A GEOMETRIC APPROACH
TO CORRELATION INEQUALITIES IN THE PLANE

A. FIGALLI, F. MAGGI, AND A. PRATELLI

ABSTRACT. By elementary geometric arguments, correlation inequalities for radially symmetric
probability measures are proved in the plane. Precisely, it is shown that the correlation ratio
for pairs of width-decreasing sets is minimized within the class of infinite strips. Since open
convex sets which are symmetric with respect to the origin turn out to be width-decreasing sets,
Pitt’s Gaussian correlation inequality (the two-dimensional case of the long-standing Gaussian
correlation conjecture) is derived as a corollary, and it is in fact extended to a wide class of
radially symmetric measures.
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1. INTRODUCTION

We address the minimization of the correlation ratio of a radially symmetric probability
measure 1 on R?, providing in particular a new and elementary proof of Pitt’s correlation
inequality for the planar Gaussian measure. Let us say that a set S C R? is a strip (symmetric
with respect to the origin) if there exist v € S! and h > 0 such that

S={zeR*:|z-v|<h}.

Two strips S and S’ are orthogonal if they are associated to orthogonal vectors v and v/ in S'.
Next we introduce the family of width-decreasing sets as the class of those planar, open sets,
which are symmetric with respect to the origin, which contain the origin, and whose angular-
length (roughly speaking) decreases at least as the angular-length of a strip. Momentarily
postponing the precise definitions (which are presented in Section 2), we immediately state our
main result.

Theorem 1. Let 1 be a radially symmetric probability measure on R?. If E and F are two
width-decreasing sets in R?, then there exist two orthogonal strips Sg and Sp such that

wENF) - uw(SgNSg)
w(E)u(F) — p(Se)u(Sr)

In other words, the correlation ratio of p is minimized, among pairs of width-decreasing sets,

(1.1)

over pairs of orthogonal strips.
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Given n > 2, let now K, denote the family of open, convex sets in R, which are symmetric
with respect to the origin, and let v, = (27r)*”/2 e~121"/2 4z denote the standard Gaussian
measure on R™. In Theorem 2, Appendix A, it is shown that every set in Ky is a width-
decreasing set. Now, in the case p = 79, Fubini’s theorem immediately implies that the right-
hand side of (1.1) is equal to 1. By combining these two facts with Theorem 1, we provide a new
justification of the planar Gaussian correlation inequality (see (1.4) below), that is completely
alternative to Pitt’s semi-group approach [5], and it is based only on elementary geometric
considerations. In fact, the tensorization property of the Gaussian measure is not necessary
to obtain non-trivial correlation inequalities in the plane. For example, we can deduce from
Theorem 1 the following class of correlation inequalities, which extend Pitt’s inequality to a
wide class of radially symmetric probability measures.

Corollary 1. Let V : [0,00) — R be a Lipschitz function, such that

Vl
(r) is decreasing on (0,00), (1.2)
r
and that p = e=V(2D dz is a probability measure on R%. Then

w(ENF) > u(B)u(F), (1.3)
for every pair of width-decreasing sets E and F in R?.

Observe that, by choosing E = F = R?, we immediately check the sharpness of (1.3).

The paper is divided in three sections. In Section 2 we define the class of width-decreasing
sets, prove Theorem 1, and discuss the equality cases in (1.1) under some additional assumption
on p (cf. Remark 2). In Section 3 we prove Corollary 1, and also address the case when V'(r)/r is
increasing on (0, 00), see Corollary 6 (in particular, we obtain non-trivial correlation inequalities
for all probability measures ; on R? of the form y = cpe*Mp dz, p > 0). Finally, in Appendix A
we show that every set in Ko is a width-decreasing set (Theorem 2).

We finally notice that, as pointed out to us by Michael Loss, in [2] Christer Borell introduces
a special class B, of subsets of R™, and proves the n-dimensional Gaussian correlation inequality

Yn(ENFE) > 3 (E)y(F), (1.4)

for every E, I’ € B,,. Let us recall that the Gaussian correlation conjecture postulates the validity
of (1.4) for every pair of sets E, F' € K,, (for further partial results on this difficult problem, see
Khatri [4], Sydak [7], Schechtman, Schlumprecht, Zinn [6], Harge [3], and the lecture notes [1]).
If n > 3, the classes B,, and K, do not coincide (nor are contained one into the other), although,
in some sense, they have a considerably large intersection. Concerning the planar case, it is
easily seen that the class By coincides with the class of width-decreasing sets in R?, so that, in
particular, Theorem 2 implies Ko C Bs. In fact, the inclusion Ko C By is also proved by Borell in
Section 4 of his paper. However, for the sake of clarity, we have opted to include an elementary
geometric proof of this result in our appendix. We also remark that the argument used by Borell
in order to prove (1.4) in the class B, makes essential use of the tensorization property of ~,,
and thus, in the planar case, it does not seem suitable to recover the more general Theorem 1.
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FIGURE 1. Width decreasing sets. If £ N @B, is a proper subset of B, and S is any
strip with ' (ENOB,) = " (SNOB,), then for every s > r we have ' (ENOB,) <
A (SN OB,).
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2. WIDTH DECREASING SETS AND PLANAR CORRELATION INEQUALITIES

In this section we prove Theorem 1. We begin with some definitions and terminology. A
probability measure 1 on R? is radially symmetric if for every Borel set E C R? and 6 € (0, 27)
we have

u(E) = p(Ry(E))
where Ry : R? — R? denotes the rotation around the origin by the angle §. By a standard

disintegration argument, we see that if p is a radially symmetric probability measure and E, F
are Borel sets in R?, then

AN ENOB,) <A (FNIB,) Yr>0 = w(E) < u(F). (2.1)

(Here and in the sequel B, = {x € R? : |z| < r}, and #" denotes the 1-dimensional Hausdorff
measure of a set.)

Given an open set E C R? which contains the origin, the (normalized) angular-length
function of E, 0 : (0,00) — [0,7/2], is defined as

1
Op(r) = % A (ENOB) (Erﬂ 9B) ..o,
Since F is open and contains the origin, the function 0 is always lower semicontinuous on
(0,00), and constantly equal to 7/2 in a neighborhood of 0.

Finally, we say that E is a width-decreasing set, if E is open, symmetric with respect to
the origin, contains the origin, and, for every r > 0 such that 0g(r) < 7/2, the angular-length
function of F is bounded from above on (r,00) by the angular-length function of a strip .S such
that 0g(r) = 0s(r), see Figure 1. More concisely, we ask that, for any r € (0, 00),

Op(r) < g = 0 < 8s on (r,00), (2.2)

for every strip S with 0g(r) = 0s(r). It is easily seen that if £ is a width-decreasing set, then
its angular-length functions 0 is decreasing.
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FIGURE 2. A square F and a (qualitative picture) of its vertical double-cap symmetriza-
tion E*. E* is obtained by rearranging the connected components of £ N JB, into pairs
of opposite circular arcs, with center on the vertical axis. The horizontal double-cap
symmetrization E, of E is obtained by a m/2-rotation of E*.

Proof of Theorem 1. Without loss of generality we can assume that both E and F' are different
from R? (otherwise the result is trivial). Recalling that by assumption E and F are open, we can
immediately check that 0 + 0p : (0,00) — [0, 7] is a decreasing, lower semicontinuous function
satisfying 0p(01) + 0p(01) = m and Op(+00) + Op(+00) = 0. Hence, if we set

rog = inf {7“ >0: HE(T) —|—9F(’l“) < g} s

then 9 € (0,00) and 0g(ro) +0r(ro) < w/2. If Op(ro) = 7/2 then 0p(r9) =0, and so F' C E. In
this case, we set Sg to be any strip such that £ C Sg, and we set S to be any strip orthogonal
to Sg, so to find
wENF) _ 1 > 1 > w(Sg N Sk) . (2.3)
p(EY(F)  u(E) — w(Sp) — w(Se)u(Sr)
The case Og(ro) = 0, Op(ro) = m/2 is settled by symmetry. Hence we are left to consider the
case that

HE(’I“()) + QF(TQ) < g, 0< QE(TO) < g, 0< QF(’I“()) < g (2.4)

In this case we are going to replace E by its vertical double-cap symmetrization E*, defined as
(see Figure 2)

; ; 3
E* = U {rele : ‘9 — g’ < HE(T)} U {rela : '0 — ;‘ < HE(T)} ,
r>0
and, simultaneously, to replace F' by its horizontal double-cap symmetrization F, defined as
F, = U {reie 20| < 91:(7“)} U {rew S0 -7 < HF(T‘)} ,
r>0

where we write r ¢ = (r cosf,rsin ). By construction, it is clear that g = g« and Op = 0p,.
Moreover, by (2.1),

W(E) = w(EY),  u(F) = u(F,). (2.5)
Since
HNE* N F,N0B,) = 4max {o, O (r) + Op(r) — g} < AN ENFNOB,), (2.6)

again by (2.1) we have
W(E* O F,) < p(ENF), 27
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FIGURE 3. A pair of sets F and F such that E = E*, F = F, and 0g(rg) + 0p(ro) <
7/2. On the right, the set E = (E* N By,) U (Sg \ Br,).

so that

pENF) B NE)
w(E)u(F) — p(E*)u(Fy)
We now observe the crucial fact that the notion of width-decreasing set is invariant under both
our symmetrizations, being a property only of the angular-length function. Hence, both E* and
F, are width-decreasing.
Since the circular slices of E* are pairs of opposite vertical caps, the fact that E* is a
width-decreasing set and the property 0 < 0g(rg) < m/2 force the inclusions

E*\ By, C Sg, (2.9)
SpN B, C E*NB,,, (2.10)

(2.8)

where Sg is the vertical strip such that 0g,(r0) = 0r(ro) (see Figure 3). More precisely,
Sk = S(v,h) for

v=eq, h = rosin(0g(ry)) .
On the other hand, for F' we find

F.\ B, C Sp, (2.11)
Sp N By, C FuN By, (2.12)

where S is the horizontal strip such that g, (ro) = 7/2 — 0g(r9) (observe that for general
width-decreasing sets it can happen that /2 — 0g(rg) > 0r(ro), see Figure 3). If we now set

E= <E N B,,O> U <SE \ BTO> ,  F= (F N Bm) U (SF \ BTO) ,
then by construction E* N F, = E N F (recall that 0(r) + 0 (ro) < 7/2, so E* N 0By, and
F. N 0By, are disjoint). Moreover, by (2.9) and (2.11), E* C F and F, C F. Thus,
,u(E*ﬂF*) p(Eﬂﬁ)

w(E () ~ w(B)u(F) (213)
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Let us now notice the trivial inequality

b b
>2"°% VYo<c<b<a. (2.14)

Since 0 (ro)+0r(ro) < 7/2 we have B\ Sg C SpNB,,. Hence, recalling that E\BTO = Sg\ By,

and SpN By, C F,
E\Sg=(ENB,)\SeC ENSpNB, CENF.
Therefore we may apply (2.14) to obtain
;L(Eﬂﬁ) S ,u(E‘ﬂﬁ)—,u(E\SE) - ,u(ﬁﬂSE)

== > — = = (2.15)
p(E)u(F) <u(E)—u(E\SE)>M(F) p(Sp)(F)

Similarly, from the inclusion F \ Sr C FNSg and by applying again (2.14), we conclude

M(FN’QSE) S u(ﬁﬂSE) —u(ﬁ\SF) _ M(SEQSF)
u(Se)n(F) ~ M(SE)(M(F) —u(F\ SF)) u(Se)u(Sr)

(2.16)

Combining together (2.8), (2.13), (2.15) and (2.16), we finally get (1.1), so the proof is completed.
U

Remark 2 (A necessary condition for equality in (1.1)). Let us now discuss the sharpness
of (1.1) under the assumption that

p(A) > 0 for every open set A C R2.
We claim that, in this case, the inequality sign in (1.1) is strict unless
E* and F} are orthogonal strips.

To verify this, let us recall that in proving (1.1) we have considered three separate cases: F' C E,
E C F, or else. In the first case, F' C E, we denoted by Sg any strip containing F, by S any
strip orthogonal to Sg, and then we deduced (1.1) from the chain of inequalities (2.3),

pEAF) 1 1 (S50 Se)

pE)WEF)  w(E) ~ w(Se) ~ w(Se)u(Sr)
The first inequality sign is strict unless u(Sg \ E) = 0; the second inequality is then necessarily
strict (unless we are in the trivial case E = Sg = R?). Therefore, in the case F C E, (1.1) is
always a strict inequality, and the same holds true in the symmetric case £ C F. Let us now
assume that FAF # (). In this case, if (1.1) holds as an equality, we deduce from (2.13) that
w(E*) = p(E) and wu(F,) = u(F). By (2.9), (2.11) and by our assumptions on g, this implies
that

E*\ B,y =Sg\ By, F.\B,,=25Sr\By,.

At the same time, thanks to (2.15) and (2.16), the equality sign in (1.1) implies u(E \ Sg) =
w(F \ Sp) =0, that finally gives

E* = Sg, F, =S,

using (2.10) and (2.12).



A GEOMETRIC APPROACH TO CORRELATION INEQUALITIES IN THE PLANE 7

3. EXTENSIONS OF PITT’S CORRELATION INEQUALITY

In this section we present some classes of radially symmetric measures such that the right-
hand side of (1.1) admits an explicit, non-trivial lower bound, and, in particular, we prove
Corollary 1. Precisely, we consider a Borel function V : [0, 00) — R, we set

f(z) = e V0D z e R?, (3.1)
so that f > 0 on R?, and we work with the measure
w=f(z)dz. (3.2)
We shall assume as usual that 4 is a probability measure on R?, that is, we shall assume that
o /Ooo eV rdr = g f(z)dz = p(R?) =1. (3.3)

We begin with the following lemma, that, in combination with Theorem 1, will readily imply
Corollary 1. In the following, we will denote the generic point of R? as z = (z,y).

Lemma 3. Let f,V,u be as in (3.1), (3.2), and (3.3). Assume that

f@,y)f(a,b) > fla,y)f(x,b), VY0<z<a,0<y<b. (5.0
Then
. p((=z,z) x (—y,y)) ‘ -
mf{u((—x,x) <R) (R x (—p,) Y7 0} =1 (3.5)

Proof. The fact that the infimum is less than or equal to 1 is easily seen by letting =,y — oo.
Let us now prove the converse inequality.
We define the function

Fla,b) = u((0,a) x (0,5) = > u((~a,a) x (~b,8),  a,b>0.

4
Since F' > 0, if we set H(a,b) = log(F(a,b)), a,b > 0, thanks to (3.4) we get
OH . Jy flay)dy
%(aa b) - F(a, b) )
O*H (a.b) = Fla,b)F(a,b) — [ fla,y)dy [ f(z,b) dz
dadb " F(a,b)?
_ Jy e Jy U@ D) f @) — flay) S bldy
B F(a,b)? -

In particular, for every y > 0, (0H/0b)(+,y) is increasing on (0, c0), so that
H(a,b) — H(a,y) > H(x,b) — H(x,y), Vo<z<a,0<y<b,
that is,
F(a,b)F(z,y)
F(a,y)F(z,b)
Notice now that F' is separately increasing in both its variables and
1
F(:J:,y)ziu((—x,x)x(—y,y)), V,0<x<00,0<y<o0.
Therefore, by letting a,b — oo in (3.6), we get (3.5). O

>1, Vo<z<a,0<y<hb. (3.6)
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Proof of Corollary 1: By Lemma 3 we have only to check that f (defined from V by (3.1))
satisfies (3.4), which amounts in proving that

V(\/ a? + b2) - V(\/ x? 4+ b2) < V(\/a2 + y2> - V(\/$2 + y2> (3.7)
for every 0 <z <a<ooand 0 <y <b<oco. In fact, by (1.2) we have that
1 )72 1 a2
B 5 5\ \%4 ( T4 +y ) ) .
y»—>%v<\/x +y ) —W:z is decreasing on (0, 00),
from which we easily deduce (3.7). O

Lemma 4. Let f,V,u be as in (3.1), (3.2), and (3.3), and assume that V is continuous at 0
and that

f(x,y9)f(a,b) < fla,y)f(x,0),  VO<2<a,0<y<b. (3.8)
Then Vo)
, p((=z, x) x (=y,9)) } e~
inf iy >0p = ———. (3.9
{u((—w,x) X R) p(R x (=y,9)) (Jpe V@ at)? )
Remark 5. Notice that, thanks to (3.3), the continuity of V at 0 ensures that [, e~ Y dt < oc.

Proof. The lower bound for the infimum in (3.9) is easily seen by letting =, y — 07.
To prove the converse inequality, let us define F' and H as in the proof of Lemma 4. Having
assumed (3.8) in place of (3.4), instead of (3.6) we now get that

F(a,b)F(z,y)
F(a,y)F(z,b)
In particular we find that, whenever 0 <z < a, 0 <y < b,
F(z,b) - F(a,b)F(z,y)
F(x,00)F(c0,b) — F(x,00)F(00,b)F(a,y)
F(a,b) (y [y f(t,0)dt+ o(y))
F(x,00)F(00,b) (y [ f(t,0)dt+o(y))

<1, Vo<zr<a,0<y<hb. (3.10)

that is, letting y — 07,
F(z,b) - (a,b) [y f(t,0) dt
F(x,00)F(00,b) — F(x,oo) (00, b) fo t,0)dt’
We now let @ — oo to find that
F(x,b) S Jy f(t,0)at
F(x,00)F(00,b) ~— F(x,00) fo f(t,0)dt’
We finally notice that, again by (3.8),
d fo f(t,0)dt f(@,0) [ dt [7° ft,s)ds— [y f(t,0)dt [° f(z,s)ds
dr  F(x,00) F(z,00)?

_ Jo ST @0 f(t ) — f(,0)f(z,9)ds
B F(z,00)? =

Vo<z<a,b>0.

Va,b>0. (3.11)

so that, in particular,

o fe0de T f(0)dE  f(0,0)

>0 F(z,00)  2—0+ F(z,00) _fooof(O s)ds
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Combining (3.11) with
£(0,0) = e VO / f(t,O)dt:/ F(0,5) ds :/ VO gp
0 0 R

we conclude the proof of (3.9). O
Corollary 6. Let V : [0,00) — R be a Lipschitz function such that
/
V;r) is increasing on (0,00), (3.12)
and p = e V2D dz is a probability measure on R2. Then
O
WENF) > — S y(EB)u(F). (3.13)

(e V0 )

for every pair of width-decreasing sets E and F in R?.

Proof. Arguing as in the proof of Corollary 1, we now see that (3.12) implies the validity of (3.8).
In particular, combining Lemma 4 with Theorem 1, we immediately deduce (3.13). O

APPENDIX A. PLANAR SYMMETRIC CONVEX SETS ARE WIDTH-DECREASING SETS

In this section we prove that Iy is a subset of the family of width-decreasing sets. This
result was first proved by Borell [2]. For the sake of clarity, we include here a new elementary
geometric proof of this fact.

Theorem 2. A planar convex set, symmetric with respect to the origin, is a width-decreasing
set.

We first present two simple lemmas, that shall be used in the proof of the theorem. Let us
first note that any strip S of width h (i.e., S = {z € R? : [z - v| < h} for some v € S!), satisfies

/2, if s € (0,h),

bs(s) = { arcsin(h/s), if s> h, (A1)

where arcsin : [0, 1] — [0,7/2] is the inverse function of the sinus on [0,7/2]. In particular (2.2)
is equivalent to check that, if 0g(r) < 7/2, then

r sin(0p(r))

0r(s) < arcsin < .

), Vs>, (A.2)

since any strip S with 0g(r) = 6s(r) has width h = r sin(6g(r)). From these remarks we easily
obtain the following criterion for a set to be width-decreasing.

Lemma 7. Let E be an open set in R?, symmetric with respect to the origin, containing the
origin, and such that

Op(r) < g = there exists 6 > 0 such that 0 < 0g on [r,r +0), (A.3)

for every strip S with Og(r) = 0s(r). Then E is a width-decreasing set.

Proof. 1t is clear from (A.3) that g is a decreasing function. In fact, with the help of (A.2), we
easily deduce from (A.3) that, if we set,

DT 0g(r) = limsup Ou(r + 2 —0u(r) , (A.4)

e—0t+
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FIGURE 4. The situation in Lemma 8.

then, for every r > 0 such that 0g(r) < 7/2, we have
_tan(@E(r))

,
Let now r > 0 be such that 0g(r) < 7/2, let S be a strip such that g(r) = 0s(r), and set

Dt 0p(r) < <0. (A.5)

ro =sup{s >r:0p <fgon (r,s)}.
We have to prove that r9 = co. Assume on the contrary that ro < co. Since 0 is decreasing,
0r(ro) < 0p(r) < m/2. By (A.3) (applied with rg in place of 7), there exists 6 > 0 such that
0p <fg, on (To,To-i-(S), (AG)

where S’ is any strip such that 6g/(r9) = 0g(r9). The strip S has width h = rsin(0g(r)), while
the strip S’ has width " = rosin(6g(ro)). By (A.5), the map s — ssin(fg(s)) is decreasing,
therefore

Osr < 0g, on (0,00). (A.7)
By (A.6) and (A.7) we conclude that g < 6g on (7,79 + J), against the maximality of 9. Thus
ro = 0o and the lemma is proved. ]

Given three points P, @, R in the plane, we denote by (PQR) the angle at @ defined by the
points P and R.

Lemma 8. Givenr >0, 0 € (0,7/2) and o € (0,7/2 —0), let P =r¢?, Q = re'™=0=2) ., The
angle B between the lines Lpg and Lop depicted in Figure 4, satisfies

B=0+ % . (A.8)
Proof. Since |P| = |Q)|, the angles (OPQ) and (OQP) are both equal to . This implies that
26+ (QOP) =,

from which the formula for § follows immediately observing that
(QOP)=m—60—(a+80),
see Figure 4. O
We are now in position to show Theorem 2.

Proof of Theorem 2. Let E € Kq, let 7 > 0 be such that 0g(r) < 7/2, and let S = S(h,v) be
any strip of width h = r sin(6g(r)), so that Og(r) = 6s(r). We consider two cases.

Case 1. If ENJB, consists of a pair of disjoint open circular arcs.
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In this case, by convexity, we easily find that, for a suitable v € S', the strip S = S(h,v)
satisfies
SNB. CENB,.

Then, again by convexity, £\ B, C S\ B,, and thus
AV ENOB,) < A (SNOBs), Vs>,

In particular, 0g(s) < 0g(s) for every s > r, as required.

Case II. If EN 0B, consists of N > 2 pairs of disjoint open circular arcs.

Thanks to Lemma 7 (see (A.5)), we are left to prove that

Do) < - 20E() (A.9)

r

where D0 (r) is defined as in (A.4) (note that we need the strict sign in (A.9) to obtain the
validity of (A.3) for some 0 > 0). By assumption, we know that

N
ENdB, =) LhuJ,, N=>2,
h=1
where Ij, and Jj, are open circular arcs in dB,, opposite to each other (i.e. J, = {—z:z € I},}).
Since FE is open, convex, and symmetric with respect to the origin, we find that, for every ¢ > 0
sufficiently small

N
ENdBy.= ] I UJi, (A.10)
h=1
where I; and J; are opposite open circular arcs in 0B, ., with
IZ§T+€Ih, J§§r+€Jh.

We are going to prove (A.9) from the following upper bound for /#*(I5) in terms of /" (I},):
whenever 1 < h < N,

HNIE) < ATy + ;(%1(.&) o tan(@E(T))) +o(e), (A.11)

as € — 0. Before coming to the proof of (A.11), let us see why it does imply (A.9). From (A.10)
we find that

Op(r + &) — Op(r) = i (

AN ENOByy.) A (ENOB,)
r+e T

_ % i (7 i) (1~ ;) = ANIn)) + ole)
h=1
< % i < - Zatan(HE(r))) +o(e) = —; Ntan(0g(r)) + o(e) .

h

Il
—

Dividing by € and letting ¢ — 0, we immediately find (A.9) (note that we can achieve the strict
sign thanks to the fact that N > 2).

We are thus left with proving (A.11). Without loss of generality, we can argue on I; and
I7. Up to a rotation we can assume that

I ={re't:|t| < 6}, Jy={-re't |t < 0},
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A

. 8Br+5

FIGURE 5. To prove (A.11) we use the bound J#" (If) < 2(r + £)6(e, ¢), and we show
that 0(e, ) = 0 — ey + O(e?), with v > tan (0g(r)) /r.

where 0 satisfies
0<60<0g(r), (A.12)

(in particular, § < 7/2, and the point P = re*? belongs to the relative boundary of I in 0B,).
Let now ¢ € (0,7) be such that the point Q = r ¥ satisfies

Qe (ENOBNH)\ (I U Jy).

where OB, = 0B, N{xy > 0}. It is clear that ¢ cannot be too close to 0 or to . More precisely,
if we define « so that
p=mm—0—a,
the fact that
AT (ENOBH)\ (I UJy)) = r(20g(r) — 20),

gives us the estimate

a>20g(r)— 20, (A.13)
see Figure 5. Now, let Lpg denote the line passing through P and @, and let
P. = (r +¢) %) (A.14)
be the point satisfying
P. € LpgNOoB,4., gli%lJr P.=P,

(see Figure 5). Since E is convex and open, we have the inclusion
I c{(r+e)e: Jt] <ble,9)},
from which we derive the following upper bound for 7 (I7):
HIE) < 200+ 2)0(e, ).
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Let us now estimate 6(e, ¢).
Set v = €, w = ¢'?=7/2) "and define the points P/ = P+cv, P” = P!+ eyrw, where v > 0
is such that P! € Lpg. Let us observe that |P. — P!| < Ce?, or equivalently

(r4¢) e = P, = P4+ cv+eyrw+ O(E?),
from which we get
(r+e)tan(f — 0(c, @) = eyr + O(e?),
see Figure 5. Hence, using that tan(§) = § + O(6?) for § small, we easily obtain
(e, p) =0 — ey + O(£?).
Now, if we define 8 = (P/PP!), then we have yr = tan(3), and by Lemma 8

a
=0+ —.
p=0+5
By (A.13), this implies the crucial estimate
v tan(iE(T)) ' (A.15)
Collecting all together and recalling that .#1(I;) = 276, we finally obtain
HNIT) < 2(r +)8(e, ) = 2(r +€)(0 — e7) + O(e?)
= 270 4 £(20 — 2r) + O(&?)
= AN D)+ = (1) = 20%7) + O(?),
which combined with (A.15) leads to (A.11), and hence to the proof of the theorem. O
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