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Abstract

Let (1, <) be the partial ordering of the m-introimmune r.e. Turing degrees. We wonder if such structure is an upper
semi-lattice. We give a partial answer, by embedding some Boolean algebras into (/,,, <).
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1. Introduction
1.1 Introduction to the Problem

At the end of the sixties some recursion theorists wondered if there were sets of natural numbers without subsets of higher
Turing degrees, and if so what would be their degree of unsolvability. This question was solved by Soare, who proved their
existence in (Soare, 1969), and by Jockusch (Jockusch, 1973) and Simpson (Simpson 1978), who proved respectively
that they cannot be neither arithmetic nor hyperarithmetic. A possible continuation of this study is to consider strong
reducibilities <, and to see whether or not there are arithmetical sets without subsets of higher r-degrees. We recall that
a reducibility <, is called strong reducibility if it implies the Turing reducibility <7, that is <, is different from <7 and
A <, B => A <r B for every sets A, B of natural numbers. The unfamiliar reader on these reducibilities can see e.g.
(Odifreddi, 1981), as well as a monograph on Computability Theory as, e.g., either (Soare, 1987), or (Odifreddi, 1989). A
first positive answer to the above question for the conjunctive reducibiity <. is contained in (Cintioli & Silvestri, 2003). In
partuicular, in (Cintioli & Silvestri, 2003) has been defined the concept of r-introimmune set for a given reducibility <,:
an infinite set A is r-introimmune if for every B C A with |A — B| = oo it holds that A £, B. So, r-introimmune sets have
no subsets of higher r-degrees for all the reducibilities <, studied in computability theory. Until today we know that for
all the strong reducibilities <, up to the truth-table reducibility <, there are r-introimmune arithmetical sets. In particular,
there are fz-introimmune sets in Ag (Ambos-Spies, 2003) and there are m-introimmune sets in H(l) (Cintioli, 2005).

Whenever someone discover the existence of sets with a certain property, one possible natural continuation is to understand
how they are distributed in some area. In this paper we consider the m-introimmune property, and the existence of m-
introimmune sets in the class H(l) suggests to study how they are distributed in the partial ordering (R, <) of the r.e. Turing
degrees, which is one of the most important structures studied in computability theory. The natural way to proceed is to
collect all the r.e. Turing degrees containing m-introimmune sets in the substructure 7, and to study which properties 7,
owns. Let us define formally 7.

Definition 1.1 Let 7, = (1, <;,), where I,, = {a € R : a contains a m-introimmune set} and <;  is the restriction of < to

m

I,. From now on we will write simply < instead of <;, .

Since every m-introimmune set is immune (Cintioli & Silvestri, 2003), the Turing degree 0 of recursive sets is not in 7.
We know that 7, has the maximum element 0’ (Cintioli, 2005), and that 1, has no minimum element (Cintioli, 2014). In
this paper we wonder whether or no 7, is an upper semi-lattice.

1.2 Method

We know that cohesiveness implies m-introimmunity (Cintioli, 2005), and that each m-introimmune set is immune (Cin-
tioli & Silvestri, 2003). Nevertheless, m-introimmunity is not hereditary under inclusion. Therefore, we cannot apply the
Upward Closure Theorem (Jockusch, 1973) to deduce that 7, is an upper semi-lattice.

However, the Upward Closure Theorem provides a sufficient condition. Let C be the class of all the cohesive r.e. Turing
degrees, which is a proper subclass of I,,. Then, by the Upward Closure Theorem of Jockusch (1973), given any two
elements a, b € I, of which at least one in C, the least upper bound a @b exists in C C I,,. But we do not know if the least
upper bound exists in 7, in case both a and b are not in C.

A sufficient condition to establish that (Z,,, <) is an upper semi-lattice is to prove that given any two elements in [,, — C
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their sup is in I,,. We give here a partial result, by showing that a portion of (/,, — C, <) is an upper-semi-lattice. We
get this by embedding some uniformly recursive Boolean algebras into ((/,, — C) U {0}, <) preserving sups and infs. We
preserve infs only for technical reasons, namely, to get one-one maps. We obtain the further results that every countable
distributive lattice is embeddable into ((Z,, — C) U{0}, <) preserving sups and infs, and that every countable partial ordering
is embeddable in (J,, — C, <). We give in the next section 2 some notations and terminology. In section 3 we prove that the
m-introimmunity property is not hereditary under inclusion. In section 4 we give our main theorem on the embeddability
of some uniformly recursive Boolean algebras in ((1,, — C) U {0}, <). We conclude the paper by observing that it is not
possible to prove that (/,,, <) is an upper semi-lattice by the direct sum of the representatives, that is if A and B are
m-introimmune and Turing incomparable, then in general it is not true that A @ B is m-introimmune.

2. Notations

For the terminology we refer to the Soare’s book (Soare, 1987). Letter N denotes the set of natural numbers, and all the
sets considered in this paper will be subsets of N. For any set A, A = N — A, and deg(A) denotes the Turing degree of
the set A. With (-,-) : N> = Nand (-,-,-) : N> = N we denote two recursive bijections. Given two sets A and B, their
direct sumis A® B := {{(x,0) : x € A} U {{x, 1) : x € B}. For every nonempty set / C N and for every collection {B;};cr of
subsets of N, let @ie ; Bi = {{x, i) : x € B;}. We fix an acceptable numbering ¢, 1, . . . of all the Turing computable unary
functions. Wy, W1, ... is the corresponding enumeration of all the recursively enumerable (r.e.) sets. For every e € N and
every set X C N, let ¢ be the unary function computed by the oracle Turing machine whose godelian is e, with the aid of
the oracle X. For every numbers e, s, x and for every oracle X we define <p§ ) = ¢pf (x) if there exists ¢ < s such that the
e-th oracle Turing machine on input x with oracle X halts in exactly ¢ steps; in this case we say that cpf,s(x) is defined and
we write gof’ <(x) |; we say that <p§s(x) is undefined otherwise. We recall that the computation of gof’ <(x) asks the oracle X
only numbers less than s, that is s is an upper bound of the use function u(X;, e, x, s) = the maximum element asked to X
in the computation of th s(x). Finally, given two sets A, B C N, A is many-one reducible to B, in short A <, B, if there
exists a recursive function f : N — N such that for every x € N, x € A if and only if f(x) € B.

3. No hereditary under Inclusion

We recall that a property P of infinite sets is hereditary under inclusion if for every infinite set A, if A has property P then
each infinite subset of A has property . In (Jockusch, 1973), Jockusch proved that: “If P is any property of infinite sets
which is hereditary under inclusion and enjoyed by some arithmetical set, then the class of P-degrees is closed upward”.
So, if the m-introimmunity property was hereditary under inclusion, then (/,,,, <) would be an upper semi-lattice. However,
the m-introimmunity property is not hereditary under inclusion.

Theorem 3.1 The m-introimmunity property is not hereditary under inclusion.

Proof We construct an r.e. set A with A m-introimmune and containing an infinite not m-introimmune set. We describe
the strategy of the construction.

3.1 Strategy

It is enough to ensure the existence of an infinite set B such that B& B C A. B @ B is not m-introimmune because the
recursive function f((x, 0)) = (x, 1) and f({x, i)) = (x, i) for every i # 0 is an m-reduction of B@® B to its co-infinite subset
{(x,1) : x € B}. The set A will be constructed by the finite-extension method with finite injury. At every stage s > 0 we
will define the finite set A;. The construction ensures that A; € A,y for every stage s > 0, and A = -9 A;. It is enough
to meet the following requirements, for every e > 0.

e P3.: W, infinite » W, N A # 0 (immunity of A),

e N3 i (Ax = )[{x,0),(x,1) € Al (infinity of A and not hereditarily under inclusion),

 Nieo: If {e(x) : @o(x) # x A x € A} is infinite, then there is a number u € A such that ¢, (1) ¢ A (m-introimmunity
of A).

The fulfillment of all the reguirements {N3.+1}e>0 guarantees the existence of an infinite set B with B& B C A, namely, the
set B={x:{x,0),(x,1)¢eA}.

The fulfillment of all the requirements {P3,}.>o and A| = oo guarantees the immunity of A. Immunity of A together with
the fulfillment of all the requirements {N3.12}.>0 imply A m-introimmune, as stated in the following lemma.

Lemma 3.2 If all the requirements {N3.+2}e>0 are satisfied and A is immune, then A is m-introimmune.

Proof For the sake of contradiction, let us suppose that A is not m-introimmune, and let . be a recursive function that
m-reduces A to some its subset X with |A — X| = co. Then, the set {¢.(x) : @.(x) # x A x € A} is infinite, as stated in the
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following lemma.

Lemma 3.3 (Cintioli, 2011) Let C be immune, and let C <,, Y via a recursive function f, with Y C C and |C — Y| = oo.
Then the set {f(x) : f(x) # x A x € C} is infinite.

By hypothesi_s Ns.42 is satisfied; since {(pe(x)_: (X)) FXAXE Z} is infinite, it follows that there is an element u € A such
that . (1) ¢ A, hence ¢, does not m-reduce A to X, which is a contradiction. This concludes the proof of Lemma 3.2.

O
3.2 Requirements Requiring Attention and Active Requirements

The construction of our set A will be by infinitely many stages. At each stage s we try to satisfy one requirement, if
possible, among those not yet satisfied at stage s. From now on letter R will denote any requirement. At every stage s
there will be a set of requirements requiring attention; we call a requirement R,, active at stage s if m is the minimum
index such that R,, requires attention at s. Throughout the construction we will use a restraint function r : N> — N. For
every negative requirement N,, r(g, s) = —1 means that the requirement is not yet satisfied at stage s. We will not use the
restraint function for any positive requirement P3,, therefore we will pose r(3e, s) = —1 for every e, s > 0. We now define
formally when a requirement requires attention. For every e, s > 0, we say that

e requirement Ps, requires attention at stage s + 1 > 3e if W, N Ay = 0 and there is an element u € W, with
u > max{r(n, s) : n < 3e};

e requirement N3, requires attention at stage s + 1 > 3e + 1if r(3e + 1, 5) = —1;

e requirement N3, requires attention at stage s + 1 > 3e + 2 if r(3e + 2,5) = —1 and there is an element u € A_s,
u < s+ 1, such that ¢, ;(1) |# u and ¢, ((u) > max{r(n,s) : n < 3e + 2}.

3.3 Actions to Fulfill Requirements

We describe here the actions to fulfill all the requirements.

e To fulfill P;, we wait for a stage s + 1 > 3e at which P3, is active w.r.t. some x, and we enumerate the minimum
such xin Ay, .

e To fulfill N3.,; we wait for a stage s + 1 > 3e + 1 at which Ns. is active, and restrain in Ay, two elements
(x,0),(x, 1) with x > e by setting r(3e, s + 1) = max{(x, 0, {x, 1)}.

o To fulfill N4, we wait for a stage s + 1 > 3e + 2 at which N3, is active w.r.t. some x. Then we consider the
minimum such x, enumerate ¢, ;(x) in Agy; and restrain x in A,y by setting r(3e + 2,5 + 1) = x.

For all the requirements R, that are not active at stage s + 1 we set r(m, s + 1) = r(m, ).
3.4 Injured Requirements

We say that a negative requirement N, is injured at stage s + 1 if an element u < r(m, s) is enumerated in A, ; in this case
r(m, s + 1) is settled to —1. For those requirements N,, which are not injured at stage s + 1, we set r(m, s + 1) = r(m, s).

3.5 Construction of A

o Stage 0. Set Ag = 0, and set r(n,0) = —1 for every n € N.

e Stage s + 1 > 0. Let A, be the set constructed up to the end of stage s. If there are no requirements requiring
attention, then set A,y = A and go to the next stage s + 2. Otherwise let R,, be the active requirement, and
distinguish the following three cases on ny:

1. ny = 3e. Pick the minimum x for which P3, requires attention. Set A, = Ay U {x}.

2. ng = 3e+1. Pick the minimum x > e so that (x, 0) and (x, 1) are both in A,. Set r(3e, s+1) = max{(x, 0), (x, 1)}
and A, = A;.

3. np = 3e + 2. Pick the minimum x for which Ns,, requires attention. Set Ay = As U {@.s(x)} and set
r(Be+2,s+1)=x.
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3.6 Verifications

The proof that all the requirements require attention at most finitely often does not involve special arguments outside of
the finite-extension method with finite injury, so we omit it. We prove only that each Ns.., is met; the proofs of the other
cases are similar.

Lemma 3.4 Each requirement Ns,; is met.

Proof Let us suppose that each requirement requires attention at most finitely often, and let us suppose that requirements
Ps,, and N3, are met for every m > 0. For the sake of contradiction, let us suppose that some N3, is not met, and let
so be the minimum stage after which no requirement of higher priority than N, requires attention. Let X be a subset
of A with |[A — X| = co and A <,, X via the recursive function ©.. It must necessarily be 7(3e + 2, s9) = —1, because if it
was r(3e + 2, s9) = u > 0 then at some stage s’ + 1 < s¢ the number ¢, ¢ (1) has been enumerated in Ay, and N3, was
not injured up to sg. Since N3, Will not be injured anymore after sg, it would be u € A and 0.(u) ¢ A, contrary to the
assumption that ¢, m-reduces A to X. The set A is immune because all the requirements Ps, and N3..; are met. Thus, by
Lemma 3.3 the set {¢.(x) : @.(x) # x A x € A} is infinite. Let s + 1 > so be the minimum stage such that there exists
x < s” + 1 with

® ¢, (x) l# xand

® ¢, (x)>max{r(n,s”):n<3e+?2}.

At stage 5" + 1 N34, requires attention via x, and by hypothesis is active. If x” is the minimum w.r.t. N3, requires
attention, then the number ¢, ;+(x") is enumerated in Ay, and X’ is restrained in Ay by setting r(3e + 2,s” + 1) = x'.
This action will not be injured anymore, therefore x' € A and ¢,(x') ¢ A, contrary to the assumption that ¢, is a m-
reduction of A to X. This concludes the proof of Lemma 3.4.

O

This concludes the proof of Theorem 3.1.
O

4. Embedding

We know that every cohesive set is m-introimmune (Cintioli, 2005), and that the class of cohesive Turing degrees is
upward closed (Jockusch, 1973). Therefore, by taking any two elements a, b € I, of which at least one cohesive, the least
upper bound a@b is in I,,. But we do not know if the least upper bound is in 7,, in case both a and b are not cohesive. Let
C be the class of all the cohesive r.e. Turing degrees, which is a proper subclass of I,,. We ask if given any two elements
a,bel, - C,adbisinl,. We give here a partial answer by showing that every uniformly recursive Boolean algebra of
subsets of N having () as minimum is lattice embeddable in ((/,, — C) U {0}, <). We will obtain also that every countable
distributive lattice is embeddable into ((/,, — C) U {0}, <) preserving sups and infs, and that every countable partial ordering
is embeddable in (7, — C, <). Let us first fix some terminology. We recall that a lattice £ = ({L;};en, S, U, N) of subsets of
N is uniformly recursive if the set {(x,i) : x € L;} is recursive. Given a partial ordering (P, <p) and given a one-one map
f: P — I, we say that:

e fis an embedding of (P, <p) into (I,,, <) if x <p y & f(x) < f(y) for every x,y € P;
e if f is an embedding of (P, <p) into (I,,, <) and f preserves sups and infs, that is for every x,y € P, f({inf{x,y}}) =
inf{f(x), f(»)} and f({sup{x,y}}) = sup{f(x), f(y)}, then f is a lattice embedding of (P, <p) into (1, <).

The strategy to prove that the uniformly recursive Boolean algebras above are lattice embeddable in ((Z,, — C) U {0}, <)
is to construct a collection {B;};ey of infinite subsets of N in such a way that @ieN B; is m-introimmune, co-r.e. and
low;. The co-r.e. property together with the lowness property guarantee that EBiE ; Bi is co-re. and not cohesive for
every nonempty recursive set /. Then, the m-introimmunity of EBieN B; implies the m-introimmunity of @i ., Bi for every
nonempty recursive set /. We prove the latter in the following lemma.

Lemma 4.1 Let @ieN A; be m-introimmune, and let I C N be any recursive set such that EBH A, is infinite. Then @iel A;
is m-introimmune.

Proof For the sake of contradiction, let us suppose that GB[E] A; is not m-introimmune, and let X C EBI.E ; Ai such that

(®i€l Ai) < X via g, with
(@ Ai] -X

iel

- o, (1
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in particular X N (@ieNf J Ai) = (). We get a contradiction by proving that @EN A, is not m-introimmune. Let us define
Y =XU(@,,,A). Then, Y € @, A and

(@Ai] y

ieN

= o0. 2

[@A,.)_x

i€l

Let by ¢ Y be fixed. Then, (@ieN A,-) <p Y via f defined in the following way:
a) forevery i € I, f({x,i)) = g({x, 1)), if g({x,i)) = (y, j) for some j € I; f({x,i)) = by otherwise;

b) foreveryi ¢ I, f({x,i)) = (x,i).

Given any (x, k) € N let us prove that
(ke Paie fixkyer. (3)

ieN
e (=) Let us suppose that (x, k) € @ieN A;; we have two cases: ke Iand k ¢ 1.

1. Ifk € I, then f({x,k)) = g({x,k)) e X C Y.

2. If k ¢ I, then
(x. ke Pai= b e @Pa @)

ieN ieN-1
s0 f((x,k)) = (x,k) € P,y Ai C Y.
e (&) Let us suppose that (x, k) ¢ @ieN A;, from which g({x, k)) ¢ X. Again, we have two cases: k € [ and k ¢ 1.
1. k € I. In this case we have two subcases (a) and (b):
(a) g({x,k)) = (v, j) with j € I. In this subcase f({x,k)) = g({x, k)). But g({x,k)) ¢ X, hence f({x,k)) ¢ Y.
(b) g{x,k)) = (y,j) with j ¢ I. In this subcase f({x,k)) = by ¢ Y.
2. Ifk ¢ I, then f({x,k)) = (x,k) ¢ EBieN A; by hypothesis, thus f({x,k)) ¢ Y.

O
Now, we prove our main theorem.

Theorem 4.2 Let B = ({ai}ien, S, U, N) be any uniformly recursive Boolean algebra of subsets of N containing the
minimum element 0. Then B is lattice embeddable in ((I,, — C) U {0}, <).

Proof We show that there is a one-one map f : {@;}ien — (I, — C) U {0} such that for every a;, «j,

(@ a; Ca; e flo) < fla)),
(b) fla; U a)) = sup{f(ay), fa)},
©) flainaj) =inf{f(a), f(a)}.

The strategy of the proof is the following.
4.1 Strategy

We construct a collection {B;};cy of infinite sets such that the set @ieN B; will have the following properties: is low,
co-r.e., m-introimmune, and for every a;, «; of B, for every set D,

it D <7 @ B | and D <; @ Bk], then (5)
kea; kea;
then D <7 @ Bk]. (6)
keaina;
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Then, we define the map f as

fl@) = deg [@ Bk]

kea

for every a of B. We have to show that f is the desired function satisfying all the conditions (a), (b) and (c).
Claim 4.3 f : {ai}iEN — (Im - C) U {0}

Proof From the fact that EBieN B; is low; and co-r.e. it follows that EBieN B; is not cohesive, because a cohesive co-r.e.
set is necessarily high;. Then, for every recursive set « it holds that EBi <o Bi 1s co-re. and Turing reducible to EBi - Bi>
therefore @im B; is lowy, hence not cohesive. Moreover, by Lemma 4.1 it holds that for every recursive nonempty set «,
@im B; is m-introimmune. In conclusion, for every nonempty recursive set « the set @iea B; is not cohesive, co-r.e. an

m-introimmune, therefore its Turing degree deg (@iea B,-) = f(@)isin I,, — C. Of course, if @ = 0 then f(a) = 0. This
concludes the proof of the claim.

O
Claim 4.4 f is one-one.

Proof It is enough to prove that @,, # «, implies (@iea Bi) #r (@iea B;), which is true by the following known
argument. Without loss of generality, let us suppose that ,, ¢ @,, and for the sake of contradiction let us assume that

[@ Bk] <r [@ Bk] .
kea,, kea,
Let h € @, — @,; then, B), <r (@ieam Bi) and by hypothesis (@ieam B,») <r (@iean Bi), so By <7 (@ie% B,-). Moreover,
By <r (@B,cs, Bi)- Therefore, by (5) and (6)

BhST{ @ B,']I(D,

ica,Na,

which implies Bj, recursive. But by Lemma 4.1 for I = {h} it follows that @ie{ n Bi is m-introimmune, which implies By,
m-introimmune, hence nonrecursive, a contradiction. This concludes the proof of the claim.

O
Claim 4.5 Conditions (a), (b) and (c) hold.

Proof For the condition (a), (=) is obvious, while the argument of the proof of Claim 4.4 proves (<). Condition (b) is
obvious. Condition (c) follows form ( 5), (6) and by the obvious facts that

® 5]« (s
kea;na; kea;
and
kea;na; kea;
This concludes the proof of the claim.

O

We now describe the construction of the collection {B;};,cny. We will construct an infinite and co-infinite low; r.e. set A in
such a way that A = @IEN B;, with A m-introimmune. The construction is by infinitely many stages; at every stage s we
will define the finite set Ay, with Ag = 0 and A; C Ay for every s > 0. The final setis A = | 50 As. Forevery i, s € N, let

Biy = {x:(x,i) € A}

Ay = @ B,

ieN

Then, for every i, s € N is

with B;; 2 B, and A= EBIEN B;, where B; = lim,_,., B;;. To ensure that the set A= @iEN B; will have the required
properties, it suffices to construct A in order to satisfy the following requirements for every e, m,n,i € N.
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4.2 Requirements

For every natural numbers e, i, m,n > 0 we define the following requirements:

- Psg: |[W,] = co = W, N A # 0 (immunity of A),

= Nserr: if {pe(X) 1 @e(x) # X AX € A} is infinite, then there is an element x € A with @e(x) ¢ A (m-introimmunity of
A),

- Nseyo: [(3°°s)(g0?jv(e) is defined)] = ¢ (e) is defined (lowness of A),
- Nsieyw3: (Ax) [x > e A{x, 1) € Al (infinity of B;),
icar Bi ican Bi . .

- Nstemmysa: (%@:eam - %@ = D) = D <1 D, ng, Bi (preserving infs).
We show that all the above requirements imply all the requested properties for A = @ieN B;.
Lemma 4.6 Requirements Ps,, N5 ey+3 and Ns; 0y+3 guarantee that A is m-introimmune.
The proof of this lemma is essentially the same of that of Lemma 3.2, so we omit it.
Lemma 4.7 Requirements Ns,.., guarantee that A is low;.
Proof The statement follows from the known proposition.

Lemma 4.8 If E = | > E; is a recursively enumerable set and for every n € N
[(EI‘X’t)cpfft(n) 11 = ¢E(n) is defined,

then E is low;.

O

Lemma 4.9 Requirements N5,y ny+4 guarantee (5) and (6).

Proof The natural requirement to get (5) and (6) is

@ieam Bi @ienn Bi
Nscarmarws : (0" = 7" =D) = D <r P Be )

i€a,Nay,

However, under the hypothesis that all the requirements Ps,, Nsc+1, N5(iey+3 and Nseemy+4 are satisfied, it follows that
all the requirements (7) are satisfied. The proof is an argument due to Posner (see Soare, (1987), page 153). For every
A, @y # 0, both the sets @im B; and @iea B; are not recursive. Since by hypothesis all the requirements N5 4 are

satisfied, it follows that @, B; # ., Bi. Without loss of generality assume that

[@ B,.] ¢ [@ B]

i€, i€a,
and let
e (@Bi]_[@gi].
i€, i€a,

For the sake of contradiction, assume that there are iy and jj such that

@iénm B; @ieay, B; :
@ = ‘pjo = D with D £r @ B;. )]

i€a,Nay,
Let e = e(xo, io, jo) be such that for every oracle X and every x € N

X .
ei(x) ifxyeX,
el () =7
goja(x) if xg ¢ X.
B B B B B B .
Then clearly (pe@ e = (psa'”’” and (pe@ = ¢pi9’€”’” . It follows from (8) that tpe@ e = tpe@ “m " = Dwith D £7
@im . Bis contrary to the hypothesis that Ns jnny+4 i met.
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O
4.3 Requirements Requiring Attention and Active Requirements

In this section we formulate the conditions under which a requirement requires attention. Similarly to the previous
Theorem 3.1, we use a restraint function r : N> — N. For every negative requirement N, with ¢ # 5n + 4 for every n,
r(g, s) = —1 means that the requirement is not yet satisfied at the stage s. We do not need the use of the restraint function
for the positive requirements Ps,, therefore we will pose r(Se, s) = —1 for every e, s > 0. For every e,i > 0,

Ps, requires attention at stage s + 1 > Se if W, ; N A; = 0 and there exists x € W, ; such that

x > max{r(n, s) : n < Se};

Ns.+1 requires attention at stage s+ 1 > Se+1if r(Se+1, s) = —1 and there exists x € Ay, x < s+1, with Pe.s(x) L# x
and

@e.s(x) > max{r(n,s) : n < 5e + 1};

Ns,q4p Tequires attention at stage s + 1 > Se + 2 if go?fs(e) land r(5e+2,s) = —1;

o Ns.)+3 requires attention at stage s + 1 > 5(i, e) + 3 if r(5(i,e) + 3,5) = —1.

We say that a requirement R,, above is active at stage s + 1 if m is the minimum for which R,, requires attention at stage
s+ 1.

4.4 Actions to Fulfill Requirements

We describe here the actions to fulfill requirements. Let e, i > 0.
e For Ps,: we wait for a stage s + 1 > Se at which it is active w.r.t. to some x; then we enumerate the minimum such
xin Agyq.

e For Ns..i: we wait for a stage s + 1 > 5e + 1 at which it is active w.r.t. some x. Then we consider the minimum
such x, enumerate @, (x) in Ay and restrain x in A4 by setting r(Se + 1,5+ 1) = x.

e For Ns..»: we employ the classical method of to obtain a low; set, namely, we wait for a stage s + 1 > 5e¢ + 2 such
that it is is active. Then we preserve the computation cpffs(e) by restraining all the queries made to the oracle by
setting r(Se +2,s + 1) = s.

o For N5 .y+3: we wait for a stage s + 1 > 5(i,e) + 3 at which it is active and we restrain (x, i) in A, by setting
r(5¢i,e) + 3, s + 1) = (x, i), where x is the minimum number such that (x, i) € A; and x > e.

o For Ns(, mn+a: we use the generalization of the Yates’ minimal-pair method due to Thomason (Thomason, 1971),
Lerman and Lachlan (see Soare, (1987), page 157 et seq.). At every stage s of the construction of A we define the
length function I({e, m, n), s) for every e,m,n € N as:

I(esm, ), ) = max{x : (¥y < Dlpo=n () 1= P o3 1) ©)

Then, at every stage s > 0 we define the restraint function r(5¢e, m, n) + 4, s) by induction on (e, m, n) according to
the minimal-pair method, where we recall that the number s is an upper bound of the use function.

Definition 4.10 (Definition of the restraint function r(-, -)) For every stage s > 0, let us define

0 if 5 is a O-expansionary
r(5-0+4,s) = stage
max{t : t < s and t is a 0-expansionary stage} otherwise,

where a stage s is O-expansionary if either s = 0 or
[0, s) > max{l(0,¢) : t < s}.
Given r(5(e,m,n) + 4, s), define r(5({e, m,n) + 1) + 4, 5) as the maximum of:

(1) r(5¢e,m,n) +4,s),

144



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 4; 2015

) {t:t<sand r(5¢e,m,n)y +4,t) < r(5{e,m,n) + 4, s)},

3) {t:1t < s,r(5e,mn) +4,t) = r(5(e,m,ny + 4, s) and stage ¢ is ({e,m,n) + 1)-expansionary, if s is not an
(e, m,n) + 1)-expansionary stage},

where a stage s is ({e,m,n) + 1)-expansionary if either s = 0 or

vVt < )[r(5{e,m,n) +4,1) = r(5{e,m,n) +4,s) = l({e,m,n) + 1,1) < [({e,m,n) + 1, 5)].

It is known that for every e,m,n € N,

lim inf r(5¢e,m,n) +4,s) < co (10)
S—00
(see for example either Soare, (1987), cf. Lemma 1, page 155, or Odifreddi, (1999), page 545).

EBimm B EBiam B;
If ¢, = Pe

@iea“, Na, Bi .

= D, then the Thomason’s method ensures that D can be decided with the aid of the oracle

4.5 Injured Requirements

A negative requirement N, is injured at stage s + 1 if an element u < r(p, s) is enumerated in A, ;. At every stage s + 1,
for every p with p # 5¢g + 4 for every g, we set r(p, s + 1) = —1 for each injured requirement, while for each not injured
requirement N, we set r(p, s + 1) = r(p, s). The reason for the condition p # 5¢ + 4 is that we should not change the
particular definition of the restraint function for the negative requirement Ns.4.

4.6 Construction of the Set A

The construction of A is by infinitely many stages. At every stage s we check if there are some requirements requiring
attention, and if so we satify that one with the highest priority, that is the active requirement.

e Stage 0. Ay = 0. Set r(q, s) = —1 for every g, s > O with g # 5n + 4 for every n € N.

o Stage s+ 1. Let A, be given. If there are no requirements requiring attention, then do nothing, that is set Ay, = A;.
Otherwise, let R, be the active requirement, and distinguish the following four cases on p:
— p = Se. Let x be the minimum element for which Ps, requires attention, and set Ag.; = As U {x}.

— p = 5e + 1. Let x be the minimum for which Ns,,; requires attention. Set As;y; = A U {@.s(x)} and
r(Se+1,s+1)=nx.

- p=5e+2 Setr(Se+2,5s+1)=sand As;; = A,.

— p = 5(i,e) + 3. Let x be the minimum such that (x, i) € A_s, and x > e. Set r(5(i,e) + 3,5+ 1) = (x,i) and
A = A,

End construction of set A.
4.7 Verifications

The proof that every requirement R,, with m # 5¢ + 4 for any ¢ > 0 requires attention at most finitely often does not
involve particular arguments outside of the finite-extension method, so we omit it.

Corollary 4.11 For every n # 5q + 4 for any g > 0, lim,_,, (n, s) exists and is finite.
By Corollary 4.11 and (10) it follows

Corollary 4.12 For every n > 0, liminf,_,., max{r(z, s) : t < n} < oco.

Now it is possible to prove that every requirement is meet.

Lemma 4.13 Every requirement is met.

Proof We prove only the cases Nsq.; and Ns .ny+4, because for the other cases the proofs are similar to that for Ns,. ;.
So, let us assume that all the requirements Ps, and Ns; .3 are met for every e,i > 0.
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e For Ns..1, the proof is very similar to that of the previous Lemma 3.4. Let sy be the minimum stage such that for
every s > o no requirement of higher priority than Ns.. requires attention at stage s. For the sake of contradiction,
let us suppose that Ns..; is not met. So, there is a subset X of A with [A — X| = co and A <,, X via ¢,. Then
necessarily it has to be 7(5e + 1, sg) = —1. In fact, if it were r(Se + 1, s9) = u > —1 for some u, then there is a stage
s’ +1 < s¢ at which the number ¢, ¢ (1) has been enumerated into Ay, and Ns,,; was not injured up to sy. Since by
hypothesis Ns.,; will not be injured anymore after s, it would be u € A and ¢, (1) ¢ X, contrary to the assumption
that ¢, m-reduces A to X. Let

kser1 = lim siggo(max{r(i, s):i<5Se+1}), (11

which is finite by Corollary 4.12. Requirements Ps, and Ns ()42 are met for every e,i > 0, therefore the set Ais
immune. By Lemma 3.3 the set {¢.(x) : @.(x) # x Ax € A} is infinite. By (11) there are infinitely many stages s
such that

max{r(t,s) : t < S5e+ 1} = ksoyq.

So, let s + 1 > sy be the minimum stage such that
max{r(t,s’) : t < 5e+ 1} = ks..1, and (12)

there exists x < s’ + 1 with x € A, Pe.s(X) L# x and @, ¢ (x) > ksei1. (13)

Let x” be the minimum x satisfying (13). This means that Ns.,| requires attention at stage s’ + 1 via x’, and N5,
has the highest priority by hypothesis, that is Ns..| is active. At stage s’ + 1 the number ¢, ¢ (x”) is enumerated into
Ay and r(Se+1, 5"+ 1) = x’. After stage 5" + 1 N5,y will not be injured anymore, therefore x’" € A and we(X') ¢ A,
contrary to the assumption that A <m X via @,.

_ B B
e Now, let us prove that each N5 ny+4 1s met. Let e, m, n be fixed, and let us suppose that both goe@ com " and gerB rean
are total and equal to the characteristic function of a set D. Then
lim [(5¢e,m,n) + 4, 5) = co. (14)

§—00

We have to prove that D can be decided with the aid of the oracle @iea o Bi- First, we fix some terminology and
parameters. For every set X and every natural number n, X [ n denotes the set XN {0, 1,...,n}. If (e, m,n) = 0 then
we pose k = 0 and S = N, otherwise we pose

k = lim inf (r(5((e,m,n)) — 1) +4) (15)

and
S ={s:r(5(e,m,ny—1)+4,s) =k}. (16)

Let s be the minimum stage after which no requirement of higher priority than Ns,.»)+4 is active after sy and such
that, by (15), for every s > s¢
r(5(e,m,ny— 1) +4,s) > k. a7

S

. . icap Biss . .
Finally, for every x € N, we say that the computation ¢, ;™" " (x) | is [@im g, Bil-correct if

( &P B,»,S] | t, = [ 4 Bi) [ty (18)
ica,Nay, icay,Na,
where u,, = u(@,., Bisie x,s)<s.

.. . ica, Bis . . .
Similarly, we define the computation t,og?‘m” “(x) | tobe [@iea o Bil-correct with a;, in place of @,,. An informal

algorithm to decide D with oracle P
that:

icayna, Bi is the following: given any y € N, find a stage s > sg and s € S such
(1) (e, m,n), s) >y,
(ii) s is (e, m, n)-expansionary,

. icay, Bis icay Biss
(iii) both the computations goee?g (y) and ¢§? " (y) are [@im g, Bil-correct.
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In particular, condition (iii) can be cheked with the oracle [
fixed elements e, m, n, so. Then,

icanna, B;] for every y > yy, where yy depends on the

veD e gl =1, (19)

The correctness of the algorithm follows from the following lemma, which is the Tomasons’ method, whose proof
here is simpler than Thomason’s proof, because we did not need followers in our construction.

Lemma 4.14 Given any y € N, let s > s be any (e, m,n)-expansionary stage in S such that (i), (ii) and (iii) above
are true, in particular let 7 € N such that

@iegm Bis @15(1" Biy

Pe,s (y) = Pes (y) =Z. (20)
Then, for every stage t > s, at least one of either
@ieam B,
a) ¢, ) =zor
@ienn Bi,
b) Pe,t (y) =z

is true via an [EB B;]-correct computation.

i€ay,Nay,

Proof Let {s;} ;> be the sequence of the infinitely many (e, m, n)-expansionary stages in S from s on, that is

S=85] <S8 <. 21
We prove by induction on the index j that
@ienm B"«Sj @ie(xn Bi~Yj
Cor ™ B = g () = 2 (22)

and that for each j > 1 and for every ¢ with 5; <t < s; at least one of either a) or b) is true. For j = 1, (22) is true,
thus both a) and b) hold. For j > 1, let us suppose that the statement is true for the (e, m, n)-expansionary stage
s; € S, that is both a) and b) hold for ¢ = s;, with either a) or b) true for every ¢ with s; < ¢ < s;, and let us prove
the statement for the (e, m, n)-expansionary stage s;.; € S. Let us pose

Ug, = M(EB Bis; e, X, 5;)
i€a,

and

Uy, = M(@ Bi,s,; e, X, sj)~

iea,

At the stage s;+ 1 at most one element ¢ is removed from (@iea Bi,s,-) U (@iea B,-,sl,). But at most one computation

of either a) or b) is destroyed, because by hypothesis these computations are both [@im e, Bil-correct: if both the
computations a) and b) were destroyed, then it means that element ¢ would be removed from both the oracles

EB Bis,

i€y,

@ Bis;

i€,

and

that is ¢ would be removed from P Bis;, which is impossible, because

i€a,Nay,
(D w)in-( @D a)im
€a,Nay, i€a,,Nay,

where & = min{u,,,, u,,}. Without loss of generality let us suppose that the destroyed computation is b). It follows
that for every ¢ with s; <t < s, and t ¢ S it holds that

r(S(e,m,n)) — 1) +4,1) > k, (23)
so for every r with s5; <7 < 5,1 is

r(5¢e,m,n) +4,1t) > s; 24)
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by the conditions (2) and (3) of the Definition 4.10 of the restraint function. By hypothesis no requirement of higher
priority of N5 »y+4 1s active after so. But so < s, hence for every ¢ with s; <t < 5., is

[@ B,-,,] 5= [@ Bi,s,.] [ 55

i€y, i€y,
therefore for the computation a) it holds that for every ¢ with 5; <t < 5;,¢

@i am B:.r @,‘ am B[.s'
Per : = ()De,sjE ‘) =z

Now, stage 541 is (e, m, n)-expansionary, therefore for = s;, both the computations a) and b) will again be equal
to z and both [P B;]-correct.

This concludes the proof of the Lemma 4.14.

O

i€a,,Nay,

This concludes the proof that each requirement is met.

O

This concludes the proof of the theorem.

O

Corollary 4.15 The countable atomless Boolean algebra is lattice embeddable into ((I,,, — C) U {0}, <).

Proof It is known that the countable atomless Boolean algebra of subsets of N is uniformly recursive (see for example
(Vermeeren, 2010)), so the statement follows from Theorem 4.2.

O
Corollary 4.16 Every countable distributive lattice is lattice embeddable into ((I,,, — C) U {0}, <).

Proof In (Vermeeren, 2010) it has been proved that every countable distributive lattice is lattice embeddable into the
countable atomless Boolean algebra. So, the statement follows from Corollary 4.15.

O
Corollary 4.17 Every countable partial ordering is embeddable into (I,, — C, <).

Proof We observe that Theorem 4.2 applied to the uniformly recursive Boolean algebra 7 of all the finite co-finite subsets
of N produces a recursively independent collection {B;};e, that is for every i € N,

B £r (P B;. (25)
J#i
In fact, by Claim 4.5 the condition (a) in the proof of Theorem 4.2 is true, and this implies that
(@e)e| @ n)
jeti) JjeN-{i)
is true for every {i} and N — {i} of 7, which implies (25). So, we have the following:
e the existence of a recursively independent set {B;};cy With @im B; co-re., m-introimmune and low; for every
nonempty recursive set @ C N, and
o the known fact that every countable partial ordering is embeddable in an opportune recursive partial ordering (N, <)

(Mostowski, 1938).

Let (P, <p) be a countable partial ordering, and let g : P — N be an embedding of (P, <p) into (N, <). For every a € N, let
us define the nonempty recursive set @, = {x € N: x < a}. The map f : N — [,, — C defined as f(a) = deg (@ieaa B,-) is
an embedding of (N, <) into (/,, — C, <), becasue it is one-one and a < b & a, C @,. So, the map f o g is an embedding
of (P, <p) into (1, — C, ).

O
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5. Final Observation

We do not known if (1,,, <) is an upper semi-lattice; however, we observe here that if it is, then it cannot be proved by
the direct sum of the representatives, in the sense that in general it is not true that if X and Y are both m-introimmune,
then X @ Y is m-introimmune. We give an example of two sets X and Y which are both m-introimmune and Turing
incomparable, while their direct sum is not m-introimmune. Let us take the three infinite sets By, B; and B, from the
collection {B;};en of the proof of Corollary 4.17. Let us consider the two sets

X = @ B (26)
}

i€{0,2

and

Y = EB B (27)
}

ie(1.2
Both X and Y are m-introimmune and Turing incomparable. Then, X @ Y is not m-introimmune, because X & ¥ <,,
XaeY)-{{({x,2),0) : x € By} via the recursive function f({{x,2),0)) = ({x,2),1) and f(u) = u for every u # ({x,2),0)
for each x. In this example, however, deg(X @ Y) is m-introimmune, because X @ Y is Turing equivalent to EB B;,
and the latter is m-introimmune.

i€{0,1,2}
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