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1. INTRODUCTION

In this paper we introduce various set inference problems as they appear in finance
and propose practical and powerful inferential tools. Our tools will be applicable to any
problem where the set of interest solves a system of estimable inequalities, though we
will particularly focus on the following two problems: The first problem will deal with
mean-variance sets of stochastic discount factors and the second with mean-variance sets
of admissible portfolios.

Let us now introduce the problem. We begin by recalling two equations used by

[Cochrane, 2005] to effectively summarize the science of asset pricing:

Pt = Et[Mt-i-lXt-i-l]

My = f(Ziy1, parameters),

where P, is an asset price, X, is the asset payoff, M, is the stochastic discount factor
(SDF) or pricing kernel (PK), which is a function f of some data Z;;; and parameters,
and E; is the conditional expectation given information at time ¢t. The set of SDFs
M; that can price existing assets generally form a proper set, that is, a set that is not
a singleton. SDFs are not unique, because the existing payoffs to assets do not span
the entire universe of possible random payoffs. Dynamic asset pricing models provide
families of potential SDF's, for example, the standard consumption model predicts that

an appropriate SDF can be stated in terms of intertemporal marginal rate of substitution:

U,(Ctﬂ)

M, Zﬁmy

where u denotes a utility function parameterized by some parameters, C; denotes con-
sumption at time ¢, and ( denotes the subjective discount factor.

The basic econometric problem is to check which families of SDFs price the assets
correctly and which do not. In other words, we want to check whether given families or

subfamilies of SDF's are valid or not. One leading approach for performing the check is



to see whether mean and standard deviation of SDF's

{NM7UM}

are admissible. The set of admissible means and standard deviations
O := { admissible pairs (u,0?) € R* N K},

which is introduced by [Hansen and Jagannathan, 1991] is known as the Hansen-Jagannathan
set and the boundary of the set O is known as the Hansen-Jagannathan bound. In order
to give a very specific, canonical example, let v and ¥ denote the vector of mean returns
and covariance matrix to assets 1, ..., N which are assumed not to vary with information

sets at each period t. Let us denote
A=vS T, B=vS 1y, 0 =131y (1.1)

where 1y is a column vector of ones. Then the minimum variance o(u) achievable by

a SDF given mean p of the SDF is equal to
o2 () =1 —mw) 21— mw)=Ap* - 2Bu+C
Therefore, the HJ set is equal to

Oy = o) eERPNK o(p) —o <0},
0 {(Me) 0B (M)() }
m(60

where K is any compact set. That is,
©p={0 €O :m(f) <0}.

Note that the inequality-generating function m(#) depends on the unknown parameters,
the means and covariance of returns, m(f) = m(6,v) and v = vec (v, X).
Let us now describe the second problem. The classical [Markowitz, 1952] problem is

to minimize the risk of a portfolio given some attainable level of return:

muin Eirpis1 — E [rp7t+1]]2 such that Ey[r, 1] = p,
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where 1,;41 is portfolios return, determined as 7,11 = wry1, where w is a vector of

¢

portfolio “weights” and r;,; is a vector of returns on available assets. In a canonical
version of the problem, we have that the vector of mean returns v and covariance of

returns > do not vary with time period ¢, so that the problem becomes:

o(p) = min w'Sw such that w'v = p.

An explicit solution for o(u) takes the form,

2()_Cu2—23u+A
o W= T T Be

where A,B and C are as in equation 1.1.

Therefore, the Markowitz (M) set of admissible standard deviations and means is

given by
O = o) eERPNK o(p) —o <0},
o ={(m0) EoE (1) }
0 m(0)
that is,

Qy = {0 € ©:m(8) <0}

The boundary of the set ©g is known as the efficient frontier. Note that as in HJ
example, the inequality-generating function m(f) depends on the unknown parameters,
the means and covariance of returns, m(6) = m(6,~), where v = vec (v, %).

The basic problem of this paper is to develop inference methods on HJ and M sets,
accounting for uncertainty in the estimation of parameters of the inequality-generating
functions. The problem is to construct a confidence region R such that

lim P{®, C R} =1—a.

n—oo

We will construct confidence regions for HJ sets using LR and Wald-type Statistics,
building on and simultaneously enriching the approaches suggested in [Chernozhukov et al., 2007],
[Beresteanu and Molinari, 2008], and [Molchanov, 1998]. We also would like to ensure

that confidence regions R are as small as possible and converge to ©g at the most rapid
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attainable speed. We need the confidence region R for entire set ©g in order to test va-
lidity of sets of SDFs. Once R is constructed, we can test infinite number of composite
hypotheses, current and future, without compromising the significance level. Indeed, a
typical application of HJ sets determines which sets of (i, 0)’s within a given family fall
in the HJ set and which do not. Similar comments about applicability of our approach
go through for the M sets as well.

Our approach to inference using weighted Wald-type statistics complements and en-
riches the approach based on the directed Hausdorff distance suggested in [Beresteanu and Molinari, 200
and [Molchanov, 1998]. By using weighting in the construction of the Wald-type statis-
tics, we endow this approach with better invariance properties to parameter transforma-
tions, which results in noticeably sharper confidence sets, at least in the canonical empri-
cal example that we will show. Thus, our construction is of independent interest for this
type of inference, and is a useful complement to the work of [Beresteanu and Molinari, 2008|
and [Molchanov, 1998]. Furthermore, our results on formal validity of the bootstrap for
LR-type and W-type statistics are also of independent interest.

The rest of the paper is organized as follows. In Section 2 we present our estimation
and inference results. In Section 3 we present an empirical example, illustrating the
constructions of confidence sets for HJ sets. In Section 4 we draw conclusions and
provide direction for further research. In the Appendix, we collect the proofs of the

main results.

2. ESTIMATION AND INFERENCE RESULTS

2.1. Basic Constructions. We first introduce our basic framework. We have an
inequality-generating function:

m: 0 — R.

The set of interest is the solution of the inequalities generated by the function m(6) over

a compact parameter space O:

©y = {0 € ©:m(0) <0}
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A natural estimator of O is its empirical analog
60 = {0 € © : () < 0},

where m(f) is the estimate of the inequality-generating function. For example, in HJ

and M examples, the estimate takes the form
m(f) =m(0,9), §= vec (v,%).

Our proposals for confidence regions are based on (1) LR-type statistic and (2) Wald-
type statistic. The LR-based confidence region is

Rip = {9 € 0 [Vn(0)/s(0)]” < k(1 - @>} , (2.1)

where s(6) is the weighting function; ideally, the standard error of m(6); and k(1 — )

is a suitable estimate of
k(1 —a) = (1 —«a) — quantile of £,

where

L, = sup [vnin(0)/s()]", (2.2)

[ISCH

is the LR-type statistic, as in [Chernozhukov et al., 2007].

Our Wald-based confidence region is
Ry = {0 € ©: [\/nd(6,0,)/w(®)]*> < k(1 — a)}, (2.3)

where w(#) is the weighting function, particular forms of which we will suggest later;

and k is a suitable estimate of
k(1 —a) = (1 — a) — quantile of W,,
where W, is the weighted W-statistic

W, = sup[v/nd(6, 6y) /w(6)]". (2.4)

[AS(SH}



Recall that quantity d(6, (:)0) is the distance of a point 6 to a set @)0, that is,
d(6,0y) := inf |6 —¢].
6’6y
In the special case, where the weight function is flat, namely w(f) = w for all 6, the
W-statistic W, becomes the canonical directed Hausdorff distance ([Molchanov, 1998],
[Beresteanu and Molinari, 2008]):
VW, o d(©y,0) = sup inf || — 6]

0€0( 6'€Oq

The weighted statistic (2.4) is generally not a distance, but we argue that it provides
a very useful extension of the canonical directed Hausdorff distance. In fact, in our

empirical example precision weighting dramatically improves the confidence regions.

2.2. A Basic Limit Theorem for LR and W statistics. In this subsection, we
develop a basic result on the limit laws of the LR and W statistics. We will develop this

result under the following general regularity conditions:

R.1 The estimates 0 — m(0) of the inequality-generating function 6 — m(0) are
asymptotically Gaussian, namely, we have that in the metric space of bounded

functions £>°(O)
V(i (0) = m(0)) =a G(0) + op(1),

where G(0) is a Gaussian process with zero mean and a non-degenerate covariance
function.

R.2 Functions 6 — m(0) and 6 — m(0) admit continuous gradients Vom(0) and
Vem(0) over the domain O, with probability one, where the former is a uniformly

consistent estimate of the latter, namely uniformly in 6 € ©
V.gfﬁ(@) = VQTTL(9) + Op(l).

Moreover, the norm of the gradient |Vom(0)| is bounded away from zero.



R.3 Weighting functions satisfy uniformly in 0 € ©
s(0) = a(0) +0p(1), w(f) = w(B) + 0p(1),

where o(+) > 0 and w(-) > 0 are continuous functions bounded away from zero.

In Condition R.1, we require the estimates of the inequality-generating functions to
satisfy a uniform central limit theorem. There are plenty of sufficient conditions for this
to hold provided by the theory of empirical processes. In our example, this condition will
follow from asymptotic normality of the estimates of the mean returns and covariance
of returns. In Condition R.2, we require that gradient of the estimate of the inequality-
generating function is consistent for the gradient of the inequality-generating function.
Moreover, we require that the minimal eigenvalue of Vym(0)Vm(0)" is bounded away
from zero, which is an identification condition that allows us to estimate, at a usual

speed, the boundary of the set ©g, which we define as
00 :={0 € ©:m(0) =0}.

In Condition R.3, we require that the estimates of the weight functions are consistent
for the weight functions, which are well-behaved.
Under these conditions we can state the following general result.

THEOREM 1 (Limit Laws of LR and W Statistics). Under R.1-R.3

_ _ G(0)7?

En =d E + Op(l), £ = eilalgo [W] . s (25)
B B G(0) 2

W, =4 W+o,(1), W—eiggo [Hvem(@)ﬂ -w(9)L’ (2.6)

where both W and L have distribution functions that are continuous at their (1 — «)-
quantiles for ae < 1/2. The two statistics are asymptotically equivalent under the follow-

ing condition:

Wi =a Ly +0,(1) if w(f) = W for each 6 € ©.
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We see from this theorem that the LR and W statistics converge in law to well-behaved

random variables that are continuous transformations of the limit Gaussian process G(6).
Moreover, we see that under an appropriate choice of the weighting functions, the two
statistics are asymptotically equivalent.

For our application to HJ and M sets, the following conditions will be sufficient

C.1 Estimator of the true parameter value vy characterizing the inequality generating
function m(0) = m(0,70), where vy denotes the true parameter value, is such
that \/n(3 — o) —a QY2Z, Z = N(0,1).

C.2 Gradients Vom(0,v) and V.,m(8,v) are continuous over the compact parameter
space (0,7) € © x T, where T is some set that includes an open neigborhood of
Y. Moreover, the minimal eigenvalue of Vem(0,v)Vem(6,v)" is bounded away

from zero over (6,v) € © x I.

It is straightforward to verify that these conditions hold for the canonical versions of
the HJ and M problems.
Under these conditions we immediately conclude that the following approximation is

true uniformly in 6, that is, in the metric space of bounded functions ¢*(©):

Vi(m(d) —m(9) = V,m(0,7)'vVn(¥ =) + 0,(1) (2.7)
= dV,Ym(H,’yO)’Ql/QZ + 0,(1), (2.8)

where Vm(#,7) denotes the gradient with each of its rows evaluated at a value 7 on
the line connecting 4 and 7y, where value 4 may vary from row to row of the matrix.

Therefore, the limit process in HJ and M examples takes the form:

G(0) = V,m(0,7) Q2. (2.9)
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This will lead us to conclude formally below that conclusions of Theorem 1 hold with

2

V., m(0,4)QY?

L= 2 2.10

92380[ 2(0) L (2.10)
V,m(6,7)' Q2 r

W= { ; 4 2.11

veoo | IVormn(0,7)]-w(®) "], (2.11)

A good strategy for choosing the weighting function for LR and W is to choose the

studentizing Anderson-Darling weights

0(9> = |’V7m(9a70),91/2”7 (2'12)
IVm(6,70)' 22|
w(@) = : 2.13
O V@0 219
The natural estimates of these weighting functions are given by the following plug-in
estimators:
$(6) := [ Vym(8.7) 2, (2.14)
|V,m(0,7) 22|
w(f) = — . (2.15)
IVem(0,7)]]

We formalize the preceding discussion as the following corollary.

COROLLARY 1 (Limit Laws of LR and W statistics in HJ and M problems). Suppose
that Conditions C.1-C.2 hold. Then conditions R.1 and R.2 hold with the limit Gaussian
process stated in equation (2.9). Furthermore, the plug-in estimates of the weighting
functions (2.14) and (2.15) are uniformly consistent for the weighting functions (2.12)
and (2.13), so that Condition R.3 holds. Therefore, conclusions of Theorem 1 hold with
the limit laws for our statistics given by the laws of random variables stated in equations

(2.10) and (2.11).

2.3. Basic Validity of the Confidence Regions. In this section we shall suppose
that we have suitable estimates of the quantiles of LR and W statistics and will verify
basic validity of our confidence regions. In the next section we will provide a construction

of such suitable estimates by the means of bootstrap and simulation.
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Our result is as follows.

THEOREM 2 (Basic Inferential Validity of Confidence Regions). Suppose that for

a < 1/2 we have consistent estimates of quantiles of limit statistics W and L, namely,

k(1—a) = k(1 —a) 4 o0,(1), (2.16)
where k(1 — «) is (1 — a)-quantile of either W or L. Then as the sample size n grows

to infinity, confidence regions Rpr and Ry cover ©g with probability approaching 1 — «:

Prp[©y C Rpp] = Prp[l, <k(l—a)] — Prp[L <k(l—a)] = (1—a), (2.17)

Prp[@© C Ry] = PrpW, <k(1—a)] — PrpW < k(1 —a)]=(1—a).(2.18)

The result further applies to HJ and M problems.

COROLLARY 2(Limit Laws of LR and W statistics in HJ and M problems). Sup-
pose that Conditions C.1-C.2 hold and that consistent estimates of quantiles of statistics
(2.10) and (2.11) are available. Then conclusions of Theorem 2 apply.

2.4. Estimation of Quantiles of LR and W Statistics by Bootstrap and Other
Methods. In this section we show how to estimate quantiles of LR and W statistics
using bootstrap, simulation, and other resampling schemes under general conditions.
The basic idea is as follows: First, let us take any procedure that consistently estimates
the law of our basic Gaussian process G or a weighted version of this process appearing
in the limit expressions. Second, then we can show with some work that we can get
consistent estimates of the laws of LR and W statistics, and thus also obtain consistent
estimates of their quantiles. It is well-known that there are many procedures for accom-
plishing the first step, including such common schemes as the bootstrap, simulation, and

subsampling, including both cross-section and time series versions.
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In what follows, we will ease the notation by writing our limit statistics as a special

case of the following statistic:

S = sup [V(0)]., V() =71(0)G(H). (2.19)
€00y

Thus, § = L for 7(0) = 1/s(0) and S = W for 7(0) = 1/[||[Vem(0)| - w(8)]. We take T to
be a continuous function bounded away from zero on the parameter space. We also need
to introduce the following notations and concepts. Our process V' is a random element
that takes values in the metric space of continuous functions C'(0) equipped with the
uniform metric. The underlying measure space is (€2, F) and we denote the law of V
under the probability measure P by the symbol Qy .

Suppose we have an estimate Qy« of the law Q) of the Gaussian process V. This
estimate Qy« is a probability measure generated as follows. Let us fix another measure
space (€2, F') and a probability measure P* on this space, then given a random element
V* on this space taking values in C'(©), we denote its law under P* by Qy+. We thus
identify the probability measure P* with a data-generating process by which we generate
draws or realizations of V*. This identification allows us to encompass such methods of
producing realizations of V* as the bootstrap, subsampling, or other simulation methods.
We require that the estimate Qy« is consistent for Qy in any metric px metrizing weak
convergence, where we can take the metric to be the Kantarovich-Rubinstein metric.
Let us mention right away that there are many results that verify this basic consistency
condition for various rich forms of processes V' and various bootstrap, simulation, and
subsampling schemes for estimating the laws of these processes, as we will discuss in
more detail below.

In order to recall the definition of the Kantarovich-Rubinstein metric, let 6 — v(0)
be an element of a metric space (M, d), and Lip(M) be a class of Lipschitz functions

¢ : M — R that satisfy:

o(v) = ()] < d(v,0') AL, p(v)] <1,
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The Kantarovich-Rubinstein distance between probability laws Q and Q' is
pr(Q, Qs M) = sup |Egp— Egl.
pE€Lip(M)
As stated earlier, we require that the estimate Qy -+ is consistent for Qy in the metric

Pr, that is
pr(Qy+, Qv; C(0)) = 0,(1). (2.20)

Let Qs denote the probability law of & = W or £, which is in turn induced by the
law Qy of the Gaussian process V. We need to define the estimate Qg+ of this law.
First, we define the following plug-in estimate of the boundary set 90, which we need
to state here:

96, = {0 € © : M (h) =0} (2.21)

This estimate turns out to be consistent at the usual root-n rate, by the argument like
the one given in [Chernozhukov et al., 2007]. Then define Qg+ as the law of the following
random variable
§* = sup [V*(0)]+ (2.22)
0€90,
In this definition, we hold the hatted quantities fixed, and the only random element is
V* that is drawn according to the law Qy«.

We will show that the estimated law Qg is consistent for Qs in the sense that
pr(Qs+, Qs; R) = 0,(1). (2.23)

Consistency in the Kantarovich-Rubinstein metric in turn implies consistency of the esti-
mates of the distribution function at continuity points, which in turn implies consistency
of the estimates of the quantile function.

Equipped with the notations introduced above we can now state our result.

THEOREM 3 (Consistent Estimation of Quantiles) Suppose Conditions R.1-R.3 hold,

and any mechanism, such as bootstrap or other method, is available, which provides a



14

consistent estimate of the law of our limit Gaussian processes V', namely equation (2.20)
holds. Then, the estimates of the laws of the limit statistics S = W or L defined above
are consistent in the sense of equation (2.23). As a consequence, we have that the esti-

mates of the quantiles are consistent in the sense of equation (2.16).

We now specialize this result to the HJ and M problems. We begin by recalling that

our estimator satisfies
Vi = 7) =1 Q7 + 0,().
Then our limit statistics take the form:
S = sup [V(O)I1, V() =t(0)Z,
€00,

where () is a vector valued weight function, in particular, for § = £ we have t(0) =
(V,m(0,7)'QY?)/o(0) and for S = W we have t(0) = (V,m(0,7)QY2)/(|[Vem(0,7)| -
w(#)). Here we shall assume that we have a consistent estimate Qyz« of the law Qy of
Z, in the sense that,

Pr(Qz-, Qz) = 0p(1). (2.24)
There are many methods that provide such consistent estimates of the laws. Bootstrap is
known to be valid for various estimation methods ([van der Vaart and Wellner, 1996]);
simulation method that simply draws Z ~ N (0, I) is another valid method; and subsam-
pling is another rather general method ([Politis and Romano, 1994]). Next, the estimate
Qv+ of the law Qv+ is then defined as:

~

V() = 70) 2", (2.25)

where tA(G) is a vector valued weighting function that is uniformly consistent for the
weighting function ¢(#). In this definition we hold the hatted quantity fixed, and the
only random element is Z* that is drawn according to the law Q«. Then, we define the

random variable

8 = sup [V (O),
0€96,
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and use its law Qg+ to estimate the law Qg.

We can now state the following corollary.

COROLLARY 3 (Consistent Estimation of Quantiles in HJ and M problems) Sup-
pose Conditions C.1-C.2 hold, and any mechanism, such as bootstrap or other method,
that provides a consistent estimate of the law of Z is available, namely equation (2.24)
holds. Then, this provides us with a consistent estimate of the law of our limit Gaussian

process G, namely equation (2.20) holds. Then, all of the conclusions of Theorem 3 hold.

3. EMPIRICAL EXAMPLE

For empirical example we use HJ bounds which are widely used in testing asset pricing
models. For comparison purposes, the data used in this section is very similar to data
used in [Hansen and Jagannathan, 1991]. The two asset series used are annual trea-
sury bond returns and annual NYSE value-weighted dividend included returns. These
nominal returns are converted to real returns by using implicit price deflator based
on personal consumption expenditures as in [Hansen and Jagannathan, 1991]. Returns
data is from CRSP. Implicit price deflator is available from St. Louis Fed and based on
National Income and Product Accounts of United States. The time period is 1959-2006
(inclusive).

Figure 1 simply traces out the mean-standard deviation pairs which satisfy
m(6,%) =0

where 4 is estimated using sample moments.

Figure 2 represents the uncertainity caused by the estimation of y. To estimate the
distribution of 4 bootstrap method is used. Observations are drawn with replacement
from the bivariate time series of stock and bond returns. 100 bootstraps result in 100

4. The resulting HJ bounds are included in the figure.
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In Figure 3 in addition to the bootstrapped curves 90% confidence region based on
LR statistic is presented. LR based confidence region covers most of the bootstrap
draws below the HJ bounds as expected. An attractive outcome of using this method is
that the resulting region does not include any unnecessary areas that is not covered by
bootstrap draws.

Figure 4 plots 90% confidence region based on unweighted LR statistic. Comparison
of Figure 3 and Figure 4 reveals that precision weighting plays a very important role
in delivering good confidence sets. Without precision weighting LR statistic delivers a
confidence region that includes unlikely regions in the parameter space where standard
deviation of the discount factor is zero. On the other hand precision weighted LR based
confidence region is invariant to parameter transformations, for example, changes in
units of measurement. This invariance to parameter transformations is the key property
of a statistic to deliver desirable confidence regions that does not cover unnecessary
areas.

Figure 5 plots confidence region based on Wald-based statistic with no precision
weighting. This is identical to the confidence region based on Hausdorff distance. Simi-
lar to Figure 4 this region covers a large area of the parameter space where no bootstrap
draws appear. This picture reveals a key weakness of using an unweighted Wald-based
statistic or Hausdorff distance to construct confidence regions. These methods are not
invariant to parameter transformations which results in confidence regions with unde-
sirable qualities that cover unnecessary areas in the parameter space. The problem in
Figure 4 and Figure 5 are of similar nature. In both of these cases the statistics un-
derlying the confidence regions are not invariant to parameter transformations therefore
when drawing confidence regions uncertainity in one part of the plot is assumed to be
identical to uncertainity in other parts of the plot. However a quick look at the Figure 2
reveals that uncertainity regarding the location of the HJ bound varies for a given mean

or standard deviation of the stochastic discount factor.
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Figure 6 plots the confidence region based on weighted Wald statistic. Weighting fixes
the problem and generates a statistic that is invariant to parameter transformations.
The resulting confidence set looks very similar to weighted LR based confidence set in
Figure 3 as it covers most of the bootstrap draws below the HJ bounds and does not

include unnecessary regions in the parameter space.

4. CONCLUSION

In this paper we provided various inferential procedures for inference on sets that
solve a system of inequalities. These procedures are useful for inference on Hansen-
Jagannathan mean-variance sets of admissible stochastic discount factors and Markowitz

mean-variance sets of admissible portfolios.



18

APPENDIX A. PROOFS

A.1. Proof of Theorem 1. PART 1. (Limit law of L,,.) Let G,, = /n(m —m). Then

L, = sup [Vai(0)/s(0)]% = sup [(Ga(0) + vim(6))/5(0)]’,

0€0g €O

=q sup [(G(0) + vnm(0))/o(0) + 0,(1)] "

6cOq

= sup [(G(0) + vnm(0))/a(8) + o,(1 )E

[dSe[SH)

The steps, apart from the last, immediately follow from Conditions R.1 and R.3. The
last step follows from the argument given below. Indeed, take any sequence 6, € O

such that

sup [(G(0) + vnm(0))/o(0) + 0,(1)]" = [(G(0) + Vrm(8,))/o(0) + 0,(1)],

[ASSH

In order for this to occur we need to have that

\/ﬁm(gn)/awn) = Op(l)a

which is only possible in view of condition R.2 if, for some stochastically bounded se-

quence of positive random variables C,, = O,(1),

Therefore we conclude that

sup [(G(8) + v/nm(8))/o(8) + 0,(1)]%

[US(SH

- sup (G0 + A/v/m) + Vam(8 + A/v/m) o6+ A/ Vn) + 0,(1)]

0€960,04+X1/v/n€O,||A|<Ch

Using stochastic equicontinuity of G' and continuity of o, the last quantity is further

approximated by

sup [(G(8) + Viam(8 + A/ v/)) [o(8) + 0,(1)]"..

0€900,04+X1/v/1€O,||A||<Ch
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Because /nm(0 + A\/y/n) < 0 and m(d) = 0 for § € Oy and 6 + \/\/n € Og, we
conclude that the last quantity is necessarily equal to supyese, [G(0)/ 0(9)]1, yielding
the conclusion we needed.
PART 2. (Limit Law of W,)). We will begin by justifying the approximation holding
with probability going to one
sup v/nd(6,09) = sup v/nd(6, Oy). (A1)
0€0g On

where
@n = {0 € @0 : \/ﬁd(e,a@()) S Cn}

where (), is some stochastically bounded sequence of positive random variables, C,, =
O,(1). Note that right hand side is less than or equal to the left hand side in general,
so we only need to show that the right hand side can not be less. Indeed, let 6, be any

sequence such that

sSup \/ﬁd(e) éO) = \/ﬁd(e’ru éO)

0€69
If m(6,) < 0, then d(6,,0,) = 0, and the claim follows trivially since the right hand
side of (A.1) is non-negative and is less than or equal to the left hand side of (A.1).
If 7(6,) > 0, then d(6,,0,) > 0, but for this and for 6, € O to take place we must
have that 0 < Mm(6,) = O,(1//n), which by Condition R.2 implies that d(6,,O,) =
0,(1/v/)

In the discussion the quantity 6%(6) as follows
* . 012
6*(0) € arg min |0 — 0|~

The argmin set 8*(6) is a singleton simultaneously for all § € ©,,, provided n is sufficiently
large. This follows from condition R.2 imposed on the gradient Vgm. Moreover, by

examining the optimality condition we can conclude that we must have that for § € ©,,

(I — Vgm(0)(Vom(0) Vom(0)) "' Vm(0)')(0 — 0%) = 0,(1) (A.2)
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The projection of 6 € © onto the set © := {6 € © :m(0) <0} is given by

n /112
0(0) = arg mg,n<0|!9 0[]

If m(A) < 0, then §(F) = 6. If m(#) > 0, then 6(0) = A(F), where

0(0) = ar mln 60— 6>
(6) =g, min 169

In what follows we will suppress the indexing by € in order to ease the notation, but
it should be understood that we will make all the claims uniformly in 6 € ©,,. For each
0, the Lagrangian for this problem is || — ¢'||> 4 27i(6")’\. Therefore, the quantity 6(6)
can be take to be an interior solution of the saddle-point problem
(0 —0)+ Vom ()X =0

m(0) =0

The corner solutions do not contribute to the asymptotic behavior of W,,, and thus can
be ignored. A formal justification for this will be presented in future versions of this
work. Using mean-value expansion we obtain

(0 —0) + Vom ()X =0

m(0*) + Vem(0)(0 — 6*) + m(6) —m(h) = 0
Since Vom(0) = Voem(0) + 0,(1) and Vem(d) = Vem(d) + 0,(1) uniformly in 0 € O,
solving for (6 — 6) we obtain

0—0" = [Vem(0)(Vem(0) Vem(0))™" + o, (1)]((0) — m(0))

+ (I =Vem(0)(Vem(0)Vem(0)) 'Voem(0) + 0,(1))(0 — 6%)
Using that /n(m(0) — m(0)) =4 G(#) + 0,(1), we obtain

V@ —07) =4 Vem(0)(Vom(0)Vem(0))"'G(6)
(I = Vem(0)(Vom(0) Vem(0)) " Vom(6)') (0 — 07)
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Furthermore, by 6 € ©,, and by the approximate orthgonality condition (A.2) we further
have that (I — Vem(0)(Vem(0)'Vem(0))'Vem(0))(6 — 6*) = 0,(1), so that

V(0 — 0%) =4 Vem(0)(Vem(0)' Vem(0))*G(0) + 0,(1).
We next approximate 1(m(6) > 0) using that

Vam(®) = V(@) + My/n(6 — 6)
— VOV - 6) + o1,
= G(0) +0,(1)

where we used that m(6) = 0.

Thus, uniformly in § € ©,, we have that

~

Vid(8.6,) = [0 - 8]PL{Vm(8)v/n(6 — ) > 0+ 0,(1)}
—  Vem(6)' Vam(8)) 2G(6)|1{G(9) > 0+ 0,(1)}

= [IVem(O) 7' G(9) + 0p(1)]+

Therefore, given the initial approximation (A.1) we obtain that

Wa =a sup [[[Vem(0)[| " G(0)]: + 0,(1). (A-3)

[UdSe[SH)

PART 3. (Continuity of the Limit Distributions). The continuity of the distribution
function £ on (0, 00) follows from the Davydov et al (1998) and from the assumption
that the covariance function of GG is non-degenerate. Probability that £ is greater than
zero is equal to the probability that max;supycg G;j(#) > 0 which is greater than the
probability that G;(6") > 0 for some fixed j° and ¢, but the latter is equal to 1/2.
Therefore the claim follows. The claim of continuity of the distribution function of W

on (0, 00) follows similarly. O
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A.2. Proof of Corollary 1. This corollary immediately follows from the assumed con-
ditions and from the comments given in the main text preceding the statement of Corol-

lary 1. 0

A.3. Proof of Theorem 2. We have that Prp[©y C Ryz] = Prp[L, < k(1—a)] by the
construction of the confidence region. We then have that for any o < 1/2 that k(1 — «)

is a continuity point of the distribution function of £, so that for any sufficiently small e

PrplL, < k(1 —a)] < PrplL, <k(1—a)+¢ — Prp[L < k(1 —a)+¢

PrplL, < k(1—a)] > PrplL, < k(1 —a)—¢ — Prp[L < k(1 —a) — ¢

Since we can set € as small as we like and k(1 —«) is a continuity point of the distribution

function of £, we have that
Prp[L, < k(1 —a)] — Prp[L < k(1 —a)] = (1 —a).
We can conclude similarly for the W-statistic W,,. (R

A.4. Proof of Corollary 2. This corollary immediately follows from the assumed con-

ditions and Corollary 1. U
A.5. Proof of Theorem 3. We have that
Ep- (V)] = Eplio(V)] = 0,(1) uniformly in ¢ € Lip(C(©))
This implies that
Ep-[p([V']1)] = Ep[o([V]1)] = 0p(1) uniformly in ¢ € Lip(C(0)),
since the composition po -], € Lip(C(0)) for ¢ € Lip(C(O)). This further implies that
Ep- [w’(suf[‘/*h)] - Ep[so’(sgf[‘/h)] = 0p(1) uniformly in ¢" € Lip(R),

since the composition ¢'(supy [-]4+) € Lip(C(©)) for ¢’ € Lip(R) and R,, denoting any

sequence of closed non-empty subsets in ©. We have that 8/@\0 converges to 00 in the
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Hausdorft distance, so that

|Ep[¢ (sup[V]1) — ¢'(sup[V]})]]

EEN 00¢
< E||sup[V]+ — sup[V]| A 1] = 0,(1) uniformly in ¢" € Lip(R),
50y 900
since supss [V]+ — supsye.|V] = 0,(1) by stochastic equicontinuity of the process V.
6@0[ + 000 p y y

Since metric pg is a proper metric that satisfies the triangle inequality, we have shown

that
pi(Qs+, Qs) = 0p(1).
Next, we note that the convergence px(Qs,, Qs) = o(1), for any sequence of laws Qg

of a sequence of random variables S,, defined on probability space (€', F’, P,) implies

the convergence of the distribution function
Prog, [Sn < 8] = Prog[ < 5]+ o(1)

at each continuity point (0, 00) of the mapping s — Pr[S < s| and also convergence of

quantile functions
inf{s : Prog [Sp < s] > p} = inf{s: Prog[S < s] > p} 4 o(1)

at each continuity point p of the mapping s — inf{s : Prgo,[S < s] > p}. Recall from
Theorem 1 that the set of continuity points necessarily includes the region (0,1/2).

By the Extended Continuous Mapping Theorem we conclude that since px(Qss, Qs) =
0p(1), for any sequence of laws Qg- of random variable S* defined on probability space

(', F', P*), we obtain the convergence in probability of the distribution function
Pro..[8* < s = Prog[S < s] +0p(1)

at each continuity point (0, 00) of the mapping s — Pr[S < s| and also convergence in

probability of the quantile functions
inf{s : Pro..[S" <s| >p} =inf{s: Prgg[S < s] > p}+o0,(1)

at each continuity point p of the mapping s — inf{s: Pro [S < s] > p}. O
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A.6. Proof of Corollary 3. In order to prove this corollary it suffices to show that
pi(Qiz+, Quz; C(O)) = 0,(1).

Without loss of generality we can take sup [|#|| < 1 and sup ||t|| < 1. The claim will

follow from
P (Qiz, Quz; C(0)) < pr(Qirze, Quzi C(O)) + pr(Qiz, Qinz; C(O)) = 0,(1).

That pr (Qpz, Qiry; C(O)) = 0,(1) follows immediately from px(Qz+«, Qz) = 0,(1) and
from the mapping ¢(#-) € Lip(R*) (indeed, |p(t'2) — p(t'z)| < sup|t'(z — 2)| A1 <
(suplielsup |z — #I) A1) < fsupllz — #Il A1), That pie(Qug, Qi C(8)) = 0,(1)
follows because uniformly in ¢ € Lip(C(©)

|Blp(t'Z2)] = (t'Z)| < Blsup|(f = ¢)'Z| A1] < Blsup|[f — t[[[|Z]| A1] = 0,(1). O

REFERENCES

[Beresteanu and Molinari, 2008] Beresteanu, A. and Molinari, F. (2008). Asymptotic properties for a
class of partially identified models. Econometrica.

[Chernozhukov et al., 2007] Chernozhukov, V., Hong, H., and Tamer, E. (2007). Estimation and confi-
dence regions for parameter sets in econometric models. Econometrica.

[Cochrane, 2005] Cochrane, J. H. (2005). Asset Pricing. Princeton University Press.

[Hansen and Jagannathan, 1991] Hansen, L. P. and Jagannathan, R. (1991). Implications of security
market data for models of dynamic economies. The Journal of Political Economy.

[Markowitz, 1952] Markowitz, H. (1952). Portfolio selection. The Journal of Finance.

[Molchanov, 1998] Molchanov, I. S. (1998). A limit theorem for solutions of inequalities. Scandinavian

Journal of Statistics.

[Politis and Romano, 1994] Politis, D. N. and Romano, J. P. (1994). Large sample confidence regions
based on subsamples under minimal assumptions. The Annals of Statistics.

[van der Vaart and Wellner, 1996] van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence

and Empirical Processes. Springer-Verlag New York.



standard deviation

b T T T T T T T I 4 T

+  Original Frontier

D |
076 08 08 0% 0% 1 10 11 118 12

fmean

FIGURE 1. Estimated HJ Bounds

25



26

T T T T T '..:.h«-.l"fa':‘-' 2
+  Original Frontier
--------- 100 Bootstrapped Frontiers

gt .

standard deviation

D |
076 08 085 0% 0% 1 106 11 118 12 125

F1GURE 2. Estimated HJ Bounds and Bootstrap Draws



. T ) ) BB  HPANG?
+  Original Frantier

: +  Weighted 90% ‘ertical Distance Bound
51% [ 100 Bootstrapped Frontiers

o

standard deviation

D |
075 08 085 0

|
9. 0% f LlE B L4s R LS

FIGURE 3. 90% Confidence Region using LR Statistic



28

T T T T R A 28

+  Criginal Frontier

*  Unweighted 90% ‘Vertical Distance Bound
51 o L 100 Bootstrapped Frontiers H

i

iE

standard deviation

0 | ]
075 08 08 08 0% 1 105 11 1185 12 1254

FIGURE 4. 90% Confidence Region using Unweighted LR Statistic



standard deviation

FIGURE 5. 90% Confidence Region using Unweighted W Statistic (H-Distance)

T ,1:_'51..; o

Original Frontier
One Sided 90% Hausdorf Distance Bound

0
(.75

08 085 08

g9 1 1l L1 1aE Ch2

29



30

Ei : : - 2 ! -"J'Tb'ﬂ"-
%X+ Original Frontier
¥ (One Sided 90% Weighted Hausdorf Distance Bound

standard dewviation

1.2

FIGURE 6. 90% Confidence Region using Weighted W Statistic



