Fourier component.
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Formulae

F.1 The electromagnetic field

F.1.1 Maxwell’s equations

V-D=p
V.-B=0

P
VxE=-8B
X at

.0
VxH=j+ =D
X J+at

Constitutive relations

E

Il
)

D
H

I
=l

j=0oE
P=ceE

F.1.2 Fields and potentials

Vector and scalar potentials

B=VxA

(F1)
(F2)

(F.3)

(F.4)

(F.5)
(F.6)

(F.7)
(F.8)

(F.9)
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F. FORMULAE

E=-Vo- %A (F.10)

The Lorenz-Lorentz gauge condition in vacuum

10

V A+ =Z4-= F.11
+t2g8=0 (F.11)

F.1.3 Force and energy

Poynting’s vector
S=ExH (F.12)

Maxwell’s stress tensor

1
Tij = BiDj + HiBj — 5 4ij (ExDxk + HkBx) (F.13)

F.2 Electromagnetic radiation

F.2.1 Relationship between the field vectors in a plane wave

(F.14)

F.2.2 The far fields from an extended source distribution

rad —igo " 3y ik’ i

B (X) = el d°x’e Jo X K (F.15)
rad i eiklxl & 3y’ a—ikX i

ES (X) = prm——— X % /v d°x’e jo XK (F.16)

F.2.3 The far fields from an electric dipole

ik|x|

Brad(yy — _ YHo & Kk F.17

w () =-7 x| P X (F.17)
eiklxl

Ef(x) = ————— (p,, x K) x k (F.18)
dreg X
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F.2.4 The far fields from a magnetic dipole

eik|><|

B™(x) = —22°  (m, x k) x k (F.19)
4r x|

Erad ke K F.20

B0 = s g M X (F.20)

F.2.5 The far fields from an electric quadrupole

H ik|x|

B0 = T (k- Qu) xk (F.21)
H ik|x|

ED00 = g g [k Qu) K] xk (F.22)

F.2.6 The fields from a point charge in arbitrary motion

02 — \
E(t,X) = 4ﬂ2053 [(x — %) (1 - ?> +(x=X) x (X’é% (F.23)
B(t,X) = (X — X) x C|Ex(t_”2,| (F.24)
s=|x—x’\—(x—x’)~% (F.25)
X—Xg = (x—x')—|x—x’|% (F.26)
o\ X=X
(E)x = (F.27)
F.3 Special relativity
F.3.1 Metric tensor
10 0 0
G = 8 _01 _01 8 (F.28)
00 0 -1
F.3.2 Covariant and contravariant four-vectors
Uy = GuyV” (F.29)
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F. FORMULAE

F.3.3 Lorentz transformation of a four-vector

XH = AB XY (F.30)
v -4 0 0
—B 4 00
A" = O’ﬁ 0’ - (F.31)
0 0 01
1
[l (F.32)
[
_Y F.33
p=t GED

F.3.4 Invariant line element

ds=cd —cdr (F.34)
4
F.3.5 Four-velocity

u
w = ?T: = ~(C, V) (F.35)

F.3.6 Four-momentum

P = mout = <% p> (F.36)

F.3.7 Four-current density
= pott* (F.37)

F.3.8 Four-potential
A= <9, A) (F:39)

C

F.3.9 Field tensor

0 -Ex/c -E,/c -E,/c
Ey/C 0 -B, B,
E,/c B, 0 —By
E./c -B, By 0

FA = AT — A = (F.39)
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Vector relations

F.4 \ector relations

Let x be the radius vector (coordinate vector) from the origin to the point (x4, X2, X3) =
(X,y,2) and let |x| denote the magnitude (‘length’) of x. Let further a(x),B(x),... be

arbitrary scalar fields and a(x), b(x), c(x), d(x), ... arbitrary vector fields.

The differential vector operator V is in Cartesian coordinates given by

9
I 6Xi

j=3
=
j=}
=+

e

S 0
V=Y X— =
; I5Xi

e

= 0

>

(F.40)

where X;, i = 1,2, 3is the ith unit vectorand X; = X, X» =, and X3 = Z In component

(tensor) notation V can be written
Viiao(2 2 0N_(000
OX1 0%y 0X3 ox oy oz

F.4.1 Spherical polar coordinates
Base vectors
= sin @ cos pX; + sin@sin X, + €0s HX3

’I,E
§ = cos 6 cos X1 + €0SOSin Xy — SiNOX3
@ = —SineXy + CoS X,

%1 = Sincos pf + cos O cos b — sin g
X, = sin@sinf + cos Osin @b + cos p@
%3 = cos OF — sin 60

Directed line element
dxX=dl =drf+rdo@+rsinode@

Solid angle element
dQ =singdody

Directed area element
dxA=dS=dS f=r’dQt

Volume element
d* = dV = drdS = r?drdQ
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(F.41)

(F.42a)
(F.42b)
(F.42¢)

(F.43a)
(F.43b)
(F.43c)

(F.44)

(F.45)

(F.46)

(F47)
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F.4.2 \ector formulae

General vector algebraic identities

a-b=>b-a=¢jab; =abcosd

axb=-bxa=¢ja;bXi

a-(bxc)=(axb)-c

ax(bxc)=b(a-c)-c(a-b)
ax(bxc)+bx(cxa)+cx(axb)=0
(axb)-(cxdy=a-[bx(cxd)]=(@-c)b-d)—(a-d)b-c)
(axb)x(cxd)=(axb-d}c-(axb-c)d

General vector analytic identities

V(aB) = aVB + pVa

V.-(wd)=a-Va+aV-a

Vx(ea)=aVxa-axVa
V.-(axb)=b-(Vxa)-a-(Vxbh)
Vx(@axb)=a(V-b)-b(vV-a)+(b-V)a-(a-V)b
V@-b)=ax(Vxb)+bx(Vxa)+(b-V)a+(a-V)b
V-Va =V

VxVa=0

V- (Vxa)=0

V x(Vxa)=V(V-a)-Va

Special identities

vector, a = a(x) an arbitrary vector field, V = a%)‘(i, and V' = 2 %.
V-x=3
Vxx=0
V(k-x) =k
X
Vx| = =
x|
X=X
V(x=X]) = =-V (X=X
(x-x1) = XX = =9 (x-x)

1 X
V(= )=-=-2
(IXI) Ix[3

(F.48)
(F.49)
(F.50)
(F51)
(F.52)
(F53)
(F.54)

(F.55)
(F.56)
(F.57)
(F.58)
(F.59)
(F.60)
(F.61)
(F.62)
(F.63)
(F.64)

In the following x = xiX; and X’ = x/X; are radius vectors, k an arbitrary constant

(F.65)
(F.66)
(F.67)

(F.68)
(F.69)

(F.70)
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1 X=X , 1

V<|x—x'|> = TkexP Y (IX—X’I) (7
X 1

V. (W) = _V2 (ﬂ) = 475(X) (F.72)
X=X ’

v (Ix x’|3) (Ix X’ ) = 4mox = x) (F73)

NI
oo (3] = (5) oo

k 1
v? <M) = kVv? (M) = —4rks(X) (F.76)
Vx(kxa)=k(V-a)+kx(Vxa)-V(kK-a) (F.77)

Integral relations

Let V(S) be the volume bounded by the closed surface S (V). Denote the 3-dimensional
volume element by d®(= dV) and the surface element, directed along the outward
pointing surface normal unit vector A, by dS(= d’ ). Then

/(V-a)d3>(: f ds-a (F.78)
\Y S
/ (Vo) d = f dSa (F.79)
JV S
/(an)d%(zdexa (F.80)
Y S
If S(C) is an open surface bounded by the contour C(S), whose line element is dl,
then
fadl _ / dS x Va (F81)
C S
fa-dl:/ds-(an) (F82)
C S
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Mathematical Methods

M.1 Scalars, vectors and tensors

Every physical observable can be described by a geometric object. We will de-
scribe the observables in classical electrodynamics mathematically in terms of scalars,
pseudoscalars, vectors, pseudovectors, tensors or pseudotensors and will not exploit
differential forms to any significant degree.

A scalar describes a scalar quantity which may or may not be constant in time
and/or space. A vector describes some kind of physical motion due to vection and a
tensor describes the motion or deformation due to some form of tension. However,
generalisations to more abstract notions of these quantities are commonplace. The
difference between a scalar, vector and tensor and a pseudoscalar, pseudovector and
a pseudotensor is that the latter behave differently under such coordinate transforma-
tions which cannot be reduced to pure rotations.

Throughout we adopt the convention that Latin indices i, j,k,1,... run over the
range 1,2,3 to denote vector or tensor components in the real Euclidean three-
dimensional (3D) configuration space R3, and Greek indices u, v, «, 4, . .., which are
used in four-dimensional (4D) space, run over the range 0, 1, 2, 3.

M.1.1 Vectors

Radius vector

A vector can be represented mathematically in a number of different ways. One suit-
able representation is in terms of an ordered N-tuple, or row vector, of the coordinates
xn Where N is the dimensionality of the space under consideration. The most basic
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vector is the radius vector which is the vector from the origin to the point of in-
terest. Its N-tuple representation simply enumerates the coordinates which describe
this point. In this sense, the radius vector from the origin to a point is synonymous
with the coordinates of the point itself.

In the 3D Euclidean space R*, we have N = 3 and the radius vector can be rep-
resented by the triplet (X1, X2, x3) of coordinates x;, i = 1,2, 3. The coordinates x; are
scalar quantities which describe the position along the unit base vectors X; which span
IR3. Therefore a representation of the radius vector in R? is

x:ixif(i = xif(i (Ml)

where we have introduced Einstein’s summation convention (EX) which states that a
repeated index in a term implies summation over the range of the index in question.
Whenever possible and convenient we shall in the following always assume EX and
suppress explicit summation in our formulae. Typographically, we represent a vector
in 3D Euclidean space R® by a boldface letter or symbol in a Roman font.
Alternatively, we may describe the radius vector in component notation as follows:

def
X S (X1, X2, X3) = (X, 2) (M.2)

This component notation is particularly useful in 4D space where we can represent
the radius vector either in its contravariant component form

X = (%% X%, x0) (M.3)
or its covariant component form
def
X, = (Xo, X1, X2, X3) (M.4)

The relation between the covariant and contravariant forms is determined by the met-
ric tensor (also known as the fundamental tensor) whose actual form is dictated by the
properties of the vector space in question. The dual representation of vectors in con-
travariant and covariant forms is most convenient when we work in a non-Euclidean
vector space with an indefinite metric. An example is Lorentz space I.* which is a 4D
Riemannian space utilised to formulate the special theory of relativity.

We note that for a change of coordinates x* — x* = x*(x°, x*, x?, x3), due to a
transformation from a system X to another system X’ the differential radius vector dx*
transforms as

7, axlﬂ 4
dx* = de (M.5)
which follows trivially from the rules of differentiation of x’# considered as functions
of four variables x”.
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M.1.2 Fields

Afield is a physical entity which depends on one or more continuous parameters. Such
a parameter can be viewed as a ‘continuous index’ which enumerates the ‘coordinates’
of the field. In particular, in a field which depends on the usual radius vector x of R3,
each point in this space can be considered as one degree of freedom so that a field is a
representation of a physical entity which has an infinite number of degrees of freedom.

Scalar fields
We denote an arbitrary scalar field in R3 by

def
o(X) = (X1, %o, Xs) = (X)) (M.6)
This field describes how the scalar quantity o varies continuously in 3D R? space.
In 4D, a four-scalar field is denoted

a0, x4 %2, %) € a(x) (M.7)

which indicates that the four-scalar « depends on all four coordinates spanning this
space. Since a four-scalar has the same value at a given point regardless of coordinate
system, it is also called an invariant.

Analogous to the transformation rule, Equation (IM.5) on the facing page, for the
differential dx*, the transformation rule for the differential operator 9/0x* under a
transformation x* — x’* becomes

o X o

AXH XM OXY (M.8)
which, again, follows trivially from the rules of differentiation.
Vector fields
We can represent an arbitrary vector field a(x) in R as follows:

a(x) = ai(¥)%i (M.9)
In component notation this same vector can be represented as

ai(x) = (a1(x), a2(x), as(x)) = ai(x;) (M.10)

In 4D, an arbitrary four-vector field in contravariant component form can be rep-
resented as

a(x) = (@°(x), a'(x"), a’(x"), a*(x") (M.11)
or, in covariant component form, as

a,(x") = (ao(X"), a1(x"), a2(x"), as(x")) (M.12)
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where x is the radius four-vector. Again, the relation between a* and a,, is determined
by the metric of the physical 4D system under consideration.

Whether an arbitrary N-tuple fulfils the requirement of being an (N-dimensional)
contravariant vector or not, depends on its transformation properties during a change
of coordinates. For instance, in 4D an assemblage y* = (4°, y*, 42, y®) constitutes a
contravariant four-vector (or the contravariant components of a four-vector) if and
only if, during a transformation from a system X with coordinates x* to a system X’
with coordinates x#, it transforms to the new system according to the rule

_ox*
= ox Y

- v (M.13)
i.e., in the same way as the differential coordinate element dx* transforms according
to Equation (M.5) on page 164.

The analogous requirement for a covariant four-vector is that it transforms, during
the change from X to ¥, according to the rule

,  ox
Y, = (3)(—,#%/ (M.14)
i.e., in the same way as the differential operator 9/9x* transforms according to Equa-
tion (M.8) on the preceding page.

Tensor fields

We denote an arbitrary tensor field in R® by A(x). This tensor field can be represented
in a number of ways, for instance in the following matrix form:

. Au(X)  Ap(x) Agz(X)
(Aj() = | Au() An(x) As(X) (M.15)
Az (X) An(x) Asz(x)

j=
Py

Strictly speaking, the tensor field described here is a tensor of rank two.
A particularly simple rank-two tensor in R is the 3D Kronecker delta symbol 6;j,
with the following properties:

0 ifi#]j

si=4 ') (M.16)
1 ifi=]

The 3D Kronecker delta has the following matrix representation

100
@Gp)=10 1 0 (M.17)
001
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Another common and useful tensor is the fully antisymmetric tensor of rank 3,
also known as the Levi-Civita tensor

1 ifi, j,kis an even permutation of 1,2,3
€k =140 if at least two of i, j, k are equal (M.18)
-1 ifi, j,kisan odd permutation of 1,2,3

with the following further property
€ijk€ilm = 010km — 0jmOk (M.19)

In fact, tensors may have any rank n. In this picture a scalar is considered to
be a tensor of rank n = 0 and a vector a tensor of rank n = 1. Consequently, the
notation where a vector (tensor) is represented in its component form is called the
tensor notation. A tensor of rank n = 2 may be represented by a two-dimensional
array or matrix whereas higher rank tensors are best represented in their component
forms (tensor notation).

>TENSORS IN 3D SPACE EXAMPLE 13.1
Consider a tetrahedron-like volume element V of a solid, fluid, or gaseous body, whose

atomistic structure is irrelevant for the present analysis; figure M.1 on the next page indicates

how this volume may look like. Let dS = d fi be the directed surface element of this volume

element and let the vector T d be the force that matter, lying on the side of d toward which

the unit normal vector i points, acts on matter which lies on the opposite side of d%. This force

concept is meaningful only if the forces are short-range enough that they can be assumed to act

only in the surface proper. According to Newton’s third law, this surface force fulfils

Ta=-Ta (M.20)

Using (M.20) and Newton’s second law, we find that the matter of mass m, which at a given
instant is located in V obeys the equation of motion

TadX — cos6; Ty, d% — €08 05T, dX — OSB3 Tx, dX + Feq = Ma (M.21)

where Fe is the external force and a is the acceleration of the volume element. In other words
m Fext

Ta= an;(l + nzng + n3T;(3 + d_2X (a - F) (M22)

Since both a and Fe./m remain finite whereas m/d% — 0 as V — 0, one finds that in this limit

3
Ta=)nTg =nTy (M.23)
n ; X 5 X

From the above derivation it is clear that Equation (M.23) is valid not only in equilibrium but
also when the matter in V is in motion.
Introducing the notation
Tij = (Tx)

j (M.24)

for the jth component of the vector Ty, we can write Equation (M.23) above in component
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X1/
FIGURE M.1: Terahedron-like volume element V containing matter.

form as follows

3

Taj = (Ta); = ZniTij =Ty (M.25)
1=

Using Equation (M.25), we find that the component of the vector T in the direction of an
arbitrary unit vector mis
Tom=Ta- M
3 (M.26)
=

3 3
= ZTﬁjmj = zl <ZniTij) mj = niTijmj =A-T-m
= 1=

Hence, the jth component of the vector Ty, here denoted T;j, can be interpreted as the ijth
component of a tensor T. Note that Ty, is independent of the particular coordinate system used
in the derivation.

We shall now show how one can use the momentum law (force equation) to derive the
equation of motion for an arbitrary element of mass in the body. To this end we consider a
part VV of the body. If the external force density (force per unit volume) is denoted by f and the
velocity for a mass element dm is denoted by v, we obtain

%/\/vdm:/vfd%u/sndzx (M.27)
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The jth component of this equation can be written

/V %”J dm = /V fy d%+ /S Ty d = /V fid%+ /S niTi; d (M.28)

where, in the last step, Equation (M.25) on the preceding page was used. Setting dm = p d%
and using the divergence theorem on the last term, we can rewrite the result as

d ' " OTij
—-3x:/f-3x/ 1 g3y M.2
/Vpdtvjd [ [ Sl (M.29)
Since this formula is valid for any arbitrary volume, we must require that
d aTijj
—i—fi— Y = M.
pdth ! X 0 (M.30)

or, equivalently

(91)] E)Tij
| Vo — fi — = M.31
Pt +pV- Vo) — T ax; 0 (M.31)

Note that dv;/at is the rate of change with time of the velocity component v; at a fixed point
X = (X1, X1, X3).

<1 END OF EXAMPLE 13.1
In 4D, we have three forms of four-tensor fields of rank n. We speak of

e a contravariant four-tensor field, denoted A#1#2--#n(x”),

e a covariant four-tensor field, denoted A, ... (X"),

e amixed four-tensor field, denoted AL 7 (x).

The 4D metric tensor (fundamental tensor) mentioned above is a particularly im-
portant four-tensor of rank 2. In covariant component form we shall denote it g,,,,. This
metric tensor determines the relation between an arbitrary contravariant four-vector a#
and its covariant counterpart a,, according to the following rule:

3,0¢) T g,,2°(x") (M.32)

This rule is often called lowering of index. The raising of index analogue of the index
lowering rule is:

2(x) E g"a,(x) (M.33)

More generally, the following lowering and raising rules hold for arbitrary rank n
mixed tensor fields:

Guaon A Bis o (K1) = A () (M.34)
I A () = AT () (M.35)
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EXAMPLE 13.2

Successive lowering and raising of more than one index is achieved by a repeated
application of this rule. For example, a dual application of the lowering operation on
arank 2 tensor in contravariant form yields

Apv = gﬂKgAVAM (M.36)

i.e., the same rank 2 tensor in covariant form. This operation is also known as a tensor
contraction.

>CONTRAVARIANT AND COVARIANT VECTORS IN FLAT LORENTZ SPACE

The 4D Lorentz space IL* has a simple metric which can be described either by the metric
tensor

1 ifu=v=0
Guv = -1 ifu:y:i:j:l’z’:a (M37)
0 ifuzv

which, in matrix notation, is represented as

1 0 0 0
0 -1 0 0
(G) = 0 0 -1 0 (M.38)
0 0 0 -1
i.e., a matrix with a main diagonal that has the sign sequence, or signature, {+,—, —, —} or
-1 ifu=v=0
gv=41 ifu=v=i=j=1273 (M.39)
0 ifu+v
which, in matrix notation, is represented as
-1 0 0 O
0 1 00
@)=|0 o 1 o (M.40)
0 0 0 1

i.e., a matrix with signature {—, +, +, +}.

Consider an arbitrary contravariant four-vector a” in this space. In component form it can
be written:

e

a’ = (@%al,a%a% = (&% a) (M.41)

According to the index lowering rule, Equation (M.32) on the preceding page, we obtain the
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covariant version of this vector as

def

a, = (2,a1,82,83) = g,,a" (M.42)
In the {+, —, —, =} metric we obtain

u=0 ap=1-a"+0-a'+0-a2+0-a°=a° (M.43)

u=1: a=0-a"-1-a'+0-a®+0-a=-a’ (M.44)

=2 a,=0-a"+0-al-1-a2+0-a°=-a (M.45)

u=3 az=0-a’+0-a'+0-a%+1-a°=-a° (M.46)
or

a, = (a0, a1, a,a3) = (8% -a', —a% -a%) = (a° -a) (M.47)

Radius 4-vector itself in .* and in this metric is given by

X = (X0, x5 %%, x%) = (X0, %, ,2) = (X°,X)

M.48
Xu = (X0, X1, X2, X3) = (X%, =x*, =x%, =x°) = (x°, —X) (14
where x° = ct.
Analogously, using the {—, +, +, +} metric we obtain
a, = (a0, a1, 8, 83) = (-a°,a",a%,a% = (-a°, a) (M.49)

<1 END OF EXAMPLE 13.2

M.1.3 Vector algebra

Scalar product

The scalar product (dot product, inner product) of two arbitrary 3D vectors a and b
in ordinary R3 space is the scalar number

a-b=ai>‘<i~bj>“<j =>‘<i~>‘<jaibj =6ijaibj=aibi (M.50)

where we used the fact that the scalar product X;-X; is a representation of the Kronecker
delta 6;; defined in Equation (M.16) on page 166. In Russian literature, the 3D scalar
product is often denoted (ab). The scalar product of a in R with itself is

a-a € (@) =laf = (a)? = a2 (M.51)

and simlarly for b. This allows us to write
a-b=abcose (M.52)

where 6 is the angle between a and b.
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EXAMPLE 13.3

In 4D space we define the scalar product of two arbitrary four-vectors a# and b*
in the following way

b =gt =a’b, = g”a,b, (M.53)

where we made use of the index lowering and raising rules (M.32) and (M.33). The
result is a four-scalar, i.e., an invariant which is independent of in which 4D coordinate
system it is measured.

The quadratic differential form

ds? = g, dx"dx* = dx,dx* (M.54)

i.e., the scalar product of the differential radius four-vector with itself, is an invariant
called the metric. It is also the square of the line element ds which is the distance
between neighbouring points with coordinates x* and x* + dx*.

>INNER PRODUCTS IN COMPLEX VECTOR SPACE

A 3D complex vector A is a vector in(C3 (or, if we like, in R®), expressed in terms of two
real vectors ag and a; in R? in the following way

aQ

AL ar+ia =arip+iad £ AReC? (M.55)

The inner product of A with itself may be defined as
A2E A A=a2-a?+2iag - £ A2eC (M.56)

from which we find that

A= y/ag—a?+2iag -a €C (M.57)

Using this in Equation (M.55), we see that we can interpret this so that the complex unit vector
is
aRr A . a A
= - aR +1 - &
\ai —a? + 2iag - a a3 —a? + 2iag - a
ag+\/ag-a’-2iag -a , .a /a3 —-a’-2iag-a ,
= RVR_A R g+ itV R_A R Ty ec?

|
a3 +a? ag +a?

A:

>| >

(M.58)

On the other hand, the definition of the scalar product in terms of the inner product of complex
vector with its own complex conjugate yields

A2 E A A =a+a? = |AP (M.59)

with the help of which we can define the unit vector as
A = R ag+i &
Al Vg +a? Vg +af
_aryag+af VAR + : 3
a

N | a
A:
2
az+a2 ,
a eC
a3 + a? 2 +a?

(M.60)

aR +

<1 END OF EXAMPLE 13.3
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>SCALAR PRODUCT, NORM AND METRIC IN LORENTZ SPACE

In IL* the metric tensor attains a simple form [see Example 13.2 on page 170] and, hence,
the scalar product in Equation (M.53) on the facing page can be evaluated almost trivially. For
the {+, —, —, —} signature it becomes

a,b" = (o, -a)- (b°.b) =aph® —a-b (M.61)
The important scalar product of the IL* radius four-vector with itself becomes

XX = (X0, =X) - (X%, X) = (ct, -X) - (ct,X)

= (©)? — (X2 = ()% = ()2 = 62 (M.62)

which is the indefinite, real norm of IL*. The L.* metric is the quadratic differential form

ds? = dx,dx* = c2(dt)? - (dx*)? — (dx?)? — (dx®)? (M.63)

<1 END OF EXAMPLE 13.4

Dyadic product

The dyadic product field A(x) = a(x)b(x) with two juxtaposed vector fields a(x) and
b(x) is the outer product of a and b. Operating on this dyad from the right and from
the left with an inner product of an vector ¢ one obtains

A.-c = ab-c = a(b-c) (M.64a)

c-A =c-ab = (c-a)b (M.64b)
i.e., new vectors, proportional to a and b, respectively. In mathematics, a dyadic

product is often called tensor product and is frequently denoted a ® b.
In matrix notation the outer product of a and b is written

ath; aih, ajhs K1
(ab) = (%1 Rz %) |ab ahy ahs| | % (M.65)
aibs asbh, ashs K3

which means that we can represent the tensor A(x) in matrix form as

albl a1b2 a1b3
(Aij(x)) = | athy @by asby (M.66)
albg a3b2 a3b3

which we identify with expression (M.15) on page 166, viz. a tensor in matrix nota-
tion.
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Vector product

The vector product or cross product of two arbitrary 3D vectors a and b in ordinary
IR3 space is the vector

c=axb= eijkajbqu (M.67)

Here ¢ is the Levi-Civita tensor defined in Equation (M.18) on page 167. Sometimes
the 3D vector product of a and b is denoted a A b or, particularly in the Russian
literature, [ab]. Alternatively,

axb=absingé (M.68)

where 6 is the angle between a and b and & is a unit vector perpendicular to the plane
spanned by a and b.

A spatial reversal of the coordinate system (x, X5, X3) = (—X1, —X2, —X3) changes
sign of the components of the vectors a and b so that in the new coordinate system
a’ = —aand b’ = —b, which is to say that the direction of an ordinary vector is not
dependent on the choice of directions of the coordinate axes. On the other hand, as
is seen from Equation (M.67) above, the cross product vector ¢ does not change sign.
Therefore a (or b) is an example of a ‘true’ vector, or polar vector, whereas c is an
example of an axial vector, or pseudovector.

A prototype for a pseudovector is the angular momentum vector L = r x p and
hence the attribute “axial’. Pseudovectors transform as ordinary vectors under trans-
lations and proper rotations, but reverse their sign relative to ordinary vectors for any
coordinate change involving reflection. Tensors (of any rank) which transform ana-
logously to pseudovectors are called pseudotensors. Scalars are tensors of rank zero,
and zero-rank pseudotensors are therefore also called pseudoscalars, an example be-
ing the pseudoscalar &; - (Xj x Xi). This triple product is a representation of the ijk
component of the Levi-Civita tensor e which is a rank three pseudotensor.

M.1.4 Vector analysis
The del operator

In R? the del operator is a differential vector operator, denoted in Gibbs’ notation by
V and defined as
def . O def
V=%X—-=29 M.69
Riox (M.69)

where X; is the ith unit vector in a Cartesian coordinate system. Since the operator
in itself has vectorial properties, we denote it with a boldface nabla. In ‘component’
notation we can write

o o0 0
i=—, =, — M.70
o (axl ’ 0Xo ’ (9X3) ( )
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In 4D, the contravariant component representation of the four-del operator is
defined by

o= ( 0 6 9 0 ) (M.71)

Ao %1’ %" Oxg

whereas the covariant four-del operator is

%= (0 28 3 5 (M.72)

X0 xL X2 ax®

We can use this four-del operator to express the transformation properties (M.13)
and (M.14) on page 166 as

y* = (8,x*) y’ (M.73)
and
v, = (9,X) y (M.74)

respectively.

>THE FOUR-DEL OPERATOR IN LORENTZ SPACE EXAMPLE 13.5

In L the contravariant form of the four-del operator can be represented as

10 10
&= (E&’"B) - (E&"V) (M75)
and the covariant form as
10 10
Oy = (E&"’) = <ea’v) (M-76)

Taking the scalar product of these two, one obtains

1 2
9 = 0

2 _ M2
= age -V =0 (M.77)

which is the d’Alembert operator, sometimes denoted [J, and sometimes defined with an op-
posite sign convention.

<1 END OF EXAMPLE 13.5
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With the help of the del operator we can define the gradient, divergence and curl
of a tensor (in the generalised sense).

The gradient

The gradient of an R® scalar field a(x), denoted Va(x), is an R? vector field a(x):
Va(x) = da(X) = Xidia(X) = a(x) (M.78)

From this we see that the boldface notation for the nabla and del operators is very
handy as it elucidates the 3D vectorial property of the gradient.

In 4D, the four-gradient is a covariant vector, formed as a derivative of a four-
scalar field a(x*), with the following component form:

da(x”)

dua(<) = =

(M.79)

EXAMPLE 13.6 >GRADIENTS OF SCALAR FUNCTIONS OF RELATIVE DISTANCES IN 3D

Very often electrodynamic quantities are dependent on the relative distance in R® between
two vectors x and x’, i.e., on [x — X’|. In analogy with Equation (M.69) on page 174, we can
define the primed del operator in the following way:

vozl —g (M.80)

Using this, the unprimed version, Equation (M.69) on page 174, and elementary rules of differ-
entiation, we obtain the following two very useful results:

. OX =X X=X . OX =X
V(x-x)) = g DX X2X g O
OXi [x = x| oxi (M.81)
==V (Ix=x1)
and
1 X=X , 1
v (IX—X’I) = _—lx—x'|3 =-V (|x— x'|) (M.82)

<1 END OF EXAMPLE 13.6
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The divergence

We define the 3D divergence of a vector field in R® as

dai(x) _

V-a(x):&-f(jaj(x) =6ij6iaj(x) =6iai(x): ox

a(X) (M.83)

which, as indicated by the notation «(x), is a scalar field in R3. We may think of the
divergence as a scalar product between a vectorial operator and a vector. As is the
case for any scalar product, the result of a divergence operation is a scalar. Again we
see that the boldface notation for the 3D del operator is very convenient.

The four-divergence of a four-vector a* is the following four-scalar:

oat(x”)
MV — vy —
0,a'(x") = 0"a,(x) = o (M.84)
>DIVERGENCE IN 3D EXAMPLE 13.7
For an arbitrary R vector field a(x’), the following relation holds:
’ a(xl) _ v a(X’) ’ ’ 1
\% (IX—X'I) = x| +ax)-Vv X x| (M.85)

which demonstrates how the primed divergence, defined in terms of the primed del operator in
Equation (M.80) on the preceding page, works.

<1 END OF EXAMPLE 13.7

The Laplacian

The 3D Laplace operator or Laplacian can be described as the divergence of the
gradient operator:

VZ—A—v.V—i;(..;(.i_(;.‘a.a._5,2_6_2=36_2 (M.86)
ax,~ Tlax, T T T 6xi2_,;0xi2 '

The symbol V? is sometimes read del squared. If, for a scalar field a(x), V2@ < 0 at
some point in 3D space, it is a sign of concentration of « at that point.
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EXAMPLE 13.8

EXAMPLE 13.9

>THE LAPLACIAN AND THE DIRAC DELTA

A very useful formula in 3D R® is

1 1 )
vy (ﬁ) -V (IX—X’I) = k) (M7

where §(x — x’) is the 3D Dirac delta ‘function’.

<1 END OF EXAMPLE 13.8

The curl

In R the curl of a vector field a(x), denoted V x a(x), is another R3 vector field b(x)
which can be defined in the following way:

da(x)

V x a(x) = Eijk)?iajak(X) = Eijk)?ia— =
Xj

b(x) (M.88)

where use was made of the Levi-Civita tensor, introduced in Equation (M.18) on
page 167.

The covariant 4D generalisation of the curl of a four-vector field a#(x") is the
antisymmetric four-tensor field

G (X*) = d,a,(X") — dya,(x*) = =G, (x") (M.89)

A vector with vanishing curl is said to be irrotational.

>THE CURL OF A GRADIENT

Using the definition of the R® curl, Equation (M.88) above, and the gradient, Equa-
tion (M.78) on page 176, we see that

V x [VCL/(X)] = Eijk)?iajakd(X) (MQO)

which, due to the assumed well-behavedness of «(x), vanishes:

- a 0 -
&k Xi0joka(X) = Gk g aT(kCY(X)Xi
i

= ( 62 6—2) a/(X))A(l

OX20X3 - OX30X2

+( o2 o2 )a(x)f(z (M.91)

0X30%X1 - 0X10X3

02 0?
* (6X16X2 - (9X2(9X1) Q(X)Xg

1}
o

We thus find that
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V x[Va(x)]=0 (M.92)
for any arbitrary, well-behaved R? scalar field a/(x).
In 4D we note that for any well-behaved four-scalar field a/(x*)
@y - 9,0,)a(x) = 0 (M.93)
so that the four-curl of a four-gradient vanishes just as does a curl of a gradient in R,

Hence, a gradient is always irrotational.

<1 END OF EXAMPLE 13.9

>THE DIVERGENCE OF A CURL EXAMPLE 13.10

With the use of the definitions of the divergence (M.83) and the curl, Equation (IM.88) on
the preceding page, we find that

V- [V xa(X)] =ai[V xaX)]i = &jxdidjax(x) (M.94)

Using the definition for the Levi-Civita symbol, defined by Equation (M.18) on page 167, we
find that, due to the assumed well-behavedness of a(x),

0
digijkdja(X) = ——€&jx7—a
i€ijkOj k() 6Xi Ilkan k
0? 92
- (3X28X3 - 8X3(9X2) al(X)
9 & (M.95)
* ((9X3(9X1 B 8X16X3) aZ(X)
9 9
* (aX]_aXz - 6X26X1) aB(X)
=0
i.e., that
V. [Vxa(x)]=0 (M.96)

for any arbitrary, well-behaved R® vector field a(x).

In 4D, the four-divergence of the four-curl is not zero, for

3G, = 8"d,a"(x) — D% (x) £ 0 (M.97)

<1 END OF EXAMPLE 13.10
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Numerous vector algebra and vector analysis formulae are given in Chapter F.
Those which are not found there can often be easily derived by using the component
forms of the vectors and tensors, together with the Kronecker and Levi-Civita tensors
and their generalisations to higher ranks. A short but very useful reference in this
respect is the article by A. Evett [3].

M.2 Analytical mechanics

M.2.1 Lagrange’s equations

As is well known from elementary analytical mechanics, the Lagrange function or
Lagrangian L is given by

. dai
L(gi, @i t) = L (qi, %t> =T-V (M.98)

where g is the generalised coordinate, T the kinetic energy and V the potential energy
of a mechanical system, The Lagrangian satisfies the Lagrange equations

0 (oL oL
(%)

To the generalised coordinate g; one defines a canonically conjugate momentum
p; according to

oL
== M.100
P =56 ( )
and note from Equation (M.99) above that
oL
— =P M.101
5 =P (M.101)

M.2.2 Hamilton’s equations

From L, the Hamiltonian (Hamilton function) H can be defined via the Legendre trans-
formation

H(pi, g, t) = pidi — L(di, Gi, 1) (M.102)

After differentiating the left and right hand sides of this definition and setting them
equal we obtain

oH
opi

oL

oH oH . . dL . oL
dpi + a—qiin + 5 dt=Gidpi + pidg; - 6—qiin - 3_(1idqi -5t (M.103)
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According to the definition of p;, Equation (M.100) on the facing page, the second
and fourth terms on the right hand side cancel. Furthermore, noting that according
to Equation (M.101) on the preceding page the third term on the right hand side of
Equation (M.103) on the facing page is equal to —p;dg; and identifying terms, we

obtain the Hamilton equations:

6H_.'_dqi
6pi_q'_ dt
aH_ . dp;
0qi__pl__dt
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acceleration field, 125
advanced time, 41
Ampere’s law, 6
Ampeére-turn density, 87
anisotropic, 147
anomalous dispersion, 148
antisymmetric tensor, 61
associated Legendre polynomial, 114
associative, 54

axial gauge, 42

axial vector, 62, 174

Bessel functions, 111
Biot-Savart’s law, 7
birefringent, 147

braking radiation, 136
bremsstrahlung, 136, 143

canonically conjugate four-momentum, 70
canonically conjugate momentum, 70, 180
canonically conjugate momentum density, 77

characteristic impedance, 28
classical electrodynamics, 1, 9
closed algebraic structure, 54
coherent radiation, 142

collisional interaction, 146
complex field six-vector, 20
complex notation, 33

complex vector, 172

component notation, 164
concentration, 177

conservative field, 11

conservative forces, 74
constitutive relations, 14
contravariant component form, 50, 164
contravariant field tensor, 62
contravariant four-tensor field, 169
contravariant four-vector, 166
contravariant four-vector field, 53

contravariant vector, 50
convection potential, 132
convective derivative, 13
cosine integral, 108

Coulomb gauge, 42
Coulomb’s law, 2

covariant, 48

covariant component form, 164
covariant field tensor, 62
covariant four-tensor field, 169
covariant four-vector, 166
covariant four-vector field, 53
covariant vector, 50

cross product, 174

curl, 178

cutoff, 138

cyclotron radiation, 140, 143

d’Alembert operator, 38, 58, 175
del operator, 174

del squared, 177

differential distance, 52
differential vector operator, 174
Dirac delta, 178

Dirac’s symmetrised Maxwell equations, 16

dispersive, 148
displacement current, 10
divergence, 177

dot product, 171

dual vector, 50

duality transformation, 16
dummy index, 50

dyadic product, 173
dyons, 20

E1 radiation, 117

E2 radiation, 119

Einstein’s summation convention, 164
electric charge conservation law, 9
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electric charge density, 4

electric conductivity, 11

electric current density, 7

electric dipole moment, 115

electric dipole moment vector, 84

electric dipole radiation, 117

electric displacement, 15

electric displacement current, 18

electric displacement vector, 83, 85

electric field, 3

electric field energy, 88

electric monopole moment, 83

electric permittivity, 146

electric polarisation, 84

electric quadrupole moment tensor, 84

electric quadrupole radiation, 119

electric quadrupole tensor, 119

electric susceptibility, 85

electric volume force, 90

electricity, 2

electrodynamic potentials, 36

electromagnetic field tensor, 62

electromagnetic scalar potential, 37

electromagnetic vector potential, 36

electromagnetism, 1

electromagnetodynamic equations, 16

electromagnetodynamics, 17

electromotive force (EMF), 11

electrostatic scalar potential, 36

electrostatics, 2

electroweak theory, 1

energy theorem in Maxwell’s theory, 88

equation of continuity, 9, 59

equation of continuity for magnetic monopoles,
16

equations of classical electrostatics, 9

equations of classical magnetostatics, 9

Euclidean space, 55

Euclidean vector space, 51

Euler-Lagrange equation, 76

Euler-Lagrange equations, 76

Euler-Mascheroni constant, 108

event, 54

far field, 96
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far zone, 99

Faraday’s law, 12

field, 165

field Lagrange density, 78

field point, 4

field quantum, 138

fine structure constant, 138, 145
four-current, 58

four-del operator, 175
four-dimensional Hamilton equations, 70
four-dimensional vector space, 50
four-divergence, 177
four-gradient, 176
four-Hamiltonian, 70
four-Lagrangian, 68
four-momentum, 57
four-potential, 58

four-scalar, 165

four-tensor fields, 169
four-vector, 53, 165
four-velocity, 57

Fourier component, 27

Fourier transform, 39

functional derivative, 76
fundamental tensor, 50, 164, 169

Galileo’s law, 47

gauge fixing, 43

gauge function, 43

gauge invariant, 43

gauge transformation, 43
Gauss’s law of electrostatics, 5
general inhomogeneous wave equations, 37
generalised coordinate, 70, 180
generalised four-coordinate, 70
Gibbs’ notation, 174

gradient, 176

Green function, 39, 114

group theory, 54

group velocity, 148

Hamilton density, 77

Hamilton density equations, 77
Hamilton equations, 70, 181
Hamilton function, 180
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Hamilton gauge, 42 Legendre polynomial, 114

Hamiltonian, 180 Legendre transformation, 180

Heaviside potential, 132 Levi-Civita tensor, 167

Helmholtz’ theorem, 38 Liénard-Wiechert potentials, 61, 121, 131

help vector, 113 light cone, 53

Hertz’ method, 112 light-like interval, 53

Hertz’ vector, 112 line element, 172

Hodge star operator, 16 linear mass density, 75

homogeneous wave equation, 26 linearly polarised wave, 31

Huygen’s principle, 39 longitudinal component, 30
Lorentz boost parameter, 55

identity element, 54 Lorentz force, 14, 89, 131

in a medium, 149

incoherent radiation, 143

indefinite norm, 51

index contraction, 50

index lowering, 50

induction field, 96

inertial reference frame, 47

inertial system, 47

inhomogeneous Helmholtz equation, 39

inhomogeneous time-independent wave equa-
tion, 39

inhomogeneous wave equation, 38

inner product, 171

instantaneous, 133

interaction Lagrange density, 78

intermediate field, 98

invariant, 165

invariant line element, 52

inverse element, 54

irrotational, 5, 178

Lorentz gauge condition, 38

Lorentz space, 51, 164

Lorentz transformation, 49, 131
Lorenz-Lorentz gauge, 43
Lorenz-Lorentz gauge condition, 38, 59
lowering of index, 169

M1 radiation, 118

Magller scattering, 145

Mach cone, 151

macroscopic Maxwell equations, 146
magnetic charge density, 15
magnetic current density, 15
magnetic dipole moment, 86, 118
magnetic dipole radiation, 118
magnetic displacement current, 18
magnetic field, 7

magnetic field energy, 88
magnetic field intensity, 87
magnetic flux, 12

magnetic flux density, 7

magnetic induction, 7

magnetic monopoles, 15

Kelvin function, 144
kinetic energy, 74, 180
kinetic momentum, 73

Kronecker delta, 166 magnetic permeability, 146
magnetic susceptibility, 87

Lagrange density, 74 magnetisation, 86

Lagrange equations, 180 magnetisation currents, 86

Lagrange function, 74, 180 magnetising field, 15, 83, 87

Lagrangian, 74, 180 magnetostatic vector potential, 36

Laplace operator, 177 magnetostatics, 6

Laplacian, 177 massive photons, 81

Larmor formula for radiated power, 133 mathematical group, 54

law of inertia, 47 matrix form, 166
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Maxwell stress tensor, 90

Maxwell’s macroscopic equations, 15, 87
Maxwell’s microscopic equations, 14
Maxwell-Lorentz equations, 14
mechanical Lagrange density, 77

metric, 164, 172

metric tensor, 50, 164, 169

Minkowski equation, 70

Minkowski space, 55

mixed four-tensor field, 169

mixing angle, 17

momentum theorem in Maxwell’s theory, 90
monochromatic, 93

multipole expansion, 112, 115

near zone, 98

Newton’s first law, 47
Newton-Lorentz force equation, 70
non-Euclidean space, 51
non-linear effects, 11

norm, 50, 173

null vector, 53

observation point, 4

Ohm’s law, 11

one-dimensional wave equation, 31
outer product, 173

Parseval’s identity, 102, 137, 144
phase velocity, 147
photon, 138

physical measurable, 33
plane polarised wave, 31
plasma, 148

plasma frequency, 148
Poisson equation, 131
Poisson’s equation, 35
polar vector, 62, 174
polarisation charges, 85
polarisation currents, 86
polarisation potential, 112
polarisation vector, 112
positive definite, 55
positive definite norm, 51
potential energy, 74, 180
potential theory, 114
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power flux, 88

Poynting vector, 88
Poynting’s theorem, 88
Proca Lagrangian, 81
propagator, 39

proper time, 53
pseudo-Riemannian space, 55
pseudoscalar, 163
pseudoscalars, 174
pseudotensor, 163
pseudotensors, 174
pseudovector, 61, 163, 174

quadratic differential form, 52, 172
guantum chromodynamics, 1
quantum electrodynamics, 1, 42
guantum mechanical nonlinearity, 4

radiation field, 96, 98, 125
radiation fields, 99

radiation resistance, 108
radius four-vector, 50

radius vector, 164

raising of index, 169

rank, 166

rapidity, 55

refractive index, 147

relative electric permittivity, 90
relative magnetic permeability, 90
relative permeability, 146
relative permittivity, 146
Relativity principle, 48
relaxation time, 27

rest mass density, 77

retarded Coulomb field, 98
retarded potentials, 41
retarded relative distance, 121
retarded time, 41

Riemannian metric, 52
Riemannian space, 50, 164
row vector, 163

scalar, 163, 177
scalar field, 53, 165
scalar product, 171
shock front, 150
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signature, 51, 170 velocity field, 125

simultaneous coordinate, 128 virtual simultaneous coordinate, 122, 125
skew-symmetric, 62

skin depth, 33 wave equations, 25

source point, 4 wave vector, 31, 147

space components, 51 world line, 54

space-like interval, 53

space-time, 51

special theory of relativity, 47

spherical Bessel function of the first kind, 114
spherical Hankel function of the first kind, 114
spherical waves, 101

standard configuration, 48

standing wave, 106

super-potential, 112

synchrotron radiation, 140, 143

synchrotron radiation lobe width, 141

Young’s modulus, 75
Yukawa meson field, 81

telegrapher’s equation, 31, 146

temporal dispersive media, 11

temporal gauge, 42

tensor, 163

tensor contraction, 170

tensor field, 166

tensor notation, 167

tensor product, 173

three-dimensional functional derivative, 76
time component, 51

time-dependent Poisson’s equation, 42
time-harmonic wave, 27

time-independent diffusion equation, 28
time-independent telegrapher’s equation, 32
time-independent wave equation, 28
time-like interval, 53

total charge, 83

transverse components, 30

uncoupled inhomogeneous wave equations, 38

vacuum permeability, 6

vacuum permittivity, 3

vacuum polarisation effects, 4
vacuum wave number, 28
Vavilov-Cerenkov radiation, 149, 150
vector, 163

vector product, 174
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