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Preface

When I was a graduate student in applied mathematics at the California Institute
of Technology, we solved many differential equations (both ordinary differential
equations and partial differential equations). Given a differential equation to
solve, I would think of all the techniques I knew that might solve that equation.
Eventually, the number of techniques I knew became so large that I began to
forget some. Then, I would have to consult books on differential equations to
familiarize myself with a technique that I remembered only vaguely. This was a
slow process and often unrewarding; I might spend twenty minutes reading about
a technique only to realize that it did not apply to the equation I was trying to
solve.

Eventually, I created a list of the different techniques that I knew. Each
technique had a brief description of how the method was used and to what types
of equations it applied. As I learned more techniques, they were added to the
list. This book is a direct result of that list.

At Caltech we were taught the usefulness of approximate analytic solutions
and the necessity of being able to solve differential equations numerically when
exact or approximate solution techniques could not be found. Hence, approximate
analytical solution techniques and numerical solution techniques were also added
to the list.

Given a differential equation to analyze, most people spend only a small
amount of time using analytical tools and then use a computer to see what
the solution “looks like.” Because this procedure is so prevalent, this edition
includes an expanded section on numerical methods. New sections on sympletic
integration (see page 780) and the use of wavelets (see page 784) also have been
added.

In writing this book, I have assumed that the reader is familiar with differen-
tial equations and their solutions. The object of this book is not to teach novel
techniques but to provide a handy reference to many popular techniques. All of
the techniques included are elementary in the usual mathematical sense; because
this book is designed to be functional it does not include many abstract methods
of limited applicability. This handbook has been designed to serve as both a
reference book and as a complement to a text on differential equations. Each
technique described is accompanied by several references; these allow each topic
to be studied in more detail.

It is hoped that this book will be used by students taking courses in differential
equations (at either the undergraduate or the graduate level). It will introduce
the student to more techniques than they usually see in a differential equations
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xvi Preface

class and will illustrate many different types of techniques. Furthermore, it should
act as a concise reference for the techniques that a student has learned. This book
should also be useful for the practicing engineer or scientist who solves differential
equations on an occasional basis.

A feature of this book is that it has sections dealing with stochastic differ-
ential equations and delay differential equations as well as ordinary differential
equations and partial differential equations. Stochastic differential equations and
delay differential equations are often studied only in advanced texts and courses;
yet, the techniques used to analyze these equations are easy to understand and
easy to apply.

Had this book been available when I was a graduate student, it would have
saved me much time. It has saved me time in solving problems that arose from
my own work in industry (the Jet Propulsion Laboratory, Sandia Laboratories,
EXXON Research and Engineering, The MITRE Corporation, BBN).

Parts of the text have been utilized in differential equations classes at the
Rensselaer Polytechnic Institute. Students’ comments have been used to clarify
the text. Unfortunately, there may still be some errors in the text; I would greatly
appreciate receiving notice of any such errors.

Many people have been kind enough to send in suggestions for additional
material to add and corrections of existing material. There are too many to
name them individually, but Alain Moussiaux stands out for all of the checking
he has performed. Thank you all!

This book is dedicated to my wife, Janet Taylor.

Boston, Mass. 1997 Daniel Zwillinger
zwillinger@alum.mit.edu

CD-ROM Handbook of Differential Equations c©Academic Press 1997



Introduction

This book is a compilation of the most important and widely applicable methods
for solving and approximating differential equations. As a reference book, it
provides convenient access to these methods and contains examples of their use.

The book is divided into four parts. The first part is a collection of trans-
formations and general ideas about differential equations. This section of the
book describes the techniques needed to determine whether a partial differential
equation is well posed, what the “natural” boundary conditions are, and many
other things. At the beginning of this section is a list of definitions for many of
the terms that describe differential equations and their solutions.

The second part of the book is a collection of exact analytical solution
techniques for differential equations. The techniques are listed (nearly) alpha-
betically. First is a collection of techniques for ordinary differential equations,
then a collection of techniques for partial differential equations. Those techniques
that can be used for both ordinary differential equations and partial differential
equations have a star (∗) next to the method name. For nearly every technique,
the following are given:

• the types of equations to which the method is applicable
• the idea behind the method
• the procedure for carrying out the method
• at least one simple example of the method
• any cautions that should be exercised
• notes for more advanced users
• references to the literature for more discussion or more examples

The material for each method has deliberately been kept short to simplify
use. Proofs have been intentionally omitted.

It is hoped that, by working through the simple example(s) given, the method
will be understood. Enough insight should be gained from working the example(s)
to apply the method to other equations. Further references are given for each
method so that the principle may be studied in more detail or so more examples
may be seen. Note that not all of the references listed at the end of a method
may be referred to in the text.

The author has found that computer languages that perform symbolic manip-
ulations (e.g., Macsyma, Maple, and Mathematica) are very useful for performing
the calculations necessary to analyze differential equations. Hence, there is
a section comparing the capabilities of these languages and, for some exact
analytical techniques, examples of their use are given.

xvii



xviii Introduction

Not all differential equations have exact analytical solutions; sometimes an
approximate solution will have to do. Other times, an approximate solution
may be more useful than an exact solution. For instance, an exact solution
in terms of a slowly converging infinite series may be laborious to approximate
numerically. The same problem may have a simple approximation that indicates
some characteristic behavior or allows numerical values to be obtained.

The third part of this book deals with approximate analytical solution tech-
niques. For the methods in this part of the book, the format is similar to that
used for the exact solution techniques. We classify a method as an approximate
method if it gives some information about the solution but does not give the
solution of the original equation(s) at all values of the independent variable(s).
The methods in this section describe, for example, how to obtain perturbation
expansions for the solutions to a differential equation.

When an exact or an approximate solution technique cannot be found, it may
be necessary to find the solution numerically. Other times, a numerical solution
may convey more information than an exact or approximate analytical solution.
The fourth part of this book is concerned with the most important methods for
finding numerical solutions of common types of differential equations. Although
there are many techniques available for numerically solving differential equations,
this book has only tried to illustrate the main techniques for each class of problem.
At the beginning of the fourth section is a brief introduction to the terms used
in numerical methods.

When possible, short Fortran or C programs1 have been given. Once again,
those techniques that can be used for both ordinary differential equations and
partial differential equations have a star next to the method name.

This book is not designed to be read at one sitting. Rather, it should be
consulted as needed. Occasionally we have used “ODE” to stand for “ordinary
differential equation” and “PDE” to stand for “partial differential equation.”

This book contains many references to other books. Whereas some books
cover only one or two topics well, some books cover all their topics well. The
following books are recommended as a first source for detailed understanding of
the differential equation techniques they cover; each is broad in scope and easy
to read.

References
[1] Bender, C. M., and Orszag, S. A. Advanced Mathematical Methods for

Scientists and Engineers. McGraw–Hill Book Company, New York, 1978.

[2] Boyce, W. E., and DiPrima, R. C. Elementary Differential Equations and
Boundary Value Problems, fourth ed. John Wiley & Sons, New York, 1986.
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Reading, MA, 1968.
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Introduction to the
Electronic Version

This third edition of Handbook of Differential Equations is available both in print
form and in electronic form. The electronic version can be used with any modern
web browser (such as Netscape or Explorer). Some features of the electronic
version include

• Quickly finding a specific method for a differential equation

Navigating through the electronic version is performed via lists of meth-
ods for differential equations. Facilities are supplied for creating lists of
methods based on filters. For example, a list containing all the differential
equation methods that have both a program and an example in the text
can be created. Or, a list of differential equation methods that contain
either a table or a specific word can be created. It is also possible to apply
boolean operations to lists to create new lists.

• Interactive programs demonstrating some of the numerical methods

For some of the numerical methods, an interactive Java program is sup-
plied. This program numerically solves the example problem described in
the text. The parameters describing the numerical solution may be varied,
and the resulting numerical approximation obtained.

• Live links to the internet

The third edition of this book has introduced links to relevant web sites
on the internet. In the electronic version, these links are active (clicking
on one of them will take you to that site). In the print version, the URLs
may be found by looking in the index under the entry “URL.”

• Dynamic rendering of mathematics

All of the mathematics in the print version is available electronically, both
through static gif files and via dynamic Java rendering.

xx



How to Use This Book

This book has been designed to be easy to use when solving or approximating
the solutions to differential equations. This introductory section outlines the
procedure for using this book to analyze a given differential equation.

First, determine whether the differential equation has been studied in the
literature. A list of many such equations may be found in the “Look-Up” section
beginning on page 179. If the equation you wish to analyze is contained on one
of the lists in that section, then see the indicated reference. This technique is the
single most useful technique in this book.

Alternatively, if the differential equation that you wish to analyze does not
appear on those lists or if the references do not yield the information you desire,
then the analysis to be performed depends on the type of the differential equation.

Before any other analysis is performed, it must be verified that the equation
is well posed. This means that a solution of the differential equation(s) exists, is
unique, and depends continuously on the “data.” See pages 15, 53, 101, and 115.

Given an Ordinary Differential Equation

• It may be useful to transform the differential equation to a canonical
form or to a form that appears in the “Look-Up” section. For some
common transformations, see pages 128–162.
• If the equation has a special form, then there may be a specialized

solution technique that may work. See the techniques on pages 275,
278, and 398.
• If the equation is a

– Bernoulli equation, see page 235.
– Chaplygin equation, see page 511.
– Clairaut equation, see page 237.
– Euler equation, see page 281.
– Lagrange equation, see page 363.
– Riccati equation, see page 392.

• If the equation does not depend explicitly on the independent vari-
able, see pages 230 and 411.
• If the equation does not depend explicitly on the dependent variable

(undifferentiated), see pages 260 and 409.

xxi



xxii How to Use This Book

• If one solution of the equation is known, it may be possible to lower
the order of the equation; see page 389.
• If discontinuous terms are present, see page 264.
• The single most powerful technique for solving analytically ordinary

differential equations is through the use of Lie groups; see page 366.

Given a Partial Differential Equation

Partial differential equations are treated in a different manner from ordi-
nary differential equations; in particular, the type of the equation dictates
the solution technique. First, determine the type of the partial differential
equation; it may be hyperbolic, elliptic, parabolic, or of mixed type (see
page 36).

• It may be useful to transform the differential equation to a canonical
form, or to a form that appears in the “Look-Up” Section. For
transformations, see pages 146, 166, 168, 173, 456, and 467.
• The simplest technique for working with partial differential equations,

which does not always work, is to “freeze” all but one of the inde-
pendent variables and then analyze the resulting partial differential
equation or ordinary differential equation. Then the other variables
may be added back in, one at a time.
• If every term is linear in the dependent variable, then separation of

variables may work; see page 487.
• If the boundary of the domain must be determined as part of the

problem, see the technique on page 311.
• See all of the exact solution techniques, which are on pages 428–508.

In addition, many of the techniques that can be used for ordinary dif-
ferential equations are also applicable to partial differential equations.
These techniques are indicated by a star with the method name.
• If the equation is hyperbolic,

– In principle, the differential equation may be solved using the
method of characteristics; see page 432. Often, though, the
calculations are impossible to perform analytically.

– See the section on the exact solution to the wave equation on
page 501.

• The single most powerful technique for analytically solving partial
differential equations is through the use of Lie groups; see page 471.

Given a System of Differential Equations

• First, verify that the system of equations is consistent; see page 43.
• Note that many of the methods for a single differential equation may

be generalized to handle systems.
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• By using differential resultants, it may be possible to obtain a single
equation; see page 50.
• The following methods are for systems of equations:

– The method of generating functions; see page 315.
– The methods for constant coefficient differential equations; see

pages 421 and 449.
– The finding of integrable combinations; see page 334.

• If the system is hyperbolic, then the method of characteristics will
work (in principle); see page 432.
• See also the method for Pfaffian equations (see page 384) and the

method for matrix Riccati equations (see page 395).

Given a Stochastic Differential Equation

• A general discussion of random differential equations may be found
on page 91.
• To determine the transition probability density, see the discussion of

the Fokker–Planck equation on page 303.
• To obtain the moments without solving the complete problem, see

pages 568 and 572.
• If the noise appearing in the differential equation is not “white noise,”

the section on stochastic limit theorems might be useful (see page 629).
• To numerically simulate the solutions of a stochastic differential equa-

tion, see the technique on page 775.

Given a Delay Equation

See the techniques on page 253.

Looking for an Approximate Solution

• If exact bounds on the solution are desired, see the methods on pages
545, 551, and 560.
• If the solution has singularities that are to be recovered, see page 582.
• If the differential equation(s) can be formulated as a contraction

mapping, then approximations may be obtained in a natural way;
see page 58.

Looking for a Numerical Solution

• It is extremely important that the differential equation(s) be well
posed before a numerical solution is attempted. See the theorem on
page 723 for an indication of the problems that can arise.
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• The numerical solution technique must be stable if the numerical so-
lution is to approximate the true solution of the differential equation;
see pages 683, 688, and 692.
• It is often easiest to use commercial software packages when looking

for a numerical solution; see page 654.
• If the problem is “stiff,” then a method for dealing with “stiff”

problems will probably be required; see page 770.
• If a low-accuracy solution is acceptable, then a Monte-Carlo solution

technique may be used; see pages 810 and 844.
• To determine a grid on which to approximate the solution numeri-

cally, see page 675.
• To find an approximation scheme that works on a parallel computer,

see page 755.

Other Things to Consider

• Does the differential equation undergo bifurcations? See page 19.
• Is the solution bounded? See pages 551 and 560.
• Is the differential equation well posed? See pages 15 and 115.
• Does the equation exhibit symmetries? See pages 366 and 471.
• Is the system chaotic? See page 29.
• Are some terms in the equation discontinuous? See page 264.
• Are there generalized functions in the differential equation? See pages

318 and 330.
• Are fractional derivatives involved? See page 308.
• Does the equation involve a small parameter? See the perturbation

methods (on pages 586, 590, 598, 605, 610, and 614) or pages 538,
642.
• Is the general form of the solution known? See page 415.
• Are there multiple time or space scales in the problem? See pages

538 and 605.
• Always check your results!

Methods Not Discussed in This Book
There are a variety of novel methods for differential equations and their

solutions not discussed in this book. These include

1. Adomian’s decomposition method (see Adomian [1])
2. Entropy methods (see Baker-Jarvis [2])
3. Fuzzy logic (see Leland [5])
4. Infinite systems of differential equations (see Steinberg [6])
5. Monodromy deformation (see Chowdhury and Naskar [3])
6. p-adic differential equations (see Dwork [4])
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2 I.A Definitions and Concepts

1. Definition of Terms

Adiabatic invariant When the parameters of a physical system vary
slowly under the effect of an external perturbation, some quantities are
constant to any order of the variable describing the slow rate of change.
Such a quantity is called an adiabatic invariant. This does not mean that
these quantities are exactly constant but rather that their variation goes
to zero faster than any power of the small parameter.

Analytic A function is analytic at a point if the function has a power
series expansion valid in some neighborhood of that point.

Asymptotic equivalence Two functions, f(x) and g(x), are said to be
asymptotically equivalent as x → x0 if f(x)/g(x) ∼ 1 as x → x0, that is:
f(x) = g(x) [1 + o(1)] as x→ x0. See Erdélyi [4] for details.

Asymptotic expansion Given a function f(x) and an asymptotic se-
ries {gk(x)} at x0, the formal series

∑∞
k=0 akgk(x), where the {ak} are

given constants, is said to be an asymptotic expansion of f(x) if f(x) −∑n
k=0 akgk(x) = o(gn(x)) as x→ x0 for every n; this is expressed as f(x) ∼∑∞
k=0 akgk(x). Partial sums of this formal series are called asymptotic

approximations to f(x). Note that the formal series need not converge.
See Erdélyi [4] for details.

Asymptotic series A sequence of functions, {gk(x)}, forms an asymp-
totic series at x0 if gk+1(x) = o(gk(x)) as x→ x0.

Autonomous An ordinary differential equation is autonomous if the in-
dependent variable does not appear explicitly in the equation. For example,
yxxx + (yx)2 = y is autonomous while yx = x is not (see page 230).

Bifurcation The solution of an equation is said to undergo a bifur-
cation if, at some critical value of a parameter, the number of solutions
to the equation changes. For instance, in a quadratic equation with real
coefficients, as the constant term changes the number of real solutions can
change from 0 to 2 (see page 19).

Boundary data Given a differential equation, the value of the depen-
dent variable on the boundary may be given in many different ways.

Dirichlet boundary conditions The dependent variable is pre-
scribed on the boundary. This is also called a boundary con-
dition of the first kind.

Homogeneous boundary conditions The dependent variable van-
ishes on the boundary.

Mixed boundary conditions A linear combination of the depen-
dent variable and its normal derivative is given on the boundary,
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1. Definition of Terms 3

or one type of boundary data is given on one part of the bound-
ary while another type of boundary data is given on a different
part of the boundary. This is also called a boundary condition
of the third kind.

Neumann boundary conditions The normal derivative of the de-
pendent variable is given on the boundary. This is also called a
boundary condition of the second kind.

Sometimes the boundary data also include values of the dependent variable
at points interior to the boundary.

Boundary layer A boundary layer is a small region, near a boundary,
in which a function undergoes a large change (see page 590).

Boundary value problem An ordinary differential equation, where
not all of the data are given at one point, is a boundary value problem.
For example, the equation y′′ + y = 0 with the data y(0) = 1, y(1) = 1 is
a boundary value problem.

Characteristics A hyperbolic partial differential equation can be de-
composed into ordinary differential equations along curves known as char-
acteristics. These characteristics are themselves determined to be the
solutions of ordinary differential equations (see page 432).

Cauchy problem The Cauchy problem is an initial value problem for
a partial differential equation. For this type of problem there are initial
conditions but no boundary conditions.

Commutator If L[·] and H [·] are two differential operators, then the
commutator of L[·] and H [·] is defined to be the differential operator given
by [L,H ] := L ◦H−H ◦L = −[H,L]. For example, the commutator of the
operators L[·] = x d

dx and H [·] = 1 + d
dx is

[L,H ] =
(
x
d

dx

)(
1 +

d

dx

)
−
(

1 +
d

dx

)(
x
d

dx

)
= − d

dx
.

See Goldstein [6] for details.

Complete A set of functions is said to be complete on an interval if
any other function that satisfies appropriate boundedness and smoothness
conditions can be expanded as a linear combination of the original func-
tions. Usually the expansion is assumed to converge in the “mean square,”
or L2 sense. For example, the functions {un(x)} := {sin(nπx), cos(nπx)}
are complete on the interval [0, 1] because any C1[0, 1] function, f(x), can
be written as

f(x) = a0 +
∞∑
n=1

(
an cos(nπx) + bn sin(nπx)

)
for some set of {an, bn}. See Courant and Hilbert [3, pages 51–54] for
details.
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4 I.A Definitions and Concepts

Complete system The system of nonlinear partial differential equa-
tions: {Fk(x1, . . . , xr, y, p1, . . . , pr) = 0 | k = 1, . . . , s}, in one dependent
variable, y(x), where pi = dy/dxi, is called a complete system if each
{Fj , Fk}, for 1 ≤ j, k ≤ r, is a linear combination of the {Fk}. Here { , }
represents the Lagrange bracket. See Iyanaga and Kawada [8, page 1304].

Conservation form A hyperbolic partial differential equation is said to
be in conservation form if each term is a derivative with respect to some
variable. That is, it is an equation for u(x) = u(x1, x2, . . . , xn) that has
the form ∂f1(u,x)

∂x1
+ · · ·+ ∂fn(u,x)

∂xn
= 0 (see page 47).

Consistency There are two types of consistency:

Genuine consistency This occurs when the exact solution to an
equation can be shown to satisfy some approximations that have
been made in order to simplify the equation’s analysis.

Apparent consistency This occurs when the approximate solution
to an equation can be shown to satisfy some approximations that
have been made in order to simplify the equation’s analysis.

When simplifying an equation to find an approximate solution, the derived
solution must always show apparent consistency. Even then, the approxi-
mate solution may not be close to the exact solution, unless there is genuine
consistency. See Lin and Segel [9, page 188].

Coupled systems of equations A set of differential equations is said to
be coupled if there is more than one dependent variable and each equation
involves more than one dependent variable. For example, the system {y′+
v = 0, v′ + y = 0} is a coupled system for {y(x), v(x)}.
Degree The degree of an ordinary differential equation is the greatest
number of times the dependent variable appears in any single term. For
example, the degree of y′ + (y′′)2y + 1 = 0 is 3, whereas the degree of
y′′y′y2 + x5y = 1 is 4. The degree of y′ = sin y is infinite. If all the terms
in a differential equation have the same degree, then the equation is called
equidimensional-in-y (see page 278).

Delay equation A delay equation, also called a differential delay equa-
tion, is an equation that depends on the “past” as well the “present.” For
example, y′′(t) = y(t− τ) is a delay equation when τ > 0. See page 253.

Determined A truncated system of differential equations is said to be
determined if the inclusion of any higher order terms cannot affect the
topological nature of the local behavior about the singularity.

Differential form A first order differential equation is said to be in
differential form if it is written P (x, y)dx +Q(x, y)dy = 0.

Dirichlet problem The Dirichlet problem is a partial differential equa-
tion with Dirichlet data given on the boundaries. That is, the dependent
variable is prescribed on the boundary.
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1. Definition of Terms 5

Eigenvalues, eigenfunctions Given a linear operator L[·] with bound-
ary conditions B[·], there will sometimes exist nontrivial solutions to the
equation L[y] = λy (the solutions may or may not be required to also
satisfy B[y] = 0). When such a solution exists, the value of λ is called
an eigenvalue. Corresponding to the eigenvalue λ there will exist solutions
{yλ(x)}; these are called eigenfunctions. See Stakgold [12, Chapter 7, pages
411–466] for details.

Elliptic operator The differential operator
n∑

i,j=1

aij
∂2

∂xi∂xj
is an elliptic

differential operator if the quadratic form xTAx, where A = (aij), is
positive definite whenever x 6= 0. If the {aij} are functions of some
variable, say t, and the operator is elliptic for all values of t of interest,
then the operator is called uniformly elliptic. See page 36.

Euler–Lagrange equation If u = u(x) and J [u] =
∫
f(u′, u, x) dx,

then the condition for the vanishing of the variational derivative of J with
respect to u, δJδu = 0 is given by the Euler–Lagrange equation:(

∂

∂u
− d

dx

∂

∂u′

)
f = 0.

If w = w(x) and J =
∫
g(w′′, w′, w, x) dx, then the Euler–Lagrange equa-

tion is (
∂

∂w
− d

dx

∂

∂w′
+

d2

dx2

∂

∂w′′

)
g = 0.

If v = v(x, y) and J =
∫∫

h(vx, vy, v, x, y) dx dy, then the Euler–Lagrange
equation is (

∂

∂v
− d

dx

∂

∂vx
− d

dy

∂

∂vy

)
h = 0.

See page 418 for more details.

First integral: ODE When a given differential equation is of order n
and, by a process of integration, an equation of order n − 1 involving an
arbitrary constant is obtained, then this new equation is known as a first
integral of the given equation. For example, the equation y′′ + y = 0 has
the equation (y′)2 + y2 = C as a first integral.

First integral: PDE A function u(x, y, z) is called a first integral of
the vector field V = (P,Q,R) (or of its associated system: dx

P = dy
Q = dz

R )
if at every point in the domain V is orthogonal to gradu, i.e.,

V · ∇u = P
∂u

∂x
+Q

∂u

∂y
+R

∂u

∂z
= 0.

Conversely, any solution of this partial differential equation is a first integral
of V. Note that if u(x, y, z) is a first integral of V, then so is f(u).
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Fréchet derivative, Gâteaux derivative The Gâteaux derivative of
the operator N [·], at the “point” u(x), is the linear operator defined by

L[z(x)] = lim
ε→0

N [u+ εz]−N [u]
ε

.

For example, if N [u] = u3 + u′′ + (u′)2, then L[z] = 3u2z + z′′ + 2u′z′. If,
in addition,

lim
||h||→0

||N [u+ h]−N [u]− L[u]h||
||h|| = 0

(as is true in our example), then L[u] is also called the Fréchet derivative
of N [·]. See Olver [11] for details.

Fuchsian equation A Fuchsian equation is an ordinary differential
equation whose only singularities are regular singular points.

Fundamental matrix The vector ordinary differential equation y′ =
Ay for y(x), where A is a matrix, has the fundamental matrix Φ(x) if Φ
satisfies Φ′ = AΦ and the determinant of Φ is nonvanishing (see page 119).

General solution Given an nth order linear ordinary differential equa-
tion, the general solution contains all n linearly independent solutions, with
a constant multiplying each one. For example, the differential equation
y′′ + y = 1 has the general solution y(x) = 1 + A sinx + B cosx, where A
and B are arbitrary constants.

Green’s function A Green’s function is the solution of a linear differ-
ential equation, which has a delta function appearing either in the equation
or in the boundary conditions (see page 318).

Harmonic function A function φ(x) is harmonic if it satisfies Laplace’s
equation: ∇2φ = 0.

Hodograph In a partial differential equation, if the independent vari-
ables and dependent variables are switched, then the space of independent
variables is called the hodograph space (in two dimensions, the hodograph
plane) (see page 456).

Homogeneous equation Used in two different senses:

• An equation is said to be homogeneous if all terms depend linearly on
the dependent variable or its derivatives. For example, the equation
yxx + xy = 0 is homogeneous whereas the equation yxx + xy = 1 is
not.
• A first order ordinary differential equation is said to be homogeneous

if the forcing function is a ratio of homogeneous polynomials (see
page 327).
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Ill posed problems A problem that is not well posed is said to be
ill posed. Typical ill posed problems are the Cauchy problem for the
Laplace equation, the initial/boundary value problem for the backward
heat equation, and the Dirichlet problem for the wave equation (see page
115).

Initial value problem An ordinary differential equation with all of
the data given at one point is an initial value problem. For example, the
equation y′′ + y = 0 with the data y(0) = 1, y′(0) = 1 is an initial value
problem.

Involutory transformation An involutory transformation T is one
that, when applied twice, does not change the original system; i.e., T 2 is
equal to the identity function.

L2 function A function f(x) is said to belong to L2 if
∫∞

0 |f(x)|2 dx is
finite.

Lagrange bracket If {Fj} and {Gj} are sets of functions of the inde-
pendent variables {u, v, . . . } then the Lagrange bracket of u and v is defined
to be

{u, v} =
∑
j

(
∂Fj
∂u

∂Gj
∂v
− ∂Fj

∂v

∂Gj
∂u

)
= −{v, u} .

See Goldstein [6] for details.

Lagrangian derivative The Lagrangian derivative (also called the ma-
terial derivative) is defined by DF

Dt := ∂F
∂t + v · ∇F , where v is a given

vector. See Iyanaga and Kawada [8, page 669].

Laplacian The Laplacian is the differential operator usually denoted
by ∇2 (in many books it is represented as ∆). It is defined by ∇2φ =
div(gradφ), when φ is a scalar. The vector Laplacian of a vector is the
differential operator denoted by 45 (in most books it is represented as ∇2).
It is defined by 45v = grad(div v) − curl curl v, when v is a vector. See
Moon and Spencer [10] for details.

Leibniz’s rule Leibniz’s rule states that

d

dt

(∫ g(t)

f(t)

h(t, ζ) dζ

)
= g′(t)h(t, g(t)) − f ′(t)h(t, f(t)) +

∫ g(t)

f(t)

∂h

∂t
(t, ζ) dζ.

Lie algebra A Lie algebra is a vector space equipped with a Lie bracket
(often called a commutator) [x, y] that satisfies three axioms:

• [x, y] is bilinear (i.e., linear in both x and y separately),
• the Lie bracket is anti-commutative (i.e., [x, y] = −[y, x]),
• the Jacobi identity, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, holds.

See Olver [11] for details.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



8 I.A Definitions and Concepts

Limit cycle A limit cycle is a solution to a differential equation that is
a periodic oscillation of finite amplitude (see page 78).

Linear differential equation A differential equation is said to be linear
if the dependent variable appears only with an exponent of 0 or 1. For
example, the equation x3y′′′ + y′ + cosx = 0 is a linear equation, whereas
the equation yy′ = 1 is nonlinear.

Linearize To linearize a nonlinear differential equation means to ap-
proximate the equation by a linear differential equation in some region. For
example, in regions where |y| is “small,” the nonlinear ordinary differential
equation y′′ + sin y = 0 could be linearized to y′′ + y = 0.

Linearizable Partial differential equations that can be solved either by
an appropriate inverse scattering scheme or by a transformation to a linear
partial differential equation are said to be linearizable.

Lipschitz condition If f(x, y) is a bounded continuous function in a
domain D, then f(x, y) is said to satisfy a Lipschitz condition in y in D if

|f(x, y1)− f(x, y2)| ≤ Ky|y1 − y2|

for some finite constant Ky, independent of x, y1, and y2 in D. If, for some
finite constant Kx, f(x, y) satisfies

|f(x1, y)− f(x2, y)| ≤ Kx|x1 − x2|

independent of x1, x2, and y in D, then f(x, y) satisfies a Lipschitz con-
dition in x in D. If both of these conditions are satisfied and K =
max(Kx,Ky), then f(x, y) satisfies a Lipschitz condition in D, with Lip-
schitz constant K. This also extends to higher dimensions. See Coddington
and Levinson [2] for details.

Maximum principle There are many “maximum principles” in the
literature. The most common is “a harmonic function attains its absolute
maximum on the boundary” (see page 560).

Mean value theorem This is a statement about the solution of Laplace’s
equation. It states, “If∇2u = 0 (inN dimensions), then u(z) =

∫
S
u dS/

∫
S
dS

where S is the boundary of a N -dimensional sphere centered at z.” For
example, in N = 2, we have, “In 2 dimensions, the value of a solution
to Laplace’s equation at a point is the average of the values on any circle
about that point.” See Iyanaga and Kawada [8, page 624].

Metaparabolic equation A metaparabolic equation has the form L[u]+
M [ut] = 0, where u = u(x, t), L[·] is a linear differential operator in x of
degree n, M [·] is a linear differential operator in x of degree m, and m < n.
If, conversely, m > n, then the equation is called pseudoparabolic. See
Gilbert and Jensen [5] for details.
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1. Definition of Terms 9

Natural Hamiltonian A natural Hamiltonian is one having the form
H = T + V , where T = 1

2

∑n
k=1 p

2
k and V is a function of the position

variables only (i.e., V = V (q) = V (q1, . . . , qn)).

Near identity transformation A near-identity transformation is a
transformation in a differential equation from the old variables {a, b, c, . . . }
to the new variables {α, β, γ, . . . } via

a = α+A(α, β, γ, . . . ),
b = β +B(α, β, γ, . . . ),
c = γ + C(α, β, γ, . . . ),
...

where {A,B,C, . . . } are strictly nonlinear functions (i.e., there are no
linear or constant terms). Very frequently {A,B,C, . . . } are taken to be
homogeneous polynomials (of, say, degree N) in the variables α, β, γ, . . . ,
with unknown coefficients. For example, in two variables we might take

A(α, β) =
n∑
j=0

Aj,n−jα
jβn−j , B(α, β) =

n∑
j=0

Bj,n−jα
jβn−j ,

for some given value of n (see page 86).

Neumann problem The Neumann problem is a partial differential
equation with Neumann data given on the boundaries. That is, the normal
derivative of the dependent variable is given on the boundary. See Iyanaga
and Kawada [8, page 999].

Normal form An ordinary differential equation is said to be in nor-
mal form if it can be solved explicitly for the highest derivative; i.e.,
y(n) = G(x, y, y′, . . . , y(n−1)). A system of partial differential equa-
tions (with dependent variables {u1, u2, . . . , um} and independent variables
{x, y1, y2, . . . , yk}) is said to be in normal form if it has the form

∂ruj
∂xr

= Fj

(
x, y1, . . . , yk, u1, . . . , um,

∂u1

∂x
, . . . ,

∂r−1um
∂xr−1

, . . . ,
∂u1

∂y1
, . . . ,

∂rum
∂ykr

)
,

for j = 1, 2, . . . ,m. See page 86 or Iyanaga and Kawada [8, page 988].

Normal type An evolution equation is of normal type if it can be written
in the form ut = un + h(u, u1, . . . , um) where n > m and uj = ∂ju/∂xj.

Nonlinear A differential equation that is not linear in the dependent
variable is nonlinear.

Nonoscillatory The real solution y(x) of yxx + f(x)y = 0 is said to be
nonoscillatory in the wide sense in (0,∞) if there exists a finite number c
such that the solution has no zeros in [c,∞].
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10 I.A Definitions and Concepts

Order of a differential equation The order of a differential equation is
the greatest number of derivatives in any term in the differential equation.
For example, the partial differential equation uxxxx = utt + u5 is of fourth
order whereas the ordinary differential equation vx+x2v3 +v = 3 is of first
order.

Orthogonal Two vectors, x and y, are said to be orthogonal with
respect to the matrix W if xTWy = 0 (often, W is taken to be the identity
matrix). Two functions, say f(x) and g(x), are said to be orthogonal with
respect to a weighting function w(x) if (f(x), g(x)) :=

∫
f(x)w(x)ḡ(x) dx =

0 over some appropriate range of integration. Here, an overbar indicates
the complex conjugate.

Oscillatory Consider the equation y′′ + f(x)y = 0 and the number of
zeros it has in the interval [0,∞]. If the number of zeros is infinite, then
the equation (and the solutions) are called oscillatory.

Padé approximant A Padé approximant is a ratio of polynomials. The
polynomials are usually chosen so that the Taylor series of the ratio is a
prescribed function. See page 582.

Particular solution Given a linear differential equation, L[y] = f(x),
the general solution can be written as y = yp +

∑
i Ciyi where yp, the

particular solution, is any solution that satisfies L[y] = f(x). The yi are
homogeneous solutions that satisfy L[y] = 0, and the {Ci} are arbitrary
constants. If L[·] is an nth order differential operator, then there will be n
linearly independent homogeneous solutions.

Poisson bracket If f and g are functions of {pj, qj}, then the Poisson
bracket of f and g is defined to be

[f, g] =
∑
j

(
∂f

∂qj

∂g

∂pj
− ∂f

∂pj

∂g

∂qj

)
=
∑
j

∂(f, g)
∂(qj , pj)

= − [g, f ] .

The Poisson bracket is invariant under a change of independent variables.
See Goldstein [6] or Olver [11] for details.

Quasilinear equation Used in two different senses:

• A partial differential equation is said to be quasilinear if it is linear in
the first partial derivatives. That is, it has the form

∑n
k=1 Ak(u,x) ∂u∂xk =

B(u,x) when the dependent variable is u(x) = u(x1, . . . , xn) (see
page 432).
• A partial differential equation is said to be quasilinear if it has the

form ut = g(u)ux(n) + f(u, ux, yx(2), . . . , ux(n−1)) for n ≥ 2.

Radiation condition The radiation condition states that a wave equa-
tion has no waves incoming from an infinite distance, only outgoing waves.
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1. Definition of Terms 11

For example, the equation utt = ∇2u might have the radiation condition
u(x, t) ' A− exp(ik(t − x)) as x → −∞ and u(x, t) ' A+ exp(ik(t + x))
as x → +∞. This is also called the Sommerfeld radiation condition. See
Butkov [1, page 617] for details.

Riemann’s P function Riemann’s differential equation (see page 186)
is the most general second order linear ordinary differential equation with
three regular singular points. If these singular points are taken to be a, b,
and c and the exponents of the singularities are taken to be α, α′; β, β′;
γ, γ′ (where α+ α′ + β + β′ + γ + γ′ = 1), then the solution to Riemann’s
differential equation may written in the form of Riemann’s P function as

y(x) = P

 a b c
α β γ x
α′ β′ γ′

 .
Robbins problem An elliptic partial differential equation with mixed
boundary conditions is called a Robbins problem. See Iyanaga and Kawada
[8, page 999].

Schwarzian derivative If y = y(x), then the Schwarzian derivative of
y with respect to x is defined to be

{y, x} ≡
(
y′′

y′

)′
− 1

2

(
y′′

y′

)2

=
y′′′

y′
− 3

2

(
y′′

y′

)2

.

If y = y(x) and z = z(x), then {z, x} = {z, y}
(
dy
dx

)2

+ {y, x}. Therefore,

{x, y} = −
(
dx
dy

)2

{y, x}. Note also that {y, x} is the unique elementary
function of the derivatives, which is invariant under homographic transfor-
mations of x; that is, {y, x} =

{
y, ax+b

cx+d

}
, where (a, b, c, d) are arbitrary

constants with ad− bc = 1. See Ince [7, page 394].

Semi-Hamiltonian A diagonal system of equations having the form
Ai(u)∂tui = Bi(u)∂xui is called semi-Hamiltonian if the coefficients satisfy
Bi∂uiAk = Ai∂uiBk for i 6= k.

Semilinear equations A partial differential equation is said to be
semilinear if it has the form ut = ux(n) + f(u, ux, yx(2), . . . , ux(n−1)) for
n ≥ 2.

Shock A shock is a narrow region in which the dependent variable under-
goes a large change. Also called a “layer” or a “propagating discontinuity.”
See page 432.

Singular point Given the homogeneous nth order linear ordinary dif-
ferential equation

y(n) + qn−1(x)y(n−1) + qn−2(x)y(n−2) + · · ·+ q0(x)y = 0,

the point x0 is classified as being an
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12 I.A Definitions and Concepts

Ordinary point: if each of the {qi} are analytic at x = x0.
Singular point: if it is not an ordinary point.
Regular singular point: if it is not an ordinary point and (x −

x0)iqi(x) is analytic for i = 0, 1, . . . , n.
Irregular singular point: if it is not an ordinary point and not a

regular singular point.

The point at infinity is classified by changing variables to t = x−1 and then
analyzing the point t = 0. See page 403.

Singular solution A singular solution is a solution of a differential
equation that is not derivable from the general solution by any choice of
the arbitrary constants appearing in the general solution. Only nonlinear
equations have singular solutions. See page 623.

Stability The solution to a differential equation is said to be stable
if small perturbations in the initial conditions, boundary conditions, or
coefficients in the equation itself lead to “small” changes in the solution.
There are many different types of stability that are useful.

Stable A solution y(x) of the system y′ = f(y, x) that is defined
for x > 0 is said to be stable if, given any ε > 0, there exists
a δ > 0 such that any solution w(x) of the system satisfying
|w(0)− y(0)| < δ also satisfies |w(x) − y(x)| < ε.

Asymptotic stability The solution u(x) is said to be asymptoti-
cally stable if, in addition to being stable, |w(x)−u(x)| → 0 as
x→∞.

Relative stability The solution u(x) is said to be relatively stable
if |w(0)− u(0)| < δ implies that |w(x) − u(x)| < εu(x).

See page 101 or Coddington and Levinson [2, Chapter 13] for details.

Stefan problem A Stefan problem is one in which the boundary of
the domain must be solved as part of the problem. For instance, when a
jet of water leaves an orifice, not only must the fluid mechanics equations
be solved in the stream, but the boundary of the stream must also be
determined. Stefan problems are also called free boundary problems (see
page 311).

Superposition principle If u(x) and v(x) are solutions to a linear
differential equation (ordinary or partial), then the superposition principle
states that αu(x)+βv(x) is also a solution, where α and β are any constants
(see page 413).

Total differential equation A total differential equation is an equation
of the form:

∑
k ak(x) dxk = 0. See page 384.

Trivial solution The trivial solution is the identically zero solution.
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1. Definition of Terms 13

Turning points Given the equation y′′ + p(x)y = 0, points at which
p(x) = 0 are called turning points. The asymptotic behavior of y(x) can
change at these points. See page 645 or Wasow [13].

Weak solution A weak solution to a differential equation is a function
that satisfies only an integral form of the defining equation. For example,
a weak solution of the differential equation a(x)y′′− b(x) = 0 only needs to
satisfy

∫
S

[a(x)y′′ − b(x)] dx = 0 where S is some appropriate region. For
this example, the weak solution may not be twice differentiable everywhere.
See Zauderer [14, pages 288–294] for details.

Well posed problems A problem is said to be well posed if a unique,
stable solution that depends continuously on the data exists. See page 115.

Wronskian Given the smooth functions {y1, y2, . . . , yn}, the Wronskian
is the determinant ∣∣∣∣∣∣∣∣∣

y1 y2 . . . yn
y′1 y′2 . . . y′n
...

...
. . .

...
y

(n−1)
1 y

(n−1)
2 . . . y

(n−1)
n

∣∣∣∣∣∣∣∣∣
If the Wronskian does not vanish in an interval, then the functions are
linearly independent (see page 119).
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2. Alternative Theorems 15

2. Alternative Theorems

Applicable to Linear ordinary differential equations.

Idea
It is often possible to determine when a linear ordinary differential

equation has a unique solution. Also, when the solution is not unique,
it is sometimes possible to describe the degrees of freedom that make it
non-unique.

Procedure
Alternative theorems describe, in some way, the type of solutions to

expect from linear differential equations. The most common alternative
theorems for differential equations were derived by Fredholm.

Suppose we wish to analyze the nth order linear inhomogeneous ordi-
nary differential equation with boundary conditions

L[u] = f(x),
Bi[u] = 0, for i = 1, 2, . . . , n,

(2.1)

for u(x) on the interval x ∈ [a, b]. First, we must analyze the homogeneous
equation and the adjoint homogeneous equation. That is, consider the two
problems

L[u] = 0,
Bi[u] = 0, for i = 1, 2, . . . , n,

(2.2)

and

L∗[v] = 0,
B∗i [v] = 0, for i = 1, 2, . . . , n,

(2.3)

where L∗[·] is the adjoint of L[·], and the {B∗i [·]} are the adjoint boundary
conditions (see page 95). Then Fredholm’s alternative theorem states that

1. If the system in (2.2) has only the trivial solution, that is u(x) ≡ 0,
then

(a) the system in (2.1) has a unique solution.
(b) the system in (2.3) has only the trivial solution.

2. Conversely, if the system in (2.2) has k linearly independent solutions,
say {u1, u2, . . . , uk}, then

(a) the system in (2.3) has k linearly independent solutions, say
{v1, v2, . . . , vk}.
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16 I.A Definitions and Concepts

(b) the system in (2.1) has a solution if and only if the forcing
function appearing in (2.1), f , is orthogonal to all solutions to
the adjoint system. That is (f, vi) :=

∫ b
a
f(x)vi(x) dx = 0 for

i = 1, 2, . . . , k.
(c) the solution to (2.1), if 2(b) is satisfied, is given by u(x) =

ū(x) +
∑k
j=i cjuj(x) for arbitrary constants {cj}, where ū(x) is

any solution to (2.1).

Example 1
Given the ordinary differential equation for u(x)

u′ + u = f(x),
u(0) = 0,

(2.4)

we form the homogeneous system

u′ + u = 0,
u(0) = 0.

(2.5)

Because (2.5) has only the trivial solution, we know that the solution to
equation (2.4) is unique. By the method of integrating factors (see page
356), the solution to (2.4) is found to be u(x) =

∫ x
0
f(t)et−xdt.

Example 2
Given the ordinary differential equation for u(x)

u′ + u = f(x),
u(0)− eu(1) = 0,

(2.6)

we form the homogeneous system

u′ + u = 0,
u(0)− eu(1) = 0.

(2.7)

In this case, (2.7) has the single non-trivial solution u(x) = e−x. Hence,
the solution to (2.6) is not unique. To find out what restrictions must
be placed on f(x) for (2.6) to have a solution, consider the corresponding
adjoint homogeneous equation

v′ − v = 0,
−ev(0) + v(1) = 0.

(2.8)

Since (2.8) has a single non-trivial solution, v(x) = ex, we conclude that
(2.6) has a solution if and only if∫ 1

0

f(t)et dt = 0. (2.9)
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2. Alternative Theorems 17

If equation (2.9) is satisfied, then the solution of (2.6) will be given by

u(x) = Ce−x +
∫ x

0

f(t)et−xdt

where C is an arbitrary constant.

Example 3
The solution(s) to xy′′ − (1 + x)y′ + y = 0 depends on the boundary

conditions as follows:

1. With y(1) = 1, y′(1) = 2, the solution is y = 3ex−1 − (1 + x).
2. With y(0) = 1, y′(0) = 2, there is no solution.
3. With y(0) = 1, y′(0) = 1, there are infinitely many solutions of the

form y = C(ex − 1− x) + 1 + x.

Notes
1. Epstein [1, pages 83 and 111] discusses the Fredholm theorems in the

general setting of a Banach space and a Hilbert space.
2. Interpretation of alternative theorems is usually straightforward when

the underlying physics are understood. For example, the system

−u′′ = f(x), 0 < x < 1 u′(0) = a1, −u′(1) = a2

must satisfy the relation
∫ 1

0 f(x) dx = a1 + a2. This states that for a
rod experiencing one-dimensional heat flow, a steady state is possible
only if the heat supplied along the rod is removed at the ends.

3. A generalized Green’s function is a Green’s function (see page 318)
for a differential equation that does not have a unique solution. See
Greenberg [2] for more details.

4. The Sturm–Liouville problem for u(x) on the interval x1 ≤ x ≤ x2

− d

dx

(
p(x)

du

dx

)
+ q(x)u = f(x) (2.10)

−p(x1)u′(x1) + r1u(x1) = 0 p(x2)u′(x2) + r2u(x2) = 0

can be written as∫ x2

x1

[
p(t)u′2(t) + q(t)u2(t)

]
dt+ r1u

2(x1) + r2u
2(x2)

=
∫ x2

x1

f(t)u(t) dt+ g1u(x1) + g2u(x2).

Hence, if p(x) is positive, q(x), r1, and r2 are non-negative and if∫ x2

x1
f(t)u(t) dt+g1u(x1)+g2u(x2) = 0, then there is a unique solution

to (2.10).
5. See also Haberman [3, pages 307–314] and Stakgold [4, pages 82–90,

207–214, and 319–323].
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3. Bifurcation Theory

Applicable to Nonlinear differential equations.

Idea
Given a nonlinear differential equation that depends on a set of pa-

rameters, the number of distinct solutions may change as the parameters
change. Points where the number of solutions change are called bifurcation
points.

Procedure
Although bifurcations occur in all types of equations, we restrict our

discussion to ordinary differential equations. Consider the autonomous
system

dx
dt

= f(x;α), (3.1)

where x and f are n-dimensional vectors and α is a set of parameters.
Define the Jacobian matrix by

J(x;α) :=
df
dx

=
(
∂fi
∂xj

(x;α) | i, j = 1, . . . , n
)
. (3.2)

Note that J(x;α)z is the Fréchet derivative of f, at the point x (see page
6). Using the solution x(t,α) of equation (3.1), the values of α where one
or more of the eigenvalues of J are zero are defined to be bifurcation points.
At such points, the number of solutions to equation (3.1) may change, and
the stability of the solutions might also change.

If any of the eigenvalues have positive real parts, then the correspond-
ing solution is unstable. If we are concerned only with the steady-state
solutions of equation (3.1), as is often the case, then the bifurcation points
will satisfy the simultaneous equations

f(x;α) = 0, and detJ = 0. (3.3)

Define the eigenvalues of the Jacobian matrix defined in equation (3.2)
to be {λi | i = 1, . . . , n}. We now presume that equation (3.1) depends
on the single parameter α. Suppose that the change in stability is at the
point α = α̂, where the real part of a complex conjugate pair of eigenvalues
(λ1 = λ2) pass through zero:

<λ1(α̂) = 0, =λ1(α̂) > 0, <λ′1(α̂) 6= 0,

and, for all values of α near α̂, <λi(α) < 0 for i = 3, . . . , n.
Then, under certain smoothness conditions, it can be shown that a

small amplitude periodic solution exists for α near α̂. Let ε measure the
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Figure 3.1: A bead on a spinning semi-circular wire.

amplitude of the periodic solution. Then there are functions µ(ε) and
τ(ε), defined for all sufficiently small, real ε, such that µ(0) = τ(0) = 0
and that the system with α = α̂ + µ(ε) has a unique small amplitude
solution of period T = 2π (1 + τ(ε)) /=λ1(α̂). When expanded, we have
µ(ε) = µ2ε

2 +O(ε3). The sign of µ2 indicates where the oscillations occur,
i.e., for α < α̂ or for α > α̂.

Example 1
The nonlinear ordinary differential equation

du

dt
= g(u) = u2 − λ1u− λ2 (3.4)

has steady-state solutions that satisfy g(u) = u2 − λ1u − λ2 = 0. These
steady-state solutions have bifurcation points given by

dg

du
= 2u− λ1 = 0.

Solving these last two equations simultaneously, it can be shown that the
bifurcation points of the steady-state solutions are along the curve 4λ2 +
λ2

1 = 0. Further analysis shows that equation (3.4) will have two real
steady-state solutions when 4λ2 + λ2

1 > 0, and it will have no real steady-
state solutions when 4λ2 + λ2

1 < 0.

Example 2
Consider a frictionless bead that is free to slide on a semi-circular hoop

of wire of radius R that is spinning at an angular rate ω (see figure 3.1).
The equation for θ(t), the angle of the bead from the vertical, is given by

d2θ

dt2
+
g sin θ
R

(
1− ω2R

g
cos θ

)
= 0, (3.5)
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3. Bifurcation Theory 21

where g is the magnitude of the gravitational force. We define the param-
eter ν by ν = g/ω2R. We will analyze only the case ν ≥ 0.

The three possible steady solutions of equation (3.5) are given by

for ν ≥ 0, θ(t) = θ1 = 0,

for ν ≤ 1, θ(t) = θ2 = cos−1 ν,

for ν ≤ 1, θ(t) = θ3 = − cos−1 ν.

Therefore, for ν > 1 (which corresponds to slow rotation speeds), the only
steady solution is θ(t) = θ1. For ν ≤ 1, however, there are three possible
solutions. The solution θ(t) = θ1 will be shown to be unstable for ν < 1.

To determine which solution is stable in a region where there are multi-
ple solutions, a stability analysis must be performed. This is accomplished
by assuming that the true solution is slightly perturbed from the given
solution, and the rate of change of the perturbation is obtained. If the
perturbation grows, then the solution is unstable. Conversely, if the per-
turbation decays (stays bounded), then the solution is stable (neutrally
stable).

First we perform a stability analysis for the solution θ(t) = θ1. Define

θ(t) = θ1 + εφ(t), (3.6)

where ε is a small number and φ(t) is an unknown function. Using (3.6) in
equation (3.5), and expanding all terms for ε� 1, results in

d2φ

dt2
+ g

ν − 1
ν

φ = O(ε). (3.7)

The leading order terms in equation (3.7) represent the Fréchet derivative
of equation (3.5) at the “point” θ(t) = θ1, applied to the function φ(t).
The solution of this differential equation for φ(t), to leading order in ε, is

φ(t) = A cosαt+B sinαt, (3.8)

where A and B are arbitrary constants and α =
√
g
(
ν−1
ν

)
. If ν > 1, then

α is real, and the solutions for φ(t) remain bounded. Conversely, if ν < 1
then α becomes imaginary, and the solution in (3.8) becomes unbounded
as t increases. Hence, the solution θ(t) = θ1 is unstable for ν < 1.

Now we perform a stability analysis for the solution θ(t) = θ2. Writing
θ(t) = θ2 +εψ(t) and using this form in equation (3.5) leads to the equation
for ψ(t):

d2ψ

dt2
+ g

1− ν2

ν
ψ = O(ε). (3.9)

The leading order terms in equation (3.9) represent the Fréchet derivative
of equation (3.5) at the “point” θ(t) = θ2, applied to the function ψ(t). The
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Figure 3.2: Bifurcation diagram for equation 3.6. A branch with the label
“S” (“U”) is a stable (unstable) branch.

solution of this differential equation for ψ(t) is ψ(t) = A cosβt + B sinβt,

where A and B are arbitrary constants and β =
√
g
(

1−ν2

ν

)
. If ν < 1, then

β is real and the solutions for ψ(t) remain bounded. Therefore, the solution
θ(t) = θ2 is stable for ν < 1. In an exactly analogous manner, θ(t) = θ3 is
stable for ν < 1.

From what we have found, we can construct the bifurcation diagram
shown in figure 3.2. In this diagram, the unstable steady solutions are in-
dicated by a dashed line and the letter “U”, and the stable steady solutions
are indicated by the solid line and the letter “S”. In words, this diagram
states:

• For no rotation (ω = 0 or ν =∞), the only solution is θ(t) = θ1 = 0.
• As the frequency of rotation increases (and so ν decreases), the solu-

tion θ(t) = θ1 becomes unstable at the bifurcation point ν = 1.
• For ν < 1, the are two stable solutions, θ(t) = θ2 and θ(t) = θ3. In

this example, there is no way to know in advance which of these two
solutions will occur (physically, the bead can slide up either side of
the wire).

The formula in (3.3) can be applied to equation (3.5) to determine the lo-
cation of the bifurcation point without performing all of the above analysis.
If we define x1 = θ and x2 = dθ

dt , then equation (3.5) can be written as the
system of ordinary differential equations

d

dt

[
x1

x2

]
= f(x) =

[
x2

−g sinx1

(
1− cosx1

ν

)] ,
which has the Jacobian matrix

J =
df
dx

=
[

0 1
g cosx1 + g

ν

(
cos2 x1 − sin2 x1

)
0

]
.
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3. Bifurcation Theory 23

If ν > 1, then no choice of (x1, x2) will allow both f and detJ to be zero
simultaneously. For ν = 1, however, x1 = x2 = 0 make both f and detJ
equal to zero. Hence, a bifurcation occurs at ν = 1.

Example 3
Abelson [1] has developed a computer program in LISP that automat-

ically explores the steady-state orbits of one-parameter families of period-
ically driven oscillators. The program generates both textual descriptions
and schematic diagrams.

For example, consider Duffing’s equation in the form ẍ + 0.1ẋ + x3 =
p cos t, where the parameter p is in the range [1, 25] and only those solutions
with −5 ≤ ẋ ≤ 5 and −10 ≤ ẍ ≤ 10 are considered. The program produced
the graphical output shown in figure 3.3, along with the following textual
description:

The system was explored for values of p between 1 and 25, and
10 classes of stable periodic orbits were identified.

Class A is already present at the start of the parameter range
p = 1 with a family of order-1 orbits A0. Near p = 2.287,
there is a supercritical-pitchfork bifurcation, and A0 splits into
symmetric families A1,0 and A1,1, each of order 1. A1,0 vanishes
at a fold bifurcation near p = 3.567. A1,1 vanishes similarly.

Class B appears around p = 3.085 with a family of order-1
orbits B0 arising from a fold bifurcation. As the parameter
p increases, B0 undergoes a period doubling cascade, reaching
order 2 near p = 4.876, and order 4 near p = 5.441. Although
the cascade was not traced past the order 4 orbit, there is ap-
parently another period-doubling near p = 5.52, and a chaotic
orbit was observed at p = 5.688.

...

Class J appears around p = 23.96 as a family of order-5 orbits
J0 arising from a fold bifurcation. J0 is present at the end of
the parameter range at p = 25.

This program is capable of recognizing the following types of bifur-
cations: fold bifurcations, supercritical and subcritical flip bifurcations,
supercritical and subcritical Niemark bifurcations, supercritical and sub-
critical pitchfork bifurcations, and transcritical bifurcations.

Notes
1. There are many different types of bifurcations. See figure 3.4 for

diagrams of some of the following bifurcations:
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24 I.A Definitions and Concepts

Figure 3.3: Graphical output generated automatically from the Bifurcation
Interpreter in Abelson [1]. For Duffing’s equation, the evolution of 10
classes of families of periodic orbits and their bifurcations has been traced.
The p values along the horizontal axis indicate the parameter value at which
the bifurcations occur. (Reprinted with permission from Comp & Maths.
With Appls. 20, 8, Abelson, H., The bifurcation interpreter: A step towards
the automatic analysis of dynamical systems, Copyright 1990, Pergamon
Press.)

• Hopf bifurcation: a stable steady solution bifurcates into a stable
oscillatory solution. That is, there are no stable steady solutions
in that particular region of parameter space. This occurs by
having some of the eigenvalues of the Jacobian in (3.2) become
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Figure 3.4: Diagrams of some types of bifurcations. Unstable solutions are
indicated by dashed lines; stable solutions are indicated by solid lines.

purely imaginary.
• Fold bifurcation: on one side of the bifurcation point a stable

and an unstable periodic point (of the same order) coexist. On
the other side of the bifurcation point, both periodic points have
vanished.
• Flip bifurcation (supercritical): a stable periodic point of order n

transitions to a stable periodic point of order 2n and an unstable
periodic point of order n.
• Flip bifurcation (subcritical): an unstable periodic point of or-

der 2n and a stable periodic point of order n transition to an
unstable periodic point of order n.
• Niemark bifurcation (supercritical): a stable periodic transitions

to an unstable periodic point and a stable limit cycle.
• Niemark bifurcation (subcritical): a stable periodic point and

unstable limit cycle transition to an unstable periodic point.
• Pitchfork bifurcation (supercritical): a stable periodic point tran-

sitions to two stable periodic points and an unstable periodic
point, all of the same order.
• Pitchfork bifurcation (subcritical): a stable periodic point and

two unstable periodic points transition to an unstable periodic
point.
• Transcritical bifurcation: a stable periodic point and an unstable

periodic point exchange stabilities; on the other side of the
bifurcation point, the extrapolated stable point is now unstable,
and vice-versa.

2. For a differential equation that is not autonomous, bifurcations can
also occur from time-dependent solutions to other time-dependent
solutions.

3. For the general finite dimensional mapping, G(x), from Rm to Rn,
the Jacobian J(x) := ∂G

∂x need not be square. In this case, the critical
points (which include the bifurcation points) are in the set C, with

C := {x | x ∈ Rm, rank J(x) < min(m,n)} .
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26 I.A Definitions and Concepts

The regular points are Rm − C. The critical values are the values in
the set G(C) := {y | y ∈ Rn,y = G(x) for some x ∈ C}. The regular
values are Rn −G(C).

4. Sacks [8] describes the program POINCARE, which classifies bifur-
cation points and constructs representative phase diagrams for each
type of behavior. The program is available directly from Sacks.

5. Numerical methods for computing bifurcations are described in Guck-
enheimer et al. [3] and Jepson and Spence [6].
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4. A Caveat for Partial
Differential Equations

Idea
To solve partial differential equations correctly, a good understanding

of the nature of the partial differential equation is required. This requires
more than a knowledge of the “physics” of the problem: a thorough under-
standing of the type of partial differential equation is needed. From Collatz
[1, page 260]:

That an investigation of the situation is absolutely essential is
revealed even by quite simple examples; they show that formal
calculation applied to partial differential equations can lead
to false results very easily and that approximate methods can
converge in a disarmingly innocuous manner to values bearing
no relation to the correct solution.

Example
Suppose we wish to solve the following wave equation (this example is

from Collatz [1])

uxx = utt,

u(x, 0) = cosx, for |x| < π/2,
∂u(x, 0)
∂t

= cosx, for |x| < π/2,

u
(
±π

2
, t
)

= sin t, for t > 0.

(4.1.a-d)

We will attempt to solve (4.1) by looking for a series solution of the form

u(x, t) =
∞∑

n,m=0

amnx
mtn. (4.2)

Using (4.2) in (4.1.a), we find that

am,n+2 =
(m+ 2)(m+ 1)
(n+ 2)(n+ 1)

am+2,n. (4.3)

To satisfy (4.1.b), we require ak,1 = 0. To satisfy (4.1.c), we also require

ak,0 =

{
0, k = odd,
(−1)q/(2q)!, k = even = 2q.

(4.4)
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Figure 4.1: Depiction of the characteristics and the range of validity of the
solution found for equation 4.1.

Evaluating equation (4.2) at x = 0 and using equations (4.3) and (4.4), we
find that

u(0, t) =
∞∑
k=0

a0,kt
k =

∞∑
q=0

(−1)q

(2q)!
t2q = cos t. (4.5)

Now the conclusion in equation (4.5) is correct but only for 0 ≤ t ≤ π/2.
This is because the characteristics (see page 432), t = π/2± x, emanating
from the points (π/2, 0) and (−π/2, 0) do not allow u(0, t) to be determined
directly for t > π/2.

See figure 4.1 for a graphical representation of the characteristics of
(4.1) and the region of validity for the solution in (4.5).
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5. Chaos in Dynamical
Systems

Applicable to Nonlinear differential equations.

Yields
Information on whether or not a system is chaotic.

Idea
Chaos is a phenomenon that can appear in solutions to nonlinear dif-

ferential equations. Chaos is easily defined and can be easily (numerically)
found in some equations.

Procedure
For simplicity, we focus on deterministic systems modeled by coupled,

autonomous, first order, ordinary differential equations of the form

dxi
dt

= gi(x; q) for i = 1, 2, . . . , n (5.1)

where x = (x1, x2, . . . , xn) is the state-space vector and q = (q1, q2, . . . , qm)
is a set of parameters. This equation determines a set of solutions, each
specified by their initial values. We can specify the solution corresponding
to the initial condition p by x(t; p).

Consider a set of initial conditions contained in a vanishing small volume
V . Under the action of equation (5.1), the volume will change as a function
of t. Precisely,

dV

dt
=
∫
· · ·
∫

V

(
m∑
i=1

∂gi
∂xi

)
dx1 · · · dxn.

The summation term is the generalized divergence of g and is called the Lie
derivative. Dissipative systems are characterized by contracting volumes;
this is equivalent to dV/dt < 0. Conservative or Hamiltonian systems, in
which equation (5.1) are Hamilton’s equations, obey Liouville’s theorem:
dV/dt = 0.

Any trajectory of a dissipative system as t → ∞ will approach a
bounded region of phase space called an attractor. An attractor has zero
volume in phase space. Attractors include points, limit cycles, and tori.
For example, consider an unforced damped pendulum. The attractor for
this is a point in phase space, the stable configuration with the pendulum
hanging straight down. In this case, starting the pendulum swinging with
slightly different initial conditions will lead to close paths in phase space
and the same final state.
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30 I.A Definitions and Concepts

For nonlinear systems exhibiting chaos, the separation of two nearby
trajectories increases exponentially with time. This is referred to as sensi-
tive dependence on initial conditions. For dissipative systems, a stretching
in one direction has to be accompanied by a more-than-compensating
contraction in other directions, so that the volume of an arbitrary droplet of
initial conditions will contract with time. The phase-space trajectories for
a chaotic system asymptotically approach a strange attractor, an attractor
with a fractional dimension (i.e., a fractal).

Lyapunov exponents are a measure of the rate of divergence (or conver-
gence) of initially infinitesimally separated trajectories. The ith Lyapunov
exponent, λi, can be found by considering the evolution of a vanishingly
small set of initial conditions that form a hyperellipsoid. We define

λi := lim
t→∞

ρi(0)→0

[
1
t

(
ρi(t)
ρi(0)

)]
(5.2)

where ρi(t) is the length of the ith principal axis of the hyperellipsoid at
time t, for i = 1, 2, . . . , n. An attractor is chaotic if it has at least one
positive Lyapunov exponent.

The Lyapunov exponents can be determined by analyzing the linearized
equations corresponding to equation (5.1). For illustrative purposes, we
specialize to n = 3 for the rest of this section. Consider the two close initial
points: p0 = (x0, y0, z0) and p1 = p0 + δx = (x0 + δx, y0 + δy, z0 + δz).
We want to find the evolution of the difference a(t) := x(t; p1) − x(t; p0).
Using Taylor series

da1

dt
=
d[x1(t; p1)− x1(t; p0)]

dt
=
d[g1(x(t; p0 + δx))− g1(x(t; p0))]

dt

≈ ∂g1

∂x
δx+

∂g1

∂y
δy +

∂g1

∂z
δz

=
∂g1

∂x
a1 +

∂g1

∂y
a2 +

∂g1

∂z
a3,

where the partial derivatives are evaluated at x(t; p0). In general

da
dt

= M(x)a =


∂g1
∂x

∂g1
∂y

∂g1
∂z

∂g2
∂x

∂g2
∂y

∂g2
∂z

∂g3
∂x

∂g3
∂y

∂g3
∂z

a,

where M is the Jacobian of the vector g. The Lyapunov exponents are
related to the eigenvalues of the matrix M .

In special situations, analytical methods can be used to obtain the
Lyapunov spectra, while numerical methods must be used in general. When
there is a stationary solution given by dx

dt = g(x) = 0, the Jacobian matrix
is time independent, and we can analytically obtain the (possibly complex)
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Figure 5.1: Duffing equation with Γ = 0.20. (Period 1 solution.)
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Figure 5.2: Duffing equation with Γ = 0.28. (Period 2 solution.)

eigenvalues, from which the Lyapunov exponents may be found. In general,
there are no stationary solutions and the equations dxdt = g and da

dt = M(x)a
must be numerically solved simultaneously. See Wolf et al. [12] for a
numerical technique for computing Lyapunov exponents.

Example
Consider the Duffing equation: ẍ+ kẋ−x+x3 = Γ cosωt. This can be

converted to an autonomous system as follows:

dx
dt

=
d

dt

xy
z

 =

 y
−ky + x− x3 + Γ cos z

ω

 . (5.3)

Figures 5.1–5.3 show the different behavior of this system (x(t) versus t and
x(t) versus y(t)) when k = 0.3, ω = 1.2, and Γ takes on the values 0.20,
0.28 and 0.50. For the numerical simulations shown, the initial conditions
used were x0 = (1.3, 0, 0), and we began plotting the results when t = 50
to remove any initial transients. From deeper analysis, it can be shown
that the system has a period 1 (2, 4, 5, 2, 1) solution when Γ = 0.20 (0.28,
0.29, 0.37, 0.65, 0.73). The solution is chaotic when Γ = 0.50.

A different set of parameters is shown in figure 5.4. This figure has
a plot of the three Lyapunov exponents of equation (5.3) when ω = 1.0,
k = 0.5, and Γ is varied from 0.2 to 0.9. At low values of Γ, the system is
periodic because the largest Lyapunov exponent is zero. The system follows
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Figure 5.3: Duffing equation with Γ = 0.50. (Chaotic solution.)

Figure 5.4: The three Lyapunov exponents for Duffing’s equation with
ω = 1.0 and k = 0.5 when Γ is varied from 0.2 to 0.9. (From De Souza-
Machado, S., Rollins, R. W., Jacobs, D. T., & Hartman, J. L. Studying
chaotic systems using microcomputer simulations and Lyapunov exponents.
Amer. J. Physics 58, 4, April 1990, 321–329.)

a period doubling route to chaos at Γ ≈ 0.36, when the largest Lyapunov
exponent becomes greater than zero. The system remains chaotic until the
driving force gets very large (Γ > 0.84) except for windows of periodicity,
which occur throughout the chaotic regime.

Notes
1. There are at least three scenarios in which the regular behavior of a

system becomes chaotic. A standard route is via a series of period-
doubling bifurcations. Two other routes to chaos that are fairly well
understood are via intermittent behavior and through quasiperiodic
solutions.

2. Many equations have been shown to be chaotic:

• Hale and Sternberg [4] have shown that the differential delay
equation dx(t)

dt = ax(t) + b x(t−τ)
1+xn(t−τ) is chaotic for certain pa-

rameter regimes.
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Figure 5.5: The canonical piecewise-linear circuit and the voltage-current
characteristic of the nonlinear resistor GN .

• The equations defining the Lorenz attractor are

ẋ = 10y − 10x,
ẏ = −y − xz + 28x,

ż = xy − 8
3
z.

(5.4)

• The Rössler equations are

ẋ = −(y + z),
ẏ = x+ ay,

ż = b+ xz − cz.
(5.5)

When a = 0.343, b = 1.82, and c = 9.75, this generates the
“Rössler funnel.” When a = 0.2, b = 0.2, and c = 5.7, this
generates “the simple Rössler attractor.”

3. For an autonomous electronic circuit to exhibit chaos, it must contain
at least three energy storage devices. (Otherwise, the Poincaré–
Bendixson theorem states that the limiting set will be a point or
a limit cycle, not a strange attractor.) A simple circuit with three
energy storage devices that produces chaos is in Matsumoto [7].
The circuit given in Chua and Lin [2] (see figure 5.5) is almost as
simple as that given by Matsumoto and can simulate (by choosing
different values for the nonlinear resistor) different chaotic phenomena
in a large three-dimensional state space. This circuit contains only six
two-terminal elements: Five of them are linear resistors, capacitors,
and inductors; and one element (GN ) is a three-segment, piecewise-
linear resistor.

4. Different types of dynamical systems can have greater or lesser de-
grees of randomness. A simple classification of the amount of ran-
domness in dynamical systems is as follows:

• Ergodic systems: this is the “weakest” level of randomness, in
which phase averages equal time averages.
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• Mixing systems: here, no time averaging is required to reach
“equilibrium.”
• K-systems: systems with positive Kolmogorov entropy. This

means that a connected neighborhood of trajectories must ex-
hibit a positive average rate of exponential divergence.
• C-systems: every trajectory has a positive Lyapunov exponent.
• Bernoulli systems: these systems are as random as a fair coin

toss.

See Tabor [11] for details.
5. A technical definition of the Lyaponuv exponents is as follows: When
A(t) is a bounded coefficient matrix, consider the n-dimensional linear
system y′ = A(t)y(t). Consider n linearly independent solutions of
this in the form yi = Y (t)pi, where Y (t) is a fundamental solution
matrix with Y (0) orthogonal, and the {pi} form an orthonormal
basis. The characteristic numbers are defined as

λi = lim
t→∞

sup
1
t

log (||Y (t)pi||) .

When the sum of the characteristic numbers is minimized, the or-
thogonal basis {pi} is called normal and the {λi} are the Lyapunov
exponents.

6. There are many software packages for numerically computing Lya-
punov exponents. See, for example, Parker and Chua [8] and Rollins
[9].

7. In this section we have focused on chaos appearing in coupled, first-
order, ordinary differential equations. Chaos can also appear in
partial differential equations and stochastic equations.

8. The papers by Ablowitz and Herbst [1], Lorenz [6], and and Yamaguti
and Ushiki [13] describe and illustrate how numerical discretizations
of a differential equation can lead to discrete equations exhibiting
chaos.

9. By long-term integration of the equations governing the solar system
on speical purpose computers, researchers have found that Pluto’s
orbit is chaotic, the motion of the Jovian planet subsystem is chaotic,
and the motion of comet Halley is chaotic. See, for example, Sussman
and Wisdom [10].
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6. Classification of Partial
Differential Equations

Applicable to Partial differential equations.

Yields
Knowledge of the type of equation under consideration.

Procedure
Most partial differential equations are of three basic types: elliptic,

hyperbolic, and parabolic.
Elliptic equations are often called potential equations. They result from

potential problems, where the potential might be temperature, voltage, or a
similar quantity. Elliptic equations are also the steady solutions of diffusion
equations, and they require boundary values in order to determine the
solution.

Hyperbolic equations are sometimes called wave equations, because they
often describe the propagation of waves. They require initial conditions
(where the waves start from) as well as boundary conditions (to describe
how the wave and the boundary interact; for instance, the wave might be
scattered or absorbed). These equations can be solved, in principle, by the
method of characteristics (see page 432).

Parabolic equations are often called diffusion equations because they
describe the diffusion and convection of some substance (such as heat).
The dependent variable usually represents the density of the substance.
These equations require initial conditions (what the initial concentration
of the substance is) as well as boundary conditions (to specify, for instance,
whether the substance can cross the boundary or not).

The above classification is most useful for second order partial differen-
tial equations. For second order equations, only characteristic curves need
to be considered. For equations of higher degree, characteristic surfaces
must be considered, see Whitham [8, pages 139–141] or Zauderer [10, pages
78–85 and 91–97] for more details. After two special cases, we specialize
the rest of this section to second order partial differential equations.

Special Case 1
The most general second order linear partial differential equation with

constant coefficients
n∑

i,j=1

aij
∂2u

∂xi∂xj
+

n∑
i=1

bi
∂u

∂xi
+ cu = d,

may be placed in the form

uξ1ξ1 + · · ·+ uξnξn + λu = 0,
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if the equation is elliptic or may be placed in the form

uξ1ξ1 − uξ2ξ2 − · · · − uξnξn + λu = 0,

if the equation is hyperbolic, for some value of λ. See Garabedian [3, pages
70–76] for details.

Special Case 2
The (real valued) second order partial differential equation in n dimen-

sions
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+ f

(
x, u,

∂u

∂x1
, . . . ,

∂u

∂xn

)
= 0, (6.1)

for u(x) = u(x1, . . . , xn), where aij = aji, may be classified at the point
x0 as follows. Let A be the matrix (aij(x0)). By means of a linear
transformation, the quadratic form gTAg may be reduced to the form

λ1g
2
1 + λ2g

2
2 + · · ·+ λng

2
n.

The values of {λi}, which are the eigenvalues of A, determine the nature
of the partial differential equation (6.1). Because A has been assumed to
be symmetric, all of the eigenvalues will be real. The classification at the
point x0 is then given by

1. If all of the {λi} are of the same sign, then equation (6.1) is elliptic
at x0.

2. If any of the {λi} are zero, then equation (6.1) is parabolic at x0.
3. If none of the {λi} are zero and they are not all of the same sign,

then equation (6.1) is hyperbolic at x0.
4. If none of the {λi} are zero and there are at least two that are

positive and at least two that are negative, then equation (6.1) is
ultrahyperbolic at x0.

If an equation is parabolic along a smooth curve in a domain D, and
the equation is hyperbolic on one side of the curve and elliptic on the other
side of the curve, then the equation is of mixed type. The smooth curve is
called the curve of parabolic degeneracy.

Special Case 3
We further specialize here and restrict ourselves to second order equa-

tions in two independent variables. Consider partial differential equations
of second order in two independent variables, of the form

A(x, y)
∂2u

∂x2
+B(x, y)

∂2u

∂x∂y
+ C(x, y)

∂2u

∂y2
= Ψ

(
u,
∂u

∂x
,
∂u

∂y
, x, y

)
,
(6.2)

where Ψ need not be a linear function.
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If

B2 − 4AC > 0
B2 − 4AC = 0
B2 − 4AC < 0

 at some point (x, y), then equation (6.2) is

hyperbolic
parabolic
elliptic


at that point. If an equation is of the same type at all points in the domain,
then the equation is simply said to be of that type.

Equation 6.2 can be transformed into a canonical form for each of the
three types mentioned above. The procedures are as follows.

Hyperbolic Equations

For hyperbolic equations we look for a new set of independent variables
ζ = ζ(x, y) and η = η(x, y) for which equation (6.2) may be written in the
standard form

uζη = φ (u, uη, uζ , η, ζ) . (6.3)

Utilizing this change of variables, we can calculate

ux = uηηx + uζζx,

uy = uηηy + uζζy ,

uxx = uηηηxηx + 2uηζηxζx + uζζζxζx + uηηxx + uζζxx,

uxy = uηηηxηy + 2uηζ(ηxζy + ηyζx) + uζζζxζy + uηηxy + uζζxy,

uyy = uηηηyηy + 2uηζηyζy + uζζζyζy + uηηyy + uζζyy,

to find that equation (6.2) transforms into

Auζζ +Buζη + Cuηη = Φ (u, uη, uζ , η, ζ) , (6.4)

where

A = Aζ2
x +Bζxζy + Cζ2

y ,

B = Aζxηx +B(ζxηy + ζyηx) + 2Cζyηy ,

C = Aη2
x +Bηxηy + Cη2

y .

Setting A = C = 0, we can find the following partial differential equations
for ζ and η

ζx
ζy

=
−B +

√
B2 − 4AC
2A

,

ηx
ηy

=
−B −

√
B2 − 4AC
2A

.

(6.5.a-b)

These equations may be readily solved (in principle) by the method of
characteristics. For example, to solve equation (6.5.a) we only need to
solve

−dy
dx

=
−B +

√
B2 − 4AC
2A
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for Q(x, y) = R, where R is an arbitrary constant. Then ζ will be given by
ζ = Q(x, y).

After ζ and η are determined, then the original equation must be trans-
formed into the new coordinates (see page 168). The resulting equation
will then be in standard form.

Note that another standard form for hyperbolic equations (in two in-
dependent variables) is obtained from equation (6.3) by the change of
variables

α = η − ζ, β = η + ζ. (6.6)

This results in the equation

uαα − uββ = φ

(
u, uα − uβ , uα + uβ,

1
2

(β + α) ,
1
2

(β − α)
)
.

Example 1
Suppose we have the equation

y2uxx − x2uyy = 0. (6.7)

We recognize this equation to be hyperbolic away from the lines x = 0 and
y = 0. To find the new variables ζ and η, we must solve the differential
equations in (6.5). For this equation, we have {A = y2, B = 0, C = −x2}.
Therefore (6.5) becomes

ζx
ζy

= −x
y
,

ηx
ηy

=
x

y
,

with the solutions ζ = y2−x2, η = y2+x2. In these new variables, equation
(6.7) becomes

uζη =
ζ

2(ζ2 − η2)
uη −

η

2(ζ2 − η2)
uζ . (6.8)

If the change of independent variable in (6.6) is made, then (6.8) becomes

uαα − uββ =
1

2β
uβ −

1
2α
uα.

Parabolic Equations

For parabolic equations, we look for a new set of variables ζ = ζ(x, y)
and η = η(x, y) in which equation (6.2) can be written in one of the
standard forms

uζζ = φ (u, uη, uζ , η, ζ) , (6.9.a)
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or

uηη = φ (u, uη, uζ , η, ζ) . (6.9.b)

Utilizing equation (6.4), we see that we need to determine ζ and η in such
a way that

B = 0 = C, corresponding to (6.9.a), (6.10.a)

or

B = 0 = A, corresponding to (6.9.b), (6.10.b)

If A 6= 0, then equation (6.10.a) corresponds to the single equation

ζx
ζy

= − B

2A
, (6.11.a)

while, if C 6= 0, then equation (6.10.b) corresponds to the equation

ζx
ζy

= − B

2C
. (6.11.b)

In either case, we have only to solve a single equation to determine ζ. The
variable η can then be chosen to be anything linearly independent of ζ. As
before, once ζ and η are determined, then the equation needs to be written
in terms of these new variables

Example 2
Suppose we have the equation

y2uxx − 2xyuxy + x2uyy + uy = 0. (6.12)

Since {A = y2, B = −2xy, C = x2}, we find that B2−4AC = 0 and so this
equation is parabolic. In this case we choose to make B = C = 0. From
equation (6.11.a) we must solve ζx

ζy
= x

y , which has the solution ζ = y2 +x2.
We choose η = x. Using these values of η and ζ, we find that (6.12)

becomes

uηη =
2(ζ + η)
ζ − η2

uζ +
1

ζ − η2
uη.

Elliptic Equations

For elliptic equations we look for a new set of variables α = α(x, y) and
β = β(x, y) in which equation (6.2) can be written in the standard form

uαα + uββ = φ (u, uα, uβ , α, β) .
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The easiest way in which to find α and β is to determine variables
ζ = ζ(x, y) and η = η(x, y) that satisfy (6.5) and then form α = (η + ζ)/2,
β = (η − ζ)/2i (where, as usual, i =

√
−1). Note that in this case, the

differential equations in (6.5) are complex. However, since ζ and η are
conjugate complex functions, the quantities α and β will be real.

Example 3
Suppose we have the equation

y2uxx + x2uyy = 0.

We recognize this equation to be elliptic away from the lines x = 0 and
y = 0. To find the new variables ζ and η, we must solve the differential
equations in (6.5). For this equation, we have {A = y2, B = 0, C = x2}.
Therefore (6.5) becomes

ζx
ζy

= − ix
y
,

ηx
ηy

=
ix

y
,

with the solutions ζ = y2 − ix2, η = y2 + ix2. Forming α and β results in

α =
η + ζ

2
= y2, β =

η − ζ
2i

= x2.

In these new variables, equation (6.7) becomes

uαα + uββ = − 1
2α
uα −

1
2β
uβ.

Notes
1. Equations of mixed type are discussed in Haack and Wendland [4]

and Smirnoff [6].
2. Given a partial differential equation in the form of equation (6.1), the

characteristic surfaces are defined by the characteristic equation

n∑
i,j=1

aij(x)
(
∂u

∂xi

)(
∂u

∂xj

)
= 0.

The solutions to this equation are the only surfaces across which u(x)
may have discontinuities in its second derivatives.

3. The Notes section of the characteristics method (see page 432) de-
scribes how to determine when a system of partial differential equa-
tions is hyperbolic.

4. See also Farlow [2, pages 174–182 and 331–339], Moon and Spencer
[5, pages 137–146], Stakgold [7, pages 467–482], and Young [9, pages
60–70].
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7. Compatible Systems

Applicable to Systems of differential equations.

Yields
Knowledge of whether the equations are consistent.

Procedure 1
The two equations f(x, y, z, p, q) = 0 and g(x, y, z, p, q) = 0 for z =

z(x, y) (where, as usual, p = zx and q = zy) are said to be compatible if
every solution of the first equation is also a solution of the second equation,
and conversely. These two equations will be compatible if {f, g} = 0, where

{f, g} :=
∂(f, g)
∂(x, p)

+ p
∂(f, g)
∂(z, p)

+
∂(f, g)
∂(y, q)

+ q
∂(f, g)
∂(z, q)

,

and where ∂(u,v)
∂(a,b) = | ua vaub vb | = uavb − vaub is the usual Jacobian.

Procedure 2
The conditions for consistency of a system of simultaneous partial dif-

ferential equations of the first order, if the number of equations is an exact
multiple of the number of dependent variables involved, is given in Forsyth
[3, Part IV, pages 411–419]. To write the consistency conditions, let the
unknown dependent variables be {zi | i = 1, . . . ,m}, let the independent
variables be {xj | j = 1, . . . , n}, and define pij = ∂zi/∂xj . We presume
the system has rm equations (with r ≤ n) and that these equations can be
solved with respect to the pij . That is

pij =
∂zi
∂xj

= fij ({xl} , {zk} , {pλµ}) ,

for i = 〈1,m〉, j = 〈1, n〉, l = 〈1, n〉, λ = 〈1,m〉, µ = 〈r + 1, n〉. (Here we
have introduced the notation 〈a, b〉 to be the sequence of numbers a, a +
1, a + 2, . . . , b.) Then, for consistency, the following conditions must be
satisfied

∂fij
∂xa

− ∂fia
∂xj

+
m∑
λ=1

(
fλa

∂fij
∂zλ

− fλj
∂fia
∂zλ

)

+
m∑
s=1

n∑
µ=r+1

(
∂fij
∂psµ

∂fsa
∂xµ

− ∂fia
∂psµ

∂fsj
∂xµ

)

+
m∑
s=1

n∑
µ=r+1

m∑
λ=1

[(
∂fij
∂psµ

∂fsa
∂zλ

− ∂fia
∂psµ

∂fsj
∂zλ

)
pλµ

]
= 0,

(7.1)
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where i = 〈1,m〉, a = 〈j + 1, r〉, j = 〈1, r − 1〉, and

m∑
s=1

(
∂fij
∂psµ

∂fsa
∂pkτ

− ∂fia
∂psµ

∂fsj
∂pkτ

+
∂fij
∂psτ

∂fsa
∂pkµ

− ∂fia
∂psτ

∂fsj
∂pkµ

)
= 0,

(7.2)

where i, k = 〈1,m〉, a = 〈j + 1, r〉, µ, τ = 〈r + 1, n〉, j = 〈1, r − 1〉.

Special Case 1
In the special case of m = 1, we have one dependent variable (which we

call z) and r equations. Let pj = ∂z/∂xj = fj(z, x1, . . . , xn, pr+1, . . . , pn).
In this case, equation (7.2) is automatically satisfied while equation (7.1)
becomes

dfj
dxa
− dfa
dxj

+
n∑

µ=r+1

(
∂fj
∂pµ

dfa
dxµ
− ∂fa
∂pµ

dfj
dxµ

)
= 0

for a = 〈1, j − 1〉, j = 〈1, r〉, where we have defined d
dxs

= ∂
∂xs

+ ps
∂
∂z .

Special Case 2
In the special case of r = n, the system of mn equations becomes

pij = fij(z1, . . . , zm, x1, . . . , xn) and the consistency conditions become

∂fij
∂xa

− ∂fia
∂xj

+
m∑
λ=1

(
fλa

∂fij
∂zλ

− fλj
∂fia
∂zλ

)
= 0

for i = 〈1,m〉, a = 〈1, j − 1〉 and j = 〈1, n〉. These are known as Mayer’s
system of completely integrable equations.

Special Case 3
Consider the special case of r = 1, with {F1 = 0, F2 = 0, . . . , Fm = 0},

where each Fj = pj − fj(z, x1, . . . , xn, pr+1, . . . , pn) is analytical in each of
its arguments. A necessary and sufficient condition for the set of equations
to be consistent is that [Fi, Fj ] = 0, for all combinations of i and j. Here,
[ , ] represents the usual Poisson bracket.

Example
Suppose we have the two following nonlinear partial differential equa-

tions for z(x, y):

xzx = yzy, z(xzx + yzy) = 2xy. (7.3)

From (7.3) we identify

f(x, y, z, p, q) = xp− yq, g(x, y, z, p, q) = z(xp+ yq)− 2xy.
(7.4)

Using (7.4) we can easily calculate

∂(f, g)
∂(x, p)

= 2xy,
∂(f, g)
∂(z, p)

= −x2p,
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∂(f, g)
∂(y, q)

= −2xy,
∂(f, g)
∂(z, q)

= xyp.

Therefore, computing {f, g}, we find it to be zero. Hence, the two equations
in equation (7.3) have identical solution sets.

Because the equations in (7.3) are compatible, we can combine them
without changing the solution sets. Solving the equations in (7.3) simulta-
neously for p and q to obtain {zx = p = y/z, zy = q = x/z}. These last
two equations can be easily solved we obtain z2 = C + 2xy, where C is an
arbitrary constant.

Notes
1. Jacobi’s method (see page 464) takes a given partial differential equa-

tion and creates a compatible equation and then uses elimination
between these two equations.

2. If it is known that a linear homogeneous ordinary differential equa-
tion of order n has solutions in common with a linear homogeneous
ordinary differential equation of order m (with m < n), then it is
possible to determine a differential equation of lower degree that has,
as its solutions, these common solutions. If the linear homogeneous
ordinary differential equations L1[u] = 0 and L2[u] = 0 are defined
by

L1 := p0D
n + p1D

n−1 + · · ·+ pn−1D + pn,

L2 := q0D
m + q1D

m−1 + · · ·+ qm−1D + qm,

where D represents d/dx and each of the functions {pi, qi} depends
on x, define the ordinary differential equation R1[u] = 0 by

R1 := r0D
n−m + r1D

n−m−1 + · · ·+ rn−m−1D + rn−m,

where the {ri} are defined by

p0 = r0q0,

p1 = r1q0 + r0

[(
n−m

1

)
q′0 + q1

]
,

p2 = r2q0 + r1

[(
n−m− 1

1

)
q′0 + q1

]
+ r0

[(
n−m

2

)
q′′0 +

(
n−m

1

)
q′1 + q2

]
,

...

pn−m = rn−mq0 + rn−m−1

[(
1
1

)
q′0 + q1

]
+ rn−m−2

[(
2
2

)
q′′0 +

(
2
1

)
q′1 +

(
2
0

)
q2

]
+ . . . ,

= rn−mq0 + rn−m−1 [q′0 + q1] + rn−m−2 [q′′0 + 2q′1 + q2] + . . . .
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Then the order of the operator L3 := L1 − R1L2 will be depressed
as much as is possible (the order of L3 will not exceed m− 1). Note
that only a finite number of rational operations and differentiations
are required to determine the {ri}. From the definition of L3, we
see that all solutions common to both L1[u] = 0 and to L2[u] = 0
will also be solutions to L3[u] = 0. If L3 is identically zero, then we
have found a factorization of L1 (see page 294). See Ince [4, pages
126–128] or Valiron [6, pages 320–322] for details.

3. Differential resultants can also be used to derive consistency condi-
tions. See Berkovich and Tsirulik [2] for details.

4. Wolf [7] describes an algorithm that determines if an overdetermined
system of two equations for one function has any solution. An imple-
mentation in FORMAC is mentioned.

5. See also Ames [1, pages 54–65] and Sneddon [5, pages 67–68].
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8. Conservation Laws

Applicable to Partial differential equations.

Yields
Quantities that remain invariant during the evolution of the partial

differential equation.

Procedure
Given an evolution equation, which is a partial differential equation of

the form

ut = F (u, ux, uxx, . . . ), (8.1)

a conservation law is a partial differential equation of the form

∂

∂t
T
(
u(x, t)

)
+

∂

∂x
X
(
u(x, t)

)
= 0, (8.2)

which is satisfied by all solutions of equation (8.1). We define T (·) to be
the conserved density and X(·) to be the flux. An alternative statement of
equation (8.2) is that ∫

T
(
u(x, t)

)
dx (8.3)

is independent of t, for solutions of (8.1) such that the integral converges.
More generally, a partial differential equation of order m in the n

independent variables x = (x1, x2, . . . , xn) and a single dependent variable
u is in conservation form if it can be written as

n∑
i=1

∂

∂xi
Fi(x, u, ∂u, ∂2u, . . . , ∂m−1u) = 0. (8.4)

Here ∂ju represents all jth order partial derivatives of u with respect to x.

Example 1
The Korteweg–de Vries equation

ut = uxxx + uux (8.5)

has an infinite set of conservation laws. The first few, in order of increasing
rank, have the conserved densities

T = u,

T = u2,

T = u3 − 3u2
x,

T = 5u4 − 60uu2
x − 36uxuxxx,

...
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To demonstrate, for instance, that T = u2 is a conserved density, we
compute

∂T

∂t
=
∂(u2)
∂t

= 2uut = 2uuxxx + 2u2ux,

where we have used the defining equation in (8.5) to replace the ut term.
Now we must determine a flux X such that equation (8.2) is satisfied. In
this case, we find X = u2

x − 2uuxx − 2
3u

3.

Example 2
The Schrödinger equation

−∂
2u

∂x2
+ V (x)u = i

∂u

∂t

can be expressed in the form of equation (8.2) with

T = iν(x)u,

X = ν(x)
∂u

∂x
− ν′(x)u,

where ν(x) is defined by ν′′(x) = V (x)ν(x).

Notes
1. Conservation laws allow estimates of the accuracy of a numerical

solution scheme (because the quantity in (8.3) must be invariant in
time).

2. Not all partial differential equations have an infinite number of con-
servation laws; there may be none or a finite number.

3. A conservation law for an evolution equation is called trivial if T is,
itself, the x derivative of some expression. If equation (8.1) has an
infinite sequence of nontrivial conservation laws, then the equation is
formally integrable. Infinite sequences of nontrivial conservation laws
are given by Cavalcante and Tenenblat [2] for the following equations:
Burgers, KdV, mKdV, sine–Gordon, sinh–Gordon.

4. If a given partial differential equation is not written in conservation
form, there are a number of ways of attempting to put it in a con-
served form. Bluman er al. [1] have a short list of techniques.

5. If equation (8.4) is satisfied, then there exists an (n − 1)-exterior
differential form F such that equation (8.4) can be written dF = 0.
This implies that there is an (n− 2)-form φ such that F = dφ. This,
in turn, means that there exists an antisymmetric tensor of rank n,
ψ, such that

Fi(x, u, ∂u, ∂2u, . . . , ∂m−1u) =
∑
i<j≤n

(−1)j
∂ψij
∂xj

+
∑

1≤j<i
(−1)i−1 ∂ψji

∂xj
,

for i = 1, 2, . . . , n.
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6. A computer program in REDUCE for determining conservation laws
is given in Ito and Kako [6]. In Gerdt et al. [4] is the description of a
computer program in FORMAC that determines conservation laws,
determines Lie–Bäcklund symmetries, and also attempts to determine
when an evolution equation is formally integrable.

7. Torriani [10] shows how the terms appearing in the expression of the
densities and the fluxes for the Korteweg-de Vries equation may be
found by combinatorial methods.

8. El-Sherbiny [3] proves that unless a1/a2 is a multiple root of order
three of the algebraic equation a6λ

3 − a5λ
2 + a4λ − a3 = 0, then

the class of nonlinear evolution equations ut + ux + a1uux + a2uut +
a3uxxx + a4uxxt + a5uxtt + a6uttt = 0 with the {ai} real numbers
has a finite number of conservation laws; otherwise, the class has an
infinite number of conservation laws.

9. See also Olver [9, Chapter 4, pages 246–291].
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9. Differential Resultants

Applicable to Two polynomial ordinary differential equations.

Yields
One ordinary differential equation in one independent variable.

Idea
Given two polynomial equations (in, say, x and y), the classical method

of resultants is as follows: The equations can always be written as the
system of linear equations Aw = 0, where A = A(y) and w = w(x) 6= 0.
Because this system must have det A = 0, a polynomial equation only in
y may be determined. The technique for polynomial differential equations
is very similar.

Procedure
Resultants have classically been used to eliminate one variable between

two polynomial equations. For example, suppose we have the two equations

x3 − 3y2x2 + x+ 5y2 = 0,

x3 + 5y2x2 − x+ 3y2 = 0.
(9.1)

These equations may be multiplied by powers of x to obtain the system of
equations:

x5 − 3y2x4 + x3 + 5y2x2 = 0,
x4 − 3y2x3 + x2 + 5y2x = 0,

x3 − 3y2x2 + x + 5y2 = 0,
x3 + 5y2x2 − x + 3y2 = 0,

x4 + 5y2x3 − x2 + 3y2x = 0,
x5 + 5y2x4 − x3 + 3y2x2 = 0.

This system can be written in matrix form as


1 −3y2 1 5y2 0 0
0 1 −3y2 1 5y2 0
0 0 1 −3y2 1 5y2

0 0 1 5y2 −1 3y2

0 1 5y2 −1 3y2 0
1 5y2 −1 3y2 0 0




x5

x4

x3

x2

x
1

 =


0
0
0
0
0
0

 . (9.2)

This last equation is a 6× 6 system of the form Aw = 0. Because w 6= 0
(because, at least, the last component of w is non-zero), the determinant
of A must vanish. Taking the determinant of the matrix in equation (9.2),
we find that y must satisfy the equation

32y2(289y8 + 16y4 + 1) = 0. (9.3)
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All the different values of y, from the solutions of (9.1), must satisfy (9.3).
Differential resultants are the analogue of resultants applied to differ-

ential systems. There are two steps analogous to multiplying the original
equations by powers of x. They are

• differentiating one of the equations,
• multiplying one of the equations by some term that may involve the

independent and/or the dependent variables.

Although there are algorithms published on how to proceed in any given
case, as in Mishina and Proskuryakov [3], they are generally written in the
language of abstract algebra.

Example
Suppose we have the following two coupled differential equations for

{y(x), z(x)}

A : 3yz + z − yx = 0,

B : − zx + z2 + y2 + y = 0.

We seek a single differential equation involving only z(x). Note that we
could solve equation (A) for y(x) (by integrating factors) and then substi-
tute this result in equation (B), but this creates an algebraic mess. This,
in turn, makes it difficult to obtain a single simple equation for z(x).

If we form the equations {A,B, yA, yB, yxB, ∂xB, y∂xA}, then we ob-
tain the system



0 0 −1 0 0 3z z
1 0 0 0 0 1 z2 − zx
3z 0 0 −1 0 z 0
1 1 0 0 0 z2 − zx 0
0 0 z2 − zx 1 1 0 0
0 0 1 2 0 0 2zzx − zxx
0 0 0 1 2 2zzx − zxx 0





y2

y3

yx
yyx
y2yx
y
1


=



0
0
0
0
0
0
0


.

Taking the determinant of the matrix above, we conclude that z(x) is a
solution of the single ordinary differential equation

z2
xx + (−16zx + 12z2 − 3)zzxx + 64z2z2

x + (23− 96z2)z2zx

+ (36z4 − 17z2 + 2)z2 = 0.

Notes
1. This technique applies directly to systems of partial differential equa-

tions and to higher order equations.
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2. There are specific technical requirements for when the classical method
of resultants (when applied to polynomials) will work. There are
similar requirements for when differential resultants will work. See
Mishina and Proskuryakov [3] for details.

3. Rubel [5] proves the following theorem, which indicates that elimina-
tion is not always possible, at least for algebraic differential equations
(ADEs, see page 720):

There exists a system of two ADEs, in the two dependent
variables u and v which possesses a real-valued Cn,m so-
lution u, v on a certain open interval I, but which has no
solution u, v on I for which v satisfies an ADE that does
not involve u or any derivative of u.

4. By taking equations pairwise a system of, say, 10 equations in 10
different independent variables could, if fortunate, be reduced to a
single equation in a single independent variable.

5. The two differential equations considered do not both have to be
polynomial for this reduction scheme to work. The two equations
have only to be polynomials in one of the dependent variables (the
one that will be removed).

6. Any linear second order ordinary differential equation system can be
interpreted as the resultant of the elimination of a dependent variable
from a pair of conjugate first order Hamilton’s equations. See Tolstoy
[7] for details.

References
[1] Berkovich, L. M., and Tsirulik, V. G. Differential resultants and some of

their applications. Differentsial’nye Uravneniya 22, 5 (May 1986), 750–757.

[2] Bocher, M. Introduction to Higher Algebra. The MacMillan Company, New
York, 1907.

[3] Mishina, A. P., and Proskuryakov, I. V. Higher Algebra. Pergamon
Press, New York, 1965.

[4] Ritt, J. F. Differential Algebra. Dover Publications, Inc., New York, 1966.

[5] Rubel, L. A. An elimination theory for systems of algebraic differential
equations. Houston J. Math. 8, 2 (1982), 289–295.

[6] Seidenberg, A. An elimination theory for differential algebra. University of
California Press 3, 2 (1956), 31–66.

[7] Tolstoy, I. Remarks on the linearization of differential equations. J. Inst.
Maths. Applics 20 (1977), 53–60.

[8] Van Der Waerden, B. L. Modern Algebra. Frederick Ungar Publishing,
New York, 1940.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



10. Existence and Uniqueness Theorems 53

10. Existence and
Uniqueness Theorems

Applicable to Differential equations of all types.

Yields
Knowledge of whether a solution exists and, if so, if the solution is

unique.

Idea
There are theorems available for many cases of interest.

Procedure
Corresponding to the difficulty of the subjects involved, there are more

theorems applicable to: ordinary differential equations than partial dif-
ferential equations, linear equations than nonlinear equations, and initial
value problems than boundary value problems. In the following we indicate
some of the simple theorems that are frequently useful.

The last theorem is applicable to partial differential equations; the rest
are applicable to ordinary differential equations. The first and last two
theorems are for vector systems; the other theorems are for scalar equations.

Theorem Consider the initial value problem: dx/dt = F(t,x) with x(t0) =
x0, where x = x(t) = [x1(t) x2(t) . . . xn(t)]T. If each of the functions
{Fi} and

{
∂Fi
∂xj

}
are continuous in a regionR of (t,x) space containing

the point x0, then there is an interval |t− t0| < h in which there exists
a unique solution to the problem.

Theorem Consider the initial value problem: y′ = f(x, y) with y(x0) =
y0. Let the functions f be continuous in some rectangle a < x < b,
c < y < d containing the point (x0, y0). Assume that f(x, y) satisfies
a Lipschitz condition in y. Then, in some interval x0−h < x < x0 +h
contained in a < x < b, there is a unique solution to the given
problem.

Theorem Consider the initial value problem: y′ = f(x, y) with y(x0) =
y0. Let the functions f and ∂f/∂y be continuous in some rectangle
a < x < b, c < y < d containing the point (x0, y0). Then, in some
interval x0−h < x < x0 +h contained in a < x < b, there is a unique
solution to the given problem.

Theorem Consider the initial value problem: y′′ = f(x, y, y′) with y(x0) =
y0, y′(x0) = y′0. Let the functions f , fy, and fy′ be continuous in
an open region R of three-dimensional (x, y, y′) space. If the point
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(x0, y0, y
′
0) is in R, then there exists some interval about x0 for which

there is a unique solution to the given problem.

Theorem Consider the initial value problem:

y(n) + p1(x)y(n−1) + · · ·+ pn−1(x)y′ + p1(x)y = q(x),

with

y(x0) = y0, y′(x0) = y′0, . . . y(n−1)(x0) = y
(n−1)
0 .

If the functions {pi(x)} and q(x) are continuous on the open interval
a < x < b, then there exists a unique solution to the problem.

Theorem Consider the initial value problem:

x′ = f(x, y, t), y′ = g(x, y, t)

with x(t0) = x0, y(t0) = y0. If f and g satisfy a Lipschitz condition
(with respect to x and y) in the region {|t − t0| ≤ A, |x − x0| ≤ B,
|y−y0| ≤ C}, then the problem has a unique solution in some interval
a < t < b about the point t0.

Theorem Consider the boundary value problem:

x′′ = f(t, x, x′), 0 < t < 1,
x(0) = A, x(1) = B.

If f and fx are continuous and fx ≥ 0, then there exists a unique
solution.

Theorem Consider the initial value problem

y′′ + f(x, y, y′) = 0,
B1[y] = y′(a) +Ay(a)− C1 = 0,
B2[y] = y′(b) + By(b)− C2 = 0,

(10.1)

where f satisfies a Lipschitz condition, and fy and fy′ are bounded
for x in the interval [a, b] and for values of (y, y′) of interest. Consider
the two comparison equations

u′′1 + h1(x, u1, u
′
1) = 0, B1[u1] = 0, B2[u1] = 0,

u′′2 + h2(x, u2, u
′
2) = 0, B1[u2] = 0, B2[u2] = 0,

with h1(x, y, y′) ≤ f(x, y, y′) ≤ h2(x, y, y′). We assume that the u1

and u2 problems have unique solutions. Then there exists at least
one solution to (10.1) in the given region, and every solution has the
property u1(x) ≤ y(x) ≤ u2(x). (This theorem is one of the major
results of the theory of differential inequalities.)
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Cauchy–Kowalewski Theorem If the vector u =
[
u1 u2 . . . un

]T
satisfies

ut = A(u)ux, u(0, x) = h(x),

where uk = uk(x, t), A(u) is an analytic matrix, and h(x) is an
analytic function, then a neighborhood of t = 0 can be found in
which there is a unique solution u, with each uk being analytic.

Example 1
The first order initial value problem

y′ = |y|1/3, y(x0) = 0 (10.2)

has a right-hand side that is not Lipschitz continuous at y = 0. This
equation, in fact, has an infinite number of solutions. Let x1 and x2 be any
two numbers such that x1 < x0 < x2. Then the following function

f(x) =


−
(

2
3

)3/2 (x1 − x)3/2, if x < x1,

0, if x1 < x < x2,(
2
3

)3/2 (x − x2)3/2, if x2 < x,

is a solution to equation (10.2).

Example 2
The nonlinear second order equation(

u′
3
)′

+ 24(1− u) = 0, u(0) = 1, u′(0) = 0,

has at least three solutions: u(t) = 1, u(t) = 1− t2, and u(t) = 1 + t2.

Notes
1. Differential equations with discontinuities (see page 264) and delay

equations (see page 253) do not meet the requirements of the above
theorems. They must be investigated separately.

2. It is often possible to determine when a linear ordinary differential
equation has a unique solution. When the solution is not unique, it
is sometimes possible to describe the degrees of freedom that make it
non-unique using alternative theorems (see page 15).

3. Fixed point theorems are a specific method that can be used to
prove the existence of a solution (see page 58). The section on well
posed differential equations contains some results on existence and
uniqueness (see page 115).

4. Bobisud and O’Regan [2] consider existence questions for some second
order initial value problems of the form y′′+F (t, y, y′) = 0, where F is
allowed to be suitably singular. For example, F (t, y, y′) = t−1/2y−1/2

is allowed.
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5. The existence of solutions to a differential equation can be critically
dependent on the size of the coefficients in the equation. For example,
Coddington and Levinson [3] show that the problem

εy′′ = −y′ − (y′)3,

y(0) = A, y(1) = B (A 6= B)

does not have a solution for small enough ε > 0.
6. The classical problem

−∇2u = up in Ω, u = 0 on ∂Ω,

where Ω is a bounded domain in RN , with smooth boundary ∂Ω, has
the interesting existence property (see Peletier [8]):

• If p < N+2
N−2 , then existence of a solution is assured for any

domain Ω;
• If p ≥ N+2

N−2 , then there exists no solution in any star-shaped
domain.

Similar results are available for the equation ut = ∇2u+up; existence
of a global positive solution depends on whether p is greater than
1 + 2/N (see Fujita [5]).

7. A classic result of Lewy [7] is that the equation

−ux − iuy + 2(ix− y)uz = F (x, y, z),

where F (x, y, z) is of class C∞, has no H1-solution, no matter what
open (x, y, z) set is taken as the domain of existence.

8. Waterhouse [11] has the theorem:

Theorem: Consider the homogeneous linear differential equa-
tion involving only derivatives of even order and even functions
as coefficients,

(
D2n + a1D

2n−2 + · · ·+ an
)
f = 0 with ai(x) =

ai(−x) and having the symmetric homogeneous boundary con-
ditions B1(D)f(s) = · · · = Bn(D)f(s) = 0 = B1(D)f(−s) =
· · · = Bn(D)f(−s) with Bi(D) =

∑
j bijD

j .
If this boundary value problem has a non-trivial solution, and
if each of the vectors (bi0 − bi1, bi2 − bi3, . . . ) is in the span
of the vectors (b10, b11, b12, . . . ) and (b20, b21, b22, . . . ), then this
problem has a nontrivial solution that is either even or odd.

9. Agarwal and Sheng [1] provide necessary and sufficient conditions for
the existence and uniqueness of solutions of general nth order non-
linear differential equations satisfying Abel–Gontscharoff boundary
conditions. These are boundary conditions of the form y(i)(ai+1) =
Ai+1 for 0 ≤ i ≤ n−1 where −∞ < a ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ b <∞.
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11. Fixed Point Existence
Theorems

Applicable to Differential equations of all types.

Yields
A statement about the existence of the solution.

Idea
If the statement concerning the existence of a solution to a differential

equation can be interpreted as a statement concerning fixed points in a
Banach space, then a fixed point theorem might be useful.

Procedure
The Schrauder fixed point theorem states:

Let X be a non-empty convex set in a Banach space and let
Y be a compact subset of X . Suppose Y = f(X) maps X
continuously into Y . Then there is a fixed point x∗ = f(x∗).

By interpreting a given differential equation as a continuous function in
a Banach space, the above theorem indicates the existence of a solution.

Example
Suppose we wish to determine whether a solution exists to the nonlinear

boundary value problem

u′′ = −e−u(x),

u(0) = u(1) = 0,
(11.1)

on the interval x ∈ [0, 1]. We first note that the problem

v′′ = −φ(x),
v(0) = v(1) = 0,

has the solution

v(x) =
∫ 1

0

G(x, z)φ(z) dz,

where G(x, z) is the Green’s function (see page 321)

G(x, z) =

{
(1− x)z, for 0 ≤ z ≤ x,
(1− z)x, for x ≤ z ≤ 1.

Hence, we can write equation (11.1) in the form of an equivalent integral
equation

u(x) = f(u(x)) ≡
∫ 1

0

G(x, z)e−u(z) dz. (11.2)
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To apply Schrauder’s fixed point theorem to equation (11.2), we need
to carefully define the Banach space B and the sets X and Y . If we define

B = space of continuous functions on (0, 1),
X = {u(x) | 0 ≤ u(x) ≤ 1, u(x) is continuous},
Y = f(X),

then we can apply the theorem. Note that in this example, X is not
compact but Y is. Note also that the bounds in X were derived after some
analysis of equation (11.1). Finally, then, we conclude that equation (11.1)
has a solution.

Notes
1. In the example above we used a fairly standard linearization trick

that can be described in more generality. Suppose that an expression
D(f, g) (which could involve derivatives of f and/or g) is linear in
f . Suppose also that the linear differential equation D(f, g) = 0 has
a unique solution f = T [g] for each g in some function space. Then
to find a solution, in that function space, of the (possibly nonlinear)
equation D(f, f) = 0 is equivalent to finding a fixed point of the
mapping T . Thus a particular nonlinear differential equation can
be studied by means of a more general linear differential equation,
together with a fixed point problem.

2. Once a differential equation has been formulated as a fixed point
statement, numerical methods that search for fixed points in a func-
tion space can be used. See, for example, Allgower [1].

3. Interval techniques (see page 545) may also be used to bound the
solution of a fixed point statement. See Moore [7, Chapter 15, pages
97–102] for details.

4. A contraction mapping is a functional iteration, say yn+1 = N [yn],
that converges to the solution of the fixed point equation y = F [y].
The Picard iteration (see page 618) is such a mapping.

5. Another fixed point theorem that is of use in differential equations is
Krasnoselskii’s theorem (see Franklin [3] for details):

Consider the fixed point equation x = f(x) + g(x) for x in a
Banach space B. Let X be a non-empty closed convex set in B.
Let f(x) map X continuously into a compact subset Y ⊂ X . Let
g(x) be a contraction mapping on X (note that the range of g
need not be compact). If it is assumed that y + g(x) ∈ X for
y ∈ Y and x ∈ X , then there is a fixed point of x = f(x) + g(x).

6. Another fixed point theorem that is of use in differential equations is
the Tihonov fixed point theorem (see Iyanaga and Kawada [6, pages
542–543] for details):

CD-ROM Handbook of Differential Equations c©Academic Press 1997



60 I.A Definitions and Concepts

Let R be a locally compact topological linear space, A a compact
convex subset of R, and T a continuous mapping sending A into
itself. Then T has fixed points.

7. Existence theorems for solutions for differential equations may be
found on page 53.

8. See also Burton [2, Chapter 3, pages 164–196], Hale [4, Appendix,
pages 171–172], Hartman [5, Chapter 12, pages 404–449], Smart [8,
Chapter 6, pages 41–52], and Stakgold [9, pages 243–259].

References
[1] Allgower, E. L. Application of a fixed point search algorithm to

nonlinear boundary value problems having several solutions. In Fixed Points:
Algorithms and Applications, S. Karamardian, Ed. Academic Press, New
York, 1977.

[2] Burton, T. A. Perturbation and delays in differential equations. SIAM
J. Appl. Math. 29, 3 (November 1975), 422–438.

[3] Franklin, J. Methods of Mathematical Economics. Springer–Verlag, New
York, 1980.

[4] Hale, J. K. Oscillations in Nonlinear Systems. McGraw–Hill Book
Company, New York, 1963.

[5] Hartman, P. Ordinary Differential Equations. John Wiley & Sons, New
York, 1964.

[6] Iyanaga, S., and Kawada, Y. Encyclopedic Dictionary of Mathematics.
MIT Press, Cambridge, MA, 1980.

[7] Moore, R. E. Interval Analysis. Prentice–Hall, Inc., Englewood Cliffs, NJ,
1966.

[8] Smart, D. R. Fixed Point Theorems. Cambridge University Press, New
York, 1974.

[9] Stakgold, I. Green’s Functions and Boundary Value Problems. John Wiley
& Sons, New York, 1979.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



12. Hamilton–Jacobi Theory 61

12. Hamilton–Jacobi Theory

Applicable to Conservative dynamical systems.

Yields
A reformulation of a system of ordinary differential equations.

Idea
A change of variables may lead to more tractable equations.

Procedure
A conservative dynamical system has a Lagrangian L defined by L =

T − V , where T (V ) is the kinetic (potential) energy. If the generalized
coordinates in this system are q = (q1, q2, . . . , qn), then the equations of
motion are given by

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, for i = 1, 2, . . . , n, (12.1)

where a dot denotes differentiation with respect to t. The equations in
(12.1) are called Lagrange’s equations. If we define the generalized mo-
menta by pi = ∂L

∂qi
and the Hamiltonian by H = pTq̇−L, then Lagrange’s

equations become

q̇i =
∂H

∂pi
,

ṗi = −∂H
∂qi

,

∂L

∂t
= −∂H

∂t
.

(12.2)

These equations are called Hamilton’s equations. If we change from the
(H,p,q) variables to the (J,P,Q) variables via the canonical transforma-
tion defined by the generating function S(P,q, t) (see page 132), then

pi =
∂S

∂qi
,

Qi =
∂S

∂Pi
,

J(P,Q, t) = H
(
p(P,Q, t),q(P,Q, t), t

)
+
∂S

∂t
.

(12.3)

In these new variables, Hamilton’s equations may be written

Q̇i =
∂J

∂Pi
,

Ṗi = − ∂J

∂Qi
.

(12.4)
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If the canonical transformation is chosen so that J = 0, then (12.4) says
that P and Q are constant. To have J vanish identically, we require (from
(12.3))

H

(
∂S

∂q1
,
∂S

∂q2
, . . . ,

∂S

∂qn
, q1, q2, . . . , qn, t

)
+
∂S

∂t
= 0.

This last equation is known as the Hamilton–Jacobi equation. The proce-
dure is to solve the Hamilton–Jacobi equation for the generating function
S, make a canonical change of variables using this generating function, and
then solve Hamilton’s equation in these new coordinates. This will yield a
solution to Lagrange’s equations.

Example
Suppose we want to solve the linear constant coefficient ordinary differ-

ential equation

q̈ + ω2q = 0. (12.5)

This differential equation comes from the Hamiltonian H = 1
2

(
p2 + ω2q2

)
,

which, in turn, corresponds to the following Hamilton–Jacobi equation:

1
2

[(
∂S

∂q

)2

+ ω2q2

]
+
∂S

∂t
= 0. (12.6)

To solve for S(q, t), we use separation of variables (see page 487), and look
for a solution in the form S(q, t) = a(q) + b(t), for some unknown functions
a(q) and b(t). Using this form for S in equation (12.6) and making the
usual argument about which terms must depend upon which variables, we
determine that a(q) and b(t) must satisfy

ḃ = −α,
(
da

dq

)2

+ ω2q2 = 2α,

where α is a separation constant. Hence, S = −αt +
∫ √

2α− ω2q2 dq. If
we call α = P , then we can compute from equation (12.3)

Q =
∂S

∂P
= −t+

∫
(2P − ω2q2)−1/2 dq = −t+

1
ω

sin−1

(
ωq√
2P

)
,

which may be inverted to yield q =
√

2P
ω sin

[
ω(t+Q)

]
, which is the solution

to equation (12.5).

Notes
1. Lagrange’s equations can be interpreted as the variational or Euler–

Lagrange equations for the functional J =
∫
Ldt (see page 418).
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2. The functions f and g are said to be in involution or to Poisson
commute if the Poisson bracket [f, g] is identically equal to zero.
Liouville’s theorem states that a function F is a first integral of a
system with Hamiltonian function H if and only if H and F are in
involution. See Abraham et al. [1, page 471] for details.

3. Poisson’s theorem states that the Poisson bracket of two first integrals
of a Hamiltonian system is again a first integral. See Goldstein [2,
Chapter 9, pages 273–317] for details.

4. Any function A(p,q) defined along the trajectories of equation (12.2)
satisfies

dA

dt
= [A,H ] =

∑
j

(
∂A

∂qj

∂H

∂pj
− ∂A

∂pj

∂H

∂qj

)
where the square brackets denote the Poisson bracket.

5. A general form for a non-conservative system is often taken to be

q̇i =
∂C

∂pi
+
∂D

∂qi

ṗi = −∂C
∂qi

+
∂D

∂pi

(12.7)

Where C(p,q) andD(p,q) are called the conservative and dissipation
functions. For D = 0, this reduces to equation (12.2). For C = 0,
this becomes a gradient system. Any function A(p,q) defined along
the trajectories of equation (12.7) satisfies

dA

dt
= ∇A · ∇D + [A,C].

Choosing A = C and A = D, we obtain the evolution equations for
the conservative and dissipative functions

dC

dt
= ∇C · ∇D,

dD

dt
= ∇D · ∇D + [D,C].

Note that ∇2D equals the divergence of the vector field of equation
(12.7) and that the system is dissipative when ∇2D < 0.

6. Given the equations of motion: q̈i = fi(q, q̇, t), the inverse problem
of classical mechanics is to determine whether these equations are
equivalent to the Euler–Lagrange equations based on a LagrangianL.
That is, a matrix w = w(q, q̇, t) is desired so that

wij (q̈j − fj) =
d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
.
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The necessary and sufficient conditions for the existence of w and L
are called the Helmholtz conditions, they are

∂wij
∂ẋk

=
∂wik
∂ẋj

, wij = wji,

Dwij = −1
2
wik

∂fk
∂ẋj
− 1

2
wjk

∂fk
∂ẋi

1
2
D
(
wik

∂fk
∂ẋj
− wjk

∂fk
∂ẋi

)
= wik

∂fk
∂xj
− wjk

∂fk
∂xi

with D = ∂
∂t+

∑
m

(
ẋm

∂
∂xm

+ fm
∂

∂ẋm

)
. See Hojman and Shepley [4].

7. The KdV equation, ut = −uxxx+6uux, can be treated as a Hamilton-
ian system, ut = {u,H}, with the Hamiltonian and Poisson brackets
defined by

H =
1
2

∫
u2(x) dx {u(x), u(y)} =

[
−∂3 + 4u∂ + 2ux

]
δ(x− y)

8. See also Haar [3, Chapter 6, pages 121–145] and Nayfeh [5, pages
179–189].
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13. Integrability of Systems

Applicable to Systems of differential equations.

Yields
Information about whether a Hamiltonian system is completely inte-

grable.

Idea
The Painlevé test performs a singular point analysis, which gives infor-

mation about integrability.

Procedure
An autonomous Hamiltonian system is called (Liouville) integrable if

there exists another function I such that [H, I] = 0. This function must be
functionally independent of H , it must exist globally and be single valued,
and it must be a complex analytic function of its variables.

If the Hamiltonian system has N degrees of freedom it is called com-
pletely integrable if it possesses N independent single valued analytic first
integrals {Ik} that commute with respect to the Poisson bracket

[In, Im] =
N∑
i=1

(
∂In
∂qi

∂Im
∂pi
− ∂In
∂pi

∂Im
∂qi

)
= 0.

One of these first integrals will be the Hamiltonian itself.
Given a Hamiltonian system, there is no known systematic method for

determining whether or not that system is integrable. Much recent work
has focused on the Painlevé test. The test asserts that an equation is
integrable if every ordinary differential equation that arises as a similarity
reduction of an integrable partial differential equation has the Painlevé
property; that is, it has no movable singularities except poles, perhaps
after a transformation of variables. For the Painlevé test to be effective, it
is necessary to determine the complete symmetry group of the differential
equation under consideration. If it passes the test, then it is believed
that the original partial differential equation will be solvable by inverse
scattering methods (see page 460). The Painlevé test also has applications
in determining the stability of systems of ordinary differential equations.

Roughly speaking, a partial differential equation is said to possess the
Painlevé property if the only singularities of the general solution on arbi-
trary non-characteristic surfaces are poles. Singular point analysis is used
to determine if differential equations have the Painlevé property. The test
consists of substituting

u(x) =
∞∑
n=0

un(x− x0)α+p,
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for α < 0, into the tested equation in the vicinity of a singular point x0

and investigating whether this expansion is compatible with the equation
and contains a sufficient number of undetermined coefficients for the ap-
proximation of a general solution.

Example
The motion of the N particle lattice is described by the Hamiltonian

H(p,q) =
1
2

N∑
j=1

p2
j +

N∑
j=1

eqj−qj+1 (13.1)

where qN+1 = q1 (which corresponds to cyclic boundary conditions). If
{aj, bj} are defined by

aj :=
1
2
e(qj−qj+1)/2, bj :=

1
2
pj ,

then the equations of motion are

a′j = aj(bj − bj+1), b′j = 2(a2
j−1 − a2

j). (13.2)

If the following N ×N matrices are defined:

L =



b1 a1 0 . . . 0 aN
a1 b2 a2 0 0
0 a2 b3 0 0
...

. . .
0 0 0 bN−1 aN−1

aN 0 0 aN−1 bN



A =



0 −a1 0 . . . 0 aN
a1 0 −a2 0 0
0 a2 0 0 0
...

. . .
...

0 0 0 . . . 0 −aN−1

−aN 0 0 aN−1 0


,

then equation (13.2) may be written in the form

dL

dt
= [A,L] = AL − LA.

Note we also have
d(Lk)
dt

= [A,Lk] for any positive integer k. From

this it follows that the trace of the matrix Lk is constant. Hence, the
traces { tr (L), tr (L2), . . . , tr (Lk), . . . } are first integrals for (13.2). They
turn out to be independent and in involution of each other. Hence, the
Hamiltonian in equation (13.1) is completely integrable.
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Notes
1. Several definitions of “integrability” are in use in the literature. For

example, the PDE N(x, t, u) = 0 with u(x, 0) = f(x) is called com-
pletely integrable if there is an integral equation for K of the form

K(x, y; t) + F (x, y, ; t) +
∫ ∞
x

K(x, z; t)H(z, y; t) dz = 0

called the Gelfand–Levitan equation, such that

• F and H are uniquely determined from f(x)
• the solution of the PDE is given by u(x, t) = K(x, x; t).

2. Completely integrable PDEs are known to possess several remarkable
properties including:

• the existence of soliton solutions (see page 626)
• the existence of an infinite number of independent conservation

laws (see page 47)
• a Lax representation (see page 460)
• Bäcklund transformations (see page 428)

3. In general, linear equations only have fixed singularities while non-
linear equations can have both fixed and movable singularities.

• Consider the linear equation y′′ + p(x)y′ + q(x)y = 0 which has
the general solution y(x) = Ay1(x) + By2(x) where A and B
are arbitrary constants. The location of the singularities of y(x)
depend only on p(x) and q(x), not on A or B. The singularities
of this equation are fixed, since they do not depend upon the
constants of integration.
• Consider the nonlinear equation y′+y2 = 0 which has the general

solution y(x) = (x−x0)−1 where x0 is an arbitrary constant. In
this case y(x) has a singularity, a pole, which is movable since it
depends on the constant of integration x0.

4. For first order equations of the form y′ = F (y, x), where F is rational
in y and analytic in x, the only equation which has no movable
singularities other than poles is the Riccati equation y′ = p0(x) +
p1(x)y + p2(x)y2.
For second order equations of the form y′′ = F (y, y′, x), where F
is rational in y and y′ and analytic in x, Painlevé et al. (see Ince
[8]) showed that there are only 50 canonical equations which have
no movable singularities except poles. Of these, 44 are integrable
in terms of known functions (such as elliptic functions) and the re-
maining 6 defined new transcendental functions, called the Painlevé
transcendents (see page 128).

5. The three-particle Toda lattice has the Hamiltonian H = p2
1+p2

2+p2
3

2 +
V with the potential energy V = ep1−p2 + ep2−p3 + ep3−p1 . The sys-
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Parameters Invariant

b = 2σ (x2 − 2σz)e2σt

b = 0, σ = 1
3

(
−rx2 +

1
3
y2 +

2
3
xy + x2z − 3

4
x4

)
e4t/3

b = 1, r = 0
(
y2 + z2

)
e2t

b = 4, σ = 1
(

4(1− r)z + rx2 + y2 − 2xy + x2z − 1
4
x4

)
e4t

b = 1, σ = 1
(
−rx2 + y2 + z2

)
e2t

b = 6σ − 2,
r = 2σ − 1

(
(2σ − 1)2

σ
x2 + y2 − (4σ − 2)xy + x2z − 1

4σ
x4

)
e4σt

Table 13.1: First integrals for the Lorenz equations.

tems admits three independent integrals, for instance, the functions

I1 = p1 + p2 + p3

I2 = p1p2 + p2p3 + p3p1 − V
I3 = p1p2p3 − p1e

p2−p3 − p2e
p3−p1 − p3e

p1−p2

These integrals are in involution and they are independent.
6. Consider the Hamiltonian H = (p2

x + p2
y)/2 +V:

• For the Hénon–Heiles potential V = µ
3 y

3 + x2y, the system is
integrable for µ = 1, 6, and 16.

• For the Holt potential V = µ
3 y

4/3 + x2y−2/3, the system is
integrable for µ = 1, 6, and 16.

• For the quartic potential V = ax4 + bx2y2 + cy4, the system is
integrable if a : b : c have the ratios a:0:c, 1:2:1, 1:6:1, 1:12:16,
16:12:1, 1:6:8, or 8:6:1.

7. The Lorenz equations (see page 199)

x′ = σ(y − x)
y′ = −y − xz − rx
z′ = xz − bz

have known first integrals for several possible values of the parameters
{σ, r, b}. For example, the first integrals in table 13.1 are known.

8. Clarkson et al. [4] state that the only third-order semilinear par-
tial differential equations that are linearizable are equivalent to the
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following six equations:

ut = uxxx + γux,

ut = uxxx + uux + γux,

ut = uxxx + u2ux + γux,

ut = uxxx −
1
8
u3
x +

(
αeu + βe−u

)
ux + γux,

ut = uxxx −
3
2
uxu

2
xx

(
1 + u2

x

)−1 − 3
2
P (u)(u2

x + 1)ux + γux,

ut = uxxx −
3
2
u−1
x u2

xx + αu−1
x −

3
2
P (u)u2

x + γux,

where P (u) is the Weierstrass elliptic function and satisfies(
dP

du

)2

= 4P 3 − δP − ε.

9. Clarkson et al. [4, page 1205] show that the PDE

• ut = uxx + h(u)ux, where h(u) is a rational function of u, can
pass the Painlevé test only if h(u) is a linear function of u.

• ut = uxxx + (uuxx + u2
x) + 3

2 (α− 1)u2ux, where α is a constant,
can pass the Painlevé test only if α = 0, 3/2, or 3.

10. Hereman and Angenent [7] and Rand and Winternitz [13] describe
Macsyma programs for determining whether a nonlinear ordinary
differential equation has the Painlevé property. (The differential
equation must be a polynomial in both the dependent and indepen-
dent variables and in all derivatives.)

11. The only equations of the form uxt = f(u), where f(u) is a linear
combination of exponentials, which pass the Painlevé test are: the
sine–Gordan equation uxt = sinu, the Liouville equation uxt = eu,
and the Bullough–Dodd equation uxt = eu − e−2u.

12. Polynomial potentials arise in many problems, particularly when
truncated Taylor series are used to facilitate analytical study. It is
useful to examine the integrability of such potentials. In two dimen-
sions there are only three independent integrable cubic potentials;
they are x3 + 3xy2 +αy3, 2x3 + xy2, and 16x3 + 3xy2; see Cleary [5].

13. The Mathematica package DSolveIntegrals can compute complete
integrals of non-linear PDEs. For example, given yuy = u+x2u2

x the
integral is determined to be u = (−a2 + 4by − 2a logx− log2 x)/4.

14. The following equations are known to be completely integrable: sine–
Gordon equation, Doff–Bullough, Ernst equation, axisymmetric sta-
tionary Einstein–Maxwell equation.
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14. Internet Resources

Applicable to Many topics related to differential equations.

Procedure
Much information about differential equations is available through the

internet. We list next some of these resources:

Symbolic software packages
1. There are a multitude of commercial computer packages available

for symbolically solving differential equations (see page 240). These
include

• AXIOM http://www.nag.co.uk:80
• Derive http://www.derive.com
• Macsyma http://www.macsyma.com
• Maple http://www.maplesoft.com
• Mathematica http://www.wolfram.com
• REDUCE http://www.rrz.uni-koeln.de/REDUCE

2. The program CONVODE will symbolically solve ordinary and partial
differential equations across the internet. For example, sending

depend y,x;

CONVODE( {df(y,x,2)+4*y=0}, {y}, {x}, {}, {english});

to convode@riemann.physmath.fundp.ac.be will have the solution
of y′′ + 4y = 0 returned via email with comments in English (the de-
fault is French). See http://www.physique.fundp.ac.be/physdpt/
administration/convode.html.

3. MathServ provides an interface between the user and Mathematica (a
symbolic computational engine). Templates for twelve different types
of ODEs are available; the user can specifiy the functions appearing
in them. The results are returned directly to your browser. See
http://math.vanderbilt.edu/~pscrooke/detoolkit.html.

Numerical software packages
There are a multitude of commercial computer packages available for

numerically solving differential equations (see page 654). In particular, the
Guide to Available Mathematical Software (GAMS) has a taxonomy of
software classes, with many representatives of most classes. See http://
gams.nist.gov. This section lists a few packages that currently may be
used freely for non-commercial purposes.

• Diffpack is a collection of C++ class libraries aimed at the numerical
solution of partial differential equations. The Diffpack home page
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int main() {

real r0=.5, r1=1., x0=0., y0=0., theta0=0., theta1=1.; // parameters

AnnulusMapping annulus(r0,r1,x0,y0,theta0,theta1); // annulus mapping

MappedGrid mg(annulus); // MappedGrid for an annulus

mg.update(); // create default variables

realMappedGridFunction u(mg); // declare grid function on the grid

u=1.; // initial condition u=1

MappedGridOperators op(mg); // difference operators and BCS

u.setOperators(op); // associate with a grid function

real t=0, dt=.005, a=1., b=1., nu=.1; // problem parameters

for( int step=0; step<100; step++ ) { // loop for number of time steps

u.display("solution"); // print out the solution

u+=dt*((-a)*u.x()+(-b)*u.y()+nu*(u.xx()+u.yy())); // forward Euler step

t+=dt;

u.applyBoundaryCondition(0,BCTypes::dirichlet,BCTypes::allBoundaries,0.);

// apply Boundary condition u=0

u.finishBoundaryConditions(); // fix up corners, periodic update

}

return 0;

}

Program 14.1: Overture program for a reaction diffusion problem

is http://www.oslo.sintef.no/avd/33/3340/diffpack. The code
can be downloaded from http://www.oslo.sintef.no/diffpack/
pub1.4 or from Netlib at http://www.netlib.org.

• DsTool is A Dynamical System Toolkit with an Interactive Graphical
Interface. It computes Poincaré sections and bifurcation diagrams
and is easily extensible. It was created at Cornell University and
runs under X windows. The program and documentation can be
obtained via ftp from macomb.cam.cornell.edu in the /pub/dstool
directory.

• KASKADE is a C++ package that solves elliptic partial differential
equations. It is an adaptive multilevel-code for linear scalar elliptic
and parabolic problems in 1, 2, and 3 space dimensions. It includes
examples for nonlinear methods used in obstacle, porous media, and
Stefan problems. It can be obtained via ftp from elib.zib-berlin.de
in the directories /pub/kaskade/3.xand /pub/kaskade/Manuals/3.0.

• Overture is a high level object oriented framework for solving PDEs
on structured grids and overlapping grids using finite difference and fi-
nite volume methods. Overture is freely available and can be obtained
from http://www.c3.lanl.gov/~henshaw/Overture/Overture.html.
For example, the entire program to solve the problem ut+aux+buy =
ν(uxx + uyy) in an annulus A, with u(t = 0, A) = 1 and u

∣∣
∂A

= 0,
using forward Euler’s method, is in program 14.1.
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Electronic journals
The Electronic Journal of Differential of Equations (EJDE) is dedi-

cated to the rapid dissemination of high quality research in mathematics.
Publications are available as PostScript, TEX, and DVI files. All topics
related to differential equations and their applications are considered for
publication. Research articles are refereed under the same standards as
those used by the finest-quality printed journals. EJDE may be found at
http://ejde.math.swt.edu.

Other resources
• C*ODE*E is the acronym for the Consortium of ODE Experiments.

Their goal is to share the rapidly growing wealth of computational in-
struction techniques with teachers of differential equations. The Con-
sortium publishes a newsletter designed to provide a regular source
of ideas, inspiration, and experiments for instructors of ODEs. The
newsletter is available on-line and in print format. Their URL is
http://www.math.hmc.edu/codee.

• IDEA is the acronym for Internet Differential Equations Activities.
This is an interdisciplinary effort to provide students and teachers
with computer based activities for differential equations in a wide
variety of discplines. This is sponsored by the NSF. It includes a
glossary of terms and many other features. Their URL is http://
www.sci.wsu.edu/idea.

• The American Mathematical Society maintains materials organized
by mathematical subject classification at http://www.ams.org/mathweb/
mi-mathbyclass.html. In this classification, category 34 is “Or-
dinary differential equations” and category 35 is “Partial differen-
tial equations.” The AMS Preprint Server for these categories may
be found at http://www.ams.org/preprints/34/msc34-page.html
and http://www.ams.org/preprints/35/msc35-page.html.

• Los Alamos maintains a web site on “Exactly Solvable and Integrable
Systems”, see http://xxx.lanl.gov/archive/solv-int.

• The Norwegian University of Science and Technology maintains a
“Conservation Laws Preprint Server” at http://www.math.ntnu.no/
conservation.

• The “Mathematics Archives,” see http://archives.math.utk.edu,
is supported by the NSF, the State of Tennessee, Calvin College,
and the University of Tennessee, Knoxville. Their repository of links
related to ordinary differential equations and partial differential equa-
tions may be found at http://archives.math.utk.edu/topics/
ordinaryDiffEq.htmland http://archives.math.utk.edu/topics/
partialDiffEq.html.
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• The Math/CS Department of Nebraska Wesleyan University has a
differential equations resource page documenting course materials
(labs and projects) developed as part of an NSF/ILI grant. The
URL is http://brillig.nebrwesleyan.edu/delabs.

• The Math Department at Oregon State University has developed a
web-based study guide for several of its courses. The URL for the
ODE home page is http://iq.orst.edu.mathsg/ode/ode.html.

Note
1. The URLs in this section are subject to change.
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15. Inverse Problems

Applicable to Inverse problems.

Yields
Information about parameters appearing in a differential equation.

Idea
There are theorems that can be used to determine which inverse prob-

lems may be solved.

Procedure
The field of inverse problems is filled with specialized theorems that are

useful for specific applications.

Example 1
Consider the eigenvalue problem

−u′′ + q(x)u = λu, for 0 ≤ x ≤ 1,
u(0) cosα+ u′(0) sinα = 0,
u(1) cosβ + u′(1) sin β = 0,

(15.1)

where λ is a complex parameter, q(x) is a real-valued function that is
integrable on the interval [0, 1], and α and β are values in the interval
[0, π).

One common inverse problem consists of determining the function q(x)
from the eigenvalues of equation (15.1). There are many different results
in this area. For example

Theorem Suppose that (α, β, q(x)) give rise to the eigenvalues {λn}
and suppose that (α, β, q(x)) give rise to the eigenvalues {λn}. If
λn = λn for n = 0, 1, . . . ; q(x) = q(x) for x ∈ (0, 1

2 ); and α = α, then
q(x) = q(x) almost everywhere on the interval (0, 1).

Another typical theorem is the following:

Theorem Let λ0 < λ1 < λ2 < . . . be the eigenvalues of the problem
−y′′+ q(x)y = λy with y′(0) = y′(π) = 0, where q(x) is a real-valued
continuous function. If λn = n2 for n = 0, 1, 2, . . . , then q(x) = 0.

Example 2
One common technique to show uniqueness for an inverse problem is to

investigate a mapping between the solutions of two equations with different
values for the parameter(s) of interest. We have, for example (see Rundell
[11]):
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Theorem Let u(x) and v(x) satisfy

ut = uxx − a(x)u, ux(0, t) = 0,
vt = vxx − a(x)v, vx(0, t) = 0,

for 0 ≤ x ≤ 1 and 0 ≤ t < T . If u(0, t) = v(0, t), then v(x, t) =
u(x, t)+

∫ x
0 K(x, s)u(s, t) ds, whereK(x, s) satisfies the Goursat

problem

Kss −Ktt = (a(s)− a(x))K(x, s), for 0 ≤ s ≤ x ≤ 1,
Ks(x, 0) = 0 for 0 ≤ x ≤ 1,

K(x, x) =
1
2

∫ x

0

(a(r)− a(r)) dr for 0 ≤ x ≤ 1.

In this case it is possible to show that if
∫ x

0 K(x, s)f(s) ds = 0 for some
positive function f(x), then a = a.

Notes
1. The numerical methods used to solve inverse problems tend to result

in ill-conditioned systems.
2. If the spectra {λi} and {µi} are known for the following two problems

(with H 6= H̄):

−y′′ + q(x)y = λy,

y′(0)− hy(0) = 0,
y′(1)−Hy(1) = 0,

−y′′ + q(x)y = µy,

y′(0)− hy(0) = 0,
y′(1)− H̄y(1) = 0,

then {q(x), h,H, H̄} are all uniquely determined. See Rundell and
Sacks [12].
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16. Limit Cycles

Applicable to Systems of nonlinear autonomous differential equa-
tions.

Yields
Knowledge of whether or not there exist limit cycles.

Idea
Knowing that limit cycles exist for a differential system allows global

characterizations of the differential system.

Procedure
A non-constant solution of the system dx

dt = f(x) is called a cycle (or
a limit cycle) if there is a positive number T (called the period of the
cycle) such that x(t+ T ) = x(t) for all t. It is easy to show that inside of
every cycle is at least one critical point (i.e., a point where f(x) = 0, see
page 526).

In many systems it is not only true that there are finitely many cycles
but also that all solutions tend to one of these cycles. This knowledge
permits a concise characterization of the phase plane.

Example 1
The nonlinear autonomous system

dx

dt
= −y + x(1− x2 − y2),

dy

dt
= x+ y(1− x2 − y2)

becomes, under the change of variables {x = r cos θ, y = r sin θ}, the
uncoupled system

dr

dt
= r(1− r2),

dθ

dt
= 1.

These new equations have the solution

r(t) =
1√

1 +Ae−2t
, θ(t) = t+B,

where A and B are arbitrary constants. Hence, the solution of the original
system is

x(t) =
cos(t+B)√
1 +Be−2t

, y(t) =
sin(t+B)√
1 +Be−2t

.

This states that all solutions tend to the circle x2(t) + y2(t) = 1 as t→∞.
Of course, in most circumstances it is not possible to construct explicitly

the limit cycle. Generally theorems (such as those below) are used to prove
the existence of a limit cycle.
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Example 2
The Van der Pol equation

d2x

dt2
− µ

(
1− x2

) dx
dt

+ x = 0

with µ > 0 has limit cycles. For this equation, there is negative damping
for small values of x and positive damping for large values of x. Hence the
value of x increases when x is small and it decreases when x is large.

Notes
1. Given a limit cycle Γ and a positive number a, define the annulus

centered on Γ to be {x | distance from x to Γ is less than a} where
the distance from x to Γ is defined to be min

u∈Γ
|x− u|.

A cycle Γ is called isolated if there is a positive number a for which
the annulus centered on Γ contains no other limit cycles. A cycle is
non-isolated if every annulus centered of Γ contains at least one other
limit cycle. The system

dx

dt
= x sin

(
x2 + y2

)
− y, dy

dt
= y sin

(
x2 + y2

)
+ x

has infinitely many isolated cycles whereas the system {x′ = y, y′ =
−x} has infinitely many non-isolated cycles.

2. Part of Hilbert’s 16th problem asked for the maximum number of
limit cycles of the system {x′ = A(x, y), y′ = B(x, y)} where A and
B are polynomials. If A and B are polynomials of degree n, then
the maximum number is known as the Hilbert number or the Hilbert
function, Hn. It is known that H0 = 0, H1 = 0, H2 ≥ 4, H3 ≥ 8,
Hn ≥ n−1

2 if n is odd, and Hn <∞.
The example that demonstrates that H2 ≥ 4 (found by Songling [12])
is

x′ = ax− y − 10x2 + (5 + b)xy + y2,

y′ = x+ x2 + (8c− 25− 9b)xy,

where a = −10−200, b = −10−13, and c = −10−52. See also James
and Lloyd [4].

3. Neto [8] has the two results:

Theorem The equation x′ = a2x
2+a1x+a0, where the {ai} are

continuous functions on [0, 1], has at most two closed solutions,
if not all solutions in [0, 1] are closed.

and

Theorem The equation x′ = a3x
3 + a2x

2 + a1x+ a0, where the
{ai} are continuous functions on [0, 1], has at most three closed
solutions.
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4. If f(x) and g(x) are continuous, have continuous derivatives, and
satisfy the conditions:

• xg(x) > 0 for x 6= 0,
• f(x) is negative in the interval a < x < b (with a < 0 and b > 0)

and positive outside of this interval,
•
∫∞

0
f(x) dx =

∫ 0

−∞ f(x) dx =∞,

then every nontrivial solution of Liénard’s equation

d2x

dt2
+ f(x)

dx

dt
+ g(x) = 0 (16.1)

is either a limit cycle or a spiral that tends toward a limit cycle as
t→∞. See Birkhoff and Rota [1, pages 135–137] for details.

5. Liénard’s theorem states

If f(x) and g(x) are continuous and satisfy the conditions

• F (x) :=
∫ x

0
f(x) dx is an odd function,

• F (x) is zero only at x = 0, x = a, x = −a, for some a > 0,
• F (x)→∞ monotonically for x > a,
• g(x) is an odd function, and g(x) > 0 for x > 0,

then equation (16.1) has a unique limit cycle.

For details, see Jordan and Smith [5]. Note that Van der Pol’s
equation (see example 2) satisfies Liénard’s theorem and, hence, has
a unique limit cycle.

6. Bendixson’s theorem states (see Simmons [11, pages 338–352])

If ∂F∂x + ∂G
∂y is continuous and is always positive or always negative

in a certain region of the phase plane, then the autonomous
system

dx

dt
= F (x, y),

dy

dt
= G(x, y)

has no limit cycles in that region.

For example, the equation for the Lewis regulator

d2x

dt2
+ (1 − |x|)dx

dt
+ x = 0,

which is equivalent to

dx

dt
= F (x, y) = y,

dy

dt
= G(x, y) = −x− (1− |x|)y,

has ∂F
∂x + ∂G

∂y = |x|−1. Hence, the Lewis regulator has no limit cycles
in the strip −1 < x < 1.

7. Another statement of Bendixson’s theorem, regarding periodic solu-
tions or limit cycles, can be stated as follows:
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Consider ẋ = f(x) in a simply connected domain D (in two
dimensions). If the gradient of f is not identically zero over any
subregion of D and does not change sign in D, then D contains
no closed trajectory.

8. The Levinson–Smith theorem states (see Hagedorn [3, page 143])

For the differential equation

x′′ + f(x, x′)x′ + g(x) = 0 (16.2)

if the following conditions are satisfied:

• xg(x) > 0 for all x > 0,
•
∫∞

0 g(x) dx =∞,
• f(0, 0) < 0,
• there exists an x0 > 0 such that f(x, x′) ≥ 0 for |x| > x0,

for every x′,
• there exists a constant M > 0, such that f(x, x′) ≥ −M for
|x| ≤ x0,
• there exists an x1 > x0 such that

∫ x1

x0
f(x, v(x)) dx ≥ 10Mx0,

where v(x) is any arbitrary positive and monotonically de-
creasing function of x,

then equation (16.2) has at least one limit cycle.

9. Sedaghat [9] shows that factorable planar systems (i.e., systems of the
form x′ = f(x)h(y) and y′ = k(x)g(y)) do not have limit cycles.

References
[1] Birkhoff, G., and Rota, G.-C. Ordinary Differential Equations. John

Wiley & Sons, New York, 1978.

[2] Blows, T. R., and Lloyd, N. G. The number of limit cycles of certain
polynomial differential equations. Proc. Roy. Soc. Edinburgh 98A (1984),
215–239.

[3] Hagedorn, P. Non-linear Oscillations. Clarendon Press, Oxford, England,
1982.

[4] James, E. M., and Lloyd, N. G. A cubic system with eight small-
amplitude limit cycles. IMA J. Appl. Mathematics 47 (1991), 163–171.

[5] Jordan, D. W., and Smith, P. Nonlinear Ordinary Differential Equations,
second ed. Clarendon Press, Oxford, England, 1987.

[6] Koditschek, D. E., and Narendra, K. S. Limit cycles of planar quadratic
differential equations. J. Differential Equations 54 (1984), 181–195.

[7] Kuang, Y. Finiteness of limit cycles in planar autonomous systems. Appl.
Anal. 32, 3–4 (1989), 253–264.

[8] Neto, A. L. On the number of solutions of the equation zzzref11refzzz,
zzzref12refzzz, for which x(0)=x(1). Inventiones Mathematicae 59 (1980),
67–76.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



82 I.A Definitions and Concepts

[9] Sedaghat, H. Geometric properties of factorable planar systems of
differential equations. SIAM Review 38, 4 (December 1996), 660–665.

[10] Shahshahani, S. Periodic solutions of polynomial first order differential
equations. Nonlinear Analysis 5, 2 (1981), 157–165.

[11] Simmons, G. F. Differential Equations with Applications and Historical
Notes. McGraw–Hill Book Company, New York, 1972.

[12] Songling, S. A concrete example of the existence of four limit cycles for
plane quadratic systems. Sci. Sinica 23 (1980), 153–158.

[13] Yan-Qian, Y. et al. Theory of Limit Cycles, vol. 66 of Translations of
Mathematical Monographs. Amer. Math. Soc., Providence, RI, 1986.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



17. Natural Boundary Conditions for a PDE 83

17. Natural Boundary
Conditions for a PDE

Applicable to Partial differential equations.

Yields
A proper set of boundary conditions.

Idea
Given a partial differential equation it is not always clear what the

“correct” boundary conditions are. This is especially true for nonlinear
partial differential equations. However, most partial differential equations
that arise in mathematical physics have been obtained from a variational
principle (see page 418).

If we start with the variational principle, then “natural” boundary
conditions will be generated while deriving the equation we started with.
These boundary condition are, in a sense, the most appropriate bound-
ary conditions for the original equation if there is no physical reason for
imposing other conditions.

Procedure
The variational principle that is most often used is δJ = 0, where δ

represents a variation and J is a functional given by

J [φ] =
∫∫
R

L(φ, φt, φx) dt dx.

Here L(·) is a linear or nonlinear functional and φ(x, t) is the unknown
function to be determined. This variational principle states that the inte-
gral J [φ] should be stationary to small changes in φ. If we let h(x, t) be a
continuously differentiable function, that is “small” in magnitude, then we
can form

J [φ+ h]− J [φ] =
∫∫
R

{
Lφtht + Lφxjhxj + Lφ

}
dt dx +O(||h||2),

where subscripts on L denote partial derivatives. The variational principle
requires that δJ := J [φ+ h]− J [φ] = 0, or that∫∫

R

{
Lφtht + Lφxjhxj + Lφ

}
dt dx = 0. (17.1)

If R is assumed to be a parallelpiped, then let Dt (Dxj ) denote the two
parts of the boundary of R on which t (xj) is constant. By integration by
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parts, equation (17.1) can be written as∫∫
R

{
− ∂

∂t
Lφt −

∂

∂xj
Lφxj + Lφ

}
h dt dx = 0, (17.2)

where we have assumed that

Lφt

∣∣∣∣
Dt

= 0, Lφxj

∣∣∣∣
Dxj

= 0. (17.3)

Now h(x, t) was assumed to be arbitrary, so from equation (17.2) we
conclude that

∂

∂t
Lφt +

∂

∂xj
Lφxj − Lφ = 0. (17.4)

We conclude that if we can write a given partial differential equation in the
form of equation (17.4) for some operator L(·), then equation (17.3) gives
the “natural” boundary conditions.

Example
Given the partial differential equation

φtt − α2∇2φ+ β2φ = 0, (17.5)

where ∇2φ =
∑N
j=1 φxjxj , we find that

L(φ, φt, φx) =
1
2
φ2
t −

1
2
α2

N∑
j=1

φ2
xj −

1
2
β2φ2 (17.6)

makes equations (17.4) and (17.5) identical. Therefore, the “natural”
boundary conditions for equation (17.5) are, using equation (17.6) in (17.3),

φt

∣∣∣∣
Dt

= 0, φxj

∣∣∣∣
Dxj

= 0. (17.7)

Equation (17.7) states that the partial differential equation (17.5) requires
both initial and boundary conditions. This was to be expected because
equation (17.5) is a hyperbolic equation.

For example, if N = 1 and R is the region [0, T ] × [0,∞), then Dt =
{t = 0} ∪ {t = T } and Dx1 = {x1 = 0} ∪ {x1 =∞}. Hence, the natural
boundary conditions for equation (17.5) require that {φt(0, x1), φt(T, x1),
φx1(t, 0), φx1(t,∞)} be specified.
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Notes
1. Finding the operator L(·) or, equivalently, finding the variational

principle δJ , is a non-trivial task in general. Also, very often one
wants a vector variational principle that will encompass, simultane-
ously, several separate equations.

2. See the section on variational equations (on page 418) for more ex-
amples.

3. See also Kantorovich and Krylov [1, Chapter 4, pages 241–357] and
Whitham [2].
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18. Normal Forms:
Near-Identity
Transformations

Applicable to Systems of ordinary differential equations.

Yields
A reformulation of the differential equations.

Idea
Find a change of variables in the form of an infinite series, so that the

original system of differential equations goes into a “normal” (or “simple”
or “canonical”) form. The normal form is the simplest member of an equiv-
alence class of differential equations, all exhibiting the same qualitative
behavior. Normal forms are often useful for stability analyses.

Procedure
Start with the system x′ = f(x) such that (without loss of generality)

x = 0 is a critical point. Expand this system to obtain

x′ = Ax + H(x),

where H(x) has strictly nonlinear functions (i.e., there are no linear or
constant terms).

If H(x) has nonlinear terms of at least degree n, then make a near-
identity transformation using polynomials of degree n with unknown coef-
ficients. By appropriately choosing the unknown coefficients in the near-
identity transformation, the original differential equations, when written in
the new variables, will have increased the degree of the nonlinear terms by
one.

We can summarize the procedure as follows:

• We are given the system of ordinary differential equations x′ = f(x) =
Ax + H(x), which we wish to analyze near the point x = 0.

• We make the near-identity transformation from x to u via x = u +
g(u), where g( ) is a strictly nonlinear function.

• This change of variables produces the new equation

u′ = [I + J ]−1f(u + g(u)) = Au + K(u), (18.1)

where I is the identity matrix and J = ∂g
∂u is the Jacobian of the

transformation.
• The function g( ) is chosen to eliminate the nonlinear terms in the

equation for u that are of least order.
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This procedure can be iterated.
If the critical point is “hyperbolic” (all eigenvalues have non-zero real

parts), then the nonlinear terms can always be removed (i.e., one order at
a time). Also, the topological nature does not change. See Guckenheimer
and Holmes [7, Section 3.3].

Example 1
Suppose we have the system of equations

dx

dt
= x+ y2,

dy

dt
= y + xy.

Defining x =
[
x y

]T, this system has the form

dx
dt

=
[
1 0
0 1

]
x +

[
y2

xy

]
=
[
1 0
0 1

]
x + H(x), (18.2)

where H(x) has quadratic nonlinearities. We now choose to make the
near-identity change of variables (of second order)

x = u+ a02u
2 + a11uv + a20v

2,

y = v + b02u
2 + b11uv + b20v

2,
(18.3)

where u and v are functions of t. Combining equation (18.2) and equation
(18.3) we find

du

dt
= u+ (1− a02)v2 − a11uv − a20u

2 + higher order terms,

dv

dt
= v − b02v

2 + (1− b11)uv − b20u
2 + higher order terms, (18.4)

where “higher order terms” means terms that are of orderO(u3, u2v, uv2, v3).
To eliminate the second order terms in equation (18.4), we take {a02 = 1,
a11 = 0, a20 = 0, b02 = 0, b11 = 1, b20 = 0}. With these values, the
transformation in equation (18.3) becomes

x = u+ u2,

y = v + uv

so that the original differential equations in (18.2) becomes

du

dt
= u+ higher order terms,

dv

dt
= v + higher order terms.

This new system now has cubic nonlinearities.
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Example 2
The system of ordinary differential equations for x(t) and y(t):

x′ = y + F (x, y),
y′ = G(x, y),

(18.5)

where F ( ) and G( ) are strictly nonlinear, has the normal form

θ′ = 1 +D1r
2 +D2r

4 + D3r
6 + . . . ,

r′ = B1r
3 +B2r

5 +B3r
7 + . . . ,

where u = r cos θ, v = r sin θ, and {u, v} are related, via a near-identity
transformation, to {x, y}. In this example, the linear equations are not
sufficient to determine the local behavior. Knowledge of B1 is needed to
determine stability (unless it is zero, in which case B2 is needed, etc.).

For example, if equation (18.5) has the form

x′ = y + Fxx
x2

2
+ Fxyxy + Fyy

y2

2
+ Fxxx

x3

6
+ Fxxy

x2y

2

+ Fxyy
xy2

2
+ Fyyy

y3

6
+ . . . ,

y′ = Gxx
x2

2
+Gxyxy + Fyy

y2

2
+Gxxx

x3

6
+Gxxy

x2y

2

+ Gxyy
xy2

2
+Gyyy

y3

6
+ . . . ,

then we find (see Takens [12] for details)

16B1 = Gyyy +Gxxy + Fxyy + Fxxx + FyyGyy − FxxGxx −GxxGxy
−GyyGxy + FxxFxy + FxyFyy.

Example 3
The system of ordinary differential equations for x(t) and y(t):

x′ = −y + F (x, y),
y′ = x+G(x, y),

(18.6)

where F ( ) and G( ) are strictly nonlinear, has the normal form

u′ = v +
∞∑
n=2

bnu
n, v′ =

∞∑
n=2

anu
n, (18.7)
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where {u, v} are related, via a near-identity transformation, to {x, y}. For
example, if equation (18.6) has the form

x′ = −y + Fxx
x2

2
+ Fxyxy + Fyy

y2

2
+ Fxxx

x3

6
+ Fxxy

x2y

2

+ Fxyy
xy2

2
+ Fyyy

y3

6
+ . . . ,

y′ = x+Gxx
x2

2
+Gxyxy + Fyy

y2

2
+Gxxx

x3

6
+Gxxy

x2y

2

+Gxyy
xy2

2
+Gyyy

y3

6
+ . . . ,

then we find that

u′ = v +
1
2

(Gxy + Fxx)u2 +
1
12

(GxyGyy − FxxGyy
+ 2FxyGxy + 2Gxxy − FyyGxx −Gxx + 2Fxxx)u3 + . . . ,

v′ =
1
2
Gxxu

2 +
1
6

(3FxyGxx +Gxxx − FxxGxy)u3 + . . . ,
(18.8)

where C is an arbitrary constant. See Takens [12] for details.
Another normal form for equation (18.6) is given by

U ′ = V,

U ′ =
∞∑
n=2

anU
n +

∞∑
n=2

nbnU
n−1,

where {U, V } are related, via a near-identity transformation, to {x, y}. See
Guckenheimer and Holmes [7] for details.

Notes
1. If a2 6= 0, then the flow of the system in equation (18.7) is topologi-

cally equivalent to the flow of the system {u′ = v, v′ = a2u
2}, which

can be integrated in terms of elliptic integrals. If a2 = 0, then other
conclusions are possible; see Rand and Keith [11] for details.

2. To avoid computing the matrix inverse in equation (18.1), it is suffi-
cient to expand (I +J)−1 into I − J + J2− · · ·+ (−J)n−1 if only the
nonlinear terms of order n are to be removed.

3. The concept of normal forms does not require that the transforma-
tions used be near-identity ones, but they are the ones most often
used in practice.

4. The computations needed for this technique quickly become unman-
ageable unless a computer algebra system is used. Macsyma programs
for performing the necessary computations are given in Chow et al. [3]
and in Rand and Keith [10].

5. Abraham and Marsden [1, page 489] have the theorem
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Consider the system described by the Lagrangian L = K −
V where K = 1

2

∑
i,jmij q̇iq̇j and V = 1

2

∑
i,j cijqiqj and the

matrices mij and cij are symmetric (this is no loss of generality)
and mij is positive definite. Then there is a linear change of
coordinates Qi =

∑
j aijqj and Q̇i =

∑
j aij q̇j such that the

Lagrangian in the new coordinates is L̄ = K̄ − V̄ where K̄ =
1
2

∑
imi(Q̇i)2, V̄ = 1

2

∑
i ciQiQi, and mi > 0.

The new coordinates {Q1, . . . , Qn, Q̇1, . . . , Q̇n} are called normal modes
and Lagrange’s equations become Q̈i + λ2

iQi = 0 (for i = 1, . . . , n)
where λ2

i = −ci/mi.
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19. Random Differential
Equations

Applicable to Differential equations involving random terms.

Idea

While randomness can appear in differential equations in many ways,
most often it appears through “white noise” terms.

Procedure

Suppose that x(t) is a random process that satisfies the stochastic
differential equation

dx(t) = a[x(t), t] dt+ b[x(t), t] dw(t), (19.1)

where w(t) is a standard Wiener process. The Wiener process is a Gaussian
random process that has a mean given by its starting point, E [w(t)] =
w0 = w(t0), a variance of E

[
(w(t) − w0)2

]
= t − t0, and a covariance of

E [w(t)w(s)] = min(t, s). The sample paths of w(t) are continuous but not
differentiable. If we define

α(x, t) = a(x, t)− 1
2
b(x, t)

∂b(x, t)
∂x

, (19.2)

then the solution to the stochastic differential equation, x(t), can be shown
to satisfy (see Gardiner [5])

x(t) = x(t0) +
∫ t

t0

α[x(s), s] ds+
S

∫ t

t0

b[x(s), s] dw(s).
(19.3)

where S
∫

represents the Stratonovich stochastic integral. Hence, an under-
standing of stochastic integration is required to understand the solutions
to stochastic differential equations.

If w(t) is a Wiener process and G(t, w(t)) is an arbitrary function, then
the stochastic integral I =

∫ t
t0
G(s, w(s)) dw(s) is defined as a limiting sum.

Divide the interval [t0, t] into n sub-intervals: t0 ≤ t1 ≤ · · · ≤ tn−1 ≤ tn =
t, and choose points {τi} that lie in each sub-interval: ti−1 ≤ τi ≤ ti. The
stochastic integral I is defined as the limit of partial sums, I = limn→∞ Sn,
with Sn =

∑n
i=1G(τi, w(τi))[w(ti)− w(ti−1)].
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Consider, for example, the special case of G(t) = w(t). Then the
expectation of Sn is computed as

E [Sn] = E

[
n∑
i=1

w(τi)[w(ti)− w(ti−1)]

]

=
n∑
i=1

[min(τi, ti)−min(τi, ti−1)]

=
n∑
i=1

(τi − ti−1).

If we take τi = αti + (1 − α)ti−1 (where 0 < α < 1), then E [Sn] =∑n
i=1(ti − ti−1)α = (t − t0)α. Hence, the value of Sn depends on α. For

consistency, some specific choice must be made for the points {τi}.

• For the Ito stochastic integral (indicated by I
∫

), we choose τi = ti−1

(i.e., α = 0 in the above). That is

I

∫ t

t0

G(s, w(s)) dw(s) = ms-lim
n→∞

{
n∑
i=1

G(ti−1, w(ti−1))[w(ti)− w(ti−1)]

}
,

(19.4)

where ms-lim refers to the mean square limit.

• For the Stratonovich stochastic integral (indicated by S
∫

), we choose
τi = (ti + ti−1)/2 (i.e., α = 1/2 in the above). That is (see Schuss [7])

S

∫ t

t0

G(w(s), x) dw(s)

= ms-lim
n→∞

{
n∑
i=1

G

(
ti−1, w

(
ti + ti−1

2

))
[w(ti)− w(ti−1)]

}
.

(19.5)

The difference in these two integrals can be seen in the evaluation of∫ t
t0
w(s) dw(s). We find that I

∫ t
t0
w(s) dw(s) =

[
w2(t)− w2(t0)− (t− t0)

]
/2

while S
∫ t
t0
w(s) dw(s) =

[
w2(t)− w2(t0)

]
/2.

Notes
1. This book contains several sections for dealing with differential equa-

tions containing random terms:

• To determine the transition probability density, see the discus-
sion of the Fokker–Planck equation on page 303.
• To obtain the moments without solving the complete problem,

see pages 568 and 572.
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• If the noise appearing in the differential equation is not “white
noise,” the section on stochastic limit theorems might be useful
(see page 629).
• To numerically simulate the solutions of a stochastic differential

equation, see the technique on page 775.

2. It can be shown that the Stratonovich integral has the usual proper-
ties of integrals, such as the fundamental theorem of integral calculus:

S

∫ t

t0

f ′(w(s)) dw(s) = f(w(t))− f(w(t0)).

3. For arbitrary functions G, there is no connection between the Ito and
Stratonovich integrals. However, when x(t) satisfies (19.1), then (see
Gardiner [5, page 99])

S

∫ t

t0

b[x(s), s] dw(s) =
I

∫ t

t0

b[x(s), s] dw(s)+
1
2

∫ t

t0

b[x(s), s]
∂b[x(s), s]

∂x
ds.

4. The Black–Scholes PDE for option pricing is obtained using stochas-
tic differential equations (see Black and Scholes [1]). Let S represent
the price of a share of stock, and assume S follows a geometric
Brownian motion dS = µS dt+σS dω, where t is time, µ is a constant,
and σ is the volatility constant. Let V (S, t) be the price of a derivative
security whose payoff is only a function of S and t. Construct a
portfolio consisting of V and ∆ shares of stock. The value P of
this portfolio is P = V + ∆S. The differential of P is given by
dP = dV + ∆ dS. Substituting for dV (using Ito’s lemma), and
replacing dS by its assumed form results in

dP =
(
∂V

∂t
+ µS

∂V

∂S
+

1
2
σ2S2 ∂

2V

∂S2
+ µ∆S

)
+
(
σS

∂V

∂S
+ σ∆S

)
dω.

The random component of the portfolio increment can be removed by
choosing ∆ = −∂V

∂S . The concept of arbitrage says that dP = rP dt,
where r is the (constant) risk-free bank interest rate. Combining the
above results in the Black–Scholes PDE

∂V

∂t
+ rS

∂V

∂S
+

1
2
σ2S2 ∂

2V

∂S2
− rV = 0.
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20. Self-Adjoint
Eigenfunction
Problems

Applicable to Linear differential operators.

Yields
Information that may be used to show completeness of a set of functions.

Procedure
Many of the differential equations of mathematical physics are related to

self-adjoint eigenfunction problems. As a special subcase, Sturm–Liouville
equations are often self-adjoint eigenfunction problems. (Sturm–Liouville
problems are discussed in more detail on page 103.)

Let L[·] be the nth order linear operator defined by

L[y] = pn(x)
dny

dxn
+ pn−1(x)

dn−1y

dxn−1
+ · · ·+ p0(x)y,

where the {pi(x)} are complex valued and analytic and pn(x) 6= 0 on the
interval x ∈ [a, b]. Define n boundary conditions by

Bj [y] :=
n∑
k=1

(
Mjk

d(k−1)y

dx(k−1)
(a) +Njk

d(k−1)y

dx(k−1)
(b)
)

= 0, j = 1, . . . , n,

where the {Mjk, Njk} are given complex constants.
The problem we consider is

L[y] = λy, B[y] = 0, (20.1)

where B[y] = 0 is a shorthand notation for {Bj[y] = 0 | j = 1, . . . , n}. The
system in equation (20.1) will always have the trivial solution, y(x) = 0.
But, for certain values of λ, called eigenvalues, the system in equation (20.1)
will have non-trivial solutions. Corresponding to the specific eigenvalue λn
will be one or more eigenfunctions, that is, non-trivial solutions to (20.1)
when λ = λn.

We represent the complex conjugate of g by ḡ. Define the inner prod-
uct of f(x) and g(x) by (f, g) =

∫ b
a
f(t)ḡ(t) dt and the norm of f(x) by

||f || :=
√

(f, f). If (f, g) = 0, then f and g are said to be orthogonal. If
{f1, f2, . . . , fn} are a set of functions with (fi, fj) = 0 when i 6= j, then the
{fi(x)} are an orthogonal family.

The adjoint operator to L[·], called L∗[·], is defined by

L∗[y] := (−1)n
d(n)[p̄n(x)y]

dx(n)
+ (−1)n−1d

(n−1)[p̄n−1(x)y]
dx(n−1)

+ · · ·+ p̄0y.
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Let u(x) be a solution to the system {L[u] = 0, B[u] = 0}, and let v(x) be
a solution to the adjoint system {L∗[v] = 0, B∗[v] = 0}, where {B∗[y] = 0}
is a shorthand notation for {B∗j [y] = 0 | j = 1, . . . , n} and the B∗i [·] are, for
the moment, unspecified. Using the definitions of u(x) and v(x), we can
calculate

vL[u]− uL∗[v] =
d

dx
J(u, v), (20.2)

where J(u, v) is called the bilinear concomitant and is defined by

J(u, v) =
n∑

m=1

∑
j+k=m−1

(−1)k
(
dk

dxk
(pmu)

)(
djv

dxj

)
.

(20.3)

Integrating equation (20.2) results in∫ b

a

(vL[u]− uL∗[v]) dx = J(u, v)
∣∣b
a

= J
(
u(b), v(b)

)
− J

(
u(a), v(a)

)
.

(20.4)

We now define the B∗i [·] to be those boundary conditions for which the
right-hand side of equation (20.4) vanishes.

If L = L∗, then L is said to be formally self-adjoint. If L = L∗ and
B = B∗, then L is said to be self-adjoint. Note that if L[·] is formally
self-adjoint, then n = 2r and L[·] must be of the form

L[u] =
dr

dxr

(
br(x)

dru

dxr

)
+ · · ·+ d

dx

(
b1(x)

du

dx

)
+ b0(x)u.

(20.5)

As we now record, self-adjoint operators have some very useful proper-
ties. If L[·] is self-adjoint, then

• The eigenvalues λn of equation (20.1) are real.
• The eigenvalues are enumerable (with no cluster point).
• The eigenfunctions yn(x) corresponding to distinct eigenvalues are

orthogonal.
• If f(x) is any analytic function that satisfies the boundary conditions

in equation (20.1) (i.e., Bj [f ] = 0, for j = 1, . . . , n), then, on the

interval [a, b], we have the representation f(x) =
∞∑
k=0

(f, yk)
(yk, yk)

yk(x).

That is, the {yk(x)} are complete. It is this last statement that is of par-
ticular importance in solving differential equations. The method suggested
by this statement, the method of eigenfunction expansions, is described on
page 268.
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Example 1
Suppose we have the linear differential operator

L[y] =
d2

dx2

(
r2(x)

d2y

dx2

)
+

d

dx

(
r1(x)

dy

dx

)
+ r0(x). (20.6)

Because of the form of the operator, we know that L[·] will be formally self-
adjoint (see equation (20.5)). For this operator, we can evaluate J(u, v) at
the upper and lower limits (from equation (20.3)) to find

J(u, v)
∣∣b
a

=
[
v(r2u

′′)′ − v′r2u
′′ + r2v

′′u′ − u(r2v
′′)′ + r1(vu′ − uv′)

] ∣∣b
a
.

(20.7)

To determine whether L[·] is self-adjoint or not, we need to specify B[y].
Because equation (20.6) is a fourth order operator, four boundary condi-
tions are required. We will consider three separate cases:

• Case 1 If B[y] is defined by

B1[y] = y(a),
B2[y] = y′′(a),
B3[y] = y(b),
B4[y] = y′′(b),

(20.8)

then J(u, v) can be evaluated and equation (20.7) can be simplified
to yield

r2v
′′u′ + r1vu

′ ∣∣b
a
. (20.9)

If we choose B = B∗ (i.e., B∗i [y] = Bi[y]), then the quantity in (20.9)
is identically zero. Hence, L[·], as defined by equations (20.6) and
(20.8) is self-adjoint.

• Case 2 If B[y] is defined by

B1[y] = y(a),
B2[y] = y′(a),
B3[y] = y(b),
B4[y] = y′(b),

(20.10)

then J(u, v) can be evaluated and equation (20.7) can be simplified
to yield

v(r2u
′′)′ − v′r2u

′′ ∣∣b
a
. (20.11)

Once again, if we choose B = B∗, then the quantity in (20.11)
is identically zero. Hence, L[·], as defined by equations (20.6) and
(20.10) is self-adjoint.
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• Case 3 If B[y] is defined by

B1[y] = y(a),
B2[y] = y′(a),
B3[y] = y′′(a),
B4[y] = y′′′(a),

(20.12)

then J(u, v) can be evaluated and equation (20.7) can be simplified
to yield

v(r2u
′′)′ − v′r2u

′′ + r2v
′′u′ − u(r2v

′′)′ + r1(vu′ − uv′)
∣∣
x=b

.
(20.13)

If, in this case, we choose B = B∗, then the quantity in equation
(20.13) does not vanish. If B = B∗, then no information has been
given at the boundary x = b, and the quantity in (20.13) is indeter-
minate. Hence, L[·], as defined by equations (20.6) and (20.12), is
not self-adjoint. An initial value problem can never be self-adjoint.

Example 2
The operator

L[y] =
d

dx

(
a2(x)

dy

dx

)
+ a1(x)

dy

dx
+ a0(x),

with the boundary conditions

B1[y] = y(a),
B2[y] = y′(b),

is self-adjoint. See the section on Sturm–Liouville theory (page 103).

Example 3
A third order linear ordinary differential equation is formally self-adjoint

if it has the form

d2

dx2

(
P (x)

dy

dx

)
+

d

dx

(
P (x)

d2y

dx2

)
+

d

dx

(
Q(x)y

)
+Q(x)

dy

dx
= 0.

(20.14)

The general third order linear ordinary differential equation

A(x)
d3y

dx3
+B(x)

d2y

dx2
+ C(x)

dy

dx
+D(x) = 0,

will be formally self-adjoint if and only if B = 3
2A
′ and D = 1

2

(
C − 1

3B
′)′.

The self-adjoint third order equation (20.14) has the first integral

P
(
2yy′′ − (y′)2

)
+ P ′yy′ +Qy2 = constant.
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Example 4
The general fourth order linear ordinary differential equation

A(x)y′′′′ +B(x)y′′′ + C(x)y′′ +D(x)y′ + E(x)y = 0,

will be formally self-adjoint if and only if B = 2A′ and D =
(
C − 1

2B
′)′.

Notes
1. Some of the conditions above can be relaxed, and the main results for

self-adjoint operators will still be true. See, for instance, Coddington
and Levinson [3, Chapter 7].

2. For partial differential equations there are many results analogous to
those mentioned above for ordinary differential equations. We enu-
merate some of them for the Helmholtz equation in two dimensions:
For the equation ∇2φ + λφ = 0, in a region R, with the boundary
conditions aφ+ b∇φ ·n = 0, given on the entire boundary of R (here
n represents the unit normal):

• All the eigenvalues {λi} are real.
• There are an infinite number of eigenvalues. There is an eigen-

value of least magnitude but no largest one.
• The eigenfunctions {φi(x, y)} form a complete set: Any analytic

function can be represented in the form f(x, y) =
∑
i aiφi(x, y),

for some set of constants {ai}.
• Eigenfunctions belonging to different eigenvalues are orthogonal.

That is
∫∫
R

φiφ̄j dx dy = 0, if λi 6= λj .

• An eigenfunction φ is related to it’s eigenvalue λ by the Rayleigh
quotient

λ =
−
∮
φ∇φ · n ds+

∫∫
R

|∇φ|2 dx dy∫∫
R

φ2 dx dy
.

3. Many other partial differential equations have very similar properties.
See Haberman [5, pages 214–219] for details.

4. Partial differential equations can also be self-adjoint. The elliptic
equation auxx+cuyy+dux+euy+fu = g(x, y) is said to be essentially
self-adjoint when Nx = My, where

N := d− ax
a
, M := e− cy

c
.

In this case, an integrating factor is given by eφ, where φx = N ,
φy = M . Multiplying the original equation by this factor puts the
equation in self-adjoint form. For example, the equation

uxx + uyy + x2ux + y2uy + u = 0
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has N = x2, M = y2, which leads to φ = 1
3

(
x3 + y3

)
. Multiplying

the equation by eφ results in the self-adjoint form of the equation:[
e(x3+y3)/3ux

]
x

+
[
e(x3+y3)/3uy

]
y

+ e(x3+y3)/3u = 0.

5. See Birkhoff and Rota [1, Chapters 10–11], Butkov [2, Chapter 9,
pages 332–404], Dunford and Schwartz [4], Ince [6, Chapters 9–11,
pages 204–278], and Stakgold [7, Chapter 3].
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21. Stability Theorems

Applicable to Differential equations of all types.

Yields
Knowledge of whether or not there are stable solutions.

Idea
There are theorems available for most cases of interest.

Procedure
There are many theorems that can be used to determine whether the

solutions to a differential equation are stable. For example, useful simple
theorems include

Theorem Consider the equation y′ = Ay + f(t,y), where A is a real
constant matrix whose eigenvalues all have negative real parts. Let
f be real, continuous for small |y| and t ≥ 0, and f(t,y) = o(|y|) as
|y| → 0, uniformly for t ≥ 0. Then the identically zero solution is
asymptotically stable.

Theorem If

1. Every solution of y′ = Ay approaches zero as t→∞,
2. ||f(z)||/||z|| → 0 as z→ 0,
3. ||f(z1) − f(z2)|| ≤ c1||z1 − z2|| for ||z1|| and ||z2|| less than c2

where c1 → 0 as c2 → 0,

then z = 0 is a stable solution of y′ = Ay + f(y).

Example
Consider the equation y′ = −2y + f(t). Using the second theorem the

solution y = 0 is stable for f(y) = yn when n > 1.

Notes
1. Stability is required if a differential equation is to be well posed (see

page 115).
2. Floquet theory and Lyapunov functions are two techniques that can

determine whether an equation has stable or unstable solutions (see
pages 523 and 551).

3. Note that solutions to the equation y′ = A(t)y can be increas-
ing even if all the eigenvalues of A(t) have negative real parts for
any fixed value of t. For example, consider the matrix A(t) =[
− 1

4(1+t)
1

(1+t)2

− 1
4 − 1

4(1+t)

]
. This matrix has the eigenvalues λ1,2 =

−1± 2i
4(1 + t)

,
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yet the general solution to y′ = A(t)y is given by

y(t) = α

[
(1 + t)−3/4

− 1
2 (1 + t)1/4

]
+ β

[
(1 + t)−3/4 log(1 + t)

(1 + t)1/4
(
1− 1

2 log(1 + t)
)] ,

where α and β are arbitrary constants.
4. There are many different technical definitions of stability. For the

equation

y′ = f(t,y), (21.1)

defined when t ≥ t0, the solution is said to be

• Stable if for each ε > 0 there is a corresponding δ = δ(ε) > 0
such that any solution ŷ(t) of equation (21.1) that satisfies the
inequality |ŷ(t0)− y(t0)| < ε exists and satisfies the inequality
|ŷ(t)− y(t)| < δ for all t ≥ t0. A solution that is not stable is
said to be unstable.
• Asymptotically stable if, in addition to the above stability re-

quirements, |ŷ(t)− y(t)| → 0 as t→∞, whenever |ŷ(t0)− y(t0)|
is sufficiently small.
• Uniformly stable if for each ε > 0 there is a corresponding δ =
δ(ε) > 0 such that any solution ŷ(t) of equation (21.1) that
satisfies the inequality |ŷ(t0)− y(t0)| < δ for some t1 ≥ t0 exists
and satisfies the inequality |ŷ(t)− y(t)| < ε for all t ≥ t1.
• Uniformly asymptotically stable if, in addition to the require-

ments for asymptotic stability, there is a δ0 > 0, and for each ε >
0 a corresponding T = T (ε) > 0 such that if |ŷ(t1)− y(t1)| < δ0

for some t1 ≥ t0, then |ŷ(t)− y(t)| < ε for all t ≥ t1 + T .
• Strongly stable if for each ε > 0 there is a corresponding δ =
δ(ε) > 0 such that any solution ŷ(t) of equation (21.1) that
satisfies the inequality |ŷ(t0)− y(t0)| < δ for some t1 ≥ t0 exists
and satisfies the inequality |ŷ(t)− y(t)| < ε for all t ≥ t0.
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22. Sturm–Liouville Theory

Applicable to Second order linear ordinary differential operators.

Yields
Information about whether an operator is self-adjoint.

Procedure
Many of the differential equations of mathematical physics are Sturm–

Liouville equations. Sturm–Liouville equations arise naturally, for instance,
when separation of variables (see page 487) is applied to the wave equation,
the potential equation, or the diffusion equation.

The Sturm–Liouville operator, L, is defined by

L :=
1

s(x)

(
− d

dx

[
p(x)

d

dx

]
+ q(x)

)
, (22.1)

where p, p′, q, and s are real and continuous and s(x) > 0 and p(x) > 0 on
the interval (a, b). The Sturm–Liouville equation is defined by

L[y(x)] = −λy(x), (22.2)

or, equivalently,

− d

dx

[
p(x)

dy

dx

]
+ q(x)y + λs(x)y = 0, (22.3)

for x ∈ [a, b]. The parameter λ is an eigenvalue of the equation. Given
a specific set of boundary conditions, there may be specific values of λ
for which equation (22.2) has a non-trivial solution. For different types of
boundary conditions, different types of behavior are possible.

Many facts are known about Sturm–Liouville systems:

• L, as defined by equation (22.1), is formally self-adjoint (see page
95), with the inner product, (f, g)s :=

∫
s(x)f(x)ḡ(x) dx.

• L is self-adjoint (see page 95) when

– The boundary conditions are unmixed (or separated). That is,
they are of the form

α1y(a) + β1y
′(a) = 0,

α2y(b) + β2y
′(b) = 0.

(22.4)

– The boundary conditions are periodic. That is, they are of the
form

y(a) = y(b),
y′(a) = y′(b).
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• When the boundary conditions are given as in equation (22.4), and,
in addition, p(x) > 0, q(x) > 0, α1/β1 > 0, α2/β2 > 0, then

– L is a positive definite operator (i.e., (Lu, u) > 0, for all u 6= 0).
– The eigenvalues are simple (i.e., each eigenvalue has a single

eigenfunction associated with it).

• When the operator L is not self-adjoint then

– If λ is a complex eigenvalue of L, then λ̄ is an eigenvalue of L∗,
the adjoint of L.

– Eigenfunctions of L are orthogonal to those of L∗.

If the interval [a, b] is finite and p(x) and s(x) are positive at the
endpoints, then the problem is said to be regular. Otherwise, it is said to be
singular. For singular Sturm–Liouville problems, problems are subdivided
into two cases, the limit-circle case and limit-point case. Consider equation
(22.2) when one of the endpoints is regular and the other singular. Define
the s-norm of a function u(x) by

||u||s = (u, u)s =
∫ b

a

s(x)|u(x)|2 dx.

If, for any particular complex number λ, the solution to equation (22.2)
satisfies

• ||y||s <∞, then L is said to be of the limit-circle type at infinity. In
this case, all solutions of equation (22.2) will satisfy ||y||s < ∞, for
any value of λ.
• ||y||s =∞, then L is said to be of the limit-point type at infinity.

If both endpoints are singular, we introduce an intermediate point l,
a < l < b and then classify L as being of the limit-point type or the
limit-circle type at each endpoint according to the behavior of solutions in
a < x < l and in l < x < b (the classification is independent of the choice
of l).

For a given real λ, the problem in equation (22.2) is

• Oscillatory at x = a if and only if every solution has infinitely many
zeros clustering at a.
• Nonoscillatory at x = a if and only if no solution has infinitely many

zeros clustering at a.

The classification is mutually exclusive for a fixed λ but can vary with λ.
If L is in the limit-point case at infinity, then there is the following

completeness theorem:

Theorem If g(λ) =
∫∞

0 f(x)Ψ(x, λ) dx, then f(x) =
∫∞
−∞ g(λ) Ψ(x, λ) dρ(λ)

for a (computable) density function ρ(λ).
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A completeness theorem is required for a proof that a separation of
variables calculation (see page 487) has been done correctly.

The following theorem and corollaries may help decide the type of the
operator L:

Theorem Let M be a positive differentiable function, and let k1 and
k2 be two positive constants such that for large x,

q(x) ≥ −k1M(x),∫ ∞
x

(p(t)M(t))−1/2 dt =∞,

|p1/2(x)M ′(x)M−3/2(x)| < k2,

then L is in the limit-point case at infinity.

Corollary If q(x) ≥ −k, where k is a positive constant, and∫∞
n
p−1/2(t) dt =∞ (where n is any finite number), then L is in the

limit-point case at infinity.

Corollary If p(x) = 1 for 0 < x < ∞ and q(x) ≥ −kx2 for some
positive constant k, then L is in the limit-point case at infinity.

Example 1
The differential equation and boundary conditions

−(xy′)′ = λxy,

u(1) = 0,
u(2) = 0,

correspond to the Sturm–Liouville operator in equation (22.1) with p(x) =
x, q(x) = 0, and s(x) = x. This is a regular Sturm–Liouville problem on
the interval [1, 2]. The eigenvalues and eigenfunctions are readily computed
(see Stakgold [6, page 423]. If we define λn = r2

n, then the rn are determined
from

J0(rn)
J0(2rn)

=
N0(rn)
N0(2rn)

,

and the corresponding eigenfunction is given by

yn(x) =
rnπJ0(2rn)√

2
√
J0(rn)2 − J0(2rn)2

[J0(rn)N0(rnx) − J0(rnx)N0(rn)].

Example 2
The differential equation with boundary conditions

−(x2y′)′ − λu = 0,
u(1) = 0,
u(e) = 0,
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for x ∈ [1, e] is a regular Sturm–Liouville problem with unmixed boundary
conditions, so the eigenfunctions are complete. In this case we find

λn = n2π2 +
1
2
, yn = x−1/2 sin(nπ log x).

22.1 Classification of Sturm–Liouville Problems
Pruess et al. [5] have devised a classification scheme and taxonomy for

Sturm–Liouville problems on the interval (a, b). They define:

Category 1: Problem (22.2) is nonoscillatory at x = a and x = b.
The spectrum is simple, purely discrete, and bounded below.

Category 2: Problem (22.2) is nonoscillatory at one endpoint. At the
other endpoint, it is nonoscillatory for λ ∈ (−∞, t0) and oscillatory
for λ ∈ (t0,∞).
The spectrum is simple and bounded below. The point spectrum (if
any) is in (−∞, t0) whereas (t0,∞) is the continuous spectrum.

Category 3: Problem (22.2) is nonoscillatory at one endpoint. At the
other endpoint it is limit-circle and oscillatory.
The spectrum is simple, unbounded both above and below, and purely
discrete.

Category 4: Problem (22.2) is nonoscillatory at one endpoint. At the
other endpoint, it is limit-point and oscillatory.
The spectrum is simple and purely continuous; the continuous spec-
trum is the entire real line.

Category 5: Problem (22.2) is limit-circle and oscillatory at x = a. It is
limit-point and oscillatory at x = b.
The spectrum is simple, unbounded both above and below, and purely
discrete.

Category 6: Problem (22.2) is limit-point and oscillatory at x = a. It is
limit-point and oscillatory at x = b.
The nature of the spectrum is unknown; a continuous spectrum is
likely.

Category 7: Problem (22.2) is limit-point and oscillatory at one endpoint
(x = a or x = b). At the other endpoint, it is limit-circle and
oscillatory.
The spectrum is simple and purely continuous; the continuous spec-
trum is the entire real line.

Category 8: Problem (22.2) is limit-circle and oscillatory at one endpoint
(x = a or x = b). At the other endpoint, it is nonoscillatory for
λ ∈ (−∞, t0) and oscillatory for λ ∈ (t0,∞).
The spectrum is simple; the point spectrum (if any) is unbounded
below but bounded above by t0. The continuous spectrum is in
(t0,∞).
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Category 9: Problem (22.2) is limit-point and oscillatory at one endpoint
(x = a or x = b). At the other endpoint, it is nonoscillatory for
λ ∈ (−∞, t0) and oscillatory for λ ∈ (t0,∞).
The spectrum may be nonsimple.

Category 10: At x = a problem (22.2) is nonoscillatory for λ ∈ (−∞, t0)
and oscillatory for λ ∈ (t0,∞). At x = b, it is nonoscillatory for
λ ∈ (−∞, t1) and oscillatory for λ ∈ (t1,∞).
The spectrum may be nonsimple. The point spectrum (if any) is in
the interval (−∞,min(t0, t1)) and is bounded below. The continuous
spectrum is in (min(t0, t1),∞).

Notes
1. For transformations of equation (22.3), see page 157.
2. The regular Sturm–Liouville equation, written in the form

d2z

dt2
− r(t)z + λz = 0,

with the boundary conditions z(0) = z(L) = 0, has the asymptotic
eigenvalues and eigenfunctions

zn(t) =

√
2
L

sin
(nπ
L
t
)

+O

(
1
n

)
,

λn =
n2π2

L2
+O(1)

as n→∞. (See the Prüfer method on page 150.)
3. For the Sturm–Liouville equation L[y] = −(py′)′ + qy − λwy = 0 on

[a,∞], define θ and φ to be solutions satisfying {θ(a) = 0, pθ′
∣∣
x=a

=
1} and {φ(a) = −1, pφ′

∣∣
x=a

= 0}. The Titchmarsh–Weyl function
m(λ) is defined to be the functions {m±}, defined on the upper and
lower half planes, such that

∫∞
a
|θ(x, λ) +m±(λ)φ(x, λ)|2 dx <∞ for

all strictly complex values of λ.
4. See also Birkhoff and Rota [1, Chapters 10–11], Coddington and

Levinson [2, Chapters 7–12], Levitan and Sargsjan [4, Chapter 6,
pages 139–182 and Chapter 12, pages 324–340], Stakgold [6, Chapter
7, pages 411–466], and Zauderer [7, pages 136–159].
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23. Variational Equations

Applicable to Differential equations that arise from variational
principles.

Yields
A variational principle.

Procedure
Most differential equations that arise in mathematical physics have been

obtained from a variational principle. The variational principle that is most
often used is δJ = 0, where δ represent a variation and J is a functional
given by

J [u] =
∫∫
R

L(x, ∂xj )u(x) dx. (23.1)

Here, L(·) is a linear or nonlinear function of its arguments, and u(x) is the
unknown function to be determined. This variational principle states that
the integral J [u] should be stationary to small changes in u(x). If we let
h(x) be a “small,” continuously differentiable function, then we can form

J [u+ h]− J [u] =
∫∫
R

{
L(x, ∂xj)(u(x) + h(x))− L(x, ∂xj)u(x)

}
dx.
(23.2)

By integration by parts, equation (23.2) can often be written as

J [u+ h]− J [u] =
∫∫
R

N(x, ∂xj)u(x) dx +O(||h||2),

plus some boundary terms (see page 83). The variational principle requires
that δJ := J [u+ h]− J [u] vanishes to leading order, or that

N(x, ∂xj )u(x) = 0. (23.3)

Equation (23.3) is called the first variation of equation (23.1) or the Euler–
Lagrange equation corresponding to equation (23.1). (This is sometimes
called the Euler equation.) A functional in the form of equation (23.1) de-
termines an Euler–Lagrange equation. Conversely, given an Euler–Lagrange
equation, a corresponding functional can sometimes be obtained.

Many approximate and numerical techniques utilize the functional asso-
ciated with a given system of Euler–Lagrange equations. See, for example,
the Rayleigh–Ritz method (page 638) and the finite element method (page
734).
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The following collection of examples assumes that the dependent vari-
able in the given differential equation has natural boundary conditions (see
page 83). If the dependent variable did not have these specific boundary
conditions, then the boundary terms that were discarded in going from
equation (23.2) to equation (23.3) would have to be satisfied in addition to
the Euler–Lagrange equation.

Example 1
The Euler–Lagrange equation for the functional

J [y] =
∫
R

F
(
x, y, y′, . . . , y(n)

)
dx, (23.4)

where y = y(x) is

∂F

∂y
− d

dx

(
∂F

∂y′

)
+

d2

dx2

(
∂F

∂y′′

)
− · · ·+ (−1)n

dn

dxn

(
∂F

∂y(n)

)
= 0.

(23.5)

For this equation the natural boundary conditions are given by

y(x0) = y0, y′(x0) = y′0, . . . , y(n−1)(x0) = y
(n−1)
0 ,

y(x1) = y1, y′(x1) = y′1, . . . , y(n−1)(x1) = y
(n−1)
1 .

Example 2
The Euler–Lagrange equation for the functional

J [u] =
∫∫
R

F (x, y, u, ux, uy, uxx, uxy, uyy) dx dy, (23.6)

where u = u(x, y) is

∂F

∂u
− ∂

∂x

(
∂F

∂ux

)
− ∂

∂y

(
∂F

∂uy

)
+

∂2

∂x2

(
∂F

∂uxx

)
+

∂2

∂x∂y

(
∂F

∂uxy

)
+

∂2

∂y2

(
∂F

∂uyy

)
= 0. (23.7)

Example 3
The Euler–Lagrange equation for the functional

J [u] =
∫∫
R

[
a

(
∂u

∂x

)2

+ b

(
∂u

∂y

)2

+ cu2 + 2fu

]
dx dy,

(23.8)

is

∂

∂x

(
a
∂u

∂x

)
+

∂

∂y

(
b
∂u

∂y

)
− cu = f. (23.9)
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Example 4
For the 2mth order ordinary differential equation (in formally self-

adjoint form)
m∑
k=0

(−1)k
dk

dxk

(
pk(x)

dku

dxk

)
= f(x),

u(a) = u′(a) = · · · = u(m−1)(a) = 0,

u(b) = u′(b) = · · · = u(m−1)(b) = 0,

(23.10)

a corresponding functional is

J [u] =
∫ b

a

(
m∑
k=0

pk(x)
(
dku

dxk

)2

− 2f(x)u(x)

)
dx.

(23.11)

Example 5
Consider the system of n second order ordinary differential equations

for the unknowns {uk(x) | k = 1, . . . , n}

−
n∑
k=1

[
d

dx

(
pjk(x)

duk
dx

)
+ qjk(x)uk

]
= fj(x),

uj(a) = uj(b) = 0,

(23.12)

for j = 1, 2, . . . , n. If pjk = pkj , qjk = qkj , if the matrix {pjk} is bounded
and positive definite, and if the matrix {qjk} is bounded and non-negative
definite, then a functional corresponding to equation (23.12) is

J [u] =
∫ b

a

 n∑
j,k=1

[
pjk(x)

duj
dx

duk
dx

+ qjk(x)ujuk

]
−

n∑
j=1

fj(x)uj(x)

 dx.

(23.13)

Example 6
If Aij(x) is a symmetric and positive definite matrix, so that the partial

differential equation for u(x) = u(x1, . . . , xm)

−
m∑

i,j=1

∂

∂xi

(
Aij

∂u

∂xj

)
+ C(x)u = f(x), (23.14)

is elliptic in Ω, C(x) > 0, and there are Dirichlet boundary conditions

u
∣∣
∂Ω

= 0, (23.15)

then a corresponding functional is

J [u] =
∫

Ω

 m∑
i,j=1

Aij
∂u

∂xi

∂u

∂xj
+ Cu2 − 2fu

 dx,
(23.16)

where (23.16) is to be minimized over those functions that satisfy equation
(23.15).
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Example 7
If Aij(x) is a symmetric and positive definite matrix, so that the partial

differential equation for u(x) = u(x1, . . . , xm),

−
m∑

i,j=1

∂

∂xj

(
Aij

∂u

∂xj

)
+ C(x)u = f(x), (23.17)

is elliptic in Ω, C(x) > 0, and there are the boundary conditions m∑
i,j=1

Aij
∂u

∂xj
cos(ν, xi) + σu


∂Ω

= 0, (23.18)

where ν is normal to ∂Ω and σ is a positive function on ∂Ω, then a
corresponding functional is

J [u] =
∫

Ω

 m∑
i,j=1

Aij
∂u

∂xi

∂u

∂xj
+ Cu2 − 2fu

 dx +
∫
∂Ω

σu2 dS,
(23.19)

where (23.19) is to be minimized over those functions for which equation
(23.18) is satisfied.

Notes
1. Note that two different functionals can yield the same set of Euler–

Lagrange equations. For example, δ
∫
J dx = δ

∫
(J+y+xy′) dx. The

reason that δ
∫

(y + xy′) dx = 0 is because the integrand is an exact
differential (i.e.,

∫
(y+xy′) dx =

∫
d(xy)). Hence, this integral is path

independent; its value is determined by the boundary conditions. The
Euler–Lagrange equations for the two functionals

∫∫
uxxuyy dx dy and∫∫

(uxy)
2
dx dy are also the same.

2. If a differential equation can be derived from a variational princi-
ple, then admittance of a Lie group is a necessary condition to find
conservation laws by Noether’s theorem.

3. Even if the boundary conditions given with a differential equation
are not natural, a variational principle may sometimes be found.
Consider

J [u] =
∫ x2

x1

F (x, u, u′) dx− g1(x, u)
∣∣
x=x1

+ g2(x, u)
∣∣
x=x2

,

where g1(x, u) and g2(x, u) are unspecified functions. The necessary
conditions for u to minimize J [u] are (see Mitchell and Wait [5]).

∂F

∂u
− d

dx

∂F

∂u′
= 0,

∂F

∂u′
+
∂g1

∂u

∣∣∣∣
x=x1

= 0,
∂F

∂u′
+
∂g2

∂u

∣∣∣∣
x=x2

= 0.
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If g1 and g2 are identically zero, then we recover the natural boundary
conditions. However, we may choose g1 and g2 to suit other boundary
conditions. For example, the problem

u′′ + f(x) = 0,

u′ + αu
∣∣
x=x1

= 0, u′ + βu
∣∣
x=x2

= 0

corresponds to the functional

J [u] =
∫ x2

x1

[
1
2

(u′)2 − f(x)u
]
dx+

βu2

2

∣∣∣∣
x=x2

− αu2

2

∣∣∣∣
x=x1

.

4. This technique can be used in higher dimensions. For example,
consider the functional

J [u] =
∫∫
R

F (x, y, u, ux, uy, uxx, uxy, uyy) dx dy

+
∫
∂R

G(x, y, u, uσ, uσσ, un) dσ,

where ∂/∂σ and ∂/∂n are partial differential operators in the direc-
tions of the tangent and normal to the curve ∂R. Necessary condi-
tions for J [u] to have a minimum are the Euler–Lagrange equations
(given in equation (23.7)) together with the boundary conditions:

[
∂F

∂ux
− ∂

∂x

∂F

∂uxx

]
yσ −

[
∂F

∂uy
− ∂

∂y

∂F

∂uyy

]
xσ

−
[
∂

∂σ

(
∂F

∂uxx
− ∂F

∂uyy

)]
xσyσ +

1
2

[
∂

∂σ

∂F

∂uxy

(
x2
σ − y2

σ

)]
+

1
2

[(
∂

∂x

∂F

∂uxy

)
xσ −

(
∂

∂y

∂F

∂uxy

)
yσ

]
+Gu −

∂

∂σ

∂G

∂uσ
+

∂2

∂σ2

∂G

∂uσσ
= 0,

∂G

∂un
+

∂F

∂uxx
y2
σ +

∂F

∂uyy
x2
σ +

∂F

∂uxy
xσyσ = 0,

(23.20)

where xσ = dx
dσ and yσ = dy

dσ . See Mitchell and Wait [5] for details.
5. Mathematica has the package VariationalMethodswhich can deter-

mine the Euler equations for a general integrand.
6. See also Butkov [1, pages 573–588], Collatz, [2, pages 540–541], Far-

low, [3, pages 362–369], and Kantorovich and Krylov [4, Chapter 4,
pages 241–357].
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24. Well Posed Differential
Equations

Applicable to Ordinary and partial differential equations.

Yields
Knowledge of whether the equation is intrinsically well posed.

Idea
Before an attempt is made to determine or approximate the solution of

a differential equation, it should be checked to determine if the differential
equation problem is intrinsically well posed.

Procedure
A well posed differential equation is one in which

• The solution exists.
• The solution is unique.
• The solution is stable (i.e., the solution depends continuously on the

boundary conditions and initial conditions).

If the differential equation is not well posed, it is called an ill posed or
improperly posed problem. For such problems, there may not be a solution,
there may be more than one solution, or whatever solution is determined
(by an approximate scheme) may be unrelated to the actual solution.

For partial differential equations, the third condition (concerning sta-
bility) is generally the easiest to check.

Example
Consider the initial value problem for the unknown function u(x, t),

utt = uxxxx,

u(x, 0) = g(x).
(24.1)

We will show that the solution to this problem is not stable. Suppose
that equation (24.1) has a solution, say u0(x, t). Assume that ε is a fixed
number, much smaller than one in magnitude, and define u1(x, t) by

u1(x, t) = u0(x, t) + εeikxeσt,

where k and σ are also constants. At t = 0, u1(x, 0) differs from g(x) by a
quantity that has magnitude ε, an arbitrarily small amount.

However, using u1(x, t) in equation (24.1), we determine that u1(x, t)
will satisfy the equation if σ = ±k2. Therefore, at any fixed value of t,
say t = T , there exists a solution u0(x, T ) and an approximation to the
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solution u1(x, T ) = u0(x, T ) + εeikxek
2T . The approximation satisfies the

same differential equation that the true solution satisfies. But because k is
arbitrary, the approximate solution can be arbitrarily larger than the true
solution by making k arbitrarily large. Because two different expressions
satisfy the same differential equation and initially were arbitrarily close and
are arbitrarily different in magnitude at any future time, we conclude that
the problem is ill posed.

Note that, with the proper boundary conditions and initial conditions,
equation (24.1) would have a unique solution. But the solution would be
unstable because the equation is intrinsically ill posed as an initial value
problem. Hence, there would be, for instance, no easy way to numerically
approximate the solution.

Notes
1. For a discussion of existence and uniqueness theorems, see page 53.

For a discussion of stability theorems, see page 101.
2. A standard example of an ill posed problem is Laplace’s equation with

initial data. For example, the equation ∇2u = 0 with the initial data
∂u
∂y (x, 0) = 1

n sinnx has the solution u(x, y) = 1
n2 sinnx sinhny. As

n→∞, the initial data are becoming arbitrarily small in magnitude
whereas the solution (for y > 0) is becoming arbitrarily large.

3. Certain classes of equations have been well studied. We can state

• For Laplace’s equation and elliptic equations in general, the
Dirichlet problem is well posed. Also, the Neumann problem
does not have a unique solution but is otherwise well posed.
• For the two-dimensional wave equation and hyperbolic equations

in general, both are well posed as an initial value problem. Both
are, generally, ill posed as boundary value problems.
• For the heat equation and diffusion equations in general, both

are well posed when given Dirichlet data and the time variable
is increasing; both are ill posed when the time variable is de-
creasing. See Beck et al. [2] for numerical schemes related to a
specific ill posed problem.

4. A backward heat equation (a parabolic equation with decreasing
time) is ill posed. It may be made well posed, however, by requiring
the solution to satisfy a suitable constraint. Typically, one asks for
non-negative solutions or for solutions that satisfy an a priori bound,
which is obtained from physical considerations.

5. Payne [9] contains the following non-exhaustive list of methods that
have been proposed and used in treating various types of improperly
posed Cauchy problems:

• Function theoretic methods
• Eigenfunction methods
• Logarithmic convexity methods
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• Weighted energy methods
• Lagrange identity methods
• Quasireversibility methods
• Restriction of data methods
• Numerical and programming methods
• Concavity methods
• Stochastic and probabilistic methods
• Method of generalized inverse in reproducing kernel spaces
• Comparison methods

Payne [9] illustrates several of these methods on a backward heat
equation.

6. As Fichera [4] shows, finding the correct boundary conditions for a
degenerate problem (one in which the type changes) can be difficult
in general. Fichera shows, for example, that the first order equation
for u(x, y)

a(x, y)ux + b(x, y)uy + cu = f

in the rectangle R = {−α ≤ x ≤ α,−β ≤ y ≤ β}, when a and b
satisfy

a(−α, y) ≥0, a(α, y) ≤ 0,
b(x,−β) ≥0, b(x, β) ≤ 0,

has no boundary conditions! However, the equation,

−a(x, y)ux − b(x, y)uy + cu = f,

in R, with the same conditions on a and b, requires that u be given
on the entire boundary of R.

7. See also Garabedian [5, pages 450–457] and Zauderer [10, pages 103–
113].
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25. Wronskians and
Fundamental Solutions

Applicable to Linear ordinary differential equations.

Yields
A formulation of a linear ordinary differential equation as vector system

Idea
An nth order linear ordinary differential equation can be written as a

first order ordinary differential equation for a n element vector.

Procedure
Let L[·] be the linear nth order ordinary differential operator

L[y] =
dny

dxn
+ a1(x)

d(n−1)y

dx(n−1)
+ · · ·+ an(x)y.

The vector equation associated with the linear equation L[y] = 0 is given
by (see page 146)

y′ = A(x)y, (25.1)

where y =
[
y y′ y′′ . . . y(n−1)

]T
and A is the matrix

A =



0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 0
...

...
...

. . .
0 0 0 0 1
−an −an−1 −an−2 −an−3 . . . −a1


.

(25.2)

If {y1, y2, . . . , yn} is any set of n solutions to the equation L[y] = 0, then
the matrix

Φ(x) =


y1 y2 · · · yn
y′1 y′2 · · · y′n
...

...
. . .

...
y

(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n


is a solution matrix for equation (25.1). It is also called a fundamental
solution. This matrix satisfies the differential equation Φ′ = AΦ.

The determinant of this matrix, det Φ(x), is called the Wronskian of
L[y] = 0 with respect to {y1, y2, . . . , yn} and is denoted byW (y1, y2, . . . , yn).
Note that the Wronskian is a function of x.
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If Φ(x) satisfies Φ′ = AΦ, then |Φ(x)|′ = |Φ| trA(t), where trA denotes
the trace of the matrix A. Hence,

det Φ(x) = det Φ(x0) exp
(∫ x

x0

trA(s) ds
)
.

For the matrix in equation (25.2), we have trA = −a1 so that

W (y1, . . . , yn)(x) = exp
(
−
∫ x

x0

a1(s) ds
)
W (y1, . . . , yn)(x0).

(25.3)

This is sometimes called Liouville’s formula.
From equation (25.3), we conclude that either W (x) vanishes for all

values for x, or it is never equal to zero. If the Wronskian never vanishes,
then the set {y1, y2, . . . , yn} is said to be linearly independent. A set of n
linearly independent solutions to L[y] = 0 is called a basis or a fundamental
set.

Alternately, given a set of n linearly independent continuous functions,
{y1, y2, . . . , yn}, it is possible to find a unique homogeneous differential
equation of order n (with the coefficient of y(n) being one) for which the
set forms a fundamental set. This differential equation is given by

(−1)n
W (y, y1, y2, . . . , yn)
W (y1, y2, . . . , yn)

= 0. (25.4)

Example 1
Given the second order linear ordinary differential equation

y′′ + y = 0, (25.5)

the set {sinx, cosx} forms a fundamental set because each element in this
set satisfies equation (25.5) and also the Wronskian is given by

W (sinx, cos x) =
∣∣∣∣sinx cosx
cosx − sinx

∣∣∣∣ = −1,

which does not vanish. Because the Wronskian is constant, we have ver-
ified that a1(x) = 0 in equation (25.5) (the a1(x) term in this equation
corresponds to the first derivative term).

Example 2
If we choose the two functions y1 = sinx and y2 = x, we can determine

the linear second order equation that has these solutions as its fundamental
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set by constructing equation (25.4). Here, n = 2 so we find

(−1)2W (y, x, sinx)
W (x, sin x)

=

∣∣∣∣∣∣
y x sinx
y′ 1 cosx
y′′ 0 − sinx

∣∣∣∣∣∣∣∣∣∣x sinx
1 cosx

∣∣∣∣ ,

=
(x cos x− sinx)y′′ + (x sinx)y′ − (sinx)y

(x cos x− sinx)
,

= y′′ +
x sinx

(x cosx− sinx)
y′ − sinx

(x cos x− sinx)
y.

Notes
1. Given the linear partial differential equation

L[u] =
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

n∑
i=1

bi
∂u

∂xi
+ cu

for u(x), let Γ = Γ(x, ξ) = Γ(ξ,x) be the geodesic distance between
the points x and ξ. (For a rectangular coordinate system, Γ(x, ξ) =
||x− ξ|| =

√
(x1 − ξ1)2 + · · ·+ (xn − ξn)2.) A fundamental solution,

S(x, ξ), satisfies L[S] = 0 and, near x = ξ, has the form S = U
Γm +

V log Γ + W , where U , V , and W are analytic functions and m =
(n− 2)/2. For example, for Laplace’s equation in n dimensions with
n > 2, ∇2u = 0, a fundamental solution is given by

S =
1

rn−2
, with r =

√
(x1 − ξ1)2 + · · ·+ (xn − ξn)2.

See Garabedian [3, pages 152–153] for details.
2. The canonical form of a self-adjoint third order linear homogeneous

differential equation is y′′′ + 2Ay′ + A′y = 0 (see pages 98 and 163).
A fundamental set of solutions for this equation is {u2, uv, v2}, where
u(x) and v(x) are any two linearly independent solutions of the second
order differential equation u′′ + 1

2Au = 0.
3. Similar to the second example, it is possible to find a single differential

equation whose solutions include the products of the solutions of two
given linear homogeneous differential equations; see Spigler [6].

4. See also Boyce and DiPrima [1, pages 113–126], Coddington and
Levinson [2, pages 67–84], Ince [4, pages 116–121], and Simmons [5,
pages 76–80].
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26. Zeros of Solutions

Applicable to Linear ordinary differential equations.

Yields
Statements about the zeros of the solutions.

Idea
There are several standard theorems about the zeros of solutions of

differential equations.

Procedure
Consider the following equations:

d

dx

(
p(x)

dy

dx

)
+ q(x)y = 0 (26.1)

and

d2y

dx2
+ p(x)y = 0

d2y

dx2
+ q(x)y = 0

(26.2.a-b)

and

d

dx

(
p1(x)

dy

dx

)
+ q1(x)y = 0

d

dx

(
p2(x)

dy

dx

)
+ q2(x)y = 0.

(26.3.a-b)

1. Consider the self-adjoint equation (26.1) in which p(x) > 0 and p(x)
and q(x) are continuous. Sturm’s separation theorem states

Theorem Let u and v be linearly independent solutions of
(26.1). If α and β are successive zeros of u, then v has one
and only one zero in the interval (α, β).

This has been extended by Makay [3] to be

Theorem Consider the second order equation

F (y′′, y′, y, x) = 0, (26.4)

where F is continuous. If the two conditions are satisfied

• If y is a solution of (26.4), then so is cy, for all real c.
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• The solution of (26.4) as an initial value problems is unique.

then the results of Sturm’s theorem apply to equation (26.4).

2. We have the following result about the interlacing of zeros:

Theorem Let u(x) and v(x) be linearly independent solutions
of equation (26.2.a) and assume u(x) has at least two zeros in
the interval (a, b). Then, if x1 and x2 are two consecutive zeros
of u(x), the function v(x) has one, and only one, zero in the
interval (x1, x2).

Theorem Let p(x) in equation (26.2.a) be continuous in (a, b)
with 0 < m ≤ p(x) ≤ M . If the solution u(x) of (26.2.a) has
two successive zeros x1 and x2, then

π√
M
≤ x2 − x1 ≤

π√
m

.

3. We have the following results about oscillatory solutions:

Theorem Consider the self-adjoint equations in (26.3.a-b). If

• All the solutions of (26.3.a) are oscillatory as x→∞.
• q2(x) ≥ q1(x) are continuous functions,
• p2(x) ≥ p1(x) > 0 are continuous functions,

then all solutions of equation (26.3.b) are oscillatory.

Theorem If p(x) ≥ (1 + ε)/4t2 and ε > 0, then all solutions to
equation (26.2.a) are oscillatory.

Theorem If all the solutions to equation (26.2.a) are oscillatory,
and if q(x) ≥ p(x), then all solutions of equation (26.2.b) are
oscillatory.

And we have the converse:

Theorem If q(x) ≥ p(x) and some solutions to equation (26.2.b)
are nonoscillatory, then some solutions of equation (26.2.a) must
be nonoscillatory.

4. The Sturm comparison theorem is

Theorem Consider the self-adjoint equations (26.3.a-b). Let
p1(x) ≥ p2(x) > 0 and q1(x) ≥ q2(x) be continuous functions.
Then between any two zeros of a nontrivial solution of equa-
tion (26.3.a), there will be at least one zero of every nontrivial
solution of (26.3.b).

5. Considering equation (26.1), let p(x) > 0, and let p and q be contin-
uous on [0,∞]. Then
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Theorem If
∫∞

1
dx
p(x) and

∫∞
1
q(x) dx both diverge, then every

solution to equation (26.1) has infinitely many zeros on the inter-
val [1,∞]. If, in addition,

∫ 1

0
dx
p(x) and

∫ 1

0 q(x) dx both diverge to
+∞, then every solution to equation (26.1) has infinitely many
zeros on the interval [0, 1].

Theorem If
∫∞
a

dx
p(x) converges and if

∣∣∫ x
a
q(s) ds

∣∣ is bounded
by a constant for a ≤ x ≤ ∞, then every non-trivial solution
to equation (26.1) has at most a finite number of zeros on the
interval [a,∞].

6. We also have the following nonoscillation results:

Theorem If lim sup x2p(x) = γ∗ and lim inf x2p(x) = γ∗ then
the solution of equation (26.2.a) is
• Nonoscillatory if γ∗ < 1/4

• Oscillatory if 1/4 < γ∗

Theorem For the equations in (26.2): If P (x) = x
∫∞
x
p(t) dt,

Q(x) = x
∫∞
x
q(t) dt, 0 < Q(x) < P (x), and equation (26.2.a)

is nonoscillatory in the wide sense, then equation (26.2.b) is
nonoscillatory in the wide sense.

Theorem Consider (26.2.a) and define lim
x→∞

sup
(
x
∫∞
x p(s) ds

)
=

P ∗ and lim
x→∞

inf
(
x
∫∞
x p(s) ds

)
= P∗ then

• A necessary condition that the solution to equation (26.2.a)
be nonoscillatory is that P∗ ≤ 1/4 and P ∗ ≤ 1.
• A sufficient condition that the solution to equation (26.2.a)

be nonoscillatory is that P ∗ ≤ 1/4.

Notes
1. Makay’s [3] theorem applies to equations such as y′′(y′)2 + y3 = 0.
2. For the eigenvalue problem L[u] = λnu, let N(λ) count the number

of eigenvalues less than λ. In one dimension the asymptotics of N(λ)
can be easily determined because the nth eigenfunction has n zeros.
For example, for the Schröedinger equation −∇2ψn+q(x)ψn = λnψn

N(λn+)
2

+
N(λn−)

2
=

1
π

∫
[λn − q(x)]1/2+ dx+O

(
1
n

)
where [y]+ ≡

{
y if y ≥ 0
0 if y < 0

. The generalization of this formula to k

dimensions is (see Newell [4])

N(λ) =
[1 + o(1)]

2kπk/2Γ(k/2 + 1)

∫
[λn − q(x)]k/2+ dx+O

(
1
n

)
.
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27. Canonical Forms

Applicable to The ordinary differential equations:

d2y

dx2
+ 2
( e
x

+ f
) dy
dx

+
(
p

x2
+

2q
x

+ r

)
y = 0, (27.1)

d2y

dx2
+ 2(e+ fx)

dy

dx
+ (px2 + 2qx+ r)y = 0, (27.2)

(α+ βx)
d2y

dx2
+ (b+mx)

dy

dx
+ (c+ nx)y = 0, (27.3)

d2y

dx2
= F

(
dy

dx
, y, x

)
. (27.4)

Idea
Each of these equations has certain canonical forms. When approxima-

tions and numerical values for these equations are reported in the literature,
it is generally for the canonical forms.

Procedure 1
By changing the dependent and independent variables from y = y(x)

to v = v(z), via

y(x) = νzλeµzv(z),
x = κz,

for some choice of the constants {ν, λ, µ, κ}, equation (27.1) will take the
form of one of the following four canonical forms:

d2v

dz2
+
(
A

z2
+

2
z

+B

)
v = 0,

d2v

dz2
+
(
A

z2
+

2
z

)
v = 0,

d2v

dz2
+
(
A

z2
+ 1
)
v = 0,

d2v

dz2
+
A

z2
v = 0,

where A and B are constants.
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Procedure 2
By changing the dependent and independent variables from y = y(x)

to v = v(z), via

y(x) = νeµz+ξz
2
v(z),

x = κz + η,

for some choice of the constants {ν, µ, ξ, κ, η}, equation (27.2) will take the
form of one the following four canonical forms:

d2v

dz2
+
(
z2 + J

)
v = 0,

d2v

dz2
− vz = 0,

d2v

dz2
+ v = 0,

d2v

dz2
= 0,

where J is a constant.

Procedure 3
By changing the dependent and independent variables, equation (27.3)

can be reduced to Weiler’s canonical form (this is also known as a Kummer
equation)

z
d2v

dz2
+ (b− z)

dv

dz
− av = 0. (27.5)

The transformation used to produce equation (27.5) from equation (27.3)
has several different forms depending on the numerical values of the coef-
ficients in equation (27.3), see Bateman [2] for details.

Procedure 4
A critical point is called a moving critical point (or singularity) if its

location depends on the initial conditions for the differential equation (and
so the location of the critical point is not fixed solely by the coefficients of
the differential equation). For example, the nonlinear differential equation
y′′ = (y′)2 2y−1

y2+1 has the general solution y(x) = tan [log(Ax+B)], where A
and B are arbitrary constants. The initial conditions determine A and B
and thus determine the location of the singularities of y(x).

Given an ordinary differential equation in the form of equation (27.4),
if F (y′, y, x) is rational in y′, algebraic in y, and analytic in x, and if all of
the critical points are fixed, then a change of variables of the form

y(x) =
az(x) + b

cz(x) + d
,
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where a, b, c, d, and w are some functions of x, will transform the equation
to one of 50 standard forms. Each of these 50 differential equations is for
the unknown function z(x).

Of these standard forms, six have solutions in terms of the Painlevé
transcendents and all the others have first integrals that are equations of
first order or have elementary integrals. The equations that define the six
Painlevé transcendents are

d2y
dx2 = 6y2 + x,
d2y
dx2 = 2y3 + xy + α,

d2y
dx2 = 1

y

(
dy
dx

)2

− 1
x
dy
dx + 1

x (αy2 + β) + γy3 + δ
y ,

d2y
dx2 = 1

2y

(
dy
dx

)2

+ 3y3

2 + 4xy2 + 2(x2 − α)y + β
y ,

d2y
dx2 =

(
1
2y + 1

y−1

)(
dy
dx

)2

− 1
x
dy
dx + (y−1)2

x2

(
αy + β

y

)
+ γy

x

+ δy(y+1)
y−1 ,

d2y
dx2 = 1

2

(
1
y + 1

y−1 + 1
y−x

)(
dy
dx

)2

−
(

1
x + 1

x−1 + 1
y−x

)
dy
dx

+ y(y−1)(y−x)
x2(x−1)2

(
α+ βx

y2 + γ(x−1)
(y−1)2 + δx(x−1)

(y−x)2

)
.

In the above equations, all of the parameters are assumed to be con-
stant.

Notes
1. The first three transformations may be found in Bateman [2, pages

75–79].
2. The transformations for equation (27.4) may be found in Ince [4,

Chapter 14, pages 317–355].
3. Even though the Painlevé equations do not have elementary solutions

in general, some choices of the parameters will lead to equations
solvable in terms of elementary functions. For example, y = −1/x
is a solution of the second Painlevé equation when α = 1, and
y = −1/x + 3x2/(x3 + 4) is a solution of the same equation when
α = −2. See Airault [1] for details.
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28. Canonical Transformations

Applicable to A system of ordinary differential equations that
arise from a Hamiltonian.

Yields
A different system of ordinary differential equations that arise from a

different Hamiltonian.

Procedure
A Hamiltonian H(p,q), with p = (p1, . . . , pn) and q = (q1, . . . , qn),

defines the system of ordinary differential equations

ṗi = −∂H
∂qi

= −Hqi ,

q̇i =
∂H

∂pi
= Hpi ,

where a dot denotes differentiation with respect to the independent variable
t (see page 61). The {pi, qi} are called the coordinates of the Hamiltonian.
The transformation to the new system of coordinates {Pi, Qi} via

pi = pi(P,Q),
qi = qi(P,Q),

(28.1)

is (commonly) said to be canonical if Hamilton’s equations remain in-
variant. That is, there exists a new Hamiltonian K(P,Q) such that the
equations

Ṗi = −KQi,

Q̇i = KPi ,
(28.2)

are valid.
Canonical transformations can be defined implicitly by a generating

function. For instance, for almost arbitrary S(p,Q, t), a canonical trans-
formation is given by

Pi = −SQi ,
qi = −Spi ,

K(P,Q) = H(p,q) + St,

(28.3.a-c)

where equations (28.3.a) and (28.3.b) must be solved to obtain explicit
expressions for q(P,Q), p(P,Q). Note that, for the St term, the derivative
is taken with respect to the explicit dependence of S on t.
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Other functional forms for the generating function are also possible.
For example, a function of the form S(q,P, t) gives rise to the canonical
transformation

pi = Sqi ,

Qi = SPi ,

K(P,Q) = H(p,q) + St.

(28.4.a-c)

Example
Given the Hamiltonian

H =
1
2
(
p2 + a2(t)q2

)
, (28.5)

Hamilton’s equations are {ṗ = −a2q, q̇ = p}, which can be combined to
yield

q̈ + a2q = 0. (28.6)

Hence, the Hamiltonian in (28.5) defines the second order ordinary differ-
ential equation (28.6). Now consider the canonical transformation induced
by the generating function S(q, P, t) = q2P . From equation (28.4) we find

p = 2qP,

Q = q2,

K(Q,P ) =
1
2
(
p2 + a2q2

)
=
Q

2
(
4P 2 + a2

)
.

The equations corresponding to the new Hamiltonian are

Ṗ = −1
2
(
4P 2 + a2

)
,

Q̇ = 4PQ.
(28.7.a-b)

Equation (28.7.a) is a nonlinear first order ordinary differential equation for
P (t). After P (t) is determined, equation (28.7.b) can be used to determine
Q(t) by quadrature. Hence, this change of variable has changed a second
order linear ordinary differential equation into two successive first order
ordinary differential equations.

Notes
1. Canonical transformations are sometimes called contact transforma-

tions. See page 249 for the correct definition of a contact transfor-
mation.

2. Technically, and in more generality, a transformation of the 2n vari-
ables {xj , pj | j = 1, . . . , n} to the 2n variables {Xj , Pj | j = 1, . . . , n}
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is a canonical transformation if the differential form
∑n
j=1(PjdXj −

pjdxj) is exact, i.e., there exists a function U = U(x,p) such that

n∑
j=1

(PjdXj − pjdxj) = dU. (28.8)

3. The section on Hamilton–Jacobi theory (see page 61) utilizes canon-
ical transformations to derive the Hamilton–Jacobi equation.

4. Tolstoy [7] shows that any nonlinear ordinary differential equation
may be transformed, in principle, by a variable transformation into
a linear differential equation or a system of such equations. This is
the reverse of the process that was seen in the example.

5. The set of all canonical transformations forms a group.
6. Fouling transformations are canonical transformations in which the

p coordinates in configuration space are preserved (i.e., P = p, Q =
Q(p,q)). See Gelman and Saletan [4] for details.

7. A transformation, given by equation (28.1), which allows equation
(28.2) to be written, and may or may not satisfy (28.8) is technically
called a canonoid transformation. The lack of distinction between
canonical and canonoid has occasionally led to ambiguity in the lit-
erature. See Currie and Saletan [3] or Negri et al. [6] for details.

8. See also Caratheodory [1, Chapter 6, pages 79–101], Chester [2, pages
197–206], and Goldstein [5, Chapter 8, pages 237–272].
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29. Darboux Transformation

Applicable to Linear second order ordinary differential equations,
a single equation or a system.

Yields
A reformulation of the problem.

Procedure
Given the equation

y′′ = (f(x) + κ)y (29.1)

for y(x), we say that the transformation

z(x) = A(x, λ)y +B(x, λ)y′

is a Darboux transformation if z(x) satisfies a differential equation of the
form

z′′ = (g(x) + λ)z. (29.2)

For example, if w(x) is a known solution of equation (29.1), then a Darboux
transformation is given by

z = y′ − yw
′

w
. (29.3)

In this case, if y satisfies equation (29.1), then z(x) satisfies equation (29.2)
with

f(x) = g(x)− 2[logw(x)]′′.

That is to say, this transformation changes the potential function appearing
in equation (29.1) from f(x) by δf = −2[logw(x)]′′, where w(x) is an
arbitrary solution of equation (29.1). The usefulness of this technique is
that equation (29.2) might be easy to solve for z(x); then y(x) may be
found from equation (29.3) by a single integration.

For the system of second order ordinary differential equations

y′′ = D(x)y, (29.4)

where D(x) is the matrix

D(x) =


d11(x) d12(x) . . . d1n(x)
d21(x) d22(x) . . . d2n(x)

...
...

. . .
...

dn1(x) dn2(x) . . . dnn(x)

 ,
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we say that

z(x) = A(x)y +B(x)y′, (29.5)

where A and B are matrices, is a Darboux transformation if z satisfies an
equation of the form

z′′ = F (x)z, (29.6)

where F (x) is a new matrix. Sometimes Darboux transformations of this
type can be used to decouple systems of differential equations. See Humi
[2] for details.

Example 1
If the solution of the differential equation

y′′ = (f(x) + λ)y (29.7)

is known for each value of λ (call the solutin yλ), and w(x) = yµ(x) is the
solution when λ = µ, then the general solution of the differential equation

z′′ =
(
w(x)

d2

dx2

(
1

w(x)

)
+ λ− µ

)
z (29.8)

for z(x) is given by (see equation (29.3))

z = y′λ − yλ
w′(x)
w(x)

, (29.9)

for λ 6= µ. In particular, if we take f(x) = 0 in equation (29.7), then
y0(x) = Ax+B when λ = 0 and yλ(x) = e±

√
λx for λ 6= 0. If we take µ = 0

and w(x) = x, then equation (29.8) becomes

z′′ =
(

2
x2

+ λ

)
z,

with the solution given by equation (29.9); that is,

z(x) = e±
√
λx

(
±
√
λ− 1

x

)
.

Example 2
This example is from Humi [2]. Suppose we wish to decouple a system

of symmetric equations in the form of equation (29.4) with

D(x) =
[
u1(x) + λ d(x)
d(x) u2(x) + λ

]
.
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If we apply a Darboux transformation, we can hope to obtain the form of
equation (29.6) with F (x) given by

F (x) =
[
v1(x) + λ 0

0 v2(x) + λ

]
. (29.10)

If we choose B = I in equation (29.5), then to obtain equation (29.6), we
require

A′′ +D′ +AD = FA,

2A′ +D = F.

In our case, with D(x) given by equation (29.7) and F (x) given by equation
(29.10) we require that the elements of the matrix A(x) satisfy

2a′12 = 2a′21 = −d,
2a′11 + u1(x) = v1(x),
2a′22 + u2(x) = v2(x).

(29.11)

It is a simple matter to integrate these equations to obtain

a12(x) =a21(x) = c(x),

a11(x) =
1
2c

(
1
2
d(x) + α+ I

)
,

a22(x) =
1
2c

(
1
2
d(x)− α+ I

)
,

where α is an arbitrary constant and

c(x) =− 1
2

∫ x

d(t) dt,

I(x) =
∫ x

c(t)[u2(t)− u1(t)] dt.

This solution is valid if the consistency constraint

u1 + u2 = 2c2 −
(
d

2c

)′
+

1
2

(
d

2c

)2

+
1

2c2
(α+ I)2

(29.12)

is satisfied. This constraint was derived in the solution of equation (29.11).
Stated another way, we can choose d and u1−u2 as arbitrary functions

and then use equation (29.12) to compute the corresponding u1 + u2 for
which the resulting system of equations can be decoupled by the use of a
Darboux transformation.

Note
1. See Ince [3, page 182] and Lamb [5, pages 38–41].
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30. An Involutory
Transformation

Applicable to Nonlinear partial differential equations of a certain
form.

Yields
A reformation of the partial differential equation.

Idea
Inverting the dependent and independent variables might lead to a more

tractable equation.

Procedure
Suppose we have a partial differential equation of the form

Φ
(
u;

∂

∂x
;
∂

∂t

)
:= Φ(u, ux, uxx, . . . ;ut, utt, . . . ) = 0,

(30.1)

for u = u(x, t). We introduce the inverse transformation

T =


u′ = x,

x′ = u,

t′ = t.

Because applying T twice is equivalent to not applying T , the transforma-
tion is involutory (i.e., T 2 = I = the identity). Noting that

D′ :=
∂

∂x
=

1
∂u′/∂x′

∂

∂x′

∂′ :=
∂

∂t
=

∂

∂t′
− ∂u′/∂t′

∂u′/∂x′
∂

∂x′
,

then, under T , equation (30.1) becomes

Φ (x;D′; ∂′) = 0. (30.2)

This transformation may be used to change classes of nonlinear equations
with Dirichlet boundary conditions to linear form. For example, the class

∂u′

∂t′
− γ(u′)

∂

∂x′

(
N∑
i=1

αi(u′, t′)D′
i
x′

)
= 0,

u′ = Ψ1(t′) on x′ = Φ1(t′),
u′ = Ψ2(t′) on x′ = Φ2(t′),
u′ = Θ(x′) at t′ = 0,

(30.3)
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transforms, under T , to

∂u

∂t
+ γ(u)

∂

∂x

(
N∑
i=1

αi(x, t)
∂iu

∂xi

)
= 0,

u = Φ1(t) on x = Ψ1(t),
u = Φ2(t) on x = Ψ2(t),
u = Θ−1(x) at t = 0.

(30.4)

Example
Given the equation and initial/boundary conditions

∂u′

∂t′
=

κ(
∂u′

∂x′

)2 ∂2u′

∂x′2
,

u′ = 0 on x′ = Φ1(t′),
u′ = L on x′ = Φ2(t′),
u′ = Θ(x′) at t′ = 0,

(30.5)

the transformed equation and initial/boundary conditions become

∂u

∂t
= κ

∂2u

∂x2
,

u = Φ1(t) on x = 0,
u = Φ2(t) on x = L,

u = Θ−1(x) at t = 0.

(30.6)

Then equation (30.6) can be easily solved (by use of, say, Fourier trans-
forms) to yield

u(x, t) =
2
L

∞∑
n=1

exp
(
−κn

2π2t

L2

)
sin
(nπx
L

)[∫ L

0

Θ−1(σ) sin
(nπσ
L

)
dσ

+
nκπ

L

∫ t

0

exp
(
κn2π2τ

L2

)
[Φ1(τ)− (−1)nΦ2(τ)] dτ

]
.

This last relation, can be implicitly solved for x = x(u, t); which (under T )
is the solution to equation (30.5) (i.e., u′ = u′(x′, t′)).

Note
1. The Hodograph transformation is a different way in which the depen-

dent and independent variables are interchanged (see page 456).

Reference
[1] Rogers, C. Inverse transformations and the reduction of nonlinear Dirichlet

problems. J. Phys. A: Math. Gen. 17 (1984), L681–L685.
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31. Liouville
Transformation – 1

Applicable to The general Sturm–Liouville problem

−[p(x)y′]′ + r(x)y = λρ(x)y, for a ≤ x ≤ b,
y′(a) + αy(a) = 0,
y′(b) + βy(b) = 0.

(31.1)

Procedure
The Liouville transformation (version 1) is to change the independent

variable from x ∈ [a, b] to t ∈ [0, π] by

t =
1
J

∫ x

a

(
ρ(x)
p(x)

)1/2

dx, (31.2)

where J is defined by

J =
1
π

∫ b

a

(
ρ(x)
p(x)

)1/2

dx, (31.3)

and to change the dependent variable from y(x) to u(t) by

u(t) = f(x)y(x) = [ρ(x)p(x)]1/4y(x), (31.4)

where we have defined f(x) = [ρ(x)p(x)]1/4. With this change of variable,
equation (31.1) becomes

d2u

dt2
+ [k2 − q(t)]u = 0, for 0 ≤ t ≤ π,

u′(0) + hu(0) = 0,
u′(π) +Hu(π) = 0,

(31.5)

which is in Liouville normal form. The definitions of {k, q(t), h,H} are as
follows

k2 = J2λ,

m(t) =
r(x)
ρ(x)

,

q(t) =
ftt
f

+ J2m(t),

h =
1

f2(a)
[αJp(a) − f(a)ft(a)],

H =
1

f2(b)
[βJp(b)− f(b)ft(b)].
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Note that q(t) may also be written as

q(t) =
r

p
+ (pρ)−1/4 d

2

dt2
[(pρ)1/4],

=
r

p
+

p

4ρ

[(
p′

p

)′
+
(
ρ′

ρ

)′
+

3
4

(
p′

p

)2

+
1
2

(
p′

p

)(
ρ′

ρ

)
− 1

4

(
ρ′

ρ

)2
]

Example
If we have the equation and boundary conditions

−(xy′)′ +
1
x
y = λxy, for π ≤ x ≤ 2π,

y′(π) = 0,
y′(2π) = 0,

then we identify

p(x) = x, r(x) =
1
x
, ρ(x) = x,

a = π, b = 2π, α = 0, β = 0.

A simple calculation results in J = 1, t = x − π, f(x) =
√
x =

√
t+ 1,

m(t) = 1
x2 = 1

(t+1)2 , q(t) = 3
4(t+1)2 , k2 = λ, h = − 1

2 , and H = − 1
2(π+1) .

Hence, we obtain

u′′ +
(
λ− 3

4(t+ 1)2

)
u = 0, for 0 ≤ t ≤ π,

u′(0)− 1
2
u(0) = 0,

u′(π) − 1
2(π + 1)

u(π) = 0.

(31.6)

Equation (31.6) is in Liouville normal form.

Notes
1. The standard assumptions used with equation (31.1) are that on the

interval [a, b]: p and q are real-valued, p > 0, q does not vanish, and
p and q have continuous second derivatives. Boundedness conditions
are also required for the new functions.

2. When ρ = 0, the transformation

t =
∫ x

x0

√
|q(z)|
p(z)

dz,

u(t) = [p(x)|q(x)|]1/4 y(x),

(31.7)
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when applied to equation (31.1), results in

d2u

dt2
+ [±1 +R(t)]u(t) = 0, (31.8)

where

R(t) = p1/4|q|−3/4 dp(x)
dx

d

dx
[p(x)|q(x)|]−1/4 ∣∣

x=x(t)
,

and the plus (minus) sign is taken in equation (31.8) if q(x) > 0
(q(x) < 0). This is also called the Liouville transformation (see
Eastham [4]).

3. The two different transformations, the one in equations (31.2) and
(31.4), and the one in equation (31.7), are each sometimes called the
Liouville–Green transformation.

4. See also Birkhoff and Rota [1, pages 265–267], Boyce [2, pages 20–21],
Hille [5, page 340], Lakin and Sanchez [7, pages 36–41], and Valiron
[8, page 511].
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[2] Boyce, W. E. Random eigenvalue problems. In Probabilistic Methods in
Applied Mathematics, A. T. Bharucha-Reid, Ed. Academic Press, New York,
1968, pp. 1–73.

[3] Cassell, J. S. An extension of the Liouville–Green asymptotic formula for
oscillatory second-order differential equations. Proc. Roy. Soc .Edin. 100A
(1985), 181–190.

[4] Eastham, M. S. P. Asymptotic formulae of Liouville–Green type for higher-
order differential equations. J. London Math. Soc. 2, 28 (1983), 507–518.

[5] Hille, E. Lectures on Ordinary Differential Equations. Addison–Wesley
Publishing Co., Reading, MA, 1969.

[6] Howard, H. C., and Maric, V. An extension of the Liouville–Green
approximation. J. Math. Anal. Appl. 143, 2 (1989), 548–559.

[7] Lakin, W. D., and Sanchez, D. A. Topics in Ordinary Differential
Equations. Dover Publications, Inc., New York, 1970.
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32. Liouville
Transformation – 2

Applicable to The second order linear ordinary differential equa-
tion

d2y

dt2
+ λm4(t)y = 0 (32.1)

on the finite interval 0 ≤ t ≤ T , where λ is a constant and m(t) > 0.

Procedure
The Liouville transformation (version 2) is to change the dependent and

independent variables in equation (32.1) by

x =
1
J

∫ t

0

m2(z) dz,

J =
1
π

∫ T

0

m2(z) dz,

w(x) = m(t)y(t).

This transformation changes equation (32.1) into

d2w

dx2
+
[
λJ2 +Q(x)

]
w = 0, (32.2)

for 0 ≤ x ≤ π, where Q(x) is defined by

Q(x) =
1

m(t)
d2m(t)
dx2

= − J2

m(t)3

d2

dt2

(
1

m(t)

)
. (32.3)

The inverse transformation, which takes equation (32.2) into equation
(32.1), is given by

t = J

∫ x

0

dζ

[m∗(ζ)]2
,

J = T

(∫ π

0

dζ

[m∗(ζ)]2

)−1

,

where m∗(x) = m(t) is any positive solution of the differential equation

d2m∗

dx2
= Q(x)m∗(x).
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Example
Suppose we have (essentially) Airy’s equation

d2y

dt2
+ λty = 0. (32.4)

Comparing equation (32.4) to equation (32.1) shows that m(t) = t1/4.
Using this value for m(t) produces

J =
2

3π
T 3/2,

x = π

(
t

T

)3/2

,

w(x) = t1/4y(t).

Under this change of variables, equation (32.4) becomes

d2w

dx2
+
(

4λ
9π2

T 3 − 5
36

1
x2

)
w = 0. (32.5)

For large values of x, an approximation to equation (32.5) might be ob-
tained by discarding the second term in the parentheses.

Notes
1. The function Q(x) defined in equation (32.3) will be a constant if and

only if m(t) = (αt2 +βt+δ)−1/2. In this case, Q(x) = −J2(αδ−4β2).
2. This transformation is useful when followed by some sort of asymp-

totic analysis. When the magnitude of λ is large compared to Q(x),
then the first order approximation to equation (32.2) will be to dis-
card the Q(x) term.

3. See Magnus and Winkler [1, page 51].

Reference
[1] Magnus, W., and Winkler, S. Hill’s Equation. Dover Publications, Inc.,

New York, 1966.
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33. Reduction of Linear
ODEs to a First Order
System

Applicable to Linear ordinary differential equations.

Yields
A first order vector system.

Idea
By introducing variables to represent the derivatives in an nth order

linear ordinary differential equation, a first order system of differential
equations may be obtained.

Procedure
Given the linear ordinary differential equation

dny

dxn
= an−1(x)

d(n−1)y

dx(n−1)
+ · · ·+ a1(x)

dy

dx
+ a0(x)y + b(x)

(33.1)

for y(x), introduce the variables {z1, z2, . . . , zn} defined by

z1 =
dy

dx
, z2 =

d2y

dx2
, . . . , zn =

dny

dxn
.

Using these new variables, equation (33.1) may be written as

d

dx
y = A(x)y + b(x), (33.2)

where

y =
[
y y(1) . . . y(n−1)

]T
=
[
y z1 z2 . . . zn−1

]T
,

b =
[
0 0 . . . 0 b(x)

]T
,

and A is the matrix

0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 0
...

...
...

. . .
0 0 0 0 1

a0(x) a1(x) a2(x) a3(x) . . . an−1(x)


.
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If the initial conditions for equation (33.1) were in the form

y(x0) = c0, y
′(x0) = c1, y

′′(x0) = c2, . . . , y
(n−1)(x0) = cn−1,

then the initial condition for equation (33.2) is y(x0) =
[
c0 c1 . . . cn−1

]T
.

To solve an equation in the form of equation (33.2), see the section on vector
ordinary differential equations (page 421).

Example
Given the linear ordinary differential equation with initial conditions

d2y

dx2
+ x2 dy

dx
+ (log x)y = sinx,

y(0) = 3, y′(0) = 4,

it may easily be changed into the equivalent first order system

d

dx

[
y
y′

]
=
[

0 1
− log x −x2

] [
y
y′

]
+
[

0
sinx

]
,

or, equivalently,
dy
dt

= A(x)y + b,

where y =
[
y
y′

]
, A =

[
0 1

− log x −x2

]
, and b =

[
0

sinx

]
.

Notes
1. Many packaged computer programs require the input to be in the

form of a first order vector system.
2. The method of elimination is the opposite of the method presented

here. In the method of elimination, a system of simultaneous equa-
tions is converted into a single equation of higher order. See Finizio
and Ladas [2, pages 162–170] for details.

3. See also Bronson [1, pages 185–192].

References
[1] Bronson, R. Modern Introductory Differential Equations. Schaum’s Outline

Series. McGraw–Hill Book Company, New York, 1973.

[2] Finizio, N., and Ladas, G. Ordinary Differential Equations with Modern
Applications. Wadsworth Publishing Company, Belmont, CA, 1982.
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34. Prüfer Transformation

Applicable to Linear, homogeneous, second order differential equa-
tions.

Yields
An equivalent system of two first order differential equations.

Idea
This transformation changes an equation from Liouville normal form to

two successive ordinary differential equations.

Procedure
Suppose we have the Sturm–Liouville equation

d

dx

(
P (x)

du

dx

)
+Q(x)u = 0, (34.1)

defined on a < x < b, with P > 0, P ∈ C1, and Q continuous. If we
think of this single second order equation as two first order equations for
the unknowns {u, u′}, then we can change the dependent variables from
{u, u′} to R(x) and θ(x) by

P (x)u′(x) = R(x) cos θ(x),
u(x) = R(x) sin θ(x). (34.2)

Using (34.2) in equation (34.1), we obtain two sequential first order ordi-
nary differential equations for the unknowns R(x) and θ(x)

dθ

dx
= Q(x) sin2 θ +

1
P (x)

cos2 θ,

dR

dx
=
[

1
P (x)

−Q(x)
]
R(x) sin 2θ.

(34.3.a-b)

If equation (34.3.a) can be integrated, then equation (34.3.b) can be solved
for

R(x) = R(a) exp
(∫ x

a

[
1

P (t)
−Q(t)

]
sin 2θ(t) dt

)
. (34.4)

Example
If we have the linear second order homogeneous ordinary differential

equation

xu′′ − u′ + x3u = 0, (34.5)
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then we can write equation (34.5) in Liouville normal form as

d

dx

(
1
x
u′
)

+ xu = 0,

from which we can identify P (x) = 1/x, Q(x) = x. Therefore, from
equation (34.3.a), we have

dθ

dx
= x sin2 θ +

1
1/x

cos2 θ

= x.

This equation can be solved to yield θ(x) = x2

2 +C, where C is an arbitrary
constant. From equation (34.4), we then find R(x) = R(a). Therefore, we
conclude that

u(x) = R(a) sin
(
x2

2
+ C

)
= u(a)

sin(x2/2 + C)
sin(a2/2 + C)

is the solution to equation (34.5).

Notes
1. The Prüfer transformation is often used to obtain information about

the zeros of u(x).
2. See also Birkhoff and Rota [5, pages 257–266].
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35. Modified Prüfer
Transformation

Applicable to Linear, homogeneous, second order ordinary differ-
ential equations.

Yields
An equivalent system of two first order ordinary differential equations.

Idea
This transformation changes an equation from Liouville normal form to

two successive ordinary differential equations.

Procedure
Suppose we have an ordinary differential equation in Liouville normal

form

u′′ +Q(x)u = 0, (35.1)

defined on a < x < b, with Q > 0. We define the modified amplitude R(x)
and the modified phase φ(x) by

u(x) =
R(x)
Q1/4

sinφ(x),

u′(x) = R(x)Q1/4 cosφ(x).
(35.2.a-b)

Using equation (35.2) in equation (35.1), we determine the modified Prüfer
system corresponding to equation (35.1) to be

dφ

dx
= −Q1/2 − 1

4
Q′

Q
sin 2φ,

1
R

dR

dx
=

1
4
Q′

Q
cos 2φ.

(35.3)

The modified Prüfer transformation is usually used to obtain asymp-
totic information about the solution to equation (35.1).

Example
If u(x) satisfies

u′′ +
(

1− M

x2

)
u = 0, (35.4)

for 0 < x < ∞, then the exact solution is u(x) =
√
xZn(x), where Zn(x)

is a Bessel function and n = ±
√
M + 1

4 . Comparing equation (35.4) to
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equation (35.1), we identify Q(x) = 1−M
x2 , so that equation (35.3) becomes

dφ

dx
= −

√
1− M

x2
+

M sin 2φ
2(x3 −Mx)

,

1
R

dR

dx
= − M cos 2φ

2(x3 −Mx)
.

For M = O(1) and x� 1, the above expressions can be expanded to yield

dφ

dx
' −1− 1

2
M

x2
+O

(
1
x3

)
,

1
R

dR

dx
' O

(
1
x3

)
,

which can be integrated (and then simplified) to yield

φ(x) ' φ∞ − x−
M

2x
+O

(
1
x2

)
,

R(x) ' R∞ +O

(
1
x2

)
.

(35.5)

Using equation (35.5) andQ(x) in equation (35.2.a) provides an approxima-
tion to u(x) for large values of x. This, in turn, provides an approximation
to the nth Bessel function.

Notes
1. The modified Prüfer transformation is often used with Q(x) = λ −
q(x) when λ is large in magnitude compared to q(x).

2. See also Birkhoff and Rota [1, pages 267–277].
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36. Transformations of
Second Order Linear
ODEs – 1

Applicable to The second order linear ordinary differential equa-
tion

y′′ + a(x)y′ + b(x)y = 0. (36.1)

Transformation 1
If the dependent and independent variables in equation (36.1) are changed

by

t =
∫ x

x0

exp
(
−
∫ r

x0

a(z) dz
)
dr,

w(t) = y(x),

then equation (36.1) becomes

d2w

dt2
+ b(x(t)) exp

(
−2
∫ x

x0

a(z) dz
)
w = 0. (36.2)

Example
For the ordinary differential equation

y′′ − 3x
1− x2

y′ +
7

1− x2
y = 0,

the change of variables becomes t = x/
√

1− x2 and the equation corre-
sponding to equation (36.2) is d2w

dt2 + 7
(1+t2)2w = 0.

Transformation 2
If in equation (36.1) the expression

b′ + 2ab
b3/2

(36.3)

is found to be a constant, then the change of independent variable given
by

z = C

∫ √
b(x) dx, (36.4)

where C is an arbitrary constant, will reduce equation (36.1) to an equation
with constant coefficients. Moreover, if the expression in equation (36.3)
is not constant, then no change of independent variable alone will reduce
equation (36.1) to an equation with constant coefficients.
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Example
Given the equation

xy′′ + (8x2 − 1)y′ + 20x3y = 0, (36.5)

we note that a(x) = 8x − 1/x and b(x) = 20x2. Hence, the expression in
equation (36.3) becomes

b′ + 2ab
b3/2

=
40x+ 40x2(8x− x−1)

203/2x3
=

320x3

203/2x3
= constant.

Therefore, if the independent variable is changed by z = C
∫ √

20xdx,
then equation (36.5), written in terms of z, will be a constant coefficient
differential equation. A natural choice for C is C = 2/

√
20 so that the

transformation becomes z = x2. Using this new variable in equation (36.5)
results in the equation

d2y

dz2
+ 4

dy

dz
+ 5y = 0,

which has the solution y = e−2z (A cos z +B sin z), where A and B are
arbitrary constants. Hence, the general solution to equation (36.5) is

y =
(
A cosx2 +B sinx2

)
exp
(
−2x2

)
.

Transformation 3
If the dependent variable is changed by

y(x) = u(x) exp
(
−1

2

∫ x

a(z) dz
)
,

then equation (36.1) becomes

u′′ + I(x)u = 0, (36.6)

where

I(x) =
(
b− 1

4
a2 − 1

2
da

dx

)
. (36.7)

Equation (36.6) is said to be the normal form for equation (36.1). The
quantity I(x) is the invariant of equation (36.1).

Two ordinary differential equations that have the same normal form
(i.e., I(x) is the same) are said to be equivalent. This is because if y1(x)
and y2(x) satisfy

y′′1 + p1y
′
1 + q1y1 = 0,

y′′2 + p2y
′
2 + q2y2 = 0,

(36.8)
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and if both equations have the same invariant, then

y1(x) = y2(x) exp
(
−1

2

∫ x(
p1(z)− p2(z)

)
dz

)
. (36.9)

Conversely, if y1 and y2 are solutions to equation (36.8), and if y1(x) =
f(x)y2(x) for some f(x), then the invariants of the two equations in equa-
tion (36.8) are the same.

Example
Suppose we wish to solve the equation

d2y

dx2
− 2
x

dy

dx
+
(
a2 +

2
x2

)
y = 0, (36.10)

in which a is a constant. We find that (comparing equation (36.10) with
equation (36.1), and using equation (36.7))

I(x) =
(
a2 +

2
x2

)
− 1

4
4
x2
− 1

2
2
x2

= a2.

Now, we know the solution of

d2v

dx2
+ a2v = 0 (36.11)

to be v(x) = A cos ax + B sin ax, where A and B are arbitrary constants.
Because equations (36.10) and (36.11) have the same invariant, one can be
transformed into the other. Using equation (36.9), we find

y(x) = v(x) exp
(∫

dx

x

)
= xv,

and, hence, the solution of equation (36.10) is y(x) = Ax cos ax+Bx sin ax.

Transformation 4
If, instead of equation (36.1), both sides of

y′′ + a(x)y′ + b(x)y = c(x) (36.12)

are multiplied by

p(x) = exp
(∫ x

x0

a(z) dz
)
,

then equation (36.12) is put in the formally self-adjoint form

d

dx

(
p(x)

dy

dx

)
+ q(x)y = r(x), (36.13)

where

q(x) = p(x)b(x),
r(x) = p(x)c(x).

See the method on page 157 for transformations of an equation in the form
of equation (36.13).
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Transformation 5
Fernández et al. [3] suggest transformatng equation (36.1) via y(x) =√

xz exp
(
−
∫
Q(x) dx

)
Y (z) with x = x(z). This results in the equation

Yzz +R(z)Y = 0, where

R(z) = (xz)
2

{
b+

xzzz
2(xz)3

− 3(xzz)2

4xz
− a′

2
− a2

4

}
.

Example
Suppose we wish to solve the equation

(1− x2)y′′ − γxy′ + λy = 0.

Using a = −γx/(1 − x2), b = λ/(1 − x2), and x(z) = − cos z results in
Yzz +R(z)Y = 0 with R(z) = λ+ (γ−1)2

4 − (γ−1)(γ−3)
4 sin2 z

.

Notes
1. Note that the invariant of the adjoint of equation (36.1) is equal to the

invariant of equation (36.1). That is to say, invariants are preserved
under the operation of taking the adjoint.

2. If equation (36.6) has the two linearly independent solutions u(x) and
v(x) and if we define s(x) := u(x)/v(x), then {s, x} = 2I(x), where
{ , } denotes the Schwarzian derivative.

3. Kamran and Olver [6] completely solve the equivalence problem, that
is, determining when two second order linear differential operators are
the same under a change of variable.

4. See also Boyce and DiPrima [2, pages 141–143], Hill [4, pages 42–43],
Ince [5, page 394], Murphy [7, pages 88–89], Piaggio [8, pages 91–92],
and Rainville [9, pages 7–10 and 15–23].
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37. Transformations of
Second Order Linear
ODEs – 2

Applicable to The second order linear ordinary differential equa-
tion in formally self-adjoint form

L[y] :=
d

dx

(
p(x)

dy

dx

)
+ q(x)y = 0. (37.1)

Transformation 1
If the independent variable in equation (37.1) is changed from x to s by

s =
∫

dx

p(x)
, and if p(x) > 0 for x > x0, and

∫ ∞
x0

dx

p(x)
=∞, then equation

(37.1) becomes
d2y

ds2
+ p(x)q(x)y = 0.

Note that, as x → ∞, we have s → ∞. See Courant and Hilbert [1, page
292].

Example
For the ordinary differential equation (xy′)′+ y = 0, we identify p(x) =

x, q(x) = 1, and x0 = 0. Hence, the change of variable s = log x results in
yss + esy = 0.

Transformation 2
If the dependent variable in equation (37.1) is changed from y(x) to

w(x) by
w(x) =

√
p(x)y(x),

then equation (37.1) becomes

d2w

dx2
+

[
q

p
− 1

2
d

dx

(
p′

p

)
− 1

4

(
p′

p

)2
]
w = 0.

Transformation 3
If the range of interest for equation (37.1) is x0 < x < ∞ and if the

independent and dependent variables are changed by

t =
∫ x

x0

√
|q(z)|
p(z)

dz,

u(t) = [p(x)|q(x)|]1/4 y(x),
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then equation (37.1) becomes

d2u

dt2
+ [±1 +R(t)]u(t) = 0, (37.2)

where
R(t) = p1/4|q|−3/4 d

dx
[p(x)|q(x)|]−1/4 ∣∣

x=x(t)
,

and the plus (minus) sign is taken in equation (37.2) if q(x) > 0 (q(x) < 0).
This transformation is sometimes called the Liouville–Green transfor-

mation. This transformation is virtually identical to the Liouville trans-
formation (see page 141). See Courant and Hilbert [1, page 292], Eastham
[2], and Lakin and Sanchez [3, pages 36–41].

Transformation 4
If the independent and dependent variables are changed in equation

(37.1) by

y(x) =µ(x)w(t),

t =
∫ x

η(z) dz,

then equation (37.1) becomes

η

µ

d

dt

(
pµ2η

dw

dt

)
+ L[µ]w = 0. (37.3)

Note that the operator L[·] is defined by equation (37.1). If η(z) is chosen
to be

η(z) =
1

p(z)µ2(z)
,

then equation (37.3) simplifies to 1
pµ3

d2w
dt2 + L[µ]w = 0. See Courant and

Hilbert [1, page 292].
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38. Transformation of an
ODE to an Integral
Equation

Applicable to Second order linear ordinary differential equations.

Yields
An equivalent integral equation.

Idea
An ordinary differential equation may sometimes be formulated as an

integral equation.

Procedure
There is a standard transformation that will allow a linear second order

initial value ordinary differential equation to be written as a Volterra
integral equation. Given the differential equation with initial conditions
for y(x),

d2y

dx2
+A(x)

dy

dx
+B(x)y = g(x),

y(a) = α, y′(a) = β,

an equivalent Volterra integral equation is

y(x) = f(x) +
∫ x

a

K(x, ζ)y(ζ) dζ,

where

f(x) =
∫ x

a

(x− ζ)g(ζ) dζ + (x− a)
(
A(a)α + β

)
+ α,

K(x, ζ) = (ζ − x)
(
B(ζ) −A′(ζ)

)
−A(ζ).

There is also a standard transformation that will allow a linear second
order boundary value ordinary differential equation to be written as a
Fredholm integral equation. Given the differential equation and boundary
conditions for w(x),

d2w

dx2
+ C(x)

dw

dx
+D(x)w = j(x),

w(a) = γ, w(b) = δ,
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an equivalent Fredholm integral equation is

w(x) = h(x) +
∫ b

a

H(x, ζ)w(ζ) dζ,

where

h(x) = γ +
∫ x

a

(x− ζ)j(ζ) dζ +
x− a
b− a

[
δ − γ −

∫ b

a

(b− ζ)j(ζ) dζ
]
,

H(x, ζ) =


x− b
b− a

[
C(ζ) − (a− ζ)

(
C′(ζ)−D(ζ)

)]
, for x > ζ,

x− a
b− a

[
C(ζ)− (b − ζ)

(
C′(ζ)−D(ζ)

)]
, for x < ζ.

Example
If y(x) satisfies

y′′ + y = x,

y(0) = 0, y′(0) = 0, (38.1)

then y(x) satisfies the following Volterra integral equation

y(x) =
x3

6
+
∫ x

0

(ζ − x)y(ζ) dζ. (38.2)

The solution to equation (38.1), y = x− sinx, satisfies equation (38.2).

Notes
1. There are many other ways in which an ordinary differential equation

may be transformed into an integral equation. For example, if y(x)
satisfies the nth order ordinary differential equation

y(n)(x) = f(x) +
n∑
j=1

Cj(x)y(j−1)(x)

and u(x) := y(n)(x), then u(x) satisfies the integral equation

u(x) = F (x) +
∫ x

a

K(x, t)u(t) dt,

K(x, t) =
n∑
j=1

Cj(x)
(t− x)j−1

(j − 1)!
,

where F (x) is f(x) plus a polynomial in (x − a) generated by the
initial conditions. See Squire [3, pages 223–227] for more details on
this technique, as well as two other techniques.
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2. Bose [1] shows that every solution of the nth order linear homoge-
neous differential equation

y(n) = an−1(x)y(n−1) + · · ·+ a0(x)y

satisfies the integral equation

y(x) = y(x0) +
∫ x

x0

h(u) du+
∫ x

x0

{∫ u

x0

G(u, v)a0(v)y(v) dv
}
du,

where h(x) is the unique solution to

h(n−1) = an−1(x)h(n−2) + · · ·+ a1(x)h, (38.3)

h(x0) = y′(x0), h′(x0) = y′′(x0), · · · , h(n−2)(x0) = y(n−1)(x0),

and G(x, u) is the Green’s function associated with equation (38.3).
3. See also Jerri [2, pages 60–67].
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39. Miscellaneous ODE
Transformations

Applicable to Ordinary differential equations.

Procedure
Many transformations have been developed for equations of specific

forms.

Transformation 1
If y(x) is defined by the ordinary differential equation

d2y

dx2
= f(x)y, (39.1)

and the dependent variable is changed by

w(ζ) =
√
ζ′(x)y(x), (39.2)

(for arbitrary ζ = ζ(x), or x = x(ζ)), then equation (39.1) becomes

d2w

dζ2
=
[
ẋ2f(x) +

√
ẋ
d2

dζ2

(
ẋ−1/2

)]
w,

=
[
ẋ2f(x)− 1

2
{x, ζ}

]
w,

(39.3)

where dots denote differentiation with respect to ζ, and {x, ζ} is the
Schwarzian derivative of x with respect to ζ. If we choose ζ(x) by

ζ(x) =
∫ x√

f(z)dz, (39.4)

so that w(ζ) = y(x)f1/4(x), then equation (39.3) becomes

d2w

dζ2
= [1 + φ(ζ)]w, (39.5)

with

φ(ζ) =
4ff ′′ − 5(f ′)2

16f3
= − 1

f3/4

d2

dx2

(
1

f1/4

)
.

This is called the Liouville transformation by Olver [7, Chapter 6], and the
Liouville–Green transformation by Lakin and Sanchez [6, pages 36–41]. By
neglecting φ(ζ) in equation (39.5) and solving for w(ζ), we obtain the first
term in the WKB approximation (see page 642).
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Example
If we apply this transformation to Airy’s equation, y′′ = xy, for x > 0,

then we find (using f(x) = x)

ζ(x) =
∫ x√

z dz =
2
3
x3/2,

w(ζ) =
√
ζ′(x)y(x) = x−1/4y(x).

And so equation (39.5) becomes

d2w

dζ2
−
(

1 +
5

36ζ2

)
w = 0.

This leads to the approximationw′′−w = 0 when ζ � 1 (which corresponds
to x� 1).

Transformation 2
This transformation removes the (n − 1)th derivative term in an nth

order ordinary differential equation. If y(x) satisfies

(−1)n(py(n))(n) + L[y] = λqy, (39.6)

for 0 ≤ x ≤ 1, where L[y] is a linear differential operator of degree less
than or equal to 2n−2 and if the dependent and independent variables are
changed from y(x) to w(t) by

w(t) = (q2n−1p)1/4ny(x),

t =
1
K

∫ x

0

(
q

p

)1/2n

dx,

K =
∫ 1

0

(
q

p

)1/2n

dx,

then equation (39.6) is transformed into

d2nw

dt2n
+H [w] = K2nλw,

where H [w] is another linear differential operator of degree less than or
equal to 2n− 2. See Boyce [1, page 21].

Transformation 3
The general third order linear homogeneous ordinary differential equa-

tion
y′′′ + p1(x)y′′ + p2(x)y′ + p3(x)y = 0,

can be changed to the canonical form

w′′′ + 2Aw′ + (A′ + b)w = 0, (39.7)
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by the change of variables

w(x) = y(x) exp
(
−
∫ x

x0

p1(t) dt
)
.

If we write

P2 = p2 − p2
1 − p′1,

P3 = p3 − 3p1p2 + 2p3
1 − p′′1 ,

then A(x) and b(x) may be written as

A(x) =
3
2
P2,

b(x) = P3 −
3
2
P ′2.

See Greguš [3] for details.

Transformation 4
The general fourth order linear homogeneous ordinary differential equa-

tion
A(x)y′′′′ +B(x)y′′′ + C(x)y′′ +D(x)y′ + E(x)y = 0,

for y(x) can be changed to the canonical form

w′′′′ + a(t)w′′ + b(t)w′ + c(t)w = 0,

for w(t), by the transformation

w(t) = α(x)y(x), t = β(x),

where {α(x), β(x)} are chosen to satisfy

αβ′
3 = exp

[
−1

2

∫ x

x0

B(z)
A(z)

dz

]
.

Notes
1. If the transformation given by equation (39.2) is applied to the equa-

tion
d2y

dx2
= [f(x) + g(x)]y,

with ζ defined by equation (39.4), then we obtain

d2w

dζ2
=
(

1 + φ+
g

f

)
w.

2. The differential equation adjoint to equation (39.7) has the form:
z′′′ + 2Az′ + (A′ − b)z = 0. Hence, the equation in equation (39.7)
will be self-adjoint if and only if b(x) = 0.
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3. Olver [7, pages 190–192] proves that any one-dimensional, first order
Hamiltonian differential operator can be put into constant coefficient
form by a suitable change of variables.

4. See also Hill [5, pages 44–45].
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40. Reduction of PDEs to
a First Order System

Applicable to Nonlinear partial differential equations.

Yields
A first order system of partial differential equations.

Idea
By introducing variables to represent the derivatives in a partial differ-

ential equation, a first order system may be obtained.

Procedure
Sometimes it is advantageous to reduce a partial differential equation of

high order for a single unknown function to a system of several first order
equations. This might be done, for instance, to utilize a specific numerical
package that requires a partial differential equation to be input as a first
order system. This can always be done by introducing an appropriate set
of derivatives as unknowns.

The general procedure is to introduce new variables as the derivatives of
the desired function and then “discover” relations among these functions.
The following derivation for second order equations is from Garabedian [1].

Suppose we have the second order partial differential equation, with
boundary conditions

uxx = G (x, y, u, ux, uy, uxy, uyy) ,
u(0, y) = f(y),
ux(0, y) = g(y),

(40.1)

for the unknown u(x, y). We introduce new variables, {u1, . . . , u8}, which
are assumed to depend upon the new independent variables ζ and η, by
the definitions

u1 = x, u4 = ux, u7 = uxy,

u2 = y, u5 = uy, u8 = uyy,

u3 = u, u6 = uxx.

If we then specify the new independent variables by requiring

∂u1

∂ζ
=
∂u2

∂η
,

∂u2

∂ζ
= 0,

u1(0, η) = 0, u2(0, η) = η,

then u1 = x = ζ and u2 = y = η. The purpose of introducing these new
independent variables is to eliminate explicit dependence on x and y.
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With these new variables, equation (40.1) can be written as the system

∂u1

∂ζ
=
∂u2

∂η
,

∂u2

∂ζ
= 0,

∂u3

∂ζ
= u4

∂u2

∂η
,

∂u4

∂ζ
= u6

∂u2

∂η
,

∂u5

∂ζ
=
∂u4

∂η
,

∂u7

∂ζ
=
∂u6

∂η
,

∂u8

∂ζ
=
∂u7

∂η
.

∂u6

∂ζ
= Gx

∂u2

∂η
+ u4Gu

∂u2

∂η
+ u6Gux

∂u2

∂η
+Guy

∂u4

∂η
+Guxy

∂u6

∂η
+ Guyy

∂u7

∂η
.

(40.2)

Most of the above equations are consistency requirements; that is, (ux)y =
(uy)x implies that (u5)ζ = (u4)η. The initial conditions for the variables
{u1, . . . , u8} are given by

u1(0, η) = 0,
u2(0, η) = η,

u3(0, η) = f(η),
u4(0, η) = g(η),
u5(0, η) = f ′(η),
u6(0, η) = G(0, η, f(η), g(η), f ′(η), g′(η), f ′′(η)),
u7(0, η) = g′(η),
u8(0, η) = f ′′(η).

(40.3)

Note that equation (40.2) is in the general form of a linear first order system

∂uj
∂ζ

=
8∑

k=1

ajk(u1, . . . , u8)
∂uk
∂η

,

for j = 1, 2, . . . , 8.
To convert the system in equation (40.2) back to the system in equation

(40.1) may require the use of the boundary conditions in equation (40.3).

Note
1. Systems of high order partial differential equations can also be made

into first order systems by the introduction of enough terms. For
instance, the system of equations for u(x, y) and v(x, y)

F1 (x, y, u, ux, uy, v, vx, vy) = 0
F2 (x, y, u, ux, uy, v, vx, vy) = 0

can be written as a first order system, but the resulting system has
12 dependent variables. See Garabedian [1, pages 7–11] for details.
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41. Transforming Partial
Differential Equations

Applicable to Partial differential equations.

Idea
Changing variables in a partial differential equation is a straightforward

process.

Procedure 1
The general procedure is simple: Construct a new function, which

depends upon new variables, and then differentiate with respect to the
old variables to see how the derivatives transform.

Procedure 2
If a differential equation can be written in terms of coordinate-free

expressions (e.g., in terms of the gradient operator), then a change of
variables can be avoided by simply using the metric of the new coordinate
system. This section contains representations of common coordinate-free
expressions for an orthogonal coordinate system. Note that Moon and
Spencer [4] list the metric coefficients for 43 different orthogonal coordinate
systems. (These consist of 11 general systems, 21 cylindrical systems, and
11 rotational systems.)

In an orthogonal coordinate system, let {ai} denote the unit vectors in
each of the three coordinate directions, and let {ui} denote distance along
each of these axes. The coordinate system may be designated by the metric
coefficients {g11, g22, g33}, defined by

gii =
(
∂x1

∂ui

)2

+
(
∂x2

∂ui

)2

+
(
∂x3

∂ui

)2

, (41.1)

where {x1, x2, x3} represent rectangular coordinates. Using the metric
coefficients defined in equation (41.1), we define g = g11g22g33.

When φ represents a scalar and E = E1a1 + E2a2 + E3a3 represents a
vector, we have

gradφ = ∇φ =
a1√
g11

∂φ

∂u1
+

a2√
g22

∂φ

∂u2
+

a3√
g33

∂φ

∂u3
,

(41.2)

div E = ∇ ·E

=
1
√
g

{
∂

∂u1

(
gE1

g11

)
+

∂

∂u2

(
gE2

g22

)
+

∂

∂u3

(
gE3

g33

)}
, (41.3)
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curl E = ∇×E = a1
Γ1√
g11

+ a2
Γ2√
g22

+ a3
Γ3√
g33

, (41.4)

∇2φ =
1
√
g

{
∂

∂u1

[√
g

g11

∂φ

∂u1

]
+

∂

∂u2

[√
g

g22

∂φ

∂u2

]
+

∂

∂u3

[√
g

g33

∂φ

∂u3

]}
,

=
1

h1h2h3

{
∂

∂u1

[
h2h3

h1

∂φ

∂u1

]
+

∂

∂u2

[
h3h1

h2

∂φ

∂u2

]
+

∂

∂u3

[
h1h2

h3

∂φ

∂u3

]}
,

(41.5)

grad div E = ∇(∇ ·E) =
a1√
g11

∂Υ
∂x1

+
a2√
g22

∂Υ
∂x2

+
a3√
g33

∂Υ
∂x3

,

(41.6)

curl curl E = ∇×(∇×E)

= a1

√
g11

g

[
∂Γ3

∂x2
− ∂Γ2

∂x3

]
+ a2

√
g22

g

[
∂Γ1

∂x3
− ∂Γ3

∂x1

]
+ a3

√
g33

g

[
∂Γ2

∂x1
− ∂Γ1

∂x2

]
,

(41.7)

45E = grad div E− curl curl E
= ∇(∇ ·E)−∇×(∇×E)

= a1

{
1
√
g11

∂Υ
∂x1

+
√
g11

g

[
∂Γ2

∂x3
− ∂Γ3

∂x2

]}
+ a2

{
1
√
g22

∂Υ
∂x2

+
√
g22

g

[
∂Γ3

∂x1
− ∂Γ1

∂x3

]}
+ a3

{
1
√
g33

∂Υ
∂x3

+
√
g33

g

[
∂Γ1

∂x2
− ∂Γ2

∂x1

]}
,

(41.8)

where Υ and Γ = (Γ1,Γ2,Γ3) are defined by

Υ =
1
√
g

{
∂

∂x1

[
E1

√
g

g11

]
+

∂

∂x2

[
E2

√
g

g22

]
+

∂

∂x3

[
E3

√
g

g33

]}
,

Γ1 =
g11√
g

{
∂

∂x2
(
√
g33E3)− ∂

∂x3
(
√
g22E2)

}
,

Γ2 =
g22√
g

{
∂

∂x3
(
√
g11E1)− ∂

∂x1
(
√
g33E3)

}
,

Γ3 =
g22√
g

{
∂

∂x1
(
√
g22E2)− ∂

∂x2
(
√
g11E1)

}
.

(41.9)
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Operations for orthogonal coordinate systems are sometimes written in
terms of {hi} functions, instead of the {gii} terms. Here, hi =

√
gii, so

that
√
g = h1h2h3. For example

• Cylindrical Polar Coordinates

x1 = r cosφ, x2 = r sinφ, x3 = z

g1 = 1, g2 = r2, g3 = 1 (41.10)

• Elliptic Cylinder Coordinates

x1 = u1u2, x2 =
√

(u2
1 − c2)(1− u2

2), x3 = u3

g1 =
u2

1 − c2u2
2

u2
1 − c2

, g2 =
u2

1 − c2u2
2

1− u2
2

, g3 = 1

Example 1
Suppose we have the equation

fxx + fyy + xfy = 0, (41.11)

and we would like to transform the equation from the {x, y} variables to
the {u, v} variables, where

u = x, v =
x

y
.

Note that the inverse transformation is given by x = u, y = u/v.
We define g(u, v) to be equal to the function f(x, y) when written in

the new variables. That is,

f(x, y) = g(u, v) = g

(
x,
x

y

)
. (41.12)

Now we create the needed derivative terms, carefully applying the chain
rule. For example, by differentiating equation (41.12) with respect to x,
we obtain

fx(x, y) = gu
∂

∂x
(u) + gv

∂

∂x
(v)

= g1
∂

∂x
(x) + g2

∂

∂x

(
x

y

)
= g1 + g2

1
y

= g1 +
v

u
g2,
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where we have used a subscript of “1” (“2”) to indicate a derivative with
respect to the first (second) argument of the function g(u, v) (i.e., g1(u, v) =
gu(u, v)). Use of this “slot notation” tends to minimize errors.

In a like manner, we find

fy(x, y) = gu
∂

∂y
(u) + gv

∂

∂y
(v)

= g1
∂

∂y
(x) + g2

∂

∂y

(
x

y

)
= − x

y2
g2

= −v
2

u
g2.

The second order derivatives can be calculated similarly:

fxx(x, y) =
∂

∂x
(fx(x, y))

=
∂

∂x

(
g1 +

1
y
g2

)
= g11 +

2v
u
g12 +

v2

u2
g22,

fxy(x, y) =
∂

∂x

(
− x

y2
g2

)
= −u

2

v2
g2 −

u3

v3
g12 −

u2

v2
g22,

fyy(x, y) =
∂

∂y

(
− x

y2
g2

)
=

2v3

u2
g2 +

v4

u2
g22.

Finally, then, we can determine what equation (41.11) looks like in the
new variables:

0 = fxx + fyy + xfy

=
(
g11 +

2v
u
g12 +

v2

u2
g22

)
+
(

2v3

u2
g2 +

v4

u2
g22

)
+ (u)

(
−v

2

u
g2

)
=
v2(2v − u2)

u2
gv + guu +

2v
u
guv +

v2(1 + v2)
u2

gvv.

Example 2
As a simple example of using coordinate-free representations, consider

the diffusion equation in rectilinear coordinates:

ut = κ (uxx + uyy + uzz) . (41.13)
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We recognize this to be the same as ut = κ∇2u. Hence, using equation
(41.10) in equation (41.5) we find

ut = κ∇2u = κ

(
∂2u

∂r2
+

1
r

∂u

∂r
+

1
r2

∂2u

∂φ2
+
∂2u

∂z2

)
.

in cylindrical polar coordinates.

Notes
1. A Macsyma program that will perform changes of variables in partial

differential equations is described in Steinberg [5].
2. Mathematica has the package VectorAnalysis which can compute

the divergence, curl, gradient, Laplacian, and the biharmonic opera-
tor (∇4) in 14 different coordinate systems.

3. The Laplacian (∇2) for 22 different coordinate systems is given start-
ing on page 204.

4. See also Butkov [1, pages 34–39] and Moon and Spencer [3, Chapter
3].
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42. Transformations of
Partial Differential
Equations

Applicable to Partial differential equations.

Procedure
Many transformations have been developed for equations of specific

forms.

Euler Transformation
Given the first order partial differential equation in two independent

variables, F (x, y, z, p, q) = 0 (with, as usual, p = zx, q = zy) and zxx 6= 0
the transformation

x = ZX

y = Y

z = XZX − Z
p = X

q = −ZY


⇐⇒



X = zx

Y = y

Z = xzx − z
P = x

Q = −zy


, (42.1)

is known as the Euler transformation. Note that ZY + zy = 0. Under
this transformation, the original equation transforms into F (ZX , Y,XZX−
Z,X,−ZY ) = 0 (see Kamke [6, section 11.15, pages 100–101]).

As an example, the equation G(xp − z, y, p, q) = 0 becomes, under
the Euler transformation, G(Z, Y,X,−ZY ) = 0. As another example, the
Clairaut partial differential equation F = z − (xzx + yzy + f(zx, zy)) = 0
is transformed into F = Z − Y ZY + f(X,−ZY ) = 0. Note that this
latter equation is really an ordinary differential equation for Z = Z(Y )
(the variable X acts as a parameter).

Kirchoff Transformation
Given the elliptic partial differential equation

div[K(ψ) gradψ] = ∇ · [K(ψ)∇ψ] = 0, (42.2)

for ψ = ψ(x), the Kirchoff transformation introduces the new dependent

variable, Φ(x), defined by Φ =
∫ ψ

ψ0

K(t) dt, where ψ0 is some arbitrary

reference value. This transforms equation (42.2) into Laplace’s equation
∇2Φ = 0; see Ames [1, pages 6–7 and 21–23].
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Transformations of Parabolic Differential Equations I
The parabolic partial differential equation

ut = α2uxx − δux + εu,

where {α, δ, ε} are constants, may be transformed into the simple diffusion
equation φt = α2φxx, by means of the transformation (see Bateman [2,
pages 75–79] or Farlow [3, page 58])

u(x, t) = φ(x, t) exp
[
δ

2α2
x+

(
ε− δ2

4α2

)
t

]
. (42.3)

Transformations of Parabolic Differential Equations II
The nonlinear parabolic partial differential equation

ct = (D(c)cx)x

may be transformed, via v(c, t) = D(c)cx, into the following equation with
a simpler nonlinearity (see Hill [5, page 148]):

D(c)vt = v2vcc.

Transformation of Elliptic/Hyperbolic Equations
The linear partial differential equation

α(x)
∂2u

∂x2
+ β(x)

∂u

∂x
+ γ(x)u = a

∂u

∂t
+ b

∂2u

∂t2
(42.4)

may be transformed into the equation

c(X)
∂

∂X

(
1

c(X)
∂v

∂X

)
= a

∂v

∂t
+ b

∂2v

∂t2
.

Through the transformation

X =
∫ x dτ√

|α(τ)|
v(X, t) =

u(x, t)
u0(x)

,

where u0(x) is any nonzero “equilibrium” solution of (42.4), and c(X) is
a function completely determined by {α(x), β(x), γ(x)}. See Varley and
Seymour [9].

Removing First Derivative Terms
Linear elliptic equations and hyperbolic equations of second order, all of

whose coefficients of the derivative terms are constants, can be transformed
so that the first derivative terms no longer appear. For example, we
presume that u(x) satisfies

n∑
k=1

λk
∂2u

∂xk2
+

n∑
k=1

bk
∂u

∂xk
+ c(x)u = 0. (42.5)
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Note that scaling of the {xk} allows equation (42.5) to be written with
each {λk} equal to 0, 1, or −1. If we presume that no λk is equal to zero,
and we define

w(x) = u(x) exp

[
1
2

n∑
k=1

(
bk
λk

)
xk

]
,

then w(x) satisfies (see Garabedian [4, pages 74–75])

n∑
k=1

λk
∂2w

∂xk2
+

(
c(x)− 1

4

n∑
i=1

b2k
λ

)
w = 0.

Von Mises Transformation
For fluid flow with constant viscosity, the Navier–Stokes equations (see

page 179) sometimes take the form

u
∂u

∂x
+ v

∂v

∂y
= ν

∂2u

∂y2
,

∂u

∂x
+
∂v

∂y
= 0.

(42.6.a-b)

These are called the boundary layer equations. A standard procedure for
analyzing the Navier–Stokes equations (and equations derived from them)
is to introduce the stream function Ψ, defined by

u =
∂Ψ
∂y

, v = −∂Ψ
∂x

.

With this definition, equation (42.6.b) is automatically satisfied. In the Von
Mises transformation, Ψ and x are treated as the independent variables,
instead of y and x. This transforms equation (42.6.a) into

∂u

∂x
=

∂

∂Ψ

(
νu

∂u

∂Ψ

)
.

See Rosenhead [7], Schlichting [8], or von Mises [10].

Notes
1. If the boundary data are of the Neuman type, then the Kirchoff

transformation may introduce nonlinearities in the boundary data
for the Φ problem.

2. The Kirchoff transformation is frequently useful in free boundary
problems (see page 311), where K(ψ) changes value across the (un-
known) boundary.
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43. Introduction to Exact
Analytical Methods

The methods in this section of the book are for the exact solution of
differential equations. The methods have been separated into two parts:

• Methods that can be used for ordinary differential equations and,
sometimes, partial differential equations: When a method in this
part can be used for a partial differential equation, there is a star (∗)
alongside the method name.
• Methods that can be used only for partial differential equations.

Because many of the common methods for partial differential equations
are also useful as methods for ordinary differential equations, the first
part of this section should not be overlooked when attempting to find the
solution of a partial differential equation.

Listed below are, in the author’s opinion, those methods that are the
most useful when solving ordinary differential equations and partial differ-
ential equations. These are the methods that might be tried first.

Most Useful Methods for ODEs
• Look-Up Technique (page 179)
• Look-Up ODE Forms (page 219)
• Computer-Aided Solution (page 240)
• Constant Coefficient Linear Equations (page 247)
• Eigenfunction Expansions∗ (page 268)
• Green’s Functions∗ (page 318)
• Integral Transforms: Infinite Intervals∗ (page 347)
• Integrating Factors∗ (page 356)
• Series Solution∗ (page 403)
• Method of Undetermined Coefficients∗ (page 415)

Most Useful Methods for PDEs
• Look-Up Technique (page 179)
• Eigenfunction Expansions∗ (page 268)
• Green’s Functions∗ (page 318)
• Integral Transforms: Infinite Intervals∗ (page 347)
• Method of Characteristics (page 432)
• Conformal Mappings (page 441)
• Lie Groups: PDEs (page 471)
• Separation of Variables (page 487)
• Similarity Methods (page 497)
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44. Look-Up Technique

Applicable to Equations of certain forms.

Yields
A reference to the literature that may yield an analytical solution, an

approximate analytical solution, or a numerical solution.

Idea
Many functions of mathematical physics have been well studied. If a

differential equation can be transformed to a known form, then information
about the solution may be obtained by looking in the right reference.

Procedure
Compare the differential equation that you are trying to analyze with

the lists on the following pages. If the equation you are investigating
appears, see the references cited for that equation.

The equations listed in this section include

• Ordinary differential equations (page 180)

– First order equations
– Second order equations
– Higher order equations

• Partial differential equations (page 189)

– Linear equations
– Second order nonlinearity
– Higher order and variable order nonlinearities

• Systems of differential equations (page 199)

– Systems of ordinary differential equations
– Systems of partial differential equations

• The Laplacian in different coordinate systems (page 204)
• Parametrized equations at specific values (page 205)

Notes
1. Realize that the same equation may look different when written in dif-

ferent variables. Some scaling of any given equation may be required
to make it look like one of the forms listed.

2. Carslaw and Jaeger [36] have a large collection of exact analytical
solutions for parabolic partial differential equations.

3. In Kamke ([90] and [91]), Murphy [123], and Polyanin and Zaitsev
[130] are long listings of ordinary differential equations and partial
differential equations and their exact solutions.

4. The references follow the listings of differential equations (page 209).
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5. A complete list of third-order polynomial evolution equations of not
normal type with nontrivial Lie–Bäcklund symmetries is in Fujimoto
and Watanabe [60].

44.1 Ordinary Differential Equations
44.1.1 First Order Equations

Abel equation of the first kind (see Murphy [123, page 23]):

y′ = f0(x) + f1(x)y + f2(x)y2 + f3(x)y3

Abel equation of the second kind (see Murphy [123, page 25]):

[g0(x) + g1(x)y] y′ = f0(x) + f1(x)y + f2(x)y2 + f3(x)y3

Bernoulli equation (see page 235):

y′ = a(x)yn + b(x)y

Binomial equation (see Hille [80, page 675]):

(y′)m = f(x, y)

Briot and Bouquet’s equation (see Ince [85, page 295]):

xy′ − λy = a10x+ a20x
2 + a11yx+ a02y

2 + . . .

Clairaut’s equation (see page 237):

f(xy′ − y) = g(y′)

Elliptic functions (see Gradshteyn and Ryzhik [69, page 917]):

y′ =
√

(1− y2)(1 − k2y2)

Euler equation (see Valiron [161, page 201]):

y′ = ±
√

ay4+by3+cy2+dy+e
ax4+bx3+cx2+dx+e

Euler equation (see Valiron [161, page 212]):

y′ + y2 = axm

Heisenberg equation of motion (see Iyanaga and Kawada [87, page 1083]):
dA(t)
dt = i

h̄ [H,A(t)]

Jacobi equation (see Ince [85, page 22]):

(a1 + b1x+ c1y)(xy′ − y)− (a2 + b2x+ c2y)y′ + (a3 + b3x+ c3y) = 0

Lagrange’s equation (see page 363):

y = xf(y′) + g(y′)
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Löwner’s equation (see Iyanaga and Kawada [87, page 1345]):

y′ = −y 1+κ(x)y
1−κ(x)y

Riccati equation (see page 392):
y′ = a(x)y2 + b(x)y + c(x)

Unnamed equation (see Boyd [30]):

y′ = −pe−q/y

Unnamed equation (see Goldstein and Braun [68, page 42]):

g(y)y′ = f(x) + h(x)G
(∫

f(x) dx−
∫
g(y) dy

)
Weierstrass function (see Rainville [131, page 312]):

y′ =
√

4y3 − g2y − g3

44.1.2 Second Order Equations

Airy equation (see Abramowitz and Stegun [3, Section 10.4.1]):
y′′ = xy

Anger functions (see Gradshteyn and Ryzhik [69, page 989]):

y′′ + y′

x +
(

1− ν2

x2

)
y = x−ν

πx2 sin νπ

Baer equation (see Moon and Spencer [119, page 156]):

(x− a1)(x− a2)y′′ + 1
2 [2x− (a1 + a2)] y′ −

[
p2x+ q2

]
y = 0

Baer wave equation (see Moon and Spencer [119, page 157]):

(x− a1)(x− a2)y′′ + 1
2 [2x− (a1 + a2)] y′ −

[
k2x2 − p2x+ q2

]
y = 0

Bessel equation (see Abramowitz and Stegun [3, Section 9.1.1]):
x2y′′ + xy′ + (x2 − n2)y = 0

Bessel equation – modified (see Abramowitz and Stegun [3, Section 9.6.1]):

x2y′′ + xy′ − (x2 + n2)y = 0

Bessel equation – spherical (see Abramowitz and Stegun [3, Section 10.1.1]):

x2y′′ + 2xy′ +
[
x2 − n(n+ 1)

]
y = 0

Bessel equation – modified spherical (see Abramowitz and Stegun [3, Sec-
tion 10.2.1]):

x2y′′ + 2xy′ −
[
x2 + n(n+ 1)

]
y = 0
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Bessel equation – wave (see Moon and Spencer [119, page 154]):

x2y′′ + xy′ +
[
a2x4 + b2x2 − c2

]
y = 0

Bôcher equation (see Moon and Spencer [119, page 127]):

y′′ +
1
2

[
m1

x− a1
+ · · ·+ mn−1

x− an−1

]
y′

+
1
4

[
A0 +A1x+ · · ·+Alx

l

(x− a1)m1(x− a2)m2 · · · (x− an−1)mn−1

]
y = 0

Confluent equation – general (see Abramowitz and Stegun [3, Section
13.1.35]):

y′′+
[

2a
x

+ 2f ′ +
bh′

h
− h′ − h′′

h′

]
y′ +

[(
bh′

h
− h′ − h′′

h′

)(a
x

+ f ′
)

+
a(a− 1)
x2

+
2af ′

x
+ f ′′ + (f ′)2 − a(h′)2

h

]
y = 0

Coulomb wave functions (see Abramowitz and Stegun [3, Section 14.1.1]):

y′′ +
[
1− 2η

x −
L(L+1)
x2

]
y = 0

Duffing’s equation (see Bender and Orszag [20, page 547]):

y′′ + y + ay3 = 0

Eckart equation (see Barut et al. [18]):

y′′ +
[
αη

1+η + βη
(1+η)2 + γ

]
y = 0, η = eδx

Ellipsoidal wave equation (see Arscott [13]):

y′′ − (a+ bk2 sn2 x+ qk4 sn4 x)y = 0

Complete elliptic integral (see Gradshteyn and Ryzhik [69, page 907]):
d
dx

[
x(1− x2) dydx

]
− xy = 0

Complete elliptic integral (see Gradshteyn and Ryzhik [69, page 907]):

(1− x2) d
dx

(
x dydx

)
+ xy = 0

Emden equation (see Leach [102]):

(x2y′)′ + x2yn = 0

Emden equation – modified (see Leach [102]):

y′′ + a(x)y′ + yn = 0
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Emden–Fowler equation (see Rosenau [137]):
(xpy′)′ ± xσyn = 0

Generalized Emden–Fowler equation (see Leach et al. [104]):
y′′ + f(x)yn = 0

Integrals of the error function (see Abramowitz and Stegun [3, Section
7.2.2]):

y′′ + 2xy′ − 2ny = 0

Gegenbauer functions (see Infeld and Hull [86]):
(1− x2)y′′ − (2m+ 3)xy′ + λy = 0

Halm’s equation (see Hille [80, page 357]):
(1 + x2)2y′′ + λy = 0

Heine equation (see Moon and Spencer [119, page 157]):

y′′ + 1
2

[
1

x−a1
+ 2

x−a2
+ 2

x−a3

]
y + 1

4

[
A0+A1x+A2x

2+A3x
3

(x−a1)(x−a2)2(x−a3)2 y
]

= 0

Hermite polynomials (see Abramowitz and Stegun [3, Section 22.6.21]):
y′′ − xy′ + ny = 0

Heun’s equation (see Ronveaux [134]):

y′′ +
[
γ
x + δ

x−1 −
ε

x−a

]
y′ + αβx−q

x(x−1)(x−a)y = 0

Hill’s equation (see Ince [85, page 384]):
y′′ + (a0 + 2a1 cos 2x+ 2a2 cos 4x+ . . . ) y = 0

Hypergeometric equation (see Abramowitz and Stegun [3, Section 15.5.1]):
x(1− x)y′′ + [c− (a+ b+ 1)x] y′ − aby = 0

Hyperspherical differential equation (see Iyanaga and Kawada [87, page
1185]):

(1− x2)y′′ − 2axy′ + by = 0

Ince equation (see Athorne [14]):
y′′ + α+β cos 2t+γ cos 4t

(1+a cos 2t)2 y = 0

Jacobi’s equation (see Iyanaga and Kawada [87, page 1480]):
x(1− x)y′′ + [γ − (α+ 1)x] y′ + n(α+ n)y = 0

Kelvin functions (see Abramowitz and Stegun [3, Section 9.9.3]):
x2y′′ + xy′ − (ix2 + ν2)y = 0

CD-ROM Handbook of Differential Equations c©Academic Press 1997



184 II Exact Analytical Methods

Kummer’s equation (see Abramowitz and Stegun [3, Section 13.1.1]):
xy′′ + (b− x)y′ − ay = 0

Lagerstrom equation (see Rosenblat and Shepherd [138]):
y′′ + k

xy
′ + εyy′ = 0

Laguerre equation (see Iyanaga and Kawada [87, page 1481]):
xy′′ + (α+ 1− x)y′ + λy = 0

Lamé equation (see Moon and Spencer [119, page 157]):

y′′ + 1
2

[
1

x−a1
+ 1

x−a2
+ 1

x−a3

]
y′ + 1

4

[
A0+A1x

(x−a1)(x−a2)(x−a3)

]
y = 0

Lamé equation (see Ward [167]):
y′′ + (h− n(n+ 1)k2 sn2 x)y = 0

Lamé equation – wave (see Moon and Spencer [119, page 157]):

y′′ + 1
2

[
1
x + 1

x−a + 1
x−b

]
y′ + 1

4

[
(a2+b2)q−p(p+1)x+κx2

x(x−a)(x−b)

]
y = 0

Lane–Emden equation (see Seshadri and Na [147, page 193]):
y′′ + 2

xy
′ + yk = 0

Legendre equation (see Abramowitz and Stegun [3, Section 8.1.1]):

(1− x2)y′′ − 2xy′ +
[
n(n+ 1)− m2

1−x2

]
y = 0

Legendre equation – wave (see Moon and Spencer [119, page 155]):

(1− x2)y′′ − 2xy′ −
[
k2a2(x2 − 1)− p(p+ 1)− q2

x2−1

]
y = 0

Lewis regulator (see Hagedorn [71, page 152]):
y′′ + (1− |y|)y′ + y = 0

Liénard’s equation (see Villari [163]):
y′′ + f(y)y′ + y = 0

Liouville’s equation (see Goldstein and Braun [68, page 98]):
y′′ + g(y)(y′)2 + f(x)y′ = 0

Lommel functions (see Gradshteyn and Ryzhik [69, page 986]):
x2y′′ + xy′ + (x2 − ν2)y = xµ+1

Magnetic pole equation (see Infeld and Hull [86]):

y′′ −

m(m+1)+
1
4−
(
m+

1
2

)
cos x

sin2 x
+
(
λ+ 1

2

) y = 0
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Mathieu equation (see Abramowitz and Stegun [3, Section 20.1.1]):

y′′ + (a− 2q cos 2x)y = 0

Mathieu equation – associated (see Ince [85, page 503]):

y′′ + [(1− 2r) cotx] y′ + (a+ k2 cos2 x)y = 0

Mathieu equation – modified (see Abramowitz and Stegun [3, Section
20.1.2]):

y′′ − (a− 2q cosh 2x)y = 0

Morse–Rosen equation (see Barut et al. [18]):

y′′ +
[

α
cosh2 ax

+ β tanh ax+ γ
]
y = 0

Neumann’s polynomials (see Gradshteyn and Ryzhik [69, page 990]):

x2y′′ + 3xy′ + (x2 + 1− n2)y = x cos2 nπ
2 + n sin2 nπ

2

Painlevé transcendent – first (see Ince [85, page 345]):

y′′ = 6y2 + x

Painlevé transcendent – second (see Ince [85, page 345]):

y′′ = 2y3 + xy + a

Painlevé transcendent – third (see Ince [85, page 345]):

y′′ = 1
y (y′)2 − 1

xy
′ + 1

x (αy2 + β) + γy3 + δ
y

Painlevé transcendent – fourth (see Ince [85, page 345]):

y′′ = 1
2y (y′)2 + 3y3

2 + 4xy2 + 2(x2 − α)y + β
y

Painlevé transcendent – fifth (see Ince [85, page 345]):

y′′ =
(

1
2y + 1

y−1

)
(y′)2 − 1

xy
′ + (y−1)2

x2

(
αy + β

y

)
+ γy

x + δy(y+1)
y−1

Painlevé transcendent – sixth (see Ince [85, page 345]):

y′′ =
1
2

(
1
y

+
1

y − 1
+

1
y − x

)
(y′)2 −

(
1
x

+
1

x− 1
+

1
y − x

)
y′

+
y(y − 1)(y − x)
x2(x − 1)2

[
α+

βx

y2
+
γ(x− 1)
(y − 1)2

+
δx(x− 1)
(y − x)2

]
Painlevé–Ince – modified (see Abraham-Shrauner [2]):

y′′ + σyy′ + βy3

Parabolic cylinder equation (see Abramowitz and Stegun [3, Section 19.1.1]):

y′′ + (ax2 + bx+ c)y = 0
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Pinney equation (see Common et al. [50, page 908]):

y′′ + f(x)y + cy−3

Poisson–Boltzmann equation (see Chambré [39]):

y′′ + k
xy
′ = −δey

Pöschl–Teller equation – first (see Barut et al. [18]):

y′′ −
[
a2
(
κ(κ−1)
sin2 ax

+ λ(λ−1)
cos2 ax

)
− b2

]
y = 0

Pöschl–Teller equation – second (see Barut et al. [18]):

y′′ −
[
a2
(
κ(κ−1)
sinh2 ax

+ λ(λ−1)
cosh2 ax

)
− b2

]
y = 0

Polytropic differential equation (see Iyanaga and Kawada [87, page 908]):

(x2y′)′ = −x2yn

Rayleigh equation (see Birkhoff and Rota [24, page 134]):

y′′ − µ
[
1− (y′)2

]
y′ + y = 0

Riccati–Bessel equation (see Abramowitz and Stegun [3, Section 10.3.1]):

x2y′′ +
[
x2 − n(n+ 1)

]
y = 0

Richardson’s equation (see Binding and Volkmer [23]):

−y′′ = (λ sgnx+ µ)y

Riemann’s differential equation (see Abramowitz and Stegun [3, Section
15.6.1]):

y′′+
[

1− α− α′
x− a +

1− β − β′
x− b +

1− γ − γ′
x− c

]
y′

+
[
αα′(a− b)(a− c)

x− a +
ββ′(b− c)(b − a)

x− b +
γγ′(c− a)(c− b)

x− c

]
× y

(x− a)(x− b)(x− c) = 0

Spheroidal wave functions (oblate) (see Abramowitz and Stegun [3, Section
21.6.4]):[

(1− x2)y′
]′ + (λ+ c2x2 − m2

1−x2

)
y = 0

Spheroidal wave functions radial (see Abramowitz and Stegun [3, Section
21.6.3]):[

(1 + x2)y′
]′ − (λ− c2x2 − m2

x2+1

)
y = 0
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Struve functions (see Abramowitz and Stegun [3, Section 12.1.1]):

x2y′′ + xy′ + (x2 − ν2)y =
4(x2 )ν+1

√
πΓ(ν+

1
2 )

Symmetric top equation (see Infeld and Hull [86]):

y′′ −
[
M2− 1

4 +K2−2MK cosx

sin2 x +
(
σ +K2 + 1

4

)]
y = 0

Tchebycheff equation (see Abramowitz and Stegun [3, Section 22.6.9]):
(1− x2)y′′ − xy′ + n2y = 0

Thomas–Fermi equation (see Bender and Orszag [20, page 25]):
y′′ = y3/2x−1/2

Titchmarsh’s equation (see Hille [80, page 617]):
y′′ +

(
λ− x2n

)
y = 0

Ultraspherical equation (see Abramowitz and Stegun [3, Section 22.6.5]):
(1− x2)y′′ − (2a+ 1)xy′ + n(n+ 2a)y = 0

Van der Pol equation (see Birkhoff and Rota [24, page 134]):
y′′ − µ(1− y2)y′ + y = 0

Wangerin equation (see Moon and Spencer [119, page 157]):

y′′ + 1
2

[
1

x−a1
+ 1

x−a2
+ 2

x−a3

]
y′ + 1

4

[
A0+A1x+A2x

2

(x−a1)(x−a2)(x−a3)2

]
y = 0

Weber equation (see Moon and Spencer [119, page 153]):

y′′ +
(
a2 − b2

4 x
2
)
y = 0

Weber functions (see Gradshteyn and Ryzhik [69, page 989]):

y′′ + y′

x +
(

1− ν2

x2

)
y = − 1

πx2 [x+ ν + (x− ν) cos νπ]

Whittaker’s equation (see Abramowitz and Stegun [3, equation 13.1.31]):

y′′ +
(
− 1

4 + κ
x +

1
4−µ

2

x2

)
y = 0

Whittaker–Hill equation (see Urwin and Arscott [159]):
y′′ + (A+B cos 2x+ C cos 4x)y = 0

Unnamed equation (see Chrisholm and Common [45]):
y′′ + (a0 + a1y)y′ + b0 + b1y + b2y

2 + b3y
3 = 0

Unnamed equation (see Gilding [65]):
y′′ = −λyp
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Unnamed equation (see Latta [101]):
(1− x2)y′′ − 2axy′ + (b+ cx2)y = 0

Unnamed equation (see Leach et al. [103]):
y′′ + yy′ + βy3 = 0

Unnamed equation (see Rubel [140]):
xyy′′ + yy′ − x(y′)2 = 0

Unnamed equation (see Setoyanagi [148]):
y′′ + (axp + bxq)y = 0

Unnamed equation (see Tsukamoto [158]):
y′′ + eatyb = 0

44.1.3 Higher Order Equations

Products of Airy functions (see Abramowitz and Stegun [3, equation 10.4.57]):
y′′′ − 4xy′ − 2y = 0

Blasius equation (see Meyer [114, page 127]):
y′′′ + yy′′ = 0

Falkner–Skan equation (see Cebeci and Keller [38]):
y′′′ + yy′′ + β

[
1− (y′)2

]
= 0

Generalized hypergeometric equation (see Miller [117, page 271]):(
x d
dx + a1

)
· · ·
(
x d
dx + ap

)
− d

dx

(
x d
dx + b1

)
· · ·
(
x d
dx + bq

)
y = 0

Laplace equations (see Valiron [161, pages 306–315]):
(a0x+ b0)y(n) + (a1x+ b1)y(n−1) + · · ·+ (anx+ bn)y = 0

Sixth order Onsager equation (see Viecelli [162]):
(ex (exyx)xx)xxx = f(x)

Orr–Sommerfeld equation (see Herron [77]):

1
iαR

(
d2

dx2 − α2
)2

y −
[
(f(x)− c)

(
d2

dx2 − α2
)
− f ′′(x)

]
y = 0

Unnamed equation (see Benguria and Depassier [21]):
λy′′′ + y′ = f(y)

Unnamed equation (see Hershenov [78]):
y′′′ + a xy′ + by = 0
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Unnamed equation (see Merkin [113]):
y′′′ + yy′ + λ(y′)2 = 0

Unnamed equation (see Pfeiffer [129]):
y′′′ + q(x)y′ + r(x)y = 0

Unnamed equation (see Walker [164]):
[(ry′′)′ − py′]′ + qy = σy

Unnamed equation (see Watson [168, page 106]):
y(m) = axy−m/2

44.2 Partial Differential Equations
44.2.1 Linear Equations

Biharmonic equation (see Kantorovich and Krylov [92, pages 595–615]):
∇4u = 0

Linear Boussinesq equation (see Whitham [170, page 9]):
utt − a2uxx = b2uxxtt

Busemann equation (see Chaohao [42]):
(1− x2)uxx − 2xyuxy + (1 − y2)uyy + 2a(xux + yuy)− a(a+ 1)u = 0

Chaplygin’s equation (see Landau and Lifshitz [99, page 432]):

uxx + y2

1−y2/c2uyy + yuy = 0

Diffusion equation (see Morse and Feshback [122, page 271]):

∇ ·(κ(x, t)∇u) = ut

Euler–Darboux equation (see Miller [116]):
uxy + 1

x−y (aux − buy) = 0

Euler–Poisson–Darboux equation (see Ames [9, Section 3.3]):
uxy + N

x+y (ux + uy) = 0

Helmholtz equation (see Morse and Feshback [122, page 271]):
∇2u+ k2u = 0

Klein–Gordon equation (see Morse and Feshback [122, page 272]):
∇2u− 1

c2utt = µ2u

Kramers equation (see Duck et al. [54]):
Pt = Pxx − uPx + ∂

∂u [(u− F (x))P ]
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Lambropoulos’s equation (see Wilcox [171]):
uxy + axux + byuy + cxyu+ ut = 0

Laplace’s equation (see Morse and Feshback [122, page 271]):
∇2u = 0

Lavrent’ev–Bitsadze equation (see Chang [41]):
uxx + (sgn y)uyy = f(x, y)

Onsager equation (see Wood and Morton [172]):
(ex (exuxx)xx)xx +B2uyy = F (x, y)

Poisson equation (see Morse and Feshback [122, page 271]):
∇2u = −4πρ(x)

Schröedinger equation (see Morse and Feshback [122, page 272]):

− h̄2

2m∇2u+ V (x)u = ih̄ut

Spherical harmonics in three dimensions (see Humi [84]):[
1

sin θ
∂
∂θ

(
sin θ ∂∂θ

)
+ 1

sin2 θ
∂2

∂φ2 + l(l + 1)
]
Yl,m = 0

Spherical harmonics in four dimensions (see Humi [84]):

uxx + 2(cotx)ux + 1
sin2 x

(
uyy + (cot y)uy + 1

sin2 y
uzz

)
+ (n2 − 1)u = 0

Tricomi equation (see Manwell [110]):
uyy = yuxx

Wave equation (see Morse and Feshback [122, page 271]):
utt = c2∇2u

Weinstein equation – generalized (see Akin [6]):
∇2u+ p

xn−1
uxn−1 + q

xn
uxn = 0

44.2.2 Second Order Nonlinearity

Benjamin–Bona–Mahony equation (see Avrin and Goldstein [15]):
ut − uxxx + uux = 0

Boussinesq equation (see Calogero and Degasperis [34, page 54]):
utt − uxx − uxxxx + 3(u2)xx = 0

Burgers equation (see Benton and Platzman [22]):
ut + uux = νuxx
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Burgers equation – non-planar (see Sachdev and Nair [142]):
ut + uux + Ju

2t = δ
2uxx

Burgers equation – generalized (see Oliveri [128]):
ut + uux − uxx + f(t)u = 0

Ernst equation (see Calogero and Degasperis [34, page 62]):
(<u)

(
urr + ur

r + uzz
)

= u2
r + u2

z

Fisher’s equation (see Kaliappan [89]):
ut = Duxx + u− u2

Convective Fisher’s equation (see Shönborn et al. [151]):
ut = 1

2uxx + u(1− u)− µuux

Kadomtsev–Petviashvili equation (see Latham [100]):
(ut + uxxx − 6uux)x ± uyy = 0

Generalized Kadomtsev–Petviashvili–Burgers equation (see Brugarino [31]):(
ut + J

2tu+ J1uux + J2uxx + J3uxxx
)
x

+ J4(t)uyy = 0

Khokhlov–Zabolotskaya equation (see Chowdhury and Nasker [44]):
uxt − (uux)x = uyy

Korteweg–de Vries equation (KdV) (see Lamb [98, Chapter 4]):
ut + uxxx − 6uux = 0

KdV equation – cylindrical (see Calogero and Degasperis [34, page 50]):
ut + uxxx − 6uux + u

2t = 0

KdV equation – generalized (see Boyd [29]):
ut + uux − uxxxxx = 0

KdV equation – spherical (see Calogero and Degasperis [34, page 51]):
ut + uxxx − 6uux + u

t = 0

KdV equation – transitional (see Calogero and Degasperis [34, page 50]):
ut + uxxx − 6f(t)uux = 0

KdV equation – variable coefficient (see Nimala et al. [125]):
ut + atnuux + btmuxxx = 0

Korteweg–de Vries–Burgers equation (KdVB) (see Canosa and Gazdag [35]):
ut + 2uux − νuxx + µuxxx = 0
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Kuramoto–Sivashinksy equation (see Michelson [115]):
ut +∇4u+∇2u+ 1

2 |∇2u|2 = 0

Lin–Tsien equation (see Ames and Nucci [10]):
2utx + uxuxx − uyy = 0

Regularized long-wave equation (RLW) (see Calogero and Degasperis [34,
page 49]):

ut + ux − 6uux − utxx = 0

Generalized shallow water wave equation (GSWW) (see Clarkson and
Mansfield [48]):

uxxxt + auxuxt + butuxx − uxt − uxx = 0

Thomas equation (see Rosales [135]):
uxy + aux + buy + cuxuy = 0

Unnamed equation (see Rosen [136]):
utt + 2uut − uxx = 0
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44.2.3 Higher Order/Variable Order Nonlinearities

Affinsphären equation (see Schief and Rogers [146]):(
Ru
R2v2

)
u

=
(
R2Rv
v2

)
v

Generalized Benjamin–Bona–Mahony equation (see Goldstein and Wich-
noski [67]):

ut −∇2ut +∇ ·φ(u)) = 0

Benney equation (see Balmforth et al. [16]):
ut + (un)x = −uxx − µuxxx − uxxxx

Born–Infeld equation (see Whitham [170, page 617]):(
1− u2

t

)
uxx + 2uxutuxt −

(
1 + u2

x

)
utt = 0

Boussinesq equation – modified (see Clarkson [46]):
1
3utt − utuxx −

3
2u

2
xuxx + uxxxx = 0

Boussinesq equation – modified (see Clarkson [47]):
utt − utuxx − 1

2u
2
xuxx + uxxxx = 0

Buckmaster equation (see Hill and Hill [79]):
ut =

(
u4
)
xx

+
(
u3
)
x

Generalized Burgers equation (see Sachdev et al. [141]):
ut + unux +

(
j
2t + α

)
u+

(
β + γ

x

)
un+1 = δ

2uxx

Generalized Burgers–Huxley equation (see Wang et al. [166]):
ut − αuδux − uxx = βu

(
1− uδ

) (
uδ − γ

)
Cahn–Hilliard equation (see Novick-Cohen and Segel [126]):

ut = ∇ ·
[
M(u)∇

(
∂f
∂u −K∇2u

)]
Calogero–Degasperis–Fokas equation (see Gerdt et al. [63]):

uxxx − 1
8u

3
x + ux (Aeu +Be−u) = 0

Caudrey–Dodd–Gibbon–Sawada–Kotera equation (see Aiyer et al. [5]):
ut + uxxxxx + 30uuxxx + 30uxuxx + 180u2ux = 0

Clairaut’s equation (see Iyanaga and Kawada [87, page 1446]):
u = xux + yuy + f(ux, uy)

Inhomogenous nonlinear diffusion equation (see Saied and Hussein [143]):
xput = (xmunux)x
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Nonlinear diffusion equation (see King [96]):
∂u
∂t = ∂

∂x

(
u−4/3 ∂u

∂x

)
Nonlinear diffusion equation (see King [96]):

∂u
∂t = ∂

∂x

(
u−2/3 ∂u

∂x

)
Eckhaus partial differential equation (see Kundu [97]):

iut + uxx + 2
(
|u|2
)
x
u+ |u|4u = 0

Fisher equation – generalized (see Wang [165]):
ut − uxx − m

u u
2
x = u (1− uα)

Fisher equation – generalized (see Kaliappan [89]):
ut = uxx + u− uk

Fisher equation – generalized (see Herrera et al. [76]):
ut = uxx + up − u2p−1

Gardner equation (see Tabor [155, page 289]):
ut = 6(u+ a2u2)ux + uxxx

Ginzburg–Landau equation (see Katou [94]):
ut = (1 + ia)uxx + (1 + ic)u− (1 + id)|u|2u

Quintic Ginzburg–Landau equation (see Marcq et al. [111]):
At = εA+ α1Axx − α3|A|2A− α4|A|4A

Hamilton–Jacobi equation (see page 61):
Vt +H(t,x, Vx1 , . . . , Vxn) = 0

Harry Dym equation (see Calogero and Degasperis [34, page 53]):
ut = uxxxu

3

Generalized axially symmetric Helmholtz equation (GASHE) (see Lown-
des [109, page 96]):

∂2u
∂x2 + ∂2u

∂y2 + 2α
y
∂u
∂y + k2u = 0

Generalized biaxially symmetric Helmholtz equation in (n + 1) variables
(GASHEN) (see Lowndes [109, page 93]):∑n

i=1
∂2u
∂xi2

+ ∂2u
∂y2 + α

y
∂u
∂y + k2u = 0

Generalized biaxially symmetric Helmholtz equation (GBSHE) (see Lown-
des [109, page 91]):

∂2u
∂x2 + ∂2u

∂y2 + 2α
x
∂u
∂x + 2β

y
∂u
∂y + k2u = 0
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Hirota equation (see Calogero and Degasperis [34, page 56]):
ut + iau+ ib(uxx − 2η|u2|u) + cux + d(uxxx − 6η|u|2ux) = 0

Kadomtsev–Petviashvili equation – modified (see Clarkson [46]):
uxt = uxxx + 3uyy − 6u2

xuxx − 6uyuxx

KdV equation – deformed (see Dodd and Fordy [53]):

ut +
(
uxx − 2ηu3 − 3

2
uu2

x

η+u2

)
x

= 0

KdV equation – generalized (see Rammaha [133]):
ut + uux + p|u|p−1ux = 0

KdV equation – modified (mKdV) (see Calogero and Degasperis [34, page
51]):

ut + uxxx ± 6u2ux = 0

KdV equation – modified modified (see Dodd and Fordy [53]):
ut + uxxx − 1

8u
3
x + ux (Aeau +B + Ce−au) = 0

KdV equation – Schwarzian (see Weiss [169]):
ut
ux

+ {u;x} = λ

Klein–Gordon equation – nonlinear (see Matsuno [112]):
∇2u+ λup = 0

Klein–Gordon equation – quasilinear (see Nayfeh [124, page 76]):
utt − a2uxx + c2u = bu3

Kupershmidt equation (see Fuchssteiner et al. [59]):
ut = uxxxxx + 5

2uxxxu+ 25
4 uxxux + 5

4u
2ux

Liouville equation (see Matsuno [112]):
∇2u+ eλu = 0

Liouville equation (see Calogero and Degasperis [34, page 60]):
uxt = eηu

Molenbroek’s equation (see Cole and Cook [49, page 34]):

∇2φ = M2
∞

{
φ2
xφxx + 2φxφyφxy + φ2

yφyy +
γ − 1

2
(
φ2
x + φ2

y − 1
)

×
(
φxx + φyy + ε

φy
y

)}
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Monge–Ampère equation (see Moon and Spencer [121, page 171]):

(uxy)
2 − uxuy = f (x, y, u, ux, uy)

Monge–Ampère equation (see Gilbarg and Trudinger [64]):∣∣∣∣∣∣∣∣∣
ux1x1 ux1x2 . . . ux1xn

ux2x1 ux2x2 . . . ux2xn
...

...
. . .

...
uxnx1 uxnx2 . . . uxnxn

∣∣∣∣∣∣∣∣∣ = f(u,x,∇u)

Nagumo equation (see Zhi-Xiong and Ben-Yu [174]):

ut = uxx + u(u− a)(1 − u)

Phi–four equation (see Calogero and Degasperis [34, page 60]):

utt − uxx − u+ u3 = 0

Plateau’s equation (see Bateman [19, page 501]):

(1 + u2
x)uxx − 2uxuyuxy + (1 + u2

y)uyy = 0

Porous-medium equation (see Elliot, Herrero, King, and Ockendon [55]):

ut = ∇ ·(um∇u)

Generalized axially symmetric potential equation (GASPE) (see Lown-
des [109, page 95]):

∂2u
∂x2 + ∂2u

∂y2 + 2α
y
∂u
∂y = 0

Generalized biaxially symmetric potential equation (GBSPE) (see Lown-
des [109, page 91]):

∂2u
∂x2 + ∂2u

∂y2 + 2α
x
∂u
∂x + 2β

y
∂u
∂y = 0

Generalized biaxially symmetric potential equation in (n + 1) variables
(GASPEN) (see Lowndes [109, page 92]):∑n

i=1
∂2u
∂xi2

+ ∂2u
∂y2 + α

y
∂u
∂y = 0

Rayleigh wave equation (see Hall [74]):

utt − uxx = a(ut − u3
t )

Sawada–Kotera equation (see Matsuno [112, page 7]):

ut + 45u2ux + 15uxuxx + 15uuxxx + uxxxxx = 0

Schröedinger equation – logarithmic (see Cazenave [37]):

iut +∇2u+ u log |u|2 = 0
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Schröedinger equation – derivative nonlinear (see Calogero and Degasperis [34,
page 56]):

iut + uxx ± i
(
|u|2u

)
x

= 0

Schröedinger equation – derivative nonlinear (see Hayashi and Ozawa [75]):
i∂tψ + ∂xψ = iλ∂x(|ψ|2ψ) + λ1|ψ|p1−1 + λ2|ψ|p2−1

Schröedinger equation – nonlinear (see Calogero and Degasperis [34, page
56]):

iut + uxx ± 2|u|2u = 0

Sine–Gordon equation (see Calogero and Degasperis [34, page 59]):
uxx − uyy ± sinu = 0

Sine–Gordon equation – damped (see Levi et al. [105]):
utt + σut − uxx + sinu = 0

Sine–Gordon equation – double (see Calogero and Degasperis [34, page
60]):

uxt ±
[
sinu+ η sin

(
u
2

)]
= 0

Sine–Gordon – multidimensional (see Elzoheiry et al. [56]):
urr + m−1

r ur − utt = sinu

Sinh–Gordon equation (see Grauel [70]):
uxt = sinhu

Sinh–Poisson equation (see Ting et al. [156]):
∇2u+ λ2 sinhu = 0

Strongly damped wave equation (see Ang and Dinh [12]):
utt −∇2u−∇2ut + f(u) = 0

Tzitzeica equation (see Schief [145]):
uxy = eu − e−2u

Unnamed equation (see Aguirre and Escobedo [4]):
ut −∇2u = up

Unnamed equation (see Bluman and Kumei [25]):

ut − ∂
∂x

[
aux

(u+b)2

]
= 0

Unnamed equation (see Calogero [32]):
uxt + uuxx + F (ux) = 0
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Unnamed equation (see Calogero [33]):
ut = uxxx + 3(uxxu2 + 3u2

xu) + 3uxu4

Unnamed equation (see Daniel and Sahadevan [51]):
ut = uxxx + u2uxx + 3uu2

x + 1
3u

4ux

Unnamed equation (see Fujita [61]):
ut = ∇2u+ eu

Unnamed equation (see Fung and Au [62]):
ut + uxxx − 6u2ux + 6λux = 0

Unnamed equation (see Lin [107]):
∇2u+Ae−u = 0

Unnamed equation (see Lindquist [108]):

∇ · (| ∇u|p∇u) = f

Unnamed equation (see Roy and Chowdhury [139]):

−iut + uxx + 2|ux|2u
1−uu∗ = 0

Unnamed equation (see Shivaji [150]):

−∇2u = λ exp
(
αu
α+u

)
Unnamed equation (see Trubek [157]):
∇2u+Kuσ = 0

Unnamed equation (see Yanagida [173]):
∇2u+K|x||u|qu = 0

Unnamed equation (see Utepbergenov [160]):
z2uzz +∇2u+ a(z)u = 0

Wadati–Konno–Ichikawa–Schimizu equation (see Calogero and Degasperis [34,
page 53]):

iut +
[(

1 + |u|2
)−1/2

u
]
xx

= 0

Zoomeron equation (see Calogero and Degasperis [34, page 58]):(
∂2

∂t2 −
∂2

∂x2

) (
uxt
u

)
+ 2

(
u2
)
xt

= 0
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44.3 Systems of Differential Equations
44.3.1 Systems of ODEs

Bonhoeffer-van der Pol (BVP) oscillator (see Rajasekar and Lakshmanan [132]):

x′ = x− x3

3
− y + I(t)

y′ = c(x+ a− by)

Brusselator (see Hairer et al. [73, page 112]):
u′ = A+ u2v − (B + 1)u

v′ = Bu− u2v

Full Brusselator (see Hairer et al. [73, page 114]):
u′ = 1 + u2v − (w + 1)u

v′ = uw − u2v

w′ = −uw + α

Hamilton’s differential equations (see Iyanaga and Kawada [87, page 1005]):
dxi
dt

= Hpi(t,x,p)

dpi
dt

= −Hxi(t,x,p)

Jacobi elliptic functions (see Hille [80, page 66]):
u′ = vw

v′ = −uw
w′ = −k2uv

Kowalevski’s top (see Haine and Horozov [72]):
dm
dt

= λm×m + γ × l

dγ

dt
= λγ ×m

Lorenz equations (see Sparrow [152]):
x′ = σ(y − x)
y′ = rx− y − xz
z′ = xy − bz

Lorenz equations – complex (see Flessas [58]):
x′ = σ(y − x)
y′ = rx− y − xz
z′ = −bz + 1

2 (x∗y + xy∗)
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Lotka–Volterra equations (see Boyce and DiPrima [28, page 494]):

u′ = u(a− bv)
v′ = v(−c+ du)

Nahm’s equations (see Steeb and Louw [154]):
Ut = [V,W ]
Vt = [W,U ]
Wt = [U, V ]

Toda lattice equation – relativistic (see Ohta et al. [127]):

ẍn =
(

1 +
ẋn−1

c

)(
1 +

ẋn
c

)
exp(xn−1 − xn)

1 + (1/c2) exp(xn−1 − xn)

−
(

1 +
ẋn
c

)(
1 +

ẋn+1

c

)
exp(xn − xn+1)

1 + (1/c2) exp(xn − xn+1)

Toda molecule equation – cylindrical (see Hirota and Nakamura [83]):(
∂rr + r−1∂r

)
log Vn − Vn+1 + 2Vn − Vn−1 = 0

Unnamed equation (see Steeb [153, page 57]):

utt + c1|u|n (u× ut) + c2|u|mu = 0

44.3.2 Systems of PDEs

Affine Knizhnik–Zamolodchikov equation (see Cherednik [43]):
∂φ(z)
∂zi

= k
∑

j
sijφ(z)
zi−zj

Beltrami equation (see Iyanaga and Kawada [87, page 1087]):

fz = µ(z)fz

Boomeron equation (see Calogero and Degasperis [34, page 57]):
ut = b · vx

vxt = uxxb + a× vx − 2v× [v× b]

Carleman equation (see Kaper and Leaf [93]):

ut + ux = v2 − u2

vt − vx = u2 − v2

Cauchy–Riemann equations (see Levinson and Redheffer [106]):

ux − vy = 0
uy + vx = 0
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Chiral field equation (see Calogero and Degasperis [34, page 61]):

(U∗Ux)t + (U∗Ut)x = 0

Davey–Stewartson equations (see Champagne and Winternitz [40]):

iut + uxx + auyy + bu|u|2 − uw = 0

wxx + cwyy + d
(
|u|2
)
yy

= 0

Dirac equation in 1 + 1 dimensions (see Alvarez et al. [7]):

ut + vx + imu+ 2iλ
(
|u|2 − |v|2

)
u = 0

vt + ux + imv + 2iλ
(
|v|2 − |u|2

)
v = 0

Dispersive long-wave equation (see Boiti et al. [27]):

ut = (u2 − ux + 2w)x
wt = (2uw + wx)x

Drinfel’d–Sokolov–Wilson equation (see Hirota et al. [82]):

ut = 3wwx
wt = 2wxxx + 2uwx + uxw

Euler equations (see Landau and Lifshitz [99, page 3]):
∂v
∂t + (v · grad)v = − 1

ρ gradP

Fitzhugh–Nagumo equations (see Sherman and Peskin [149]):

ut = uxx + u(u− a)(1− u) + w

wt = εu

Gross–Neveu model (see Calogero and Degasperis [34, page 62]):

iu(n)
x = v(n)

N∑
m=1

(
v(m)∗u(m) + u(m)∗v(m)

)
iv

(n)
t = u(n)

N∑
m=1

(
v(m)∗u(m) + u(m)∗v(m)

)
Heisenberg ferromagnet equation (see Calogero and Degasperis [34, page
56]):

st = s× sxx

Hirota–Satsuma equation (see Weiss [169]):

ut = 1
2uxxx + 3uux − 6wwx

wt = −wxxx − 3uwx
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Von Kármán equations (see Ames and Ames [8]):
∇4u = E

[
w2
xy − wxxwyy

]
∇4w = a+ b [uyywxx + uxxwyy − 2uxywxy]

Kaup’s equation (see Dodd and Fordy [53]):
fx = 2fgc(x− t)
gt = 2fgc(x− t)

KdV equation – super (see Kersten and Gragert [95]):
ut = 6uux − uxxx + 3wwxx
wt = 3uxw + 6uwx − 4wxxx

Klein–Gordon–Maxwell equations (see Deumens [52]):

∇2s− (|a|2 + 1)s = 0

∇2a−∇(∇ ·a)− s2a = 0

Landau–Lifshitz equation (see Barouch et al. [17]):
Ut = U · Uxx + U · JU

Matrix Liouville equation (see Andreev [11]):(
UxU

−1
)
t

= U

Maxwell’s equations (see Jackson [88, page 177]):

∇ ·D = 4πρ, ∇×H =
4π
c

J

∇ ·B = 0, ∇×E +
1
c

∂B
∂t

= 0

Reduced Maxwell–Bloch equations (see Calogero and Degasperis [34, page
59]):

Et − v = 0, qx + Ev = 0
rx + ωv = 0, vx − ωr − Eq = 0

Nambu–Jona Lasinio–Vaks–Larkin model (see Calogero and Degasperis [34,
page 62]):

iu(n)
x = v(n)

N∑
m=1

v(m)∗u(m)

iv
(n)
t = u(n)

N∑
m=1

u(m)∗v(m)

Navier’s equation (see Eringen and Suhubi [57]):

(λ+ 2µ)∇∇ · u− µ∇×∇× u = ρ∂
2u
∂t2
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Navier–Stokes equations (see Landau and Lifshitz [99, page 49]):

ut + (u · ∇) u = −∇Pρ + ν∇2u

Pohlmeyer–Lund–Regge model (see Calogero and Degasperis [34, page 61]):

uxx − uyy ± sinu cosu+
(

cosu
sin3 u

)(
v2
x − v2

y

)
= 0(

vx cot2 u
)
x

=
(
vy cot2 u

)
y

Vector Poisson equation (see Moon and Spencer [118]):

45A = − curl E

Prandtl’s boundary layer equations (see Iyanaga and Kawada [87, page
672]):

ut + uux + vuy = Ut + UUx +
µ

ρ
uyy

ux + vy = 0

Sigma-model (see Calogero and Degasperis [34, page 61]):

vxt + (vxvt) v = 0

Massive Thirring model (see Calogero and Degasperis [34, page 62]):

iux + v + u|v|2 = 0

ivt + u+ v|u|2 = 0

Toda equation – 3 + 1-dimensional (see Hirota [81]):

∇2 log Vn − Vn+1 + 2Vn − Vn−1 = 0

Unnamed equation (see Salingaros [144]):

∇× u = ku

Veselov–Novikov equation (see Bogdanov [26]):(
∂t + ∂3

z + ∂3
z

)
v + ∂z(uv) + ∂z(vw) = 0

∂zu = 3∂zv
∂zw = 3∂zv

Yang–Mills equation (see Calogero and Degasperis [34, page 62]):

(U∗Ut)t − (U∗Ux)x = 0

Anti-self-dual Yang–Mills equation (see Ablowitz et al. [1]):
∂
∂x1

(
Ω−1 ∂Ω

∂x1

)
+ ∂

∂x2

(
Ω−1 ∂Ω

∂x2

)
= 0
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Zakharov equations (see Glassey [66]):

iEt + Exx = NE

Ntt −Nxx =
∂2

∂x2
(|E|2)

44.4 The Laplacian in Different Coordinate Systems
For ease of recognizing an unknown Laplacian (i.e., ∇2) in a differential

equation, we have frequently used the indeterminates {x, y, z} instead of
the more customary notation for a specific coordinate system. For details
on any of these coordinate systems, see Moon and Spencer [120].

1. rectangular uxx + uyy + uzz

2. cylindrical polar urr +
1
r
ur +

1
r2
uθθ + uzz

3. elliptic cylinder
1

cosh2 x− cos2 y
[uxx + uyy] + uzz

4. parabolic cylinder
1

x2 + y2
[uxx + uyy] + uzz

5. spherical urr +
2
r
ur +

1
r2
uθθ +

cot θ
r2

uθ +
1

r2 sin2 θ
uψ

6. prolate spheroidal
1

sinh2 x+ sin2 y
[uxx + cothxux + uyy + cot yuy] +

1
sinh2 x sin2 y

uzz

7. oblate spheroidal
1

cosh2 x− sin2 y
[uxx + tanhxux + uyy + cot yuy]+

1
cosh2 x sin2 y

uzz

8. parabolic
1

x2 + y2

[
uxx +

1
x

+ uyy +
1
y
uy

]
+

1
x2y2

uzz

9. conical
uzz+

2
z
uz+

1
z2(x2 − y2)

{
(x2−b2)(c2−x2)uxx−x[2x2−(b2 +c2)]ux+

(b2 − y2)(c2 − y2)uyy − y[2y2 − (b2 + c2)]uy
}

10. logarithmic-cylinder (x2 + y2) [uxx + uyy] + uzz
11. tangent-cylinder (x2 + y2)2 [uxx + uyy] + uzz
12. cardioid-cylinder (x2 + y2)3 [uxx + uyy] + uzz
13. hyperbolic-cylinder 2

√
(x2 + y2) [uxx + uyy] + uzz

14. rose-cylinder 2(x2 + y2)3/2 [uxx + uyy] + uzz
15. Cassinian-oval e−2x

√
e2x + 2ex cos y + 1 [uxx + uyy] + uzz

16. inverse Cassinian-oval
e−2x

(
e2x + 2ex cos y + 1

)3/2
[uxx + uyy] + uzz

17. Maxwell-cylinder
(
e2x + 2ex cos y + 1

)−1
[uxx + uyy] + uzz

18. bi-cylinder (coshx− cos y)2 [uxx + uyy] + uzz

19. inverse elliptic-cylinder
(cosh2 x− sin2 y)2

(cosh2 x− cos2 y)
[uxx + uyy] + uzz
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20. log tan-cylinder (sinh2 2x+ sin2 2y) [uxx + uyy] + uzz
21. log cosh-cylinder

(cosh2 x− sin2 y)2

(cosh2 x sinh2 x+ (sinh x coshx+ sin y cos y)2)4
[uxx + uyy] + uzz

22. ellipsoidal √
(x2 − b2)(x2 − c2)

(x2 − y2)(x2 − z2)
∂x

[√
(x2 − b2)(x2 − c2)ux

]
+

√
(y2 − b2)(c2 − y2)

(x2 − y2)(y2 − z2)
∂y

[√
(y2 − b2)(c2 − y2)uy

]
+

√
(b2 − z2)(c2 − z2)

(x2 − z2)(y2 − z2)
∂z

[√
(b2 − z2)(c2 − z2)uz

]
23. paraboloidal √

(x − b)(x− c)
(x− y)(x − z)

∂x

[√
(x− b)(x− c)ux

]
+

√
(y − b)(y − c)
(x− y)(z − y)

∂y

[√
(b − y)(c− y)uy

]
+

√
(z − b)(z − c)
(z − x)(z − y)

∂z

[√
(b− z)(z − c)uz

]
44.5 Parametrized Equations at Specific Values

1. Polyanin and Zaitsev [130, page 29] tabulate solvable cases of the
Abel equation yy′ − y = sx+Axm:

m s

arbitrary − 2(m+1)
(m+3)2

−7 15/4

−4 6
−5/2 12
−2 0
−2 2
−5/3 −3/16

−5/3 −9/100

−5/3 63/4

−7/5 −5/36

m s
−1 0
−1/2 −2/9

−1/2 −4/25

−1/2 0
−1/2 20

0 arbitrary
1/2 −12/49

2 −6/25

2 6/25

Solutions are also tabulated for the Abel equations
yy′ − y = sx+ σA

(
αx1/2 + βA+ γA2x−1/2

)
and

yy′ − y = sx+ αAxp + βA2xq.

2. Polyanin and Zaitsev [130, pages 251–254] tabulate solvable cases of
y′′ = A1x

n1ym1 +A2x
n2ym2 :

• Solvable two parameter families (arbitrary m1 and m2) include
{n1 = 0, n2 = 0}, {n1 = −m − 3, n2 = −m2 − 3}, and {n1 =
−1/2(m1 + 3), n2 = −1/2(m2 + 3)}.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



206 II Exact Analytical Methods

• Several solutions are tabulated where one or both of the Ai are
specified.

• Solutions are also available for

m1 m2 n1 n2

1 −3
arbitrary
(n1 6= −2) 0

−7 −7 4 3
−5 −5 2 0
−3 −7 0 1

3
−4 0 0

1
−2 −3 −2 0

1 0
−2 −1 −2

− 5
3 − 5

3 − 7
3

10
3

− 4
3 − 10

3
− 7

3
− 2

3 − 4
3

0 − 2
3

2 0
1

− 3
2 −2 − 3

2 −2
0 1

− 7
5 − 7

5 − 8
5

13
5

− 4
3 − 5

3 − 5
3 − 7

3
0 1

− 3
5 − 7

5 − 12
5 − 13

5
0 1

− 1
2 − 1

2 − 5
2 − 7

2

− 1
3 − 5

3 − 8
3 − 10

3
− 8

3 − 7
3

− 8
3 − 4

3
0 0

1
2

m1 m2 n1 n2

0 −2 −3 −2
0 1

−1 −3 −2
0 0

− 2
3 −3 − 7

3
0 0

− 1
2 −4 − 5

2
−3 − 7

2
− 5

2
−2
− 1

2
− 5

3 − 7
6

− 3
2 − 5

2
− 3

2 −2
− 1

2
0

− 4
3

4
3

0 −2
− 1

2
0

1
3 − 5

3 − 10
3 − 7

3
0 1

1 −3 −5 0
1 0

0 −5 −3
1 0

2 0 5 −4
−3

− 20
7 − 13

7
− 12

7
− 15

7 − 9
7

0 0
1

3 1 −6 −5
0 1

2 − 18
5 − 14

5
− 12

5 − 11
5
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3. Polyanin and Zaitsev [130, pages 304–306] tabulate solvable cases of
the modified Emden–Fowler equation xy′′ − ky′ = Axn+1ym:

• Solvable two parameter families include {k = n/2,m 6= −1,
n 6= −2}, {k = −n+m+3/m+1, m 6= −1, n 6= −2}, and {k =
−2n+m+3/1-m, m 6= −1, n 6= −2}.

• Solvable one parameter families (with n = −2) include {k =
−1}, {m = −2}, {m = −1, k 6= −1}, and {m = −1/2, k 6= −1}.

• Solvable one parameter families (with n 6= −2) include

{m = −7, k = 1
3 (n− 1)}

{m = −7, k = 1
5 (n− 3)}

{m = −4, k = 1
2n}

{m = −4, k = 1
3 (n− 1)}

{m = −2, k = 1
3 (n− 1)}

{m = − 5
2 , k = 1

2n}
{m = − 5

2 , k = 1
3 (2n+ 1)}

{m = − 5
3 , k = −3n− 7}

{m = − 5
3 , k = 1

2n}
{m = − 5

3 , k = 1
2 (3n+ 4)}

{m = − 5
3 , k = 1

3 (n− 1)}
{m = − 5

3 , k = 1
3 (2n+ 1)}

{m = − 5
3 , k = 1

4 (n− 2)}
{m = − 5

3 , k = − 1
4 (3n+ 10)}

{m = − 5
3 , k = 1

7 (6n+ 5)}
{m = − 7

5 , k = 1
3 (n− 1)}

{m = − 7
5 , k = − 1

3 (5n+ 13)}
{m = −1, k = n+ 1}
{m = −1, k = 1

2n}
{m = − 1

2 , k = −2n− 5}
{m = − 1

2 , k = 1
2n)}

{m = − 1
2 , k = 1

2 (3n+ 4)}
{m = − 1

2 , k = 1
3 (n− 1)}

{m = − 1
2 , k = 1

3 (2n+ 1)}
{m = − 1

2 , k = − 1
3 (2n+ 7)}

{m = − 1
2 , k = 1

5 (6n+ 7)}
{m = 1

2 , k = 1
2n}

{m = 1
2 , k = − 1

3 (2n+ 7)}
{m = 2, k = −7n− 15}
{m = 2, k = 1

2n}
{m = 2, k = − 1

3 (n+ 5)}
{m = 2, k = − 1

6 (7n+ 20)}

4. Polyanin and Zaitsev [130, pages 278–281] tabulate solvable cases of
the Emden–Fowler equation y′′ = Axnym(y′)k:

• Solvable two parameter families include n = 0, m = 0, and
{k = 2n+m+3/n+m+2,m 6= −1, n 6= −1}.
• Solvable one parameter families include

– {k 6= 1, 2,m = −1, n = −1}
– {k 6= 3/2,m = − 1

2 , n = − 1
2}

– {k = 3m+5
2m+3 ,m 6= −

3
2 , n = − 1

2}
– {k = 3m+5

2m+3 ,m 6= −
3
2 , n = 1}

– {k = 3n+4
2n+3 ,m = − 1

2 , n 6= −
3
2}

– {k = 3n+4
2n+3 ,m = 1, n 6= − 3

2}

– {k = 3n+4
2n+3 ,m = −n−3,n 6= − 3

2}
– {k = 1,m 6= −1, 0, n = −1}
– {k = 2,m = −1, n 6= −1, 0}
– {k = 2,m 6= −2, 0, n = −1}
– {k = 3,m = −n− 3, n = −1}

• Isolated points at which the solution is tabulated include
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k m n
1
2 − 1

2 − 5
2

1 − 15
8

− 20
13
− 5

4
0

2
3 − 1

2 − 7
6

4
5 − 5

2 − 1
2

1 −2 1
−1 −1

8
7 1 − 3

4
− 1

2
6
5 − 1

2 − 2
3

5
4 1 − 1

2
0

9
7 − 1

2 1
1

13
10 − 1

2 − 5
2

27
20 − 1

2 − 2
3

18
13 − 1

2 − 7
2

7
5 − 7

4 1
− 10

7 1
− 2

3 1
− 1

2 1
1 0

1
5 1

10
7 − 1

2 − 5
2

22
15 − 1

2 − 2
3

k m n
3
2 −2 − 1

2
1

− 1
2 −2

− 1
2
1

1 2
− 1

2
23
15 − 2

3 − 1
2

11
7 − 5

2 − 1
2

8
5 0 1

1 − 7
4

− 10
7
− 2

3
− 1

2
1
5

21
13 − 7

2 − 1
2

33
20 − 2

3 − 1
2

17
10 − 5

2 − 1
2

12
7 1 − 13

8
− 1

2
7
4 − 1

2 1
0 1

9
5 − 2

3 − 1
2

13
7 − 3

4 1
− 1

2 1
2 −1 −1

1 −2
11
5 − 1

2 − 5
2

7
3 − 7

6 − 1
2

k m n
5
2 − 5

2 − 1
2

− 15
8 1

− 20
13 1
− 5

4 1
0 1

3 −5 2
− 7

2 − 1
2

− 10
3 − 5

3
− 20

7 2
− 5

2 − 1
2

− 13
5 − 7

5
− 7

3 − 5
3

− 15
7 2
−2 −2

−1
− 1

2
1

− 4
3 − 1

2
− 7

6 − 1
2

− 5
6 − 5

3
− 1

2 − 5
2
− 5

3
0 −4
− 5

2
− 1

2
2

1 −7
−4
−2
− 5

3
− 7

5
− 1

2
0

2 − 5
3

3 −7

5. Polyanin and Zaitsev [130, page 242] tabulate solvable cases of the
Emden–Fowler equation y′′ = Axnym:

• Solvable one parameter families include n = 0, n = −m − 3,
n = − 1

2 (m+ 3), m = 0, and m = 1.

• Isolated points at which the solution is tabulated include:
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m n
−7 1
−7 3
−5/4 −1/2

−2 −2
−2 1
−5/3 −10/3

−5/3 −7/3

−5/3 −5/6

−5/3 −1/2

−5/3 1
−5/3 2

m n
−7/3 −13/5

−7/3 1
−1/2 −7/2

−1/2 −5/2

−1/2 −2
−1/2 −4/3

−1/2 −7/6

−1/2 −1/2

−1/2 1
2 −5
2 −20/7

2 −15/7

6. Solvable cases of the following equations are also tabulated in Polyanin
and Zaitsev [130]:
(y′)k = Ays +Bxr [130, page 106]
(y′)k = Ays +Bex [130, page 107]
(y′)k = Aey +Bxr [130, page 107]
(y′)k = Aey +Bex [130, page 107]
y′′ = (A1x

n1ym1 +A2x
n2ym2)(y′)k [130, pages 314–319]

αy′′ = σxnym(y′)k + xn−1ym+1(y′)k−1 [130, pages 349–352]
y′′ = A1x

n1ym1(y′)k1 +A2x
n2ym2(y′)k2 with k1 6= k2 [130, page 367]

y′′′ = Axαyβ(y′)γ(y′′)δ [130, pages 529–535]
y′′′ = Aey(y′)γ(y′′)δ [130, page 577]
y′′′ = Ayβe(y′)2

(y′′)δ [130, page 577]
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45. Look-Up ODE Forms

Applicable to Ordinary differential equations.

Yields
An idea of whether or not an ordinary differential equation has a closed-

form solution.

Idea
An experienced differential equations practitioner can look at many

second order ordinary differential equations and readily guess whether or
not there is a closed form solution because there are many familiar forms
that often appear.

Procedure
Having a listing of familiar differential equation forms will make it

possible to recognize these forms. We have tabulated below many of the
familiar forms that appear for second order ordinary differential equations.

In the listings below, ( ) represents a term that contains constants. Such
a term may or may not be correlated with other terms of the form ( ). For
example, equation 22.6.5 in Abramowitz and Stegun [1] is(

1− x2
)
y′′ − (2α+ 1)xy′ + n(n+ 2α)y = 0,

where α is a real constant and n is an integer. Isolating the x dependence,
we list this equation as(

1− x2
)
y′′ + ( )xy′ + ( )y = 0

and disregard the fact that the hidden values have constraints on them
and, in fact, are related.

45.1 Equations of the Form: y′′ + c(x)y = 0
c(x) = ( ) [1, 22.6.10]
c(x) = −x [1, 10.4.1]
c(x) = ( )− x2 [1, 22.6.20]
c(x) = ( ) + ( )x + ( )x2 [1, 19.1.1]
c(x) = ( )x( ) [1, 9.1.51]
c(x) = ( ) + ( )

x2 [1, 9.1.49]
c(x) = ( )

x + ( )
x2 [1, 9.1.50]

c(x) = ( )− ( )
x −

( )
x2 [1, 14.1.1]

c(x) = ( )− x2 + ( )
x2 [1, 13.1.1 and 22.6.8]

c(x) = ( )e2x − ( ) [1, 9.1.54]
c(x) = ( )

1−x2 + ( )+x2

4(1−x2)2 [1, 22.6.7]
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c(x) = ( )
1−x2 + 1

(1−x2)2 [1, 22.6.14]

c(x) = ( )
(1−x)2 + ( )

(1+x)2 + ( )
1−x2 [1, 22.6.3]

c(x) = ( )
x + ( )

x2 + ( ) [1, 22.6.17]
c(x) = ( ) + ( )

sin2 x
[1, 22.6.8]

c(x) = ( ) + ( )
sin2 x

2
+ ( )

cos2 x
2

[1, 22.6.4]

45.2 Equations of the Form: y′′ + b(x)y′ + c(x)y = 0
b(x) = −x, c(x) = ( ) [1, 22.6.21]
b(x) = −2x, c(x) = ( ) [1, 22.6.19]
b(x) = 2x, c(x) = −( )x [1, 7.2.2]
b(x) = 2x, c(x) = x2 − ( ) [1, 10.1.1]
b(x) = 2x, c(x) = ( )− x2 [1, 10.2.1]
b(x) = ( )− x, c(x) = ( ) [1, 22.6.15]
b(x) = ( )x, c(x) = ( ) + x( ) [1, 9.1.53]
b(x) = ( )

x , c(x) = ( ) [1, 9.1.52]
b(x) = ( ), c(x) = ( )− ( ) cosx [1, 20.1.1]

45.3 Equations of the Form: xy′′ + b(x)y′ + c(x)y = 0
b(x) = ( )− x , c(x) = ( ) [1, 13.1.1]
b(x) = ( ) + x , c(x) = ( ) + ( )

x [1, 22.6.16]

45.4 Equations of the Form: (1−x2)y′′+b(x)y′+c(x)y = 0
b(x) = ( ), c(x) = ( )− ( )x2 [1, 20.1.8]
b(x) = −x, c(x) = ( ) [1, 22.6.9]
b(x) = −x, c(x) = ( )− ( )x2 [1, 20.1.7]
b(x) = −2x, c(x) = ( ) [1, 22.6.13]
b(x) = −2x, c(x) = ( ) + ( )

1−x2 [1, 8.1.1]
b(x) = −3x, c(x) = ( ) [1, 22.6.11 and 22.6.12]
b(x) = ( )x, c(x) = ( ) [1, 22.6.5 and 22.6.6]
b(x) = ( ) + ( )x, c(x) = ( ) [1, 22.6.1 and 22.6.2]

45.5 Equations of the Form: x2y′′ + b(x)y′ + c(x)y = 0
b(x) = x, c(x) = x2 − ( ) [1, 9.1.1]
b(x) = x, c(x) = ( )− x2 [1, 9.6.1]
b(x) = 2x, c(x) = ( ) + x2 [1, 10.1.1]
b(x) = 2x, c(x) = ( )− x2 [1, 10.2.1]

45.6 Equation of the Form: x(1−x)y′′+b(x)y′+c(x)y = 0
b(x) = ( )− ( )x, c(x) = ( ) [1, 15.5.1]
Note

1. Realize that the same equation may look different when written in dif-
ferent variables. Some scaling of any given equation may be required
to make it look like one of the forms listed.
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Reference
[1] Abramowitz, M., and Stegun, I. A. Handbook of Mathematical Functions.

National Bureau of Standards, Washington, D.C., 1964.
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46. An Nth Order Equation

Applicable to The equation dny
dxn = f(x).

Yields
Two exact forms of the solution are available.

Idea
The explicit solution can be written analytically.

Procedure
The general solution of the ordinary differential equation for y(x)

dny

dxn
= f(x)

can be found by integrating with respect to x a total of n times. This
produces

y(x) =
∫ x

x0

dx

∫ x

x0

dx · · ·
∫ x

x0

f(x) dx + C1
(x − x0)n−1

(n− 1)!

+ C2
(x − x0)n−2

(n− 2)!
+ · · ·+ Cn−1(x− x0) + Cn, (46.1)

for any x0, where the {Cj} represent arbitrary constants. This solution
can also be written as

y(x) =
1

(n− 1)!

∫ x

x0

(x− t)n−1f(t) dt+ C1
(x− x0)n−1

(n− 1)!

+ C2
(x− x0)n−2

(n− 2)!
+ · · ·+ Cn−1(x− x0) + Cn (46.2)

in which there are no repeated integrals. Sometimes the form in equation
(46.2) is more useful than the form in equation (46.1).

Example
The ordinary differential equation

y(4) = sinx,
y(0) = 0, y′(0) = 0,
y′′(0) = 0, y′′′(0) = 0

has the solution

y(x) =
∫ x

0

dx

∫ x

0

dx

∫ x

0

dx

∫ x

0

sinxdx. (46.3)
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This solution may also be written as

y(x) =
1
6

∫ x

0

(x− t)3 sin t dt. (46.4)

Sometimes it is easier to evaluate the expression in equation (46.4) (by
expanding out (x− t)3 and integrating the four terms) to determine that

y(x) = sinx− x+
x3

6

than it is to evaluate the expression in equation (46.3).

Notes
1. When the answer is to be computed numerically, the solution rep-

resented by equation (46.2) is more useful than the form in equa-
tion (46.1). It is much easier to numerically approximate a one-
dimensional integral than a multi-dimensional integral.

2. See Ince [1, page 42].

Reference
[1] Ince, E. L. Ordinary Differential Equations. Dover Publications, Inc., New

York, 1964.
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47. Use of the
Adjoint Equation∗

Applicable to Linear differential equations.

Yields
A linear differential equation of lower order.

Idea
For every solution of the adjoint equation we can find, we can reduce

the order of the original equation by one.

Procedure
If we have the nth order linear differential operator L[·] (shown operat-

ing on the function u(x))

L[u(x)] = a0(x)
dnu

dxn
+ a1(x)

dn−1u

dxn−1
+ · · ·+ an−1(x)

du

dx
+ an(x)u,

(47.1)

then the adjoint of L[·] is defined to be L∗[·], where L∗[·] is given by (shown
operating on the function w(x))

L∗[w(x)] =(−1)n
dn

dxn
[a0(x)w] + (−1)n−1 d

n−1

dxn−1
[a1(x)w] + · · ·

+ (−1)1 d

dx
[an−1(x)w] + (−1)0[an(x)w]

(see page 95 for details). The bilinear concomitant of L[·] is defined to be

B(u,w) =
n−1∑
k=0

n−1∑
m=k

(−1)m−ku(n−m−1)(akw)(m−k) (47.2)

and satisfies the equation

wL[u]− uL∗[w] =
d

dx
B(u,w), (47.3)

for all u(x) and w(x).
Suppose we wish to solve the equation L[u] = f(x). If we can find a

solution to L∗[w] = 0 and call it w∗(x), then we have (substituting into
equation (47.3))

w∗L[u]− uL∗[w∗] =
d

dx
B(u,w∗),

or
w∗(x)f(x) =

d

dx
B(u,w∗),
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or

B(u,w∗) =
∫ x

w∗(x)f(x) dx. (47.4)

Therefore, to find u(x), we can solve equation (47.4) instead of L[u] = f(x).
In other words, w∗(x) is an integrating factor for the equation L[u] = f(x).
The original differential equation, L[u] = f(x), is of degree n whereas
equation (47.4) is of degree n− 1.

Special Case
For n = 2 the adjoint equation is important enough to write separately.

If the linear operator L[·] is defined by L[u(x)] = R(x)u′′+S(x)u′+T (x)u,
then the adjoint is L∗[w(x)] = Rw′′ + (2R′ − S)w′ + (R′′ − S′ + T )w, and
the bilinear concomitant is B(u,w) = uSw + u′Rw − u(Rw)′.

Example
Suppose we wish to solve the equation L[u] = 1, where

L[u] = (x2 − x)u′′ + (2x2 + 4x− 3)u′ + 8xu.

The adjoint, in this case, is the operator

L∗[w] = (x2 − x)w′′ + (−2x2 + 1)w′ + (4x− 2)w,

and the bilinear concomitant is given by

B(u,w) = u(2x2 + 2x− 2)w + u′(x2 − x)w − u(x2 − x)w′.
(47.5)

A solution to L∗[w] = 0, obtained by the method of undetermined
coefficients, is w∗(x) = x2. Using this solution in equation (47.4), we
obtain (with f(x) = 1)

B(u,w∗) =
∫ x

w∗(x)f(x)dx =
∫ x

x2dx =
x3

3
+ C,

where C is an arbitrary constant. Using w = w∗ = x2 in equation (47.5)
produces

B(u,w∗) = (x4 − x3)u′ + 2x4u.

Equating these last two equations yields a first order equation for u:

(x4 − x3)u′ + 2x4u =
x3

3
+ C. (47.6)

Note that equation (47.6) is a first order equation (the original differential
equation was of second order). Because equation (47.6) is a first order linear
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equation, it can be solved by the use of integrating factors. Multiplying by
x−1
x3 e

2x and integrating results in

(x− 1)2e2xu(x) =
∫ x [x− 1

3
e2x + Ce2x x− 1

x3

]
dx

=
2x− 3

12
e2x +

C

2x2
e2x +D,

(47.7)

where D is another arbitrary constant. Hence, the final solution is

u(x) =
1

(x− 1)2

[
2x− 3

12
+

C

2x2
+De−2x

]
. (47.8)

Notes
1. If an operator and its adjoint are identical, then the operator is said

to be formally self-adjoint (see page 95). In this case, the adjoint
method does not help to find a solution of the original differential
equation.

2. Similar results hold for linear partial differential equations. For the
partial differential operator

L[u] =
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

n∑
i=1

bi(x)
∂u

∂xi
+ c(x)u,

the adjoint operator is defined by

M [w] =
n∑

i,j=1

∂2(aijw)
∂xi∂xj

−
n∑
i=1

∂(biw)
∂xi

+ cw.

With this definition of the adjoint, we find∫
D

(
wL[u]− uM [w]

)
dx +

∫
∂D

B[u,w] dx1 · · · d̂xi · · ·dxn = 0,
(47.9)

where B[u,w] is defined by

B[u,w] =
n∑
i=1

(−1)i


bi − n∑

j=1

∂aij
∂xj

uw +
n∑
j=1

aij

[
w
∂u

∂xj
− u ∂w

∂xj

] .

In equation (47.9), dx1 · · · d̂xi · · · dxn indicates the product dx1 · · · dxn
with the factor dxi removed. See Garabedian [1, pages 161–162] or
Zauderer [5, pages 483–486] for details.

3. If the elliptic operator L[·] is defined by L[u] = −∇· (p∇u)+qu, then

wL[u]− uL[w] = ∇ · (−pw∇u + pu∇w).
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If the hyperbolic operator L̃[·] is defined by L̃[u] = ρutt +L[u], then

wL̃[u]− uL̃[w] = ∇̃ · [−pw∇u+ pu∇w, ρwut − ρuwt],

where ∇̃ = [∇, ∂/∂t] is the space–time gradient operator. If the
parabolic operator L̂[·] is defined by L̂[u] = ρut + L[u], then

wL̂[u]− uL̂∗[w] = ∇̃ · [−pw∇u+ pu∇w, ρuw],

where the operator L̂∗[·] is defined by L̂∗[u] = −ρut + L[u]. Each
of the last three equations can be integrated to obtain an expression
similar to equation (47.9). See Zauderer [5] for details.

4. See also Ince [2, pages 123–125], Kaplan [3, pages 448–453], and
Valiron [4, pages 323–324].
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48. Autonomous Equations –
Independent
Variable Missing

Applicable to Ordinary differential equations of the form
F (y(n), y(n−1), . . . , y′′, y′, y) = 0.

Yields
An ordinary differential equation of lower order.

Idea
An autonomous equation is one left invariant under the transformation

x → x + a. Any ordinary differential equation in which the independent
variable does not appear explicitly is an autonomous equation. Because
we know something about the solution, we can reduce the order of the
differential equation.

Procedure
Given the nth order autonomous equation F (y(n), y(n−1), . . . , y′′, y′,

y) = 0, change the dependent variable from y(x) to u(y) = y′(x). The
resulting ordinary differential equation for u(y) will be of lower order. To
find how the higher order derivatives transform, consult table 48.1. After
the ordinary differential equation of lower order has been solved for u(y),

y(x) can be determined from integrating u(y) = y′(x); i.e.,
∫

dy

u(y)
= x.

Example
Suppose we want to solve the nonlinear autonomous equation

d2y

dx2
− dy

dx
= 2y

dy

dx
. (48.1)

Because there are no explicit occurrences of x in equation (48.1), we
recognize the equation to be autonomous. Therefore, we change variables in
equation (48.1) by u(y) = dy

dx . Using table 48.1, equation (48.1) transforms
into u dudy − u = 2yu or

u

(
du

dy
− 1− 2y

)
= 0. (48.2)

From equation (48.2), either u = 0 or du
dy − 1 − 2y = 0. If u(y) = 0, then

dy
dx = 0 and so one solution to equation (48.1) is

y(x) = A, (48.3)
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yx = u,
yxx = uuy,
yxxx = uu2

y + u2uyy,
yxxxx = uu3

y + 4uyyuyu2 + u3uyyy,
yxxxxx = uu4

y + 7uyyyuyu3 + 4u3u2
yyy + 11u2u2

yuyy + u4uyyyy,
yx(5) = uu4

y + 7uy(3)uyu
3 + 4u3u2

y(3) + 11u2u2
yuyy + u4uy(4),

yx(6) = uu5
y + 11uy(4)uyu

4 + 15u4u2
y(3)uyy + 32u3u2

yuy(3)

+34u3uyu
2
yy + 26u2u3

yuyy + u5uy(5),
yx(7) = uu6

y + 57u2u4
yuyy + 122u3u3

yuyyy + 34u4u3
yy + 180u3u2

yu
2
yy

+76u4u3
yy + 15u5uy(3)2 + 192u4uyuyyuy(3)

+26u5uyyuy(4) + 16u5uyuy(5) + u6uy(6)

Table 48.1: How to transform derivatives under the change of independent
variable: u(y) = yx(x). (To simplify notation, we have defined yx(n) to be
the nth derivative of y with respect to x. Similarly for uy(n).)

where A is a constant. Conversely, if u(y) 6= 0, then equation (48.2) requires
that

du

dy
− 1− 2y = 0. (48.4)

Equation (48.4) can be integrated to obtain

u(y) = y2 + y +B, (48.5)

where B is a constant. Using u(y) = dy
dx , equation (48.5) can be written as

dy
dx = y2 +y+B, so that

∫
dy

y2+y+B =
∫
dx, and therefore 2

D tan−1
(

2y+1
D

)
=

x+C, where D2 = 4B − 1 and C is an additional constant. Inverting this
last equation gives y explicitly as a function of x

y(x) = E tan(Ex+ F )− 1
2
, (48.6)

where E = D/2 and F = CE. Hence, the two solutions to equation (48.1)
are given by equations (48.3) and (48.6).

Notes
1. This method is derivable from Lie group methods (see page 366).
2. Schwarz’s paper [4] describes a REDUCE program that will automat-

ically determine first integrals for an autonomous system of equations.
3. The easiest way to make the necessary transformation in an au-

tonomous differential equation is by replacing every occurrence of
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d
dx with u d

dy . For instance, writing equation (48.1) in the form

d

dx

(
d

dx
(y)
)
− d

dx
(y) = 2y

d

dx
(y)

leads immediately to equation (48.2) via

u
d

dy

(
u
d

dy
(y)
)
− u d

dy
(y) = 2yu

d

dy
(y).

4. Sometimes it is advantageous to write a pair of first order autonomous
equations as a single first order equation, by dividing the two equa-
tions. For example, the non-linear predator–prey equations

dx

dt
= ax− bxy, dy

dt
= −cy + dxy (48.7)

can be written in the form

dx

dy
=

ax− bxy
−cy + dxy

. (48.8)

Although equation (48.7) cannot be solved explicitly in finite terms,
from equation (48.8) we can show that F (x, y) := dx+ by− c log x−
a log y is a constant on the solution curves {x(t), y(t)}.

5. It is straightforward to create a Macsyma program that will perform
the necessary change of variables. Program 48.1 shows a terminal
session in which the input equation

1
y

d2y

dx2
− 1
y2

(
dy

dx

)2

− 1 +
1
y3

= 0

is transformed into

y3 − udu
dy
y2 + u2y − 1 = 0.

6. Autonomous systems of ordinary differential equations can have cen-
ter manifolds, which are a classification of the solution surface. As a
simple example, consider the system

x′ = Ax + f(x,y), y′ = Bx + g(x,y), (48.9)

where A is a constant matrix all of whose eigenvalues are imaginary,
B is a constant matrix all of whose eigenvalues have negative real
part, and the functions f and g and their first derivatives vanish at
the point (0,0). Then, there is a function h such that

• h is an invariant manifold under equation (48.9).
• h and its first derivatives vanish at (0,0).

CD-ROM Handbook of Differential Equations c©Academic Press 1997



48. Autonomous Equations – Independent Variable Missing 233

DEPENDS(Y,X)$

AUTONOMOUS(EQN,Y,X):= BLOCK([NEW,A,U,MAX_DEGREE,J],

DEPENDS(U,Y),

MAX_DEGREE:DERIVDEGREE(EQN,Y,X),

KILL(A),

A[0]:Y,

FOR J:1 THRU MAX_DEGREE DO (

A[J]:EXPAND( SUBST(U,DIFF(Y,X),DIFF(A[J-1],X)) ) ),

FOR J:1 THRU MAX_DEGREE DO (

NEW: SUBST( A[J], DIFF(Y,X,J), NEW ) ),

FACTOR(NEW) )$

EQN: DIFF( DIFF(Y,X)/Y, X) - 1 + 1/Y**3;

2

y (y )

x x x 1

---- - ----- - 1 + --

y 2 3

y y

AUTONOMOUS(EQN,Y,X);

3 2 2

y - u u y + u y - 1

y

-----------------------

3

y

Program 48.1: Macsyma program to change variables.

dy[1]= u[y[x]];

dy[2]= D[u[y[x]],x] /. y’[x]->u[y[x]];

dy[n_]:= D[dy[n-1],x] /. y’[x]->u[y[x]]

dy2[n_]:= dy[n] /. {u[y[x]]->u, u’[y[x]]->u’, u’’[y[x]]->u’’,

u’’’[y[x]]->u’’’, u’’’’[y[x]]->u’’’’}

Table[ {n,dy2[n]}, {n,1,5}] // ColumnForm

Program 48.2: Mathematica program to change variables: u(y) = yx(x).

• The stability of the solution (0,0) is the same as that of the
smaller system x′ = Ax + f(x,h(x)).

7. The results in table 48.1 can be obtained with the Mathematica code
in program 48.2. The output of that program is

{1, u}

{2, u u’}

2 2

{3, u u’ + u u’’}

3 2 3 (3)

{4, u u’ + 4 u u’ u’’ + u u }

4 2 2 3 2 3 (3)

{5, u u’ + 11 u u’ u’’ + 4 u u’’ + 7 u u’ u +

4 (4)

u u }
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8. See Bender and Orszag [1, pages 24–25] and Rainville and Bedient
[3, pages 268–269].
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49. Bernoulli Equation 235

49. Bernoulli Equation

Applicable to Ordinary differential equations of the form: y′ +
P (x)y = Q(x)yn.

Yields
An exact solution of the given equation.

Idea
By a change of dependent variable, a Bernoulli equation (which is a

nonlinear equation of the form y′+P (x)y = Q(x)yn, where n is not equal to
1) can be transformed to a first order linear equation. This linear equation
can be solved by the use of integrating factors.

Procedure
Suppose we have the equation

y′ + P (x)y = Q(x)yn, (49.1)

which we recognize to be a Bernoulli equation. To solve, we divide the
equation by yn and change the dependent variable from y(x) to u(x) by

u(x) = y(x)1−n.

This changes equation (49.1) into the first order linear differential equation

1
1− nu

′ + P (x)u = Q(x). (49.2)

An exact solution of equation (49.2) can be found by integrating factors
(see page 356). The solution is given by

u(x) = exp
[
(n− 1)

∫ x

P (t) dt
]{∫ x

exp
[
(1− n)

∫ s

P (t) dt
]
Q(s) ds

}
.

(49.3)

Example
Suppose we have the equation

y′ + y = y3 sinx. (49.4)

To solve this equation, divide it by y3 and then define u(x) = y(x)−2 so
that equation (49.4) becomes

−1
2
u′ + u = sinx. (49.5)
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The solution to equation (49.5) (obtained by the method of integrating
factors) is

u(x) = Ae2x +
2
5

(cos x+ 2 sinx),

where A is an arbitrary constant. Using y(x) = u(x)−1/2, the final solution
is found to be

y(x) =
{
Ae2x +

2
5

(cos x+ 2 sinx)
}−1/2

.

Notes
1. If n = 1, then the original equation is in the form of equation (49.2);

and it can be solved directly by the use of integrating factors.
2. See also Boyce and DiPrima [1, page 28], Ince [2, page 22], Rainville

and Bedient [3, pages 69–71], and Simmons [4, page 49].
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50. Clairaut’s Equation

Applicable to Differential equations of the form: f(xy′ − y) =
g(y′).

Yields
An exact implicit solution. Sometimes a singular solution may also be

obtained.

Idea
A solution of the differential equation f(xy′ − y) = g(y′) is known.

Procedure
Given the equation

f(xy′ − y) = g(y′), (50.1)

a general solution (for which y′′ = 0) is given implicitly by

f(xC − y) = g(C), (50.2)

where C is an arbitrary constant. Equation (50.1) may also have a singular
solution. If it does, it can be obtained by differentiating equation (50.1)
with respect to x to obtain

y′′ [f ′(xy′ − y)x− g′(y′)] = 0. (50.3)

If the first term in equation (50.3) is zero, then equation (50.2) is recovered.
If the second term in equation (50.3) is zero, then equations (50.1) and
(50.2) can be solved together to eliminate y′. The resulting equation for
y = y(x) will have no arbitrary constants and so will be a singular solution.

Example 1
Suppose we have the ordinary differential equation

(xy′ − y)2 − (y′)2 − 1 = 0. (50.4)

Because equation (50.4) is of the same form as equation (50.1) (with f(x) =
x2, g(x) = x2 − 1), a general solution can immediately be written down as
(xC − y)2 = C2 + 1 or

y = Cx ±
√
C2 − 1, (50.5)

where C is an arbitrary constant.
To find the singular solution, we differentiate equation (50.4) with

respect to x to obtain

y′′[2(xy′ − 2)x− 2y′] = 0.
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Figure 50.1: Solution curves for the differential equation in Example 2.

If the second term is set equal to zero, then we find

y′ =
xy

x2 − 1
. (50.6)

Using equation (50.6) in equation (50.4), we determine the singular solution
to be

x2 + y2 = 1. (50.7)

Note that equation (50.7) is not derivable from (50.5) for any choice of C.

Example 2
For the differential equation xy′ − y = g(y′), with g(z) = 5

2 (z3 − z), a
set of solution curves is shown in figure 50.1. Because g(z) is a cubic, there
are regions where there are three different solutions for a specified x and y.
This is clearly shown in the figure.

The singular solution to the above differential equation can be easily
shown to be y = (5 + 2x)3/2/

√
135.

Notes
1. The singular solution obtained by this method turns out to be the

locus of the solutions in equation (50.2). That is, the envelope of the
solutions in equation (50.2), for all possible values of the parameter
C, will be the singular solution. See Ford [1, pages 16–18] for details.

2. A generalization of Clairaut’s equation is Lagrange’s equation (see
page 363).

3. Clairaut’s partial differential equation z =
n∑
i=1

xi
∂z
∂xi

+f
(
∂z
∂x1

, . . . , ∂z
∂xn

)
has the solution z =

∑n
i=1 aixi + f(a1, a2, . . . , an). See Kamke [3,

section 13.8, page 123].
4. See also Ince [2, pages 39–40] and Rainville and Bedient [4, pages

263–265].
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51. Computer-Aided
Solution

Applicable to Some classes of ordinary differential equations, most
frequently first and second order equations.

Yields
An exact solution.

Idea
Several of the popular computer algebra languages have a symbolic

differential equation solver.

Procedure
Find a computer system that runs any of the following commercial

computer languages: AXIOM, Derive, FORMAC, Macsyma, Maple, Math-
ematica, muMath, or REDUCE. Identify the routine that solves differential
equations automatically, and use that on your problem. For URLs of these
software packages, see page 71.

Nearly all of the symbolic algebra programs have a specialied interface
that makes it easy to identify and use the differential equation solver. This
interface usually displays the output in a very attractive way; the ascii
output shown below is less attractive but represents one output option.

In each of the packages below a different package was asked to solve the
simple differential equations y′′ + 4y = 0 and y′ = xy2 + y.

Example 1
The following Macsyma session was run by Jeff Golden. Note that

(c2), (c3), and (c4) are input lines (“command” lines) and that (d2),
(d3), and (d4) are output lines (“display” lines). On the first input line,
the first equation is defined to be eqn1. On the second line, a solution is
requested. Note that %k1 and %k2 are arbitrary constants in the solution
that Macsyma found. The third input line defines the second equation to
be eqn2, and the fourth line requests the solution (in this case %c is the
arbitrary constant in the solution).

Starting Macsyma math engine with no window system...

This is Macsyma 421.0 for SGI (IRIX) computers.

Copyright (c) 1982 - 1997 Macsyma Inc. All rights reserved.

Portions copyright (c) 1982 Massachusetts Institute of Technology.

All rights reserved.

Type "DESCRIBE(TRADE_SECRET);" to see important legal notices.

Type "HELP();" for more information.

/usr/macsyma-421/system/init.lsp being loaded.
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(c1) eqn1: ’diff(y,x,2) + 4*y = 0;

2

d y

(d1) --- + 4 y = 0

2

dx

(c2) ode(eqn1, y, x);

/usr/macsyma-421/ode/ode.o being loaded.

/usr/macsyma-421/ode/odeaux.o being loaded.

/usr/macsyma-421/ode/ode2.o being loaded.

(d2) y = %k1 sin(2 x) + %k2 cos(2 x)

(c3) eqn2: ’diff(y,x) = x*y^2 + y;

dy 2

(d3) -- - x y - y = 0

dx

(c4) ode(eqn2, y, x);

x

%e

(d4) y = ----------------

x

%c - (x - 1) %e

Example 2
The following MAPLE session was run by the author. Note that input

lines begin with a greater than sign. On the first input line, the first
equation is defined to be eqn1. On the second input line, a solution is
requested. Note that C1 and C2 are arbitrary constants in the solution
that MAPLE found. The third input line defines the second equation to
be eqn2, and the fourth line requests the solution.

|\^/| Maple V Release 3 (Zwillinger & Associates)

._|\| |/|_. Copyright (c) 1981-1994 by Waterloo Maple Software and the

\ MAPLE / University of Waterloo. All rights reserved. Maple and Maple V

<____ ____> are registered trademarks of Waterloo Maple Software.

| Type ? for help.

> eqn1:= diff(y(x),x$2)+4*y(x)=0;

/ 2 \

| d |

eqn1 := |----- y(x)| + 4 y(x) = 0

| 2 |

\ dx /

> dsolve( eqn1, y(x) );
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y(x) = _C1 cos(2 x) + _C2 sin(2 x)

> eqn2:= diff(y(x),x)-x*y(x)^2-y(x)=0;

/ d \ 2

eqn2 := |---- y(x)| - x y(x) - y(x) = 0

\ dx /

> dsolve( eqn2, y(x) );

1

---- = - x + 1 + exp(- x) _C1

y(x)

Example 3
The following Mathematica session was run by Alexei Bocharov. Note

that the nth input line is denoted In[n] and the nth output line is denoted
Out[n]. On the first input line (In[4]), the first equation is input and the
solution is requested. Note that C[1] and C[2] are arbitrary constants
in the solution that Mathematica found. The next input line defines the
second equation and requests the solution.

In[4]:= DSolve[y’’[x]+4y[x]==0,y[x],x]

Out[4]= {{y[x] -> C[2] Cos[2 x] - C[1] Sin[2 x]}}

In[5]:= DSolve[y’[x]==x*y[x]^2+y[x],y[x],x]

1

Out[5]= {{y[x] -> ----------------}}

-x

1 - x - E C[1]

Example 4
The following MuPAD terminal session was run by Paul Zimmermann.

Note that input lines begin with the symbol >>. The first command,
setuserinfo(ode,1), tells the system to prints comments. On the second
input line, the first equation is input and the solution is requested. Note
that C1, C2, and C3 are arbitrary constants in the solutions that MuPAD
found. The next input line defines the second equation and requests the
solution.

*----* MuPAD 1.4.0 --- Multi Processing Algebra Data Tool

/| /|

*----* | Copyright (c) 1992-97 by B. Fuchssteiner, Automath

| *--|-* University of Paderborn. All rights reserved.

|/ |/

*----* ----------- Developers NSB Version ---------------

>> setuserinfo(ode,1):

>> solve(ode(y’(x)=x*y(x)^2-y(x), y(x)));
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Riccati equation

Riccati method worked

{ 1 }

{ 0, ----------------- }

{ x + C1 exp(x) + 1 }

>> solve(ode(y’’(x)+4*y(x)=0, y(x)));

linear ordinary differential equation of order 2

with constant coefficients

{C2 cos(2 x) + C3 sin(2 x)}

Example 5
The following Derive terminal session was run by David Stoutemyer.

Note that input and output lines begin with an octothorpe (#) and are
numbered consecutively. The input was entered in a one-line dialog box
that had a Greek toolbar and other capabilities.

#2: DSOLVE2(0, 4, 0, x, y) User

#3: y COS(2 x) + c2 SIN(2 x) Simp(#2)

#4: BERNOULLI_GEN(-1, x, 2, x, y) User

1 x

#5: --- = c #e - x + 1 Simp(#4)

y

Example 5
The following REDUCE terminal session was run by Winfried Neun.

Note that all input lines are numbered. The first command tells the
system to load the ODE solver. On the second input line the first equa-
tion is input and the solution is requested. Note that arbconstant(1)
–arbconstant(3) are arbitrary constants in the solutions that REDUCE
found. The next input line defines the second equation and requests the
solution.

1: load odesolve;

(odesolve)

2: depend y,x;

3: odesolve(df(y,x,2)+4*y=0,y,x);

{y= - arbconst(2)*sin(2*x) + arbconst(1)*cos(2*x)}

4: odesolve (df(y,x)=x*y^2 +y,y,x);

x x
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1 arbconst(3) - e *x + e

{---=-------------------------}

y x

e

Notes
1. A comparative differential equation review of the languages AXIOM,

Derive, Macsyma, Maple, Mathematica, MuPad, and REDUCE is
maintained by Postel and Zimmermann [13]. Presently, they have 54
equations that they have run though each of the above systems; the
input and output files for each are available.

2. Moussiaux [12] has made available the program CONVODE, which sym-
bolically solves ordinary and partial differential equations across the
internet. For example, sending

depend y,x;

CONVODE( {df(y,x,2)+4*y=0}, {y}, {x}, {}, {english});

to convode@riemann.physmath.fundp.ac.be will have the solution
of y′′+4y = 0 sent to you via email with comments in English (the de-
fault is French). See http://www.physique.fundp.ac.be/physdpt/
administration/convode.html. Note that CONVODE is based on
REDUCE.

3. REDUCE can be used interactively over the web via the site http://
www.zib-berlin.de/Symbolik/reduce/testreduce.html.

4. MathServ provides an interface between the user and Mathematica
(see http://math.vanderbilt.edu/~pscrooke/detoolkit.shtml).
Templates for twelve different types of ODEs are available; the user
can specify the functions appearing in them.

5. Packages that can handle a wider variety of differential equations are
constantly being created. See, for example, Chan [2], Kovacic [9],
Schmidt [15], or Watanabe [20]. An example of the use of FORMAC
may be found in Hanson et al. [5]. Shtokhamer [16] presents a
Macsyma program that implements the Prelle–Singer algorithm and
gives several examples.

6. All of the programs illustrated above and many others (such as the
package by Hubbard and West [7]) can be run on a microcomputer
(such as an IBM PC or a Macintosh).

7. Given a homogeneous linear differential equation whose coefficients
are in a finite algebraic extension of Q[x], Singer’s [17] paper has
a decision procedure to determine a basis for the Liouvillian solu-
tions. Liouvillian functions are essentially those functions that can
be built up from rational functions by algebraic operations, taking
exponentials and by integration. In detail

• Let K be a field of functions. The function θ is a Liouvillian
generator over K if it is:
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– algebraic over K, that is if θ satisfies a polynomial equation
with coefficients in K;

– exponential over K, that is if there is a ζ in K such that
θ′ = ζ′θ, which is an algebraic way of saying that θ = exp ζ;
or

– an integral over K, that is if there is a ζ in K such that
θ′ = ζ, which is an algebraic way of saying that θ =

∫
ζ.

• Let K be a field of functions. An over-field K(θ1, . . . , θn) of K
is called a field of Liouvillian functions over K if each θi is a
Liouvillian generator over K. A function is Liouvillian over K
if it belongs to a Liouvillian field of functions over K.

Then, some of the important theorems in this area are

Theorem There is an algorithm that, given a second order
linear differential equation, y′′+ay′+by = 0 with a and b rational
functions of x, either finds two Liouvillian solutions such that
every solution is a linear combination with constant coefficients
of these two solutions or proves that there is no Liouvillian
solution (except zero).

Theorem There is an algorithm that, given a linear differential
equation of any order, the coefficients of which are rational or
algebraic functions: either finds a Liouvillian solution or proves
that there is none.

Theorem Let A be a class of functions containing the coeffi-
cients of a linear differential operator L, let g be an element of A,
and let us suppose that the equation L[y] = g has an elementary
solution over A. Then, either L[w] = 0 has an algebraic solution
over A, or y belongs to A.

Theorem Let A be a class of functions, that contains the co-
efficients of a linear differential operator L, let g be an element
of A, and let us suppose that the equation L[y] = g has a
Liouvillian solution over A. Then either L[w] = 0 has a solution
exp(

∫
z(x) dx) with z algebraic over A, or y belongs to A.a

See Davenport et al. [4] for details. See also Bronstein [1].
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52. Constant Coefficient
Linear Equations

Applicable to Homogeneous linear ordinary differential equations
with constant coefficients.

Yields
An exact solution.

Idea
Linear constant coefficient ordinary differential equations have expo-

nential solutions. The method of undetermined coefficients can be used to
solve this type of equation after a polynomial has been factored.

Procedure
Given the nth order linear equation

y(n) + an−1y
(n−1) + · · ·+ a1y

′ + a0y = 0, (52.1)

where the {ai} are constants, look for a solution of the form

y(x) = Ceλx, (52.2)

where C is an arbitrary constant. Substituting equation (52.2) into equa-
tion (52.1) yields

eλx
[
λn + an−1λ

(n−1) + · · ·+ a1λ+ a0

]
= 0. (52.3)

Hence, equation (52.2) is a solution of equation (52.1) if λ is a root of the
characteristic equation, defined by

λn + an−1λ
(n−1) + · · ·+ a1λ+ a0 = 0. (52.4)

If equation (52.4) has n different roots {λi}, then the general solution to
(52.1) is, by use of superposition,

y(x) = Cne
λnx + Cn−1e

λn−1x + · · ·+ C1e
λ1x,

where the {Ci} are arbitrary constants. If some of the roots of equation
(52.4) are repeated (say λ1 = λ2 = · · · = λm), then the solution corre-
sponding to these {λi} is

y(x) = (Cmxm−1 + Cm−1x
m−2 + · · ·+ C2x+ C1)eλ1x.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



248 II.A Exact Methods for ODEs

Example
Given the linear differential equation

y(7) − 14y(6) + 80y(5) − 242y(4) + 419y(3) − 416y′′ + 220y′ − 48y = 0,
(52.5)

we substitute y(x) = eλx to find the characteristic equation

λ7 − 14λ6 + 80λ5 − 242λ4 + 419λ3 − 416λ2 + 220λ− 48 = 0,

which factors as

(λ− 1)3(λ − 2)2(λ− 3)(λ− 4) = 0. (52.6)

The roots of equation (52.6) are {1, 1, 1, 2, 2, 3, 4}. The general solution to
equation (52.5) is therefore

y(x) = {C0 + C1x+ C2x
2}ex + {C3 + C4x}e2x + C5e

3x + C6e
4x,

where {C0, . . . , C6} are arbitrary constants.

Notes
1. Using the transformation described on page 146, the system in equa-

tion (52.1) can be written in the form y′ = Ay, where A is an
n × n constant matrix. Then the techniques for vectors ODEs (see
page 421) may be used.

2. See Boyce and DiPrima [1, section 5.3, pages 263–268] and Simmons
[2, pages 83–86].
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53. Contact Transformation

Applicable to First order and (occasionally) second order ordinary
differential equations.

Yields
A reformulation, which may lead to an exact solution (sometimes in

parametric form).

Idea
By changing variables, a different and sometimes easier differential

equation may be found.

Procedure
Given a relation between three variables

φ(x, y, p) = 0, (53.1)

it will be a first order ordinary differential equation if dy− p dx = 0. If the
variables in equation (53.1) are changed by

x = x(X,Y, P ),
y = y(X,Y, P ),
p = p(X,Y, P ),

(53.2)

then the transformed equation Φ(X,Y, P ) = 0 will also be an ordinary
differential equation if dY −P dX = 0. If this is true, then equation (53.2)
is a contact transformation. For example, the change of variables

x = P

y = PX − Y
p = X

⇐⇒

X = p

Y = px− y
P = x

 (53.3)

is a contact transformation. It is easy to show this:

0 = dy − p dx
= d(PX − Y )−X dP

= P dX − dY.

If the new differential equation, Φ(X,Y, P ) = 0, can be solved, then the
solution to φ(x, y, p) = 0 may be determined by eliminating X , Y , and P
from the original equation, using the solution found and the transformation
rules.
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Example
Suppose we have the nonlinear first order ordinary differential equation

2y
(
dy

dx

)2

− 2x
dy

dx
− y = 0, (53.4)

which we may write as

2yp2 − 2xp− y = 0.

We utilize the contact transformation in equation (53.3) to obtain, after
some algebra, the new first order ordinary differential equation

P + Y

(
1− 2X2

2X3 − 3X

)
= 0 or

dY

dX
+ Y

(
1− 2X2

2X3 − 3X

)
= 0.

(53.5)

This differential equation can be solved by integrating factors to obtain

Y = C
(
2X3 − 3X

)1/3
, (53.6)

where C is an arbitrary constant. Now that we have the solution of the
transformed equation, we can find the solution of the original differential
equation.

Utilizing Y = xX− y and P = x from equation (53.3), equations (53.5)
and (53.6) can be written as

x+ (xX − y)
(

1− 2X2

2X3 − 3X

)
= 0,

xX − y =
(
2X3 − 3X

)1/3
.

(53.7)

Now X can be eliminated between these two equations by, say, the method
of resultants (see page 50). This produces the solution to equation (53.4) in
the form f(x, y) = 0 (there are 21 algebraic terms in this representation).
Alternately, we can obtain a parametric representation of the solution by
solving equation (53.7) for x = x(X) and y = y(X) and then treating X
as a parameter.

Notes
1. Composing two contact transformations or taking the inverse of a

contact transformation results in another contact transformation.
Because the identity transformation is also a contact transformation,
the set of all contact transformations forms an infinite dimensional
topological group.

2. This method is derivable from the method of Lie groups (see page
366), where it goes by the name of the extended group of transforma-
tions. See Ince [4, pages 40–42] or Seshadri and Na [6, pages 18–20].
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3. The condition dy−pdx = 0 states that, if the point (x, y) is on a curve,
then p should be its tangent. The change of variables in this method
gives a different parameterization of the same curve. In particular, if
two curves touch in the old parameterization, then they also touch in
the new parameterization; hence the name of the transformation.

4. Some second order ordinary differential equations also may be solved
by this method. If R = dP

dX = d2Y
dX2 and 1

R = dp
dx = d2y

dx2 , then we may
use the relation dP −RdX = dx−Rdp.

5. In more generality, a transformation of the 2n+1 variables {z, xj, pj |
j = 1, . . . , n} to the 2n + 1 variables {Z,Xj, Pj | j = 1, . . . , n} is a
contact transformation if the total differential equation

dz − p1dx1 − p2dx2 − · · · − pndxn = 0

is invariant under the transformation; that is, if the equality

(dZ − P1dX1 − P2dX2 − · · · − PndXn)
= ρ (dz − p1dx1 − p2dx2 − · · · − pndxn)

holds identically for some nonzero function ρ(x,p, z). See Iyanaga
and Kawada [5, pages 286 and 1448] for details.

6. A contact transformation is also a canonical transformation (see page
132). The generating function of the canonical transformation, Ω,
satisfies the three relations: Ω(x, z,X, Z) = 0, ∂Ω

∂Xj
+ Pj

∂Ω
∂Z = 0, and

∂Ω
∂xj

+ pj
∂Ω
∂z = 0.

7. Named contact transformations include

(a) The Legendre transformation (see page 467) is given by Ω =
Z + z +

∑
xjXj , Z =

∑
j pjxj − z, Xj = −pj, Pj = −xj , and

ρ = −1.
(b) The Pedal transformation is given by Ω = Z2− zZ −

∑
xjXj +∑

X2
j , Xj = −pjZ, pj = − 2Xj−xj

2Z−z , and ρ = Z
2Z−z .

(c) The similarity transformation is given by Ω = (Z − z)2 − a2 +∑
(Xj − x)j)2, Xj = xj − apj

(
1 +

∑
p2
j

)−1/2, Pj = pj, Z =

xj + a
(
1 +

∑
p2
j

)−1/2, and ρ = 1.

8. Some other contact transformations are
x = X − Y P
y = −Y

√
P 2 − 1

p =
P√

P 2 − 1

⇐⇒

X = x− yp
Y = y

√
p2 − 1

P = − p√
p2 − 1

 (53.8)
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
x = X − aP√

1 + P 2

y = Y +
a√

1 + P 2

p = P

⇐⇒

X = x+

ap√
1 + p2

Y = y − a√
1 + p2

P = p

 .
(53.9)

9. See also Bateman [1, pages 81–83], Carathéodory [2, Chapter 7, pages
102–120], and Chester [3, pages 206–207].
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54. Delay Equations

Applicable to Ordinary differential delay equations.

Yields
In many cases, an exact analytical solution.

Idea
There are several standard techniques for delay equations.

Procedure
The standard methods for solving delay equations are by the use of

• Laplace transforms
• Fourier transforms
• Generating functions
• General expansion theorems
• The method of steps

For the first two methods, the technique is the same as it is for ordinary
differential equations (see page 347). That is, the transform is taken of
the delay equation; by algebraic manipulations the transform is explicitly
determined; and then an inverse transformation is taken. See Example 1.

For a delay equation with a single delay, the method of steps consists of
solving the delay equation in successive intervals, whose length is the time
delay. In each interval, only an ordinary differential equation needs to be
solved. See Example 2.

The method of generating functions is frequently used when only in-
tegral values of the variables are of interest. The technique is similar
to the technique for integral transforms described above. For generating
functions, the integration is replaced by a summation, and the “inverse
transformation” is generally a differentiation (see page 315 for more de-
tails). See Example 3.

The general expansion theorems are all of the same form; given a
delay equation, the solution can be expressed as a sum over the roots of a
transcendental equation called the characteristic equation.

Example 1
Suppose we have the delay equation

y′(t) + ay(t− 1) = 0, (54.1)

with the boundary conditions

y(t) = y0 when − 1 ≤ t ≤ 0, (54.2)
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where a is a constant. We define the Laplace transform of y(t) to be
Y (s) by Y (s) =

∫∞
0 e−sty(t) dt. Multiplying equation (54.1) by e−st and

integrating with respect to t yields∫ ∞
0

e−sty′(t) dt + a

∫ ∞
0

e−sty(t− 1) dt = 0. (54.3)

The first integral in equation (54.3) can be integrated by parts to yield∫ ∞
0

e−sty′(t) dt = sY (s)− y0. (54.4)

The second integral in equation (54.3) can be evaluated by changing the
variable of integration from t to u = t− 1:

a

∫ ∞
0

e−sty(t− 1) dt = a

∫ ∞
−1

e−s(u+1)y(u) du

= a

∫ ∞
0

e−s(u+1)y(u) du + a

∫ 0

−1

e−s(u+1)y(u) du

= ae−sY (s) + ay0
1− e−s

s
.

(54.5)

Utilizing equations (54.4) and (54.5) in equation (54.3) results in the alge-
braic equation

sY (s)− y0 + ae−sY (s) + ay0
1− e−s

s
= 0,

which can be solved for Y (s):

Y (s) =
y0

s
− ay0

s(s+ ae−s)
. (54.6)

If this formula for Y (s) is expanded as

Y (s) =
y0

s
− y0

∞∑
n=0

(−1)nan+1e−nss−n−2,

then an inverse Laplace transform may be taken term by term to conclude
that

y(t) = y0

btc+1∑
n=0

(−a)n
(t− n+ 1)n

n!
, (54.7)

where the floor function, btc, is the greatest integer less than or equal to t.
Another way of expressing the solution in equation (54.7) is by taking

the inverse transform of Y (s), as defined in equation (54.6), directly, and
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using Cauchy’s theorem to evaluate the Bromwich contour integral. This
results in

y(t) = −ay0

∑
r

esrt

sr(1 + sr)
, (54.8)

where the summation is over all roots of the equation

s+ ae−s = 0. (54.9)

All the roots of equation (54.9) will be simple unless a = e−1, when
there is a double root at s = −1. The solution in equation (54.8) can
be approximated (for large t) by just using the sr that has the smallest
real part. There exist theorems (see Pinney [15] for instance) that allow
the solution of equation (54.1) to be written in the form of equation (54.8)
immediately.

Example 2
In the method of steps, only a sequence of ordinary differential equations

need to be solved. To illustrate this method, consider equations (54.1) and
(54.2). In the interval 0 ≤ y ≤ 1, the solution satisfies

y′(t) + ay0 = 0,
y(0) = y0.

(54.10)

The equation (54.10) has the solution

y(t) = y0(1− at), for 0 ≤ y ≤ 1. (54.11)

Now we solve for y(t) in the next interval of length one. Using equation
(54.11) we find that, in the interval 1 ≤ y ≤ 2, the solution satisfies

y′(t) + ay0[1− a(t− 1)] = 0,
y(0) = y0(1− a).

(54.12)

The equation (54.12) has the solution

y(t) = y0

[
1− at+

1
2
a2(t− 1)2

]
, for 1 ≤ y ≤ 2.

This process can be repeated indefinitely. The solution obtained is identical
to the solution in equation (54.7).

Example 3
This example shows how generating functions may be used to solve delay

equations. Consider equations (54.1) and (54.2). Define the generating
function associated with y(t), for 0 ≤ t ≤ 1, by

Y (t, k) =
∞∑
p=0

y(t+ p)kp. (54.13)
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Once this generating function is known, y(t) may be obtained in either of
the two ways

y(t+ p) =
1
p!

(
∂p

∂kp
Y (t, k)

∣∣∣∣
k=0

=
1

2πi

∫
C
Y (t, k)k−p−1 dk,

where C is a closed contour surrounding the origin in the k-plane and lying
wholly within the region of analyticity in k of Y (t, k).

By differentiating equation (54.13) with respect to t, multiplying by k,
and redefining p, we find that

Yt(t, k) =
∞∑
p=0

y′(t+ p)kp,

kY (t, k) =
∞∑
p=1

y(t+ p+ 1)kp.

(54.14)

If we now evaluate equation (54.1) when t has the value t+ p, multiply by
kp, and sum with respect to p from 1 to infinity, we find (using equation
(54.14))

Yt(t, k) + a (kY (t, k) + y(t− 1)) = 0

or, because 0 ≤ t ≤ 1,

Yt(t, k) + akY (t, k) = −ay0.

This equation is an ordinary differential equation and can be readily solved
to yield

Y (t, k) = e−aktF (k)− y0

k
, (54.15)

where F (k) is some unknown function. We can determine this function
by a judicious use of the initial conditions. Evaluating equation (54.13) at
t = 1, we find

kY (1, k) = k

∞∑
p=0

y(1 + p)kp

=
∞∑
p=0

y(1 + p)kp+1

= y(0) +
∞∑
p=0

y(p)kp

= y(0) + Y (0, k).

(54.16)
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Evaluating equation (54.16) by use of equation (54.15) results in

k
(
e−akF (k)− y0

k

)
= y0 +

(
F (k)− y0

k

)
,

or
F (k) =

y0

k (1− e−ak)
.

This leads to the complete determination of the generating function

Y (t, k) =
y0

k

(
e−akt

1− ke−ak − 1
)
.

Via some algebraic manipulations, we can obtain

Y (t, k) = y0

∞∑
p=0

kp
p+1∑
q=0

(−a(p+ t− q + 1))q

q!
, (54.17)

so that the solution can be read off (compare equation (54.17) with equation
(54.13)):

y(t) = y0

btc+1∑
q=0

(−a)q
(t− q + 1)q

q!
,

where the floor function indicates the least integer.

Notes
1. In the literature, equations of the form y′h(t) = yh−1(t) are often

called differential–difference equations, whereas equations of the form
y′(t) = y(t − 1) are called mixed differential–difference equations.
Delay equations are also known as functional equations, differential–
delay equations, differential equations with deviating argument, and
equations with retarded arguments. Neutral differential equations
are differential equations in which the highest order derivative of the
unknown function is evaluated both at the present state t and at one
of more past or future states.

2. The pantograph equation (see Buhmann and Iserles [4]) is ẋ(t) =
ax(t) + bx(θ(t)) + cẋ(φ(t)).

3. The Cherwell–Wright differential equation (see Iyanaga and Kawada
[12, page 287]) is ẋ(t) = (a− x(t − 1))x(t).

4. Marsaglia et al. [13] numerically evaluate the following functions:

• Renyi’s function: [(x− 1)y(x)]′ = 2y(x− 1)
• Dickman’s function: xy′(x) = −y(x− 1)
• Buchstab’s function: [xy(x)]′ = y(x− 1)

5. Several authors have tried to analyze delay equations by replacing
y(t− r) with the first few terms of a Taylor series, say

y(t− r) ' y(t)− ry′(t) +
1
2
r2y′′(t)− · · ·+ (−1)m

1
m!
rmy(m)(t).
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This is, in general, a bad idea as the approximations that are obtained
are often unrelated to the original equation. See Driver [8, page 235]
for more details.

6. The paper by Driver and Driver [7] gives explicit error bounds for the
solution of x′(t) = bx(t − 1) for a range of b values, when using the
first terms in an asymptotic expansion. For example, when x(t) = 1
for t < 0, and b = 1, then x(t) = xa(t) + g(t) with xa(t) = 1.13e0.567t

and |g(t)| ≤ 0.25e−1.47t.
7. The book by Pinney [15] contains a large compilation of delay equa-

tions that have appeared in the literature. References are cited, and
the (then) current knowledge of each of the equations is given.

8. The system of linear delay equations

u′(t) = Au(t) +Bu(t− d), for t ≥ t0,
u(t) = g(t), for − d ≤ t ≤ t0, (54.18)

where d ≥ 0 is the delay and A and B are constant square matrices
has a solution of the form u(t) = cest if and only if s is a zero of the
transcendental equation: det

(
Is−A−Be−ds

)
= 0.

9. As an example of the general expansion theorems, the equation

au′(t) + bu(t) + cu(t− d) = 0,

where a, b, c, and d are all constant and d is positive, is satisfied by

u(t) =
∑
r

pr(t)etsr , (54.19)

where {sr} are complex numbers satisfying asr + b + ce−dsr = 0,
and pr(t) is a polynomial in t of degree less than the multiplicity
sr (see Bellman and Cooke [3, page 55]). The sum in equation
(54.19) is either finite or infinite, with suitable conditions to ensure
convergence. In actuality, finding all the solutions to equation (54.15)
is very difficult. This technique generalizes to higher order ordinary
differential equations and partial differential equations, but the work
in obtaining a solution becomes prohibitive unless numerical methods
are used.

10. Delay equations are usually solved numerically. A survey of numerical
techniques for solving delay equations may be found in Cryer [6].
Nieves’s paper [14] contains the description of a computer algorithm
that numerically approximates the solutions of functional equations
with a minimal amount of user input. Virk’s paper [18] extends
Runge–Kutta methods to delay-differential equations (the method
he presents is compromise between computational efficiency and code
complexity).

11. See also Saaty [16, Chapter 5, pages 213–261].
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55. Dependent Variable
Missing

Applicable to Ordinary differential equations of the form G(y(n),
y(n−1), . . . , y′′, y′, x) = 0.

Yields
An ordinary differential equation of lower order.

Idea
If the dependent variable does not appear explicitly in an ordinary

differential equation, then the order of the ordinary differential equation
can be reduced by 1.

Procedure
Suppose we have the nth order ordinary differential equation

G(y(n), y(n−1), . . . , y′′, y′, x) = 0. (55.1)

Notice that the variable y(x) does not appear explicitly in equation (55.1).
If we define p(x) = y′(x), then equation (55.1) becomes

G(p(n−1), p(n−2), . . . , p′, p, x) = 0, (55.2)

which is an ordinary differential equation of order (n−1) for the dependent
variable p(x). After solving equation (55.2) for p(x), y(x) can be found by
integrating p(x).

Example
Suppose we have the second order equation

y′′ + y′ = x. (55.3)

Using y′(x) = p(x), equation (55.3) can be written as

p′ + p = x. (55.4)

Equation (55.4) can be solved by integrating factors (see page 356) to obtain

p(x) = Ae−x + x− 1,

where A is an arbitrary constant. Then p(x) can be integrated to obtain
y(x)

y(x) =
∫ x

p(t) dt = B −Ae−x +
x2

2
− x,

where B is another arbitrary constant.
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Notes
1. This solution technique can be derived from Lie group methods (see

page 366).
2. See also Boyce and DiPrima [1, pages 111–112], Goldstein and Braun

[2, pages 74–76], Ince [3, page 43], and Rainville and Bedient [4, pages
266–268].
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56. Differentiation Method

Applicable to Nonlinear ordinary differential equations.

Yields
An explicit solution.

Idea
Sometimes differentiating an ordinary differential equation will result

in an ordinary differential equation that is easier to solve.

Procedure
Given an ordinary differential equation, differentiate it with respect to

the independent variable. This will yield a new equation that may some-
times factor (see page 292), or simplify in some other way. By considering
each term in this new equation to be equal to zero, several possible solutions
may be found.

The general solution of each term must then be used in the original
equation, possibly to constrain some of the parameters.

Example
Suppose that we have the nonlinear ordinary differential equation

2yy′′ − (y′)2 =
1
3

(y′ − xy′′)2
. (56.1)

If this equation is differentiated with respect to x, the simplified result is

y′′′
(
x2y′′ − xy′ − 3y

)
= 0,

from which we recognize that

y′′′ = 0 or x2y′′ − xy′ − 3y = 0. (56.2)

In the first case, a candidate for the general solution is

y(x) = ax2 + bx+ c.

Using this form in the original equation, equation (56.1), we find after some
simplification that 3ac = b2. Using this equation to determine c, a general
solution to equation (56.1) is found to be

y(x) = ax2 + bx+
b2

3a
. (56.3)

Another possibility is that the second expression in equation (56.2) is
equal to zero. This second equation is an Euler equation (see page 281),
and so the general solution is found to be

y(x) = αx3 +
β

x
.
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Using this form in the original equation, equation (56.1), we find after some
simplification that αβ = 0. Hence, two different solutions to equation (56.1)
are given by

y(x) = αx3 and y(x) =
β

x
. (56.4)

Equations (56.3) and (56.4) contain three different solutions to equation
(56.1).

Notes
1. The above example is from Bateman [1, pages 66–67].
2. This procedure is used to find the singular solutions to Clairaut’s

equation (see page 237).

Reference
[1] Bateman, H. Partial Differential Equations of Mathematical Physics. Dover

Publications, Inc., New York, 1944.
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57. Differential Equations
with Discontinuities∗

Applicable to Equations that contain discontinuous functions.

Yields
An exact solution.

Idea
Equations can be solved locally and then patched together at the points

of discontinuity.

Procedure
The following discussion is limited to linear ordinary differential equa-

tions, but the general techniques apply to linear and nonlinear ordinary
differential equations and partial differential equations.

Suppose we have the equation

an(x)y(n) + an−1y
(n−1) + · · ·+ a1(x)y′ + a0(x)y = b(x),

(57.1)

where the {ai(x)} and b(x) may all be discontinuous. For example, a1(x)
may look like

a1(x) =

{
x if 0 < x < 3,
sinx if 3 ≤ x < 8.

We presume that the {ai(x)} and b(x) are discontinuous at only a finite
number of points, say {x1, x2, . . . , xm}, and that we wish to find the solu-
tion at the point xf with x0 < x1 < · · · < xm < xf . Assume further that
the initial data {y(x0), y′(x0), y′′(x0), . . . , y(n−1)(x0)} are all given.

The general technique is to divide the interval from x0 to xf into m
intervals and solve equation (57.1) separately on each interval. Because
the equation is continuous on these intervals, we can use any technique
known to us to find the solution. Define yj(x) to be the solution in the
interval [xj , xj+1].

To determine yj(x) completely, we need to specify the value of {yj(xj),
y′j(xj), . . . , y

(n−1)
j (xj)}. These can be determined from yj−1(x). Because

an equation of nth order (which is what equation (57.1) is) must have
continuous derivatives of all orders up to n−1, we simply match the values
of yj(x) and its derivatives to the values of yj−1(x) and its derivatives, all
at the point xj .

To illustrate this technique on equation (57.1), we would solve

an(x)y(n)
j + an−1y

(n−1)
j + · · ·+ a1(x)y′j + a0(x)yj = b(x)
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in the interval [xj , xj+1], for j = 0, 1, 2, . . . ,m. To obtain the initial values
for each equation we take

y0(x0)
y′0(x0)

...
y

(n−1)
0 (x0)

 =


y(x0)
y′(x0)

...
y(n−1)(x0)

 ,
and then 

yj(xj)
y′j(xj)

...
y

(n−1)
j (xj)

 =


yj−1(xj)
y′j−1(xj)

...
y

(n−1)
j−1 (xj)

 , for j = 1, 2, . . . ,m.

Finally, the solution at x = xf will be given by ym(xf ).

Example
Suppose we want to determine the value of y(t) at t = T when

y′′ + f(t)y = 0,

and f(t) is given by

f(t) =

{
−1 for 0 ≤ t < τ,

1 for τ ≤ t ≤ T,

given that y(0) = 1, y′(0) = 0. (Here, τ and T are fixed constants.) To
solve this problem, we break the interval from 0 to T into two intervals;
interval I will be from 0 to τ while interval II will be from τ to T .

In interval I, f(t) can be replaced by −1, so we solve

y′′1 − y1 = 0, y1(0) = 1, y′1(0) = 0.

This equation has the solution y1(t) = cosh t. In interval II, f(t) can be
replaced by 1, so we solve

y′′2 + y2 = 0 (57.2)

in the interval from τ to T . For the initial values of y2(t), we use the final
values of y1(t), that is,

y2(τ) = y1(τ) = cosh τ,
y′2(τ) = y′1(τ) = sinh τ.

(57.3)

The solution of equations (57.2) and (57.3) is

y2(t) = (sin τ cosh τ + cos τ sinh τ) sin t+ (cos τ cosh τ − sin τ sinh τ) cos t,

and hence, the value of y(t) at t = T is given by

y2(T ) = (sin τ cosh τ + cos τ sinh τ) sinT + (cos τ cosh τ − sin τ sinh τ) cosT.
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Notes
1. When the discontinuities involve the dependent variable, then the

problem is generally a free boundary problem. See Elliot and Ock-
endon [3] or Fleishman [6] for a discussion.

2. If the discontinuity appearing in a linear differential equation is a
single delta function, which appears as a forcing function, then the
solution will be a Green’s function (see page 318).

3. If the discontinuities include generalized functions (such as a delta
function), then the solution may only exist in the weak sense. See
Gear and Østerby [7] for details.

4. There exist computer programs for numerically approximating differ-
ential equations with discontinuities. See Enright et al. [4] or Gear
and Østerby [7].

5. Fleishman [6] analyzes the equation ẋ = A(t)x+ sgn(x) + t(t), where
“sgn” represents the signum function.

6. Das et al. [2] compare eight different approximations to a one-dimensional
steady-state boundary value problem for a general symmetric second
order ordinary differential equation with discontinuous leading coef-
ficient.

7. See Leveque and Li [9] for methods for elliptic partial differential
equations. See also Boyce and DiPrima [1, Section 6.3.1, pages 304–
309].
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58. Eigenfunction Expansions∗

Applicable to Linear differential equations with linear boundary
conditions.

Yields
An exact solution in terms of an infinite series.

Idea
Any “well-behaved” function can be expanded in a complete set of

eigenfunctions. In this method, we expand the dependent variable in a
differential equation as a sum of the eigenfunctions with unknown coeffi-
cients. From the given equation and boundary conditions, equations can
then be determined for the unknown coefficients.

Procedure
We will describe the procedure for ordinary differential equations, but

the same procedure can be used for partial differential equations (see Ex-
ample 2). Assume that we want to solve the inhomogeneous linear ordinary
differential equation

L[y] :=
n∑
r=1

pr(x)
dry

dxr
= h(x),

Bi[y] :=
n∑
r=1

(
cir
dry

dxr
(a) + dir

dry

dxr
(b)
)

= 0, i = 1, 2, . . . , n,

(58.1.a-b)

for y(x), where x ∈ [a, b] and {cir, dir, pr(x), h(x)} are all known.
Let us suppose that we know a complete set of eigenfunctions {uk(x)}

that satisfy the boundary conditions in equation (58.1) and are orthogonal
with respect to some weighting function w(x). These could be obtained
from a table (e.g., see table 77.1), or we might look for a set that is related
to the differential equation in (58.1). A common approach is to choose a
set of eigenfunctions {uk} that satisfy

H [uk] = λkuk,

Ri[uk] = 0, i = 1, 2, . . . , n,
(58.2.a-b)

where H [·] is a linear operator related to L[·] in some way, the Ri[·] are
linear boundary conditions related to Bi[·] in some way, and λk is a constant
(λk is an eigenvalue of the (H, {Ri}) system). The orthogonality condition
requires that

(uk, um) :=
∫ b

a

uk(x)um(x)w(x) dx = Nkδkm =

{
0 for m 6= k,

Nk for m = k.
(58.3)
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Frequently the operator H [·] is chosen to be the same as the operator
L[·], and the {Ri} are chosen to be the same as the {Bi}. This is not
required, nor must the degree of the differential equation in (58.2.a) be n
(which is the degree of the differential equation in (58.1.a)).

Because the presumed eigenfunctions are complete, we can write any
“sufficiently smooth” function as a linear combination of these functions.
In particular, we choose to represent y(x) and h(x) as

y(x) :=
∞∑
k=1

ykuk(x), h(x) :=
∞∑
k=1

hkuk(x).
(58.4.a-b)

Once the {yk} are known, the problem is solved. The {hk} can be de-
termined, given h(x), by multiplying equation (58.4.b) by w(x)um(x) and
integrating with respect to x from a to b. This calculation can be written
as

(h(x), um(x)) =

( ∞∑
k=1

hkuk(x), um(x)

)
,

=
∞∑
k=1

hk (uk(x), um(x)) ,

=
∞∑
k=1

hk (Nkδkm) ,

= Nmhm,

where we have utilized equation (58.3). If we take the {Ri} to be identical
to the {Bi} then, from equation (58.2.b), the boundary conditions for y(x)
(in equation (58.1.b)) are automatically satisfied. Hence, only equation
(58.1.a) needs to be satisfied. Using equation (58.4.a) in equation (58.1.a)
results in

L[y] = L

[ ∞∑
k=1

ykuk(x)

]

=
∞∑
k=1

ykL[uk]

= h(x).

(58.5)

The {yk} can now be determined from equation (58.5) by multiplying
equation (58.5) by w(x)um(x) and integrating with respect to x from a to
b. This produces

∞∑
k=1

yk (L[uk], um) = (h(x), um) = Nmhm, for m = 1, 2, . . . ,
(58.6)
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which is an infinite system of linear algebraic equations. In principle, all of
the {yk} in equation (58.6) are coupled together.

In practice, if a good choice was made for the eigenfunctions, then equa-
tion (58.6) will simplify and ym can be determined directly from equation
(58.6). For instance, if H [·] is chosen to be equal to L[·] then L[un] = λnun
(from equation (58.2)) and equation (58.6) becomes

∑∞
k=1 ykλk(uk, um) =

Nmhm or, by orthogonality, ym = hm/λm.

Example 1
Suppose we have the fourth order differential equation and boundary

conditions

L[y] := y′′′′ + αy′′ + βy = h(x),
y(0) = 0, y(1) = 0,
y′′(0) = 0, y′′(1) = 0,

(58.7)

to solve for y(x) on the interval x ∈ [0, 1].
For this case we choose to use the eigenfunctions corresponding to the

Sturm–Liouville operator (see page 103)

H [u] = u′′,

u(0) = 0,
u(1) = 0.

(58.8)

For the operator in equation (58.8), it is easy to determine that the eigen-
functions are uk(x) = sin kπx, the eigenvalues are λk = kπ, and the
weighting function is w(x) = 1. Because this is a self-adjoint problem (see
page 95), we know that these eigenfunctions are complete. Now that we
have a set of eigenfunctions, we observe that they satisfy the four boundary
conditions given in equation (58.7).

We write y(x) in terms of these eigenfunctions as

y(x) =
∞∑
k=1

yk sin kπx. (58.9)

Using equation (58.9) in equation (58.7) and then multiplying by um(x)
and integrating from x = 0 to x = 1 results in∫ 1

0

L[y(x)]um(x) dx =
∫ 1

0

L

[ ∞∑
k=1

yk sin kπx

]
um(x) dx

=
∞∑
k=1

yk

∫ 1

0

L[sin(kπx)]um(x) dx

=
∫ 1

0

h(x)um(x) dx.
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Equating the last two expressions, using um(x) = sinmπx and simplifying
gives

∞∑
k=1

yk

∫ 1

0

(
k4π4 − αk2π2 + β

)
sin kπx sinmπxdx =

∫ 1

0

h(x) sinmπxdx,

or (since
∫ 1

0 sin kπx sinmπxdx = 1
2δkm)

1
2
yk
(
k4π4 − αk2π2 + β

)
=
∫ 1

0

h(x) sin kπx dx.
(58.10)

Hence, solving equation (58.10) for yk and using this value in equation
(58.9) results in the explicit solution

y(x) =
∞∑
k=1

(
2
∫ 1

0
h(x) sin kπx dx

k4π4 − αk2π2 + β

)
sinkπx.

If α and β are such that k4π4 − αk2π2 + β = 0, for some value of k,
then there will be no solution unless

∫ 1

0 h(x) sin kπx dx = 0. Even then, the
solution will not be unique; this is because the differential equation L[u] =
0, with the boundary conditions in equation (58.7), will have the solution
u(x) = C sin kπx, where C is arbitrary. See the section on alternative
theorems (page 15).

Example 2
Suppose we want to solve the partial differential equation

φt = φxx,

φ(x, 0) = f(x),
φ(0, t) = 0,
φ(1, t) = 0,

(58.11.a-d)

for φ = φ(x, t). We can use the eigenfunctions in equation (58.8) to solve
this problem. In this case, we expand φ(x, t) as

φ(x, t) =
∞∑
n=1

an(t) sinnπx. (58.12)

By using this representation for φ(x, t), the boundary conditions in equa-
tion (58.11.b) and equation (58.11.c) are automatically satisfied. By multi-
plying equation (58.12) by sin(mπx) and integrating from x = 0 to x = 1,
we find that

an(t) = 2
∫ 1

0

φ(z, t) sinnπz dz. (58.13)
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Using the boundary condition from (58.11.b) in equation (58.13) produces
the initial values for the {an(t)}

an(0) = 2
∫ 1

0

φ(z, 0) sinnπz dz = 2
∫ 1

0

f(z) sinnπz dz.
(58.14)

Now, the correct procedure is to multiply the original equation, equation
(58.11.a), by one of the eigenfunctions, sinmπx, and integrate from x = 0
to x = 1 to obtain∫ 1

0

φt sinmπxdx =
∫ 1

0

φxx sinmπxdx. (58.15)

After utilizing equation (58.12) for φ in equation (58.15), the resulting
equation should be integrated by parts, using the information in equation
(58.13). This results in

a′n(t) = −n2π2an(t), (58.16)

where a prime denotes a derivative with respect to t. The solution of
equation (58.16) is

an(t) = an(0)e−n
2π2t,

=
(

2
∫ 1

0

f(z) sinnπz dz
)
e−n

2π2t,
(58.17)

where we have used equation (58.14). Combining equations (58.12) and
(58.17), we determine the final solution to equation (58.11) to be

φ(x, t) =
∞∑
n=1

(
2
∫ 1

0

f(z) sinnπz dz
)
e−n

2π2t sinnπx.

Be aware that it would have been incorrect, when trying to obtain
an ordinary differential equation for an(t), to substitute equation (58.12)
into equation (58.11.a) and then multiply by one of the eigenfunctions and
perform the integration. Although this would have resulted in the same
differential equation and boundary conditions for an in this example, it
might not work in other cases (see the next example). The proper technique
is to multiply the original equation by one of the eigenfunctions and then
integrate by parts.

Example 3
Consider solving Laplace’s equation in two dimensions in the unit square

uxx + uyy = 0,
u(x, 1) = u(0, y) = u(1, y) = 0,
u(x, 0) = f(x). (58.18.a-c)
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Since the functions {sinnπy} are complete on the interval [0, 1], we choose
to represent the solution to equation (58.18) in the form

u(x, y) =
∞∑
n=1

cn(x) sin nπy, (58.19)

from which we can deduce that

cn(x) = 2
∫ 1

0

u(x, y) sinnπy dy. (58.20)

From the boundary conditions on u(x, y) at x = 0 and at x = 1, we also
find that cn(0) = cn(1) = 0.

We will show that an incorrect answer is obtained if the {cn} are
determined in a naive way. If we substituted the assumed form of the
solution (e.g., equation (58.19)), into the equation in (58.18.a), then we
would find

uxx + uyy =
∞∑
n=1

(
c′′n − n2π2cn

)
sinnπy = 0.

Hence, by orthogonality, we would find that c′′n − n2π2cn = 0. Solving
this differential equation with the boundary conditions on cn (e.g. cn(0) =
cn(1) = 0), we would be led to cn(x) = 0 and so u(x, y) = 0. This is clearly
wrong.

If, instead, the equation (58.18.a) is multiplied by 2 sinnπy and inte-
grated with respect to y from 0 to 1, then we obtain

0 =
∫ 1

0

2 sinnπy(uxx + uyy) dy

=
d2

dx2

∫ 1

0

2u(x, y) sinnπy dy + 2uy(x, y) sinnπy
∣∣1
0

− 2nπu(x, y) cosnπy
∣∣1
0
− n2π2

∫ 1

0

2u(x, y) sinnπy dy

= c′′n + 2nπf(x)− n2π2cn,

where we have integrated by parts twice, used equation (58.20) to substitute
for the integral, and used the boundary conditions in equation (58.18.b-c).
Solving this last equation for cn(x), we find

cn(x) = 2nπ
∫ 1

0

G(x; t)f(t) dt,

where G(x; t) is the Green’s function G(x; t) = sinhnπx< sinhnπ(1−x>)
nπ sinhnπ and

where x> (x<) indicates the larger (smaller) of x and t.
This second approach gives the correct solution to this problem. The

reason that the first approach would not work is that the series chosen to
represent the solution does not have uniform convergence.
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Notes
1. Note that the solution in Example 2 would have been obtained in

exactly the same form if separation of variables had been used (see
page 487).

2. If the chosen eigenfunctions do not come from a self-adjoint operator,
then it will be necessary to know the eigenfunctions of the adjoint
operator. This is because the orthogonality condition will utilize the
eigenfunctions of the adjoint operator.

3. Because the eigenfunctions we used in the examples were just sine
functions, the expansions obtained here are identical to the results
that would have been obtained from a Fourier sine series (see page
344).

4. To determine that a set of functions is complete, it is not necessary
that they be derived from a self-adjoint operator. See Minzoni [6] for
an example of a set of functions proved complete by using theorems
from analysis.

5. See also Birkhoff and Rota [1, Chapter 11], Butkov [2, pages 304–318],
and Farlow [4, Lesson 9, pages 64–71].
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59. Equidimensional-in-x
Equations

Applicable to Ordinary differential equations of a certain form.

Yields
An autonomous ordinary differential equation of the same order (which

can then be reduced to an ordinary differential equation of lower order).

Idea
An equidimensional-in-x equation is one in which the scaling of the x

variable does not change the equation. By a change of independent variable,
we can change an equation of this type into an autonomous equation.

Procedure
An equidimensional-in-x equation is one that is left invariant under the

transformation x → ax, where a is a constant. That is, if the original
equation is an equation for y(x) and the x variable is replaced by the
variable ax′, then the new equation (in terms of y and x′) will be identical
to the original equation (which is in terms of y and x). An equation of
this type can be converted to an autonomous equation of the same order
by changing the independent variable from x to t by the transformation
x = et.

Example
Suppose we have the nonlinear second order ordinary differential equa-

tion

x
d2y

dx2
= 2y

dy

dx
. (59.1)

First, we will show that this equation is equidimensional-in-x. Substituting
ax′ for x in equation (59.1) produces

(ax′)
d2y

d(ax′)2 = 2y
dy

d(ax′)
, (59.2)

or, multiplying equation (59.2) by the constant a

x′
d2y

d(x′)2 = 2y
dy

dx′
,

which is identical to equation (59.1).
Because we now know that equation (59.1) is equidimensional-in-x, we

change variables from y(x) to y(t) by x = et. Using table 59.1, we find that

ete−2t(ytt − yt) = 2y(e−tyt),
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yx = e−t(yt),

yxx = e−2t(ytt − yt),
yxxx = e−3t(yttt − 3ytt + 2yt),

yxxxx = e−4t(ytttt − 6yttt + 11ytt − 6yt),

yxxxxx = e−5t(yttttt − 10ytttt + 35yttt − 50ytt + 24yt),

yx(5) = e−5t(yt(5) − 10yt(4) + 35yttt − 50ytt + 24yt),

yx(6) = e−6t(yt(6) − 15yt(5) + 85yt(4) − 225yttt + 274ytt − 120yt),

yx(7) = e−7t(yt(7) − 21yt(6) + 175yt(5) − 735yt(4) + 1624yttt − 1764ytt + 720yt).

Table 59.1: How to transform derivatives under the change of dependent
variable: x = et. (To simplify notation, define yx(n) to be the nth derivative
of y with respect to x, and similarly for yt(n).)

or

ytt − yt = 2yyt. (59.3)

The equation in (59.3) is autonomous (there is no explicit t dependence).
Hence, it can be reduced to an ordinary differential equation of order one
by the transformation u(y) = yt(t) (see page 230 for more information).

Carrying out the details (equation (59.3) was the example in the section
on autonomous equations), it is easy to derive that either y(t) is a constant
for all t, or y(t) satisfies

y(t) = E tan(F + Et)− 1
2
,

where E and F are arbitrary constants. Changing the independent variable
from t to x we have

y(x) = E tan(F + E log x)− 1
2
.

Notes
1. This method is derivable from Lie group methods (see page 366).
2. It is straightforward to create a Macsyma program that will perform

the necessary change of variables. Program 59.1 shows a terminal
session in which the input equation(

dy

dx

)2

− y d
2y

dx2
= 0
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(c1) DEPENDS(Y,X)$

(c2) EQUIDIMENSIONAL_IN_X(EQN,Y,X):= BLOCK([NEW,HOLD,J],

DEPENDS([U],[T]),

GRADEF(T, X, %E**(-T) ),

NEW:SUBST( U, Y, EQN ),

NEW:EV(NEW, DIFF),

NEW:SUBST( %E**T, X, NEW),

NEW:FACTOR(NEW),

NEW)$

(c3) EQN: DIFF(Y,X)**2-Y*DIFF(Y,X,2);

2

(d3) (y ) - y y

x xx

(c4) EQUIDIMENSIONAL_IN_X(EQN,Y,X);

- 2 t 2

(d4) - %e (u u - (u ) - u u )

t t t t

Program 59.1: Macsyma program to change variables.

is converted into the second order autonomous equation

u
d2u

dt2
−
(
du

dt

)2

− udu
dt

= 0.

This autonomous equation could then be reduced to a first order
equation (see page 230).

3. See Bender and Orszag [1, page 25].

Reference
[1] Bender, C. M., and Orszag, S. A. Advanced Mathematical Methods for

Scientists and Engineers. McGraw–Hill Book Company, New York, 1978.
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60. Equidimensional-in-y
Equations

Applicable to Ordinary differential equations of a certain form.

Yields
An ordinary differential equation of lower order.

Idea
An equidimensional-in-y equation is one in which the scaling of the y

variable does not change the equation. This information can be used to
lower the order of the equation by a change of the dependent variable.

Procedure
An equidimensional-in-y equation is one that is left invariant under the

transformation y → ay, where a is a constant. That is, if the original
equation is an equation for y(x) and the y variable is replaced by the
variable ay′, then the new equation (in terms of y′ and x) will be identical
to the original equation (which is in terms of y and x). An equation of
this type can be converted to an equation of lower order by changing the
dependent variable from y(x) to eu(x).

Example
Suppose we have the equation

(1− x)

[
y
d2y

dx2
−
(
dy

dx

)2
]

+ x2y2 = 0 (60.1)

to solve. We can tell by inspection that this equation is equidimensional-
in-y because all of the y terms in equation (60.1) all appear to the same
power. That is, the y terms in equation (60.1) are all quadratic, the terms
being of the form {y2, y2

x, y
2
xx, . . . , yyx, yyxx, yxyxx, . . . }.

To formally show that equation (60.1) is equidimensional-in-y, substi-
tute ay′ for y in equation (60.1) to find

(1− x)

[
(ay′)

d2(ay′)
dx2

−
(
d(ay′)
dx

)2
]

+ x2(ay′)2 = 0.

Or, because a is a non-zero constant,

(1− x)

[
y′
d2y′

dx2
−
(
dy′

dx

)2
]

+ x2y′
2 = 0, (60.2)
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dy[0]= Exp[u[x]];

dy[1]= y[x] u’[x];

dy[n_]:= D[dy[n-1],x]/. {y’[x]->y[x] u’[x]}

dy2[n_]:= dy[n] /. {y[x]->y, u’[x]->u’, u’’[x]->u’’,

u’’’[x]->u’’’, u’’’’[x]->u’’’’}

Table[ {n,ddy2[n]}, {n,1,4}] // ColumnForm

Program 60.1: Mathematica program to change variables: y(x) = eu(x).

which has the same form as equation (60.1). Now, substituting eu(x) for
y(x) in equation (60.1) produces

(1 − x)

[
y2

(
d2u

dx2
+
(
du

dx

)2
)
−
(
y
du

dx

)2
]

+ x2y2 = 0,
(60.3)

where table 60.1 has been used to determine how the derivatives transform
under this change of variable. For y 6= 0, equation (60.3) becomes

(1− x)
d2u

dx2
+ x2 = 0. (60.4)

Note that equation (60.4) does not have any explicit y dependence. If it
did have any such terms, then the original equation could not have been
equidimensional-in-y. The solution to equation (60.3) is (see page 224)

u(x) =
∫ x [∫ w z2

z − 1
dz

]
dw,

=
x3

6
+
x2

2
+ (x− 1) log(x− 1) +Ax+B,

where A and B are arbitrary constants. Hence, the solution of the original
equation is

y(x) = eu(x) = (x− 1)(x−1) exp
(
x3

6
+
x2

2
+Ax+B

)
.

Notes
1. This method is derivable from Lie group methods (see page 366).
2. Equidimensional-in-y equations are also called equations homoge-

neous in y.
3. The results in table 60.1 can be obtained with the Mathematica code

in program 60.1. The output of that program is:
{1, y u’}

2

{2, y u’ + y u’’}

3 (3)

{3, y u’ + 3 y u’ u’’ + y u }

4 2 2 (3)
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y = eu,

yx = yux,

yxx = y(uxx + u2
x],

yxxx = y(uxxx + 3uxuxx + u3
x],

yxxxx = y(uxxxx + 4uxuxxx + 3u2
xx + 6u2

xuxx + u4
x].

yx(4) = y(ux(4) + 4uxuxxx + 3u2
xx + 6u2

xuxx + u4
x),

yx(5) = y(ux(5) + 5uxux(4) + 10uxxuxxx + 10u2
xuxxx + 15uxu2

xx + 10u3
xuxx + u5

x),

yx(6) = y(ux(6) + 6uxux(5) + 15uxxux(4) + 15u2
xux(4) + 10u2

xxx + 20u3
xuxxx

+ 15u3
xx + 60uxuxxuxxx + 45u2

xu
2
xx + 15u4

xuxx + u6
x).

Table 60.1: How to transform derivatives under the change of independent
variable: y(x) = eu(x). (To simplify notation, define yx(n) to be the nth
derivative of y with respect to x. Similarly for ux(n).)

{4, y u’ + 6 y u’ u’’ + 3 y u’’ + 4 y u’ u +

(4)

y u }

4. See Bender and Orszag [1, page 27].

Reference
[1] Bender, C. M., and Orszag, S. A. Advanced Mathematical Methods for

Scientists and Engineers. McGraw–Hill Book Company, New York, 1978.
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61. Euler Equations

Applicable to Linear ordinary differential equations of the form
a0x

ny(n) + a1x
n−1y(n−1) + · · ·+ an−1xy

′ + any = 0.

Yields
An exact solution.

Idea
An equation of the above type can be turned into a linear constant co-

efficient ordinary differential equation by a change of independent variable.
This new equation can be solved exactly.

Procedure
An Euler equation has the form

a0x
ny(n) + a1x

n−1y(n−1) + · · ·+ an−1xy
′ + any = 0.

(61.1)

If the independent variable is changed from x to t (via the transformation
x = et), then the resulting equation becomes a linear constant coefficient
ordinary differential equation. This type of equation can be solved exactly.
(Table 61.1 shows how the derivatives of y with respect to x become
derivatives of y with respect to t.)

Alternatively, a solution of the form y = xk can be tried directly in
equation (61.1).

Example 1
Given the Euler equation

x2yxx − 2xyx + 2y = 0,

we change variables by x = et to obtain

ytt − 3yt + 2y = 0. (61.2)

The standard technique for solving a linear constant coefficient ordinary
differential equation is to look for exponential solutions (see page 247).
Using y = eλt in equation (61.2), we find the characteristic equation to be
λ2−3λ+2 = 0. The roots of this equation are λ = 1 and λ = 2. Therefore,
the solution to equation (61.2) is

y(t) = C1e
t + C2e

2t,

where C1 and C2 are arbitrary constants. Writing this solution in the
original variables, we determine the final solution

y(x) = C1x+ C2x
2.
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yx = e−t(yt),

yxx = e−2t(ytt − yt),
yxxx = e−3t(yttt − 3ytt + 2yt),

yxxxx = e−4t(ytttt − 6yttt + 11ytt − 6yt),

yxxxxx = e−5t(yttttt − 10ytttt + 35yttt − 50ytt + 24yt).

yx(5) = e−5t(yt(5) − 10yt(4) + 35yttt − 50ytt + 24yt),

yx(6) = e−6t(yt(6) − 15yt(5) + 85yt(4) − 225yttt + 274ytt − 120yt),

yx(7) = e−7t(yt(7) − 21yt(6) + 175yt(5) − 735yt(4) + 1624yttt − 1764ytt + 720yt),

Table 61.1: How to transform derivatives under the change of dependent
variable: x = et (To simplify notation, define yx(n) to be the nth derivative
of y with respect to x. Similarly for yt(n).)

Example 2
Given the Euler equation

x3y′′′ − x2y′′ − 2xy′ − 4y = 0, (61.3)

we use y = xk to find the characteristic equation:

k(k − 1)(k − 2)xk − k(k − 1)xk − 2kxk − 4xk = 0

or (
k2 + 1

)
(k − 4) = 0.

This equation has the roots k = 4 and k = ±i. Hence, the general solution
to equation (61.3) is

y = C1x
4 + C2 cos(log x) + C3 sin(log x).

Notes
1. This method is also applicable to the equation

a0(Ax+B)ny(n)+a1(Ax+B)n−1y(n−1)+· · ·+an−1(Ax+B)y′+any = 0,

which is only a trivial modification of an Euler equation.
2. Equations of the form dx√

P (x)
= ± dy√

P (y)
, where P (x) is a polynomial

of degree three or four, have also been called Euler equations (see
Valiron [5, pages 201–202]).

3. Euler matrix differential equations (in which the {ai} in equation
(61.1) are all matrices) are discussed in Jódar [3].

4. See also Boyce and DiPrima [1, Section 4.4], Finizio and Ladas [2,
pages 103–105], and Simmons [4, page 86].
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62. Exact First Order
Equations

Applicable to First order ordinary differential equations.

Yields
An exact solution (generally implicit).

Idea
Some first order ordinary differential equations can be integrated di-

rectly.

Procedure
If the given ordinary differential equation has the form

dy

dx
=
N(x, y)
M(x, y)

(62.1)

and N(x, y) and M(x, y) are such that

∂M

∂x
+
∂N

∂y
= 0 (62.2)

then equation (62.1) is said to be an exact ordinary differential equation.
Such an equation can be solved exactly, though the answer may be in terms
of an integral. The (implicit) solution will be of the form

φ(x, y) = C, (62.3)

where C is an arbitrary constant. Motivating this is straightforward.
Differentiating equation (62.3) with respect to x and rearranging terms
gives

dy

dx
= −φx

φy
. (62.4)

Comparing equation (62.4) to equation (62.1), we have

φx = −N, φy = M, (62.5.a-b)

and hence equation (62.2) is satisfied (because φxy = φyx). Conversely, if
equation (62.2) is satisfied, then there is a φ such that equation (62.5) is
satisfied. To solve equation (62.5) for φ, integrate equation (62.5.a) with
respect to x and integrate equation (62.5.b) with respect to y for

φ(x, y) = −
∫
N(x, y) dx + f(y),

φ(x, y) =
∫
M(x, y) dy + g(x),

(62.6.a-b)
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where f(y) and g(x) are unknown functions. Comparing equation (62.6.a)
to equation (62.6.b) will determine f(y) and g(x). Knowing either of these,
the full solution is then given by equation (62.6.a) or equation (62.6.b).

Example
Suppose we have the equation

dy

dx
=

3x2 − y2 − 7
ey + 2xy + 1

. (62.7)

In equation (62.7) we identify

N(x, y) = 3x2 − y2 − 7 and M(x, y) = ey + 2xy + 1.

Following our procedure, we find Mx = −Ny = 2y and so we know that we
can solve equation (62.7) exactly. Integrating N and M we find

φ(x, y) = −
∫
N(x, y) dx + f(y) = −(x3 + y2x− 7x) + f(y),

φ(x, y) =
∫
M(x, y) dy + g(x) = (ey + y2x+ y) + g(x). (62.8.a-b)

Comparing equations (62.8.a) and (62.8.b), we deduce that

x3 − y2x+ 7x+ f(y) = ey + y2x+ y + g(x)

or

f(y)− (ey + y) = g(x)− (7x+ x3). (62.9)

From equation (62.9) we conclude that

f(y) = ey + y +A, g(x) = 7x− x3 +A,
(62.10.a-b)

where A is an arbitrary constant. Using either equation (62.10.a) in (62.8.a)
or equation (62.10.b) in (62.8.b), we conclude

φ(x, y) = −x3 − y2 + 7x+ ey + y +A. (62.11)

The solution is then given by φ(x, y) = C, where C is an arbitrary constant.
Therefore,

−x3 − y2 + 7x+ ey + y = B (62.12)

is the final solution, where B := A − C is a final arbitrary constant. Note
that the solution in equation (62.12) is implicit.
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Note
1. See Boyce and DiPrima [1, pages 79–84], Rainville and Bedient [2,

pages 29–33], and Simmons [3, pages 38–41].
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63. Exact Second Order
Equations

Applicable to Some nonlinear second order ordinary differential
equations of the form f(x, y, y′)y′′ + g(x, y, y′) = 0.

Yields
A first integral (which will be a first order ordinary differential equa-

tion).

Idea
Some second order ordinary differential equations can be integrated

once.

Procedure
The second order differential equation

F (x, y, y′, y′′) = 0 (63.1)

is said to be exact if it is the total differential of some function; i.e., F =
dφ/dx where φ = φ(x, y, y′). If equation (63.1) is exact, then φ = C is a
solution to equation (63.1), with C an arbitrary constant. Differentiating
φ = C with respect to x, we find

dφ

dx
=
∂φ

∂x
+
∂φ

∂y
y′ +

∂φ

∂y′
y′′. (63.2)

Comparing equation (63.2) to equation (63.1), we conclude that, for equa-
tion (63.1) to be exact, F (x, y, y′, y′′) must have the form

F (x, y, y′, y′′) = f(x, y, y′)y′′ + g(x, y, y′), (63.3)

for some functions f and g with

f(x, y, y′) =
∂φ

∂y′
, g(x, y, y′) =

∂φ

∂x
+
∂φ

∂y
y′.

(63.4.a-b)

By differentiating equation (63.4.a–b) with respect to x, y, and p, (using
p := dy/dx), all dependence on φ can be eliminated between the two
equations in equation (63.4) to obtain

fxx + 2pfxy + p2fyy = gxp + pgyp − gy,
fxp + pfyp + 2fy = gpp.

(63.5)
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If the conditions in equation (63.5) hold, then equation (63.3) is exact.
If equation (63.3) is exact, then we can integrate equation (63.4.a) (with
respect to p) to determine φ(x, y, y′) as

φ = h(x, y) +
∫
f(x, y, p) dp, (63.6)

where h(x, y) is, so far, an arbitrary function of integration. This function
will be restricted when equation (63.6) is used in equation (63.4.b).

Example
Given the equation

xyy′′ + x(y′)2 + yy′ = 0, (63.7)

which has the form of equation (63.3), we identify: f = xy, g = x(y′)2 +
yy′ = xp2 + yp. It is easy to verify that equation (63.5) holds. Hence,
equation equation (63.7) is exact. Equation (63.6) now becomes

φ = h(x, y) +
∫
xy dp

= h(x, y) + xyp.

(63.8)

Using equation (63.8) in equation (63.4.b) yields

g = xp2 + yp =
∂φ

∂x
+
∂φ

∂y
y′

= (hx + yp) + (hy + xp)p.
(63.9)

Hence, if h is constant, say h = D, then equation (63.9) will be satisfied.
Therefore a first integral of equation (63.7) is given by φ = C, or

C = φ(x, y, p)

= D + xyp

= D + xy
dy

dx
.

(63.10)

In this example, the first integral equation (63.10) can itself be integrated
in closed form (this is often true). A solution to equation (63.7), obtained
by solving the ordinary differential equation in equation (63.10), is thus
given by

y2

2
= (C −D) log x+ E,

where E is another arbitrary constant.
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Notes
1. The most general solution for h(x, y) in equation (63.9) is h = h(y−
x). With this form for h, however, the first integral cannot be
integrated to yield an explicit solution.

2. Exact second order linear ordinary differential equations have fac-
torable operators (see page 294).

3. Given the differential equation

f(x, y, . . . , y(n)) = 0, (63.11)

define fi = ∂f
∂y(i) . Then equation (63.11) will be exact if

f0 −
df1

dx
+
d2f2

dx2
− · · ·+ (−1)n

dnfn
dxn

= 0.
(63.12)

If the differential equation (63.11) is exact, then a first integral can be
found by a repetitive sequence of steps: First, integrate the highest
order term in f and call this result F1. Then, integrate the highest
order term in fdx − dF1 and call this result F2. Continue in this
manner until fdx − dF1 − dF2 − · · · = 0. Then, a first integral is
given by F1 + F2 + · · · = constant. For example, given the nonlinear
third order equation

f = yy′′′ − y′y′′ + y3y′ = 0, (63.13)

we identify f3 = y, f2 = −y′, f1 = −y′′ + y3, f0 = y′′′ + 3y2y′ and
verify that equation (63.12) is satisfied. We then calculate F1 = yy′′,
since the highest order term in f is yy′′′. Then, fdx−dF1 = (−2y′y′′+
y3y′)dx, and so we take F2 = −(y′)2. Then, fdx−dF1−dF2 = y3y′dx,
and so F3 = 1

4y
4. Finally, then, fdx− dF1 − dF2 − dF3 = 0, so that

yy′′ − (y′)2 +
1
4
y4 = constant

is a first integral of equation (63.13).
4. See also Goldstein and Braun [1, page 93] and Murphy [2, pages

221–222].
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64. Exact Nth Order
Equations

Applicable to Linear nth order ordinary differential equations.

Yields
A first integral.

Idea
Some linear differential equations can be integrated exactly without

modifying the equation in any way.

Procedure
The linear nth order ordinary differential equation

Pn(x)
dny

dxn
+ Pn−1(x)

dn−1y

dxn−1
+ · · ·+ P1(x)

dy

dx
+ P0(x)y = R(x),

(64.1)

is said to be exact if it can be integrated once to yield

Qn−1(x)
dn−1y

dxn−1
+Qn−2(x)

dn−2y

dxn−2
+ · · ·+Q1(x)

dy

dx
+Q0(x)y =

∫
R(x) dx.

(64.2)

If equation (64.1) is exact, then the {Qi(x)} may be found from

Qn−1 = Pn,

Qn−2 = Pn−1 − P ′n,
Qn−3 = Pn−2 − P ′n−1 + P ′′n ,

...

Q0 = P1 − P ′2 + P ′′3 − · · ·+ (−1)n−1P (n−1)
n .

A necessary and sufficient condition for equation (64.1) to be exact can
be found by differentiating equation (64.2) with respect to x and comparing
terms with equation (64.1). This condition is

dnPn
dxn

− dn−1Pn−1

dxn−1
+
dn−2Pn−2

dxn−2
− · · ·+ (−1)n−1dP1

dx
+ (−1)nP0 = 0.

(64.3)

Special Case
The second order linear ordinary differential equation

P (x)y′′ +Q(x)y′ +R(x)y = 0

will be exact if and only if P ′′(x)−Q′(x) +R(x) = 0.
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Example
If we have the linear ordinary differential equation of third order

(1 + x+ x2)
d3y

dx3
+ (3 + 6x)

d2y

dx2
+ 6

dy

dx
= 6x, (64.4)

then we have P0 = 0, P1 = 6, P2 = 3+6x, P3 = 1+x+x2, and R(x) = 6x.
It is easy to verify that

d3P3

dx3
− d2P2

dx2
+
dP1

dx
− P0 = 0,

and so equation (64.4) is exact. Integrating equation (64.4) directly, we
obtain

(1 + x+ x2)
d2y

dx2
+ (2 + 4x)

dy

dx
+ 2y = 3x2 +A, (64.5)

where A is an arbitrary constant. Now equation (64.5) is again exact, and
so it can be integrated again to yield

(1 + x+ x2)
dy

dx
+ (1 + 2x)y = x3 +Ax +B, (64.6)

where B is an arbitrary constant.
Finally, equation (64.6) is once again exact. It can be integrated to

yield the general solution of equation (64.4)

(1 + x+ x2)y =
x4

4
+A

x2

2
+Bx+ C,

where C is an arbitrary constant.

Note
1. See Ford [1, pages 77–78] and Murphy [2, pages 221–222].
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65. Factoring Equations∗

Applicable to Ordinary differential equations and partial differen-
tial equations.

Yields
Equations of lower degree.

Idea
If a differential equation can be factored into simple terms, then the

solution to each of the factors is a solution to the original equation.

Procedure
Given a differential equation, attempt to factor it. If this is possible,

then solve each factor separately. Each of the solutions of the different
factors will be a solution of the original differential equation.

Example
The nonlinear ordinary differential equation

y′(y′ + y) = x(x+ y) (65.1)

for y(x) may be factored into

(y′ + y + x)(y′ − x) = 0. (65.2)

Solving each of the factors appearing in equation (65.2) separately, the
solutions to equation (65.1) are given by

y(x) =


Ae−x + 1− x,

B + x2

2 ,

where A and B are constants.

Notes
1. The complete solution to the original differential equation may switch

from one solution branch to another.
2. See Bateman [2, pages 97–98] and Fogiel [3, pages 1222–1229].
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66. Factoring Operators∗

Applicable to Ordinary and partial differential equations.

Yields
A sequence of lower order equations to solve.

Idea
If the operator representing a differential equation can be “factored”

into two or more operators, it may be easier to find a solution.

Procedure
Suppose we wish to solve the differential equation Q[u] = 0 for the

quantity u(x), where Q[·] is a differential operator. When possible, “factor”
the differential equation Q[u] = 0 as L[H [u]] = 0, where L[·] and H [·] are
also differential operators. Then solve the two equations: L[v] = 0 for v,
and then H [u] = v.

Example 1
The fourth order partial differential equation

(∇4 − a2)u = 0, (66.1)

where a is a constant and ∇2 is the usual Laplacian, may be factored as

(∇2 − a)(∇2 + a)u = 0.

The general solution of equation (66.1), therefore, is given by the solution
of the two successive second order differential equations

(∇2 − a)v = 0,

(∇2 + a)u = v.
(66.2)

Alternatively, equation (66.1) could have factored equation as

(∇2 + a)(∇2 − a)u = 0

so that the general solution of equation (66.1) can also be written as the
solution of

(∇2 + a)w = 0,

(∇2 − a)u = w.
(66.3)

Solving equation (66.2) or equation (66.3) as a sequence of two second order
differential equations may be easier than solving the fourth order equation
(66.1) directly.
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Example 2
If we want to solve the nonlinear ordinary differential equationQ[u] = 0,

where

Q[u] = u2
xx − 2uxuxx + 2uux − u2 = 0

= (uxx − ux)2 − (ux − u)2 = 0,
(66.4)

then we might factor the operator Q[·] as Q[u] = L[H [u]], where L[v] =
v2
x−v2, and H [u] = ux−u. Therefore, the equation Q[u] = 0 can be solved

by solving the sequence of first order differential equations

L[v] = 0, H [u] = v.

The solution of L[v] = 0 is v = Ce±x, where C is an arbitrary constant.
The general solution of equation (66.4) can then be determined by solving

H [u] = ux − u = v = Ce±x. (66.5)

Equation (66.5) can be solved by the use of integrating factors (see page
356) to obtain the two possible forms of the solution

u =


(A+ Cx)ex,

Ce−x +Bex,

where A and B are also arbitrary constants.

Example 3
The relativistic wave equation

1
c2
∂2ψ

∂t2
− ∂2ψ

∂x2
− ∂2ψ

∂y2
− ∂2ψ

∂z2
+
m2c2

h̄2
ψ = 0

was factored by Dirac [4, Chapter 11] using hypercomplex algebra. If {α1,
α2, α3, α4} represent four of the elements in this algebra that obey the
relation αµαν + αναµ = 2δµν , then the factored equation is(

1
c

d

dt
− α1

d

dx
− α2

d

dy
− α3

d

dz
− α4

imc

h̄

)
(

1
c

d

dt
+ α1

d

dx
+ α2

d

dy
+ α3

d

dz
+ α4

imc

h̄

)
ψ = 0.

The first factor led to the correct relativistic theory for the electron, while
the second factor led to Dirac’s prediction of the positron.
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Example 4
The formally self-adjoint homogeneous fourth order operator

d2

dx2

(
P (x)

d2y

dx2

)
d

dx

(
Q(x)

dy

dx

)
+R(x)y

may be factored into L[ν(x)L[y]], where L[·] is the second order operator

L[y] =
d

dx

[
λ(x)

dy

dx

]
+ µ(x)y,

where {ν(x), µ(x), λ(x)} satisfy

ν(x) =
β′

α2
,

λ(x) = α2β′,

µ(x) =
α

β′

(
α′′ +

1
2
γα

)
,

and {α(x), β(x), γ(x), δ(x)} are any solution to

P (x) = α2β′
3
,

Q(x) = α2β′′′ + 2αα′β′′ +
(

4αα′′ − 2α′2 + γα2
)
β′,

R(x) =
α

β′
(α′′′′ + αγ′′ + α′γ′ + αδ) ,

with 4δ = 2γ′′ + γ2. See Hill [9] for details.

Notes
1. Note that the equation in example 2 can be directly factored asQ[u] =

(uxx−2ux+u)(uxx−u). In this case, the factorization of the equation
simplier than the factorization of the operator (see page 292).

2. It is not true that the number of distinct factorizations is limited by
the order of the differential equation. For example, the second order
ordinary differential equation

(x2 − x3)u′′ + (2x2 − 4x)u′ + (6 − 2x)u = 0,

has the three distinct factorizations(
x
d

dx
− 2
)[

(x− x2)
d

dx
+ 2x− 3

]
u = 0,(

x
d

dx
− 3
)[

(x − x2)
d

dx
+ x− 2

]
u = 0,[

(x − x2)
d

dx
+ x− 3

](
x
d

dx
− 2
)
u = 0.

(66.6)
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3. The Laplacian in two dimensions admits the factorization:

∇2 =
∂2

∂x2
+

∂2

∂y2
=
(
∂

∂x
− i ∂

∂y

)(
∂

∂x
+ i

∂

∂y

)
=
(
∂

∂z

)(
∂

∂z

)
,

(66.7)

where i =
√
−1. Therefore, using z = x + iy, Laplace’s equation

may be written as ∇2u = ∂2u
∂z∂z = 0. This shows that the most

general solution to Laplace’s equation in two dimensions is u = f(z)+
g(z), where f(z) and g(z) are arbitrary functions. Also, because
the biharmonic equation may be written as ∇4u = 16 ∂4u

∂2z∂2z = 0,
the general solution of the biharmonic equation is seen to be u =
f(z)+g(z)+zh(z)+zj(z). The operators ∂/∂z and ∂/∂z are known
as Wirtinger derivatives. In two dimensions, solutions of Poisson’s
equation may sometimes be found by use of Wirtinger derivatives.
See Henrici [8, pages 300–302] for details.

4. It is possible to write down an “explicit” factorization of any nth
order linear differential equation. To do so, however, requires explicit
knowledge of the n linearly independent solutions. For example, if
L[·] is the differential operator

L[u] = u′′ + p(x)u′ + q(x)u,

and u1, u2 are any two linearly independent solutions of L[u] = 0,
then

L[u] =
W (u1, u2)

u1

d

dx

[
u2

1

W (u1, u2)
d

dx

(
u

u1

)]
,

where W (u1, u2) is the Wronskian of u1(x) and u2(x). In the nth
order case, consider the differential operator

H [u] = u(n) + p1(x)u(n−1) + p2(x)u(n−2) + · · ·+ pn(x)u.

If {u1, u2, . . . , un} are n linearly independent solutions of H [u] = 0,
then define Wk (for k = 1, 2, . . . , n) to be the Wronskian of the first
k linearly independent solutions; that is, Wk := W (u1, u2, . . . , uk).
Using this definition, we can write H [u] as

H [u] =
Wn

Wn−1

d

dx

(
W 2
n−1

Wn−1Wn
· · ·

· · · d
dx

(
W 2

2

W1W3

(
d

dx

(
W 2

1

W0W2

(
d

dx

(
u

W1

)))))
· · ·
)
.

See Rainville [12, pages 292–299] for details.
5. The factorization{

d

dt
− q(t)

}{
d

dt
+ q(t)

}
w =

d2w

dt2
+ w

{
dq

dt
− q2

}
leads to the technique for solving Riccati equations (see page 392).
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6. Differential resultants can be used to analyze the factoring of opera-
tors for linear differential equations. See Berkovich and Tsirulik [1]
for details.

7. Two differential operators P and Q are said to be permutable if
P (Q) = Q(P ). From Ince [10, page 131], we have

If P and Q are permutable operators of orders m and n respec-
tively, they satisfy identically an algebraic relation of the form
F (P,Q) = 0 of degree n in P and of degree m in Q.

For example, the operators

P =
d2

dx2
− 2
x2
,

Q =
d3

dx3
− 3
x2

d

dx
+

3
x3
,

are permutable because PQ = QP . We can also find the algebraic
relation P 3 −Q2 = 0, observe

P (P (P (f))) = f ′′′′′′− 6
x2
f ′′′′+

24
x3
f ′′′−72

x4
f ′′+

144
x5

f ′−144
x6

f = Q(Q(f)).

This example is due to Ince [10, page 131]. See also Grünbaum [7].
8. Landau [11] gives a (surprising) factorization that depends on an

arbitrary parameter a:

y′′ − 2
x
y′ +

2
x2
y =

(
d

dx
− 1
x(1 + ax)

)(
d

dx
− 1 + 2ax
x(1 + ax)

)
y.

9. Schwarz [14] has developed an algorithm that will factor ordinary
differential equations. As an example, his program derives the fac-
torization

y′′ −
(

3
4x2

+
5

2x3
− 1

4x4

)
y =

(
d

dx
− 3

2x
+

1
2x2

+
1

x− 1
3

)
(
d

dx
+

3
2x
− 1

2x2
− 1
x− 1

3

)
y.
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67. Factorization Method

Applicable to Eigenvalue/eigenfunction problems for homogeneous
linear second order ordinary differential equations.

Yields
An equation from which a single eigenfunction can be used to calculate

additional eigenfunctions.

Idea
By “factoring” an ordinary differential equation into a certain form, a

ladder of eigenfunctions may be formed.

Procedure
Suppose we have the linear second order ordinary differential equation

d2y

dx2
+ r(x,m)y + λy = 0, (67.1)

where m is an integer for which we would like to determine the eigenfunc-
tions {y} corresponding to a single value of the eigenvalue λ. We denote
the eigenfunction by y(λ,m) and suppress the x dependence. The equation
in (67.1) is said to be factorizable if it is equivalent to each of

Hm+1
+ Hm+1

− y(λ,m) = L(λ,m+ 1)y(λ,m),
Hm
−H

m
+ y(λ,m) = L(λ,m)y(λ,m), (67.2.a-b)

where L(λ,m) is a function and the Hm
± are differential operators.

Hm
± = k(x,m)± d

dx
,

For a factorizable equation, finding L(λ,m) and the Hm
± is a difficult task.

Also, not all equations in the form of equation (67.1) are factorizable.
If equation (67.1) is factorizable and if y(λ,m) is a solution of equation

(67.1), then (see notes)

y(λ,m+ 1) = Hm+1
− y(λ,m),

y(λ,m− 1) = Hm
+ y(λ,m),

(67.3.a-b)

are also solutions corresponding to the same value of λ, but different values
of m. Hence, given one solution of equation (67.1) (for a specific value of
λ), a ladder of solutions belonging to this value of λ may be formed by
repeatedly iterating equation (67.3).
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Example 1
The equation for the associated spherical harmonics may be put in the

form

d2y

dθ2
−
m2 − 1

4

sin2 θ
+
(
λ+

1
4

)
y = 0. (67.4)

This equation is factorizable, and we find

Hm
± =

(
m− 1

2

)
cot θ ± d

dx
,

L(λ,m) = λ−
(
m− 1

2

)2

,

(67.5)

The eigenvalues of equation (67.4) are of the form λ = l(l + 1) for l =
m,m+1, . . . . Some of the eigenfunctions of equation (67.4) are of the form

yll(θ) =
[

1 · 3 · 5 · · · (2l + 1)
2 · 2 · 4 · · · (2l)

]1/2

sinl+1/2 θ.

All of the remaining eigenfunctions may be found from equation (67.3) and
equation (67.5) to be given by

ym−1
l (θ) =

1√
(l +m)(l + 1−m)

[(
m− 1

2

)
cot θ +

d

dθ

]
yml (θ),

ym+1
l (θ) =

1√
(l +m+ 1)(l −m)

[(
m+

1
2

)
cot θ − d

dθ

]
yml (θ).

Example 2
As another example, Legendre’s differential equation

(1 − x2)
[
(1− x2)y′m

]′
+m(m+ 1)ym = 0

has the factorizations

Hm
−H

m
+ ym = −m2ym,

Hm+1
+ Hm+1

− ym = −(m+ 1)2ym,

where Hm
± = (1 − x2) d

dx ±mx. This factorization leads to the ladder of
solutions: ym+1 = Hm

− ym.

Notes
1. The results in equation (67.3) are straightforward to derive. For

example, operating on equation (67.2.b) with Hm
+ results in

Hm
+ H

m
−
{
Hm

+ y(λ,m)
}

= L(λ,m)
{
Hm

+ y(λ,m)
}
.

(67.6)
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Because this has the same form as equation (67.2.a), which is by hy-
pothesis equivalent to equation (67.1), it must be that y = Hm

+ y(λ,m)
is a solution of equation (67.1). In equation (67.3), we called this
y(λ,m − 1) because, when equation (67.6) is compared to equation
(67.2.a), the parameter m is replaced by m− 1.

2. The factorization method has been generalized to systems of equa-
tions in Humi [4].

3. The operators in equation (67.3) are sometimes called raising and low-
ering operators. This method is sometimes called the ladder method.

4. Infeld and Hull [5] have a large list of equations to which this method
applies.

5. The paper by Hermann [3] relates the technique in this section to
Lie groups. Sattinger and Weaver [8, pages 49–54] also consider the
relation to Lie groups.

6. See also Lamb [6, pages 38–41] and Morse and Feshback [7, pages
788–789].
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68. Fokker–Planck Equation

Applicable to Linear ordinary differential equations with linearly
appearing “white Gaussian noise” terms (a single differential equation or
a system).

Yields
A Fokker–Planck equation (which is a parabolic partial differential

equation) for the probability density of the solution.

Idea
If a differential equation contains random terms, then the solution to

the differential equation can only be described statistically. The solution
to the Fokker–Planck equation is the probability density of the solution to
the original differential equation.

Procedure
Here we present the technique for constructing the Fokker–Planck equa-

tion for a linear system of ordinary differential equations depending on
several white noise terms. Consider the linear differential system for the m
component vector x(t)

d

dt
x(t) = b(t,x) + σ(t,x) n(t),

x(t0) = y,
(68.1.a-b)

where σ(t,x) is a real m× n matrix and n(t) is a vector of n independent
white noise terms. That is,

E[ni(t)] = 0,
E[ni(t)nj(t+ τ)] = δijδ(τ),

(68.2)

where E[·] is the expectation operator, δij is the Kronecker delta, and
δ(τ) is the delta function. The Fokker–Planck equation corresponding to
equation (68.1.a) is given by

∂P

∂t
= −

m∑
i=1

∂

∂xi
(biP ) +

1
2

m∑
i,j=1

∂2

∂xi∂xj
(aijP ) , (68.3)

where P = P (t,x) is a probability density and the matrix A = (aij) is
defined by A(t,x) = σ(t,x)σT(t,x). The initial conditions for equation
(68.3) come from equation (68.1.b); they are

P (t0,x) =
m∏
i=1

δ(xi − yi). (68.4)
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The solution of equations (68.3) and (68.4) is the probability density of the
solution to equation (68.1). Any statistical information about x(t) that
could be ascertained from equation (68.1) can be derived from P (t,x). For
example, the expected value of some function of x and t, say h(x, t), at a
time t, can be calculated by

E[h(x(t), t)] =
∫ ∞
−∞

h(x(t), t)P (t,x) dx.

Special Case
In the special case of one dimension, the stochastic differential equation

dx

dt
= f(x) + g(x)n(t), (68.5)

with x(0) = z, corresponds to the Fokker–Planck equation

∂P

∂t
= − ∂

∂x
(f(x)P ) +

1
2
∂2

∂x2
(g2(x)P ),

for P (t, x) with P (0, x) = δ(x− z).

Example
Consider the Langevin equation

x′′ + βx′ = N(t), (68.6)

with the initial conditions

x(0) = 0, x′(0) = u0, (68.7)

where N(t) satisfies

E[N(t)] = 0,
E[N(t)N(t+ τ)] = δ(τ).

(68.8)

From equation (68.8), we recognize that N(t) is a white noise term. There-
fore, we can use the Fokker–Planck equation to determine the probability
density of x(t). Because equation (68.6) has second derivative terms, we
rewrite equation (68.6) and equation (68.7) as the vector system (see page
146)

d

dt

[
x
u

]
=
[
u
−βu

]
+
[
0 0
0 1

] [
n1(t)
n2(t)

]
,[

x
u

]
t=0

=
[

0
u0

]
.

(68.9)
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The Fokker–Planck equation for P (t, x, u), the joint probability density of
x and u at time t, is

∂P

∂t
= − ∂

∂x
(uP ) +

∂

∂u
(βuP ) +

1
2
∂2P

∂u2
,

P (0, x, u) = δ(x)δ(u − u0).
(68.10)

In this example, we can solve equation (68.10) exactly by taking a Fourier
transform in x (see page 350) and then using the method of characteristics
(see page 432). We eventually determine

P (t, x, u) =
1

detD
exp

(
−
[
x− µx
u− µu

]
D

[
x− µx
u− µu

]T
)
,

where D =
[
σxx σxu
σxu σuu

]
, and the parameters {µx, µu, σxx, σxu, σuu} are

given by

µx =
u0

β

(
1− e−βt

)
,

µu = u0e
−βt,

σ2
xx =

t

β2
− 2
β3

(
1− e−βt

)
+

1
2β3

(
1− e−2βt

)
,

σ2
xu =

1
β2

(
1− e−βt

)
− 1

2β2

(
1− e−2βt

)
,

σ2
uu =

1
2β
(
1− e−2βt

)
.

The details of this calculation are presented in Schuss [7].

Notes
1. With a Fourier transform, the method of characteristics can often

solve a Fokker–Planck equation in one dimension.
2. Because a Fokker–Planck equation and the equation for a Green’s

function (see page 318) both have delta function forcing terms, the
solution techniques are similar.

3. Not all noise terms are white Gaussian noise (the requirements in
equation (68.2) are very stringent). The book by Srinivasan and
Vasudevan [8] has descriptions of several approximate techniques for
other types of noise.

4. When the coefficient of the noise term (i.e., g(x) in equation (68.5))
is small, then a singular perturbation problem generally results.

5. The solution of equation (68.1) is a Markov process; the density of its
probability transition function is given by the solution to the Fokker–
Planck equation and its initial conditions.
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6. Another name for the Fokker–Planck equation is the forward Kol-
mogorov equation.

7. The solution of the Fokker–Planck equation in equation (68.3) (and
its initial conditions in equation (68.4)) might be better represented
by P (t,x; t0,y). The function P (t,x; t0,y) also satisfies the backward
Kolmogorov equation, which is the adjoint of equation (68.3). This
equation

∂P

∂t0
= −

m∑
i=1

bi
∂P

∂yi
− 1

2

m∑
i,j=1

aij
∂2P

∂yi∂yj
,

P (t0,x; t0,y) = δ(x− y), (68.11)

has as its independent variables the “backward variables” {t0,y}.
8. When only moments of the probability density P (t,x) are required,

the method of moments (see page 568) may sometimes be used to
calculate these moments without having to solve the Fokker–Planck
equation.

9. Another equivalent form of equation (68.1.a) that often appears is

dx(t) = b(t,x) dt+ σ(t,x) dw(t), (68.12)

where w(t) is a vector of independent standard Wiener processes (see
page 91).

10. Consider a particle starting at y and randomly moving in a domain
Ω. If the probability density of the location evolves according to

∂P

∂t
= L[P ] = −

m∑
i=1

bi(y)
∂P

∂yi
+

1
2

m∑
i,j=1

aij(y)
∂2P

∂yi∂yj
,

(68.13)

• Then the expectation of the exit time w(y) is the solution of
L[w] = −1 in Ω, with w = 0 on ∂Ω.
• Then the probability u(y) that the exit occurs on the boundary

segment Γ is the solution of L[u] = 0 in Ω with

u(y) =

{
1 for y ∈ Γ
0 for y ∈ Ω/Γ

.
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69. Fractional Differential
Equations∗

Applicable to Fractional differential equations.

Yields
An exact solution.

Idea
There are two common ways to solve fractional differential equations;

using an integral transform or transforming to an ordinary differential
equation.

Procedure
There are two main methods for solving fractional differential equations

• Transformation to an ordinary differential equation
• Using the Laplace transform

To transform to an ordinary differential equation, care must be taken
because the ordinary chain rule from calculus does not apply to fractional
derivatives.

Example 1
This example will convert a fractional differential equation into an

ordinary differential equation. Suppose we wish to solve the fractional
differential equation

d1/2f

dx1/2
+ f = 0 (69.1)

for f(x). To convert this to an ordinary differential equation, we will
differentiate with respect to x one-half time. This will produce a new
differential equation that involves d1/2f

dx1/2 . Eliminating this term between
the new equation and equation (69.1), we will have determined an ordinary
differential equation.

To differentiate equation (69.1) with respect to x one-half time, we have
to use the differentiation rule (from Oldham and Spanier [3, page 155])

d1−Q

dx1−Q
dQ

dxQ
f =

df

dx
+ C1x

Q−2 + C2x
Q−3 + · · ·+ Cmx

Q−m−1,

where 0 < Q ≤ m < Q + 1, m is an integer and the {Ci} are arbitrary
constants. Hence, differentiating equation (69.1) one-half time results in

df

dx
− C1x

−3/2 +
d1/2f

dx1/2
= 0. (69.2)
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Eliminating the d1/2/dx1/2 term between equations (69.1) and (69.2) re-
sults in

df

dx
− f = C1x

−3/2, (69.3)

which is an ordinary differential equation for f(x). Equation (69.3) has the
solution (obtained by use of integrating factors)

f(x) = Dex − 2C1

[√
πex erf(

√
x) +

1√
x

]
, (69.4)

where D is another arbitrary constant. If we now utilize equation (69.4)
in equation (69.1), it turns out that D and C1 are related by D = 2C1

√
π.

This is because of the identities

d1/2

dx1/2
ex erf(

√
x) = ex,

d1/2

dx1/2

1√
x

= 0,

d1/2

dx1/2
ex =

1√
πx

+ ex erf(
√
x),

from Oldham and Spanier [3, pages 119 and 123]. Therefore, the solution
of equation (69.1) is

f(x) = D

[
ex erfc(

√
x)− 1√

πx

]
.

Example 2
This example will solve a fractional differential equation by use of

Laplace transforms. Suppose we wish to solve the fractional differential
equation

df

dx
+
d1/2f

dx1/2
− 2f = 0. (69.5)

The Laplace transform of equation (69.5) is

sF (s)− f(0) +
√
sF (s)− d−1/2f(0)

dx−1/2
− 2F (s) = 0, (69.6)

where F (s) is defined to be the Laplace transform of f(x); that is, F (s) =∫∞
0 f(x)e−xsds. If we define the constantC by C = f(0)+d−1/2f(0)/dx−1/2,

then the solution to equation (69.6) is given by

F (s) =
C

(
√
s− 1)(

√
s+ 2)

=
C

3(
√
s− 1)

− C

3(
√
s+ 2)

,
(69.7)

and so the final solution to equation (69.5) can be obtained by finding the
inverse Laplace transform to equation (69.7), which is

f(x) =
C

3
[
2e4x erfc(2

√
x) + ex erfc(−

√
x)
]
.
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Notes
1. Fractional differential equations are also called extraordinary differ-

ential equations.
2. One of many equivalent definitions for fractional derivatives is the

following

dq

dxq
f(x) =

dn

dxn

[
1

Γ(n− q)

∫ x

a

f(y)
(x− y)q−n+1

dy

]
,

for n > q ≥ 0.
3. Certain diffusion problems can be reduced to the solution of a semi-

differential equation (one in which all the derivatives are either to an
integer order or a half integer order). See Oldham and Spanier [3,
Chapter 11] for details.

4. A third technique for solving fractional differential equations is by
the use of power series (see page 403). For fractional differential
equations, a series of the form

f(x) = xp
∞∑
k=0

akx
k/n

is used, where p > −1, n is an integer, a0 6= 0, and the {ai} are
unknowns.

5. Erdélyi’s paper [1] contains several boundary value problems for or-
dinary differential equations that are solved by using fractional dif-
ferential techniques.
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70. Free Boundary
Problems∗

Applicable to Systems of differential equations in which the loca-
tion of the boundary of the domain is one of the unknowns to be deter-
mined.

Idea
Sometimes a similarity solution may be used to determine the location

of the free boundary. In more difficult problems, a numerical technique
may be required.

Procedure
In free boundary problems, a differential equation must be solved in a

domain whose size can vary. One of the unknowns to be determined is the
size of the domain on which the equation is to be satisfied.

Differential equations of this type are most often solved numerically.
In rare cases, an analytical solution may be obtained; these solutions are
generally found by use of similarity methods (see page 497).

Example
Consider a mass of water in x ≥ 0 at time t = 0. Initially, the water

has the constant temperature TH > 0. If a constant temperature TC < 0 is
maintained at the surface x = 0, then the boundary of freezing, x = s(t),
will move into the fluid. The unknowns to solve for in this problem are the
temperature of the water w(x, t), the temperature of the ice u(x, t), and
the location of the unknown boundary, x = s(t). See figure 70.1.

The equations that describe the unknowns are

ut = uxx, for 0 < x < s(t), t ≥ 0,
wt = wxx, for s(t) < x <∞, t ≥ 0,

u(0, t) = TC ,

w(x, 0) = TH ,

u(s(t), t) = 0,
w(s(t), t) = 0,
ux(s(t), t)− wx(s(t), t) = λs′(t).

(70.1.a-g)

Here we have defined the freezing boundary to be the curve along which
the temperature is zero, and equation (70.1.g) represents the transfer of
latent heat necessary to create the ice. The parameter λ is the latent heat
of fusion times the density divided by the coefficient of heat conduction.

Now, we propose the similarity solution. Because diffusion equations
often have time scaling as the square of a distance, we assume that a
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Figure 70.1: This diagram illustrates the location of the freezing boundary
for the system given in equation (70.1).

solution to equation (70.1) can be found with

u(x, t) = f(η) = f

(
x√
t

)
, w(x, t) = g(η) = g

(
x√
t

)
,

(70.2)

for some unknown functions f(η) and g(η). Using these proposed forms in
equation (70.1.g) shows that these forms are possible only if the freezing
boundary is given by

s(t) = α
√
t, (70.3)

for some value of α. Using equations (70.2) and (70.3) in equation (70.1),
we find the equivalent system

f ′′(η) +
1
2
ηf ′(η) = 0, for 0 < η < α,

g′′(η) +
1
2
ηg′(η) = 0, for α < η <∞,

f(0) = TC , f(α) = 0,
g(∞) = TH , g(α) = 0,

f ′(α)− g′(α) =
λα

2
.

(70.4)

The ordinary differential equations in equation (70.4) may be solved to
determine that

f(η) = TC − TH
erf(η/2)
erf(α/2)

,

g(η) =
TH

erfc(α/2)
[erf(η/2)− erf(α/2)] ,

(70.5)
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70. Free Boundary Problems∗ 313

where α satisfies the transcendental equation

TH
erf(α/2)

+
TC

erfc(α/2)
= −λα

√
π

2
eα

2/4.

Notes
1. In writing equation (70.1.a) and equation (70.1.b), we have assumed

that the thermophysical parameters in both the ice and the water are
the same (i.e., the Stefan number, which is a ratio of these parameters,
is equal to one). In reality, these parameters are different and a
constant that cannot be scaled out must be introduced into either
equation (70.1.a) or equation (70.1.b).

2. The example illustrated above is described in more detail in Crank
[2, Chapter 3].

3. Melting problems for a pure material are also known as Stefan prob-
lems.

4. Another technique often used in free boundary problems is changing
coordinates so that the free boundaries become fixed in the new
coordinate space. This is the idea behind the hodograph method
(see page 456).

5. Free boundary problems often arise in hydrodynamics, when the flow
over an airfoil is being computed. When the flow becomes supersonic,
the type of governing equation changes from hyperbolic to elliptic and
a different type of numerical scheme is required. Where the equation
changes type is not known a priori.

6. Some of the popular numerical techniques for solving free boundary
problems go by the name of front tracking methods or front fixing
methods. These techniques generally require that the location of the
free boundary be approximately known before the computer code is
run. A better approach is to use enthalpy methods. These methods do
not need initial information about the interfaces, and multiple fronts
can also occur.

7. The paper by Hill and Dewynne [6] discusses several different approx-
imation techniques applied to a single physical problem involving a
free boundary.
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71. Generating Functions∗

Applicable to Systems of differential equations, where each equa-
tion has a similar form.

Yields
An exact analytic solution.

Idea
Sometimes a single function can be used to contain the information in

several equations.

Procedure
We illustrate the method as it applies to ordinary differential equations.

Suppose we have a system of ordinary differential equations for {uk(t)}, all
of the form

d

dt
uN = f(uN−m, . . . , uN , . . . , uN+m, t), (71.1)

for N = 1, 2, . . . ,∞ or N = ±1,±2, . . . ,±∞. We might introduce the
ordinary generating function

G(s, t) =
∑
k

uk(t)sk, (71.2)

or the exponential generating function

H(s, t) =
∑
k

uk(t)
sk

k!
. (71.3)

Using equation (71.2) (or equations (71.3)) and (71.1), we can sometimes
find a partial differential equation for G(s, t) (or H(s, t)). After solving the
partial differential equation, we can determine the {uk(t)} from either

uk(t) =
1
k!

(
d

ds

)k
G(s, t)

∣∣
s=0

,

or

uk(t) =
(
d

ds

)k
H(s, t)

∣∣
s=0

.

After we have solved for the {uk(t)}, we must then check that equation
(71.2) (or equation (71.3)) converges for the values of t that are of interest.
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316 II.A Exact Methods for ODEs

Example
The classic equations relating to service times are called the birth and

death equations (see notes). For the special case of “constant death” and
“linear birth,” these equations have the form

d

dt
P0(t) = −λP0(t) + µP1(t),

d

dt
PN (t) = λPN−1(t)− (λ+Nµ)PN (t) + (N + 1)µPN+1(t), (71.4)

where µ and λ are constants and N = 1, 2, . . . ,∞. The initial conditions
for equation (71.4) are

PN (0) = δNj, (71.5)

where δNj is the Kronecker delta and j is a given positive integer. The
ordinary generating function is defined in this case by

G(t, s) =
∞∑
k=0

Pk(t)sk. (71.6)

Differentiating G(t, s) with respect to t leads to

∂G

∂t
=
∞∑
k=0

[
d

dt
Pk(t)

]
sk

= [−λP0(t) + µP1(t)] s0

+
∞∑
k=1

(λPk−1(t)− (λ+ kµ)Pk(t) + (k + 1)µPk+1(t)) sk

= λ(s− 1)
[
P0 + P1s+ P2s

2 + · · ·
]

+ µ(1 − s)
[
P1 + 2P2s+ 3P3s

2 + · · ·
]

= (1− s)
[
−λG+ µ

∂G

∂s

]
.

(71.7)

The initial condition for G(t, s), from equations (71.5) and (71.6), becomes

G(0, s) = sj . (71.8)

The partial differential equation in (71.7), with the initial condition in
(71.8), can be solved by the method of characteristics (see page 432). The
solution is

G(t, s) = e−λ(1−s)(1−e−µt)/µ [1− (1− s)e−µt
]j
. (71.9)
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Taking a Taylor series of equation (71.9) with respect to s (see equation
(71.6)) allows all of the {Pk(t)} to be found. For example

P0(t) = e−λ(1−y)/µ(1− y)t,

P1(t) = e−λ(1−y)/µ (1− y)t−1

µ

[
λy2 + (tµ− 2λ) y + λ

]
,

P2(t) = e−λ(1−y)/µ (1− y)t−2

µ2

{
λ2y4 + (2tλµ− 4λ2)y3

+ [t(t− 1)µ2 − 2λ(2tµ− 3λ)]y2 + (2tλµ− 4λ2)y + λ2
}
,

(71.10)

where y = e−µt.

Notes
1. In the birth and death equations (see Karlin and Taylor [2, page

135]), Pk(t) is the probability of k unfinished jobs at time t. We also
assume: Initially there are M jobs to be finished, the average service
time is λ, and the average number of new jobs spawned by an existing
job is µ per unit time.

2. For the example given above, Laplace transforms (see page 350) could
also have been used to solve equation (71.7) with equation (71.8).

3. Nonlinear systems of differential equations can also be solved by
this method. A classic application is to equations describing the
aggregation of particles (see Feller [1, Chapter 17, pages 444–482]).

4. See Taylor and Karlin [4, pages 310–316 and 337–338].
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72. Green’s Functions∗

Applicable to Linear differential equations with linear boundary
conditions and initial conditions.

Yields
An exact solution, in the form of an integral or an infinite series.

Idea
Initially, the solution of the linear differential equation with a “point

source” is determined. Then, using superposition, the “forcing function”
(appearing in either the differential equation or the boundary condition) is
treated as a collection of point sources.

Procedure
Suppose we have the following linear differential equation for u(x)

L[u] = f(x), (72.1)

with the linear homogeneous boundary conditions

Bi[u] = 0, (72.2)

for i = 1, 2, . . . , n. Suppose we can solve for G(x; z), where G(x; z) satisfies

L[G(x; z)] = δ(x− z),
Bi[G(x; z)] = 0

and δ(x) is the usual delta function. Then the solution to equations (72.1)
and (72.2) can be written as

u(x) =
∫
G(x; z)f(z) dz, (72.3)

integrated over some appropriate region.
Conversely, suppose we want to solve the linear homogeneous differen-

tial equation

L[v] = 0,
B[v] = h(x).

(72.4)

If we can solve

L[g(x; z)] = 0,
B[g(x; z)] = δ(x − z),
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for g(x; z), then the solution to equation (72.4) is given by

v(x) =
∫
g(x; z)h(z) dz.

Both G(x; z) and g(x; z) are called Green’s functions. The functions f(x)
and h(x) are often referred to as “forcing functions.” If, for example,
f(x) ≡ 0, then by equation (72.3) u(x) ≡ 0.

Green’s functions can be calculated once, then used repeatedly for
different functions f(x) and h(x). Some Green’s functions are tabulated in
table 72.1. To calculate the Green’s function G(x; z), we require:

(a) L[G(x; z)] = 0, except at x = z.

(b) Bi[G(x; z)] = 0. (72.5)
(c) If L[·] is an nth order ordinary differential equation, then

G(x; z) must be continuous (with its derivatives up to
order n− 1) at x = z.

(d)
∫ z+

z−
L[G(x; z)] dx = 1.

The conditions on g(x; z) are very similar:

(a) L[g(x; z)] = 0. (72.6)
(b) B[g(x; z)] = 0. except at x = z,

(c) If L[·] is an nth order ordinary differential equation, then
g(x; z) must be continuous (with its derivatives up to order
n− 1) at x = z.

(d)
∫ z+

z−
B[g(x; z)] dx = 1.

Conditions (72.5.a,d) and (72.6.b,d) follow from the definition of the delta
function. Conditions (72.5.c) and (72.6.c) follow from the definition of
what a solution to an nth order differential equation means; and conditions
(72.5.b) and (72.6.c) follow from the defining equations for G(x; z) and
g(x; z).

Many methods can be used to construct a G(x; z) or a g(x; z) that
satisfies the above four requirements. We will illustrate two methods for
constructing G(x; z) for the special case of a second order linear ordinary
differential equation. Then we illustrate the construction process for g(x; z)
for a partial differential equation.
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320 II.A Exact Methods for ODEs

In the following, r = (x, y, z), r0 = (x0, y0, z0), R = |r − r0|, P 2 = (x −
x0)2 + (y − y0)2, and H(·) is the Heaviside function

• For the potential equation ∇2G + k2G = −4πδ(r − r0), with the
radiation condition (outgoing waves only), the solution is

G =


2πi
k e

ik|x−x0| in one dimension,
iπH

(1)
0 (kP ) in two dimensions,

eikR

R in three dimensions,

where H(1)
0 (·) is a Hankel function (also called a Bessel function of

the third kind).
• For the diffusion equation ∇2G−a2 ∂G

∂t = −4πδ(r− r0)δ(t− t0), with
the initial condition G = 0 for t < t0, and the boundary condition
G = 0 at r =∞ in N dimensions, the solution is

G =
4π
a2

(
a

2
√
π(t− t0)

)N
exp

(
−a

2||r− r0||2
4(t− t0)

)
.

• For the wave equation ∇2G− 1
c2
∂2G
∂t2 = −4πδ(r−r0)δ(t−t0), with the

initial conditions G = Gt = 0 for t < t0, and the boundary condition
G = 0 at r =∞ the solution is

G =


2cπH

[
(t− t0)− |x−x0|

c

]
for one space dimension,

2c√
c2(t−t0)2−P 2

H
[
(t− t0)− P

c

]
for two space dimensions,

1
Rδ
[
R
c − (t− t0)

]
for three space dimensions.

Table 72.1: Green’s functions for common partial differential equations.

Special Case 1

Define the general linear second order ordinary differential equation
with linear homogeneous boundary conditions by

L[u] :=
d

dx

(
p(x)

du

dx

)
− s(x)u,

B1[u] := α1u(a) + α2u
′(a) = 0,

B2[u] := β1u(a) + β2u
′(b) = 0,
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and suppose that we wish to solve L[u] = f(x). If y1(x) and y2(x) are
non-trivial (i.e., not identically equal to zero) and satisfy

L[y1] = 0, B1[y1] = 0,
L[y2] = 0, B2[y2] = 0,

then we can write G(x; z) as

G(x; z) =

{
y1(x)y2(z)
p(z)W (z) for a ≤ x ≤ z,
y2(x)y1(z)
p(z)W (z) for z ≤ x ≤ b,

where W (z) =
∣∣∣∣ y1(z) y2(z)
y1
′(z) y2

′(z)

∣∣∣∣ is the Wronskian of y1(x) and y2(x) at the

point x = z.

Special Case 2
Suppose that L[·] is a self-adjoint operator, so that it has a complete set

of orthogonal eigenfunctions (see page 103). Suppose further that we know
the eigenvalues {λn} and the eigenfunctions {φn} for {L,B1, B2}. That is,

L[φn] = λnφn,

B1[φn] = 0,
B2[φn] = 0,

then G(x; z) is found to be

G(x; z) =
∞∑
n=1

φn(x)φn(z)
λn
∫
φ2
n(x) dx

.

Example 1
Suppose we wish to solve

y′′ = f(x),
y(0) = 0, y(L) = 0.

(72.7)

Using the first method, we require the solutions y1(x) and y2(x) of

y′′1 = 0, y1(0) = 0,
y′′2 = 0, y2(L) = 0.

The solutions to these equations are

y1(x) = Ax, y2(x) = B(x− L),
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where A and B are arbitrary constants. We compute the Wronskian to be
W (z) = ABL. Therefore,

G(x; z) =

{
x(z−L)

L for 0 ≤ x ≤ z,
z(x−L)

L for z ≤ x ≤ L.
(72.8)

Using the second method, we find the eigenvalues and eigenfunctions to
be

λn =
nπ

L
, φn(x) = sinλnx = sin

(nπx
L

)
,

so that

G(x; z) =
2L
nπ

∞∑
n=1

sin
(nπx
L

)
sin
(nπz
L

)
. (72.9)

Using either of equations (72.8) or (72.9) for G(x; z), the solution to equa-
tion (72.7) can be written as

y(x) =
∫ L

0

G(x; z) f(z) dz. (72.10)

For example, using equation (72.8) in equation (72.10), the solution to
(72.7) can be written as

y(x) =
∫ L

x

x(z − L)
L

f(z) dz +
∫ x

0

z(x− L)
L

f(z) dz.
(72.11)

Note the similarity between equation (72.11) and the form of the solution
shown in the section on variation of parameters (see page 418).

If, for example, f(x) = x3, then evaluation of equation (72.11) results
in

y(x) =
x

20
(x4 − L4).

The second method yields the same answer. For this example, the second
method is equivalent to using finite Fourier series (see page 344).

Example 2
Suppose we are given the parabolic partial differential equation

∂2u

∂x2
=

1
a2

∂u

∂t
(72.12)

for u(x, t) with the initial and boundary conditions

u(x, 0) = h(x), u(±∞, t) = 0. (72.13)

We choose to write the solution as

u(x, t) =
∫ ∞
−∞

g(x, t; z)h(z) dz, (72.14)
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where the Green’s function g(x, t; z) satisfies

∂2g

∂x2
=

1
a2

∂g

∂t
,

g(x, 0; z) = δ(z − x), g(±∞, t; z) = 0.

Taking a Fourier transform (in x) of the equation for g(x, t; z) results in

dĝ

dt
= −a2ω2ĝ,

ĝ(ω, 0; z) =
1√
2π
eiωz,

(72.15)

where ĝ(ω, t; z) is defined to be the Fourier transform of g(x, t; z); that is,

ĝ(ω, t; z) :=
1√
2π

∫ ∞
−∞

g(x, t; z)eiωx dx.

Solving the ordinary differential equation (72.15) results in

ĝ(ω, t; z) =
1√
2π
eiωze−a

2ωt.

Using the inverse Fourier transform, we then have our solution

g(x, t; z) =
1√
2π

∫ ∞
−∞

ĝ(ω, t; z)e−iωx dx.

By using the convolution theorem for Fourier transforms, we can determine
that

g(x, t; z) =
1√

4πa2t
e−(x−z)2/4a2t.

This should be used in equation (72.14) to determine the solution to equa-
tions (72.12) and (72.13).

Notes
1. If z is in a n-dimensional space, then the integrals appearing in

equation (72.5.d) and equation (72.6.d) are n single integrals, each
one over one of the coordinate axes.

2. Delta functions, in non-rectangular coordinate systems, are easily de-
termined by a change of variables in the defining relation:

∫
δ(z) dz =

1. In changing variables, the Jacobian of the transformation will then
divide the delta function terms. For example

• In a spherical coordinate system (denoted by the usual coor-
dinates r, θ, and φ) the delta function located at the point
x′ = (r′, θ′, φ′) is given by

δ(x− x′) =
1

r2 sin θ
δ(r − r′)δ(θ − θ′)δ(φ− φ′),
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for r′ 6= 0 and θ′ 6= 0, π. For a point source at r = r′ and θ = 0,
the representation δ(r− r′)δ(θ)/2πr2 sin θ may be used whereas
a point source at the origin has the representation δ(r)/4πr2.
• In a cylindrical coordinate system (denoted by the usual co-

ordinates ρ, θ, and z) the delta function located at the point
x′ = (ρ′, θ′, z′) is given by

δ(x− x′) =
δ(ρ− ρ′)δ(θ − θ′)δ(z − z′)

ρ
,

for ρ′ > 0. A point source at the origin has the representation
δ(z)δ(ρ)

2πρ .

3. If G∗(x; z) satisfies the problem adjoint to L[·] (see page 95), then
G(x; z) = G∗(z; x). Therefore, if L[·] and its associated boundary
conditions are self-adjoint and L[G(x; z)] = δ(x− z), then G(x; z) =
G(z; x). This is called the reciprocity principle. It can be observed in
our example (see equation (72.9)).

4. When the operator is self-adjoint, the Green’s function is sometimes
written in terms of the variables x< and x> instead of x and z. When
this is done, x< (x>) represents the smaller (larger) of x and z. For
example, (72.11) could have been written as G(x; z) = x<(x>−L)

L .
5. Few analytic solutions of the Helmholtz equation

∇2G+ k2
0n

2(r)G = −δ(r− r0)

are known when the index of refraction, n(r), is variable. Solutions
are known in the following cases:

• (point source) n =
√

1 + aTr + rTBr
• (point source, layered medium) n = z−1

• (point source, layered medium) n =
√
A+ Cz + Fz2

• (line source) n =
√
x

• (line source) n =
√
A+Bx+ Cy +Dx2 + Exy + Fy2

See Li et al. [8] for details.
6. As another example, the differential equation with boundary condi-

tions

y′′ + k2y = f(x),
y(0) = 0, y′(1) = 0

has the Green’s function G(x; z) = − cos k(1−x<) sin kx>
k cos k .

7. Consider the self-adjoint second order operator L[u] = (p(x)u′(x))′+
q(x)u(x), and consider the boundary conditions

B1[u] := a1u(a) + a2u
′(a) = 0,

B2[u] := b1u(b) + b2u
′(b) = 0.

(72.16)
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Define φ(x) and ψ(x) to be the solutions to

L[φ] = λr(x)φ, B1[φ] = 0,
L[ψ] = λr(x)ψ, B2[ψ] = 0.

Then, the Green’s function for the operator L − λr, which satisfies
the boundary conditions in equation (72.16), is given by Gλ(x; z) =
φ(x<)ψ(x>)
p(x)W (φ,ψ) , where W (φ, ψ) represents the Wronskian.

8. There will not exist a Green’s function if the solution of the original
problem is indeterminate. In this case, a generalized Green’s function
will exist. As an example, consider the system

y′′ = f(x),
y(0) = y(1),
y′(0) = y′(1).

If u(x) is any solution to the above system, then so is u(x)+C where
C is any constant. Because the solution of the original system is
indeterminate, an ordinary Green’s function cannot be found. See
the section on alternative theorems (page 15) or Farlow [5, pages
290–298] for details.

9. Sometimes, in such problems, the specific solution in which the Green’s
function is symmetric in both x and z is chosen. This results in the
modified Green’s function. See Stakgold [10, Chapter 1, pages 215–
218] for details.

10. Fokker–Planck equations have delta function initial conditions. The
methods used for solving these equations are the same as the methods
used for finding Green’s functions.

11. Some potential problems can be solved by assuming a continuum of
sources. In these cases, the potential outside of the body, which is
due to the presence of the body, is represented as the superposition
of potentials due to point sources and dipoles lying entirely within
the body. See Barshinger [1] for an example.

12. Butkovskiy’s book [3] has a comprehensive listing of Green’s func-
tions. Any particular Green’s function problem is partitioned into
one of several separate disjoint groups labeled by a triple of integers:
(r,m, n). In this partitioning, r represents the dimension of the
spatial domain, m is the order of the highest derivative with respect
to t, and n is the order of the highest derivative with respect to the
space variables. Over 500 problems are catalogued and solved.

13. See Butkov [2, Chapter 12, pages 503–552] and Zauderer [11, pages
353–449].
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73. Homogeneous Equations

Applicable to First order ordinary differential equations of a cer-
tain form.

Yields
An exact solution.

Idea
If P (x, y) and Q(x, y) are homogeneous functions of x and y of the same

degree, then, by the change of variable y = vx, the differential equation
y′ = P (x, y)/Q(x, y) can be made separable.

Procedure
A function H(x, y) is called homogeneous of degree n if H(tx, ty) =

tnH(x, y). In particular, a polynomial, P (x, y), of two variables is said to
be homogeneous of degree n if every term of P (x, y) is of the form xjyn−j

for j = 0, 1, . . . , n. A homogeneous function of degree n can be written as
H(x, y) = xnH(1, y/x). Therefore, given an ordinary differential equation
of the form

dy

dx
=
P (x, y)
Q(x, y)

, (73.1)

where P (x, y) and Q(x, y) are both homogeneous polynomials of degree n,
we change variables by y = vx to obtain

x
dv

dx
+ v =

P (1, v)
Q(1, v)

.

Because this is a separable equation, it can be integrated to yield (see
page 401) ∫

dv
P (1,v)
Q(1,v) − v

= log x+ C,

where C is an arbitrary constant.

Example
Suppose we have the ordinary differential equation

dy

dx
=

2x3y − y4

x4 − 2xy3
. (73.2)

Because both the numerator and denominator of the right-hand side of
equation (73.2) are homogeneous polynomials of degree four, we set y = vx
to obtain

x
dv

dx
+ v =

2v − v4

1− 2v3
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or

x
dv

dx
=

v + v4

1− 2v3
.

This last equation is separable, and the solution is given by∫ x dx

x
=
∫ v 1− 2v3

v + v4
dv,

log x =
∫ v (1

v
− 3v2

1 + v3

)
dv

= log v − log(1 + v3) + logC

(73.3)

or x(1 + v3) = Cv, where C is an arbitrary constant. Substituting v = y/x
in this yields the final solution x3 + y3 = Cxy.

Notes
1. Equation (73.1) may be made exact (see page 284) by multiplying by

the integrating factor 1/(Px−Qy).
2. This method is derivable from Lie group methods (see page 366).
3. This method is contained in the method for scale invariant equations

(see page 398).
4. Beware that the expression “homogeneous equation” has two entirely

different meanings; see the definitions (page 6).
5. It may be simpler to think of homogeneous equations as ordinary

differential equations of the form dy/dx = f (y/x). This is equivalent
to equation (73.1).

6. The equation

dy

dx
= f

(
a1x+ b1y + c1
a2x+ b2y + c2

)
(73.4)

can always be made homogeneous or separable.

• If a1b2 6= a2b1, then the change of variables

x = X + h,

y = Y + k,

changes equation (73.4) into the homogeneous equation

dY

dX
= f

(
a1X + b1Y

a2X + b2Y

)
,

when h and k satisfy the equations:
[
a1 b1
a2 b2

] [
h
k

]
=
[−c1
−c2
]
.

• If a1b2 = a2b1, then the change of variables Y = x + b1
a1
y =

x+ b2
a2
y results in the equation

dY

dx
= 1 +

b1
a1
f

(
a1Y + c1
a2Y + c2

)
.
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7. See Boyce and DiPrima [1, pages 87–91], Ford [2, pages 40–45],
Goldstein and Braun [3, pages 81–84], Ince [4, pages 18–20], and
Simmons [5, pages 35–37].
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74. Method of Images∗

Applicable to Differential equations with homogeneous boundary
conditions and sources present.

Yields
An exact solution.

Idea
If we know the solution to a free space problem, then we can often

use superposition to find a solution in a finite domain with homogeneous
boundary conditions.

Procedure
Given a problem with a point source present, solve the free space

problem (i.e., disregarding the boundary conditions). By superposition,
determine the solution when there are sources at different points of different
strengths. Choose the position and strengths of these sources so as to obtain
the desired boundary conditions.

The added sources cannot appear in the physical domain of the problem.
Symmetry considerations tend to simplify the process of determining where
the sources should go.

Example 1
Suppose we wish to find the potential, φ(x), outside of a grounded

sphere of radius R, when there is a point source at position y (with ||y|| =
λ > R). The equations that represent this problem are

∇2φ = δ(x− y),

φ
∣∣
||x||=R = 0, φ

∣∣
||x||=∞ = 0,

(74.1.a-c)

in the region R < ||x|| <∞ (see figure 74.1). If the boundary condition at
||x|| = R is ignored, then the problem

∇2Ψ = δ(x − y),

Ψ
∣∣
||x||=∞ = 0,

has the solution (using Green’s functions, see table 72.1)

Ψ = − 1
4π||x− y|| . (74.2)

If we place an additional source of strength S at the point z and solve

∇2Φ = δ(x− y) + Sδ(x− z),

Φ
∣∣
||x||=∞ = 0,

(74.3)
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Figure 74.1: Equation (74.1) represents the potential outside of a grounded
sphere of radius R, with a source point present.

then we obtain (using equation (74.2) and superposition)

Φ = − 1
4π||x− y|| −

S

4π||x− z|| . (74.4)

Note that the point z cannot be in the region R < ||x|| <∞, because then
equation (74.3) (whose solution we want to be the solution to equation
(74.1)) will not satisfy equation (74.1.a).

To determine the strength and location of the additional source (S and
z), we calculate the potential at x = p, where ||p|| = R (i.e., on the surface
of the sphere). We find

Φ
∣∣
x=p

= − 1
4π

[
1

||p− y|| +
S

||p− z||

]
.

For this to be zero (and so Φ = φ), we require (after some vector algebra)

S = −R
4

λ4
, z =

R2

λ2
y.

Hence,

Φ = − 1
4π

[
1

||x− y|| −
R4

λ4

1
||x− yR2/λ2||

]
(74.5)

satisfies equation (74.3) and also equation (74.1.b). Because ||z|| < R (by
virtue of ||y|| = λ > R) the point source, we added is not in the physical
domain of the problem. Therefore, the solution to equation (74.1) is given
by equation (74.5).

Example 2
Suppose we wish to solve Laplace’s equation in the half plane:

∇2u = 0, for y > 0,−∞ < x <∞,
u(x, 0) = f(x),

u→ 0, as
∣∣x2 + y2

∣∣→∞. (74.6)
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Figure 74.2: The original source and the image source for equation (74.8).

The solution to (74.6) can be obtained by Green’s functions (see table 72.1):

u(ζ, η) = −
∫
f(x)

∂G

∂y
(x, 0; ζ, η) dx, (74.7)

where the Green’s function G(x, y; ζ, η) satisfies

∇2G =
∂2G

∂x2
+
∂2G

∂y2
= δ(x− ζ)δ(y − η),

G(x, 0; ζ, η) = 0. (74.8.a-b)

A solution to equation (74.8.a) is given by

G(x, y; ζ, η) =
1

2π
log
√

(x− ζ)2 + (y − η)2. (74.9)

But this does not satisfy equation (74.8.b). If we place an image source at
(ζ,−η), having the opposite sign of the source at (ζ, η) then G(x, y; ζ, η)
will vanish along y = 0 by symmetry. See figure 74.2.

Hence, the solution to (74.8) is

G(x, y; ζ, η) =
1

2π
log
√

(x − ζ)2 + (y − η)2 − 1
2π

log
√

(x − ζ)2 + (y + η)2.

Using this is in equation (74.7), we obtain the solution to equation (74.6):

u(ζ, η) =
1
π

∫ ∞
−∞

f(x)
η dx

(x − ζ)2 + η2
.

This solution is known as Poisson’s integral.

Notes
1. The method of images is often used to solve Laplace’s equation in

hydrodynamics and electrostatics.
2. The method of images can be used for diffusion problems and hy-

perbolic problems. See, for example, Butkov [1, pages 529–530 and
595–599] or Stakgold [5, pages 72–73 and 491–493].

3. See also Jackson [3, pages 26–29], Kellog [4, pages 228–230], and
Zauderer [6, pages 420–432].
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75. Integrable Combinations

Applicable to Systems of ordinary differential equations.

Yields
One or more ordinary differential equations that can be integrated

exactly.

Idea
Sometimes, by combining pieces of a system of differential equations,

a combination of the dependent variables can be determined explicitly in
terms of the independent variable.

Procedure
Integration of the system of ordinary differential equations

dxi
dt

= fi(t, x1, x2, . . . , xn), for i = 1, 2, . . . , n,

is often accomplished by choosing integrable combinations. An integrable
combination is a differential equation that is derived from a system of
differential equations and is readily integrable.

Example 1
Given the two equations

dx

dt
= y and

dy

dt
= x, (75.1)

an integrable combination can be obtained by adding the two equations to
obtain

d(x+ y)
dt

= x+ y.

This last equation can be integrated (treating x+ y as a single variable) to
yield

x+ y = Aet, (75.2)

where A is an arbitrary constant. For the equations in equation (75.1),
another integrable combination may be obtained by subtracting the equa-
tions. Integrating this new equation results in

x− y = Be−t, (75.3)

where B is another arbitrary constant. The explicit solution for x(t) and
y(t) may be obtained by combining equations (75.2) and (75.3).
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Example 2
Suppose we have the nonlinear system of ordinary differential equations

dx

dt
= −3yz,

dy

dt
= 3xz,

dz

dt
= −xy.

Multiplying the first equation by x, the second by 2y, and the third by 3z
and adding, results in

x
dx

dt
+ 2y

dy

dt
+ 3z

dz

dt
= 0.

This last equation may be integrated to obtain x2 +2y2+3z2 = C, where C
is an arbitrary constant. For this example, another integrable combination
can be found by multiplying the first equation by x, multiplying the second
by y, and adding. This new differential equation results in the additional
relation x2 + y2 = D, where D is another arbitrary constant.

Notes
1. Each linearly independent integrable combination yields a first inte-

gral of the original system.
2. See El’sgol’ts [1, pages 186–189].

References
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76. Integral Representation:
Laplace’s Method∗

Applicable to Linear ordinary differential equations.

Yields
An integral representation of the solution.

Idea
Sometimes the solution of a linear ordinary differential equation can be

written as a contour integral. To find such a representation, a lower order
differential equation may need to be solved.

Procedure
Let Lz[·] be a linear differential operator with respect to z, and suppose

that the ordinary differential equation we wish to solve has the form

Lz[u(z)] = 0. (76.1)

We look for a solution of equation (76.1) in the form

u(z) =
∫
C
K(z, ξ)v(ξ) dξ, (76.2)

for some function v(ξ) and some contour C in the complex ξ plane. The
function K(z, ξ) is called the kernel. Some common kernels for Laplace’s
method are

Laplace kernel: K(z, ξ) = eξz.

Euler kernel: K(z, ξ) = (z − ξ)N .

We combine equations (76.2) and (76.1) to obtain∫
C
Lz[K(z, ξ)]v(ξ) dξ = 0. (76.3)

Now we must find a linear differential operator Aξ[·], operating with respect
to ξ, such that Lz[K(z, ξ)] = Aξ[K(z, ξ)]. After Aξ[·] has been found, then
equation (76.3) can be rewritten as∫

C
Aξ[K(z, ξ)]v(ξ) dξ = 0. (76.4)

Now we integrate equation (76.4) by parts. The resulting expression will be
a differential equation for v(ξ) with some boundary terms. The boundary
terms determine the contour C, and the differential equation determines
v(ξ). Knowing both v(ξ) and C, the solution to equation (76.1) is given by
equation (76.2).
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Special Case
For the case where Lz[·] is a linear operator with polynomial coefficients,

the solution is easy to find using the Laplace kernel. Let Lz[·] have the form

Lz =
N∑
r=0

(
M∑
s=0

arsz
s

)
dr

dzr
, (76.5)

where the {ars} are constants. Then define the linear differential operator
Mξ[·] by

Mξ =
N∑
r=0

(
M∑
s=0

ars
ds

dξs

)
ξr. (76.6)

Now define M∗ξ [·] to be the adjoint of Mξ[·]. Then Lz[u(z)] = 0 will have a
solution of the form

u(z) =
∫
C
ezξv(ξ) dξ,

if v(ξ) satisfies

M∗ξ [v(ξ)] = 0, (76.7)

and C is determined by [
P{ezξ, v(ξ)}

]
C

= 0, (76.8)

where P{ezξ, v(ξ)} is the bilinear concomitant of ezξ and v(ξ) (see page
226). Note the order of the original differential operator in equation (76.5)
was N while the order of the differential operators in equations (76.6) and
(76.7) is M .

Example
Consider Airy’s equation

u′′ − zu = 0. (76.9)

We assume that the solution of equation (76.9) has the form

u(z) =
∫
C
ezξv(ξ) dξ, (76.10)

for some v(ξ) and some contour C. Substituting equation (76.10) into
equation (76.9), we find∫

C
ξ2v(ξ)ezξ dξ − z

∫
C
v(ξ)ezξ dξ = 0. (76.11)
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The second term in equation (76.11) can be integrated by parts to obtain∫
C
ξ2v(ξ)ezξ dξ −

[
v(ξ)ezξ

∣∣∣∣
C

+
∫
C
v′(ξ)ezξ dξ = 0

or [
v(ξ)ezξ

∣∣∣∣
C

+
∫
C
ezξ
[
ξ2v(ξ) + v′(ξ)

]
dξ = 0. (76.12)

We choose

ξ2v(ξ) + v′(ξ) = 0 (76.13)

and [
v(ξ)ezξ

∣∣∣∣
C

= 0. (76.14)

With these choices, equation (76.12) is satisfied. From equation (76.13) we
can solve for v(ξ)

v(ξ) = exp
(
−ξ

3

3

)
. (76.15)

Using equation (76.15) in equation (76.14), we must choose the contour C
so that [

v(ξ)ezξ
∣∣∣∣
C

=
[

exp
(
zξ − ξ3

3

) ∣∣∣∣
C

= 0, (76.16)

for all real values of z. The only restriction that equation (76.16) places on
C is that the contour start and end in one of the shaded regions in figure
76.1. Finally, the solution to equation (76.9) can now be written

u(z) =
∫
C
e(ξz−ξ2/3) dξ. (76.17)

Asymptotic methods can be applied to equation (76.17) to determine in-
formation about u(z).

For this example, we also could have used the general results in equa-
tions (76.6)–(76.8). Identifying equation (76.9) with the operator in equa-
tion (76.5), we find

Lz =
d2

dz2
− z,

so that (from equation (76.6))

Mξ = ξ2 − d

dξ
,
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Figure 76.1: A solution to equation (76.9) is determined by any contour
C that starts and ends in the shaded regions. All of the shaded regions
extend to infinity. One possible contour is shown.

and also
M∗ξ = ξ2 +

d

dξ
.

So, we have to solve (from equation (76.7))

M∗ξ [v(ξ)] = ξ2v + v′ = 0. (76.18)

Because this last equation is identical to equation (76.13), we find the same
v(ξ). We compute the bilinear concomitant to be

P{ezξ, v(ξ)} = v(ξ)
d

dξ
ezξ − ezξ d

dξ
v(ξ),

=
(
z + ξ2

)
exp
(
−zξ − ξ3

3

)
,

and we find the same contour C as before (see (76.16)).

Notes
1. Two linearly independent solutions of Airy’s equation are often taken

to be

Ai(x) =
1
π

∫ ∞
0

cos
(
t3

3
+ xt

)
dt,

Bi(x) =
1
π

∫ ∞
0

[
exp
(
− t

3

3
+ xt

)
cos
(
t3

3
+ xt

)]
dt.

These solutions represent two different choices of the contour in equa-
tion (76.17).

2. The Laplace equations

(a0x+ b0)y(n) + (a1x+ b1)y(n−1) + · · ·+ (anx+ bn)y = 0
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have solutions in the form of equation (76.2). Indeed, this was
Laplace’s original example. See Davies [3, pages 342–367] or Valiron
[6, pages 306-319] for details.

3. When the kernel of the transformation is some function of the product
zξ, then this method is sometimes called the Mellin transformation.
See Ince [4, pages 186–203 and 438–468] for details.

4. Sometimes a double integral is used to find an integral representation.
In this case, a solution of the form u(z) =

∫∫
K(z; s, t)w(s, t) ds dt is

proposed. Details may be found in Ince [4, page 197]. As an example,
the equation

(x2 − 1)
d2y

dx2
+ (a+ b + 1)x

dy

dx
+ aby = 0

has the two linearly independent solutions

y±(x) =
∫ ∞

0

∫ ∞
0

exp
[
±xst− 1

2
(s2 + t2)

]
sa−1tb−1 ds dt.

5. Equations of the form[
xnF

(
x
d

dx

)
+G

(
x
d

dx

)]
y = 0,

which are sometimes called Pfaffian differential equations, can also be
solved by this method. See Bateman [2, Chapter 10, pages 260–264]
or Ince [4, page 190] for details.

6. An application of this method to partial differential equations may
be found in Bateman [2, pages 268–275].

7. The Mellin–Barnes integral representation for an ordinary differential
equation has the form

u(z) =
∫
C
K(z, ξ)zξ

[ ∏m
j=1 Γ (bj − ξ)

∏n
j=1 Γ (1− aj + ξ)∏q

j=m+1 Γ (1− bj + ξ)
∏r
j=n+1 Γ (aj − ξ)

]
dξ.

In this representation, only the contour C and the constants {ai, bj,m, n, q, r}
are to be determined (see Babister [1, pages 24–26] for details).
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77. Integral Transforms:
Finite Intervals∗

Applicable to Linear differential equations.

Idea

In order to solve a linear differential equation, it is sometimes easier to
transform the equation to some “space,” solve the equation in that “space,”
and then transform the solution back.

Procedure
Given a linear differential equation, multiply the equation by a kernel

and integrate over a specified region (see table 77.1 on page 344 for a listing
of common kernels and limits of integration). Use integration by parts to
obtain an equation for the transform of the dependent variable.

You will have used the “correct” transform (i.e., you have chosen the
correct kernel and limits) if the boundary conditions given with the original
equation have been utilized. Now solve the equation for the transform of
the dependent variable. From this, obtain the solution by multiplying by
the inverse kernel and performing another integration. Table 77.1 also lists
the inverse kernel.

Example 1

Suppose we have the boundary value problem for y = y(x)

yxx + y = 1,
y(0) = 0, y(1) = 0.

(77.1.a-c)

Because the solution vanishes at both of the endpoints, we suspect that a
finite sine transform might be a useful transform to try. Define the finite
sine transform of y(x) to be z(ξ), so that

z(ξ) :=
∫ 1

0

y(x) sin ξx dx. (77.2)

(See “finite sine transform–2” in table 77.1). Now multiply equation (77.1.a)
by sin ξx and integrate with respect to x from 0 to 1. This results in

∫ 1

0

yxx(x) sin ξx dx+
∫ 1

0

y(x) sin ξx dx =
∫ 1

0

sin ξx dx.
(77.3)
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If we integrate the first term in equation (77.3) by parts, twice, we obtain∫ 1

0

yxx(x) sin ξx dx = yx(x) sin ξx
∣∣x=1

x=0
− ξy(x) cos ξx

∣∣x=1

x=0

+ ξ2

∫ 1

0

y(x) sin ξx dx. (77.4)

Because we are interested only in ξ = 0, π, 2π, . . . (see table 77.1), the first
term on the right-hand side of equation (77.4) is identically zero. Because
of the boundary conditions in equation (77.1.b-c), the second term on the
right-hand side of equation (77.4) also vanishes. Because we have used
the given boundary conditions to simplify certain terms appearing in the
transformed equation, we suspect we have used an appropriate transform.
If we had taken a finite cosine transform, instead of the one that we did, the
boundary terms from the intergration by parts would not have vanished.

Using equation (77.4), simplified, in equation (77.3) results in

ξ2

∫ 1

0

y(x) sin ξx dx+
∫ 1

0

y(x) sin ξx dx =
1− cos ξ

ξ
.

Using the definition of z(ξ) (from equation (77.2)), this becomes

ξ2z(ξ) + z(ξ) =
1− cos ξ

ξ

or
z(ξ) =

1− cos ξ
(1 + ξ2)ξ

.

Now that we have found an explicit formula for the transformed function,
we can use the summation formula (inverse transform) in table 77.1 to
determine that

y(x) =
∑

ξ=0,π,2π,...

2z(ξ) sin ξx,

=
∑

ξ=0,π,2π,...

2
1− cos ξ
(1 + ξ2)ξ

sin ξx,

=
∞∑
k=0

2
1− (−1)k

(1 + π2k2)πk
sin kπx,

=
∑

k=1,3,5,...

4 sin kπx
(1 + π2k2)πk

,

(77.5)

where we have defined k = ξ/π.
The exact solution of equation (77.1) is y(x) = 1− cosx+ cos 1−1

sin 1 sinx.
If this solution is expanded in a finite Fourier series, we obtain the repre-
sentation in equation (77.5).

CD-ROM Handbook of Differential Equations c©Academic Press 1997



344 II.A Exact Methods for ODEs

Example 2
Suppose we have the following partial differential equation for φ(r, t)

(this corresponds to the temperature of a long circular cylinder whose
surface is at a constant temperature)

∂2φ

∂r2
+

1
r

∂φ

∂r
=

1
κ

∂φ

∂t
, for 0 ≤ r < 1 and t > 0,

φ(1, t) = φ0, for t > 0,
φ(r, 0) = 0, for 0 ≤ r < 1.

(77.6)

Multiplying this equation by rJ0(pr) (where p is positive and satisfies
J0(p) = 0, see “finite Hankel transform–1” in table 77.1) and integrating
with respect to r from 0 to 1, we find

pφ0J
′
0(p)− p2Φ =

1
κ

dΦ
dt
, (77.7)

where we have defined Φ(p, t) =
∫ 1

0 φ(r, t)rJ0(pr) dr. This follows from the

relation:
∫ 1

0

(
∂2φ

∂r2
+

1
r

∂φ

∂r

)
rJ0(pr) dr = pφ0J

′
0(p)− p2Φ(p, t). The initial

condition in equation (77.6) is transformed to Φ(p, 0) = 0. Using this, we
can solve equation (77.7) to find Φ(p, t) = φ0

p J
′
0(p)

(
e−κp

2t − 1
)

. Taking
the inverse transform (and noting that J ′0(p) = −J1(p)), we arrive at the
final solution to equation (77.6)

φ(r, t) = 2φ0

∑
p

(
e−κp

2t − 1
) J0(pr)
pJ1(p)

,

where the summation is over all positive roots of J0(p) = 0.

Table 77.1: Different transform pairs of the form

v(ξk) =
∫ β

α

K(x, ξk)u(x) dx, u(x) =
∑
ξk

H(x, ξk) v(ξk).

Finite cosine transform – 1, (see Miles [5, page 86]) here l and h are
arbitrary, and the {ξk} satisfy ξk tan ξkl = h.

v(ξk) =
∫ 1

0

cos (xξk) u(x) dx, u(x) =
∑
ξk

(2− δξk0)(ξ2
k + h2) cos (ξkx)

h+ l(ξ2
k + h2)

v(ξk).

Finite cosine transform – 2, (see Butkov [1, page 161]) this is the last
transform with h = 0, l = 1, so that ξk = 0, π, 2π, . . . .

v(ξk) =
∫ 1

0

cos (xξk) u(x) dx, u(x) =
∑
ξk

(2− δξk0) cos (ξkx) v(ξk).
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Finite sine transform – 1, (see Miles [5, page 86]) here l and h are
arbitrary, and the {ξk} satisfy ξk cot(ξkl) = −h.

v(ξk) =
∫ 1

0

sin (xξk) u(x) dx, u(x) =
∑
ξk

2
(ξ2
k + h2) sin (ξkx)
h+ l(ξ2

k + h2)
v(ξk).

Finite sine transform – 2, (see Butkov [1, page 161]) this is the last
transform with h = 0, l = 1, so that ξk = 0, π, 2π, . . . .

v(ξk) =
∫ 1

0

sin (xξk) u(x) dx, u(x) =
∑
ξk

2 sin (ξkx) v(ξk).

Finite Hankel transform – 1, (see Tranter [8, page 88]) here n is
arbitrary and the {ξk} are positive and satisfy Jn(ξk) = 0.

v(ξk) =
∫ 1

0

xJn(xξk)u(x) dx, u(x) =
∑
ξk

2
Jn(xξk)
J2
m+1(ξk)

v(ξk).

Finite Hankel transform – 2, (see Miles [5, page 86]) here n and h are
arbitrary and the {ξk} are positive and satisfy ξkJ ′n(aξk) + hJn(aξk) = 0.

v(ξk) =
∫ a

0

xJn(xξk)u(x) dx, u(x) =
∑
ξk

2ξ2
kJn(xξk)

{(h2 + ξ2
k) a2 −m2}J2

n(aξk)
v(ξk).

Finite Hankel transform – 3, (see Miles [5, page 86]) here b > a,
the {ξk} are positive and satisfy Yn(aξk)Jn(bξk) = Jn(aξk)Yn(bξk), and
Zn(xξk) := Yn(aξk)Jn(xξk)− Jn(aξk)Yn(xξk).

v(ξk) =
∫ b

a

xZn(xξk)u(x) dx, u(x) =
∑
ξk

π2

2
ξ2
kJ

2
n(bξk)Zn(xξk)

J2
n(aξk)− J2

n(bξk)
v(ξk).

Legendre transform, (see Miles [5, page 86]) here ξk = 0, 1, 2, . . . .

v(ξk) =
∫ 1

−1

Pξk(x)u(x) dx, u(x) =
∑
ξk

2ξk + 1
2

Pξk(x) v(ξk).

Note
1. See Butkov [1, Chapter 5 and Section 8.5].
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78. Integral Transforms:
Infinite Intervals∗

Applicable to Linear differential equations.

Idea
In order to solve a linear differential equation, it is sometimes easier to

transform the equation to some “space,” solve the equation in that “space,”
and then transform the solution back.

Procedure
Given a linear differential equation, multiply the equation by a kernel

and integrate over a specified region (see table 78.1 on page 349 for a listing
of common kernels and limits of integration). Use integration by parts to
obtain an equation for the transform of the dependent variable.

You will have used the “correct” transform (i.e., you have chosen the
correct kernel and limits) if the boundary conditions given with the original
equation have been utilized. Now solve the equation for the transform of
the dependent variable. From this, obtain the solution by multiplying by
the inverse kernel and performing another integration. Table 78.1 also lists
the inverse kernel.

Warning
After a solution is obtained by a transform method, it must be checked

that the solution satisfies the requirements of the transform. For example,
for a function to have a Laplace transform, it must be a L2 function (i.e.,
square integrable).

Example 1
Suppose we wish to find the solution to the parabolic partial differential

equation

ut = a2uxx (78.1)

with the initial condition and boundary conditions given by

u(x, 0) = 0,
u(0, t) = u0, for t > 0,
u(∞, t) = 0, for t > 0,

(78.2.a-c)

where a and u0 are given constants.
Because this problem is in a semi-infinite domain (i.e., t varies from 0

to ∞), we suspect that a Laplace transform in t may be useful in finding
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the solution. Let L{·} denote the Laplace transform operator, and define

v(x, s) := L{u(x, t)} =
∫ ∞

0

e−stu(x, t) dt (78.3)

to be the Laplace transform of u(x, t). We want to manipulate equation
(78.1) into a form such that there are v(x, s) terms present. To obtain this
form, multiply equation (78.1) by e−st and integrate with respect to t from
0 to ∞ to obtain∫ ∞

0

e−stut(x, t) dt = a2

∫ ∞
0

e−stuxx(x, t) dt. (78.4)

The left-hand side of equation (78.4) can be integrated by parts while the x
derivatives can be taken out of the integral in the right-hand side to obtain

−u(x, t)e−st

s

∣∣∣∣∞
0

+
∫ ∞

0

se−stu(x, t) dt = a2 ∂
2

∂x2

∫ ∞
0

e−stu(x, t) dt.

If we assume that limt→∞ e−stu(x, t) = 0 and use equation (78.2.a), then
we obtain ∫ ∞

0

se−stu(x, t) dt = a2 ∂
2

∂x2

∫ ∞
0

e−stu(x, t) dt.

Finally, using the definition of v(x, s), from equation (78.3), we obtain

s v(x, s) = a2 ∂
2

∂x2
v(x, s), (78.5)

which is essentially an ordinary differential equation in the independent
variable x. The boundary conditions for this equation come from taking
the Laplace transform of equation (78.2.b–c). We calculate

v(0, s) := L{u(0, t)} = L{u0} =
∫ ∞

0

e−stu0 dt =
u0

s
,

v(∞, s) := L{u(∞, t)} = L{0} = 0. (78.6)

Solving equation (78.5) with the boundary conditions in equation (78.6)
results in

v(x, s) =
u0

s
e−x
√
s/a. (78.7)

A table of inverse Laplace transforms, when applied to equation (78.7),
results in

u(x, t) = L−1{v(x, s)}

=
1

2πi

∫ σ+i∞

σ−i∞
estv(x, s) ds

= u0

[
1− erf

(
x

2t
√
a

)]
,

(78.8)
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which is the final solution.
Now that we have the solution, we must either verify that it solves

the differential equation and initial condition and boundary conditions
that we started with (equation (78.1)), or we must verify that the steps
we performed in obtaining the solution are valid. In this case, it means
verifying that limt→∞ e−stu(x, t) = 0 and that u(x, t) is square integrable.
Because each of these are true, the solution found in equation (78.8) is
correct.

Example 2
Suppose we have the ordinary differential equation

d4y

dx4
= y + p(x) (78.9)

for y(x), for −∞ < x < ∞, with the boundary conditions: y(±∞) = 0,
y′(±∞) = 0. Because the equation is on a (doubly) infinite domain, we try
to use a Fourier transform in x to find the solution.

Let F{·} denote the Fourier transform operator, and define

z(ω) = F{y(x)} :=
∫ ∞
−∞

y(x)eiωx dx

to be the Fourier transform of y(x). If we apply the operator F{·} to
equation (78.9) (by multiplying by eiωx and integrating with respect to x),
we find ∫ ∞

−∞
eiωx

d4y

dx4
dx =

∫ ∞
−∞

eiωxy dx+
∫ ∞
−∞

eiωxp(x) dx.

Integrating by parts and using the given boundary conditions, this can be
simplified to

(iω)4z(ω) = z(ω) +
∫ ∞
−∞

eiωxp(x) dx.

This last expression can be solved to yield

z(ω) =
1

ω4 − 1

∫ ∞
−∞

eiωxp(x) dx. (78.10)

For any given p(x), the integral in equation (78.10) can be evaluated,
and then an inverse Fourier transform can be taken to determine y(x) =
F−1{z(ω)}.

Table 78.1: Different integral transform pairs of the form

v(ξ) =
∫ β

α

K(x, ξ)u(x) dx, u(x) =
∫ b

a

H(x, ξ)v(ξ) dξ.
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Fourier transform, (see Butkov [3, Chapter 7])

v(ξ) =
1√
2π

∫ ∞
−∞

eixξ u(x) dx, u(x) =
1√
2π

∫ ∞
−∞

e−ixξ v(ξ) dξ.

Fourier cosine transform, (see Butkov [3, page 274])

v(ξ) =

√
2
π

∫ ∞
0

cos(xξ)u(x) dx, u(x) =

√
2
π

∫ ∞
0

cos(xξ) v(ξ) dξ.

Fourier sine transform, (see Butkov [3, page 274])

v(ξ) =

√
2
π

∫ ∞
0

sin(xξ)u(x) dx, u(x) =

√
2
π

∫ ∞
0

sin(xξ) v(ξ) dξ.

Hankel transform, (see Sneddon [22, Chapter 5])

v(ξ) =
∫ ∞

0

xJν(xξ)u(x) dx, u(x) =
∫ ∞

0

ξJν(xξ) v(ξ) dξ.

Hilbert transform, (see Sneddon [22, pages 233–238])

v(ξ) =
∫ ∞
−∞

1
π(x − ξ) u(x) dx, u(x) =

∫ ∞
−∞

1
π(ξ − x)

v(ξ) dξ.

K–transform, (see Erdélyi [7] )

v(ξ) =
∫ ∞

0

Kν(xξ)
√
ξx u(x) dx, u(x) =

1
πi

∫ σ+i∞

σ−i∞
Iν(xξ)

√
ξx v(ξ) dξ.

Kontorovich–Lebedev transform, (see Sneddon [22, Chapter 6])

v(ξ) =
∫ ∞

0

Kiξ(x)
x

u(x) dx, u(x) =
2
π2

∫ ∞
0

ξ sinh(πξ)Kiξ(x) v(ξ) dξ.

Kontorovich–Lebedev transform (alternative form), (see Jones [12])

v(ξ) =
∫ ∞

0

H
(2)
ξ (x)u(x) dx, u(x) = − 1

2x

∫ i∞

−i∞
ξJξ(x) v(ξ) dξ.

Laplace transform, (see Sneddon [22, Chapter 3])

v(ξ) =
∫ ∞

0

e−xξ u(x) dx, u(x) =
1

2πi

∫ σ+i∞

σ−i∞
exξ v(ξ) dξ.
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Mehler–Fock transform of order m, (see Sneddon [22, Chapter 7])

v(ξ) =
∫ ∞

0

sinh(x)Pmiξ−1/2(coshx)u(x) dx,

u(x) =
∫ ∞

0

ξ tanh(πξ)Pmiξ−1/2(coshx) v(ξ) dξ.

Mellin transform, (see Sneddon [22, Chapter 4])

v(ξ) =
∫ ∞

0

xξ−1 u(x) dx, u(x) =
1

2πi

∫ σ+i∞

σ−i∞
x−ξ v(ξ) dξ.

Weber formula, (see Titchmarsh [24, page 75])

v(ξ) =
∫ ∞
a

√
x [Jν(xξ)Yν(aξ)− Yν(xξ)Jν(aξ)] u(x) dx,

u(x) =
√
x

∫ ∞
0

Jν(xξ)Yν (aξ)− Yν(xξ)Jν(aξ)
J2
ν (aξ) + Y 2

ν (aξ)
v(ξ) dξ.

Weierstrass transform, (see Hirschman and Widder [10, Chapter 8])

v(ξ) =
1√
4π

∫ ∞
−∞

e(ξ−x)2/4 u(x) dx, u(x) =
1√
4π

lim
T→∞

∫ T

−T
e(x−iξ)2/4v(iξ) dξ.

Unnamed transform, (see Naylor [20])

v(ξ) =
∫ ∞
−∞

K0(|ξ−x|)u(x) dx, u(x) = − 1
π2

(
d2

dx2
− 1
)∫ ∞
−∞

K0(|ξ−x|) v(ξ) dξ.

Unnamed transform, (see Titchmarsh [24, page 83])

v(ξ) =
∫ ∞
−∞

[
J
i
√
ξ

(ex) + J−i
√
ξ

(ex)
]
u(x) dx,

u(x) =
∫ ∞

0

J
i
√
ξ

(ex) + J−i
√
ξ

(ex)

4 sinh
(
π
√
ξ
) v(ξ) dξ.

Notes
1. Note that many of the transforms in table 78.1 do not have a standard

form. In the Fourier transform, for example, the two
√

2π terms might
not be symmetrically placed as we have shown them. Also, a small
variation of the K-transform is known as the Meijer transform (see
Ditkin and Prudnikov [6, page 75]).

2. There are many tables of transforms available (see Bateman [7] or
Magnus et al. [14]). It is generally easier to look up a transform than
to compute it.
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3. Transform techniques may also be used with systems of linear equa-
tions.

4. If a function f(x, y) has radial symmetry, then a Fourier transform
in both x and y is equivalent to a Hankel transform of f(r) = f(x, y),
where r2 = x2 + y2. See Sneddon [22, pages 79–83].

5. Integral transforms can be constructed by integrating the Green’s
function for a Sturm–Liouville eigenvalue problem. This involves
explicitly finding an integral representation of the delta function. For
example, the relation

δ(η) =
1

2π

∫ ∞
−∞

eiην dν (78.11)

can be used to derive the Fourier transform. To see this, change η to
x−ξ in equation (78.11), multiply by f(ξ) and integrate with respect
to ξ to obtain

f(x) =
1√
2π

∫ ∞
−∞

eixν
[

1√
2π

∫ ∞
−∞

f(ξ)eiξν dξ
]
dν

For more details, see Davies [5, pages 267–287], or Stakgold [23,
Chapter 7, pages 411–466].

6. Many of the transforms in table 78.1 have a convolution theorem,
which describes how the transform of the product of two functions,
is related to the transforms of the individual functions. For exam-
ple, if g(t) (respectively h(t), k(t)) has the Laplace transform G(s)
(respectively H(s), K(s)), and G(s) = H(s)K(s), then

g(t) =
∫ t

0

h(t− τ)k(τ) dτ.

This is called a convolution product and is often denoted by g(t) =
h(t) ∗ k(t). See Miles [16, Table 2.3, page 85].

7. Most of the transforms in table 78.1 have simple formulae relating
the transform of the derivative of a function to the transform of the
function. For example, if G(s) is the Laplace transform of g(t), then

L{g(n)(t)} = snG(s)− g(n−1)(0) + sg(n−2)(0) + · · ·+ (−1)nsn−1g(0).

8. Two transform pairs that are continuous in one variable and discrete
in the other variable, on an infinite interval, are the Hermite trans-
form

u(x) =
∞∑
n=0

vnHn(x)e−x
2/2, vn =

1
(2n)!

√
π

∫ ∞
−∞

u(x)Hn(x)e−x
2/2 dx,

where Hn(x) is the nth Hermite polynomialand the Laguerre trans-
form

u(x) =
∞∑
n=0

vnL
α
n(x)

n!
Γ(n+ α+ 1)

, vn =
∫ ∞

0

u(x)Lαn(x)xαe−x dx,
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where Lαn(x) is the Laguerre polynomial of degree n, and α ≥ 0. See
Haimo [9] for details.

9. Integral transforms are generally created for solving a specific dif-
ferential equation with a specific class of boundary conditions. For
example, the Mathieu integral transform (see Inayat-Hussain [11])
has been constructed for the two-dimensional Helmholtz equation in
elliptic-cylinder coordinates.

10. The papers by Namias ([17] and [18]) on fractional order Fourier and
Hankel transforms contain several examples of how the transforms
may be used to solve differential equations.

11. Note that

dr

dxr
=
[(

d

dx
x

)(
1
x

d

dx
x2

)
· · ·
(

1
xr−2

d

dx
xr−1

)]
1

xr−1

d

dx

=

[
r−1∏
i=1

(
1

xr−i−1

d

dx
xr−i

)]
d

xr−1dx
. (78.12)

Then observe that the ν−transform, defined by

g(x;ν) = Z[f(x);ν] =
∫ ∞

0

· · ·
∫ ∞

0

f
(
x
∏

t
1/r
i

)
e
∑

ti
∏

tνii dti,

f(x) =
1

(2πi)r−1

∫ (0+)

−∞
· · ·
∫ (0+)

−∞
g
(
x
∏

t
−1/r
i ;ν

)
e
∑

ti
∏

t−νi−1
i dti,

where ν = (ν1, . . . , νr−1) and i runs from 1 to r− 1 in each sum and
product, can be used with (78.12) to obtain

Z

[
dru

dxr
;νr

]
=
( r
x

)r−1 dZ[u;νr]
dx

−
r−1∑
i=1

Ci
xr−i

,

where νr = (−1/r,−2/r, . . . ,−(r − 1)/r). This transform can be
applied, for example, to the equation y(r) + axy′ + by = f(x) or to(

dr

dxr
+
b1
x

dr−1

dxr−1
+ · · ·+ br−1

xr−1

d

dx

)
y + axy′ + by = f(x).

See Klyuchantsev [13] for details.
12. Classically, the Fourier transform of a function exists only if the func-

tion being transformed decays quickly enough at ±∞. The Fourier
transform can be extended, though, to handle generalized functions.
For example, the Fourier transform of the nth derivative of the delta
function is given by F

(
δ(n)(t)

)
= (iω)n. Another way to approach

the Fourier transform of functions that do not decay quickly enough
at either ∞ or −∞ is to use the one-sided Fourier transforms. See
Chester [4] for details.
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13. Many of the transforms listed generalize naturally to n dimensions.
For example, in n dimensions we have

• Fourier transform: v(ξ) = (2π)−n/2
∫

Rn e
i�·xu(x) dx,

u(x) = (2π)−n/2
∫

Rn
e−i�·xv(ξ) dξ.

• Hilbert transform (see Bitsadze [2]):

∂f

∂xi
=

Γ(n/2)
πn/2

∫
Rn−1

yi − xi
|y− x|nφ(y) dy, i = 1, 2, . . . , n− 1,

φ(y) = −Γ(n/2)
πn/2

∫
Rn−1

(y− x) · ∇f
|y− x|n dy,

14. The name Bessel transform is given to an integral transform that in-
volves a Bessel function. This class includes Hankel, K, Kontorovich–
Lebedev, and many other transforms.

15. Note that, for the Hilbert transform, the integrals in table 78.1 are
to be taken in the principal value sense.

16. See also Abramowitz and Stegun [1, pages 1019–1030] and Butkov [3,
Chapter 5, pages 179–220 and Section 8.5, pages 299–304].
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79. Integrating Factors∗

Applicable to Linear first order ordinary differential equations.

Yields
An exact equation that can then be integrated.

Idea
When a given equation is not exact, it may be possible to multiply the

equation by a certain term so that it does become exact. The term that is
used is called an integrating factor.

Procedure
Let us suppose that the nonlinear ordinary differential equation

M(x, y) dx+N(x, y) dy = 0 (79.1)

is not exact (see page 284). It may be, however, that if equation (79.1) is
multiplied by an integrating factor u(x, y), the resulting equation

uMdx+ uNdy = 0

is exact. For this to be the case, we require ∂(uM)/∂y = ∂(uN)/∂x, or

u

(
∂M

∂y
− ∂N

∂x

)
= N

∂u

∂x
−M ∂u

∂y
. (79.2)

In general, solving the partial differential equation (79.2) for u(x, y) is
more difficult than solving the ordinary differential equation (79.1). But,
in certain cases, it may be easier. For example,

1. If 1
N

(
∂M
∂y −

∂N
∂x

)
= f(x), a function of x alone, then u(x, y) = u(x) =

exp
(∫ x

f(z) dz
)

is an integrating factor for equation (79.1).

2. If 1
M

(
∂M
∂y −

∂N
∂x

)
= g(y), a function of y alone, then u(x, y) = u(y) =

exp
(
−
∫ y

g(z) dz
)

is an integrating factor for equation (79.1).

Example
Suppose we have the general linear first order ordinary differential

equation

y′ + P (x)y = Q(x). (79.3)

We recognize that the homogeneous equation corresponding to equation
(79.3) is y′ + P (x)y = 0. Written as dy + (P (x)y)dx = 0, we see that the
first case applies with f(x) := P (x) (because M = yP (x) and N = 1 ).
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Hence we have the integrating factor u(x) = exp
(∫ x

P (z) dz
)
, and equation

(79.3) can be written as

(y′ + P (x)y) exp
(∫ x

P (z) dz
)

= Q(x) exp
(∫ x

P (z) dz
)
,

or
d

dx

[
y exp

(∫ x

P (z) dz
)]

= Q(x) exp
(∫ x

P (z) dz
)
,

and therefore (by integrating), we find the solution to be

y(x) = exp
(
−
∫ x

P (z) dz
)∫ x

Q(w) exp
(∫ w

P (z) dz
)
dw.

Special Case
For a concrete illustration, the equation

y′ +
1
x
y = x2 (79.4)

has {P (x) = 1/x,Q(x) = x2}, so that

u(x) = exp
(∫ x 1

z
dz

)
= exp (log x)
= x

is an integrating factor. When equation (79.4) is multiplied by u(x) = x,
we obtain

xy′ + y = x3,

d(xy)
dx

= x3,

xy =
x4

4
+ C,

or y = x3

4 + C
x , where C is an arbitrary constant.

Notes
1. If equation (79.1) admits a one parameter Lie group with generators
{ξ, η} (see page 366), then an integrating factor is given by u(x, y) =
1/(Nη −Mξ). For example, the differential equation y(y2 − x) dx +
x2 dy = 0 is invariant under the transformation {y′ = eε/2y, x′ =
eεx}. Therefore, the infinitesimal operator of the group is described
by {η = 1

2y, ξ = x}. This leads to the integrating factor u =
2/3xy(x− 2y2), which leads to the solution y = x/

√
2x+ C.
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2. If Mx+Ny 6= 0, and equation (79.1) is homogeneous (see page 327),
then an integrating factor is given by u(x, y) = 1/(Mx + Ny). For
example, the differential equation (xy − 2y2) dx − (x2 − 3xy) dy = 0
is homogeneous and has the integrating factor u = 1/xy2. This leads
to the solution x

y − log(x2y3) = C.
3. If M = M1(x)y −M2(x)yn and N = 1, then an integrating factor is

given by u(x, y) = y−n exp
(
(1− n)/

∫
M1 dx

)
.

4. The differential equation M1(x)M2(y) dx + N1(x)N2(y) dy = 0 has
the integrating factor u = (M2N1)−1.

5. The differential equation yf(xy) dx+xg(xy) dy = 0, when f 6= g, has
the integrating factor u = 1/[xy(f − g)]. For example, the equation
y(1− xy) dx− x(1 + xy) dy = 0 has {f(z) = 1− z, g(z) = −1− z} so
that an integrating factor is given by u = 1/2xy. This leads to the
implicit solution yexy = Cx.

6. Given equation (79.1), if z = N− iM is an analytic function of x and
y (i.e., the Cauchy–Riemann equations {Nx = −My, Ny = Mx} are
satisfied), then an integrating factor is given by 1/(N2 +M2).
For example, the homogeneous equation(

y2 + 2xy − x2
)
dy −

(
y2 − 2xy − x2

)
dx = 0

has the integrating factor u = 1/
[
2
(
x2 + y2

)2], which leads to the

solution y + x = C(x2 + y2).
7. Sometimes an integrating factor of the form xkyn can be found (for

specific values of k and n). This form of the integrating factor will
always be adequate for differential equations of the form xayb(py dx+
qx dy) + xdye(ry dx + sx dy) = 0, where {a, b, d, e, p, q, r, s} are
constants.

8. The technique presented here also applies to linear ordinary differen-
tial equations of higher order. For example, the second order ordinary
differential equation

√
x
d2y

dx2
+ 2x

dy

dx
+ 3y = 0

can be made exact (see page 287) by use of the integrating factor
u(x) =

√
x. Multiplying equation (8) by

√
x results in

x
d2y

dx2
+ 2x3/2 dy

dx
+ 3y

√
x =

d

dx

[
x
dy

dx
+ (2x3/2 − 1)y

]
.

Murphy [2, page 165] has a discussion of how to make second order
ordinary differential equations exact.

9. When the quasilinear partial differential equation in two independent
variables, M(x, y, u)ux = N(x, y, u)uy, has Mx = Ny, then the
solution is given implicitly by Φ(x, y, u) = 0, where M = Φy and
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N = Φx. If, alternately, Mx 6= Ny, then it may be possible to
find an integrating factor v(x, y) such that (vM)x = (vN)y . For
example, if (Ny − Mx)/M is a function of x alone, then v(x) =

exp
(∫

Ny −Mx

M
dx

)
will be an integrating factor.

10. For example, the equation ux = yuy has the integrating factor v(x) =
ex. The solution can then be found to be u(x, y) = −Cy3e3x, where
C is an arbitrary constant.

11. See Boyce and DiPrima [1, pages 84–87], Murray [3, pages 22–27],
Rainville and Bedient [5, pages 35–37 and 59–66], and Simmons [6,
pages 42–46].
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80. Interchanging
Dependent and
Independent Variables

Applicable to Ordinary differential equations.

Yields
A reformulation of the original equation.

Idea
Sometimes it is easier to solve an ordinary differential equation by inter-

changing the role of the dependent variable with the role of the independent
variable. If this technique works, then the solution is given implicitly by
x = x(y) instead of the usual y = y(x).

Procedure
Given the equation

dy

dx
= f(x, y)

to solve, it might be easier to solve the equivalent equation
dx

dy
=

1
f(x, y)

.

This method can also be used for ordinary differential equations with
an order greater than 1. For these cases, table 80.1 can be used to de-
termine how the derivatives {yx, yxx, . . . } transform into the derivatives
{xy, xyy, . . . }.

Example 1
Suppose the solution is desired to the ordinary differential equation

dy

dx
=

x

x2y2 + y5
.

Interchanging the dependent and independent variables in this equation
produces

dx

dy
=
x2y2 + y5

x
= y2x+

y5

x
. (80.1)

Equation (80.1) is now a Bernoulli equation with n = −1 and can be solved
exactly (see page 235). The solution is

x(y) =
(
Ae2y3/3 − y3

2
− 3

4

)1/2

, (80.2)

where A is an arbitrary constant.
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yx = x−1
y ,

yxx = −x−3
y xyy,

yxxx = 3x−5
y x2

yy − x−4
y xyyy,

yxxxx = −15x−7
y x3

yy + 10x−6
y xyyxyyy − x−5

y xyyyy

yxxxxx = 105x−9
y x4

yy − 105x−8
y x2

yyxyyy + 10x−7
y x2

yyy

+ 15x−7
y xyyxyyyy − x−6

y xyyyyy

Table 80.1: How higher order derivatives transform when the dependent
and independent variables are switched.

Example 2
The following formidable nonlinear ordinary differential equation

y′′ + xy(y′)3 = 0 (80.3)

becomes, after interchanging the dependent and independent variables,
Airy’s equation

d2x

dy2
= xy.

Hence, the solution to equation (80.3) is given explicitely by

x(y) = C1 Ai(y) + C2 Bi(y),

where C1 and C2 are arbitrary constants.

Example 3
The nonlinear equation y′′ = (x − y)y′3 becomes, after interchanging

variables, xyy = x−y. This equation has the solution x = y+Aey +Be−y.

Notes
1. When this method is applied to partial differential equations (and

not ordinary differential equations), then the method is called the
hodograph transformation (see page 456).

2. See Bender and Orszag [1, Section 1.6] and Goldstein and Braun [2,
page 107].
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81. Lagrange’s Equation

Applicable to Equations of the form y = xF
(
dy
dx

)
+G

(
dy
dx

)
.

Yields
An exact solution, sometimes given parametrically.

Idea
Equations of this form can be solved by quadratures.

Procedure
Given an equation of the form

y = xF

(
dy

dx

)
+G

(
dy

dx

)
, (81.1)

use p to represent dy/dx so that equation (81.1) can be written as

y = xF (p) +G(p). (81.2)

Now differentiate equation (81.2) with respect to x to obtain

dy

dx
≡ p = F (p) +

dp

dx

[
xF ′(p) +G′(p)

]
. (81.3)

Equation (81.3) can be rewritten as

dx

dp
= x

(
F ′(p)

p− F (p)

)
+
(

G′(p)
p− F (p)

)
, (81.4)

which is now a linear differential equation in x and p. It can be solved by
the method of integrating factors (see page 356) to determine

x = φ(p, C), (81.5)

where C is an arbitrary constant. Now there are two possibilities:

• Eliminate p between equations (81.2) and (81.5) to obtain the implict
solution Φ(y, x, C) = 0.
• Use equation (81.5) in equation (81.2) to obtain the parametric solu-

tion

x = φ(P,C),
y = φ(P,C)F (P ) +G(P ),

where P is a free parameter.
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Example 1
Suppose we have the equation

y = 2x
dy

dx
− a

(
dy

dx

)3

, (81.6)

where a is a constant. Comparing equation (81.6) to equation (81.1), we
identify F (p) = 2p, G(p) = ap3. Hence, (81.5) becomes

dx

dp
= −2x

p
+ 3ap.

This last equation has an integrating factor of p2 and so

x =
3a
4
p2 +

C

p2
, (81.7)

where C is an arbitrary constant. Using equation (81.7) in equation (81.6),
we can remove the x dependence to obtain

y =
a

2
p3 +

2C
p
.

Hence, a parametric solution of equation (81.6) is given by

x =
3a
4
P 2 +

C

P 2
,

y =
a

2
P 3 +

2C
P
,

(81.8)

where P can have any value. By use of resultants (see page 50), the
parameter P can be removed from equation (81.8) to determine the implicit
solution

(27ay2 − 16x3)y2 + 16a2x(9ay2 − 4x3)C − 128a3x2C2 − 64a4C3 = 0.

If C is taken to be zero, for example, then the explicit solutions y =
4

3
√

3a
x3/2 and y = 0 are obtained.

Example 2
If we have the equation

y = 2x
dy

dx
−
(
dy

dx

)2

, (81.9)

then we make the identification {F (p) = 2p,G(p) = −p2} so that equation
(81.4) becomes

dx

dp
= x

(
−2
p

)
+ 2,
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or (using the integrating factor p2)

x =
2
3
p2 +

C

p2
, (81.10)

where C is an arbitrary constant. Using equation (81.10) in equation (81.9)
results in

y =
C

p
− p2

3
.

Hence, a parametric solution of equation (81.9) is given by

x =
2
3
P 2 +

C

P 2
,

y =
C

P
+

C

P 2
,

(81.11)

where P can have any value. By use of resultants the parameter P can be
removed from equation (81.11) to determine the implicit solution

y2(4y − 3x2) + 6x(2x2 − 3y)C + 9C2 = 0.

Notes
1. Equation (81.1) is known as d’Alembert’s equation and also as an

equation linear in x and y.
2. If F ≡ 1, then equation (81.1) is the same as Clairaut’s equation (see

page 237).
3. The technique presented in this section is only an application of the

more general technique of “solving for y” (see page 411).
4. See Ince [1, pages 38–39], Murphy [2, pages 65–66], and Valiron [3,

pages 217–218].
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82. Lie Groups: ODEs

Applicable to Linear and nonlinear ordinary differential equations.

Yields
Invariants and symmetries of a differential equation. Often these can

be used to solve a differential equation.

Idea
By determining the transformation group under which a given differen-

tial equation is invariant, we can obtain information about the invariants
and symmetries of a differential equation. Sometimes these can be used to
solve a given differential equation.

Procedure
A one parameter Lie group of transformations is a family of coordinate

transformations of the form

xε = f(x, y; ε),
yε = g(x, y; ε),

(82.1)

such that ε = 0 gives the identity transformation. It is also required (for
the transformations to form a group) that f(x, y; ε+ δ) = f(xε, yε; δ), and
f−1(x, y; ε) = f(x, y;−ε), with analogous formulae for g(x, y; ε).

Equation (82.1) is called the global transformation group. Expanding
(82.1) for small values of ε yields

xε = x+ ξ(x, y)ε+O(ε2),

yε = y + η(x, y)ε+O(ε2),

where

ξ(x, y) =
(
∂f

∂ε

)
ε=0

, η(x, y) =
(
∂g

∂ε

)
ε=0

. (82.2)

The quantities ξ and η are the infinitesimal transformations of the group.
Lie’s first fundamental theorem states that knowledge of the infinitesimals
{ξ(x, y), η(x, y)} is equivalent to knowing the functions {f, g} in (82.1).

An nth order differential equation

G
(
x, y, y′, . . . , y(n)

)
= 0 (82.3)

is said to be invariant under the group defined by equation (82.1) if the
differential equation

G
(
xε, yε, y

′
ε, . . . , y

(n)
ε

)
= 0
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is equivalent to equation (82.3) under the change of variables in (82.1).
The infinitesimal generator (also called the generator or infinitesimal

operator) associated with equation (82.1) is X = ξ(x, y) ∂
∂x + η(x, y) ∂

∂y .
The prolongations of X are defined by

X(n) = ξ
∂

∂x
+ η

∂

∂y
+

n∑
l=1

ξl
∂

∂y(l)
, (82.4)

where ξ0 = η and ξl = D(ξl−1)− y(l)D(ξ), for l = 1, 2, . . . , n, and the total
derivative operator D is defined by D := ∂

∂x + y′ ∂∂y + y′′ ∂∂y′ + . . . .
The differential equation of nth order in equation (82.3), G = 0, will be

invariant with respect to the one parameter group defined by (82.1) if

X(n)G = 0, (82.5)

on the manifold G = 0 in the space of the variables {x, y, y′, . . . , y(n)}.
Note that equation (82.5) is quasilinear and the method of characteristics
may be used to solve it.

If the differential equation G = 0 is invariant with respect to the group,
then the subsidiary equations of equation (82.5) can be written as (see page
432)

dx

ξ
=
dy

η
=
d(y′)
ξ1

= · · · = d(y(n))
ξn

.

We can sometimes integrate two of these equations to obtain two integrals:
u = u(x, y, y′, . . . ) and v = v(x, y, y′, . . . ). If the original equation, G = 0,
is written in terms of these new variables, then the resulting differential
equation will be only of order n− 1. Hence, we will have reduced the order
of the given differential equation.

Special Case
The condition for the equation F (x, y, y′, y′′) = 0 to be invariant under

the action of the group defined by equation (82.1) is that X(2)F |F=0= 0.
When F = y′′ − f(x, y, y′), this determining equation becomes

ηxx + (2ηxy − ξxx)y′ + (ηyy − 2ξxy)y′
2 − y′3ξyy

+ (ηy − 2ξx − 3y′ξy)f −
[
ηx + (ηy − ξx)y′ − y′2

]
fy′

− ξfx − ηfy = 0.
(82.6)

We emphasize that equation (82.6) is an identity in x, y, and y′. Because
η and ξ cannot depend on y′, equation (82.6) separates into many simul-
taneous equations for each type of y′ term.

Example 1
Given the class of second order ordinary differential equations

G(x, y, y′, y′′) ≡ xy′′ − F
(y
x
, y′
)

= 0, (82.7)
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we ask if this differential equation is invariant under the magnification
group

xε = xeε,

yε = yeε.
(82.8)

If it is, then we should be able to reduce equation (82.7) to a sequence of
first order ordinary differential equations. Using (82.8) in the definitions
in equations (82.2) and (82.4), we can sequentially calculate

ξ(x, y) = x, η(x, y) = y,

ξ0 = η = y,

ξ1 = D(ξ0)− y′D(ξ) = D(y)− y′D(x) = 0
ξ2 = D(ξ1)− y′′D(ξ) = D(0)− y′′D(x) = −y′′,

X(2) = x
∂

∂x
+ y

∂

∂y
− y′′ ∂

∂y′′
.

Applying X(2) to G, we find

X(2)G =
(
x
∂

∂x
+ y

∂

∂y
− y′′ ∂

∂y′′

)[
xy′′ − F

(y
x
, y′
)]

= x
(
y′′ +

y

x2
F1

)
+ y

(
− 1
x
F1

)
− y′′(x)

= 0,

where F1 denotes the derivative of F with respect to its first argument. We
conclude, then, that G = 0 is invariant under the magnification group.

Now we form the subsidiary equations:

dx

x
=
dy

y
=
dy′

0
=

dy′′

−y′′ .

From the first equality, dx
x = dy

y , we find that y/x is a constant; we write

this as y/x = u. From the second equality, dy
y = dy′

0 , we find that y′ is a
constant; we write this as y′ = v.

Now we will write the equation G = 0 in terms of the “constants” that
parameterize the solution space: {u, v}. To change variables, we will need

y′′ =
dy′

dx
=
dv

dx
=
dv

du

du

dx
=
dv

du

(
y′

x
− y

x2

)
=
dv

du

v − u
x

.

Hence,

G = xy′′ − F
(y
x
, y′
)

= (v − u)
dv

du
− F (u, v) = 0. (82.9)
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Finally, then, we have transformed the second order differential equation
G = 0 into a first order differential equation in terms of u and v. After
this equation is solved for v = v(u), we then have a first order equation for
y(x) (using u = y/x and v = y′).

We now illustrate the above result with two special cases:

1. If we choose the special case F (u, v) = v − u (for which equation
(82.7) becomes the linear equation x2y′′−xy′+ y = 0, with solutions
y = x and y = x log x), equation (82.9) becomes (v−u)

(
dv
du − 1

)
= 0.

The most general solution to this equation is v = u+C, where C is an
arbitrary constant. Changing to our original variables, this becomes
dy
dx = y

x +C. This equation has the solution y = Cx log x+Dx, where
D is another arbitrary constant.

2. If we choose the special case F (u, v) = u2 − v2 (for which equation
(82.7) becomes the nonlinear equation x3y′′ + x2(y′)2 − y2 = 0),
equation (82.9) becomes dv

du = −v − u. This first order equation can
be integrated to yield v = (u2 − 2u + 2) + Ce−u, where C is an
arbitrary constant. In this case, we cannot integrate again to obtain
y = y(x) in closed form.

Example 2
For a given differential equation, the different infinitesimal generators

will generate an r-dimensional Lie group (Lr) The following four statements
are equivalent (see Ibragimov [10, page 39]):

1. The second order ordinary differential equation

y′′ = f(x, y, y′) (82.10)

can be linearized by a change of variables.
2. Equation (82.10) has the form

y′′ = F3(x, y)y′3 + F2(x, y)y′2 + F1(x, y)y′ + F0(x, y) = 0

with coefficients {Fi(x, y)} satisfying the integrability conditions of
the following over-determined system:

∂z

∂x
= z2 − F0w − F1z +

∂F0

∂y
+ F0F2,

∂z

∂y
= −zw + F0F3 −

1
3
∂F2

∂x
+

2
3
∂F1

∂y
,

∂w

∂x
= zw − F0F3 −

1
3
∂F1

∂y
+

2
3
∂F2

∂x
,

∂w

∂y
= −w2 + F2w + F3z +

∂F3

∂x
− F1F3.

(82.11)
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3. Equation (82.10) admits the Lie algebra L8.
4. Equation (82.10) admits the Lie algebra L2 with a basis {X1, X2},

such that X1 ∨ X2 = 0 (see the notes for the definition of the
pseudoscalar product X1 ∨X2 =).

Examples:

• Consider the equation

y′′ = f(y′). (82.12)

From the above, this will be linearizable if and only if f(y′) is a
polynomial of the third degree in y′. That is, if equation (82.12) has
the form

y′′ +A3y
′3 +A2y

′2 +A1y
′ +A0 = 0,

where the {Ai} are constants, then it may be linearized.

• Consider the equation

y′′ =
f(y′)
x

. (82.13)

From the above, this will be linearizable only if f(y′) is a polynomial
of the third degree in y′. That is, equation (82.13) must have the
form

y′′ +
1
x

(
A3y

′3 +A2y
′2 +A1y

′ +A0

)
= 0,

where the {Ai} are constants. In this case, the integrability condi-
tions in (82.11) become

A2(2 −A1) + 9A0A3 = 0

3A3(1 +A1)−A2
2 = 0.

(82.14)

If we define a = −A3 and b = −A2, then we can solve equation (82.14)
for A1 and A2. We conclude: Equation (82.13) may be linearized if
and only if it has the form:

y′′ =
1
x

[
ay′

3 + by′
2 +

(
1 +

b2

3a

)
y′ +

b

3a
+

b3

27a2

]
.

• Consider the equation

y′′ = F (x, y). (82.15)

This matches the above form with F1 = F2 = F3 = 0 and F0 = F .
In this case, the integrability conditions in equation (82.11) become

zx = z2 + Fw − Fy,
zy = −zw,
wx = zw,

wy = −w2.

(82.16)
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Translation in x xε = x+ ε
X = ∂x yε = y

Translation in y xε = x
X = ∂y yε = y + ε

Scaling xε = eεx
X = x∂x + y∂y yε = eεy

Rotation in the (x, y) plane xε = x cos ε− y sin ε
X = −y∂x + x∂y yε = x sin ε− y cos ε

Table 82.1: Some common Lie group generators

Using the first two equations in (82.16) in the identity zxy = zyx,
we find the compatibility condition Fyy = 0. This is a necessary
condition for the linearizability of equation (82.15).

Notes
1. Lie group analysis is the most useful and general of all the techniques

presented in this book. Some common generators are in table 82.1.
Many of the other methods presented in this book can be derived
from the method of Lie groups. For example

• Equations with the dependent variable missing (see page 260)
are invariant under the translation group {xε = x, yε = y + ε}.

• Equations with the independent variable explicitly missing (see
page 230) are invariant under the translation group {xε = x +
ε, yε = y}.
• Homogeneous equations (see page 327) are invariant under the

affine group {xε = x, yε = yeε}.
• Scale invariant equations (see page 398) are invariant under the

group {xε = xeε, yε = yepε}.
• In Kumei and Bluman [13], it is shown that the hodograph

transformation (see page 456) and the Legendre transformation
(see page 467) are derivable from Lie group methods.
• Similarity solutions (see page 497) are all derivable from Lie

group methods.
• Contact transformations (see page 249) and the Riccati transfor-

mation (see page 392) are also derivable from Lie group methods.

2. Changing variables in an infinitesimal generator is straightforward.
Suppose we have the generator X =

∑n
i=1 b

i ∂
∂xi . To change vari-

ables from the
{
xi
}

coordinates to the {xi′} coordinates (with xi
′

=
xi
′ (
xi
)
) we find that X =

∑n
i=1

(
Xxi

)
∂

∂xi′
. For example, consider

the generator for scaling invariance: X = x ∂
∂x + y ∂

∂y . To change to
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the variables u = y/x and v = xy, we form

Xu =
(
x
∂

∂x
+ y

∂

∂y

)
u =

(
x
∂

∂x
+ y

∂

∂y

)
y

x
= 0,

Xv =
(
x
∂

∂x
+ y

∂

∂y

)
v =

(
x
∂

∂x
+ y

∂

∂y

)
xy = 2xy = 2v.

Hence, we can write X in the (u, v) coordinates as X = 2v ∂
∂v . (Mak-

ing the further substitution b = 1
2 log v, we find that X = ∂

∂b .)
3. In the older literature, transformation groups were found and then

classes of equations that were invariant under that group were deter-
mined. This was what was done in the first example in this section.
For example, it can be shown that the most general second order
differential equation invariant under a group of the form

xε = f(x; ε) = x+ εξ(x) +O(ε2),

yε = g(x; ε)y = y + εη(x)y + O(ε2),

has the form

y′′ +
(
ξ′ − 2η
ξ

)
y′ +

(
η2 − ξη′
ξ2

)
y =

Φ(A,B)
sξ2

,

where Φ is an arbitrary function of its arguments, and {A,B, s} are
defined by

A(x, y) = sy,

B(x, y) = (ξx− ηy)s,

s(x) = exp
(
−
∫ x

x0

η(t)
ξ(t)

dt

)
.

See Hill [9, page 84] for details.
4. Recently, the procedure in the last note has been reversed: Given

a differential equation, find a transformation group that leaves the
equation invariant. To derive the transformation group, a set of par-
tial differential equations arising from the equation X(n)G = 0 must
be solved. For example, for the second order ordinary differential
equation ẍ = f(t, x, ẋ) to be invariant under the group

xε = x+ εψ(t, x) +O(ε2),

tε = t+ εφ(t, x) +O(ε2),

requires that the following equation

(2ψxt − φtt)ẋ+ (ψxx − 2φxt)ẋ2 − φxxẋ3

+ [(ψx − 2φt)− 3φxẋ] f(t, x, ẋ)− φft(t, x, ẋ)− ψfx(t, x, ẋ)

−
[
ψt + (ψx − φt)ẋ− φxẋ2

]
fẋ(t, x, ẋ) = 0

hold for all (t, x, ẋ). See Aguirre and Krause [1] for details.
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5. The analysis in this section can be obtained from the general results of
Lie algebras. For example, if x(t) satisfies the equation ẍ = f(x, ẋ),
where f is in C∞, and the solution is analytic for all t, then the
solution may be obtained from xt+τ = etΩτxτ , where

Ωτ = vτ

(
∂

∂xτ

)
+ f(xτ , vτ )

(
∂

∂vτ

)
+
(
∂

∂τ

)
,

and we have used xτ to denote x(τ). For example, for the differential
equation ẍ = 1, we have f = 1 so that Ωτ = vτ∂xτ + ∂vτ + ∂τ , and
we can calculate

Ωτxτ = vτ ,

Ω2
τxτ = Ωτvτ = 1,

Ω3
τxτ = Ωτ1 = 0,

Ωkτxτ = 0, for k ≥ 3

Using these calculations, we can then find

xt+τ = etΩτxτ

=
∞∑
k=0

tkΩkτ
k!

xτ

= xτ + tvτ +
t2

2
,

or x(t+ τ) = x(τ) + tẋ(τ) + t2/2.
This also generalizes to higher dimensions. For example, the solution
of the vector equation ẍ = f(x, ẋ) may be written as xt+τ = etΩτxτ ,
where

Ωτ = vτ · ∇
xτ

+f(xτ ,vτ ) · ∇
vτ

+
∂

∂τ
.

6. Note that an arbitrary function of xε and yε, F (xε, yε), can be for-
mally expanded in terms of the generator, x, and y as

F (xε, yε) = F (x, y) + ε

(
∂f

∂ε

∂

∂x
+
∂g

∂ε

∂

∂y

)
ε=0

F (x, y) + · · ·

= F (x, y) + εV F (x, y) +
1
2
ε2V 2F (x, y) + · · ·

= eεV F (x, y).

7. If the parameter ε appearing in equation (82.1) had been an r-
dimensional vector, then there would be r infinitesimal operators
{X1, X2, . . . , Xr}. Lie’s second fundamental theorem states that
these operators generate an r-dimensional Lie group under commuta-
tion [Xa, Xb] = Kc

abXc, where the K’s are called structure constants
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No. Commutator Pseudoscalar Typified by
I [X1, X2] = 0 X1 ∨X2 6= 0 {X1 = ∂x, X2 = ∂y}

II [X1, X2] = 0 X1 ∨X2 = 0 {X1 = ∂y, X2 = x∂y}
III [X1, X2] = X1 X1 ∨X2 6= 0 {X1 = ∂y, X2 = x∂x + y∂y}
IV [X1, X2] = X1 X1 ∨X2 = 0 {X1 = ∂y, X2 = y∂y}

Table 82.2: All possible cases for a two-dimensional Lie algebra

and summation occurs over repeated indices. Lie’s third fundamental
theorem relates the structure constants to one another.
If r = 1 in the above, then the order of the original equation can
be reduced by 1. If n ≥ 2 and r = 2, then the order of the original
equation can be reduced by 2. If n ≥ 3 and r ≥ 3, then it does not
follow that the order of the original equation can be reduced by more
than 2. However, if the r-dimensional Lie algebra has a q-dimensional
solvable subalgebra, then the order of the original equation can be
reduced by q. See Bluman and Kumei [3] for details.

8. Given the two generators X1 = ξ1
∂
∂x + η1

∂
∂y and X2 = ξ2

∂
∂x + η2

∂
∂y ,

the pseudoscalar product isX1∨X2 = ξ1η2−ξ2η1 and the commutator
is [X1, X2] = X1X2 − X2X1. By a suitable choice of basis, any
two-dimensional Lie algebra can be reduced to one of four types as
shown in table 82.2. Hence, an algorithm for integrating second order
ordinary differential equations is given by

(a) Calculate an admitted Lie algebra Lr.
(b) Compare r to 2:

i. If r < 2, then the ODE cannot be completely integrated
using Lie groups.

ii. If r > 2, then determine a sub-algebra L2 ⊂ Lr.
(c) From the commutator and pseudoscalar product change the

basis to obtain one of the four cases in table 82.2.
(d) Integrate the resulting equation.
(e) Rewrite the solution in the original variables.

9. The generators for some first (second) order ordinary differential
equations are in table 82.3 (table 82.4). The Lie groups associated
with some second order ordinary differential equations are in table
82.5.

10. The semigroup approach to differential equations starts with the
evolution equation ut = Lu + Nu (where L and N are constant
coefficient linear and nonlinear operators that do not depend on time)
with the initial condition u(x, t0) = u0(x) and writes the solution as
the nonlinear integral equation

u(x, t) = e(t−t0)Lu0(x) +
∫ t

t0

e(t−t0)LN (u(xτ)) dτ.
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Equation Generator

y′ = F (kx+ ly) X = l∂x − k∂y

y′ = F
(y
x

)
X = x∂x + y∂y

y′ =
y

x
+ F

( y
x

)
X = x∂y

y′ = F (x)y X = y∂y

Table 82.3: Generators for some classes of first order ODEs

Equation Generator

y′′ = F (y, y′) X = ∂x

y′′ = F (x, y′) X = ∂y

y′′ = F (x, y − xy′) X = x∂y

y′′ = y′
3
F

(
y,
y − xy′
y′

)
X = y∂y

x3y′′ = F
(y
x
, y − xy′

)
X = x2∂x + xy∂y

Table 82.4: Generators for some classes of second order ODEs

Equation Lie group L |L|

y′′ = f(y, y′) {∂x} 1

y′′ = f(y′) {∂x, ∂y} 2

y′′ =
f(y′)
x

{∂y, x∂x + y∂y} 2

y′′ = Cy−3 {∂x, 2x∂x + y∂y, x
2∂x + y2∂y} 3

y′′ = Cey
′ {∂x, ∂y, x∂x + (x+ y)∂y} 3

y′′ = 0 {∂x, ∂y, x∂y , x∂x, y∂x, y∂y, x2∂x + xy∂y, xy∂x + y2∂y} 8

Table 82.5: Lie groups for some second order ODEs

This representation of the solution is useful for proving existence and
uniqueness of solutions and computing estimates of their magnitude,
verifying dependence on initial and boundary data, as well as per-
forming asymptotic analysis of the solution (see, e.g., Yosida [22]).

11. Using Lie groups to find symmetries of differential equations can
be computationally intensive. Algorithms have been developed for
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computerized handling of the calculations, see Azara [2] (for Maple),
Bocharov and Bronstein [4], Champagne et al. [5] (for Macsyma),
Eliseev et al. [7] (for REDUCE), or Head [8] (for muMATH).

12. It is also possible to find discrete groups that transform solutions of
ordinary differential equations to other solutions, see Zăıtsev [23]. For
example, the generalized Emden–Fowler equation y′′ = Axnym (y′)l

is described by the parameters c = (n,m, l). Under the discrete
transformation {y = at, x = bu}, the solution y = y(x; c) is mapped
to the solution u = u(y, c′), where c′ = (n,m, 3 − l). Another such
discrete transformation is given by {y = au−1/m, x = bt1/(n+1)} for
which c′ =

(
− n
n+1 ,

1
1−l ,

2m+1
m

)
. Zăıtsev [23] illustrates this method

by writing the solution of y′′ = x−15/8y
√
y′ in terms of the solutions

to u′′ = 6u2 (which are elliptic functions).
13. Technically, a Lie group is a topological group (i.e., a group that

is also a topological space), which is also an analytic manifold on
which the group operations are analytic. The tangent space to that
manifold is a Lie algebra, which is a linear vector space. See Sattinger
and Weaver [16] for an algebraic approach to Lie groups.

14. Easily readable books that explain Lie groups more fully are Bluman
and Kumei [3] and Stephani [20]. See also Ince [11, Chapter 4, pages
93–113]. and Olver [14].

15. For the system of second order ordinary differential equations

ÿa = ωa(yi, ẏi, t), a, i = 1, . . . , N

the generalization of equation (82.6) is (using the summation con-
vention, (),t ≡ ∂()/∂t, and (),i ≡ ∂()/∂yi) (see Stephani [20, page
95]):

ξωa,t + ηbωa,b +
(
ηb,t + ẏcηb,c − ẏbξ,t − ẏbẏcξ,c

) ∂ωa
∂ẏb

+ 2ωa
(
ξ,t + ẏbξ,b

)
+ ωb

(
ẏaξb − ηa,b

)
+ ẏaẏbẏcξ,bc

+ 2ẏaẏcξ,tc − ẏcẏbηa,bc + ẏaξ ,tt − 2ẏbηa,tb − ηa,tt = 0.

16. The Blaisus equation y′′′ + yy′′ = 0 is invariant under the scaling
y(η) = λF (η̄) where η = η̄/λ. Hence, if F (λ) is a solution, then so is
λF (λη). Consequently, the solution to the Blaisus equation with the
boundary conditions {y(0) = y′(0) = 0, y′(∞) = 2} can be solved by
the sequence of two initial value problems

F ′′′ + FF ′′ = 0 F (0) = F ′(0) = 0 F ′′(0) = 1

y′′′ + yy′′ = 0 y(0) = y′(0) = 0 y′′(0) = [2/F ′(∞)]3/2

This procedure is called exact shooting, see Klamkin [12].
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As another example, consider the generalized Emden–Fowler equa-
tion N [u] = (tau′)′ + ctbeu = 0 with u′(0) = 0 and u(∞) = 0
(for a + b 6= 2). If U(t) is a solution of N [U ] = 0, then so is
u(t) = U

(
teλ/(b−a+2)

)
+ λ. Hence, the original BVP can be solved

by finding U from {N [U ] = 0, U(0) = U ′(0) = 0} and then finding u
from {N [u] = 0, u(0) = −U(∞), u′(0) = 0}.
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83. Operational Calculus∗

Applicable to Ordinary and partial differential equations.

Yields
A reformulation of the original differential equation.

Idea
It may sometimes be easier to solve a differential equation in a trans-

formed space.

Procedure
Given an ordinary differential equation, transform it to a field of op-

erators, solve the equation in that field, and then transform back. In this
field, ordinary functions, generalized functions, and differential operators
are all treated as objects in a single algebraic structure.

The operator field that is used has, among other elements, an identity
operator (I), a differentiation operator (often denoted by D or s) and
an integration operator (often denoted by D−1). The operator D, when
applied to the operator corresponding to a function f(t), results in

D{f} = {f ′}+ {f(0)}, . (83.1)

The operator D−1, when applied to the operator corresponding to a func-
tion f(t) results in

D−1{f} =
{∫ t

0

f(u) du
}
.

The braces around the above expressions emphasize that they are operators
in the field. In many applications, the operator D is formally treated as
being a “large constant.”

There are tables of formulae describing how operators interact in their
quotient field. For example, because

I
D − α =

{
eαt
}

(83.2)

we can calculate

I
(D − α)2

=
I

(D − α)
I

(D − α)
=
{
eαt
} {

eαt
}

=
{∫ t

0

eαueα(t−u) du

}
=
{
teαt

}
,
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because the “product” of two operators is the operator corresponding to a
convolution. The formula in equation (83.2) follows from equation (83.1)
when f(t) = eαt, because

(D − α)
{
eαt
}

=
({
αeαt

} )
+ {1} − α

{
eαt
}

= I.

It is easy to represent generalized functions and non-continuous func-
tions in the field. For example, a square wave of period 2c has the operator
representation I

D(I+e−cD) .

Example 1
The following ordinary differential equation for y(t)

y′′ + y = 0

has the operator representation(
D2 + 1

)
{y} = 0 (83.3)

or D2
(
1 +D−2

)
{y} = 0. By applying D−2 to the left of the above equa-

tion, we obtain (
1 +D−2

)
{y} = D−2 {0}

= At+B,

where A and B are arbitrary constants. This equation may be formally
solved by “dividing” by the operator on the left and expanding terms. We
find

{y(t)} =
{

1
1 +D−2

(At+B)
}

=
{(

1−D−2 +D−4 − · · ·
)

(At+B)
}

=
{

(At+B) +
(
−At

3

6
− Bt2

2

)
+
(
−At

5

120
− Bt4

24

)
+ · · ·

}
= {A sin t+B cos t} .

(83.4)

Hence, y(t) = A sin t+B cos t.
Really, in this last calculation, there would be many more terms than

those illustrated. For instance, when D−4 is applied to (At + B), we ob-
tain

(
−At5120 −

Bt4

24

)
plus some terms of the form

(
C1t

3 + C2t
2 + C3t+ C4

)
.

When the form of the solution, with all these additional terms, is substi-
tuted into the defining equation (83.3), these additional constants turn out
to be zero.
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Example 2
Consider the constant coefficient linear ordinary differential equation

for z(t)

z′′ + 3z′ + 2z = f(t),
z(0) = 1, z′(0) = 0.

Because of the formula

z(n) = Dnz −
{
z(n−1)(0) +Dz(n−2)(0) + · · ·+Dn−1z(0)

}
(which parallels the rule for Laplace transforms), the equation for z(t) has
the operator representation[

D2 {z} −D
]

+ 3
[
D {z} − I

]
+ 2 {z} = {f} .

This operator equation can be manipulated into

{z} =
D + 3I

D2 + 3D + 2
+

{f}
D2 + 3D + 2

=
2I

D + 1
− I
D + 2

+
( I
D + 1

− I
D + 2

)
{f}

=
{

2e−t
}
−
{
e−2t

}
+
{
e−t − e−2t

}
{f} ,

and hence,

z(t) = 2e−t − e−2t +
∫ t

0

(
e−u − e−2u

)
f(u) du,

which is the same result that would be obtained by use of Laplace trans-
forms.

Notes
1. The operational calculus is also called the Heaviside calculus.
2. The operational calculus, at its simplest level, has a great similarity

with Laplace transforms. One school of thought is that any integral
transform creates an operational calculus.

3. It is sometimes difficult to justify the formal steps that are employed
in using the operation calculus. One solution (see Erdélyi [3]) is to
use a more precisely defined operator, such as the primary operator

D̂λf(t) = f(t) + λ

∫ t

0

eλ(t−θ)f(θ) dθ,

which has the inverse D̂−1
λ g(t) = g(t)− λ

∫ t
0
g(θ) dθ.
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4. Infinite order differential equations are often solved by techniques sim-
ilar to those described above. For example, the ordinary differential
equations

(
α d
dx + 1

)−1
y+(βx−a)y = 0 and

[
cosh

(
i ddx
)

+H(x) − a
]
y =

0 are infinite order differential equations for y(x) (here H(x) repre-
sents the step function). Recent results (as well as the solutions to
the two above equations) may be found in Dimitrov [2].

5. The extension of this technique to partial differential equations is
straightforward. Using D for ∂

∂x and D′ for ∂
∂t , a partial differential

equation can sometimes be written in the form P (D,D′){y} = {f}.
The “inversion” process will then proceed in two steps. For example,
to obtain a particular solution of uxx − 6uxt + 9utt = 12x2 + 36xt, a
calculation analogous to the one in equation (83.4) might proceed as
follows:

{y} =
1

P (D,D′)
{f}

=
1

D2 − 6DD′ + 9D′2
(
12x2 + 36xt

)
=

1
D2

(
1− 3D′

D

)−2 (
12x2 + 36xt

)
=

1
D2

(
1 + 6

D′

D
+ 27

D′2

D2
+ . . .

)(
12x2 + 36xt

)
=

1
D2

(
12x2 + 36xt

)
+

6
D3

(36x)

=
(
x4 + 6x3t

)
+
(
9x4
)

= 10x4 + 6x3t.

6. See Courant and Hilbert [1, Volume 2, pages 507–535] and Kaplan
[5, pages 515–538].
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84. Pfaffian Differential
Equations

Applicable to Pfaffian differential equations.

Yields
Knowledge of whether the equation is integrable.

Idea
Pfaffian differential equations are partial differential equations of the

form

f(x) · dx =
n∑
i=1

Fi(x1, x2, . . . , xn) dxi = 0. (84.1)

For equations of this type,

• If n = 3, then a necessary and sufficient condition that equation
(84.1) be integrable is that

f(x) · curl f(x) = 0.

• If n ≥ 4, then a necessary and sufficient condition that equation
(84.1) be integrable is that

Fp

[
∂Fr
∂xq
− ∂Fq
∂xr

]
+ Fq

[
∂Fp
∂xr
− ∂Fr
∂xp

]
+ Fr

[
∂Fq
∂xp
− ∂Fp
∂xq

]
= 0,

where p, q, and r are any three of the integers 1, 2, 3, . . . , n.

There exist a number of techniques for integrating Pfaffian equations.

Example
If we have the equation

(y2 + yz) dx+ (xz + z2) dy + (y2 − xy) dz = 0, (84.2)

then we identify n = 3 and

f(x) = (y2 + yz, xz + z2, y2 − xy),

so that
curl f(x) = ∇×f(x) = 2(−x+ y − z, y,−y).

Therefore f(x) ·curl f(x) = 0, and there exists a solution to equation (84.2).
The solution is, in fact, given by y(x + z) = C(y + z), where C is any
constant.
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Procedure 1
If a Pfaffian equation is integrable, then there exists an integrating

factor µ such that

dφ =
n∑
i=1

µFi dxi.

By appropriate manipulations of equation (84.1), it may be shown that µ
satisfies any of the equations

−dµ
µ

=
n∑
j=1

1
Fi

[
∂Fi
∂xj
− ∂Fj
∂xi

]
dxj , (84.3)

for i = 1, 2, . . . , n. Any one of these equations may be solved to determine
an integrating factor. Alternatively, if two integrating factors can be found,
say µ and ν, then a solution to equation (84.1) is given by µ/ν = constant.

Example 1
The Pfaffian differential equation

y(x2 − y2 − yz) dx+ x(y2 − x2 − xz) dy + xy(x+ y) dz = 0
(84.4)

can be shown to pass the integrability requirements. Substituting into
equation (84.3) results in the three separate equations

−dµ
µ

=
2(x− y)(2x+ 2y + z)

y(x2 − y2 − yz)
dy − 2(x+ y)

x2 − y2 − yz dz,

= −2(x− y)(2x+ 2y + z)
x(y2 − x2 − xz)

dx− 2(x+ y)
y2 − x2 − xz dz,

= 2
(
dx

x
+
dy

y

)
,

(84.5)

for j = 1, 2, 3. The last equation in (84.5) can be integrated to determine
µ = 1/(xy)2. Hence, multiplying equation (84.4) by 1/(xy)2 results in

dφ =
(
x2 − y2 − yz

x2y

)
dx+

(
y2 − x2 − xz

xy2

)
dy +

(
x+ y

xy

)
dz,

which can be integrated to yield

φ =
x

y
+
y

x
+
(
x+ y

xy

)
z + C,

where C is an arbitrary constant.
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Procedure 2
If an integrable Pfaffian differential equation is of the form Pdx+Qdy+

Rdz = 0, where P , Q, andR are homogeneous functions of the same degree,
then a solution may be found. First, define Z = Px + Qy + Rz. Then,
form

Pdx+Qdy +Rdz − dZ
Z

+
dZ

Z
= 0 (84.6)

and integrate (we have addressed only the case of Z 6= 0, although there
are special techniques that can be used when Z = 0).

Example 2
Given the Pfaffian equation

(yz + z2) dx− xz dy + xy dz = 0,

we define Z = xz(y + z). Forming equation (84.6) we obtain

dZ

Z
− 2(dy + dz)

y + z
= 0,

which can be immediately integrated to yield Z = C(y + z)2 or xz =
C(y + z), where C is an arbitrary constant.

Procedure 3
The Pfaffian differential equation Pdx+Qdy+Rdz = 0 can sometimes

be solved by taking one variable, say z, as a constant. Then, the solution
of Pdx+Qdy = 0 (because z = constant means that dz = 0) will be given
by u(x, y) = constant.

We take the “constant” in this last expression to be f(z). Differentiating
u(x, y) = f(z) and comparing to the original equation, we may sometimes
obtain an ordinary differential equation for f(z).

Example 3
Given the Pfaffian equation

2xdx+ dy + (1 + 2z2 + 2yz + 2x2z) dz = 0,

we treat z as a constant to obtain 2xdx + dy = 0, which has the solution
x2 + y = constant = f(z). This can be differentiated to obtain

2xdx+ dy + f ′(z) dz = 0.

Comparing this to the original equation, we find that f(z) satisfies the
ordinary differential equation: f ′ = 1 + 2z2 + 2zf . Solving this equation
to obtain f(z) = Ce−z

2 − z, where C is an arbitrary constant, we find the
solution to the original equation to be

x2 + y + z = Ce−z
2
.
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Notes
1. Another name for a Pfaffian differential equation is a total differential

equation.
2. One way to solve Pfaffian differential equations in three dimensions

is by the observation: if curl f(x) = 0, then f(x) must be the gradient
of a scalar. Hence, the set of partial differential equations

fi(x) =
∂v(x)
∂xi

, for i = 1, . . . , n,

may be solvable for v(x). The solution to equation (84.1) would then
be given implicitly by v(x) = constant.

3. If the Pfaffian differential equation is of the form
∑n

i=1 fi(xi) dxi = 0,
then the integral surfaces are defined by

∑n
i=1

∫
fi(xi) dxi = C, where

C is an arbitrary constant.
4. Sometimes a Pfaffian differential equation can be reduced to a sys-

tem of ordinary differential equations. One such procedure is called
Mayer’s method. See Carathéodory [1, pages 121–133] for details.

5. Given a system of m Pfaffian differential equations in m dependent
variables {zj | j = 1, 2, . . . ,m} and n independent variables
{xk | k = 1, 2, . . . , n}

dzj =
n∑
k=1

Pjk(x, z)dxk, j = 1, 2, . . . ,m,

the condition for complete integrability is given by

∂Pjk
∂xl

+
m∑
i=1

∂Pjk
∂zi

Pil =
∂Pjl
∂xk

+
m∑
i=1

∂Pjl
∂zi

Pik,

for j = 1, 2, . . . ,m and k, l = 1, 2, . . . , n. See Iyanaga and Kawada [6]
for details on how this system may be solved.

6. Using the notation of exterior calculus, a total differential equation is
an equation of the form ω = 0, where ω is a differential 1-form, also
called a Pfaffian form,

∑n
i=1 ai(x) dxi on a manifold. See Zwillinger

[9] for details.
7. See Ford [2, pages 135–141], Ince [5, pages 52–59], Moon and Spencer

[7, pages 23–27], and Sneddon [8, pages 18–33].
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85. Reduction of Order

Applicable to Linear ordinary differential equations.

Yields
A lower order differential equation, if any non-trivial solution of the

homogeneous equation is known.

Idea
For an nth order linear ordinary differential equation, any non-trivial

solution of the homogeneous equation can be used to reduce the order of
the equation by 1. For the special case of second order linear differential
equations, knowing any solution of the homogeneous equation allows the
general solution to be found.

Procedure
We choose to illustrate the method for second order equations. If we

have the general second order linear ordinary differential equation

y′′ + p(x)y′ + q(x)y = r(x), (85.1)

let z(x) be any non-trivial solution to the corresponding homogeneous
equation; that is, z(x) satisfies

z′′ + p(x)z′ + q(x)z = 0. (85.2)

If we look for a solution of equation (85.1) in the form of y(x) = z(x)v(x),
then we can obtain a solvable equation for v(x). Substituting y(x) =
z(x)v(x) into equation (85.1) yields

zv′′ + (2z′ + pz)v′ + (z′′ + pz′ + qz)v = r. (85.3)

Because z(x) satisfies equation (85.2), equation (85.3) becomes

zv′′ + (2z′ + pz)v′ = r. (85.4)

If we now let w(x) = v′(x), then equation (85.4) becomes a first order
linear ordinary differential equation for w(x). It can be solved by the use
of integrating factors (see page 356).

Example
Given the second order linear differential equation

d2y

dx2
− 2x

dy

dx
+ 2y = 3, (85.5)

we recognize that z(x) = x is a solution of the homogeneous equation.
Equation (85.4) becomes

x
d2v

dx2
+ 2(1− x2)

dv

dx
= 3.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



390 II.A Exact Methods for ODEs

This equation may be solved by recognizing that it is a linear first order
ordinary differential equation in the unknown dv/dx. Hence, integrating
factors can be used to find dv/dx. After dv/dx is determined, it can be
integrated directly to yield

v(x) =
3

2x
+A

∫ x et
2

t2
dt+B,

where A and B are arbitrary constants. Using the relationship y(x) =
z(x)v(x), the general solution of equation (85.5) is

y(x) =
3
2

+Ax

∫ x et
2

t2
dt+Bx.

Notes
1. The general nth order linear ordinary differential equation is treated

in Finizio and Ladas [2, pages 108–116] and Rainville and Bedient [3,
pages 127–129]. The general result is that

If z(x) is a solution of the linear homogeneous equation

z(n) + p1(x)z(n−1) + · · ·+ pn(x)z = 0
(85.6)

and if y(x) = v(x)z(x), then the equation

y(n) + p1(x)y(n−1) + · · ·+ pn(x)y = r(x)
(85.7)

transforms into

v(n) + q1(x)v(n−1) + · · ·+ qn−1v
′ = r(x).

This last equation may be reduced in order by defining
w(x) = v′(x).

2. More generally, if {z1(x), . . . , zp(x)} are linearly independent solu-
tions of equation (85.6), then the substitution

y(x) =

∣∣∣∣∣∣∣∣∣
z1 . . . zp v
z′1 . . . z′p v′

...
...

...
z

(p)
1 . . . z

(p)
p v(p)

∣∣∣∣∣∣∣∣∣
reduces equation (85.7) to a linear ordinary differential equation of
order n− p for v(x).

3. See also Boyce and DiPrima [1, section 3.4, pages 127–131].
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86. Riccati Equations

Applicable to Ordinary differential equations of the form y′ =
a(x)y2 + b(x)y + c(x).

Yields
A reformulation as a linear second order ordinary differential equation,

or a second solution if one solution is already known.

Idea
A change of dependent variable can transform a Riccati equation to a

linear second order ordinary differential equation. Also, if one solution to
a Riccati equation is known, then the other solution can be written down
explicitly.

Procedure 1
Suppose we have the Riccati equation

y′ = a(x)y2 + b(x)y + c(x). (86.1)

If the dependent variable in equation (86.1) is changed from y(x) to w(x)
by

y(x) = −w
′(x)
w(x)

1
a(x)

, (86.2)

then we obtain the equivalent second order linear ordinary differential
equation

w′′ −
[
a′(x)
a(x)

+ b(x)
]
w′ + a(x)c(x)w = 0. (86.3)

It might be easier to solve equation (86.3) than to solve equation (86.1) by
other means.

Procedure 2
Suppose we have the Riccati equation

y′ = a(x)y2 + b(x)y + c(x), (86.4)

and suppose further that one solution to this equation is already known
to us, say, y(x) = z(x). If y(x) = z(x) + u(x) is substituted in equation
(86.4), then the solvable Bernoulli equation

u′ = (b + 2az)u+ au2

is obtained for u(x). To solve this equation, the new dependent variable
v(x) = 1/u(x) should be introduced and then integrating factors should be
used (see pages 235 and 356).
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Example 1
Suppose we have the Riccati equation

y′ = exy2 − y + e−x (86.5)

to solve. By identifying a(x) = ex, b(x) = −1 and c(x) = e−x, the change
of variables in equation (86.2) becomes

y(x) = −w
′(x)
w(x)

e−x, (86.6)

so that equation (86.5) becomes w′′ + w = 0, which could have been
obtained directly from equation (86.3). The solution to this equation is
w(x) = A sinx + B cosx, where A and B are arbitrary constants. Using
this solution in equation (86.6) leads to the general solution of equation
(86.5)

y(x) = −e−x
(
A cosx−B sinx
A sinx+B cosx

)
.

There should be only one arbitrary constant in the solution to equation
(86.5), because it is a first order ordinary differential equation. In fact,
this last equation may be written as

y(x) = −e−x
(

cosx− C sinx
sinx+ C cosx

)
,

where we have defined C = B/A (and assumed A 6= 0).

Example 2
Suppose we have the equation

y′ = y2 − xy + 1 (86.7)

to solve. A solution to equation (86.7), obtained by inspection, is y(x) = x.
We utilize this solution in forming

y(x) = x+ u(x), (86.8)

and then (using equation (86.8) in equation (86.7)) the equation u′ =
u2 + xu is obtained. This Bernoulli equation has the solution u(x) =

ex
2/2

A−

∫ x

0

et2/2dt

, where A is an arbitrary constant. Thus, the second solution

to equation (86.7) is

y(x) = x+
ex

2/2

A−
∫ x

0

et2/2dt

.
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Notes
1. The transformation in equation (86.2) is known as the Riccati trans-

formation.
2. The identity(

d

dx
− q(x)

)(
d

dx
+ q(x)

)
u = u′′ +

(
q′ − q2

)
u

(86.9)

shows that the differential equation u′′ + p(x)u = 0 can be factored
into the form of equation (86.9) if q′ − q2 = p, which is a Riccati
equation.

3. See Bender and Orszag [1, Section 1.6], Boyce and DiPrima [2, pages
93–94 and 142–143], Goldstein and Braun [3, pages 45–36], Ince [4,
pages 23–25 and 295], and Simmons [6, pages 62–63].
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87. Matrix Riccati Equations

Applicable to Systems of quadratic ordinary differential equations.

Yields
An exact solution.

Idea
There is an exact solution available for matrix Riccati differential equa-

tions. If a given system of ordinary differential equations can be put in the
form of a matrix Riccati equation, then the solution can be found.

Procedure
If Z(t), A(t), and K(t) are all N × N matrices, then we can use the

following theorem:

If Z(t) satisfies the following matrix Riccati differential equation

d

dt
Z = ZAZ +KZ + ZKT, Z(t = 0) = Z0,

(87.1)

then Z(t) is explicitly given by

Z(t) = Q(t)
[
Z−1

0 −
∫ t

0

QT(s)A(s)Q(s) ds
]−1

QT(t),
(87.2)

where Q(t) is defined to be the solution of

d

dt
Q(t) = K(t)Q(t), Q(t = 0) = I, (87.3)

I is the N ×N identity matrix, and the required matrix inverses are
assumed to exist.

If a given system of ordinary differential equations can be placed in
the form of equation (87.1), then the solution can be found from equation
(87.2).

Example
Suppose we wish to solve the following system of coupled differential

equations for x(t) and y(t)

dx

dt
= a(t)(y2 − x2) + 2b(t)xy + 2cx,

dy

dt
= b(t)(y2 − x2)− 2a(t)xy − 2cy,

(87.4)
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with x(0) = D and y(0) = E. If we form the matrices Z =
[ x y
y −x

]
,

K = [ c 0
0 c ], Z0 =

[
D E
E −D

]
, and A =

[
−a(t) b(t)
b(t) a(t)

]
, then the equations in

(87.4) are the same as those in equation (87.1). The solution for Q(t) from
equation (87.3) is Q(t) = ectI. Therefore, the solution for Z is

Z(t) = e2ct

[
Z−1

0 −
∫ t

0

e2csA(s) ds
]−1

.

If we define

α(t) =
∫ t

0

e2csa(s) ds,

β(t) =
∫ t

0

e2csb(s) ds,

then, by equating the corresponding entries of equation (87.2), we can find
{x(t), y(t)} in terms of {α(t), β(t)}. We have

x(t) = e2ct
[
α(t)(E2 +D2) +D

]
/∆,

y(t) = e2ct
[
β(t)(E2 +D2) +D

]
/∆,

where ∆ = ∆(x) is defined by

∆(x) =
[
β2(t) + α2(t)

]
[E2 +D2]− 2β(t)E + 2α(t)D + 1.

Notes
1. Matrix Riccati equations arise naturally in a number of physical set-

tings. For example, the gains in a Kalman–Bucy filter satisfy a matrix
Riccati equation. Also, the deflection of a beam can be described by
such equations. They also appear quite often in the context of control
theory (see Jodar and Abou-Kandil [3]) and invariant embedding
solutions (see page 747).

2. Kerner [7] shows that nonlinear differential systems of arbitrary order

ζ̇i = Xi(ζ1, ζ2, . . . , ζk, t), for i = 1, 2, . . . , k,

may often be reduced to Riccati systems

ẋi = Ai +Biαxα + Ciαβxαxβ ,

for i = 1, 2, . . . , n, n ≥ k, and A,B,C constant,

and then to elemental Riccati systems

żi = Eiαβzαzβ, for i = 1, 2, . . . , p, p(n) > n,

where eachEiαβ equals 0 or 1. His examples include ordinary differen-
tial equation systems that contain exponential functions and elliptic
functions.
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3. Celletti and Francoise [2] study matrix differential equations of the
form Ẋ = Y , Ẏ = −h(X)h′(X), where h is a polynomial function.

4. Jodar and Navarro [4] write the solutions of the matrix differential
equation X(p) +Ap−1X

(p−1) + · · ·+A0X = 0 in terms of the matrix
algebraic equation Y p +Ap−1Y

p−1 + · · ·+A0 = 0.
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88. Scale Invariant
Equations

Applicable to Ordinary differential equations of a certain form.

Yields
An equidimensional-in-x ordinary differential equation of the same or-

der (which can then be reduced to an ordinary differential equation of lower
order).

Idea
A scale invariant equation is one in which the equation is unchanged

when x and y are scaled in a certain way. When an equation is scale
invariant, we can convert the equation into an equidimensional-in-x ordi-
nary differential equation of the same order by a change of the dependent
variable. This equidimensional-in-x ordinary differential equation can then
be changed into an autonomous equation of lower order.

Procedure
A scale invariant equation is one that is left invariant under the trans-

formation {x→ ax, y → apy}, where a and p are constants. That is, if the
original equation is an equation for y(x) and the x variable is replaced by
the variable ax′ and the y variable is replaced by the variable apy′, then
the new equation (in terms of y′ and x′) will be identical to the original
equation (which is in terms of y and x). The way to determine the value
of p is to change variables and then see what value of p leaves the equation
unchanged.

A scale invariant equation can be converted to an equidimensional-in-x
equation by the substitution for y

y(x) = xpu(x). (88.1)

By the techniques on page 275, this equidimensional-in-x equation may
then be made autonomous, and then (after another transformation) the
order of the equation can be reduced.

Example
Suppose we have the nonlinear second order ordinary differential equa-

tion

x2 d
2y

dx2
+ 3x

dy

dx
=

1
y3x4

. (88.2)
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To determine if this equation is scale invariant, and if so, what the value
of p is, we substitute ax′ for x and apy′ for y to obtain

(ax′)2 d
2(apy′)
d(ax′)2 + 3(ax′)

d(apy′)
d(ax′)

=
1

(apy′)3(ax′)4

or

apx′
2 d2y′

dx′2
+ 3apx′

dy′

dx′
= a(−3p−4) 1

y′3x′4
. (88.3)

Hence, if we choose p so that p = −3p−4, then the form of equation (88.3)
will be the same as the form of equation (88.2). So the equation is scale
invariant, with the value p = −1. To make this equation equidimensional-
in-x, we change variables by equation (88.1): y(x) = u(x)/x. Using this
change of variables in equation (88.2) produces

x2 d
2u

dx2
+ x

du

dx
− u =

1
u3
. (88.4)

Equation (88.4) is equidimensional-in-x, so we use the substitution x = et

(see page 275) for

d2u

dt2
− u =

1
u3
. (88.5)

Equation (88.5) is autonomous, so we change the independent variable by
v(u) = u′(t) (see page 230) for

v
dv

du
− u =

1
u3
. (88.6)

The solution of equation (88.6) can be found by separating variables (see
page 487)

v(u) = ±
√
A− u2 − 1

u2
,

where A is an arbitrary constant. To find u(t), we must now solve

du

dt
= v(u) = ±

√
A− u2 − 1

u2
. (88.7)

Equation (88.7) is a separable equation whose solution is

u(t) = ±
√

coshB + sinhB sin(2t+ C),

where B and C are arbitrary constants. The last step is to recall that
y(x) = u(x)/x and that x = et. The final solution is therefore

y(x) = ± 1
x

√
coshB + sinhB sin(2 logx+ C).
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Notes
1. This method is derivable from Lie group methods (see page 366). The

infinitesimal operator in this case is given by U = x ∂
∂x + py ∂

∂y .
2. A special case of this method (when p = 1) is the method for homo-

geneous equations (see page 327).
3. Euler equations (see page 281) are scale invariant equations for any

value of the parameter p.
4. Scale invariant equations are also called isobaric equations.
5. In Rosen’s paper [3], a change of variable is proposed, different from

the one presented above, that often allows parametric solutions to be
obtained.

6. See also Bender and Orszag [1, pages 25–26] and Goldstein and Braun
[2, pages 81–84].
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89. Separable Equations

Applicable to First order ordinary differential equations.

Yields
An exact solution, often implicit.

Idea
First order ordinary differential equations can be solved directly if the

forcing term factors into a term involving only the independent variable
and a term involving only the dependent variable.

Procedure
Given an equation of the form

dy

dx
= f(y)g(x), (89.1)

both sides can be formally multiplied by dx/f(y) and then integrated to
obtain ∫

dy

f(y)
=
∫
g(x) dx. (89.2)

The evaluation of equation (89.2) requires only that two integrals be eval-
uated. An arbitrary constant of integration must be included to obtain the
most general solution of equation (89.1).

Example
Suppose we have the equation

dy

dx
=

9x8 + 1
y2 + 1

to solve. Multiplying both sides of equation (89) by (y2 + 1) dx and then
integrating results in ∫

(y2 + 1) dy =
∫

(9x8 + 1) dx.

Evaluating the integrals yields

y3

3
+ y = x9 + x+ C,

where C is an arbitrary constant.
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Notes
1. The solution obtained by this method will generally be implicit.
2. The formal procedure of multiplying equation (89.1) by dx/f(y) can

be rigorously shown to give the correct answer.
3. See Boyce and DiPrima [1, pages 37–42], Ince [2, pages 17–18], and

Simmons [3, pages 35–36].
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90. Series Solution∗

Applicable to Homogeneous linear ordinary differential equations,
most frequently second order differential equations.

Yields
An infinite series expansion of the two independent solutions.

Idea
If an infinite series is substituted into a linear equation, the different

coefficients may be matched to obtain recurrences for the coefficients of the
series. Solving these recurrences results in an explicit solution.

Procedure
Given a homogeneous linear second order ordinary differential equation

in the form

y′′ + P (x)y′ +Q(x)y = 0, (90.1)

we search for a series solution around the point x = 0. There are four
different cases to consider.

Clearly, an expansion about any other point, x0, could be determined
by changing the independent variable to t = x−x0 and then analyzing the
resulting equation near t = 0.

1. If x = 0 is an ordinary point of equation (90.1) (the definitions of
ordinary points and singular points are given on page 11) then we
may assume that P (x) and Q(x) have the known Taylor expansions

P (x) =
∞∑
n=0

Pnx
n, Q(x) =

∞∑
n=0

Qnx
n, (90.2)

in the region |x| < ρ, where ρ represents the minimum of the radii of
convergence of the two series in equation (90.2). In this case, equation
(90.1) will have two linearly independent solutions of the form

y(x) =
∞∑
n=0

anx
n. (90.3)

2. Alternately, if x = 0 is a regular singular point of equation (90.1)
then we may assume that P (x) and Q(x) have the known expansions

P (x) =
∞∑

n=−1

Pnx
n, Q(x) =

∞∑
n=−2

Qnx
n, (90.4)
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in the region |x| < ρ. After determining the expansions in equation
(90.4), we need to determine the roots to the indicial equation

α2 + α(P−1 − 1) +Q−2 = 0, (90.5)

which is obtained by utilizing y = xα in equation (90.1), along
with the expansions in equation (90.4), and then determining the
coefficient of the lowest order term. The two roots of this equation
are called the exponents of the singularity. There are now several
cases, depending on the values of the exponents of the singularity:

(a) If α1 6= α2 and α1−α2 is not equal to an integer, then equation
(90.1) will have two linearly independent solutions in the forms

y1(x) = |x|α1

(
1 +

∞∑
n=1

bnx
n

)
,

y2(x) = |x|α2

(
1 +

∞∑
n=1

cnx
n

)
.

(90.6)

(b) If α1 = α2, then (calling α = α1) equation (90.1) will have two
linearly independent solutions in the forms

y1(x) = |x|α
(

1 +
∞∑
n=1

dnx
n

)
,

y2(x) = y1(x) log |x|+ |x|α
∞∑
n=0

enx
n.

(90.7)

(c) If α1 = α2 + M , where M is an integer greater than 0, then
equation (90.1) will have two linearly independent solutions in
the forms

y1(x) = |x|α1

(
1 +

∞∑
n=1

fnx
n

)
,

y2(x) = hy1(x) log |x|+ |x|α2

∞∑
n=0

gnx
n,

(90.8)

where the parameter h may be equal to zero.

The procedure in each of the four cases is the same: Substitute the given
forms (i.e., the expansions in equation (90.3), (90.6), (90.7), or (90.8)) into
the original equation (90.1) and equate the coefficients of the xj and xj log x
terms for different values of j. This will yield recurrence relations for the
unknown coefficients. Solving these recurrence relations will determine the
solution.
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In the case of an ordinary point, there will be two unknown coefficients
that parameterize the series solutions in equation (90.3). These two co-
efficients will generate the two linearly independent solutions of equation
(90.1).

Example 1
Given the equation

y′′ + y = 0, (90.9)

we easily see that x = 0 is an ordinary point. Using equation (90.3) in
equation (90.9) we find

(2a2 + a0) + (6a3 + a1)x+ (12a4 + a2)x2 + . . .

+ [(n+ 1)(n+ 2)an+2 + an]xn + · · · = 0.

Hence, we must have an+2 = − an
(n+1)(n+2) . Iterating this relation we find

a2m = (−1)m
1

(2m)!
, a2m+1 = (−1)m

1
(2m+ 1)!

.
(90.10)

Hence, using equation (90.10) in equation (90.3),

y(x) = a0

(
1− x2

2!
+
x4

4!
− . . .

)
+ a1

(
x− x3

3!
+
x5

5!
− . . .

)
.
(90.11)

Of course, the exact solution to equation (90.9) is y(x) = a0 cosx+a1 sinx,
which is what equation (90.11) has reproduced.

Example 2
Given the equation

y′′ +
1 + 2x

2x
y′ − 1

2x2
y = 0, (90.12)

we easily see that x = 0 is a regular singular point. In this case we have
(see equation (90.4)) P−1 = 1

2 , Q−2 = − 1
2 . Therefore, the indicial equation

(from equation (90.5)) becomes

α2 − 1
2
α− 1

2
= (α− 1)

(
α− 1

2

)
= 0.

Because the roots α1 = 1, α2 = − 1
2 are unequal and do not differ by an

integer, then we have case 2 (a). Using equation (90.6) in equation (90.12),
for α1 = 1, and equating powers of x we readily find that

∑
n≥1

(n+1)(n)bnxn−1+
1 + 2x

2x

1 +
∑
n≥1

bnx
n

− 1
2x2

x+
∑
n≥1

bnx
n+1

 = 0.
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Equating the coefficients for different powers of x, we find that

b1 = −2
5
, bj+1 = − 2(j + 1)

2j2 + 7j + 5
bj.

Hence, one solution of equation (90.12) is of the form

y1(x) = x

(
1− 2

5
x+

4
35
x2 − . . .

)
.

The other solution can be obtained by using α2 = − 1
2 in equation (90.6)

and equation (90.12). For this solution, we find

y2(x) = x−1/2

(
1− x+

1
2
x2 − . . .

)
.

The general solution of equation (90.12) is a linear combination of y1(x)
and y2(x).

Notes
1. This method is similar to the method of Taylor series (see page 632)

but is different in that

• It allows for logarithmic terms to be present, as well as fractional
powers.
• The recurrence relations are computed just once.
• The method applies only to linear ordinary differential equa-

tions.

2. The series solution in equations (90.3), (90.6), (90.7) and (90.8) will
always converge in the region |x| < ρ.

3. The series in equation (90.6) are sometimes called Frobenius series.
For regular singular points, this method is sometimes called the
method of Frobenius.

4. When the given linear ordinary differential equation has an irregular
singular point, then series solutions are difficult to obtain and they
may be slowly convergent. Morse and Feshback [9, pages 667–674]
discuss the canonical second order equations that have 1, 2, and 3
regular singular points, 1 regular and 1 irregular singular points, 1
and 2 irregular singular points. See Bender and Orszag [1, Chapter3]
or Goldstein and Braun [6, Chapter 9, pages 251–279] for details.
Often the WKB method (see page 642) is used to approximate the
solution near an irregular singular point.

5. Understanding the nature of the singular points in an ordinary dif-
ferential equation leads to an understanding of the types of boundary
conditions to be expected for that equation. For example, the ordi-
nary differential equation xy′ = 1 has the solution y = C + log x,
where C is an arbitrary constant. Only if y(x) is specified at some
point other than x = 0 will it be possible to determine the constant
C. The point x = 0 is a regular singular point of this equation.
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6. This method extends easily to the general nth order homogeneous
linear ordinary differential equation at a regular singular point x0. If
the differential equation is given by

y(n) +
qn−1(x)
(x− x0)

y(n−1) +
qn−2(x)

(x− x0)2
y(n−2) + · · ·+ q0(x)

(x− x0)n
y = 0,

where {q0(x), . . . , qn−1(x)} are analytic at x0, then the indicial equa-
tion for α is given by

(α)n + qn−1(x0)(α)n−1 + qn−2(x0)(α)n−2 + · · ·+ q0(x0)(α)0 = 0,
(90.13)

where (α)n := (α)(α− 1) · · · (α−n+ 1) and (α)0 := 1. If the n roots
of equation (90.13) do not differ by integers, then there are n linearly
independent solutions of the form of equation (90.6). Otherwise, the
forms in equation (90.7) and equation (90.8) must be generalized. See
Bender and Orszag [1, Chapter 3] for details.

7. Series solutions can also be used to find the solutions of partial
differential equations (see Collatz [3, pages 222–226 and 419–422]
or Garabedian [5, Chapter 1, pages 1–17]), or to approximate the
solution of nonlinear differential equations, see Leavitt [8].

8. Della Dora and Tournier [4] describe a computer package that will
symbolically produce the series for singular points.
The computer language Macsyma has the function SERIES that will
compute the series expansion of a second order ordinary differential
equation. Program 90.1 shows a terminal session in which Airy’s
equation (yxx+xy = 0) was input and the power series representation
of the solution was obtained. Note that the function fff(n,i) is
defined to be fff(n,i)= (n)i = n(n−1) · · · (n−i+1) in the Macsyma
manual and that %k1 and %k1 are arbitrary constants that appear in
the general solution.

9. When all of the singular points in an ordinary differential equation
are regular, then the equation is said to be of Fuchs’s type. A
second order Fuchsian equation with 3 regular singular points can be
transformed by a linear fractional transformation into the Riemann
differential equation:

y′′ +
(
A1

x
+

A2

x− 1

)
+
(
A3

x2
+

A4

(x− 1)2
+

A5

x(x − 1)

)
= 0,

where the {Ai} are constants. This equation can then be changed to
a hypergeometric equation by a change of dependent variable.

10. See Boyce and DiPrima [2, Chapter 4, pages 187–256] and Ince [7,
Chapter 16, pages 396–437].
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(c1) DERIVABBREV:TRUE;

(c2) LOAD(SERIES)$

(c3) DEPENDS(Y,X)$

(c4) DIFF(Y,X,2) + X*Y = 0;

(d4) y + x y = 0

x x

(c5) NICEINDICES( SERIES(D4,Y,X) );

DIAGNOSIS: ORDINARY POINT

inf inf

==== i 3 i ==== i 3 i

\ (- 1) x \ (- 1) x

(d5) y = %k2 x > ---------------- + %k1 > ----------------

/ 4 i / 2 i

==== fff (-, i) 9 i! ==== fff(-, i) 9 i!

i = 0 3 i = 0 3

Program 90.1: Macsyma program to produce series solution.
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91. Equations Solvable for x

Applicable to First order ordinary differential equations that are
of the first degree in x; that is, equations of the form x = f(y, y′).

Yields
An exact solution, sometimes implicit.

Idea
Equations of the form x = f(y, y′) can be solved by finding a second

equation involving x, y, and y′ and then eliminating y′ between the two
equations.

Procedure
Given an equation of the form

x = f

(
y,
dy

dx

)
, (91.1)

define, as usual, p = dy
dx , so that equation (91.1) may be written

x = f(y, p). (91.2)

Now differentiate this with respect to y to obtain

dx

dy
= φ

(
y, p,

dp

dy

)
or

1
p

= φ

(
y, p,

dp

dy

)
(91.3)

for some function φ. Now the ordinary differential equation (91.3), for
p = p(y), may sometimes be integrated to obtain

F (y, p;C) = 0, (91.4)

for some function F , where C is an arbitrary constant. By elimination, the
p may sometimes be removed from equations (91.2) and (91.4) to determine
y = y(x;C). In cases in which it cannot be removed, we obtain a parametric
solution.

Example
Suppose we wish to solve the nonlinear ordinary differential equation

y = 2x
dy

dx
+ y

(
dy

dx

)2

(91.5)
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for y(x). Solving equation (91.5) for x results in

x = −py
2

+
y

2p
, (91.6)

where we have used y′ = p. Differentiating equation (91.6) with respect to
y and factoring results in either p = ±i (leading to the solution y = ±ix)
or (

1 +
1
p2

)(
p+ y

dp

dy

)
= 0.

This equation may be integrated to yield

py = C. (91.7)

Solving equation (91.7) for p and using this in equation (91.5) results in
the explicit solution

2xC − y2 + C2 = 0.

Note
1. See Piaggio [1, page 64].

Reference
[1] Piaggio, H. T. H. An Elementary Treatise on Differential Equations and

Their Applications. G. Bell & Sons, Ltd, London, England, 1926.
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92. Equations Solvable for y

Applicable to First order ordinary differential equations that can
be explicitly solved for y; i.e., equations of the form y = f(x, y′).

Yields
An exact solution, sometimes implicit.

Idea
Equations of the form y = f(x, y′) can be solved by finding a second

equation involving x, y, and y′ and then eliminating the y′ term between
the two equations.

Procedure
Given an equation of the form

y = f

(
x,
dy

dx

)
, (92.1)

define, as usual, p = dy
dx , so that equation (92.1) may be written

y = f(x, p). (92.2)

Now differentiate this with respect to x to obtain

p =
dy

dx
= φ

(
x, p,

dp

dx

)
, (92.3)

for some function φ. Now the ordinary differential equation in (92.3), for
p = p(x), may sometimes be integrated to obtain

F (x, p;C) = 0, (92.4)

for some function F , where C is an arbitrary constant. By elimination, the
p may sometimes be removed from equations (92.2) and (92.4) to determine
y = y(x;C). In cases in which it cannot be removed, we obtain a parametric
solution.

Example
Suppose we wish to solve the nonlinear ordinary differential equation

x = y
dy

dx
− x

(
dy

dx

)2

= yp− xp2 (92.5)

for y(x). Differentiating equation (92.5) with respect to x, and using p = y′,
results in

dp

dx
=

px

p2 − 1
.
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This last equation may be integrated to determine

1
2
x2 = C +

1
2
p2 − log p, (92.6)

where C is an arbitrary constant. Together, equations (92.5) and (92.6)
constitute a parametric representation of the solution to equation (92.5):

x =
√

2C + p2 − 2 log p

y =
x(1 + p2)

p
.

In this representation, p is treated as a running variable.

Notes
1. The technique used for Lagrange’s equation is a specialization of the

present technique applied to a restricted class of equations (see page
363).

2. See Piaggio [1, page 63].

Reference
[1] Piaggio, H. T. H. An Elementary Treatise on Differential Equations and

Their Applications. G. Bell & Sons, Ltd, London, England, 1926.
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93. Superposition∗

Applicable to Linear differential equations.

Yields
A set of linear differential equations with “easier” initial conditions or

boundary conditions. The sum of the solutions to these new equations will
produce the solution to the original equation.

Idea
By use of superposition, the solution to an inhomogeneous linear differ-

ential equation may be determined in terms of simpler systems.

Procedure
Given a linear differential equation with a forcing term, inhomogeneous

initial conditions, or inhomogeneous boundary conditions, construct a set
of equations with each equation having more homogeneous parts than the
original system. Solve each of these parts separately, and then combine
them for the final solution.

Example
Given the linear second order ordinary differential equation

L[y] = y′′ + a(x)y′ + b(x) = f(x), (93.1)

we choose y1(x) and y2(x) to be any linearly independent solutions of
L[yi] = 0. If C1 and C2 are any constants, then

yc(x) = C1y1(x) + C2y2(x)

is called the homogeneous solution or the complementary solution of equa-
tion (93.1). We also define yp(x) to be any solution to L[yp] = f(x). The
function yp(x) is called a particular solution.

Any solution of equation (93.1) (there will be different solutions, de-
pending on what initial conditions or boundary conditions are chosen with
equation (93.1)) may be written in the form

y(x) = yc(x) + yp(x),

for some choice of C1 and C2.

Notes
1. In fluid dynamics, the influence of an obstacle in a flow can be

simulated by a continuous superposition of sources. See, for instance,
Homentcovschi [4].

2. There also exist superposition principles for nonlinear equations.
These are relations that allow new solutions, with arbitrary constants
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in them, to be calculated from other solutions. For instance, if y1,
y2, and y3 are solutions of the Riccati equation (see page 392), then
y will also be solution if it satisfies

y − y2

y − y1
= C

y3 − y2

y3 − y1
,

where C is an arbitrary constant. See Ince [5, pages 23–25] for details.

3. More generally, Lie and Scheffers [7] showed that a necessary and
sufficient condition for a system of n first order ordinary differential
equations to have a (nonlinear) superposition formula is that the

system of equations be of the form
dy
dt

=
r∑

k=1

fk(t)ζk(y) and that the

vector fields Xk :=
n∑

m=1

ζmk (y)
∂

∂ym
generate a finite dimensional Lie

algebra. Given a set of vector fields, Z = {X1, . . . , Xr}, and a Lie
bracket [ , ], a Lie algebra is generated by adding to Z all elements of
the form [Xi, Xj ]. This process is repeated with the new, potentially
larger, set Z until no new elements enter Z. The resulting Z is closed
under the [ , ] operation and is a Lie algebra; it may contain a finite
or an infinite number of elements.

4. See also Boyce and DiPrima [1, Section 7.4 pages 352–357].
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94. Method of Undetermined
Coefficients∗

Applicable to Linear or nonlinear differential equations, a single
equation or a system.

Yields
An exact homogeneous solution, an exact particular solution, or both.

Idea
If the general form of the solution of a given differential equation is

known (or can be guessed), it can be substituted into the defining equa-
tions with unknown coefficients. Then the unknown coefficients can be
determined.

Procedure
Very often we can guess the form of a solution to a differential equation.

Or, we could just guess blindly. By having several unknown parameters
in the assumed form of the solution, the solution should be able to fit
the defining equation(s). By forcing the guessed solution to satisfy the
equation, we may be able to determine these unknown quantities.

Example 1
Suppose we have the equation

y′′ − 2
x2
y = 7x4 + 3x3. (94.1)

If we suspect that this equation has a power type solution for y(x), we
might search for a solution in the form

y(x) = axb, (94.2)

where a and b are unknowns to be determined. In this example, we presume
that a and b are constants (in more complicated problems, the unknowns
can be functions to be determined). We try to determine a and b by
substituting our guess in the original equation for y(x). Using equation
(94.2) in equation (94.1) yields

axb−2(b2 − b− 2) = 7x4 + 3x3. (94.3)

This equation must be satisfied for all values of x. There is no single set of
values for a and b for which this will be true. However, note the following:

• If b = 6, a = 1/4, then the left-hand side of equation (94.3) becomes
7x4.
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• If b = 5, a = 1/6, then the left-hand side of equation (94.3) becomes
3x3.

• If b = −1, then the left-hand side of equation (94.3) becomes zero.
• If b = 2, then the left-hand side of equation (94.3) becomes zero.

The first two facts enable us to write the particular solution of equation
(94.1) as

yp(x) =
1
4
x6 +

1
6
x5.

The second two facts tell us that y(x) = x2 and y(x) = 1/x are both
solutions to the homogeneous equation

y′′ − 2
x2
y = 0.

Therefore, the complete solution to equation (94.1) is

y(x) =
1
4
x6 +

1
6
x5 +Ax2 +

B

x
,

where A and B are arbitrary constants.

Example 2
Suppose we have the partial differential equation

uxx = ut,

u(0, t) = 0,
u(1, t) = 0,
u(x, 0) = sinπx

(94.4)

An appropriate guess for the form of the solution would be

u(x, t) = f(t) sinπx,

for some unknown function f(t). Using this guess in equation (94.4) results
in the system

f ′ + π2f = 0, f(0) = 1.

Hence, f(t) = e−π
2t.

Example 3
A guess for the form of the solution of the nonlinear equation

ut = (uux)x (94.5)

might be

u(x, t) = f(t) + g(t)xp (94.6)

CD-ROM Handbook of Differential Equations c©Academic Press 1997



94. Method of Undetermined Coefficients∗ 417

for some functions f(t) and g(t) and some constant p. Using equation
(94.6) in equation (94.5) leads to the choice p = 2. With this value, f(t)
and g(t) can be determined so that

u(x, t) = (C − 6t)−1
x2 + (C − 6t)−1/6

.

See Ames [1] for more details.

Notes
1. In Table 3.1 of Boyce and DiPrima [2] is a description of general

solution forms for a forced linear second order constant coefficient
differential equation when the forcing function is a polynomial, a
trigonometric function, an exponential function, or a combination of
these terms. By utilizing this general form with unknown coefficients,
a solution may be obtained.

2. The reason that we suspected equation (94.1) to have a power type
solution is that the homogeneous part of equation (94.1) is a Euler
equation.

3. See Boyce and DiPrima [2, Section 3.6.1, pages 146–155], Rainville
and Bedient [3, pages 115–118], and Simmons [4, pages 87–90].
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95. Variation of Parameters

Applicable to Forced, linear ordinary differential equations.

Yields
An integral representation of the particular solution.

Idea
If we know the solution to the homogeneous equation, we can write an

expression for the particular solution.

Procedure
We illustrate the general technique for the linear ordinary differential

equation of second order. Suppose we have the equation

y′′ + P (x)y′ +Q(x)y = R(x), (95.1)

and suppose that we know that {y1(x), y2(x)} are two linearly independent
solutions to the homogeneous (unforced) equation

y′′ + P (x)y′ +Q(x)y = 0. (95.2)

That is, every solution of equation (95.2) is a linear combination of y1(x)
and y2(x). We look for the particular solution of equation (95.1) in the
form

y(x) = v1(x)y1(x) + v2(x)y2(x), (95.3)

where v1(x) and v2(x) are to be determined. Differentiating equation (95.3)
with respect to x yields

y′ = (v1y
′
1 + v2y

′
2) + (v′1y1 + v′2y2). (95.4)

We choose the second term in equation (95.4) to vanish, so that

(v′1y1 + v′2y2) = 0. (95.5)

If we now differentiate equation (95.4) with respect to x, and use this
expression (with equations (95.3), (95.4) and (95.5)) in equation (95.2)
then we obtain

v′1y
′
1 + v′2y

′
2 = R(x). (95.6)

Equations (95.5) and (95.6) constitute two algebraic equations for the two
unknowns v′1(x) and v′2(x). Solving these two algebraic equations yields

v′1 = −y2(x)R(x)
W (y1, y2)

, v′2 =
y1(x)R(x)
W (y1, y2)

,
(95.7)
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where W (y1, y2) := y1y
′
2 − y′1y2 is the usual Wronskian. The equations in

(95.7) can be integrated and the results can be used in equation (95.3) for

y(x) = −y1(x)
∫
y2(x)R(x)
W (y1, y2)

dx+ y2(x)
∫
y1(x)R(x)
W (y1, y2)

dx.

Example
Suppose we have the equation

y′′ + y = cscx (95.8)

to solve. The solutions to the homogeneous equation, y′′+y = 0, are clearly
y1(x) = sinx and y2(x) = cosx. Hence, we can compute the Wronskian to
be W (y1, y2) = −1. Using this in equation (95.7) results in

v1(x) =
∫ − cosx csc x

−1
dx = log(sinx),

v2(x) =
∫

sinx cscx
−1

dx = −x.

Hence, the particular solution to equation (95.8) is y(x) = sinx log(sinx)−
x cosx.

Notes
1. In Boyce and DiPrima [1, pages 156–162, 275–277, 391–393] or Finizio

and Ladas [3, page 136] may be found the generalization of the
analysis presented above for differential equations of higher order.
The result is

If {y1, y2, . . . , yn} form a fundamental system of solutions for the
equation

y(n) + an−1(x)y(n−1) + · · ·+ a1(x)y′ + a0(x)y = 0

and if the functions {u1, u2, . . . , un} satisfy the system of equa-
tions

y1u
′
1 + y2u

′
2 + · · ·+ ynu

′
n = 0,

y′1u
′
1 + y′2u

′
2 + · · ·+ y′nu

′
n = 0,

y′′1u
′
1 + y′′2u

′
2 + · · ·+ y′′nu

′
n = 0,
...

y
(n−2)
1 u′1 + y

(n−2)
2 u′2 + · · ·+ y(n−2)

n u′n = 0,

y
(n−1)
1 u′1 + y

(n−1)
2 u′2 + · · ·+ y(n−1)

n u′n = f(x),

then y = u1y1 + u2y2 + · · ·+ unyn is a particular solution of

y(n) + an−1(x)y(n−1) + · · ·+ a1(x)y′ + a0(x)y = f(x).
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2. This last result could also have been obtained by applying variation
of parameters to a system of linear first order ordinary differential
equations. Suppose we have the system

x′ = P (t)x + g(t),
x(t0) = x0,

(95.9)

where g(t) is a time-dependent vector and P (t) is a time-dependent
matrix. Then the solution can be written as

x(t) = Ψ(t)x0 + Ψ(t)
∫ t

t0

Ψ−1(s)g(s) ds,

where Ψ(t) is a fundamental matrix of the system. This means that
Ψ(t) satisfies

Ψ′ = P (t)Ψ, Ψ(t0) = I,

where I is an identity matrix of appropriate size. See Boyce and
DiPrima [1] or Coddington and Levinson [2, pages 87–88] for details.

3. If equation (95.9) is stiff, that is P (t) has eigenvalues with widely
separated positive and negative real parts (see page 770), then the
fundamental matrix may become numerically singular for t� t0. For

example, the problem u′ =
[

0 1
λ2 0

]
u has the fundamental matrix[

coshλ(t− t0) 1
λ sinhλ(t− t0)

λ sinh λ(t− t0) coshλ(t− t0)

]
. For λ(t− t0) ≥ 16, this matrix is

numerically singular even in 64-bit arithmetic.
4. See Ince [4, pages 122–123], Rainville and Bedient [5, pages 130–136],

and Simmons [6, pages 90–93].
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96. Vector Ordinary
Differential Equations

Applicable to A system of constant coefficient linear ordinary
differential equations.

Yields
An exact solution is obtained.

Idea
Very often a system of coupled equations with constant coefficients

can be transformed to a system of decoupled equations with constant
coefficients.

Procedure
Given a system of n ordinary differential equations with constant coef-

ficients, write the system as a vector ordinary differential equation in the
following form

y′ = Ay, y(t0) = y0, (96.1)

where y is a vector of the unknowns and A is a constant n×n matrix. Then
determine the eigenvectors of A (i.e., those vectors x that satisfy Ax = λx
for some non-zero value of λ), and construct a diagonalizing matrix S
whose columns are the eigenvectors of A. Then change variables by the
transformation y = Su, so that equation (96.1) becomes (Su)′ = A(Su),
or

u′ = S−1ASu. (96.2)

By our choice of S, and assuming that A has n linearly independent
eigenvectors, the matrix S−1AS will be diagonal. Hence, the equations
in equation (96.2) will decouple and each row of equation (96.2) will be an
ordinary differential equation in one dependent variable (ui). These equa-
tions can be solved by the method applicable to linear constant coefficient
ordinary differential equations (see page 247). Once u is known, then y
can be recovered from y = Su.

Example
Suppose we have the system of equations

dy1

dt
= 9y1 + 2y2,

dy2

dt
= y1 + 8y2.
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This system of equations can be written as a vector ordinary differential
equation as follows:

d

dt

[
y1

y2

]
=
[
9 2
1 8

] [
y1

y2

]
, (96.3)

or y′ = Ay, where y =
[
y1 y2

]T and A = [ 9 2
1 8 ]. The eigenvalues of A

are λ = 7 and λ = 10 with the corresponding eigenvectors
[
1 −1

]T and[
2 1

]T. Therefore, the diagonalizing matrix, S, whose columns are the
eigenvectors of A, is S =

[
1 2
−1 1

]
. We will also need the inverse of S, which

is S−1 =
[

1/3 −2/3
1/3 1/3

]
. If we change variables by y = Su, then equation

(96.3) attains the form of equation (96.2). Specifically, we find

d

dt

[
u1

u2

]
=
[
1/3 −2/3
1/3 1/3

] [
9 2
1 8

] [
1 2
−1 1

] [
u1

u2

]
,

=
[
7 0
0 10

] [
u1

u2

]
.

(96.4)

Equation (96.4) can be expanded as

du1

dt
= 7u1,

du1

dt
= 10u2.

Note that these last equations are decoupled and have constant coefficients.
The solutions to these equations are given by

u1 = Be7t, u2 = Ce10t,

where B and C are arbitrary constants. Therefore, using our original
transformation, we obtain y = Su, or[

y1

y2

]
=
[

1 2
−1 1

] [
u1

u2

]
=
[

1 2
−1 1

] [
Be7t

Ce10t

]
,

and therefore

y1 = Be7t + 2Ce10t,

y2 = −Be7t + Ce10t.
(96.5)

The constants B and C may be found by evaluating equation (96.5) at
t = t0 and using equation (96.1):

y0 = B

[
1
−1

]
e7t0 + C

[
2
1

]
e10t0 ,

=
[
e7t0 2e10t0

−e7t0 e10t0

] [
B
C

]
.

(96.6)
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Notes
1. Of course, some systems of equations that are not of first order can

also be reduced to the form of equation (96.1), see page 146.
2. Given the linear matrix differential equation

dR

dt
= B(t)R, R(t0) = I,

where R and B are square matrices, note that the determinent of R,
|R| satisfies

d|R|
dt

= trace(B) |R|, |R|t=t0 = 1.

3. For a similar technique applied to partial differential equations, see
page 449.

4. Given equation (96.1), a faster technique to find the solution (analo-
gous to the method for constant coefficient linear equations on page
247) is to find the eigenvalues {λi} and eigenvectors {xi} of A and
then write the most general solution in the form

y =
n∑
i=1

Cixieλit, (96.7)

where the {Ci} are unknown constants. For the example given, we
can directly write the solution as

x = C1x1e
λ1t + C2x2e

λ2t

= C1

[
1
−1

]
e7t + C2

[
2
1

]
e10t,

which is identical to equation (96.5).
5. This method is the same as “solving” the system in equation (96.1)

by writing y = eAty0, where the exponential of a matrix is another
matrix. See Coddington and Levinson [4, pages 67–77] or Moler and
Van Loan [6] for details.

6. Similar results apply when A is a function of t. The equation y′ =
A(t)y, with y(t0) = y0, has the solution y(t) = eB(t)y(t0), where
B(t) :=

∫ t
t0
A(t) dt, whenever BA = AB.

7. If the matrix A cannot be diagonalized (i.e., if A does not have n
linearly independent eigenvectors), then A has generalized eigenvec-
tors. If the vector z(m)

i satisfies (A − λiI)mz(m)
i = 0 and (A −

λiI)m−1z(m)
i 6= 0, then z(m)

i is called a generalized eigenvector of
order m. (Note that a generalized eigenvector of order 1 is a usual
eigenvector). Given z(m)

i , define z(n−1)
i = (A − λiI)z(n)

i for n =
m,m− 1, . . . , 2, and define

yir = eλit
(

z(r)
i + tz(r−1)

i +
tr−1

(r − 1)!
z(1)
i

)
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for r = 1, 2, . . . ,m. Then the {yir} will be a collection of linearly
independent vectors and all solutions of equation (96.1) will be of
the form

∑
i

∑
r Ciryir (as in equation (96.7)). See Campbell [3] for

details.
8. An easier method to use when A does not have n linearly independent

eigenvectors is by the theorem of Leonard [5]:
Let A be a constant n×n matrix with characteristic polynomial
p(λ) = det(λI − A) = λn + cn−1λ

n−1 + · · · + c1λ + c0. Then
eAt = x1(t)I + x2(t)A + x3(t)A2 + · · · + xn(t)An−1, where the
xk(t), 1 ≤ k ≤ n, are the solutions to the nth order scalar
differential equation

x(n) + cn−1x
(n−1) + · · ·+ c1x

′ + c0x = 0

satisfying the following initial conditions:

x1(0) = 1
x′1(0) = 0

...

x
(n−1)
1 (0) = 0



x2(0) = 0
x′2(0) = 1

...

x
(n−1)
2 (0) = 0


· · ·

xn(0) = 0
x′n(0) = 0

...

x(n−1)
n (0) = 1


.

9. Nonhomogeneous systems of linear equations, of the form

y′ = A(t)y + g(t),

may also be analyzed (see Boyce and DiPrima [2, Chapter 7, pages
323–395]. The easiest method is a generalization of the method of
variation of parameters (see page 418). Alternately, if the nonhomo-
geneous system is of the form y′ = Ay + tu, where A is a constant
matrix and u is an arbitrary vector, then the system may be re-
written as

d

ds

[
y
t

]
=
[
Ay + tu

1

]
=
[
A u
0 1

] [
y
t

]
,

which is now in the form of equation (96.1).
10. The solution of

dX

dt
= AX +XB, X(0) = C, (96.8)

where A, B, C, and X are all matrices is X(t) = eAtCeBt. See
Bellman [1] for details. When A and B depend on t, we have

If U(t) is a solution to U ′ = A(t)U with U ′(0) = I and V (t) is
a solution to V ′ = BT(t)V with V ′(0) = I, then the solution to
(96.8) is given by X = UCV T.

11. For a review of eigenvalues and eigenvectors see Strang [7, Chapter
5, pages 171–230].
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428 II.B Exact Methods for PDEs

97. Bäcklund
Transformations

Applicable to Nonlinear partial differential equations.

Yields
If a Bäcklund transformation can be found, then the solution of a non-

linear partial differential equation can be used to obtain either a different
solution to the same partial differential equation, or to obtain a solution to
a different nonlinear partial differential equation.

Idea
From a solution of a nonlinear partial differential equation, we can

sometimes find a relationship that will generate the solution of

• A different partial differential equation (i.e., a Bäcklund transforma-
tion)
• The same partial differential equation (i.e., an auto-Bäcklund trans-

formation)

Procedure
The first step (which is extremely difficult) is to determine a Bäcklund

transformation between two partial differential equations. There are var-
ious methods described in the literature (see the references) that can be
utilized for certain classes of equations. This transformation will utilize a
solution of one of the partial differential equations to determine a solution
to the other partial differential equation.

Example 1
Suppose we wish to determine solutions to the sine–Gordon equation

uxt = sinu. (97.1)

An auto-Bäcklund transformation is given by the pair of partial differential
equations

vx = ux + 2λ sin
(
v + u

2

)
,

vt = −ut +
2
λ

sin
(
v − u

2

)
.

(97.2.a-b)

That is, given a solution u(x, t) to equation (97.1), if v(x, t) satisfies equa-
tion (97.2), then v(x, t) will also be a solution of equation (97.1). This may
be verified by determining vxt both by differentiating equation (97.2.a) with
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respect to t and by differentiating equation (97.2.b) with respect to x. This
results in

vxt = uxt + 2 sin
(
v − u

2

)
cos
(
v + u

2

)
,

vxt = −uxt + 2 sin
(
v + u

2

)
cos
(
v − u

2

)
.

(97.3)

Equating the two expressions in equation (97.3) results in equation (97.1),
while adding them results in

vxt = sin v.

Starting with the solution u(x, t) = 0 of equation (97.1), we can use
the auto-Bäcklund transformation to determine another solution; equation
(97.2) becomes

vx = 2λ sin
v

2
, vt =

2
λ

sin
v

2
.

This system of equations is easily solved to yield a new solution of the
sine–Gordon equation

tan
v

4
= C exp

(
λt+

x

λ

)
.

This solution may be used to determine another solution, and so on.

Example 2
Suppose we wish to find solutions to Burgers’s equation

ut + uux = σuxx. (97.4)

Suppose that a solution of equation (97.4), w(x, t), is already known. If
φ(x, t) is defined to be any solution of the following linear partial differential
equation

φt + w(x, t)φx = σφxx, (97.5)

and v(x, t) is defined by

v(x, t) = −2σ
φx
φ

+ w, (97.6)

then v(x, t) also satisfies Burgers’s equation. Hence, one solution of Burg-
ers’s equation (i.e., w(x, t)) can be used to generate another solution.

For example, a solution to equation (97.4) is clearly w(x, t) = 0. Using
this in equation (97.5) results in φt = σφxx. Each solution of this equation
results in a new solution of (97.4). For example, one solution is φ(x, t) =
e−x

2/4σt/
√

4πσt. Using this in equation (97.6) results in the different
solution to Burgers’s equation v(x, t) = x/t. This solution may be utilized
to determine another solution, and the process can be repeated indefinitely.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



430 II.B Exact Methods for PDEs

Notes
1. The transformations in equations (97.5) and (97.6) with

• w identically equal to zero is the Cole–Hopf transformation (see
Whitham [10, pages 97–98])
• w 6= 0 was first found in Fokas [6]

2. The Cole–Hopf transformation may also be written as the set of
partial differential equations for the unknown v(x, t)

vx =
uv

2σ
, vt =

(
2σux − u2

) v

4σ
.

3. Sometimes a Bäcklund transformation cannot be used to generate an
infinite sequence of new solutions; the solutions repeat after some
point. See Chan and Zheng [4] for some techniques to find new
Bäcklund transformations when this occurs.

4. Sakovich [9] determines all evolution equations (equations of the form
wt = f(wx, wxx, . . . , wx...x)) and all Klein–Gordon equations (equa-
tions of the form wxy = f(w)) that admit a Bäcklund autotransfor-
mation (i.e., a mapping of the form φ = a[w], where a[w] includes
finite derivatives of w, that maps a solution of an equation to itself).
Besides the linear equations, they include only the Liouville equation
and the Burgers equation hierarchy.

5. The Miura transformation u = qx + q2 connects the solution u of the
KdV equation ut+uxxx+6uux = 0 and the solution q of the modified
KdV equation qt + 6q2qxqxxx = 0.

6. The transformation φ = log(2wxwy/w2) connects the solution φ of
the Liouville equation φxy = eφ to the solution w of wxy = 0.

7. An interesting linearization from Calogero [3] takes the Eckhaus equa-
tion, iψt + ψxx +

[
|ψ|4 + 2

(
|ψ|2

)
x

]
ψ = 0, and makes the invertible

change of variables

φ(x, t) = ψ(x, t) exp
(∫ x

−∞
|ψ(x′, t)|2 dx′

)
ψ(x, t) = φ(x, t)

(
1 + 2

∫ x

−∞
|φ(x′, t)|2 dx′

)−1/2

to obtain iφt + φxx = 0.
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98. Method of
Characteristics

Applicable to Systems of quasilinear partial differential equations
(i.e., one or more partial differential equations linear in the first derivatives
of the dependent variables, with no higher order derivatives present).

Yields
If the initial data are not given along a characteristic, then an exact

solution can be obtained (generally implicit).

Idea
A quasilinear partial differential equation of hyperbolic type can be

transformed into a set of ordinary differential equations that define the
characteristics and a set of ordinary differential equations that describe
how the solution changes along any specific characteristic.

Procedure
Suppose we have the quasilinear partial differential equation

a1(x, u)ux1 + a2(x, u)ux2 + · · ·+ aN(x, u)uxN = b(x, u)
(98.1)

for the unknown u(x) = u(x1, x2, . . . , xN ). If we were to differentiate u(x)
with respect to the variable s, then we obtain

du

ds
=
(
∂x1

∂s

)
ux1 +

(
∂x2

∂s

)
ux2 + · · ·+

(
∂xN
∂s

)
uxN .

(98.2)

If we define

∂xk
∂s

= ak(x, u), (98.3)

for k = 1, 2, . . . , N , then using equation (98.1) in equation (98.2) results in

du

ds
= b(x, u). (98.4)

To determine the solution of the partial differential equation (98.1), we
need to integrate the ordinary differential equations given in equation (98.3)
and (98.4). (Equation (98.3) may look like a partial differential equation,
but it is an ordinary differential equation with respect to s.) To perform
this integration, initial conditions are needed in s for the {xk} and for u.
Generally, the initial data for equation (98.1) will be given in the form

g(x, u) = 0, (98.5)

CD-ROM Handbook of Differential Equations c©Academic Press 1997



98. Method of Characteristics 433

on some manifold in x space. We identify this surface as correspond-
ing to s = 0. If we think of x and u as depending on the variables
{s, t1, t2, . . . , tN−1}, then the variables {t1, t2, . . . , tN−1} can be used to
parametrize the initial data in equation (98.5) (the examples will make
this clear). That is,

x1(s = 0) = h1(t1, t2, . . . , tN−1),
x2(s = 0) = h2(t1, t2, . . . , tN−1),

...
xN (s = 0) = hN (t1, t2, . . . , tN−1),
u(s = 0) = v(t1, t2, . . . , tN−1).

(98.6)

Hence equation (98.6) supplies the initial conditions for the differential
equations in (98.3) and (98.4).

After x and u are determined from equations (98.3), (98.4), and (98.6),
then an implicit solution will have been obtained. If the {s, t1, t2, . . . , tN−1}
can be analytically eliminated, then an explicit solution will be obtained.
It is not always possible to perform this elimination analytically.

The physical picture of the construction of the solution is shown in figure
98.1. The solution u is determined by the ordinary differential equation
(98.4) along each characteristic. A characteristic is specified by the {ti}
values. The parameter s represents scaled distance along a characteristic.
When two characteristics cross, a shock is formed.

Note that a shock cannot form if the equation (98.1) is linear; that is,
each {ai} is only a function of x and not of u. At a shock, extra conditions
are required. (See Landau and Lifshitz [2, Chapter 9, pages 310–346])
for a discussion of the Rankine–Hugoniot adiabatic, which is used in fluid
mechanics.)

Example 1
Suppose we want to solve the quasilinear partial differential equation

ux + x2uy = −yu,
u = f(y) on x = 0,

(98.7.a-b)

where f(y) is a given function. Forming du/ds we have

du

ds
=
(
∂x

∂s

)
ux +

(
∂y

∂s

)
uy. (98.8)

Comparing equation (98.8) to equation (98.7), we take

∂x

∂s
= 1,

∂y

∂s
= x2,

du

ds
= −yu.

(98.9.a-c)
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Figure 98.1: Depiction of the characteristics for a quasilinear equation.

The initial data in equation (98.7.b) can be written parametrically as

x(s = 0) = 0,
y(s = 0) = t1,

u(s = 0) = f(t1).
(98.10.a-c)

That is, when s = 0, we have u = f(y) and x = 0. The solution of (98.9.a)
with (98.10.a) is

x(s, t1) = s. (98.11)

Therefore, equations (98.9.b) and (98.10.b) can be written as

∂y

∂s
= s2, y(s = 0) = t1,

with the solution

y(s, t1) =
s3

3
+ t1. (98.12)

Finally, the equation for u (from equations (98.9.c), (98.10.c), and (98.12))
becomes

du

ds
= −

(
s3

3
+ t1

)
u, u(s = 0) = f(t1),

with the solution

u(s, t1) = f(t1) exp
(
− s

4

12
− st1

)
. (98.13)

CD-ROM Handbook of Differential Equations c©Academic Press 1997



98. Method of Characteristics 435

Equations (98.11), (98.12), and (98.13) constitute an implicit solution of
equation (98.7).

In this case, it is possible to analytically eliminate the s and t1 variables
to obtain an explicit solution. From equation (98.11) we obtain s = x.
Using this in equation (98.12) results in t1 = y − x3

3 . Using these two
values in equation (98.13) results in the explicit solution

u(x, y) = f

(
y − x3

3

)
exp
(
x4

4
− xy

)
.

Example 2
If we have the quasilinear partial differential equation in three depen-

dent variables

ux + uy + xyuz = u2,

u = x2 on y = z,
(98.14)

then we can write equations (98.3), (98.4), and (98.6) as

∂x

∂s
= 1,

∂y

∂s
= 1,

∂z

∂s
= xy,

du

ds
= u2,

x(s = 0) = t1, y(s = 0) = t2, z(s = 0) = t2, u(s = 0) = t21.

The equations for x and y can be integrated to yield

x = s+ t1, y = s+ t2. (98.15)

Using these values for x and y, the equation for z becomes

∂z

∂s
= (s+ t2)(s+ t1),

which can be integrated to yield

z =
s3

3
+
s2

2
(t2 + t1) + st2t1 + t2. (98.16)

The equation for u can also be integrated to obtain

u =
t21

1− st21
. (98.17)

The equations in (98.15) (98.16), and (98.17) constitute an implicit
solution to equation (98.14). The variables t1 and t2 can be eliminated to
yield

u =
(x− s)2

1− s(x− s)2
,

z = −4s3

3
− s2

2
(x+ y) + s(xy + 1) + y. (98.18.a-b)
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To actually evaluate u(x, y, z) at some given value of x, y, and z requires
two steps. First, equation (98.18.b) must be solved for s, and then this
value is utilized in equation (98.18.a).

Alternatively, the method of resultants (see page 50) could be used to
obtain a single polynomial equation in terms of x, y, z, and u, alone. This
results in an equation with many terms; the implicit solution given by
equation (98.18) is more useful and more compact.

Notes
1. This technique extends naturally to systems of partial differential

equations, with virtually no increase in complexity. This allows a
single partial differential equation of higher order (and hyperbolic
type) to be analyzed. For example, the wave equation uxx = utt can
be written, in the variables {v := ux, w := ut}, as the system of two
quasilinear equations {vt = wx, wt = vx}.

2. The general quasilinear system of N equations for the N unknowns
u = (u1, u2, . . . , un) in the two independent variables {x, t} has the
form

N∑
j=1

Aij(u, x)
∂uj
∂t

+
N∑
j=1

aij(u, x)
∂uj
∂x

+ bi = 0,

for i = 1, 2, . . . , N . This equation will be hyperbolic (and hence
solvable by the method of characteristics) if there exist N linearly
independent real-valued N -dimensional vectors {v(1), v(2), . . . ,v(N)}
and N non-zero real-valued two-dimensional vectors {α(k),β(k)} such
that

N∑
i,j=1

v
(k)
i

[
Aijα

(k) − aijβ(k)
]

= 0,

for k = 1, . . . , N . See Whitham [4, Chapter 5, pages 113–142] for
details and several examples using this formalism.

3. Referring to equation (98.1), it turns out that discontinuities in ∇u
can propagate along characteristics, but discontinuities in u cannot.
In fact, if u satisfies a second order linear hyperbolic partial differen-
tial equation in x and y, and if {u, ux, uy, uxx, uxy} are all continuous
across a curve C but uyy suffers a jump upon crossing C, then C is
necessarily a characteristic of the partial differential equation.

4. Eliminating the {s, t} variables at the end of the calculation will be
possible, in principle, whenever the Jacobian of the transformation
does not vanish; that is, ∂(u,x1,x2,... )

∂(s,t1,t2,... )
6= 0.

5. An equivalent way of writing equation (98.3) is the form

dx1

a1
=
dx2

a2
= · · · = dxN

aN
,

which are called the subsidiary equations. When one or more of the
ak are zero, this equation looks peculiar, but it should be interpreted
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to be the same as equation (98.3). This form is used in place of
equation (98.3) in many older texts. This formulation has been used
occasionally in this book.

6. See Farlow [1, Lesson 27, pages 205–212], Moon and Spencer [3, pages
27–29], and Zauderer [5, Chapter 3, pages 78–121].
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99. Characteristic Strip
Equations

Applicable to Some partial differential equations in two indepen-
dent variables.

Yields
When the technique is applicable, an implicit solution.

Idea
This method appears to be a generalization of the method of charac-

teristics, but it can in fact be derived from that method. The formulae
presented here are handy to use directly.

Procedure
Given the partial differential equation

F (x, y, u, p, q) = 0, (99.1)

where p = ux, q = uy, we search for a solution u = u(x, y). The technique
is to solve the system of “strip equations” given by

∂x

∂s
= Fp,

∂p

∂s
= −Fx − pFu,

∂y

∂s
= Fq,

∂q

∂s
= −Fy − qFu,

∂u

∂s
= pFp + qFq,

(99.2)

where we now consider {x, y, p, q, u} to all be functions of the two variables
{s, t}. The equations in equation (99.2) are also called Charpit’s equations.

The “initial” values for equation (99.2) (corresponding to s = 0) are
given in terms of the other independent variable t. It will be possible to
give initial values to all of the terms in equation (99.2) because the original
equation (99.1) will have data with it that can be parameterized in terms
of t.

After we have determined {x, y, u} as functions of {s, t}, we must solve
the equations implicitly to obtain the final solution in the form u = u(x, y).

Example
Suppose we have the nonlinear partial differential equation

uxuy − u = 0, (99.3)
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with the initial data

u = y2 on x = 0. (99.4)

By comparing equation (99.3) with equation (99.1), we find thatF = pq−u.
Hence, the equations in equation (99.2) can be written as

∂x

∂s
= q,

∂p

∂s
= p,

∂y

∂s
= p,

∂q

∂s
= q,

∂u

∂s
= 2pq.

(99.5.a-e)

The initial conditions for equation (99.5) are given by parameterizing equa-
tion (99.4) in terms of the dummy variable t. One such parameterization
(there are always infinitely many) is

x = 0, y = t, u = t2. (99.6)

To determine the initial conditions for p and q, we utilize the chain rule

∂u

∂t
= p

dx

dt
+ q

dy

dt
,

which can be evaluated at s = 0 (using equation (99.6)) to yield

2t = p(0, t) · 0 + q(0, t) · 1

or q(0, t) = 2t. The original equation, (99.4), can be evaluated at s = 0 to
determine that p(0, t) = u(0, t)/q(0, t) = t/2. Now that we have the initial
conditions for all five variables appearing in equation (99.5), we can find
the solution.

Equations (99.5.b) and (99.5.d) can be integrated directly to yield

p =
1
2
tes, q = 2tes.

Substituting these expressions in equations (99.5.a), (99.5.c), and (99.5.e)
and integrating results in

x = 2t(es − 1),

y =
1
2
t(es + 1),

u = t2e2s.

(99.7.a-c)

Equations (99.7.a) and (99.7.b) can be inverted to produce s and t as
functions of x and y:

es =
4y + x

4y − x, t =
4y − x

4
.
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Using these relations in equation (99.7.c) yields the final answer

u(x, t) =
(x+ 4y)2

16
.

Notes
1. This method is sometimes called the Lagrange–Charpit method.
2. Frequently, inverting the variables at the end (i.e., finding s = s(x, y)

and t = t(x, y)) is the only step that cannot be carried out analyti-
cally.

3. The variable s really specifies a characteristic, whereas t represents
distance along any single characteristic.

4. This technique works, as the example shows, even when the original
equation is not quasilinear. That is, the method of characteristics
could not have been applied directly to equation (99.3).

5. See also Copson [1, pages 5–9], Garabedian [2, pages 24–31], Sneddon
[3, pages 61–66], and Zauderer [4, pages 56–68].
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100. Conformal Mappings

Applicable to Laplace’s equation (∇2u = 0) in two dimensions.

Yields
A reformulation of the original problem.

Idea
Laplace’s equation in two dimensions with a given boundary can be

transformed to Laplace’s equation with a different boundary by a conformal
map. The idea is to choose the conformal map in such a way that the new
boundary makes the problem easy to solve.

Procedure
Given Laplace’s equation in the variables {x, y} (i.e., ∇2u = uxx+uyy =

0), we define the complex variable z = x + iy, where i =
√
−1. All of the

boundaries of the original problem can now be described by values of z.
Any analytic transformation between two complex variables, say ζ =

F (z), for which dζ/dz is never zero, is said to be conformal. It turns out
that Laplace’s equation is invariant under a conformal map. That is, if
ζ = ξ + iη = F (z), uxx + uyy = 0, and F (z) is a conformal map, then
uξξ + uηη = 0.

In the new variables, {ξ, η}, the boundary might be very simple. If
so, then Laplace’s equation can be solved in this new domain. Then the
solution of Laplace’s equation in the original domain can be found by the
change of variables induced by the conformal map.

A commonly used conformal map is the Schwartz–Christoffel transfor-
mation. This maps a closed polygonal figure (with n vertices) into a half
plane. The mapping is given by the solution of

dz

dζ
= C(ζ − ζ1)β1/π−1(ζ − ζ2)β2/π−1 · · · (ζ − ζn)βn/π−1

(100.1)

for appropriate {β1, β2, . . . , βn} and {ζ1, ζ2, . . . , ζn}. The {βi} are the
interior angles of the polygon, and the {ζi} are the (complex valued)
positions of the polygon’s vertices.

After the differential equation (100.1) is formulated, it must be solved.
The unknown constant C, as well as the arbitrary constant resulting from
the integration, will be determined when the {ζi} are prescribed. The
resulting function ζ = F (z) is the conformal map that maps the interior
of the given polygonal figure into the half plane. See Trefethen [11] for a
numerical implementation.
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Figure 100.1: The original domain for Laplace’s equation and the domain
after a conformal mapping has been applied.

Example 1
Suppose we have Laplace’s equation (uxx+uyy = 0) to solve in the half

plane H = {−∞ < x <∞, 0 < y <∞} with the boundary conditions

u(x, 0) =

{
0 for |x| > 1,
1 for |x| ≤ 1.

Under the mapping

ζ = ξ + iη = F (z) = log
(
z − 1
z + 1

)
= log

(
x+ iy − 1
x+ iy + 1

)
,

(100.2)

the half plane H is mapped into a strip of height π in the (ξ, η) plane. See
figure 100.1 for pictures of the two geometrical regions involved.

In the (ξ, η) plane the boundary conditions become

u(ξ, 0) = 0,
u(ξ, π) = 1.

The solution to Laplace’s equation in this domain is simply u(ξ, η) = η/π.
To transform back to (x, y) coordinates, the transformation in equation
(100.2) must be inverted. After some algebra it can be shown that

η = arg
(
z − 1
z + 1

)
= tan−1

(
2y

x2 + y2 − 1

)
,

so that

u(x, y) =
1
π

tan−1

(
2y

x2 + y2 − 1

)
.
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Figure 100.2: The original domain for Laplace’s equation and the domain
after the Schwartz–Christoffel transformation has been applied.

Example 2
Suppose we have Laplace’s equation (∇2w = 0) in the channel open on

the right (see figure 100.2), with the boundary conditions

w(x, 0) = 0 for 0 ≤ x <∞
w(x, a) = 0 for 0 ≤ x <∞
w(0, y) = 1 for 0 ≤ y ≤ 1.

The polygon in which this problem is being solved has vertices at z1 = ia
and z2 = 0, with the corresponding interior angles β1 = β2 = π/2. Using
the Schwartz–Christoffel transformation, we choose the vertices in the z
plane to map to the vertices ζ1 = −1 and ζ2 = 1 in the ζ plane. The
differential equation (100.1) becomes

dz

dζ
= C (ζ + 1)1/2 (ζ − 1)1/2

with the solution z = C cosh−1 ζ + D, where D is an arbitrary constant.
To determine the constants C and D, we must enforce that the vertices
in the z plane mapped to the vertices in the ζ plane. We have the two
simultaneous equations:

z1 = ia = C cosh−1 (ζ1) +D = C cosh−1 (−1) +D = Ciπ +D,

z2 = 0 = C cosh−1 (ζ2) +D = C cosh−1 (1) +D = D,

with the solution {D = 0, C = a/π}. Hence, the desired conformal
mapping is ζ = cosh

(
πz
a

)
. The problem in the ζ domain is now identical

to the problem solved in Example 1.

Notes
1. Conformal mappings are often used in hydrodynamics and electro-

statics because, under a conformal mapping, lines of flow and equipo-
tential lines are mapped into lines of flow and equipotential lines.
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2. Conformal mappings are often used to obtain an orthogonal coordi-
nate system inside of a two-dimensional body. This may be used, for
instance, when a grid is required on which the solution to a partial
differential equation will be approximated numerically.

3. The mapping used in this method need not be conformal everywhere;
it needs to be conformal only in the domain in which Laplace’s
equation is being solved. (Very few maps are conformal everywhere.)

4. The Joukowski transformation, given by ζ = z+a2/z, maps an ellipse
into a circle or a circle into a strip.

5. Algebraic mappings, given by ζ = zβ/π, with β > 0, map a corner
with angle α to a corner with angle αβ/π. For instance, if β = 2π,
then a quarter plane (α = π/2) is mapped to a half plane.

6. Numerical implementation of the Schwartz–Christoffel transforma-
tion can fail on some seemingly very simple polygons. Mapping
a rectangle with an aspect ration of 20 to 1, or an other region
with a similar degree of elongation, onto a half-plane may cause
problems because the points in the transformed plane will be very
close together. (This is known as the “crowding phenomenon.”)

7. The Schwartz–Christoffel transformation can also be used for doubly
connected domains, see Iyanaga and Kawada [6, page 1156].

8. Even when an analytic conformal map cannot be found, there are
fast numerical techniques for finding an approximate conformal map.
Riemann’s mapping theorem states that all bounded simply con-
nected plane regions can be conformally mapped onto the unit disk,
and all bounded doubly connected plane regions can be conformally
mapped onto an annulus. Using Poisson’s formula (see page 478)
exact solutions can be written down for these two geometries. See
Fornberg [5] or Trefethen [12] for details.

9. Kober [8] has a large collection of conformal mappings, with the geo-
metric regions in both the (x, y) and (η, ζ) planes clearly illustrated.

10. Seymour [10] describes a computer package that permits real-time
manipulation and display of conformal mappings of one complex
plane onto another.

11. If ∇2
x,y represents the Laplacian in {x, y} space, then under the con-

formal mapping ζ = F (z) the operator ∇2
x,y is mapped to the opera-

tor |F ′(z)|2∇2
η,ζ . Hence, the biharmonic equation∇4u := ∇2

x,y∇2
x,yu =

0 becomes |F ′(z)|2∇2
η,ζ

(
|F ′(z)|2∇2

η,ζ

)
u = 0.

12. See also Farlow [3, Lesson 47, pages 379–388], Kantorovich and Krylov
[7, Chapters 5 and 6, pages 358–615], and Levinson and Redheffer [9,
Chapter 5, pages 259–332].
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101. Method of Descent

Applicable to Partial differential equations (most often, wave
equations).

Yields
An exact solution.

Idea
For some partial differential equations (in particular, some wave equa-

tions) odd dimensional problems are “easier” than even dimensional prob-
lems. Hence it is reasonable, when given a 2n-dimensional problem, to
instead solve a 2n + 1-dimensional problem and then “come down one
dimension.”

Procedure
Given a partial differential equation in n dimensions for the quantity

u(x) = u(x1, x2, . . . , xn)
L[u] = 0,

it might be easier to solve the n+ 1-dimensional problem

L[v] +H [v] = 0,

for v(x, z) = v(x1, x2, . . . , xn, z), where H [·] is a differential operator with
respect to z. Then, when v(x, z) is known, u(x) can be obtained by either
(1) an appropriate integral over z or (2) taking v to be independent of z.

Example
Suppose we are given the two-dimensional wave equation

utt = c2 (uxx + uyy) , (101.1)

with the initial conditions

u(0,x) = f(x), ut(0,x) = g(x), (101.2)

where x = (x, y). We might choose to instead solve the three-dimensional
wave equation

vtt = c2 (vxx + vyy + vzz) ,

with the initial conditions

v(0,x, z) = f(x), vt(0,x, z) = g(x).

The three-dimensional wave equation has the well-known solution (see page
501)

v(t,x, z) = ctM [g] +
∂

∂t

(
ctM [f ]

)
, (101.3)
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where M [·] is a functional defined to be the average value of its argument
on a circle of radius ct; that is,

M [h(x, y, z)] :=
1

4πc2t2

∫
S(t)

h dS

=
1

4πc2t2

∫ π

0

∫ 2π

0

h(x+ ct sin θ cosφ, y + ct sin θ sinφ, z + ct cos θ)

× sin θ dθ dφ,

(101.4)

where S(t) is the surface of a sphere with origin at (x, y, z) and radius ct.
To solve the two-dimensional wave equation (101.1), we merely utilize

the fact that f and g are independent of the variable z. Performing some
algebraic manipulations, equation (101.4) becomes

M [h(x, y)] =
1

2πct

∫∫
σ(t)

h(ζ, η) dζ dη√
c2t2 − (x− ζ)2 − (y − η)2

,
(101.5)

where σ(t) is the interior of the circle: (x − ζ)2 + (y − η)2 = c2t2. Using
equation (101.5) in equation (101.3) results in the solution to equations
(101.1) and (101.2).

Notes
1. This method is also called Hadamard’s method of descent.
2. If the descent step was applied once again, the solution of the one-

dimensional wave equation, wtt = c2wxx, could be obtained from
equations (101.3) and (101.5).

3. Note that a line source, in three dimensions, might be viewed as a
point source in two dimensions.

4. One reason that odd space dimensional problems are sometimes easier
than even dimensional problems is Huygen’s principle. Huygen’s prin-
ciple (see Chester [1, pages 154–156] or Garabedian [4, Section 6.3,
pages 204–210]) states that the wave equation in an odd number of
space dimensions depends only on the initial data (and its derivatives)
on the perimeter of the domain of dependence. See the section on
exact solutions of the wave equation (on page 501).

5. See also Copson [2, pages 95–96], Farlow [3, pages 187–188], Whitham
[5, pages 219–235], and Zauderer [6, pages 226–232].
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102. Diagonalization of a
Linear System of PDEs

Applicable to A linear system of partial differential equations in
two independent variables, of the form ut+Aux = 0, where A is a constant
matrix.

Yields
A set of uncoupled equations.

Idea
By diagonalizing the coefficient matrix, the equations can be uncoupled

and then solved.

Procedure
Given the linear system of differential equations

ut +Aux = 0, (102.1)

we change the dependent variables to decouple the system. If the ma-
trix A is n × n and has the eigenvectors {v1,v2, . . . ,vn} (which we as-
sume to be linearly independent), then we define the matrix S by S =[
v1 v2 . . . vn

]
. Changing variables in equation (102.1) by u = Sw

results in Swt +ASwx = 0, or

wt + Λwx = 0, (102.2)

where Λ = S−1AS is a diagonal matrix. The equations in (102.2) are now
decoupled and can be solved separately for {w1(x, t), w2(x, t), . . . , wn(x, t)}.
After they have been found, u may be determined from u = Sw.

Example
Given the system of linear partial differential equations in two indepen-

dent variables

∂u1

∂t
+ 9

∂u1

∂x
+ 2

∂u2

∂x
= 0,

∂u2

∂t
+

∂u1

∂x
+ 8

∂u2

∂x
= 0,

(102.3)

we define the vector u = [ u1
u2 ] and the matrix A = [ 9 2

1 8 ] so that equation
(102.3) may be written in the form of equation (102.1).

The eigenvalues of A are λ = 7 and λ = 10 with the corresponding
eigenvectors: v1 =

[
1 −1

]T and v2 =
[
2 1

]T. Hence, the matrix S is

given by S =
[

2 1
1 −1

]
, which has the inverse S−1 =

[
1/3 1/3
1/3 −2/3

]
. Making the
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change of variables u = Sw turns equation (102.1) into equation (102.2)
with Λ defined by

Λ = S−1AS,

=
[
1/3 1/3
1/3 −2/3

] [
9 2
1 8

] [
2 1
1 −1

]
,

=
[
10 0
0 7

]
.

The equations in (102.2) can then be separated to obtain

∂w1

∂t
+ 10

∂w1

∂x
= 0,

∂w2

∂t
+ 7

∂w2

∂x
= 0.

These equations have the solution

w1(x, t) = f(x− 10t),
w2(x, t) = g(x− 7t),

where f and g are arbitrary functions of their arguments. Knowing w we
can determine u = Sw to be

u1(x, t) = 2w1(x, t) + w2(x, t) = 2f(x− 10t) + g(x− 7t),
u2(x, t) = w1(x, t) − w2(x, t) = f(x− 10t)− g(x− 7t). (102.4)

Knowing the general form of the solution, any initial conditions for u1(x, t)
and u2(x, t) could be utilized. For example, if we had

u1(x, 0) = 3 sin 2x,
u2(x, 0) = 0,

(102.5)

then utilizing equation (102.4) in equation (102.5) produces

2f(x) + g(x) = 3 sin 2x,
f(x)− g(x) = 0,

and so f(z) = g(z) = sin 2z and the final solution can be written

u1(x, t) = 2 sin(2x− 20t) + sin(2x− 14t),
u2(x, t) = sin(2x− 20t)− sin(2x− 14t).

Note
1. See Farlow [1, Lesson 29, pages 223–231]

Reference
[1] Farlow, S. J. Partial Differential Equations for Scientists and Engineers.
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103. Duhamel’s Principle

Applicable to Linear parabolic and hyperbolic partial differential
equations.

Yields
An integral representation in terms of the solution of a more tractable

partial differential equation.

Idea
To solve a parabolic partial differential equation with a time-varying

source function and time-varying boundary conditions, only a parabolic
partial differential equation with a constant source term and constant
boundary conditions needs to be solved.

Procedure
Suppose we have the parabolic partial differential equation for u(x, t)

∂

∂t
u(x, t) = L[u(x, t)] + F (x, t),

u(y, t) = G(y, t), for t > 0,
u(x, 0) = H(x),

(103.1)

where L[·] is an elliptic operator in x and y denotes a point on the boundary.
Note that equation (103.1) has a time-dependent source function F (x, t)
and time-dependent surface conditions G(y, t). Instead of solving equation
(103.1) for u(x, t), we choose to solve the parabolic partial differential
equation

∂

∂t
v(x, t, τ) = L[v(x, t, τ)] + F (x, τ),

v(y, t, τ) = G(y, τ), for t > 0,
v(x, 0, τ) = H(x),

(103.2)

for v(x, t, τ). Note that the variable of integration in equation (103.2)
is t, while the source term and the surface conditions depend upon the
parameter τ . Hence, the equation for v(x, t, τ) has (effectively) a constant
source term and constant surface conditions. Thus, it should be easier to
determine v(x, t, τ) than it was to determine u(x, t).

Knowing the solution of equation (103.2), the solution to equation
(103.1) can be written as

u(x, t) =
∂

∂t

∫ t

0

v(x, t− τ, τ) dτ. (103.3)
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This is easily derived from manipulations of the Laplace transforms of
equation (103.1) and equation (103.2). See any of the references for details.

Example
Suppose we want to solve the equations describing the temperature of

an initially cool, insulated rod with a temperature f(t) specified at one
end

ut = uxx, for 0 < x < 1, 0 < t <∞,
u(0, t) = 0, for 0 < t <∞,
u(1, t) = f(t), for 0 < t <∞,
u(x, 0) = 0, for 0 ≤ x ≤ 1.

(103.4)

Instead of solving equation (103.4) for u(x, t) we solve

vt = vxx, for 0 < x < 1, 0 < t <∞,
v(0, t, τ) = 0, for 0 < t <∞,
v(1, t, τ) = f(τ), for 0 < t <∞,
v(x, 0, τ) = 0, for 0 ≤ x ≤ 1,

(103.5)

for v(x, t, τ). By separation of variables (see page 487), the solution of
equation (103.5) is found to be

v(x, t, τ) = f(τ)

[
x+

2
π

∞∑
n=1

(−1)n

n
e−n

2π2t sinnπx

]
,

which, for notational convenience, we choose to write as v(x, t, τ) = f(τ)g(x, t).
Using equation (103.3), the solution for u(x, t) can then be written as

u(x, t) =
∂

∂t

∫ t

0

v(x, t− τ, τ) dτ

=
∂

∂t

∫ t

0

f(τ)g(x, t− τ) dτ

=
∂

∂t

∫ t

0

f(t− T )g(x, T ) dT

= f(0)g(x, t) +
∫ t

0

f ′(t− T )g(x, T ) dT,

(103.6)

where we defined T = t− τ in the above. If, for example, f(t) = e−t, then
equation (103.6) may be simplified to yield

u(x, t) = x− e−t − 1− 2
π

∞∑
n=1

(
(−1)n sinnπx
n(1− n2π2)

{
n2π2e−n

2π2t − e−t
})

.
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Notes
1. The procedure for hyperbolic partial differential equations is anal-

ogous to the procedure for parabolic partial differential equations.
Consider, for example, the hyperbolic equation

utt + L[u] = b(x, t),

(where L[·] is uniformly elliptic) with the boundary conditions

u(x, 0) = ut(x, 0) = 0.

If v(x, t, τ) is defined to be the solution of

vtt + L[v] = 0, for t > τ,

v(x, τ, τ) = 0,
vt(x, τ, τ) = b(x, τ),

then we have u(x, t) =
∫ t

0
v(x, t, τ) dτ . Using this formulation, it can

be shown that the solution to utt − c2∇2u = F (x, y, z, t), is given by

u(x, y, z, t) =
1

4πc

∫∫∫
ξ2+η2+ζ2≤c2t2

F (ξ, η, ζ, t− r/c)
r

dξ dη dζ,
(103.7)

where r2 = (x− ξ)2 + (y− η)2 + (z − ζ)2. The integrand in equation
(103.7) is called the retarded potential.

2. See Chester [1, pages 156–158], Courant and Hilbert [2, Volume 2,
pages 202–204], Farlow [3, Lesson 14, pages 106–111], Sneddon [4,
pages 278–282], and Zauderer [5, pages 159–165].
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104. Exact Equations

Applicable to Quasilinear partial differential equations.

Yields
An exact solution.

Idea
Some quasilinear partial differential equations can be integrated di-

rectly.

Procedure
Consider the quasilinear partial differential equation

M(x, y, u)ux = N(x, y, u)uy. (104.1)

If this equation satisfies the exactness condition Mx = Ny, then an implicit
solution to equation (104.1) will be given by φ(x, y, u) = 0, where

M = φy, N = φx. (104.2.a-b)

To determine the function φ, integrate equation (104.2.a) to obtain

φ =
∫
M dy + g(x, u). (104.3)

Then, using equation (104.2.b) we have∫
Mx dy + gx(x, u) = N

or (solving for g and integrating)

g(x, u) =
∫ (

N −
∫
Mx dy

)
dx+ h(u), (104.4)

where h(u) is an arbitrary function. Using equation (104.4) in equation
(104.3) results in the final solution.

Example
Consider the equation

yux = xuuy,

for which M = y and N = xu. This equation is exact because Mx = 0 =
Ny. From equation (104.3), we have

φ =
∫
M dy + g(x, u) =

1
2
y2 + g(x, u).
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From equation (104.2.b), we have φx = gx = N = xu, or g = 1
2x

2u +
h(u). This leads to the general implicit solution:

φ =
1
2
(
y2 + x2u

)
+ h(u) = 0.

Choosing, for example, h(u) = 1
2 (au+ b) results in the explicit solution

u(x, y) = − b+ y2

a+ x2
.

Note
1. The above example is from Benton [1].

Reference
[1] Benton, Jr., S. H. The Hamilton–Jacobi Equation. Academic Press, New

York, 1977.
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105. Hodograph
Transformation

Applicable to Quasilinear partial differential equations, a single
equation, or a system of equations.

Yields
A new formulation of the original equations.

Idea
In a partial differential equation, it may be easier to solve the equation

with the dependent and independent variables switched.

Procedure
This procedure works on a quasilinear equation or a system of such

equations. That is, every term of each equation must have one and only
one first derivative term, and there can be no higher order derivative terms
in the equations.

Consider the case of two dependent variables (u, v) in two independent
variables (x, y). Suppose L[u, v] = 0 represents the equation(s) to be solved
for u(x, y) and v(x, y). This equation is transformed to the “hodograph”
plane by writing x = x(u, v) and y = y(u, v) and transforming L[u, v] = 0
into a new equation H [x, y] = 0. In this new equation, x and y are treated
as the dependent variables.

The solution obtained will, in general, be implicit. After the solution is
obtained in the hodograph plane, the transformation must be checked to
ensure that it is not singular.

Example 1
Suppose we have a pair of nonlinear equations arising from gas dynamics

(from Whitham [9, page 182])

vy + uvx + bvux = 0,

uy + uux +
1
b
vvx = 0,

(105.1)

where b is a constant. Because the equations in equation (105.1) are quasi-
linear, the method of characteristics can be used to solve them. However,
it is difficult to use that method directly.

The hodograph transformation can be used on equation (105.1) by
inverting u(x, y), v(x, y) to find (see, e.g., Kaplan [6, pages 132–135], on
how to change variables in this manner)

xu = −vy/J, xv = uy/J,

yu = vx/J, yv = −ux/J
(105.2)
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where J is the Jacobian of the transformation, J = uyvx − vyux. Using
equation (105.2) in equation (105.1) results in the equations

xu − uyu + bvyv = 0,

xv − uyv +
1
b
vyu = 0.

(105.3)

Because the original equations were linear, the Jacobian factors out of the
equations (assuming it never vanishes) and does not appear in (105.3).

The equations in (105.3) are now quasilinear in the dependent variables
(x, y). They may easily be solved by the method of characteristics; the
details may be found in Whitham [9].

Example 2
An equation that arises in transonic small disturbance theory is

φxφxx − φyy = 0. (105.4)

Using a := φx and b := φy, equation (105.4) can be written as the system
of quasilinear equations:

ay − bx = 0, −aax + by = 0.

Using the hodograph transformation, these equations simplify to

xb − ya = 0, ayb − xa = 0,

with J = xbya − ybxa. Combining these equations results in the familiar
Tricomi equation: aybb − yaa = 0.

Notes
1. The hodograph transformation is frequently used in fluid mechanics

for problems with unknown boundaries. In many situations, the
boundaries become fixed in the hodograph plane.

2. The transformation will be non-singular if the Jacobian of the trans-
formation, J , does not vanish in the region of interest.

3. Ames [1, pages 35–37] shows that the nonlinear equations

ut − vx = 0, vt − F 2(u)ux = 0,

become, after applying the hodograph transformation, the linear
equations:

xv − yu = 0, xu − F 2(u)yv = 0.

4. Whitham [9, page 617] shows how the Born–Infeld equation(
1− u2

t

)
uxx + 2uxutuxt −

(
1 + u2

x

)
utt = 0

may be linearized with the Hodograph transformation.
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5. This technique can also be applied to ordinary differential equations;
a differential equation for y(x) is inverted to become a differential
equation for x(y) (see page 360).

6. Given a PDE for u(x, t) Clarkson et al. [3] define a pure hodograph
transformation to be the change of independent variables {τ = t,
ξ = u(x, t)}. They define an extended hodograph transformation to
be the change of independent variables {τ = t, ξ =

∫ x
φ(u(z, t)) dz}.

Using these definitions they have:

Theorem: The most general second-order, quasilinear PDE
of the form ut = g(u)uxx + f(u, ux) with dg/du 6= 0,
which may be transformed via an extended hodograph
transformation to a semilinear partial differential equation
of the form Sτ = Sξξ +G(S, Sξ) is given by

ut = g(u)uxx +
(
gg′′

g′
− g′

2

)
u2
x + b′(u)ux

where ′ ≡ d/du, and g(u) and b(u) are arbitrary functions.

Theorem: The most general third-order, quasilinear PDE
of the form ut = g(u)uxxx + f(u, ux, uxx) with dg/du 6=
0, which may be transformed via an extended hodograph
transformation to a semilinear partial differential equation
of the form Sτ = Sξξξ +G(S, Sξ, Sξξ) is given by

ut = g(u)uxxx +Buux +Buxuxx

+
(
g′′

g′
− 4g′

3g

)
Bux +

(
gg′′

g′
− g′

3

)
uxuxx

where Bu ≡ ∂B/∂u, Bux ≡ ∂B/∂ux, ′ ≡ d/du, and g(u)
and B(u, ux) are arbitrary functions.

Theorem: The most general quasilinear PDE of the form
ut = g(u)ux(n) + f(u, ux, · · · , ux(n−1)) with dg/du 6= 0,
which may be transformed via an extended hodograph
transformation to a semilinear partial differential equation
of the form Sτ = Sξ(n) +G(S, Sξ, · · · , Sξ(n−1)) is given by

ut = g(u)ux(n) +
(
g′′

g′
− n+ 1

n

g′

g

)
Bux

+Buux +
n−1∑
r=2

Bux(r−1)ux(r) +
(
gg′′

g′
− g′

n

)
uxux(n−1)

where ′ ≡ d/du, and g(u) and B(u, ux, · · · , ux(n−2)) are
arbitrary functions.
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7. The Harry Dym equation ut = (u−1/2)xxx, written in potential form
(i.e., using u = vx) is vt = (v−1/2

x )xx. This equation is invariant
under a pure hodograph transformation. That is, the transformed
equation is wτ = (w−1/2

ξ )ξξ.
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106. Inverse Scattering

Applicable to Nonlinear evolution equations, a single equation, or
a system.

Yields
A reformulation into an inverse problem, which can sometimes result in

an exact solution.

Idea
By rewriting the evolution equation, some natural eigenfunction prob-

lems emerge.

Procedure
An evolution equation for u(t,x) = u(t, x1, . . . , xm) may be written in

the form

ut = K(u), (106.1)

where K(·) denotes a nonlinear differential operator in x. For a system
of equations, the u in equation (106.1) represents a vector of unknowns
(u1, . . . , un).

The procedure is to write equation (106.1) in the Lax pair form (this is
often the hardest part of the procedure)

Lt = i[L,A] = i(LA−AL), (106.2)

where L and A are linear differential operators in x, whose coefficients are
polynomials in u and its x derivatives. Here, Lt refers to differentiation
of u (and its derivatives) with respect to t in the expression for L. See
Example 1 for how equation (106.2) is to be interpreted. Note that, if A
were a Hamiltonian, then equation (106.2) would be a Heisenberg equation.

A straightforward calculation now shows that

iφλt = (L− λ)(Aφ − iφt),

for arbitrary φ(t,x) and λ. If we assume that φ(t = 0,x) and λ(t) are an
eigenfunction–eigenvalue pair for L, that is

Lφ = λφ, (106.3)

and if the eigenfunctions {φj(t,x)} evolve in time as

iφt = Aφ, (106.4)

then the eigenvalues will be independent of time (i.e., λt = 0).
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Hence, the time evolution of the eigenfunctions can be determined from
equation (106.4). Using the eigenfunctions {φj(t,x)}, an inverse problem
must be solved; the operator L must be determined from knowledge of its
eigenfunctions. Because L depends on u, this might lead to a solution for
u. For some problems, the time evolution of the eigenfunctions can be used
in the Gelfand–Levitan linear integral equation (see Faddeyev [7]), which
may (sometimes) be solved to determine u(t,x).

Given equation (106.1) and the initial conditions u(t = 0,x), the pro-
cedure can be summarized as

• Find the Lax pair representation of the evolution equation(s).
• Using u(t = 0,x), evaluate L at t = 0 and then determine the eigen-

values {λj} and the initial values of the eigenfunctions {φj(0,x)}.
These are the solutions to equation (106.3).
• Find the time evolution of the eigenfunctions by solving equation

(106.4).
• Determine u(t,x) by solving an inverse problem; that is, using {φj(t,x)}

as the solutions to equation (106.3), determine L for t > 0.

Note that the {φj(t),x} are called the scattering data. Even if the last
step cannot be carried out, useful information may be obtained from the
scattering data.

Example 1
For the KdV equation

ut + uxxx − 6uux = 0, (106.5)

a Lax pair is given by

L =
∂2

∂x2
− u,

A = −i
(

4
∂3

∂x3
− 6u

∂

∂x
− 3

∂u

∂x

)
. (106.6.a-b)

This may be verified by calculating, for an arbitrary function ψ = ψ(x),

L(A(ψ)) = i(3ψuxxx + 12ψxuxx − 3ψuux + 15ψxxux − 6ψxu2

+ 10ψxxxu− 4ψxxxxx),

A(L(ψ)) = i(4ψuxxx + 12ψxuxx − 9ψuux + 15ψxxux − 6ψxu2

+ 10ψxxxu− 4ψxxxxx),
(LA−AL)ψ = −i (uxxx − 6uux)ψ

(106.7)

Using equations (106.6.a) and (106.7), we then determine

Lt = −ut,
[L,A] = [LA−AL] = −i (uxxx − 6uux) .

(106.8)
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When equation (106.8) is used in equation (106.2), the KdV equation
(106.5) is the result.

Example 2
For the sine–Gordon equation uxt = sinu, the scattering equations

(which determine the initial values of the eigenfunctions) for the vector
eigenfunction

[
φ ψ

]T may be written as

L

[
φ
ψ

]
= i

[
∂
∂x

1
2
∂u
∂x

1
2
∂u
∂x − ∂

∂x

][
φ
ψ

]
= λ

[
φ
ψ

]
,

whereas the evolution equations for the vector eigenfunction may be written
as

i
∂

∂t

[
φ
ψ

]
= A

[
φ
ψ

]
= − 1

4λ

[
cosu sinu
sinu − cosu

] [
φ
ψ

]
.

Notes
1. The formulation of inverse scattering presented here is not the only

possible formulation. There are other formulations, which may be
easier to carry out on specific problems.

2. The paper by Case and Kac [5] discusses a discrete inverse scattering
problem; their problem illustrates many of the ideas from scattering
theory without all of the mathematical difficulties.

3. The KdV equation is the compatability condition of the linear system

(
∂2
x + u− λ2

)
ψ = 0(

∂t + 4∂3
x + 6u∂x + 3ux

)
ψ = 0

where λ is a spectral parameter.
4. The mKdV equation, ut + uxxx − 6u2ux = 0 is the compatability

condition of the system (
∂2
x + 2u∂x − λ2

)
ψ = 0(

∂t + 4∂3
x + 12u∂2

x + 6(ux + u2)∂x
)
ψ = 0

5. The Burgers equation, ut + uxx + 2uux = 0 is the compatability
condition of the system

(∂x − u− λ)ψ = 0(
∂t + ∂2

x − 2u∂x
)
ψ = 0
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107. Jacobi’s Method

Applicable to First order partial differential equations with three
or more dependent variables. In the special case that the dependent vari-
able appears explicitly in the equation, then it also applies to equations
with two dependent variables.

Yields
An explicit solution if a certain step can be carried out.

Idea
Given a partial differential equation for z(x) = z(x1, x2, . . . , xn), if the

set of n first derivatives {pi = ∂z/∂xi | i = 1, 2, . . . , n} is explicitly known,
then z(x) may be found by integrating the Pfaffian differential equation:
dz = p1dx1 + · · · + pndxn. Jacobi’s method determines the {pi} from a
given partial differential equation.

Procedure
Let us presume that the given partial differential equation for z =

z(x) = z(x1, . . . , xn), with n = 3, is of the form

F (x,p) = 0, (107.1)

where pi = ∂z/∂xi. If we could find two other equations, that have the same
solution as equation (107.1), of the form {F2(x,p) = 0, F3(x,p) = 0}, then
we might be able to determine {p1 = p1(x), . . . , pn = pn(x)} by combining
these three equations. Then we could find z(x) by solving the Pfaffian
differential equation (see page 384)

dz = p1 dx1 + · · ·+ pn dxn. (107.2)

So, we need to determine {F2, F3} in such a way that their solutions
are the same as the solution to equation (107.1). This requirement results
in (see the section on compatible systems, page 43)

[F, F2] :=
n∑
i=1

(
∂F

∂xi

∂F2

∂pi
− ∂F

∂pi

∂F2

∂xi

)
= 0,

[F, F3] = 0,
[F2, F3] = 0,

(107.3)

where [ , ] is the usual Poisson bracket. The characteristic equations for F2

(or F3), from equation (107.3), can be written as (see page 432)

dx1

− ∂F
∂p1

=
dp1

∂F
∂x1

= · · · = dxn

− ∂F
∂pn

=
dpn
∂F
∂xn

. (107.4)
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(These are also known as the subsidiary equations.) Hence, the procedure
is to solve equation (107.4) for F2(x,p) = 0 and F3(x,p) = 0. It must be
then be verified that [F2, F3] = 0. Then solving {F = 0, F1 = 0, F2 = 0} for
pi = pi(x) and integrating equation (107.2) results in a solution to equation
(107.1).

Example
This example is from Piaggio [3, pages 162–170]. Suppose we have

the following nonlinear partial differential equation in three independent
variables:

0 = F (x,p) = 2x1x3
∂z

∂x1
+ 3x2

3

∂z

∂x2
+
(
∂z

∂x2

)2
∂z

∂x3
,

= 2x1x3p1 + 3x2
3p2 + p2

2p3. (107.5)

The subsidiary equations in equation (107.4) can be written as

dx1

−2x1x3
=

dp1

2x3p1
=

dx2

−3x2
3 − 2p2p3

=
dp2

0
=
dx3

−p2
2

=
dp3

2x1p1 + 6x3p2
.

(107.6)

From the first equality in equation (107.6) we have

F2(x,p) = p1x1 −A1 = 0, (107.7)

where A1 is an arbitrary constant. From the fourth term in equation
(107.6), we have

F3(x,p) = p2 −A2 = 0, (107.8)

where A2 is another arbitrary constant. Clearly, [F2, F3] = 0 for our chosen
F2 and F3. Combining equations (107.7) and (107.8) with the original
equation, (107.5), we find that

p3 = − 1
A2

2

(2A1x3 + 3A2x
2
3). (107.9)

In equations (107.7)–(107.9) we have found expressions for the {pi}. Hence,

dz = p1 dx1 + p2 dx2 + p3 dx3

=
A1

x1
dx1 +A2 dx2 −

1
A2

2

(2A1x3 + 3A2x
2
3) dx3,

which can be integrated to yield the solution

z = A1 log x1 +A2x2 −
1
A2

2

(A1x
2
3 +A2x

3
3) +A3,

where A3 is another arbitrary constant.
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Notes
1. If the given partial differential equation has only two independent

variables and if the dependent variable z is explicit in the partial
differential equation, then we can transform the partial differential
equation into the form of equation (107.1). For example, if we have
F (x, y, z, p, q) = 0 (where, as usual, p = ∂z/∂x, q = ∂z/∂y), suppose
that u(x, y, z) = 0 is an integral of this equation. If we define u1 =
∂u/∂x, u2 = ∂u/∂y, u3 = ∂u/∂z, then we can write p = −u1/u3, q =
−u2/u3. Using these definitions for p and q in the original equation
yields an equation of the form f(x, y, z, u1, u2, u3) = f(x,p) = 0.

2. When n > 3, then the only change in the procedure is that we must
now determine {F2, F3, . . . , Fn} and use these (with F ) to solve for
the {pi}.

3. When this method is specialized to two independent variables, it is
often called Charpit’s method. See Chester [2, page 212, and Chapter
15, pages 315–337] or Piaggio [3] for details.

4. See also Ames [1, pages 54–57] and Sneddon [4, pages 69–73 and
78–80].
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108. Legendre Transformation

Applicable to Partial differential equations in one dependent vari-
able that are not of the form F (ux1 , ux2, . . . , uxn) = 0.

Yields
An alternative formulation of the original problem.

Idea
A surface in space may be described by a point or as an envelope of

tangent planes. Changing variables from one representation to the other
may facilitate finding a solution. After a solution is obtained, it can be
transformed back to the original variables.

Procedure
We illustrate the technique for two independent variables; the notes

show how the technique may be extended to n independent variables.
Given a function u(x, y), we change to the new variables w(ζ, η) by the
transformation

w(ζ, η) + u(x, y) = xζ + yη, (108.1)

with the following definitions

ux = ζ, wζ = x, uy = η, wη = y. (108.2)

From equation (108.1) and equation (108.2) it is easy to derive that

uxx = Jwηη,

uxy = uyx = −Jwζη,
uyy = Jwζζ ,

where J is the Jacobian of the transformation. The Jacobian may be
expressed as

J = uxxuyy − (uxy)
2 =

1
wηηwζζ − (wηζ)

2 .

To be able to transform from the {u, x, y} variables to the {w, ζ, η} vari-
ables, the Jacobian must not vanish. If J 6= 0, then the surface is said to
be developable. The solutions with J = 0 are said to be non-developable so-
lutions. The non-developable solutions are not obtainable by the Legendre
transformation.

Summary
For the partial differential equation of at most second order in the

variables {u, x, y},

F (x, y, u, ux, uy, uxx, uxy, uyy) = 0, (108.3)
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we make the Legendre transformation to obtain the new equation

F (wζ , wη, ζwζ + ηwη − w, ζ, η, Jwηη ,−Jwζη, Jwζζ) = 0
(108.4)

in the new variables {w, η, ζ}.
Sometimes equation (108.4) is easier to solve than equation (108.3).

After equation (108.4) is solved to determine w(η, ζ), we must change back
to the original variables. Changing from the {w, η, ζ} variables to the
{u, x, y} variables can be done (due to the implicit function theorem) but
may be difficult.

Example
Consider the nonlinear partial differential equation

uxuy = x, (108.5)

which we want to solve for u(x, y). The Legendre transformation of equa-
tion (108.5) is (using the transformations in equations (108.1) and (108.2)
or using equation (108.4) directly)

wζ = ζη. (108.6)

This has the solution

w(ζ, η) =
1
2
ηζ2 + f(η), (108.7)

where f(η) is an arbitrary function of η. We have now finished solving the
differential equation. Because we have the solution in terms of the new
variables, all that remains is to transform to the old variables. This change
of variables will utilize the w(ζ, η) that was found.

Using equation (108.6) and wζ = x (from (108.2)), we have

x = ηζ. (108.8)

Differentiating equation (108.7) with respect to η and using y = wη (from
equation (108.2)) yields

y =
1
2
ζ2 + f ′(η). (108.9)

Using equations (108.7)–(108.9) in equation (108.1) produces the equation

u = xζ + yη − w(ζ, η) = ηζ2 + ηf ′(η)− f(η).
(108.10)

Solving equation (108.8) for ζ, and then substituting that result in equa-
tions (108.9) and (108.10) produces

y =
x2

2η2
+ f ′(η),

u =
x2

η
+ ηf ′(η)− f(η).

(108.11.a-b)
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This is a parametric representation of the solution u(x, y). All of the
developable solutions of equation (108.5) are completely characterized by
equation (108.11). Given any f(η) we can, in principle, find η = η(x, y)
from equation (108.11.a). Using this value for η in equation (108.11.b) then
gives u as a function of x and y.

To illustrate this, if we choose

f(η) =
A

η
,

where A is an arbitrary constant, then equation (108.11) becomes

y =
(

1
2
x2 −A

)
1
η2
, u =

x2 − 2A
η

.
(108.12.a-b)

Solving equation (108.12.a) for η and using this expression in equation
(108.12.b) produces

u(x, y) =
√

2y(x2 − 2A).

Now that we have an explicit solution, we must check that the Jacobian
does not vanish. In this example, J 6= 0.

Notes
1. Observe that

u = Dy +
1

2D
x2 + C, (108.13)

where C and D are constants, is also a solution to equation (108.5),
but this solution is not contained in equation (108.11) for any f(η).
This is because the solution in equation (108.13) is non-developable
(J = 0).

2. The Legendre transformation may be naturally extended to par-
tial differential equations in n variables. The transformation (from
u(x1, x2, . . . , xn) to w(ζ1, ζ1, . . . , ζn)) and its inverse is given by

u(x1, x2, . . . , xn) = w(ζ1, ζ1, . . . , ζn) + x1ζ1 + x2ζ2 + · · ·+ xnζn,

ux1 = ζ1, ux2 = ζ2, · · · , uxn = ζn,

wζ1 = x1, wζ2 = x2, · · · , wζn = xn.

See Courant and Hilbert [3, Volume 2, pages 32–39] for more details.
3. Clairaut’s equation, u = xux + yuy + f(ux, uy), under the Legendre

transformation, becomes the simple equation w = −f(ζ, η).
4. The Legendre transformation is an involutory transformation; that

is, the Legendre transformation applied twice results in the original
equation. The Legendre transformation is also an example of a
contact transformation (see page 249).
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5. The Legendre transformation is used in mechanics when transforming
from the Lagrangian formulation to the Hamiltonian formulation (or
vice-versa). See Goldstein [5] for details.

6. The Legendre transformation is used in thermodynamics when trans-
forming the fundamental equation from internal energy (canonical
variables are specific volume and specific entropy) to the Gibbs func-
tion (canonical variables are pressure and temperature), or to en-
thalpy (canonical variables are pressure and specific entropy), or to
the Helmholtz function (canonical variables are specific volume and
temperature). For more details of this application, see Kestin [6].

7. If the Legendre transformation is applied to a partial differential equa-
tion of the form F (ux, uy) = 0, then the algebraic relation F (ζ, η) = 0
results. Because w(ζ, η) cannot be determined from this equation,
this class of equations cannot be solved by the use of the Legendre
transformation.

8. See Ames [1, pages 37–40], Chester [2, pages 209–210], and Epstein
[4, pages 65–68].
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109. Lie Groups: PDEs

Applicable to Linear and nonlinear partial differential equations.

Yields

Similarity variables that may be used to decrease the number of inde-
pendent variables in a partial differential equation.

Idea

By determining the transformation group under which a given partial
differential equation is invariant, we can obtain information about the
invariants and symmetries of that equation. This information, in turn,
can be used to determine similarity variables that will reduce the number
of independent variables in the system.

Procedure

Some background material about Lie groups may be found in the section
“Lie Groups: ODEs” (starting on page 366). We utilize terms that have
been defined in that section.

We illustrate the general technique on one partial differential equation
in two independent variables. Suppose we would like to solve the partial
differential equation

N(u, x, y) = 0 (109.1)

for u(x, y). We first determine a one parameter Lie group of transforma-
tions, under which equation (109.1) is invariant; then we use this group to
determine similarity variables. We suppose that the group has the form

u = u+ εU(u, x, y) +O(ε2),

x = x+ εX(u, x, y) +O(ε2),

y = y + εY (u, x, y) +O(ε2).

(109.2)

We want this group to leave equation (109.1) invariant; that is,

N(x, y, u) = 0, (109.3)

or, equivalently,

u(x, y) = u(u, x, y; ε). (109.4)
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Using the transformations in equation (109.2), the chain rule produces

∂x

∂x
= 1− ε (Xx + Xuux) +O

(
ε2
)
,

∂x

∂y
= − ε (Xy +Xuuy) +O

(
ε2
)
,

∂y

∂x
= − ε (Yx + Yuux) +O

(
ε2
)
,

∂y

∂y
= 1− ε (Yy + Yuuy) +O

(
ε2
)
.

(109.5)

From equation (109.5), it is conceptually easy (though algebraically in-
tensive) to determine how derivatives in the {u, x, y} system transform to
derivatives in the {u, x, y} system. For instance,

∂u

∂x
= ux + ε

(
Ux + (Uu −Xx)ux − Yxuy −Xuu

2
x − Yuuxuy

)
+O

(
ε2
)
,

∂u

∂y
= uy + ε

(
Uy + (Uu − Yy)uy −Xyux − Yuu2

y −Xuuyux
)

+O
(
ε2
)
,

∂2u

∂x2 = uxx + ε
(
−Yuuu2

xuy −Xuuu
3
x − 2Yuuxuxy − (3Xu + 2Yyu)uxuy

− Yuu2
y + (Xuu − 2Yux)U2

x − 2Yyuxy + (Uu − 2XxYxx)uy

+ Uxx + (2Uxu − Yxx)ux
)

+O
(
ε2
)
. (109.6)

The group is then determined (i.e., {U,X, Y } are determined) by requiring
equation (109.3) to be satisfied.

After the group has been determined, a solution to equation (109.1)
may be found from the invariant surface condition

U(u, x, y) = X(u, x, y)
∂u

∂x
+ Y (u, x, y)

∂u

∂y
, (109.7)

which is just the first order term of equation (109.4) when that equation
is expanded for small values of ε. The solution of equation (109.7) leads to
similarity variables that reduce the number of independent variables in the
system. Note that equation (109.7) is quasilinear and that the subsidiary
equations may be written as

du

U(u, x, y)
=

dx

X(u, x, y)
=

dy

Y (u, x, y)
. (109.8)

Example 1
Suppose we wish to analyze the heat equation

uy = uxx. (109.9)
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We take uy = uxx and substitute for the derivatives from equation (109.6).
We also substitute uy for uxx (from equation (109.9)). This leads to a large
expression that must equal zero.

Equating to zero the coefficients of {u, ux, uy, u2
x, u

2
y, uxy, uxuy, uxuxy}

in this expression leads to eight simultaneous equations involving {U,X, Y }.
The solution to these equations will determine the transformation group.
Three of these equations are

u2
x coefficient: Yu = 0,

uxuy coefficient: Xu = 0,
uxuxy coefficient: Uuu = 0.

These equations produce X(u, x, y) = X(x, y), Y (u, x, y) = Y (x, y) and
U(u, x, y) = f(x, y)u + g(x, y), where f and g are functions to be deter-
mined. Using this simplification for {U,X, Y }, the other five equations
become

Yx = 0, fxx − fy = 0,
2Xx − Yy = 0, gxx − gy = 0,

Xy −Xxx + 2fx = 0. (109.10)

If we take g = 0 (just to simplify the algebra), then the equations in
equation (109.10) may be solved to determine the transformation group

X = 2c1y + 4c2xy + c4 + c5x,

Y = 4c2y2 + 2c5y + c6,

U = −
(
c1x+ c2(x2 + 2y) + c3

)
u,

(109.11)

where {c1, . . . , c6} are arbitrary constants. Now that we have found a
transformation group, similarity variables may be found.

Special Case 1
If we take c1 = c2 = c4 = c6 = 0 in equation (109.11), then the

subsidiary equations (from equation (109.8)) become

du

−c3u
=

dx

c5x
=

dy

2c5y
.

Two solutions to these equations are

constant =
x
√
y
, constant =

u

yα
,

where α = −c3/2c5. From these similarity variables, we propose a solution
of the form

η =
x
√
y
, h(η) =

u

yα
. (109.12)
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That is, u(x, y) = yαh(x/
√
y). Using this form in equation (109.9), we find

that h(η) satisfies the ordinary differential equation h′′ = αh− 1
2ηh

′. Every
solution to this equation will generate a solution to equation (109.9).

Special Case 2
If we take c1 = c2 = c4 = c5 = 0 in equation (109.11), then the

subsidiary equations (from equation (109.8)) become

du

−c3u
=
dx

0
=
dy

c6
.

Two solutions to these equations are

constant = x, constant =
u

eβy
,

where β = −c3/c6. From these similarity variables we propose a solution
of the form

η = x, k(η) =
u

eβy
.

That is, u(x, y) = eβyk(x). Using this form in equation (109.9), we find
that k(η) satisfies the ordinary differential equation k′′ − βk = 0. Every
solution to this equation will generate a solution to equation (109.9).

Example 2
Consider similarity solutions of Laplace’s equation in two dimensions:

∇2 u = uxx+uyy = 0. To find the Lie group of transformations that leaves
this equation invariant, we consider the group defined in equation (109.2).
After extensive algebra we find that, to lowest order, {X,Y, U} may be
expressed as

X = d1 + d3x− d4y + d5(x2 − y2) + 2d6xy + (cubic terms),

Y = d2 + d3y + d4x+ 2d5xy + d6(y2 − x2) + (cubic terms),
U = d7u+ V (x, y), (109.13)

where V (x, y) is any solution to ∇2 V = 0 and {d1, d2, . . . , d7} are arbitrary
constants. The similarity solutions to ∇2 u = 0 may now be determined
from the subsidiary equations in (109.8). For simplicity, we will take V =
0, and investigate two possibilities for the other parameters in equation
(109.13).

Special Case 1
If we presume that the only non-zero parameters in equation (109.1)

are d1, d2, and d7, then the subsidiary equations become

du

d7u
=
dx

d1
=
dy

d2
.

Using the equation specified by the second equality sign, we determine that
d2x − d1y is constant. Using the equation specified by the first equality
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sign, we determine that ue−d7x/d1 is constant. Hypothezing a solution of
the form u(x, y) = ed7x/d1f(d2x− d1y), and then requiring that ∇2 u = 0,
leads to a constant coefficient ordinary differential equation for f :

d2
1

(
d2

1 + d2
2

)
f ′′ − 2d1d2d7f

′ + d2
7f = 0.

Special Case 2
If we presume that the only non-zero parameters in equation (109.1)

are d3 and d7, then the subsidiary equations become

dx

d3x
=

dy

d3y
=

du

d7u
.

These equations can be solved to determine that u(x, y) = ymg(η), η = y/x,
where m = d7/d3. By requiring ∇2 u = 0 to hold, we find the following
ordinary differential equation for g(η):(

η2 + η4
)
g′′ + 2η

(
m+ η2

)
g′ +m(m− 1)g = 0.

Notes
1. Lie group analysis is the most useful and general of all the techniques

presented in this book.
2. There are other techniques for determining the group under which a

given partial differential equation is invariant. A list of techniques is
given in Seshadri and Na [12].

3. If u(x, y) is a solution of equation (109.9), then the following trans-
formations also represent solutions:

T1 :

{
x→ x+ 2cy

u→ ue−c(x+y2)

}

T2 :


x→ x/(1− 4cy)
y → y/(1− 4cy)

u→ u
√

1− 4cy exp
(
− cx2

1− 4cy

)


T3 : u→ ecu

T4 : x→ x+ c

T5 :

{
x→ ecx

y → e2cy

}
T6 : y → y + c.

(109.14)

These transformations were all obtained from the group in equation
(109.11). For example, the similarity variable η = x/

√
y in equation

(109.12) is equivalent to transformation T5. If u = m(x, y) is a
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solution of equation (109.9), then another solution is given by (using
all of the transformations listed in (109.14))

u =
1√

1 + 4c2y
exp
(
c3 −

c1x+ c2x
2 − c21y

1 + 4c2y

)
×m

(
e−c5(x − 2c1y)

1 + 4c2y
− c4,

e−2c5y

1 + 4c2y
− c6

)
.

See Olver [9, pages 120–123] for details.
4. Using Lie groups to find symmetries of partial differential equations

can be computationally intensive. Algorithms have been developed
for computerized handling of the calculations. A computer package
in FORMAC is described in Fedorova and Kornyak [6], a Macsyma
package is in Champagne et al. [4], a Maple package is in Mansfield
and Clarkson [8], and a REDUCE package is in Schwarz [11].

5. A new technique for finding symmetries of partial differential equa-
tions that are neither point symmetries nor Lie–Bäcklund symmetries
may be found in Bluman et al. [3].

6. The general equation of nonlinear heat conduction takes the form
ut = (K(u)ux)x. For this equation,

• If K(u) is constant, then the symmetry group is infinite dimen-
sional.
• If K(u) = (au+b)−4/3, with a 6= 0, then there is a five-parameter

symmetry group.
• If K(u) = (au + b)m, for m 6= − 4

3 and a 6= 0, then there is a
four-parameter symmetry group.
• If K(u) = ceau, then there is a four-parameter symmetry group.
• If K(u) does not have one of the forms mentioned above, then

there is a three-parameter symmetry group.

7. Olver [9] derives the complete symmetry group for many partial
differential equations, including the heat equation, wave equation,
Euler equations, and Korteweg-de Vries equation. Ames and Nucci
[1] studied the Burgers’s equation, Korteweg-de Vries equation (1 and
2 dimensions), Hopf equation, and Lin–Tsien equation.

8. Classical and nonclassical symmetries of the nonlinear heat equation
ut = uxx + f(u) are considered in Clarkson and Mansfield [5].

9. The KdV equation, ut = uxxx + 6uux, has the Lie point symmetries
{∂x, ∂t,−6t∂x + ∂u, x∂x + 3t∂t − 2u∂u}.

10. Burgers’s equation, ut−uux−uxx = 0, has the Lie point symmetries
{∂t, ∂x, t∂x − ∂u, 2t∂t + x∂x − u∂u, t2∂t + tx∂x − (x+ tu)∂u}.

11. The section on similarity methods (beginning on page 497) shows
how to find similarity variables of a specific form. The techniques in
this section are, of course, much more general and will determine all
possible similarity variables.
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110. Poisson Formula

Applicable to Laplace’s equation (∇2u = 0) in two dimensions
with u(x) prescribed on a circle; that is, the Dirichlet problem in a disk.

Yields
An exact solution, given by an integral.

Idea
A simple extension of the Cauchy integral formula (from complex vari-

able theory) allows the solution for Laplace’s equation in a circle to be
written down analytically.

Procedure
If u(r, θ) satisfies

∇2u = urr +
1
r
ur +

1
r2
uθθ = 0, for 0 < r < R,

u(R, θ) = f(θ), for 0 ≤ θ < 2π, (110.1)

then u(r, θ) for 0 < r < R is given by

u(r, θ) =
1

2π

∫ 2π

0

R2 − r2

R2 − 2Rr cos(θ − φ) + r2
f(φ) dφ.

(110.2)

This is known as the Poisson formula for a circle.

Example
If we have

∇2u = 0, u(R, θ) = sin θ,

then

u(r, θ) =
1

2π

∫ 2π

0

R2 − r2

R2 − 2Rr cos(θ − φ) + r2
sinφ dφ

=
r

R
sin θ,

where the integral was carried out by using the method of residues.

Notes
1. By use of conformal mappings (see page 441), Laplace’s equation

in two dimensions for a non-circular region can often be changed to
solving Laplace’s equation in a circular region. Poisson’s formula can
be used for this new problem, and then the mapping can be used to
find the solution for the original geometry.
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2. The solution to equation (110.1) could also have been obtained by
the use of Fourier series (see page 344). Using this technique, the
solution to equation (110.1) becomes

u(r, θ) =
a0

2
+
∞∑
n=1

( r
a

)n
(an cosnθ + bn sinnθ) ,

(110.3)

where {an, bn} are defined by

an =
1
π

∫ π

−π
f(θ) cosnθ dθ, bn =

1
π

∫ π

−π
f(θ) sinnθ dθ.

(110.4)

Note that this same solution would have been obtained by utilizing
separation of variables. Farlow [2, Lesson 33, pages 262–269] and
Young [6, pages 273–285] show that the Poisson formula in equation
(110.2) may be derived from the solution in equations (110.3) and
(110.4).

3. The Neumann problem for a disk

∇2v = 0,
∂v

∂n
(R, θ) = g(θ), (110.5)

may be converted to the Dirichlet problem (equation (110.1)) if we
define

f(θ) =
∫ θ

0

g(φ) dφ,

v(x, y) =
∫ (x,y)

(uy dx− ux dy);

(110.6)

see Young [6, pages 273–285] for details. Note that the periodicity

requirement of f(θ) requires that g(θ) satisfy
∫ 2π

0

g(φ) dφ = 0. This

must be satisfied if there is to exist any solution to equation (110.5).
This requirement is related to the alternative theorems on page 15.
(Note that the solution to equation (110.5) is indeterminate with
respect to a constant.)

4. The solution to the exterior problem

∇2w = 0,
w(R, θ) = f(θ), w bounded at r =∞

(110.7)

is given by

w(r, θ) = − 1
2π

∫ 2π

0

R2 − r2

R2 − 2Rr cos(θ − φ) + r2
f(φ) dφ,

(110.8)

which is valid for r ≥ R. See Kantorovich and Krylov [4, pages
572–575] for details.
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5. Other exact solutions to Laplace’s equation are also known. For
example,

• If ∇2u = 0 in a sphere of radius one and u(1, θ, φ) = f(θ, φ),
then

u(r, θ, φ) =
1

4π

∫ π

0

∫ 2π

0

f(Θ,Φ)
1− r2

(1− 2r cos γ + r2)3/2
sin Θ dΘ dΦ,

(110.9)

where cos γ := cos θ cos Θ + sin θ sin Θ cos(φ− Φ).
• If ∇2u = 0 in the half plane, y ≥ 0, and u(x, 0) = f(x), then

u(x, y) =
1
π

∫ ∞
−∞

f(t)y
(x− t)2 + y2

dt.
(110.10)

• If ∇2u = 0 in the half space, z ≥ 0, and u(x, y, 0) = f(x, y),
then

u(x, y, z) =
z

2π

∫ ∞
−∞

∫ ∞
−∞

f(ζ, η)

[(x − ζ)2 + (y − η)2 + z2]3/2
dζ dη.

(110.11)

• If ∇2u = 0 in the annulus, 0 < a ≤ r ≤ 1, and u(1, θ) and
u(a, θ) are given, then an explicit solution is given by Villat’s
integration formula. See Iyanaga and Kawada [3, page 1450] for
details.

6. See also Churchill [1, Chapter 11, pages 242–258] and Levinson and
Redheffer [5, page 360].
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111. Riemann’s Method

Applicable to Linear hyperbolic equations of the second order in
two independent variables.

Yields

An exact solution in terms of the solution to the adjoint equation.

Idea

The solution of a non-characteristic initial value problem in two di-
mensions can be found if the adjoint equation with specified boundary
conditions can be solved.

Procedure

Suppose we have the hyperbolic partial differential equation

L[u] = uxy + a(x, y)ux + b(x, y)uy + c(x, y)u = f(x, y),
(111.1)

where u(x, y) is specified on the boundary Γ, which is not a characteristic
(see figure 111.1). Note that any linear hyperbolic equations of second
order in two independent variables can be written in the form of equation
(111.1).

We wish to find u(S) = u(ζ, η), where S represents an arbitrary point
and is indicated in figure 111.1. If we assume that the initial curve Γ is
monotonically decreasing, then we can write the solution as

u(ζ, η) =
1
2
R(P ; ζ, η)u(P ) +

1
2
R(Q; ζ, η)u(Q)

−
∫ Q

P

B[u(x, y), R(x, y; ζ, η)]

+
∫∫
D

f(x, y)R(x, y; ζ, η) dx dy,

(111.2)

where

B[u, v] =
(
avu+

1
2
vuy −

1
2
vyu

)
dy +

(
−bvu+

1
2
vux −

1
2
vxu

)
dx,
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Figure 111.1: Domain in which equation (111.1) is solved.

(note that B[u, v] includes the differential terms dx and dy) andR(x, y; ζ, η)
is the Riemann function defined by

Rxy − aRx − bRy + (c− ax − by)R = 0,

R(ζ, y; ζ, η) = exp
[∫ y

η

a(ζ, σ) dσ
]
,

R(x, η; ζ, η) = exp
[∫ x

ζ

b(σ, η) dσ
]
,

R(ζ, η; ζ, η) = 1.

(111.3)

In this formulation, PS is a horizontal segment andQS is a vertical segment
that contain the domain the dependence D. The derivation of this formula
is more detailed than the format of this book allows. See Garabedian [6,
pages 127–135] for a full description. A simple motivation for the Riemann
function is given in Kreith [9].

Example 1
Suppose we have the partial differential equation

α2wββ − β2wαα = 0,
w(α, 1) = f(α),
wβ(α, 1) = g(α),

(111.4.a-c)

where −∞ < α < ∞, 1 < β <∞, and f(α) and g(α) are given functions.
If we change variables in equation (111.1) from {w,α, β} to {u, x, y} by

u(x, y) = w(α, β),

x = αβ, y =
β

α
,
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Figure 111.2: Domain in which equation (111.4) is solved.

(see the transformation on page 168), then equation (111.4.a) becomes

uxy −
1

2x
uy = 0. (111.5)

The boundary conditions in equation (111.4) transform to

u

(
s,

1
s

)
= f(s),

sux

(
s,

1
s

)
+

1
s
uy

(
s,

1
s

)
= g(s),

(111.6)

where −∞ < s <∞. By manipulations of equation (111.6), we can derive

u

(
s,

1
s

)
= f(s),

ux

(
s,

1
s

)
=

1
2

[
f ′(s) +

1
s
g(s)

]
,

uy

(
s,

1
s

)
=

1
2
[
sg(s)− s2f(s)

]
.

(111.7)

The domain in which equations (111.5) and (111.7) are to be solved is
shown in figure 111.2.

To solve equations (111.5) and (111.7), we use Riemann’s method.
Comparing equation (111.5) to equation (111.1) we determine a = 0,
b = −1/2x, c = 0, f = 0. Hence, the solution (from equation (111.2))
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484 II.B Exact Methods for PDEs

becomes

u(ζ, η) =
1
2
R(P ; ζ, η)u(P ) +

1
2
R(Q; ζ, η)u(Q)

−
∫ Q

P

[(
1
2
Ruy −

1
2
Ryu

)
dy −

(
− 1

2x
Ru+

1
2
Rux −

1
2
Rxu

)
dx

]
.

(111.8)

All that remains is to find the Riemann’s function. From equation (111.3),
R(x, y; ζ, η) satisfies

Rxy +
1

2x
Ry = 0,

R(ζ, y; ζ, η) = 1,

R(x, η; ζ, η) =

√
ζ

x
,

R(ζ, η; ζ, η) = 1.

(111.9.a-d)

Because equation (111.9.a) can be integrated directly with respect to x and
then with respect to y, the general solution to equation (111.9) is easily
seen to be of the form

R(x, y; ζ, η) = M(x; ζ, η) +
K(y; ζ, η)√

x
, (111.10)

for some M(x; ζ, η) and some K(y; ζ, η). Using equation (111.10) in the
boundary conditions in equation (111.9), the solution is found to be

R(x, y; ζ, η) =

√
ζ

x
. (111.11)

Using equation (111.11) in equation (111.8), we can find u(ζ, η) and hence,
w(α, β) for any values of α and β.

Example 2
The Riemann’s function for the partial differential equation

uxy =
1
4
k2u, (111.12)

(when k is a constant) is

R(x, y; ζ, η) = I0

(
k
√

(x− ζ)(y − η)
)
,

where I0 is the usual modified Bessel function of order zero. Hence, the
solution to equation (111.12) with the boundary conditions

ux = ψ(x) when y = 0,
uy = φ(x) when x = 0,

is given by

u(x, y) =
∫ y

0

I0

(
k
√
x(y − η)

)
φ(η) dη +

∫ x

0

I0

(
k
√
y(x− ζ)

)
ψ(ζ) dζ.
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Notes
1. Numerical techniques based on this method are called Godunov meth-

ods, after Godunov [7]. A comparison of some of these methods can
be found in Woodward and Colella [11].

2. Essentially, the Riemann’s function is a type of Green’s function, the
connection is made in Zauderer [12, pages 485–492]. What we have
called the Riemann’s function is sometimes called a Green’s function
or a Riemann–Green function.

3. If the operator L[u] in equation (111.1) is self-adjoint, then we have
the reciprocity principle: R(x, y; ζ, η) = R(ζ, η;x, y).

4. Numerical methods for solving hyperbolic equations that use the Rie-
mann’s function are generally referred to as Godunov-type methods.
A comparison of some Godunov-type methods with more classicial
methods may be found in Woodward and Colella [11].

5. Copson [3, pages 77–88] suggests that the Riemann’s function may
often have the form

R(x, y; ζ, η) =
∞∑
k=0

GkΥk

(k!)2
,

where Υ = (x − ζ)(y − η). When this is the case, then only the
coefficients {Gk}must be found. Copson [3, pages 77–88] gives several
examples of this approach.

6. The technique presented here may be extended to higher order equa-
tions, for which the Riemann tensor must be determined. See Courant
and Hilbert [4, Volume II, pages 450–461].

7. See also Bateman [1, pages 280–285], Chester [2, pages 222–231],
Davis [5, pages 75–79], and Sneddon [10, pages 119–122].
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112. Separation of Variables

Applicable to Most often, linear homogeneous partial differential
equations.

Yields
An exact solution, generally in the form of an infinite series.

Idea
We look for a solution to a partial differential equation by separating

the solution into pieces, where each piece deals with a single dependent
variable.

Procedure
For linear homogeneous partial differential equations, try to represent

the solution as a sum of terms in which each term factors into a product
of expressions, each expression dealing with a single independent variable.
For nonlinear equations, try to represent the solution as a sum of such
expressions. In all cases, not only must the equation admit a solution of
the proposed form, but the boundary conditions must also have the right
form.

In more detail, suppose that L[u] = 0 is a linear partial differential
equation for u(x) that has the form L[u] =

∑
i Li[u], where the Li[u] are

differential operators. We look for a solution of this partial differential
equation in the form

u(x) = u(x1, x2, · · · , xn) = X1(x1)X2(x2) . . . Xn(xn),

where the functions {X1, X2, . . . , Xn} are to be determined. By using
the above form in the original equation and reasoning about which terms
depend upon which variables, we can often reduce the original partial
differential equation into an ordinary differential equation for each of the
{Xi}. In carrying this out, arbitrary constants will be introduced. After the
resulting ordinary differential equations are solved, the arbitrary constants
can generally be found by physical reasoning.

Because superposition can be used in linear equations, any number of
terms (of the form shown above) will also be a solution of the original
equation. Also, if each of these terms is multiplied by some constant and
then added together, the resulting expression will also be a solution. Hence,
the final solution will frequently be a sum or an integral.

This sum will have unknown constants in it due to the constants allowed
in the superposition. These constants will be determined from the initial
conditions and/or the boundary conditions.

The only time that we can be sure that we have found the most general
solution to a given ordinary differential equation by this technique is when
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488 II.B Exact Methods for PDEs

there exists a “completeness theorem” for each of the ordinary differential
equations that we have found.

Example 1
Suppose we wish to solve the heat equation in a circle

∂u

∂t
= ∇2u ≡ 1

r

∂

∂r

(
r
∂u

∂r

)
+

1
r2

∂2u

∂θ2
, (112.1)

for u(t, r, θ). We try to separate variables in equation (112.1) by proposing
a solution of the form

u(t, r, θ) = T (t)R(r)Θ(θ). (112.2)

Substituting equation (112.2) into equation (112.1) and simplifying yields

1
rR

d

dr

(
r
dR

dr

)
+

1
r2Θ

d2Θ
dθ2
− 1
T

dT

dt
= 0. (112.3)

By the assumption made implicitely in equation (112.2), only the third
term in equation (112.3) has any dependence on the variable t. Because
the other terms cannot have any t dependence, it must be that the third
term also has no t dependence. Therefore, this term must be equal to some
(unknown) constant; that is,

1
T

dT

dt
= −λ = some unknown constant. (112.4)

The minus sign in equation (112.4) is taken for convenience later. Using
equation (112.4) in equation (112.3) and simplifying, we find

r

R

d

dr

(
r
dR

dr

)
+ r2λ+

1
Θ
d2Θ
dθ2

= 0. (112.5)

The third term in equation (112.3) is the only one that could depend on
θ, but we easily see that it cannot depend on θ because the first two terms
in equation (112.5) could not cancel out any θ dependence. Therefore, we
must conclude that

1
Θ
d2Θ
dθ2

= −ρ = another unknown constant. (112.6)

Using equation (112.6) in equation (112.5), we find

r
d

dr

(
r
dR

dr

)
+ (−ρ+ r2λ)R = 0. (112.7)

Note that we have, at this point, found ordinary differential equations that
describe each of the terms in the solution proposed in equation (112.2).
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But, in doing so, we have introduced two arbitrary constants; λ and
ρ. Solving the ordinary differential equations in equations (112.4), (112.6),
and (112.7) yields

T (t) = Ae−λt,

Θ(θ) = B sin(
√
ρθ) + C cos(

√
ρθ),

R(r) = DJ√ρ(
√
λr) + EY√ρ(

√
λr),

(112.8)

where {A,B,C,D,E} are arbitrary constants and {J∗, Y∗} are Bessel func-
tions. By superposition, the most general solution to equation (112.2) can
now be written as

u(t, r, θ) =
∫ ∞
−∞

dλ

∫ ∞
−∞

dρ e−λt
[
B(λ, ρ) sin(

√
ρθ) + C(λ, ρ) cos(

√
ρθ)
]

×
[
D(λ, ρ)J√ρ(

√
λr) + E(λ, ρ)Y√ρ(

√
λr)
]
, (112.9)

where {B,C,D,E} may depend on λ and ρ. Now physical reasoning and
the initial conditions and boundary conditions must be used to evaluate
{B,C,D,E}.

For example, if the heat equation in (112.1) is being solved in the entire
circle, then it must be that the solution is periodic in θ with period 2π.
That is, u(t, r, θ) = u(t, r, θ + 2π). This constraint (which is equivalent
to Θ(θ) = Θ(θ + 2π)), placed on equation (112.8), restricts

√
ρ to be an

integer. Hence, in this case, the most general solution has the form (using
n2 = ρ)

u(t, r, θ) =
∫ ∞
−∞

dλ

∞∑
n=0

e−λt
[
B(λ, n2) sinnθ + C(λ, n2) cosnθ

]
×
[
D(λ, n2)Jn(

√
λr) +E(λ, n2)Yn(

√
λr)
]
.

If the point r = 0 was included in the domain of the original problem,
then we would require E(λ, n2) ≡ 0 because Yn(r) is unbounded at r = 0.
Likewise, only those values of λ ≥ 0 will be physically realistic. Hence, in
this case, we find

u(t, r, θ) =
∫ ∞

0

dλ

∞∑
n=0

e−λt
[
B(λ, n2) sinnθ + C(λ, n2) cosnθ

]
Jn(
√
λr).

(112.10)

More conditions could be placed on the coefficients depending on the exact
form of the initial conditions and boundary conditions.

Example 2
Suppose we have the nonlinear equation

f(x)u2
x + g(y)u2

y = a(x) + b(y) (112.11)
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to solve. We might propose a solution of the form

u(x, y) = φ(x) + ψ(y). (112.12)

Using equation (112.12) in equation (112.11) results in the equation

f(x)[φ′(x)]2 − a(x) = g(y)[ψ′(y)]2 − b(y). (112.13)

The left-hand side of equation (112.13) must be independent of x (because
the right-hand side is); hence, we can set

f(x)[φ′(x)]2 − a(x) = α = some constant,
(112.14)

and then

g(y)[ψ′(y)]2 − b(y) = α. (112.15)

Solving equations (112.14) and (112.15), we have determined that a solution
to equation (112.11) is given by

v(x, y) =
∫ x

x0

√
a(ξ) + α

f(ξ)
dξ +

∫ y

y0

√
b(η)− α
g(η)

dη + β,
(112.16)

where β is another arbitrary constant. The solution in (112.16) may not be
the most general solution to equation (112.11). For nonlinear equations, it
is very difficult to determine whether the most general solution has been
found.

Notes
1. Note that the solution in equation (112.10) could also have been

obtained by use of Fourier series (see page 344). The form of the
solution in equation (112.10) (i.e., the e−λt term) suggests that a
Laplace transform might also be an appropriate way to analyze equa-
tion (112.1).

2. Carslaw and Jaeger [4] have the decompositions (similar to equation
(112.9)) for many heat conduction problems.

3. If the equation L[u] = 0 can be separated into ordinary differential
equations when u(x) = u1(x1)u2(x2)···un(xn)

R(x) and R 6= 1, then the
equation is said to be R separable.

4. Moon and Spencer [11] list 11 common orthogonal coordinate systems
in which both Laplace’s equation and Helmholtz’s equation separate.
These coordinate systems are rectangular, circular cylinder, ellip-
tic cylinder, parabolic cylinder, spherical, prolate spheroidal, oblate
spheroidal, parabolic, conical, ellipsoidal, and paraboloidal. Also
included are the exact decompositions that are obtained (similar to
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(112.9)). The above analysis is repeated for 21 different cylindrical
coordinate systems that are obtained by translating an orthogonal
map in a direction perpendicular to the plane of the map. The above
analysis is again carried out for 10 different rotational coordinate
systems that are obtained by twirling an orthogonal map in a plane
about an axis. In each of these 31 coordinate systems, Laplace’s
equation or Helmholtz’s equation separates (or is R separable).

5. A necessary and sufficient condition for a system with 2 degrees of
freedom, with the Hamiltonian H = 1

2 (p2
x + p2

y) + V (x, y), to be
separable in elliptic, polar, parabolic, or cartesian coordinates is that
the expression

(Vyy − Vxx)(−2axy − b′y − bx+ d)

+ 2Vxy(ay2 − ax2 + by − b′x+ c− c′)
+ Vx(6ay + 3b) + Vy(−6ax− 3b′)

vanishes for some constants (a, b, b′, c, c′, d) 6= (0, 0, 0, c, c, 0). The
values of these constants determine in which of the above four co-
ordinate systems the differential equations separate. For 3 degrees
of freedom, a similar expression has been devised that determines in
which of 11 different coordinate systems the equations separate. For
more details, see Marshall and Wojciechowski [9].

6. The equation ( + V (x))u = utt − uxx + V (x)u = 0 (where is the
D’Alembert operator) can be non-trivially separated if and only if
the function V (x) is given (up to an equivalence relation) by one of
the following 12 forms (here m,m1,m2 are arbitrary real parameters
and m2 6= 0):

(a) V = (m1 +m2 sinx) cos−2 x
(b) V = (m1 +m2 sinhx) cosh−2 x
(c) V = (m1 +m2 coshx) sinh−2 x
(d) V = m1e

x +m2e
2x

(e) V = m1 +m2x
−2

(f) V = m

(g) V = mx
(h) V = mx−2

(i) V = m sin−2 x
(j) V = m sinh−2 x
(k) V = m cosh−2 x
(l) V = mex

(See Zhdanov et al. [13].) Using these forms for V (x), there are
8 inequivalent forms of ( + V )u = 0 that can be non-trivially
separated. These forms and the number of coordinate systems in
which they separate are:

(a) 2 systems: u+mxu = 0
(b) 9 systems: u+mx−2u = 0
(c) 4 systems: u+ (m1 +m2 cosx) sin−2 xu = 0
(d) 4 systems: u+ (m1 +m2 sinhx) cosh−2 xu = 0
(e) 11 systems: u+ (m1 +m2 coshx) sinh−2 xu = 0
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(f) 6 systems: u+ (m1 +m2e
x)ex u = 0

(g) 6 systems: u+ (m1 +m2x
−2)u = 0

(h) 11 systems: u+mu = 0

7. The Hartree–Fock approximation is a technique for approximating
the eigenfunctions u(x) and eigenvalues λ of the partial differential
equation

−∇2u+ f(x)u = λu, (112.17)

when f(x) is a prescribed function. The technique consists of ap-
proximating f(x) by

f(x) ' f1(x1)f2(x2) · · · fn(xn).

If f(x) has the form shown above, then equation (112.17) can be
solved by separation of variables. The solution will be of the form

u(x) = u1(x1)u2(x2) · · ·un(xn),
λ = λ1 + λ2 + · · ·+ λn.

In the Hartree–Fock approximation, a variational principle is used to
determine what the “best” {fj(xj)} are. See Fischer [6] for details.

8. Miller [10] contains a group theoretical approach to the method of
separation of variables. For many linear differential equations, the
separated solutions are easily related to the Lie algebra generated by
the equation.

9. See Boyce and DiPrima [3, Chapter 10, pages 513–580].
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113. Separable Equations:
Stäckel Matrix

Applicable to Helmholtz’s or Laplace’s equation in some orthog-
onal coordinate systems.

Yields
An exact solution, generally in the form of an infinite series.

Idea
If certain conditions hold, then it is possible to separate variables in

an orthogonal coordinate system for Helmholtz’s equation or for Laplace’s
equation.

Procedure
Suppose we have an orthogonal coordinate system in the variables

{u1, u2, u3} with the metric {gii}. As usual, we define g = g11g22g33.
Assume that the Stäckel matrix S is defined by

S =

Φ11(u1) Φ12(u1) Φ13(u1)
Φ21(u2) Φ22(u2) Φ23(u2)
Φ31(u3) Φ32(u3) Φ33(u3)


in which each row only contains functions of one variable. Define the
determinant of S to be s

s =

∣∣∣∣∣∣
Φ11 Φ12 Φ13

Φ21 Φ22 Φ23

Φ31 Φ32 Φ33

∣∣∣∣∣∣ ,
and note that the cofactors of the elements in the first column are given by

M11 =
∣∣∣∣Φ22 Φ23

Φ32 Φ33

∣∣∣∣ M21 = −
∣∣∣∣Φ12 Φ13

Φ32 Φ33

∣∣∣∣ M31 =
∣∣∣∣Φ12 Φ13

Φ22 Φ23

∣∣∣∣ ,
If the following relations hold

gii =
s

Mi1√
g

s
= f1(u1)f2(u2)f3(u3),

(113.1)

then the Helmholtz equation ∇2W + λ2W = 0 separates with the solution
given by W = W1(u1)W2(u2)W3(u3), where the {Wi} are defined by

1
fi

d

dui

(
fi
dWi

dui

)
+Wi

3∑
j=1

αjΦij = 0, (113.2)

with α1 = λ2, and α2 and α3 arbitrary.
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Example
In parabolic coordinates {µ, ν, ψ}, we have the metric coefficients g11 =

g22 = µ2 + ν2 and g33 = µ2ν2. Hence,
√
g = µν(µ2 + ν2). The Laplacian

in parabolic coordinates is given by

∇2φ =
1

µ2 + ν2

[
∂2φ

∂µ2
+

1
µ

∂φ

∂µ
+
∂2φ

∂ν2
+

1
ν

∂φ

∂ν

]
+

1
µ2ν2

∂2φ

∂ψ2
.

With this form, it would appear unlikely that the Helmholtz equation
∇2W + λ2W = 0 would separate. But, note that the Stäckel matrix

S =

µ2 −1 −µ−2

ν2 1 −ν−2

0 0 1

 ,
from which we find s = µ2 + ν2, M11 = M21 = 1, and M31 = µ−2 + ν−2,
satisfies the equations in (113.1) (when we take f1 = µ, f2 = ν, f3 = 1).
From this we conclude that the Helmholtz equation does separate in par-
abolic coordinates. The separation equations (corresponding to equation
(113.2)) are

1
µ

d

dµ

(
µ
dW1

dµ

)
+W1

(
α1µ

2 − α2 −
α3

µ2

)
= 0

1
ν

d

dν

(
ν
dW2

dν

)
+W2

(
α1ν

2 + α2 −
α3

ν2

)
= 0

d2W3

dψ2
+ α3W3 = 0,

where W = W1(µ)W2(ν)W3(ψ).

Notes
1. The Stäckel matrix is not unique.
2. Not all orthogonal coordinate systems allow separation.
3. All cylindrical coordinate systems in which the Helmoltz equation

separates has a Stäckel matrix of the form

S =

0 Φ12 Φ13

0 Φ22 Φ23

1 0 1

 .
4. For every rotational coordinate system, the Helmholtz equation sep-

arates with a Stäckel matrix of the form

S =

Φ11 Φ12 Φ13

Φ21 Φ22 Φ23

0 0 1

 .
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5. Necessary and sufficient conditions for separation of the Laplace equa-
tion (∇2W = 0) are

gii
gjj

=
Mj1

Mi1√
g

gii
= f1(u1)f2(u2)f3(u3)Mi1.
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114. Similarity Methods

Applicable to Linear or nonlinear partial differential equations,
and also systems of differential equations.

Yields
An equation with one fewer independent variables.

Idea
Sometimes the number of independent variables in a partial differential

equation can be reduced by taking algebraic combinations of the indepen-
dent variables.

Procedure
The idea of this method is to find new independent variables (called

similarity variables) that are combinations of the old independent variables.
The differential equation, when written in the new variables, will not
depend on all of the new variables.

One technique for discovering the correct new variables is to choose
temporary variables to be a parameter to some (unknown) power times the
old variables. After writing the equation in terms of the temporary vari-
ables, the powers can be found by requiring homogeneity in the parameter.
New variables are then constructed from the old variables in such a way
that the parameter does not enter.

Example 1
Suppose the following linear partial differential equation

∂u

∂t
+
u

2t
= ν

∂2u

∂z2
, (114.1)

for u(t, z) is to be simplified from being a function of the two independent
variables {t, z} to being a function of only one independent variable. We
define the temporary variables u′, z′, t′ and the parameter λ by

u = u′λ,

t = t′λm,

z = z′λn,

(114.2)

for some unknown values of n and m. In these temporary variables,
equation (114.1) becomes

∂u′

∂t′
λ1−m +

u′

2t′
λ1−m = ν

∂2u′

∂(z′)2λ
1−2n. (114.3)

For the parameter λ to be eliminated from equation (114.3), we require
that the exponents of λ in each term of equation (114.3) all be the same.
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That is, 1−m = 1 − 2n. This equation has the solution m = 2n. At this
point we know that there are similarity solutions of equation (114.1) but
still must determine what they are. Using m = 2n in (114.2), the change
of variables becomes

u = u′λ,

t = t′λ2n,

z = z′λn.

(114.4)

Combining the original independent variables {t, z}, we form a new inde-
pendent variable {η} whose transformation from the old variables to the
temporary variables does not depend on λ:

η :=
z√
t

=
z′√
t′
.

Now we have to propose the similarity solution. We look for a solution of
the form

u(t, z) = v

(
z√
t

)
= v(η). (114.5)

When the form in equation (114.5) is used in equation (114.1), we obtain

2ν
d2v

dη2
+ η

dv

dη
− v = 0, (114.6)

which is now an ordinary differential equation. Every solution of equation
(114.6) will generate a solution of equation (114.1).

Example 2
Consider the following nonlinear partial differential equation:

∂u

∂t
+
u

2t
+ βu

∂u

∂z
= ν

∂2u

∂z2
(114.7)

for u(t, z). This equation differs from equation (114.1) by the βuuz term.
We wish to simplify this equation from being a function of the two indepen-
dent variables {t, z} to being a function of only one independent variable.
After we do this, we will find a solution for the β = 0 case. We define the
temporary variables u′, z′, t′, and the parameter λ by equation (114.2). In
these temporary variables, equation (114.7) becomes

∂u′

∂t′
λ1−m +

u′

2t′
λ1−m + βu′

∂u′

∂z′
λ2−n = ν

∂2u′

∂(z′)2λ
1−2n.

(114.8)

For the parameter λ to be eliminated from equation (114.8), we require
that the exponents of λ in each term of equation (114.8) all be the same.
That is,

1−m = 2− n = 1− 2n. (114.9)
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These equations have the unique solution: n = −1, m = −2. At this point,
we know that there is a similarity solution of equation (114.7). Using
n = −1, m = −2 in equation (114.2) changes the variables to {u = u′λ,
t = t′λ−2, z = z′λ−1}. Combining the original independent variables {t, z},
we form a new independent variable {η} whose transformation from the old
variables to the temporary variables does not depend on λ:

η :=
z√
t

=
z′√
t′
.

Combining the original dependent variable {u} with the original indepen-
dent variables {t, z}, we can form a new dependent variable {w} whose
transformation from the old variables to the temporary variables does not
depend on λ:

w =
t

z
u =

t′

z′
u′. (114.10)

Now we have to propose the similarity solution. By solving equation
(114.10) for u, we are led to the assumption

u(t, z) =
z

t
w

(
z√
t

)
=
z

t
w(η). (114.11)

When the form in equation (114.11) is used in equation (114.7), we obtain

2νη
d2w

dη2
+
(
4ν + η2 − 2βη2w

) dw
dη

+ (1− 2βw)w = 0.
(114.12)

If we define g(η) by g(η) = ηw(η), then equation (114.12) becomes

2ν
d2g

dη2
+ (η − 2βg)

dg

dη
= 0. (114.13)

Every solution of this ordinary differential equation will lead to similarity
solutions of equation (114.7). In the special case of β = 0 (when equation
(114.7) becomes the identical to equation (114.1)), the general solution to
equation (114.13) is given by

g(η) = A+B erf
(

η√
4ν

)
,

where A and B are arbitrary constants. This results in the solution

u(t, z) =
1√
t

[
A+B erf

(
z√
4νt

)]
to equation (114.1). Note that this similarity solution could not have been
obtained from equation (114.6), because the scalings in equations (114.5)
and (114.11) are different.
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Notes
1. In general, a partial differential equation may have some similarity

solutions and some solutions that are not similarity solutions.
2. This method is sometimes called the method of one parameter groups,

due to the single parameter λ that was used in equation (114.2). This
method is derivable from Lie group methods (see page 471).

3. To solve a differential system (differential equation(s) with boundary
condition(s)), the boundary conditions as well as the equation(s) must
admit the similarity variable.

4. This method also applies to systems of ordinary differential equations.
If dudx = f(x,u) is a system of first order ordinary differential equations
for u = (u1, . . . , un), and if there exists a one parameter group of
symmetries of the system, then there is a change of variables (y,w) =
Ξ(x,u), which takes the system into dw

dy = g(y, w1, . . . , wn−1). Hence,
the original system reduces to a system of n− 1 ordinary differential
equations for (w1, . . . , wn−1) together with the quadrature wn(y) =∫
gn(y, w1(y), . . . , wn−1(y)) dy.

5. For some systems, there are natural similarity variables. For example,
in a two-dimensional problem with radial symmetry, the variable r
(where r2 = x2 + y2) should be a similarity variable if the original
equations were written in terms of x and y. Similarly, in a radially
symmetric three-dimensional problem, the variable ρ (where ρ2 =
x2 + y2 + z2) should be a similarity variable.

6. For diffusion equations, similarity solutions are often of the form
f(x/

√
t) or tαf(x/

√
t).

7. The partial differential equation F
(
tx, u, utx ,

ux
t

)
= 0 for u(x, t) has

the similarity variable w = tx. Considering u = u(w), we find the
equivalent ordinary differential equation F (w, u, uw, uw) = 0.

8. See also Ames [1, pages 135–141] and Seshadri and Na [6, pages 39–
42].
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115. Exact Solutions to the
Wave Equation

Applicable to The n-dimensional wave equation.

Yields
An explicit solution in terms of an integral.

Idea
An exact formula is available for the n-dimensional wave equation

utt = ∇2u.

Procedure
The n-dimensional wave equation

∂2u

∂t2
= ∇2u =

∂2u

∂x1
2

+ · · ·+ ∂2u

∂xn2
, (115.1)

with the initial data (we use x = (x1, . . . , xn))

u(0,x) = f(x), ut(0,x) = g(x), (115.2)

has two different (but similar) forms of the solution, depending on whether
n is even or odd. When n is odd the solution is given by

u(t,x) =
1

1 · 3 · · · (n− 2)

{
∂

∂t

(
∂

t ∂t

)(n−3)/2

tn−2ω[f ; x, t]

+
(
∂

t ∂t

)(n−3)/2

tn−2ω[g; x, t]
}
, (115.3)

where ω[h; x, t] is defined to be the average of the function h(x) over the
surface of an n-dimensional sphere of radius t centered at x. That is,

ω[h; x, t] =
1

σn(t)

∫
h(0, ζ) dΩ,

where |ζ−x|2 = t2, σn(t) is the surface area of the n-dimensional sphere of
radius t, and dΩ is an element of area. (Note that σn(t) = 2πn/2tn−1/Γ

(
n
2

)
.)

When n is even the solution to equation (115.1) and equation (115.2)
is given by

u(t,x) =
1

2 · 4 · · · (n− 2)

{
∂

∂t

(
∂

t ∂t

)(n−2)/2∫ t

0

ω[f ; x, ρ]
ρn−1 dρ√
t2 − ρ2

+
(
∂

t ∂t

)(n−2)/2∫ t

0

ω[g; x, ρ]
ρn−1 dρ√
t2 − ρ2

}
,

(115.4)
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where ω[h; x, t] is defined as above. Because the expression in equation
(115.4) is integrated over ρ, the values of f and g must be known everywhere
in the interior of the n-dimensional sphere.

Special Case 1
When n = 1, the above formulae produce the D’Alembert solution (see

Chester [1, pages 17–23]) of the equation utt = c2uxx:

u(x, t) =
1
2

[f(x− ct) + f(x+ ct)] +
1
2c

∫ x+ct

x−ct
g(ζ) dζ.

(115.5)

Special Case 2
When n = 2, the above formulae produce the Parseval solution

u(x, t) =
1

2π
∂

∂t

∫∫
R(t)

f(x1 + ζ1, x2 + ζ2)√
t2 − ζ2

1 − ζ2
2

dζ1 dζ2

+
1

2π

∫∫
R(t)

g(x1 + ζ1, x2 + ζ2)√
t2 − ζ2

1 − ζ2
2

dζ1 dζ2,

where R(t) is the region {(ζ1, ζ2) | ζ2
1 + ζ2

2 ≤ t2}.

Special Case 3
When n = 3, the above formulae produce the Poisson solution (also

known as the Kirchoff solution)

u(x, t) =
∂

∂t

(
tω[f ; x, t]

)
+ tω[g; x, t],

where

ω[h; x, t] =
1

4π

∫ 2π

0

∫ π

0

h(x1 + t sin θ cosφ, x2 + t sin θ sinφ, x3 + t cos θ)

× sin θ dθ dφ.

Example
A string stretched in the shape of a sine wave and then released from

rest will have the displacement u(x, t), where

utt = uxx,

u(x, 0) = sinx,
ut(x, 0) = 0.

By virtue of equation (115.5), this has the solution u(x, t) = 1
2

(
sin(x− t)+

sin(x+ t)
)

.
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Notes
1. The solutions given in equation (115.3) and equation (115.4) may be

derived from one another by the method of descent (see page 446).
2. The name “D’Alembert solution” is also applied to the solution of

the wave equation in a semi-infinite domain

vtt = c2vxx,

v(0, t) = 0, for 0 < t <∞,
v(x, 0) = f(x), for 0 ≤ x <∞,
vt(x, 0) = g(x), for 0 ≤ x <∞.

This equation has the solution (see Farlow [2, page 143], page 143)

v(x, t) =

{
1
2 [f(x+ ct) + f(x− ct)] + 1

2c

∫ x+ct

x−ct g(ζ) dζ, for x ≥ ct,
1
2 [f(x+ ct)− f(ct− x)] + 1

2c

∫ x+ct

ct−x g(ζ) dζ, for x < ct.

3. Consider the inhomogeneous wave equation

∂2u

∂t2
− ∂2u

∂x2
− ∂2u

∂y2
− ∂2u

∂z2
= F (t, x, y, z),

with the homogeneous initial conditions:

u(0, x, y, z) = 0, ut(0, x, y, z) = 0.

The solution is given by

u(t, x, y, z) =
1

4π

∫∫∫
ρ≤t

F (t− ρ, ζ, η, ξ)
ρ

dζ dη dξ,

with ρ =
√

(x− ζ)2 + (y − η)2 + (z − ξ)2.
4. Another useful formula is for the solution of

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ λu,

u(0, x, y, z) = f(x, y, z),
ut(0, x, y, z) = g(x, y, z),

where λ is an arbitrary constant. The solution is given by

u(t, x, y, z) =
∂

∂t

[
tω[f ; x, t] + λ

∫ t

0

ρ2ω[f ; x, ρ]I(λt2 − λρ2) dρ
]

+ tω[g; x, t] + λ

∫ t

0

ρ2ω[g; x, ρ]I(λt2 − λρ2) dρ,

where I(a) := I ′0(
√
a)/
√
a and I0 is the usual modified Bessel func-

tion.
5. See Farlow [2, Lessons 17 and 18, pages 129–145] and Garabedian [3,

pages 191–210].
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116. Wiener–Hopf
Technique

Applicable to Linear partial differential equations on an infinite
interval that have different types of boundary data on different parts of the
interval.

Yields
An exact solution.

Idea
In some linear partial differential equations, we would like to take a

Fourier transform but cannot because the boundary data type changes
along the boundary. The Wiener–Hopf technique is to take a Fourier
transform anyway and allow part of the data to be “missing.” Solving
the problem (using Liouville’s theorem), we determine the “missing” data
and the solution simultaneously.

Procedure
Sometimes a linear partial differential equation has a form amenable to

a Fourier transform, but the boundary conditions would seem to preclude
it. For example, the reduced wave equation

∇2φ+ k2φ = 0 (116.1)

in two dimensions may suggest the use of a Fourier transform in x. But, if
the boundary conditions are given by, say,

∂φ(x, 0)
∂y

= 0 for x ≥ 0,

φ(x, 0) is continuous for x < 0,
(116.2)

then it is not clear how to take such a transform. Generally, we would
require ∂φ/∂y to be known for all x, before we could take a Fourier
transform. The solution technique is to assume that ∂φ/∂y is known for
all x and then take a Fourier transform. The quantity ∂φ/∂y for x < 0 will
be determined when the final solution is determined.

The solution procedure uses Liouville’s theorem, one form of which is

If E(z) is an entire function (i.e., E(z) is analytic in the finite
|z| plane) and if E(z) is bounded by a constant as |z| → ∞,
then E(z) is identically constant.

(See, e.g., Levinson and Redheffer [4].)
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The difficult part of the solution procedure will turn out to be the
“factorization” step. That is, given the functions A(ω), B(ω), C(ω) (all
analytic in the strip α < =ω < β), find functions Φ+(ω), Ψ−(ω) satisfying

A(ω)Φ+(ω) +B(ω)Ψ−(ω) + C(ω) = 0, (116.3)

where

• Equation (116.3) holds in the strip: α < =ω < β.
• Φ+(ω) is analytic in the upper-half plane: α < =ω.
• Ψ−(ω) is analytic in the lower-half plane: =ω < β.

We will continue to use the following standard notation: a subscript of
“+” (“−”) indicates a function that is analytic in the upper (lower) half
plane α < =ω (=ω < β).

Example
Suppose we have the linear partial differential equation exterior to the

half line (y = 0, x ≥ 0)

φxx + φyy − φx = 0, (116.4)

with the boundary conditions

φ→ 0 as r =
√
x2 + y2 →∞,

φ = e−x on y = 0, x ≥ 0. (116.5.a-b)

Define the Fourier transform of φ(x, y) by Φ(ω, y) = 1√
2π

∫∞
−∞ φ(x, y)eiωx dx.

If we assume that φx → 0 as r →∞, then equation (116.4) can be Fourier
transformed (by multiplying by eiωx and integrating with respect to x) to
yield

d2Φ
dy2
− (ω2 − iω)Φ = 0. (116.6)

If we extend the definition of φ(x, 0) in equation (116.5.b) to be

φ(x, 0) =

{
e−x for x ≥ 0,
u(x) for x < 0,

(116.7)

where u(x) is unknown, then we can transform equation (116.7) to find

Φ(ω, 0) = U(ω) +
1√
2π

1
1− iω , (116.8)

where U(ω) is the Fourier transform of u(x) on the semi-infinite interval;
that is,

U(ω) =
1√
2π

∫ 0

−∞
u(x)eiωx dx.
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The solution of equation (116.6) (which is an ordinary differential equa-
tion in y) using equation (116.8), which vanishes as |y| → ∞, is

Φ(ω, y) =
[
U(ω) +

1√
2π

1
1− iω

]
exp
(
−|y|

√
ω2 − iω

)
,

(116.9)

where the square root branch is specified by <
√
ω2 − iω ≥ 0.

Once we determine U(ω), we can (in principle) invert equation (116.9)
by taking an inverse Fourier transform. This would yield φ(x, y). Finding
U(ω) is the hard part of the calculation.

Because the solution of the original problem (and its derivatives) must
be continuous across y = 0 (for x < 0), we define a function f(x) by

f(x) := φy(x, 0+)− φy(x, 0−),

=

{
0 for x < 0,
v(x) for x > 0, (116.10.a-b)

where 0+ (0−) indicates a vanishingly small quantity that is greater (less)
than zero and v(x) is an unknown function. Taking the Fourier transform
of equation (116.10.b) produces

F (ω) :=
1√
2π

∫ ∞
−∞

f(x)eiωx dx

=
1√
2π

∫ ∞
0

v(x)eiωx dx,
(116.11)

whereas the Fourier transform of equation (116.10.a) produces

F (ω) = Φy(ω, 0+)− Φy(ω, 0−)

= −2
[
U(ω) +

1√
2π

1
1− iω

]√
ω2 − iω, (116.12)

where the solution in equation (116.9) has been used. Using our subscript
convention and the definition in equation (116.11), we note that F (ω) =
F+(ω), where, for instance, we could take α = 1/3.

We now assume that U(ω) = U−(ω), for, say, β = 2/3. This places
a constraint on u(x) that has to be verified at the end of the calculation.
By algebraic manipulations of equation (116.12), we can obtain (this step
should not be trivialized, it is the hardest step in the calculation)

−F+(ω)
2
√
ω
−
[ √

−i√
π(1 − iω)

]
+

= U−(ω)
√
ω − i +

[√
ω − i−

√
−2i√

2π(1 − iω)

]
−

(116.13)

If we define E(ω) to be the left-hand side of equation (116.13), then
E(ω) is entire. This is because the left-hand side and the right-hand side
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of equation (116.13) overlap in the strip α < =ω < β, and these two
functions are analytic in their respective half planes. Hence, one side of
equation (116.13) supplies the analytic continuation of the other side.

If we now assume that

• F+(ω)→ 0 as |ω| → ∞ in =ω > β,
• ωU−(ω)→ 0 as |ω| → ∞ in =ω < α,

then E(ω) → 0 as |ω| → ∞. By Liouville’s theorem we can conclude that
E(ω) ≡ 0 and so from equation (116.13)

U(ω) = U−(ω) = − 1√
ω − i

[√
ω − i−

√
−2i√

2π
√

1− iω

]
.

Using this in equation (116.9) and taking an inverse Fourier transform
yields φ(x, y).

Notes
1. The Wiener–Hopf method was originally formulated for the solution

of integral equations.
2. The problem in equations (116.1) and (116.2) is analyzed in more

detail in Carrier et al. [1, pages 376–386]. The same problem, with
an incident oblique wave, is solved in Davies [2, pages 288–307].
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117. Introduction to
Approximate Analysis

Sometimes an exact solution cannot be obtained for a differential equation
and an approximate solution must be found. Other times, an approximate
solution may convey more information than an exact solution.

There are essentially two types of approximations:

• Those that give an approximation over a range of the independent
variable
• Those that give an approximation only near a single point

Approximations of the second type are more common.
This section of the book is not broken up into methods for ordinary

differential equations and methods for partial differential equations because
most of the methods can be used for either type of differential equation.

Listed below are, in the author’s opinion, those methods that are the
most useful when approximating the solution to ordinary differential equa-
tions and partial differential equations. These are the methods that might
be tried first.

Most Useful Methods
• Collocation (page 514)
• Dominant Balance (page 517)
• Graphical Analysis: The Phase Plane (page 526)
• Least Squares Method (page 549)
• Lyapunov Functions (page 551)
• Newton’s Method (page 578)
• Perturbation Method: Method of Averaging (page 586)
• Perturbation Method: Boundary Layer Method (page 590)
• Perturbation Method: Regular Perturbation (page 610)
• WKB Method (page 642)
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118. Chaplygin’s Method

Applicable to An initial value problem for a single first order
ordinary differential equation.

Yields
Improved upper and lower bounds on the solution.

Idea
Using an upper and lower bound on the solution, a set of tighter bounds

can be constructed.

Procedure
For an equation of the form y′ = f(x, y), y(x0) = y0, the method is

derived from the following theorem (due to Chaplygin):

Theorem: If the differential inequalities

u′(x) − f(x, u(x)) < 0,
v′(x) − f(x, v(x)) > 0,

(118.1)

hold for x > x0, with u(x0) = y0 and v(x0) = y0, then

u(x) < y(x) < v(x) (118.2)

holds for all x > x0.

The procedure is to determine (or “guess”) a u(x) and a v(x) that
satisfy equation (118.1). Then there are two different techniques available
for computing {u1(x), v1(x)}, such that

u(x) < u1(x) ≤ y(x) ≤ v1(x) < v(x). (118.3)

For each of the two techniques, the functions {u1(x), v1(x)} will be different.
The functions obtained, {u1(x), v1(x)}, will also satisfy equation (118.1),
and the process may be iterated.

Special Case 1
Let K be the Lipschitz constant of the function f(x, y). Then, if

{u1(x), v1(x)} are defined by

u1(x) = u(x) +
∫ x

x0

e−K(x−t) [f(t, u(t))− u′(t)] dt,

v1(x) = v(x) −
∫ x

x0

e−K(x−t) [v′(t)− f(t, v(t))] dt,

then equation (118.3) will be satisfied.
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Special Case 2
For this technique, it must be true that ∂2f/∂y2 is of constant sign in

the region of interest. Once this has been established, define {M(x), N(x),
M̂(x), N̂(x)} by

M(x)y +N(x) = f(x, u(x)) +
f(x, v(x)) − f(x, u(x))

v(x) − u(x)
(y − u(x)),

M̂(x)y + N̂(x) = f(x, u(x)) + fy(x, u(x))(y − u(x)). (118.4)

(Note that both sides of each equation are linear in the indeterminate y.)
Then define u1(x) to be the solution of

y′ = M(x)y +N(x), y(x0) = y0. (118.5)

and define v1(x) to be the solution of

y′ = M̂(x)y + N̂(x), y(x0) = y0. (118.6)

With these definitions for u1(x) and v1(x), equation (118.3) will be satisfied.
Note that the equations (118.5) and (118.6) can be solved by the use of
integrating factors (see page 356).

Example
Suppose we wish to bound the solution to the equation

y′ = y2 + x2, y(0) = 0,

when x is in the range [ 0, 1/
√

2 ].
First, observe that u(x) = x3/3 and v(x) = 11x3/30 satisfy the con-

ditions of Chaplygin’s theorem, so that equation (118.2) holds. Using the
first technique, we recognize that K =

√
2 in the region of interest, so that

the functions

u1(x) =
x3

3
+

1
9

∫ x

0

t6e−
√

2(x−t) dt,

v1(x) =
11
30
x3 −

∫ x

0

(
t2

10
− 121

900
t6
)
e−
√

2(x−t) dt, (118.7)

satisfy the constraint in equation (118.3). Using the second technique, we
note that ∂2f/∂y2 = 2 and so we can use the results in equations (118.4),
(118.5), and (118.6). It is straightforward to calculate

M(x) =
7
10
x3, M̂(x) =

2
3
x3,

N(x) = x2 − 11
90
x6, N̂(x) = x2 − 1

9
x6.
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Solving equations (118.5) and (118.6), we find

u1(x) = ex
4/6

∫ x

0

(
z2 − 1

9
z6

)
e−z

4/6 dz,

v1(x) = e7x4/40

∫ x

0

(
z2 − 11

90
z6

)
e−7z4/40 dz.

(118.8)

Notes
1. The above example is from Mikhlin and Smolitskiy [4]. The exact

solution is given by

y(x) =
x
[
Y−3/4(x2/2)− J−3/4(x2/2)

]
J1/4(x2/2)− Y1/4(x2/2)

=
1
3
x3+

1
63
x7+

2
2079

x11+O
(
x15
)

2. The approximations in equation (118.7) may be expanded about x =
0 to obtain

u1(x) =
1
3
x3 +

1
63
x7 +O

(
x8
)
, v1(x) =

1
3
x3 +O

(
x4
)
.

3. The approximations in equation (118.8) may be expanded about x =
0 to obtain

u1(x) =
1
3
x3 +

1
63
x7 +

2
2079

x11 +O
(
x15
)
,

v1(x) =
1
3
x3 +

1
63
x7 +O

(
x11
)
.

4. Another useful inequality (see McNabb [3]) is the following:

If u(t), v(t), and f(t, w) satisfy sufficient smoothness conditions
on [a, b], if u(a) < v(a), and if u′ − f(t, u) < v′ − f(t, v) for
a < t ≤ b, then u(t) < v(t) on [a, b].

5. This procedure can be implemented numerically.
6. See also Lakshmikantham and Leela [2, pages 64–69] and Mikhlin and

Smolitskiy [4, pages 9–12].
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119. Collocation

Applicable to Ordinary and partial differential equations.

Yields
An approximation to the solution, valid over an interval.

Idea
An approximation to the solution with some free parameters is pro-

posed. The free parameters are determined by forcing the approximation
to exactly satisfy the given equation at some set of points.

Procedure
Suppose we are given the differential equation

N [y] = 0, (119.1)

for y(x) in some region R, with the boundary conditions

B[y] = 0, (119.2)

on some portion of the boundary ofR. We choose an approximation to y(x)
that has several parameters in it, say y(x) ' w(x;α), where α is a vector
of parameters. This approximation is chosen in such a way that it satisfies
the boundary conditions in equation (119.2). The unknown parameters are
determined by requiring the approximation to satisfy equation (119.1) at
some collection of points.

Example
Suppose we wish to approximate the solution to the ordinary differential

equation

N [y] = y′′ + y + x = 0,
y(0) = 0, y(1) = 0,

(119.3)

by the method of collocation. We choose to approximate the exact solution
by

y(x) ' w(x) = α1x(1 − x) + α2x(1 − x2).

Note that w(x) satisfies the boundary conditions for y(x). Using this
approximation, we find

N [w(x)] = −α1(2− x+ x2)− α2(5x+ x3) + x.

Now, we must choose the collocation points. We choose the two points
x = 1/3 and x = 2/3. Requiring N [w(x)] to be zero at these two points
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results in the simultaneous equations

−48
27
α1 −

46
27
α2 −

1
3

= 0,

−48
27
α1 −

98
27
α2 −

2
3

= 0.

The solution to these equations is α1 = 9/416, α2 = 9/52. Hence, our
approximation to the solution of equation (119.3) is

y(x) ' 9
416

x(1− x) +
9
52
x(1 − x2). (119.4)

Note that the exact solution to equation (119.3) is y(x) = sin x
sin 1 − x. The

maximum difference between the approximate solution in equation (119.4)
and the exact solution in the range 0 < x < 1, occurs at x ' 0.7916 where
the error is approximately 0.00081.

Notes
1. This method is an example of a weighted residual method.
2. This method is often implemented numerically.
3. There are many choices for the form of the approximation to use.

An increasingly popular technique is to use sinc functions; see, for
example, Carlson et al. [2].

4. Ascher et al. [1] contain a review of numerical implementations of
the colocation method.
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120. Dominant Balance

Applicable to Linear and nonlinear differential equations.

Yields
An approximation to the solution valid in a region.

Idea
A differential equation with many terms in it might be well determined

by only a few of those terms.

Procedure
If there areM terms in a differential equation, try solving the differential

equation in a region by only considering 2 (or 3, or 4, . . . , or M − 1) terms
to be important in that region. Discard all the other terms and solve this
differential equation with fewer terms. After a solution is obtained, check
that the discarded terms are actually smaller than the terms that were
retained.

Example
Suppose we have the equation

y′′ − 2
x3/2

y′ =
3

16x2
, (120.1)

and we would like to find an approximate solution as x→ 0. To determine
the solution uniquely in this region, we must specify some information
about y(x) as x → 0. In this example, we choose the condition: y → 0 as
x→ 0.

There are three different two-term balances of equation (120.1) that
we can take; that is, the first two terms in equation (120.1) can be taken
approximately equal, the first and third terms can be taken approximately
equal, or the second and third terms can be taken approximately equal.
These possibilities yield the following two term balances:

y′′ − 2
x3/2

y′ ' 0, which requires that |y′′| �
∣∣∣∣∣ 3
16x2

∣∣∣∣∣,(120.2)

or

y′′ ' 3
16x2

, which requires that |y′′| �
∣∣∣∣∣ 2y′

x3/2

∣∣∣∣∣, (120.3)

or

− 2
x3/2

y′ ' 3
16x2

, which requires that |y′′| �
∣∣∣∣∣ 3
16x2

∣∣∣∣∣.(120.4)
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We will investigate each of these in turn. The solution to equation
(120.2) is

y1(x) = A+B

∫
exp
(
− 4
x1/2

)
dx,

where A and B are arbitrary constants. Note that this solution violates
the condition in equation (120.2) because

|y′′1 | =
2|B|
x3/2

exp
(
− 4
x1/2

)
� 3

16x2
as x→ 0.

Therefore equation (120.2) is an inconsistent balance.
The solution to equation (120.3) is

y2(x) = − 3
16

log x+ Cx+D,

where C and D are arbitrary constants. But this solution cannot satisfy
y → 0 as x→ 0, so it must also be discarded.

The solution to equation (120.4) is

y3(x) = − 3
16
√
x,

where we have already used the fact that y → 0 as x→ 0. For this solution,
the condition in equation (120.4) is satisfied, because

|y′′| = 3
32x3/2

� 3
16x2

as x→ 0.

Hence, we have found a consistent balance. We conclude that

y(x) ∼ − 3
16
√
x as x→ 0.

Notes
1. Even if a consistent balance has been found, the solution associated

with that balance may be unrelated to the true solution of the differ-
ential equation(s). This is because a consistent balance has apparent
consistency but not necessarily genuine consistency. Another set of
words that express the same ideas are honest methods and dishonest
methods. See Keller [2] or Lin and Segel [4, pages 188–189] for more
details.

2. See Bender and Orszag [1, pages 83–88].
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121. Equation Splitting

Applicable to Differential equations.

Yields
An exact solution but usually not the most general form of the solution.

Idea
By equating two parts of a differential equation to a common term,

we may be able to find a fairly general solution to the given differential
equation.

Procedure
Separate a differential equation into two (or more) terms such that a

general solution is available for one of the terms. Use the other term(s) to
restrict this general solution.

Example 1
Suppose we have, from fluid dynamics, the stream function form of the

boundary layer equations to solve for Φ(x, y):

ΦyΦxy − ΦxΦyy = νΦyyy. (121.1)

We split this equation by choosing both the right and the left-hand sides
of this equation to be identically equal to zero. That is, we break equation
(121.1) into the two simultaneous equations

ΦyΦxy − ΦxΦyy = 0,
νΦyyy = 0.

(121.2.a-b)

Any solution of equation (121.2) is also a solution of equation (121.1).
Note that the converse is not true: A solution to equation (121.1) may not
satisfy equation (121.2.a) or equation (121.2.b). Hence, the solution that
is obtained from equation (121.2) will not be the most general solution.

The general solution to equation (121.2.b) can be easily found because
it is essentially an ordinary differential equation in the independent variable
y:

Φ(x, y) = a(x)y2 + b(x)y + c(x), (121.3)

for arbitrary coefficient functions a(x), b(x), and c(x). Using equation
(121.3) in equation (121.2.a), we conclude that

(2ay + b)(2ya′ + b′)− (a′y2 + b′y + c′)(2a) = 0
(121.4)
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must hold for all values of x and y. Hence, a(x), b(x), and c(x) can be
restricted by equating the coefficients of y2, y1, and y0 in equation (121.4)
to zero. This results in

coefficient of y2 : 4aa′ − 2aa′ = 0, (121.5)

coefficient of y1 : (2ab′ + ba′)− 2ab′ = 0, (121.6)

coefficient of y0 : bb′ − 2ac′ = 0. (121.7)

Now we solve the equations appearing in equations (121.5), (121.6), and
(121.7). Equation (121.5) can be valid only if a(x) is a constant, say A.
Then equation (121.6) is valid for any b(x) and equation (121.7) can be
rewritten as

(b2)′ − 4Ac′ = 0. (121.8)

Equation (121.8) can be integrated to determine c(x) = b2(x)
4A + D, where

D is an arbitrary constant of integration. Now, using what we have found,
the solution in equation (121.3) becomes

Φ(x, y) = Ay2 + b(x)y +
(
b(x)2

4A
+D

)
, (121.9)

for arbitrary A, D, and b(x).

Example 2
Basarab-Horwath et. al [2] present a method, which uses equation split-

ting, for finding solutions of the d’Alembert equation

u ≡
(

∂2

∂x0
2
− ∂2

∂x1
2
− · · · − ∂2

∂xn2

)
u = F (u).

Choosing P (w) to be an arbitrary polynomial and λ = −1, 0, 1, they make
the change of variable u = Φ(w), where Φ satisfies the differential equation

λ

(
Φ′′ + Φ′

P ′

P

)
= F (Φ).

Then, using equation splitting, they arrive at the two partial differential
equations

w = λ
P ′

P

λ =
(
∂w

∂x0

)2

−
(
∂w

∂x2

)2

− · · · −
(
∂w

∂xn

)2

.

They demonstrate their method by finding solutions of u = sinu.
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Notes
1. Example 1 is from Ames [1, pages 59 and 65–69].
2. Note that for the equations in (121.2) we could have found the general

solution of equation (121.2.a) and then used equation (121.2.b) to
restrict it. The general solution of equation (121.2.a) is Φ(x, y) =
F (y + G(x)), where F and G are arbitrary functions. Using this
solution in equation (121.2.b) and determining conditions on F and
G results in the solution in equation (121.9).

3. See also Goldstein and Braun [3, page 109] and Whitham [4, page
421].
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122. Floquet Theory

Applicable to Linear ordinary differential equations with periodic
coefficients and periodic boundary conditions.

Yields
Knowledge of whether all solutions are stable.

Idea
If a linear differential equation has periodic coefficients and periodic

boundary conditions, then the solutions will generally be a periodic func-
tion times an exponentially increasing or an exponentially decreasing func-
tion. Floquet theory will determine if the solution is exponentially increas-
ing (and so “unstable”) or exponentially decreasing (and so “stable”).

Procedure
Suppose we have an nth order linear ordinary differential equation

whose coefficients are periodic with common period T . The general tech-
nique is to write the ordinary differential equation as a first order vector
system of dimension n (see page 146), and then solve this vector ordinary
differential equation for any set of n linearly independent conditions, for
0 ≤ t ≤ T .

This yields a propagator matrix B, such that y(t + mT ) = Bmy(t),
where m = 1, 2, . . . . Hence, to determine the stability of the original prob-
lem, we need only determine the eigenvalues of B. If any of the eigenvalues
are larger than one in magnitude, then the solution is “unstable.”

As an example of the general theory, we consider second order linear
ordinary differential equations of the form

y′′ + q(t)y = 0, (122.1)

where q(t) is periodic with period T , i.e., q(t + T ) = q(t). We can write
equation (122.1) as a vector ordinary differential equation in the form

y(t) =
[
y(t)
y′(t)

]
, y′ =

[
0 1
−q(t) 0

]
y,

where y(0) =
[
y(0)
y′(0)

]
is known in principle. We now define u(t) and v(t)

to be the solutions of[
u(t)
u′(t)

]
=
[

0 1
−q(t) 0

] [
u(t)
u′(t)

]
,

[
u(0)
u′(0)

]
=
[
1
0

]
,

(122.2)

and [
v(t)
v′(t)

]′
=
[

0 1
−q(t) 0

] [
v(t)
v′(t)

]
,

[
v(0)
v′(0)

]
=
[
0
1

]
.

(122.3)
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Then, by superposition, y(t) = A(t)y(0) =
[
u(t) v(t)
u′(t) v′(t)

]
y(0). Equiva-

lently, y(T ) = By(0), where B = A(T ). Hence, y(2T ) = By(T ) = B2y(0),
y(3T ) = B3y(0), etc. The eigenvalues of B are needed to determine
stability. By the usual calculation, λ will be an eigenvalue of B if and
only if |B − λI| = 0. We calculate,

|B − λI| =
∣∣∣∣u(T )− λ v(T )
u′(T ) v′(T )− λ

∣∣∣∣
= λ2 − λ[u(T ) + v′(T )] + [u(T )v′(T )− u′(T )v(T )]

= λ2 − λ∆ + 1,
(122.4)

where we have defined ∆ = u(T )+v′(T ), and we set u(T )v′(T )−u′(T )v(T )
equal to one because the Wronskian of equation (122.1) is identically equal
to one. Solving equation (122.4) for λ, we determine that λ = 1

2∆ ±√
1
4∆2 − 1, and so we conclude

• If |∆| < 2, then, for both values of λ, we have |λ| ≤ 1 and so all of
the solutions to equation (122.1) are stable.
• If |∆| > 2, then there is least one value of λ with |λ| > 1 and so the

solutions to equation (122.1) are unstable.

Example
Suppose we have the equation

y′′ + f(t)y = 0, (122.5)

where f(t) is a square wave function of period T

f(t+ T ) = f(t) =

{
−1 for 0 ≤ t < T/2,

1 for T/2 ≤ t ≤ T.
(122.6)

Note that f(t) is not continuous. This does not change any of the analysis.
We can solve equation (122.5) and equation (122.6) by using f(t) = −1
and solving for {u(t), v(t)} in the interval 0 ≤ t < T/2. Then we set
f(t) = 1 and solve for {u(t), v(t)} in the interval T/2 < t ≤ T , using as
initial conditions the values calculated when we took f(t) = −1. See the
section on solving equations with discontinuities (page 264).

The solutions of equations (122.2) and (122.3) are found to be (for
T/2 < t ≤ T )

u(t) = (sinh τ sin τ + cosh τ cos τ) sin t+ (sinh τ cos τ + cosh τ sin τ) cos t,

and

v(t) = (cosh τ sin τ + sinh τ cos τ) sin t+ (cosh τ cos τ − sinh τ sin τ) cos t,
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where τ = T/2. From these equations, we determine ∆ to be

∆ = u(T ) + v′(T ) = 2 cosh τ cos τ. (122.7)

The conclusion is that the solutions to equation (122.5) will be stable or
unstable depending on whether the magnitude of ∆, as given by equation
(122.7), is greater than or smaller than 2. Different values of T will give
different conclusions. For example,

• If T=17 or T = e2, then |∆| > 2 and some unstable solutions to
equation (122.5) exist.
• If T=1 or T = π, then |∆| < 2 and all to the solutions to equation

(122.5) are stable.

Notes
1. Mathematicians call this technique Floquet theory, whereas physicists

call it Bloch wave theory. Solid state physicists use this technique to
determine band gap energies.

2. Note that the periodicity of f(t) in equation (122.5) does not, by itself,
insure that y(t) has a periodic solution. If, however, f(t) is periodic
and has mean zero, then equation (122.5) will have a periodic solution
of the same period.

3. The linear system y′ = B(t)y is said to be noncritical with respect to
T if it has no periodic solution of period T except the trivial solution
y = 0. Otherwise, the system is said to be critical.

4. See also Coddington and Levinson [1, pages 78–81], Kaplan [3, pages
472–490], Lukes [5, Chapter 8, pages 162–179], and Magnus and
Winkler [6, pages 3–10].
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123. Graphical Analysis:
The Phase Plane

Applicable to Two coupled autonomous first order ordinary dif-
ferential equations or an autonomous second order ordinary differential
equation.

Yields
A graphical representation of the solution.

Idea
The qualitative features of the solution of two coupled autonomous first

order ordinary differential equations may be ascertained from the phase
plane.

Procedure
Suppose we have the set of two coupled autonomous first order ordinary

differential equations

dx

dt
= f(x, y),

dy

dt
= g(x, y). (123.1)

As t increases, x(t) and y(t) will describe a path in (x, y) space. This will
not be the case at those points (x0, y0), where

f(x0, y0) = 0, g(x0, y0) = 0.

At these points, the value does not change with t: x(t) = x0 and y(t) = y0.
These points are called critical points. (They are also called equilibrium
points or singular points).

To analyze the motion near a single critical point, we linearize equation
(123.1) about that point. By a linear change of variables, we can place
the critical point at the origin (x, y) = (0, 0). Near a critical point at the
origin, equation (123.1) can be written as

dx

dt
= ax+ by + f̂(x, y),

dy

dt
= cx+ dy + ĝ(x, y),

(123.2)

where f̂(x, y) = o(|x|+ |y|) and ĝ(x, y) = o(|x|+ |y|) as x→ 0, y → 0. We
assume that a, b, c, d are real numbers and they are not all equal to zero.
If we discard the f̂ and ĝ terms in equation (123.2) and look for solutions
of the form

x(t) = Aeλt, y(t) = Beλt,
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(e)

Figure 123.1: The different types of behavior in the phase plane: (a) and
(c) are nodes, (b) is a saddle point, (d) is a center, and (e) is a spiral.

then we find that λ must be an eigenvalue of the matrix
[
a b
c d

]
. That is,

λ must satisfy

λ2 − (a+ d)λ+ (ad− bc) = 0. (123.3)

There are five different types of behavior that can be observed near the
critical point (0, 0), based on the roots of equation (123.3). If the roots of
equation (123.3) are

• Real, distinct, and of the same sign, then the critical point is called
a node. (See figure 123.1.a for a typical picture.) Note that the
symmetry axes are determined by the eigenvectors of the 2×2 matrix
shown above.
• Real, distinct, and of opposite signs, then the critical point is called

a saddle point. (See figure 123.1.b for a typical picture.)
• Real and equal, then the critical point is again a node. (See figure

123.1.c for a typical picture.)
• Pure imaginary, then the critical point is called a center. (See figure

123.1.d for a typical picture.)
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Figure 123.2: The different types of behavior in the phase plane, as a
function of the trace and determinant of the 2× 2 matrix.

• Conjugate complex numbers but not pure imaginary, then the critical
point is called a spiral or a focus. (See figure 123.1.e for a typical
picture.)

In each of the figures, an arrow points in the direction of increasing t.
For each case illustrated, there exist systems in which the arrows are
pointing in the opposite direction from what we have illustrated. Each
solution of equation (123.2) (corresponding to different initial conditions)
describes a single trajectory. Every trajectory must

• Go to infinity or
• Approach a limit cycle (see page 78) or
• Tend to a critical point.

If the solution goes to infinity, then the solution is said to be unstable,
otherwise it is said to be stable.

Example 1
Consider the simple linear differential equation system

dx
dt

=
[
a b
c d

]
x.

For this equation, the eigenvalues satisfy equation (123.3), which we write
in the form λ2 − Tλ + ∆ = 0, where T is the trace of the matrix (T =
a + d) and ∆ is the determinant (∆ = ad − bc). The eigenvalues, and
the qualitative picture of the phase plane, can be deduced from T and ∆.
Figure 123.2 shows the type of behavior to expect for different values of
T and ∆. The curve figure 123.2 is given by determinant= (trace)2; only
centers can occur along this curve.
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Example 2
Consider the nonlinear autonomous second order ordinary differential

equation

d2x

dt2
+ β

dx

dt
+ ω2 sinx = 0, (123.4)

which can be written as the coupled system

dx

dt
= y,

dy

dt
= −βy − ω2 sinx.

(123.5)

For the equations in equation (123.5) there are infinitely many critical
points at the locations {x = nπ, y = 0 | n = 0, 1, 2, . . .}. To analyze the
behavior near the point (kπ, 0) the new variables ỹ = y, x̃ = x − kπ are
introduced. In these new variables, the system in equation (123.5) can be
approximated by

dx̃

dt
= ỹ,

dỹ

dt
= −βỹ + (−1)k+1ω2x̃,

(123.6)

when x̃ and ỹ are both small. From equation (123.3) the characteristic
equation for equation (123.6) becomes

λ2 + βλ+ ω2(−1)k = 0,

with the roots

λ1 =
−β +

√
β2 + (−1)k+14ω2

2
, λ2 =

−β −
√
β2 + (−1)k+14ω2

2
.

If we now assume that β > 0 and β2 > 4ω2, then

• For k even, λ1 < 0 and λ2 < 0. Hence, the point is a node.
• For k odd, λ1 > 0 and λ2 < 0. Hence, the point is a saddle point.

With this information, we can draw the phase plane for the system in
equation (123.5) (see figure 123.3). Because the system in equation (123.4)
is dissipative (i.e., the total “energy” decays), all of the different possible
solutions approach one of the nodes in infinite time. The trajectories in
the phase plane clearly show this.
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Figure 123.3: Phase plane for equation (123.4).

Notes
1. In the above, we have presumed that the critical points are isolated;

that is, each critical point has a neighborhood around it in which no
other critical points are present.

2. If, in equation (123.2), ad− bc were equal to zero, then second degree
(or higher) terms in the Taylor series of f and g would be required
to determine the behavior near that critical point. See Boyce and
DiPrima [3, pages 456–486] for details.
If ad − bc 6= 0, then the solution curves of the nonlinear system in
equation (123.1) will be qualitatively similar to the solution curves of
the linear system in equation (123.2), with the single exception that
a center for equation (123.2) may be either a center or a spiral for
the system in equations (123.1).

3. A second order autonomous ordinary differential equation can always
be written as a first order system (see page 146). Also, the general
equation of first order M(x, y) dx+N(x, y) dy = 0 may be written as
a system in the form of equation (123.1); i.e.,

dx

dt
= N(x, y),

dy

dt
= −M(x, y).

4. The point at infinity may be analyzed by changing variables by

x1 =
x

x2 + y2
, y1 =

−y
x2 + y2

CD-ROM Handbook of Differential Equations c©Academic Press 1997



123. Graphical Analysis: The Phase Plane 531

and then analyzing the point (0, 0) in the x1, y1-plane. This corre-
sponds to the substitution z1 = 1/z, when z = x+ iy is treated as a
complex variable.

5. Kath [9] describes a method that combines phase plane techniques
with matched asymptotic expansions. This method can be used to
analyze second order, nonlinear, non-autonomous, singular boundary
value problems.

6. Two different graphing programs for showing phase planes on a Mac-
intosh computer are DEGraph and Phase Portraits. A review of these
programs is in Hartz [5]. A program that runs on IBM personal
computers (and compatibles) is Phaser ; see Margolis [10] for a review.

7. A large collect of phase portraits may be found in Borrelli et al. [2].
8. See also Bender and Orszag [1, pages 171–197], Coddington and

Levinson [4, Chapter 15, pages 371–388], and Huntley and Johnson
[7, Chapter 8, pages 114–133].
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532 III Approximate Analytical Methods

124. Graphical Analysis:
The Tangent Field

Applicable to First order ordinary differential equations.

Yields
A graphical representation of the solutions corresponding to different

initial conditions.

Idea
The qualitative features of the solution of a first order ordinary differ-

ential equation may be ascertained from the tangent field.

Procedure
Given a first order ordinary differential equation in the form

dy

dx
= f(x, y), (124.1)

the procedure is to draw small line segments in the (x, y) plane, such
that the line segment that goes through the point (x0, y0) has the slope
f(x0, y0). Note that a slope of m corresponds to an angle of tan−1m. After
a region of (x, y) space has been covered with these small line segments,
it should be apparent how the solution curves of equation (124.1) behave.
An approximate solution may then be drawn by “connecting up” the line
segments that originate from a given point.

Constructing the tangent field by hand is often facilitated by the method
of isoclines. In this method, a few curves of the form f(x, y) = C, with C
being a constant, are constructed. Along each one of these curves, dy/dx is
equal to the constant C. Hence, at every point on these curves, the small
line segments all have the same slope.

Example 1
Suppose we have the nonlinear ordinary differential equation

dy

dx
= 1− xy2. (124.2)

It is straightforward to construct the tangent field, which is shown in figure
124.1.

Every solution of equation (124.2) must be tangent to whatever line
segments it passes near. For example, if equation (124.2) had the initial
condition y(0) = 1, then the solution can be approximately traced by
starting at the point (0, 1) and drawing a line that remains tangent to the
line segments. For this equation and initial condition, y tends to zero as x
tends to infinity. This behavior can be seen in figure 124.1.
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Figure 124.1: Tangent field for equation (124.2).

Example 2
Given the differential equation

dy

dx
= 2x+ y, (124.3)

we find that the isoclines are the straight lines 2x + y = C. Figure 124.2
shows the isoclines, with small line segments superposed, as well as three
solutions to equation (124.3).

The exact solution to equation (124.3) is y = 2(1−x) +Ae−x, where A
is an arbitrary constant. The linear behavior for x� 0 and the exponential
behavior for x < 0 can be identified in this figure.

Notes
1. Consider drawing a small circle Γ in the (x, y) plane that surrounds

the point (x0, y0). Traversing the circle counter-clockwise, the di-
rection field will change. In every case, the change in angle must
be a multiple of 2π: [angle]Γ = 2πIΓ, where IΓ is an integer called
the index of the vector field. Suppose the number of times the slope
dy/dx changes from +∞ to −∞ is m and number of times it changes
from −∞ to +∞ is n. Then the index is equal to (m − n)/2. The
index may be positive, negative, or zero. If Γ surrounds no critical
points, then the index is zero. If Γ surrounds a saddle point, then the
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Figure 124.2: Tangent field for equation (124.3).

index is −1. If Γ surrounds a center, spiral, or node, then the index
is +1. If Γ surrounds more than one critical point, then the index is
the sum of the indices for each critical point.
Equation (124.1) sometimes arises from the autonomous system {ẋ =
F (x, y), ẏ = G(x, y)}, via dy

dx = G(x,y)
F (x,y) . In this case, we have IΓ =

1
2π

∮
Γ

F dG−GdF
F 2 +G2

. See Jordan and Smith [3] for details.

2. Mathematica has the packages PlotField and PlotField3D which
can plot two- and three-dimensional vector fields. They contain
functions for plotting gradient and Hamiltonian vector fields.

3. Even rough hand construction of the tangent field can produce useful
qualitative information.

4. See also Bender and Orszag [1, pages 148–149] and Boyce and DiPrima
[2, pages 34–35].
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125. Harmonic Balance

Applicable to Nonlinear ordinary differential equations with peri-
odic solutions.

Yields
An approximate solution valid over the entire period. There is a speci-

fied procedure for increasing the number of terms and, hence, for increasing
the accuracy.

Idea
Harmonic balance is a way of looking for periodic solutions in nonlin-

ear systems by trying to fit a truncated Fourier series and choosing the
frequency, amplitude, and phases so that any error occurs only in the
discarded harmonics.

Procedure
Suppose we have a differential equation of the form

f(x, xt, xtt, t) = 0, (125.1)

and we wish to find a periodic solution of period T . We look for an
approximation to equation (125.1) in the form of a truncated Fourier series

x(t) ' y(t) := a0 +
N∑
j=1

aj cos jωt+ bj sin jωt,

where ω = 2π/T . The unknowns to be determined are {a0, aj, bj | j =
1, . . . , N} and possibly T .

If T is known, then we require the 2N + 1 unknowns to satisfy the
2N + 1 algebraic equations∫ T

0

f(y, yt, ytt, t) sinkωt dt = 0,∫ T

0

f(y, yt, ytt, t) cos kωt dt = 0, (125.2.a-b)

for k = 0, 1, . . . , N .
If the period T is unknown, then there are 2N + 2 unknowns to be

determined. To find algebraic equations for these unknowns, we require
equation (125.2) to hold for k = 0, 1, . . . , N and, say, equation (125.2.a) for
k = N + 1.

Example 1
Given the equation

d2x

dt2
+ x+ α

(
dx

dt

)2

= sin t, (125.3)
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where α is a given constant, we search for a 2π periodic solution. If we
take T = 2π and N = 2, then we are assuming that

x(t) ' y(t) = a0 + a1 cos t+ a2 cos 2t+ +b1 sin t+ b2 sin 2t.
(125.4)

Using equation (125.3) and equation (125.4) in equation (125.2) produces
the set of simultaneous algebraic equations

α
(
4b22 + b21 + 4a2

2 + a2
1

)
+ 2a0 = 0,

α (b1b2 + a1a2) = 0,

α
(
b21 − a2

1

)
− 6a2 = 0,

2α (a1b1 − a2b1)− 1 = 0,
3b2 + αa1b1 = 0.

These equations have the unique solution {a0 = −(α2/3 + 34/3)/2(9α)1/3,
a1 = 0, a2 = 1/2(3α)1/3, b1 = −31/3/α2/3, b2 = 0}. Hence, the approxi-
mation (for N = 2) becomes

x(t) ' −
(

3
α2

)1/3

sin t+
1

2(3α)1/3
(cos 2t− 3)− (3α)1/3

6
.

(125.5)

Note that this approximation indicates the qualitatively correct behavior,
at least for small values of α. When α is small, equation (125.3) is a
harmonic oscillator being forced near resonance. This would lead to a
large magnitude solution, which is what equation (125.5) indicates.

Example 2
Given the equation

d2x

dt2
+ x = c(x2 + cos t),

we choose N = 1 and look for solutions of period T = 2π. Using the
approximation

x(t) ' y(t) = a0 + a1 cos t+ b1 sin t,

we find that b1 = 0, a1 = −1/2a0 and a0 = c1/3z/2, where z satisfies the
cubic equation c4/3z4 − 2z3 + 2 = 0. Here, the analytical solution for a0 is
available (implicitly) but is not very informative. However, if we assume
that |c| � 1, then it can be shown that a0 = c1/3

2

[
1 + c1/3

6 +O(c8/3)
]
.

Example 3
The requirements in equation (125.2) are not the only way in which to

obtain useful approximations. Consider the Duffing equation, ẍ+ x = εx3,
with ẋ(0) = 0. If we presume that x = A cosωt, then

x− εx3 = A cosωt
(

1− 3
4
εA2

)
− 1

4
εA3 cos 3ωt.
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If we disregard the last, higher order term, then we may write x − εx3 ≈
x
(
1− 3

4εA
2
)
. With this approximation, the original equation becomes

ẍ −
(
1− 3

4εA
2
)
x ≈ 0. Because we have presumed that x = A cosωt, we

can immediately identify the frequency: ω2 ≈ 1− 3
4εA

2. Hence, to leading
order, our approximate solution becomes x ≈ A cos

(
1− 3

8εA
2
)
t.

Notes
1. This technique is known in the engineering literature as the describing

function method.
2. Strictly speaking, this method may also be used to obtain approxi-

mations to differential equations that do not have periodic solutions.
3. This technique applies, in principle, to equations in which there is no

small parameter. However, it may prove that the algebraic equations
generated by equation (125.2) are not solvable in closed form unless
a perturbation expansion is used (as in Example 2).

4. Mees [7] has a very extensive bibliography, separated into categories
(applications, theory, background theory, Hopf bifurcation, and har-
monic balance). See also MacDonald [6].

5. When this method is implemented numerically, it is known as the
spectral method (see page 851 or see Gottlieb and Orszag [2] for
details).

6. See also Ferri [1], Groves [3], Huntley and Johnson [4, Chapter 12,
pages 166–168] and Kundert et al. [5].
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126. Homogenization

Applicable to “Microscopic” differential equations.

Yields
“Macroscopic” differential equations.

Idea
By averaging microscopic differential equations, differential equations

for macroscopic quantities may be determined.

Procedure
In many fields, the (“microscopic”) equations of motion contain more

information than is needed by a practitioner who is solving a specific
problem. For instance, in a fluid flow problem, it may be that only the
mass flow is required, rather than a detailed analysis of the flow field.
Consequently, it is of interest to take an “average” of the “microscopic”
differential equations to obtain a set of differential equations that describe
the “macroscopic” quantities of interest. The average taken could be a
time average, a space average, an ensemble average, or an average of some
other type.

In the homogenization method, it is usually assumed that there is a
fast time (or a short length) scale, on which the “microscopic” differential
equations vary. The dependence on this fast scale is usually assumed to be
either periodic or random. In mechanics problems, the small length scale
is often the length scale of the inclusions or heterogeneities.

Often, a formal procedure for analyzing problems via homogenization
is by a multiscaling procedure (see page 605).

Example 1
As an example of the general procedure, consider the elliptic problem

−
∑
i,j

∂

∂xi

[
aεij(x)

∂u

∂xj

]
= f(x), (126.1)

in some domain Ω. The equation (126.1) probably came from a system of
the form

− ∂pi
∂xi

= f(x),

pi = aεij(x)
∂u

∂xj
,

(126.2)

via Hamilton’s equations. In equations (126.1) and (126.2), it is now
assumed that aεij(x) is of the form aij(x/ε) and that aεij(x) is periodic
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in x, with the period in the xi variable being Li. A formal two scale
procedure can be defined by (see page 605)

yi =
xi
ε
,

u(x) = u0(x,y) + εu1(x,y) + ε2u2(x,y) + · · · ,
p(x) = p0(x,y) + εp1(x,y) + ε2p2(x,y) + · · · ,

where p = (p1, p2, . . . ). In this case, we choose to define the average of
some arbitrary function of x and y to be

Ā(x) :=
1

L1L2 · · ·Ln

∫
A(x,y) dy. (126.3)

We integrate over y in equation (126.3) to average over the high frequency
component of a function that depends on both x and y. For our example,
it is straightforward to show that

−∂p̄
0
i

∂xi
= f(x), (126.4)

where p̄0 = (p̄0
1, p̄

0
2, . . . ). Now, if an ahij(x) can be found such that

p̄0
i = ahij(x)

∂u0

∂xj
, (126.5)

then ahij(x) is said to be the homogenized coefficient, and equations (126.4)
and (126.5) are the homogenized equations.

Example 2
For a more detailed example, consider the equation

Aεuε := −
∑
i,j

∂

∂xi

(
aij

(x
ε

) ∂uε
∂xj

+ a0

(x
ε

)
uε

)
= f(x),

(126.6)

where aij(y) and a0(y), with y := x/ε, are periodic on the unit cube Y .
We assume that the solution can be expanded in the form

uε = u0

(
x,

x
ε

)
+ εu1

(
x,

x
ε

)
+ . . .

= u0(x,y) + εu1(x,y) + . . . .
(126.7)

Using the chain rule (i.e., ∂xi becomes ∂xi+
1
ε∂yi), inserting equation (126.7)

into equation (126.6) and equating powers of ε results in

A1u0 = 0,
A1u1 = A2u0,

A1u2 = A2u1 +A3u0 + f,

(126.8.a-c)
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where

A1 = −
∑
i,j

∂

∂yi

(
aij(y)

∂

∂yj

)
,

A2 =
∑
i,j

∂

∂yi

(
aij(y)

∂

∂xj

)
+

∂

∂xi

(
aij(y)

∂

∂yj

)
,

A3 =
∑
i,j

∂

∂xi

(
aij(y)

∂

∂xj

)
+ a0(y).

If we define an averaging operator by

M [v] =
1
|Y |

∫
Y

v(y) dy,

then it can be shown that the equation A1v = h will have a unique solution
only if M [h] = 0 (see the section on alternative theorems, page 15). This
condition, applied to equation (126.8.b), indicates that u0 = u0(x). This
fact simplifies equation (126.8.b) to

A1u1 = −
∑
i,j

∂

∂yi

(
aij(y)

∂

∂yj

)
u1 =

∑
i,j

(
∂aij(y)
∂yi

)
∂u0(x)
∂xj

= A2u0.

Using separation of variables on this results in u1(x,y) =
∑
k

zk(y)∂u0(x)
∂xk

,

where zk(y) is the unique periodic solution of

A1zk = −
∑
i,j

∂

∂yi

(
aij(y)

∂

∂yj

)
zk =

∑
i

∂aik(y)
∂yi

.
(126.9)

Equation (126.9) is known as the cell problem.
To finally obtain a solution, we require from equation (126.8.c) that

M [A2u1 +A3u0 + f ] = 0. This results in

−
∑
i,j

pij(x)
∂2u0(x)
∂xi∂xj

+M [a0]u0(x) = f(x),
(126.10)

where pij(x) := M [aij ]−M
[∑

k

aik
∂zj
∂yk

]
.

Notes
1. Homogenization techniques are often used in fluid mechanics (two

phase flow in particular), electric field theory, and solid mechanics.
2. Homogenization is often the method used in ad hoc “mean field”

theories, “effective media” theories, and “averaged equations.”
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3. Homogenization seems to be related to renormalization group theory.
Renormalization group methods study the asymptotic behavior of a
system (i.e., the macroscopic behavior) when the scale of observa-
tion is much larger than the scale of microscopic description. See
Goldenfeld et al. [4] or Nunes da Silva [6].

4. In Persson and Wyller [7], it is shown that, for a sample prob-
lem, homogenization is equivalent to Whitham’s averaged Lagrangian
method.

5. Averages, denoted by 〈·〉, are generally required to satisfy “Reynold’s
rules”

〈f + g〉 = 〈f〉+ 〈g〉 ,
〈〈f〉 g〉 = 〈f〉 〈g〉 ,
〈c〉 = c,

when f and g are random or periodic functions and c is a constant.
It is also often required that〈

∂f

∂t

〉
=
∂ 〈f〉
∂t

be satisfied for functions f that are “well behaved.”
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127. Integral Methods

Applicable to Linear and nonlinear partial differential equations.

Yields
An approximation of the solution.

Idea
A sequence of physical approximations may lead to an approximate

solution.

Procedure
There are generally three separate steps in using the common integral

approximation techniques:

• A physical boundary (either natural or imposed mathematically) is
assumed to be at some finite distance.
• A weak form of the equations is assumed to hold, up to the boundary

described above.
• The form of the solution is guessed by the method of undetermined

coefficients.

These concepts are made clear in the following example.

Example
Suppose we want to approximate the solution of the linear parabolic

partial differential equation

ut = αuxx, for x > 0, t > 0,
u(0, x) = u0,

∂u

∂x
(t, 0) = f(t), (127.1.a-c)

where f(t) is some prescribed function. Note that the value of u(t, x)
(which physically might represent a temperature) is initially u0. For the
first approximation, we suppose that there is a finite distance β(t) that
varies with time, beyond which the temperature is still u0.

This assumption is contrary to fact; we know that the diffusion equation
has an infinite propagation speed, and the value of u at all points is
immediately changed from u0. But the change from u0 will be exponentially
small at large distances, so we assume it is zero for x ≥ β(t). This adds
the boundary conditions

u(t, β(t)) = u0,

ux(t, β(t)) = 0.
(127.2.a-b)
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Equation (127.2.a) states that the temperature at the boundary x = β(t)
is always equal to u0. Equation (127.2.b) states that there is no heat flux
across x = β(t); if there was such a flux, then the region beyond x = β(t)
would not maintain the temperature u = u0.

The second approximation is to assume that a weak form of the differ-
ential equation will hold. To obtain this weak form, we integrate equation
(127.1.a) with respect to x from x = 0 to x = β(t) to obtain∫ β(t)

0

ut dx = α

∫ β(t)

0

uxx dx.

This expression can be integrated by parts to obtain

d

dt

∫ β(t)

0

u dx− u(t, β(t))
dβ(t)
dt

= α
[
ux(t, β(t))− ux(t, 0)

]
= −αf(t), (127.3)

where we have used equation (127.2.b) and equation (127.1.c). If we define

w(t) =
∫ β(t)

0

u dx, (127.4)

then equation (127.3) can be written as the ordinary differential equation

d

dt

(
w − u0β

)
= −αf(t). (127.5)

Note that, from equation (127.4), the average value of u(t, x) in the region
0 ≤ x ≤ β(t) is given by w(t)/β(t).

Now we must determine β(t) from equation (127.5). Before we can
solve for β(t), however, we need to determine w(t). To determine w(t),
we presume some form of the general solution for u(t, x). By the use of
undetermined coefficients, we suppose that u(t, x) has the form

u(t, x) =

{
a(t) + b(t)x+ c(t)x2, for 0 < x < β(t),
u0, for x > β(t),

where a(t), b(t) and c(t) are all unknowns. If this form is to satisfy equation
(127.1.c) and equation (127.2), then it must be restricted to be of the form

u(t, x) =

{
u0 − f(t)

2β(t) [β(t) − x]2, for 0 ≤ x < β(t),

u0, for x ≥ β(t). (127.6)

Using this form in equation (127.4) results in w(t) = u0β(t) − β2(t)f(t)
6 .

Using this value for w(t) in equation (127.5) results in d
dt

[
β2(t)f(t)

6

]
= αf(t).
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The solution of this ordinary differential equation is

β(t) =

√
6α
f(t)

∫ t

0

f(s) ds. (127.7)

Using this form for β(t) in equation (127.6) completes the determination
of the approximate solution.

For comparison purposes, if f(t) is the constant F , then the temperature
at x = 0 is given by (using equations (127.7) and (127.6))

u(t, 0) ' u0 −
√

3
2
αtF. (127.8)

Conversely, the exact solution of equation (127.1) can be found by the use

of Laplace transforms to be u(t, x) = u0−
√
α

π

∫ t

0

f(t− τ)√
τ

e−x
2/4ατ dτ , and

so, when f(t) is the constant F , the exact solution becomes u(t, 0) = u0 −√
4
παtF . The difference between this exact solution and the approximation

in equation (127.8) is about 9%.

Notes
1. This method, in fluid mechanics, is known as the Kármán–Pohlausen

technique. The distance β(t) then represents the thickness of a
boundary layer.

2. When this technique is used, it is most often with partial differential
equations that have only a single space variable.

3. This technique is often used in free boundary problems (see page
311).

4. See Ames [1, pages 271–278].
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128. Interval Analysis

Applicable to Ordinary and partial differential equations.

Yields
An analytical approximation with an exact bound on the error.

Idea
Initially, we bound the solution between an upper and lower bound.

Then, iterating a contraction mapping, we generate a sequence of approxi-
mations in which the upper bound decreases and the lower bound increases.

Procedure
We use the interval notation [a, b] to indicate some number between the

values of a and b. We allow the coefficients of polynomials to be intervals.
For example, the interval polynomial

Q(x) = 1 + [2, 3]x2 + [−1, 4]x3,

evaluated at the point x = y, means that

min
2≤η≤3
−1≤ζ≤4

(
1 + ηy2 + ζy3

)
≤ Q(y) ≤ max

2≤η≤3
−1≤ζ≤4

(
1 + ηy2 + ζy3

)
.

There exists an algebra of interval polynomials. For example(
x+ [2, 3]x3

)
+
(
[1, 2]x+ [1, 4]x3

)
= [2, 3]x+ [3, 7]x3,

([1, 3] + [−1, 2]x)2 = [1, 9] + [−6, 12]x+ [0, 4]x2.

If P (x) and Q(x) are interval polynomials, then at any point y we can write
P (y) ∈ [PL, PU ] and Q(y) ∈ [QL, QU ]. We say that P (x) contains Q(x)
on some interval [c, d] if PL ≤ QL and QU ≤ PU for all y ∈ [c, d]. This is
denoted by Q(x) ⊂ P (x).

To approximate the solution of an ordinary differential equation, we
search for a contraction mapping (see page 58) that has the form Pk+1 =
F [Pk], where F [·] is a functional, Pk+1 ⊂ Pk, and Pk tend to the solution
of the differential equation as k →∞.

Example
Suppose we want to approximate the solution of

y′ = y2, y(0) = 1, (128.1)

for values of x in the interval [0, 1/4]. Equation (128.1) can be written as
the equivalent integral equation

y(x) = 1 +
∫ x

0

y2(z) dz. (128.2)
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It is easy to see that the solution of equation (128.2) must lie in the interval
[1, 2] when x ∈ [0, 1/4]. This is because y′ is always positive, so y cannot be
smaller than 1 (which is what y(0) is) and if it is assumed that y(z0) = 2 for
some z0 ∈ (0, 1/4), then a contradiction can be reached by using equation
(128.2). We now define the iteration sequence (the contraction mapping)
by

Pk+1(x) = 1 +
∫ x

0

P 2
k (z) dz,

for k = 0, 1, 2, . . . , which is just Picard’s integral formula (see page 618).
We start the sequence off by P0(x) = [1, 2] and then calculate

P1(x) = 1 +
∫ x

0

[1, 2]2 dz,

= 1 + [1, 4]x,

P2(x) = 1 +
∫ x

0

(1 + [1, 4]z)2 dz,

= 1 +
∫ x

0

(1 + [2, 8]z + [1, 16]z2) dz,

= 1 + x+ [1, 4]x2 +
[

1
3
,

16
3

]
x3,

P3(x) = 1 + x+ x2 + x3 + [1, 2]x4 + · · · ,

P4(x) = 1 + x+ x2 + x3 + x4 +
[
1,

7
5

]
x5 + · · · .

It is easy to show that Pk+1(x) ⊂ Pk(x) and that {Pk(x)} converges to the
exact solution y(x) of equation (128.1). Note that, from the Pk(x), exact
estimates of the solution are available. For example, from P2(x), we find,
1.141 < y(1/8) < 1.198.

Notes
1. The exact solution to the system in equation (128.1) is y(x) = 1/(1−
x), which has the Taylor series: y(x) = 1 + x+ x2 + x3 + x4 + · · · .

2. To avoid dealing with polynomials of large degree, as in the example,
we could observe that

xn ⊂
[

0,
(

1
4

)n−m]
xm,

for x in the interval [0, 1
4 ]. This allows us to replace xn by xm, with

a coarsening of the bounds.
3. The real power of this method is that it can be applied to differential

equations whose coefficients are given by intervals. For example, this
would be the case in a problem in which a parameter appearing in a
differential equation is known only approximately.
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4. The paper by Ames and Nicklas [2] describes the solution of ellip-
tic partial differential equations, using interval analysis to solve the
finite difference equations produced by a numerical approximation.
Schwandt [10] addresses the same issue, but with the use of a vector
computer.

5. When solving ordinary differential equations numerically, using inter-
val techniques, the error bounds often exhibit spurious exponential
growth due to the differential equation solver used. Numerical meth-
ods have been developed that prevent spurious exponential growth of
the intervals for linear systems, see Gambill and Skeel [5] for details.

6. The techniques presented in this section can be implemented nu-
merically. Interval arithmetic packages are available in Algol (see
Guenther and Marquardt [6]), Fortran (see Yohe [12]), and PASCAL
(see Rall [9]).

7. There is an interval computations web page at http://cs.utep.edu/
interval-comp/main.html. The book by Eijgenraam [4] contains
several worked examples. The journal Interval Computations is a
useful reference.
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129. Least Squares Method

Applicable to Ordinary and partial differential equations.

Yields
An approximation to the solution.

Idea
A variational principle is created for a given differential equation, and

then an approximation to the solution with some free parameters is pro-
posed. By use of the variational principle, the free parameters are deter-
mined.

Procedure
Given the differential equation

N [u] = 0, (129.1)

for u(x) in some region of space R, with the homogeneous boundary con-
ditions

B[u] = 0, (129.2)

on some portion of the boundary of R, we define the functional

J [v(x)] =
∫
R

(
N [v(x)]

)2

dx. (129.3)

Notice that J [v(x)] ≥ 0, for all functions v(x).
The solution to equations (129.1) and (129.2) clearly satisfies J [u] = 0

because the integrand is identically equal to zero in this case. Hence, the
solutions to equations (129.1) and (129.2) represents a minimum of the
functional J [·].

Now we choose an approximation to u(x) that has several parameters
in it, say u(x) ' w(x;α), where α is a vector of parameters. This
approximation is chosen in such a way that it satisfies the conditions in
equation (129.2). The parameters in w(x;α) are determined by minimizing
J [w(x,α)]; i.e., by solving the simultaneous system of equations

∂

∂αk
J [w(x,α)] = 0, for k = 1, 2, . . . . (129.4)

Example
Suppose we wish to approximate the solution of the two point boundary

value problem

u′′ + u+ x = 0,
u(0) = 0, u(1) = 0.

(129.5)
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(Note that the exact solution of equation (129.5) is y(x) = sin x
sin 1 − x.) In

this case, we may define J [v(x)] to be

J [v(x)] =
∫ 1

0

(v′′ + v + x)2
dx.

We choose to approximate the solution of equation (129.5) by

u(x) ' w(x) = α1(x− x2) + α2(x− x3).

This approximation has been chosen in such a way that the boundary
conditions for u(x) are satisfied. Using w(x) in the functional results in

J [w(x)] =
1

210
[
707α2

1 + 2121α1α2 + 2200α2
2 − 385α1 − 784α2 + 70

]
.

Forming equation (129.4) for k = 1, 2, we determine that α1 and α2 must
satisfy the simultaneous algebraic equations

∂J [w(x)]
∂α1

=
1

210
[1414α1 + 2121α2 − 385] = 0,

∂J [w(x)]
∂α2

=
1

210
[2121α2 + 4400α2 − 784] = 0.

These equations have the solution: {α1 = 4448
246137 ' 0.0181, α2 = 413

2437 '
0.1694}. The function w(x), with these values, becomes our approximation.
The greatest difference between the exact solution and the approximate
solution, in the range 0 < x < 1, is at x ' 0.5215, where the difference is
approximately 0.0016.

Notes
1. Note that for the functional in equation (129.3) there may exist, in

general, several different functions {vk(x)} that satisfy J [vk(x)] = 0.
2. This method is similar to the Rayleigh–Ritz method (see page 638)

in that an approximation is utilized in a variational equation.
3. This method is an example of a weighted residual method (see page

786).
4. This technique is often implemented numerically.
5. See Collatz [2, pages 184 and 220–221].
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130. Lyapunov Functions

Applicable to Ordinary and partial differential equations.

Yields
Bounds on the solution in phase space.

Idea
Even without solving a given differential equation, sometimes we can

restrict the solution to be in a certain portion of phase space.

Procedure
Given a differential equation, find a non-negative functional of the

solution, which has a non-positive derivative. Then the solution of the
differential equation will remain in a region described by the functional and
the initial conditions. Most often, the functional will involve the dependent
variable and some of its derivatives.

Example 1
Suppose we wish to bound the solution of a damped harmonic oscillator

xtt + βxt + ω2x = 0,
x(0) = A, xt(0) = B,

(130.1)

with β > 0. In this case, we define the Lyapunov functional to be

L[x(t), xt(t), xtt(t), t] = ω2x2(t) + x2
t (t).

Because L[·] is a sum of squares, it cannot be negative. Differentiating L[·]
with respect to t produces

Lt[x, xt, xtt, t] = (ω2x2 + x2
t )t

= 2ω2xxt + 2xtxtt
= −2βx2

t ,
(130.2.a-c)

where we have used the original differential equation equation (130.1) to
replace the xtt term in equation (130.2.b). Because β is positive, Lt is
non-positive. Therefore, L[·] is a non-increasing function of t. Hence,

ω2x2(t) + x2
t (t) = L[x(t), xt(t), xtt(t), t]
≤ L[x(0), xt(0), xtt(0), 0]

≤ ω2x2(0) + x2
t (0)

≤ ω2A2 +B2

≤ a prescribed constant.

(130.3)
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Therefore, we have found an upper bound for ω2x2(t) + x2
t (t) without

solving the original equation.

Example 2
Suppose we have the wave equation on a finite domain (0 ≤ x ≤ L)

utt = c2uxx,

ux(0, t) = ux(L, t) = 0, u(x, 0) = g(x),
(130.4)

where c is a given constant and g(x) is given. In this case, we choose the
Lyapunov functional to be

V (t) =
1
2

∫ L

0

[u2
t + c2u2

x] dx. (130.5)

Because V (t) is the integral of a non-negative quantity, V (t) is also non-
negative. Differentiating V (t) with respect to t produces

Vt =
∫ L

0

[ututt + c2uxuxt] dx

=
∫ L

0

[ut(c2uxx) + c2uxuxt] dx

= c2
∫ L

0

[utuxx + uxuxt] dx.

(130.6.a-c)

Integration of the second term in equation (130.6.c) by parts yields

Vt = c2
∫ L

0

[utuxx − uxxut] dx+ c2uxut

∣∣∣∣∣
x=L

x=0

= c2 [ux(L, t)ut(L, t)− ux(0, t)ut(0, t)] ,

or, using the initial conditions in equation (130.4),

Vt = 0.

We conclude that V (t) = V (0), for all values of t. This statement is essen-
tially an “energy” statement: The energy (described by equation (130.5))
carried by a wave (described by equation (130.4)) remains constant.

Notes
1. Lyapunov functionals are often devised from physical considerations.

The Lyapunov functionals in both of these examples represent the
“energy” of the system in a mathematical way.

2. Finding Lyapunov functionals is, in general, a difficult task. It is often
made easier by considering conservation laws: energy, momentum,
etc. The “energy” in example one is not held constant because of the
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dissipation due to the β term. If β = 0, then Lt = 0 and so equation
(130.3) becomes

ω2x2(t) + x2
t (t) = ω2A2 +B2.

In this case, the energy is constant.
3. There is a constructive method, due to Zubov [10], for obtaining

Lyapunov functionals for systems of ordinary differential equations.
The procedure requires the solution of a partial differential equation,
which is derived from the given system of ordinary differential equa-
tions. See Hahn [3, pages 78–82] or Willems [9, pages 42–43] for
details. Hahn [3] gives an example: A Lyapunov function for the
system {ẋ = −x+ 2x2y, ẏ = −y} is L = −1 + exp

(
− y

2

2 −
x2

2(1−xy)

)
.

4. A different constructive method is described in Oğuztöreli et al. [7].
A detailed algorithm is given for systems of ordinary differential
equations of the form: {ẋ = f(t, x, y), ẏ = g(t, x, y)}. The Lyapunov
function for a modification of the Mathieu differential equation, ẍ =
(α+ 2β cos 2t)x+ εx2, is derived for the region

(
x2 + y2 < ρ2

)
, where

ρ is a sufficiently small number.
5. Consider the nonlinear system x′ = f(x), with f(0) = 0 and the

Jacobian matrix J(x) = ∂f
∂x . If a constant, symmetric, positive

definite matrix P can be found such that PJ(x) + JT(x)P is neg-
ative definite, then V = xTPx is a Lyapunov function (with V ′ =
xT
{∫ [

JT(zx)P + PJ(zx)
]
dz
}

x).If P is chosen to be the identity
matrix, then V = xTx will be a Lyapunov function if all of the
eigenvalues of the matrix J(x) + JT(x) are negative. This is known
as Krasovskii’s theorem.

6. Burton [2] describes how Lyapunov functions may be constructed for
delay differential equations.

7. “Lyapunov” is sometimes written “Liapunov.”
8. See Boyce and DiPrima [1, pages 502–512] and Simmons [8, pages

316–322].
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131. Equivalent Linearization
and Nonlinearization

Applicable to Nonlinear ordinary differential equations. This
technique is most frequently used for ordinary differential equations with
periodic solutions.

Yields
An approximate periodic solution.

Idea
We model the given equation by a linear or nonlinear equation for which

the exact solution can be found.

Procedure
Suppose we want to approximate the solution to the nonlinear ordinary

differential equation

D[x(t), t] = 0, (131.1)

where D[·] is a differential operator. We represent the initial conditions
and boundary conditions for x(t) as B[x(t)] = 0, and assume that x(t) is
periodic on some interval, say for t from 0 to T . We do not need to know
T a priori.

We model equation (131.1) by choosing a D∗[·] that has properties
that are “similar” to the properties of D[·]. This can be done by any
technique. To allow some generality, we assume that D∗[·] depends on a
set of parameters α = (α1, α2, . . . , αn). Now we look for a solution y(t;α)
of

D∗[y(t;α), t;α] = 0, B[y(t;α)] = 0 (131.2)

that is periodic on the interval [0, T ]. We will approximate the solution to
equation (131.1), x(t), by the solution to equation (131.2), y(t;α). For this
to be a good approximation, the error made must be small. We define the
error made in using y(t;α) for x(t) to be

E(t,α) := D[y(t;α), t].

The claim is that x(t) ' y(t;α) if the “total error” is “small” in some sense.
The “total error” could be measured as

1
T

∫ T

0

|E(t,α)|2 dt “mean square error,”
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or
1
T

∫ T

0

|E(t,α)| dt “mean modulus,”

or
max |E(t,α)| “extremum.”

The “total error” is minimized by choosing the α. This is accomplished
by differentiating the total error with respect to αi and setting the resulting
expression to zero (for i = 1, 2, . . . , n). Solving these simultaneous algebraic
equations yields the desired values of the αi.

Example 1
Suppose we wish to approximate the periodic solution of the nonlinear

ordinary differential equation

D[x(t), t] = x′′ + ax+ bx3 + cx5 = 0,
x(0) = A, x′(0) = 0.

(131.3)

Here {a, b, c, A} are all known, fixed constants. We choose to approximate
the solution of equation (131.3) by the solution of the linear ordinary
differential equation

D∗[y(t), t;ω] = y′′ + ω2y = 0,
y(0) = A, y′(0) = 0,

(131.4)

for some (unknown) value of ω. In this example, the vector of unknown
parameters α is the single variable ω. The solution to equation (131.4) is

y(t) = A cosωt. (131.5)

The error in using equation (131.5) for the solution of equation (131.3) is

E(t, ω) = D[y(t), t],

= y′′ + ay + by3 + cy5,

= (a− ω2) cosωt+ b cos3 ωt+ c cos5 ωt.

We choose, in this example, to minimize the mean square error. Hence, we
define the total error, E(ω), by

E(ω) =
1
T

∫ T

0

|E(t, ω)|2 dt

=
1
T

∫ T

0

[(a− ω2) cosωt+ b cos3 ωt+ c cos5 ωt]2 dt. (131.6)

Now, what is T ? For equation (131.3), we do not know the true period
of the solution. But, we are using the solution of equation (131.4) to
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approximate the solution of equation (131.3). And, for equation (131.4),
the solution has period T = 2π/ω (see equation (131.5)). Hence, to evaluate
equation (131.6), we use T = 2π/ω to obtain

E(ω) =
[
128ω4 − (160c+ 192b+ 256a)ω2 + 63c2 + (140b+ 160a)c

+ 80b2 + 192ab+ 128a2
]
/256. (131.7)

Now, the goal is to minimize the total error. If equation (131.7) is dif-
ferentiated with respect to ω, and the resulting equation is solved for ω,
then

ω2 = a+
3
4
bA2 +

5
8
cA4 or ω = 0. (131.8)

Therefore, an approximation to the solution of equation (131.3) is found
by using equation (131.8) in equation (131.5):

x(t) ' A cos

[
t

√
a+

3
4
bA2 +

5
8
cA4

]
.

Example 2
Suppose we wish to approximate the periodic solution of the undamped

Duffing equation

D[x(t), t] = x′′ + ax+ bx3 = B cosωt, (131.9)

where {a, b, B, ω} are all known constants. We choose to model the equa-
tion (131.9) by the nonlinear equation

D∗[y(t), t] = y′′ + ay + by3 = γ cn(ηt, k), (131.10)

where cn(ηt, k) is the Jacobian elliptic cosine function with modulus k. The
a and b in equation (131.10) are the same as the a and b in equation (131.9).
The three remaining parameters in equation (131.10) that are under our
control are {γ, η, k}. The solution to equation (131.10) is known to be (see
the look-up solution technique, on page 179)

y(t) = β cn(ηt, k), (131.11)

where β, γ, η, and k are related by

bβ3 + (a− η2)β = γ, k2 =
bβ2

2η2
. (131.12)

These equations determine β and k (in principle) in terms of γ and η. For
the period of the forcing function in equation (131.10) to match the period
of the forcing function in equation (131.9) (which is 2π/ω), we also require

η =
2K(k)ω

π
, (131.13)
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where K(k) is the complete elliptic integral of the first kind with modulus
k. We will use equation (131.13) to determine η. This leaves us with one
adjustable parameter, γ, with which to effect the minimization of the total
error.

Now we calculate

E(t, γ) = D[y(t)] = B cosωt− γ cn(ηt, k). (131.14)

If we choose to use the mean square error, with T = 2π/ω, we find that
the total error is minimized for

γ =
BπK(k)

2
[
E(k)− k′2K(k)

] sech
(
πK(k′)
2K(k)

)
, (131.15)

where E(k) is the complete elliptic integral of the second kind and k′, given
by k′2 = 1− k2, is the complementary modulus.

Using equations (131.13), (131.14), and (131.15) in equation (131.11)
results in the final approximation to the steady-state periodic solution of
equation (131.9).

Notes
1. Note that in example 1 the effective frequency of the approximate

solution depends on the initial conditions. This is generally expected
in nonlinear problems.

2. For example 2, the approximate solution y(t) correctly tracks the
frequency change of the solution when the magnitude of the forcing
function is changed. More details on this example may be found in
Iwan and Patula [4].

3. This technique also works well for stochastic equations. In this ap-
plication, the definition of the total error should include expectations
taken over all of the random variables. This is sometimes called
“statistical linearization.” See Beaman [1] for details.

4. This technique extends naturally to systems of equations. In this
case, there will be an error associated with each equation {Ei(t,α)},
and we can define the total error by E(t,α) =

∑
i |Ei(t,α)|2.

5. This technique can also be used for problems that do not have periodic
solutions. The technique often used in this case is to minimize the
integral of |E|2 from 0 to ∞.

6. Differential operators representing differential equations may also be
linearized directly, without minimizing some error functional. We
have the definition:

The operator A[·] is linearizable at u0 if there exists a bounded
linear operator L[·] such that A[u] − A[u0] = L[h] + r, with
lim
h→0

||r||
||h|| = 0, when h = u− u0.

See Stakgold [8, pages 578–581] for details.
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7. See also Hagedorn [3, pages 14–16] and McLachlan [7, Chapter 6,
pages 103–112].
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132. Maximum Principles

Applicable to Linear ordinary differential equations and linear
partial differential equations.

Yields
Upper or lower bounds on the solution.

Idea
By the use of a maximum theorem, we can find bounds on certain types

of equations.

Procedure
There are many theorems applicable to specialized equations and bound-

ary conditions, which lead to bounds on the solutions. Maximum principles
exist for all types of partial differential equations (hyperbolic, elliptic, and
parabolic) as well as for ordinary differential equations. We choose to
illustrate two theorems.

Example 1
A theorem from calculus is

Theorem A continuous real-valued function on a bounded closed
interval attains its maximum and minimum on the interval.

We will use this theorem to bound the solution to an ordinary differential
equation. Consider the equation

exy′′ + x(1− x)y′ = (1 + x2)y, (132.1)

where |y(a)| ≤ M and |y(b)| ≤ M . We claim that, for all x in the finite
interval [a, b], y(x) is bounded in magnitude by M .

Suppose that y(x) exceeded M in some region within the interval [a, b].
Then there would be maximum value of y on the interval; say it occurs at
the point x = c. Because y is a maximum at x = c, we require y′(c) = 0
and y′′(c) ≤ 0. But this, with equation (132.1), implies that ecy′′(c) =
(1 + c2)y(c). This cannot be correct; the right side is positive, but the left
side cannot be. Hence, y does not exceed M in the interval. It can similarly
be shown that y cannot be less than −M . Hence |y(x)| ≤ M for x in the
interval.

Example 2
Ames [1, page 181] has the theorem:
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Let u(x) be a solution of the ordinary differential equation

L[u] = u′′ +H(x, u, u′) = 0, for a < x < b,

B1[u] = −u′(a) cos θ + u(a) sin θ = γ1,

B2[u] = −u′(b) cosφ+ u(b) sinφ = γ2, (132.2)

where 0 ≤ θ ≤ π/2, 0 ≤ φ ≤ π/2, θ and φ are not both zero,
H , Hu, Hu′ are all continuous, and Hu ≤ 0. If z1 and z2 satisfy

L[z1] ≤ 0, for a < x < b,

B1[z1] ≥ γ1,

B2[z1] ≥ γ2,

(132.3)

and

L[z2] ≥ 0, for a < x < b,

B1[z2] ≤ γ1,

B2[z2] ≤ γ2,

(132.4)

then we can conclude

z2(x) ≤ u(x) ≤ z1(x), (132.5)

for a < x < b.

Hence, the solutions to equations (132.3) and (132.4) form bounds on
the solution of equation (132.2).

As an illustration of this theorem, suppose we want to approximate the
solution of the ordinary differential equation

u′′ − u3 = 0, for 0 < x < 1,
u(0) = 0,
u(1) = 1.

This is in the form of equation (132.2) with a = 0, b = 1, θ = φ = π/2,
γ1 = 0, γ2 = 1. We note that z1(x) = x satisfies equation (132.3) because

z′′1 − z3
1 = −x3 ≤ 0,

z1(0) = 0,
z1(1) = 1.

We now search for a z2(x) of the form xα. Using z2(x) = xα in equation
(132.4) yields

α(α − 1)xα−2 − x3α ≥ 0,
B1[z2] = 0 if α > 0,
B2[z2] = 1. (132.6.a-c)
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Because of equation (132.6.b), we restrict our search to α > 0. With this
assumption, x2(α+1) ≤ 1 for x between 0 and 1. Hence, equation (132.6.a)
will be satisfied if

α(α − 1) ≥ 1. (132.7)

We choose α = (1 +
√

5)/2, so that equation (132.7) is satisfied. Hence, we
can conclude, from equation (132.5)

x(1+
√

5)/2 ≤ u(x) ≤ x, for 0 < x < 1. (132.8)

Notes
1. Any value of α larger than (1 +

√
5)/2 would also have yielded a

bound for u(x) in equation (132.8). The best bound corresponds to
the minimal value of α, which was the one used.

2. Some of the “classical” maximum principles are (see Protter and
Weinberger [5] or Sperb [7, pages 12–21])

• If u(x) is non-constant and satisfies u′′+b(x)u′ ≥ 0 in an interval,
and b(x) is bounded, then u(x) attains its maximum on the
boundaries of the interval.
• If u(x) is non-constant and satisfies u′′ + b(x)u′ + h(x) > 0 in

an interval, and b(x) and h(x) are bounded, and h ≤ 0, then a
non-negative minimum of u(x) can occur only on the boundaries
of the interval.
• If the elliptic operator L[·] has bounded coefficients and u(x)

satisfies the inequality

L[u] =
∑
i,j

aij(x)
∂2u

∂xi∂xj
+
∑
i

bi(x)
∂u

∂xi
≥ 0

in some bounded domain D, then u(x) cannot assume its maxi-
mum at an interior point of D unless u(x) is identically constant.

• If L[·] is a uniformly elliptic operator with bounded coefficients
and u(x, t) satisfies the inequality

L[u]− ∂u

∂t
=
∑
i,j

aij(x)
∂2u

∂xi∂xj
+
∑
i

bi(x)
∂u

∂xi
− ∂u

∂t
≥ 0

in D × (0, T ), where D is a bounded domain and T < ∞, then
u(x) can attain its maximum only for t = 0 or on ∂D.

3. A theorem in Durstine and Shaffer [3], applicable to ordinary differ-
ential equations and partial differential equations, states

Let L[·] and B[·] be linear differential operators such that
the equation

L[u] + φ(x) = 0, in a domain D,
Bj[u] = λj , for j = 1, 2, . . . , q on ∂D,
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has a unique solution u(x), and the Green’s function does
not change sign in D. If w1(x) and w2(x) satisfy

L[wk] + φ(x) = εk(x), in D,

Bj [wk] = λj , for j = 1, 2, . . . , q on ∂D,

and
• ε1/ε2 is continuous,
• ε1 does not change sign in D,
• either 1 > M ≥ ε2

ε1
≥ m or M ≥ ε2

ε1
≥ m > 1, then

w1 +
w1 − w2

M − 1
< u(x) < w1 +

w1 − w2

m− 1
.

4. A theorem in Hille [4, pages 87–88], applicable to first order ordinary
differential equations, states

Let F (x, y) and G(x, y) be continuous in a region D (which
contains the initial data) and suppose that F (x, y) < G(x, y)
everywhere in D. Let y(x) and z(x) be the solutions of

y′ = F (x, y), y(x0) = y0,

z′ = G(x, y), z(x0) = y0.

Then, in the region where y(x) and z(x) are defined and
continuous

z(x) < y(x), for x < x0,

y(x) < z(x), for x0 < x.

5. A theorem in Ding [2] states

Consider the equation ẍ+ g(x) = p(t) with
• p(t) is continuous and 2π periodic,
• g(x) is continuously differentiable and satisfies

lim|x|→∞
g(x)
x =∞.

If p(t) is an even function, or if p(t) is odd and g(x) is
an even function, then all solutions of this equation are
bounded.

6. Other standard boundedness results include

(a) Theorem If p(x) is continuous, of period L, not identically
zero, and satisfies

∫ L
0 |p(x)| dx ≤ 4/π and

∫ L
0 p(x) dx ≥ 0, then

all solutions of u′′ + p(x)u = 0 are bounded as x→ ±∞.
(b) Theorem If all solutions of y′ = A(t)y are bounded (where

lim
t→∞

∫ t tr (A) dt > −∞) and if
∫∞ |B(t)| dt < ∞, then all

solutions of y′ = (A(t) +B(t))y are bounded.
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(c) Theorem If all solutions of y′ = A(t)y are bounded (where A
is a periodic matrix) and if

∫∞ |B(t)| dt <∞, then all solutions
of y′ = (A(t) +B(t))y are bounded.

(d) Theorem If all solutions of y′ = Ay are bounded as t → ∞
(where A is a constant matrix) and if

∫∞ |B(t)| dt < ∞, then
all solutions of y′ = (A+B(t))y are bounded.

(e) Theorem If all solutions to y′′ + f(x)y = are bounded and if∫∞ |g(x)| dx <∞, then all solutions of y′′ + (f(x) + g(x))y = 0
are bounded.

(f) Theorem (Comparison of approximate solutions) Consider x′ =
f(t, x) where f is continuous with Lipschitz constant k. Let u1

and u2 be approximate solutions with

|u′1(t)− f(t, u1(t))| ≤ ε1, |u′2(t)− f(t, u2(t))| ≤ ε2

except where the derivatives are discontinuous. Then, if |u1(t0)−
u2(t0)| ≤ δ, it follows that

|u1(t)− u2(t)| ≤ δek|t−t0| +
(
ε1 + ε2
k

)[
ek|t−t0| − 1

]
.

(g) Theorem Let y(x) be any solution of y′′− f(x)y = 0 with f(x)
positive and continuous in (0,∞) and xf(x) ∈ L(0,∞). Then

C exp
(
−
∫ x

0

[f(z) + 1] dz
)
≤ [y(x)]2 + [y′(x)]2

≤ C exp
(∫ x

0

[f(z) + 1] dz
)
,

where C = [y(0)]2 + [y′(0)]2.

References
[1] Ames, W. F. Ad hoc exact techniques for nonlinear partial differential

equations. In Nonlinear Partial Differential Equations in Engineering, W. F.
Ames, Ed. Academic Press, New York, 1967.

[2] Ding, T. Boundedness of solutions of Duffing’s equation. Tech. Rep. 58,
University of Minnesota, Minneapolis, Minnesota, 1984. IMA Preprint Series.

[3] Durstine, R. M., and Shaffer, D. H. Determination of upper and lower
bounds for solutions to linear differential equations. Quart. Appl. Math 16, 3
(1958), 315–317.

[4] Hille, E. Lectures on Ordinary Differential Equations. Addison–Wesley
Publishing Co., Reading, MA, 1969.

[5] Protter, M. H., and Weinberger, H. F. Maximum Principles in
Differential Equations. Springer–Verlag, New York, 1984.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



132. Maximum Principles 565

[6] Sewell, M. J. Maximum and Minimum Principles. Cambridge University
Press, New York, 1987.

[7] Sperb, R. Maximum Principles and Their Applications. Academic Press,
New York, 1981.

[8] Varma, A., and Strieder, W. Approximate solutions of non-linear
boundary-value problems. IMA J. Appl. Mathematics 34 (1985), 165–171.

[9] Walter, W. Differential and Integral Inequalities. Springer–Verlag, New
York, 1970.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



566 III Approximate Analytical Methods

133. McGarvey Iteration
Technique

Applicable to First order ordinary differential equations.

Yields
A sequence of approximations to the solution.

Idea
The method consists of generating a sequence of functions by a recur-

rence relation. The initial function used is arbitrary.

Procedure
Given the first order ordinary differential equation

dy

dx
= f(x, y), (133.1)

we choose T0(x, y) = T0(y) to be an arbitrary function of y. Then we define
the sequence of functions {Tn(x, y)} by the recurrence relation

Tn(x, y) = −
∫
f(x, y)

[
∂

∂y
Tn−1(x, y)

]
dx. (133.2)

If we form Sn(x, y) =
n∑
k=0

Tk(x, y), then Sn(x, t) = constant is an approx-

imate implicit solution to equation (133.1). As n increases, Sn(x, y) will
converge to the true solution of equation (133.1) if

lim
n→∞

∂
∂yTn(x, y)
∂
∂ySn(x, y)

= 0.

Example
Suppose we wish to approximate the solution of the nonlinear ordinary

differential equation

dy

dx
= x+

1
y
,

y(0) = 4.

In this case, equation (133.2) becomes

Tn(x, y) = −
∫ x (

x+
1
y

)
∂

∂y
Tn−1(x, y) dx. (133.3)
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We choose T0(y) = y (recall that T0 is only a function of y). From equation
(133.3), we can calculate

T1(x, y) = −1
2
x2 − x

y
,

T2(x, y) = −1
2
x2

y3
− 1

3
x3

y2
,

T3(x, y) = −1
2
x3

y5
− 13

24
x4

y4
− 2

15
x5

y3
.

Note that we have not used any constants of integration in evaluating the
{Tn}. This part of the analysis is independent of whether or not we choose
such constants. We can now calculate S3(x, y) as

S3(x, y)

=
3∑

k=0

Tk(x, y)

= y +
(
−1

2
x2 − x

y

)
+
(
−1

2
x2

y3
− 1

3
x3

y2

)
+
(
−1

2
x3

y5
− 13

24
x4

y4
− 2

15
x5

y3

)
,

=
120y6 − 60x2y5 − 120xy4 − 40x3y3 − 4x2(4x3 + 15)y2 − 65x4y − 60x3

120y5
.

Now, for the first time, we use the initial condition: y(0) = 4. The implicit
approximation to the solution of equation (133.1) is then given by

S3(x, y) = S3(x0, y0) = S3(0, 4),

or
120y6 − 60x2y5 − 120xy4 − 40x3y3 − 4x2(4x3 + 15)y2 − 65x4y − 60x3

120y5
= 4.

(133.4)

For any value of x, equation (133.4) is a polynomial in y. Thus, for any
x, we can solve for y. For this example, it turns out that the difference
between the implicit solution given by equation (133.4) and the numerical
solution is less than 2% for 0 ≤ x ≤ 20.

Notes
1. The above example is from McGarvey [1].
2. This approximation technique may converge in cases where Picard

approximations (see page 618) diverge.
3. For certain classes of equations, error estimates can be obtained for

this technique.

Reference
[1] McGarvey, J. F. Approximating the general solution of a differential
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134. Moment Equations:
Closure

Applicable to A stochastic differential equation or a Fokker–
Planck equation (which is a second order parabolic partial differential
equation).

Yields
A system of ordinary differential equations from which different mo-

ments may be determined.

Idea
Interpreting the solution of the Fokker–Planck equation as a probability

density, ordinary differential equations may sometimes be found for the
moments of the random process.

Procedure
The solution of a Fokker–Planck equation is the probability density

P (x, t) of a random process (see page 303). For an N -dimensional random
process x = (x1, x2, . . . , xN ), the Fokker–Planck equation has the form

∂P

∂t
= −

N∑
i=1

∂

∂xi
(ciP ) +

N∑
i,j=1

∂2

∂xi∂xj
(aijP ), (134.1)

where the coefficients {ci} and {aij} are, in general, functions of t and x.
All of the coefficients are determined by the stochastic differential equation
that created equation (134.1).

The expectation of a function of x, say f(x), is defined to be the integral
of f(x) times P (x, t), integrated over all values of x. That is,

E [f(x(t))] =
∫
f(x)P (x, t) dx.

Note that this expectation is a function of t. If equation (134.1) is multi-
plied by f(x) and integrated over all values of x, there results

d

dt
E [f(x(t))] = −

N∑
i=1

∫
f(x)

∂

∂xi
(ciP ) dx +

N∑
i,j=1

∫
f(x)

∂2

∂xi∂xj
(aijP ) dx.

(134.2)

Often, we may be able to integrate the right-hand side of equation (134.2)
by parts to obtain an ordinary differential equation for E [f(x)].
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Example
The system of stochastic differential equations

dx

dt
+ x = z, x(0) = 0,

dz

dt
+ 2z = N(t), z(0) = 1, (134.3.a-d)

where N(t) is “white Gaussian noise” corresponds to the Fokker–Planck
equation and initial condition

∂P

∂t
=

∂

∂x
[(x− z)P ] + 2

∂

∂z
[zP ] +

∂2

∂z2
[P ],

P (0, x, z) = δ(x)δ(z − 1), (134.4)

for the probability density P (t, x, z) (see page 303). Suppose we desire the
expected value of x(t):

E [x(t)] =
∫ ∞
−∞

∫ ∞
−∞

xP (t, x, z) dx dz.

Multiplying equation (134.4) by x and integrating from −∞ to ∞ with
respect to both x and z produces

d

dt
E [x(t)] = −E [x(t)] + E [z(t)], (134.5)

where we have made the physically reasonable assumptions that |x|P (t, x, z)
→ 0 as |x| → ∞, and both |z|P (t, x, z) → 0 and |z|Pz(t, x, z) → 0 as
|z| → ∞. These assumptions were required to carry out the integrations
by parts in the right-hand side of equation (134.2).

Note that equation (134.5) involves the expected value of z. To obtain
an equation for E [z], equation (134.4) can be multiplied by z and then
integrated to obtain

d

dt
E [z(t)] = −2E [z(t)]. (134.6)

From equation (134.3.b) and equation (134.3.d), the initial conditions
for equation (134.5) and equation (134.6) are

E [x(0)] = 0, E [z(0)] = 1. (134.7.a-b)

Alternatively, these initial conditions can be obtained directly from the
initial conditions in equation (134.4) by taking expectations.

If equation (134.6) is solved with equation (134.7.b), then equation
(134.5) can be solved with equation (134.7.a) to determine the expectation
of both x(t) and z(t)

E [z(t)] = e−2t,

E [x(t)] =
1
3
(
e−t − e−2t

)
.
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If the second order moments (i.e., {E
[
x2(t)

]
,E [x(t)z(t)],E

[
z2(t)

]
}) are

desired, the equations comparable to equation (134.5) and equation (134.6)
are

d

dt

E
[
x2
]

E [xz]
E
[
z2
]
 =

−1 2 0
0 −3 1
0 0 4

E
[
x2
]

E [xz]
E
[
z2
]
+

0
0
2

 ,
E
[
x2
]

E [xz]
E
[
z2
]

t=0

=

0
0
1

 , (134.8)

where we have dropped the explicit dependence on t for clarity. These
equations were obtained by multiplying equation (134.4) by each of x2, xz,
and z2, and then integrating with respect to x and z.

Notes
1. Another procedure for determining ordinary differential equations for

the moments is described on page 572.
2. It is not always the case that the system of ordinary differential equa-

tions for the moments will close (i.e., there will be m equations for
the m unknowns). For example, the stochastic differential equation

d2x

dt2
+
dx

dt
+ x+ εx3 = N(t),

whereN(t) is white noise, corresponds to the Fokker–Planck equation

∂P

∂t
= −ẋ∂P

∂x
+

∂

∂ẋ
[(ẋ+ x+ εx3)P ] +

∂2P

∂ẋ2
.

In this case, the equations for the first moments become

d

dt
E [x] =E [ẋ],

d

dt
E [ẋ] =− E [ẋ] + E [x]− εE

[
x3
]
.

Therefore, knowledge of E [x] requires knowledge of E
[
x3
]
. In this

example, the system of ordinary differential equations that determine
E
[
x3
]

involves the quantity E
[
x5
]
, etc. However, if ε is small,

then perturbation techniques may be used to approximately solve
the moment equations.

3. For systems that do not close, two “closing” approximations that are
commonly used are (see Boyce [4]):

• Gaussian closure (also called “cumulant discard”)
• Correlation discard
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• In the Gaussian closure technique, a high odd cumulant of the
probability density is set to zero. This procedure yields an
equation for E

[
xk
]

in terms of {E
[
xj
]
| 0 < j < k}. Correlation

discard is generally used for equations that have “colored noise”
forcing terms. In this approximation technique, some high power
of the dependent variable in the stochastic differential equation
and the “colored noise” is assumed to be uncorrelated.
• Crandall [5] contains a review of non-Gaussian closure tech-

niques. See also Ibrahim et al. [6].

4. For determining the moments of random functions defined by partial
differential equations, see, for instance, Wan’s paper [7].
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135. Moment Equations:
Itô Calculus

Applicable to A set of stochastic differential equations.

Yields
A system of ordinary differential equations from which different mo-

ments may be determined.

Idea
Using Itô calculus, a set of ordinary differential equations may be de-

termined that will describe the moments of a random process.

Procedure
In the Itô calculus, there are two different types of differential elements.

There are dt terms, which are small; and there are dβ terms (Brownian
motion terms), which are random. Brownian motion is the integral of
white noise; that is, β(t) =

∫ t
0
n(s) ds, when n(s) is white noise.

We assume the standard scaling: E
[
(dβ)2

]
= dt, where E [·] is the

expectation operator (taken over the random variables in the system). The
Brownian motion terms also have mean zero: E [dβ] = 0.

Suppose that x1(t) and x2(t) are random processes described by the
two stochastic differential equations

dx1

dt
= a1(t) + b1(t)n(t),

dx2

dt
= a2(t) + b2(t)n(t),

(135.1)

or

dx1 = a1(t) dt+ b1(t) dβ,
dx2 = a2(t) dt+ b2(t) dβ.

Itô’s lemma states that

d (x1x2) = x1 dx2 + x2 dx1 + b1b2 dt. (135.2)

This relation is different from the result in the classical calculus by the
inclusion of the last term. This relationship may be used to determine
moment equations for a random process.

Example
Given the stochastic differential equation

d2y

dt2
− n(t)y = 0,

y(0) = 1, y′(0) = 0,
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where n(t) is white noise, we can define z = dy
dt and so obtain the coupled

system of stochastic differential equations

dy = z dt, y(0) = 1,
dz = y dβ, z(0) = 0.

(135.3)

Using Itô’s lemma repeatedly on equation (135.3), we can derive the
following relations

d
(
yL
)

= LyL−1z dt,

d
(
zK
)

=
K(K − 1)

2
y2zK−2 dt+KzK−1y dβ.

(135.4)

If we define the N + 1 different Nth order moments by

GMN (t) = E
[
yN−M (t)zM (t)

]
, M = 0, 1, . . . , N,

then, from equation (135.4), we obtain the set of coupled ordinary differ-
ential equations

dGMN
dt

= (N −M)GM+1
N +

M(M − 1)
2

GM−2
N

for
{
GMN (t)

}
. For example, if we choose N = 2, then we obtain the system

d

dt

G0
2

G1
2

G2
2

 =

0 2 0
0 0 1
1 0 0

G0
2

G1
2

G2
2

 , (135.5)

with the initial conditions G0
2

G1
2

G2
2


t=0

=

1
0
0

 .
The eigenvalues of the matrix in equation (135.5) are the three cube roots
of two. Hence, each of {G0

2, G
1
2, G

2
2} grows exponentially in time.

Notes
1. Note that the Fokker–Planck equation corresponding to equation

(135.3) is

1
2
y2Pzz − zPy = Pt,

P (y, z, 0) = δ(y − 1)δ(z),

where P (y, z, t) represents the joint probability density of y and z at
time t.

2. The coupled ordinary differential equations that are derived for the
moments in this section are identical to the equations obtained by
the method described on page 568.
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136. Monge’s Method

Applicable to Some nonlinear second order partial differential
equations with two independent variables.

Yields
An exact solution.

Idea
Application of some algebraic identities and then the use of equation

splitting permits some nonlinear partial differential equations to be solved.

Procedure
Monge’s method works for some differential equations of the form

R
∂2z

∂x2
+ S

∂2z

∂x∂y
+ T

∂2z

∂y2
= V,

or

Rr + Ss+ T t = V, (136.1)

for z = z(x, y), where, as usual, r = zxx, s = zxy, t = zyy, p = zx, q = zy,
and {R,S, T, V } may be functions of {p, q, x, y, z}.

First, note that we can write

dp = px dx+ py dy = r dx+ s dy,

dq = qx dx+ qy dy = s dx+ t dy. (136.2.a-b)

Solving equation (136.2.a) for r and equation (136.2.b) for t and then using
these values in equation (136.1), we obtain

[Rdp dy + T dq dx− V dy dx]− s
[
R (dy)2 − S dy dx+ T (dx)2

]
= 0.
(136.3)

By use of equation splitting (see page 520), we look for the simultaneous
solutions to

Rdp dy + T dq dx− V dy dx = 0,

R (dy)2 − S dy dx+ T (dx)2 = 0. (136.4.a-b)

Any solution of equation (136.4) is also a solution of equation (136.3).
Such a solution is called an intermediate integral and will depend on an

arbitrary constant or function. If we can find two such integrals, say

f(x, y, z, p, q) = A, g(x, y, z, p, q) = B,

where A and B are arbitrary constants, then we may be able to solve for
{p = p(x, y, z), q = q(x, y, z)}. If we could, then we might be able to
integrate the Pfaffian differential equation (see page 384) dz = p dx+ q dy
to determine z = z(x, y).
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Example
Suppose we have the partial differential equation

y2 ∂
2z

∂x2
− 2y

∂2z

∂x∂y
+
∂2z

∂y2
=
∂z

∂y
+ 6y, (136.5)

which can be written as: y2r − 2ys + t = p + 6y. Therefore, we have
{R = y2, S = −2y, T = 1, V = p + 6y}. The two equations in equation
(136.4) then become

y2 dp dy + dq dx− (p+ 6y) dy dx = 0,

(y dy + dx)2 = 0. (136.6.a-b)

Equation (136.6.b) can be integrated to obtain

2x+ y2 = A, (136.7)

where A is an arbitrary constant. Dividing equation (136.6.a) by dx (or,
equivalently, by (−y dy) from equation (136.6.b)), we obtain

−y dp+ dq − (p+ 6y) dy = 0,

which can be integrated to yield −py + q − 3y2 = φ(A) = φ(2x+ y2) or

y
∂z

∂x
− ∂z

∂y
+ 3y2 = φ(2x+ y2), (136.8)

where φ is an arbitrary function. Equation (136.8) is an intermediate
integral and the only one that equation (136.6) has (due to the double
root appearing in equation (136.6.b)).

Because we do not have two intermediate integrals, we can not proceed
with the derivation in the procedure. However, we can solve equation
(136.8) directly to obtain a solution of equation (136.5). Because equation
(136.8) is quasilinear, the method of characteristics (see page 432) may be
used. The subsidiary equations are

dx

y
=
dy

−1
=

dz

−3y2 + φ(2x+ y2)
. (136.9)

From the first equality in equation (136.9), we recover the integral in
equation (136.7). Using equation (136.7) in the second equality in equation
(136.9) yields

dy

−1
=

dz

−3y2 + φ(A)
,

with the solution z − y3 + yφ(2x + y2) = B, where B is another arbitrary
constant. Hence, a general integral of equation (136.5) is

Φ
(
z − y3 + yφ(2x+ y2), 2x+ y2

)
= 0.
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This leads to a general solution of equation (136.5)

z = y3 − yφ(2x+ y2) + ψ(2z + y2), (136.10)

where φ and ψ are arbitrary functions of their arguments.

Notes
1. Because equation splitting was used in going from equation (136.3)

to equation (136.4), the solution obtained in equation (136.10) is not
the most general solution.

2. See Ames [1, pages 60–65], Forsyth [2, Volume 6, pages 202–208],
Piaggio [3, pages 181–187], and Sneddon [4, pages 131–135].
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137. Newton’s Method

Applicable to Ordinary and partial differential equations.

Yields
A sequence of approximations to the solution.

Idea
When a Newton iteration is applied to a nonlinear differential equation,

each step of the iteration requires that a linear differential equation be
solved.

Procedure
We illustrate the general procedure on an ordinary differential equation.

Suppose we wish to approximate the solution to the first order ordinary
differential equation

G(y′, y, x) = 0,
y(0) = y0,

(137.1)

for y(x) when G(y′, y, x) is a nonlinear function.
If an approximate solution of equation (137.1), say yk(x), is known,

then G(y′, y, x) could be expanded about yk(x) to obtain

G(y′, y, x) ' G(y′k, yk, x) +Gy(y′k, yk, x)(y − yk) +Gy′(y′k, yk, x)(y′ − y′k)
(137.2)

to leading order. For the solution to equation (137.1), G(y′, y, x) = 0, and
so equation (137.2) becomes

(y′ − y′k)Gy′(y′k, yk, x) + (y − yk)Gy(y′k, yk, x) ' −G(y′k, yk, x).

Therefore, if the linear ordinary differential equation

e′kGy′ + ekGy = −G,
ek(0) = 0,

(137.3)

is solved for the “correction term” ek(x), then defining

yk+1(x) = yk(x) + ek(x)

should yield a better approximation, yk+1(x), to y(x).
Equation (137.3) can be solved exactly by the use of integrating factors

(see page 356). However, it needs to be solved only approximately because
the higher order approximations (i.e., yk+2, yk+3, . . . ) will correct errors
made in solving equation (137.3).
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Special Case
In the special case that the original equation is linear in y′ and hence

of the form
G(y′, y, x) = y′ − f(x, y) = 0,

then the definition of yk+1 may be succinctly represented as

y′k+1 − fy(x, yk(x))yk+1 = f(x, yk(x)) − fy(x, yk(x))yk(x),
yk+1(0) = y0. (137.4)

Example
Suppose we are looking for an approximation, near x = 0, of the solution

to the nonlinear ordinary differential equation

y′ + y3 = 0,
y(0) = 1,

which has the known exact solution

y(x) = (1 + 2x)−1/2

= 1− x+
3
2
x2 − 5

2
x3 +

35
8
x4 − 63

8
x5 + · · · .

For this problem we recognize that f(x, y) = −y3 and so equation (137.4)
becomes

y′k+1 + 3y2
kyk+1 = 2y3

k,

yk+1(0) = 1.
(137.5)

If we start with y0 = y(0) = 1, then, from equation (137.5)

y′1 + 3y1 = 2,
y1(0) = 1,

with the solution

y1(x) =
1
3
(
2 + e−3x

)
= 1− x+

3
2
x2 − 3

2
x3 + · · · .

If we use the approximation y1 ' 1 − x, then the equation for y2 (from
equation (137.5), with k = 1) is

y′2 + 3(1− x)2y2 = 2(1− x)3,

y2(0) = 0,
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with the solution

y2(x) = −2e−x
3+3x2−3x

(∫ x

0

ex
3−3x2+3x(x − 1)3 dx + 1

)
= 1− x+

3
2
x2 − 5

2
x3 +

35
8
x4 − 261

40
x5 + · · · .

We see then that y1(x) has the first 3 terms correct, whereas y2(x) (which
used only the first order information in y1(x)) has the first 5 terms correct.

Notes
1. For symbolic manipulation of the formulae appearing above, Geddes

[4] discusses the number of correct terms at each step.
2. Most often, this iterative method will be implemented numerically

and not performed analytically. This is because, by hand, it is often
easier to find a Taylor series solution directly (see page 632) than
to use Newton iterates. Rice and Boisvert [7, pages 101–111] have
a numerical example of using Newton’s method to solve an elliptic
equation.

3. Error estimates for Newton’s method (applied to first order equa-
tions) can be found in Mikhlin and Smolitskiy [6, pages 12–16].

4. When Newton’s method is numerically applied to nonlinear boundary
value problems, the method is often called quasilinearization. This is
the same algorithm that is obtained when multiple shooting is used
(see page 706), and the number of rays becomes very large. See
Bellman and Kalaba [3] or Stoer and Bulirsch [8, pages 498–502] for
details.

5. Geddes [4] showed that the number of correct coefficients in a power
series solution obtained by this method, when applied to an explicit
first order nonlinear ordinary differential equation, more than doubles
at each step.

6. See also Ascher al. [1, pages 52–55].
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138. Padé Approximants

Applicable to Any type of function (whether or not it comes from
a differential equation).

Yields
An approximation formula generally valid over an interval, and, often,

information about whether singularities exist.

Idea
A Taylor series can be manipulated to produce information about the

existence of singularities.

Procedure
When a power series representation of a function diverges, it indicates

the inability of the power series to approximate the function in a certain
region. A theorem of complex analysis states that if a Taylor series of
a function diverges, then that function has singularities in the complex
plane. A Padé approximant is a ratio of polynomials that contains the same
information that a truncated power series does. Because the polynomial
in the denominator may have roots in the region of interest, the Padé
approximant may accurately indicate the presence of singularities.

Suppose we have found the kth order Taylor series solution to a differ-
ential equation (see page 632)

yk(x) = a0 + a1x+ a2x
2 + · · ·+ akx

k. (138.1)

The (N,M) Padé approximant, PNM (x), is a ratio of polynomials, with the
polynomial in the numerator having degree N and the polynomial in the
denominator having degree M :

PNM (x) =
B0 +B1x+ · · ·+BNx

N

A0 +A1x+ · · ·+AMxM
, (138.2)

with N + M + 1 = k. Without loss of generality, we take A0 = 1. The
remaining N +M + 1 coefficients {A1, A2, . . . , AN , B0, B1, . . . , BM} are
chosen so that the first N +M + 1 terms in the Taylor series expansion of
PNM (x) match the first N + M + 1 terms of the Taylor series in equation
(138.1).

Usually we consider only the convergence of the Padé sequence {P J0 (x),
P J+1

1 (x), P J+2
2 (x), . . . } having N = M + J and J held constant while

M →∞. The special sequence with J = 0 is called the diagonal sequence.
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Example 1
Suppose we wish to approximate the solution of the ordinary differential

equation

y′ = y2, y(0) = 1. (138.3)

Because equation (138.3) is separable (see page 401), the solution to equa-
tion (138.3) can be found to be y(x) = 1/(1 − x). If we tried to find the
Taylor series of y(x) directly from equation (138.3), we would obtain

y(x) = 1 + x+ x2 + x3 + x4 + · · · . (138.4)

This geometric series is convergent, of course, only for |x| < 1. The solution
has a singularity at x = 1, but this fact is not readily apparent from the
expansion in equation (138.4).

The diagonal sequence of Padé approximants corresponding to equation
(138.4) is

P 1
1 (x) =

1
1− x,

P 2
2 (x) =

1
1− x,

P 3
3 (x) =

1
1− x.

Therefore, the diagonal sequence of Padé approximants recovers the exact
solution to the differential equation from only a few terms in the Taylor
series. Of course, this is an exceptional example.

Example 2
Suppose we wish to approximate the solution of the ordinary differential

equation

y′ = 1 + y2, y(0) = 0. (138.5)

Because equation (138.5) is separable, the solution to equation (138.5) can
be found to be y(x) = tanx. If we tried to find the Taylor series of y(x)
directly from equation (138.5), we would find

y(x) = x+
x3

3
+

2x5

15
+

17x7

315
+ · · · . (138.6)

Note that the exact solution has singularities at x = ±(2n+1)π/2, whereas
the Taylor series approximation does not appear to show this behavior.
Using equation (138.6), we can compute the first few elements of the
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diagonal sequence

P 2
2 (x) =

3x
3− x2

,

P 3
3 (x) =

x(x2 − 15)
3(2x2 − 5)

,

P 4
4 (x) =

5x(21− 2x2)
x4 − 45x2 + 105

.

Note that these Padé approximants have singularities where the denomi-
nator vanishes:

• For P 2
2 (x), these singularities are at x ' ±1.7.

• For P 3
3 (x), these singularities are at x ' ±1.58.

• For P 4
4 (x), these singularities are at x ' ±1.5712, and x ' ±6.5.

We observe that these Padé approximants are attempting to recover the
singularities of the exact solution at x = ±π/2 and x = ±3π/2. Because
the Padé approximants have these singularities, they produce an accurate
numerical approximation of the exact solution over a wide range of values.

Notes
1. Padé approximants are not always better than a Taylor series rep-

resentation. In fact, it may happen that the Padé approximants
diverge while the Taylor series converges. However, it often happens
that PNM (x) converges (as N,M → ∞) to the true solution of the
differential equation, even when the Taylor series solution diverges!

2. Padé approximants are also called rational function approximations.
3. Prendergast [7] proposes a technique to find the Padé approximants

for the solution of a nonlinear differential equation without first find-
ing the Taylor series. Martin and Zamudio–Cristi [6] address the
same issue but for a smaller class of equations.

4. In Bender and Orszag [1, pages 383–410] is a discussion of computa-
tional techniques for computing Padé approximants numerically.

5. A two-point Padé approximant is one that utilizes Taylor series infor-
mation about two different points. Often these points are chosen to
be zero and infinity. For two-point Padé approximants the coefficients
in equation (138.2) are chosen so that both Taylor series will be
matched. See Bender and Orszag [1] or Magnus [5] for details.

6. Many symbolic computer languages have a function that finds Padé
approximants analytically when a Taylor series is input. See Czapor
and Geddes [3].

7. The Bulirsch–Stoer method is a numerical method for solving first or-
der ordinary differential equations using Padé approximants, Richard-
son extrapolation, and the modified midpoint rule. See Press et al.
[8, pages 563–568] for details.
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139. Perturbation Method:
Method of Averaging

Applicable to Nonlinear differential equations that have a periodic
solution and a small parameter.

Yields
An approximation to the solution, valid over an entire period.

Idea
Write the solution of a given differential equation as a function with

slowly varying parts. Then, average those slowly varying parts over a
complete cycle.

Procedure
We illustrate the method on a perturbed harmonic oscillator. Suppose

we have the equation

d2y

dt2
+ y + εf

(
y,
dy

dt

)
= 0. (139.1)

Note that, when ε = 0, equation (139.1) is a harmonic oscillator. The
solution to equation (139.1), when ε = 0, is therefore: y(t) = A cos(t+ Θ)
(where A and Θ are constants). If ε is very small, we might expect a similar
“looking” solution, so we assume that the solution to equation (139.1) is
given by

y(t) = a cos(t+ θ), (139.2)

where a(t) and θ(t) are “slowly varying” (another expression often used
is “nearly constant”). Differentiating equation (139.2) with respect to t
yields

dy

dt
= −a sin(t+ θ) +

da

dt
cos(t+ θ)− adθ

dt
cos(t+ θ).

(139.3)

If a and θ are “slowly varying,” then da/dt and dθ/dt will be “small”
compared to a. Hence, we set the derivative of y(t) to be

dy

dt
= −a sin(t+ θ). (139.4)

Comparing equation (139.3) to equation (139.4), it is clear that we have
made the assumption

da

dt
cos(t+ θ)− adθ

dt
cos(t+ θ) = 0. (139.5)
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This gives one equation relating the two unknowns, a(t) and θ(t). Differ-
entiating equation (139.4) and using equation (139.4) and equation (139.1)
results in the expression

−da
dt

sin(t+ θ)− adθ
dt

cos(t+ θ) = εf (a cos(t+ θ),−a sin(t+ θ)) .
(139.6)

The two equations in equation (139.5) and equation (139.6) can be solved
to yield the relations

da

dt
= εf (a cos(t+ θ),−a sin(t+ θ)) sin(t+ θ),

dθ

dt
=
ε

a
f (a cos(t+ θ),−a sin(t+ θ)) cos(t+ θ). (139.7)

The equations in equation (139.2) and equation (139.7) are still exact. The
change of variables from {y, y′} to {a, θ} (by use of equation (139.2) and
equation (139.5)) has been carried out without any approximation being
made. The assumptions made have been motivated by the smallness of ε,
but the system is still exact.

Now we use the “slowly varying” feature of a and θ to make the required
approximation. If a and θ are “slowly varying,” then the values of da/dt and
dθ/dt should not change much over a single period of the solution. Hence,
if we replace the right-hand sides of equation (139.7) by their averages over
one period, then the solutions for a(t) and θ(t) should not be changed very
much. Therefore, we approximate the solution of equation (139.7) by the
solution of

da

dt
= εF (a),

dθ

dt
=
ε

a
G(a), (139.8)

where

F (a) =
1

2π

∫ 2π

0

f (a cos(t+ θ),−a sin(t+ θ)) sin(t+ θ) dθ,

G(a) =
1

2π

∫ 2π

0

f (a cos(t+ θ),−a sin(t+ θ)) cos(t+ θ) dθ. (139.9)

The prescription is to evaluate equation (139.9) and then to solve equation
(139.8). Knowing a(t) and θ(t), we can evaluate equation (139.2) and so
recover an approximation to y(t).

Example 1
For the Van de Pol oscillator

d2y

dt2
+ y + ε(y2 − 1)

dy

dt
= 0,
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we identify f (y, y′) = (y2 − 1)y′. Evaluating equation (139.9) with this f
results in F (a) = a

2 −
a3

8 and G(a) = 0. This, in turn, allows us to solve
equation (139.8). We find

a2(t) =
4

1 +
(

4
a2

0
− 1
)
e−εt

, θ(t) = θ0,

where a0 = a(0), θ0 = θ(0). Note that as t → ∞ the approximation
in equation (139.2) tends to a sinusoidally varying function of magnitude
two.

Example 2
For Duffing’s equation

d2y

dt2
+ y + εy3 = 0,

we identify f (y, y′) = y3. Evaluating equation (139.9) with this f results
in F (a) = 0 and G(a) = 3

4a
3. This, in turn, allows us to solve equation

(139.8). We find

a(t) = a0, θ(t) = θ0 +
3
8
a2

0εt.

Notes
1. This method is also called the method of Krylov–Bogoliubov–Mitropolski.
2. The solution of ẋ = εf(t, x, ε) (when f has period 2π in t) can be

approximated by averaging. The solution by kth order averaging
is always valid with error O(εk) on time intervals of length O(1/ε).
Accuracy is improved in two cases (see Murdock and Wang [5]):

• If the average of f vanishes (i.e., 1
2π

∫ 2π

0 f(t, x, ε) dt = 0), then
the kth order averaging approximation is valid with errorO(εk−1)
for intervals of length O(1/ε2).
• If the solutions approach a hyperbolic sink (exponentially at-

tracting rest point), then the kth order averaging approxmima-
tion has error O(ek) for all future time. This is known as the
Sanchez–Palencia theorem.

3. There are many ways in which averaging techniques can be applied
to differential equations; we have illustrated only one technique. An-
other useful technique is the method of averaged Lagrangians (see
Whitham [9]). This technique is applied by finding the Lagrangian
corresponding to a given differential equation (see page 61), assuming
an expansion of the Lagrangian that contains slowly varying functions
and a small parameter, and, at each order of the small parameter,
solving the differential equation corresponding to that term of the
Lagrangian.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



139. Perturbation Method: Method of Averaging 589

4. Macsyma [4] has a package (avg pode) that implements the method
of averaging for ordinary differential equations.

5. See also Kevorkian and Cole [3, pages 279–287], Nayfeh [6, Chapter 5,
pages 159–227], and Rand and Armbruster [7, Chapter 5, pages 107–
131].
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140. Perturbation Method:
Boundary Layer
Method

Applicable to Differential equations with a small parameter present
for which regular perturbation series are inadequate.

Yields

This singular perturbation technique yields an expansion of the solution
in terms of the small parameter.

Idea

If a regular perturbation series cannot match all the boundary condi-
tions in a differential equation, there may be one or more regions where
the solution is rapidly varying.

Procedure

Given a differential equation with a small parameter ε, attempt to find
a solution in the form of a regular perturbation series (see page 610). Call
this the “outer” solution. If the “outer” solution cannot match all of the
initial conditions or boundary conditions, then attempt to place “boundary
layers” (regions of rapid variation) near one or more of the boundaries.

Inside of each boundary layer, the solution will vary smoothly (in a
stretched variable) from the value of a “outer” solution to the value on the
boundary. If multiple “outer” solutions exist, then there may be internal
boundary layers (called shocks). These internal boundary layers will change
the solution smoothly from one “outer” solution to another.

Example

Consider the constant coefficient ordinary differential equation

ε
d2y

dx2
+
dy

dx
+ y = 0,

y(0) = 4, y(1) = 5,
(140.1)

where ε is a number much smaller than one. Initially, we look for an “outer”
solution in the form of a regular perturbation series (see page 610)

y = youter = y0 + εy1 + ε2y2 + · · · . (140.2)

CD-ROM Handbook of Differential Equations c©Academic Press 1997



140. Perturbation Method: Boundary Layer Method 591

Using equation (140.2) in equation (140.1) and setting the coefficients of
different powers of ε to zero produces the sequence of equations

dy0

dx
+ y0 = 0,

dy1

dx
+ y1 = −d

2y0

dx2
,

...

(140.3.a-b)

with the boundary conditions

y0(0) = 4, y0(1) = 5,
yi(0) = 0, yi(1) = 0, for i = 1, 2, 3, . . . . (140.4.a-b)

The most general solution of equation (140.3.a) is

y0(x) = Ce−x (140.5)

for some constant C. This solution cannot satisfy both of the boundary
conditions in equation (140.4.a); so, we suspect the existence of a boundary
layer.

First, we search for a boundary layer near x = 0. If it is not possible
to place one there, then we would attempt to place one near the other
boundary, at x = 1. Because a change of order one is expected to take
place in a thin x region, we scale x so that the width of the thin region
becomes of order one (in the new variable x̃)

x̃ =
x

ε
. (140.6)

(In other problems, the scaling may be different; it may be that x̃ = x/εβ ,
where β is an integer or a fraction.) Using the new independent variable
as defined by equation (140.6), the equation (140.1) may be written as

d2y

dx̃2
+
dy

dx̃
+ εy = 0. (140.7)

The solution of this equation is called the “inner” solution. If we search
for a regular perturbation series solution to equation (140.7), in the form
of equation (140.2), then the sequence of equations begins

d2y0

dx̃2
+
dy0

dx̃
= 0,

d2y1

dx̃2
+
dy1

dx̃
= −y0,

...

(140.8.a-b)
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Using the general solution to equation (140.8.a), we have

yinner(x̃) = y0(x̃) +O(ε)

= D + Ee−x̃ +O(ε),
(140.9)

where D and E are constants.
Because we have assumed that the boundary layer is at x = 0, the

“inner” solution in equation (140.9) must satisfy the boundary condition
at x = 0 (i.e., yinner(0) = 4). The “outer” solution does not extend to x = 0
(because the boundary layer is present) but does extend to x = 1. Hence,
the solution in equation (140.5) must satisfy the boundary condition at
x = 1; that is, youter(1) = 5. Evaluating equation (140.5) and equation
(140.9) at their respective boundaries results in

youter(x) = 5e1−x +O(ε),

yinner(x̃) = (4 − E) + Ee−x̃ +O(ε).
(140.10)

To determine the constantE, we need a “matching principle.” The “match-
ing principle” is needed to ensure continuity of the solution as it changes
from yinner to youter. Because the transition occurs for x just larger than
zero, we require

lim
x→0+

yinner(x) = lim
x→0+

youter(x),

which we define to be ymatch. Writing yinner in terms of x̃ and assuming
that ε is arbitrarily small, this statement can be written as

lim
x̃→∞

yinner(x̃) = lim
x→0+

youter(x). (140.11)

Sometimes this is called an intermediate expansion because the matching
occurs on an intermediate scale. Using the solutions from equation (140.10)
in equation (140.11), we determine that E = 4− 5e.

Finally, we need to combine yinner and youter together to obtain a
uniformly valid approximation, yuniform, over the entire interval: x ∈ [0, 1].
The uniform approximation is defined to be the sum of yinner plus youter,
minus the overlap value. That is,

yuniform = yinner + youter − ymatch

=
[
5e+ (4 − 5e)e−x̃

]
+
[
5e1−x]− [5e] +O(ε)

= (4 − 5e)e−x̃ + 5e1−x +O(ε)

= (4 − 5e)e−x/ε + 5e1−x +O(ε).

(140.12)

Figure 140.1 has graphs of the exact solution of equation (140.1) and the
approximate solution given by equation (140.12) for ε = 0.1.
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Figure 140.1: A comparison of the exact solution of equation (140.1) with
the approximation in equation (140.12) for ε = 0.1.

Notes
1. The exact solution to equation (140.1) is given by

y(x) =
1

er2 − er1 [(4er2 − 5) er1x + (5− 4er1) er2x] ,
(140.13)

where r1 =
(
−1−

√
1− 4ε

)
/2ε and r2 =

(
−1 +

√
1− 4ε

)
/2ε. For

small values of ε, r1 ≈ −1/ε and r2 ≈ −1. Using these approxima-
tions in equation (140.13) and expanding everything to leading order,
results in equation (140.12).

2. If the example were carried to second order in ε, then we would have
found

youter =
[
5e1−x]+ ε

[
5(1− x)e1−x]+O(ε2),

yinner =
[
5e+ (4− 5e)e−x̃

]
+ ε
[
5e
(

1− e−x̃
)
− 5ex̃+ (4− 5e)x̃e−x̃

]
+O(ε2),

yuniform =
[
5e1−x + (4− 5e)(1 + x)e−x/ε

]
+ ε
[
5e1−x(1− x) − e1−x/ε

]
+O(ε2).

3. In the example, we could have expected trouble initially. The original
equation is of second order and so needs two boundary conditions.
But the first order term in the regular perturbation series, equation
(140.3.a), is a differential equation of first order, so it would be
unlikely to match the two boundary conditions.

4. If it were not possible to match the “inner” and “outer” solutions in
equation (140.11), then we would have tried to put a boundary layer
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at x = 1. To do this, we scale x so that it has a large variation near
x = 1, say x̂ = (1 − x)/ε. Using this new distance scale, the leading
order terms in the “outer” and “inner” solutions would have the form
of equation (140.5) and equation (140.9). Now, however, the outer
solution would extend to x = 0 (so that youter = 4e−x), whereas the
inner solution would extend to x = 1 (so that yinner = (5−E)+Ee−x̂).
At this point, we find that we cannot perform the necessary matching.
We have lim

x→1−
youter(x) = 4e−1, but

lim
x→1−

yinner(x) = lim
x̂→∞

yinner(x̂) =


5, if E = 0,
∞, if E > 0,
−∞, if E < 0.

We conclude that there is no boundary layer near x = 1, at least with
the scaling x̂ = (1 − x)/ε.

5. Sometimes a boundary layer can appear in the middle of the region
of interest. As an example of a “shock” or an “interior transition
layer,” consider the problem εy′′ + xy′ = 0 with the boundary values
y(−1) = 1 and y(1) = 2. The solution to this problem is y(x; ε) =
1
2

(
3 +

erf(x/2√ε)
erf(1/2

√
ε)

)
. Note the following limits, which indicate the

non-uniformity of convergence:

lim
x→0+

lim
ε→0+

y(x; ε) = 2,

lim
x→0−

lim
ε→0+

y(x; ε) = 1,

lim
x→0

y(x; ε) =
3
2
.

6. Kevorkian and Cole [2, pages 20–50 and 370–387] analyze the system:

εy′′ − xy′ + y = 0,
y(−1) = 1, y(1) = 2

and show that it has boundary layers at both x = −1 and x = 1.
7. For certain forms of simple equations, it is possible to predict the ex-

istence of boundary layers and other phenomena for generic boundary
conditions. Table 140.1 shows the behavior that can be expected from
the equation

εy′′ − p(x)y′ − q(x)y = g(x), a ≤ x ≤ b
y(a) = α, y(b) = β, (140.14)

when ε is small and positive. For each case, there are simple examples
that exhibit the predicted behavior. For example:
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Conditions on p(x) Type of solution

p(x) 6= 0 on a ≤ x ≤ b:
(a) p(x) < 0 Boundary layer at x = a
(b) p(x) > 0 Boundary layer at x = b

p(x) = 0:
(c) q(x) > 0 Boundary layers at x = a and x = b
(d) q(x) < 0 Rapidly oscillating solution
(e) q(x) changes sign Classical turning point

p′ 6= q, p(0) = 0 only at x = 0:
(f) p′(0) < 0 No boundary layers,

interior layer at x = 0
(g) p′(0) > 0 Boundary layers at x = a and x = b,

no interior layer at x = 0

Table 140.1: Possible behaviors for equation (140.14).

Equation Boundary conditions Solution

εy′′ + y′ = 0 y(−1) = 0 y(1) = 1 y(x) = e(1−x)/ε−e2/ε
1−e2/ε

εy′′ − y′ = 0 y(−1) = 0 y(1) = 1 y(x) = e(x−1)/ε−e−2/ε

1−e−2/ε

εy′′ − y = 0 y(−1) = 0 y(1) = 1 y(x) = e
√
ε(x−1)−e

√
ε(x+3)

1−e4
√
ε

εy′′ + y = 0 y(−1) = 0 y(1) = 1 y(x) =
sin((x+1)

√
ε)

sin(2
√
ε)

For non-generic boundary conditions, other solutions are possible.
For example, equation (140.1) fits case (a) in table 140.1, which
predicts the existence of a boundary layer near x = 0. However, if the
boundary conditions for equation (140.1) had been y(0) = y(1) = 4,
then the solution would have been y(x) = 4, with no boundary layers
present.

8. A classic example showing the dependence of the solution on the
boundary conditions is in Kevorkian and Cole [2, Section 2.5]. This
nonlinear equation,

εy′′ + yy′ − y = 0,
y(0) = A, y(0) = B,

(140.15)

has the solution behaviors shown in figure 140.2.
9. There are many matching principles that can be used to determine

the unknown constants in the “inner” and “outer” solutions. One
that is used in Van Dyke [9, page 64] is

The n-term expansion of the inner solution (written in the outer
variables) to m-terms is equal to the the m-term expansion of
the outer solution (written in the inner variables) to n-terms.
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Figure 140.2: Different possible solutions to equation (140.15) for varying
boundary conditions.

10. Sometimes there can be multiple boundary layers at a single bound-
ary. That is, there are several layers of boundary layers (each with a
different scaling) before the “outer” solution is matched to the value
at the boundary.

11. There exist special numerical procedures that can be used for equa-
tions that have boundary layers. See, for instance, Miranker [5,
Chapter 5, pages 88–108].

12. Lo [4] presents a technique for calculating many terms in an asymp-
totic expansion. The computer language Macsyma is used to perform
the asymptotic matching at each stage.

13. This method is sometimes called the method of matched asymptotic
expansions.

14. See also Bender and Orszag [1, Chapter 9, pages 417–483] Nayfeh
[6, Chapter 4, pages 110–158], and Van Dyke [9, Chapter 5, pages
77–98].
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141. Perturbation Method:
Functional Iteration

Applicable to Differential equations with a “small” term and ho-
mogeneous initial conditions or boundary conditions. Without the “small”
term, the differential equation must be a linear and have a known Green’s
function.

Yields
A sequence of approximations.

Idea
If the given equation is only a “small” perturbation from a linear equa-

tion (with a known Green’s function), then we may obtain an equivalent
integral equation. This integral equation may be expanded methodically.
Diagrams are often used to keep track of the terms.

Procedure
We will illustrate the general technique on a specific class of partial

differential equations. Suppose we have the differential equation

∂φ

∂t
= H(t, x, ∂x)φ + V (x, ∂x)φ+A(x),

φ(0, x) = 0, φ(t, 0) = φ(t, 1) = 0,
(141.1)

for the unknown φ(t, x), where H and V are functionals. Let us presume
that, in some sense, ||V φ|| � ||Hφ||. If the solution G(t, x; y) of

∂G

∂t
= H(t, x, ∂x)G+ δ(x− y),

G(0, x; y) = 0, G(t, 0; y) = G(t, 1; y) = 0,
(141.2)

is known, then the solution to equation (141.1) can be written as the
equivalent integral equation

φ(t, x) =
∫ 1

0

G(t, x; y)[A(x) + V (x, ∂x)φ(t, x)]x=y dy

= φ0(t, x) +
∫ 1

0

G(t, x; y)V (y, ∂y)φ(t, y), dy, (141.3.a-b)

where φ0(t, x) :=
∫ 1

0 G(t, x; y)A(y) dy. This is becauseG(t, x; y) is a Green’s
function (see page 318) and superposition can be used (note that the bound-
ary conditions in equation (141.1) and equation (141.2) are homogeneous).
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If φ(t, y), as determined by the right-hand side of equation (141.3.b), is
utilized in the integral in equation (141.3.b), then we obtain

φ(t, x) = φ0(t, x) +
∫ 1

0

G(t, x; y)φ0(t, y) dy

+
∫ 1

0

dy

∫ 1

0

du [G(t, x; y)V (y, ∂y)] [G(t, y;u)V (u, ∂u)]φ(t, u).
(141.4)

If φ(t, u), as determined by the right-hand side of equation (141.3.b), is
utilized in the double integral in equation (141.4) and the process repeated,
then we find

φ(t, x) = φ0(t, x) +
∫ 1

0

G(t, x; y)φ0(t, y) dy

+
∫ 1

0

dy

∫ 1

0

du [G(t, x; y)V (y, ∂y)] [G(t, y;u)V (u, ∂u)]φ0(t, u)

+
∫ 1

0

dy

∫ 1

0

du

∫ 1

0

dv [G(t, x; y)V (y, ∂y)] [G(t, y;u)V (u, ∂u)]

[G(t, u; v)V (v, ∂v)]φ0(t, v) + · · · .
(141.5)

Hence, we have produced a “natural” expansion of the solution to equation
(141.1). Because writing the integrals in equation (141.5) becomes tedious,
diagrams are often utilized. In a fairly obvious notation, we may write
equation (141.5) as

φ(t, x) = φ0(t, x) + F1 + F2 + F3 + · · · , (141.6)

where each Fi is represented by a diagram in figure 141.1. The diagrams
used in this method are never anything more than a shorthand nota-
tion for mathematical expressions. For each specific problem in which
diagrammatic techniques are used, the diagrams must be appropriately
defined. In this example, a node on a diagram corresponds to the operation
[G(t, •;−)V (−, ∂−)], and each line indicates an integral.

Example 1
We now show how functional iteration method can be used to approxi-

mate the solution of an ordinary differential equation, with a small param-
eter present. Given the differential equation with boundary conditions for
φ(x)

d2φ

dx2
= ε [1− φ] ,

φ(0) = φ(1) = 0,
(141.7)
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Figure 141.1: Diagrammatic representation of the solution in equation
(141.6).

we first note that the exact solution is given by

φ(x) = 1− cos
√
εx+

cos
√
ε− 1

sin
√
ε

sin
√
εx,

= ε

(
x2 − x

2

)
− ε2

(
x4 − 2x3 + x

24

)
+O(ε3). (141.8.a-b)

The Green’s function that we need, G(x; y), will satisfy the equation

d2G

dx2
= δ(x− y),

G(0) = G(1) = 0,

and is given by (see the example for the Green’s function method, on page
321)

G(x; y) =

{
x(y − 1) for 0 ≤ x ≤ y,
y(x− 1) for y < x ≤ 1.

The differential equation (141.7) can then be written as an integral equa-
tion, using this Green’s function, as

φ(x) = ε

∫ 1

0

G(x; y) [1− φ(y)] dy

= εφ0(x)− ε
∫ 1

0

G(x; y)φ(y) dy, (141.9.a-b)

where

φ0(x) :=
∫ 1

0

G(x; y) dy

=
∫ 1

x

x(y − 1) dy +
∫ x

0

y(x− 1) dy

=
x2 − x

2
.
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If the value of φ(x) (as defined by the right-hand side of equation (141.9.b))
is inserted for the function φ(y) in equation (141.9.b), the natural expansion
arises

φ(x) = εφ0(x) − ε2
∫ 1

0

G(x; y)φ0(y) dy

+ ε3
∫ 1

0

G(x; y)
∫ 1

0

G(y; z)φ0(z) dz dy −O(ε4), (141.10)

which can be represented by

φ(x) = φ0(x) + F1 + F2 + F3 + · · · ,

where the {Fi} are given in figure 141.1. In this example, a node on a
diagram corresponds to multiplying by G(α;β) (for some specific α and
β) and each line segment indicates an integration. It is easy to evaluate
the first few diagrams, that is, to evaluate the first few terms in equation
(141.10). The approximation obtained from equation (141.10) is identical
to the expansion in equation (141.8.b).

Example 2
The Green’s function is needed so that the solution of the original

differential equation may be written in terms of an integral (as in equation
(141.3.b) or equation (141.9.b)). For a first order equation, though, an
integral representation can be found immediately. In this example, we
analyze a nonlinear first order differential equation to indicate more fully
how the diagrams may be used. Consider the nonlinear ordinary differential
equation

dz

dt
= f(t) + g(t)z2,

z(0) = 0

in which the nonlinear term (i.e., the g(t) function) is “small.” This
equation may be integrated directly to obtain

z(t) =
∫ t

0

f(τ) dτ +
∫ t

0

g(τ)z2(τ) dτ. (141.11)

If the value of z(t) from the left-hand side of equation (141.11) is used in
the right-hand side, then

z(t) =
∫ t

0

f(τ) dτ +
∫ t

0

g(τ)
[∫ τ

0

f(τ1) dτ1

]2

dτ

+ 2
∫ t

0

g(τ)
[∫ τ

0

f(τ1) dτ1

] [∫ τ

0

g(τ2)z2(τ2) dτ2

]
dτ

+
∫ t

0

g(τ)
[∫ τ

0

g(τ2)z2(τ2) dτ2

]2

dτ.

(141.12)
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Figure 141.2: Rules for creating and interpreting diagrams.

A “natural” perturbation expansion would be to keep the first two terms
in the right-hand side of equation (141.12) and to assume that the last two
terms are “small.” If |z(t)| � 1, then this may well be the case because
the last two terms involve |z|2 whereas the first two terms involve |z|.

The functional iteration technique can be used to derive equation (141.12)
and the higher order extensions from diagrams. We need two sets of rules:
One set of rules describes how the diagrams may be computed; the other
set of rules describes how the diagrams are to be turned into mathematical
expressions. If we use the rules in figure 141.2 (where H(·) denotes the
Heaviside function), then the first two steps in the diagrammatic solution
to z(t) (from equation (141.11)) are given by the diagrams in figure 141.3.

Note that the third and fourth diagrams in figure 141.3 represent the
same mathematical expression because they are topologically equivalent.
The purpose of the Heaviside function is to restrict the range of integration.
By careful inspection, the mathematical expressions associated with the
last set of diagrams will be seen to be identical to equation (141.12).

Notes
1. In the physics literature, the Green’s function is sometimes called

the propagator. This is usually written in terms of a path integral,
G =

∫
eiS/h̄, where S is the action, defined to be the integral of the

Lagrangian. The diagrams produced in this context are sometimes
called Feynman diagrams.

2. When nonlinear equations are approximated by this technique, as in
example 2, keeping track of the terms in the expansion that are of
the some order is greatly facilitated by some shorthand notation. The
diagrams presented above perform such a task.

3. In more complicated problems, the diagrams will have several differ-
ent types of line segments and several different types of nodes.

4. Often an “algebra of diagrams” is created, so that diagrams can be
added, subtracted and multiplied without recourse to the mathemat-
ical expression that each diagram represents. This would require
amplification of the rules that were used in example 2.
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Figure 141.3: Two steps in the diagrammatic expansion of equation
(141.11).

5. Presented in this section has been just one type of functional iteration;
there are many others. For example, Picard iteration (see page 618)
is a functional iteration method. Another method is a decomposition
method frequently used by Adomian [2].

6. This technique is particularly important in problems in which there
is no “small” parameter. In these cases, the formally correct dia-
grammatic expansion may be algebraically approximated by exactly
summing certain classes of diagrams. See Mattuck [6] for details.
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142. Perturbation Method:
Multiple Scales

Applicable to Nonlinear differential equations that have a small
parameter present.

Yields
An approximation to the solution.

Idea
This is a singular perturbation technique, applicable to problems for

which regular perturbation techniques fail. The assumption in this tech-
nique is that the solution depends on more than one “length” (or “time”)
scale.

Procedure
We presume that the solution depends on two (or more) different length

(or time) scales. By trying different possibilities, we determine what these
length scales are. These different length scales are treated as dependent
variables when transforming the given ordinary differential equation into
a partial differential equation, but then the length scales are treated as
independent variables when solving the equations.

The dependent variable is then expanded in a regular perturbation series
(see page 610), where each functions in the series depends on all of the
different length scales. The different orders of ε are collected, and the
sequential set of partial differential equations is solved.

As these equation are solved, the requirement is that each successive
term must vanish no slower (as ε tends to zero) than the previous term.

Example
Suppose we have the ordinary differential equation

εy′′ + y′ = 2,
y(0) = 0, y(1) = 1,

(142.1)

for y(x; ε). We immediately recognize that equation (142.1) is likely to
be a singular perturbation problem. This is because, when we set ε equal
to zero, the equation becomes a first order differential equation, and it is
very unlikely that the solution of this equation (which depends on a single
constant) will match both boundary conditions.

We first need to determine what the proper length scales are for this
problem. We guess that, for this problem, the proper length scales are
u := x and v := x/ε. If we had guessed incorrectly, then we would not be
able to carry out all of the calculations. First, equation (142.1) must be
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written in terms of these new variables. Writing d
dx as

d

dx
=
(
du

dx

∂

∂u
+
dv

dx

∂

∂v

)
=
(
∂

∂u
+

1
ε

∂

∂v

)
,

the equation (142.1) becomes

ε

(
∂

∂u
+

1
ε

∂

∂v

)2

y +
(
∂

∂u
+

1
ε

∂

∂v

)
y = 2. (142.2)

We now propose the expansion of y(x; ε) as a regular perturbation series
in the dependent variables u and v

y(x; ε) = y0(u, v) + εy1(u, v) + ε2y2(u, v) + · · · .
(142.3)

Using equation (142.3) in equation (142.2) and equating the different pow-
ers of ε results in an infinite sequence of equations, of which the first three
are

O(ε−1) :
∂2y0

∂v2
+
∂y0

∂v
= 0,

O(ε0) :
∂2y1

∂v2
+
∂y1

∂v
= 2− 2

∂2y0

∂u∂v
− ∂y0

∂u
,

O(ε1) :
∂2y2

∂v2
+
∂y2

∂v
= −2

∂2y1

∂u∂v
− ∂y1

∂u
− ∂2y0

∂u2
.

(142.4.a-c)

The first partial differential equation can be solved to determine

y0(u, v) = A(u) +B(u)e−v, (142.5)

where A(u) and B(u) are arbitrary functions of u. The second equation
then becomes

∂2y1

∂v2
+
∂y1

∂v
= 2−A′(u) +B′(u)e−v, (142.6)

which has the solution

y1(u, v) = [2−A′(u)]v + vB′(u)e−v +D(u) + E(u)e−v,
(142.7)

where D(u) and E(u) are arbitrary functions. Now, we use our solvability
condition, which states that the higher order terms will vanish no slower
than the lower order terms. For y1(u, v) (as given in equation (142.7)) to
vanish no slower than y0(u, v) (as given in equation (142.5)), we require
that 2 − A′(u) = 0 and B′(u) = 0. Otherwise, for x 6= 0 and ε � 1, the
terms in y1 would be larger than the terms in y0 (because, in this case,
v � 1).
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Figure 142.1: A comparison of the exact solution to equation (142.1) (given
by equation (142.10)) and the approximate solution in equation (142.9),
when ε = 0.5.

Using these two constraints, we determine that A(u) = 2u + A0 and
B(u) = B0, where A0 and B0 are constants. Hence, the first order solution
becomes

y0(u, v) = (2u+ A0) +B0e
−v. (142.8)

Going back to the original variable (i.e., x), the leading term in the solution
for y(x; ε) is (from equation (142.3) and equation (142.8))

y(x; ε) ≈ y0(x) = (2x+A0) +B0e
−x/ε.

This expression can be matched to both of the boundary conditions in
equation (142.1) to determine that

y(x; ε) ≈ 2x−
(

1− e−x/ε
)
. (142.9)

The exact solution to equation (142.1) is given by

y(x; ε) = 2x− 1− e−x/ε
1− e−1/ε

. (142.10)

Hence, we see that the approximate analysis has correctly obtained the first
term in the expansion as ε tends to zero. Figure 142.1 has a comparison of
equations (142.9) and (142.10) when ε = 0.5.

Notes
1. It was not really necessary to solve equation (142.6) for y1 to obtain

the constraints on A(u) and B(u). By analysis of the equation
for y1, with an eye toward obtaining solutions that do not grow
with v, the same conditions could have been obtained. This is an
important procedure in more complicated problems for which explicit
solutions are not easy to find. See the section on alternative theorems,
beginning on page 15.
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2. Any problem that can be solved by matched asymptotic expansions
can also be solved by multiple scales, although the procedure may
require more work.

3. Rubenfeld [8] gives an account of why the method of multiple scales
sometimes gives incorrect results.

4. Fateman [3] describes a Macsyma program that will automatically
utilize the method of multiple scales to approximate the solution of
differential equations.

5. The method of multiple scales is often called two timing.
6. A Macsyma package to perform these computations is described in

Len [5].
7. The choice of length scales depends on the particular problem. For

some problems, three (or more) length scales may be appropriate.
Each length scale may have a complicated dependence on the param-
eter ε.

8. The method of multiple scales does not result in an answer that
is valid over an indefinitely long range. If, for instance, the two
scales are x and εx, then the solution is valid, generally, for x =
O(ε−1). The solution of ẋ = εf(t, x, ε) (when f has period 2π in t)
can be approximated by the use of multiple scales. The kth order
approximation using the two time scales t and τ = εt are valid with
error O(εk) for intervals of length O(1/ε). It is often believed that
adding a third scale σ = ε2t will result in solution valid for O(1/ε2);
this is incorrect (see Murdock and Wang [6]).

9. See also Bender and Orszag [1, Chapter 11, pages 544–568], Kevorkian
and Cole [4, pages 115–151], and Nayfeh [7, Chapter 6, pages 228–
307].
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143. Perturbation Method:
Regular Perturbation

Applicable to Differential equations with a small parameter.

Yields
A series of terms of decreasing magnitude that approximate the solution

of the original differential equation.

Idea
When an equation is changed by only a small amount, the solution will

often only change by a small amount.

Procedure
Expand the dependent variables in a power series depending on the

small parameter in the problem. Substitute this series into the original
equation(s), the boundary condition(s), and the initial condition(s). Ex-
pand everything in a Taylor series, equate the terms corresponding to dif-
ferent powers of the small parameter, and solve the equations sequentially.

Example
Suppose we have the equation

y′′ + εy′ + y = 0,
y(0) = 1, y′(0) = 0,

(143.1)

where ε is a number whose magnitude is much smaller than 1. We suppose
that the solution to equation (143.1), y(x; ε), can be expanded in a power
series in ε as follows

y(x; ε) = y0(x) + εy1(x) + ε2y2(x) + · · · . (143.2)

Then, using equation (143.2) in equation (143.1), we obtain

(y′′0 + εy′′1 + · · · ) + ε(y′0 + εy′1 + · · · ) + (y0 + εy1 + · · · ) = 0,

y0(0) + εy1(0) + ε2y2(0) + · · · = 1,

y′0(0) + εy′1(0) + ε2y′2(0) + · · · = 0. (143.3)

Equating powers of ε in equation (143.3) to zero produces the sequence of
equations

O(ε0) : y′′0 + y0 = 0,
y0(0) = 1,
y′0(0) = 0,

(143.4)
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Figure 143.1: Comparison of the exact solution and the two term
approximation to equation (143.1), when ε = 0.25.

and

O(ε1) : y′′1 + y1 = −y′0,
y1(0) = 1,
y′1(0) = 0.

(143.5)

The solution to equation (143.4) is

y0(x) = cosx. (143.6)

Using equation (143.6) in equation (143.5), we must now solve the equation

y′′1 + y1 = sinx,
y1(0) = 1,
y′1(0) = 0.

(143.7)

The solution to equation (143.7) is

y1(x) =
1
2

(sinx− x cosx). (143.8)

Therefore, the solution for y(x; ε) is approximately (using equations (143.6)
and (143.8) in equation (143.2))

y(x; ε) = cosx+
ε

2
(sinx− x cosx) +O(ε2). (143.9)

We could continue this process indefinitely and calculate as many terms
as were needed to obtain a desired accuracy. Figure 143.1 is a comparison
of the first two terms of equation (143.9), when ε = 0.25, with the exact
solution.
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Notes
1. The exact solution to equation (143.1) is given by

y(x; ε) =
ε√

4− ε2
e−εx/2 sin

(
x

√
1− ε2

4

)
+ e−εx/2 cos

(
x

√
1− ε2

4

)
,

which can be expanded for small ε to yield

y(x; ε) = cosx+
ε

2
(sinx− x cosx) +O(ε2).

2. This method will not work on all equations that have a small param-
eter. As a simple example, consider

εy′′ + y = 0, y(0) = 1, y(1) = 2.
(143.10)

In this example, the first order equation (corresponding to equation
(143.4)) is

y0 = 0, y(0) = 1, y(1) = 2.

Clearly, this equation has no solution. Hence, the expansion in
(143.3), must not be adequate to represent the solution of equation
(143.10).

3. In deriving equations (143.4) and equation (143.5) from equation
(143.3), it was implicitly assumed that each of |y1(x)|, |y′1(x)|, and
|y′′1 (x)| are O(1). Observe that this will not be the case when x =
O(1/ε) (see equation (143.8)). Hence, we conclude that only when
x� 1/ε can equation (143.9) be a good approximation to the solution
of equation (143.1). If an approximation to the solution is desired over
a larger range of x values, then the method of multiple scales might
be used (see page 605). Secular terms is the name given to terms
that become large and prevent a perturbation expansion from being
valid.

4. If the solution to a differential equation is not analytic at ε = 0, then
the solution can not be expanded in the form of equation (143.2).
Often, the best procedure is to utilize an expansion of the form

y(x; ε) = y0(x) + µ1(ε)y1(x) + µ2(ε)y2(x) + . . . ,

and then determine the scaling functions {µi} as the {yi} are deter-
mined. It is frequently the case that the {µi} are given by terms of the
form {εn logm ε}. Terms with m 6= 0 are sometimes called switchback
terms (see Lagerstrom and Reinelt [4] or Van Dyke [7, pages 9–20
and 200–202]).

5. The functional iteration method (see page 598) produces the same
terms that would be obtained by a regular perturbation expansion.
The benefit of the diagrammatic method is that it allows easier
manipulation of the terms.
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6. See Bender and Orszag [1, pages 319–335], Farlow [2, Lesson 46, pages
370–378], Kevorkian and Cole [3, pages 17–20], and Lin and Segel [5,
pages 45–55 and 225–241].
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144. Perturbation Method:
Strained Coordinates

Applicable to Differential equations that have a small parameter
present.

Yields
An approximation to the solution, valid on a long time scale.

Idea
A regular perturbation expansion may give the correct answer but at

the wrong location. By scaling the dependent variable and one or more
of the independent variables by the small parameter, the solution may be
approximated at the correct location.

Procedure
If the regular perturbation solution to a differential equation has secular

terms but the original equation has bounded solutions, then the regular
perturbation approximation is not valid for large values of the independent
variables. One way to obtain a solution that is valid for longer scales is by
“straining the coordinates”; that is, expanding the dependent variable and
one or more of the independent variables in terms of the small parameter.

To completely specify the arbitrary functions and constants that arise,
use the maxim: “Higher order approximation shall be no more singular
than the first.”

Example
Suppose we wish to approximate the solution to the nonlinear differen-

tial equation

d2y

dt2
+ ω2y = εy3,

y(0) = 1, y′(0) = 0.
(144.1)

This equation can be integrated once by first multiplying by y′. The re-
sulting first order differential equation can be integrated in terms of elliptic
functions. The explicit solution indicates that the solution is periodic.

If a regular perturbation technique is attempted, then the resulting
equations can be solved in the usual manner (see page 610) to determine
that

y(t; ε) = cosωt+ ε

[
3
8
t

ω
sinωt− 1

32ω2

(
cos 3ωt− cosωt

)]
+O(ε2).

Note that the second term in this solution becomes unbounded as t in-
creases. Hence, secular terms are present.
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In the method of straining, both the dependent variable and the inde-
pendent variable are expanded in terms of ε. For this example, we presume
the expansion has the form

t = t(τ ; ε) = τ + εt1(τ) +O(ε2),

y = y(τ ; ε) = y0(τ) + εy1(τ) +O(ε2). (144.2.a-b)

Noting that the derivative with respect to t can be replaced with a deriva-
tive with respect to τ by

d

dt
= (1− εt′1 + · · · ) d

dτ
,

(where a prime (′) denotes differentiation with respect to τ), we find that
equation (144.1) can be turned into a sequence of equations, with each
equation involving the next yk(τ) term. The first two equations are

d2y0

dτ2
+ ω2y0 = 0,

d2y1

dτ2
+ ω2y1 = y3

0 + 2t′1
d2y0

dτ2
+ t′′1

dt0
dτ

.

(144.3)

The boundary conditions are similarly expanded. We find

y0(0) = 1,
dy0

dτ
(0) = 0,

y1(0) + t1(0)
dy0

dτ
(0) = 0,

dy1

dτ
(0)− t′1(0)

dy0

dτ
(0) + t1(0) +

dy0

dτ
(0) = 0.

(144.4)

Now we proceed to solve the equations sequentially, just as in the regular
perturbation method. The first equation in (144.3) with the first pair of
boundary conditions in equation (144.4) yields

y0(τ) = cosωτ. (144.5)

Using this value for y0(τ), the next equation (144.3) (which is for y1(τ))
becomes

d2y1

dτ2
+ ω2y1 =

1
4

cos 3ωτ +
(

3
4
− 2ω2t′1

)
cosωτ − ωt′′1 sinωτ.

(144.6)

To prevent y1(τ) from having any secular terms, this equation cannot be
forced at resonance. This means that the right-hand side of equation
(144.6) cannot have any terms that are solutions of the homogeneous
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equation. To keep the right-hand side of equation (144.6) from having
any cosωτ or sinωτ terms, we choose(

3
4
− 2ω2t′1

)
= 0 or t1 =

3τ
8ω2

. (144.7)

If we now solve equation (144.6), there will be no secular terms. Utilizing
equation (144.7) in equation (144.2.a) results in

t = τ +
3ε

8ω2
τ + · · · ,

or

τ =
(

1− 3ε
8ω2

)
t+ · · · .

Using this last expression for τ in equation (144.5) results in our final form
of the first order approximation

y0(t) = cos
[(
ω − 3ε

8ω

)
t

]
.

Notes
1. Another common application of this method is to differential equa-

tions whose solutions are well behaved, but approximations by a
regular perturbation scheme produce singular terms. For example,
the differential equation

(x+ εu)
du

dx
+ u = 0, u(1) = 1, (144.8)

has a solution that is well behaved at x = 0, but the regular pertur-
bation series u(x; ε) = u0(x) + εu1(x) + . . . yields u0 = x−1, u1 =
1
2

(
x−1 − x−3

)
, and higher order terms that are even more singular at

x = 0. Applying strained coordinate techniques results in the exact
solution of equation (144.8): u(x) =

(
−x+

√
x2 + 2ε+ ε2

)
/ε. This

solution shows that u(x) cannot be expanded in a power series in ε
near x = 0.

2. The paper by Roberts and Shipman [7] concerns itself with equations
of the form

[f(x) + εy]
dy

dx
+ q(x)y = r(x)

on the interval 0 < x < 1, with y(1) = c, when the method of
straining does not work.

3. This technique is a useful tool in many areas, including the theory of
boundary layers and the structure and propagation of shock waves.

4. This technique is also known as the Lighthill method, the Lindstedt
method, and the Poincaré–Lighthill method.
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5. The computer language Macsyma [5] has a package (lindst) for
automatically implementing this technique, see Len [3] for details.

6. See also Goldstein and Braun [2, pages 306–311], Nayfeh [6, Chap-
ter 3, pages 56–109], and Van Dyke [8, Chapter 6, pages 99–120].
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145. Picard Iteration

Applicable to Differential equations, a single equation, or a sys-
tem.

Yields
A sequence of approximations to the solution.

Idea
We can write an ordinary differential equation as a fixed point formula.

If we have a starting guess, we can iterate the equation to find an approx-
imate solution to the original equation.

Procedure
Suppose we have the first order ordinary differential equation

dy

dx
= f(y, x),

with the initial condition y(x0) = y0. This equation can be written as the
integral equation

y(x) = y0 +
∫ x

x0

f (y(z), z) dz. (145.1)

Note that equation (145.1) already incorporates the initial conditions. If
we had a guess of y(x), say y1(x), then we might be able to improve our
guess by forming y2(x) as follows

y2(x) = y0 +
∫ x

x0

f (y1(z), z) dz.

Then, knowing y2(x), we could form y3(x) by the same technique. We can
continue this process indefinitely, each time using the formula

yn+1(x) = y0 +
∫ x

x0

f (yn(z), z) dz. (145.2)

What we take for y1(x) is arbitrary; it is often easiest to take y1(x) = y0.

Example
Suppose we have the following ordinary differential equation

dy

dx
= x2 + y2,

with y(0) = 1. In this case, the iteration formula, equation (145.2), becomes

yn+1(x) = 1 +
∫ x

0

[z2 + yn(z)2] dz.
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If we take y1(x) = 1, then we find

y2(x) = 1 + x+
1
3
x3,

y3(x) = 1 + x+ x2 +
2
3
x3 + · · · ,

y4(x) = 1 + x+ x2 +
4
3
x3 +

5
6
x4 + · · · ,

y5(x) = 1 + x+ x2 +
4
3
x3 +

7
6
x4 +

16
15
x8 + · · · .

(145.3)

The Taylor series solution of this problem (see page 632) begins

y(x) = 1 + x+ x2 +
4
3
x3 +

7
6
x4 +

6
5
x5 + · · · .

Hence, each successive approximation in equation (145.3) appears to have
one more correct term.

Notes
1. The successive approximations found by this method are not guaran-

teed to converge.
2. This method can also be used on systems of first order ordinary

differential equations. For example, the scheme corresponding to the
system

dy

dt
= f(y, z, t), y(0) = y0,

dz

dt
= g(y, z, t), z(0) = z0,

is

yn+1(t) = y0 +
∫ t

0

f(yn(t), zn(t), t) dt,

zn+1(t) = z0 +
∫ t

0

g(yn(t), zn(t), t) dt.

3. Picard iteration can be applied to ordinary differential equations of
nth order without first writing the equation as a first order system.
For example, the second order ordinary differential equation

y′′ = f (t, y(t), y′(t)) ,
y(a) = A, y(b) = B,

has the convenient iteration scheme

yn+1(x) = A+ (x − a)y′n(a) +
∫ x

a

(x − t)f (t, yn(t), y′n(t)) dt

where y0(x) = A+ (x− a)(B −A)/(b − a).

CD-ROM Handbook of Differential Equations c©Academic Press 1997



620 III Approximate Analytical Methods

4. It is also possible to approximate partial differential equations by this
technique. For example, the elliptic equation∇2u = f

(
x, y, u, ∂u∂x ,

∂u
∂y

)
has the natural iteration formula∇2un = f

(
x, y, un−1,

∂un−1
∂x , ∂un−1

∂y

)
.

Iyanaga and Kawada [2, page 998] have technical conditions for when
this scheme will converge to the solution of the original equation. Rice
and Boisvert [5, pages 79–82] illustrate this technique with the use of
ELLPACK.

5. See also Boyce and DiPrima [1, pages 97–103] and Simmons [6, pages
418–422].
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146. Reversion Method

Applicable to Forced nonlinear ordinary differential equations.

Yields
A local approximation.

Idea
To derive the method, we assume a certain parameter is small and

develop a perturbation expansion in that parameter. In practice, we use
the formulae obtained by this method when the parameter is equal to 1.

Procedure
Suppose that the general nonlinear differential equation whose solution

we wish to approximate near the initial value is given by

D1y +D2y
2 + · · ·+D5y

5 + · · · = kφ(x), (146.1)

where the {Di} represent differential operators. We seek y = y(x), where
k is a constant and φ(x) is a known forcing function. For this method to
work, we require that D1 6= 0.

We assume that y(x) is analytic and k is sufficiently small so that the
solution to equation (146.1) can be expanded in a power series in k. That
is, we take

y(x) = a1(x)k + a2(x)k2 + a3(x)k3 + · · · . (146.2)

Using equation (146.2) in equation (146.1) and equating powers of k results
in an infinite sequence of equations for the {ai(x)}. This sequence of
equations begins

D1a1 = φ(x),

D1a2 = −D2a
2
1,

D1a3 = −[2D2a1a2 +D3a
3
1],

D1a4 = −[D2(a2
2 + 2a1a3) + 3D3a

2
1a2 +D4a

4
1].

(146.3.a-d)

The reversion method is to assume the solution to equation (146.1) can be
represented in the form of equation (146.2) when k = 1 and the coefficients
are given by equation (146.3).

Example
Suppose we have the following nonlinear ordinary differential equation

dv

dx
+ αv2 = x, v(0) = v0,
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and we seek an approximation near x = 0. Changing variables to y = v−v0

changes the equation into

dy

dx
+ 2v0αy + αy2 = x− αv2

0 , y(0) = 0, (146.4)

which simplifies the initial condition. Comparing equation (146.4) to equa-
tion (146.1), we make the identifications

D1 =
d

dx
+ 2v0α, D2 = α,

k = 1, φ(x) = x− αv2
0 .

From equation (146.3.a), we obtain the following equation for a1: D1a1 =
φ(x), or (

d

dx
+ 2v0α

)
a1 = x− αv2

0 . (146.5)

Because v(0) = 0, we will take a1(0) = a2(0) = · · · = 0. The solution to
equation (146.5) with a1(0) = 0 is

a1 =
x

2v0α
+
e−2v0αx − 1

4v2
0α

2
+ αv2

0

e−2v0αx − 1
2v0α

,

which was obtained by using a Laplace transform (see page 350).
The function a2 can be determined from equation (146.3.b)(
d

dx
+ 2v0α

)
a2 = αa2

1 = α

(
x

2v0α
+
e−2v0αx − 1

4v2
0α

2
+ αv2

0

e−2v0αx − 1
2v0α

)2

,

with a2(0) = 0. This can also be solved by using Laplace transforms.
Proceeding in this way, many terms in the series equation (146.2) can be
evaluated.

Notes
1. The above example is from Pipes and Harvill [1, pages 653–665].
2. The extension of equation (146.3) can be found in Orstrand [2], which

lists formulae for the first 13 terms.
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147. Singular Solutions

Applicable to Nonlinear ordinary differential equations.

Yields
A singular solution.

Idea
Singular solutions may exist where the implicit function theorem does

not hold in differential algebraic equations.

Procedure
The algebraic ordinary differential equation

F (x, y, y′, . . . , y(n)) = 0 (147.1)

can often be explicitely solved for the y(n) term to determine that

y(n) = G1(x, y, . . . , y(n−1))

y(n) = G2(x, y, . . . , y(n−1))
...

y(n) = Gi(x, y, . . . , y(n−1)).

(147.2)

By the implicit function theorem, if ∂F
∂y(n) (x, y, y′, . . . , y(n)) 6= 0, then the

solutions in equation (147.2) are the only solutions possible. However, at
those points where ∂F

∂y(n) (x, y, y′, . . . , y(n)) = 0, there exists the possibility
of singular solutions.

If the y(n) term is algebraically eliminated from the two equations

F (x, y, y′, . . . , y(n)) = 0,
∂F

∂y(n)
(x, y, y′, . . . , y(n)) = 0,

then an equation of the form

H(x, y, y′, . . . , y(n−1)) = 0 (147.3)

results. This is called the p-discriminant equation. Its solution(s) describe
the singular loci.

After equation (147.3) is solved to determine possible singular solutions,
it must be verified that they are, in fact, actual solutions to the original
equation (147.1). Typically, the solution to equation (147.3), being a
differential equation of (n − 1)-st order, will involve only n − 1 arbitrary
constants.
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Example
Given the nonlinear first order ordinary differential equation

F (x, y, y′) = xy′
2 − 3yy′ + 9x2 = 0, (147.4)

it is straightforward to compute

∂F

∂y′
= 2xy′ − 3y = 0. (147.5)

Eliminating the y′ term between equation (147.4) and equation (147.5)
results in

y = ±2x3/2. (147.6)

In this case, both of the solutions in equation (147.6) satisfy equation
(147.4). Note that the singular solutions in equation (147.6) do not depend
on any constants, even though equation (147.4) was a first order differential
equation.

Notes
1. The general nth order ordinary differential equation, linear in the nth

derivative term,

U(x, y, y′, . . . , y(n−1))y(n) + V (x, y, y′, . . . , y(n−1)) = 0,

has the singular solution y = z(x) if z(x) satisfies both of

U(x, z, z′, . . . , z(n−1)) = 0,

V (x, z, z′, . . . , z(n−1)) = 0.

2. Another way to determine singular solutions of the differential equa-
tion f(x, y, y′) = 0 is to obtain the general solution φ(x, y, C) = 0
(where C is an arbitrary constant) and then formally eliminate C
between the two equations

φ(x, y, C) = 0,
∂φ

∂x
(x, y, C) = 0.

The resulting equation, which only involves x and y, is called the
c-discriminant equation.
For example, the differential equation y′2 +4−4y = 0 has the general
solution y(x) = 1 + (x − C)2; hence φ(x, y, C) = y − 1 − (x + C)2.
Forming the c-discriminant results in the singular solution y = 1.

3. In general (see Piaggio [7, pages 65–79 and 192–201]), the p-discriminant
equation will contain the envelope of the solutions, the cusp-locus and
the tac-locus squared. The c-discriminant equation will contain the
envelope of the solutions, the cusp-locus cubed and the node-locus
squared. Of these, only the envelope is a solution to the original
differential equation.
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4. Some envelope solutions of differential equations may be found by use
of Lie groups; see Bluman [1].

5. For polynomial functions, the algebraic elimination in the computa-
tion of the c-discriminant (or the p-discriminant) can be done by the
use of resultants (see page 50).

6. See also El’sgol’ts [2, pages 81–88], Goldstein and Braun [3, pages
18–24], Ince [4, pages 83–91], and Murphy [6, pages 74–80].
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148. Soliton-Type Solutions

Applicable to Partial differential equations with wave-like solu-
tions, often partial differential equations with only two independent vari-
ables.

Yields
Knowledge of whether solitons can be present.

Idea
See if there is a solitary wave solution to the partial differential equation.

This indicates the possibility that the equation has solitons for solutions.

Procedure
A solitary wave is a localized, traveling wave; many nonlinear partial

differential equations have solutions of this type. A soliton is a solitary
wave that exhibits particle-like behavior. The particle-like properties in-
clude stability, localizability, and finite energy. A soliton is best described,
however, in terms of its interaction with other solitary waves. We say that
an equation possesses solitons when two or more colliding solitary waves
do not break up and disperse but, instead, become more solitary waves.

In this technique, we change variables in such a way as to make such
a solitary wave more apparent. If the original partial differential equation
were in the independent variables x and t, we search for a solution of the
form u(x − ct). Here c represents the wave speed; if c > 0 (c < 0), then
u(x − ct) represents a wave traveling to the right (left). Note that many
partial differential equations have solitary waves as solutions; most of these
partial differential equations do not exhibit soliton behavior.

Example
One representation of the Korteweg–de Vries (KdV) equation is given

by

ut + σuux + uxxx = 0. (148.1)

We change the independent variables from {x, t} to {η, ζ} via (see page
168) {η = t, ζ = x − ct.}. This change of variable turns equation (148.1)
into

uη − cuζ + σuuζ + uζζζ = 0. (148.2)

If we now presume that equation (148.1) admits a wave-like solution, we
can then take u(η, ζ) = v(ζ) = v(x− ct). By assuming this functional form
for u(η, ζ), equation (148.2) becomes

cvζ + σvvζ + vζζζ = 0. (148.3)
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Equation (148.3) is an autonomous ordinary differential equation. Hence,
the order can be reduced by 1 (see page 230). In fact, for the equation
(148.3), the exact solution can be obtained.

Equation (148.3) can be integrated with respect to ζ to obtain

−cv +
1
2
σv2 + vζζ = A,

where A is an arbitrary constant. This last equation, when multiplied by
vζ , can be integrated again to obtain

−1
2
cv2 +

1
6
σv3 + (vζ)2 = Av +B, (148.4)

where B is another arbitrary constant. Equation (148.4) can be solved
algebraically for vζ and then this first order ordinary differential equation
can be integrated in terms of elliptic functions (see Abramowitz and Stegun
[2]).

Hence, we have shown that the KdV equation has solitary waves as
solution. For a soliton type solution to exist for equation (148.1), it must
be determined that a solution of equation (148.4) exists that is localized
(i.e., differs appreciably from zero only in a bounded region). Finally, to
actually show that the KdV has solitons, the interaction of these solitary
waves must be investigated. From a much deeper analysis (see, for example,
Whitham [9, Chapter 17, pages 577–620]) it is possible to show that the
Korteweg–de Vries equation possesses solitons as solutions. In fact, the
KdV equation can have, as its solutions, any number of solitons.

Notes
1. The technique that we have presented is no more than using similarity

variables (see page 497) to obtain a solution of a specific form. Of
course, the boundary conditions must admit a traveling wave solution,
as well as the equations.

2. The wave speed (c in the Example) often must be determined as part
of the solution. In the above example, it would be determined by
the boundary conditions (as would A and B). Typically, in nonlinear
problems, the velocity is amplitude dependent.

3. See Ablowitz and Segur [1, Chapter 17, pages 587–607].
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149. Stochastic Limit
Theorems

Applicable to Linear differential equations that contain a small
parameter and a random forcing term of a certain form.

Yields
A Fokker–Planck equation.

Idea
Some equations do not have a “white noise” forcing term and so a

Fokker–Planck equation cannot be directly constructed (see page 303).
However, it is often true that random forcing terms behave like “white
noise” in some asymptotic limit. Hence, in this limit, a Fokker–Planck
equation can be constructed.

Procedure
If F (x, t, τ) is a “sufficiently random” mean zero function then, as ε

tends to zero, the form

1
ε
F

(
x, t,

t

ε2

)
(149.1)

behaves, in a certain sense, like a “white noise” term (see Papanicolaou
and Kohler [4]). Using the “white noise” equivalent of equation (149.1), a
Fokker–Planck equation can be obtained in the variables {x, t}.

Hence, the prescription is to change a given equation so it has a term in
the form of equation (149.1) and then obtain and analyze the corresponding
Fokker–Planck equation.

Example
Using the geometric optics approximation to the wave equation, the

scaled position and velocity of a ray in a weakly random medium satisfy

dx

dt
= v,

dv

dt
=

1
ε
F

(
x,

t

ε2

)
,

after a ray has traveled a long distance in the random medium. Here
F (·) is a random function with mean zero (it represents the wave speed
perturbation at any point). Assuming a “mixing condition” on F , which is
a statement about how random F (·) is, the theorem in Papanicolaou and
Kohler [4] can be used in the limit of ε going to zero.
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Using this theorem, it can be shown that the probability density of
the solution to equation (149.1) converges weakly to the solution of the
following Fokker–Planck equation

γ
∂2P

∂v2
− ∂P

∂x
=
∂P

∂t
,

where the number γ is defined by γ2 = −
∫∞

0
E [F (0, y)(F (0, 0)]dy, and

E [·] is the expectation operator. The details of the derivation are beyond
the scope of this book. More details may be found in Kulkarny and White
[3].

Notes
1. There are many different limit theorems that yield a “white noise”

limit. For example, Keston and Papanicolaou’s paper [1] is concerned
with random differential equations of the form

dx

dt
=

1
ε2
v,

dv

dt
=

1
ε
F (x, v).

2. The theorems in Keston and Papanicolaou [1] and in Papanicolaou
and Kohler [4] have many technical requirements that must be satis-
fied. The “mixing condition” requirement has been verified for only
a few physical process.

3. For some limit theorems, the Fokker–Planck formalism can be elimi-
nated completely. For example, in Khas’minskii [2]m it is shown that
the solution to the problem

dx

dt
= εF (x, t, ω, ε), x(0) = x0,

in an interval of order O(1/ε), can be uniformly approximated by the
solution to the problem dx

dt = εF (x), x(0) = x0, where

F (x) := lim
T→∞

1
T

∫ T

0

E [F (x, t, ω, ε)] dt,

if the stochastic process F (x, t, ω, ε) satisfies the law of large numbers
for fixed x.

4. Pardoux [5] finds a white noise limit of a partial differential equation.
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150. Taylor Series Solutions

Applicable to Initial value problems, both ordinary differential
equations and partial differential equations.

Yields
An approximation to the solution near a point.

Idea
For an initial value problem, a Taylor series expansion can give an

approximate solution.

Procedure
We will illustrate the general procedure on a first order linear ordinary

differential equation. Suppose we have the differential equation

y′(x) = F (x, y), (150.1)

(where ′ indicates differentiation with respect to x) with the initial condi-
tion y(a) = y0, where F (x, y) is a known function. Evaluating equation
(150.1) at x = a, we can determine y′(a) = F (a, y0). Differentiating
equation (150.1) with respect to x, and using the chain rule, results in

y′′(x) = Fx(x, y) + Fy(x, y)yx. (150.2)

Now equation (150.2) can be evaluated at x = a to explicitly determine

y′′(a) = Fx(a, y(a)) + Fy(a, y(a))yx(a)
= Fx(a, y0) + Fy(a, y0)F (a, y0),

where we have used y′(a) = F (a, y0).
We can continue this process of differentiating equation (150.1) and

evaluating the result to determine the nth derivative of y(x) at the point
x = a. The result will involve only the partial derivatives of F (x, y) and
the numerical values a and y0. Knowing these values allows us to construct
the Taylor series expansion of y(x) about x = a by use of

y(x) = y(a) +
y′(a)

1!
(x− a)1 +

y′′(a)
2!

(x− a)2 +
y′′′(a)

3!
(x− a)3 + · · · .

(150.3)

Example
Suppose we wish to approximate the solution of the nonlinear initial

value problem

y′ = x2 − y2,

y(0) = 1.
(150.4.a-b)
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From equation (150.4), it is straightforward to compute

y′′ = 2x− 2yy′,

y′′′ = 2− 2(y′)2 − 2yy′′,
y′′′′ = −6y′y′′ − 2yy′′′,

...

(150.5)

Using equation (150.4.b), we evaluate equation (150.4.a) and then equation
(150.5) sequentially, at x = 0, to determine

y′(0) = −1,
y′′(0) = 2,
y′′′(0) = −4,
y′′′′(0) = 20,

...

(150.6)

Using the values from equation (150.6) in equation (150.3), with a = 0, the
solution of equation (150.4) for y(x) near x = 0 is given by

= 1− x+
2
2!
x2 − 4

3!
x3 +

20
4!
x4 + · · ·

= 1− x+ x2 − 2
3
x3 +

5
6
x4 + · · · .

Notes
1. This method may be applied to higher order equations and systems

of equations.
2. The method of series solution (see page 403), when used at an ordi-

nary point, also yields a Taylor series solution.
3. The Taylor series worked out by this method can be used to compute

Padé approximates to the solution. These Padé approximates may
give information about singularities of the exact solution (see page
582). Fernández et al. [3] have developed a different technique for
determining the location of singular points by postulating a form of
the singularity.

4. A direct representation of the Taylor series may be obtained by
implicit differentiation. We find that the solution to the differential
equation y′ = f(t, y), with y(0) = 0, has the Lie series representation

y(t) =
∞∑
n=1

tn

n!

[(
∂

∂t
+ f(t, z)

∂

∂z

)n
z

] ∣∣
z=0

.
(150.7)

See Igumnov [6] for a computationally efficient way to determine y(t)
from equation (150.7) when f(t, y) has a known Taylor series. Finizio
and Ladas [4, pages 293–298] also describe a numerical scheme.
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5. The numerical technique of analytical continuation (see page 698)
combines Taylor series at several different points to approximate the
solution of a differential equation in a large region.

6. Taylor’s theorem has been generalized in a way in which the general
term is a fractional derivative (see Osler [9] for details).

7. Corliss and Chang [2] describe a Fortran program for solving ordinary
differential equations by the use of Taylor series.

8. Macsyma [8] has a package (taylor ode) which computes Taylor
series solutions of ordinary differential equations.
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151. Variational Method:
Eigenvalue
Approximation

Applicable to Differential equations with eigenvalues to be deter-
mined.

Yields
Estimates for the eigenvalues.

Idea
If we guess approximate eigenfunctions, then we will obtain approxi-

mations to the eigenvalues. The “better” we guess the eigenfunctions, the
better the estimates of the eigenvalues will be.

Procedure
Although the procedure is quite general, we will discuss it in the spe-

cific context of a Sturm–Liouville equation. Suppose we have the Sturm–
Liouville equation on the interval [a, b]

L[y] =
d

dx

[
p(x)

dy

dx

]
− s(x)y = −λr(x)y, (151.1)

with p(x) > 0, s(x) ≥ 0, and y(a) = y(b) = 0. If we expand y(x) as

y(x) =
∞∑
n=1

cnφn(x), (151.2)

where the {φn(x)} are an arbitrary set of complete functions that vanish
at x = a and x = b, and the {cn} are constants, then the {cn} must satisfy

∞∑
n=1

(Amn − λRmn) cn = 0, (151.3)

for m = 1, 2, . . . , where

Amn =
∫ b

a

[p(x)φ′m(x)φ′n(x) + s(x)φm(x)φn(x)] dx,

Rmn =
∫ b

a

r(x)φm(x)φn(x) dx. (151.4)
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Equation (151.3) is obtained by substituting equation (151.2) into equation
(151.1), multiplying the result by φm(x), integrating with respect to x from
a to b, and using integration by parts. If the {φn(x)} are the eigenfunctions
of the L[y] operator in equation (151.1), then the matrices A and R are
diagonal matrices and the eigenvalues {λi} are easily obtained.

If, instead of equation (151.2), we use the finite sum

y(x) =
N∑
n=1

cnψn(x), (151.5)

where the {ψn(x)} are chosen to satisfy the boundary conditions, then
equation (151.3) becomes

N∑
n=1

(
Amn − λ̄Rmn

)
cn = 0, (151.6)

for m = 1, 2, . . . , N . In this equation, A andR are given by equation (151.4)
with φk(x) replaced by ψk(x). For equation (151.6) to have a non-trivial
solution, λ̄ must satisfy

|A − λ̄R| = 0,

where A is the matrix formed out of the Amn and R is the matrix formed
out of the Rmn. If the {ψk(x)} that we have have chosen are “close” to
the actual eigenfunctions of equation (151.1), then the {λ̄k} obtained from
equation (151) will be “close” to the eigenvalues {λk} of equation (151.1).

It is always true that the smallest λ̄ from equation (151) is larger than
the smallest λ of equation (151.1).

Example
Suppose an approximation to the smallest eigenvalues of the Sturm–

Liouville system

y′′ = −λy,
y(−1) = y(1) = 0

(151.7)

is desired. Equation (151.7) has the same form as equation (151.1), with
p(x) = 1, s(x) = 0, r(x) = 1, a = −1, and b = 1. We guess that y(x) can
be well approximated by

y(x) = c1(1− x2),

which is equation (151.5) with N = 1 and ψ1(x) = (1−x2). Using equation
(151.4), we calculate

A11 =
∫ 1

−1

(−2x)(−2x) dx =
8
3
,

R11 =
∫ 1

−1

(1− x2)(1− x2) dx =
16
15
.

(151.8)
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Using equation (151.8) in equation (151.6) yields the eigenvalue equation
for λ̄, 8

3 −
16
15 λ̄ = 0, and therefore, λ̄ = 2.5. For this example, it turns out

that the smallest eigenvalue is exactly λ = π2/4 ' 2.467, which corresponds
to the eigenfunction φ(x) = cos(πx/2).

Notes
1. For the Sturm–Liouville equation (151.1), it can be shown that

λ =
(−pyyx)

∣∣b
a

+
∫ b
a

(
p(y′)2 + sy2

)
dx∫ b

a ry
2 dx

.

This is known as the Rayleigh quotient. This can be used to estimate
the lowest eigenvalue because

λ1 ≤ min
u(x)

[
(−puux)

∣∣b
a

+
∫ b
a

{
p(u′)2 + su2

}
dx∫ b

a ru
2 dx

]
,

where λ1 represents the smallest eigenvalue, and the minimization is
taken over all continuous functions that satisfy the boundary condi-
tions associated with equation (151.1) (but not necessarily the differ-
ential equation itself). See Haberman [2, pages 172–176 and 224–226]
for details.

2. There are similar relations for the eigenvalues of partial differential
equations, which are also called the Rayleigh quotient. (See Butkov
[1] for details.) For example, for the Helmholtz equation in a bounded
region, ∇2u+ λu = 0 there is the relation (see Haberman [2])

λ =
−
∮
u∇u · n ds+

∫∫
R

|∇u|2 dx dy∫∫
R

u2 dx dy
.

3. This section’s example is from Butkov [1, pages 573–586].
4. See also Zauderer [4, pages 450–483].
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152. Variational Method:
Rayleigh–Ritz

Applicable to Differential equations that come from a variational
principle.

Yields
An approximation valid over an interval.

Idea
The variational expression from which a differential equation is derived

can be used to approximate the solution.

Procedure
Most equations of mathematical physics and engineering arise from a

variational principle (see page 418). For example, the first variation of

J [u] =
∫∫
D

(
u2
x + u2

y + 2uf
)
dx dy (152.1)

(also known as the Euler–Lagrange equation associated with equation (152.1))
is given by

δJ = uxx + uyy − f = 0.

Hence, the solution to

uxx + uyy = f, in the region D,
u = g, on the boundary of D,

is given by that function u(x, y) that equals g on the boundary and mini-
mizes equation (152.1).

The Rayleigh–Ritz method is to determine the functional that a dif-
ferential equation comes from and then to find an approximate minimum.
This is done by choosing a sequence of functions {φ1, φ2, . . . , φn} and then
forming

uN (x, y) = a1φ1(x, y) + a2φ2(x, y) + · · ·+ anφn(x, y),
(152.2)

where the {ai} are unknown. Of course, the {φk} must be chosen in such a
way that the boundary conditions are satisfied. Now, the {ai} are chosen
in such a way that the functional will be minimized. Specifically, using
equation (152.2) in equation (152.1) (or the appropriate variational princi-
pal), the {ai} are chosen by solving the simultaneous system of equations
given by

∂

∂ai
J [uN ] = 0, for i = 1, . . . , N.
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152. Variational Method: Rayleigh–Ritz 639

This will often be a simultaneous system of polynomial equations.
If the {φi} in equation (152.2) are chosen “well,” then uN will tend to

u as n→∞.

Example 1
Suppose we wish to approximate the solution to the following Poisson

equation in the unit square

uxx + uyy = sinπx, for 0 < x < 1, 0 < y < 1,
u = 0, on x = 0, x = 1, y = 0, y = 1.

(152.3.a-b)

The above equation comes from the variational principle δJ = 0, where

J [u] =
∫ 1

0

∫ 1

0

(
u2
x + u2

y + 2u sinπx
)
dx dy. (152.4)

We choose to approximate u(x, y) by a linear combination of

φ1(x, y) = x(1 − x)y(1 − y),

φ2(x, y) = x2(1− x)y(1 − y),

φ3(x, y) = x(1 − x)y2(1− y).

Note that each of the {φi} vanish on the boundary of the square, and so
u3 will also (as equation (152.3.b) requires).

Using equation (152.2) (with N = 3) in equation (152.4) results in the
minimization of the function[

24π3a2
3 +

(
35π3a2 + 70π3a1 + 2100

)
+ 24π3a2

2

+
(
70π3a1 + 2100

)
a2 + 70π3a2

1 + 4200a1

]
/3150π3. (152.5)

Differentiating equation (152.5) with respect to each of a1, a2, and a3

results in the linear system of equations140π3 70π3 70π3

70π3 48π3 35π3

70π3 35π3 48π3

a1

a2

a3

 =

−4200
−2100
−2100

 ,
with the solution {a1 = − 30

π3 , a2 = 0, a3 = 0}. Using these values
in equation (152.2) yields an approximation to the solution of equation
(152.3).

Note that the exact solution to the problem in equation (152.3) can be
found by finite Fourier transforms (see page 344) to be

u(x, y) =
sinπx
π2 sinhπ

[sinhπy + sinh(π(1 − y))− sinhπ] .
(152.6)

Figure 152.1 has a comparison of the exact solution in (152.6) and the
approximate solution found above. This figure compares the values of
u(0.1, y) and u3(0.1, y) as y varies from 0 to 1.
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Figure 152.1: A comparison of the exact solution in equation (152.6) and
the approximate solution in equation (152.2), when x = 0.1.

Example 2
A variation of this method, due to Kantorovich, is to choose the {φk}

to depend only on y and to allow the {ak} to depend on x. For example,
to approximate the solution of the Poisson equation

uxx + uyy = −2, for 0 < x < 1, 0 < y < 1,
u = 0, on x = 0, x = 1, y = −1, y = 1, (152.7.a-b)

which corresponds to the first variation of

J [u] =
∫ 1

0

∫ 1

−1

(
u2
x + u2

y − 4u
)
dx dy, (152.8)

we choose

u(x, y) ≈ v(x, y) = f(x)(y2 − 1). (152.9)

where f(x) is unknown. Using equation (152.9) in equation (152.8) results
in

J [v] =
∫ 1

0

(
16
15
f ′

2 +
8
3
f2 +

16
3

)
dx, (152.10)

which must now be minimized. The first variation of equation (152.10)
yields the following differential equation for f(x)

f ′′ − 5
2
f =

5
2
. (152.11)

The function f(x) must satisfy f(0) = f(1) = 0 for equation (152.7.b) to be
satisfied. Solving equation (152.11) with these boundary conditions results
in

f(x) = −1 + coshαx+
(

1− coshα
sinhα

)
sinhαx,

(152.12)
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152. Variational Method: Rayleigh–Ritz 641

where α =
√

10/2. Combining equation (152.12) with equation (152.9)
results in the final approximation to equation (152.7).

Notes
1. The Rayleigh–Ritz method also works for ordinary differential equa-

tions. For example, the variational principle corresponding to J [u] =∫ 1

0
[(y′)2 + y2] dx is δJ = y′′ + y = 0.

2. This method is an example of a weighted residual method (see page
786).

3. This technique is often implemented numerically.
4. Example 2 is from Casti and Kalaba [2, pages 68–69].
5. See also Butkov [1, pages 573–586], Farlow [3, Lesson 45, pages 362–

369], Kantorovich and Krylov [4, Chapter 4, pages 241–357], Mikhlin
and Smolitskiy [5, Chapter 3, pages 147–269], Stakgold [6, pages 539–
544], and Zauderer [7, pages 470–483].
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642 III Approximate Analytical Methods

153. WKB Method

Applicable to Linear differential equations.

Yields
A global approximation.

Idea
The solution of an ordinary differential equation near an irregular singu-

lar point is often in the form of an exponential. Conversely, an exponential
will often be a good approximation to an ordinary differential equation
(even one without an irregular singular point.)

Procedure
If a given ordinary differential equation does not have a small parameter

in it, multiply the highest order derivative term by a “small” parameter ε2.
This turns the equation into a singularly perturbed differential equation.
Later, we will set ε equal to 1, and recover the original equation.

Given a singularly perturbed linear ordinary differential equation (of
any order) L[y] = 0, look for a solution of the form

y(x) ∼ exp

[
1
δ

∞∑
n=0

δnSn(x)

]
, (153.1)

where we consider δ = δ(ε) to be a small number.
The technique is to use the approximation in (153.1) in the original

equation and then apply dominant balance (see page 517) to determine a
differential equation for S0(x). Solve this equation for S0(x). Then, using
this solution for S0(x), apply dominate balance again to determine the next
largest term. This will be a differential equation for the unknown S1(x).
Solve this equation, and then iterate this procedure to determine several
of the {Si(x)}.

In order for the WKB approximation to be valid on an interval, we
require that δnSn+1 � 1 as δ → 0 and that Sn+1(x)/Sn(x) be a bounded
function of x on the given interval (for n = 1, 2, . . . ). If these do not
hold, the expansion procedure is not valid. Note that if we have δ =
1, the constraints on {Si} become constraints on the interval where the
approximation is valid.

Special Case
For the singularly perturbed linear second order ordinary differential

equation

ε2y′′ = Q(x)y, (153.2)
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with Q(x) 6= 0, we use equation (153.1) in equation (153.2) to determine

ε2

δ2
(S′0)2 +

2ε2

δ
S′0S

′
1 +

ε2

δ
S′′0 + · · · = Q(x), (153.3)

where the exponential term common to both sides has been factored out.
The largest terms in equation (153.3) are (S′0)2ε2/δ2 and Q(x). Because
Q(x) is presumed to be of order one, we must have δ = ε and (S′0)2 = Q(x),
or

S0(x) = ±
∫ x√

Q(t) dt. (153.4)

Using δ = ε and equation (153.4) in equation (153.3) and applying domi-
nant balance again, yields a first order differential equation for S1(x)

2S′0S
′
1 + S′′0 = 0,

which can be integrated directly to yield

S1(x) = −1
4

logQ(x). (153.5)

Using equation (153.4) and equation (153.5) in equation (153.1), we deter-
mine the leading order approximation to the solution of equation (153.1)
to be

y(x) ∼ C1 [Q(x)]−1/4 exp
(

1
ε

∫ x√
Q(t)dt

)
+ C2 [Q(x)]−1/4 exp

(
−1
ε

∫ x√
Q(t)dt

)
, (153.6)

for some constants C1 and C2. If a higher order approximation was desired,
it is easy to derive that

S2(x) = ±
∫ x [ Q′′

8Q3/2
− 5(Q′)2

32Q5/2

]
dt,

S3(x) =
Q′′

16Q2
+

5(Q′)2

64Q3
,

because all of the equations for the higher order {Si(x)} are of first order.
Marić and Tomić [10] show that equation (153.6) is the correct asymp-

totic result if
∫∞√

Qdt =∞ and
∫∞

Q′2Q−5/2 dt <∞.

Example
Given the Airy equation

y′′ = xy, (153.7)
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we introduce a small parameter ε2 and write equation (153.7) as ε2y′′ = xy.
This is now an equation of the same form as equation (153.2), with Q(x) =
x. Hence, the approximation in equation (153.6) (with ε = 1) yields

y(x) ∼ C1x
−1/4 exp

(
2
3
x3/2

)
+ C2x

−1/4 exp
(
−2

3
x3/2

)
.

(153.8)

If we had included the S2(x) term, the approximation would be

y(x) ∼ C1x
−1/4 exp

(
2
3
x3/2

)(
1 +

5
48
x−3/2

)
+ C2x

−1/4 exp
(
−2

3
x3/2

)(
1− 5

48
x−3/2

)
. (153.9)

In both equations (153.8) and (153.9), the approximations are valid only
as x→∞.

Notes
1. WKB stands for Wentzel, Kramers, and Brillouin. This method is

also sometimes called the WKBJ method or the Jeffreys method.
2. The eigenvalue problem z′′ + λ2V (x)z = 0 with z(0) = z(l) = 0

can be analyzed by the WKB method. Using equation (153.6), the
approximate solution is z(x) = A(x) sin

(
−λ−1

∫ x√
V (t) dt+ φ(x)

)
.

The eigenvalues {λi} are determined by where the oscillatory function
vanishes. To leading order, as n → ∞, the eigenvalues satisfy λn =
nπ/L, where L =

∫ l
0

√
V (t) dt. A correction to this formula is in

Lindblom and Robiscoe [7].
3. Ludwig [8] illustrates how the WKB method may be applied to partial

differential equations.
4. The WKB approximation results in an asymptotic series. Hence, as

more terms are taken in equation (153.1), the result may diverge.
5. WKB is a singular perturbation technique and boundary layer theory

(see page 590) may be derived from it.
6. The approximation y(x) ' exp

[
S0(x)
δ

]
is often called the geometrical

optics approximation. The approximation y(x) ' exp
[
S0(x)
δ + S1(x)

]
is often called the physical optics approximation.

7. For the linear ODE of degree n, ε d
ny
dxn = Q(x)y, the physical optics

approximation is y(x) ' exp
[
S0(x)
δ + S1(x)

]
with δ = ε1/n and

S0 = ω

∫ x

[Q(x)]1/n dt, S1 =
1− n

2n
logQ(x),

where ω is any of the nth roots of unity (i.e., ωn = 1).
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8. In regions where Q(x) does not vanish, the classical WKB solutions
of equation (153.2) in equation (153.6) are valid. Points where Q(x)
is equal to zero are called turning points or transition points; the
solutions in (153.6) are not valid at these points. However, the Langer
connection formula shows how the solution on each side of a turning
point may be connected.
Consider equation (153.2) when Q(x) has a single, simple zero at
x = 0 and is monotonically increasing everywhere. We presume the
boundary condition y(∞) = 0, to avoid the exponentially growing
solution in equation (153.6) when x → ∞. Consider a region that
contains the turning point x = 0. Dividing this region into three
smaller regions (with the turning point in the center region), asymp-
totic approximation may be obtained in each region. (Use WKB in
the two outer regions, linearize Q(x) in the center region, and write
the answer in terms of Airy functions). By appropriate matching
(see page 590), the arbitrary constants in these three solutions can
be related. Hence, a uniformly valid approximation is given by:

yunif(x) = CS
1/6
0 Q(x)−1/4 Ai

[(
3
2ε
S0(x)

)2/3
]
,

where S0(x) =
∫ x

0

√
Q(t) dt and C is an arbitrary constant.

Many extensions to this simple formula have been found. The ordi-
nary differential equations considered can be of higher order, there
can be multiple turning points, and the turning point need not be
simple. Wazwaz [14] considers a singular perturbation problem for a
second order ordinary differential equation with two interior points
of second order.

9. Note that WKB approximations to the two linearly independent
solutions to εy′′ + a(x)y′ + b(x)y = 0 have the form

y1(x) ≈ c1 exp
[
−
∫ x b(t)

a(t)
dt

]
,

y2(x) ≈ c2
a(x)

exp
[∫ x b(t)

a(t)
dt− 1

ε

∫ x

a(t) dt
]
,

as ε→ 0+. See Bender and Orszag [1, Example 4 in Section 10.1].
10. Fedoryuk [3] considers the equation εy′′ + f(x, y) = 0.
11. See Bender and Orszag [1, Chapter 10, pages 484–543].
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154. Introduction to
Numerical Methods

Numerical analysis is a rapidly growing field, with new techniques being
developed constantly. Presented in the last section of this book are some
of the more commonly used methods. This section has been separated into
three parts:

• Introductory material about numerical methods
• Methods that can be used for ordinary differential equations and,

sometimes, also partial differential equations (When a method in this
part can be used for a partial differential equation, there is a star (*)
alongside the method number.)
• Methods that can be used only for partial differential equations

For some of the numerical methods presented in this section, a short C
or Fortran computer program has been given. None of the codes have been
optimized for performance. To economize on space, many of the comments
that would normally appear in a well-documented computer code have been
removed. When a C or Fortran computer code is given, the output is also
indicated.

Below are some useful thoughts when solving differential equations
numerically.

• Use prepared software packages whenever possible. Numerical codes
are available for solving nearly any type of ordinary differential equa-
tion (see page 654).
• When writing a computer program, always test it on problems for

which you know the solution, either analytically or from a different,
reliable computer code.
• Perform numerical calculations with as many digits of precision as is

reasonable for efficient execution. However, it is rarely useful to use
less than “double precision.”
• The standard way to determine if a numerical scheme is implemented

correctly and the mesh sizes are small enough to justify the a priori
error estimates is to reduce the size of the mesh and re-run the
calculation. The resulting a posteriori error estimates should agree
with the a priori error estimates.
• When choosing a numerical scheme to approximate the solution to a

differential equation, the roundoff error should be balanced with the
truncation error of the machine being used. A higher order method
will not give more accurate answers if the major component of the
error is due to roundoff. Likewise, performing calculations in “double
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precision” will not give more accurate answers if the major component
of the error is due to the discretization scheme.
As a rule of thumb, to calculate a first derivative by forward differ-
ences, the roundoff error and the truncation error will be approx-
imately equal (and so accuracy will be high) if the difference in
values used is the square root of the number of significant digits.
For example, if your computer is working with 20 decimal digits of
precision, then an accurate numerical approximation to the derivative
of y(t) will be obtained by [y(t)− y(t+ ∆t)]/∆t for ∆t ' 10−10.

• Note that several of the methods described in earlier parts of this book
may be readily implemented numerically. For some of those methods,
references have been given that refer to numerical implementations.
No mention of those methods is made in this section.
• Listed below are, in the author’s opinion, the most useful methods

appearing in this last section. These are the methods that might be
tried first when a numerical approximation is required.
• In the numerical analysis of differential equations, there are many

important topics that are not addressed in this book. These include

1. Numerical boundary conditions for exterior problems (see Hagstrom
and Hariharan [1])

2. Efficiency of differential equation integration techniques (see
Hosea and Shampine [2])

3. Use of splines (see Sallam and Ameen [3])

Most Useful Methods for ODEs
• Boundary Value Problems: Box Method (page 701)
• Boundary Value Problems: Shooting Method∗ (page 706)
• Continuation Method∗ (page 710)
• Euler’s Forward Method (page 730)
• Finite Element Method∗ (page 734)
• Predictor–Corrector Methods (page 759)
• Runge–Kutta Methods (page 763)
• Stiff Equations∗ (page 770)
• Weighted Residual Methods∗ (page 786)

Most Useful Methods for PDEs
• Continuation Method∗ (page 710)
• Finite Element Method∗ (page 734)
• Weighted Residual Methods∗ (page 786)
• Elliptic Equations: Finite Differences (page 805)
• Elliptic Equations: Relaxation (page 816)
• Hyperbolic Equations: Method of Characteristics (page 820)
• Hyperbolic Equations: Finite Differences (page 824)
• Method of Lines (page 831)
• Parabolic Equations: Implicit Method (page 839)
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• Pseudospectral Method (page 851)

References
[1] Hagstrom, T., and Hariharan, S. I. Accurate boundary conditions for

exterior problems in gas dynamics. Math. of Comp. 51, 184 (October 1988),
581–597.

[2] Hosea, M. E., and Shampine, L. F. Efficiency comparisons of methods for
integrating ODEs. Comp. & Maths. with Appls. 28, 6 (1994), 45–55.

[3] Sallam, S., and Ameen, W. Numerical solution of general nth-order
differential equations via splines. Appl. Num. Math. 6 (1989/1990), 225–238.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



155. Definition of Terms for Numerical Methods 651

155. Definition of Terms for
Numerical Methods

A-stable A linear multistep method is A-stable if all solutions of the
difference equation generated by the application of this method to the
scalar test equation, y′ = λy, tend to zero as x→∞ for all complex λ with
Re λ < 0 and for all fixed step sizes h with h > 0. Note that an explicit
multistep method cannot be A-stable.

Computational molecule A computational molecule is a pictorial rep-
resentation of a finite difference scheme for a partial differential equation
in two independent variables. In such a figure, the circles indicate which
points are related by a difference scheme; the value being determined by the
difference scheme is often shown shaded. For example, the computational
molecule for the so-called “five-point star” approximation to the Laplacian,
∇2ui,j ' 1

4 (ui+1,j + ui,j+1 + ui−1,j + ui,j−1), is shown in figure 155.1.a.
The computational molecule for the following explicit finite difference ap-
proximation to ut = uxx

ui+1,j − ui,j
∆t

=
ui,j+1 − 2ui,j + ui,j−1

(∆x)2

is shown in figure 155.1.b.

Consistency of a finite difference scheme A method is consistent
if the truncation errors tend to zero as the mesh is refined (i.e., as the
characteristic scales in the mesh {∆x,∆t, . . . } tend to zero). There are
two types of consistency:

Conditionally consistent If the truncation errors only tend to zero
if {∆x,∆t, . . . } tend to zero in a certain way. For example, it
may be required that (∆x)2 < ∆t.

Unconditionally consistent If the truncation errors tend to zero
no matter how {∆x,∆t, . . . }, tend to zero.

Conservative scheme A conservative numerical scheme is one in which
the “total energy” described by the differential system is conserved during
the integration of the system.

Difference scheme A difference scheme is an approximation of a deriva-
tive term at a point by a collection of values near the point.

Centered scheme A centered scheme is symmetric about the point
at which the derivative is being approximated. For example,
y′(x) ' y(x+h)−y(x−h)

2h , when h� 1.
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Figure 155.1: Computational molecules for two different approximations.

One-sided scheme A one-sided scheme uses values only from one
side of the point at which a derivative is being approximated.
Examples are forward and backward difference schemes.

Forward difference scheme A forward difference scheme is a one-
sided difference scheme that uses points “ahead” of the point
that is being approximated. For example, y′(x) ' y(x+h)−y(x)

h ,
when h� 1.

Backward difference scheme A backward difference scheme is a
one-sided difference scheme that uses points “behind” the point
that is being approximated. For example, y′(x) ' y(x)−y(x−h)

h ,
when h� 1.

Explicit method An explicit method is one for which there is an explicit
formula, at a point, for the value of the unknown terms appearing in the
differential equation.

Grid A grid is a set of points, called mesh points, on which the solution of
a differential equation is approximated. If the points are uniformly spaced,
then we have a uniform grid; otherwise we have a non-uniform grid. See
page 675.

Implicit method An implicit method is one for which there is not an
explicit formula, at a point, for the value of the unknown terms appearing
in the differential equation. Generally a nonlinear algebraic equation must
be solved to determine the value at a given point.

Mesh See Grid.

Order of a numerical method One less than the exponent in the error
term of a method. See page 670.

Step size See page 670.

Stiff equations Stiff equations are differential equations that are ill
posed in a computational sense. There are many different definitions of
stiffness, two common ones are
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155. Definition of Terms for Numerical Methods 653

• A system of differential equations is said to be stiff on the interval
[0, T ] if there exists a component of a solution of the system that has
a variation on [0, T ] that is large compared with 1/T .
• A system is stiff if there exists more than one scale, with a great

difference in size, on which the solution evolves. For instance, the
system of differential equations y′ = Ay (where A is a constant
matrix with eigenvalues λi(A)) is stiff if maxi |λi(A)| � mini |λi(A)|.

Symplectic integration An integration method is said to be symplectic
if the state of the (Hamiltonian) system following an integration step could
have been reached from that before the step by some canonical transfor-
mation. The most straightforward way to test if a method is sympletic
is to verify the Poisson-bracket relations between the before and after
states. Given a method that determines u(x), where u and x are both
s-dimensional, let J be the s× s Jacobian matrix that leads from “before”

to “after”: J = ∂(un,xn)
∂(un−1,xn−1) . Now define the matrix K =

[
0s Is
−Is 0s

]
. If

JTKJ = K, then the method is sympletic.

Truncation error The error when the exact solution is substituted into
a finite difference scheme. See page 670.
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156. Available Software

Applicable to Ordinary and partial differential equations that are
to be approximated numerically.

Idea
When numerically approximating the solution to a differential equation,

it is best to use commercially available software whenever possible. The
routines commonly available for ordinary differential equations are ade-
quate for nearly all types of problems. The routines commonly available for
partial differential equations are not as well developed. For linear problems
with no singularities, however, the available software is very good.

There are a multitude of commercially available computer libraries and
isolated computer routines available. A taxonomy for differential equation
software has been developed as part of the Guide to Available Mathemat-
ical Software (GAMS) project at the National Institute of Standards and
Technology (NIST) [5], see table 156.1. GAMS [6] also has a listing of
available software.

Because good software is readily available, we paraphrase the admoni-
tion that Byrne and Hindmarsh [8] give:

. . . if you are using a 10-line solver for differential equations
. . . you should consider using one of the programs referenced in
this section. There is now commercially available “software” for
differential equations with no error control, a user-specified step
size, and no warning messages. We advise against using such
programs, even on a small computer. The reasons are straight-
forward. For all but trivial problems, such programs cannot be
sufficiently reliable for accurate computational results.

When using a prepared software package, it is always useful to test the
package on problems similar to the one that you will use the package for.
There are many collections of test problems for this purpose, see page 694.

Notes
1. Given a new problem to solve numerically, it is often attractive to

design new software for this class of problem. However, it is usually
more efficient to transform the problem and use well-tested codes.
See, for example, Shampine and Zhang [25].

2. Addison et al. [2] present a decision tree to assist in the process of
selecting an appropriate algorithm for the numerical solution of initial
value ordinary differential equations. The decision tree can be used
in an interactive manner. Where possible, the recommended soft-
ware routines are in maintained libraries that have been extensively
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I1 Ordinary differential equations (ODEs)
I1a Initial value problems
I1a1 General, nonstiff, or mildly stiff
I1a1a One-step methods (e.g., Runge–Kutta)
I1a1b Multistep methods (e.g., Adams predictor-corrector)
I1a1c Extrapolation methods (e.g., Bulirsch–Stoer)
I1a2 Stiff and mixed algebraic-differential equations
I1b Multipoint boundary value problems
I1b1 Linear
I1b2 Nonlinear
I1b3 Eigenvalue (e.g., Sturm–Liouville)
I1c Service routines (e.g., interpolation of solutions,

error handling, test programs)
I2 Partial differential equations
I2a Initial boundary value problems
I2a1 Parabolic
I2a1a One spatial dimension
I2a1b Two or more spatial dimensions
I2a2 Hyperbolic
I2b Elliptic boundary value problems
I2b1 Linear
I2b1a Second order
I2b1a1 Poisson (Laplace) or Helmholtz equation
I2b1a1a Rectangular domain

(or topologically rectangular in the coordinate system)
I2b1a1b Nonrectangular domain
I2b1a2 Other separable problems
I2b1a3 Nonseparable problems
I2b1c Higher order equations (e.g., biharmonic)
I2b2 Nonlinear
I2b3 Eigenvalue
I2b4 Service routines
I2b4a Domain triangulation (search also GAMS class P)
I2b4b Solution of discretized elliptic equations

Table 156.1: The GAMS taxonomy of differential equations software

tested. Addison et al. [3] contains a decision tree for boundary value
problems.

3. Periodically, there are reviews in the literature of software applicable
to a specific type of differential equation. See, for example, Machura
and Sweet [17].

CD-ROM Handbook of Differential Equations c©Academic Press 1997



656 IV.A Numerical Methods: Concepts

4. The books by Press et al. [22], contain collections of Fortran, PAS-
CAL, and C codes for both ordinary differential equations and partial
differential equations.

5. Many scientific software routines, including those for differential equa-
tions, may be obtained for free (via electronic mail) from a variety of
computer networks. See the article by Dongarra and Grosse [12].

• The ACM’s Transactions on Mathematical Software (TOMS) is
available at http://gams.nist.gov/toms/Overview.html.
• Netlib is a collection of mathematical software, papers, and

databases. It can be reached at http://www.netlib.org.

6. Numerical methods for first order PDEs may be found in Pennington
and Berzins [20].

7. Even though it is possible to numerically approximate differential
equations using spreadsheet programs, this is not recommended; see
Enloe [14].

8. Software for small computers is summarized in Penn [19] and Teles
et al. [26], [27].

9. Software is not listed for all of the GAMS taxonomy classes that have
been established.

10. The following computer libraries are referred to in GAMS1. Their
inclusion does not constitute an endorsement. Nor does it necessarily
imply that unnamed packages are not worth trying. (All of the infor-
mation in this note has been obtained from http://gams.nist.gov).

• BIHAR
A package of Fortran subprograms for the generalized bihar-
monic equation in rectangular geometry and polar coordinates
subject to first kind boundary conditions. Distributed by netlib,
see http://www.netlib.org/bihar.

• CMLIB
The NIST Core Math LIBrary (CMLIB) is a collection of high-
quality, easily transportable Fortran subroutine sublibraries solv-
ing standard problems in many areas of mathematics and statis-
tics (approximately 750 subroutines and functions). It is dis-
tributed by the Center for Computing and Applied Mathematics
at NIST. The source for CMLIB has come from

– BVSUP: see Scott and Watts [24]
– CDRIV and SDRIV: see Kahaner et al. [16]
– DEPAC: Code developed by Shampine and Watts.
– FISHPAK: Code developed by Swarztrauber and Sweet.
– SDASSL: see Petzold [21]
– VHS3: Code developed by Sweet.

1Identification of commercial products does not imply recommendation or endorse-
ment by NIST.
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• CRAYFISHPAK
A highly vectorized Fortran subroutine library for the solution
of separable elliptic partial differential equations (e.g. Poisson’s
equation). Cartesian (2D and 3D), polar, cylindrical, spherical,
surface spherical, and spherical cross-section geometries are sup-
ported, as well as both centered and staggered finite difference
grids. Distributed by Green Mountain Software, Boulder, CO.

• DIFFPACK
A set of object-oriented libraries for solving partial differential
equations and several Unix utilities for general software man-
agement and numerical programming. Aimed at rapid proto-
typing of simulators based on PDEs while still offering high
efficiency. Implemented in C++, the libraries are organized into
several layers: Basic Tools, Linear Algebra Tools, Dp Kernel,
Dp Utilities, and Dp Applications. Distributed by netlib, see
http://www.netlib.org/diffpack. The Diffpack home page
is http://www.oslo.sintef.no/avd/33/3340/diffpack.

• ELLPACK
Solves linear elliptic boundary value problems in general 2D
domains and in 3D boxes. Includes a problem-description lan-
guage (a Fortran extension) allowing equations, domains, solu-
tion methods, and options to be specified at a very high level,
but flexible enough to to do special processing (to solve nonlinear
problems, for example). Incorporates over 50 problem solving
modules for discretization, equation reordering, linear equation
solution, etc. Distributed by Purdue Research Foundation, W.
Lafayette, IN. This package is described in the book by Rice and
Boisvert [23], see also http;//www.cs,purdue/ellpack.

• FISHPACK
A package of Fortran subprograms for separable elliptic par-
tial differential equations. Distributed by netlib, see http://
www.netlib.org/fishpack.

• IMSLM
The IMSL MATH/LIBRARY is a Fortran subprogram library
for solving problems in applied mathematics (approximately 700
subroutines and functions.) Distributed by Visual Numerics of
Houston, TX.

• MANPAK
Utility programs for computations with submanifolds of Rn

implicitly defined by a system of nonlinear equations. Includes
subroutines for a wide variety algebraically explicit differential
algebraic equations (DAEs); that is, DAEs in which either the
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algebraic equations and/or variables are explicitly specified. Dis-
tributed by netlib, see http://www.netlib.org/contin/manpak.

• NAG
A Fortran subroutine library for solving standard problems in
many areas of mathematics, statistics, and optimization (ap-
proximately 1000 subroutines.) Distributed by NAG, Downers
Grove, IL.

• NMS
A collection of high-quality, portable Fortran subroutines for
solving common computational problems in mathematics, engi-
neering, and statistics. From the book by Kahaner et al. [16].

• ODE
A collection of software for solving initial and boundary value
problems for ordinary differential equations. Distributed by
netlib, see http://www.netlib.org/ode.

• ODEPACK and SODEPACK
A collection of Fortran solvers for the initial value problem for
ordinary differential equation systems. It currently includes
six solvers, suitable for both stiff and nonstiff systems, and
includes solvers for systems given in linearly implicit form as
well as solvers for systems given in explicit form. (Available in
single- and double-precision versions.) Distributed by netlib, see
http://www.netlib.org/odepack.

• PDELIB
A small collection of Fortran subroutines which solve general
systems of nonlinear initial-boundary-value partial differential
equations in one or two space dimensions. Each routine is based
upon the method of lines.

• PDES
Software to solve many types of partial differential equations
collected from a variety of sources. Distributed by netlib, see
http://www.netlib.org/pdes.

• PLTMG and DPLTMG
A Fortran package for solving an elliptic partial differential equa-
tion in general regions of the plane. It features adaptive local
mesh refinement, multigrid iteration, and a pseudo-arclength
continuation option for parameter dependencies The package
includes an initial mesh generator and several graphics packages.
(Available in single- and double-precision versions.) Distributed
by netlib, see http://www.netlib.org/pltmg.

• PORT
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A Fortran subprogram library for solving a variety of mathe-
matical problems. Distributed by Lucent Technologies, Liberty
Corner, NJ.

• SLATEC
The SLATEC Common Mathematical Library is a collection of
Fortran subprograms for a wide variety of mathematical prob-
lems. A primary impetus for the library development was to
provide portable, non-proprietary, mathematical software for su-
percomputers at a consortium of government-sponsored research
laboratories. Distributed by the Energy Science and Technology
Software Center, Oak Ridge, TN.

• TOMS
The Collected Algorithms of the ACM, published by the journal
ACM Transactions on Mathematical Software. Distributed by
netlib, see http://www.netlib.org/toms.
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157. Finite Difference
Formulas

Applicable to Differential equations that will be solved by the
method of finite differences.

Idea

A table of finite difference formulas for some common grids and common
equations can be useful.

Procedure

Given a differential equation to be approximated by finite differences
and a grid (see page 675) on which the solution is desired, replace every
derivative by a finite difference approximation to that derivative. Standard
finite difference formulas presume that there is an underlying uniform grid
with a spacing of h. (In two dimensions, the uniform grid spacing is
commonly taken to be h in one direction and k in another direction).

In the formulas for ordinary differential equation systems y′ = f(x,y),
we use the shorthand notation xn = x0 + nh, yn = y(xn), fn = f(xn,yn),
and vn ≈ yn.

In the formulas for partial differential equation systems L[z] = f(x, y, z)
(where L[ ] is a two-dimensional differential operator), we use the shorthand
notation xn = x0 + nh, yn = y0 + nk, xn,m = (xn, ym), zn,m = z(xn, ym),
fn,m = f(xn, ym, zn,m), and vn,m ≈ zn,m.

In this section we include tables of formulas for the following cases:

• One Dimension: Rectilinear Grid
• Two Dimensions: Rectilinear Grid
• Two Dimensions: Irregular Grid
• Two Dimensions: Triangular Grid
• Numerical Schemes for the ODE: y′ = f(x, y)
• Explicit Numerical Schemes for the PDE: aux + ut = 0
• Implicit Numerical Schemes for the PDE: aux + ut = S(x, t)
• Numerical Schemes for the PDE: F (u)x + ut = 0
• Numerical Schemes for the PDE: ux = utt

157.1 One Dimension: Rectilinear Grid

The following is a list of finite difference formulas of different accuracies
for a grid with uniform spacing.
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1. Formulas for the first derivative:

f ′(x0) =
f1 − f0

h
+O(h)

f ′(x0) =
f1 − f−1

2h
+O

(
h2
)

f ′(x0) =
−f2 + 4f1 − 3f0

2h
+O

(
h2
)

f ′(x0) =
−f2 + 8f1 − 8f−1 + f−2

12h
+O

(
h4
)

2. Formulas for the second derivative:

f ′′(x0) =
f2 − 2f1 + f0

h2
+O(h)

f ′′(x0) =
f1 − 2f0 + f−1

h2
+O

(
h2
)

f ′′(x0) =
−f3 + 4f2 − 5f1 + 2f0

h2
+O

(
h2
)

f ′′(x0) =
−f2 + 16f1 − 30f0 + 16f−1 − f−2

12h2
+O

(
h4
)

3. Formulas for the third derivative:

f ′′′(x0) =
f3 − 3f2 + 3f1 − f0

h3
+O(h)

f ′′′(x0) =
f2 − 2f1 + 2f−1 − f−2

2h3
+O

(
h2
)

4. Formulas for the fourth derivative:

f (4)(x0) =
f4 − 4f3 + 6f2 − 4f1 + f0

h4
+O(h)

f (4)(x0) =
f2 − 4f1 + 6f0 − 4f−1 + f−2

h4
+O

(
h2
)

157.2 Two Dimensions: Rectilinear Grid
The following is a list of finite difference formulas of different accuracies

for rectangular grids with uniform spacing. Other formulas can be obtained
from the last list simply by holding one variable constant.

1. Formulas for first order partial derivatives:

fx(x0,0) =
1

2h
(f1,0 − f−1,0) +O

(
h2
)

fx(x0,0) =
1

4h
(f1,1 − f−1,1 + f1,−1 − f−1,−1) +O

(
h2
)
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Figure 157.1: Spacing on an irregular domain.

2. Formulas for second order partial derivatives:

fxx(x0,0) =
1

3h2
(f1,1 − 2f0,1 + f−1,1 + f1,0 − 2f0,0 + f−1,0

+f1,−1 − 2f0,−1 + f−1,−1) +O
(
h2
)

fxy(x0,0) =
1

4h2
(f1,1 − f1,−1 − f−1,1 + f−1,−1) +O

(
h2
)

3. Formulas for the Laplacian:

∇2f(x0,0) =
1
h2

(f1,0 + f0,1 + f−1,0 + f0,−1 − 4f0,0) +O
(
h2
)

∇2f(x0,0) =
1

12h2
(−60f0,0 + 16(f1,0 + f0,1 + f−1,0 + f0,−1)

−(f2,0 + f0,2 + f−2,0 + f0,−2)) +O
(
h4
)

157.3 Two Dimensions: Irregular Grid
Nonuniform grids may be the only way to numerically solve some prac-

tical problems involving partial differential equations. For example, a non-
uniform grid may be required near the boundaries of a domain. Also,
adaptive grids and moving grids are sometimes more useful than a fixed
grid (see page 675). The following finite difference formulas refer to the
parameters defined in figure 157.1.

1. Formulas for first order partial derivatives:

∂u

∂x

∣∣∣∣
x0,0

=
u3 − u1

h(θ1 + θ3)
+O(h)

∂u

∂y

∣∣∣∣
x0,0

=
u2 − u4

h(θ2 + θ4)
+O(h)
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Figure 157.2: Definition of the coordinate system for a triangular domain.

2. Formulas for second order partial derivatives:

∂2u

∂x2

∣∣∣∣
x0,0

=
2
h2

[
u1 − u0

θ1(θ1 + θ3)
+

u3 − u0

θ3(θ1 + θ3)

]
+O(h)

∂2u

∂y2

∣∣∣∣
x0,0

=
2
h2

[
u2 − u0

θ2(θ2 + θ4)
+

u4 − u0

θ4(θ2 + θ4)

]
+O(h)

∇2u
∣∣
x0,0

=
(
∂2u

∂x2
+
∂2u

∂y2

∣∣∣∣
x0,0

=
2
h2

[
u1

θ1(θ1 + θ3)
+

u2

θ2(θ2 + θ4)
+

u3

θ3(θ1 + θ3)
+

u4

θ4(θ2 + θ4)

−
(

1
θ1θ3

+
1

θ2θ4

)
u0

]
+O(h)

157.4 Two Dimensions: Triangular Grid

Sometimes it is easier to perform computations on a uniform triangular
grid (see figure 157.2). If we represent the three directions on the triangular
grid as {a, b, c}, then we can compute the partial derivatives:

∂u

∂a
= ux,

∂u

∂b
=

1
2
ux +

√
3

2
uy,

∂u

∂c
= −1

2
ux +

√
3

2
uy,

∂2u

∂a2
= uxx,

∂2u

∂b2
=

1
4
uxx +

√
3

2
uxy +

3
4
uyy,

∂2u

∂c2
=

1
4
uxx −

√
3

2
uxy +

3
4
uyy.

These relations may be inverted to yield
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157. Finite Difference Formulas 665

Adams–Bashforth, order 2 vn − vn−1 = 1
2h [3fn−1 − fn−2]

Adams–Bashforth, order 4
vn − vn−1 = 1

24h [55fn−1 − 59fn−2 + 37fn−3 − 9fn−4]
Adams–Moulton, order 4

vn − vn−1 = 1
24h [9fn + 19fn−1 − 5fn−2 + fn−3]

backward Euler vn − vn−1 = hfn
Euler’s method vn − vn−1 = hfn−1

explicit leapfrog vn+1 − vn−1 = hfn
implicit leapfrog vn − vn−1 = 1

2h(fn + fn−1)
Simpson’s rulea vn − vn−2 = 1

3h(fn + 4fn−1 + fn−2)

trapezoidal ruleb vn − vn−1 = 1
2h(fn + fn−1)

aAlso known as Milne’s method.
bAlso known as Heun’s method and as the Adams–Moulton method of order 2.

Table 157.1: Numerical schemes for the ODE: y′ = f(x, y)

ux =
∂u

∂a
,

uy =
1√
3

(
∂u

∂b
+
∂u

∂c

)
,

uxx =
∂2u

∂a2
,

uyy =
1
3

(
2
∂2u

∂b2
+ 2

∂2u

∂c2
− ∂2u

∂a2

)
,

uxy =
1√
3

(
∂2u

∂b2
− ∂2u

∂c2

)
,

∇2u = uxx + uyy =
2
3

(
∂2u

∂a2
+
∂2u

∂b2
+
∂2u

∂c2

)
.

See Gerald and Wheatley [6, Section 7.9] for a worked example using
triangular coordinates.

157.5 Numerical Schemes for the ODE: y0 = f(x, y)

Table 157.1 contains some common difference formulas for the ordinary
differential equation y′ = f(x, y). Of these methods, Euler’s method and
the leapfrog method are explicit; all the others are implicit methods.

157.6 Explicit Numerical Schemes for the PDE: aux+
ut = 0

Table 157.2 contains named explicit difference formulas for the partial
differential equation aux + ut = 0. DuChateau and Zachmann [3, page
450] also list the local truncation error for each of these methods. In this
listing, h is the uniform x spacing, and k is the uniform t spacing. The
approximation to u(xn, tj) = u(x0 + nh, t0 + jk) is represented by un,j.
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Forward in time, forward in space (FTFS):
a
un+1,j−un,j

h + un,j+1−un,j
k = 0

Forward in time, centered in space (FTCS) (unstable):
a
un+1,j−un−1,j

2h + un,j+1−un,j
k = 0

Forward in time, backward in space (FTBS):
a
un,j−un−1,j

h + un,j+1−un,j
k = 0

Lax–Friedrichs method:
a
un+1,j−un−1,j

2h + un,j+1− 1
2 (un−1,j−un+1,j)

k = 0
Lax–Wendroff method:

un,j+1 = un,j − ak
2h (un+1,j − un−1,j)

+a2k2

2h2 (un−1,j − 2un,j + un+1,j)

Table 157.2: Explicit numerical schemes for the PDE: aux + ut = 0

Backward in time, backward in space (BTBS):
a
un+1,j+1−un,j+1

h + un+1,j+1−un+1,j
k = Sn+1,j+1

Backward in time, centered in space (BTCS):
a
un+1,j+1−un−1,j+1

2h + un,j+1−un,j
k = Sn,j+1

Crank–Nicolson:
1
2

(
a
un+1,j+1−un−1,j+1

2h + a
un+1,j−un−1,j

2h

)
+un,j+1−un,j

k = Sn,j+1/2

Wendroff method:
1
2

(
a
un+1,j+1−un,j+1

h + a
un+1,j−un,j

h

)
+ 1

2

(
un+1,j+1−un+1,j

k + un,j+1−un,j
k

)
= Sn+1/2,j+1/2

Table 157.3: Implicit numerical schemes for the PDE: aux + ut = S(x, t)

157.7 Implicit Numerical Schemes for the PDE: aux+
ut = S(x, t)

Table 157.3 contains named implicit difference formulas for the partial
differential equation aux + ut = S(x, t). DuChateau and Zachmann [3,
page 460] also list the local truncation error for each of these methods. In
this listing, h is the uniform x spacing, and k is the uniform t spacing. The
approximation to u(xn, tj) = u(x0 +nh, t0 + jk) is represented by un,j, and
Sn,j is used to represent S(xn, tj).

157.8 Numerical Schemes for the PDE: F (u)x+ut = 0
Table 157.4 contains named difference formulas for the partial differ-

ential equation F (u)x + ut = 0 (see DuChateau and Zachmann [3, page
475] for more details). In this listing, h is the uniform x spacing, k is the
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Centered in time–centered in space (unstable):
un,j+1 = un,j − 1

2s (Fn+1,j − Fn−1,j)
Lax–Friedrichs method:

un,j+1 = 1
2 (un+1,j + un−1,j)− 1

2s (Fn+1,j + Fn−1,j)
Lax–Wendroff method:

un,j+1 = un,j − 1
2s (Fn+1,j − Fn−1,j)

+ 1
2s

2
[
an+1/2,j (Fn+1,j − Fn,j)− an−1/2,j (Fn,j − Fn−1,j)

]
Richtmeyer method:

u∗n+1/2 = 1
2 (un+1,j + un,j)− 1

2 (Fn+1,j − Fn,j)
un,j+1 = un,j − s

(
F ∗n+1/2 − F ∗n−1

)
MacCormack method:

u∗n = un,j − s (Fn+1,j − Fn,j)
un,j+1 = 1

2

[
un,j + u∗n − s

(
F ∗n − F ∗n−1

)]
FTBS upwind method (use when F ′(u) > 0):

un,j+1 = un,j + s (Fn−1,j − Fn,j)
FTFS upwind method (use when F ′(u) < 0):

un,j+1 = un,j − s (Fn+1,j − Fn,j)

Table 157.4: Numerical schemes for the PDE: F (u)x + ut = 0

uniform t spacing, and the ratio of these is s = k/h. The approximation to
u(xn, tj) = u(x0 +nh, t0 + jk) is represented by un,j and Fm,n := F (um,n).
A star superscript indicates an intermediate result (and F ∗n := F (u∗n)).
Finally, an := F ′n = F ′(un).

Note that some of the left-hand sides of the last listing can be obtained
from this listing by taking F (u) = au.

157.9 Numerical Schemes for the PDE: ux = utt

Table 157.5 contains named difference formulas for the partial differ-
ential equation ux = utt. Lapidus and Pinder [9] discuss each of these
methods in some detail. In this listing, h is the uniform x spacing, k is the
uniform t spacing, and ρ is defined to be ρ = h/k2. The approximation to
u(xn, tj) = u(x0 + nh, t0 + jk) is represented by un,j .

Notes
1. Fornberg [4] has a simple recursive technique for determining finite

difference formula of high order.
2. For problems with periodic boundary conditions, it is possible to ob-

tain finite differential formulas that are of infinite order; see page 851.
3. All of the discretization methods used should be of comparable order.

That is, if one term in an equation has a discretization error of O(h2),
then there is no reason for another term to have a discretization error
of O(h4).
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Classic explicit approximation:
un+1,j = (1− 2ρ)un,j + ρ (un,j+1 + un,j−1)

DuFort–Frankel explicit approximation:
(1 + 2ρ)un+1,j = 2ρ (un,j+1 + un,j−1) + (1− 2ρ)un−1,j

Richardson explicit approximation:
un+1,j − un−1,j − 2ρ (un,j+1 + un,j−1) + 4ρun,j = 0

Backward implicit approximation:
(1 + 2ρ)un+1,j − ρ (un+1,j+1 + un+1,j−1) = un,j

Crank–Nicolson implicit approximation:
2(ρ+ 1)un+1,j − ρ (un+1,j+1 + un+1,j−1) = 2(1− ρ)un,j

+ρ (un,j+1 + un,j−1)
Variable weighted implicit approximation (with 0 ≤ θ ≤ 1):

(1 + 2ρθ)un+1,j = ρ(1− θ) (un,j+1 + un,j−1)

+ρθ (un+1,j+1 + un+1,j−1) + [1− 2ρ(1− θ)] un,j

Table 157.5: Numerical schemes for the PDE: ux = utt

4. Note that nonuniform grids may give rise to a number of consis-
tency/stability phenomena that have no counterpart on uniform grids.

5. Macsyma [10] has a package (fdif pde) which derives finite difference
approximations for partial differential equations.

6. See also Abramowitz and Stegun [1, pages 883–885] and Lapidus and
Pinder [9, section 4.3, pages 153–162].
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158. Finite Difference
Methodology

Applicable to Differential equations.

Yields
A finite difference scheme that can be used to numerically approximate

a given differential equation.

Procedure
For the first order ordinary differential equation y′ = f(x, y), consider

the general multistep (or k-step) method

N [vn, vn+1, . . . , vn+k] :=
k∑
j=0

αjvn+j − h
k∑
j=0

βjf(xn+j , vn+j) = 0,
(158.1)

where α0 6= 0, n = k, k+1, . . . and vn is an approximation to y(xn) (where
xn = nh and h is a small number called the step size). We presume the
constants {αi} and {βi} are known.

If β0 6= 0, then the scheme is an implicit difference method. If β0 = 0,
then the scheme is an explicit difference method. For explicit methods,
equation (158.1) can be solved for vn in terms of the other quantities in
equation (158.1).

The exact solution to the equation y′ = f(x, y) will not, in general,
satisfy N [yn, yn+1, . . . , yn+k] = 0 (here, yn = y(xn)). If h � 1, then a
Taylor series can be employed to show that

yn+j = yn + jhy′n +
(jh)2

2
y′′n + · · · .

Using this expansion, a Taylor series can be taken of N [yn, yn+1, . . . , yn+k]
to obtain

N [yn, yn+1, . . . , yn+k] =
k∑
j=0

αjyn−j − h
k∑
j=0

βjf(xn−j , yn−j)

= hp+1Rn +O(hp+2),
(158.2)

for some numbers p and Rn.
If p ≥ 1, then the method is said to be consistent. If a method is

consistent, then p is called the order of the method. We say that “the
method is pth order accurate.” The term hp+1Rn is called the truncation
error. A theorem of numerical analysis states that there exist methods of
order p = 2k.
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The first and second characteristic polynomials of the method in equa-
tion (158.1) are defined as ρ(x) and σ(x), where

ρ(x) =
k∑
j=0

αjx
j , σ(x) =

k∑
j=0

βjx
j .

If equation (158.1) is consistent, then it follows that ρ(1) = 0 and ρ′(1) =
σ(1).

If p > k + 2, then the method will always be unstable (stability for
the discretization of ordinary differential equations is defined on page 683).
Specifically, if k is odd, then p = k + 1 is the largest p such that there is
a stable method. Also, if k is even, then p = k + 2 is the largest p such
that there is a stable method. If a difference method is stable and is of pth
order accuracy, then |vn − yn| = o(hp) in any finite interval, 0 ≤ x ≤ L.

Many finite difference formulas are tabulated on page 661. For example,
for Euler’s method and the trapezoidal rule, k = 1. For Simpson’s rule,
k = 2 and p = 4. To obtain a discretization for a differential equation,
it is possible to obtain a finite difference formula for every term in the
differential equation and then combine these formulas in the obvious man-
ner. (Just replace each term in the differential equation with its finite
difference approximation.) However, combining formulas in this way for
partial differential equations—without understanding the underlying phys-
ics of the problem and the approximations—can quickly produce results
that are unrelated to the true problem (see page 27).

Example
There are many procedures for generating finite difference formulas for

the terms appearing in differential equations; we illustrate one straightfor-
ward method. Suppose we want to find an approximation to f ′(x0), given
the values f(x0 − h) and f(x0 + h). We write

f ′(x0) = αf(x0 − h) + βf(x0 + h) + e(x0;h), (158.3)

where α and β are constants to be determined, and e(x0;h) represents the
error term. Taking a Taylor series of the right-hand side of equation (158.3)
(and using f0 to represent f(x0), f ′0 for f ′(x0), etc.), we find

f ′0 = α

[
f0 − hf ′0 +

h2

2
f ′′0 −

h3

6
f ′′′0 +O(h4)

]
+ β

[
f0 + hf ′0 +

h2

2
f ′′0 +

h3

6
f ′′′0 +O(h4)

]
+ e(x0;h).

If we choose α = −β, then this simplifies to

f ′0 = β

[
2hf ′0 +

h3

3
f ′′′0 +O(h4)

]
+ e(x0;h).
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Finally, if we choose β = 1/2h, then we obtain f ′0 = f ′0 + h2

6 f
′′′ +O(h3) +

e(x0;h). Hence, e(x0;h) = O(h2). Putting all of this together, we have the
finite difference approximation

f ′(x0) =
f(x0 + h)− f(x0 − h)

2h
+O(h2).

This formula could be used to approximate the ordinary differential
equation y′ = y2, on a uniform mesh, by

u(x0 + h)− u(x0 − h)
2h

= u2(x0),

where u(x) ≈ y(x). Using x0 := nh and un := u(nh) in this formula, we
find un+1−un−1

2h = u2
n. This can be manipulated into the explicit formula:

un+1 = un−1 + 2hu2
n.

Notes
1. Observe that a difference scheme can be stable and still not be con-

sistent. Stability and accuracy are two entirely different concerns.
2. The Dahlquist relations are

p∑
j=0

αjj
k = −k

p∑
j=0

βjj
k−1. (158.4)

If they hold for k = 0, 1, . . . , p, then we have (compare with equation
(158.1))

p∑
j=0

αjy(t− jh) =
p∑
j=0

βjy
′(t− jh) +O

(
hp+1

)
.

3. Finite difference schemes can be looked up (see page 661 or Isaacson
and Keller [4, Chapter 8, pages 364–43)]) or they can be constructed
as needed (see Lapidus and Pinder [8, pages 153–162] or Ganzha et
al. [1]).

4. When approximating a differential equation on a bounded interval,
the limit h→ 0, n→∞, nh fixed, is of interest. If the local error of a
discretization scheme (as determined by equation (158.2)) isO(hp+1),
then the global error (the error at the end of the integration) will be
O(hp).

5. Obrechkoff methods utilize derivatives of y in forming the finite dif-
ference scheme. The k-step Obrechkoff method using the first m
derivatives of y may be written

k∑
j=0

αjyn+j =
m∑
i=1

hi
k∑
j=0

βijy
(i)
n+j.

See Lambert [7] for details.
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6. Often, a differential equation will have invariants that remain con-
stant during the evolution of the differential equation. For example,
in a conservative system the energy should remain constant. A nu-
merical scheme should be used that ensures that these invariants
remain constant. See symplectic methods (page 780) and Gear [2].

7. State-of-the-art software packages for ordinary differential equations
do not use a single discretization scheme with a fixed step size.
Rather, they vary their order (i.e., they choose from a collection of
discretization formulas) and they vary the step size. Ideally, the
optimal step size and order are determined at each step; this is an
important aspect of the code’s efficiency (see page 770).

8. To determine if a finite difference scheme for a partial differential
equation is stable, see either the Courant consistency criterion (page
688) or the Von Neumann stability test (page 692).

9. There are other types of finite difference approximations that are not
in the form of equation (158.1). See, for example, the cosine method
(see page 716), the predictor–corrector method (see page 759), or the
method of Runge–Kutta (see page 763).

10. There are many useful theorems in numerical analysis concerning
methods for specific equations. For example; a method for ut = ux
with non-negative coefficients cannot have an accuracy of p > 1. See
Iserles and Strang [5].

11. Energy propagation under dispersive partial differential equations
travels with the group velocity. Even if an equation is non-dispersive,
any finite difference approximation to it will be dispersive. Hence,
study of the group velocity is an important part of the analysis of a
finite difference scheme. See Trefethen [10] for details.
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159. Grid Generation

Applicable to Ordinary and partial differential equations.

Yields
A grid on which a differential equation may be numerically approxi-

mated.

Procedure
When a differential equation is going to be approximated numerically,

the points at which the values of the dependent variable will be determined
must be specified. This collection of points forms the grid, or mesh.

The most common computational grids are those in rectilinear coor-
dinates or polar coordinates (see figure 159.1). These can be used when
the domain of a problem naturally fits one of these geometries. For other
domains, an appropriate computational grid must be determined. There
are many ways in which to construct a grid for a specific equation on a
specific domain.

There are many considerations that go into choosing a grid for a specific
problem. The grid should be easy to generate, and the algebraic equations
used on the grid (usually finite differences or finite elements) must be
easy to generate. (On page 664 we have indicated how finite difference
approximations may be found on triangular grids.) For finite element
methods, it is common to use triangulated grids or grids composed of simple
objects like triangles and rectangles. See example 3 in the section on finite
element methods (on page 739) for an example.

Ideally, there should be many grid points where the solution (or its
derivatives) are rapidly changing. Some grids naturally lend themselves to
grid refinement in certain regions; this can be useful in adaptive techniques.

Example 1
For domains that can be described by combinations of simple geometric

regions, a grid may be easy to find. See figure 159.2 for a simple compu-
tational grid for a domain that can be conveniently decomposed into a
rectangle and a semicircle. In this figure we have also illustrated how the
grid may be modified if it is found that the solution shows great variation
in the upper left region of the domain.

Example 2
There are many ways in which a grid may be found for a domain. Figure

159.3, taken from Rice [8], shows six different grids for a single irregularly
shaped domain. The first three grids (A, B, C) show different possibilities:

• Grid A is a simple triangulation of the domain.
• Grid B is a uniform rectilinear grid on the domain.
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Figure 159.1: Two common computational grids, for rectilinear coordinates
and for polar coordinates.
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Figure 159.2: A domain, a possible grid on that domain, and a refined grid
on that domain.

• Grid C is a uniform rectilinear mapping, logically mapped to the
domain.

The second three grids (D, E, F) indicate how the the first three grids can
adapt to some difficulties near the right boundary.

Notes
1. One of the greatest obstacles in generating numerical solution to

fluid dynamics problems is the difficulty in geometrically describing
complex configurations with computational grids.

2. Conformal mappings (see page 441) are frequently used to construct
computational grids.

3. The multigrid method (see page 752) uses a sequence of grids, of vary-
ing coarseness, to approximate the solution of a differential equation.

4. Robert Schneiders maintains a comprehensive web site on mesh gener-
ation, see http://www-users.informatik.rwth-aachen.de/~roberts/
meshgeneration.html. This site includes

• Information on meshing research
• A directory of people working on mesh generation,
• Latest news on mesh generation
• A list of programs (both public domain and commercial, more

than 100 are mentioned – for most a URL is listed)
• Information on conferences and short courses
• Literature on mesh generation
• Open positions
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159. Grid Generation 677

Figure 159.3: Six different grids for a domain (from Rice, J. R. Parallel
Methods for Partial Differential Equations. In The Characteristics of
Parallel Algorithms, L. H. Jamieson, D. B. Gannon, and R. J. Douglass,
Eds. MIT Press, 1987.)

• Information on related topics (e.g., CFD, scientific computing,
and computational geometry)
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160. Richardson Extrapolation

Applicable to Approximation techniques for differential equations.

Yields
A procedure for increasing the accuracy.

Procedure
Suppose that a grid with a characteristic spacing h is used to nu-

merically approximate the solution of a differential equation. Then the
approximation u(x;h) at the point x in the domain will satisfy

u(x;h) = y(x) +Rm(x)hm +O(hm+1), (160.1)

where y(x) is the true solution to the differential equation, m is the order
of the method, and the other terms represent the error (see page 670).

If the approximation scheme is kept the same, but the characteristic
spacing of the grid is changed from h to k, then

u(x; k) = y(x) +Rm(x)km +O(km+1). (160.2)

Equations (160.1) and (160.2) can be combined to yield the approximation

v(x;h, k) :=
kmu(x;h)− hmu(x; k)

km − hm = y(x) +O(khm, hkm).

Note that v(x;h, k) is one more order accurate than either u(x;h) or
u(x; k). This process may be iterated to increase the accuracy even more.

In some cases, the order of the method, and hence m in equation (160.1),
will be unknown. The Richardson extrapolation method may still be used,
by either estimating m numerically, or by using the Shanks transformation.
The Shanks transformation uses three successive terms of the form An =
A∞ + αhn to estimate A∞ via

A∞ =
An+1An−1 −A2

n

An+1 +An−1 − 2An
.

This transformation may also be iterated; see Bender and Orszag [1, page
369] for details.

Example 1
Given the differential equation

dy

dx
= y, y(0) = 1,

we might choose to approximate the solution by Euler’s method

un+1;h = (1 + h)un;h, u0;h = 1,
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where un;h ' y(nh), and the step size satisfies h � 1. Observe that our
notation explicitly shows the dependence of the approximation on the grid
size. Doing a detailed analysis, we can determine that

un;h = y(x)−
(x

2

)
h+O(h2), (160.3)

where x = nh and hence (here we choose k = h/2)

u2n;h/2 = y(x)−
(x

2

) h
2

+O(h2). (160.4)

Combining equation (160.3) and equation (160.4) results in

wn;h := 2un;h − u2n;h/2 = y(x) +O(h2),

which is a numerical approximation that is second order accurate. Because
h was reduced by a factor of 2 in going from equation (160.3) to equation
(160.4), n had to be increased by a factor of 2 to maintain the same physical
location, x.

Example 2
Suppose we have the differential equation

dy

dx
=

ty

t2 + 1
, y(0) = 1. (160.5)

The exact solution to equation (160.5) is y(t) =
√

1 + t2. Hence, y(1) =√
2 ≈ 1.41421. Approximating equation (160.5) by use of Euler’s method

with a step size of h, we can obtain an approximation to the solution at
t = 1, uh ≈ y(1). As h decreases, this approximation should becomes
better.

In table 160.1, we show the values of uh that are obtained when the h’s
are made successively smaller by a factor of 2. Even though the last value is
not very close to

√
2, we can improve the accuracy by using transformations.

The first application of Richardson extrapolation is defined by (because
Euler’s method is first order accurate) uh;R := 2uh−u2h

2−1 . The second
application of Richardson extrapolation is defined by uh;RR := 4uh;R−u2h;R

4−1 .
The first application of the Shanks transformation is defined by

uh;S :=
u2huh/2 − u2

h

u2h + uh/2 − 2uh
.

The second application then uses the numbers uh;S in the same formula to
obtain uh;SS. As expected, the transformed values are much closer to the
true value of y(1).
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h uh uh;R uh;RR uh;S uh;SS

0.200 1.45847
0.100 1.43792 1.41738 1.41198
0.050 1.42646 1.41499 1.41420 1.41376 1.41420
0.025 1.42043 1.41441 1.41421 1.41411
0.012 1.41735 1.41426 1.41421

Table 160.1: Numerical approximations to the solution of equation (160.5)
(More accurate results are obtained by applying Richardson extrapolation
and the Shanks transformation to this data.)

Notes
1. In the example, the quantity R1(x) could be explicitly determined.

However, to utilize this method, this value does not have to be known
explicitly.

2. To numerically approximate the solution to y′ = f(x, y), the modified
midpoint method determines y(x+ nh), given y(x), by

z0 = y(x),
z1 = z0 + hf ′(x, z0),

zm+1 = zm−1 + 2hf ′(x +mh, zm), for m = 1, 2, . . . , n− 1,

y(x+ nh) ' 1
2

[zn + zn−1 + hf ′(x+ nh, zn)],

where h is a small step size. This method is of second order but has
an error that only involves even powers of h. Hence, each Richardson
extrapolation of this method increases the order by 2. See Press et
al. [8, pages 83–86] for more details.

3. Richardson extrapolation is often referred to as deferred approach to
the limit.

4. This method also works for non-uniform grids if every interval is
subdivided.

5. Some functions are not well approximated by polynomials but are
well approximated by rational functions (see the section on Padé
approximants, page 582). Instead of using a polynomial fit for the
error term (as in equation (160.1)), a rational function approximation
could be made—this is the basis of the Bulirsch–Stoer method. See
Press et al. [8, pages 563–568] for more details.

6. See also Isaacson and Keller [5, pages 372–374].
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161. Stability: ODE
Approximations

Applicable to Ordinary differential equations.

Yields
It is straightforward to determine if a finite difference scheme is stable.

Idea
If a finite difference scheme is stable, then a locally good approximation

yields a globally good approximation (provided the differential equation is
well posed).

Procedure 1
Difference schemes for ordinary differential equations may be stable or

unstable. The definition closely parallels the definition for the stability and
well-posedness of a differential equation. A stable difference scheme is one
in which small changes in the initial and boundary data do not change the
solution greatly. An unstable difference scheme is one that shows great
sensitivity to the initial and boundary data.

To determine if the difference scheme for an ordinary differential equa-
tion is stable (or zero-stable), we apply the scheme to the equation y′ = 0
(which has only a constant solution) and determine if the finite difference
approximation stays bounded. Suppose we have the following difference
scheme for the first order equation y′ = f(x, y):

p∑
j=0

αjvn+j − h
p∑
j=0

βjf(xn+j , vn+j) = 0, (161.1)

where vn is an approximation to y(xn) (and xn = nh for n = 1, 2, . . . ).
Applying the above scheme to the test equation is equivalent to using
f(x, y) = 0 in equation (161.1). This results in

p∑
j=0

αjvn−j = 0. (161.2)

The method is said to be stable if all solutions of equation (161.2) are
uniformly bounded for all n and all initial data {v0, v1, . . . , vp−1}.

The difference equation (161.2) has solutions of the form vn = λn. Using
vn = λn in equation (161.2) results in the characteristic equation for λ

λnρ(λ) =
p∑
j=0

αjλ
n−j = 0. (161.3)
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It is easily shown that the method is unstable if any of the roots to equation
(161.3) have magnitudes greater than 1, or if there is a multiple root whose
magnitude is equal to 1.

Procedure 2
Sometimes “stability” is defined in terms of how the approximate so-

lution to the equation y′ = λy behaves. Using f(y, x) = λy and then
vn = λn, we are led to the stability polynomial. The stability polynomial
associated with equation (161.1) is defined to be π(r;h) = ρ(λ) − hσ(λ),
where h represents hλ and ρ(x) and σ(x) represent the first and second
characteristic polynomials (see page 671). Using the stability polynomial,
we have the following definitions (see Lambert [10, pages 409–431]):

The method in equation (161.1) is said to be absolutely stable
for a given h if, for that h, all the roots of π(r;h) satisfy |rs| < 1
for s = 1, 2, . . . , p, and to be absolutely unstable otherwise. An
interval (a, b) of the real line is said to be an interval of absolute
stability if the method is absolutely stable for all h ∈ (a, b).

The method in equation (161.1) is said to be relatively stable
for a given h if, for that h, the roots of π(r;h) satisfy |rs| < |r1|
for s = 2, 3, . . . , p, and to be relatively unstable otherwise. An
interval (a, b) of the real line is said to be an interval of relative
stability if the method is relatively stable for all h ∈ (a, b).

Using these definitions, we define the method in equation (161.1) to be
absolutely/relatively stable in a region R of the complex plane if, for all
h ∈ R, the roots of the stability polynomial π(r;h) have the required
associated property (defined above).

Using the notion of stability in a region, we define the following types
of stability:

• A method has A-stability if {hλ | <(hλ) < 0} ⊂ R.
• A method has A(α)-stability if {hλ | −α < π − arg(hλ) < α} ⊂ R.
• A method has A0-stability if {hλ | =(hλ) = 0,<(hλ) < 0} ⊂ R.

A picture of the region R is known as a stability diagram. When
approximating a differential equation on a bounded interval, the limit
n→∞, h fixed, is of interest. The stability diagram will indicate allowable
values for h.

Example 1
Euler’s method for the ordinary differential equation y′ = f(x, y) con-

sists of the approximation: vn+1 − vn = hf(xn, vn). To determine if this
method is stable, we apply this method to the equation y′ = 0 to determine
the difference scheme

vn − vn−1 = 0. (161.4)
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Figure 161.1: Stability diagrams for Euler’s method (left) and Euler’s
backward method (right). Region of absolute stability is shown shaded.

Using vn = λn in equation (161.4) results in the characteristic equation

ρ(λ) = λn − λn−1 = 0,

which has the roots λ = 1 and λ = 0 (with multiplicity n − 1). Because
the only root with magnitude 1, λ = 1, has multiplicity 1, and all the other
roots have magnitudes less than 1, Euler’s method is a stable method.

Example 2
Applying Euler’s method to the equation y′ = f(x, y) = λy, we compute

vn+1 = vn + hfn

= vn + hλvn

= (1 + h)vn.

Hence, the region of absolute stability is given by R =
{
h |
∣∣1 + h

∣∣ ≤ 1
}

,
see figure 161.1.a.

Applying Euler’s backwards method to the equation y′ = f(x, y) = λy,
we compute

yn+1 = yn + hfn+1

= yn + hλyn+1

=
yn

1− h
.

Hence, the region of absolute stability is given by R =
{
h
∣∣ 1

|1−h| ≤ 1
}

,

see figure 161.1.b.
Stability diagrams can be used to determine allowable step sizes. If

we were to integrate the ordinary differential equation y′ = (2 + 3i)y
using Euler’s method, then the maximum allowable (real) step size that
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686 IV.A Numerical Methods: Concepts

will produce an absolutely stable method is h = 4
13 ; see figure 161.1.a.

Stability diagrams are also used to qualitatively compare different difference
schemes.

Notes
1. Observe that a difference scheme can be stable and still not be con-

sistent. Stability and accuracy are two entirely different concerns.
2. For a stability analysis of second order ordinary differential equations,

see Gear [6].
3. Generally, the sequence of methods, {one step methods, iteration

methods, implicit methods}, demonstrate progressively better stabil-
ity. That is, it is generally true that larger step sizes can be taken
for implicit methods than for explicit methods.

4. Karim and Ismail [8] present five different ways in which to determine
the stability of a difference scheme. They all lead to the same con-
clusion, but, on certain classes of equations, some methods are easier
to apply than others.

5. To determine whether a finite difference scheme for a partial dif-
ferential equation is stable, see either the Courant–Friedrichs–Lewy
consistency criterion (page 688) or the Von Neumann stability test
(page 692).

6. There are are many useful theorems in numerical analysis concerning
the stability of methods for specific equations. For example, an A-
stable method cannot have accuracy p > 2. See Dahlquist [3].

7. A consistent method is called stiffly stable if (1) for some constant
D < 0, all solutions of the difference equation generated by the
application of this method to the scalar test equation, y′ = λy, tend
to zero as n → ∞ for all complex λ with Re λ < D and for all fixed
step sizes h with h > 0; and (2) there is an open set S whose closure
contains the origin and the method is stable for hλ ∈ S. Here, h
represents the grid spacing.

8. Mathematica has the package OrderStar which displays order stars
for both absolute and relative stability.

9. There are many other types of stability that have been defined. A
partial ordering of some common types of stability is given by the
following list (see Butcher [2]):

algebraic stability
⇒ Euclidean AN -stability ⇒ strong AN -stability
⇒ weak AN -stability ⇒ A-stability
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162. Stability: Courant
Criterion

Applicable to Hyperbolic partial differential equations.

Yields
A statement about whether or not a difference scheme may converge to

the exact solution of a hyperbolic equation.

Idea
The “numerical domain of dependence” for a hyperbolic equation must

include the actual domain of dependence in order for the numerical ap-
proximation of the solution to converge to the true solution.

Procedure
A hyperbolic partial differential equation has characteristics (see page

432). Generally, the dependent variables will satisfy ordinary differential
equations along the characteristics. These characteristics will propagate
from the curves along which the initial data are given to every point in
the domain. Given a specific point at which the solution is desired, the
characteristics through that point must be determined.

If a numerical scheme for a hyperbolic equation attempts to compute a
numerical approximation to the solution at a point, then all of the relevant
characteristics must be present or the method may not converge to the
correct solution.

Example
Suppose we have the wave equation

utt = c2uxx, (162.1)

for u(x, t), where the constant c represents the wave speed. The initial
conditions for equation (162.1) are assumed to be

u(x, 0) = f(x),
ut(x, 0) = g(x).

We define vn,j = u(tn, xj), where tn := n∆t and xj := j∆x. If a second
order centered difference scheme is used, then equation (162.1) might be
approximated as

un+1,j − 2un,j + un−1,j

(∆t)2
= c2

un,j+1 − 2un,j + un,j−1

(∆x)2
,
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Figure 162.1: Characteristics (indicated by dashed lines) that are included
in the numerical domain of dependence (shown shaded).

which can be manipulated into the explicit formula

un+1,j = 2

[
1−

(
c

∆t
∆x

)2
]
un,j +

(
c

∆t
∆x

)2

(un,j+1 + un,j−1)− un−1,j .
(162.2)

Hence, the value of un+1,j depends on {un,j+k | k = 0,±1} and un−1,j.
Applying equation (162.2) to itself, we see that the value of un+1,j depends
on {un−1,j+k | k = 0,±1,±2}. Applying equation (162.2) again, we see
that the value of un+1,j depends on {un−2,j+k | k = 0,±1,±2,±3}.

In general, the value of un+1,j will depend on the points {u0,j+k | k =
0,±1, . . . ,±n}. These points along the initial curve (where the initial data
are given) describe the numerical domain of dependence. See figure 162.1.

The characteristics of equation (162.1) are the two curves (shown dashed
in the figures)

C− : x− ct = xi,

C+ : x+ ct = xi,

where xi is any point on the initial curve. Hence, the value of u(tn, xj) will
depend on the values of u(0, xk) for xk = xi − ct and xk = xi + ct.

If these values are not included in the numerical domain of dependence,
then the numerical approximation will, generally, give the incorrect answer.
This is simply because the numerical approximation does not use the data
that are important in solving the problem.

The two different possible scenarios are shown in figures 162.1 and 162.2.
In figure 162.1, the characteristics are included in the numerical domain
of dependence (i.e.,

(
∆t
∆x

)
is less than 1). Because of this, the method

may converge to the exact solution. In figure 162.2, the characteristics are
not included in the numerical domain of dependence (i.e.,

(
∆t
∆x

)
is greater
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Figure 162.2: Characteristics (indicated by dashed lines) that are not
included in the numerical domain of dependence (shown shaded).

than 1). Because of this, the method cannot, in general, converge to the
exact solution of equation (162.1).

In summary, for this example, if ∆x and ∆t are chosen so that

• c∆t
∆x > 1, then the method cannot converge to the exact solution.

• c∆t
∆x < 1, then the method may converge to the exact solution.

Notes
1. This condition is also known as the Courant–Friedrichs–Lewy or CFL

condition. The theorem proved by Courant et al. [1] is:

There are no explicit, unconditionally stable, consistant finite
difference schemes for hyperbolic systems of partial differential
equations.

2. Of course, more complicated hyperbolic problems will require a more
detailed analysis.

3. Another test that can be used to determine the stability of a finite dif-
ference scheme for partial differential equations is the Von Neumann
stability test (see page 692).

4. To determine if the difference scheme for an ordinary differential
equation is stable, see page 670.

5. See also Davis [2, pages 45–47] and Isaacson and Keller [4, page 489]
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163. Stability: Von
Neumann Test

Applicable to Finite difference schemes for partial differential
equations.

Yields
Knowledge of whether the difference scheme is stable.

Procedure
The Von Neumann test determines whether the difference scheme for a

partial differential equation is stable. For difference schemes with constant
coefficients, the test consists of examining all exponential solutions to
determine whether they grow exponentially in the time variable even when
the initial values are bounded functions of the space variable.

If any of them do increase without limit, then the method is unstable.
Otherwise, it is stable.

This test can also be applied to equations with variable coefficients
by introducing new, constant coefficients equal to the frozen values of the
original ones at some specific point of interest.

Example
If the parabolic equation ut = uxx is discretized via

ut '
1
k

[
u(x, t+ k)− u(x, t)

]
,

uxx '
1
h2

[
u(x+ h, t)− 2u(x, t) + u(x− h, t)

]
,

and vm,n is used to represent u(mh, nk), then the recurrence relation

um,n+1 = um,n +
k

h2
(um+1,n − 2um,n + um−1,n)

(163.1)

is obtained. To investigate all possible bounded exponential type solutions,
we choose

um,n = eimθeinλ. (163.2)

Substituting equation (163.2) into equation (163.1) results in the relation

eiλ = 1− 4
k

h2
sin2

(
θ

2

)
, (163.3)

which must be satisfied for λ and θ. It can be shown that the imaginary
part of λ will be non-negative (and hence the method is stable) if

k

h2
≤ 1

2
. (163.4)
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Notes
1. A stability test for hyperbolic partial differential equations is the

Courant–Friedrichs–Lewy consistency criterion (see page 688).
2. The Lax–Richtmyer equivalence theorem is the fundamental theorem

in the theory of finite difference schemes for initial value problems:

A consistent finite difference scheme for a partial differential
equation for which the initial value problem is well posed is
convergent if and only if it is stable.

3. To determine whether the difference scheme for an ordinary differen-
tial equation is stable, see page 670.

4. See also Davis [1, pages 47–50], Garabedian [2, page 469 and page
477], Gottlieb and Orszag [3, pages 48–50], Isaacson and Keller [4,
pages 523–529], and Lapidus and Pinder [5, pages 170–179].
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164. Testing Differential
Equation Routines

Applicable to Numerical approximations to differential equations.

Idea
Many differential equations have been used as examples to test differ-

ential equation solvers.

Procedure
As new differential equation integration techniques are developed, they

are compared to existing techniques in terms of accuracy and efficiency.
Many specific differential equation have been used as examples to indicate
the performance of new algorithms and implementations. Tabulated below
are some of those differential equations.

1. A test case that is often used to test computer codes for boundary
value problems is Troesch’s problem (see Roberts and Shipman [5]):

d2y

dt2
− n sinhny = 0,

y(0) = 0, y(1) = 1.

2. Carroll [1] tests ODE system solvers with the equations (only some
are listed below):

(a) y′1 = −6y1 + 5y2 + 2 sinx, y′2 = 94y1 − 95y2,
with y1(0) = y2(0) = 0.

(b) y′ = −βy − y2 and y(0) = 1 for β = {1000, 800, 0.001,−10}.
(c) y′1 = −y2 + (1− y2

1 − y2
2), y′2 = y1 + (1− y2

1 − y2
2),

with y1(0) = 1, y2(0) = 0.
(d) y′1 = −y1, y′2 = y2

1 − 2y2, with y1(0) = y2(0) = 5.

3. Marletta [2] tests Sturm–Liouville problem solvers with the equations:

(a) −y′′ +
(

2
x2 − 1

x

)
y = λy for x ∈ (0,∞).

(b) −y′′ +
(
9e−2x − 18e−x

)
y = λy for x ∈ (−∞,∞).

(c) −
(
(1− x2)y′

)′ = λy for x ∈ (−1, 1). (Legendre’s equation)
(d) −y′′ −

(
4000e−1.7(x−1.3) − 2000e−3.4(x−1.3)− 2

x2

)
y = λy

for x ∈ (0,∞). (Morse potential)
(e) −y′′ +

(
x2 + x4

)
y = λy for x ∈ (−∞,∞).

(f) −(xy′)′ −
(

1
4 sec2 x

)
y = λy for x ∈ (−π/2, π/2).

(g) −y′′ − y
x = λy for x ∈ (0,∞).
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(h) −
(

y′√
1−x2

)′
= λ√

1−x2 y for x ∈ (−1, 1).

(i) −y′′ +
(
−2β cos 2x+ β2 sin2 2x

)
y = λy,

with y(π/2) = y(−π/2) = 0. (Coffey–Evans equation)

(j) −y′′ + y = λw(x)y where w(x) =

{
0 for x ∈

[
0, 1

2

]
1 for x ∈

[
1
2 , 1
] ,

y(0) = y(1) = 0.
(k) −y′′ + xαy = λy

4. Shampine [6] tests stiff ODE solvers with the system

y′1 = −0.04y1 + 104y2y3, y1(0) = 1
y′2 = 0.04y1 − 104y2y3 − 3 · 107y2

2 , y2(0) = 0
y′3 = 3 · 107y2

2 , y3(0) = 0

5. Rice and Boisvert [4] have established a population of elliptic PDEs
for testing purposes. It is divided into two groups, based on the
domain geometry. There are 56 PDE problems defined on rectangular
regions, most of which depend on parameters that control features of
the problem. The problems themselves have differing

• Operator type (Poisson, Helmholtz, self-adjoint, constant
coefficient, general)
• Boundary conditions (Dirichlet, Neumann, mixed)
• Solution features (entire, analytic, singular, peak, oscillatory,

boundary layer, wave front, singularities, irregular,
discontinuities, computationally complex)

Some of these problems are:

(a) uxx + uyy = 1 with u = 0 on the unit square (x = 0, 1 and
y = 0, 1).

(b) uxx + uyy = 6xyex+y(xy + x + y − 3) with u = 0 on the unit
square (x = 0, 1 and y = 0, 1).

(c) uxx + uyy
x2 + 2ux

x + uy
x2 tan3 y = −100 with u = 0 on x = 0.1 and

x = 1, and u = 0 on y = 0.1 and y = 1.

(d) (exyux)x+(e−xyuy)y− u
1+x+y = f with u = 0 on the unit square

(x = 0, 1 and y = 0, 1). For this problem f(x, y) is chosen so
that the exact solution is u = 3exy sinπx sin πy/4.

(e) uxx + uyy + 3uy
5−y = f with u = 0 on x = ±0.5 and y = ∓1. For

this problem f(x, y) is chosen so that the exact solution has the
form u = (1− y2)(1− 4x2)(5− y)3(a+ by).

(f) uxx + (1 + y2)uyy − ux − (1 + y2)uy = f with
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• u+ ux = 0.27ey on x = 0,
• u− ux = 0 on x = 1,
• u+ uy = 0.27ex on y = 0,
• u− uy = 0.135(log 2− 1)(x2 − x)2 on y = 1.

For this problem f(x, y) is chosen so that the exact solution is
u = 0.135(ex+y + (x2 − x)2 log(1 + y2).
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165. Analytic Continuation∗

Applicable to Initial value ordinary differential equations, a single
equation, or a system.

Yields

A numerical approximation in the form of a Taylor series.

Idea

If the Taylor series of a function is known at a single point, then the
Taylor series of that function may be found at another (nearby) point. This
process may be repeated until a particular value is reached.

Procedure

Given a system of initial value ordinary differential equations, the
method is to replace each dependent variable present by a Taylor series
centered at a certain origin. The coefficients in each Taylor series are re-
garded as unknown quantities. The ordinary differential equations are used
to obtain a set of recurrence relations from which the unknown coefficients
may be calculated.

Thus, a formal power series solution may be determined to an initial
value problem, and the series will be convergent in some region about the
origin. Then, the truncated power series are evaluated at some point within
the region of convergence. At this new point, initial values for the system
are obtained from the already obtained Taylor series. Using these initial
values, the recurrence relations then yield a second series solution valid in
a region about the new origin.

This procedure can be iterated and the solution at a given point may be
determined via a sequence of Taylor series. This algorithm is a numerical
version of the process of analytic continuation.

Example

Suppose we have the system of ordinary differential equations

y′ = y2 + z, y(0) = 1,

z′ = z2, z(0) = 1.

This system can be rewritten as the differential/algebraic system

a = y2, b = a+ z, c = z2,

y′ = b, z′ = c,
(165.1)
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with b = 2 and a = c = y = z = 1 when t = 0. If we define the Taylor
series coefficients {a(j)

k , b
(j)
k , c

(j)
k , y

(j)
k , z

(j)
k } by the expansions

a(t) =
∞∑
k=0

a
(j)
k (t− tj)k, b(t) =

∞∑
k=0

b
(j)
k (t− tj)k,

c(t) =
∞∑
k=0

c
(j)
k (t− tj)k, y(t) =

∞∑
k=0

y
(j)
k (t− tj)k,

z(t) =
∞∑
k=0

z
(j)
k (t− tj)k,

(165.2)

then, using equation (165.2) in equation (165.1), the following recurrence
relations can be obtained

a
(j)
k =

k∑
n=0

y(j)
n y

(j)
k−n, b

(j)
k = a

(j)
k + z

(j)
k ,

c
(j)
k =

k∑
n=0

z(j)
n z

(j)
k−n, y

(j)
k = b

(j)
k /(k + 1),

z
(j)
k = c

(j)
k /(k + 1).

(165.3)

The initial conditions give the starting values: {j = 0, t0 = 0, a(0)
0 =

c
(0)
0 = y

(0)
0 = z

(0)
0 = 1, b(0)

0 = 2}. To determine the Taylor series about the
point t0 = 0, equation (165.3) is iterated for k = 1, 2, . . . ,M . The number
of terms in each Taylor series required for a specified numerical accuracy
M may be determined dynamically or fixed beforehand (if an appropriate
analysis has been done).

Then a new point t1 is chosen. A Taylor series for each of a, b, c, y,
and z is then found about this new point by taking j = 1 and determining
the initial conditions from.

a
(1)
0 =

M∑
k=0

a
(0)
k (t1 − t0)k, b

(1)
0 =

M∑
k=0

b
(0)
k (t1 − t0)k, . . . .

The recurrence relations in equation (165.3) are then iterated again. This
process can be repeated indefinitely.

Notes
1. Holubec and Stauffer [5] continue a Frobenius series instead of a

Taylor series. This works particularly well on ordinary differential
equations with regular singular points. They also discuss the appro-
priate step size to take at each stage in the calculation.

2. A Fortran computer program that generates the recurrence relations
and then solves the system is described in Corliss and Chang [4].
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3. Sometimes several hundred coefficients are required to obtain an
accurate answer with this method. This is especially true when the
expansion point for the Taylor series is near a singularity.

4. Interval bounds (see page 545) for the Taylor series coefficients are
discussed in Moore [7, Chapter 11].

5. This technique has been extended to parabolic equations in Chang
[1].
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166. Boundary Value
Problems: Box Method

Applicable to Boundary value problems for ordinary differential
equations.

Yields
A numerical approximation of the solution.

Idea
Using finite differences, the solution to a boundary value problem is

determined (simultaneously) everywhere on the interval of interest.

Procedure
We will illustrate the procedure on the general second order linear

ordinary differential equation. The same technique can be used, with
only slight modifications, to systems of higher order ordinary differential
equations, with the boundary data given virtually anywhere in the interval
of interest.

Given the second order linear ordinary differential equation

a(x)y′′ + b(x)y′ + c(x)y = d(x),
y(xL) = yL, y(xU ) = yU , (166.1.a-b)

we introduce the variable z(x) = y′(x) and write equation (166.1) as the
system

d

dx

[
y
z

]
=

[
z

d−cy−bz
a

]
. (166.2)

Now, we choose a grid, not necessarily uniform, on the interval (xL, xU ),
say xL = x1 < x2 < · · · < xN = xU . At each one of the grid points, some
finite difference scheme is chosen to approximate the equations in equation
(166.2). The scheme used can vary from point to point. For instance, if
Euler’s method is used for every point, then[

y
z

]
k+1

=
[
y
z

]
k

+ (xk+1 − xk)

[
z

d−cy−bz
a

]
k

(166.3)

to first order, where yk = y(xk), zk = z(xk), and similarly for {ak, bk, ck, dk}.
From equation (166.1.b). the values y1 = yL and yN = yU are known.

To determine all of the {zk}, and the remaining {yk}, all of the relations
in equation (166.3) (i.e., for k = 1, 2, . . . , N) should be combined into one
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large matrix equation. First, for ease of notation, define hk = xk+1 − xk,
ek = dk/ak, fk = ck/ak and gk = bk/ak. In these new variables, equation
(166.3) may be written as

yk+1 = yk + hkzk,

zk+1 = zk + hk (ek − fkyk − gkzk) .
(166.4)

Combining all of the equations in (166.4) results in


1 h1 −1 0 0 0 . . .

h1f1 −1 + h1g1 0 1 0 0 . . .
0 0 1 h2 −1 0 . . .
0 0 h2f2 −1 + h2g2 0 1
...

...





y1

z1

y2

z2

y3

...
zN


=



0
h1e1

0
h2e2

0
...

hNeN


.

To this matrix equation should be added two more rows, one corresponding
to y1 = yL and one corresponding to yN = yU . With these two rows,
there results an 2N × 2N matrix equation. This equation can be solved
to determine a numerical approximation to the solution at all of the grid
points.

Example

The second order linear ordinary differential equation

y′′ + y = 3,

y(0) = 3, y
(π

2

)
= 2,

(166.5)

has the solution y = 3 − sinx. We use the box method to numerically
approximate this solution. Writing equation (166.5) as a system results in

d

dx

[
y
z

]
=
[

z
3− y

]
. (166.6)

We choose a uniform grid: xn = (n − 1)h for n = 1, 2, 3, 4 with h = π/6.
Defining yn = y(xn) and zn = z(xn), and using Euler’s method, equation
(166.6) may be approximated as

yn+1 = yn + hzn,

zn+1 = zn + h(3− yn).
(166.7)

CD-ROM Handbook of Differential Equations c©Academic Press 1997



166. Boundary Value Problems: Box Method 703

Combining all of the equations in equation (166.7) for n = 1, 2, 3, 4 results
in 

1 h −1 0 0 0 0 0
h −1 0 1 0 0 0 0
0 0 1 h −1 0 0 0
0 0 h −1 0 1 0 0
0 0 0 0 1 h −1 0
0 0 0 0 h −1 0 1





y1

z1

y2

z2

y3

z3

y4

z4


=


0

3h
0

3h
0

3h

 .

Then the following two rows are added, to incorporate the known values of
y(0) and y(π/2)

[
1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0

]


y1

z1

y2

z2

y3

z3

y4

z4


=
[
3
2

]
.

The Fortran program in program 166.1 numerically approximates the
solution to the above equation. Note that this program uses a linear
equation solver LSOLVE, whose source code is not listed. The output of
the program is

Here is the approximate solution:

3.000 -0.701 2.633 -0.701 2.266 -0.509 2.000 -0.124

Here is the exact solution

3.000 -1.000 2.500 -0.866 2.134 -0.500 2.000 0.000

The values for yn are only accurate to one decimal place in this example.
Putting more points in the interval would decrease the error, as would using
a higher order method in place of Euler’s method.

Notes
1. In our example, if the two rows corresponding to the boundary terms

were added to the matrix equation at the correct locations, the re-
sulting matrix would be banded.

2. This technique is recommended for stiff boundary value problems
because many points can be added where the solution undergoes large
changes and different discretization schemes may be used in different
regions.

3. For nonlinear equations or nonlinear boundary conditions, this method
can be used iteratively by linearizing the nonlinear terms at each step.
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DIMENSION ARRAY(8,18),SOLN(8),RHS(8),NROW(100)

PI=3.1415926

NPOINT=8

H=PI/2.* 2./FLOAT(NPOINT-2)

DO 10 J=1,NPOINT

DO 10 K=1,NPOINT

10 ARRAY(J,K)=0.0

C Create the matrix

ARRAY(1,1)=1.0

RHS(1 )=3.0

ARRAY(NPOINT,NPOINT-1)=1.0

RHS(NPOINT )=2.0

J=1

20 J=J+1

IF( J .GE. NPOINT ) GOTO 30

C Here is the Y-equation

ARRAY(J,J-1)=1

ARRAY(J,J )=H

ARRAY(J,J+1)=-1

RHS(J )=0

J=J+1

C Here is the Z-equation

ARRAY(J,J-2)=H

ARRAY(J,J-1)=-1

ARRAY(J,J+1)=1

RHS(J )=3.0*H

GOTO 20

C Solve the matrix system

30 CALL LSOLVE(NPOINT,ARRAY,SOLN,RHS,NROW,IFSING,NPOINT)

WRITE(6,5) (SOLN(J),J=1,NPOINT)

5 FORMAT(’ Here is the approximate solution:’,/,8(1x,F8.3) )

C Compute the exact solution for comparison

J=1

DO 40 JJ=1,NPOINT/2

SOLN(J )=3.0-SIN( H*FLOAT(JJ-1) )

SOLN(J+1)= -COS( H*FLOAT(JJ-1) )

40 J=J+2

WRITE(6,15) (SOLN(J),J=1,NPOINT)

15 FORMAT(’ Here is the exact solution:’,/,8(1x,F8.3) )

END

Program 166.1: Fortran program for box method.

4. Other techniques for solving boundary value problems include collo-
cation (see page 514), shooting (see page 706), and invariant imbed-
ding (see page 747).

5. Ascher et al. [1], Daniel [2], and Mattheij [5] all have discussions of
different techniques that can be applied to boundary value problems.

6. See also Isaacson and Keller [4, pages 427–432] and Roberts and
Shipman [6, Chapter 8, pages 201–231].
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167. Boundary Value
Problems: Shooting
Method∗

Applicable to Nonlinear boundary value problems for ordinary
differential equations.

Yields
A numerical approximation to the solution.

Idea
Using Newton’s method, the correct initial conditions for a boundary

value problem can be determined. Knowing the initial conditions, the
differential equations can be numerically integrated in a straightforward
manner.

Procedure
The general procedure can be illustrated by studying a second order or-

dinary differential equation. Suppose we wish to numerically approximate
the solution y(x) of the equation

L[y′′, y′, y, x] = 0,
y(0) = 0, y(1) = A,

(167.1)

where A is a given constant. The differential equation L[·] = 0 may or may
not be a linear differential equation. If z(x;α) is defined to be the solution
of

L[z′′, z′, z, x] = 0,
z(0;α) = 0, z′(0;α) = α,

(167.2)

then y(x) will be equal to z(x;α) for one or more values of α. The parameter
α in equation (167.2) must be determined so that

z(1;α) = A.

Because equation (167.2) is an initial value problem, it is straightforward
to integrate it numerically from x = 0 to x = 1. See, for instance,
Euler’s method (page 730). To use the shooting method, we integrate
equation (167.2) numerically for some arbitrary initial guess for α, say α0.
If z(1;α0) = A, then y(x) = z(x;α0) and we are done.

If z(1;α0) 6= A, then a new value of α must be chosen, say α1. Equation
(167.2) is then integrated for this new value of α. The process of choosing
new values for α is repeated until the value of z(1;α) is sufficiently close

CD-ROM Handbook of Differential Equations c©Academic Press 1997



167. Boundary Value Problems: Shooting Method∗ 707

to A. If the new α’s are chosen well, then z(1;α) will converge to A and a
numerical approximation to equation (167.1) will have been obtained. One
way to choose the sequence of α’s is by Newton’s method

αn+1 = αn −
z(1;αn)−A
∂
∂αz(1;α)

∣∣
α=αn

. (167.3)

A numerical way to implement equation (167.3) might be

αn+1 = αn −
z(1;αn)−A

[z(1;αn + ε)− z(1;αn)]/ε
,

where ε is a small number.

Example
Suppose we have the nonlinear second order ordinary differential equa-

tion

y′′ + 2(y′)2 = 0,

y(0) = 1, y(1) =
1
2
.

(167.4)

Because equation (167.4) has no explicit dependence on y, the “dependent
variable missing” method (see page 260) can be used to solve this equation
exactly. By this technique, the solution of equation (167.4) is found to be

y(x) = 1 +
1
2

log
(

1 +
1− e
e

x

)
.

Hence, y′(0) = (1− e)/2e ' −0.31606.
By use of the shooting method, a computer program should “discover”

that y′(0) ' − 0.31607. The Fortran program in program 167.1 utilizes
finite differences to determine y′(0) for equation (167.4). The equation
in equation (167.4) is turned into the two first order ordinary differential
equations

dy

dx
= z,

dz

dx
= −2y2,

and then integrated by the use of Euler’s method (see page 730).
An initial guess of y′(0) = 0 is used in the program. The successive

approximations of y′(0) appear below:

Iteration number 0 value of Y’(0)= 0.

Iteration number 1 value of Y’(0)= -0.50000050

Iteration number 2 value of Y’(0)= -0.49857452

Iteration number 3 value of Y’(0)= -0.49102421

CD-ROM Handbook of Differential Equations c©Academic Press 1997



708 IV.B Numerical Methods for ODEs

Y0=1.D0

Y1=0.5D0

YP0=0.D0

C Perform a Newton iteration 9 times

DO 10 NEWT=1,10

WRITE(6,5) NEWT-1,YP0

5 FORMAT(’ Iteration number’,I4,’ value of Y’’(0)=’,F13.8)

10 YP0=FNEWTON(Y0,Y1,YP0)

END

C This function performs one Newton step

FUNCTION FNEWTON(Y0,Y1,YP0)

EPS=0.000001D0

YP01=YP0

YP02=YP0+EPS

Z1=YAT1(Y0,YP01)

Z2=YAT1(Y0,YP02)

FNEWTON=YP0-(Z1-Y1)*EPS/(Z2-Z1)

RETURN

END

C This function determines Y(1); when Y(0) and Y’(0) are given

FUNCTION YAT1(Y0,YP0)

N=20000

DX=1.D0/DFLOAT(N)

Y=Y0

YP=YP0

C This is the actual integration loop

DO 10 J=1,N

Y = Y + DX * YP

10 YP= YP + DX * ( -2.D0*YP**2 )

YAT1=Y

RETURN

END

Program 167.1: Fortran program for shooting method

Iteration number 4 value of Y’(0)= -0.46366318

Iteration number 5 value of Y’(0)= -0.40465858

Iteration number 6 value of Y’(0)= -0.34199798

Iteration number 7 value of Y’(0)= -0.31799014

Iteration number 8 value of Y’(0)= -0.31608113

Iteration number 9 value of Y’(0)= -0.31607109

Note that the computer program required a large number of steps in
the interval [0, 1] in order to achieve the accuracy shown (partly because
we used Euler’s method, which is of low order).

Notes
1. If this method is applied to a linear equation, the value of y′(0) will

converge to the correct value in a single step.
2. It is also possible to simultaneous integrate along several rays at once.

This is called the method of multiple shooting. See Diekhoff et al. [1]
or Stoer and Bulirsch [6] for details.
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168. Continuation Method∗

Applicable to Any type of equation: algebraic or differential, a
single equation, or a system.

Yields
A numerical approximation to the solution.

Idea
We embed a given problem into a problem with a continuation pa-

rameter σ in it. For one value of σ (say σ = 1), we obtain the original
equations; whereas for a different value of σ (say σ = 0) we have an
“easier” problem. We solve the simpler problem numerically and then
slowly vary the continuation parameter from 0 to 1, obtaining a solution
at each intermediate value.

Procedure
After setting up the problem as described above, we define a metric

that tells how well a function satisfies the problem when the continuation
parameter is between 0 and 1. First, we numerically solve the easier
problem (at σ = 0). Then, the continuation parameter σ is increased by
a small amount, and a solution is found by using Newton’s method (this
is accomplished by making the metric as small as possible). We increase σ
some more and repeat this step until we have arrived at σ = 1.

Example
Suppose we wish to solve the following boundary value problem for

y = y(x),

yxx + ey = 0, y(0) = 1, y(π/2) = 0. (168.1)

We embed equation (168.1) into the problem for v = v(x;σ),

vxx + (1− σ)v + σev = 0, v(0;σ) = 1, v(π/2;σ) = 0.
(168.2)

Note that when σ = 1, we have v(x; 1) = y(x) and that, when σ = 0,
the problem for v(x; 0) becomes

v(x; 0)xx + v(x; 0) = 0, v(0; 0) = 1, v(π/2; 0) = 1,

with the solution v(x; 0) = cosx.
The technique is to solve (168.2) numerically on a grid of values from

0 to π/2. We start with σ = 0 and v(x; 0) = cosx and then increase σ by
a small amount and allow v(x;σ) to change accordingly.

We choose to solve equation (168.1) at the N+1 grid points: {xn = hn |
n = 0, 1, 2, . . . , N}, where h = π/2N , and we define vσn to be the numerical
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approximation to v(x;σ) at the nth gridpoint. We take vσ0 = 1 and vσN = 0
so that the boundary conditions in equation (168.2) are always satisfied.

Now, we must define the metric. We choose

εσn =
vσn+1 − 2vσn + vσn−1

h2
+ (1 − σ)vσn + σev

σ
n . (168.3)

We choose this metric because, when εσn is close to zero, equation (168.2)
will be approximately satisfied. This metric was obtained by simply apply-
ing a centered second order difference formula to equation (168.2).

The procedure is now as follows (with σ0 = 0, k = 0):

1. Increase σ by a small amount δσ (i.e., σk+1 = σk + δσ).
2. Find the {vσn} that make εσkn ' 0. This is best accomplished by

Newton’s method. That is, we keep iterating
vσk2

vσk3
...

vσkN−1


m+1

=


vσk2

vσk3
...

vσkN−1


m

− J−1


εσk2

εσk3
...

εσkN−1


m

,

where J is the Jacobian matrix defined by J =
∂(ε

σk
2 ,ε

σk
3 ,... ,ε

σk
N−1)

∂(v
σk
2 ,v

σk
3 ,... ,v

σk
N−1)

,

until the “difference” between


vσk2

vσk3
...

vσkN−1


m+1

and


vσk2

vσk3
...

vσkN−1


m

is smaller

than some predefined constant (based on the machine’s numerical
capabilities).

(a) Note that the Jacobian and the {εσn} all depend on the values
of {vσkn }m.

(b) At each stage, when σ is increased, the values of {vσkn }0 will be
given by the last values of

{
v
σk−1
n

}
.

(c) If δσ is small enough, then Newton’s method should converge.

3. If σk 6= 1, go back to the first step.
4. If σk = 1, then we have found a numerical approximation to the

solution of equation (168.1).

Notes
1. There are computer codes available that can perform all of the above

steps. The only input needed for them is the definition of the {εσn}.
For example, Rheinboldt [3] has the Fortran listing for a continuation
package.
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2. Continuation methods can be used to track different solution branches
of a problem with bifurcations. If the Jacobian ever becomes singular
(i.e., det J = 0), a bifurcation point is likely. The null space of the
Jacobian will indicate which directions are possible for the different
solution branches.

3. It is not uncommon in practice to find that the iteration in equation
(168.3) will not converge unless δσ is very small (at least initially).
The better continuation programs available will automatically deter-
mine δσ, making it as small as is needed but also increasing it when
possible to speed up the calculation.

4. The method of invariant embedding (see page 747) is a specific type
of continuation method.

5. Continuation methods are also known as homotopy methods,
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169. Continued Fractions

Applicable to Linear second order ordinary differential equations.

Yields
A solution in terms of a continued fraction.

Idea
By finding a simple recurrence pattern, we can express the logarithmic

derivative of the solution to an ordinary differential equation in terms of a
continued fraction.

Procedure
Suppose we have a linear second order ordinary differential equation in

the form

y = Q0(x)y′ + P1(x)y′′. (169.1)

If equation (169.1) is differentiated with respect to x, then we obtain

y′ = Q1(x)y′′ + P2(x)y′′′, (169.2)

where

Q1 =
Q0 + P ′1
1−Q′0

, P2 =
P1

1−Q′0
. (169.3)

If equation (169.2) is differentiated with respect to x, then we obtain y′′ =
Q2(x)y′′′ + P3(x)y′′′′, where Q2 = Q1+P ′2

1−Q′1
, P3 = P2

1−Q′1
. This process can be

repeated indefinitely to obtain

y(n) = Qn(x)y(n+1) + Pn+1(x)y(n+2), (169.4)

with Qn = Qn−1+P ′n
1−Q′

n−1
, Pn+1 = Pn

1−Q′
n−1

.

Now, dividing equation (169.1) by y′ produces

y

y′
= Q0 + P1

y′′

y′

= Q0 +
P1

y′/y′′

= Q0 +
P1

Q1 + P2

y′′′

y′′

= Q0 +
P1

Q1 +
P2

Q2 + P3

y′′′′

y′′′

,

(169.5)
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where we have used equation (169.3) for the third equality and equation
(169.4) (with n = 3) for the fourth equality.

We can extend the continued fraction in equation (169.5) indefinitely. If
it terminates, then it represents the reciprocal of the logarithmic derivative
of the solution to equation (169.1). If it does not terminate, then it will
converge if the following three conditions are satisfied:

1. Pn → P , Qn → Q as n→∞.
2. The roots {ρ1, ρ2} of ρ2 = Qρ+ P are of unequal modulus.

3. If |ρ2| < |ρ1|, then lim
n→∞

|y(n)|1/n <
{
|ρ2|−1 if |ρ2| 6= 0,
∞ if |ρ2| = 0.

Example
Suppose we wish to find a continued fraction expansion for the recipro-

cal of the logarithmic derivative of the equation

xy′′ − xy′ − y = 0. (169.6)

Comparing equation (169.6) with equation (169.1), we identify Q0(x) =
−x, P1(x) = x. Using these values in equation (169.4), it is easy to show
that Qn = 1 − x/(n + 1) and Pn = x/n. Using these values, the partial
sums for the continued fraction can be evaluated as

For 1 term: − x2 + 2
x

.

For 2 terms: − x3 + 5x
x2 + 3

.

For 3 terms: − x4 + 9x2 + 8
x3 + 7x

,

For 4 terms: − x5 + 14x3 + 33x
x4 + 12x2 + 15

.

(169.7)

The information in equation (169.7) can be used to approximately
evaluate y/y′.

Notes
1. This technique has rarely been extended, with any generality, to any

types of differential equations other than linear second order ordinary
differential equations. There has been a generalization to “matrix
continued fractions” in Risken [8, Chapter 9]. In Bellman and Wing
[2, page 19], continued fractions are used to represent the solution to
a Riccati equation.

2. By taking partial sums of the continued fraction in equation (169.5),
successively better approximations may be found. Rarely, though,
can convergence be checked. See Field’s paper [5].
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3. Continued fractions have been used recently to obtain high accuracy
approximations to eigenvalues and functions of mathematical physics;
see Barnett [1] or Gerck and d’Oliveira [6].
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170. Cosine Method∗

Applicable to Second order linear autonomous equations of a
special form.

Yields
A finite difference scheme from which a numerical approximation to the

solution may be obtained.

Idea
An exact representation of the solution is found. This exact represen-

tation is discretized to obtain an approximate numerical scheme.

Procedure
Suppose the following second order linear autonomous equation

u′′ +Au = 0,

u(0) = u0, u′(0) = v0

(170.1)

is given for u(t), where A is a positive definite symmetric matrix. The
solution to equation (170.1) has the exact representation

u(t+ k) + u(t− k) = 2 cos
(
kA1/2

)
u(t),

where k represents a time step. Note that the cosine of a matrix is another
matrix (see Moler and Van Loan [4] for how the exponential of a matrix
may be computed).

The approximation scheme for (170.1) is based on the use of a rational
function, R(·) = P (·)/Q(·), to approximate the cosine term:

cos
(
kA1/2

)
' R

(
kA1/2

)
= Q−1

(
kA1/2

)
P
(
kA1/2

)
.

Once a rational function has been chosen (i.e., P and Q have been picked),
we define the approximation to u(tj) to be wj (where tj = jk). The
recurrence relation for wj is then given by

Q
(
kA1/2

)
(wj+1 + wj−1) = 2P

(
kA1/2

)
wj

or

wj+1 = 2Q−1
(
kA1/2

)
P
(
kA1/2

)
wj −wj−1.
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Using Taylor series (see page 632), the first two values of w can be found
to start the iteration

w0 = u(0) = u0,

w1 = u(k) = u(0) + ku′(0) +
k2

2!
u′′(0) +

k3

3!
u′′′(0) + . . .

= u(0) + ku′(0)− k2

2!
Au(0)− k3

3!
Au′(0) + . . .

= u0 + kv0 −
k2

2!
Au0 −

k3

3!
Av0 +

k4

4!
A2u0 + . . . ,

(170.2)

where the differential equation itself has been used to compute the higher
order derivatives of u. The number of terms kept in this series should
correspond to the accuracy of the rational approximation used for the cosine
function.

Example
Suppose we have

u′′ +
[
2 1
1 2

]
u = 0,

u(0) =
[

1
−1

]
, u′(0) =

[
2
√

3
2
√

3

]
.

(170.3)

Here A = [ 2 1
1 2 ] is symmetric and positive definite (its eigenvalues are

{1, 3}). The exact solution of the system in equation (170.3) can be found
by converting it into the following first order system[

u
v

]′
=
[

0 I
−A 0

] [
u
v

]
,

[
u(0)
v(0)

]
=
[
u0

v0

]
=


1
−1

2
√

3
2
√

3

 ,
where I is the 2 × 2 identity matrix and v = u′. The solution of this new
system (see page 421) is

[
u(t)
v(t)

]
=


cos t+ 2 sin(

√
3t)

− cos t+ 2 sin(
√

3t)
− sin t+ 2

√
3 cos(

√
3t)

sin t+ 2
√

3 cos(
√

3t)

 .
To use the cosine method, we need to approximate the cosine function.

The (2,2) Padé approximant (see page 582) to the cosine function is

cos(z) ' 12− 5z2

12 + z2
,

CD-ROM Handbook of Differential Equations c©Academic Press 1997



718 IV.B Numerical Methods for ODEs

so that

P
(
kA1/2

)
= 12I − 5k2A,

Q
(
kA1/2

)
= 12I + k2A.

From this we obtain our discretization scheme

wj+1 = −wj−1 + 2(12I + k2A)−1(12I − 5k2A)wj (170.4)

= −wj−1 + α

[
−15k4 − 96k2 + 144 −72k2

−72k2 −15k4 − 96k2 + 144

]
wj ,

where α = 2/3(k2 + 4)(k2 + 12).
The Fortran program in program 170.1 implements the above scheme

with k = 0.25. To evaluate w1, we utilized the first five terms in equation
(170.2). We chose to compare the output from the numerical approximation
scheme to the exact solution when t is a multiple of 5. Even for t as large
as 30, the results are accurate to two decimal places.

At time 5.00 W(J) = 1.6667 1.0993

EXACT= 1.6680 1.1007

At time 10.00 W(J) = -2.8364 -1.1584

EXACT= -2.8373 -1.1592

At time 15.00 W(J) = 0.7422 2.2617

EXACT= 0.7403 2.2596

At time 20.00 W(J) = 0.2361 -0.5798

EXACT= 0.2413 -0.5749

At time 25.00 W(J) = -0.2625 -2.2450

EXACT= -0.2680 -2.2504

At time 30.00 W(J) = 2.1371 1.8281

EXACT= 2.1386 1.8301

Notes
1. This method has been extended to apply to non-homogeneous prob-

lems, equations with time-dependent coefficients, and second order
hyperbolic equations.

2. Since the iterates in equation (170.4) do not depend linearly on the
step size k, the cosine method is not a multi-step method as defined
on page 670.
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IMPLICIT DOUBLE PRECISION (A-H,O-Z)

REAL*8 W(0:1000,2),MAT(2,2),K

K=0.25D0

TIME=K

SQRT3=DSQRT(3.D0)

C Set up the initial conditions

W(0,1)= 1.D0

W(0,2)=-1.D0

W(1,1)= 1 + K*2*SQRT3 - K**2/2.D0 - K**3*SQRT3 + K**4/24.D0

W(1,2)=-1 + K*2*SQRT3 + K**2/2.D0 - K**3*SQRT3 - K**4/24.D0

C Set up the matrix for the recursion

ALPHA = 2.D0/( 3.D0*(K**2+4)*(K**2+12) )

MAT(1,1)= ALPHA * ( - 15*K**4 - 96*K**2 + 144)

MAT(1,2)= ALPHA * ( - 72*K**2 )

MAT(2,1)= MAT(1,2)

MAT(2,2)= MAT(1,1)

C Loop in time

DO 10 J=2,120

TIME=TIME+K

W(J,1)= -W(J-2,1) + MAT(1,1)*W(J-1,1) + MAT(1,2)*W(J-1,2)

W(J,2)= -W(J-2,2) + MAT(2,1)*W(J-1,1) + MAT(2,2)*W(J-1,2)

C Compute the exact solution also

IF( MOD(J,20) .NE. 0 ) GOTO 10

EXACT1= DCOS(TIME) + 2*DSIN(SQRT3*TIME)

EXACT2= - DCOS(TIME) + 2*DSIN(SQRT3*TIME)

WRITE(6,5) TIME,W(J,1),W(J,2),EXACT1,EXACT2

5 FORMAT(’At time’,F7.2,3x,’W(J) =’,2F9.4,/,18X,’EXACT=’,2F9.4)

10 CONTINUE

END

Program 170.1: Fortran program for cosine method
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171. Differential Algebraic
Equations

Applicable to Differential algebraic equations, which are differen-
tial equations of the form

F(x,y,y′) = 0. (171.1)

Often, F(·) is nonlinear in the y′ term, or F(·) contains a collection of dif-
ferential and algebraic equations. A special subcase of differential algebraic
equations is standard ordinary differential equations, in the common form
y′ = f(x,y).

Yields

A numerical approximation to the solution.

Idea

Differential algebraic equations are more difficult to solve than standard
ordinary differential equations. These equations are invariably solved ex-
clusively by numerical means. One common numerical technique is to use
the backward Euler method. That is, equation (171.1) is approximated by

F
(
xn+1,yn+1,

yn+1 − yn
xn+1 − xn

)
= 0,

and then the resulting system of nonlinear equations is solved for y1, then
y2, etc.

Many special purpose codes have been written for these systems; see
the references. There are, however, a few analytic solution techniques for
differential algebraic equations, as the examples show.

Example 1

Algebraic differential equations arise, for instance, in the analysis of
mechanical systems. Each component in a mechanical system will have
equations of motion, as well as physical constraints (depending on how the
given component is attached to other components in the system). It is
these physical constraints that become algebraic constraints.

For example, consider a pendulum consisting of a point mass m, under
the influence of gravity g, suspended by a massless rod of length l from an
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attachment point taken to be x = 0, y = 0. The equations of motion are

x′ = vx,

y′ = vy,

mv′x = −xλ,
mv′y = −yλ− g,

x2 + y2 = l2.

(171.2)

Here, λ(t) is the rod tension, and vx(t) and vy(t) are the x and y velocities.

Example 2
The differential equation

y = f(y′) = (y′)5 + (y′)3 + y′ + 5, (171.3)

for y(x), is an example of a differential algebraic equation. It is impossible
for equation (171.3) to be analytically written in the form y′ = g(x, y).

However, it is possible to solve differential equations of the form y =
f(y′) parametrically. The solution may be written as

y = f(t), x =
∫
t−1f ′(t) dt+ C,

where C is an arbitrary constant. Hence, equation (171.3) has the solution

x =
5
4
t4 +

3
2
t2 + log t+ C,

y = t5 + t3 + t+ 5.

Example 3
If a differential algebraic equation is of the form x = f(y′), then the

solution may be written parametrically as

x = f(t), y =
∫
tf ′(t) dt+ C,

where C is an arbitrary constant. Thus, the equation x = (y′)3 − y′ − 1
has the parametric solution

x = t3 − t− 1,

y =
3
4
t4 − 1

2
t2 + C.

Example 4
If a differential algebraic equation is of the form f(y′) = 0 and there

exists at least one real root of f(k) = 0, then y = kx+C is a solution (where
C is an arbitrary constant). Thus, the equation (y′)5 − 6(y′)2 − 8 = 0 has
the solution y = 2x+ C.
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Notes
1. If y is a solution to an algebraic differential equation, then y is

called differentially algebraic. If u and v are differentially algebraic
functions, then so are u+v, uv, u/v, u◦v, u−1, du/dt, and

∫ t
0
u(s) ds.

Hence, all of the elementary functions (e.g., the rational functions,
ex, tan−1, Bessel functions) are differentially algebraic. Note that
the Gamma function (Γ(x) =

∫∞
0
tx−1e−t dt) is not a differentially

algebraic function. The Shannon–Pour-El–Lipshitz–Rubel theorem
roughly states that the outputs of general purpose analog computers
are differentially algebraic functions. See Rubel [18].

2. Differential algebraic equations of the form

u′ = f(u,v, t),
0 = g(u,v, t),

are said to be in semi-explicit form.
3. A class of algebraic differential equations that are often studied are

systems of the form

Ey′ = Ay + g(t),
y(0) = y0,

(171.4)

where A and E are given matrices. In the cases of interest, A or E (or
both) are singular, but A− λE is not identically zero. For example,
the system

y′2 = y1 + g(x),
0 = y2 + h(x),

is an algebraic differential equation in the form of equation (171.4).
4. Consider equation (171.4) when sE − A is a regular matrix pencil

(i.e., det(sE −A) is not identically zero). (If sE −A is not a regular
matrix pencil then equation (171.4) is not well posed.) In this case,
non-singular matrices P and Q can be found (see Gantmacher [6])
so that, with y = Qz =

[
z1 z2

]T and h(t) = Pg(t) =
[
h1 h2

]T,
equation (171.4) takes the form

z′1 + Cz1 = h1(t),
Nz′2 + z2 = h2(t),

where N is a nilpotent matrix of degree n (i.e., Nn = 0 and Nn−1 6=
0). This is known as Kronecker canonical form. The degree n defines
the index of the problem in equation (171.4). The index is equal to the
size of the largest Jordan block for the eigenvalue zero (i.e., λ = 0) of
the matrix E−λA. If the index is zero, then E is non-singular and the
system is easily solved numerically. Systems with an index greater
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than 1 are algebraically incomplete, which means that the existence
and the uniqueness of the solutions are not guaranteed. For example,
the equations in equation (171.2) are of index 3.As another example,
the differential algebraic equations (see Roche [15])

y′ = f(y, z)
0 = g(y, z)

are of index 1 if (∂g/∂z)−1 exists and is bounded in the neighborhood
of the exact solution.

5. In Gear and Petzold [8] is the following algorithm in which the in-
dex of the problem in equation (171.4) can be reduced to zero by
successive differentiations:

(a) If E is non-singular, go to step (f).
(b) Find non-singular matrices P andQ such that PEQ =

[
E11 0

]T,
with E11 having full rank.

(c) Make the variable substitution y = Qz and multiply the equa-
tions from the left by P giving[

E11

0

]
z′ =

[
F11

F21

]
z +

[
h1(t)
h2(t)

]
.

(d) Differentiate the lower part of the system to arrive at the new
problem [

E11

F21

]
z′ =

[
F11

0

]
z +

[
h1(t)
−h′2(t)

]
.

(e) If the “E” matrix for the new problem is singular, consider the
new problem as the original problem and go to step (b).

(f) Done.

Note that the index of the original problem is equal to the number
of times the above loop must be executed.

6. To indicate how much different the solution to algebraic differential
equations can be from standard ordinary differential equations, con-
sider the following amazing theorem in Rubel [16]:

Given any continuous function φ on (−∞,∞) and any
positive continuous function ε(t) on (−∞,∞), there exists
a C∞ solution of the algebraic differential equation

3y′4y′′y′′′′2 − 4y′4y′′′2y′′′′ + 6y′3y′′2y′′′y′′′′

+ 24y′2y′′4y′′′′ − 12y′3y′′y′′′3 − 29y′2y′′3y′′′2 + 12y′′7 = 0,

with |y(t)− φ(t)| < ε(t) for all t ∈ (−∞,∞).

Hence, any continuous function is a “valid” numerical approximation
to a solution of the above equation!
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7. A Fortran program for approximating the solution to differential
algebraic equations of index 1, 2, and 3 is described in Hairer et
al. [9]. This program is freely available via electronic mail.

8. See also Rheinboldt [14, Chapter 10, pages 183–202].
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172. Eigenvalue/Eigenfunction
Problems

Applicable to Sturm–Liouville problems.

Yields
A numerical method for determining the eigenvalues and eigenfunctions

of a regular Sturm–Liouville problem.

Idea
The Sturm–Liouville operator can be well approximated numerically

by a simple discretization. This leads to a set of simultaneous equations,
which can be represented as a matrix eigenvalue problem. The eigenval-
ues and eigenvectors of this matrix will approximate the eigenvalues and
eigenfunctions of the Sturm–Liouville problem.

Procedure
Suppose we wish to approximate numerically the eigenvalues and eigen-

functions of the Sturm–Liouville system (see page 103)

(p(x)y′)′ + q(x)y = λy,

y(0) = 0, y(1) = 0,
(172.1)

for x ∈ [0, 1]. We will illustrate how the method of finite differences can
be used to approximate the eigenvalues and eigenvectors. Equation (172.1)
can be approximated by

D−
(
pn+1/2D+ un

)
+ qnun = λhun,

u0 = 0, uN = 0,
(172.2)

where h = 1/N , un ' y(nh), n = 1, 2, . . . , N − 1, and a function with a
subscript of n corresponds to an evaluation at x = hn. Also, the forward
and backward differencing operators are defined byD−fn := (fn−fn−1)/h
and D+fn := (fn+1−fn)/h. It can be shown that (see Isaacson and Keller
[9, pages 434–436] or Keller [10, Chapter 3, pages 39–48])

|λ− λh| ≤ Ch2,

where C is some (unknown) constant. Therefore, for a sufficiently small
h, the collection of {λh} that satisfy equation (172.2) will closely approx-
imate the collection of eigenvalues {λ}. The system in equation (172.2) is
equivalent to the linear system of equations

Auh = h2λhuh, (172.3)
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where uh =
[
u1 . . . uN−1

]T and A is the symmetric matrix

f1 p3/2 0 0 · · · 0 0
p3/2 f2 p5/2 0 · · · 0 0

0 p5/2 f3 p7/2 0 0
...

. . . . . . . . .
...

0 0 pN−5/2 fN−2 pN−3/2 0
0 0 · · · 0 pN−3/2 fN−1 pN−1/2

0 0 · · · 0 0 pN−1/2 fN


,

(172.4)

where fm := h2qm− (pm−1/2 + pm+1/2). Hence, the eigenvalues of (172.4),
scaled by h2 (see equation (172.3)), will approximate the eigenvalues of
(172.1). Note that uh, the eigenvector of (172.4) corresponding to λh, is
an approximation to the eigenfunction in (172.1). The eigenvalues and
eigenvectors of equation (172.4) can be computed by standard numerical
techniques. As N increases, more eigenvalues and eigenvectors are found
and the accuracy of the lower order eigenvalues (and their associated eigen-
functions) increases.

Example
Consider the simple Sturm–Liouville system

y′′ + y = λy,

y(0) = 0, y(1) = 0.
(172.5)

For this system, the eigenfunctions and eigenvalues are given by

yn(x) = sinnπx,

λn = 1− n2π2,
(172.6)

for n = 1, 2, . . . . Hence, the two eigenvalues with the least magnitude
are λ1 = 1 − π2 ' −8.86 and λ2 = 1 − 4π2 ' −38.47. To utilize the
numerical technique presented above, we compare equation (172.5) with
equation (172.1) to determine that p(x) = 1 and q(x) = 1.

If N = 3 (so that h = 1/3), then the matrix in equation (172.4) is given
by −17/9 1 0

1 −17/9 1
0 1 −17/9

 . (172.7)

The eigenvalues of the matrix in equation (172.7) are approximately -1.9
and -0.49. When scaled by h2, the estimates of the smallest eigenvalues
of equation (172.5) become λ1 '-4.3 and λ2 '-17.0.

For N = 10, the estimates are λ1 '-7.1 and λ2 '-30.7, whereas for
N = 50 the estimates are λ1 '-8.5 and λ2 '-36.9. As N increases, the
estimates become better. If a higher order scheme were used to discretize
(172.2), then smaller values of N would be required to obtain a given
accuracy.
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Notes
1. Of course, Sturm–Liouville systems other than the one in equation

(172.1) can be represented by a simple discretization such as in equa-
tion (172.2). More complicated boundary conditions may lead to a
non-symmetric matrix in equation (172.3).

2. Many other techniques have been used to approximate the eigenvalues
and eigenfunctions of differential systems. These methods include
finite elements, Galerkin methods, invariant embedding, Prüfer sub-
stitution, shooting, and variational methods. See page 635 of this
book, Cope [7], or Keller [10].

3. Many methods (such as the one illustrated here) approximate the kth
eigenvalue of a regular Sturm–Liouville problem by the kth eigenvalue
of a matrix problem of dimension n. Unfortunately, the accuracy
deteriorates as k increases, and there is no approximation at all for
k > n. However, it is possible to obtain approximations for all k that
are uniformly accurate in k, see Shampine [17].

4. For the eigenvalues {λk} of the Sturm–Liouville problem −u′′+ qu =
λu, u(0) = u(π) = 0, when q has mean zero, Marti [13] gives the
bounds

∣∣λk − k2
∣∣ ≤ P1,mk

−m + P2,mk
−2m for k2 ≥ 3||q||m, where

||q||m is the norm of q in a Sobolev space and the P ’s are homogeneous
polynomials of degree at most 3 in ||q||m.
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173. Euler’s Forward Method

Applicable to Initial value systems of first order ordinary differ-
ential equations.

Yields
A numerical marching scheme that is first order accurate.

Idea
A forward difference approximation to a derivative can be easily manip-

ulated into a numerical scheme. The technique in this section is the most
elementary finite difference approximation—other techniques are found on
page 670.

Procedure
Given the first order system

d

dt
y(t) = f [t,y(t)],

y(t0) = y0,
(173.1.a-b)

where y and f are vectors, we numerically approximate dy/dt by [y(t+∆t)−
y(t)]/∆t, where ∆t is a small step size. This numerical approximation is
first order accurate. Using this approximation, equation (173.1.a) can be
rewritten as

y(t+ ∆t) ' y(t) + ∆t f [t,y(t)]. (173.2)

Hence, to integrate equation (173.1), we iterate equation (173.2) and use
the initial conditions from equation (173.1.b) for

y(t0) = y0,

y(t0 + ∆t) ' y(t0) + ∆t f [t0,y0(t0)],
y(t0 + 2∆t) ' y(t0 + ∆t) + ∆t f [t0 + ∆t,y0(t0 + ∆t)],
y(t0 + 3∆t) ' y(t0 + 2∆t) + ∆t f [t0 + 2∆t,y0(t0 + 2∆t)],

...

Example
Suppose we want to approximate the value of y(1) when y(t) is defined

by

dy

dt
=

ty

t2 + 1
, y(0) = 1. (173.3)

Since this equation is separable, the exact solution is known to be y(t) =√
1 + t2. We can use this exact solution to compare the accuracy of the
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void main(void) { RungeKutta(); }

void EulerForwardMethod(void) {

int j, ndiv = 10;

double t = 0.0;

double tinit = 0.0;

double y = 1.0;

double tend = 1.0;

double deltat, exact;

deltat = (tend - tinit) / ((double)ndiv);

/* This is the integration loop */

for (j = 1; j <= ndiv; j++)

{

t = t + deltat;

y = y + (deltat * Yprime(t, y));

exact = sqrt(1 + (t*t));

printf("T= %6.3f Y= %8.5f Exact solution= %8.5f \n", t, y, exact);

}

}

/* This function specifies the differential equation */

double Yprime( double t, double y) { return ( (t*y) / (t*t + 1)); }

Program 173.1: C program for Euler method.

NDIV= 10

TINIT= 0.D0

TEND= 1.D0

DELTAT=(TEND-TINIT)/DFLOAT(NDIV)

T= 0.0

Y= 1.0

C This is the integration loop

DO 10 J=1,NDIV

T= T + DELTAT

Y= Y + DELTAT * YPRIME(T,Y)

EXACT=DSQRT(1+T**2)

WRITE(6,5) T,Y,EXACT

5 FORMAT(’ T=’, F6.3,’ Y=’, F8.5,’ Exact solution=’,F8.5)

10 CONTINUE

END

C This function specifies the differential equation

FUNCTION YPRIME(T,Y)

YPRIME= T*Y / (T**2+1)

RETURN

END

Program 173.2: Fortran program for Euler method.

numerical approximation. The C (Fortran) code in program 173.1 (173.2)
uses Euler’s forward method to numerically approximate the solution of
equation (173.3). The codes use a step size of ∆t = 0.1. The output
from the programs is listed below, with the exact solution alongside for
comparison. The error in the calculated value for y(1) is about 1.7%.

T= 0.100 Y= 1.00990 Exact solution= 1.00499

T= 0.200 Y= 1.02932 Exact solution= 1.01980

T= 0.300 Y= 1.05765 Exact solution= 1.04403
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732 IV.B Numerical Methods for ODEs

T= 0.400 Y= 1.09412 Exact solution= 1.07703

T= 0.500 Y= 1.13789 Exact solution= 1.11803

T= 0.600 Y= 1.18809 Exact solution= 1.16619

T= 0.700 Y= 1.24390 Exact solution= 1.22066

T= 0.800 Y= 1.30458 Exact solution= 1.28062

T= 0.900 Y= 1.36945 Exact solution= 1.34536

T= 1.000 Y= 1.43792 Exact solution= 1.41421

If the number of steps were increased (so the step size decreased), then
the accuracy would improve. For example, if (in the above example) ∆t was
reduced to 0.01 (i.e., NDIV=100), then the calculated value of y(1) would be
1.41672. Hence, the error in the calculated value for y(1) would decrease
to about 0.17%.

Notes
1. This technique is the easiest to use and program of all the numerical

methods presented in this book. A major drawback is that the step
size ∆t may have to be very small for accurate numerical values.

2. There is also a method known as Euler’s backward method. For this
implicit method, the difference scheme is given by

y(t+ ∆t) ' y(t) + ∆t f [t,y(t+ ∆t)]. (173.4)

In general, equation (173.4) will be nonlinear in y(t+∆t). Hence, an
iterative scheme (e.g., Newton’s method) must be employed to find
y(t+ ∆t) at each step.

3. The stability properties of Euler’s forward and backward methods are
completely different. Consider applying each method to the scalar
differential equation y′ = −cy, y(0) = y0, where c is a positive
constant. For Euler’s forward method, we have

y(t+ ∆t) ' y(t) + ∆t y′(t),
= y(t)−∆t (cy(t)),
= (1 − c∆t)y(t),

= y0(1 − c∆t)t/∆t.

(173.5)

Whereas for Euler’s backward method, we find

y(t+ ∆t) ' y(t) + ∆t y′(t+ ∆t),
= y(t)−∆t (cy(t+ ∆t)),

=
y(t)

1 + c∆t
,

=
y0

(1 + c∆t)t/∆t
.

(173.6)

Note that the approximation in equation (173.5) diverges in an oscil-
latory fashion when ∆t > 2/c, whereas the approximation in equation
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Figure 173.1: Different numerical techniques applied to y′ = −6y + 5e−t.

(173.6) is stable for any value of ∆t. In particular, if c � 1 (so that
the problem is stiff; see page 770), then ∆t may have to be very small
for Euler’s forward method to be stable, whereas a larger value of ∆t
can be used with Euler’s backward method.

4. As an indication of the different convergence properties of Euler’s for-
ward and backward methods, consider the equation: ẏ = −6y+5e−t.
Figure 173.1 shows the exact solution (y = e−t) and approximations
obtained by using Euler’s forward method (for ∆t = 0.3 and ∆t =
0.1) and Euler’s backward method (for ∆t = 0.3). On this problem,
Euler’s backward method is better than Euler’s forward method for
a fixed step size.

5. As always, ordinary differential equations of higher order can be
written as a system of first order equations (see page 146).

6. See also Boyce and DiPrima [1, pages 399–406], Gear [2, pages 10–23],
and Press et al. [3, pages 574–577].
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734 IV.B Numerical Methods for ODEs

174. Finite Element
Method∗

Applicable to Differential equations that arise from variational
principles. Principally ordinary differential equations and elliptic partial
differential equations.

Yields
A numerical scheme for approximating the solution.

Procedure
The finite element method is one version of the method of weighted

residuals (see page 786). The present method is characterized by having
“local elements.” The finite element method has a specialized vocabulary;
several of the terms below are defined in the example.

Given a differential equation that comes from a variational principle
and a domain in which the equation is to be solved the steps are as follows:

• Discretize the domain into simple shapes (these are the “finite ele-
ments”). Define a basis function φk(x) on each of the finite elements.
These basis functions should have bounded support.
• Assemble the stiffness matrix and the load matrix. These depend only

on the finite elements chosen and not on the differential equation to
be approximated.
• Write the given differential equation as a variational principle. Ap-

proximate the unknown in the variational principle by a linear com-
bination of the functions defined on the finite elements; that is,
u(x) ' uN (x) :=

∑N
k=1 ckφk(x). In this last expression, the {ck}

are unknown and must be determined.
• Construct element stiffness matrices and load vectors element by

element. Then assemble these together into the global stiffness matrix
A and the global load vector f.

• Relate the minimization in the variational principle to the minimiza-
tion of the quadratic functional

I[uN ] = cTAc− 2cTf. (174.1)

When A is symmetric (as it frequently is), the minimization of equa-
tion (174.1) will occur when c is the solution of Ac = f. In general, A
will not be banded or tridiagonal, but it will be sparse. If the original
differential equation was nonlinear, then A = A(c) or f = f(c).

There is a large literature on the finite element method. We choose to
illustrate the basic ideas on simple examples: The first two examples are
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174. Finite Element Method∗ 735

constant coefficient second order linear ordinary differential equations, the
third example is for Laplace’s equation. These examples show the major
steps involved without the details that a sophisticated implementation
requires.

Example 1
Suppose we have the constant coefficient second order linear ordinary

differential equation

L[u] := − d

dx

(
p(x)

du

dx

)
+ q(x)u = f(x) (174.2)

on the interval 0 ≤ x ≤ 1. For simplicity, we take p(x) and q(x) to be
constants. For this equation, we take the natural boundary conditions

u(0) = u(1) = 0. (174.3)

If we use I[v] to represent the “energy” of the system, then we may
form

I[v] =
∫ 1

0

[
p(v′(x))2 + qv2(x)− 2f(x)v(x)

]
dx.

(174.4)

It is straightforward to show that the first variation of I[v] (see page 418)
yields equations (174.2) and (174.3). Hence, I[v] will be minimized when
v = u.

Now we set up a uniform grid of N + 2 points on the interval 0 ≤ x ≤ 1
(i.e., xn = nh with h = 1/(N + 1) for n = 0, 1, . . . , N + 1). We define the
interval (xk, xk+1) to be “finite element number k.” We choose as basis
functions on the finite elements the linear functions φk(x) defined by

φk(x) =


x−xk−1

h , for xk−1 ≤ x ≤ xk,
xk+1−x

h , for xk ≤ x ≤ xk+1,

0, otherwise.

(174.5)

These are the “hat functions” shown in figure 174.1. Note that

φ′k(x) =


1
h , for xk−1 ≤ x ≤ xk,
− 1
h , for xk ≤ x ≤ xk+1,

0, otherwise.

Now we approximate the function that minimizes equation (174.4),
u(x), by a linear combination of the φk(x). We take

u(x) ' uN(x) :=
N∑
k=1

ckφk(x), (174.6)
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Figure 174.1: The “hat functions” in equation (174.5).

where the unknowns {ck} must be determined. Once the {ck} are known,
then the approximation to u(x) at any point can be found from equation
(174.6). That is, on finite element k (i.e., for xk < x < xk+1)

uN(x) = ckφk(x) + ck+1φk+1(x),

u′N(x) =
−ck + ck+1

h
.

(174.7)

Using uN(x) for v(x) in equation (174.4) results in

I[uN ] =
N∑
k=0

∫ xk+1

xk

[
p(u′N )2 + q(uN )2 − 2fuN

]
dx,

=
N∑
k=0

[
Is
k + Im

k + I l
k

]
,

(174.8)

where

Is
k :=

∫ xk+1

xk

p(u′N)2 dx =
[
ck ck+1

]
Ks
k

[
ck
ck+1

]
,

Im
k :=

∫ xk+1

xk

q(uN )2 dx =
[
ck ck+1

]
Km
k

[
ck
ck+1

]
,

I l
k :=

∫ xk+1

xk

2f(x)uN (x) dx

by virtue of equation (174.7). Here Ks
k is the element stiffness matrix, and

Km
k is the element mass matrix; they are defined by

Ks
k =

p

h

[
1 −1
−1 1

]
Km
k =

qh

6

[
2 1
1 2

]
If p and q were not taken to be constants, then these element matrices
would not be so simple. A numerical integration would have been required
to find the entries in these matrices.
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174. Finite Element Method∗ 737

A numerical integration is required to determine I l
k. If, on finite element

number k, f(x) is approximated by f(x) ' fkφk(x) + fk+1φk+1(x), then

we find I l
k =

(
f l
k

)T [ ck
ck+1

]
, where the element load vector is defined by

f l
k =

h

3

[
2fk + fk+1

fk + 2fk+1

]
.

The system can now be assembled element by element. That is, we write
a single matrix equation representing equation (174.8). For this example,
we find that

I[uN ] = cT(K +M)c− 2fTc, (174.9)

where c =
[
c1 c2 . . . cN

]T, f = h
6 [(f0 + 4f1 + f2) (f1 + 4f2 + f3) . . .

(fN−2 + 4fN−1 + fN)]T, and the global stiffness matrix K and the global
mass matrix M are defined by

K =
p

h



2 −1 0 0 · · · 0 0
−1 2 −1 0 · · · 0 0

0 −1 2 −1 0 0
...

. . . . . . . . .
...

0 0 −1 2 −1 0
0 0 · · · 0 −1 2 −1
0 0 · · · 0 0 −1 2


,

M =
qh

6



4 1 0 0 · · · 0 0
1 4 1 0 · · · 0 0
0 1 4 1 0 0
...

. . . . . . . . .
...

0 0 1 4 1 0
0 0 · · · 0 1 4 1
0 0 · · · 0 0 1 4


.

To minimize the expression in equation (174.9), c should be chosen
(because K + M is a symmetric matrix in this example) to satisfy the
matrix equation (K + M)c = f. This is a tridiagonal system of equations
and may be solved by standard numerical linear algebra routines.

Example 2
This example shows more of the details for a specific application of the

finite element method. Suppose that we wish to approximate the solution
of the ordinary differential equation

u′′ − u′ = ex
(
e−xu′

)′ = 0,

u(0) = 2, u(4) = 1 + e4,
(174.10)
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738 IV.B Numerical Methods for ODEs

whose exact solution is u(x) = 1 + ex. From page 418, we see that the
variational principle associated with equation (174.10) is just δJ = 0, where

J [v] =
∫ 4

0

e−x (v′)2
dx.

To use the finite element method on the problem in equation (174.10),
we choose to use three elements: the intervals [0, 1], [1, 2], and [2, 4]. We
choose the polynomial basis functions

on element [0, 1], the basis function is f(x) = α+ βx+ γx2,

on element [1, 2], the basis function is g(x) = δ + εx+ ζx2,

on element [2, 4], the basis function is h(x) = η + θx+ ιx2,
(174.11)

so that our approximation has the form

v =


f(x) on the interval [0, 1]
g(x) on the interval [1, 2]
h(x) on the interval [2, 4]

After {α, β, γ, δ, ε, ζ, η, θ, ι} are determined, we will have found an approx-
imate solution. The equations needed to satisfy the boundary conditions
and for our approximation and its first derivative to be continuous on the
interval [0, 1] are

boundary conditions: f(0) = 2, h(4) = 1 + e4,

continuity conditions: f(1) = g(1), f ′(1) = g′(1), (174.12)
g(2) = h(2), g′(2) = h′(2).

Subject to the above constraints, we want to minimize J [v]. Using our
chosen set of finite elements and basis functions, we have

J [v] =
∫ 1

0

e−x (f ′)2
dx+

∫ 2

1

e−x (g′)2
dx+

∫ 4

2

e−x (h′)2
dx

= (4e− 8)γ2 + 4βγ + (8e2 − 4e)ζ2 + 4e2εζ + (e2 − e)θ2

+ 4e2ιθ + (8e2 − 4e)ι2 + (e2 − e)ε2 + (e− 1)β2,

To minimize this last expression, subject to the constraints in equation
(174.12), we use Lagrange multipliers. The expression obtained after La-
grange multipliers are introduced is differentiated with respect to each of
the variables to obtain a linear system of 15 equations (9 equations for the
variables in equation (174.11) and 6 equations for the Lagrange multipliers).
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Figure 174.2: Exact solution and finite element approximation to (174.10).

This system can be solved to determine the basis function on each element:

f(x) = −3.4508x2 + 5.3673x+ 2,

g(x) = 4.1836x2 − 9.9014x+ 9.6343,

h(x) = 8.8416x2 − 28.5337x+ 28.2666.

Figure 174.2 has a comparison of the exact and approximate solutions.
At points midway on the elements, we find

u(0.5) = 2.65, u(1.5) = 5.48, u(3) = 21.09,
f(0.5) = 3.82, g(1.5) = 4.20, h(3) = 22.24.

A more accurate approximation could have been obtained by increasing
the degree of the basis functions or by increasing the number of elements.

Example 3
Suppose that we want to approximate the solution to

∇2u = 0 in the rectangle 0 ≤ x ≤ 2, 0 ≤ y ≤ 1,
u(x, 0) = f(x), u(1, y) = j(y),
u(x, 1) = h(x), u(2, y) = g(y). (174.13)

For this problem, we choose we use three finite elements; two of these
elements (I and II) are triangles and one (III) is a square (see figure
174.3). On the different elements, we choose to use the following polynomial
functions to represent the solution:
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Figure 174.3: Finite elements used in example 3.

uI = a11 + a12x+ a13y + a14x
2 + a15y

2 + a16xy,

uII = a21 + a22x+ a23y + a24x
2 + a25y

2 + a26xy + a27x
3 + a28y

3,

uIII = a31 + a32x+ a33y.

Now we must specify how the parameters in these approximate solutions
are to be determined. Using a subscript on f , g, and h to denote evaluation
at a node on figure 174.3, we choose to approximately satisfy the equation
and boundary conditions on the individual elements as follows:

On element I: uI
∣∣
P4

= g4, uI
∣∣
P5

= g5,

uI
∣∣
P6

= h6, ∇2uI
∣∣
P5

= 0.

On element II: uII
∣∣
P2

= f2, uII
∣∣
P3

= f3,

uII
∣∣
P4

= f4, uII
∣∣
P6

= h6,

∇2uII
∣∣
P6

= 0. (174.14)

On element III: uIII
∣∣
P1

= f1, uIII
∣∣
P2

= f2,

uIII
∣∣
P6

= h6, uIII
∣∣
P7

= h7.

To “connect” the elements, we choose the following conditions:

∂uI
∂n

∣∣
P8

=
∂uII
∂n

∣∣
P8
, uI

∣∣
P8

= uII
∣∣
P8
,

∂uII
∂n

∣∣
P10

=
∂uIII
∂n

∣∣
P10

, uII
∣∣
P10

= uIII
∣∣
P10

, (174.15)

∂uI
∂x

∣∣
P6

=
∂uIII
∂x

∣∣
P6
.
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174. Finite Element Method∗ 741

where n stands for the normal.

To actually carry out the solution technique, we choose the functions
on the boundary to be {f(x) = x2, g(y) = 4 + y − y2, h(x) = x2, j(y) =
y − y2}. For these functions, equation (174.13) has the exact solution
u(x, y) = x2 + y − y2. Solving the linear equations in equations (174.14)
and (174.15), we obtain the approximate solution

uI = −2y2 + (10− 4x)y + 2x2 + x− 6,

uII = −8y3 + 23y2 + (8x− 23)y + 24x3 − 107x2 + 156x− 72,
uIII = x.

Comparing this approximate solution to the exact solution, we determine
the maximum errors (and their locations) to be

Element Maximum error Location
I 1 (1/2, 3/2)
II 16

3
√

3
(1, 1− 1√

3
)

III 1/4 (0, 1/2)

Notes
1. Nearly every part of the finite element procedure that has been pre-

sented in example 1 can be generalized.

• The basis functions do not have to be piecewise linear but could
be piecewise quadratic, cubic, or higher order (they were chosen
to be quadratic in example 2).
• For physically two-dimensional structures, the “finite elements”

can be triangles, quadrilaterals, or polygons with more sides
(they can be tetrahedrons, cubes, or more complicated struc-
tures for three-dimensional structures). However, the smooth-
ness conditions across the boundaries may be difficult to formu-
late.
• Even in one dimension, the “finite elements” do not have to

represent intervals of equal length (as in example 2).

2. The approximation to the solution in equation (174.6) will only be C0,
because the basis functions chosen in equation (174.5) are piecewise
linear. The cubic Hermite approximation results in a C1 approxima-
tion by choosing the following two basis functions per finite element:
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Figure 174.4: The functions for the cubic Hermite approximation.

ηk(x) =


1− 3

(
x−xk
h

)2 − 2
(
x−xk
h

)3
, for xk−1 ≤ x ≤ xk,

1− 3
(
x−xk
h

)2 + 2
(
x−xk
h

)3
, for xk ≤ x ≤ xk+1,

0, otherwise,

ζk(x) =


(x− xk)

(
1 + x−xk

h

)2
, for xk−1 ≤ x ≤ xk,

(x− xk)
(
1− x−xk

h

)2
, for xk−1 ≤ x ≤ xk,

0, otherwise.

These basis functions are continuous with their first derivatives at
the nodes (endpoints of the intervals); see figure 174.4. Using these
functions, an approximation of the form

u(x) ' uN (x) :=
N∑
k=1

dkηk(x) + ekζk(x)

is supposed, where the constants {dk, ek} must be determined.
3. In higher dimensions, smoother approximations are found analo-

gously. Basis functions are chosen that are continuous (with several
of their derivatives) at the nodes of the “finite elements.” The nodes
could be the vertices of a square (or cube), or some of the vertices
and some points along the edges on the square (or cube).

4. Both Brebbia [3] and Mackerle and Fredriksson [7] have comprehen-
sive listings of available software that numerically approximate the
solutions of differential equations by finite elements.

5. Incidentally, by integrating by parts and using the boundary con-
ditions in equation (174.3), it can be shown that equation (174.4) is
equivalent to I[v] = (v, L[v])−2 (f, v), where (g, h) :=

∫ 1

0
g(x)h(x) dx.

6. In some finite element programs, the discretization errors are con-
trolled by letting the diameter of the largest element h approach
zero. This is called the h-version of the finite element method. In the
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174. Finite Element Method∗ 743

p-version of the finite element method, the mesh is fixed while the
degree of the polynomials on the elements is increased (this is also
called the global element method). In the hp-version, both limits are
considered simultaneously. See Babus̆ka [2] for details.

7. Mackerle [6] contains a very large annotated bibliography.
8. A comprehensive listing of finite element resources is maintained by

Roger Young and Ian MacPhedran; see http://www.engr.usask.ca/
~macphed/finite/fe_resources/fe_resources.html.

9. See also Strang [10, pages 428–445].
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175. Hybrid Computer
Methods∗

Applicable to Ordinary and partial differential equations.

Yields
A numerical approximation to the solution.

Idea
Sometimes the advantages of both digital and analog computers can be

used simultaneously on a single differential equation.

Procedure
A hybrid computer is one that combines both digital and analog com-

puting devices. Generally, in such a configuration, the analog computer is
used to perform tasks that are very time consuming on a digital computer.
The analog computer is constructed, generally by the user, out of capac-
itors, operational amplifiers, resistors, and other electronic components.
The numbers in an analog computer are represented by electrical quantities
such as voltage and amperage.

As an example of use, a partial differential equation can often be approx-
imated by a large number of ordinary differential equations; for example,
the method of lines (see page 831) or the Rayleigh–Ritz method (see page
638). Rather than introduce additional approximations in finding solutions
of these ordinary differential equations, an analog computer may be used.

In other problems, the analog computer is used to evaluate integrals
as they arise. These integrals are often multi-dimensional and would be
computationally intensive on a digital computer.

The digital computer is nearly always used to control the solution
procedure and to determine the discretization and the overall error.

Example
The block diagram in figure 175.1 shows how the differential equation

d2x

dt2
+ a

dx

dt
+ bx2 = f(t)

might be solved by an analog computer. Each of the blocks in this figure
is easily implemented by electronic components.

The blocks that perform the multiplications will generally have the
numerical values of a and −b specified by potentiometers. These values
may be changed by adjusting the potentiometers by hand. Or, these values
could be changed by a digital computer.
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Figure 175.1: A block diagram for the analog solution of the differential
equation d2x

dt2 + adxdt + bx2 = f(t).

Notes
1. For an example of a hybrid nonlinear parabolic equation solver, see

El-Zorkany and Balasubramanian [3].
2. Recently, hybrid computers have been introduced that do not require

the user to “plug” components together; the specification of the
analog part of the machine is performed on the digital part of the
machine.
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176. Invariant Imbedding∗

Applicable to Most often, two point boundary value problems for
ordinary differential equations.

Yields
A new formulation as an initial value problem.

Idea
Invariant imbedding is a type of continuation method (see page 710).

For the usual problems that are treated, the length of the interval of interest
is considered to be the continuation parameter. Hence, the endpoint in a
two point boundary value problem is treated as a variable. By differenti-
ating with respect to this variable, an initial value problem can be created.

Procedure
The general technique involves some subtleties, so we choose to illus-

trate the technique on a class of two point boundary value problems. More
details can be found in Casti and Kalaba [3]. Suppose we have the system
of ordinary differential equations

dx

dt
= a(t)x(t) + b(t)y(t),

dy

dt
= c(t)x(t) + d(t)y(t) + f(t),

(176.1)

with

α1x(0) + α2y(0) = 0,
α3x(T ) + α4y(T ) = 1,

(176.2)

on the interval t ∈ [0, T ], where the {αi} are constants and {a, b, c, d} are
continuous functions. If we think of the endpoint T as being a variable,
then the solution to equations (176.1) and (176.2) can be written, by use
of superposition, as

x(t) = x(t, T ) = u(t, T ) + p(t, T ),
y(t) = y(t, T ) = v(t, T ) + q(t, T ),

(176.3)

where the functions {u, v, p, q} are defined by

du(t, T )
dt

= a(t)u + b(t)v, α1u(0, T ) + α2v(0, T ) = 0,

dv(t, T )
dt

= c(t)u + d(t)v + f(t), α3u(T, T ) + α4v(T, T ) = 0,
(176.4)
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and
dp(t, T )
dt

= a(t)p+ b(t)q, α1p(0, T ) + α2q(0, T ) = 0,

dq(t, T )
dt

= c(t)p+ d(t)q, α3p(T, T ) + α4q(T, T ) = 1. (176.5)

Using algebraic manipulations, the systems in equations (176.4) and (176.5)
can be written as initial value systems by the introduction of four new vari-
ables. Define the functions {r, s,m, n} to be the solutions to the following
nonlinear ordinary differential equations:

r′(t) = b(t)s(t) + [a(t)− α3b(t)s(t)− α4d(t)s(t)]r(t) − [α3a(t) + α4c(t)]r2(t),

s′(t) = c(t)r(t) + [d(t)− α3a(t)r(t) − α4c(t)r(t)]s(t) − [α3b(t) + α4d(t)]s2(t),

m′(t) = a(t)m(t) + b(t)n(t)−
{

[α3a(t) + α4c(t)]m(t)

+ [α3b(t) + α4d(t)]n(t) + f(t)
}
r(t),

n′(t) = c(t)m(t) + d(t)n(t) + f(t)−
{

[α3a(t) + α4c(t)]m(t)

+ [α3b(t) + α4d(t)]n(t) + f(t)
}
s(t),

(176.6)

where ′ denotes differentiation of a function with respect to its single
argument (i.e., the variable t). The initial values for {r, s,m, n} are given
by

α1r(0) + α2s(0) = 0, m(0) = 0,
α3r(0) + α4s(0) = 1, n(0) = 0.

(176.7)

Note that we must have α1α4 − α2α3 6= 0 if r(0) and s(0) are to be
determined from equation (176.7). Using {r, s,m, n}, the equations for
{p, q, u, v} can now be written as

dp(t, T )
dT

= −
{
r(T )[α3a(T ) + α4c(T )] + s(T )[α3b(T ) + α4d(T )]

}
p(t, T ),

dq(t, T )
dT

= −
{
r(T )[α3a(T ) + α4c(T )] + s(T )[α3b(T ) + α4d(T )]

}
q(t, T ),

du(t, T )
dT

= −
{
m(T )[α3a(T ) + α4c(T )] + n(T )[α3b(T ) + α4d(T )]

+ f(T )
}
p(t, T ),

dv(t, T )
dT

= −
{
m(T )[α3a(T ) + α4c(T )] + n(T )[α3b(T ) + α4d(T )]

+ f(T )
}
q(t, T ).

(176.8)

The initial conditions for {p, q, u, v} may be written as

p(t, t) = r(t), q(t, t) = s(t),
u(t, t) = m(t), v(t, t) = n(t).

(176.9)
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Suppose that the solution of the original system, equations (176.1) and
(176.2), is desired at the set of abscissas {t1, t2, t3, . . . , tN}, where tN = T ∗,
and T ∗ is the interval length of interest. The numerical technique is to
numerically integrate the equations in equation (176.6) for {r, s,m, n}, from
t = 0 to t = T ∗. Hence, the values of {r, s,m, n} will be known at the points
{t1, t2, t3, . . . , tN}.

Now, fix t = t1 in equations (176.8) and (176.9). Integrate the resulting
equations (with respect to T ) from T = t1 to T = T ∗. This will yield
{p(t1, T ∗), q(t1, T ∗), u(t1, T ∗), v(t1, T ∗)}. If these values are used in equa-
tion (176.3), then x(t1, T ∗), y(t1, T ∗) will be determined. Of course, this is
the same as x(t1), y(t1). Hence, x and y have been determined at the first
point of interest, t1.

To obtain x and y at t = t2, evaluate equations (176.8) and (176.9) at
t = t2 and integrate the resulting equations with respect to T (from t2 to
T ∗). Repeat this for each of t = t3, t = t4, . . . , t = tN .

Example
Suppose we want to turn the boundary value problem

dx

dt
= 10y, x(0) = 0,

dy

dt
= 10x, y(10) = 1,

into an initial value problem. Using the above notation, we find that α1 =
α4 = 1, α2 = α3 = 0, a(t) = d(t) = f(t) = 0, b(t) = c(t) = 10, and
T ∗ = 10. The system in equation (176.6) becomes

r′ = 10(s− r2),
s′ = 10(s− 1),
m′ = 10(n−mr),
n′ = 10m(1− s),

(176.10)

with the initial conditions: r(0) = 0, s(0) = 1, m(0) = 0, n(0) = 0. It is
easy to see that n(t) = 0, m(t) = 0, s(t) = 1, although these equations
could have been integrated if this had not been observed. The system in
(176.8) becomes

dp(t, T )
dT

= −10r(T )p(t, T ),

dq(t, T )
dT

= −10r(T )q(t, T ),

du(t, T )
dT

= −10m(T )p(t, T ),

dv(t, T )
dT

= −10m(T )q(t, T ),

(176.11)
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with the initial conditions: p(t, t) = r(t), q(t, t) = s(t), u(t, t) = m(t),
v(t, t) = n(t). From the above observation, we conclude that q(t, t) = 1,
u(t, T ) = 0, v(t, T ) = 0. Using equation (176.3), we find: x(t) = x(t, 10) =
p(t, 10) and y(t) = y(t, 10) = q(t, 10). Let us suppose that we want to know
the values of x and y for t = 2, 4, 6, 8, 10. The procedure to follow is

1. Integrate r(t) from t = 0 up to t = 10 using equation (176.10). Hence,
r(2), r(4), r(6), r(8), r(10) will all be known.

2. Set p(2, 2) = r(2) and q(2, 2) = 1. Integrate equation (176.11) for
p(t, T ) and q(t, T ) from T = 2 to T = 10. Then, {p(2, 10), q(2, 10)}
will be known and hence, {x(2), y(2)} will be known.

3. Set p(4, 4) = r(4) and q(4, 4) = 1. Integrate equation (176.11) for
p(t, T ) and q(t, T ) from T = 4 to T = 10. Then, {p(4, 10), q(4, 10)}
will be known and hence, {x(4), y(4)} will be known.

4. Repeat steps (2) and (3) for t = 6, t = 8, and t = 10.

Notes
1. The paper by Scott [9] lists several different ways in which boundary

value problems may be converted into stable initial value problems.
2. Imbedding methods can be used for more than just boundary value

problems. This technique can also be applied to nonlinear vari-
ational problems, unconstrained nonlinear control processes, con-
strained control processes, and Fredholm integral equations. Imbed-
ding methods have also been used in hyperbolic and parabolic partial
differential equations.

3. Wasserstrom [11] discusses how imbedding methods can be analyzed
as continuation methods (see page 710).

4. Other names for the invariant imbedding approach are “field method,”
“factorization method,” “method of sweeps,” “compound matrix method,”
and “Riccati transformation.” In this last method, matrix Riccati
equations (see page 395) are developed. See Ascher et al. [1] for
details.
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177. Multigrid Methods

Applicable to Ordinary and partial differential equations.

Yields
A numerical approximation technique.

Idea
After differential equations are discretized for the purpose of approxi-

mating the solution numerically, some linear algebraic operations must be
performed. Frequently, a system of linear equations may need to be solved
(e.g., see pages 701, 805, and 816). If the system of linear equations is large
(e.g., when a fine discretization grid is used), then iterative methods are
often used to solve the linear equations.

Multigrid methods are iterative methods for solving systems of linear
equations arising from differential equations. Generally, different grids are
used, with only a few iterations per grid. The last approximation on one
grid becomes the first approximation on the next grid.

Procedure
We sketch the approximation process using the following ordinary dif-

ferential equation as motivation:

u′′(x)− σu(x) = −f(x)
u(0) = 0, u(1) = 0.

(177.1)

Consider approximating the solution of equation (177.1) on a uniform
grid with a spacing of h (e.g., xj = jh and vj ≈ u(xj)). Call this grid
Ωh. Using (vj−1 − 2vj + vj+1) /h2 as an approximation to u′′(xj), equation
(177.1) can be written as

1
h2


2 + σh2 −1 0 0
−1 2 + σh2 −1

. . . . . . . . .
−1 2 + σh2 −1

0 0 −1 2 + σh2




v1

v2

...
vN−1

 =


f1

f2

...
fN−1


(177.2)

or simply as Ahvh = fh. (Here a superscript indicates the spacing on the
underlying grid.)

The solution of the linear system in equation (177.2) can be approxi-
mated by any of the standard iteration methods, such as Jacobi’s method
or the Gauss–Seidel method (see Golub and Van Loan [5]). Typically, these
iterative methods begin to stall (i.e., the convergence rate decreases) when
smooth error modes are present. Because a smooth mode on a fine grid
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looks less smooth on a coarser grid, it is advisable to move to a coarser
grid. Iterating on this coarser grid will more effectively reduce the error
term. The values on this coarse grid are then fed back to the fine grid.

To illustrate the process, let I2h
h be the linear operator that performs

restriction and maps a vector from Ωh to Ω2h. (For instance, every other
value in the vector could be chosen.) Similarly, let Ih2h be the linear operator
that performs interpolation and maps a vector from Ω2h to Ωh. Let us
use the term “Relax on” to mean “iterate some number of times using a
standard technique such as Gauss–Seidel.” Here, then, is how a multigrid
method might be implemented:

Relax on Ahuh = fh with an input initial guess vh.
Find the residual: rh := Ahuh − fh.
Move to a coarser grid: f 2h := I2h

h rh.

Relax on A2hu2h = f 2h with the initial guess v2h = 0.
Find the residual: r2h := A2hu2h − f 2h.
Move to a coarser grid: f 4h := I4h

2hr2h.
Relax on A4hu4h = f 4h with the initial guess v4h = 0.
Find the residual: r4h := A4hu4h − f 4h.
Move to a coarser grid: f 8h := I8h

4hr4h.
...
Solve A2khu2kh = f 2kh for u2kh (which we call v2kh).
...

Revise approximate solution on Ω4h: v4h ← v4h + I4h
8hv8h.

Relax on A4hu4h = f 4h with the initial guess v4h.
Revise approximate solution on Ω2h: v2h ← v2h + I2h

4hv4h.
Relax on A2hu2h = f 2h with the initial guess v2h.

Revise approximate solution on Ωh: vh ← vh + Ih2hv
2h.

Relax on Ahuh = fh with the initial guess vh.

The overall effect is that an approximate solution to the system on the
h-grid is input at the top, and a refined approximation to this solution is
output at the bottom.

Note
1. The multigrid method is applicable to linear algebraic equations. Its

importance for differential equations comes about because differential
equations can be approximated by solving linear algebraic equations.
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178. Parallel Computer
Methods

Applicable to All types of differential equations.

Yields
Numerical approximations to the solutions.

Idea
Parallel computers may be used to quickly obtain numerical approxi-

mations to differential equations.

Procedure
The physical basis for most differential equations is a local and asyn-

chronous model. Hence, it should be possible to numerically approximate
a partial differential equation by processors that are loosely coupled.

There are three major ways in which software for differential equations
can exploit parallelism: in coding a method so that it can be performed
simultaneously on several processors, in splitting variables (in a multi-
variable system) between processors, and in using parallelism in perform-
ing the needed algebraic computations (i.e., solving algebraic systems of
equations). We illustrate one parallel technique; it uses the first of these
methods.

Example
This example for a two processor MIMD machine is from Iserles and

Nørsett [8]. The Butcher-array is a convenient way in which to represent all
of the information in a Runge–Kutta method for the equation y′ = f(x,y),
y(x0) = y0 (see page 763). The Butcher array for a four-stage, fourth order
Runge–Kutta method is

1/2 1/2 0 0 0
2/3 0 2/3 0 0
1/2 −5/2 5/2 1/2 0
1/3 −5/3 4/3 0 2/3

−1 3/2 −1 3/2

Because of the specific sparsity structure of this Butcher array, we can
efficiently implement this technique on two processors. Given the value
yn, to find the approximation at the next time step, yn+1, the steps are as
follows:

• Use an iteration technique (perhaps Newton–Raphson) to solve the
equations

– ξ1 = f
(
tn + 1

2h,yn + 1
2hξ1

)
for ξ1 on processor 1,
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– ξ2 = f
(
tn + 2

3h,yn + 2
3hξ2

)
for ξ2 on processor 2.

• Copy the value of ξ1 to processor 2, and copy the value of ξ2 to
processor 1.
• Use an iteration technique (perhaps Newton–Raphson) to solve the

equations

– ξ3 = f
(
tn + 1

2h,yn + h
(
− 5

2ξ1 + 5
2ξ2 + 1

2ξ3

))
for ξ3 on proces-

sor 1,
– ξ4 = f

(
tn + 1

3h,yn + h
(
− 5

3ξ1 + 4
3ξ2 + 2

3ξ4

))
for ξ4 on proces-

sor 2.

• Copy ξ4 to processor 1 and then form the estimate at the next time
value: yn+1 = yn + h

(
3
2 (ξ2 + ξ4)− ξ1 − ξ3

)
.

Notes
1. Many parallel computers can quickly perform matrix operations, such

as solving a system of linear equations. Hence, these machines may
be used to quickly approximate the solutions to differential equations
by using methods (such as finite differences and finite elements) that
produce large systems of linear algebraic equations.
When solving differential equations numerically, it is not uncommon
to have large computational needs. For example, a 50× 50× 50 grid
with 5 degrees of freedom per grid point, such as might be obtained
from Euler’s equation in fluid dynamics, will lead to matrices of size
N = 625, 000 and a bandwidth m ≈ 25000. Even though sparse
matrix techniques may be used, the complexity of the problem is
very high. However, Rice [21] makes the point that linear algebra
approaches are only tangentially relevant to solving partial differential
equations and are, in fact, often misleading. Numerical analysis
of differential equations begins with the equation itself, not with a
discretized version of the equation.

2. Domain decompostion (see page 800) subdivides a large domain (on
which an elliptic partial differential equation is defined) into many
smaller domains. A separate processor can then be used on each
smaller domain; see Quarteroni [19].

3. All types of processors have been used to numerically approximate
the solutions to differential equations.

• Hypercubes have been used by many, including Lustman et al.
[12], Mu and Rice [15], and Murthy [16].
• The use of neural networks for solving differential equations is

considered in Dissanayake and Phan-Thien [5], Lee and Kang
[10], and Meade and Fernandez [13].
• By a simple replication of hardware, many Monte-Carlo simula-

tions can be performed simultaneously (see pages 810 and 844).
This is particularly useful for SIMD machines.
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• Lattice gas methods (which use cellular automata) are a method
of parallel computation; see page 828. Use of cellular automata
to numerically approximate the solution of differential equations
has also been considered in Boghosian and Levermore [3].
• It is also possible to build a specialized VLSI circuit to inte-

grate a specific set of differential equations. A special purpose
computer for high-speed, high-precision orbital mechanics com-
putations has been built; see Applegate et al. [1]. This was used
to demonstrate that the orbit of Pluto was chaotic; see Sussman
and Wisdom [22].
• It is also possible to construct systolic arrays that solve a class

of equations very quickly; see Megson and Evans [14].

4. The technique described in Garbey and Levine [7] numerically ap-
proximates hyperbolic equations by using both characteristics and
cellular automata.

5. In the Kolmogorov theory of turbulence, computer memory usage
scales as R9/4 and computational work, including time integration,
scales as R3, where R is the Reynolds number. For engineering
applications, Reynolds numbers of 103 are typical. For geophysical
flows, Reynolds numbers of 108 are not unusual. See Jackson et al. [9]
for details.

6. Lustman et al. [12] considers a parallel machine in which every pro-
cessor computes the same problem but with a different step size.
Extrapolation methods (see page 679) are then employed.
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179. Predictor–Corrector
Methods

Applicable to Ordinary differential equations of the form y′ =
f(x, y).

Yields
A sequence of numerical approximations.

Idea
To integrate an ordinary differential equation from a point xn to a

new point xn+1 = xn + h, a single formula may be used to predict yn+1.
Alternatively, the value of yn+1 could be predicted by one formula, and
then that value could be refined by an iterative formula (the “corrector”).

Procedure
For the first order ordinary differential equation y′ = f(x, y), suppose

that the values of x and y are known at the sequence of m + 1 points
{xn−m, . . . , xn−1, xn}. Then the values of y′ are known at those same points
(because y′ is determined from x and y via y′ = f(x, y)). An interpolatory
polynomial of degree m can be fitted to m + 1 values of x and y′. This
polynomial can be used to predict the value of y′ in the interval (xn, xn+1).
This, in turn, can be used to predict the value of yn+1 by a numerical
approximation of the relation

yn+1 = yn +
∫ xn+1

xn

y′(x) dx. (179.1)

Such a formula is called an “predictor.”
A modification of this step can be repeated. The values of x and y′ are

now known at the m+1 points {xn−m+1, . . . , xn, xn+1}. A polynomial can
be fit through these points, and then the quantity in equation (179.1) can
be recomputed. This formula, which furnishes a new estimate of yn+1, is
called a “corrector.” The corrector may be used repeatedly.

Example
One set of predictor–corrector equations is the Adams–Bashforth pre-

dictor formula

yn+1 = yn +
h

24
(
55y′n − 59y′n−1 + 37y′n−2 − 9y′n−3

)
,

(179.2)

and the Adams–Moulton corrector formula

yn+1 = yn +
h

24
(
9y′n+1 + 19y′n − 5y′n−1 + y′n−2

)
,

(179.3)
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where h is the difference between adjacent x points (The x points are
assumed to be equally spaced). These equations are fourth order accurate.

Example
The Fortran program in program 179.1 uses the method in equation

(179.2) and (179.3) to approximate the solution to the differential equation

dy

dx
= 1− x+

y

x
, y(1) = 0. (179.4)

Because the solution of equation (179.4) is given by y(x) = x(log x − x +
1) (determined by integrating factors), it is easy to see that the values
produced

Step number= 4 X= 1.60 Y= -0.2080

Step number= 5 X= 1.80 Y= -0.3820

Step number= 6 X= 2.00 Y= -0.6137

Step number= 7 X= 2.20 Y= -0.9054

Step number= 8 X= 2.40 Y= -1.2588

Step number= 9 X= 2.60 Y= -1.6756

Step number= 10 X= 2.80 Y= -2.1570

Step number= 11 X= 3.00 Y= -2.7041

Step number= 12 X= 3.20 Y= -3.3179

Step number= 13 X= 3.40 Y= -3.9991

Step number= 14 X= 3.60 Y= -4.7486

all are correct to the number of decimal places given.
Note that the program required that the values of y be given for x = hj

where j = 1, 2, 3. These “starting” values were obtained by using a Runge–
Kutta method that was fourth order accurate (these calculations are not
shown).

Notes
1. The corrector formula could be iterated as many times as is necessary

to ensure convergence. This is called correcting to convergence. In
general, however, if more than two iterations are required, then the
step size h is probably too large.

2. Given the equation y′ = f(x, y), let P indicate an application of a
predictor, C a single application of a corrector, and let E indicate an
evaluation of the function f in terms of known values of its arguments.
Correcting to convergence can then be represented by P (EC)∞. See
Lambert [7] for an analysis of P (EC)m and P (EC)mE, where m is
a fixed number.

3. Note that the predictor–corrector method is a finite difference scheme
that is not a linear multistep method as defined on page 670.

4. To obtain the starting values so that the predictor–corrector pair can
be used, Runge–Kutta methods can be used first. This was done
in the example above. When this is done, the Runge–Kutta method
used should be at least as accurate as the predictor–corrector formula
used. See Gear [4] for details.
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REAL*4 X(100),Y(100),YP(100)

C Define the initial values (found by Runge-Kutta)

H=0.2

X(1)= 1.0

Y(1)= 0.0

YP(1)= F(X(1),Y(1))

X(2)= X(1) + H

Y(2)=-0.02121

YP(2)= F(X(2),Y(2))

X(3)= X(2) + H

Y(3)=-0.08894

YP(3)= F(X(3),Y(3))

X(4)= X(3) + H

Y(4)=-0.20799

YP(4)= F(X(4),Y(4))

C Here is the integration loop

DO 10 N=4,14

NP1=N+1

X(NP1)= X(N) + H

Y(NP1)= PREDIC(X,Y,YP,N,H)

YP(NP1)= F(X(NP1),Y(NP1))

Y(NP1)= CORECT(X,Y,YP,N,H)

Y(NP1)= CORECT(X,Y,YP,N,H)

10 WRITE(6,5) N,X(N),Y(N)

5 FORMAT(’ Step number=’,I3,’ X=’,F5.2,’ Y=’,F8.4)

END

C This function has the predictor

FUNCTION PREDIC(X,Y,YP,N,H)

REAL*4 X(100),Y(100),YP(100)

PREDIC=Y(N) + H/24.*(55.*YP(N)-59.*YP(N-1)+37*YP(N-2)-9.*YP(N-3))

RETURN

END

C This function has the corrector

FUNCTION CORECT(X,Y,YP,N,H)

REAL*4 X(100),Y(100),YP(100)

CORECT=Y(N) + H/24.*(9.*YP(N+1)+19.*YP(N)-5.*YP(N-1)+YP(N-2))

RETURN

END

C This function has the right hand side of the differential equation

FUNCTION F(X,Y)

F=1.0-X+Y/X

RETURN

END

Program 179.1: Fortran program for predictor–corrector method.

5. For the same accuracy, using a predictor–corrector pair to integrate a
first order ordinary differential equation generally requires fewer eval-
uations of the function f(x, y) than a Runge–Kutta method would.
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6. One set of commonly used predictor–corrector equations is “Milne’s
method”

yn+1 = yn−3 +
4h
3
(
2yn − y′n−1 + 2y′n−2

)
,

yn+1 = yn−1 +
h

3
(
y′n+1 + 4y′n + y′n−1

)
.

These equations are also fourth order accurate. Milne’s method is
not recommended because it is subject to an instability problem, in
which the errors do not tend to zero as the step size h is made smaller.
See Gerald and Wheatley [5, pages 314–323] for details.

7. The Adams–Bashforth formulas are a family of linear multistep meth-
ods that are often used as predictors for the equation y′ = f(x, y).
The k-step fixed-stepsize Adams–Bashforth formula

yn = yn−1 + h

k∑
j=1

βjf(xn−j , yn−j),

is equivalent to yn = yn−1 +
∫ xn
xn−1

pn(s) ds, where pn(x) is the unique
polynomial of degree k − 1 that interpolates f(xn−j , yn−j) at xn−j
for j = 1, . . . , k.

8. See also Abramowitz and Stegun [1, formula 25.5.13–25.5.16, pages
896–897], Boyce and DiPrima [2, pages 431–438], and Bronson [3,
232–257].

References
[1] Abramowitz, M., and Stegun, I. A. Handbook of Mathematical Functions.

National Bureau of Standards, Washington, D.C., 1964.

[2] Boyce, W. E., and DiPrima, R. C. Elementary Differential Equations and
Boundary Value Problems, fourth ed. John Wiley & Sons, New York, 1986.

[3] Bronson, R. Modern Introductory Differential Equations. Schaum’s Outline
Series. McGraw–Hill Book Company, New York, 1973.

[4] Gear, C. W. Runge–Kutta starters for multistep methods. ACM Trans.
Math. Software 6, 3 (Sept 1980), 263–279.

[5] Gerald, C. F., and Wheatley, P. O. Applied Numerical Analysis.
Addison–Wesley Publishing Co., Reading, MA, 1984.

[6] Karim, A. I. A., and Ismail, G. A. Nonequidistant modified predictor–
corrector methods for solving systems of differential equations. Int. J. Comp.
Math. 17 (1985), 339–361.

[7] Lambert, J. D. Computational Methods in Ordinary Differential Equations.
Cambridge University Press, New York, 1973.

[8] Van Der Houwen, P. J., and Sommeijer, B. P. Predictor–corrector
methods for periodic second-order initial-value problems. IMA J. Num.
Analysis 7 (1987), 407–422.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



180. Runge–Kutta Methods 763

180. Runge–Kutta Methods

Applicable to Initial value systems of first order ordinary differ-
ential equations.

Yields
A numerical approximation to the solution of an initial value system.

Idea
Given an ordinary differential equation and an initial value, the value

of the dependent variable may be found at the next desired value of the
independent variable by calculating several intermediate values.

Procedure
Given the first order ordinary differential equation

y′ = f(x, y), y(x0) = y0, (180.1)

the value of y(x) at the point x0 + h may be approximated by a weighted
average of values of f(x, y) taken at different points in the interval x0 ≤
x ≤ x0 + h. The classical Runge–Kutta formula is given by

y(x0 + h) = y(x0) +
h

6
(k1 + 2k2 + 2k3 + k4) , (180.2)

where

k1 = f(x0, y0),

k2 = f(x0 +
1
2
h, y0 +

1
2
k1),

k3 = f(x0 +
1
2
h, y0 +

1
2
k2),

k4 = f(x0 + h, y0 + k3).

(180.3)

This approximation to y(x0+h) is fourth order accurate. After y(x0+h) has
been determined, the same formula may be used to determine y(x0 + 2h).
This process may be repeated.

The Butcher array is a convenient way in which to represent all of the
information in a Runge–Kutta method for the equation y′ = f(x,y) with
y(x0) = y0. Specifically, the s-stage Runge–Kutta scheme (which uses s
intermediate values)

yn+1 = yn + h
s∑
i=1

biki,

ki := f

xn + cih,yn + h

s∑
j=1

aijkj

 ,

CD-ROM Handbook of Differential Equations c©Academic Press 1997



764 IV.B Numerical Methods for ODEs

where h := xn+1 − xn,
∑
i bi = 1, and ci =

∑s
j=1 aij for each j, is

represented in the tabular form

c A

bT or

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s

...
...

...
. . .

...
cs as1 as2 · · · ass

b1 b2 . . . bs

Note that an explicit Runge–Kutta scheme has aij = 0 for j ≥ i
(sometimes these zeros are omitted). See Butcher [5, page 163] or Dekker
and Verwer [9, Chapter 3] for details. The explicit method in equations
(180.2) and (180.3) has the Butcher array (with s = 4)

0 0 0 0 0
1/2 1/2 0 0 0
1/2 0 1/2 0 0
1 0 0 1 0

1/6 1/3 1/3 1/6

Example 1
The C (Fortran) code in program 180.1 (180.2) calculates a numerical

approximation to the solution of the equation

y′ = 1− x+
y

x
, y(1) = 0, (180.4)

using the method in equations (180.2) and (180.3). It uses a step size h
of 0.1. The exact solution of equation (180.4), determined by integrating
factors, is y(x) = x(log x − x + 1). Hence, y(2) = 2(log 2 − 1) ' −0.6137.
This is the value returned by the programs.

Example 2
The derivation of a Runge–Kutta method is instructive because it indi-

cates the arbitrary degrees of freedom that exist in Runge–Kutta methods.
Given the equation y′ = f(t, y) and using yn = y(tn) and tn = nh to find a
2-stage Runge–Kutta scheme, we assume a discrete approximation scheme
of the form

yn+1 = yn + ak1 + bk2,

k1 = hf (tn, yn) ,
k2 = hf (tn + αh, yn + βk1) .

(180.5)

We want to find {a, b, α, β} to make the order of this scheme as high as
possible. From equation (180.5) we can explicitly write yn+1 and then find
a Taylor series expansion:

yn+1 = yn + ahf (tn, yn) + bhf (tn + αh, yn + βhf (tn, yn)) ,

= yn + (a+ b)hfn + h2 (αbft + βbfyf)n +O
(
h3
)
, (180.6)
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void main(void) { RungeKutta(); }

void RungeKutta(void) {

int j;

double h = 0.1;

double x = 1.0;

double y = 0.0;

for(j=0; j<=9; j++) {

y += Runge(x, y, h);

x += h;

printf("X= %6.2f Y= %7.4f \n", x, y);

}

}

/* This performs one integration step */

double Runge(double x, double y, double h) {

double fk1, fk2, fk3, fk4;

fk1 = F(x , y );

fk2 = F(x + h/2.0, y + h*fk1 / 2.0);

fk3 = F(x + h/2.0, y + h*fk2 / 2.0);

fk4 = F(x + h , y + h*fk3 );

return(h * (fk1 + 2.0*fk2 + 2.0*fk3 + fk4) / 6.0);

}

/* This function has the right-hand side of the equation */

double F(double x, double y) { return(1.0 - x + y/x); }

Program 180.1: C program for Runge–Kutta method.

H= 0.1

X= 1.0

Y= 0.0

DO 10 J=1,9

Y= Y+RUNGE(X,Y,H)

X= X+H

10 WRITE(6,88) X,Y

88 FORMAT(’ X=’,F6.2,’ Y=’,F7.4)

END

C This function performs one integration step

FUNCTION RUNGE(X,Y,H)

FK1= F(X, Y)

FK2= F(X+H/2.0,Y+H*FK1/2.0)

FK3= F(X+H/2.0,Y+H*FK2/2.0)

FK4= F(X+H, Y+H*FK3)

RUNGE= H*(FK1 + 2.0*FK2 + 2.0*FK3 + FK4)/6.0

RETURN

END

C This function has the right hand side of the equation

FUNCTION F(X,Y)

F= 1.0-X+Y/X

RETURN

END

Program 180.2: Fortran program for Runge–Kutta method

where a subscript of n denotes evaluation at the point (tn, yn). From
y′ = f(t, y) we can directly construct a Taylor expansion in t to find:

yn+1 = yn + hfn +
h2

2

(
df

dt

)
n

+O
(
h3
)
,

= yn + hfn +
h2

2
(ft + fyf)n +O

(
h3
)
,

(180.7)
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because df
dt = ft + fy

dy
dt = ft + fyf . Comparing equations (180.6) and

(180.7), we find the 3 equations

a+ b = 1, αb =
1
2
, βb =

1
2
, (180.8)

for the 4 unknowns {a, b, α, β}. Because these equations are undetermined,
there are infinitely many second order Runge–Kutta schemes in the form
of equation (180.5).

Fourth order Runge–Kutta methods result in 11 equations for 13 un-
knowns; 2 of the unknowns may be chosen arbitrarily to achieve some goal.
For example, a fourth order Runge–Kutta method with a specific sparsity
pattern is used in the section on parallel methods (see page 755) to allow
a parallel implementation.

Example 3
To obtain accurate numerical results when using any method, an esti-

mate of the local error must be obtained. This could be done by the stan-
dard technique of recomputing the answer with the step size halved; but
this requires lots of additional computation. The Runge–Kutta–Fehlberg
method is a fifth order method that uses 6 functional evaluations and allows
an estimate of the error by re-using the same points:

k1 = hf (xn, yn) ,

k2 = hf

(
xn +

1
4
h, yn +

1
4
k1

)
,

k3 = hf

(
xn +

3
8
h, yn +

3
32
k1 +

9
32
k2

)
,

k4 = hf

(
xn +

12
13
h, yn +

1932
2197

k1 −
7200
2197

k2 +
7296
2197

k3

)
,

k5 = hf

(
xn + h, yn +

439
216

k1 − 8k2 +
3680
513

k3 −
845
4104

k4

)
,

k6 = hf

(
xn +

1
2
h, yn −

8
27
k1 + 2k2 −

3544
2565

k3 +
1859
4104

k4 −
11
40
k5

)
,

yn+1 = yn +
(

25
216

k1 +
1408
2565

k3 +
2197
4104

kk −
1
5
k5

)
error ≈ 1

360
k1 −

128
4275

k3 −
2197
75240

k4 +
1
50
k5 +

2
55
k6.

(180.9)

Notes
1. If f(x, y) does not depend on y, then the solution of the initial

value problem y′ = f(x), y(x0) = y0, is just the integral y(x) =
y0 +

∫ x
x0
f(t) dt. The Runge–Kutta method in equation (180.2) then

corresponds to the approximation of y(x) by means of Simpson’s rule.
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2. There are several Runge–Kutta methods for first order equations. For
example, the following scheme for equation (180.1)

y(x0 + h) = y(x0) +
1
2

(k1 + k2) ,

k1 = hf(x0, y0),
k2 = hf(x0 + h, y0 + k1),

(180.10)

is of second order accuracy. A commonly used fourth order accurate
method for first order ordinary differential equations (different from
the one in equation (180.3)) is Gill’s method; see Abramowitz and
Stegun [1, formula 25.5.12].

3. There are also implicit Runge–Kutta methods, see Burrage and Butcher
[4] or Butcher [5, Chapter 34]. There are also Runge–Kutta methods
for ordinary differential equations of orders 2–10. See, for example,
Abramowitz and Stegun [1, formulae 25.5.6–25.5.12] or Collatz [8,
Section 2.4, pages 61–77]. For example, a Runge–Kutta scheme for
the second order equation

y′′ = g(x, y, y′), y(x0) = y0, y
′(x0) = v0,

is given by

k1 = hg (x0, y0, v0) ,

k2 = hg

(
x0 +

1
2
h, y0 +

1
2
hv0 +

1
8
hk1, v0 +

1
2
k1

)
,

k3 = hg

(
x0 +

1
2
h, y0 +

1
2
hv0 +

1
8
hk1, v0 +

1
2
k2

)
,

k4 = hg

(
x0 + h, y0 + hv0 +

1
2
hk3, v0 + k3

)
,

(180.11)

and

y(x0 + h) = y0 + hv0 +
1
6
h (k1 + k2 + k3) ,

y′(x0 + h) = v0 +
1
6

(k1 + 2k2 + 2k3 + k4) . (180.12)

This scheme is numerically fourth order accurate.
4. There are also Runge–Kutta methods for systems of first order ordi-

nary differential equations. For example, the system

y′ = m(x, y, z), z′ = n(x, y, z)
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of ordinary differential equations may be numerically approximated
by first calculating

k1 = hm (x0, y0, z0) ,
l1 = hn (x0, y0, z0) ,
k2 = hm (x0 + h, y0 + k1, z0 + l1) ,
l2 = hn (x0 + h, y0 + k1, z0 + l1) ,

(180.13)

and then the updated values are

y(x0 + h) = y(x0) +
1
2

(k1 + k2),

z(x0 + h) = z(x0) +
1
2

(l1 + l2).
(180.14)

This formula is second order accurate. See Dekker and Verwer [9] for
details.

5. The Butcher array can represent all multi-linear methods for approx-
imating differential equations. For example

• The backward Euler method yn+1 = yn + hf(tn + h, yn+1) has
the Butcher array (s = 1)

1 1
1

• The trapezoidal rule yn+1 = yn+ h
2 [f(tn+ yn) + f(tn+h, yn+1)]

has the Butcher array (s = 2)
0 0 0
1 1/2 1/2

1/2 1/2

6. Pseudo Runge–Kutta methods use not only the stages of the current
step, but also the stages of the previous step. For example, for the
equation y′ = f(x, y) the method has the form:

yn+1 = yn +
s∑
i=1

αiKi,n

Ki,n = hf

xn +mih, yn +
s∑
j=1

λ̄i,jKj,n−1 +
i−1∑
j=1

λi,jKj,n

 .

See Caira et al. [7] for details.
7. To obtain a Runge–Kutta method with a desired order, a minimum

number of stages (i.e., function evaluations) are required. From
Butcher [5] we have:

desired order: 1 2 3 4 5 6 7 8
minimal number of stages: 1 2 3 4 6 7 9 11
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8. Mathematica has the package Butcher that sets up the equations to
solve for a Runge–Kutta method, as in (180.8). The method can be
choosen to be explicit, implicit, or diagonally implicit. The package
can also create Butcher trees.

9. Runge–Kutta methods are always sympletic; see page 780.
10. RKSUITE is a suite of Fortran codes implementing Runge–Kutta

methods. See http://www.netlib.org/ode/rksuite/.
11. The book by Butcher [5] has a very comprehensive account of Runge–

Kutta methods (it includes 96 pages of references!). See also Boyce
and DiPrima [3, pages 420–423].
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181. Stiff Equations∗

Applicable to Stiff differential equations (i.e., equations that evolve
on more than one scale).

Yields
A numerical approximation technique.

Idea
Since stiff equations evolve on different scales, the techniques used to

numerically approximate the solution should change as the different scales
become important. This is because the stability aspects of a numerical
technique often change as the equation changes (see page 683). Consider,
for example, the definition of stiffly stable on page 686—as the eigenvalues
of the problem change a method may no longer be stiffly stable.

Procedure
When trying to numerically approximate the solution to a stiff differ-

ential equation, the step size used in the discretization process should be
variable, becoming very small when needed. The discretization formula
should also change in different regions to reflect the different type of local
solution (i.e., exponential growth, exponential decay, algebraic growth,
etc.)

The step size should be made as small as is needed to obtain a desired
accuracy, but it should be increased whenever possible to reduce the total
number of computations. The step size should not be allowed to get so
large, though, that the discretization technique becomes unstable.

A good choice of step size can be determined by monitoring the change
in the solution of the differential equation. For any single step, the change
in the function being approximated and all of its derivatives should not
become too large.

Example
Suppose we have the problem

d2y

dx2
+ (1− ε)dy

dx
− εy = 0,

y(0) = 2, y′(0) = ε− 1,
(181.1)

where ε is a small positive number. The solution to equation (181.1) is

y(x) = eεx + e−x, (181.2)

which has a steep decrease from x = 0 to x ' − log ε and then has a gradual
increase; see figure 181.1.
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Figure 181.1: The solution to equation (181.1) is y(x) = eεx + e−x.

When using a simple discretization scheme (e.g., say, Euler’s method),
a small step size is required in the region from x = 0 to x ' − log ε to
resolve the exponential decay. After that region, however, the step size
should be increased because the solution is no longer rapidly varying.

The Fortran program in program 181.1 implements this numerical idea
for ε = 0.01. It uses Euler’s method and a variable step size. The parameter
TOL determines how much the solution is allowed to change at any step.
Note that the change in the solution is defined to also include the change
in the value of the derivative. We have chosen TOL = 0.01.

A few lines of the output of the program are shown below

At T= 0.005 DELTAT= 0.0049 Y(T)= 1.9952 Exact value= 1.9952

At T= 0.317 DELTAT= 0.0049 Y(T)= 1.7307 Exact value= 1.7312

At T= 0.327 DELTAT= 0.0098 Y(T)= 1.7237 Exact value= 1.7243

At T= 1.001 DELTAT= 0.0098 Y(T)= 1.3761 Exact value= 1.3776

At T= 1.021 DELTAT= 0.0195 Y(T)= 1.3691 Exact value= 1.3707

At T= 1.685 DELTAT= 0.0195 Y(T)= 1.2005 Exact value= 1.2025

At T= 1.724 DELTAT= 0.0391 Y(T)= 1.1937 Exact value= 1.1958

At T= 2.349 DELTAT= 0.0391 Y(T)= 1.1170 Exact value= 1.1193

At T= 2.427 DELTAT= 0.0781 Y(T)= 1.1105 Exact value= 1.1129

At T= 2.974 DELTAT= 0.0781 Y(T)= 1.0788 Exact value= 1.0813

At T= 3.130 DELTAT= 0.1563 Y(T)= 1.0728 Exact value= 1.0755

At T= 3.599 DELTAT= 0.1563 Y(T)= 1.0613 Exact value= 1.0640

At T= 9.849 DELTAT= 0.3125 Y(T)= 1.1034 Exact value= 1.1036

At T=10.161 DELTAT= 0.3125 Y(T)= 1.1068 Exact value= 1.1070

During the program execution, the step size, DELTAT, has increased from
0.0049 to 0.3125. Hence, large steps were taken where the solution was not
rapidly changing.

Notes
1. In the example shown, we can use the same discretization scheme

throughout the region of interest—only the step size needs to be
adjusted for efficient computation. In other problems, different dis-
cretization schemes will be needed in different regions.
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IMPLICIT DOUBLE PRECISION (A-H,O-Z)

TEND=10.0D0

EPSLON=0.01D0

TOL=0.01D0

DELTAT=TEND

OLDCHG=1.0D0

T=0.0D0

Y=2.0D0

YP=EPSLON-1.D0

C Decrease the size of the time step

10 DELTAT=DELTAT/2.D0

20 IF ( DELTAT .GT. .5D0 ) GOTO 10

CALL STEP(Y,YP,DELTAT,EPSLON,YN,YNP)

CHANGE= DSQRT((Y-YN)**2 + (YP-YNP)**2)

IF( CHANGE .GT. TOL ) GOTO 10

IF( CHANGE .GT. 2.D0*OLDCHG ) GOTO 10

C Store away the new values

T = T + DELTAT

Y = YN

YP= YNP

OLDCHG=CHANGE

VAL=EXACT(T,EPSLON)

WRITE(6,5) T, DELTAT, Y, VAL

5 FORMAT(’ At T=’,F6.3,’ DELTAT=’,F7.4,

1 ’ Y(T)=’,F7.4,’ Exact value=’,F7.4)

C Increase the size of the time step

DELTAT=2.D0*DELTAT

IF( T .LT. TEND ) GOTO 20

END

C This subroutine updates Y and Y’ by Euler’s method

SUBROUTINE STEP(Y,YP,DELTAT,EPSLON,YN,YNP)

IMPLICIT DOUBLE PRECISION (A-H,O-Z)

YN = Y + DELTAT*( YP )

YNP= YP + DELTAT*( EPSLON*Y - YP*(1.D0-EPSLON) )

RETURN

END

C This function computes the exact solution to compare against

FUNCTION EXACT(T,EPSLON)

IMPLICIT DOUBLE PRECISION (A-H,O-Z)

EXACT=DEXP(EPSLON*T)+DEXP(-T)

RETURN

END

Program 181.1: Fortran program for stiff ODEs.

2. If the new independent variable x̃ = εx is introduced, then the
solution in equation (181.2) may be written as y(x) = ex̃ + e−x̃/ε. In
this representation of the solution, it is clear that there is a “boundary
layer” near x̃ = 0; see the section on boundary layers (page 590).

3. For an example of how the stability of a method may change as the
solution of a differential equation evolves, see the stability analysis
for Euler’s method on page 732. In the example there, as the value
of the positive constant c becomes smaller, the step size must also
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become smaller to ensure stability.
4. Sometimes non-stiff methods can solve stiff problems, without any

special difficulty except that they can be computationally expensive.
5. Changing the length of the step size leads to accurate solutions to stiff

initial value ordinary differential equations and for partial differential
equations that may be solved by a marching technique. For boundary
value ordinary differential equations or for elliptic partial differential
equations, the analogous technique is to numerically solve the equa-
tions on a non-uniform mesh. This mesh should be fine where the
solution is rapidly changing, and coarse elsewhere.

6. It is not true that the eigenvalues of the matrix A(t) in the system

dy
dt

= A(t)y (181.3)

will determine whether the system is stiff or not. For example, the
matrix

A(t) =
[
−1− 9 cos2 6t+ 6 sin 12t 12 cos2 6t+ 9

2 sin 12t
− 12 sin2 6t+ 9

2 sin 12t −1− 9 sin2 6t− 6 sin 12t

]
(181.4)

has the constant eigenvalues−1 and−10, but the solution to equation
(181.3) is

y = C1e
2t

[
cos 6t+ 2 sin 6t
2 cos 6t− sin 6t

]
+ C2e

−13t

[
sin 6t− 2 cos 6t
2 sin 6t+ cos 6t

]
,

where C1 and C2 are arbitrary constants. Clearly the exponentials
e−t and e−10t are not present in the solution. Also, the solution
may blow up as t tends to infinity. Even so, the eigenvalues of the
linearized problem are often the most useful piece of information
available regarding the conditioning of the system. This example
is from Dekker and Verwer [3, page 11].

7. If η(t) is defined by η = ||y||2 = yHy, then, using equation (181.3),
dη
dt = yH

(
A+AH

)
y. If λmax represents the largest eigenvalue of

(A + AH) then η(t) ≤ η0e
λmaxt. Hence, the eigenvalues of (A + AH)

allow bounds to be determined for y(t). For the matrix in equation
(181.4), the eigenvalues of (A+AH) are 4 and −26.

8. An equation is often realized to be stiff only after the differential
equation has been numerically integrated. There are tests that can
be performed during the integration procedure to determine whether
the equation is stiff. See, for example, Gear [5] or Shampine [8].

9. For a recent review of software for stiff equations, see Aiken [1,
Chapters 3–4, pages 70–202] or Byrne and Hindmars [2].

10. See also Gaffney [4], Miranker [6], and Petzold [7].

CD-ROM Handbook of Differential Equations c©Academic Press 1997



774 IV.B Numerical Methods for ODEs

References
[1] Aiken, R. C. Stiff Computation. Oxford University Press, New York, 1985.

[2] Byrne, G. D., and Hindmarsh, A. C. Stiff ODE solvers: A review of
current and coming attractions. J. Comput. Physics 70 (1987), 1–62.

[3] Dekker, K., and Verwer, J. G. Stability of Runge–Kutta Methods for Stiff
Nonlinear Systems. North–Holland Publishing Co., New York, 1984.

[4] Gaffney, P. W. A performance evaluation of some FORTRAN subroutines
for the solution of stiff oscillatory ordinary differential equations. ACM Trans.
Math. Software 10, 1 (March 1984), 58–72.

[5] Gear, C. W. Automatic detection and treatment of oscillatory and/or
stiff ordinary differential equations. In Numerical Integration of Differential
Equations and Large Linear Systems, J. Hinze, Ed. Springer–Verlag, New
York, 1982, pp. 190–206.

[6] Miranker, W. L. Numerical Methods for Stiff Equations. D. Reidel
Publishing Co., Boston, MA, 1981.

[7] Petzold, L. Automatic selection of methods for solving stiff and nonstiff
systems of ordinary differential equations. SIAM J. Sci. Stat. Comput. 4, 1
(March 1983), 136–148.

[8] Shampine, L. F. Stiffness and nonstiff differential equation solvers, II:
Detecting stiffness with Runge–Kutta methods. ACM Trans. Math. Software
3, 1 (March 1977), 44–53.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



182. Integrating Stochastic Equations 775

182. Integrating Stochastic
Equations

Applicable to Stochastic differential equations.

Yields
A numerical approximation.

Idea
The “white Gaussian noise” term in a stochastic differential equation

can be numerically approximated in many different ways.

Procedure
Suppose we have the stochastic differential equation

x′ = b(x) + σ(x)n(t), x(0) = y, (182.1)

where n(t) represents white noise. There exist several numerical approxi-
mations for the quantity x(T ), where T = mh, h is a (small) time step, and
T is a fixed time of order one. Three common numerical approximations
of equation (182.1) are

x̃(tk+1) = x̃(tk) + bkh+ σk
√
hαk, (182.2)

x̂(tk+1) = x̂(tk) + bkh+ σk
√
hζk, (182.3)

x̌(tk+1) = x̌(tk) +
(
b− 1

2
σ
∂σ

∂x

)
k

h+ σk
√
hζk +

1
2

(
σ
∂σ

∂x

)
k

h ζ2
k ,
(182.4)

with x̃(0) = x̂(0) = x̌(0) = y, where tk = kh and a subscript of k means
evaluation at the kth point (e.g., bk = b(x(tk))). The {αk} are independent
random variables that take on the values +1 and −1 with probability 1/2,
while the {ζk} are independent Gaussian random variables with mean 0
and variance 1.

Each of the approximations in equations (182.2)–(182.4) have a different
mean square error for a single step. If E [·] represents the expectation
operator, then

E
[
(x(h) − x̃(h))2

]
= O(h),

E
[
(x(h) − x̂(h))2

]
= O(h2),

E
[
(x(h) − x̌(h))2

]
= O(h3).

(182.5)

Hence, equation (182.4) is the most accurate if a sample of x(T ) is desired.
However, if the mean of a function of x(T ) is required, then each of

the three approximations in equations (182.2)–(182.4) is first order accu-
rate. That is, each of E [f(x̃(T ))], E [f(x̂(T ))], and E [f(x̌(T ))] is equal to
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E [f(x(T ))] +O(h), for general functions f . This next approximation,

z(tk+1) = z(tk) +
(
b− 1

2
σ
∂σ

∂x

)
k

h+ σk
√
hζk +

1
2

(
σ
∂σ

∂x

)
k

h ζ2
k

+
(

1
2
b
∂σ

∂x
+

1
2
σ
∂b

∂x
+

1
2
∂σ

∂t
+

1
4
σ2 ∂

2σ

∂x2

)
k

h3/2ζk

+
(

1
2
b
∂b

∂x
+

1
2
∂b

∂t
+

1
4
σ2 ∂

2b

∂x2

)
k

h2,

z(0) = y,

(182.6)

has the better error estimate: E [f(z(T ))] = E [f(x(T ))] + O(h2). Note
that, in equation (182.6), we have allowed b and σ to be functions of both
t and x.

Example
Suppose we have the stochastic differential equation

x′ = x+ n(t), x(0) = 1, (182.7)

where n(t) is white noise, and we want to estimate E
[
x2(1)

]
. The Fokker–

Planck equation corresponding to (182.7) is (see page 303)

∂P

∂t
= − ∂

∂x
(xP ) +

1
2
∂2

∂x2
(P ),

with P (0, x) = δ(x− 1). By using the method of moments (see page 568),
the ordinary differential equation that describes E

[
x2(t)

]
is given by

d

dt
E
[
x2(t)

]
= 2E

[
x2(t)

]
+ 1, E

[
x2(0)

]
= 1,

with the solution E
[
x2(t)

]
= (3e2t − 1)/2. Therefore, E

[
x2(1)

]
= (3e2 −

1)/2 ' 10.58. This is the value that our numerical approximation should
produce.

To implement the method in equation (182.3), the Fortran program in
program 182.1 was constructed. The program takes the results of NTRIAL
trials and averages these values together. Note that the program uses a
routine called RANDOM, whose source code is not shown, which returns a
random value uniformly distributed on the interval from 0 to 1.

A similar program was written which implemented the methods in
equation (182.2) and equation (182.4). The results are indicated in table
182.1. It should be observed that the numerical results are increasingly
accurate when the step size h is decreased.

Notes
1. Gaussian random variables may be generated from uniformly dis-

tributed random variables by the classical technique of Box and
Muller [1]. This technique has been used in the function ZETA in
program 182.1.
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NTRIAL h Equation (182.2) Equation (182.3) Equation (182.4)
1000 0.25 8.14 8.40 11.19
1000 0.20 8.61 8.74 11.11
1000 0.10 9.62 9.30 10.59
1000 0.05 10.00 10.16 10.87
5000 0.25 8.14 8.40 11.19
5000 0.20 8.51 8.36 10.60
5000 0.10 9.46 9.35 10.59
5000 0.05 9.97 10.18 10.90

Table 182.1: Numerical comparison of different approximation techniques
for equation (182.7)

C This program is a numerical implementation of equation (3)

NTRIAL=1000

H=0.05

NTIME=20

XINIT=1.0

SUMX2=0.0

C Here is the integration loop

DO 10 NSTEP=1,NTRIAL

X=XINIT

DO 20 K=1,NTIME

20 X=X + X*H + SQRT(H)*ZETA()

10 SUMX2=SUMX2 + X**2

AVERAG=SUMX2/FLOAT(NTRIAL)

WRITE(6,*) AVERAG

END

C This function returns a gaussian random variable

FUNCTION ZETA()

DATA TWOPI/6.2831853/

Y1=RANDOM( DSEED )

Y2=RANDOM( DSEED )

ZETA= SQRT( -2.*ALOG(Y2) ) * COS( TWOPI*Y1 )

RETURN

END

Program 182.1: Fortran program for stochastic equation integration.

2. Because low numerical accuracy is obtained by this technique, a
computer program does not need to work with extended precision
arithmetic.

3. Miĺshtein [9] and [10] describes equations (182.2)–(182.4) and presents
a derivation of equation (182.6). He also includes a numerically fast
implementation of equation (182.6) using Runge–Kutta methods.

4. Sun [16] presents a numerical method for approximating the solution
to equations of the form −(pu′)′ + (q + rλ)2u = f , when p, q and r
are all functions of the independent variable and both λ and f are
random terms.
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Differential equation Solution
du = Au dt+ dw u(t) = eAtu(0) +

∫ t
0
eA(t−τ) dw(τ)

dx = βxdt+ αxdω x = e(β−(1/2)α2)t+αω

dx = 1
2xdt+

√
x2 − 1 dω x = coshω

dx = −(4ax3 − 3x2) dt− 2x
√
x− ax2 dω x = a/(a+ ω2)

Table 182.2: Test problems for stochatic equation methods

5. Peterson [12] uses the test problems shown in table 182.2 to illustrate
a numerical code for integrating stochastic differential equations.

6. Saito and Mitsui [14] describe 11 different numerical schemes for in-
tegrating stochastic differential equations and give stability diagrams
based on the test equation dx = λxdt + µxdω, x(0) = 1, whose
solution is x(t) = exp

{(
λ− 1

2µ
2
)
t+ µω(t)

}
.

7. Hofmann and Mathe [6] study the numerical phenomena when switch-
ing from (real) Monte-Carlo simulations to quasi-Monte-Carlo simu-
lations (which is what computers carry out).
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183. Symplectic Integration

Applicable to Hamiltonian systems.

Yields
An appropriate numerical approximation.

Idea
Hamiltonian systems have invariants that should be maintained during

the numerical integration procedure.

Procedure
Consider an autonomous Hamiltonian system of the form

dpi
dt

= −∂H
∂qi

,
dqi
dt

=
∂H

∂pi
. (183.1)

The time evolution of these equations is area preserving or symplectic;
equivalently, the flow conserves the two-form dq∧dp. A numerical method
is called symplectic if, when applied to Hamiltonian problems, it generates
numerical solutions that inherit the property of symplecticness. That is, the
state of the system following an integration step could have been reached
from that before the step by a canonical transformation.

There are two main groups of symplectic integrators. The first group
consists of formulae that belong to standard families of numerical methods
(e.g., Runge–Kutta methods) and just “happen” to be symplectic. These
methods can be applied to general systems of differential equations. The
second group consists of methods derived via generating functions. These
methods cannot be applied to general systems of differential equations, not
even small dissipative perturbations of Hamiltonian systems.

Procedure 1
The Runge–Kutta method with tableau

a11 a12 · · · a1s

a21 a22 · · · a2s

...
...

. . .
...

as1 as2 · · · ass
b1 b2 . . . bs

(note that the usual {ci} do not appear because the system in equation
(183.1) is autonomous) will be symplectic if the coefficients satisfy:

biaij + bjaji − bibj = 0, for 1 ≤ i, j ≤ s.
(183.2)
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Procedure 2
We may choose to integrate the p equations with one Runge–Kutta

scheme (using say {aij , bi}), and the q equations with a different Runge–
Kutta scheme (using say {Aij , Bi}), with

a11 a12 · · · a1s

a21 a22 · · · a2s

...
...

. . .
...

as1 as2 · · · ass
b1 b2 . . . bs

A11 A12 · · · A1s

A21 A22 · · · A2s

...
...

. . .
...

As1 As2 · · · Ass
B1 B2 . . . Bs

This scheme will be symplectic if the coefficients satisfy

biAij +Bjaji − biBj = 0, for 1 ≤ i, j ≤ s.
(183.3)

Example 1
A simple example of a first-order symplectic scheme forH = p2/2+V (q)

is (q, p)→ (Q,P ), where

Q = q + (∆t)p,

P = p− (∆t)
∂V

∂q
(q + (∆t)p).

(183.4)

Example 2
For separable Hamiltonians (i.e., H(p,q) = T (p) + V (q)), Candy and

Rozmus [1] list the symplectic integration formulae in table 183.1. These
formulae are to be used in the following fashion:

• Initial conditions: (p0,q0) at t = t0,
• Do for i = 1 to n;

pi = pi−1 + biF(qi−1)∆t,
qi = qi−1 + aiP(pi−1)∆t,

• Integrated variables: (pn,qn) at t = t0 + ∆t,

where F(q) = −∇qV (q) and P(p) = ∇pT (p).

Example 3
This example illustrates what can happen if a non-symplectic method,

such as forward Euler’s method, is used. Consider the Hamiltoninan H =
p2/2 + Φ(q) for which the equations of motion are dq

dt = p and dp
dt = −∂Φ

∂q =
F (q). Integrating these equations using forward Euler results in

pn+1 = pn + hF (qn)
qn+1 = qn + hpn.

(183.5)

There are are least three problems with this numerical scheme
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Order(n) Coefficients
1 (a1, b1) = (1, 1)
2 (a1, a2, b1, b2) = (1/2, 1/2, 0, 1)
3 (a1, a2, a3, b1, b2, b3) = (2/3,−2/3, 1, 7/24, 3/4,−1/24)
4 a1 = a4 = (2 + 21/3 + 2−1/3)/6

a2 = a3 = (1 − 21/3 − 2−1/3)/6
b1 = 0, b2 = b4 = (2− 21/3)−1, b3 = (1− 22/3)−1

Table 183.1: Symplectic integration schemes for separable Hamiltonians.

1. The Jacobian, defined by the determinant J =

∣∣∣∣∣
∂pn+1
∂pn

∂qn+1
∂pn

∂pn+1
∂qn

∂qn+1
∂qn

∣∣∣∣∣, is to

leading order equal to 1−h2F ′(qn). A value of J < 1 (or J > 1) leads
to volume contraction (or expansion), neither of which is a property
of a Hamiltonian systems.

2. The equations are not invariant to time reversal. That is, equation
(183.5) can be inverted to yield

pn = pn+1 − hF (qn)
qn = qn+1 − hpn,

(183.6)

but this is not (183.5) with h replaced for −h and n and n + 1
interchanged.

3. The energy, defined by En = p2
n/2 + Φ(qn), is not independent of n.

In fact,

En+1 = En +
h2

2
[
F 2(qn)− p2

nF
′(qn)

]
+O(h3).

Notes
1. If (p∗,q∗) = ψ(p,q) is a variable transformation, then ψ will be area

preserving if and only if the Jacobian determinant is identically unity:
∂p∗

∂p
∂q∗

∂q
− ∂p∗

∂q
∂q∗

∂p
= 1. This can be written as

∂(p∗,q∗)
∂(p,q)

T

J
∂(p∗,q∗)
∂(p,q)

= J where J =
[
0 I
I 0

]
.

2. Symplecticness characterizes Hamiltonian flows; conservation of vol-
ume is a much weaker property shared by some non-Hamiltonian
systems. Symplectic integrators do not in general conserve the energy
(Hamiltonian) of a mechanical system.

3. It is impossible for an algorithm to simultaneously conserve the sym-
plectic structure, the momentum map, and the Hamiltonian. Non-
symplectic algorithms that conserve both momentum and energy have
been studied by Simo and Wong [6].
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4. The adjoint of a symplectic map, the inverse of a symplectic map,
and the composition of two symplectic maps, all are symplectic.

5. A Hamiltonian system of the form {q̇ = M−1p, ṗ = −∇F (q)}, with
M a symmetric, positive definite matrix can, under the transforma-
tion {q 7→M1/2q, p 7→M−1/2p}, be reduced to an equivalent system
with M = I.

6. Zwillinger [8, pages 341–345] describes the exterior calculus in which
two-forms are defined.

7. Ben Leimkuhler maintains a web page on symplectic methods; see
http://www.math.ukans.edu/~leimkuhl/symplectic.html.
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184. Use of Wavelets

Applicable to Ordinary and partial differential equations.

Yields
A fast numerical scheme.

Idea
Using a weighted residual method with easily computed basis functions

can lead to an efficient method.

Procedure
Wavelets are one set of functions that can be used with a Galerkin

(weighted residual) method; see page 786. Orthogonal wavelets are defined
(see Zwillinger [7, pages 663–667]) by specifying a set of parameters {hk}
(with hk = 0 if k < 0 or k > n) that satisfy

• Normalization:
∑n

k=0 hk =
√

2
• Orthogonality:

∑
k hkhk−2j = 2δ0,j

• Accuracy p:
∑n

k=0(−1)kkjhk = 0 for j = 0, . . . , p− 1 with p > 0

Using these parameters, the solution to the equation

φ(x) =
√

2
n∑
k=0

hkφ(2x− k),

called the scaling function, is guaranteed to exist. For each j ≥ 0 and for
k = 0, 1, . . . , 2j set φj,k = 2j/2φ(2jx − k). Define V j to be the span of
{φj,k}2

j

k=0. Then V m ⊃ Vm−1 · · · ⊃ V 1 ⊃ V 0.
To use the Galerkin method, the dependent variable in the differential

equation is projected into the space of trial functions belonging to V m.
That is, we make the approximation

y ≈
∑
k

ykφm,k(x).

When the usual inner products are evaluated and orthogonality of the ele-
ments is used, linear algebraic equations can be obtained from a differential
equation. If, at any time, a multiresolution is desired, this can be performed
as a postprocessing step or as an adjunct calculation.

Notes
1. MathSoft maintains a web site containing wavelet reprints at http://

www.mathsoft.com/wavelets.html. Specific collections of reprints
are listed under “Wavelets and Ordinary Differential Equations” and
“Wavelets and Partial Differential Equations.”
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2. Jawerth and Sweldens [4] adapt wavelets so they become (bi)orthogonal
with respect to the inner product defined by a differential operator.
The stiffness matrix in the Galerkin method then becomes diagonal
and can be trivially inverted. They also show how to construct an
O(N) algorithm for various constant and variable coefficient opera-
tors.

3. A reason to use wavelet expansions in numerical methods is that
in wavelet coordinates differential operators may be preconditioned
by a diagonal matrix. Moreover, a large class of operators, namely
Calderón–Zygmund and pseudo-differential operators, are sparse in
wavelet bases.

4. Wavelets are presently only capable of dealing with the simple bound-
ary conditions. This is improving rapidly.

5. The wavelet corresponding to the scaling function φ(x) is the func-
tion ψ(x) =

√
2
∑n

k=0(−1)khn−kφ(2x − k). Using ψ we define the
functions ψj,k(x) = 2j/2ψ(2jx − k); these are orthonormal and the
entire collection {ψj,k}∞j,k=−∞ forms a basis for L2(R).
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185. Weighted Residual
Methods∗

Applicable to Ordinary and partial differential equations.

Yields
By introducing approximations, this method changes the numerical

calculation of

• An ordinary differential equation to the numerical calculation of a set
of algebraic equations
• A partial differential equation to the numerical calculation of a set of

ordinary differential equations

Idea
We approximate the solution by taking a linear combination of an

arbitrarily chosen set of functions. The coefficients of the functions, which
may be constants or functions themselves, are unknown. We may use
any of a number of schemes to find the numerical values for the unknown
coefficients.

Procedure
We will illustrate the general technique via a specific example. Suppose

we have the following partial differential equation to solve

ut −N [u] = 0, for x ∈ V, t > 0,
u(0,x) = v(x), for x ∈ V,
u(t,x) = f(t,x), for x ∈ S, (185.1.a-c)

where N [·] is a differential operator in x and S is the boundary of V , the
region in which we seek the solution.

We choose a y(t,x) and some set of functions {ui(t,x)} with the prop-
erties

y(t,x) = f(t,x), for x ∈ S,
uj(t,x) = 0, for x ∈ S,

and then form a trial solution by superposition

uT(t,x) = y(t,x) +
M∑
j=1

cj(t)uj(t,x). (185.2)

Note that the trial solution has been constructed in such a way that it
automatically satisfies equation (185.1.c) but not equations (185.1.a) or
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(185.1.b). If we use the trial solution in the original differential equation,
(185.1.a), then the right-hand side will not be equal to zero but will be
equal to some residual RE given by

RE(uT) = (uT)t −N [uT]. (185.3)

Instead of this definition of RE, we might equally well have taken the square
of equation (185.3). Likewise, the initial condition, equation (185.1.b), will
not be satisfied, but there will be a residue RI given by

RI(uT) = v(x)−
M∑
j=1

cj(0)uj(0,x).

Now, we choose M weighting functions {wj(x)}. It is the choice of these
weighting functions that defines the method. For example,

Galerkin: wj = uj,

Collocation: wj = δ(x− xj),

least squares: wj =
∂RE(uT)
∂cj

,

subdomain method: wj =

{
1, for x ∈ Vj ,
0, for x 6∈ Vj ,

(185.4)

where {xj | j = 1, 2, . . . ,M} is a set of M points in V that must be chosen
when collocation is used, and {Vj} is a set of disjoint regions whose union
is equal to V that must be chosen when the subdomain method is used.

Next, an inner product is defined by

(w, z) =
∫
V

w(x) z(x) dV, (185.5)

or something similar. Then, finally, the unknown coefficients {cj(t)} will
be determined from the two conditions

(wj , RE(uT)) = 0, for j = 1, 2, . . . ,M,

(wj , RI(uT)) = 0, for j = 1, 2, . . . ,M. (185.6.a-b)

The condition in equation (185.6.a) generatesM simultaneous ordinary dif-
ferential equations for the {cj(t) | j = 1, 2, . . . ,M}, which will generally be
nonlinear. The condition in equation (185.6.b) generates M simultaneous
algebraic equations for {cj(0) | j = 1, 2, . . . ,M}, which will generally be
nonlinear.

The procedure is as follows. We solve equation (185.6.b) for the initial
conditions for the {cj(t)}. Using equation (185.6.a), we can then solve the
ordinary differential equations to determine the {cj(t)} for all values of t.
Using these values in equation (185.2), we have found an approximation to
equation (185.1).
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Example
Suppose we wish to approximate the solution to the equation

ut = N [u] = u2 + uxx, for 0 < x < 1, t > 0
u(0, x) = sinx = v(x),
u(t, 0) = 0,
u(t, 1) = 1.

We choose y(t, x) = x and uj(t, x) = sin jπx. Our trial solution then
becomes the first M terms in a Fourier sine series

uT(t, x) = x+
M∑
j=1

cj(t) sin jπx.

Approximating u(t, x) by uT(t, x) the errors in the equation and the initial
conditions are

RE(uT) =
M∑
j=1

c′j(t) sin jπx−

x+
M∑
j=1

cj(t) sin jπx

2

−
M∑
j=1

j2π2cj(t) sin(jπx),

RI(uT) = sinx−
M∑
j=1

cj(0) sin jπx.

(185.7.a-b)

These two equations are in x and t. Ideally, we would like to have both
expressions in equation (185.7) vanish identically. Because this is not
possible (for all x and all t), we choose one of the four methods described
in equation (185.4). Using the chosen method, we will obtain ordinary
differential equations for the {cj(t)} and algebraic equations for the {cj(0)}.
When these equations are satisfied, the expressions in equation (185.7) will
be “close” to zero.

Notes
1. It is also possible to choose the {ui(t,x)} to satisfy the differential

equation (185.1) but not the boundary conditions. In this case, the
integral in equation (185.5), which defines the inner product, becomes
an integral over the boundary.

2. See the separate sections on collocation (page 514), least squares
method (page 549), finite element method (page 734), Rayleigh–Ritz
method (page 638), and wavelets (page 784).

3. Within the Galerkin framework, it is possible to generate finite ele-
ments, finite difference, and spectral methods.
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4. This method can be used to change the calculation of an ordinary
differential equation to the calculation of the solution of algebraic
equations. The sequence of steps are the same as for partial differ-
ential equations, with the difference that both sets of equations in
(185.6) will be algebraic equations. See the finite element method
(page 734) for a worked example involving an ordinary differential
equation.

5. See also Collatz [1, pages 408–418], Kantorovich and Krylov [5, pages
258–283], and Villadsen and Michelsen [6, Chapter 2, pages 67–95].
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186. Boundary Element
Method

Applicable to Most often linear elliptic partial differential equa-
tions, often Laplace’s equation. Sometimes parabolic, hyperbolic, or non-
linear elliptic equations.

Yields
An integral equation. The solution of the integral equation is used in

an integral representation of the solution.

Idea
The problem of solving a partial differential equation within a given

domain can be transformed into one solving an equivalent integral equation
on the boundary of the domain. The unknown in the integral equation will
be the “charge density” on the boundary of the domain.

Procedure
Suppose we have Laplace’s equation (general linear elliptic equations

have results analogous to those listed below)

∇2u(x) = 0, (186.1)

with the Dirichlet or Neumann data

u
∣∣
S

= f(x) or
∂u

∂n

∣∣∣∣
S

= g(x),
(186.2.a-b)

where S is the boundary of the domain. Define ψ(x; y) to be the free
space Green’s function of equation (186.1). That is, ∇2ψ(x; y) = δ(x−y),
where y is an arbitrary point inside the domain. Using Green’s theorem,
the solution to equation (186.1) and equation (186.2) can be represented
in any of the following forms:

u(x) =
∫
S

σ(z)ψ(x; z) dz, (186.3)

u(x) =
∫
S

µ(z)
∂ψ(x; z)
∂n

dz, (186.4)

u(x) =
∫
S

[
η(z)ψ(x; z) + ζ(z)

∂ψ(x; z)
∂n

]
dz. (186.5)

In these equations, σ(z) and η(z) represent surface densities of the “single-
layer” potential, µ(z) and ζ(z) represent the surface densities of the “double-
layer” potential, z represents a point on the boundary, and n represents
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the outward pointing normal. If σ(z), µ(z), or η(z) and ζ(z) were known,
then u(x) could be computed via one of the above three equations. Note
there is not a unique way to represent the solution by equation (186.5);
there is a “degree of freedom” in this formulation that may be used for
other purposes.

It turns out that the single-layer potential is continuous across the
boundary S, whereas the double-layer potential has a jump of µ(y). This is
because, as x tends to the boundary point P from the inside of the domain,

u(P) = −1
2
µ(P) +

∫
S

µ(z)
∂ψ(P; z)

∂n
dz. (186.6)

Using equation (186.6), a variety of boundary integral equations may be
obtained.

For example, using equation (186.4) to represent the solution to the
Dirichlet problem, if we allow the point x to approach the boundary, we
determine from equation (186.6) that

f(y) = −1
2
µ(y) +

∫
S

µ(z)
∂ψ(z; y)
∂n

dz.

This Fredholm integral equation of the second kind can, in principle, be
solved for µ(y). After µ(y) is obtained, the value of u(x) may be computed
from equation (186.4).

If equation (186.3) had been used to represent the solution of the
Neumann problem, then, after finding the normal derivative of equation
(186.3), the following integral equation for σ(y) results

g(y) = −1
2
σ(y) +

∫
S

σ(z)
∂ψ(z; y)
∂n

dz.

After σ(y) is obtained by solving the above integral equation, the value of
u(x) may be computed from equation (186.3).

Example
Consider Laplace’s equation in the upper half plane, ∇2u = 0 for −∞ <

x <∞ and 0 < y, with the boundary conditions

uy(x, 0) = 0 −∞ < x < 0,
uy(x, 0)− ku(x, 0) = 0 0 < x <∞,

where k is a constant. The Green’s function, ∇2ψ = δ(x − ξ)δ(y − η), in
the upper half plane is

ψ(x, y; ξ, η) = − 1
2π

log
√

(x− ξ)2 + (y − η)2− 1
2π

log
√

(x− ξ)2 + (y + η)2,
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so that, on y = 0, we have ψ(x, 0; ξ, η) = − 1
2π log

(
(x− ξ)2 + η2

)
. Now

equation (186.3) can be simplified to u(x) = −
∫
S

∂u(z)
∂n

ψ(x; z) dz. Using

the known values of un and ψ in this expression, we find

u(ξ, η) =
k

2π

∫ ∞
0

u(x, 0) log
(
(x− ξ)2 + η2

)
dx.

(186.7)

If we define φ(x) = u(x, 0), then evaluation of equation (186.7) at η = 0
results in

φ(ξ) =
k

π

∫ ∞
0

φ(x) log |x− ξ| dx.

After this integral equation is solved for φ(x), the solution is given by
equation (186.7).

Notes
1. Representing the solution in the form of equation (186.5) would be

appropriate if the boundary conditions were mixed.
2. This technique has also been applied to the biharmonic equation in

several applications. See Ingham and Kelmanson [7] for details.
3. After the boundary integral equation has been formulated, it is often

solved numerically. Some numerical techniques for these equations
can be found in Banerjee and Butterfield [1]. In practice one finds
that the solution to the original elliptic equation could have been de-
termined by solving a large sparse matrix system, while the boundary
element method often requires that a smaller, dense, matrix system
be solved to determine the potential. A worked example is shown in
Lapidus and Pinder [8, pages 461–481].

4. The principle advantage of the reformulation in this section is that
the dimensionality of the problem is reduced. As in the above exam-
ple, a two-dimensional partial differential equation becomes a one-
dimensional integral equation.

5. For problems in infinite domains, the behavior at infinity is (usually)
automatically included in the boundary element formulation. Hence,
there is no need for a “remote” boundary simulating an infinite
distance. See Margulies [9].

6. The boundary element method has also been applied to parabolic
equations; see Duran et al. [5] or Zamani [11]. It has also been
applied to some hyperbolic equations; see Brebbia [4, Chapter 12,
pages 191–199]. For an application to nonlinear elliptic equations,
see Ingham and Kelmanson [7, Chapter 4].

7. The boundary element method and the finite element method have
several features in common. See Brebbia [4, Chapter 9, pages 141–
158] for a general account of the similarities and differences.

8. The presentation here has been for the indirect boundary element
method. In this formulation, an integral equation for the potential
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must be solved and then the solution to the original equation is given
by an integral. It is also possible to directly determine an integral
equation whose solution also satisfies the original equation. This
is called the direct boundary element method. For example, given
Laplace’s equation,∇2φ = 0, if we define the Green’s functionG(x; y)
by ∇2G = δ(x− y), then by Green’s theorem

1
2
φ(y) =

∫
(G∇2φ− φ∇2G) dV

=
∫ (

G
∂φ

∂n
− φ∂G

∂n

)
dS.

This integral equation can be solved directly for φ.
9. See Garabedian [6, Section 9.3, pages 334–348].
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187. Differential Quadrature

Applicable to Nonlinear partial differential equations, a single
equation, or a system. Most often, partial differential equations in two
independent variables.

Yields
A system of ordinary differential equations whose solution approximates

the solution of the original partial differential equation(s).

Idea
All of the derivatives with respect to one or more of the independent

variables are replaced by a sum involving the dependent variable.

Procedure
To illustrate the general technique, we show how it works on a class

of partial differential equations. Suppose we have the partial differential
equation for u(t, x)

ut = g(t, x, u, ux, uxx),
u(0, x) = h(x),

(187.1)

on t > 0, −∞ < x <∞. Instead of solving equation (187.1) for all values of
x, we choose a finite set of x values at which the solution will be determined,
say S = {xj | j = 1, . . . , N}. We now presume that the first derivatives
with respect to x, at the points in S, can be written as a linear combination
of the values in S. That is,

ux(t, xi) '
N∑
j=1

aiju(t, xj). (187.2)

Viewing equation (187.2) as the linear transformation ux = Au, it seems
natural to approximate uxx = Aux = A2u, or

uxx(t, xi) '
N∑
k=1

N∑
j=1

aikakju(t, xj). (187.3)

Utilizing equations (187.2) and (187.3) in equation (187.1) results in the
system of ordinary differential equations

uit = g

t, xi, ui, N∑
j=1

aiju
j ,

N∑
k=1

N∑
j=1

aikakju
j

 ,

ui(0) = h(xi),
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for i = 1, . . . , N , where ui(t) := u(t, xi). These initial value ordinary
differential equations may be integrated numerically by any scheme.

Note that this method is similar to the method of lines (see page 831),
except that the aij are not chosen in such a way that equation (187.2)
represents a finite difference approximation to the derivative. The aij are
instead chosen so that equation (187.2) is exact for all polynomials of degree
less than or equal to N − 1. That is, the aij satisfy the linear system

k (xi)
k−1 =

N∑
j=1

aij (xj)
k
. (187.4)

for k = 1, 2, . . . , N .

Example
We choose to numerically approximate the solution to the nonlinear

partial differential equation

ut = uux,

u(0, x) = 0.2x2,

which has the exact solution u = 0.2(x+ ut)2, or

u(t, x) =
[1− (0.4)tx]−

√
1− (0.8)tx

(0.4)t2
.

The program shown in program 187.1 uses twenty x values in the interval
from 0 to 1. Note that the source code for the linear equation solver
(LSOLVE) is not shown. Some results of the program are shown next:

The time is now: 0.5000

Here is the approximate solution at this time value:

0.0005 0.0020 0.0046 0.0083 0.0132 0.0192 0.0264

0.0348 0.0446 0.0556 0.0681 0.0820 0.0974 0.1143

0.1328 0.1530 0.1750 0.1985 0.2241 0.2620

Here is the exact solution at this time value:

0.0005 0.0020 0.0046 0.0083 0.0132 0.0192 0.0264

0.0349 0.0446 0.0557 0.0682 0.0822 0.0977 0.1147

0.1334 0.1538 0.1760 0.2000 0.2260 0.2540

The time is now: 0.7500

Here is the approximate solution at this time value:

0.0005 0.0021 0.0047 0.0085 0.0135 0.0198 0.0274

0.0365 0.0470 0.0591 0.0729 0.0885 0.1060 0.1255

0.1471 0.1712 0.1977 0.2255 0.2687 0.5368

Here is the exact solution at this time value:

0.0005 0.0021 0.0047 0.0085 0.0135 0.0198 0.0275

0.0365 0.0471 0.0593 0.0732 0.0889 0.1066 0.1263

0.1484 0.1728 0.2000 0.2301 0.2634 0.3002

At t = 0.75, with the last value shown excluded, the relative error in the
approximate solution is not more than 4%.
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DIMENSION X(50),U(50),UNEW(50),A(50,50),CORECT(50)

DIMENSION SAVE(50,50),COEFF(50,50),RHS(50),NROW(50),SOLN(50)

C Set up the parameter values

N=20

TIME=0

DELTAT=0.05

NSTEP=15

C Set up the X points

DO 10 J=1,N

10 X(J)=FLOAT(J)/FLOAT(N)

C Set up the coefficient matrix

DO 20 K=1,N

DO 20 J=1,N

20 SAVE(K,J)=X(J)**K

C For each I, determine A_[IJ] by solving a system of equations

DO 40 I=1,N

DO 30 K=1,N

RHS(K)=K*X(I)**(K-1)

DO 30 J=1,N

30 COEFF(J,K)=SAVE(J,K)

CALL LSOLVE(N,COEFF,SOLN,RHS,NROW,IFSING,50)

IF( IFSING .NE. 1 ) STOP

DO 40 J=1,N

40 A(I,J)=SOLN(J)

C Set up the initial conditions

DO 50 J=1,N

50 U(J)=U0( X(J) )

C This is the loop in time

DO 100 LOOPT=1,NSTEP

TIME=TIME + DELTAT

WRITE(6,5) TIME

C Iterate each one of the equations one time step

DO 70 J=1,N

SUM=0

DO 60 K=1,N

60 SUM=SUM + A(J,K)*U(K)

70 UNEW(J)= U(J) + DELTAT * U(J) * SUM

DO 80 J=1,N

80 U(J)=UNEW(J)

C Write out the approximate answer, and then the exact answer

WRITE(6,*) ’ Here is the approximate solution at this time value:’

WRITE(6,15) (U(J), J=1,N)

DO 90 J=1,N

90 CORECT(J)=EXACT(TIME, X(J) )

WRITE(6,*) ’ Here is the exact solution at this time value:’

100 WRITE(6,15) (CORECT(J), J=1,N)

5 FORMAT(’ The time is now:’,F10.4)

15 FORMAT( 30( 1X, 7(F9.4,1X) / ) )

END

C This function has the initial conditions

FUNCTION U0(X)

U0=0.2*X**2

RETURN

END

C This function has the exact solution

FUNCTION EXACT(T,X)

TEMP=( 1.0 - (0.4)*T*X ) - SQRT( 1.0 - (0.8)*T*X )

EXACT=TEMP / ( (0.4)*T**2 )

RETURN

END

Program 187.1: Fortran program for differential quadrature.

Notes
1. Note that the coefficient matrix in equation (187.4) is a Vandermonde

matrix.
2. It is not clear that having the x values uniformly spaced produces the

most accurate results. In Bellman et al. [1] the x values are chosen
to be the roots of Legendre polynomials.

3. In Bellman et al. [1], a simple error analysis is performed. It is
shown, for example, that the error in equation (187.2) is less than
KhN−1/(N − 1)! if the mesh has a uniform spacing of h and if
|u(N)(x)| ≤ K in the domain of interest.

4. In Civan and Sliepcevich [3] a weighted sum of terms (similar to
the approximation in equation (187.2)) is used to approximate the
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second derivative terms (such as in equation (187.3)). This reduces
the computational complexity of the coding.
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188. Domain Decomposition

Applicable to Elliptic second order partial differential equations
in non-regularly shaped domains.

Yields
An iterative solution procedure.

Idea
If the geometric domain in which a partial differential equation is to

be solved can be written as the union of two (or more) regularly shaped
domains, then it may be possible to write a recurrence relation for the
solution.

Procedure
Suppose we wish to numerically approximate the solution to the elliptic

equation

N [u] = F (x, y, u, ux, uy, uxx, uxy, uyy) = 0 (188.1)

in the domainB = B1∪B2 (see figure 188.1). We presume this is a Dirichlet
problem, with the initial data, f(x, y), given on the boundary of B.

Define the part of the boundary of B1 (∂B1) that is also a boundary of
B to be α; the rest of the B1 boundary of B1 will be denoted by α. Likewise,
define the part of the boundary of B2 (∂B2) that is also a boundary of B
to be β; the rest of the B2 boundary of B2 will be denoted by β.

The solution procedure is to first solve equation (188.1) only in B1.
Then, using this solution, we solve equation (188.1) only in the domain B2.
This is used to find a new solution of equation (188.1) in B1, and then the
process is repeated.

Initially, the data on the arc α are chosen so that the data on ∂B1

are piecewise continuous. That is, let u1(x, y) be the solution of equation
(188.1) with the boundary conditions

u1(x, y) =

{
f(x, y) on α,
φ(x, y) on α,

where φ(x, y) can be chosen in many different ways. After u1(x, y) is deter-
mined, let v1(x, y) be the solution of equation (188.1) with the boundary
conditions

v1(x, y) =

{
f(x, y) on β,
u1(x, y) on β.

CD-ROM Handbook of Differential Equations c©Academic Press 1997



188. Domain Decomposition 801

.......................................................................................................................................................................................................................................................................................................................................

....
...
...
...
..
..
...
.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..
..
..
..
..
...
..
..

.

.

..

..

..

..
..
..
...
..
..

0 1 2u = 0 x
0

1

2

u = 0

y

u = 0

u = 0

u = g(y)

u = f(x)

Figure 188.1: The domain for equation (188.1).

Then an iterative sequence of solutions to equation (188.1) is formed,
{uk(x, y), vk(x, y) | k = 1, 2, . . . } with

uk(x, y) =

{
f(x, y) on α,

vk−1(x, y) on α,

vk(x, y) =

{
f(x, y) on β,
uk(x, y) on β.

Under fairly general conditions, these functions will converge to the solution
of equation (188.1). That is, the limiting uk(x, y) will be the solution to
equation (188.1) in the region B1, whereas the limiting vk(x, y) will be the
solution to equation (188.1) in the region B2.

In Kantorovich and Krylov [6, Chapter 7, pages 616–670], five assump-
tions are given that are required to assure the convergence of the above
sequences. They are

1. Equation (188.1), with its boundary conditions, has a unique solution.
2. If F [u∗] = F [u] = 0, and u∗ > u on the boundary of the domain,

then u∗ > u everywhere in the domain.
3. Within the domain, the solution to equation (188.1) is bounded by

the values of u on the boundary of the domain.
4. A convergent sequence of uniformly bounded solutions to equation

(188.1) converges to a solution to equation (188.1).
5. The boundary data are, at least, piecewise continuous.

Generally, non-pathological examples should satisfy these conditions.
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Figure 188.2: The domain for equation (188.2).

Example
Suppose we want to solve Laplace’s equation in the L-shaped region

shown in figure 188.2. For brevity, we define the following portions of the
boundary

Γ1 = {x = 2, 0 ≤ y ≤ 1} ∪ {0 ≤ x ≤ 2, y = 0} ∪ {x = 0, 0 ≤ y ≤ 1},
Γ2 = {x = 0, 0 ≤ y ≤ 2} ∪ {0 ≤ x ≤ 1, y = 0} ∪ {0 ≤ x ≤ 1, y = 2}.

Then, the mathematical problem we wish to solve is

∇2u = 0,
u = 0, on Γ1,

u = 0, on Γ2,

u = f(x), on {1 ≤ x ≤ 2, y = 1},
u = g(y), on {x = 1, 1 ≤ y ≤ 2}.

(188.2)

For this example, we break up the original domain into two rectangles, one
vertical and one horizontal; the overlap region being the unit square. We
start with

∇2u1 = 0,

u1 = 0, on Γ1,

u1 = f(x), on {1 ≤ x ≤ 2, y = 1},
u1 = φ(x), on {0 ≤ x ≤ 1, y = 1}.

(188.3)

Then, our iteration sequence becomes

∇2vk = 0,

vk = 0, on Γ2,

vk = uk−1(1, y), on {x = 1, 0 ≤ y ≤ 1},
vk = g(y), on {x = 1, 1 ≤ y ≤ 2},

(188.4)
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for k = 1, 2, . . . , whereas

∇2uk = 0,

uk = 0, on Γ1,

uk = f(x), on {1 ≤ x ≤ 2, y = 1},
uk = vk(x, 1), on {0 ≤ x ≤ 1, y = 1},

(188.5)

for k = 2, 3, . . . .
In this case, because of the simple geometry, we can analytically write

the solution to equation (188.4) and equation (188.5) by the use of Fourier
transforms (see page 350). Note first, if we define fn(x) = un(x, 1) =∑∞

k=1 fnk sin kπx, then un(x, y) =
∞∑
k=1

fnk
sinh(kπ/2)

sinh kπy sin kπx. Sim-

ilarly, if we define the expansion gn(x) = vn(1, y) =
∑∞
k=1 gnk sin kπy,

then we obtain the result vn(x, y) =
∞∑
k=1

gnk
sinh(kπ/2)

sinh kπx sin kπy. Using

these expansions in equations (188.4) and (188.5), we can readily determine
that

fnk = Bk +
∞∑
s=1

Aksgn−1,s,

gnk = Ck +
∞∑
s=1

Aksfn−1,s,

(188.6)

where

Bk =
∫ 2

1

f(x) sin(kπx/2) dx,

Ck =
∫ 2

1

g(y) sin(kπy/2) dy,

Aks =
2
π

1
s2 + k2

[
s sin

(
kπ

2

)
cosh

(sπ
2

)
− k cos

(
kπ

2

)
sinh

(sπ
2

)]
.

In practice, the two recurrence relations in equation (188.6) would be
iterated until a stationary value was obtained.

Notes
1. This method is usually implemented numerically, with little analysis

done on the equations. For the above example, equations (188.3)–
(188.5) would be approximated numerically by an elliptic equation
package.

2. This method also works for coupled systems of elliptic equations. For
two unknowns, a guess is made for one of the unknowns, and one of
the equations is used to solve for the other unknown. Knowing this
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804 IV.C Numerical Methods for PDEs

second unknown, the first unknown is approximated numerically by
the other equation, and the process is repeated. See Rice and Boisvert
[9, pages 121–135] for some examples.

3. The procedure illustrated in this section is called Schwarz’s method,
it is only one of several different domain decomposition methods (see
Glowinski et al. [5]).

4. In Chan et al. [3] it is shown that the convergence rate of the
Schwarz alternating procedure, for general second-order elliptic equa-
tions, is independent of the aspect ratio for L-shaped, T-shaped, and
C-shaped domains.

5. This technique works very well with parallel computers (see page
755), as the numerical problem on each domain can be solved by a
separate processor; see Quarteroni [8].
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189. Elliptic Equations:
Finite Differences

Applicable to Elliptic partial differential equations.

Yields
A numerical approximation of the solution.

Idea
By use of finite differences, a simultaneous system of equations may be

determined. The solution of this algebraic system (which is often a linear
system of equations) yields a numerical approximation to the differential
equation.

Procedure
The method is simply to use finite differences everywhere and solve

the resulting set of simultaneous equations. Because elliptic equations are
boundary value problems, the solution at all points in the domain must be
determined simultaneously.

We choose to illustrate the method on a second order elliptic equation
of the form

αuxx + βuyy = f(x, y, u, ux, uy), (189.1)

where α and β are functions of x and y. We suppose that equation (189.1)
applies inside a rectangle with a ≤ x ≤ A, b ≤ y ≤ B and that the
boundary conditions for equation (189.1) are

u(x, y) =


f(y), on x = a,

g(y), on x = A,

h(x), on y = B,

(189.2)

∂u

∂y
+
∂u

∂x
+ u3 = j(x), on y = b, (189.3)

where {f, g, h, j} are all known functions.
We first define a grid that fills the geometric domain (see page 675).

For the rectangular geometry given, we choose a rectangular grid with an
x spacing of h and a y spacing of k (where h = (A − a)/(N − 1), and
k = (B − b)/(M − 1)). Here, N(M) is the number of grid points in the x
(y) direction (see figure 189.1). Let the numerical approximation to u(x, y)
be given by vij (i.e., vij ' u(a+ ih, b+ jk)). We can then choose virtually
any finite difference approximation to the derivatives appearing in equation
(189.1). For instance, one second order approximation to equation (189.1)
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Figure 189.1: The numerical grid on which the problem is to be solved.

would be

αij
vi+1,j − 2vi,j + vi−1,j

h2
+ βij

vi,j+1 − 2vi,j + vi,j−1

k2

= f

(
a+ ih, b+ jk, vij ,

vi+1,j − vi−1,j

2h
,
vi,j+1 − vi,j−1

2k

)
.

(189.4)

For each i and j, equation (189.4) represents an algebraic equation among
the {vij}. Now the boundary conditions must be incorporated. The
boundary conditions in equation (189.2) can be written simply as

v0,j = f(b+ jk), for j = 1, 2, . . . ,M,

vN,j = g(b+ jk), for j = 1, 2, . . . ,M,

vi,m = h(a+ ih), for i = 1, 2, . . . , N.
(189.5)

The boundary condition in equation (189.3) can be written as

vi,1 − vi,0
k

+
vi+1,0 − vi,0

h
+ (vi,j)3 = j(a+ ih) for i = 1, 2, . . . , N.

(189.6)

If equation (189.4) is evaluated for j = 1, 2, . . . ,M and i = 1, 2, . . . , N ,
and equation (189.5) and equation (189.6) are included, there results a si-
multaneous system of equations for the {vij}. There are as many equations
as there are unknowns. This system may then be solved numerically.

If the original elliptic equation (189.1) and the boundary conditions are
linear in the independent variable, then the resulting system of equations
will be linear. For this example, equation (189.6) is not linear (note the
(vi,j)3 term) because there is a u3 term in equation (189.3). The most
common type of elliptic systems have linear equations and linear boundary
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Figure 189.2: The grid on which equation (189.8) is solved.

conditions. For this type of elliptic system, a standard linear equation
solver may be used. If the system of linear equations is too large to solve
directly, an iterative method may be used (see page 816).

Example
Suppose we have the linear elliptic equation

(x + 1)uxx + (y + 1)2uyy = 1 + u, (189.7)

on 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 with

u(0, y) = y, u(1, y) = y2,

u(x, 0) = 0, u(x, 1) = 1.
(189.8)

If we choose M = N = 4 (so that h = k = 1/3), then there are 16 points
{vij | 1 ≤ i ≤ 4, 1 ≤ j ≤ 4} at which to determine an approximation to
u(x, y). The points {vij | i = 1 or i = 4 or j = 1 or j = 4} are determined
directly by the boundary conditions in equation (189.8). Hence, the only
unknowns that need to be determined are {v22, v23, v32, v33}; see figure
189.2. If equation (189.7) is discretized as

(ih+ 1)
vi+1,j − 2vi,j + vi−1,j

h2

+(jk + 1)2 vi,j+1 − 2vi,j + vi,j−1

k2
= 1 + vij ,
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808 IV.C Numerical Methods for PDEs

EQUATION. (X+1)*UXX+(Y+1)**2*UYY=1.0 + U

BOUNDARY. U=Y ON X=0.0

U=Y**2 ON X=1.0

U=0.0 ON Y=0.0

U=1.0 ON Y=1.0

GRID. 4 X POINTS

4 Y POINTS

DISCRETIZATION. 5 POINT STAR

SOLUTION. LINPACK BAND

OUTPUT. TABLE(U)

PLOT(U)

END.

Program 189.1: ELLPACK program for an elliptic problem.

then the equations for the unknown {vij} may be written as
57/9 −16/9 −4/3 0
−25/9 25/3 0 −4/3
−5/3 0 7 −16/9

0 −5/3 −25/9 9



v22

v23

v32

v33

 =


−5/9
24/9

−22/27
68/27

 .
(189.9)

The equations in equation (189.9) have the solution v22 ' 0.0131, v23 '
0.3791, v32 ' −0.0265, v33 ' 0.3419.

Notes
1. The computer language ELLPACK (see Rice and Boisvert [4] is a

high-level language that allows linear elliptic problems in two or
three dimensions to be entered in an elementary way. The program
generates a discretization scheme based on user preference. The
geometry in two dimensions can be nearly arbitrary, with holes and
other cutouts available. For example, to solve the problem in the
example, the entire ELLPACK program is given in program 189.1.
The use of ELLPACK for two and three-dimensional problems is
highly recommended. There is also a version of ELLPACK available
for parallel computation.

2. Picard iteration (see page 618), Newton’s method (see page 578), and
Monte-Carlo methods (see page 810) can also be used to numerically
approximate the solution to elliptic problems.

3. Boisvert and Sweet [2] have a comprehensive listing of currently
available software for solving elliptic problems.

4. See Twizell [5, pages 42–80].
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810 IV.C Numerical Methods for PDEs

190. Elliptic Equations:
Monte-Carlo Method

Applicable to Linear elliptic partial differential equations.

Yields
A numerical approximation to the solution of a linear elliptic partial

differential equation at a single point.

Idea
Simulation of the motion of a random particle may be used to approx-

imate the solution to linear elliptic equations.

Procedure
The steps for this method are straightforward. First, we give an overview;

then, a more detailed presentation.
First, approximate the given elliptic partial differential equation by a

finite difference method. Rewrite the finite difference formula as a recursive
function for the value of the unknown at any given point. Then interpret
this recursive formula as a set of transition probabilities that determine the
motion of a random particle.

Now, write a computer program that will allow many (say K) particles
to wander randomly around the domain of interest, based on the transition
probabilities found from the difference formula. Simulate particles one at
a time, with every particle starting off at the same point (say the point z).

• If the boundary data are of the Dirichlet type (i.e., the value of
the unknown is prescribed on the boundary), then, when a particle
reaches the boundary, stop that particle and store away the value on
the boundary. Begin another particle at the point z.
• If the boundary data are not of the Dirichlet type (i.e., Neumann

or mixed boundary conditions) then, when the particles reach the
boundary, they will be given a finite probability to leave the boundary,
and re-enter the domain of the problem. If the particle leaves the
boundary, then continue the iteration process. If it does not leave
the boundary, then the value at the boundary is stored away, and a
new particle is started off at the point z.

The simulation is finished after all K particles have been absorbed into
the boundary. If the original elliptic equation was homogeneous, then an
approximation to the solution, at the point z, will be given by the average of
all the values obtained (recall that when the particles stop at the boundary
they obtain a value).

CD-ROM Handbook of Differential Equations c©Academic Press 1997



190. Elliptic Equations: Monte-Carlo Method 811

If the given elliptic equation was not homogeneous, then equation (190.4)
shows how to obtain an approximation to the solution. In this latter case,
the approximate value of the solution depends on the entire history of the
particle.

In more detail, we now describe how the technique may be applied to
the linear second order elliptical partial differential equation

L[u] = F (x, y), (190.1)

with the operator L[·] defined by

L[u] = Auxx + 2Buxy + Cuyy +Dux + Euy,

where {A,B,C,D,E} are all functions of {x, y}. The operator L[·] may be
discretized to yield the approximation

L[u] ' Ai,j

[
vi+1,j − 2vi,j + vi−1,j

(∆x)2

]
+ 2Bi,j

[
vi+1,j+1 − vi,j+1 − vi+1,j + vi,j

(∆x)(∆y)

]
+ Ci,j

[
vi,j+1 − 2vi,j + vi,j−1

(∆y)2

]
+Di,j

[
vi+1,j − vi,j

∆x

]
+ Ei,j

[
vi,j+1 − vi,j

∆y

]
,

(190.2)

where xi = x0 + i(∆x), yj = y0 + j(∆y), vi,j = u(xi, yj), and a subscript
of i, j means an evaluation at the point (xi, yj). If the {Γ·,·} and Qi,j are
defined by

Γi+1,j+1 =
[

2Bi,j
(∆x)(∆y)

]
,

Γi+1,j =
[
Ai,j

(∆x)2
− 2Bi,j

(∆x)(∆y)
+
Di,j

∆x

]
,

Γi,j+1 =
[
Ci,j

(∆y)2
− 2Bi,j

(∆x)(∆y)
+
Ei,j
∆y

]
,

Γi−1,j =
[
Ai,j

(∆x)2

]
,

Γi,j−1 =
[
Ci,j

(∆x)2

]
,

Qi,j =
[

2Ai,j
(∆x)2

− 2Bi,j
(∆x)(∆y)

+
2Ci,j
(∆y)2

+
Di,j

∆x
+
Ei,j
∆y

]
,

then, using equation (190.2), equation (190.1) may approximated as

Qi,jvi,j = Γi+1,jvi+1,j + Γi+1,j+1vi+1,j+1 + Γi,j+1vi,j+1

+ Γi−1,jvi−1,j + Γi,j−1vi,j−1 − Fi,j ,
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812 IV.C Numerical Methods for PDEs

or dividing through by Qi,j and defining pi,j = Γi,j/Qi,j,

vi,j = pi+1,jvi+1,j + pi+1,j+1vi+1,j+1 + pi,j+1vi,j+1

+ pi−1,jvi−1,j + pi,j−1vi,j−1 −
Fi,j
Qi,j

. (190.3)

Because the operator L[·] has been presumed to be elliptic, then ∆x and
∆y may be chosen small enough so that each of the p’s are positive. The
p’s also add up to one, and we interpret them as probabilities of taking a
step in a specified direction. Specifically, equation (190.3) is interpreted as
follows: If a particle is at position (i, j) at step N , then,

• With probability pi,j+1, the particle goes to (i, j + 1) at step N + 1.
• With probability pi,j−1, the particle goes to (i, j − 1) at step N + 1.
• With probability pi+1,j , the particle goes to (i + 1, j) at step N + 1.
• With probability pi−1,j , the particle goes to (i− 1, j) at step N + 1.
• With probability pi+1,j+1, the particle goes to (i + 1, j + 1) at step
N + 1.

Now, suppose a particle starts at the point P0 = z and undergoes a
random walk according to the above prescription. After, say, m steps it
will hit the boundary. Suppose that the sequence of points that this particle
visits is (P0, P1, P2, . . . , Pm). Then, an unbiased estimator of the value of
u(z) for the following elliptic problem

L[u] = F (x, y), for all points x, y in the domain R,
u = φ(x, y), for all points x, y on the boundary ∂R,

is given by

u(z) ' φ(Pm)−
m∑
j=0

F (Pj)
Q(Pj)

. (190.4)

In practice, several random paths will be taken, and the average taken to
estimate u(z). That is,

u(z) ' 1
K

K∑
k=1

φ(P kmk)−
mk∑
j=0

F (P kj )
Q(P kj )

 , (190.5)

where (P k0 , P
k
1 , . . . , P

k
mk

), represents the path taken by the kth random
particle.

Example
Suppose we wish to numerically approximate the solution to Laplace’s

equation in an annulus. We have ∇2u = 0 for u(r, θ) with the boundary
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Figure 190.1: The domain in which Laplace’s equation is solved.

conditions u(1, θ) = 4 and u(3, θ) = 6. (See figure 190.1.) We will
approximate the value of u(z), when z = (r = 2, θ = 0). The exact solution
for this problem is u(r) = 4+2 log r/ log 3, so that u(z) = 4+log 2/ log 3 '
5.261. To approximate the solution to this problem numerically, we will
follow the steps outlined above. We will use the rectangular variables x
and y, rather than the polar coordinate variables r and θ.

Using a standard second order approximation to the Laplacian, we find

∇2u ' vi+1,j + vi−1,j + vi,j+1 + vi,j−1 − 4vi,j
h2

= 0,
(190.6)

where vi,j = u(hi, hj) and h � 1. Equation (190.6) can be manipulated
into

vi,j =
vi+1,j

4
+
vi−1,j

4
+
vi,j+1

4
+
vi,j−1

4
. (190.7)

We interpret equation (190.7) probabilistically as follows: If a particle is
at position (i, j) at step N , then,

• With probability 1/4, the particle goes to (i, j + 1) at step N + 1.
• With probability 1/4, the particle goes to (i, j − 1) at step N + 1.
• With probability 1/4, the particle goes to (i+ 1, j) at step N + 1.
• With probability 1/4, the particle goes to (i− 1, j) at step N + 1.

Program 190.1 has Fortran code that was used to simulate the motion
of the particles according to the above probability law. The output of that
program is given below for u(r = 2, θ = 0). As more points are taken, the
approximation becomes better.
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814 IV.C Numerical Methods for PDEs

STEP=0.10

SUM=0.0

DO 10 IWALK=1,10000

X=2.0

Y=0.0

20 X=X + SIGN(STEP, RANDOM(DUMMY)-0.5 )

Y=Y + SIGN(STEP, RANDOM(DUMMY)-0.5 )

R=SQRT( X**2+Y**2 )

IF( R.LT.3 .AND. R.GT.1 ) GOTO 20

C When a particle hits the boundary, sum the value

IF( R .LE. 1) SUM=SUM+4

IF( R .GE. 3) SUM=SUM+6

IF( MOD(IWALK,1000) .NE. 0 ) GOTO 10

APPROX=SUM/FLOAT(IWALK)

WRITE(6,5) IWALK,APPROX

5 FORMAT(’ Number of particles=’,I5,’ Approximation=’,F7.4)

10 CONTINUE

END

Program 190.1: Fortran program for Monte-Carlo method applied to
elliptic equations.

Number of particles= 1000 Approximation= 5.3440

Number of particles= 2000 Approximation= 5.3330

Number of particles= 3000 Approximation= 5.3200

Number of particles= 4000 Approximation= 5.3195

Number of particles= 6000 Approximation= 5.3030

Number of particles= 7000 Approximation= 5.3023

Number of particles= 8000 Approximation= 5.2958

Number of particles= 9000 Approximation= 5.2944

Number of particles=10000 Approximation= 5.2914

Note that the program uses a routine called RANDOM, whose source code
is not given, which returns a random value uniformly distributed on the
interval from zero to one.

Notes
1. If further accuracy is required, the options are

(a) Increase the number of random particles.
(b) Make the mesh discretization finer (i.e., reduce h).
(c) Do both of the above.

If the number of random particles is not very large, then (b) will
not help much; and if the mesh is very coarse then, (a) will not
help much. Generally, the variance of the answer (a measure of the
“scatter”) decreases as the number of trials to the minus one half
power.

2. Because low numerical accuracy is obtained by this technique, a
computer program does not need to work with extended precision
arithmetic.

3. Sadeh and Franklin [8] present several worked examples. See also
Farlow [5, pages 346–352] and Lattès [6, Chapter 8, pages 158–190].
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STEP=0.10

SUM=0.0

DO 10 IWALK=1,10000

X=2.0

Y=0.0

20 X=X + SIGN(STEP, RANDOM(DUMMY)-0.5 )

Y=Y + SIGN(STEP, RANDOM(DUMMY)-0.5 )

R=SQRT( X**2+Y**2 )

IF( R.LT.3 .AND. R.GT.1 ) GOTO 20

C When a particle hits the boundary, sum the value

IF( R .LE. 1) SUM=SUM+4

IF( R .GE. 3) SUM=SUM+6

IF( MOD(IWALK,1000) .NE. 0 ) GOTO 10

APPROX=SUM/FLOAT(IWALK)

WRITE(6,5) IWALK,APPROX

5 FORMAT(’ Number of particles=’,I5,’ Approximation=’,F7.4)

10 CONTINUE

END

Program 190.1: Fortran program for Monte-Carlo method applied to
elliptic equations.

Number of particles= 1000 Approximation= 5.3440

Number of particles= 2000 Approximation= 5.3330

Number of particles= 3000 Approximation= 5.3200

Number of particles= 4000 Approximation= 5.3195

Number of particles= 6000 Approximation= 5.3030

Number of particles= 7000 Approximation= 5.3023

Number of particles= 8000 Approximation= 5.2958

Number of particles= 9000 Approximation= 5.2944

Number of particles=10000 Approximation= 5.2914

Note that the program uses a routine called RANDOM, whose source code
is not given, which returns a random value uniformly distributed on the
interval from zero to one.

Notes
1. If further accuracy is required, the options are

(a) Increase the number of random particles.
(b) Make the mesh discretization finer (i.e., reduce h).
(c) Do both of the above.

If the number of random particles is not very large, then (b) will
not help much; and if the mesh is very coarse then, (a) will not
help much. Generally, the variance of the answer (a measure of the
“scatter”) decreases as the number of trials to the minus one half
power.

2. Because low numerical accuracy is obtained by this technique, a
computer program does not need to work with extended precision
arithmetic.

3. Sadeh and Franklin [8] present several worked examples. See also
Farlow [5, pages 346–352] and Lattès [6, Chapter 8, pages 158–190].
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191. Elliptic Equations:
Relaxation

Applicable to Elliptic equations, most often Laplace’s equations.

Yields
A numerical approximation to the solution.

Idea
The finite difference scheme for an elliptic equation can be interpreted

as a local condition on the value of the solution. This local condition leads
naturally to an iterative numerical procedure.

Procedure
Given an elliptic equation, choose a finite difference formula to approx-

imate the equation on a grid in the domain of interest. This formula can
be manipulated into a relation between the value of the unknown at a
point and the values of the unknown at neighboring points. Hence, once
values have been assigned to every point in the grid, this formula can be
used iteratively to update the value at every point. When the values stops
changing (to some specified precision), an approximate solution has been
found.

Example
Suppose we want to approximate the solution to Laplace’s equation on

a square

∇2u = 0,
u(0, y) = 0, u(1, y) = 0, for 0 ≤ y ≤ 1,
u(x, 0) = 0, u(x, 1) = 1, for 0 < x < 1. (191.1.a-c)

If we choose a grid with a uniform x spacing of ∆x and a uniform y spacing
of ∆y, then equation (191.1.a) can be discretized as

1
(∆x)2

(vi+1,j − 2vi,j + vi−1,j) +
1

(∆y)2
(vi,j+1 − 2vi,j + vi,j−1) = 0,

(191.2)

where vi,j = u(i∆x, j∆y), for i = 1, 2, . . . , 1/∆x and j = 1, 2, . . . , 1/∆y.
Equation (191.2) can be manipulated to yield

vi,j =
1

2(1 + λ2)
(
λ2 (vi,j+1 + vi,j−1) + vi+1,j + vi−1,j

)
,

(191.3)
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REAL*8 V(6,6)

C Initializel the grid

DO 10 I=2,5

DO 10 J=2,5

10 V(I,J)=0.25D0

C Here is the boundary data

DO 20 K=1,6

V(K,1)=0.0D0

V(K,6)=1.0D0

V(1,K)=0.0D0

20 V(6,K)=0.0D0

C Perform the iterations

EPS=0.0001D0

NUM=0

40 NUM=NUM+1

IFLAG=0

DO 30 I=2,5

DO 30 J=2,5

VNEW= ( V(I+1,J) + V(I-1,J) + V(I,J+1) + V(I,J-1) ) / 4.D0

IF( DABS(V(I,J)-VNEW) .GT. EPS ) IFLAG=1

30 V(I,J)=VNEW

C Determine if another iteration is required

IF( IFLAG .EQ. 1 ) GOTO 40

WRITE(6,5) NUM

5 FORMAT(’ Number of iterations required:’, I5)

DO 50 J=1,6

50 WRITE(6,15) (V(I,7-J),I=1,6)

15 FORMAT( 7(1X,F9.4) )

END

Program 191.1: Fortran program for relaxation method.

where λ = ∆y/∆x. From equation (191.3), we see that vi,j can be replaced
by a weighted average of the values at the neighboring points. Note that
this is only true for points interior to the boundary.

The numerical technique is this: Initialize the values at all points in the
grid (one common choice is to use the averaged value of the independent
variable on the boundary); then systematically apply equation (191.3) to
all the grid points until the solution converges. In theory, the points to be
updated can be chosen in any order. In practice, some choices result in
faster convergence.

The Fortran code in program 191.1 carries out this prescription for
the problem in equation (191.1). In this program, h = 0.2, k = 0.2, and
the number of iterative updates required before the approximation did
not change more than EPS (set to 0.0001) was 16. The output from the
computer program is given below

Number of iterations required: 16

0. 1.0000 1.0000 1.0000 1.0000 0.

0. 0.4545 0.5946 0.5946 0.4545 0.

0. 0.2234 0.3294 0.3294 0.2234 0.

0. 0.1097 0.1703 0.1703 0.1098 0.

0. 0.0454 0.0718 0.0719 0.0454 0.
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0. 0. 0. 0. 0. 0.

The symmetry of the solution was to be expected.
The exact solution to equation (191.1) can be determined by separation

of variables (see page 487). The solution is

u(x, y) =
4
π

∞∑
n=1

sin [(2n− 1)πx]
sinh [(2n− 1)πy]
sinh [(2n− 1)π]

.

As can be verified, the numerical approximation is accurate to two decimal
places.

Notes
1. The equations in (191.2) can be combined into one large system of

linear equations, and then iterative methods can be applied to this
system. Each different iterative method for a linear system can be
interpreted as a relaxation method directly on the grid values.

2. Depending on the equation to which this method is applied and on
the ordering in which the updated values are obtained, this technique
is called

• Alternating-direction-implicit (ADI) method
• Gauss–Seidel or successive iteration scheme
• Jacobi or simultaneous iteration scheme
• Liebmann’s method.
• Successive over-relaxation (SOR) method

In the ADI method, the finite difference approximation to Laplace’s
equation may be written

∇2u '
u

(2n)
i,j−1 − 2u(2n)

i,j + u
(2n)
i,j+1

(∆x)2
+
u

(2n+1)
i−1,j − 2u(2n+1)

i,j + u
(2n+1)
i+1,j

(∆y)2
= 0.

The superscripts indicate the iteration number. Hence, the updating
is done alternately by rows and columns in the array of values.

3. This method, when applied to the elliptic equation L[u] = 0, can
be interpreted as an approximation to the solution of the parabolic
equation ut = L[u]. By iterating until the solution stops changing,
the steady-state solution of the parabolic equation is obtained. This
interpretation allows error estimates to be obtained for this method
(see Garabedian [4]).

4. See also Farlow [2, pages 304–305], Garabedian [3, pages 485–492],
Gerald and Wheatley [4, pages 412–417], Isaacson and Keller [5, pages
463–478], and Smith [6, Chapter 5, pages 239–330].
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192. Hyperbolic Equations:
Method of
Characteristics

Applicable to A single hyperbolic equation or a system of hyper-
bolic equations.

Yields
A numerical approximation scheme.

Idea
The method of characteristics (see page 432) can be used directly to

create a numerical scheme to integrate hyperbolic equations.

Procedure
To simplify the analysis, we will illustrate the method on the second

order hyperbolic partial differential equation

auxx + buxy + cuyy + d = 0. (192.1)

In equation (192.1), the functions {a, b, c, d} are assumed to depend on
{x, y, u, ux, uy}. With the usual definitions of p = ux and q = uy, equation
(192.1) may be rewritten as the system of equations

E1 := apx + bpy + cqy + d = 0,
E2 := py − qx = 0.

If we define E = E1 + λE2, then E may be written as

E = [apx + (λ+ b)py] + (cqy − λqx) + d = 0.

This, in turn, may be written as

E =
d

ds
(p+ µq) +

(
d− q dµ

ds

)
= 0, (192.2)

along the curve defined parametrically by

dx

ds
= a = −λ

µ
,

dy

ds
= λ+ b =

c

µ
, (192.3)

if such a curve exists. For consistency in the equations in (192.3), we must
choose µ to satisfy aµ2 − bµ+ c = 0; that is,

µ1,2 =
b±
√
b2 − 4ac
2a

. (192.4)
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Define {µ1, µ2} to be the distinct real roots given in equation (192.4) (if
the roots are not distinct and real, then equation (192.1) is not hyperbolic),
and define λi = −aµi. Then equations (192.2) and (192.3) can be written
as

d

ds
(p+ µ1q) = −

(
d− q dµ1

ds

)
on the curve C1,

d

ds
(p+ µ2q) = −

(
d− q dµ2

ds

)
on the curve C2, (192.5)

where the characteristic curves C1 and C2 are defined by

on C1 :
dx

ds
= a,

dy

ds
= λ1 + b,

on C2 :
dx

ds
= a,

dy

ds
= λ2 + b. (192.6.a-b)

These two characteristics curves have slopes that vary from point to point
and are generally not orthogonal. Knowing {a, b, c, d} allows us to de-
termine {µ1, µ2} and so {λ1, λ2} can also be determined. Therefore, the
characteristics curves can be calculated numerically.

Now, if k1 := p+ µ1q and k2 := p+ µ2q were known at some common
point R (these values arise naturally from equation (192.5)), then p(R) and
q(R) can be found by inverting these relations; that is

q(R) =
k1 − k2

µ1 − µ2
,

p(R) =
µ1k1 − µ2k2

µ1 − µ2
.

(192.7)

The numerical procedure is now a straightforward application of the
method of characteristics. First, the characteristic curves in equation
(192.6) are identified, at some point, by determining µi and λi from equa-
tion (192.4). Then the equations for k1 and k2 (from equation (192.5)) are
integrated a short distance along the characteristics. From the values of
k1 and k2, values for p and q may be determined from equation (192.7).
Finally, knowing p and q, the value of u(x, y) can be determined. In more
detail,

1. Given values at the points P and Q (see figure 192.1.a), we will
determine the values of all the variables at the new point R.

2. Using equation (192.6), determine R by integrating along character-
istic C1 from P and along characteristic C2 from Q until the curves
intersect.

3. Using equation (192.5), integrate k1 = p + µ1q from P to R and
integrate k2 = p+ µ2q from Q to R. Knowing {k1, k2} and {µ1, µ2}
at R allows q(R) and p(R) to be obtained from equation (192.7).
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193. Hyperbolic Equations:
Finite Differences

Applicable to Hyperbolic partial differential equations.

Yields
A numerical approximation scheme.

Idea
Finite differences can be used directly to numerically approximate the

solution of a hyperbolic partial differential equation.

Procedure
The technique is to replace all of the derivatives appearing in the given

hyperbolic partial differential equation by finite difference approximations.
By rearranging the terms in this new equation, an explicit recurrence
formula can generally be obtained.

A stability analysis can be performed on this recurrence relation to
determine the step sizes that will ensure convergence of the numerical
approximation to the true solution. A frequent problem encountered with
this method is having enough starting values to begin iterating the recur-
rence relation. Starting values can generally be obtained by performing
manipulations of the original equation.

Example
The hyperbolic equation

utt − α2uxx = 0, (193.1)

on the interval 0 < x < L, for t > 0, with the initial and boundary
conditions

u(0, t) = u(L, t) = 0,
u(x, 0) = f(x),

∂u

∂t
(x, 0) = g(x),

(193.2)

can be numerically approximated directly by finite differences.
We choose a uniform grid of M+1 points in the x direction (i.e., xi = ih

for i = 0, 1, 2, . . . ,M with h = L/M). We choose the step length in the t
variable to be k and define tj = jk. We also choose to use the following
centered difference formulas for uxx and utt

utt(xi, tj) =
u(xi, tj+1)− 2u(xi, tj) + u(xi, tj−1)

k2
,

uxx(xi, tj) =
u(xi+1, tj)− 2u(xi, tj) + u(xi−1, tj)

h2
. (193.3)
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Each of these formulae is second order accurate. If we define wi,j =
u(xi, tj), then using (193.3) in equation (193.1) results in

wi,j+1 − 2wi,j + wi,j−1

k2
− α2wi+1,j − 2wi,j + wi−1,j

h2
= 0.

This last equation can be solved for wi,j+1 to define the recurrence relation

wi,j+1 = 2(1− λ2)wi,j + λ2(wi+1,j + wi−1,j)− wi,j−1,
(193.4)

for i = 1, 2, . . . , (M −1) and j = 1, 2, . . . , where λ = αk/h. The initial con-
ditions and boundary conditions, from equation (193.2), can be represented
as

w0,j = wM,j = 0, j = 1, 2, . . . ,
wi,0 = f(xi), i = 1, 2, . . . ,M.

(193.5)

Now comes the problem of starting the recurrence relation off. Suppose
we wish to iterate equation (193.4). The values we first compute are the
{wi,2}, but these require knowledge of {wi,1}, which is not given in equation
(193.5). The procedure for obtaining these data is to perform a Taylor series
expansion of wi,1. We find that

wi,1 = u(xi, t1)
= u(xi, k)

' u(xi, 0) + k
∂u

∂t
(xi, 0) +

k2

2
∂2u

∂t2
(xi, 0) + . . . , (193.6)

where this last formula is second order accurate if we retain only the terms
shown (higher order approximations can also be obtained). Now utt is
known in terms of uxx from equation (193.1), and u(x, 0) is known in terms
of f(x) from (193.2). Therefore, (193.6) can be simplified to yield

wi,1 ' wi,0 + kg(x1) +
α2k2

2
f ′′(xi). (193.7)

Special Case
The Fortran program in program 193.1 numerically approximates the

solution of the hyperbolic equation

uxx − 9uxx = 0, for 0 < x < 1, 0 < t,

u(0, t) = u(1, t) = 0, for 0 < t,

u(x, 0) = sinπx, for 0 ≤ x ≤ 1,
ut(x, 0) = 0, for 0 ≤ x ≤ 1.

(193.8)

This system has the analytic solution u(x, t) = sinπx cos 3πt.
The program utilizes M = 10 and the value of k was chosen to be 0.02.

The solution obtained for t = 1 at the points xi = 0.1i (for i = 0, 1, . . . , 10)
is
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826 IV.C Numerical Methods for PDEs

REAL W(100,100)

C Here are the initial values

ALPHA=3.

FL=1.

M=10

H=FL/FLOAT(M)

FK=0.02

N=1./FK

FLAMBD=ALPHA*FK/H

CONST=2.*(1.-FLAMBD**2)

C Set up the initial/boundary values in the matrix

DO 10 J=1,N+1

W(1,J)=0.

10 W(M+1,J)=0.

DO 20 I=2,M

XI=(I-1)*H

W(I,1)=F(XI)

20 W(I,2)=W(I,1)+FK*G(XI)+FK**2*FPP(XI)/2.

C Here is the recurrence relation

DO 30 J=2,N

TT=J*FK

DO 40 I=2,M

40 W(I,J+1)=CONST*W(I,J)+FLAMBD**2*(W(I+1,J)+W(I-1,J))-W(I,J-1)

30 WRITE(6,5) J,TT,(W(K,J+1), K=1,M+1)

5 FORMAT(’ AT TIME STEP ’,I4,’ (T=’,F7.3,’)’/,4(1X,6(F9.4)/) )

END

C These functions compute F(X), F’’(X) and G(X)

FUNCTION F(X)

F=SIN(3.1415927*X)

RETURN

END

FUNCTION G(X)

G=0.

RETURN

END

FUNCTION FPP(X)

FPP=-(3.1415927)**2 * SIN(3.1415927*X)

RETURN

END

Program 193.1: Fortran: finite differences applied to hyperbolic equa-
tions.

0. -0.3082 -0.5862 -0.8069 -0.9485 -0.9973

-0.9485 -0.8069 -0.5862 -0.3082 0.

By comparing these values to the exact solution, we observe that the
numerical approximation is correct to two decimal places.

Notes
1. A stability analysis shows that equation (193.4) is stable if λ < 1.
2. If the k2 term in equation (193.7) had been neglected, then the

method would have been only a first order method.
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3. See also Burden [1, pages 583–599], Davis [2, pages 42–44], and
Garabedian [4, pages 463–475].
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194. Lattice Gas Dynamics

Applicable to Partial differential equations that physically arise
from the motion of “particles.”

Yields
A numerical approximation methodology.

Idea
Partial differential equations are usually derived from some microscopic

dynamical system. It may be possible to simulate the dynamical system
directly without first formulating differential equations.

Procedure
We illustrate the basic ideas behind this method for the case of a fluid.

By considering the interacting particles that make up a fluid and using
continuum theory, the usual Navier–Stokes equation can be derived (see,
e.g., Hasslacher [9]). This equation describes the evolution of the fluid.
To numerically approximate the solution to this equation, the equation is
discretized, and the resulting algebraic equations are solved on a computer.

Because a computer will be used to solve a discrete problem, it may be
easier (and faster) to directly simulate the motion of the original, discrete
particles. The resulting simulation can mimic all of the effects that fluid
systems have. By considering only local interaction laws in the simulation,
we are led to use cellular automata to describe the dynamics of the parti-
cles. Methods have been found for constructing cellular automata that are
microscopically reversible (and thus support a realistic thermodynamics),
obey exact conservation laws, and model continuum phenomena.

Example
We will illustrate one possible set of interaction laws that can be used to

simulate gas dynamics; this model goes by the name of HPP. We consider
a rectilinear array in which a particle may be present in a cell (indicated
by a dot), or it may be absent (indicated by a blank). At each “time step,”
the grid is considered in 2×2 blocks. The blocking alternates between even
and odd time steps (see figure 194.1). At any time step, a particle in a cell
is considered to be moving toward the center of the 2× 2 block (see figure
194.1). Hence, a particle in the upper left corner will move to the lower
right corner in one time step. On the next time step, because the blocking
has changed, this particle will once again be in the upper left of its new
block. Hence, it will continue moving on a diagonal path.

The particles travel straight, with one exception: When exactly two par-
ticles coming together from opposite directions collide, they bounce apart
in the other two directions. These interactions are particle-conserving,
deterministic, and invertible. In figure 194.2, we have indicated all possi-
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Figure 194.1: The 2 × 2 blocking of the rectilinear array at different time
steps.
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Figure 194.2: All possible motions and interactions on the rectilinear grid
in one time step (up to rotations).

ble interaction possibilities (up to rotations). With just the information
presented, it is possible to construct a full-scale simulation of a gas.

Notes
1. It should be noted that, for some regimes, a lattice gas may fail to

well approximate the Navier–Stokes equation and yet be closer to the
actual physics than the Navier–Stokes equation itself.

2. It is possible to amplify the simple example above by having many
particles, interaction effects between the different particles, exclusion
rules, etc.

3. The example above is for a rectilinear grid. The articles by Hasslacher
[9] describe the use of hexagonal grids.

4. Papatheodorou and Fokas [12] have shown that “discrete soliton”–
type behavior is possible in cellular automata.

5. Using special purpose hardware, simulation in lattice gas dynamics
can be performed very quickly. See Margolus et al. [11].
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195. Method of Lines 831

195. Method of Lines

Applicable to Elliptic, hyperbolic, and parabolic partial differen-
tial equations.

Yields
A system of partial differential equations with one fewer independent

variables.

Idea
The basis of the method is substitution of finite differences for the

derivatives with respect to one independent variable, and retention of the
derivatives with respect to the remaining variables. This approach changes
a given partial differential equation into a system of partial differential
equations.

Procedure
We will illustrate the general method on a second order elliptic partial

differential equation. Suppose the given equation is

A
∂2u

∂x2
+B

∂2u

∂x∂y
+ C

∂2u

∂y2
+D

∂u

∂x
+ E

∂u

∂y
+ Fu = G

(195.1)

in a domain Ω, where {A,B,C,D,E, F,G} are functions of x and y. Be-
cause equation (195.1) is assumed to be elliptic, the necessary data for
equation (195.1) are given on the boundary of Ω.

If we choose to discretize in the y variable, then we draw lines parallel
to the x axis, with a constant distance h between adjacent lines. (See figure
195.1.) Suppose the lines are specified by

y = yk = y0 + kh, k = 0, 1, . . . , N.

Then, we set y = yk in equation (195.1) and use finite differences for the
derivatives with respect to y. For example, we can use

∂u

∂y

∣∣∣∣
y=yk

' 1
h

[uk+1(x)− uk(x)] ,

∂2u

∂x∂y

∣∣∣∣
y=yk

' 1
h

[
u′k+1(x) − u′k(x)

]
,

∂2u

∂y2

∣∣∣∣
y=yk

' 1
h2

[uk+1(x)− 2uk(x) + uk−1(x)] ,

(195.2)

where uk(x) is an approximation to u(x, yk). Using equation (195.2) in
equation (195.1) (with y = yk), we obtain a first order differential equa-
tion involving the unknown functions {uk−1, uk, uk+1}. By taking k =
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Figure 195.1: Subdivision of the domain to solve equation (195.1).

0, 1, . . . , N , we obtain a system of first order ordinary differential equations
for the N + 1 unknown functions {u0(x), u1(x), . . . , uN (x)}.

If equation (195.1) is elliptic and Ω is convex, then the equations will
constitute a two point boundary value system. Any standard (numerical)
two point ordinary differential equation system solver can be used to solve
this system.

Example
Suppose we have the following parabolic equation for u(x, t)

ut = uxx,

u(0, x) = η(x),
u(t, 0) = α(t),
u(t, 1) = β(t).

(195.3.a-d)

We discuss discretizing this equation in both x and t.

1. If we choose to discretize in the x variable, then we approximate
u(t, xn) by vn(t), where xn = n/N = n∆x. Then we can approxi-
mate the derivatives with respect to x in equation (195.3.a) by finite
differences to obtain

d

dt
vn(t) ' vn+1(t)− 2vn(t) + vn−1(t)

(∆x)2
, (195.4)

for n = 1, 2, . . . , N − 1. The initial conditions and boundary condi-
tions in (195.3) can be written as

vn(0) = η(n∆x), for n = 1, 2, . . . , N − 1,
v0(t) = α(t),
vN (t) = β(t). (195.5)

(See figure 195.2.) If an explicit scheme (say forward Euler’s method)
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Figure 195.2: Subdivision of the domain.

is chosen to numerically approximate equation (195.4), then the sim-
ple formula

vn(t+ ∆t) = vn(t) +
∆t

(∆x)2
[vn+1(t)− 2vn(t) + vn−1(t)]

(195.6)

results. This formula can be iterated with equation (195.5) to find a
numerical approximation to the solution of (195.3).

2. If, instead, we choose to discretize equation (195.3) in the t variable,
then we would approximate u(tk, x) by wk(x), where tk = k∆t. Ap-
proximating the t derivatives in equation (195.3) by finite differences,
we obtain

wk(x)− wk−1(x)
∆t

=
d2

dx2
wk(x), (195.7)

with the corresponding initial and boundary conditions

w0(x) = η(x)
wm(0) = α(m∆t), for m = 0, 1, . . .
wm(1) = β(m∆t), for m = 0, 1, . . . .

Note that equation (195.7) is a constant coefficient ordinary differen-
tial equation for the dependent variable wk(x). Hence, the explicit
solution can be obtained and the differential system can be replaced
by an algebraic system.

Notes
1. This method is sometimes called the generalized Kantoravich method.
2. Observe that the recurrence relation in equation (195.6) could have

been obtained directly by applying finite differences to both the x
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834 IV.C Numerical Methods for PDEs

and t derivatives appearing in equation (195.3). This is not a clever
use of the method of lines. A better approach would be to use
a computer package to solve the initial value system in equations
(195.4) and (195.5). This package could use an implicit method for
the t derivative, and it could adjust the step size as necessary to
reduce the error.
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196. Parabolic Equations:
Explicit Method

Applicable to Parabolic partial differential equations.

Yields

An explicit numerical scheme.

Idea

Marching in time is the easiest way to solve a parabolic equation. For
this explicit method, the time steps must be small.

Procedure

Suppose we have the parabolic differential equation

ut = L(u,x, t),
u(t0,x) = f(x),

(196.1)

for u(x, t), where L(u,x, t) is uniformly elliptic. The easiest way to solve
equation (196.1) is by the use of “marching,” which is an explicit method.

An explicit numerical approximation is determined by taking a forward
difference in the t variable in equation (196.1) and having no other terms
that involve future time values. For example, we can approximate u(x, t)
by v(x, t) where v(x, t) satisfies

v(t+ ∆t,x) = v(t,x) + ∆t L̂(v(t,x),x, t),
v(t0,x) = f(x),

(196.2)

and L̂(·) is any reasonable finite difference approximation to L(v(t,x),x, t)
that does not involve v(t + ∆t,x) (if it did involve this term, then the
method would be implicit).

The main drawback of this method is that ∆t must often be very small
for the method to be stable. If |∆x| is the smallest discretization step in the
evaluation of L̂(v(t,x),x, t) then we require ∆t = O(|∆x|2) for equation
(196.2) to be a numerically stable technique. More precise restrictions on
∆t can be derived from the exact form of L(v(t,x),x, t), and the numerical
approximation used for the derivatives.
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836 IV.C Numerical Methods for PDEs

Example
Suppose we want to numerically approximate the solution to the diffu-

sion problem

ut = uxx,

u(t, 0) = 0,
u(t, 1) = 1,
u(0, x) = 0,

(196.3.a-d)

for t ≥ 0 with 0 ≤ x ≤ 1. From the method of Fourier series or separation of
variables (see pages 344 and 487), we find the analytic solution of equation
(196.3) to be

u(t, x) = x+
2
π

∞∑
n=1

(−1)n

n
e−π

2n2t sinπnx.

This exact solution will be used to ascertain the accuracy of the numerical
solution.

To numerically approximate the solution to (196.3), we use a grid of N
points between 0 and 1, {xn | xn = (n − 1)∆x, n = 1, 2, . . . , N}, where
∆x = 1/(N − 1). We define vn(t) to be the approximation of u(t, x) at
the nth grid point: vn(t) ' u(t, xn). The initial conditions in equation
(196.3.d) can be represented as

vm(0) = 0, m = 0, 1, 2, . . . , N,

whereas the boundary conditions in equations (196.3.b,c) can be repre-
sented as

v1(t) = 0, vN (t) = 1.

Using a centered second order scheme for the uxx term and a first order
forward difference scheme for the ut term, equation (196.3.a) can be dis-
cretized as

vm(t+ ∆t) = vm(t) + ∆t
(
vm+1(t)− 2vm(t) + vm−1(t)

(∆x)2

)
.

(196.4)

The C (Fortran) code in program 196.1 (196.2) implements the above
scheme for N = 21 and ∆t = 0.001. We choose to compare the output
from the program to the exact solution for t = 0.1 and x = 0.5. The exact
solution is u(0.1, 0.5) ' 0.2637.

Table 196.1 shows the approximate value of u(0.1, 0.5), for several dif-
ferent choices of N and ∆t. From these values, we conclude

1. As N increases, the accuracy of the numerical solution increases.
2. As ∆t deceases, the accuracy of the numerical solution increases.

The difference equation (196.4) was the example used to demonstrate
the Von Neumann stability test (see page 692). It was determined there
that the method will be stable if and only if ∆t/(∆x)2 is less than 1.
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void UPDATE(double *, double, double, int);

void main() {

double X[1000], V[1000];

double DELTAT=0.001, DELTAX, T=0;

int J, K, NTIME=100, N=21;

DELTAX= (double) 1/(double)(N-1);

/* Initialize the grid */

for ( J=1; J<=N; J++ ) {

X[J]= (double) (J-1)*DELTAX;

V[J]= (double) 0;

}

V[N]= (double) 1;

/* This is the loop for the number of time steps */

for ( J=1; J<=NTIME; J++ ) {

T += DELTAT;

/* Update the grid */

UPDATE(V,DELTAX,DELTAT,N);

/* Output the answer */

printf("The time is %8.4f\n",T);

for ( K=1; K<=N; K++ ) { printf("(%8.4f,%8.4f)\n", X[K],V[K] ); }

}

}

/* This subroutine increments the solution by one time step */

void UPDATE(double *VOLD, double DELTAX, double DELTAT, int N) {

double RATIO, VNEW[1000];

int J;

RATIO=DELTAT/(DELTAX*DELTAX);

for ( J=2; J<=N-1; J++ ) {

VNEW[J]=VOLD[J] + RATIO*( VOLD[J+1] - 2*VOLD[J] + VOLD[J-1] );

}

for ( J=2; J<=N-1; J++ ) { VOLD[J]=VNEW[J]; }

}

Program 196.1: C: explicit method applied to parabolic equations.

N ∆x ∆t ∆t/(∆x)2 v(0.1, 0.5)
5 0.25 0.05 0.80 0.6400
5 0.25 0.01 0.16 0.2745

11 0.10 0.005 0.50 0.2628
11 0.10 0.001 0.10 0.2640
21 0.05 0.001 0.40 0.2639

Table 196.1: Approximate value of u(0.1, 0.5) for different N and ∆t. The
exact value is u(0.1, 0.5) ' 0.2637

Note
1. See also Davis [1, Chapter 4, pages 167–193], Farlow [4, Lesson 38,

pages 309–315], Press et al. [6, pages 635–640], Smith [7, Chapters 2
and 3, pages 11–174], and Twizell [8, pages 200–265].
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REAL*8 X(1000),V(1000)

DELTAT=0.001D0

NTIME=100

N=21

DELTAX=1.D0/DFLOAT(N-1)

C Initialize the grid

DO 10 J=1,N

X(J)=DFLOAT(J-1)*DELTAX

10 V(J)=0.D0

V(N)=1.D0

T=0.D0

C This is the loop for the number of time steps

DO 20 J=1,NTIME

T=T+DELTAT

C Update the grid

CALL UPDATE(V,DELTAX,N,DELTAT)

C Output the answer

20 WRITE(6,5) T, (X(K),V(K),K=1,N)

5 FORMAT(’ The time is=’,F8.4,100(/10X,2F8.4) )

END

C This subroutine increments the solution by one time step

SUBROUTINE UPDATE(VOLD,DELTAX,N,DELTAT)

REAL*8 VOLD(1000),VNEW(1000)

RATIO=DELTAT/DELTAX**2

DO 100 J=2,N-1

100 VNEW(J)=VOLD(J) + RATIO*( VOLD(J+1) -2.D0 * VOLD(J) + VOLD(J-1) )

DO 200 J=2,N-1

200 VOLD(J)=VNEW(J)

RETURN

END

Program 196.2: Fortran: explicit method applied to parabolic equations.
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197. Parabolic Equations:
Implicit Method

Applicable to Parabolic partial differential equations.

Yields
An implicit numerical scheme.

Idea
An implicit scheme will numerically approximate the solution of a par-

abolic equation and allow large time steps to be taken.

Procedure
Suppose we have the parabolic differential equation

ut = L(u,x, t),
u(t0,x) = f(x),

(197.1)

for u(x, t), where L(u,x, t) is uniformly elliptic. We desire an implicit
difference scheme that will numerically approximate the solution to equa-
tion (197.1). An implicit method is one in which the value of u(t+ ∆t,x)
is not determined explicitly by the value of u(t,x) but instead uses both
u(t+ ∆t,x) and u(t,x).

For simplicity, we discuss only the case of a single space dimension. The
difference scheme will utilize a uniform grid, with a spacing of ∆x in the
x direction and a spacing of ∆t in the t direction. Define vn,j to be an
approximation to u(tn, xj), where tn = n∆t and xj = j∆x.

To discretize equation (197.1) in t, we choose to use a forward difference
in the t variable. That is,

ut(tn, xj) =
vn+1,j − vn,j

∆t
.

Now the x derivatives will be approximated, at any point, by values at time
tn and at time tn+1. That is,

ux(tn, xj) = (1 − λ1)
vn+1,j − vn+1,j−1

∆x
+ λ1

vn,j − vn,j−1

∆x
,

uxx(tn, xj) = (1 − λ2)
vn+1,j+1 − 2vn+1,j + vn+1,j−1

(∆x)2

+ λ2
vn,j+1 − 2vn,j + vn,j−1

(∆x)2
,

(197.2)

where λ1 and λ2 are any real numbers between zero and one. For any
such values, the scheme in equation (197.2) will be consistent. Note that
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if λ1 = λ2 = 1, there is only dependence on the values at a previous time
step and an explicit method is recovered. If neither λ1 nor λ2 is equal to
one, an implicit difference scheme results.

An implicit scheme often has the advantage that time steps can be taken
that are much larger than the time steps that can be taken for an explicit
method. More precise restrictions on ∆t can be obtained from the form of
L(v,x, t) and the values chosen for λ1 and λ2 in equation (197.2).

Example
Suppose we want to numerically approximate the solution to the diffu-

sion problem

ut = uxx,

u(t, 0) = 0,
u(t, 1) = 1,
u(0, x) = 0,

(197.3.a-d)

for t ≥ 0 with 0 ≤ x ≤ 1. From the method of Fourier series or separation of
variables (see pages 344 and 487), we find the analytic solution to equation
(197.3) is

u(t, x) = x+
2
π

∞∑
n=1

(−1)n

n
e−π

2n2t sinπnx. (197.4)

This exact solution will be used to determine the accuracy of the numerical
solution.

To numerically approximate the solution to equation (197.3), we use a
grid of N points between 0 and 1, {xn | xn = (n− 1)∆x, n = 1, 2, . . . , N},
where ∆x = 1/(N − 1). The initial conditions in equation (197.3.d) can be
represented as

v0,j = 0, j = 0, 1, 2, . . . , N, (197.5)

whereas the boundary conditions in equation (197.3.b,c) can be represented
as

vn,0 = 0, vn,N = 1, for n = 1, 2, . . . . (197.6)

We choose to discretize the equation with λ1 = λ2 = 1/2; this produces
the Crank–Nicolson scheme. The approximation to equation (197.3.a) is
therefore
vn+1,j − vn,j

∆t
=

1
2
vn+1,j+1 − 2vn+1,j + vn+1,j−1

(∆x)2
+

1
2
vn,j+1 − 2vn,j + vn,j−1

(∆x)2
,

which can be manipulated into

−ρvn+1,j+1 + (2 + 2ρ)vn+1,j − ρvn+1,j−1 = ρvn,j+1 + (2− 2ρ)vn,j + ρvn,j−1,
(197.7)
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N ∆x ∆t ∆t/(∆x)2 v(0.1, 0.5)
5 0.25 0.01 0.80 0.2526

11 0.10 0.01 1.00 0.2508
11 0.10 0.005 0.50 0.2569
21 0.05 0.01 4.00 0.2507

Table 197.1: Approximate value of u(0.1, 0.5) for different N and ∆t. The
exact value is u(0.1, 0.5) ' 0.2637

where we have defined ρ = ∆t/(∆x)2.
Note that for a given value of n, equation (197.7) is an algebraic equa-

tion for vn+1,j and two of its spatial neighbors. Hence, equation (197.7)
cannot be used alone to determine vn+1,j . Instead, a system of equations
must be solved simultaneously. Utilizing equations (197.5) and (197.6),
this system may be written as

1 0 0 0 · · · 0
−ρ 2 + 2ρ −ρ 0 · · · 0
0 −ρ 2 + 2ρ −ρ 0
...

. . . . . . . . .
0 0 −ρ 2 + 2ρ −ρ
0 0 · · · 0 0 1





vn+1,0

vn+1,1

vn+1,2

...
vn+1,N−1

vn+1,N


=



0
ρvn,1 + (2− 2ρ)vn,2 + ρvn,3
ρvn,2 + (2− 2ρ)vn,3 + ρvn,4

...
ρvn,N−2 + (2− 2ρ)vn,N−1 + ρvn,N

1


. (197.8)

Because this system of linear equations has a banded matrix of width three,
the system can be solved very efficiently.

The Fortran program in program 197.1 implements the above scheme
with N = 21 and ∆t = 0.01. Note that this program uses a matrix solver,
LSOLVE, whose source code is not shown. We choose to compare the output
from the program to the exact solution (given in equation (197.4)), for
t = 0.1 and x = 0.5. The exact solution is u(0.1, 0.5) ' 0.2637.

Table 197.1 shows the approximate value of u(0.1, 0.5), for several dif-
ferent choices of N and ∆t. From these values, we conclude

1. As N increases, the accuracy of the numerical solution increases.
2. As ∆t deceases, the accuracy of the numerical solution increases.
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DIMENSION FMAT(100,100),RHS(100),V(100),X(100),NROW(200)

N=21

DELTAT=0.01

NTIME=5

DELTAX=1./DFLOAT(N-1)

RHO=DELTAT/DELTAX**2

C Initialize the vector at T=0

DO 10 J=1,N

X(J)=DELTAX*(J-1)

10 V(J)=0

T=0.

DO 20 JTIME=1,NTIME

T=T+DELTAT

C Set up the right hand side

RHS(1)=0.

RHS(N)=1.

DO 30 J=2,N-1

30 RHS(J)= RHO*V(J-1)+(2.-2.*RHO)*V(J)+RHO*V(J+1)

C Set up the matrix

DO 40 J=1,N

DO 40 K=1,N

40 FMAT(J,K)=0.

FMAT(1,1)=1.

FMAT(N,N)=1.

DO 50 J=2,N-1

FMAT(J,J-1)=-RHO

FMAT(J,J )=2.+2.*RHO

50 FMAT(J,J+1)=-RHO

C Solve the matrix equation

CALL LSOLVE(N,FMAT,V,RHS,NROW,IFSING,100)

C Print out the answer

20 WRITE(6,5) T, (X(K),V(K),K=1,N)

5 FORMAT(’ Here is the solution at time=’,F8.4,/,90(10X, 2F12.5/))

END

Program 197.1: Fortran: implicit method applied to parabolic equations.

Notes
1. Observe from table 197.1 that the numerical method used resulted in

reasonable approximations when ∆t/(∆x)2 was as large as 4. Using
the Von Neumann test (see page 692), it can be shown that the
Crank–Nicolson scheme is unconditionally stable for any value of
∆t/(∆x)2.

2. Another way to interpret this solution technique is as a sequence of
elliptic problems, with one problem being solved at every time step.
For example, given the parabolic system

ut = L[u] + f(x, t), on R, t > 0,
u = g(x, t), on ∂R, t > 0,
u = u0(x), on R ∪ ∂R, t = 0, (197.9.a-c)
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we can take a forward difference in t to obtain ut(t) ' u(t)−u(t−∆t)
∆t ,

which allows equation (197.9) to be rewritten as u(t)−u(t−∆t)
∆t '

L[u(t)]+f(x, t). This is an elliptic equation for u(t) in which u(x, t−
∆t) plays the role of a nonhomogeneous forcing term. Hence, the
successive time values of u(x, t) may be determined by solving a
sequence of elliptic problems. The boundary conditions for each
elliptic problem come from equation (197.9.b), whereas the first value
of u(x, t) is given by u0(x). Rice and Boisvert [5, pages 111–120]
present the template of an ELLPACK program that will numerically
approximate the solution of parabolic equations by sequentially solv-
ing elliptic equations.

3. See also Davis [1, Chapter 4, pages 167–193], Farlow [3, Lesson 38,
pages 309–315], and Smith [6, Chapters 2 and 3, pages 11–174].
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198. Parabolic Equations:
Monte-Carlo Method

Applicable to Linear parabolic partial differential equations.

Yields
A numerical approximation to the solution of a linear parabolic partial

differential equation at a single point.

Idea
Simulation of the motion of a random particle may be used to approx-

imate the solution to linear parabolic equations.

Procedure
The steps for this method are straightforward. First, we give an overview;

then, a more detailed presentation.
First, approximate the elliptic part of the given parabolic partial differ-

ential equation by a finite difference method. Rewrite the finite difference
formula as a recursive function for the value of the unknown at any given
point. Then interpret this recursive formula as a set of transition prob-
abilities that determine the motion of a random particle. By creating a
finite difference scheme for the time derivative in the differential equation,
a natural time scale will be associated with every step of the particle.

Now, write a computer program that will allow many (say K) particles
to wander randomly around the domain of interest, based on the transition
probabilities found from the difference formula. Simulate the particles one
at a time, with every particle starting off at the same point (say the point
z). If the time step is ∆t, and the solution is desired at t = T , then
the particles will be allowed to wander randomly but for no more than
M = T/∆t steps.

• If the boundary data are of the Dirichlet type (i.e., the value of
the unknown is prescribed on the boundary), then, when a particle
reaches the boundary, stop that particle and store away the value on
the boundary. Begin another particle at the point z.
• If the boundary data are not of the Dirichlet type (say Neumann

or mixed boundary conditions), then, when the particles reach the
boundary, they will be given a finite probability to leave the boundary
and re-enter the domain of the problem. If the particle leaves the
boundary, continue the iteration process. If it does not leave the
boundary, the value at the boundary is stored away, and a new
particle is started off at the point z.
• For parabolic equations there is also the possibility that the particle

will not reach the boundary in M steps. If the particle has not
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reached the boundary in M steps, then record the position that is
finally reached. Using the initial conditions of the problem, there is a
value associated with the point reached. Then, begin a new particle
at the point z.

If the parabolic equation was homogeneous, a numerical approximation
to the solution at the point z will be given by an average of the K values
stored away. If the given equation was not homogeneous, then equation
(198.3) is used to obtain an estimate of the solution at the point z. In this
case, all points on the path that the particle traversed will be utilized.

In more detail, here is how the technique may be applied to the linear
parabolic partial differential equation in the domain R

ut = L[u] + F (x, y, t), x, y ∈ R and t > 0,
u = φ(x, y, t), x, y ∈ ∂R and t > 0,

u(x, y, 0) = g(x, y), x, y ∈ R, (198.1.a-c)

with the operator L[·] defined by

L[u] = Auxx + 2Buxy + Cuyy +Dux + Euy,

where {A,B,C,D,E} are all functions of {x, y, t}. The operator L[·] may
be discretized to yield the approximation

L[u] ' Ai,j

(
vi+1,j,n − 2vi,j,n + vi−1,j,n

r
(∆x)2

)
)

+ 2Bi,j

(
vi+1,j+1,n − vi,j+1,n − vi+1,j,n + vi,j,n

(∆x)(∆y)

)
+ Ci,j

(
vi,j+1,n − 2vi,j,n + vi,j−1,n

(∆y)2

)
+Di,j

(
vi+1,j,n − vi,j,n

∆x

)
+ Ei,j

(
vi,j+1,n − vi,j,n

∆y

)
,

where xi = x0 + i(∆x), yj = y0 + j(∆y), tn = n(∆t), vi,j,n = u(xi, yj, tn),
and a subscript of i, j, n means an evaluation at the point (xi, yj , tn). If
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the {Γ·,·,·} and Qi,j,n are defined by

Γi+1,j+1,n =
[

2Bi,j,n
(∆x)(∆y)

]
,

Γi+1,j,n =
[
Ai,j,n
(∆x)2

− 2Bi,j,n
(∆x)(∆y)

+
Di,j,n

∆x

]
,

Γi,j+1,n =
[
Ci,j,n
(∆y)2

− 2Bi,j,n
(∆x)(∆y)

+
Ei,j,n
∆y

]
,

Γi−1,j,n =
[
Ai,j,n
(∆x)2

]
,

Γi,j−1,n =
[
Ci,j,n
(∆x)2

]
,

Qi,j,n =
[

2Ai,j,n
(∆x)2

− 2Bi,j,n
(∆x)(∆y)

+
2Ci,j,n
(∆y)2

+
Di,j,n

∆x
+
Ei,j,n
∆y

]
,

and ut is approximated by u(x,y,t+∆t)−u(x,y,t)
∆t , then equation (198.1.a) may

be discretized as

vi,j,n+1 = (∆t)
[
Γi+1,j,nvi+1,j,n + Γi+1,j+1,nvi+1,j+1,n + Γi,j+1,nvi,j+1,n

+ Γi−1,j,nvi−1,j,n + Γi,j−1,nvi,j−1,n

]
+ [1−Qi,j,n(∆t)] vi,j,n + (∆t)Fi,j,n.

(198.2)

If we now choose ∆t = 1/Qi,j,n and define pi,j,n = Γi,j,n/Qi,j,n, then
equation (198.2) can be written as

vi,j,n+1 = pi+1,j,nvi+1,j,n + pi+1,j+1,nvi+1,j+1,n + pi,j+1,nvi,j+1,n

+ pi−1,j,nvi−1,j,n + pi,j−1,nvi,j−1,n +
Fi,j,n
Qi,j,n

.

Note that p’s add up to 1. We interpret them as probabilities of taking a
step in a specified direction. Specifically, if a particle is at position (i, j, n)
at step n, then

• With probability pi,j+1,n, the particle goes to (i, j + 1) at step n+ 1.
• With probability pi,j−1,n, the particle goes to (i, j− 1) at step n+ 1.
• With probability pi+1,j,n, the particle goes to (i+ 1, j) at step n+ 1.
• With probability pi−1,j,n, the particle goes to (i− 1, j) at step n+ 1.
• With probability pi+1,j+1,n, the particle goes to (i+ 1, j + 1) at step
n+ 1.

Now, suppose a particle starts at the point P0 = z and undergoes a
random walk according to the above prescription. We allow this particle
to wander until a time of T has elapsed. If Qi,j,n is constant, then ∆t is
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a constant, and we only need to count the number of steps taken. Either
the particle will hit the boundary after, say, N steps, or it will not hit the
boundary at all in M steps. Suppose that the sequence of points that this
particle visits is (P0, P1, P2, . . . , PN ), and N = M if the boundary has not
been reached. Then, an unbiased estimator of the value of u(z) for the
parabolic problem in (198.1) is given by

−
N∑
j=0

F (Pj)
Q(Pj)

+

{
φ(PN , tN ), if the particle reached the boundary,
g(PN ), if the particle did not reach the boundary.

(198.3)

In practice, several random paths will be taken, and the average taken to
estimate u(x, y, t).

Example
Suppose we wish to numerically approximate the solution to the diffu-

sion equation in the unit square, at a single point. Suppose we have the
partial differential equation

ut = ∇2u, (198.4)

for u(t, x, y) with the boundary conditions

u(t, x, 0) = u(t, x, 1) = 0,
u(t, 0, y) = u(t, 1, y) = 0,
u(0, x, y) = 10.

(198.5)

The exact solution to equations (198.4) and (198.5) is

u(x, y, t) =
16
π2

∞∑
n,m=1

e−[(2n−1)2+(2m−1)2]t

(2m− 1)(2n− 1)
sin [(2m− 1)πx] sin [(2n− 1)πy] ,

(198.6)

which was obtained by separation of variables (see page 487). Using equa-
tion (198.6) we determine that u(0.6, 0.6, 0.5) ' 5.354. We choose the point
z = (0.6, 0.6) and try to numerically approximate the solution to equations
(198.4) and (198.5) at the point z when t = 0.5. We follow the steps
outlined above.

Using the standard second order approximation to the Laplacian, (see
Abramowitz and Stegun [1, formula 25.3.30]), we find

∇2u ' ui+1,j,n + ui−1,j,n + ui,j+1,n + ui,j−1,n − 4ui,j,n
h2

= 0,

where ui,j,n = u(hi, hj, n(∆t)) and h� 1. Using our above approximation
to the time derivative, we find that equation (198.4) may be approximated
as

ui,j,n+1 − ui,j,n
∆t

=
ui+1,j,n + ui−1,j,n + ui,j+1,n + ui,j−1,n − 4ui,j,n

h2
,
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or (defining γ = ∆t/h2)

ui,j,n+1 = γ [ui+1,j,n + ui−1,j,n + ui,j+1,n + ui,j−1,n] + ui,j,n(1− 4γ).
(198.7)

If we choose γ = 1/4, then equation (198.7) simplifies to

ui,j,n+1 =
ui+1,j

4
+
ui−1,j

4
+
ui,j+1

4
+
ui,j−1

4
. (198.8)

We interpret equation (198.8) probabilistically as follows: If a particle is
at position (i, j) at step n, then

• With probability 1/4, the particle goes to (i, j + 1) at step n+ 1.
• With probability 1/4, the particle goes to (i, j − 1) at step n+ 1.
• With probability 1/4, the particle goes to (i+ 1, j) at step n+ 1.
• With probability 1/4, the particle goes to (i− 1, j) at step n+ 1.

The Fortran program in program 198.1 was used to simulate the mo-
tion of the particles according to the above probability law. A total of
NSIM random particles were started off. The outcome of that program is
given below. As more paths are taken, the approximation becomes better.
Obtaining many decimal places of accuracy requires a very large number
of simulations.

STEP=0.03000 DT=0.00360 M=138

Average after 10000 particles is: 4.7320

Average after 20000 particles is: 4.7845

Average after 30000 particles is: 4.7847

Note that the program uses a routine called RANDOM, whose source code
is not shown, that returns a random value uniformly distributed on the
interval from zero to one.

Notes
1. If further accuracy is required, the options are

(a) Increase the number of random particles.
(b) Make the mesh discretization finer (i.e., decrease h).
(c) Do both of the above.

If the number of random particles is not very large, then (b) will
not help much; and if the mesh is very coarse, then (a) will not
help much. Generally, the variance of the answer (a measure of the
“scatter”) decreases as the number of trials to the minus one half
power.

2. Because low numerical accuracy is obtained by this technique, a
computer program does not need to work with extended precision
arithmetic.
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NSIM=30000

TIME=0.500

XHOLD=0.60

YHOLD=0.60

C Specify the step length

STEP=0.02

C The step length determines the time step

DT=4.*STEP**2

C Determine the number of time steps allowed

M=TIME/DT

SUM=0.

DO 30 IWALK=1,NSIM

C Start off a new random walk

X=XHOLD

Y=YHOLD

NSTEP=0

10 NSTEP=NSTEP+1

C Determine if M steps have been taken yet

IF( NSTEP .GT. M ) GOTO 20

C Update the position

X=X + SIGN(STEP, RANDOM(DUMMY)-0.5 )

Y=Y + SIGN(STEP, RANDOM(DUMMY)-0.5 )

C If the particle escapes the box, start a new particle off

IF( X.GT.1 .OR. X.LT.0 ) GOTO 40

IF( Y.GT.1 .OR. Y.LT.0 ) GOTO 40

C Otherwise take another step

GOTO 10

C Time has run out with the particle still in the grid

20 SUM=SUM+10

40 IF( MOD(IWALK,10000) .NE. 0 ) GOTO 30

APPROX=SUM/FLOAT(IWALK)

WRITE(6,5) IWALK,APPROX

30 APPROX=SUM/FLOAT(NSIM)

WRITE(6,5) NSIM,APPROX

5 FORMAT(’ Average after’,I6,’ particles is: ’,F7.4)

END

Program 198.1: Fortran program for Monte-Carlo method applied to
parabolic equations.

3. If the time at which the solution is desired is so large that all of the
particles end up at the boundaries, then the quantity really being
calculated is the steady-state solution to the parabolic equation.

4. If a parabolic equation is interpreted as a Fokker–Planck equation (see
page 303), then Itô equations can be associated with the parabolic
equation. The Itô equations may be numerically integrated by the
technique described on page 775.

5. Another type of Monte-Carlo approach for parabolic equations, using
cellular automata, is described in Boghosian and Levermore [3].

6. Sadeh and Franklin [8] contain several worked examples. See also
Farlow [4, pages 346–352].
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199. Pseudospectral Method 851

199. Pseudospectral Method

Applicable to Most commonly, hyperbolic equations with periodic
boundary conditions.

Yields
A numerical scheme for calculating the spatial derivatives.

Idea
A numerical finite Fourier transform can be used to obtain difference

schemes that are of infinite order.

Procedure
On a uniformly spaced grid {x1, x2, . . . , xN}, with xi+1 − xi = h, a

numerical approximation to ∂u/∂x at the point xk that is second order
accurate is

∂u

∂x

∣∣∣∣
x=xk

' 1
2h

(uk+1 − uk−1) ,

where uk = u(xk). A numerical approximation that is fourth order accurate
is given by

∂u

∂x

∣∣∣∣
x=xk

' 1
3h

(uk+1 − uk−1)− 1
6h

(uk+2 − uk−2) .

A numerical approximation that is sixth order accurate is given by

∂u

∂x

∣∣∣∣
x=xk

' 1
2h

(uk+1 − uk−1)− 1
3h

(uk+2 − uk−2) +
1

30h
(uk+3 − uk−3) .

Methods of arbitrary high order may be constructed. For higher order
methods, more points surrounding the point xk will be utilized. In the
limit, the following centered difference scheme of infinite order accuracy is
obtained

∂u

∂x

∣∣∣∣
x=xk

=
∞∑
j=1

2(−1)j+1

jh
(uk+j − uk−j) . (199.1)

Eventually, when implementing methods of progressively higher order,
the value of u(x) at a point xk+j , with k + j > N , will be required. If
we assume that u(x) is periodic, with period Nh, then u(xi) = u(xi+N ).
By periodicity, then the value at xj+k is the same as the value at xj+k−N .
Hence, methods of arbitrarily high order may be constructed, and only the
values {u1, u2, . . . , uN} will be utilized.

Alternately, for given u(x), a Fourier transform may be taken to deter-
mine

û(ω) =
1√
2π

∫ ∞
−∞

u(x)eiωx dx. (199.2)
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Once determined, û(ω) may be multiplied by −iω, and then an inverse
transform taken to yield

∂u

∂x
=
−1√
2π

∫ ∞
−∞

iωû(ω)e−iωx dω. (199.3)

An informal derivation of this statement is simple; consider differentiating
the formula u(x) = 1√

2π

∫∞
−∞ û(ω)e−iωx dω with respect to x.

Hence, the first derivative at every point in a domain may be computed
by taking a Fourier transform, multiplying by −iω, and then taking an
inverse Fourier transform. By discretizing equations (199.2) and (199.3),
the Fourier transforms can be performed by “fast Fourier transforms”
(FFTs). The FFT is a fast numerical technique for determining the finite
Fourier transform of a function that is defined on a set of equally spaced
grid points.

Hence, the derivative at every point in the grid can be computed by
taking an FFT, multiplying by the discrete analogue of iω, and then taking
an inverse FFT. This approach yields the same numerical scheme given in
equation (199.1).

Using either technique, a highly accurate finite difference scheme is
generated. This scheme may then be used to numerically approximate the
ux term appearing in a differential equation.

Example
Suppose we have the hyperbolic equation for u(x, t)

∂u

∂t
=
∂u

∂x
, (199.4)

for t ≥ 0 on 0 ≤ x ≤ 1 with the periodic boundary conditions

u(0, t) = u(1, t), (199.5)

and the initial conditions

u(x, 0) = sin 2πx. (199.6)

The solution of this system can be determined by the method of char-
acteristics (see page 432) to be u(x, t) = sin 2π(x − t). We will compare
the solution from our numerical scheme to this exact solution.

The pseudospectral method dictates that we take the derivatives of the
periodic component (x in this example) by FFTs. We choose to use a one
sided explicit difference scheme for the time derivative term. Of course, a
more accurate derivative expression for the ∂u/∂t term would result in a
more accurate numerical approximation (see Gottlieb and Turkel [8]).

A Fortran computer program is given in program 199.1 that finds a
numerical approximation to the solution of equations (199.4)–(199.6). For
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IMPLICIT DOUBLE PRECISION (A-H,O-Z)

REAL*8 V(100),X(100),EXACT(100)

COMPLEX*16 VV(100),DERIV(100)

N=8

DELTAT=0.0001D0

NTIME=10

H=1.D0/DFLOAT(N)

PI=3.141592653589D0

W0=1.D0/DFLOAT(N/2-1)

C Initialize the vector with the initial conditions

DO 10 J=1,N

X(J)=DFLOAT(J-1)*H

10 V(J)=DSIN( 2.D0 * PI * X(J) )

C Here is the loop in time

DO 20 LOOP=1,NTIME

TIME=LOOP*DELTAT

C take the fourier transform of the V vector

DO 30 J=1,N

30 VV(J)=V(J)

CALL FFT(N,VV, 1.D0)

C multiply by (I W0)

NBY2=N/2

DO 40 J=1,N

40 DERIV(J)= VV(J) * DCMPLX(0.D0,1.D0) * DFLOAT(-NBY2-1+J) * W0

C Take the inverse Fourier transform

CALL FFT(N,DERIV,-1.D0)

C Use the derivative values to update the mesh values

DO 50 J=1,N

V(J)=V(J) + DELTAT*DREAL( DERIV(J) )

50 EXACT(J)=DSIN( 2.D0*PI*( X(J)-TIME ) )

20 WRITE(6,5) TIME, (X(K),V(K),EXACT(K),K=1,N)

5 FORMAT(’ Here is the solution at time’,F6.3,/,

1 8(2X,’X=’,F7.4,’ Y(approx)=’,F8.4,’ Y(exact)=’,F8.4/))

END

Program 199.1: Fortran program for spectral method.

comparison purposes, the exact solution is also printed out. Note that the
program calls a subroutine (called FFT(N,V,SIGNI)), whose source code
is not given, to perform the fast Fourier transform. This routine is input
a complex-valued vector V and returns the same vector, where the values
have been modified by

V(k) =
1√
N

N∑
j=1

V(j) exp
[
2πi(j − 1)(k − 1)

SIGNI

N

]
.

The last few lines of the program output are shown next:
Here is the solution at time 0.001

X= 0. Y(approx)= 0.0010 Y(exact)= -0.0063

X= 0.1250 Y(approx)= 0.7078 Y(exact)= 0.7026

X= 0.2500 Y(approx)= 1.0000 Y(exact)= 1.0000

X= 0.3750 Y(approx)= 0.7064 Y(exact)= 0.7115

X= 0.5000 Y(approx)= -0.0010 Y(exact)= 0.0063
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X= 0.6250 Y(approx)= -0.7078 Y(exact)= -0.7026

X= 0.7500 Y(approx)= -1.0000 Y(exact)= -1.0000

X= 0.8750 Y(approx)= -0.7064 Y(exact)= -0.7115

Notes
1. To calculate higher order derivatives, higher powers of (iω) should

be used to multiply û(ω). See any book on Fourier transforms (e.g.,
Butkov [2]).

2. Note that the method, when applied to partial differential equations,
requires that the grid be uniform in every spatial variable in which a
FFT is to be taken.

3. This scheme has also been applied to elliptic and parabolic equations,
but the results are not much better than using a relatively low order
finite difference scheme.

4. Comparing this method to finite differences, the pseudospectral method
(the finite difference method) uses a global (local) interpolation of a
function, then an approximation of a derivative is made from this
interpolatory function.

5. Spectral methods are really more general than the limited exposition
given here. Theoretically, spectral methods expand the unknown
quantities in a series of orthogonal functions; these functions, in turn,
result from the solution of a Sturm–Liouville problem. In practice,
one considers either a Fourier expansion (as we have done here)—
usually for periodic problems—or an expansion in terms of orthogonal
polynomials. The Chebyshev polynomials are often used as they are
amenable to the fast Fourier transform but also admit more general
boundary values than those allowed in Fourier series. The use of
Walsh series is discussed in Ohkita and Kobayashi [10].
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Mathematical Nomenclature

Applicable to The symbols used in this book.

Yields
Definitions of all special symbols.

Procedure

• Cp[a, b]: The class of functions that are continuous and have p continuous
derivatives on the interval [a, b].

• F Fourier transform operator.
• H(x): The Heaviside function or step function; it is defined by

H(x) =

∫ x

−∞

δ(x) dx =





0 if x < 0,

1/2 if x = 0,

1 if x > 0.

• =: The imaginary part of a quantity.
• L: Laplace transform operator.
• O: We say that f(x) = O(g(x)) as x → x0 if there exists a positive constant

C and a neighborhood U of x0 such that |f(x)| ≤ C|g(x)| for all x in U .
• o: We say that f(x) = o(g(x)) as x → x0 if, given any µ > 0, there exists

a neighborhood U of x0 such that |f(x)| < µ|g(x)| for all x in U.
• p: When z = z(x, y), then p = zx; when y = y(x), then p = yx.
• q: When z = z(x, y), then q = zy.
• r: When z = z(x, y), then r = zxx.
• s: When z = z(x, y), then s = zxy.
• t: When z = z(x, y), then t = zyy.
• yx(n): The nth derivative of y with respect to x.
• δij : The Kronecker delta, it has the value 1 if i = j and the value 0 if i 6= j.
• ε: This is often used to represent a small number assumed to be much less

than one in magnitude.
• δ(x): The delta function; it has the properties that δ(x) = 0 for x 6= 0, but∫

∞

−∞
δ(x) dx = 1.

• ∂S: If S is a region or volume, then ∂S denotes its boundary.

• ∇̃: The space-time gradient operator; it is defined by ∇̃ = [∇, ∂/∂t].
• ∇2: The Laplacian; it is defined by ∇2(φ) = div(grad φ).
• R: The real numbers.
• <: The real part of a quantity.
• C: The vector Laplacian; it is defined by Cv = grad(div v) − curl curlv.
• ¤: The d’Alembert operator; it is defined by ¤ = ∂2/∂t2 −∇2.
• ≡: A symmetric relation.
• [L,H]: The commutator of the two differential operators L and H (see

method 7).
• {u, v}: The Lagrange bracket of the two independent variables u and v (see

method 7).
• [f, g]: The Poisson bracket of the two functions f and g (see method 7).
• {y, x}: The Schwarzian derivative of y with respect to x (see method 7).
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Errors in the Third Edition of

Handbook of Differential Equations
by Daniel Zwillinger

LAST UPDATED: November 22, 2000

(1) Section 11, Fixed Point Existence Theorems, pages 58 and 59
(a) The name “Schrauder” should be “Schauder”
(b) The following reference should be added:

J. Schauder, “Der Fixpunktsatz in Funktionalraeumen,”
Studia Math., 2, (1930), 171–180.

(Thanks to G. Friesecke for these corrections.)
(2) Section 27, Canonical Forms, page 130, reference number 2 is now

Bateman, H. Partial Differential Equations of Mathematical Physics,
Dover Publications, New York, 1944.

Which is incorrect. The reference should have been
Bateman, H. Differential Equations, Longmans, Green and Co.,
New York, 1926, pages 75-79.

(Thanks to Ali Nejadmalayeri for this correction.)
(3) Section 44.1.3, Look-Up Technique, page 189, last equation before sec-

tion 44.2, presently has

y(m) = axy−m/2

This is incorrect, it should have been

y(m) = ayx−m/2

(Thanks to Flavio Noca for this correction.)
(4) Section 79, Integrating Functions, page 359, note number 10, the fol-

lowing should be added:
The general solution to ux = yuy is u = f(x + log y) , where f is
an arbitrary function.

(Thanks to Alain Moussiaux for this observation.)
(5) Section 80, Interchanging Dependent and Independent Variables,

page 361, note number 2, the reference to Bender and Orszag should be
section 1.5, not 1.6.

(Thanks to James Dare for this observation.)
(6) Section 85, Reduction of order, page 390, note number 2, presently

contains
More generally, if {z1(x), . . . , zp(x)} are linearly independent so-
lutions of equation (85.6), then the substitution

y(x) =




z1 . . . zp v

z′1 . . . z......
...

...

z
(p)
1 . . . z

(p)
p v(p)




reduces equation (85.7) to a linear ordinary differential equation
of order n − p for v(x).

This should be changed to
More generally, if {z1(x), . . . , zp(x)} are linearly independent so-
lutions of equation (85.6), then the substitution

1



2

y(x) =




z1 . . . zp z

z′1 . . . z......
...

z
(p)
1 . . . z

(p)
p z(p)


φ(x)

where φ(x) need not be specified, reduces equation (85.6) to a
linear ordinary differential equation of order n − p for y(x).
Here y(x) can be written in the form

y(x) = A(x)z(p) + B(x)z(p−1) + . . . , A(x) 6= 0
and its derivatives have the form

y′(x) = A(x)z(p+1) + . . . , y′′(x) = A(x)z(p+2) + . . . ,

These equations can be used to eliminate {z(p), . . . , z(n)} and
(85.6) will take the form

b0y
(n−p) + · · · + bn−py + V = 0

where V is linear in the {z, z′, . . . , z(p−1)}
(Thanks to Unal Goktas for this correction.)

(7) Section 93, Inverse Scattering, page 413, equation (93.1) is now

L[y] = y′′ + a(x)y′ + b(x) = f(x)

Which is incorrect. This should have been (note the missing y)

L[y] = y′′ + a(x)y′ + b(x)y = f(x)

(Thanks to Young Kim for this correction.)
(8) Section 106, Inverse Scattering, page 460, the Applicable to statement

should have at the end
having the form of (106.2)

(Thanks to G. Friesecke for this observation.)
(9) Section 118, Chaplygin’s Method, page 512, equations (118.5) and (118.6)

and the surrounding text are now
Then define u1(x) to be the solution of

y′ = M(x)y+N(x), y(x0) = y0. (118.5)
and define v1(x) to be the solution of

y′ = M̂(x)y+N̂(x), y(x0) = y0. (118.6)
Which is incorrect. This should have been (note that the definitions have
been switched):

Then define v1(x) to be the solution of
y′ = M(x)y+N(x), y(x0) = y0. (118.5)

and define u1(x) to be the solution of

y′ = M̂(x)y+N̂(x), y(x0) = y0. (118.6)
(Thanks to Bruno Van der Bossche for these corrections.)

(10) Section 145, Picard Iteration, page 619, note number one, the following
should be added:

However, the successive approximations are guaranteed to con-
verge to the true solution for all x sufficiently close to zero pro-
vided f is a continuously differentiable function.

(Thanks to G. Friesecke for this observation.)
(11) Section 148, Soliton-Type Solutions, pages 626–627

(a) In equation (148.3) the term cvζ should be −cvζ .
(b) In equation (148.4) the term (vζ)

2 should be 1
2 (vζ)

2.
(c) An additional note should be added on page 627 to state



3

With the standard choice of A = B = 0 , the solution to
(148.4) can be solved in terms of elementary functions:

v(x) =
3c

σ

(
sech

(√
cx

2

))2

(Thanks to G. Friesecke for these corrections.)
(12) Section 199, Pseudospectral Method, page 851 presently has:

∂u

∂x

∣∣∣∣
x=xk

' 1

3h
(uk+1 − uk−1) −

1

6h
(uk+2 − uk−2).

and
∂u

∂x

∣∣∣∣
x=xk

' 1

2h
(uk+1−uk−1)−

1

3h
(uk+2−uk−2)+

1

30h
(uk+3−

uk−3).
and

∂u

∂x

∣∣∣∣
x=xk

=

∞∑

j=1

2(−1)j+1

jh
(uk+j − uk−j).

Which are all incorrect. They should have been:
∂u

∂x

∣∣∣∣
x=xk

' 2

3h
(uk+1 − uk−1) −

1

12h
(uk+2 − uk−2).

and
∂u

∂x

∣∣∣∣
x=xk

' 3

5h
(uk+1−uk−1)−

3

20h
(uk+2−uk−2)+

1

60h
(uk+3−

uk−3).
and

∂u

∂x

∣∣∣∣
x=xk

=

∞∑

j=1

(−1)j+1

jh
(uk+j − uk−j).

(Thanks to Didier Clamond for these corrections.)
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