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A Two-Warehouse Production Inventory Model
with Variable Demand and Permissible Delay in
Payment under Inflation

S, R. Singh, Pinky Saxena

Abstract— In this paper, a two-warehouse production Shah [4] considered a stochastic inventory modeinndelays

inventory model is developed for deteriorating itemvith variable
demand .The effect of permissible delay in paymisntonsidered
under inflation. Since, the capacity of any warehauss limited, it
has to rent warehouse (R.W) for storing the excesétsiover the
fixed capacity of the own warehouse (O.W). On theiba¥ this

fact, we have developed a two-warehouse productiorermery

model for deteriorating items under inflation & pemissible delay
in payment. The objective of this study is to derithe retailer’s
optimal replenishment policy that minimizes the abtrelevant
inventory costs. The necessary and sufficient cdiudis for an

optimal solution are characterized. An algorithm @eveloped to
find the optimal solution. Finally, numerical exampk are
provided to illustrate the proposed model. Sengiyivanalysis is
made and some managerial inferences are presented.

Index Terms— Inventory, Two-warehouse, Deterioration,
Permissible delay in payment, Inflation

I. INTRODUCTION

In many inventory models it is idealistically assdrthat all
items produced are of good quality. But, productioin
defective items is a natural process in a prodoatiele. So,
we consider the model with imperfect quality. Irdag’s
competitive business world, a supplier frequenffgrs his
retailers a delay of payment for settling the amawed to

in payments are permissible. Aggarwal and JaggiX&nded
Goyal's model to consider the deteriorating itedasnal et al.
[6] further generalized Aggarwal and Jaggi's maedllow
for shortages. Hwang and Shinn [7] added the misirategy
to the model, and developed the optimal price atdikzing
for a retailer under the condition of a permissididay in
payments. Liao et al. [8] proposed an inventory ehauth
deteriorating items under inflation when a delapayment is
permissible. Chang and Dye [9] developed a partial
backlogging inventory model for deteriorating itemih
Wei-bull distribution and permissible delay in paymts.
Chang et al. [10] presented an inventory model for
deteriorating items with linear trend under the ditan of
permissible delay in payments. Shah [11] considexad
inventory model for deteriorating items and timdueaof
money under permissible delay in payments duririmite
planning horizon. Soni et al. [12] discussed an Etxggel for
progressive payment scheme under discounted cash fl
(DCF) approach. Chang et al. [13] made a reviepwrerious
related literatures under trade credit since 1@3tang et al.
[14] proposed an optimal payment time for detetiotp
items under inflation and permissible delay in pewpts
during a finite planning horizon. Yang and Chand][1

him. The permissible delay in payments is a suéeessProvided a two warehouse partial backlogging ineent

method of attracting new customers and increasifess

In today’s business world, it is more and more camio see
that retailer are allowed a fixed time period beftrey settle
their account to the supplier . This period is knoag trade
credit period. Before the end of the trade creditiqu, the
retailer can sell the goods and accumulate revandeearn
interest. A higher interest is charged if the pagytris not
settled by the end of the trade credit period. I8Star or
storing plays an important role in the inventorynagement
.Generally; every company has its own warehous@/jith
a fixed capacity. If the capacity increases thesérguantities
should be stored in another rented warehouse (R.\&fHg
and Zhou [1] provided a two-warehouse inventory etddr
deteriorating items under conditionally permissididay in
payment with constant demand. H.L. Yang [2] devetbp
two-warehouse partial backlogging inventory modgis
deteriorating items under inflation , Goyal [3] vithe first to
establish an economic order quantity model withoastant
demand rate under the condition of a permissiblaydim
payments.
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model for deteriorating items with permissible gelia
payment under inflation. Go swami et.al. [16] depeld a
two-warehouse inventory model with increasing desinamnd
time varying deterioration. Trade credit represemats
important proportion of company finance. Also, nfrca
financial point of view, inventory represents a italp
investment and it is a substantial asset for a’dirimited
capital fund. As a result, it is necessary to adaisthe effects
of inflation on the inventory system. Accordingttos fact,
we developed two- warehouse production model whiih t
permissible delay in payments. Liang & Zhou [1] sidered
a two-warehouse inventory models for deteriorafiegns
under conditionally permissible delay in paymentthwi
constant demand. We assume that production réaées as
the linear combination of on-hand inventory and ded)
while demand rate is taken as the function of tiAiso, we
assume production rate as being dependent on tharde
rate and the two warehouses have different desgiwor rates.
Based on the above conditions, the two-warehouse
production inventory model for deteriorating itenis
developed with permissible delay in payment undéation.
The objective of this study is to derive the regad optimal
replenishment policy that minimizes the total inleep costs.
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solution are characterized. An algorithm is alseedigped to
determine the optimal replenishment policy. Finalpme
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numerical examples for illustration are provideddan t, T

sensitivity analysis is made on parameters. : Non-Production period.
T : Total cycle time

. ASSUMPTION AND NOTATIONS M : Retailestradereditperiofferedysuppliein years
s: Unit selling price.

The mathematical models of the two-warehouse imrgnt _
c : Unit purchase cost.

problems are based on the following assumptions:

1. Production rate is greater than demand rate. Alss, | : Interest which canbeearnecber $peryear.
linear combination of on-hand inventory and demaatel I . : Interestchargeger$in stocksperyearby thesupplier
ie P(t)=[| (t)+bD(t)](l—e'd‘) I : Interestchargeger $in stocksper yearby thesupplier
2. Demand rate is exponentially an increasing functén TCi.i = 12, 3: Totalrelevantcosts consisting(a) SetupCost
D(t) - e/lt 0<A<1 (b) Holding Cost(c) Deterioraion Cost(d) Interestpayablecost.
time .i.e. HE Vs A= L
(e)Interes earned.

3. Deterioration is taken as time dependent for O.Wlew  \ypere Tt are the optimal solutions and Ti8 the minimum
Wei-bull distribution for R.W. total relevant costs

4. Planning Horizon is finite.

5. g/llgg(ta;Lserfci):?gjisrringlr imperfect items and inflatis . MATHEMATICAL MODEL

6. Shortages are not perm'itted. The model begins as follows: initially, the inventdevel is

7. Lead time is zero, and no replenishment or rephir ¢ero- The production starts attime t = 0, and staccumulate
deteriorated items is made during a given cycle. from 0 up to W units in O.W .and inunits of time. After time

8. Asingle item is considered over the prescribedopef ~ t @ny production quantity exceeding W will be stoire&.W.
units of time, which is subject to variable deteaion After this production stopped and the inventoreléa R.W.
rate. begins to decrease aaihd will reach 0 units at because of

9. The owned warehouse (O.W) has a fixed capacity of \iemand and deterioration. The inventory level WOcomes
units, and the rented warehouse (R.W) has unlimitd@ decrease at , &nd then falls below W af+# t; due to

capacity. deterioration. But, duringdtT], the inventory is depleted due
10. The goods of the O.W are consumed only aftdP both demand and deterioration. Figl. Depictdtteavior
consuming the goods kept in R.W. of inventory system.

11. The unitinventory costs (including holding costy pinit ol
time in R.W are higher than those in O.W.

12. The supplier provides the retailer a permissiblaydef
payments. During the trade credit period the actaun —
not settled, the revenue is deposited in an int&eming testt
account. At the end of the permissible delay, tailer
pays off the items ordered, and starts to payrterest
charged on the items in stock.

In addition, the following notations are used thgbout this

Tesf)

loz(t) loa(t)

Inventory Level

paper.
D(t)=pe' 0<A<1: Demand rate increases with time,

where U is the initial demand rate.

P(t)=[1(t)+bD (t)]i-e* ). 0<d <1b> 1:Production rate

CD b e “ T

. Deterioration cost per unit time.

|01 t . Inventory level in O.W. at time t with(d [0, t]. Figl: Graphical Representation Of The Two-Warehouse
| Inventory System

R t . Inventory level in R.W. at time t with [ty, t]. ) . . . . o
The differential equations stating the inventonyele within

r : Infation rate th | . follows:
d : Rate of imperfect production e pycie are given as follows:

dig (t
W : Fixed capacity of O.W. Ol()+¢9lol(t):P(t)—D(t), Ostst,...(3.1
C, : Set up cost per production run.
s SetUp costper proc 2eW g g=p)-DE) ¢ st @2
Crw - Holdingcosperunitinventorieldn R.W. peunit tlmdldt ()
Cow : Holdingosperunitinventorieldn O.W.peunit tim-"=—+6 1, (t)=-D(t), t, sts<t,.....83)
IRz (t): Inventory level in R.W. at time t with( [t,, t]. dio, ® +81, (t)=-Dft), t,<t<T....34)
dt N
|04 t . Inventory level in O.W. at time t with [ts, T]. di (t)
I (t 2401, (t)=0 t, St<ty.... 35)
Os\'/: Inventory level in O.W. at time t withd [t;, t3]. dt ’
t t _ _ With the boundary conditions
1'*2; Production period for O.W and R.W. lo, 0) :OJRZ(H):OJRS(%):O, lo, (T)=o0, lo, (t,)=w
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The solutions to equations (3.1) - (3.5) are ds¥: w2 ar M M M M T 2 6
=03 A2 120 i T ey P
2 3 4 2 2 . rH[ sz g(tj Mg) Br(W t)) ‘{Tz L | Y ftf]

PESWCAE S +f‘3—*f@j—{wmw+@w)”fj ‘

276 6 T Ty

T P T T r T et re'
,5 P /10[ , _7777g7££7%777'|'2t3+ +5_7
I ()= at—tzt 2t3t 211220 3 4 4 5) 2\ 3 4 2 3 4
5 2 3 24 4 5 6
o2 As o AB s _mA6[ 2t 1 TR Tt e
lo ()= (T—t)—7(T—t)+E(T —t )—T(T ) 4|15 12 3 4 5 6
o =wela® t.<M<T
05()_ e Case2: 3 ~  Inthis case, interest payable is
Based on the assumptions and description of theemte
total annual costs, TC, include the following elaise T B
(1)The present value of setup cost = CS. IC, = C'cf'o,, (t)eat
(2) The present values of the inventory holdingsas R.W.
and O.W. are - fﬂngmeﬁMffﬂslﬂ@EM
2 3) 211220 3 4 4 5

t t3
law = Cru [j e, ()edt + [ 1, (t)e'”dt]

4 tz

{ZT T o TV M rM‘J uAfﬂ (T T TV M rl\ﬁ]
Y P T S T R L 203 4 "2 "3 4) 415123 45 6
= 203 3 314 2 34 4 35 10

-[(ﬁ+£]-r(i+ij+i(2‘i+ 2t, ] /lr[i gm Case3:M =T | Inthis case, no interest charges are paid for
2 2 6 6 2 3 3 24 2 theitemS|Q:O
ow :Cow{Tloj(t)e"dt+'_|§|05(t)e"dt+]|04(t)e"dtJ On the other hand, the retailer accumulates revéama
account that earng per dollar per year staring fromto T.
b= of rdf ﬂ} {E_f_k_ﬁ_&_/ﬂj w{(ts—ti)—i(tf-nzﬁﬁj} As a result, the interest earned is given as falow
68121222636 2 There are two cases as follows:

sel:M T | |n this case, the interest earned is
(3)The present value of the inventory deterioratiost is o

ty e T tr IE, = | Dt e"dt
I :c{ [, (edt+ a1 (tedt+ [l (D dt+ [ag i, (tedt ! ¢ {
0

ty t3 ty
M2 M3 M4
7 =usl | ——(r-A)—+
+Jaﬁt‘3'1IRz(t)e’"dt] H 9(2 ( )3 4 j
t
Case2:M =T , In this case, the interest earned is

=c [gﬂ[(b 1)[dt d/ﬂl5 +dr7t1sj _[ﬁ +/‘t14+rtl‘lj] T
D 8 15 10 3 8 4 |E2 = SleU Dte™dt + DT(M —T)]

+W{t32_t12+a;_aﬁ_rt33+rt13J+g){[_t;_T3J_r[_t34_ﬂJ T2
2 2 8 8 3 3 6 3 12 4 :SlJ{Z (- A)Mr}ﬁeﬁsl.r( 7)

ﬂ[- _L]szazﬁz[(b_l)d[£+ i N [t“ i ]J

2{ 15 5 2AB+2) 28(5+2))) \B+1 BB+Y Therefore, the annual total relevant costs forrdtailer can
1,50 1, 0 1002 be expressed as

([ B+1)" ;;(;; + 1)] [(p 2) B+ 2)(ﬁ + 1)]]]} TC(t3,T) = ordering cost + stock holding cost in R\&tock

holding cost in OW + deteriorating cost +interesgqble cost

Next, Based on the parameter valugdi, T, there are three _ interest earned.

cases to be explored. That is, _
TC,if M st <T
TC, if t,<M <T
Case 1: M <t <T , In this case, interest payable is oG J -FcaifsM =
IC. =l T' it + J'l e dit +]'| (t)edt IV SOLUTION TO THE TWO-WAREHOUSE
p=cle| [1n o INVENTORY MODELS

—c {{g Lt rgM M, Mj 7)(7213 Loemen™ 7+¥J The present value of the total cost can be wr'mrefollow§
dift’ 1), ] 37 rdft 3
(CSJrQ’M( ])[ (3 3] 3(4 2] 3(4+4}3[5+10]D

a[ t B+2 rt3;;+3 _ t3M B+ _ I’tsl\/l B2 _ M B2 N rMﬁ+3J
- £+£ -r £+£ +d 21:7134.2t33 Ar 7+£
2 2 6 6 2 3 3 204 2

(ﬂ+1)(ﬂ+2) C(B+2(+3d B+ pr2 B2 p+3
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”‘“{b W RHESSEE) e Hearzion)

+W((t3—t1)—;(t;—t12)+92t13]j+c{{9p[(b—1)[dg+dft515+d]f.t55] {tﬁ: ﬂt(;:rll)n ((;:12) (ﬁ+ti;(;+z)m]

4
_(£+£+ﬁ]]+w{£ W8 AT & &}@{[—ti ng -slwt{ ~(r-2 +/1rJ+/E““5| T(M-T)
3 8 4 2 2 8 8 3 6 3
[ ¢ T“] [ ] ) T In the next, our object is to determine the optineles of
;120213’2 b~ ({ D ty, T such that TC{T) is minimum. The necessary
12 4) 2(15 5 26+2) z,dﬂ+2) conditions for TG to be minimized are:
B tlﬂl D [ B ,[pz DD
L _
[ﬁ+1 As+)| (62" (/?+1J(ﬁ+2) TG, to be minimized are:

M? M? r ng 1 2 M2 M® rM*
cl [;{— rt3 -t,M- rtg— — —J [ t3 t3M—rt3———+—j
2 3 2\3° 2 3 4
aTe, _, 917G

) =0
{ £, LSS Vi Y ol Lo rMM] ot, ar

(;;+])(,3+2) C(B+2(B+d prL B2 g2 [+3 Let ", T, be the solution of above equation s(tl,T')
be the Hessian matrix of T€valuated atst'and T, .It is

VAL S S S 1 G G G Bt o o - :
*fwﬂ)wg ErY) ﬁ ﬂ+2 3 ﬁj ot t3]+’2t12('\" g known , if this matrix is positive definite, theimet solution of
P VI DR X VIR L P Y O AP, P S L (t5, T,) is an optimal solution. Since
A [7 2 J 6 8 ”{ 6 T2 T2 T]
2 2 2 2
AR UL SN D7)l JROOYa s U RIS LA SRR RLAL LA 3
212720 374 "4 5) 203 4 T2 T3 ot; ar o, 0T otdT JTot,
3 It was noted that the matrix; (", T,") is positive definite and
T rﬁg ts o P
- 4f15 2T ]] (ts",Ty) is the optimal solution of TCSimilarly,it was noted
that (t%,T, )band (4%, T5) is the required optimal solution of
3 o3 . s q p A
TQ:%(CSe*‘+cRN(;{(b—J{%[%+Z—§J d;[ . '12} 3[ 2 3; 3 [5 +TOJD TC,and TG respectively._ S_o, numerical_ squ'Fion gf(i=1,
. N . .. 2, 3).In the next, an optimization algorithm is ggeted to
- ([L+ Lj - r[tl— " ‘3—] " "—[ﬁ " ﬁj - "—r[“—ﬁz—m find the optimal solution of our model.
2 2 6 6 2 3 3 2 4 2
e {(b l)ﬂ[dt ot Adtf}_ﬂ[ﬁ_ﬁ_i_ﬁ_ﬁ_ mj Algorithm
6 8 12 202z 2 6 36 Step 0. Input initial parameters, 0. Input inifi@rameters.

+w[(t3—t1)—1(t;—tf)+%l3 ]+CD [Hﬂ((b_l)[dtl4+m+ﬂj Step 1.Find the optimal solution for Case 1, ggttthe

8 15 10 " \
optimal solution t31* and T1* .1fM =t <Ti

_[%+AH o ]] W{é-tj +£-ﬁ-£+ﬁ]+e,{[%5-l;j Let t3*= t31*, T* = T1* TC*= TC1(t31* T1*) ; Otlerwise,

to Step 2.

_{—t; _L"]+ﬁ[_23 _LD Ao ])d[ e J] go to Step
1224) 215 5 4p+3 25+ Step 2. Find the optimal solution for Case 2, ggttthe
o o ” optimal solution t32* and T2* .Ift:" <M ST." . | gt t3*=
[t Y ] [t t ] {32%, T*=T2* TC* = TC2(t32*, T2*) ; Otherwise, gto Step

51 Ao+ (52 o+l +2 3.
my{Tz g rTM M rlvf] y{?‘ P TM TV M rM] Step 3. Find the optimal solution of Case 3, ggttihe
- .

2 3) 212203 4 45 optimal solution t33* and T3* .If & <M =Ts | gt t3+=

t33*, T *= T3*, TC* = TC3 (t33*, T3*); Otherwise, g to
%Es_ﬂ‘ VTV M Mj ﬂfzﬁiﬁ_TzMﬂrTzMﬁM"’MD Step 4.
2 2 3 4
M

15 12 3 4 5 6 Step 4. Let (t*3,T*) = arg min{ TC1(t31*, T1*), TGE32*,

e (M 2 (-2) LA ] T2%), TC3(t33*, T3*)},output the optimal t3* T*TC*.
12 3 4 Numerical example
TQ:}(%e«tw,((H[%[ﬁﬁ}_ﬂiﬁﬁ ﬂ[ﬁﬁp[ﬁﬁim To illustrate the above model described, we comeiti¢he
T 3 0% A4 234 4) 3510 following data on the basis of the previous study.
[[%%J[%%Jg[% 2;]%[%%]]} Let 6s=10,6=0.01, r=.014 = 2, u=50, CD =2, IC = 0.15, M
, , =1.45,0=0.06p=1,d=0.10,t1=0.5,t2=0.6,b = 0.5,
(b df rdf )t Tt g g AT cRW = 5, W =500, cOW =4, ¢ =1000, s=100, le = Ori3
o 6 8 12 2 2 2 6 3 6 appropriate unit. According to the above algoritlincan be
, \ . . found the optimal solutions t3*= 0.8, 31.40162 and
W[ (t-t) -T2+ Aoy | gy (p-1)f B P, I TC'=184.827.
A 8 15 10 i P 0N i ; P
A simple economic interpretation is that if the mpasible
; 2 2 g% @% i r E delay period increases, then the retailer receavdsgher
(tls )g }JJ V\{t; %‘f% % % ;J’f@/{( ;3 3] value of benefit from the permissible delay andrshts the

cycle which minimizes the total cost.
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Sensitivity analysis

To study the effect of change of the parametersitieity
analysis is performed considering the numericalmgta
given above .Sensitivity analysis is performed bprging
the parameters and taking one parameter at atkiag the
remaining parameter at original value on the ba$idata

given in example. The results are shown in Table fo

permissible delay in payment (Trade credit) by gisioftware
Mathematica 5.2.

Sensitivity Analysis Table

Parameter| 9% change T’ TC
1.46 1.40669 178.327
M 1.47 1.41179 171.827
1.48 1.41694 165.327
1.49 1.42212 158.827
0.08 1.40162 181.901
a 0.12 1.40162 173.571
0.18 1.40161 154.811
0.20 1.40161 146.89
4 1.40162 188.255
B 8 1.40162 188.56
10 1.40162 188.574
12 1.40162 190.574
12 1.40442 186.827
Cs 13 1.40582 187.827
14 1.40722 188.827
15 1.41556 189.827
51 1.07986 168.435
52 1.27592 152.04
H 53 1.23003 135.641
54 1.21806 119.24
4.1 1.422 215.723
Cow 4.2 1.46177 246.618
4.3 1.5003 277.513
4.4 1.60932 524.676
51 1.40075 184.658
C 5.2 1.40031 184.489
RW 5.3 1.39987 | 184.519
54 1.399z 184.601
550 1.48298 284.573
W 600 1.6321 384.319
650 1.69823 484.065
700 1.76412 583.81

Fig 2 : Convexity of total cost with respect to tartd T*
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From the above table, following inferences can beeoved:

(1) When retailer’'s warehouse capacity W is increading,
optimal replenishment cycle time T* and relevartako
costs TC* increases. This implies that the retadlen
order quantity less frequent to reduce costs when t
retailer owns larger storage space.

As the order cost ¢S is increasing, both the agtim
replenishment cycle time T* and the relevant totats
TC* increases. It means that the retailer may ondeare
guantity to reduce the average total relevant costs

It can be found that the optimal cycle time wilcdease
when the initial demand rate [ is increasing. langethat
the retailer will order less quantity to take trembfits of
the trade credit more frequently.

On increasing the deterioration parameter for Gt
T* increases, TC* decreases.

On increasing the deterioration parameter for RA4|
cost decreases. So, the total cost is minimum when
rate of deterioration for O.W. is less than the
deterioration rate for R.W.

(3)

(4)
()

V. CONCLUSION

In this paper, a two-warehouse imperfect production
inventory model is developed for a manufacturingtem
with deteriorating items having time varying demaadterns
.We have considered Wei-bull distribution deteriimma.The
effect of permissible delay in payment ,inflationdatime
value of money is also considered. In order to cedthe
inventory costs, it will be economical to consuime goods of
R.W at the earliest. Consequently, the firm shetidde goods
in O.W before R.W, but clear the stocks in R.W befo.W.
Our aim is to find the optimal replenishment pdwifor
minimizing the total cost. Numerical examples ailsoa
provided to illustrate the proposed model. Morepver
sensitivity analysis of the optimal solutions witsspect to
major parameters is carried out. The proposed muatebe
extended in several ways, firstly, we may extemdttodel by
allowing shortages and partial backlogging with
time-dependent backlogging rate, and secondly, ewddc
extend the model by applying fuzzy approach, wkabes the
difficulties in searching for suitable probabilitiistribution
function. Thirdly, we could generalize the modelden
two-level credit period strategy.
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