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Abstract Vector transformation operators method is applied to vector heat equation in one space dimension, to
vector wave equation in one space dimension and to vector Laplace equation in two dimensions. The transformation
operators method which allows us to interpret piecewise-homogeneous physical processes as a perturbing of a
homogeneous ones. The analytical description of mathematical models of thermal conductivity and wave processes
for piecewise homogeneous media with flat symmetry is obtained by the developed in this paper vector

transformation operators method.
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1. Introduction

There are many classes of problems that are difficult to
solve—or at least quite unwieldy algebraically—in their
original representations. An integral transform "maps" an
equation from its original "domain" into another domain.
Manipulating and solving the equation in the target
domain can be much easier than manipulation and solution
in the original domain. The solution is then mapped back
to the original domain with the inverse of the integral
transform.

The important mathematical models describing physical
fields in multilayered piecewise homogeneous media, lead
to an initial boundary value problems for partial
differential equations [6]. The coefficients of the equations
are continuous for homogeneous models and the
coefficients of the equation are piecewise constant for
piecewise-homogeneous models. Transformation
operators allow to interpret piecewise-homogeneous
physical fields as a perturbing homogeneous fields. The
authors offer to use transformation operators method
[8,12,13] for the study of mathematical models in
piecewise homogeneous media. Classical transformation
operators such as Weierstrass, Poisson, Sonin are treated
as operators of perturbing. Theory of the classical
transformation operators was developed by Marchenko
V.A. [1], Kipriyanov I.S. [2], Samko, S.G., Kilbas, A.A,,
Marichev, O.l. [3]. The authors suggest to consider the
transformation operator as a deformation of the
mathematical homogeneous model into a piecewise-
homogeneous model. In this work transformation
operators are constructed, studied and used for problems'
solving on the composite real line. The generalized

expressions of d'Alembert and Poisson integrals [4,5] over
the composite real line are obtained. The analytical
description of mathematical models of thermal
conductivity [5,7] and wave processes for piecewise
homogeneous media with flat symmetry is received. The
Dirichlet problem for Laplace equation [5,6] on the
composite real upper half-plane is solved.

2. Transformation operators for a
composite real line

Definition 1. In linear algebra, a symmetric nxn real

matrix A is said to be positive definite if 2 Azis positive
for every non-zero column vector z of nreal numbers.

Here z' denotes the transpose of z. Let PAP~!be an
eigendecomposition of A, where P is a unitary real
matrix whose rows comprise an orthonormal basis of
eigenvectors of A, and A is a real diagonal matrix whose

main diagonal contains the corresponding eigenvalues.
Let

f(x)
A=PAPL f=| .. |
fy (X)
f = f(x) -vector-function
M .. 0
P =l p; ILP~ =l pji LA = o s
0 .. Iy

then
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N
Z Piafj(x4)
j=1
f (AX) =ll Bij I
N
2 pin f(xAn)
j=1
In matrix calculus is a specialized notation
A_ [ o P |
E_AB Ju=ak ey p=akma;.

Theorem 1. If the function
fFX)=HEX)f,()+HX) f,(x) is determined on a
composite real line 1; = (—,0) U (0,0) and satisfies the
following relations at the point x =0

f(0-)=(04). k f(0-) = f(0+),
then the function f(x) = H (—x) f;(x) + H (x) f, (x),

A (-a,x).x<0;, (D

fax:—fax+
1(a4X) Ev g 1(&x) Ev g

f,(ayx) = f,(8,%),0< x 2)
is determined on a composite real line
Iy = (—0,0) U (0,0) and satisfies the following relations
at the point x =0

f1(0) = f,(0),kf,'(0) = f7(0).

Proof. The following equation is true

E+u - [— U - -

(L0 === LO+ 55,0 = ,0) = 1,(0).
+ i E+u

Similarly, the following equality is true

a /(0) = 2a,f30

E+u. -
Itfal '
E+i

'uéz f;(0)
= 18, ,(0), & f; (0) =2, ;(0).
Definition,  following, [10]. The transforms

Lt f(x) > f(x),J: f(x) > f(x) are called the direct
and inverse transformation operators, respectively.

3. Wave Equation on the Composite Real
Line

Let u(t,x) denote the vertical displacement of a string
from the x -axis at position xin time t. We assume that
the string possesses is undergoing small amplitude
transverse vibrations so that satisfies the wave equation [5]

Uy —a’U,, =0 forall —o<x<oo and t>0.

We also assume that we know the position and speed of
the string in time t=0 . We are given an initial
displacement  u(x,0)= f(x) and initial velocity
u; (x,0) =0.

Consider the initial value problem

utt—aquX:O, t>0,xeR;
u(0,x) = f(x), XxeR;
uf (0,x) = g(x), xeR.

The solution of initial value problem is given by the
d'Alembert formula:

X-+at
f(x— at)Jer(x+at) J- ()dr

x—a

u(t,x) =

Let us consider two initial boundary value problems.
First:

Uit _aizuixx =0,
0 (0,) = f,(x),

t>O,X S (Ii—l’li)

Xe (Ii—l'li)’i =1,2;

it (0,X) = g; (%), ®)
Ul(t,O)ZUZ(t,O), t>0
kuy (t, 0) = u,(t,0), t>0.
Second
u,tt—a =0, t>0,xe(ly k)
Gi(0.X) = fi(x), cel ) imt2
it (0,%) = G; (%), (4)
l]l(t,O):l]Z(t,O), t>0
kd; (t,0) = G5 (t, 0), t>0
Where IO = —00, Il = 0, |2 =00
Theorem 2. If the function

a(t, x) = H(=x)d; (t, x) + H (x)0, (t,x) is a solution of the

initial value problem (4) and an initial displacement is
defined by

~ E+ & ] —
fi(@x) = +Z fi(aqx) - g+': fa(—ayx),

s E+ [ —
0;(&x) = £ 01 (a¥) - A g, (-a,x),x <0;
E+u E+u

f2(8%) = f,(a%),

02 (82%) = 92(a,%),0 < x
then the function
u(t,x) = H({ —=x)uy(t, x) + H(x=Nu, (t,X)
where

E+
Uy (t, 8 X) = — 1 (t, alx)+ 2a,(t,-4,x),x<0; (5)
E+i E+u

Uy (t,ayX) = U, (t,&,X),0 < x (6)
is a solution of the initial value problem (3).

Proof. For operator B = H(-x)a’d,, +H (x)a2d,, the
following Bu = Ba
B = H(-X)&7 0y, + H(X)d30,,. Applying Theorem 1, we
have complete the proof.

Corollary 1. If in (5)-(6) we put & =E,&, =E,k=E,
then the solution of problem (3) has the form:

identity holds  true, where
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Uy (t,ax) = E+u E_ﬂﬁz(t,—ézx),x<0; @)

Gy (t,8,x) +

Uy (t,8,X) = U, (t, &,X),0 < X. €]

Now we can prove an analogue of the d'Alembert
formula for the initial boundary value problem (3).

Corollary 2. The solution of the initial boundary value
problem (3) is given by the similar d'Alembert formula:

X+t
U (t, 3, %) =¥[f(x—t)+ f~(x+t)+% [ g‘(r)dr]

X—t

f(—x—=t)+f(-x+t)

E-u —x+t 0
" 4 +%_Lg(z’)dr KR
f(x—t)+f(x+t) 1%
Uy (t, 8yX) = (X )_; (X-‘r )+% J' G(T)dT,O<X.
x—t

4. Heat Equation on Composite Real Line

In the special case of heat propagation in an isotropic
and homogeneous medium in the first-dimensional space,
heat conduction equation is [4]

0/ = kal,

where G =0(t,x) is a temperature as a function of time
and space; Ui is the rate of change of temperature at the
point x ; d,, is the second- order partial derivatives

(thermal conduction) of temperature, k is a material-
specific quantity depending on the thermal conductivity,
the density and the heat capacity. The heat equation is a
consequence of Fourier's law of cooling.

If the medium is not the whole space, in order to solve
uniquely heat equation we also need to specify boundary
conditions for 0. With an eye to determine uniqueness of
solution in the whole space it is necessary to assume an
exponential bound on the growth of solution, this
assumption is consistent with observed experiments.

Let da(x;t) is a temperature as a function of time and

space. We assume that u(x;t) satisfies the heat equation

U —a’u,, =0 for all —o<x<ow and t>0. We also

assume that we know the initial temperature of the rod in
time t=0 . We are given an initial distribution of

temperature field G(x,0) = f(x) Let us consider the initial
value problem

{at—azaxx =0, t>0,XxeR,

ao,x)=f(x), xeR.

This is usually called the Cauchy problem for the heat
equation in first- dimensional space. If we consider this
equation on the whole real line, then we do not need to
worry about boundary conditions and the solution is given
by Poisson 's formula:

L ee?
a(t,x):—j_we a fede.

Consider two initial boundary value problems over the
composite real line.

First:
U —afliy =0, t>0,xe (g, k)
Ui (O, X) = fi (X), Xe(li—lvli)’i :1,2; (9)
Uy (t,0) = u,(t,0), t>0
kug (t,0) = u5(t,0), t>0
Second:
0y —a820,, =0,  t>0,xe (k)
L]i (07 X) = ﬂ(X), Xe(li—llli)vi =1,2; (10)
Ul(t,O)ZUZ(t,O), t>0
kdi; (t,0) = 05 (t,0), t>0.
where |y =—o0,l; =0,1, =0
Theorem 3 If the function

a(t, x) = H(=x)d; (t, x) + H (x)d, (t,x) is a solution of the
initial value problem (10) and an initial displacement is
defined by formulas

s E+i A=y
. (&,X) = fi (a4 X) —
1(81%) E+lu1(1)E+

fy(—ayx), x <0;

f,(8,x) = f,(a,x),0 < x

then the function
u(t, x) = H(=x)uy (t, x) + H (X)u, (t, x)
where

E+u

U, (t, ayx) = - Gy (t, 8,x)
" " (11)
+ ﬂ_/f U, (t,—8,x),x <0;
E+u
Uz(t,azx):az(t,ézx),o< X (12)

is a solution of the initial value problem (9).

Proof. For operator B = H(—X)a7d,, +H (X)a3d,, the
following  identity Bu=Bd0 is true, where
B = H(-x)a’0,, + H(x)a2d,,. Applying Theorem 1, we
have complete the proof.

Corollary 3. If in (11)-(12) we put & =18, =1,k =1,

then the solution of problem (9) has the form:

E+u

Uy (t, &y x) = Uy (t, &%)

. (13)
+ _’uﬂz(t,—ézx),x<0;
Uz(t,azx) :Uz(t,ézx),0< X. (14)

Corollary 4. The solution of the initial boundary value
problem (9) is given by similar Poisson's formula:
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<i2—§)2
1 J-O e_ a

2/nt

U, (t,x) =

2 (adde
+u

1| ® E+
+— H\f, (a,E)dE, x> 0;
2\/HJ‘O . 2( 25) §

(=-¢)?

(a—xl+§>2
. e & E-H
Wt == B+ u iy (@)de,
(a—xl—az

+e A
(Z-g)?
& 2
2, (a,E)dé, x <0,
E+u

"
2/nt 70

5. The Dirichlet Problem for the Laplace
Equation

Let u=u(x, y) be harmonic on the upper half-plane
H={(x,y):0<y xeR}

H={(xy):0<yxeR}

, continuous on

and satisfies the conditions
GZO(\/X2+y2),Iw Lé)zdz:«n.
*1+<
Then the function
" o f
a(x,y)=~ . (f) )
TP (X=8) +Y

is harmonic in the upper half plane y>0 and has the
boundary values «(0,x)= f(x)  wherever f(x) is

continuous. The last formula is called Poisson integral
formula [7].

Consider two initial boundary value problems over the
composite real line.

First:
uiyy +a'i2UiXX = O! y > 01 Xe (Ii—ll II)
Ui (0,x) = fi(x),  xe(liyg,h)i=12 (15)
U (Y,0) =uy(y,0), y>0
kui (y,0) = u3(y,0), y > 0.
Second:
Oy +8705 =0, y>0,xe (g, k)
G0, =fi(x), xe(iph)i=12 (16)
Uy (y,0) =U,(y,0), y>0
kay (y,0) =05(y,0), y >0,

where |y =—o0,l; =0,1, =0

Theorem 4, If the function
acy, x) = H(=x)0; (y,x) + H(x)d,(y,x) is a solution of
the initial value problem (16) and an initial displacement
is defined by formulas

E+ i fi—
~ fi(ax) - §+z

f(ax) = E v

fy(—ayX), x <0;

f,(8,x) = f,(a,x),0 < x
then the function
u(y, x) = H(=x)uy (y, x) + H(x)u, (y, x)

defined by formulas

E+p A-u
up (Y, x) = — 0, (y, & x) +
E+u E+

— (i, (t,—8,x),x < 0; (17)
i

Uy (Y, 8,%) = 0, (Y, d,X),0 < X (18)

is a solution of the initial value problem (15).

Proof. For operator B = H (—x)a’d,, + H(x)a3d,, the
following  identity Bu=B0 is true, where
B = H(-X)&7 0y, + H(X)&50,,. Applying Theorem 1, we
have complete the proof.

Corollary 5. If in (17)-(18) we put & =14, =1,k =1,
then the solution of problem (15) has the form:

E+u E-—u

Uy (Y, &) + 0, (y,—8,x),x<0;

Uy (Y,8,X) = U, (Y, 8,X),0 < x

Uy (Y, Xx) =

Corollary 6. The solution of the boundary value
problem (15) is given by similar Poisson's formula:

1
oo, X 2 2
—— +
(&12 & +y

1 E-u
X E
(482 +y? ETH
+1J-oo a2
0 1
+

(-2 +y?
A

24§ (@)de+

1.0
Uy (Y, X) =— E+

fy(a,8)d&, x>0

3 1 E—u
X
(7+§)2+y2 E+/,l
wy)=——=" | *
B It 1

L S
(5 =& +y?
T

fi(a)d¢,

1 ] 1 2
+;-[0 X 2 2 E+ f,(a28)dé, x <0.
(;1—5) +y
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