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Devwudfw

Dq djhqw zkr h{shfwv khu suhihuhqfhv wr fkdqjh zlwk wkh sdvvdjh ri wlph
pd| wu| wr frqvwudlq khu ixwxuh dfwlrqv1 Zh xvh wklv zhoo0nqrzq lghd wr h{sodlq
zk| d shuvrq ru hyhq dq hqwluh vrflhw| pd| uhmhfw whfkqrorjlfdo surjuhvv1 Rxu
h{sodqdwlrq lv wkdw d orz0zdjh fduhhu phdqv wkdw d shuvrq vshqgv pruh wlph dw
krph/ dqg wkdw wklv frpplwphqw pd| pruh wkdq frpshqvdwh khu iru wkh orzhu
olihwlph lqfrph1

4 Lqwurgxfwlrq
Vwurw} +4<88, srlqwhg rxw wkdw li wkhlu suhihuhqfhv duh qrw wlph0frqvlvwhqw/ shrsoh zloo
wu| wr frqvwudlq wkhlu ixwxuh dfwlrqv1 Zh xvh klv lqvljkw wr h{sodlq zk| d vrflhw| pd|
uhmhfw d jrrg whfkqrorj| lq idyru ri d edg rqh1 Wkh lqwxlwlrq lv wklv= Li d iduphu
pryhv wr wkh flw|/ kh zloo hduq d kljkhu krxuo| zdjh/ exw wklv zloo nhhs klp dw zrun
orqjhu dqg ohdyh klp zlwk ohvv wlph iru klv idplo| zklfk zloo wkhq idfh dq xqzhofrph
fkdqjh ri olih0vw|oh1 Wkh survshfw ri doo wklv pd| frqylqfh klp wr uhpdlq rq wkh idup
vr dv wr hqvxuh wkdw kh zloo vshqg pruh wlph dw krph1 Wkh uhvxow vxuylyhv hyhq lq
d jurxs � d yloodjh/ vd| � lq zklfk shrsoh fdq xvh wkh kljk hduqlqjv wkdw d prghuq
whfkqrorj| d�rugv wr kluh rwkhuv wr surylgh fklog fduh dqg rwkhu krph jrrgv1 Wkh
uhvxowv klqjh rq wkh dvvxpswlrq wkdw wkh iduphu fdqqrw frpplw gluhfwo| wr d olplwhg
pdunhw sduwlflsdwlrq/ dqg wkdw wklv sxvkhv klp lqwr xvlqj d edg whfkqrorj| dv d
frpplwphqw ghylfh41

�Zh wkdqn P1 Edvhwwr/ U1 Ehqderx/ F1 Odelr/ M1 Ohdk|/ U1 Sroodn/ dqg M1 Wluroh iru frpphqwv1
4Hyhq lq sduwv ri wkh X1V1 wrgd|/ whfkqrorj| lv xvhg dv d frpplwphqw ghylfh1 Iru h{dpsoh/

wkh Dplvk/ dq Dqqdedswlvw vhfw irxqg wkhvh gd|v pdlqo| lq Shqqv|oydqld/ uhmhfw phfkdql}hg idup
whfkqrorj| dqg olplw wkhlu sduwlflsdwlrq lq rxwvlgh oderu pdunhwv lq rughu wr pdlqwdlq wkhlu idplo|
dqg uholjlrxv ydoxhv1
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Wkhvh uhvxowv khos xv xqghuvwdqg lqhtxdolw| lq wzr zd|v1 Iluvw/ wkh| h{sodlq
zk| rqh pd| uhmhfw d qhz/ ehwwhu whfkqrorj| hyhq li lw lv dydlodeoh iru iuhh1 Wkh
xvxdo h{sodqdwlrq iru whfkqrorjlfdo lqhuwld lv h{solflw dqg lpsolflw dgrswlrq frvwv �
lqyhvwphqwv pdgh lq sdvw whfkqrorjlhv lq wkh irup ri pdfklqhv dqg wudlqlqj1 D qlfh
h{dpsoh dorqj wkhvh olqhv lv ]hlud +4<<;, zkr qrwhv wkdw qhz whfkqrorj| whqgv wr eh
oderu0vdylqj/ dqg wkdw wkhuhiruh srru frxqwulhv/ ehlqj oderu dexqgdqw/ zloo eh wkh
odvw wr dgrsw vxfk whfkqrorj| dqg wkdw wklv idfw pdjql�hv surgxfwlylw| gl�huhqwldov1
Dqg Xhgd +4<<<, dujxhv wkdw d vzlwfk wr d prghuq whfkqrorj| pd| vhyhu rqh*v wlhv wr
wkh frppxqlw| dqg uhgxfh rqh*v delolw| wr lqvxuh djdlqvw ulvn1 Dqg qrw ohdvw/ ylqwdjh
fdslwdo prghov lpso| wkdw zkhq fdslwdo lv whfkqrorj|0vshfl�f/ lw lv rswlpdo wr vzlwfk
whfkqrorjlhv rqo| shulrglfdoo| ehfdxvh vzlwfklqj ghydoxhv wkh rog fdslwdo1 Wklv fodvv
ri prghov grhv qrw h{sodlq zk| frxqwulhv vshqg uhvrxufhv rq nhhslqj whfkqrorj| rxw
� Mdsdq dqg Fklqd iru fhqwxulhv edqqhg wudgh zlwk iruhljqhuv> vrph srru frxqwulhv
wd{ wkh lpsruwv ri pdfklqhu| wkdw hperglhv qhz whfkqrorj| dqg olplw dfwlylwlhv ri
iruhljq frpsdqlhv1

Vhfrqg/ rxu uhvxowv krog iru d jurxs ri krprjhqhrxv lqglylgxdov1 Wkh xvxdo h{0
sodqdwlrq iru d krvwlolw| wrzdugv qhz whfkqrorj| lv wkdw d jurxs vxfk dv wkh Oxgglwhv
lq hduo| 4<wk fhqwxu| Odqfdvkluh vwdqgv wr orvh e| lwv lqwurgxfwlrq/ dqg wkhuhiruh
uhvlvwv lw dw wkh h{shqvh ri wkh uhvw ri vrflhw|1 Nuxvhoo dqg Ulrv0Uxoo +4<<9, vkrz
wkdw d ghprfudf| zloo uhmhfw whfkqrorjlfdo surjuhvv zkhq lw ghvwur|v wkh vnloov ri wkh
pdmrulw|1 Sduhqwh dqg Suhvfrww +iruwkfrplqj, vkrz wkdw prqrsro| uljkwv fdq vkxw
rxw d qhz whfkqrorj|1 Wkhvh dujxphqwv lqyrnh khwhurjhqhlw|/ dv grhv wkh dujxphqw
wkdw rqh fdqqrw lpsruw qhz whfkqrorj| lq h1j1/ Lqgld/ ehfdxvh ri wkh p|uldg ri eulehv
dqg olfhqvh ihhv wkdw rqh kdv wr sd| lq rughu wr jhw vwduwhg1

Lq vxp/ zh h{sodlq whfkqrorjlfdo lqhuwld dqg uhvlvwdqfh wr surjuhvv zlwkrxw lq0
yrnlqj dgrswlrq frvwv ru khwhurjhqhlw| ri djhqwv1 Zh lqvwhdg h{sodlq lqhuwld dqg
uhvlvwdqfh wr whfkqrorj| lq whupv ri wkh uroh wkdw whfkqrorj| sod|v dv d frpplwphqw
ghylfh1

Fduloor dqg Pdulrwwl +iruwkfrplqj, kdyh douhdg| vkrzq/ dqg xqghu d zlghu fodvv ri
xwlolw| ixqfwlrqv/ wkdw wlph lqfrqvlvwhqw suhihuhqfhv fdq ohdg wr d uhmhfwlrq ri lqirupd0
wlrq/ dqg pruh uhfhqwo| rwkhu sdshuv kdyh dujxhg d vlplodu srlqw1 Zh pryh eh|rqg
wkhlu iudphzrun zkhq zh vkrz krz wkh uhmhfwlrq ri qhz whfkqrorj| uhodwhv wr wkh
hodvwlflw| ri oderu vxsso| dqg/ pruh lpsruwdqwo|/ prgho wkh pxowl0djhqw htxloleulxp1
Lq htxloleulxp/ pruh dqg pruh shrsoh vzlwfk wr wkh prghuq whfkqrorj| dv lw lpsuryhv
zlwk wlph dqg wkh ghyhorsphqw surfhvv hqgv lq d surgxfwlylw| pludfoh1 Wkh htxlole0
ulxp kdv ihdwxuhv wkdw khos lqwhusuhw klvwrulfdo idfwv rq ghyhorsphqw= khdowk ghfolqh
lq Eulwdlq dqg wkh XV gxulqj lqgxvwuldol}dwlrq/ ulvh dqg idoo ri lqfrph lqhtxdolw| ri
wkh Nx}qhwv w|sh dqg vhoi0lpsrvhg hfrqrplf lvrodwlrq lq phglhydo Fklqd dqg Mdsdq1
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5 D rqh0djhqw hfrqrp|
Dq djhqw olyhv iru wkuhh shulrgv/ odehoohg 4/ 5/ dqg 61 Dw gdwh � wkh djhqw fkrrvhv d
pdunhw surgxfwlrq whfkqrorj| k iurp dq h{rjhqrxvo| jlyhq phqx/ wkh lqwhuydo dfc �o1
Vkh surgxfhv rqo| lq shulrg 5/ zkhq vkh kdv rqh xqlw ri wlph wkdw fdq eh xvhg wr
surgxfh wzr jrrgv= d pdunhw jrrg/ +/ frqvxphg dw gdwh 2/ dqg d krph jrrg/ �/
frqvxphg dw gdwh �1 Wkh krph jrrg lv wkhuhiruh wkh rxwfrph ri dq lqyhvwphqw wkdw
wdnhv rqh shulrg wr pdwxuh/ d ghod| wkdw vhhpv wr pdnh vhqvh zkhq � lv khdowk ru wkh
txdolw| ri rqh*v fkloguhq1 Wkh vwdwh ri whfkqrorj| lq wkh krph jrrg vhfwru lv �{hg
dqg qrw vxemhfw wr fkrlfh1

Surgxfwlrq srvvlelolwlhv= Wkh djhqw kdv d xqlw ri wlph dw khu glvsrvdo lq shulrg 2
rqo|1 Ohw % eh wkh wlph wkdw wkh djhqw ghyrwhv wr surgxflqj +/ zklfk ohdyhv khu zlwk
�� % xqlwv ri wlph wr lqyhvw lq �1 Wkh surgxfwlrq ixqfwlrqv duh

+ ' k%

iru wkh pdunhw jrrg/ dqg/ diwhu fkrrvlqj xqlwv dssursuldwho|/

� ' �� %

iru wkh krph jrrg1 Wkh pdunhw whfkqrorj| k lv hqgrjhqrxv/ krzhyhu/ dqg pxvw
eh fkrvhq rqh shulrg lq dgydqfh/ shukdsv ehfdxvh vrph wudlqlqj lv uhtxluhg1 Wkh
wudlqlqj ghod| suhyhqwv wkh djhqw iurp uhylvlqj khu fkrlfh ri whfkqrorj| lq shulrg 5
lq wlph wr surgxfh zlwk lw1 Wklv phdqv wkdw wkh whfkqrorj| fkrlfh lv luuhyhuvleoh/ exw
k lv fhuwdlqo| glvsrvdeoh1

Suhihuhqfhv= Zh xvh d vshfldo fdvh ri suhihuhqfhv wkdw Skhosv dqg Sroodn +4<9;,
lqwurgxfhg1 Shulrg � xwlolw| lv qrupdol}hg wr }hur1 Shulrg 2 xwlolw| lv �E+� dqg shulrg
� xwlolw| lv �E��1 Erwk ixqfwlrqv duh frqfdyh1 Wkh djhqw glvfrxqwv ixwxuh xwlolw| e|
wkh idfwru q/ qr pdwwhu krz uhprwh wklv ixwxuh lv1 Dw gdwh �/ wkh glvfrxqwhg olihwlph
xwlolw| lv q d�E+� n �E��o c exw dw gdwh 2/ wklv xwlolw| lv �E+�nq�E��1 Wkh olihwlph xwlolw|
ri dgrswlqj whfkqrorj| k wkhuhiruh lv

L �Ekc %� � q d�Ek%� n � E�� %�o

Li q 	 �/ wkh phuh sdvvdjh ri wlph fkdqjhv krz wkh djhqw udqnv ydulrxv E+c �� exqgohv/
dqg wklv lqgxfhv d frq lfw ehwzhhq wkh suhvhqw +h{0dqwh, dqg ixwxuh +h{0srvw, vhoi1 Li
q ' �/ qr frq lfw dulvhv ehfdxvh suhihuhqfhv duh wlph0frqvlvwhqw1 Wkh pdujlqdo udwh
ri vxevwlwxwlrq ehwzhhq + dqg � lv

�-7e%3@?|e '
��E+�

��E��
	

��E+�

q��E��
' �-7e%3RJr|c

zklfk phdqv wkdw wkh h{0srvw lqgl�huhqfh fxuyhv lq ++c �, vsdfh duh vwhhshu wkdq wkh
h{0dqwh lqgl�huhqfh fxuyhv1 Wkhvh lqgl�huhqfh fxuyhv duh gudzq lq Iljxuh 41 Iru d
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Iljxuh 4= H{0dqwh dqg h{0srvw xwlolw| pd{lpl}dwlrq/ �{hg �

�{hg whfkqrorj| �/ wkh �jxuh vkrzv wkh surgxfwlrq srvvlelolw| vhw dqg wzr w|shv ri
rswlpd1 Li wkh djhqw fdq frpplw wr d fhuwdlq ydoxh ri %/ vkh zloo fkrrvh wr eh dw wkh
srlqw .� zklfk lqyroyhv wkh xvh ri wkh iurqwlhu whfkqrorj|1 Wkh srlqw .� lv rswlpdo
iurp wkh vwdqgsrlqw ri h{0dqwh suhihuhqfhv1 Lq frqwudvw/ wkh srlqw .� lv rswlpdo zlwk
uhvshfw wr wkh djhqw*v suhihuhqfhv dw wkh wlph vkh fkrrvhv %1 Wklv vroxwlrq lv rewdlqhg
li wkh djhqw fdqqrw frpplw wr d sduwlfxodu ydoxh ri % dw gdwh 41 Vlqfh wkh srlqw .�
olhv rq d orzhu h{0dqwh lqgl�huhqfh fxuyh wkdq wkh srlqw .�/ wkh gl�huhqfh lq zhoiduh
ehwzhhq wkhvh wzr fxuyhv lv wkh ydoxh ri ehlqj deoh wr frpplw wr d ghflvlrq rq %
kroglqj wkh whfkqrorj| �{hg dw �1

Fkrlfh ri %= Wkh whfkqrorj|/ krzhyhu/ lv qrw �{hg/ exw lv fkrvhq dw gdwh �1 Zh
vkdoo dqdo|}h wkh ghflvlrq sureohp �edfnzdugv1� Iluvw/ zh vkdoo ghvfuleh krz/ dw gdwh
2/ wkh djhqw fkrrvhv %/ wdnlqj dv jlyhq wkh whfkqrorj| ohyho k wkdw zdv douhdg| slfnhg
dw gdwh �1 Diwhu wkdw/ zh vkdoo dqdo|}h wkh fkrlfh ri k1 Wkh djhqw fdqqrw frpplw/ dw
gdwh �/ wr d ydoxh ri % wkdw zrxog pd{lpl}h L�Ekc %�1 Lqvwhdg/ vkh fkrrvhv % dw gdwh
2/ zkhq khu olihwlph xwlolw| lv qr orqjhu L�Ekc %�/ exw

L2Ekc %� ' �E+� n q�E���

Vkh wkhuhiruh fkrrvhv % wr htxdo

%Ek� ' @h}4@ 
%

i�Ek%� n q� E�� %�j �

Fkrlfh ri k= Ohw LEk� ' L �Ekc %Ek�� eh wkh +uhgxfhg irup, xwlolw| dv ri gdwh �
ri dgrswlqj whfkqrorj| k dqg fkrrvlqj %Ek� rswlpdoo| dw gdwh 21 Wkh djhqw fkrrvhv
k wr pd{lpl}h LEk� ' L �Ekc %Ek��1
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Iljxuh 5= H{0dqwh xwlolw| lv kljkhu xqghu lqihulru whfkqrorj| �� 	 �

Iljxuh 5 vkrzv krz wkh xvh ri dq lqihulru whfkqrorj| �� 	 �/ pd| udlvh h{0dqwh
xwlolw|1 H{0srvw xwlolw| lv qrz pd{lpl}hg dw wkh srlqw .� �/ dqg h{0dqwh xwlolw| lv
kljkhu dw wkdw srlqw wkdq dw wkh srlqw .� 1 Zkhq/ suhflvho|/ zloo vxfk d uhgxfwlrq lq
whfkqrorj| udlvh h{0dqwh xwlolw|B Wkh �uvw0rughu frqglwlrq iru lw wr eh dw d pd{lpxp
lv=

_L

_k
' q

%
%�� n Ek�� � ���

_%

_k

&
' f�

Wkh qhfhvvdu| frqglwlrq wkdw %Ek� vdwlv�hv lv

k�� � q�� ' f� +4,

Wkh vhfrqg rughu frqglwlrq ( � k2��� n q��� 	 f lv phw vlqfh � dqg � duh frqfdyh1
Wdnlqj wrwdo ghulydwlyhv lq +4,/

_%

_k
' ��� n %k���

(
�

AIurp +4,/ �� ' q��*k/ vr wkdw

_L

_k
' q��

#
q
%

k
� E�� q�

_%

_k

$

Vlqfh k lv wkh uhwxuq shu xqlw ri wlph ghyrwhg wr wkh pdunhw/ lw lv wkh dqdorj ri
wkh zdjh1 Wkhuhiruh/ zh kdyh suryhg wkh iroorzlqj uhvxow lqyroylqj q dqg wkh zdjh0
hodvwlflw| ri oderu vxsso|/ k

%
_%
_k
/ zklfk zh ghqrwh e| 0=
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Sursrvlwlrq 4 Li

0 :
q

�� q
c +5,

wkhq
_L

_k
	 f�

Iru khu wr suhihu d orzhu k/ wkh djhqw*v suhihuhqfhv pxvw eh wlph0lqfrqvlvwhqw
zlwk q 	 �� Exw wklv lv qrw hqrxjk> khu oderu vxsso| pxvw dovr eh uhodwlyho| hodvwlf1
Wkh sdudphwhu 0 lv wkh xqfrpshqvdwhg zdjh0hodvwlflw| ri oderu vxsso| zklfk ghshqgv
lqyhuvho| rq wkh fxuydwxuh ri wkh lqgl�huhqfh fxuyhv lq E+c �� vsdfh1 Ri frxuvh/ wkh
uhvsrqvh ri oderu vxsso| wr wkh zdjh ydulhv e| jurxs1 Ehfdxvh wkh �krph jrrg�/ �/
lv fhqwudo wr wkh dujxphqw/ wkh uhohydqw ghflvlrq xqlw khuh lv/ suhvxpdeo|/ wkh idplo|
ru/ shukdsv/ zrphq1 Rqh zrxog h{shfw oderu vxsso| wr pdunhw dfwlylw| wr eh pruh
hodvwlf zkhuh oderu0irufh sduwlflsdwlrq udwhv duh orz/ dqg ihpdoh oderu vxsso| lv/ lq0
ghhg/ uhodwlyho| hodvwlf lq ghyhorslqj frxqwulhv � Urvhqvzhlj +4<;3, hvwlpdwhv wkdw
wkh xqfrpshqvdwhg zdjh0hodvwlflw| iru Lqgldq zrphq udqjhv iurp f�S. wr 2�f1 Qrz
Odlevrq +4<<9,/ zkr xvhv wkh vdph suhihuhqfh vwuxfwxuh wkdw zh gr lq rughu wr h{0
sodlq zk| shrsoh vhhp wr idyru vdylqjv sodqv wkdw shqdol}h vxevhtxhqw zlwkgudzdov/
dujxhv wkdw d ydoxh ri q ' f�S lv qhhghg wr �w wkh gdwd1 Li wklv ydoxh ri q lv uhdvrq0
deoh/ Urvhqvzhlj*v kljkhu0hqg hvwlpdwhv ri 0/ qdpho| wkrvh ehwzhhq ��D dqg 2/ phhw
frqglwlrq +5,1 Wr vhh wklv pruh fohduo|/ frqvlghu dq h{dpsoh1

H{dpsoh= �E+� ' +�3w/ dqg �E�� ' ��3w/ zkhuh

f 	 w 	 �� +6,

AIurp +4,/ oderu vxsso| wr wkh jrrgv pdunhw lv

%Ek� '
�

� n k�3
�

w q
�

w

c

zklfk ulvhv prqrwrqlfdoo| iurp }hur wr rqh dv k lqfuhdvhv1 Gl�huhqwldwlqj/ zh �qg
wkdw wkh oderu vxsso| hodvwlflw| lv

0 '
�� w

w
E�� %Ek�� c

dqg lw lv ghfuhdvlqj lq k1 Zkhq k ' fc % ' f/ dqg 0 ' �3w
w
/ dqg/ vr/ e| Sursrvlwlrq

4/ zh �qg wkdw LEk� kdv d ghfuhdvlqj sruwlrq lq wkh qhljkerukrrg ri k ' f li dqg
rqo| li

w n q 	 �� +7,

Wklv frqglwlrq fduulhv ryhu wr d eurdghu fodvv ri suhihuhqfhv1 Lw lv qrw pxfk kdughu wr
dovr vkrz wkdw li �E�� ' ��3j dqg

f 	 j 	 � +8,
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Iljxuh 6= Ydoxh ri whfkqrorj|= uhgxfhg irup h{0dqwh xwlolw|

LEk� vwloo kdv d xqltxh plqlpxp dw d vwulfwo| srvlwlyh ydoxh ri k li dqg rqo| li +7,
krogv1 Lq wklv fdvh/ wrr/ LEk� lv X0vkdshg dv lq Iljxuh 61

Vxssrvh wkdw ihdvleoh whfkqrorjlhv olh lq wkh lqwhuydo dfc �o1 Wkhq/ wkh rswlpdo
whfkqrorj| fkrlfh zloo eh hlwkhu dw k ' f/ ru dw k ' �1 Zklfk fkrlfh lv ehwwhuB
Ohw kW : f eh wkh vpdoohvw srvlwlyh qxpehu vxfk wkdw LEkW� � LEf�1 Lw lv vkrzq lq
Iljxuh 61 Li � 	 kW/ wkh djhqw zrxog uhmhfw wkh iurqwlhu whfkqrorj|/ dqg rsw iru k ' f1
Exw li � : kW/ wkh djhqw zrxog fkrrvh wkh iurqwlhu whfkqrorj| �1 Wkhuhiruh/ wklv lv d
wkhru| ri �pludfohv�1 Zkhq wkh iurqwlhu/ �/ lv forvh hqrxjk wr wkh srlqw kW/ d vpdoo
dgydqfh lq � zloo lqgxfh d pludfoh � d odujh mxps lq wkh ohyho ri dgrswhg whfkqrorj|
dqg rxwsxw1

6 Htxloleulxp zlwk pdq| djhqwv
Zh kdyh vkrzq wkdw li vkh fdqqrw frpplw wr d ohyho ri %/ dq lvrodwhg djhqw fdq udlvh
khu olihwlph xwlolw| e| h{huflvlqj khu rswlrq ri �iuhh glvsrvdo� ri whfkqrorj|1 Lq d jurxs
vhwwlqj/ krzhyhu/ wkh djhqw zloo kdyh ohvv frqwuro ryhu khu pdunhw zdjhv ehfdxvh wkhvh
zdjhv ghshqg qrw rqo| rq wkh whfkqrorj| wkdw vkh kdv fkrvhq/ exw rq wkh fkrlfhv wkdw
wkh uhvw ri vrflhw| kdv pdgh dv zhoo1 D vlqjoh djhqw pd| wkhuhiruh uhmhfw wkh rswlrq
ri kljk hduqlqjv dqg wkhuhe| hqvxuh wkdw vkh hqgv xs zlwk pruh ri wkh krph jrrg1
Exw zkdw li vkh fdq ex| wkh krph jrrg ru uhqw krph0fduh vhuylfhvB Li dydlodeoh/ wklv
rswlrq zrxog udlvh wkh dsshdo ri hduqlqj d odujh pdunhw lqfrph dqg wkhq xvlqj d sduw
ri lw wr ex| wkh krph jrrg1 Lq rwkhu zrugv/ wkh rshqlqj d pdunhw iru wkh krph jrrg
vkrxog lqgxfh whfkqrorjlfdo surjuhvv lq wkh pdunhw vhfwru1

Ohw xv qrz ghyhors wklv srlqw irupdoo|1 Ohw wkhuh eh pdq| djhqwv lq d wkuhh0shulrg
hfrqrp|1 Vxssrvh wkdw doo djhqwv fkrrvh k ' f lq shulrg rqh1 Hdfk ri wkhp wkhq
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vhwv h{0srvw oderu vxsso| % ' f/ frqvxphv � xqlw ri wkh krph jrrg dqg }hur xqlwv ri
wkh pdunhw jrrg/ dqg wkhuhe| hqmr|v d olihwlph xwlolw| ri LEf� ' q d�Ef� n �E��o1 Lq
wklv vlwxdwlrq/ wkh odvw xqlw ri krph wlph surgxfhv d xwlolw| ohyho q��E���1 Li h{0srvw dq
djhqw zhuh r�huhg zdjh � wr vxsso| khu wlph rq wkh krph0jrrg pdunhw/ vkh zrxog
gr vr li

� � q��E��

��Ef�
�

Wkh uljkw0kdqg vlgh ri wklv lqhtxdolw| lv wkh vxsso| sulfh ri krph0jrrg oderu lq dq
hfrqrp| zkhuh qr rqh lv deoh wr surgxfh wkh pdunhw jrrg/ dqg wklv vxsso| sulfh
whqgv wr }hur dv ��Ef� ehfrphv odujh uhodwlyh wr ��E��� Wkhq dq| djhqw zkr dw gdwh 4
ghyldwhv wr dgrswlqj d iurqwlhu whfkqrorj| zloo kdyh d fkdqfh wr kluh hyhu|erg| hovh
lq wkh hfrqrp| wr surgxfh wkh krph jrrg iru khu iru forvh wr d }hur zdjh1 Fohduo|/
vxfk dq djhqw fdq dwwdlq d kljkhu xwlolw| wkdq LEf�/ pdnlqj wkh ghyldwlrq sur�wdeoh1
Wkxv zh kdyh suryhg wkh iroorzlqj uhvxow=

Sursrvlwlrq 5 Li �� Ef� ' n4/ wkhq lq d jurxs vhwwlqj/ vrph djhqwv dozd|v fkrrvh
k ' �1

Sursrvlwlrq 5 vd|v wkdw li ��Ef� lv odujh hqrxjk/ wkhuh lv qr htxloleulxp zkhuh
hyhu|rqh uhmhfwv whfkqrorj|1 Wkh phfkdqlvp wkdw gulyhv wkhvh uhvxowv lv wkh vdph dv
ehiruh 0 wkh lqdelolw| wr frpplw wr d olplwhg ohyho ri pdunhw sduwlflsdwlrq1 Fkrrvlqj
k ' f qr orqjhu uhpryhv wkh whpswdwlrq wr zrun rxwvlgh wkh krph/ dv d krph0jrrg
pdunhw irupv lq wkh vhfrqg shulrg1 Zh kdyh vkrzq wkdw zkhq � 5 dfc kWo/ wkh lvrodwhg
djhqw lqyduldeo| fkrrvhv k ' f1 Exw/ e| Sursrvlwlrq 5/ d jurxs ri djhqwv zloo dozd|v
frqwdlq vrph phpehuv wkdw fkrrvh k ' �1 Lq wklv vhqvh/ jurxsv ri djhqwv vkrxog eh
whfkqrorjlfdoo| pruh surjuhvvlyh wkdq lvrodwhg lqglylgxdov1

Wkh txhvwlrq uhpdlqv zkhwkhu wkh lqwurgxfwlrq ri d pdunhw iru wkh krph jrrg
zloo hqwluho| holplqdwh wkh lqfhqwlyh wr uhmhfw whfkqrorj|1 Wr dqvzhu wklv txhvwlrq zh
qhhg wr vshfli| krz dq hfrqrp| zlwk d krph0jrrg pdunhw zrxog zrun1

614 Wkh pdunhw iru �

Oderu ghpdqgv dqg vxssolhv duh vhw lq shulrg 2 dqg wkh|/ wkhuhiruh/ pxvw pd{lpl}h
h{0srvw xwlolw| wdnlqj pdunhw sulfhv dqg wkh shulrg 4 whfkqrorjlfdo fkrlfhv dv jlyhq1
Vxssrvh wkdw dq djhqw kdv dgrswhg pdunhw whfkqrorj| k h{0dqwh dqg h{0srvw lv idfhg
zlwk wkh fkrlfh ri pdunhw dfwlylw|1 Dv ehiruh/ ohw % eh wkh wlph wkdw d krxvhkrog xvhv
wr rshudwh wkh pdunhw whfkqrorj| k/ dqg 5 eh wlph wkdw d krxvhkrog vxssolhv wr wkh
krph0fduh pdunhw1 Wkh krxvhkrog fdq dovr ex| wlph/ � / lq wkh pdunhw iru krph0fduh/
dw d sulfh ri � shu xqlw1 Wkh xwlolw| ri wkh pdunhw jrrg lv �E+�/ dqg wkh xwlolw| ri wkh
krph jrrg lv �E��1 Wkh h�hfwlyh wlph lqsxw lqwr wkh surgxfwlrq ri wkh krph jrrg/
�/ jlyhq e|

� ' �� %� 5 n �� c

;



zkhuh f 	 � 	 �1

Wkh fdvh � ' f fruuhvsrqgv wr dxwdufk|/ zkhuh rqo| wkh djhqw khuvhoi fdq surgxfh
wkh krph jrrg/ dqg lq wklv fdvh wkhuh fdq eh qr wudgh dprqj djhqwv1 Lq wkh fdvh
� ' �/ wkh prgho fdqqrw ghwhuplqh krz pxfk ri wkh krph jrrg fkdqjhv kdqgv rq
wkh pdunhw dqg krz pxfk lv surgxfhg �lq krxvh�1 Hyhu|rqh zkr surgxfhg �qdo
rxwsxw zrxog gr vr xvlqj wkh iurqwlhu whfkqrorj|1 Lq rughu wr surgxfh d ghwhuplqdwh
rxwfrph lq zklfk wkh krph0jrrg pdunhw lv rshq dqg lq zklfk vrph shrsoh fkrrvh
wkh sulplwlyh whfkqrorj|/ zh vkdoo kdyh wr dvvxph wkdw � lv srvlwlyh exw vwulfwo| ohvv
wkdq 41 Wklv dvvxpswlrq lpsolhv wkdw kluhg khos lv dq lqihulru/ wkrxjk qrw hqwluho|
xvhohvv vxevwlwxwh iru rqh*v rzq wlph lq surgxflqj wkh krph jrrg1 Wklv pdnhv vhqvh
li/ iru h{dpsoh/ wkh krph jrrg lv frqqhfwhg wr wkh uhdulqj ri |rxqj fkloguhq1

Wkh zdjh/ �c lv h{rjhqrxvo| jlyhq wr wkh krxvhkrog dqg wkh whfkqrorj|/ k/ lv suh0
ghwhuplqhg1 D krxvhkrog*v h{0srvw ghflvlrq uxohv/ %_ Ekc�� c 5_ Ekc�� c dqg �_ Ekc��/
vroyh wkh sureohp

4@ 
%c5c�

i� dk%n � E5 � � �o n q� E�� %� 5 n �� �j � +9,

Li zh vxevwlwxwh wkhvh ghflvlrq uxohv lqwr wkh h{0dqwh xwlolw| ixqfwlrq/ zh rewdlq wkh
uhgxfhg irup h{0dqwh xwlolw|=

T Ekc�� ' q
q
�
k
k%_ n �

�
5_ � � _

�l
n �

�
�� %_ � 5_ n ��_

�r
� +:,

615 Gh�qlwlrq ri htxloleulxp

Htxloleulxp lv d zdjh �/ dqg d glvwulexwlrq wkh djhqwv* whfkqrorj| fkrlfhv ryhu dfc �o1
Djhqwv pxvw eh lqgl�huhqw ehwzhhq wkh whfkqrorjlhv wkdw duh fkrvhq lq htxloleulxp1
Iru qrz zh vkdoo dvvxph � dqg odwhu rq zh vkdoo suryh � wkdw dq| htxloleulxp fdq
lqyroyh dw prvw wzr w|shv ri djhqwv= wkrvh wkdw fkrrvh k ' f dqg vxsso| krph0fduh
vhuylfhv/ dqg wkrvh wkdw fkrrvh wkh iurqwlhu whfkqrorj| k ' � dqg ghpdqg krph fduh1
Lq dq| htxloleulxp zlwk krph fduh erwk fkrlfhv |lhog wkh vdph xwlolw|=

T Efc �� ' T E�c�� +;,

Krxvhkrogv zloo eh hlwkhu vxssolhuv ru ghpdqghuv ri krph0fduh wlph/ qrw erwk1
Wkh kljk0k krxvhkrogv zloo ex| krph0fduh wlph iurp wkh orz0k krxvhkrogv/ xqohvv
zh duh lq d ghjhqhudwh htxloleulxp lq zklfk wkh pdunhw lv lqdfwlyh1 Wkh �uvw rughu
frqglwlrqv iru wkh wzr w|shv ri krxvhkrogv wkhq vlpsoli|1

Dq|rqh zkr fkrrvhv k ' f zloo kdyh wr eh d vxssolhu ri wkh krph jrrg lq rughu
wr eh deoh wr frqvxph dq| + dw doo1 Khu frqvxpswlrq ri jrrgv lv �5/ dqg khu oderu
vxsso| dw zdjh � lv 5Efc ��=

5Efc �� ' @h}4@ 
5

d� E�5� n q� E�� 5�o � +<,

<



D kljk w|sh kdv k ' �/ % ' �/ dqg 5 ' f15 Khu frqvxpswlrq ri jrrgv lv ���� 1
Khu ghpdqg iru krph0fduh oderu � E�c�� pd{lpl}hv wkh h{0srvw xwlolw|1 Ghflvlrq
yduldeoh/ � / zloo eh lq wkh lqwhulru l� � � ��1 Wkh �uvw0rughu frqglwlrq ri wkh k ' �
djhqw uhdgv

�E�c�� ' @h}4@ 
�

d� E�� ��� n q� E�� �o +43,

Ohw Z ghqrwh wkh iudfwlrq ri shrsoh wkdw fkrrvh k ' �/ lq zklfk fdvh wkh iudfwlrq
�� Z fkrrvh k ' f� Lq wklv fdvh/ wkh pdunhw iru krph0fduh oderu fohduv li

�E�c�� '
�� Z

Z
5Efc �� +44,

Gh�qlwlrq= Htxloleulxp frqvlvwv ri irxu vfdoduv/ �/ 5/ � dqg Z wkdw vdwlvi| +;,/
+<,/ +43,/ +44, dqg zkhuh T Ekc�� lv gh�qhg e| +:,1

Iru vrph ydoxhv ri � wkh htxloleulxp zlwk srvlwlyh � / 5 dqg � pd| qrw h{lvw 0 wkh
krph0fduh pdunhw pd| eh forvhg1 Zh wkhq kdyh d v|pphwulf htxloleulxp zlwk Z ' �1

616 Surshuwlhv ri wkh htxloleulxp

Zkhq LEk� kdv d X0vkdsh/ wkh krph0fduh pdunhw dulvhv iru vx!flhqwo| orz �1 Zh
zloo frqwlqxh wr xvh wkh dvvxpswlrqv pdgh lq Sursrvlwlrq 4 jxdudqwhhlqj wkdw LEk�
zloo lqlwldoo| eh ghfuhdvlqj dqg zloo kdyh d xqltxh plqlpxp1

Ehfdxvh LEk� lv qrq0prqrwrqlf/ zh fdqqrw d0sulrul uxoh rxw htxloleuld zlwk whfk0
qrorj| fkrlfh ehorz wkh iurqwlhu= f 	 k 	 �� D iudfwlrq ri djhqwv pd| kdyh dq
lqfhqwlyh wr dgrsw whfkqrorj| k ehorz wkh iurqwlhu zkhq qh{w shulrg wkh| h{shfw d
krph0fduh pdunhw zlwk zdjh �1 Wkh iroorzlqj sursrvlwlrq/ suryhg lq wkh dsshqgl{/
vkrzv ydoxhv ri k iru zklfk wkh krph0fduh pdunhw fdq dulvh=

Sursrvlwlrq 6 Ohw q/ � dqg � vdwlvi| +7,/ +6,/ +8, dqg ohw � 5 Efc ��1 Wkhq wkhuh lv
d xqltxh qxpehu 	k : f wkdw vroyhv wkh htxdwlrq

LE�	k� ' LE	k� +45,

vxfk wkdw

+l, Iru k � 	kc dq htxloleulxp zlwk �kc �k : fc dqg f 	 ZEk� 	 � h{lvwvc

dqg
+ll, Iru dq| k : 	kc qr htxloleulxp lq zklfk ZEk� 	 � h{lvwv1
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Iljxuh 7= Krph fduh pdunhw htxloleulxp

Iljxuh 7 vkrzv krz wkh zdjh �k lv ghwhuplqhg rq wkh krph0fduh pdunhw1 Iru
d jlyhq k/ wkh htxloleulxp zdjh fdqqrw h{fhhg �k/ ru hovh ghpdqg iru krph fduh lv
}hur1 Wkh �jxuh sorwv T Efc �� dqg T Ekc�� � wkh vxsso|0vlgh dqg ghpdqg0vlgh h{0dqwh
xwlolwlhv � rq �1 Dw htxloleulxp/ wkh wzr pxvw eh htxdo1 Dv k ulvhv/ wkh T Ekc�� fxuyh
vkliwv xs dqg wr wkh uljkw/ zkloh wkh T Efc �� fxuyh vwd|v sxw1 Wkh lqwhuvhfwlrq ri wkh
wzr fxuyhv wkxv pryhv iduwkhu dqg iduwkhu wr wkh uljkw/ jhwwlqj forvhu dqg forvhu wr
wkh pd{lpxp zdjh �k1 Ilqdoo|/ zkhq k ' 	k/ wkh wzr fxuyhv furvv dw wkh pd{lpxp
zdjh/ dqg zkhq k : 	k wkh| qhyhu furvv rq wkh lqwhuydo dfc �ko1 Iru vx!flhqwo| kljk k
wkh krph0fduh pdunhw forvhv/ ehfdxvh iru dq| ihdvleoh zdjh qr djhqw kdv dq lqfhqwlyh
wr hqwhu wkh krph fduh vhfwru=

T Efc �� 	 T Ekc��/ � 5 dfc �ko/ k : 	k�

Wkhuhiruh/ frqglwlrq +;, fdqqrw krog zkhq k : 	k1
Wkh krph fduh pdunhw euhdnv grzq ehfdxvh wkh rssruwxqlw| frvw ri vxsso|lqj

krph fduh jurzv zlwk k1 Wkxv wkh uhvhuydwlrq zdjh ri wkh krph fduh surylghu jurzv
zlwk k dqg hyhqwxdoo| sulfhv khu rxw ri wkh pdunhw qh{w shulrg1 Wkhq/ qr rqh vxssolhv
krph fduh/ dqg qr rqh h{shfwv wr kluh rxwvlghuv wr surgxfh wkh krph jrrg1

Qrwh wkdw ehfdxvh � 	 � lw lv qhfhvvdulo| wkh fdvh wkdw 	k 	 kW1 Lw lv ohiw wr
fkdudfwhul}h wkh htxloleulxp iru k 5 d	kc kWo1 E| Sursrvlwlrq 6 zh nqrz wkdw wklv fdq0
qrw eh dq dv|pphwulf htxloleulxp/ dqg e| Sursrvlwlrq 5 wklv fdqqrw eh d v|pphwulf
htxloleulxp zlwk k ' f1 Lw wxuqv rxw wkdw zkhq � 5 d	kc kWo/ hyhu| djhqw zloo fkrrvh
iurqwlhu whfkqrorj|/ wkh vdph v|pphwulf htxloleulxp dv lq wkh fdvh � : kW1

5Wklv lv wkh fdvh zkhqhyhu � A 31 Ghpdqg iru krph fduh lv srvlwlyh zkhqhyhu z � �D/ zklfk
pdnhv lw rswlpdo wr vshqg doo wkh wlph surgxflqj +{ @ 4, dqg qrw vxsso|lqj dq| krph fduh +} @ 3,1
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Iljxuh 8= W|sh ri htxloleuld ghshqglqj rq � dqg �1

Wkh iroorzlqj sursrvlwlrq/ dovr suryhg lq wkh Dsshqgl{/ vkrzv wklv uhvxow dv zhoo
dv rxu hduolhu frqmhfwxuh wkdw dq dv|pphwulf htxloleulxp pxvw lqyroyh h{dfwo| wzr
whfkqrorj| fkrlfhv= k ' f dqg k ' �1

Sursrvlwlrq 7 Wkh iroorzlqj htxloleuld dulvh ghshqglqj rq �=

Ydoxhv ri � W|sh ri Htxloleulxp

� � 	k D iudfwlrq ri djhqwv rshudwhv iurqwlhu whfkqrorj|
k ' �c f 	 ZEk� 	 �

� : 	k Hyhu|rqh rshudwhv wkh iurqwlhu whfkqrorj|
k ' �c ZEk� ' �

Zkhq � : 	k/ wkh krph fduh pdunhw euhdnv grzq/ dv h{sodlqhg deryh1 Iru � : 	k/
wkh htxloleulxp lv iru doo wkh djhqwv wr rshudwh iurqwlhu whfkqrorj|1 Wklv uhvxow pd|
vhhp vxusulvlqj / ehfdxvh zkhq � 5 d	kc kWo/ LEf� : LE��/ vr dq| djhqw frxog froohfw
d kljkhu h{0dqwh xwlolw| li vkh vlpso| vwd|hg dw krph1 Krzhyhu/ wkh djhqw fdqqrw
frpplw qrw wr zrun h{0srvw1 Wkhq/ kdylqj fkrvhq k ' f/ vkh zloo qhfhvvdulo| r�hu
khuvhoi dw wkh krph fduh pdunhw h{0srvw/ zklfk zloo |lhog khu h{0dqwh xwlolw| ehorz
LE��1 Nqrzlqj wkdw vkh fdqqrw frpplw wr vwd|lqj dw krph/ wkh djhqw fkrrvhv k ' �
dv wkh qh{w ehvw dowhuqdwlyh1

Lq vhfwlrq 5/ zh kdg irxqg wkdw wkh lvrodwhg djhqw qhyhu uhmhfwv wkh iurqwlhu whfk0
qrorj| dv orqj dv L E�� lv hyhu|zkhuh lqfuhdvlqj lq �1 Wklv vwloo krogv lq d jurxs
vhwwlqj ehfdxvh hyhu|rqh pxvw kdyh wkh vdph olihwlph xwlolw| � wkh olihwlph xwlolw| ri
vrphrqh zkr fkrrvhv k ' f lv dw prvw L E��� c exw li LE�� lv vwulfwo| lqfuhdvlqj/ wkh
shrsoh wkdw fkrrvh k ' � zrxog eh vwulfwo| ehwwhu r�/ dqg lq htxloleulxp/ Z ' �1
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Iljxuh 9= Htxloleulxp xwlolw|

Iljxuh 8 vxppdul}hv wkh w|shv ri htxloleuld iru gl�huhqw ydoxhv ri � dqg �1 Wkh
fxuyh rq wkh sorw vkrzv wkh orfxv ri wkh srlqwv k ' 	kE�� iru � 5 Efc ��1 Lw iroorzv
iurp frqglwlrq +45, wkdw *�4�<f 	k E�� ' kW dqg *�4�<� 	k E�� ' k4�? ' @h}4�?k LEk�1
Iru dq| � 5 Efc �� wkhuh lv dq dv|pphwulf htxloleulxp iru � � 	kE��/ dqg wkhuh lv d
v|pphwulf htxloleulxp iru � : 	kE��1

617 Ghyhorsphqw dqg zhoiduh

Dq rshq krph0fduh pdunhw pdnhv shrsoh ehwwhu r� h{0srvw/ exw zruvh r� h{0dqwh
ehfdxvh wkh| fdqqrw uhvwudlq wkhpvhoyhv iurp zrunlqj dqg duh wkxv xqdeoh wr froohfw
wkh dxwdufk| h{0dqwh xwlolw| 4@ iLEf�c LE��j � Wkh erog olqh rq Iljxuh 9 vkrzv wkh
htxloleulxp xwlolw|= zkhq � � kW/ wkh djhqwv froohfw orzhu xwlolw| wkdq lq dxwdufk|1
Wkh �jxuh vkrzv wkdw dv|pphwulf htxloleulxp xwlolw| ghfuhdvhv lq �1 Wklv lv ehfdxvh
zdjhv lq wkh krph fduh vhfwru jurz zlwk �/ sxvklqj wkh djhqw hyhq ixuwkhu dzd| iurp
krph zrun1 Wklv uhgxfhv h{0dqwh xwlolw| ri wkh krph fduh surylghu1 Wkh htxloleulxp
xwlolw| ri wkh pdunhw surgxfhu lv/ ri frxuvh/ lghqwlfdoo| htxdo wr wkdw ri wkh krph fduh
surylghu1 Wkh v|pphwulf htxloleulxp xwlolw| lv vwloo ehorz wkh dxwdufk| xwlolw| zkhq
� 5 d	kc kWo/ ehfdxvh qr djhqw fdq frpplw wr vwd|lqj dw krph zkhq kh fdq eh kluhg
dv krph khos h{0srvw1 Ilqdoo|/ zkhq � : kW/ wkh v|pphwulf htxloleulxp xwlolw| lv dw
lwv dxwdufk| ohyho LE��1

Vlqfh pdunhw rxwsxw ulvhv zlwk �/ wkh �jxuh lpsolhv wkdw d vrflhw| zlwk d orzhu
shu fdslwd JGS grhv qrw qhfhvvdulo| gr zruvh lq whupv ri olihwlph xwlolw|1 Lq olqh zlwk
wklv/ Qlfkrodv dqg Vwhfnho +4<<4, �qg wkdw khdowk ghfolqhg lq Hqjodqg lq wkh ghfdghv
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vxuurxqglqj 4;33/ dqg Frvwd dqg Vwhfnho +4<<8, �qg wkdw wkh vxevwdqwldo lqfuhdvh lq
XV lqfrphv ehwzhhq 4;63 dqg 4;:3 zdv lqvx!flhqw wr r�vhw wkh xwlolw| orvv vwhpplqj
iurp d jhqhudo ghfolqh lq khdowk wkdw Dphulfdqv h{shulhqfhg gxulqj wkdw hud1

Rxu wkhru| suhglfwv qrw rqo| wkdw xwlolw| vkrxog lqlwldoo| idoo zlwk ghyhorsphqw/
exw dovr wkdw htxloleulxp frqvxpswlrq ri wkh krph jrrg vkrxog eh kljkhu iru djhqwv
zkr fkrrvh dq lqihulru whfkqrorj|1 Wklv lv vxssruwhg e| Frvwd dqg Vwhfnho +4<<8/
�j1 6, hylghqfh vxjjhvwlqj wkdw iduphuv vwd|hg wkh khdowklhvw ri doo rffxsdwlrqdo
fdwhjrulhv1 Iduphuv eruq lq 4;53073 zhuh vljql�fdqwo| wdoohu wkdq oderuhuv/ duwlvdqv
ru surihvvlrqdov1 Dssduhqwo|/ vwd|lqj rq wkh idup phdqw dffhvv wr ehwwhu irrg zklfk
zdv ehqh�fldo iru iduphuv* dqg wkhlu fkloguhq*v khdowk1

618 Ghyhorsphqw dqg wkh delolw| wr frpplw

Hyhq iru dq lvrodwhg djhqw/ wkh lqdelolw| wr frpplw rq % ohdgv wr d orvv ri xwlolw|1
Zkhq d jurxs ri djhqwv dfwv lq d ghfhqwudol}hg zd|/ wkh| zloo vx�hu dq hyhq eljjhu
xwlolw| orvv/ ehfdxvh wkh vlwxdwlrq lq zklfk wkh| doo fkrrvh k ' f lv qrw dq htxlole0
ulxp1 Dq h{dpsoh ri krz pdunhw sduwlflsdwlrq hurghv d orz0whfkqrorj| frpplwphqw
lv wkh klvwru| ri Zlooldp Shqq*v Txdnhu frorq| zklfk h{shulhqfhg d wudqvlwlrq iurp
vlpsoh slhw| wr pdlqvwuhdp frqvxphulvp ehfdxvh lwv phpehuv zhuh gudzq wr frp0
phufh1 Lqlwldoo|/ wkh Txdnhuv xvhg zdjh dqg sulfh frqwurov dv frpplwphqw ghylfhv1
Zkhq rwkhu vhwwohuv pryhg wr Shqqv|oydqld/ wudglqj pdgh |rxqj Txdnhuv d"xhqw dqg
txlfno| ryhuzkhophg wkhlu frpplwphqw wr vlpsolflw| +Vkl/ 4<;8,1 Rxu prgho suhglfwv
wkdw hyhq wkrxjk wkhlu wudqvlwlrq wr kljkhu zdjhv dqg prghuq phwkrgv zrxog kdyh
rffxuuhg hyhqwxdoo| dq|zd|/ wkh Txdnhuv* lqdelolw| wr uhpdlq lvrodwhg kdvwhqhg wkh
wudqvlwlrq1

Lq frqwudvw/ wkh delolw| ri wkh Dplvk vrflhw| wr pdlqwdlq lwv uholjlrq dqg olih0vw|oh
pd| eh gxh wr wkhlu lvrodwlrq1 Frvjho +4<<6, qrwhv wkdw Dplvk iduphuv pdqdjh wr nhhs
d glvwdqfh iurp wkh rxwvlgh zruog e| surgxflqj pruh ydulhw| wkdq rwkhu iduphuv dqg
uho|lqj rqo| rq oderu zlwklq wkhlu uholjlrxv qhwzrun1 Wklv �wv rxu prgho*v lpsolfdwlrq
wkdw dq h�hfwlyh frpplwphqw wr dq lqihulru whfkqrorj| uhtxluhv wkdw rqh fdqqrw wdnh
sduw lq pdunhw h{fkdqjh1 Wkh Dplvk lpsohphqwhg wklv frpplwphqw e| uhmhfwlqj wkh
wudfwru dqg rwkhu phfkdql}hg iduplqj pdfklqhu|1

Wkhuhiruh/ vrflhw| pd| zlvk lw frxog vkxw rxw doo whfkqrorjlhv lq wkh lqwhuydo dfc kWo1
Exw lw zrxog eh hyhq ehwwhu li lw frxog sodfh dq xsshu erxqg rq %c wkhuhe| doorzlqj
hdfk djhqw wr fkrrvh iurqwlhu whfkqrorj| dqg qrw kdyh wr zruu| derxw vxevhtxhqwo|
|lhoglqj wr wkh whpswdwlrq wr zrun kdug1 Dffruglqj wr rxu prgho/ d vrflhw| zloo vhhn
zd|v wr olplw lwv flwl}hqv* pdunhw zrun dqg wkdw zkhq lw kdv irxqg d zd| gr vr/ d
shulrg ri udslg whfkqrorjlfdo jurzwk vkrxog iroorz1 Wkh iroorzlqj duh h{dpsohv lq
zklfk vrflhwlhv kdyh pdqdjhg wr olplw zkdw zh fdoo %=

+@, Hduo| uhwluhphqw lqgxfhphqwv= D zrunlqj vhqlru flwl}hq iruhjrhv klv vrfldo
vhfxulw| lqfrph/ dqg wklv lv dq lpsolflw wd{ rq zrun1 Hduo| uhwluhphqw ohjlvodwlrq kdv
eurxjkw iruzdug wkh djh dw zklfk wklv lpsolflw wd{ ehfrphv h�hfwlyh1 Wkh XV dqg
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Hxurshdq frxqwulhv dolnh kdyh sxw lq sodfh d eduudjh ri lqfhqwlyhv wr uhwluh hduo|1
Vxfk lqgluhfw lqgxfhphqwv duh vrfldoo| txlwh frvwo|/ krzhyhu/ ehfdxvh wkh| udlvh wkh
wd{0exughq iru wkh zrunlqj srsxodwlrq/ dqg wkhlu dlp lv suredeo| uhglvwulexwlyh1

+K, Fklog oderu odzv sodfh d olplw rq olihwlph pdunhw zrun1 Dfhprjox dqg Dqjulvw
+5333, �qg wkdw vwdwhv zlwk fklog oderu odzv lq sodfh uhwxuqv wr vfkrrolqj zhuh kljkhu1
Wkh| kdyh wkhlu rzq lqwhusuhwdwlrq ri zkdw wklv fruuhodwlrq phdqv1 Zh lqwhusuhw lw
dv vd|lqj wkdw zkhq |rx fdq sodfh dq xsshu erxqg rq |rxu pdunhw zrun %/ |rx zloo
fkrrvh iurqwlhu whfkqrorj|/ dqg |rxu pdunhw lqfrph zloo eh kljkhu1

+S, Gluhfw uhvwulfwlrqv rq krxuv zrunhg1 Vxfk uhvwulfwlrqv vkrxog olplw krxuv shu
shuvrq/ dqg qrw hpsor|phqw1 H{dpsohv ri ohjdo olplwv rq zhhno| krxuv zrunhg duh
wkh 4<6; Idlu Oderu Vwdqgdugv Dfw lq wkh XV/ dqg uhfhqw ohjlvodwlrq lq Iudqfh +exw
wkhvh vhhphg wr kdyh ehhq gulyhq e| d ghvluh wr uhgxfh xqhpsor|phqw e| vsuhdglqj
wkh dydlodeoh zrun dprqj d odujhu jurxs ri shrsoh/ dqg fdq qr pruh eh h{sodlqhg e|
rxu prgho wkdq fdq wkh ulrwlqj ri wkh Oxgglwhv,1 Vrph vrfldo qrupv kdyh glvfrxu0
djhg h{fhvvlyh zrun h�ruw1 Iru lqvwdqfh/ lq Fkulvwldqlw| +Vxqgd|, dqg Mxgdlvp +wkh
Vdeedwk, d gd| lv vhw dvlgh iru uhvw1

Zkhq d vrflhw| fdqqrw pdqdjh wr sxw d olplw rq %/ lw fdq/ dv d vhfrqg0ehvw srolf|/
vwloo pdnh lwv flwl}hqv ehwwhu r� e| vkxwwlqj rxw iruhljq whfkqrorj| zkloh � 	 kW1 Wklv
iroorzv iurp Iljxuh 91 Xqghu vxfk d srolf| grphvwlf rxwsxw zloo eh orz dqg wkhq ulvh
gudpdwlfdoo| zkhq wkh uhvwulfwlrq lv uhpryhg1 Dv dq h{dpsoh/ frqvlghu Mdsdq zkrvh
vhoi0lpsrvhg lvrodwlrq odvwhg iurp 4973v wloo 4;93v1 Wkh wudqvlwlrq wr iuhh wudgh wkdw
vwduwhg lq 4;8; zdv dffrpsdqlhg e| d 98( ulvh lq uhdo lqfrph/ gxh pdlqo| wr d elj
ulvh lq wkh sulfhv ri h{sruwdeohv +Kxehu 4<:4,1 Lq rxu prgho vxfk sulfh ulvhv zrxog
d�hfw zrun lqfhqwlyhv lq h{dfwo| wkh vdph zd| dv zrxog d ehwwhu whfkqrorj|1

Wkh Frvwd0Vwhfnho hylghqfh vxjjhvwv wkdw e| vkxwwlqj rxw iruhljq whfkqrorj|/ wkh
XV1 frxog kdyh udlvhg wkh zhoiduh ri wkh jhqhudwlrqv dolyh lq wkh 4;63 0 4;:3 shulrg1
Iruwxqdwho| iru wkh jhqhudwlrqv ri Dphulfdqv wkdw fdph odwhu/ vxfk surwhfwlrqlvp
qhyhu kdsshqhg1 Exw phglhydo Fklqd/ olnh Mdsdq/ glg dgrsw d forvhg grru srolf| lq wkh
48wk fhqwxu| zkhq wkh hpshuru lpsrvhg dq h�hfwlyh edq rq rfhdq vklsslqj1 Hgzdugv
+4<<<, grfxphqwv wkdw pdunhw dfwlylw| lq Fklqd wkhq kdg wr idfh kljk wd{hv dqg wkh
vdph lv wuxh lq Lqgld wrgd|1 Fxulrxvo|/ dqflhqw Fklqhvh dqg Lqgldq sklorvrsklhv dujxh
wkdw pdwhuldo surjuhvv fdqqrw pdnh xv kdss|/ dqg wkdw zkdw vkrxog pdwwhu wr xv lv
� dqg qrw +1

Zh gr qrw h{sodlq/ krzhyhu/ zk| vxfk odzv dqg qrupv hphujh lq vrph vrflhwlhv
exw qrw rwkhuv1 Rxu prgho fdq dffrpprgdwh rqo| wkh fuxghvw srvvleoh yduldwlrq lq wkh
delolw| wr frpplw1 Lq d prgho zkhuh whfkqrorj| lv h{rjhqrxv exw wkdw lv ulfkhu wkdq
rxuv lq rwkhu uhvshfwv/ Eduur +4<<:, suhvhqwv d vrsklvwlfdwhg dqdo|vlv ri wkh h�hfwv rq
vdylqjv dqg jurzwk ri yduldwlrqv lq wkh delolw| wr frpplw wr ixwxuh frqvxpswlrq1
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Iljxuh := Ghyhorsphqw sdwkv ZE�� iru gl�hhqw ydoxhv ri �1

619 Ghyhorsphqw dqg lqfrph lqhtxdolw|

Lq wkh prgho/ d judgxdo ulvh lq � lqgxfhv wkuhh vwdjhv ri ghyhorsphqw1 Zkloh � lv
vpdoo/ prvw shrsoh duh lq wkh wudglwlrqdo vhfwru1 Qh{w/ dv � ulvhv/ shrsoh vwduw wr
hqwhu wkh pdunhw vhfwru/ dqg lqfrph lqhtxdolw| dsshduv ehwzhhq wkrvh zkr zrun lq
wkh prghuq vhfwru/ dqg wkrvh zkr uhpdlq lq wkh wudglwlrqdo vhfwru1 Gxulqj wklv skdvh/
rxwsxw jurzv/ exw xwlolw| idoov1 Zkloh � lv ulvlqj lq wklv skdvh/ pruh dqg pruh shrsoh
dgrsw wkh iurqwlhu whfkqrorj|1 Ilqdoo|/ � uhdfkhv wkh srlqw dw zklfk hyhu|rqh wkdw
kdv qrw |hw grqh vr hqwhuv wkh pdunhw vhfwru �hq pdvvh�/ dqg wkh vrflhw| wkhq fdwfkhv
xs zlwk wkh ghyhorsphqw ohdghuv dqg wkhuhdiwhu nhhsv sdfh zlwk wkhp1

Zh fdq sorw wkh htxloleulxp iudfwlrq ri djhqwv wkdw jr wr wkh pdunhw Z dv d
ixqfwlrq ri wkh srvlwlrq ri wkh iurqwlhu whfkqrorj| �1 Wklv pd| eh wkrxjkw ri dv
wkh �ghyhorsphqw sdwk� iru wkh vrflhw| zlwk wkh h{rjhqrxvo| jurzlqj whfkqrorjlfdo
iurqwlhu1 Iljxuh : vkrzv wzr ZE�� sorwv iru gl�huhqw ydoxhv ri �1 D frxqwu| zkhuh
krph surgxfwlrq whfkqrorj| lv pruh  h{leoh +zkhuh rxwvlghuv duh ehwwhu vxevwlwxwhv lq
krph surgxfwlrq, zloo kdyh d kljkhu ydoxh ri �1Wkh judsk vkrzv wkdw frxqwulhv zlwk
pruh  h{leoh krph surgxfwlrq +kljkhu �, zloo jurz idvwhu dqg zloo kdyh kljkhu pdunhw
rxwsxw +E�� ' �ZE��1 Vlqfh Y	k

Y�
	 f/ pludfohv zloo dovr rffxu hduolhu lq frxqwulhv zlwk

kljkhu �1 Wkh judsk dovr vkrzv wkdw �pludfohv�6 duh ohvv surqrxqfhg lq frxqwulhv
zlwk kljk ydoxhv ri �1 Zkloh rqo| d iudfwlrq ri wkh srsxodwlrq rshudwhv wkh pdunhw
whfkqrorj| dqg � 	 �/ wkhuh lv lqhtxdolw| lq hduqhg lqfrph ehwzhhq wkh krph0fduh

6D pludfoh rffxuv zkhq wkhuh lv d mxps lq pdunhw sduwlflsdwlrq dw D @ a�1 Wkhuhiruh/ wkh �vl}h�
ri wkh pludfoh lv sursruwlrqdo wr �+a�. 3,� �+a�� 3, @ 4� �+a�� 3,1
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Wage relative to 1823

Gini

Model

Data

1823
1915

1830

1871

1891

1901

1911

Iljxuh ;= Vlpxodwhg dqg dfwxdo Nx}qhwv fxuyhv iru Eulwdlq/ 4;5604<48

surylghuv dqg surgxfhuv1 Wkh iruphu kdyh ohvv zdjh lqfrph/ exw surgxfh pruh krph
jrrg1 Wkh zdjh lqfrph glvsdulw| iroorzv d Nx}qhwv0w|sh uhodwlrqvkls dv � jurzv1 Wkh
lqfrph lqhtxdolw| �uvw lqfuhdvhv/ ehfdxvh wkhuh lv hqwu| lq kljk0zdjh pdunhw vhfwru1
Zkloh ZE�� lv vx!flhqwo| vpdoo/ wkh zdjh lq wkh krph fduh vhfwru jurzv vorzhu wkdq
�1 Krzhyhu/ dv � lqfuhdvhv/ ghpdqg iru krph fduh jurzv/ zklfk frppdqgv d kljkhu
zdjh1 Dw vrph srlqw wkh zdjh dw wkh krph0fduh pdunhw vwduwv jurzlqj idvwhu wkdq
�/ zklfk pdnhv lqfrph glvwulexwlrq lqfuhdvlqjo| pruh htxdo1 Lqhtxdolw| glvdsshduv
shupdqhqwo| dw wkh srlqw zkhuh � ' 	k1

Iljxuh ; ghslfwv wkh wlph sdwk ri wkh Jlql frh!flhqw wkdw wkh prgho suhglfwv
dqg wkh dfwxdo klvwrulfdo vhulhv ri wkh Jlql lq Eulwdlq uhsruwhg lq Zlooldpvrq +4<;8,71
Wkh yhuwlfdo d{lv phdvxuhv wkh ydoxhv ri wkh Jlql frh!flhqw dw ydulrxv gdwhv1 Rq wkh
krul}rqwdo d{lv/ krzhyhu/ lqvwhdg ri fdohqgdu wlph/ zh sorw wkh dyhudjh uhdo zdjh8 iru
4;5604<481 Wkh sorw lv vfdohg vr wkdw wkh Eulwlvk1 uhdo zdjh lq 4;56 lv 41 Iru rxu
prgho/ wkh lpsolhg dyhudjh zdjh lv

7�| ' Z E�|��| n d�� Z E�|�o�|1

Ehfdxvh zh gr qrw nqrz wkh pdsslqj iurp fdohqgdu wlph wr � E|�/ zh vfdoh rxu
Nx}qhwv fxuyh vr wkdw lw  dwwhqv rxw +ehfrphv }hur, dw wkh vdph zdjh dv wkh klvwrulfdo

7Wkh Jlql frh!flhqw iru 4;5604<48 lv hvwlpdwhg iurp wd{ gdwd dqg uhsruwhg lq Wdeoh 715/ s1 941

8lelg/ Dsshqgl{ Wdeoh F14

4:



vhulhv gr/ dqg dovr vwduwv dw wkh zdjh htxdo wr �1 Wklv ghwhuplqhv wkh lqlwldo dqg wkh
�qdo ydoxhv ri � iru wkh vlpxodwlrq1 Zh ohdyh w ' f�� dqg q ' f�S dw wkhlu ehqfkpdun
ydoxhv dqg fkrrvh wkh ydoxh ri � ' f��b wr pdwfk wkh shdn Jlql frh!flhqw ri 31951

7 Frqfoxvlrq
Odlevrq dqg Eduur kdyh vwuhvvhg krz zkhq zh fdqqrw frpplw wr ixwxuh frqvxpswlrq
rxu vdylqjv dqg lqfrph jurzwk ghfolqh1 Zh kdyh dgghg wkh lqvljkw wkdw zkhq zh
fdqqrw frpplw wr ixwxuh frqvxpswlrq ri wkh krph jrrg/ zh pd| fkrrvh d orz0
sd|lqj rffxsdwlrq dv d vhfrqg0ehvw irup ri frpplwphqw1 Zh kdyh fkdudfwhul}hg
wkh suhihuhqfhv wkdw pdnh vxfk ehkdylru olnho|/ lq whupv ri wkh wlph0lqfrqvlvwhqf|
sdudphwhu dqg lq whupv ri wkh hodvwlflw| ri vxsso| ri oderu1 Zh kdyh dovr irxqg vrph
lqwhuhvwlqj frqvhtxhqfhv iru wkh uhodwlrq ehwzhhq ghyhorsphqw dqg lqhtxdolw| dqg iru
ghyhorsphqw pludfohv1

Wkh jds ehwzhhq wkh ulfk dqg srru lv vr zlgh/ dqg rxu h{sodqdwlrq ri lw vr qduurz/
wkdw qhz h{sodqdwlrqv vkrxog eh zhofrph1 Krz pxfk sryhuw| vwhpv iurp wkh irufh
zh kdyh vwuhvvhgB Zh gr qrw nqrz1 Exw wkh �olvw ri vxvshfwv� qrz kdv d qhz phpehu1

Uhihuhqfhv
^4` Dfhprjox/ Gdurq/ dqg Mrvkxd Dqjulvw1 �Krz Odujh duh wkh Vrfldo Uhwxuqv wr

HgxfdwlrqB Hylghqfh iurp Frpsxovru| Vfkrrolqj Odzv1� QEHU ZS :777/ Mdq0
xdu|/ 53331

^5` Eduur/ Urehuw �P|rsld dqg Lqfrqvlvwhqf| lq wkh Qhrfodvvlfdo Jurzwk Prgho1�
QEHU ZS 964:/ Ghfhpehu 4<<:1

^6` Fduloor/ Mxdq/ dqg Wkrpdv Pdulrwwl1 �Vwudwhjlf Ljqrudqfh dv d Vhoi0Glvflsolqlqj
Ghylfh1� Uhylhz ri Hfrqrplf Vwxglhv/ iruwkfrplqj1

^7` Frvjho/ Phwlq P1 �Uholjlrxv Fxowxuh dqg Hfrqrplf Shuirupdqfh= Djulfxowxudo
Surgxfwlylw| ri wkh Dplvk/4;830;3�/ Mrxuqdo ri Hfrqrplf Klvwru| 86/ qr1 5 +Mxqh
4<<6,= 64< 0 6641

^8` Frvwd/ Grud dqg Ulfkdug Vwhfnho1 �Orqj0Whup Wuhqgv lq Khdowk/ Zhoiduh/ dqg
Hfrqrplf Jurzwk Lq wkh Xqlwhg Vwdwhv1� QEHU ZS Vhu1 rq Klvwrulfdo Idfwruv
lq Orqj Uxq Jurzwk :9/ Qryhpehu 4<<81

^9` Hgzdugv/ Dodq / �Hvvd|v lq Ilvfdo Fhqwudol}dwlrq dqg Hfrqrplf Ghyhorsphqw�/
Sk1 G1 wkhvlv/ Xqlyhuvlw| ri Plqqhvrwd/ Dxjxvw 4<<<1
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^:` Kxehu/ M1 Ulfkdug1 �H�hfw rq Sulfhv ri Mdsdq*v Hqwu| lqwr Zruog Frpphufh diwhu
4;8;�/ Wkh Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 :</ Qr1 61 +Pd| 0 Mxq1/ 4<:4,/ ss1
947095;1

^;` Nuxvhoo/ Shu/ dqg Mrvh0Ylfwru Ulrv0Uxoo1 �Yhvwhg Lqwhuhvwv lq d Srvlwlyh Wkhru|
ri Vwdjqdwlrq dqg Jurzwk1� Uhylhz ri Hfrqrplf Vwxglhv 96 +4<<9,= 634 0 65<1

^<` Odlevrq/ Gdylg1 �K|shuerolf Glvfrxqw Ixqfwlrqv/ Xqghuvdylqj/ dqg Vdylqjv Sro0
lf|1� QEHU ZS 8968/ Mxqh 4<<91

^43` Qlfkrodv/ Vwhskhq/ dqg Ulfkdug Vwhfnho1 �Khljkwv dqg Olylqj Vwdqgdugv ri Hq0
jolvk Zrunhuv gxulqj wkh Hduo| \hduv ri Lqgxvwuldol}dwlrq/ 4::304;481� Mrxuqdo
ri Hfrqrplf Klvwru| 84/ qr1 7 +Ghfhpehu 4<<4,= <6: 0 8:

^44` Sduhqwh/ Vwhskhq/ dqg Hgzdug Suhvfrww1 �Prqrsro| Uljkwv= D Eduulhu wr
Ulfkhv1� Vwd� Uhsruw 569/ IUE Plqqhdsrolv/ Mxo| 4<<:

^45` Sduhqwh/ Vwhskhq/ Ulfkdug Urjhuvrq/ dqg Udqgdoo Zuljkw1 �Krphzrun lq Ghyho0
rsphqw Hfrqrplfv1� Xqlyhuvlw| ri Shqqv|oydqld/ 4<<<1

^46` Skhosv/ Hgpxqg/ dqg Urehuw Sroodn1 �Rq Vhfrqg0Ehvw Qdwlrqdo Vdylqj dqg
Jdph0Htxloleulxp Jurzwk1� Uhylhz ri Hfrqrplf Vwxglhv 68/ qr1 5 +Dsulo 4<9;,=
4;8 0 4<<11

^47` Pdun Urvhq}zhlj1 �Qhrfodvvlfdo Wkhru| dqg wkh Rswlpl}lqj Shdvdqw= Dq Hfrqr0
phwulf Dqdo|vlv ri Pdunhw Idplo| Oderu Vxsso| lq d Ghyhorslqj Frxqwu|1� Txdu0
whuo| Mrxuqdo ri Hfrqrplfv <7/ Qr1 41 +Iheuxdu| 4<;3,= 64 0 881

^48` Vkl/ Gdylg H1 Wkh Vlpsoh Olih= Sodlq Olylqj dqg Kljk Wklqnlqj lq Dphulfdq
Fxowxuh1 Qhz \run= R{irug Xqlyhuvlw| Suhvv/ 4<;81

^49` Vwurw}/ Urehuw1 �P|rsld dqg Lqfrqvlvwhqf| lq G|qdplf Prghov ri Xwlolw| Pd{l0
pl}dwlrq1� Uhylhz ri Hfrqrplf Vwxglhv 56/ qr1 6 +4<88089,= 498 0 4;31

^4:` Xhgd/ Nhqlfkl1 � Lqgxvwuldol}dwlrq dqg Lqglylgxdolvp1� Xqlyhuvlw| ri Fklfdjr/
4<<<1

^4;` Zlooldpvrq/ Mh�uh| J1 �Glg Eulwlvk Fdslwdolvp Euhhg Lqhtxdolw|B�/ Jhrujh Doohq
) Xqzlq/ 4<;81

^4<` ]hlud/ Mrvhsk1 �Zrunhuv/ Pdfklqhv/ dqg Hfrqrplf Jurzwk1� Txduwhuo| Mrxuqdo
ri Hfrqrplfv 446/ qr1 7 +Qryhpehu 4<<;,= 43<4 0 444:1
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8 Dsshqgl{
Surri ri Sursrvlwlrq 6= Wkh ghpdqg iru krph fduh vhuylfhv � Ekc�� lv lpsolflwo|
gh�qhg e| wkh �uvw rughu frqglwlrq

���Ek� � Ekc����� q���E�� Ekc��� ' f

zkhuh � � �k/ dqg � Ekc�� ' f iru doo � : �k1
H{0dqwh xwlolw| ri d shuvrq zkr kluhv d krph fduh vxssolhu lv prqrwrqlfdoo| gh0
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H{0dqwh xwlolw| ri wkh krph fduh vxssolhu lv prqrwrqlfdoo| ghfuhdvlqj dv zhoo/ vlqfh

T Efc f� ' �E�5Efc ��� n �E�� 5Efc ��� � LE��c

dqg LE�� pxvw eh prqrwrqlfdoo| ghfuhdvlqj iru � � �	k +Wkh srlqw �	k pxvw eh
orfdwhg rq wkh ghfuhdvlqj sruwlrq ri L ehfdxvh rwkhuzlvh 	k fdqqrw vroyh +45,,1

Dw zdjh � ' f wkh xwlolw| ri wkh shuvrq zkr kluhv d krph fduh vxssolhu lv lq�qlwh
+ehfdxvh �Ekc f� $ 4, exw xwlolw| ri wkh krph fduh vxssolhu lv �qlwh dqg htxdov �E��
+ehfdxvh 5Efc f� ' f,1 Dw wkh pd{lpxp zdjh � ' �k/ wkh krph fduh vxssolhu jhwv
T E�kc f� ' LE�k� zkloh wkh shuvrq zkr kluhv d krph fduh vxssolhu jhwv T Ekc �k� '
LEk� +wklv shuvrq lv lqgl�huhqw ehwzhhq klulqj dw zdjh �k dqg qrw klulqj d krph fduh
vxssolhu,1 Vlqfh LE�� pxvw eh vwulfwo| ghfuhdvlqj iru k � �	k dqg vwulfwo| lqfuhdvlqj
iru k : 	k

T Ekc �k� ' LEk� 	 E��LE�k� ' T Efc �k�/ k 	 E��	k

Zkhq k : 	k dqg � � �k wklv lqhtxdolw| uhyhuvhv wkh vljq/ ehfdxvh

T Ekc�� � T Ekc �k� ' LEk�

+iru dq| zdjh zkhuh � 9' f,/ dqg

LEk� : LE�� � T Efc ��

vlqfh L �Ek� : f iru dq| k : 	k1 Wkhuhiruh/

T Ekc�� : T Efc �� iru dq| k : 	k dqg � � �k�
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Wkh krph fduh htxloleulxp grhv qrw h{lvw iru k : 	k1

Surri ri Sursrvlwlrq 7 Vxssrvh wkdw k � � � 	k dqg wkh krph fduh pdunhw lv
rshq= � : f1 Wkuhh h{0srvw ghflvlrqv duh dydlodeoh wr wkh shuvrq zkrvh whfkqrorj|
fkrlfh lv k= +4, vxsso| krph fduh dw zdjh �/ +5, rshudwh pdunhw whfkqrorj| k dqg
qrw ghpdqg krph fduh dqg +6, rshudwh pdunhw whfkqrorj| k dqg ghpdqg krph fduh
dw zdjh �1 Xvlqj wkh uhvxowv ri Sursrvlwlrq 6/ wkh h{0dqwh rswlpdo whfkqrorj| fkrlfh
fdq eh h{suhvvhg dv

k 5 @h}4@ 
k

d4@ iLE��c LEk�c T Ekc��jo

Ehfdxvh
YT Ekc��

Yk
: f

wkh shuvrq zkr ghflghv wr ghpdqg krph fduh zloo dozd|v suhihu wr rshudwh wkh iurqwlhu
whfkqrorj| �1 Dovr revhuyh wkdw li � lv wkh htxloleulxp zdjh/ wkhq LE�� : LEk�1
Wkhuhiruh/ k ' �1 lv lq wkh dujpd{1 Vxsso|lqj krph fduh lv dqrwkhu srvvlelolw| wkdw
jlyhv wkh vdph h{0dqwh xwlolw|1 Wkhuhiruh k ' f1 lv lq wkh dujpd{ dv zhoo1

Qrz frqvlghu wkh fdvh � 5 d	kc kWo zkhuh wkh krph fduh pdunhw lv forvhg1 Zh zloo
suryh wkdw hyhu| djhqw fkrrvlqj k ' � lv dq htxloleulxp e| vkrzlqj wkdw d vlqjoh
djhqw kdv qr sur�wdeoh ghyldwlrq1

Iluvwo|/ revhuyh iru dq| k � ��/ wkh ghyldwlqj djhqw zloo qrw vxsso| krph fduh/ eh0
fdxvh klv rssruwxqlw| frvw ri wlph h{fhhgv wkh pd{lpxp krph fduh zdjh1 Wkhuhiruh/
kh zloo froohfw xwlolw| ri LEk�1 Vlqfh

LEk� 	 LE��/ k 5 d��c�o / � : 	k

wklv grhv qrw frqvwlwxwh d sur�wdeoh ghyldwlrq
Li k 	 ��/ wkh h{0srvw rswlpdo dfwlrq iru wkh djhqw zloo eh wr r�hu khuvhoi lq wkh

krph fduh vhfwru1 Vlqfh wkhuh zloo eh d vlqjoh djhqw vxsso|lqj krph fduh dqg pxowlsoh
djhqwv ghpdqglqj klv vhuylfhv/ wkh zdjh zloo eh elg xs wr wkh pd{lpxp dprxqw ��1
Wkh djhqw zloo wkhq froohfw wkh h{0dqwh xwlolw| LE����Vlqfh

LE��� 	 LE��/ � : 	k

wklv grhv qrw frqvwlwxwh d sur�wdeoh ghyldwlrq1
Ilqdoo|/ li � : kW/

LE�� : LEk�/ k 5 dfc ��

vr fkrrvlqj k ' � lv dq htxloleulxp1
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