
EXPLORATORY FACTOR ANALYSIS IN R

JAN DE LEEUW

Abstract. Meet the abstract. This is the abstract.

1. Introduction

Suppose R is a positive definite correlation matrix of order n. In Ex-

ploratory Factor Analysis (EFA) we want to find a diagonal matrix Φ such

that R−Φ has rank r < n. Thus R−Φ must have n−r eigenvalues equal

to zero or, equivalently, R−
1
2ΦR− 1

2 must have n− r eigenvalues equal to

one.

In a more restrictive formulation we want to find a non-negative diagonal

matrix Φ such that R − Φ is positive semi-definite of rank r < n. This is

equivalent to requiring that R−
1
2ΦR− 1

2 is positive semi-definite and has

its n− r largest eigenvalues equal to one.

In Swain [1975] a family of techniques for exploratory factor analysis is

proposed that is asymptotically equivalent to the multinormal maximum

likelihood method.

Minimize

(1) F(φ) =
n∑

k=r+1

f(λk(
n∑
i=1

φiuiu
′
i))

The λk are the eigenvalues its matrix argument, ordered from large to

small. The ui are the columns of the matrix R−
1
2 .
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In (1) f is any twice. differentiable function with

f(1) = 0,

f ′(1) = 0,

f ′′(1) = 1,

and

f ′(x) < 0 if x < 1,

f ′(x) > 0 if x > 1.

Or, equivalently,

f(x) = 1
2
(x − 1)2 + o((x − 1)2).
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Appendix A. Code

1

2 swain<-function(s,p,fgh,tra=ident,ph=lsFac(s,p),eps=1e-6,

itmax=30,verbose=TRUE)

3 {

4 n<-nrow(s); es<-eigen(s); lb<-es$values; kk<-es$vectors

5 id<-1:(n-p); nn<-1:n; itel<-1

6 ss<-kk%*%((1/sqrt(lb))*t(kk))

7 f<-fgh$f; g<-fgh$g; h<-fgh$h

8 ft<-tra$f; fi<-tra$i; gt<-tra$g; ht<-tra$h; th<-fi(ph)

9 repeat{

10 vv<-eigen(ss%*%(ph*ss))

11 vl<-vv$values; vk<-vv$vectors; vd<-vl[id]

12 gh<-gt(th); gk<-ht(th)

13 ff<-sum(f(vd)); uu<-ss%*%vk

14 gg<-drop((uu[,id]^2)%*%g(vd))*gh

15 gm<-max(abs(gg))

16 hh<-matrix(0,n,n)

17 for (i in id) {

18 vli<-vl[i]; ui<-uu[,i]; uw<-outer(ui,ui)

19 for (j in nn) {

20 vlj<-vl[j]; uj<-uu[,j]

21 bij<-ifelse(i==j,h(vli),2*g(vli)/(vli-vlj))

22 hh<-hh+bij*uw*outer(uj,uj)

23 }

24 }

25 hh<-(hh*outer(gh,gh))+diag(gh*gk)

26 dr<-solve(hh,gg); ch<-max(abs(dr)); dc<-sum(gg*dr)

27 hv<-(eigen(hh,only.values=TRUE)$values)[n]

28 if (verbose)

29 cat("itel",formatC(itel,format="d",width=4),

30 " function",formatC(ff,format="f",digits=8,

width=12),

31 " maxgrad",formatC(gm,format="f",digits=8,

width=12),
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32 " change",formatC(ch,format="f",digits=8,

width=12),

33 " descend",formatC(dc,format="f",digits=8,

width=12),

34 " minval",formatC(hv,format="f",digits=8,

width=12),

35 "\n")

36 if ((ch < eps) || (itel == itmax)) break()

37 th<-th-dr; ph<-ft(th); itel<-itel+1

38 }

39 return(list(ph=ph,ff=ff,hv-hv))

40 }

41

42

43 guttmanUpper<-function(x) 1/diag(solve(x))

44

45 lsFac<-function(s,p,eps=1e-6,itmax=10) {

46 itel<-1; pp<-1:p; n<-nrow(s); uold<-guttmanUpper(s)

47 repeat{

48 eig<-eigen(s-diag(uold)); evl<-eig$values; evc<-eig

$vectors

49 unew<-diag(s-evc[,pp]%*%(evl[pp]*t(evc[,pp])))

50 if ((max(abs(unew-uold)) < eps) || (itel == itmax))

break()

51 uold<-unew; itel<-itel+1

52 }

53 return(unew)

54 }

55

56 # loss function specifics

57

58 maxlik<-list(f=function(x) log(x)+(1/x)-1,

59 g=function(x) (x-1)/(x^2),

60 h=function(x) (2-x)/(x^3))

61

62 gls<-list(f=function(x) 0.5*(x-1)^2,
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63 g=function(x) (x-1),

64 h=function(x) 1)

65

66 james<-list(f=function(x) 0.5*log(x)^2,

67 g=function(x) log(x)/x,

68 h=function(x) (1-log(x))/(x^2))

69

70 # parameter transformations

71

72 logit<-list(f=function(x) 1/(1+exp(-x)),

73 i=function(y) log(y/(1-y)),

74 g=function(x) {p<-1/(1+exp(-x)); p*(1-p)},

75 h=function(x) {p<-1/(1+exp(-x)); p*(1-p)*(1-2*p

)})

76

77 ident<-list(f=function(x) x,

78 i=function(y) y,

79 g=function(x) rep(1,length(x)),

80 h=function(x) rep(0,length(x)))

81

82 square<-list(f=function(x) x^2,

83 i=function(y) sqrt(y),

84 g=function(x) 2*x,

85 h=function(x) rep(2,length(x)))

86

87 expo<-list(f=function(x) exp(x),

88 i=function(y) log(y),

89 g=function(x) exp(x),

90 h=function(x) exp(x))

91

92

93

94 swainNLM<-function(s,p,fgh,info=0,verbose=1) {

95 n<-nrow(s); es<-eigen(s); lb<-es$values; kk<-es$vectors

96 id<-1:(n-p); nn<-1:n; itel<-1

97 ss<-kk%*%((1/sqrt(lb))*t(kk))
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98 nlm(f=fSwain,p=lsFac(s,p),ss,id,fgh,info,print.level=

verbose,hessian=TRUE)

99 }

100

101 fSwain <- function(ph, ss, id, fgh, info) {

102 f<-fgh$f; g<-fgh$g; h<-fgh$h; n<-length(ph); nn<-1:n

103 vv<-eigen(ss%*%(ph*ss))

104 vl<-vv$values; vk<-vv$vectors; vd<-vl[id]

105 ff<-sum(f(vd)); uu<-ss%*%vk

106 gg<-drop((uu[,id]^2)%*%g(vd))

107 hh<-matrix(0,n,n)

108 for (i in id) {

109 vli<-vl[i]; ui<-uu[,i]; uw<-outer(ui,ui)

110 for (j in nn) {

111 vlj<-vl[j]; uj<-uu[,j]

112 bij<-ifelse(i==j,h(vli),2*g(vli)/(vli-vlj))

113 hh<-hh+bij*uw*outer(uj,uj)

114 }

115 }

116 if (info > 0)

117 attr(ff, "gradient") <- gg

118 if (info > 1)

119 attr(ff, "hessian") <- hh

120 return(ff)

121 }

122

123 swain2<-matrix(

124 c(1.000,0.624,0.626,0.271,0.400,0.340,0.319,0.496,

125 0.624,1.000,0.573,0.285,0.263,0.185,0.340,0.396,

126 0.626,0.573,1.000,0.120,0.301,0.296,0.249,0.380,

127 0.271,0.285,0.120,1.000,0.157,0.239,0.270,0.253,

128 0.400,0.263,0.301,0.157,1.000,0.524,0.582,0.560,

129 0.340,0.185,0.296,0.239,0.524,1.000,0.563,0.553,

130 0.319,0.340,0.249,0.270,0.582,0.563,1.000,0.651,

131 0.496,0.396,0.380,0.253,0.560,0.553,0.651,1.000)

,8,8)
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132

133 harman23<-Harman23.cor$cov

134

135 harman74<-Harman74.cor$cov
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