AN EFFECTIVE WEIERSTRASS DIVISION THEOREM

MATTHIAS ASCHENBRENNER

ABSTRACT. We prove an effective Weierstrass Division Theorem for algebraic restricted
power series with p-adic coefficients. The complexity of such power series is measured
using a certain height function on the algebraic closure of the field of rational functions
over Q. The paper includes a construction of this height function, following an idea of
Kani. We apply the effective Weierstrass Division Theorem to obtain a number-theoretic
criterion for membership in ideals of polynomial rings with integer coefficients.

CONTENTS
Introduction 1
1. Absolute values and norms of polynomials 5
2. Height functions 10
3. A height function on the algebraic closure of Q(X) 26
4. Restricted power series 32
5. Hermann’s method for restricted power series 46
6. Criteria for ideal membership 56
References 60
INTRODUCTION

Let fi1,..., fn € Z]X], where X = (X1,...,Xxn) is an N-tuple of indeterminates.
The starting point for this paper was the following criterion for membership in the ideal of
Z|X] generated by f1, ..., f,, (implicit in [37]): there exist positive integers § and e such
that for every polynomial f € Z[X]:

fo€ (fi,-, fn)Z[X] —
foe (fi,oo, fo)QX] and fo € (fi,..., f2)(Z/6°Z)[X]. (0.1)

Here and below, for a € Z we denote by f the polynomial in (Z/aZ)[X|] obtained by ap-
plying the canonical surjection Z — Z/aZ to the coefficients of f € Z[X]. The existence
of such ¢ and e can be easily seen as follows. Put I := (f1,..., f»)Z[X], and fora € Z
denote by I : (a) the ideal of Z[X] consisting of all f € Z[X] such that af € I. The ring
Z[ X being noetherian, the ideal J := IQ[X]NZ[X] is finitely generated, so there exists a
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positive integer ¢ such that 6 f € I for all f € J, or in other words, such that J = I : ().
Consider now the ascending chain of ideals

ICI:(6)C--CI:(8)C--
in Z[X]. Again, since Z[X] is noetherian, there exists an integer e > 0 such that
I:(6%)=1:(6"")  foralliecN.
With this e it is easy to check that
I=(1:(8) N (I+(),

hence 4 and e have the required properties.

It is well-known that an integer ¢ with the property that J = I : () can be effectively
computed from f1,..., f,. In fact, we may take 6 = P(c) for some polynomial P(C) €
Z|C] in the coefficient tuple ¢ of fi,..., f,. This is a byproduct of Hermann’s classical
algorithm [18] for deciding ideal membership in polynomial rings over fields. (See [8],
Section 3.) The smallest positive integer ; = 4 such that I : (§) = J is the exponent
of the torsion subgroup of the abelian group Z[X]/I. (An abelian group G is said to have
finite exponent if there exists a positive integer m with mG = {0}, and the smallest such
m is called the exponent of G.) An algorithm to compute é; was given by Clivio [12]
(based on earlier work of Ayoub [6]).

The computability of § can be used to turn the criterion (0.1) into a (hopelessly in-
efficient) procedure, due to Simmons [37], for deciding whether a given polynomial f; €
Z[X] lies in the ideal I: First we check whether fy € IQ[X], say using Hermann’s method,;
if the answer is negative, we already know that fo ¢ I. Otherwise, we begin running two
effective procedures simultaneously. In the first one, we enumerate all n-tuples of polyno-
mials in Z[X], and for each such n-tuple (g1, ..., gn) we compute f1g1 + - - + frngn. We
stop when we find that fo = fig1 + -+ + fngn. In the second procedure, we successively
check, for each e = 1,2, ..., whether fo € (f1,..., fn)(Z/6°Z)[X]. As shown in [37]
(see also Section 6 below), the ideal membership problem for (Z/6°Z)[X] can be eas-
ily, and elementary recursively in the data, reduced to solving systems of linear equations
with coefficients in IF,,[X] (with p ranging over the prime divisors of §), where Hermann’s
method applies. The first procedure stops if fy € I, and by (0.1), the second algorithm
terminates if fo ¢ I.

All this raises the obvious question:

Can one compute an exponent e such that (0.1) holds for every polynomial

fo € Z| X] and every positive integer 6 with the property that I : (0) = J?
One of the aims of this paper is to answer this question positively. In fact, we will exhibit an
explicit number-theoretic function (N, 8) — e(V, 3) such that if f1, ..., f, are polynomi-
alsinZ[X] = Z[ Xy, ..., Xn] withdeg f1,...,deg fr, < Band || filloo,-- s || fnlloo < B
then the equivalence (0.1) holds for every fy € Z[X] and every positive § € Z such that
I:(6) = J,if one takes e = e(N, 3). Here, deg f denotes the (total) degree of f € Z[X],
and || f||oo denotes the maximum of the absolute values of the coefficients of f.

Our exponent e(N, 3) is most likely highly excessive: it takes the form of an N-times
iterated exponential in N and 3. However, it still seems worth discussing, for two reasons:
First, because of the inherent non-primitive recursive features of Hilbert’s Basis Theorem
exemplified in [16], [28]. (This theorem, in the form of noetherianity of Z[X], was used
above to establish the existence of e.) The class of primitive recursive functions forms a
proper subclass of all algorithmically computable (also called recursive) functions. The
function (N, 3) — e(N, 3) is primitive recursive (and in fact, for fixed N, belongs to the
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smaller class of functions which are elementary recursive in the sense of Kalmaér [19]).
Second, because some of the results obtained en route might be of independent interest
and useful for further investigations of the properties of finitely generated commutative
rings (such as Z[X]/I). With this in mind, we now explain our method to construct the
exponent e.

Let p1, ..., px be the distinct prime factors of §. A short argument using the Euclidean
Algorithm (see [8], pp. 409-410) shows that then for f, € Z[X]:

fOe(flvafn)Z[X] Aad
fo S (fl,,fn)Q[X] and f() S (fl,;fn)Z(pk)[X] fork=1,...,K. (0.2)

Here Z, denotes the localization of Z at the prime ideal (p) = pZ, where p is a prime
number. We write Z,(X) for the ring of restricted power series with p-adic integer coef-
ficients, that is, the completion of Z[X] at the ideal pZ[X] generated by p. (See [10] for
basic facts about Z,,(X).) We also let Z, (X )i, be the subring of Z, (X consisting of the
restricted power series that are algebraic over the rational function field Q(X). (This is the
henselization of Z[X ] with respect to the ideal pZ[X], see [35], p. 126.) A faithful flatness
argument ([8], Lemma 2.6) yields

fo S (fl,...,fn)Z(p)[X] e
fo€(fi,oo, fo)Q[X]and fo € (f1,..., fa)Zp(X). (0.3)

Hence in (0.2) we may replace each ring Z,,)[X] by Z,,)(X). Moreover, since Z,(X)
is faithfully flat over Z,(X)ais, in (0.3) we may further replace Z,(X) by its subring
Zp(X)alg- Thus we can improve (0.2) as follows:

foe(fla7fn)Z[X] —
fo (S (f17~ . 7fn)Q[X] and fO € (f17' . 'vf”)Z(Pk)<X>alg for all .

What we have gained is that the rings Z, (X) have some very nice properties: besides being
noetherian and henselian, they also satisfy Weierstraf} Division and Preparation Theorems.
These properties continue to hold for Z,, (X )as; for example, the ring Z, (X )1, is closed
under Weierstrafl Division in Z, (X ). Moreover, in Z,(X),1, the complexity of quotient
and remainder obtained through Weierstra3 Division can be explicitly bounded.

In order to formulate this fact precisely, we employ a certain height function

h: Q(X)alg — RZC

on the algebraic closure Q(X )1, of Q(X), a variant of which was constructed by Kani in
his Ph.D. thesis [20]. We have not found a suitable analogue in the literature (for example,
in [32], Section B, one only finds something like local height functions on Q(X )alg); since
it is fundamental for our work, this paper includes an account of Kani’s (unpublished)
construction. Based on ideas of Arakelov [4], it is nevertheless quite elementary, in contrast
to the constructions of height functions in (higher-dimensional) Arakelov theory, which
usually heavily rely on algebraic geometry (Chow forms, intersection theory etc.).

The height function h extends the usual (absolute logarithmic) height on the algebraic
closure of Q (as defined in [23]). For non-zero f € Z[X|] we have

h(f) =degx, f+---+degy, f+

1 1
// max { log | f (2™ ..., *™)| 0}db; - dfn,
0 0
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where degy, is the degree in the variable X;. The restriction of h to Z[X] is related to
Mahler’s measure (see Section 1.2 below), which has been used before in the context of
ideal membership problems in Z[X], see, e.g., [30], [31]. The function h behaves well with
respect to algebraic operations in Q(X)a1s, and also has the following finiteness property:
there are only finitely many f € Q(X )., With given bounds on the height i(f) and the
degree A(f) := [Q(X, f) : Q(X)] of f. Here now is the “effective” Weierstra Division
Theorem alluded to in the title of this paper, which will be established in Section 4. Recall
that g € Z,(X) is said to be regular in Xy of degree s € N if there exist a monic
polynomial gy € Z,(X’)[Xn] of degree s and a unit u of Z,, such that g — ugy € pZ,(X).
Here and below X' := (X1,..., Xn_1).

Theorem 0.1. Let f, g € Z,(X)aig, and suppose that g is regular of degree s > 0 in X n.
Let (q,r) be the unique pair consisting of ¢ € Zyp(X )aig and r € Zp(X') a1 [X ] such that
[ =qg+randdegy  r < s. Then, writing

r=r1rg+ TlXN +---+ Ts_lXJSV_l (7”07 oo, Ts—1 € Zp<X,>aIg),

we have

A(r;) < (A(f)A(g) (h(g) +log2))°,
h(r;) < O(1)*(A(f)) Alg) (h(f) +log 2) (h(g) + log 2).

Similar results are known for the ring K[[X]] of formal power series with coefficients
in a field K. See [22], [25] for a Weierstra Division Theorem for the subring of K[[X]]
consisting of those power series which are algebraic over K (X). In [33], [34] a com-
plexity measure for Nash functions is defined and used to prove an effective version of
Bézout’s Theorem for these functions, and, in [13], an effectivization of the Artin-Mazur
Theorem. In [1], [2], related measures for the complexity of algebraic formal power series
are introduced, and bounds for the complexity of quotient and remainder in the Weierstral3
Division Theorem in terms of the complexity of dividend and divisor are deduced. The
bounds obtained there (by very different methods) are also of a single exponential nature,
like ours.

The effective Weierstral3 Division Theorem above can be used to adapt Hermann’s
method to treat ideal membership problems for ideals in Z, (X )a1,. Here, the role played
by the Euclidean Algorithm (for polynomials) in Hermann’s method is taken over by the
Weierstral Division Theorem in Z, (X)ai. Using the height function on Q(X )1, bounds
for the complexity of the power series occurring in the individual steps can be found. This
allows us to show the following “effective” p-adic analogue of (0.1). Here f denotes the
image of f € Z,(X) under the canonical homomorphism Z,(X) — Z,(X)/p¥Z,(X) =
(Z/pPZ)[X]. As before, let 8 € N be such that || f;||oo < 3 and deg f; < 3 for all i, and
suppose 3 > 0.

Theorem 0.2. There exists a positive integer E with
20N (2NB+1og B+ 1)V T

E< 22‘. (N many 2’s),
such that for all fo € Z,(X):

fo€ (fi, -, fn)Zy(X) =
fO S (flv»fn)@p<X> and% € (Eaaﬁ)(z/pEZ)[X}
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Together with the discussion above, this theorem leads to the computation of the expo-
nent (N, 3). The upper bound on the exponent E in the last theorem is probably far from
optimal. It would be interesting to obtain a qualitatively better (say, doubly-exponential)
bound on E, and hence improve e(N, 3). (The bottleneck here is Theorem 0.1.) Note
however that e(N, 3) has the advantage of being independent of fy. If we are willing to
also bound the complexity of f and the degrees of the solutions of the reduced equation
fo = fiy1 + -+ fnyn, then using the results of [8] we obtain the following membership
criterion:

Theorem 0.3. There exists a positive integer D = (2[3)20(N10g<N+1)) with the following

property: let fo,..., fn € Z[X] with deg fi,||filloo < Bfori = 0,...,nand fy €
(f1,-- s fn)Q[X]; then fo € (f1,..., fn)Z[X)] if and only if and there exist g1, . ..,gn €
Z[X] of degree at most D such that

fo=fin+-+ fugn mod 67,

For ideal membership in polynomial rings over residue class rings of Z one shows rather
easily:

Proposition 0.4. Let fo, ..., fn € Z[X] such that deg f; < d fori = 0,...,n, and let

a €N a>0 Iffo € (fi, .., fn)(Z/aZ)[X], then there exist g1,...,gn € Z[X] of
N+1

degree at most (logy a)(2d)*  such that

f0:flgl+"'+fngn mod a.

Unfortunately, however, the bound in this proposition does not enable us to straight
away remove the bounds on the degrees of the g; in Theorem 0.3.

Organization of the paper. Section 1 has preliminary character and collects some defini-
tions and basic results concerning absolute values and norms of polynomials. In Section 2
we introduce height functions, in the general context of Kani’s theory of arithmetic fields
[20], and in Section 3 we construct a height function on the algebraic closure of Q(X).
We also go beyond [20] and discuss height on projective and affine space, and height of
matrices. In Section 4 we prove Theorem 0.1. In Section 5 we adapt Hermann’s method
to Z,(X), leading to a proof of Theorem 0.2. Finally, Section 6 contains the proofs of
Theorem 0.3 and Proposition 0.4.

Conventions and notations. Throughout this paper, N, m and n range over the set N =
{0,1,2,...} of natural numbers.

Acknowledgments. This paper derives from a part of my Ph.D. thesis [7], written under
the guidance of Lou van den Dries, whose advice I gratefully acknowledge. In particular,
the idea of using Kani’s height function to compute the exponent e is due to him. I also
thank Ernst Kani for the permission to include the construction of his height function.

1. ABSOLUTE VALUES AND NORMS OF POLYNOMIALS

For the convenience of the reader, and to fix notations, we first collect a few definitions
and basic results concerning absolute values. (See [11], Chapitre VI for more facts about
absolute values.) We then discuss several measures for the complexity of polynomials,
most notably the (logarithmic) Mahler measure [26] from transcendental number theory.
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1.1. Absolute values. Let K be a field and |- | be an absolute value on K, that is, a
function z +— |z|: K — R= with |0 = 0, whose restriction to K* = K \ {0} is a homo-
morphism K * — R>? of (multiplicative) groups which satisfies the triangle inequality

| +y| <|z|+ |y forallz,y € K.

We always assume that absolute values are non-trivial, i.e., |z| # 1 for some z € K*. If
instead of the triangle inequality the stronger ultrametric triangle inequality

|z +y| < max {|z|,|y|]}  forallz,y € K

holds, then | - | is called ultrametric, and otherwise, archimedean. The absolute value | - |
is ultrametric if and only if | - 1| < 1 for all n. (In particular, if char(K) > 0, then each
absolute value on K is ultrametric.) The map

(z,y) — |z —y|: K x K — R=° (1.1)

is a metric on K and makes K into a topological field. Two absolute values |- |; and | - |2
on K induce the same topology on K if and only if | - |; = (|- |2)" for some r € R>?. In
this case, | - |1 and | - |2 are called equivalent. For example, the only absolute values on Q,
up to equivalence, are
(1) the usual (archimedean) absolute value, given by |z, := max{xz, —x} forz € Q,
and
(2) for each prime number p, the (ultrametric) p-adic absolute value |z, := pvr(@),
where k = v,(z) € Z is such that z = p*¢ with a,b € Z \ {0} not divisible by p,
and [0], := 0.
We associate to | - | its corresponding additive absolute value
v=u.: K* =R, wv(z):=—loglz|,

a homomorphism of the multiplicative group of K into the additive group of R. (Here
and below, “log” will always stand for the natural logarithm.) We put I', := v(K*), an
additive subgroup of R. From v we can reconstruct | - | = | - |,,, since

|z|, = exp(—v(z)) forz € K*, |0], = 0. (1.2)

This justifies the usual practice (which we will also adopt) of speaking of an “absolute
value v”, if one in fact means that “v is the additive absolute value corresponding to the
absolute value | - |,,.” Note that if | - | is ultrametric, then v is a (real) valuation on K with

Op:={z€K:|z|<1} and m,:={ze€K:|z| <1} (1.3)

as the corresponding valuation ring and its maximal ideal, respectively. Conversely, if
v: K* — R is a valuation on K, then |- |, as given by (1.2) is an ultrametric absolute
value on K. This gives a bijection v — |- [, (with inverse | - | — v|.|) between the set of
all real valuations on K and the set of all ultrametric absolute values on K. An important
class of absolute values arises from unique factorization:

Example 1.1. Suppose that K = Frac(R) is the fraction field of a unique factorization
domain R. Every irreducible element p € R determines the (discrete) p-adic valuation
vp: K* — 7Z by the rule

vp(p"a) =n for0# a € R, p does not divide a.
Clearly, for irreducible p, g € R we have v, = v, if and only if p = ug for some unit u
of R. The p-adic valuations v, are called the essential valuations of 1. Each essential

valuation v, determines an essential absolute value |- |, on K by |z|, := exp(—v,(z))
for x € K*. For instance, the essential valuations of R = 7Z are the p-adic valuations on
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Q, p a prime number. Note that |- |, = |- H}Opgp . We also write v, for the absolute value
vy, on Q.

Addition and multiplication of K extend continuously to the completion K of K with
respect to the metric (1.1), making K a field. The absolute value |- | on K extends con-
tinuously to an absolute value on K , also denoted by | - |. Ostrowski’s Theorem says that
if | - | is archimedean, then either (K, |-|) 2 (R, |- |) for some real number r € (0, 1], or
(K,|-|) = (C,|- |&) for some real number r € (0,1]. Here |- |g and |- |c are the usual
absolute values on R and C, respectively.

For convenience, we put

{|1|U if v is ultrametric,
€y 1=

|2|, if v is archimedean.

Then 1 < ¢, < 2, with ¢, = 1 if and only if v is ultrametric, and for all z,y € K we have
|z + yly < ey max{ |], |y\v}. (Al this is clear if v is ultrametric; if v is archimedean,
use Ostrowski’s Theorem and the triangle inequality for | - |¢.)

The next lemma contains some inequalities that will become useful for later estimates.

Lemma 1.2. Let A = (a;;) € K™*™ be an n X n-square matrix over K, where n > 0.
Suppose r1,...,r, € R are such that |a;j|, < rjforalli,j=1,...,n. Then:

(1) if v is ultrametric, then |det A|, <1y« -1p;

(2) if v is archimedean, then |det A|, < |n|g/27“1 R

Proof. Part (1) is clear from the ultrametric triangle inequality. For (2), by Ostrowski’s
Theorem, we may assume that X = C and |-|, = |-|" for some r € (0, 1], where ||
denotes the usual absolute value on C. Let A have rows ay,...,a,. By Hadamard’s
inequality (see [17], §2.12),

|det Af, = |det A" < [lax|l3 -~ - [[an][5,
1/2
where ||b]]2 = (Z] |bj|2) forb = (by,...,b,) € C™. We have

b]]2 < Vrnmax{|by],...,|bn} forall b € C™.
This implies (2). (]

Finally, let us recall that the absolute value |-| on K always extends to an absolute
value on the algebraic closure K, of K, and any two such extensions |- |; and |- | are
conjugate, that is: there exists ¢ € Gal(Kag|K) such that |z|; = |o(z)|2 forall z € K.
This fact will turn out to be crucial for the construction of a height function on K in the
next section.

1.2. Norms of polynomials. We now discuss several different measures for the size of
polynomials, the most important among them the so-called logarithmic Mahler measure.
We first introduce some notations used throughout the paper. Let R be a commutative ring,
X = (X1,...,Xn) an N-tuple of indeterminates over R, and

FX) =) a,Xx” (1.4)

a polynomial in R[X]. Here the multiindex v = (vy,...,vy) ranges over NV, XV =
Xt X, and a, € R. Fori = 1,..., N, the degree of f in X; will be denoted by
degy. f, and the (total) degree of f by deg f or degy f, withdegy, 0 = deg0 = —o0 <
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N. We also set deg () f := Zf\ildeg){i [ for non-zero f, and degx 0 := —oc. Note
that with m = max {degy, f,...,degyx  f} we have

m < degy f <degix)f < Nm. (1.5)

Below, we let R = K be a field and v be an absolute value on K, and we let f as in (1.4)
range over K[X].
First recall that the absolute value | - |, extends to a norm on the polynomial ring K[X],

again denoted by | - |, by | f|, := max, |a,|,. The norm | - |, is called the Gaufl norm on
K[X]. We also write v(f) := —log | f|, for non-zero f. If the absolute value | - |, of K is
ultrametric, then by Gauf3’s Lemma, the norm | - |,, on K [X] is multiplicative:

|f'g|v:|f|v'|g|v forallﬁgGK[X]. (16)

So | - |, extends uniquely to an absolute value on the fraction field K (X) of K[X], and
v extends to a valuation on K (X). If |-|, on K is archimedean, then the GauBl norm
on K[X] is no longer multiplicative. However, for f1,..., f, € K[X], we do have the
following fundamental inequality (known as Gelfond’s Lemma):

|27df1fn|v§|f1‘v|fn‘v§|2dflfn|v7 d:deg(X)flfn (17)
(See [23], Chapter 3, §2.) Note that (1.6) and (1.7) may be combined to the inequality

n n

e [Tl < 11+ fulo < €S TT1filo- (1.8)
i=1 i=1

The proof of the next lemma is straightforward from the definitions:

Lemma 1.3. Suppose that f is non-zero, let d = degy f and mon f = the number of

monomials occurring in f with a non-zero coefficient, so mon f < (N ;d). Then, for all

r € KN with max;|z;|, > 1:

) |f(2)]o < max; |;]9 - |fl, if v is ultrametric,

Q) |f(x)]y < max; |:cz|g “|fly - |mon f|, if v is archimedean.

For archimedean | - |, there are other measures for the size of a polynomial in K[X],
which fit different purposes. By Ostrowski’s Theorem, we may restrict our attention to the
field K = C of complex numbers with its usual absolute value |z| = v/2Z, for z € C. The
maps

1/2
Fellfll=>lal,  Fellfll2= (ZlauF)

are norms on the C-vector space C[X] extending the absolute value on C, called the [;-
norm (or length) and the />-norm (or euclidean norm) on C[X], respectively. We also
denote the GauB} norm (sometimes called the [o.-norm) on C[X] by | - | = || - ||oo- These
norms are connected by the following relations, valid for f # O:
1flloo < [I£[l1 < (1+ degy, f) ~/--(1 +degx, f)llfll;x»
1/2 1/2
1flloe < [I£ll2 < (1 +degx, f) "7+ (1+ degxy f) 7| flloe; (1.9)
1/2 1/2
171l < II£1l < (14 deg, )7+ (1+ deg,, )11

A more subtle measure for the complexity of a non-zero polynomial f is its Mahler mea-
sure

1 1
m(f)z/0 /O log | f(e>™1, ..., e*™N)| db; - - dfy, (1.10)
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where the integral in (1.10) is taken in the sense of Lebesgue. See [15], §3.3 for a proof
that m(f) € R. Note that m(-) is additive, i.e., m(fg) = m(f) + m(g) for non-zero
f,g € C[X]. In the next lemma, we collect a few other well-known properties of Mahler
measure. (For a proof see [15].) We write log™ 2 = max{0,log z}, for any positive real
number x.

Lemma 14. Let f #0,d; = degy, fforj=1,...,N,andd = Zj dj = degx) f.
(1) If N =1and a,...,aq € C are the zeros of f, with multiplicities, then

d
m(f) =loglaal + log" |ayl.
j=1
2) m(f) > log |a,| for some non-zero coefficient a,, of f. (In particular, m(f) > 0
ifalla, € Z.)

3) m(f) <log||f|le- (Landau’s Inequality.)
@) m(f) - 5 32, log(d; +1) <log||flle < m(f) +dlog2.
) m(f) <log|[fllx <m(f)+ dlog2.
©) Ifje{l,...,N}andd; >0, then m(0f/0X;) < m(f) +logd,.

Let us also introduce the notation
1 1
m*(f) = / / log® [ £(e2™0 ... e2™ON) | dfy - Oy
0 0

for non-zero f. Note that by Jensen’s Formula

1 1
/ / log™ | f(e2™01 ... ¥ ON)|df, - .- dfy =
0 0

1 1
// log | f(e2™, ... ¥ 0N 1 €279 dhdp, - - - dfy,
0 0

so that m™(f) = m(f(X) +Y), where Y is a new indeterminate, different from each of
X1,...,Xn. Itis convenient to define m™(0) := 0. For N = 1, the function m™ as a
complexity measure for polynomials has been introduced in [27], and was further studied
in [3].

For non-zero polynomials f, f1,..., f, € C[X],n > 0and k € N, we have:

m(fre- fu) SmT(f1) + -+ mT (), (1.11)
mT(fr+-+ fa) SmT(f1) + -+ mT(fn) + logn, (1.12)
m*(f*) = km*(f). (1.13)

The next lemma compares m™* (- ) with m( - ),

[l and ] - [foo:

Lemma 1.5. Let f(X) € Z[X], f #0, d = deg(x, f. Then

m(f) <m*(f) <logl|fll <m(f)+ dlog2 (1.14)

and
log || f|los — dlog2 < m™(f) < log||f]|cc +d. (1.15)
In the proof, we use the following estimate. Here, Y = (Y7,...,Y)) is a tuple of

distinct indeterminates over Z.
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Lemma 1.6. Suppose f(X) € Z|X] and g1(Y),...,gn(Y) € Z[Y]. Then

m*(f(g1,---,9n)) <logl|flly +dim™(g1) + - - + dvm* (gn),
where d; = degy, f,...,dy = degx,, f.

Proof. Write f as in (1.4), with all a,, € Z. Then for all z = (z1,...,2x5) € CV
|f(gl(z), .. 7gN(z))‘ < Z |ay | max{|g1(z)|d1,1} e max{|gN(z)|dN, 1},

for1 < j < N. Thus
log™ | f(91(2), -, gn(2))| <logl[f[lL + dilog™[g1(2)| + - - + dn log™ |gn (2)].

Taking z; = e?™%5 with 0 < 0; < 1lforj = 1,...,N and integrating both sides over
[0, 1]V with respect to (61, ..., 0x) gives the desired inequality. O

The first inequality in (1.14) is clear since log z < log™ « for all z € R>°, and the last
one is part of Lemma 1.4, (5). For the second one, apply the lemma above, taking g; = X
for j = 1,..., N. The inequalities in (1.15) now follow from (1.14), Lemma 1.4, (4), and
(1.9).

2. HEIGHT FUNCTIONS

In this section we first give a brief treatment of the relevant facts from Kani’s theory of
arithmetic fields, divisors, degree functions, and height functions, in a less general setting
than in [20]. Its purpose is to abstract the main features of the theory of height functions on
algebraic number fields (as presented in [23], say) to “non-classical” arithmetic fields, such
as the function field Q(X7, ..., Xn). (See Definition 2.2 below.) We give a self-contained
proof of Kani’s theorem about the extension of a degree function on an arithmetic field to
its algebraic closure. Using this theorem, in the next section we obtain a height function on
the algebraic closure of Q(X71, ..., X ), which will be the main tool for the computations
in the sections to follow. In the later part of this section we discuss height on projective
and affine space, and establish a few basic estimates used later.

2.1. Arithmetic fields and divisors. An arithmetic field is a pair (K, M) consisting of a
field K and a collection M of mutually non-equivalent absolute values on K. (This is less
general than the notion of arithmetic field in [20], Kapitel I, Definition 1.6.)

Examples 2.1.
(1) The collection M = {v, : p prime} U {vo,} makes (Q, M) an arithmetic field,
and we refer to this also as the arithmetic field Q.
(2) Let R be a unique factorization domain, K = Frac(R), and

Mp = {v, : p irreducible element of R}.

The pair (K, Mp) is an arithmetic field.
(3) Given an arithmetic field (K, M), let M,), be the set of absolute values on K,
extending an absolute value in M. Then (K,ig, Maig) is an arithmetic field.

We call an arithmetic field (K, M;) an extension of the arithmetic field (K, M), in
symbols (K, M) C (K7, M), if K is a subfield of K7 and M; consists of all extensions
of the absolute values in M to absolute values on K;. Given any intermediate field K C
L C K,j,, we can make L into an arithmetic field (L, M) with (K, M) C (L, My) in
a unique way by setting My, := {v [ L : v € Mag}. (So (K, M) C (Kaig, Mayg) and
Malg = MKalg-)
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Definition 2.2. An arithmetic field (K, M) is called classical if for each a € K*, the
support of a,

supp(a) := {v € M : v(a) # 0},
is a finite set.

Examples 2.3. The arithmetic field Q is classical. If R is a unique factorization domain,
K = Frac(R), then (K, Mp) is a classical arithmetic field. If (K, M) is classical, so is
(L, M) for each finite extension L| K. (Hence in particular, every algebraic number field,
as an arithmetic field extending the arithmetic field Q, is classical.) In the next section we
will encounter examples of non-classical arithmetic fields.

Let (K, M) be an arithmetic field. We let
D'(K,M) = [] T,
veM

a product of additive subgroups of R. Its elements D = (v(D)),en are called formal
divisors on (K, M). Since each I'y is a linearly ordered additive group, the (additively
written) group Df (K, M) is a lattice-ordered group: for Dy, Dy € D (K, M)

D1 <Dy <= v(D;)<wv(Ds)forallve M,
and forall v € M:
v(Dy A D) = min{v(Dy),v(Ds)}, v(Dy V Dy) = max{v(D1),v(D2)}.
In particular, every formal divisor D is of the form
D =Dy— D, where Dy = DV 0and Dy, = (—D) V0.
We also put
|D|:=DV (~D)=Dy+ Dy for D € D'(K, M).

Every element a € K> determines a formal divisor, written div(a) = div g, ar)(a) or just
(a), by
v(div(a)) = v(a) forallv € M.

We call (a)o and (@)oo the divisor of zeros of a and the divisor of poles of a, respectively.

Example 2.4. We have (2)o, = (log e, )venr, using the notation introduced in the previous
section. Thus (2),, = 0 if M contains only ultrametric absolute values.

The formal divisors of the form (a) for a € K are called principal divisors. Note that
(ab) = (a) + (b) and (a=') = —(a) for a,b € K*, so we have a group homomorphism

a— div(a): K* — DK, M)

whose image we denote by P(K, M). We let D(K, M) be the smallest subgroup of
DY (K, M) closed under the operation A and containing P(K, M). (Then D(K, M) is
also closed under V.) We call D(K, M) the divisor group of (K, M) and its elements
divisors. The quotient group

Cl(K, M) = D(K,M)/P(K, M)

is called the divisor class group of (K, M), and its elements divisor classes.

Lemma 2.5. D(K, M) = {Algigm Vicjen(@ij) immn >1,a;; € KX}.
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Proof. Let S be the set on the right hand side. Then S is closed under A and contains
P(K, M); in order to show S = D(K, M), it therefore suffices to prove that S is a sub-
group of Df (K, M). This follows immediately from the following two easily verified facts:

if
D= A 'V (@)adD' = A\ (af)

1<i<m1<j<n 1<k<m! 1<I<n’
with m,n,m’,n’ > 1 and a,;, a); € K*, then

D+D'= ANV (ajdy) 2.1)

1<i<m, 1<j<n,
1<k<m’ 1<i<n’

and
-D= /\ \/ (1/ai,<p(i))7
¢ 1<i<m
where ¢ runs through all maps {1,...,m} — {1,...,n}. O

In the classical case, D(K, M) admits an even simpler representation:

Lemma 2.6. If (K, M) is a classical arithmetic field, then
D(Kv M) = @ r,,
veM

where @, T, is viewed as a subgroup of D' (K, M) =[], .

Proof. Since supp D is finite for each D € D(K, M), we have D(K, M) C @, T',,. For
the reverse inclusion, it suffices to show: for every v € M and vy € T, there exists a divisor
D € D(K, M) with v(D) = ~ and w(D) = 0 for w # v in M. For this, we may assume
v = v(z) > 0 with z € K*. By the Approximation Theorem for absolute values (see
[11], Chapitre VI, §7, Théoréme 2), we find y € K* with v(y) > 0 and w(y) < 0 for all
w # vin M with w(z) > 0. Set D' = (x)g A (y)o. If v(y) > v(x), then D := D’ is the
desired divisor; otherwise, replace y by a suitable power y™, n > 0. O

2.2. Extensions of arithmetic fields. Suppose (K, M), (K, M) are arithmetic fields
with (K, M) C (K7, My). The restriction map

v o):=v | K: My — M
induces an embedding of ordered groups
o*: D (K, M) — D' (K, M)
between the formal divisor groups via the rule
v(0*(D)) = (o(v))(D) forall D € DY (K, M), v € M.
We have
o (div(g,ary(a)) = divig, ar,)(a) fora € K*,
hence ¢* (P(K, M)) C P(K1, M;); moreover, for all Dy, Dy € D(K, M) we have
0" (D1V D3) = 0"(D1) V ¢"(D2), 0" (D1 ADz)=g"(D1) Ao (D),

therefore o* (D(K M )) C D(K1, My). Below, we will always identify the ordered groups
DY (K, M), P(K, M) and D(K, M) with their respective images under the embedding o*.

Let now (K, M) be an arithmetic field and L| K be a normal field extension. The group
Gal(L|K) acts on M/, in a natural way from the right: for v € M/, and o € Gal(K|K)
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put v’ := v oo € M. This action induces a left action (o, D) — oD of Gal(L|K) on
DY (L, Mp):

(¢D)(v) := v (D) for D € D'(L,My), o € Gal(L|K),v € M.
The map D + oD is an automorphism of the ordered group D!(L, M), with inverse

D+ o~ 1D. Bvery divisor D € D'(K, M) is invariant under Gal(L|K): oD = D for all
o € Gal(L|K). Note that for each o € Gal(L|K) we have

odiv(a) = div(o(a)) fora € L™
and, for all D1, D, € DY (L, Mp):
o(D1V Dy)=0D1VoDy, o(DyADy)=0D;AoDs.
Hence for every intermediate field K C F' C L:
oP(F,Mp) = P(0(F), My(r)), oD(F,Mp)="D(c(F), My)).
In particular, cD(L, M) = D(L, ML).

2.3. Degree functions and height functions. A degree function on an arithmetic field
(K, M) is a function deg: D(K, M) — R satisfying

(D1) deg(D + E) = deg(D) + deg(E) (additivity)

(D2) D > 0= deg(D) > 0 (monotonicity)

(D3) deg(divx) =0 for all z € K* (product formula).
Because of (D3), deg induces a homomorphism CI1(K, M) — R, which we also denote
by deg. A global field (K, M, deg) is an arithmetic field (X, M) equipped with a degree
function deg on D(K, M).

Remark 2.7. Suppose (K, M) is classical. Then by Lemma 2.6, every divisor D €
D(K, M) is completely determined by v — v(D): M — R, a function of finite sup-
port. So every real-valued function deg on D(K, M) satisfying (D1) and (D2) is of the
form
deg(D) = Y w(D)A,  for D € D(K, M), 2.2)
veM

where the )\, € RZ? are independent of D and uniquely determined by (2.2). Conversely,
given any )\, € RZ" forv € M, we obtain a function deg: D(K, M) — R satisfying (D1)
and (D2) by defining deg as in (2.2). So in this case, (D3) is equivalent to the product
formula

H la|} = foralla € K*.

veEM
The construction of a degree function via (2.2) will be generalized below to the case of
non-classical (K, M).

Example 2.8. For the classical arithmetic field Q we have the product formula
[T lald = (a€Q),
veM

with A, = 1 and \,, = logp for all primes p. By (2.2), we obtain a degree function on
the arithmetic field Q, and we call (Q, M, deg) the global field Q. (By [5] and Remark 2.7,
deg is the only degree function on Q, up to multiplication by a non-negative real number.)
More generally, for an algebraic number field K, we have the product formula

I] la =1 (a€K),

vEMK
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where the ), are determined as follows: For v € Mg, we let n, = [K, : Q,], where K,
denotes the v-adic completion of K and Q, C K, is the (v | Q)-adic completion of Q.
(So either Q, = R or Q, = Q, for a prime p.) Now

B {nv if v is archimedean,
Y n, log K,  if v is non-archimedean,
where &, is the cardinality of the (finite) residue field O, /m,, of v.
To a global field (K, M, deg) we associate a height function /: K — R by
h(z) :=deg ((z)s) forz € K.

Here and below, (0), := 0 by convention. One verifies easily the following properties,

for elements x,y, x1,...,2x, € K andn > 0:

h(z) = 0, h(0) = (1) = 0, (2.3)
h(z) = ( x) (2.4)
h(z®) = |k|h(z) forallk € Z, x # 0, (2.5)
h(zy) < h(z) + h(y), (2.6)
h(z1 4 -+ zn) < max {h(z1),..., h(z,)}, 2.7

if M consists only of ultrametric absolute values,

h(xzy + - +xy) <h(x) + -+ h(z,) + h(n), (2.8)

if M contains an archimedean absolute value.

Remark 2.9. By (2.3), (2.5) and (2.6), the subset of K™ consisting of the elements of
height 0 is a subgroup of K * containing each root of unity of K. If M consists only of
ultrametric absolute values, then, using also (2.7), one can show that the elements of K of
height 0 form a subfield of K which is algebraically closed in K. (See [21], (2.17).)

Example 2.10. The height function of the global field Q is given by
h(a/b) = max{log|a|s,log |blo } for relatively prime a,b € Z \ {0}.
By Example 2.8, for every global field (K, M, deg) with K of characteristic zero there
exists ¢ € RZY such that
h(a/b) = ¢ - max{log |a|sc,log |b|o }  for relatively prime a,b € Z \ {0}.

Let (K, M) be an arithmetic field and L|K be a normal field extension. We say that
a degree function deg on (L, M) is Gal(L|K)-invariant if deg(c D) = deg(D) for all
o € Gal(L|K) and D € D(L,My). In this case, h(o(z)) = h(z) forall z € L. To
construct degree and height functions, the following is essential:

Theorem 2.11. (Kani, [20].) Let (K, M, deg) be a global field. Then deg extends uniquely
to a Gal(Kag| K)-invariant degree function on (Kaig, Mag).

We give a direct proof of this theorem, avoiding the non-standard methods used in the
original proof (in order to obtain the auxiliary Proposition 2.12 below). We also close a
small gap in [20], see remark (1) at the end of the proof. First, we have to introduce another
basic concept in the theory of divisors.

Let (K, M) be an arithmetic field, L|K a finite normal field extension. By

Npg(D):=[L:Klns Y. oD,
oeGal(L|K)
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where [L : K|;,s = degree of inseparability of L|K, we define a homomorphism
Npk: D(L,Mp) — D(L, My),

called the norm map. It is clear that for all D € D(L, M)
(N1) D >0 = Npg(D) >0,
(N2) D € D(K,M) = Npg(D)=[L:K]D.
By (N1) we have, for D, D’ € D(L, M1):
(N3) N g (DA D') <Npjg (D) ANgk (D),
(N4) Npg(DV D") > Np g (D) V N g(D).
Moreover, for all z € L*
where N, () is the field-theoretic norm of the element x. In particular, we have

Npx(P(L, ML) € P(K,M).

This raises the question whether we also have Ny, (D(L, M)) € D(K, M). This turns
out to be false (unless M consists of ultrametric absolute values only), but we can show
a weaker statement, sufficient for our purposes. To formulate it, let DV )(L, My), for
N > 1, denote the set of all divisors D € D(L, M},) admitting a representation of the
form D = A, \/3, (ai;) with a;; € LX for 1 < i,j < N. For D, D" € D(L, M) we
alsoset [D,D']:={E € D(L,M.): D < E<D'}.

Proposition 2.12. Forall N > 1 there exists a divisor Dy € D(K, M) such that Dy > 0
and

Ny (D™N(L, ML)) € D(K, M) + [-Dy, Dy].
If all absolute values in M are ultrametric, then
Ny (D(L, ML) € D(K, M).
The last statement (for which also see [21], Satz 1.9) immediately implies:

Corollary 2.13. Suppose that all absolute values in M are ultrametric. If L'|L is another
finite normal field extension, then Ny g = Npjg oNp/ L. O

For the proof of Proposition 2.12, we let DSN) (L, M},) denote the set of all divisors D €
D(L, My,) of the form D = \/ZI\;1 (a;), where a; € L*. Similarly we define DE\N) (L, Mp).
We also define

Dy(L, M) = | DVV(L, My) and DAL, M) = | ] DYV(L, My).
N>1 N>1

Both sets are sub-semigroups of D(L, M), by the identity (2.1) in the proof of Lemma 2.5.

Lemma 2.14. Let N > 1 and put D'y, = (2N7)oo. Then for all D € D) (L, M) we
have

—Dy+ Dy —Dy<D<Dy+D;— D,

for certain Dy, Dy € D(VNQ)(L M;p). If all absolute values in M are ultrametric, then
DY\ = 0, so in this case every D € D(L, My,) is a difference of divisors from D\, (L, M1).
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Proof. Suppose D = /\f\/:1 E; with E; = Vj.vzl(aij). Welet, for1 <i < N,

N
£iT) = a;'T7 € L[T),
j=1

and f := f1--- fn. Then for each v € My, we have v(E;) = —v(f;), so v(D) =
min; —v(f;). By the inequality (1.8) in the last section applied to the polynomials f/f;
and f; in L[T], we have

—N?loge, —v(f) < —v(f/fi) —v(fi) < N*loge, —v(f)
and thus
—N?loge, —o(f) +v(f/fi) < —v(fi) < N*loge, —v(f) +v(f/f),
fort =1,..., N. Hence

— N?loge, — olf) +mino(f/ ;) < min—v(f;) <
N%loge, —v(f) + miinv(f/fz-).
Since this holds for all v € M}, we get
—D\ + Dy —Dy <D< Dy+Dy— Dy,

2
where D)y = (2Y¥*) o and Dy, Dy € D(VN )(L,ML). If M contains only ultrametric
absolute values, then Dy, = 0. (See Example 2.4.) ([

Lemma 2.15. Let N > 1 and put DY, = (2NKD . Then for each divisor D €
DS/N)(L, M7y) we have
DX+ E<Nyk(D) <Dy +E

forsome E € Dy (K, M), and for each D € D(AN)(L, M7p,) we have

—DX + E' <Npg(D) < DY + E
for some E' € Dx(K, M). If all absolute values in M are ultrametric, then
Ni ik (Dv(L, My)) € Dy(K,M) and Npjx(Da(L,ML)) C Da(K,M).

Proof. Since D € DN(L, M) & —D € DN (L, M) forall N > 1 and D €
D(L, Mp,), it obviously suffices to prove the statement about DS\N)(L, Mp). Let D =
/\fil(ai) with aq,...,ay € L* be an element of D(AN)(L7 Mrp). Put
N [L:Kins
[T =) aT, ¢(T)= I[I ©nm ,
i=1

c€Gal(L|K)
where for o € Gal(L|K) we let (of)(T) := ZZI\; o(a;)T". Then g(T) € K|[T, and for
allv € My,

v(Np (D)) = [L: Kling Y 0(6D) = [L: Kins »_ (0 f).

o o

By (1.8) we have, for all v € Mp:
—N'loge, +v(g9) < [L : Klins Zv(af) < N'loge, +v(g),

o
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where N’ =degg = N - [L : K]. Hence
—D\ +E<Npg(D)<Dy+E

where E € D, (K, M) and DY, = (2N')o,, with DY, = 0 if M contains only ultrametric
absolute values. g

Proof of Proposition 2.12. Let D € D(L, My,). By Lemma 2.14,
—D\ +Dy— Dy <D<Dy+Dy— D,
with Dy = (2]\[2)@J and certain Dy, Dy € DSNQ)(LML). By Lemma 2.15, there are
Ey, E> € Dy(K, M) such that
—DR» + E; < Npg(D;) < D2 + E; fori =1,2,
with D%, = (2N2[L:K])Oo. It now follows easily that
—Dn + (Ey — E2) < Np (D) < Dy + (E1 — E2)

where Dy = [L : K|Dy+2DY%;, € D(K, M), with Dy > 0, and D = 0if M contains
no archimedean absolute value. O

Now we turn to the proof of Theorem 2.11. It clearly suffices to show that for each finite
normal extension L|K, the degree function on (K, M) extends uniquely to a Gal(L|K)-
invariant degree function deg; on (L, My,). Hence suppose that L|K is a finite normal
extension. Put, for D € D(L, M}):

deg(D) := inf{deg(E) : E € D(K, M), E > Ny (D)}, (2.9)
deg(D) := sup{deg(E) : E € D(K, M), E < Ny x(D)}. (2.10)

Note that for each D € D(L, M) we have D € D) (L, M) for some N > 1, and thus
—Dy < Np (D) — E < Dy for some E € D(K, M), by Proposition 2.12. Hence the
infimum (2.9) and the supremum (2.10) exist and are finite. Note that we have

D € D(K,M) = deg(D) = deg(D) = ddeg(D) 2.11)
by (N2), where d = [L : K. Moreover, for D, D’ € D(L, My,),
deg(D) < deg(D), (2.12)
deg(D + D') > deg(D) + deg(D"), (2.13)
deg(D + D') < deg(D) + deg(D’), (2.14)

and hence, by induction,
1 1— —_—
deg(D) < g@(nD) < Edeg(nD) < deg(D) foralln > 1.
Let D € DW)(L, My). Since 2" D € DW) (L, My,) for all n, we obtain in particular

1 . 1 1
7ndeg(2"D) < ooy gt

1 -
deg(2""'D) and 2—ndeg(2”D)Z deg(2"*' D)

for all n, and, by Proposition 2.12,
0 < deg(2"D) — deg(2"D) < 2deg(Dy) for all n.

Hence the sequences {deg(2"D)/ 2”}n and {deg(2"D)/ 2"}n of real numbers converge
and have the same limit. Put

1 .. deg(2"D) . deg(2"D)
- hm —_— m —.

1
d n—oo 2n - d n—oo AL

degy (D) ==
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We claim that deg; is the required degree function on (L, Mp): from (2.13) and (2.14)
we see that deg; is additive, from (N1) we get that deg(D) > 0 and deg(D) > 0 if
D > 0, and by (N5) we have for a principal divisor D = (), z € L*, that deg(nD) =
deg(div(Np x(z™))) = 0. So degy, is a degree function on (L, M) which extends deg,
by (2.11).

To prove uniqueness of deg; , let deg’;, be another Gal(L|K)-invariant degree function
on (L, M1) extending deg. Then for all D € D(L, M},)

1
=3 deg? (N x (D)),

hence deg? (D) < deg(E)/d whenever E € D(K, M) is such that E > Ny x(D),
and thus deg} (D) < deg(D)/d. Similarly we get deg (D) > deg(D)/d and hence
deg; = deg’; . This finishes the proof of Theorem 2.11.

Remarks 2.16.

(1) In the proof of Theorem 2.11 given in [20], Kani defines deg; (D) as the limit
lim,, oo %w. Note however that it is not clear a priori that the sequence
{deg(nD)/n}n>O has a limit in R.

(2) Suppose that all absolute values in M are ultrametric. Then the extension of deg
to a Gal(K | K)-invariant degree function on (Kaig, Maie) admits a simple de-
scription involving the norm map: For a divisor D € D(Kaig, Mayg) choose a
finite normal extension L of K such that D € D(L, M1). By Proposition 2.12,
we have N i (D) € D(K, M), so we may set

deg? (D)

deg(D) := édeg(NL‘K(D)) where d := [L : K].

Using (N2) and Corollary 2.13 one shows that this definition does not depend on
the choice of L. Clearly the map deg: D(Kaig, Maig) — R so defined is a degree
function which is Gal(K 4| K )-invariant and extends the one on D(K, M).

We denote the unique extension of deg to a Gal(K .| K )-invariant degree function on
(Kalg, Mayg) also by deg, and the corresponding height function by h.

Example 2.17. The height function which is associated to the extension of the degree
function on the global field Q to a Gal(Qa,|Q)-invariant degree function on (Qaig, Maig)
is the usual (logarithmic) height function on Qa1 used in diophantine geometry [23]. For
an element « of an algebraic number field K we have

1
h(a) = —— Ay log™ |, 2.15
(@)= 7 g ;Mj vlog " [al, (2.15)
vEMK
where the \, are as in Example 2.8. It is also well-known that if f(T") € Z[T] is a non-zero
irreducible polynomial and & € Qi a zero of f, then h(a) = m(f)/deg f. (See, e.g.,
[23], Chapter 3, §1.)

2.4. Height on projective and affine space. Until the end of this section, let (K, M, deg)
be a global field. Given a point P = [z¢ : --- : x,,] of projective space P" = P"(K,q)
over Kaig, we have A\, _o(Azi) = A\, Lo(z:) + () forall A € K| . Hence to P we may
associate a divisor class

divizg: - :xp] = /\ (x;) (modulo principal divisors).
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We define the projective height function 7: P* — R associated to (K, M, deg) by
h(lwo <+t ay]) = —deg(div[zo : - : @]).

Note that h([l’o - xn]) > 0. (Since one can always assume that one of the z; is 1.)
We record a few more basic properties:

Lemma 2.18. Let P = [xg : - - - : x,] and Q be points in P". Then:

(1) For every permutation 7 of the set {0, ..., n},

h([:l’:,r(o) Dl .%‘W(n)]) = h([xo Dl xn])
(2) If o € Gal(Kaig|K), then h(c P) = h(P), where
oP = [o(xg): - : o(xn)] € P
(3) Ifdiv P < divQ, then h(P) > h(Q). In particular: If x,,11 € Kayg, then
h([xo Teee: xn]) < h([zo D xn+1}).
(4) Forallz € K, h(z) = h([1: z]).
(5 h(zo: -+ an]) > max{h(z;/z;) : z; # 0}

Proof. Self-evident, except maybe for (5). Note that both sides of the inequality remain
unchanged if we multiply each x; with a non-zero constant. Hence, by (1) we may assume
zo = 1 and h(z1) = h(z1/x0) > h(z;/z;) forall 0 < i,5 < n with z; # 0, so

h([1: @y o ay]) = A([L: 21]) = h(x1) = h(x;/x;) for all such 4, j, by (3) and
4). O
Example 2.19. For the global field Q, the height of a point P = [z : - - - : 2] € P"(Qalg)
is the so-called absolute logarithmic height of P (see [23]), given by
1
h(P)= ————— Ay max log |z;],.
P =@ e; s log I
vEMy(p)

We now want to prove some results that are analogous to the ones proved for the height
function on P"(Q,ye) in [23]. The first one (Corollary 2.22) connects the height of the
coefficient tuple of a univariate polynomial (considered as a point in projective space) and
the height of its zeros (as elements of K,),). We will deduce it from a global version of
Gelfond’s Lemma. First we define a height function for polynomials:

Definition 2.20. Let f(X) = >  a, X" be a non-zero polynomial in the indeterminates
X = (X1,...,Xn) with coefficients a,, € Ka,. We put

coeff(f) = /\ (av),
a, #0

a divisor in D(Kaig, Mag), and
hcoeff(f) = - deg coeff(f).

Note that heoerr(f) is nothing but the height of the tuple consisting of the non-zero
coefficients of f (in any order), considered as a point in a projective space over K,jg.
Similarly to heoefr (f) for a single polynomial f, we define heoefr(f1, - - -, frn) for a finite
sequence of polynomials (fi, ..., f,) in Kae[X], where n > 0 and not all f; = 0.
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Lemma 2.21. (Gelfond’s Lemma, global version.) Let f1, ..., f, € Kag[X] be non-zero,
wheren > 0, and put f = f1--- fn # 0 and d = deg ) f. Then

—dh(2) + Z heoett (fi) < heoest (f) < dh(2) + Z heoet (fi).

=1 =1

Proof. By (1.8), in D(Kaig, Maiz) we have

—d(2)o0 + Zcoeff(fi) < coeff(f) < d(2)eo + Zcoeff(fi).

i=1 i=1
Applying — deg to these inequalities gives the desired result. (]
Corollary 2.22. Let f(T) = ag+a1T+- -+ aqT? € Kag[T), ag # 0, and a1, .. ., aq €
Kag with f(T) = aq H;lzl(T — ). Then

d
—dh(2) + Z h(a;) < heoer(f) < dh(2) + ) h(ay).

j=1 j=1
So ifall v € M are ultrametric, then

heoett (f) = h([ag : -+ - ag]) =Y h(ay),

and if ag, ..., aq € K, then for every a = «;:
d(h(a) = h(2)) < heoest (f) < d(h(er) + h(2)).

Proof. Note that the inequalities to be proved remain unchanged if f(7') is replaced by
(1/aq) f(T). Therefore we may assume ag = 1. Now the desired result follows from
the previous lemma, applied to the polynomials fi,..., fq with f;(T) = T — «; for
j=1,...,d. O

We say that (K, M, deg) has the finiteness property if for every real number C, there
are only finitely many o € K with h(«) < C. Note that if (K, M, deg) has the finiteness
property, then for every real number C' there are only finitely many P € P"(K) such that
h(P) < C. (By (5) in Lemma 2.18.) We now use the corollary above to show:

Proposition 2.23. If (K, M, deg) has the finiteness property, then for all real numbers C
and d, there are only finitely many o € Ky such that h(o) < C and [K (o) : K] < d.

Proof. Suppose o € K, is such that h(a) < C. Let a,.. ., aq be the conjugates of o
in K g, where d := [K () : K|. The minimal polynomial of c over K is given by

(T—a1) (T — ayg) :Td—|—ad_1Td*1+...+@O
for certain ao, ..., aq—1 € K. Now by Corollary 2.22:

h([L:ag-1:-:ag)) < dh(2 +Zh a;) = dh(2) + dh(a) < d(h(2) + C).
So there are only finitely many poss1b111t1es for choosing ag, . ..,aq—1 € K, and for given
ao, ...,aq—1 € K, the polynomial 7% + aq_;T% ' 4 - - - + ag has at most d distinct zeros

in K,15. Hence there are only finitely many o € Ky, with h(a) < C and [K (o) : K] <
d. O
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Example 2.24. The global field Q has the finiteness property. In this case, Proposition 2.23
is due to Northcott [29].

Forapoint P = [z : - -+ : z,] € P, we let
K(P) := K(zo/x4,...,xn/x;) forany i with z; # 0.
If K is perfect, then K(P) is the fixed field in K, of the subgroup of Gal(Kae|K)
consisting of all o such that o P = P.
Corollary 2.25. Suppose that (K, M, deg) has the finiteness property.

(1) For all real numbers C' and d, there are only finitely many P € P"(K,,) with
h(P) < Cand [K(P): K] <d.
(2) A non-zero element of Kag has height 0 if and only if it is a root of unity.

Proof. Part (1) follows from the last proposition and part (5) of Lemma 2.18. If z € K3

alg
is a root of unity, then h(z) = 0 by (2.5). For the converse, let z € K}, with h(z) = 0,
and L := K(z), d := [L : K|. By the proposition, the subgroup of L* consisting of all
elements of height 0 is finite. Therefore ™ = 1 for some positive m. (]

The embedding of affine space A™ = A"™(K,)5) over K, into projective space
An(KaIg) — ]Pm(Kalg)a (xlv cee 79377.) = [1 O l’n],

can be used to define the affine height of a point P = (x1,...,2,) € A™: if z; # 0 for
some 7, then

h(P):=h([1:2y: - :2y,]) =deg \/ (%) 00>
and h(P) := 0if all z; = 0. It is also convenient to introduce the abbreviation

hmaX(P) = maxh(ajz) for P = (-Tl,...,ﬂfn) EAna

with the convention that the maximum is 0 for n = 0. Here are some properties of & (affine
height) and Ay, on A™:

Lemma 2.26. Let P = (z1,...,2,),Q € A™

(1) For every permutation w of the set {1,...,n}, we have

h(xﬂ(l), ce ,xﬂ(n)) = h(xl, “ee ,xn),

and similarly for hy.x in place of h.

(2) If 0 € Gal(Kag|K), then h(cP) = h(P) and hmax(0P) = hmax(P), where
oP = (o(z1),...,0(zy)).

B3) h(xr,..yxn) > h([z1 - w]), ifF P #0.

@) hmax (@1, x0) < h(z1, ... 20) < h(z1) + - + h(zy).

(5) hmax(P + Q) < hmax(P) + hmax(Q) + h(2)

(6) For A € K, we have hpax(AP) < h(A) + hmax (P).

Proof. Parts (1)—(3) are clear. For (4), note that \/wﬁéo(:ci)(><> < Zw#o(xi)oo. Now take
deg on both sides of this inequality to get the second inequality in (4). The first inequality
follows from (3) and Lemma 2.18, (5). Items (5) and (6) follow from (2.6) and (2.8),
respectively. g
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Let f = (fo,-.., fm) be a sequence of homogeneous polynomials of degree d € N in
KoYy, ..., Y], notall fo,..., fn, equal to zero. Then f defines a rational map
f:P"\Z —=P" P f(P),
where Z = {P € P": fo(P) = --- = fn(P) = 0}. Forapoint P € P" \ Z we have the
inequality
h(f(P)) < dh(P) + heoert(f) + h(mon(f)), (2.16)

where mon(f) := max; mon( f;) and mon( f;) is as defined in Lemma 1.3. If M contains
only ultrametric absolute values, then we have

h’(f(P)) < dh(P) =+ hcoeff(f)'
All this follows easily from Lemma 1.3.
A sequence f = (f1,..., fm) of polynomials of degree < d in K,5[Y7,...,Y,] gives
rise to a rational map
f: A" =A™ P f(P).
Homogenizing, we obtain from (2.16) an upper bound on the affine height of f(P):
h(f(P)) < dh(P) + heoest (f) + h(mon(f)), (2.17)

where mon(f) := max; mon(f;). If M contains no archimedean absolute value, then
h(f(P)) < dh(P) + heoest (f)-

Until the end of this section we assume that K has characteristic zero. This has the
pleasant consequence (by Example 2.10) that the height function 7 is increasing on N (for
all a,b € N, if a < b, then h(a) < h(b)), which we use tacitly below.

Corollary 2.27. Let f,g € K[T], m = deg f, n = degg, and let r = res(f,g) € K be
the resultant of f and g. Then

h(r) < nheoett (f) + M heoett (g) + m h(1 4+ n) + mnlog 2.

Proof. We may assume that f is monic. Let a1, . .., o, be the zeros of f in K. Then
r=(=1)""g(a) - g(ay,), hence by (2.17) and Corollary 2.22
h(r) < h(g(es)) <D (nh(ei) + heoe (9) + h(1 + 1))
i=1 1=1
< N heoet (f) + M heoert (9) + mh(1 +n) + mnlog2

as claimed. |

2.5. Height of matrices. We identify each square matrix A € K™*" over K with a point
in A" (K). The next lemma contains two inequalities which allow us to estimate the height
of the determinant of A in terms of hy,.x(A) and h(A), respectively.

Lemma 2.28. Let A € K™"*". Then
(1) h(det A) < n(A(n) + humax(A));
(2) h(det A) <n (3h(n)+ h(A)).
If M contains no archimedean absolute value, then h(det A) < nhmax(A).
Proof. Write A = (a;;). By estimating h(det A) using (2.6) and (2.8), we obtain the
bound
h(det A) < nhmax(A) + h(n!) < nhmax(A) + nh(n),
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showing (1). In fact, if M consists only of ultrametric absolute values, one gets similarly
h(det A) < nhmax(A4) by (2.7), which shows the last statement. For each v € M, by
Lemma 1.2, (2)

max{|det A, ,1} < max{|n|ﬁ/2, 1} Hmaxmax{|aij|v, 1}.
J

Since this is valid for all v € M, we have

(det A)e < 5 (n)oc + 3 \/(a37)oc.

Taking deg on both sides of the inequality yields (2). O
Suppose f is an invertible linear transformation
P" -P" P=[zg: - :ay|— P =[zf: - :a0],
given by
x, zzn:aijxj fori =0,...,n, (2.18)
j=0

with A = (a;5) € GL,,+1(Kaig). Note that hcoer(f) is the height of A considered as a
point in the projective space P™("+2),

Lemma 2.29. For the height of the inverse transformation f~' of f we have

1
hcoeff(f_l) <n (2h(n) + hcoeff(f)) s
and the heights of the corresponding points P and P' = f(P) satisfy
h(P) — hcoeﬁ(fil) —h(n+1) <h(P") < h(P) + heoet (f) + h(n +1).

Proof. By Cramer’s Rule the inverse f~! of f is given by the adjoint matrix A2¢ of A,
whose entries are the signed n x n-minors of A. Let B be range over the n X n-submatrices
of A. By Lemma 1.2, (2), for each v € M we have

|det B, < max{|n\2/2, 1} Hmax @i,
- i
j

and hence in D(Kaig, Maig):

2(det B) > n(n)os + 23 N(ai) = n | (0o +2 \(aij)
Jj i 2%
Therefore, construing A*? as a point in P*("+2):
2divA* > n [ (n)s +2 /\(aij)
4,J
The first inequality now follows by taking — deg on both sides of this inequality, and the

rest is a consequence of (2.16). O

The following lemma gives an estimate for the height of the product of two matrices in
terms of the heights of the two factors.

Lemma 2.30. Let A €¢ K™*"™, B € K"*P, withm,n,p > 1. Then
(1) h(A-B) < h(A) + h(B) + h(n);
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(2) hmax(A - B) < n(hmax(A4) + hmax(B)) + h(n).

Proof. Write A = (a;;), and consider A as a point in A™" and B as a point in A™?. Apply
(2.17) to the map f: A"’ — A™P given by f(x;x) = >_; aijzjk, and P = B, and use
that heoerr (f) < h(A) by Lemma 2.26, (3) to obtain (1). For (2) just compute Ayax (A - B)
using (2.6), (2.8). [l

Now consider A = (a;;) € GL,,(Kag), n > 0, and the invertible linear transformation
A" - A" P = (xq1,...,2,) — P = (2},...,2))

) n

given by
n
/ .
T; = g ;T4 fori =1,...,n.
j=1

Corollary 2.31. We have h(A™') < n (3h(n) + h(A)) and
h(P) — h(A™Y) = h(n) < h(P') < h(P) + h(A) + h(n). (2.19)

Proof. Put A* := [! ,] € GLy+1(Kay) and let f* be the linear automorphism of P™
with coefficient matrix A* as in (2.18). Note that (f*)~! is given by the matrix (A~1)*,
and heoot (f*) = h(A), heoot ((f*)™1) = h(A™1). The first inequality now follows from
Lemma 2.29, and (2.19) from the previous lemma. O

2.6. Generalized Vandermonde matrices. For £ € K and p, s € Nwith 1 < p < s we
define the 1 X s-matrix

1 f 52 fl 53—1

0 1 2 gt e (s—1)e572
A(é.vp’a 5) = : : ’

0 - 0 (u—=1) - ((Z:i))' gimm ((2:113" gsn

and given & = (&,...,&,) € K™Y u= (po,...,pn) € N*™tand s € N with 1 <
wi < s for all 4, we define the generalized Vandermonde matrix A(&, p, s) corresponding
to (&, i, s) as follows:

A(&os Ho, 8)
A(fla M1, S)
A&, 8) := . e K°**.

A(&ns pn, 5)
These matrices will play an important role in the proof of Theorem 0.1. If all u; = 1, then

1 & ... 5*1

1 & ... &

Al o 5) = oo :

1 & ... gt
So if in addition n = s — 1, then A(&, i, s) is just the usual Vandermonde matrix for
&o,-..,&s—1. At any rate, in this case we have

h(A(f, My 8)) = (S - l)h(fm s 7§n)a
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since
V V @x=6-1V € (2.20)
0<i<n 1<j<s 0<i<n

In general, we have the following upper bound on the height of matrices of this type:
Proposition 2.32. With A = A(&, i, s) as above, we have

h(A) < (s = 1)h(&os- - -+ &n) + (Hmax — l)h([l 1218 — 1])7
where [imax := max{(ig, ..., tn}.

In the proof we use the lemma below. Here f(T') € K|[T] is a polynomial of degree
d > 0, and for j € N we write f() for the j-th formal derivative of £, as usual.

Lemma 2.33. For{ € K* and0 < j <d:
coeff (f9)(£T)) > coeff (f(ET)) + - (div[l:2:---:d] — (€)).
In particular, we have heoet (7)) < heoest (f) + 7 - h([l 12 d])

Proof. By induction on j, it only suffices to consider the case j = 1. We write f(T') =
ao+ayT + -+ agT? with ag, . . . ,aq € K and compute:

d

coeff (f/(£T)) = /\ (ia; €1 > /\ (a: 1) + /\(l)
1<i<d 1<i<d i=1
a;7#0 a;#0
d

= A (@g)+ () — (&) = coeff (f(£T)) +div[1:2: - :d] - (&)
1<i<d =1
.70

as required. (]
Lets € Nand f(T):=1+T+---+ T ! € K[T)]. Note that for § € K* and s € N
with 1 < p < s we have

p—1

div (A(&, 1, 8)) = /\ coeff (f9(£T)).
=0

(Here we construe A(E, p, s) as a point in A o Psz_l.) Hence by the lemma, in
ClI(K, M) we get:

div (A(ﬁ,u,s)) > /\ (coeff (f(fT)) +j'(div[1 (20 —1]— (5)))
j=0
:coeff(f(gT))+it/_\j~div[1:2:---:5—1]
§=0

> coeff (f(ET)) 4+ (p—1)-div[l:2:---:s—1]. (.21)
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We now prove Proposition 2.32. For this, let £ = (&,...,&,) € K"l and p =

(fo, -+ -, ptn) € N1 and let s be an integer with 1 < p; < s for all i. We may as-
sume that &; # 0 for all ¢. Then, by (2.21):

div (A& p,8)) = /\ div (A(&, i, 8))
i=0

> /TL\COCﬁ(f(fiT))+(,u¢—1)~div[1:2:~~-:s—1]
i=0
n s—1

> N\ A E) + (pmax — 1) ~div[1:2: -5 —1].
i=0 j=0

Applying — deg on both sides of this inequality and using (2.20) yields the claim.

3. A HEIGHT FUNCTION ON THE ALGEBRAIC CLOSURE OF Q(X)

Throughout this section X = (X1, ..., Xx) is a tuple of indeterminates, where N > 1.
In this section we construct a height function on the algebraic closure Q(X )i, of the
rational function field Q(X), following [20]. We begin by giving Q(X) the structure of a
global field with the finiteness property: given a bound C' € R, there are only finitely many
elements of Q(X) with height at most C'. Using Theorem 2.11, we then extend the degree
function on Q(X) to a Gal(Q(X)aig|Q(X))-invariant degree function on Q(X)a,, and
establish a few of its properties needed later on.

3.1. The arithmetic field (Q(X), Maren). Let My be the set of all archimedean abso-
lute values on Q(X) which extend the usual archimedean absolute value v, on Q. There
is a bijective correspondence between M, and the subset

U := {(21, ..., zZn)eCN: trdeg(@(zl, . ,ZN)\Q) = N}
of CN as follows: each z € U defines an archimedean absolute value v, € My, on Q(X)
by

|f/gl: = 1f/glv. == |f(2)/9(z)|  for f,g € Z[X], g # 0,

and conversely, by Ostrowski’s Theorem, each v € My is of the form v = v, for a
uniquely determined z € U. Let C(U, R) be the lattice-ordered group of continuous func-
tions U — R (pointwise operations and ordering). The map z — ¢(z) := v,: U — Myen
induces a homomorphism of lattice-ordered groups

(P*: D(Q(X)a March) - C(U, R),
¢ (D)(2) :== ¢(2)(D) = v,(D) forall z € U.

The homomorphism ¢* maps the principal divisor (f/g), for non-zero f, g € Z[X], to the
function

z— —log|f(2)/g9(2)]: U = R.
The arithmetic field (Q(X ), March) is not classical.
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3.2. Integration of divisors on (Q(X), Maren). Our next goal is to define a height func-
tion on the field Q(X), as a measure for the complexity of elements of Q(X). The height of
an element of Q(X ) should take into account its values under the various (archimedean and
non-archimedean) absolute values on Q(X). It turns out that when it comes to archimedean
absolute values, it suffices to restrict our attention to those absolute values v, € M, that
come from elements z € U N TV, where TV = (S')N. We let p; be the (non-atomic,
positive) measure on S* = {z € CV : ||z||; = 1} with density function (in polar coordi-

nates)

df
duy = &
M1 o’

and we let yy := f11 @ - - @ i1 be the N-fold product measure of ;1 on TV . Then py is a
non-atomic probability measure on TV . Let 1 = @(ux | U N TY) be the image measure
of the restriction of zi to U N'TY under the map ¢, that is,

1(S) = pun (e 1 (S)NTY)  forall S € Myen. (3.1)
Each D € D(Q(X), My ) is p-measurable and ©* (D) | T is defined u,-almost ev-
erywhere, since the set
™\U= |J {zeTV:f(z)=0}
fezZ[X\{0}
has measure zero. Therefore,
Diu=[ D) IUNTduy = [ (D) 1T dy.
Mo UNTN TN
For non-zero f(X) € Z[X], we have
m(f) = [ toglfldux == [ (1)dn. 62)
TN M,

arch

where m(f) is the Mahler measure of f. We also have
| D= [ (o (@) vo) iy = [ tog" Iflduy =m* (), G

using the notation m™ introduced in Section 1.2. In fact:
Lemma 3.1. D(Q(X), Mye) € L' ().

Proof. Since L (1) is closed under A and V, it is enough to verify that div(f) € L'(p)
forall f(X) € Z[X], f # 0. But |D| = Dy + Do = D + 2D for all divisors D, so
Jar, Jdiv(f) du = —m(f) +2m* (f) € Rby (3.2) and (3.3), and hence div(f) € LY ()
as claimed. (]

Example 3.2. For N =1 and f(X) = X, we get

/ (X) oo dpt :/ log™ |2| duy (2) = 0. (3.4)
]V[mrch Sl
Therefore, for any monomial X = X7* --- XV withv = (vq,...,vN) € NV,
/ (X") oo dpt = 0. (3.5)
March

(By (3.4), (1.11) and (1.13).)
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3.3. A method to construct height functions. The following is a general procedure for
constructing degree functions on the fraction field K of a unique factorization domain
R. Let My be the set of essential absolute values of R, as defined in Example 2.1, and
suppose that M, is a set of pairwise non-equivalent absolute values on K, each v € M,
non-equivalent to all absolute values in Mp. We write divy,(a) for the principal divisor
ofa € K* in D(K, My,). Assume that deg: D(K, M) — R is a map satisfying, for
each D, E € D(K, My,):

dego (D + E) = deg,, (D) + deg . (E), (3.6)
D > 0= deg (D) >0, (3.7
deg . (dive(a)) <0 forall0#a € R. (3.8)

Note that then deg,, (diveo(u)) = 0 for all units u of R. We set M := Mp U My and
define a degree function on the arithmetic field (K, M) as follows: for v = v, € Mg,
where p € R is irreducible, put

Ay i= —deg, (divoo(p)).
Clearly this definition does not depend on the choice of p, and A, > 0. Let
Too: D(K, M) — D(K, M), Too(D) = D | Mx
be the canonical homomorphism, and define deg: D(K, M) — R by
deg(D) := Y v(D)A, + degy (Too(D)). (3.9)
vEMpR

Then deg is a degree function on (K, M), as one easily verifies. (For (D3), note that this
holds trivially if x is a unit or an irreducible element of 12, and these elements generate
K> ) Its associated height function h is given by

h(z/y) = deg. (( — dive(2)) V (= diveo(y))), (3.10)
if x and y are relatively prime elements of R, since
h(z/y) = deg((x/y))
= > v +degy ((— diveo (/1)) V 0)

vEMR
= —deg, (dives (y)) + deg ((— divao(z/y)) V 0)

= deg,. ((— divae()) V ( — dive(y)))-
In particular, for f € K*:

h(f)= D A, log™ [ fl, 3.11)
vEMR
For ay, . .., a, € R, notall zero, the projective height of the point [ag : - - - : a,,] of P*(K)
is given by
h(lag : -+ : an]) =
— Z minv(a;) Ay + degy ((— diveo(ao)) V-V (= divee(aa))),
vEMpR ¢
hence

h(lag : -+ @ an]) < degy ((—dives(ag)) V-V (= dive(aq))),
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with equality if the ay, . . ., a,, have no common factor.
Here are some applications of this construction:

Example3.3. Let R=7, K = Q, Mo = {vso}, and
deg..: D(K,My) — R, deg (D) :=v(D).

Then deg_ satisfies (3.6)—(3.8) from above, so (3.9) defines a degree function on the arith-
metic field Q, agreeing with the one defined in Example 2.8.

In the next two examples, we let R = F[X] be the polynomial ring in the indeterminates
X =(Xy,...,Xn)overafield F,and K = F(X).

Example 3.4. Put M, := {vx}, where vx: K* — Z is the total degree valuation on
K, given by
vx(f/g) =degx g—degx f  for f,g € R\ {0}.
We let
deg: D(K, M) — R, deg (D) :=vx(D).
Then deg,, satisfies the conditions (3.6)—(3.8) above, so (3.9) defines a degree function

on (K, M), which we denote by deg y. The height function A x corresponding to deg y is
given by

h’X(f/g) = max{degX f7 degX g}v

if f,g € R\ {0} are relatively prime. By (2.3) and (2.5)—(2.7), the extension of hx to
a Gal(K a1 | K)-invariant height function on K, is an “F'[X]-stable degree function on
Kaig” (as defined in [36]) satisfying hx (f) = deg(f) for all non-zero f € F[X]. (The
existence of such a “degree function” is shown in [36], Corollary 3.2, by different methods,
and used to compute degree bounds in the real Nullstellensatz.)

Example 3.5. Let Mo, := {vx,,...,vxy |, Where vx, : K> — Z is the X;-degree valu-
ation on K, given by

vx,(f/g) = degx,(g9) — degx,(f)  for f,g € R\ {0}.

Then (K, M) is a classical arithmetic field, so we can define the function
N
deg: D(K, My) = R, deg, (D) :=» uvx, (D).
i=1

Then deg,, satisfies (3.6)~(3.8), so we have a degree function deg x on (K, M) whose
height function h(x) is given by

N
hoxo(f/9) = Zmax{degxi [ degx, 9},

i=1

where f, g € R are non-zero and relatively prime.

In the previous example, note that h(x)(f) = degx)(f) forall f € R\ {0}; in
particular, the global field ((@(X ), M, degx) ) does not have the finiteness property. Next
we show how, following the general pattern above, one can turn Q(X) into a global field
which does have the finiteness property.
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3.4. Turning Q(X) into a global field with the finiteness property. As in the last ex-
ample, let R = Z[X], K = Q(X), but now put

Moo := Myen U {vx,, .-, Vxy}s

where M., as above is the set of all archimedean absolute values of K which extend the
usual archimedean absolute value v, on Q. Let x4 be a positive measure on the set My
satisfying

D(K, Myen) € L' (), (3.12)

/ (f)du <O0forall0# f € R. (3.13)
Moaren

The measure 1 = @(uy | U NTYN) defined in (3.1), which is concentrated on the subset
o(UN ™ ) of My, has these properties, by Lemma 3.1, part (2) of Lemma 1.4, and (3.2).
(Here, as before, p(z) = v, for z € U.) Kani in [20] uses instead the measure ¢(psp ),
where figp v is the IN-fold product of the so-called spherical measure g, on C, given by
the density function (in polar coordinates)

dier — rdrdf
MSP - 7'('(]. +7“2)2-

Then p5p, v is a non-atomic probability measure on C*, and analogues of Lemmas 3.1 and
1.4 hold for g n in place of uy. Note that uy = 2V (g n [ TV). We prefer to use
N, since this naturally gives a connection to Mahler’s measure of transcendental number
theory and simplifies some calculations.

For any positive measure ;1 on My satisfying (3.12) and (3.13), we define deg_ =

degoc’u by

N
deg (D) ==Y vx,(D)+ Ddy
=1 March

forall D € D(K, M,). Any such deg,, , satisfies (3.6)—(3.8) from above and hence gives
rise to a degree function deg, on M = Mg U M. According to (3.10), its associated
height function h,, is given by

hu(f/9) = hoo (f/9) — / (div f A divg) du,

Magen

for relatively prime f, g € R\ {0}. Here, h(x) is as in Example 3.5.
From now on, we fix = p(ux | UNTY) and write deg = deg,, h = hy,. In this
case we have, for relatively prime f,g € R\ {0}:

(F/9) = by (/) + [ ma{iog 1,108 o} iy (.14
In particular, for non-zero f € R we have
() = degy £+ [ 108" 1£) | dun () = degy f+m* (). G19)

So for example, using (3.5), we see that

MX")=wv1+--+uvN forevery v = (v1,...,vy) € NV,
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We have the following useful bounds for h on Q(X), immediate from Lemma 1.5: if
f,g € Z|X] are non-zero and relatively prime, then

h(f/g) > (1 —log2) max{h(f),h(g)}, (3.16)
(1 —log2)deg x) f +log||fll1 < h(f) < deg(x) f+loglfll1, (3.17)
(1 —1log2)degx) f +log||flloc < h(f) < 2deg(x) f + 10g||f|lso- (3.18)

These estimates imply that the global field (Q(X ), M, deg) has the finiteness property.
By Theorem 2.11, deg extends uniquely to a Gal(K | K )-invariant degree function on
(Kaig, Maig), which we also denote by deg. Its corresponding height function, also de-
noted by h, extends the absolute logarithmic height on Qa,. Moreover, if N > 1,
then the height function on Q(X1, ..., Xn)alg so defined extends the height function on
Q(X1,..., XN—1)alg obtained in the same way but with N replaced by N — 1. Propo-
sition 2.23 implies that for all real numbers C' and d, there are only finitely many a €
Q(X)alg with h(a) < Cand [Q(X, ) : Q] < d.

3.5. Height of polynomials with integer coefficients. For later use, we collect some facts
about the behavior of h on R = Z[X]. First a version of the inequality in Lemma 1.4, (6),
for the height:

Lemma 3.6. Let f(X) € Z[X] be a polynomial in which the variable X ; occurs, where
j€{l,...,N}. Then h(df/0X;) < h(f) +logdegy, f.

Proof. LetY be an indeterminate different from X1, ..., Xn. Then
h(0f/0X;) = deg(x)(0f/0X;) +m(0f/0X; +Y)
< (deg(X)(f) —1) +m(f(X)+ X;Y) + logdegy, (f)
by Lemma 1.4, (6). Using Jensen’s Formula, one sees easily that
m(f(X) + X;Y) =1+ m" (f(X)),
proving the claim. O

By the remarks preceding Example 3.3:

Lemma 3.7. Foray,...,a, € Z[X], not all zero, we have
h(lao : -+ : ap]) < maxdeg ya; + / maxlog [a;(z)| dun(2),
7 T~ 7
with equality if the ay, . . . , a,, have no common factor. (I

Example 3.8. Let s € N, s > 0. Then

A([1: Xy X5 ) =s—1
by the previous lemma and (3.4).
Example 3.9. Lete € N, N > 0. Then

1

h([X: + X§
To see this note that

N—i N .
zi + 2% <log?2 for (z1,...,2n) €TV, 1 <i< N —1,

:~-~:XN_1+XJGV:XN:1]) SeN_1+1+10g2.

log™

and . _
deg(X) (Xz + X]ev ) = BN_l + 1,
and apply Lemma 3.7.
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Let f(X,Y) € Z[X,Y], Y = (Y1,...,Yar), be non-zero, and write f(X,Y) =
>, a,(X)Y" with a, € Z[X]. (Here v ranges over N.) We have two ways of mea-
suring the “height” of f: first, the height A(f) of f as an element of the global field
Q(X,Y) as defined earlier in this section, and second, the height hcoes (f) Of f considered
as a polynomial in the variables Y with coefficients a, € Z[X]. The next proposition
compares these two:

Proposition 3.10. With d = degy f, we have
M+d
hcoeff(f)Sh(f)ghcoeff(f)"‘rd—Flog( d )

Proof. To see the first inequality, note that for z € T, we have, by (1.15) in Lemma 1.5:
max logla, (2)] = log || (2, V)|l <m™(f(2,Y)) + deg(y, f.

Integrating over TV with respect to z gives
[ maxtogla, () dux(2) < [ 10w eyl diavsar () + degy 1.
™ Vv TN+M
Since
max degxy a, < degx f,
the inequality now follows from Lemma 3.7 and (3.15). The second inequality is immedi-
ate from the estimate (2.17) and h(Y1,...,Yy) = 1. O

Remark 3.11. In general heoerr (f) < h(f), as the example f(T') = 2+ T € Z[T] shows.
(Here h(f) =1+1og2 > log2 = hcoerr(f)-)

If the indeterminate X; (where j € {1,..., N}) occurs in the polynomial f, then by
Lemma 3.6 and Proposition 3.10:

heoett (0f /0X ;) < heoett (f) + d +log(d + 1) + log degx, (f)- (3.19)
Corollary 2.27 and Proposition 3.10 yield:
Corollary 3.12. Let f, g € Z[X,T| be non-zero of degrees m = degy f and n = degp g

in the indeterminate T, respectively. Let r = resy(f, g) € Z[X] be the resultant of f and
g with respect to the indeterminate T'. Then

h(r) <nh(f)+mh(g) + mnlogd.

O

4. RESTRICTED POWER SERIES
Let K be a field of characteristic zero and let | - | = | - |, be an ultrametric absolute value
on K. We assume that K is complete with respect to the metric (1.1) induced by |- |. In

the following we write O = O,, and m = m,, for the valuation ring of v and its maximal
ideal, respectively, as defined in (1.3). The residue field of O is denoted by O = O/m,
with residue homomorphism a — @: O — O. The subset

K(X):= {Zal,X” € K[[X]]:ay, € K, |a,| — 0as |v| — oo}
of the ring K[[X]] = K[[X1,...,Xn]] of all formal power series with coefficients in

K is a subring of K[[X]], called the ring of restricted power series with coefficients in
K. Here, as earlier, v = (v1,...,vy) ranges over all multiindices in N, and |v| =
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v1 + -+ + vn. The GauB norm on K[X] extends to an ultrametric absolute value on the
domain K (X) (called the GauB norm on K (X)) by setting

|f] ::mELX|al,| fOerZGVXUEKOQ,f?éO-

(See [10], p. 44, Corollary 2.) The set of all f € K(X) with |f| < 1 forms a subring
O(X) of K(X) (the ring of restricted power series with coefficients in ©). We identify
O(X)/mO(X) with O[X] in the natural way, and we denote the image of f € O(X)
under the canonical surjection O(X) — O(X)/mO(X) = O[X] by f.

Suppose from now on that N > 1, and let X’ := (X4,..., Xy_1). We have K(X') C
K(X) and O(X’) C O(X) in a natural way. Every element f € O(X) can be written
uniquely in the form

f=Y_fiXy with f;(X') € O(X’) foralli € N, (4.1)
i=0

where the infinite sum converges with respect to the GauB norm on K (X). An element
f of O(X), written as in (4.1), is called regular in X of degree s € N if its reduction
f € O[X] is a unit-monic polynomial of degree s in Xy, that is,

(1 E is a unit in O[X’], and

2) fi=0foralli > s.
If f € O(X’)[Xn] is monic of X y-degree s (so that in particular f is regular in Xy of
degree s, as an element of O(X)), then f is called a Weierstrafy polynomial (in X ) of
degree s. For proofs of the following standard facts see, e.g., [10].

Theorem 4.1. (WeierstraB Division Theorem for O(X).) Let g € O(X) be regular in X
of degree s. Then for each [ € O(X) there are uniquely determined elements ¢ € O(X)
and r € O(X')[Xn]| with degy  r < s such that f = qg +r.

Applying Weierstra3 Division with f = X73;, we obtain:

Corollary 4.2. (Weierstra} Preparation Theorem for O(X).) Let g € O(X) be regular in
X of degree s. There are a unique Weierstrafy polynomial w € O(X')[X ] of degree s
and a unique unit v € O(X) such that g = u - w.

Regularity can achieved by a change of variables:

Lemma 4.3. (Noether Normalization.) Let ¢ > 1 and f € O(X), and suppose that
f € O[X] is non-zero of degree < e. Let T,: O(X) — O{(X) be the O-automorphism
defined by

X, — X+ X4 ' (forl1<i<N)

Then T,(f) is regular in Xy of degree < e™.

A non-zero element f € K (X) is called regular in Xy of degree s € N if there exists
be Osuchthatbf € O(X) and bf is regular in X of degree s (as defined above). From
Theorem 4.1 and Corollary 4.2 we get:

Corollary 4.4. (Weierstra Division and Preparation Theorems for K (X).) Let g € K(X)
be regular in X  of degree s. Then every f € K{(X) can be uniquely written as f = qg+r
with ¢ € K(X) and r € K(X')[Xn], degy, r < s. In particular, there are a unique
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Weierstrafs polynomial w € O(X')[Xn]| of degree s and a unique unit u € K(X) such
that g = u - w.

The rings K(X) and O(X) are local, with maximal ideal (X1,..., Xy)K(X) and
(m, X1,...,Xn)O(X), respectively. Corollary 4.4 and Lemma 4.3 imply that K (X) is
noetherian. (If O is a discrete valuation ring, then O(X) is also noetherian.)

In the rest of this section we fix a subring D of O, with fraction field F' (a subfield of
K).

Notation. For elements o, . . ., oy, of an algebraic closure F'(X )., of F'(X), we write

Ax(on,...,an) = [F(X,a1,...,00) : F(X)].
If X is understood, then we also write A for A x, and we abbreviate A x+ to A’.

We have the following simple rules, for all o, 3, 1, ..., 0 € F(X)alg:

(1) Alar), ., Alan) < Alan, .. an):
2) Alag,...,an) < A(aq) -+ - A(ay), with equality if and only if the fields

F(X,a1),...,F(X,ap)

are pairwise linearly disjoint over F'(X), in particular, if the A(«;) are pairwise
relatively prime;
(3) ifay,. .., a, are zeros of a common polynomial P(X’,T) € F(X)[T] of degree
d > 0, then A(a, ..., q,) is bounded from above by the degree of the splitting
field of P over F(X'); so A(ay, ..., ay,) divides d!;
@) Ala+B,01,...,00),Ala- Bya1,...,a,) < Ala, 8,00, ..., ap);
6) Al Hag,...,an) = Ao, an,. .. ap) if a # 0;
6) Ao, a1,...,a,) = Ala,a1,...,a,) forall A € F(X), X #0;
(7) ifaq,...,a, € F(X)alg, then Aaq,...,an) = A(ag,...,ap).
Let o € F(X)alg. Then there exists a non-zero polynomial P(T') € F[X,T] such that
P(a) = 0. Here, T is a new indeterminate, distinct from each of X7, ..., X. Among the
non-zero polynomials P(T') = Z?:o a;T* with coefficients ay, . ..,aq € F[X], aq # 0,
such that P(a) = 0, there exists one of lowest possible degree d in T' whose non-zero co-
efficients a; have no common non-trivial factor in F'[X]. The polynomial P is irreducible
in F[X, T and uniquely determined, up to multiplication by a non-zero element of F'. We
say that such a polynomial P is a minimal polynomial for a.

Lemma 4.5. Suppose that F = Q (or more generally, a Hilbertian field), and let
a=ap+a Xy + - +a, Xy withag,...,a5 € F(X')ayg s € N.
Then A(a) = Al(ag, ..., as).

Proof. Let P(X,T) € Q[X,T] be a minimal polynomial for «, and let d := deg, P =
A(a). By Hilbert’s Irreducibility Theorem (see [23], Chapter XIX) there exist infinitely
many elements x of Q such that the polynomial Q(X',T) := P(X',zn,T) € Q[X', T
is irreducible of degree d in 7. Then Q(X’,a(zy)) = 0, so d = A'(a(xy)). The
standard proof of the Primitive Element Theorem (as given in [24], say) shows that all
but finitely many x5 have the additional property that () is a primitive element of the
finite field extension Q(X’, aw, . . ., o) 2 Q(X'), s0 A’ (e, . .., o5) = A’ (e y)). The
lemma follows. g
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We now turn our attention to the power series in K (X ') which are algebraic over F'(X).
The set K (X)., of such power series forms a subring of K (X), the ring of algebraic
restricted power series with coefficients in K. (Note the potential notational confusion:
for N = 0, the ring K (X >alg denotes 1 N K, and not an algebraic closure K, of K.)
We put

O<X>a1g = K<X>a1g n O<X>
Note that O(X)a;; = Frac(O(X)az) N O(X). The O-automorphism T, of O(X) in
Lemma 4.3 extends uniquely to a K-automorphism of K (X). This automorphism of
K (X), which we again denote by T,, maps F[X] into itself, so by restriction we get an
F-automorphism of K (X )1, (which in turn restricts to a D-automorphism of O(X),ig).

In view of the applications in the later sections, we now make the following simplifying
assumption: for every a € O there exists b € O N Fye with |a| = |b|. (So for every
f € K(X)ag which is regular in Xy of degree s € N there exists b € O N Fj such that
bf € O(X)aig is regular in X of degree s.) We want to prove the following version of
Weierstrafl Division for algebraic restricted power series:

Theorem 4.6. (Weierstral Division Theorem for K (X)a15.) In Corollary 4.4, if in addition
fand garein K(X)ay, then g € K(X)az andr € K(X')ag[Xn]. If moreover we write

r=ro+rXy+---+ Ts,lX]S\fl withro, ..., rs—1 € K(X')alg,
and Q(T) € F[X,T)] is a minimal polynomial for g, then
Al(rg,...,mam1) < (A(f) degx,, Q(0))".

We deduce Theorem 4.6 from the usual Weierstral Division Theorem for K (X') using
an idea from [14], §3. Before we give the proof, we collect a few useful results about
substitution, along the lines of [9], §8.2 (which deals with the case of algebraic formal
power series).

4.1. Substitution into restricted power series. Let g € K(X) be regular in X of de-
gree s, and write ¢ = ww with v € K(X) a unit and w € O(X')[Xn] a Weierstra}
polynomial of degree s. We denote by € an algebraic closure of Frac(K (X)), and we fix
a zero & € Q2 of w. (We will sometimes just say that & is a zero of g.) For f € K(X), let
ry =r;(Xn) € K(X')[Xn] be the remainder of f obtained through Weierstra Division
by g. We put
f(X/7€) = Tf(Xl,f) €

For f € K(X')[Xn], Euclidean division of f by the monic polynomial w in K (X')[X y]
yields that r; € K(X’)[Xy]; so in this case the element f(X’,¢) of Q is indeed just
obtained by substitution of ¢ for X into the polynomial f. For notational simplicity,
from now on we just write f(&) for f(X’,£). The map f — f(§): K(X) — Q clearly is
K (X')-linear. In fact, we have:

Lemma 4.7. The map f — f(§): K(X) — Qis a K(X')-algebra homomorphism. If
there exists a non-zero f € K(X)ag with f(§) = 0, then § is algebraic over F(X').
Conversely, if € is algebraic over F(X'), then for all f € K(X)ais, the element f (&) of Q
is algebraic over F(X', £) and hence over F(X').

Proof. We have to show that

(f12)(&) = [1(E)f2(§)  forall f1, f> € K(X).

Let g1, g2 € K(X) be the quotients obtained by WeierstraB Division of f1, fo, respectively,
by g; thus f; = ¢;g + ry, for i = 1,2. Let also ¢ € K(X) be the quotient obtained by
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dividing f1 f2 by g, 80 f1f2 = qg+ry, r,- Wealso have fi fo = (q1g+7y,)(g2g+7y,), and
subtracting these two representations of f fo one sees that ry, r, — 7y, 75, € K(X')[Xn]
is a multiple of ¢ in K (X), hence

(f1f2)(€) - fl(f)f2<§) = T‘flfz(é—) —Th (E)rfz(g) = (rf1f2 - Tf1Tf2>(§) =0
as required.
Now let f € K(X)a be non-zero, and let P(T) = Zfzo a;T" € F[X,T), with
ag,...,aq € F[X], ag # 0, be a minimal polynomial for f. Note that ag # 0. Since
P(f)=0and f — f(£)is a K(X’)-algebra homomorphism, we have

0= (P(f))(&) = Zai@)(f(@y = Zai(xzf) (f(&)". 4.2)

Suppose f(£) = 0; then (4.2) implies ag(X’, £) = 0, which shows that ¢ is algebraic over
F(X’). Assume conversely that ¢ is algebraic over F/(X'). Not all the a;(X’, £) vanish:
otherwise, £ would be algebraic over F'(X’) and all a;(X’, X) would be F[X]-multiples

of the minimal polynomial of £ over F/(X'), in contradiction to aq, . . . , ag having no com-
mon factor in F[X]. So by (4.2), f(£) is algebraic over F(ao(X’,£),...,aq(X’,€),X’),
and hence f(€) is algebraic over F'(X’,£). O

In particular, if g € K (X)a, then we have { € F(X')a, since g(§) = 0. Inspection
of the proof of Lemma 4.7 also gives the following degree bounds, with 0 # f € K(X)alg
and P(T) € F[X,T] a minimal polynomial for f as in that proof, and o, ...,&s—1 the
zeros of g in ().

(1) 1 £(€) = -+ = f(€ 1) = 0, then

Ao, ..., &—1) < (degx,, P(0))". (4.3)
(2) If &, . .., &s—1 are algebraic over F'(X’), then
I:F(X/vg()a .. 758717 f(fo)a sy f(gsfl)) : F(leé-Ov e 75571)] S A(f)s (44)

Moreover:

Lemma 4.8. Let f1,..., fr, € K(X)ag m > 1. There exists & € K(X)a, such that
A(a) S A(fh DR} fm,) and

F(lefl(f)v s fm(g)) = F(X/,Ck(f))
for every zero § € F(X')ag of g.

Proof. Puta = fi+cafot- - +cmfrm € K(X)alg With as yet undetermined co, . .., ¢, €
F. Then A(a) < A(f1,..., fm). Moreover, «(§) is a primitive element of the field exten-
sion F(X’, f1(&), ..., fm(g)) D F(X') for all but finitely many (ca,...,c¢y,) € F™1L,

Since g only has finitely (namely, at most s) many zeros, we can choose (ca,...,¢y) €
F™=1 such that a(¢) has the required property for every zero ¢ of g. (]
In the next lemma, we let Y7, ..., Yy be a new set of pairwise distinct indeterminates,

each Y; distinct from X,..., Xy, and Y := (Y3,...,Yy). For f =) a, X" € K(X)
and ¢1,...,gn € O(Y), the infinite sum

1% UN
E aygll gN
v

converges to an element f (g1, ..., gy) in K(Y'). With these notations and remarks:
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Lemma 4.9. Let f € K(X)ag and g1,...,98 € O )aig. Then f(g1,....9n) €
K(Y)aig with Ay (f(g1,-...98)) < A(F)Ay(g1) - Ay (gn).

Proof. We prove the following slightly more general statement, by induction on N: if
[ € K(X,Y)a and g1,...,98 € O(Y)aig, then f(g1,...,9n,Y) € K(Y)a, with
Ay (f(g1,---98.Y)) < Aixy)(F)Ay(g1) - Ay (gn). For N = 0, this is trivial. Let
N > 0 and assume the corresponding statement is true for N — 1 instead of N. Let f €
K(X,Y)agand g1,...,98 € O(Y)ag. Weset p(Xn) := Xy — gn € O(X', Y)[Xn],
a Weierstrall polynomial of degree 1, having the unique zero gy. By Weierstral Divi-
sion in K(X,Y) we obtain ¢ € K(X,Y) and r € K(X'Y) with f = gp + r, thus
f(X' gn,Y) = r € K(X')Y). By Lemma 4.7 and the remarks following it we get
f(X'gn,Y) =1 € K(X',Y )aig with Axr vy (F(X', 98, Y)) < Axor) (H)Ay (gn).
Now apply the inductive hypothesis to f(X’, gn,Y). O

Lemma 4.10. If f € K(X)ayg, then 0f/0X; € F(X,f) forj = 1,...,N. (So in
particular, 0f |0X; € K(X)ag, with A(Of/0X;) < A(f).)
Proof. Let f € K(X)ug and j € {1,...,N}. Let P(T) = Y% a,T" € F[X,T),

agp, - - ., aq € F[X], be a minimal polynomial for f. We then have

L OP(f) K O
S 0X; £ 0X;

d
i, Of el

0 f + TX] ;mzf

Then > ia; f= # 0 (by virtue of char F = 0), and since da;/0X; € F[X] for

i=0,...,d, this shows that 0f /0X; € F(X, f). O

Corollary 4.11. Let f € K(X)ag and let § € F(X')ag be a zero of g. Then
(0'f/0XK)(€) € F(X', & (&)  forallieN.

Proof. By Lemma 4.10 and induction, it is enough to consider the case ¢ = 1. By
Lemma 4.7, f(€) is algebraic over FI(X',§). Let P(X,T) = Z;‘l:o a;(X)T" € F[X,T],
ag, ... aq € F[X], ag(X',£) # 0, be a polynomial of minimal degree in T such that
P(X',f,f({)) = 0. We have

OP(X,f) _ N~ 0ai i Of X~. i1
oxXy  2eoxy’ +8XN;Z%JC ’

hence after applying the F'-algebra homomorphism “substitution of ¢ for X
oP(X, f)
€)=
0Xn

aa’i ’ i af d . ’ i—1
7y X0+ (g ) O im0

i=0
Now g := Z?:l ia; (X', €)f(€)"! is non-zero by choice of P, and hence
of 1 [0P(X,f) N a \ L /
(aXN) ©=5 (aXN - ; (BXN) f ) (€) € F(X',&, £(9))
as required. 0

Corollary 4.12. If f = Y .2 fiXy € K(X)ag with f; € K(X') for all i € N, then
fi € K(X")a1g with A'(f;) < A(f) forall i € N.



38 MATTHIAS ASCHENBRENNER

Proof. This follows from f; = %6‘9}% (X’,0) and Lemmas 4.9 and 4.10. (If f is a polyno-

mial in X and F' = Q, then degree estimate can be strengthened, see Lemma 4.5.) [

The multiplicity of a zero £ € € of g is its multiplicity as a zero of the polynomial w.
Equivalently, £ €  is a zero of g of multiplicity n if and only if

B 89 B B anflg B 8"9
0= (53 ) © == (F ) © =0 (5% ) © #0
4.2. Proof of the Weierstrafl Division Theorem for K (X ). Let f and g be as in

Theorem 4.6. By Weierstral Division in K (X),
f=aqg9+7r withqge K(X),r € K(X')[Xy], degy, 7 < s. 4.5)

Write r = r(Xy) = Z;;é r; X%, withro, ..., 7.1 € K(X'). For the first statement in

Theorem 4.6, it suffices to show r € K(X')a1[X ], since then
q=(f—r)/g € Frac(K(X)ag) N K(X) = K(X)alg.
Let now Q(T') € F[X,T] be a minimal polynomial for g. We need to prove that
TQ,...,Ts—1 € F(X/>a1g

and
A/(To, s 7Ts—1) S (A(f) degXN Q(O)) .
To see this, let &, . .. ,£s—1 be the zeros of g in F/(X”)a1,. Using Lemma 4.7 and (4.5), we

get
s—1

f&)=r&)=>_r& fori=0,...,s-1.
=0
We have f(&;) € F(X')ag by Lemma 4.7, since f € K(X)aig and &; € F(X')a1,. Hence
by (4.3), (4.4) it suffices to show that

Toy -y Ts—1 S F(f(fo)» ey f(gsfl);é-Oa oo agsfl)' (46)
If &, ...,&s—1 are distinct, then rq,...,rs_1 are uniquely determined by the system of
linear equations:
1 60 e 871 To f(f())
1 & e f(&1)
S : = . 4.7

1 & ... 5,?:% Ts—1 f(gs—l)
(The Vandermonde matrix in (4.7) is non-singular.) So (4.6) follows by Cramer’s Rule.
Consider now the case that the zero &y of g has multiplicity 2, and &;,...,&;_2 each
has multiplicity 1. Then we may use the identity
of g dq s—2
o = axe taxe 9t (ri+2r2Xn + -+ (s — Dre_1 X5 %)

to get the following system of linear equations:

1 & & ... ot o f(6o)
0 1 2 ... (s—1&2 | n (0f/0Xn) (&)
1 & & . gt re | — f&) (4.8)

Lt €, b F(Es)
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The matrix here is again non-singular. (The homogeneous system with this matrix has only
the trivial solution.) By Corollary 4.11 we again get (4.6).

The other (finitely many) possible configurations of the multiplicities of the zeros of
g are treated similarly. They are in one-to-one correspondence with the finite sequences
p= (pos--- i) € Nt where o > p1 > -+ > pyy > Land po + -+ + pin, = s.
For each such u, suppose that each &; has multiplicity u;, and let & = (&o,...,&n)-
Then [rg,...,rs_1]" is the unique solution to a system of linear equations with the in-
vertible matrix A(&, u, s) as its coefficient matrix; here A(&, p, s) is as introduced in
Section 2.5. (For example, the matrices in (4.7) and (4.8) are A(&,(1,1,...,1),s) and
A(,(2,1,...,1),s), respectively.) |

The following strengthening of Theorem 4.6 will become useful:

Corollary 4.13. (Simultaneous Weierstral Division.) Suppose that the restricted power
series g is regular in X of degree s. Let m > 1, and for everyi = 1,... , mlet f;,q; €
K(X)ag and rio, ..., 7is-1 € K(X')alg such that
fi=aig+ri  withri=rio+ra Xy + -+ 1 X3 € K(X)ap.
Then
A/(Tij 1<i<m, 0< j < 8) < (A(fla .. 'afm)degXN Q(O>)7
where Q(X,T) € F[X,T) is a minimal polynomial for g.

Proof. By (4.6) we have, for every i:
Ti0y - - Tis—1 € F(fi(€0),- -, fil€s=1), €05 -, Es—1).
Now choose o € K (X)a1g With the properties stated in Lemma 4.8. Then
F(X' fi(&):1<i<m,0<j<s)=F(X,a(&):0<j<s)
and A(a) < A(f1,..., fm). The claim now follows from (4.3), (4.4). O
As in the case of Weierstral Division over K (X), from Theorem 4.6 we get:

Corollary 4.14. (Weierstral Preparation Theorem for K (X)ag) Let g € K(X)aig e
regular in X of degree s € N, and let u be the unit of K{(X) and w € O(X')[Xn]
be the Weierstrafs polynomial of degree s such that g = w - w. Then u € K(X)a and
w € O(X")aig[Xn], and if wo, . .. ,ws—1 € O(X") a1y are such that

w = wy + w1 Xy —|—-~-—|—ws_1Xf;,_1 + X3
and Q(T) € F[X,T) is a minimal polynomial for g, then
A/(wo, NN ,ws_l) S (degXN Q(O))S

As a consequence, the local ring K (X >a1g is noetherian.

4.3. Effective Weierstral3 Division. We now apply the discussion in the last subsection
to the field K = C,, of p-adic complex numbers, that is, the completion of the algebraic
closure (Qp)ale Of the field Q, of p-adic numbers. We denote by v,, the unique extension
of the p-adic valuation on Q to a valuation on C,, and we put ||, = |- |L°pgp . We take
D = Z; then the ring C,, (X)), consists of all power series in C,,(X) which are algebraic
over Q(X). Let f € C,(X)aig be non-zero. Put d := A(f) and let P € Q[X,T] be a
minimal polynomial for f. We may choose P of the form

P(T)=ag+ a1T + -+ agT?
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with ag, . .., aq € Z[X] without common factor in Z[X]. By Corollary 2.22
heoot (P) = h([ag : -+ : ag)) < d(h(f) +log2).
On the other hand, forall j =0, ...,d with a; # 0,
h(lag : -+ : aq]) = deg(x) a; +m(a;)
> (1 —log2) degx)a; +log|la;l|x
> (1 —log2)(deg(x) a; + log||a;||1),
by Lemmas 3.7 and 1.4, (5). Combining (4.9) and (4.10) we get
deg(xya; < d(h(f) +log?2), log ||aj||1 < d(h(f) + log2).
Using (3.17) we also obtain from (4.10):

h(a;) < (R(f) +log2) forallj =0,...,d.

1-log2
Moreover, by Proposition 3.10

h(P) < d(h(f) +log2+ 1) + log(d + 1)
< 4d(h(f) +log2).

4.9)

(4.10)

@11

4.12)

The main goal for this subsection is to show the following generalization of Theorem 0.1

stated in the introduction:

Theorem 4.15. (Effective WeierstraB® Division.) Let f1,..., fm,9 € Cp(X)alg, m > 1,
and suppose g is regular in X 5 of degree s € N. Foreachi =1,... ,mletq; € Cp(X)apg

and r; € Cp(X")ag[Xn] such that f; = qig 4 r; and degy  r; < s. Write
ri=rio +ri Xy A+t risa Xt withry € Cp(X Vg forall i, j.
Then
Ary:1<i<m, 0<5<s) < (A(f,---, fm)A(9) (M(g) +10g2))°
and

hmax(rij:1§i§m70§j<5)§

(4.13)

OW)*(A(frs- -+ fm)) Alg) (hunax(f1s -, fm) + 108 2) (h(g) +log 2).

We need the following auxiliary fact, with f as above:
Lemma 4.16. For each j € N, we have
h(&7 f/0X%) +1og2 < (6d)7 (h(f) + log2).
Proof. We first consider the case 7 = 1. We have

af _ P(J)
0Xn P'(f)’
where
d d
% B Oa; i orP ’ _ "z‘—l_aip
P (T)_;aXNT = oxy o P(T)_;mZT = o5

see proof of Lemma 4.10. We may assume that P* # 0. By Lemma 2.33 and (4.9)
heoett (P") < heoot (P) +logd < d(h(f) + log 2) + log d.
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Hence by (2.17)
h(P'(f)) < (d—1)R(f) + heoert(P') + log d < (2d — 1)h(f) + log(2%d?).
By (3.19) and (4.11) we have
heoeti (P*) < heoett (P) + d + log(d + 1) + log d(h(f) 4 log2)

and hence by (2.17), (4.9) and using that log(z+log 2) < x and z < log 2% for all z € R=°
we get

h(P*(f)) < dh(f) + heoost (P*) + log(d + 1)
< dh(f) + heoei (P) + d + 2log(d + 1) + log d(h(f) + log 2)
< 2dh(f) + d +log (2(d + 1)*d) + log (h(f) + log 2)
< (2d+ 1) h(f) + log (21 (d + 1)d).
So we have
hOf/0XN) < h(P*(f)) + h(P'(f)) < 4dh(f) +log (22" d*(d + 1)?).
A computation shows that log (22%T1d3(d + 1)?) < (6d — 1) log 2, hence
h(df/0XN) +1og2 < 6d(h(f) +log2).

The lemma now follows by induction on 7 > 1. O

For the proof of Theorem 4.15, we let g € C,(X) a1, be regular in Xy of degree s. Let
Q(T)=bo+ 0T +---+bT°

be a minimal polynomial for g, where e := A(g) and by, ...,b. € Z[X] are without
common factor in Z[X]. So we have

deg(x)b; < A(g)(h(g) +1og2),  log|lbj|li < A(g)(h(g) +1log2)  (4.14)
and
A(g)
h(b;)) < —Z
(b;) < 1—1log2
forallj =0,...,e. (By (4.11), applied to ¢ in place of f.)
Foreachi =1,...,mletg; € C,(X)ay andletr; € C,(X')a1g[Xn] be of degree < s
such that f; = ¢;g + r;, and write r; as in (4.13). By Corollary 4.13 and (4.14) we get

Nry:1<i<m, 0<j<s)< (A(fr,..., fm)Alg) (h(g) +log2))".

This is the first estimate in Theorem 4.15.

Let &o, ...,&s—1 be the zeros of g in Q(X")als. Recall that for h € C,(X) we write
h(&;) for 71, (&;), where 7, € C,(X')[X ] is the remainder obtained through Weierstraf3
Division of h by g. For each &; we have bg(X’, ;) = 0. (See proof of Lemma 4.7.) So by
Corollary 2.22, Proposition 3.10, and (4.14), (4.15)

(h(g) + log?2) 4.15)

|
-

S

h(éz) < hcoeff(bo) + degXN bO 10g2 < 4€(h(g) + 10g 2)

Il
o

(Here, heoeft(bg) is the height of the polynomial bo(X’, X ) in the variable X with
coefficients in Z[X’].) By Corollary 2.22, this already allows us to conclude:
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Proposition 4.17. (Effective Weierstral Preparation.) Let u be a unit of C,,(X ) a1z and
w=wy+---+ wslef\fl + X3 withwo,w,...,ws—1 € Cp(X")alg
be a Weierstraf3 polynomial of degree s such that g = w - w. Then
Al(wo, .., ws1) < (Ag)(h(g) +10g2))",
h(wo, ..., ws—1) < slog2+4A(g)(h(g) + log2).

Remark 4.18. 1t is unclear whether the degree bound in Proposition 4.17 is sharp. (Often
much better estimates are possible, e.g., if u € Q[X], see Lemma 4.5.)

More work is necessary to obtain the upper bound on h(r;;) claimed in Theorem 4.15.

Lemma 4.19. There exists a real constant Cy > 0 with the following property: if € = &;
for some i, then

h(f(€)) < Co- A(F)A(g) (h(f) +log 2) (A(g) + log 2).
Hence forall j € N
h((07/0X%)(€)) < Co- 67 A(FY T Ag) (h(f) +1og2) (h(g) + log2).

Proof. We have by(X', &) = P(X',&, f(£)) = 0. Soif r(T) = resx, (bo, P) € Z[X', T
denotes the resultant of by € Z[X] and P € Z[X,T] with respect to the indeterminate
Xy, then 7(f(£)) = 0. Note that (T') # 0, since ao, . . . , aq are relatively prime. Hence
degy(r) > 0. By Corollary 3.12

h(r) < degx, (P)h(bo) + degx, (bo) h(P) + degy, (bo) degx , (P)log4.

Construing r as a polynomial in the indeterminate 7" with coefficients in X’ we therefore
obtain, using Proposition 3.10 and (4.11), (4.12), (4.14), (4.15):

heoett (1) < 9de(h(f) + log 2) (h(g) + log 2).
So by Corollary 2.22, for some constant Cy > 0:
h(f({“)) < heoe (1) +1og 2 < Cp - de(h(f) + log 2) (h(g) + log 2)

as desired. The second estimate follows from Lemma 4.16. t

We may assume that &y, ..., &, (0 < n < s) are the distinct zeros of g. For 0 <i < n
put ;= the multiplicity of . (So po + -+ + pp, = s8.) Set & := (&o,..., &), pb =
(t0y - -+, ftn), and A := A(E, p, s) (an invertible s X s-matrix with entries in Q(X")a1g). If
s = 1 then h(A) = 0; otherwise, from Proposition 2.32, Lemma 2.26, (4), and h([l 12
-+ 15 —1]) =log(s — 1) we get that

h(A) < (s —1)(h(&o, ..., &) +1og(s — 1))
< (s —1)(4e(h(g) +log2) +log(s — 1)).

Hence from Corollary 2.31 we obtain
1
h(A™Y) <s (2 log s + h(A))

< —slogs+ s(s —1)log(s — 1) + s(s — 1)4e(h(g) + log 2)

1
2
< s(s—1/2)logs + s(s — 1)4e(h(g) + log2)
< s(s—1/2)(logs + 4e(h(g) +1og2)),
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hence there exists a universal constant C; > 0 with
h(A™") +1log s < Cys’e(h(g) +log2).

Consider the s X m-matrices

ro - Fmo
R :=
T1,s—1 *°° Tm,s—1
and B := [by - - - b,,] where b; is the transpose of the vector
1 n—lg
e IS CICA e 1O
From Lemma 4.19 we get
imax(B) = 1§i§ﬁ1%(§j§nh((akfi/axk’)(gj))
0<k<p;
< Cps - (6d)se(hmax(f17 oy fm) + log 2) (h(g) + log 2).
Since R = A~!' B, by Lemma 2.30 therefore
hunax(R) < 8(hmax(A™) + humax(B)) + log s
< (Cad)*e(hmax(f1,- - -, fm) +10g 2) (h(g) + log 2)
for some universal constant Cy > 0. This finishes the proof of Theorem 4.15. (]
Remarks 4.20.
(1) %elt y=vo+yXny+ - Fys 1 X5y withyo, ..., ys—1 € Cp(X args 5 > 0.
en

h(y) < h(yo,---,ys—1) + (s — 1 + log s)
by (2.17), Example 3.8 and Lemma 2.26, (3). Therefore the bound on the quantity
h(ri0, ..., his—1) in Theorem 4.15 also entails an upper bound on h(r;).
(2) Theorem 4.15 in conjunction with Lemma 2.26 immediately gives a bound on the
affine heights in the Weierstral Division Theorem:

h(’f‘ijilgiém, 0§]<8)§
mO(1)* (A(frs- -5 fin) Ag) (R f1,- -, frn) +10g 2) (R(g) +log 2).

4.4. Height and degree bounds for algebraic restricted power series. In the rest of this
section we construct a few bounds which will be used in the next section. We fix a non-zero
f € Cp(X)alg, and as in the last subsection we choose a minimal polynomial

P(T)=ag+ a1T + -+ agT?

of f with relatively prime ay, . ..,aq € Z[X]. For the next proposition suppose that N >
0, and let T, (e € N, e > 1) be the C,,-automorphism of C, (X)) given by

X, Xi+ X4 forl<i<N, Xy Xu.
(See Lemma 4.3.) The power series T, (f) satisfies the equation
Te(@d)Te(f)d + Te(ad—l)Te(f)CFl + -+ Te(ao) = 0,
with T¢.(ag), . . ., Te(aq) € Z[X] and T (aq) # 0. In particular, A(T.(f)) = d.

Proposition 4.21. h(T.(f)) = O(eN =1 (h(f) +1og2)).
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Proof. Let¢ = (¢o, ..., ¢q) be the rational map PV — P9 given by ¢; = homogenization
of a;, fori =0,...,d. Then

qS([Xl —S—Xf\,Ni1 s Xy +H XR o X 1]) = [Te(ao) T Te(ad)].
Lemma 3.7 and (4.11) yield
hcoeﬁ(¢07 R d)d) = miaXIOg HazHoo < d(h(f) + 1Og 2)

Moreover deg ¢; < d(h(f) +log2) for all i. Applying (2.16) and using Example 3.9 now
gives
h([Te(ao) -+ Te(aa)]) = O (M (h(f) +log 2)),
hence by Corollary 2.22 we get
1
h(Te(f)) < Eh([Te(ao) ot To(aq)]) +log2 = O(eN 1 (h(f) + log2)),

as claimed. O

Remark 4.22. Similarly, one shows that (T, *(f)) = O(eN~!(h(f) + log2)), where
T ! is the inverse automorphism to 7.

Next we establish an upper bound on the p-adic valuation of f:
Lemma 4.23. |v,(f)| < A(f)(h(f) + log2)/logp.

Let j € {0,...,d}. For every non-zero coefficient a € Z of a;, we have log|a| >
vp(a;)log p. So by (4.11) we get for non-zero a;:

0 < vp(a;) < d(h(f)+log2)/logp.
The claim now follows from a simple observation about valuations:
Lemma 4.24. Let v be a valuation on a field K. Let o € K* be a zero of a polynomial
QIT)=by+ 0T +---+b,T" € K[T] (bo,...,bn € K, b, #0).
If all non-zero v(b;) have the same sign, then |v(a)| < max{|v(b;)| : b; # 0}.
Proof. We have
[o(e)] < max{ M) 2 i bty o} < maxc{[o(by)] : by # 0},

as required. (]

Remark 4.25. If f lies in (Cp)a1¢ or in Q(X), then we can sharpen the estimate in Lem-

ma 4.23 to:
A(f)R(S)
logp
Proof. By passing from f to 1/f, if necessary, we may assume v, (f) < 0, so0 |fl,, > 1.
Now if f € (Cp)alg, then by (2.15)

dh(f) =Y Adog"|fly > —v,(f)logp,

vE€Myyy)

lvp(F)] <

so |vp(f)] < 1) g required. If f € Q(X), then by (3.11) we see that h(f)

>
logp =
—vp(f) logp as claimed. O
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Lemma 4.26. Suppose |f|, = 1. Then
deg(x)?ﬁ?)d(h(f)—i-log?), degxfgd(h(f)—i—logZ).

Proof. Let F be an algebraic closure of IF,. We use the height function /(x) on F/(X)
defined in Example 3.5. For non-zero a € F[X] we have h(x)(a) = deg y)a. Now

the image f of f in F[X] under the residue homomorphism is a zero of the non-zero
polynomial
P=ay+aT+- - +agT" € F[X,T].
Moreover, forall j =0, ...,d with@; # 0,
hix)(aj) = deg(xy@; < deg(x)a; < d(h(f) +1log?2),
by (4.11). Therefore, by Corollary 2.22:

- 1
deg(x) f =hx)(f) < gh(x)([aT): - 1ag)) +log?2

1 _
< g;deg(x)(aj) +log2 < (d+ 1)(h(f) + log 2) + log 2.

The first inequality follows. For the second inequality use Lemma 4.24, applied to the total
degree valuation on K = F(X), the non-zero polynomial Q(T') = P(T) € KIT], and
a=f. O

Now assume that f € Z,(X)a,. Then there are uniquely determined polynomials
fw), fay, - - in Z[X] such that || f(;y||cc < p forall j and

f:f(0)+pf(1)+p2f(2)+--- in Z,(X).
If f € Z[X], then f(;y = O forall j > h(f)/logp, by (3.18). We want to produce a bound
on degy) f(;) in terms of A(f), h(f), p, N and j. (This is not used in the later sections.)
By the previous lemma

degx) fio) = deg(x) [ < 3A(f)(h(f) +log2),
so by (3.18):
h(fo)) < 2deg(x fo) +10g || f(0)lloe < 6d(R(f) +log2) + logp.
Now put f1 := (f — f0))/P € Zp(X)alg. Then
h(f1) < h(f) + h(f@)) +log2+logp
< h(f) +6d(h(f) +log2) +log2 + 2log p.
It follows that for some constant C' > 0:
h(f1) +1og2 < Clogp A(f) (h(f) +log2)
and hence, inductively,
deg x) f;) < (Clogp)! A(f)**(h(f) +log2) forallj € N. (4.16)

Now let j > 1and put f; := foy+pfy+---+0" " f(j—1) € Z[X]. Then f = f; mod p’
and || f;]| < p?, and by (3.18), (4.16):

h(f;) < 2deg(x) f; +1og]|fjllec = O(log p)’ P A(f)’ (h(f) + log2).

These bounds may be used to show that power series like > °°  p'X 2 ¢ Zy(X) (where
X is a single indeterminate) are not algebraic over Q(X).
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5. HERMANN’S METHOD FOR RESTRICTED POWER SERIES
Consider a system of linear equations Ay = b, where the matrix

A= (aij)igicm

1<j<n
and the vector b = [by, ..., b,,]" have entries from the ring Z,(X) of restricted power
series with coefficients in Z,. A necessary condition for solvability of the system Ay = b
in Z,(X) is certainly that this system is solvable in Q,(X), and that for all ¢ > 1, the
system Ay = b, obtained from Ay = b by applying the canonical homomorphism a

@ = a mod p© to the coefficients of A and b, is solvable in Z,(X) mod p¢ = (Z/p°Z)[X].
(For the latter state of affairs, we will from now on just say “the system Ay = b is solvable

e

mod p®.”) In this section, we want to prove a partial converse to this: if all entries a;; of A
are algebraic over Q(X), then solvability of Ay = bin Q,(X) and in Z,(X) mod p° for
large enough e implies solvability of Ay = b in Z,(X). The following theorem contains
the precise statement. As before m, n and IV range over N; we also let d range over N and
h over R.

Theorem 5.1. For every tuple (N,d, h,m) with d,m > 1, h > 0 there exists a positive
integer E = E(N,d, h,m) with

20N (mZd(h+1)N+1

E=2 (N many 2’s)
such that the following holds: for every A € (Zy(X)alg)™ ™ with A(A) < dand h(A) <
h and every b € Z,(X)™, the system
Ay=1>

is solvable in Z,(X) if and only if it is solvable in Q,(X) and solvable mod p”.

Provided that b € (ZP<X)alg)n, we will also show: if Ay = b is solvable in Z,(X),
then there exists a solution y € (Zp<X )alg)n whose height and degree can be explicitly
bounded in terms of N, A(A,b), h(A,b), m and n. (See (5.10) below.) From the theorem,
we get as the special case m = 1:

Corollary 5.2. For all fo, f1,...,fn € Zp(X)aig with fo € (f1,..., fn)Qp(X) and
A(f1y ooy fn) <d, h(f1,..., fn) < h, we have

fo € (fiseo o, F)Zp(X) <= foe(fi,...,[2)(Z/p"7)[X],
where E = E(N,d, h,1). (Together with (3.18), this yields Theorem 0.2.)

To discuss our strategy for the proof of Theorem 5.1, let D be an integral domain with
fraction field F', and let A = (a;;) be an m x n-matrix with entries a;; € D and b =
[b1,...,by]" € D™. We are mostly interested in the case where D = Z,(X) or D =
Zp(X)alg; the ideas explained below were first used by Hermann [18] in the case where D
is a polynomial ring over a field. We want to determine whether the system

ail - Qip Y1 by
=|: M
Am1 T Amn Yn bm

(or: Ay = b) has a solution y = [y1, ..., yn|"™ € D", and if it does, effectively find such a
solution. Of course, we may assume A # 0, so the rank » = rank(A) of A (considered
as a matrix over F) is > 1. Let A be an r X r-submatrix of A with 6 = det A # 0.
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After rearranging the order of the equations and permuting the unknowns yy, . .., y, in (I)
we may assume that A = (a;;)1<i,j<r. A necessary condition for (I) to have a solution
y € D™ is clearly that

rankp(A) = rankp(A,b). (NC)
Assume (NC) holds. Then (I) has the same solutions in D™ as the system:

a1 -+ Qin Y1 b1

A1 e Qyn Yn br

Changing notation, we assume from now on that » = m. Multiplying both sides of Ay = b
on the left by the adjoint A®? of A, (I) turns into the system

0 Clr+1 " Cin Y1 dy
4] C2r41 "t Com| |Y2 do

= 1. (S)
5 Cr,r—i—l tet Crn Yn dr

(with ¢;5,d; € D for1 < ¢ < r < j < n) which has the same solutions in every
domain extending D as (I). Clearly, a sufficient condition for (S) to have a solution y =
[Y1,---,yn]™ € D™ is that dy,...,d, are each divisible by . This will be the case if § is
a unit; then a solution to (S) (and hence to (I)) is given by

o d;/6 forl<j<r,
vi= 0 forr <j<n.

Suppose § is not a unit, so D = D /5D # 0. Then, reducing the coefficients in (S) modulo
d, the system (S) turns into

Clyr4+1 - Cin Yr41

)

Cr,7’+1 e Crn Yn

over D. (Here @ denotes the image of a € D in D.) For any Yrt1,---,Yn € D with the
property that (51, ..., s is a solution of the reduced system (S) there are uniquely
determined y1, ..., y, € D such that

[ylw">yr7y7“+17--~7yn]tr S Dn

is a solution of (S), and hence of (I). In particular, (I) is solvable in D if and only if (S) is
solvable in D.

Now we specialize to the case D = Z,(X) with N > 0. The procedure above can be
used to reduce solving a system (I) over D to solving an equivalent system over D’ :=
Z,(X'"). For this, suppose that the system Ay = b is solvable in Q,(X); in particular,
the necessary condition (NC) holds. Assume moreover that A has an » X r-minor § with
0 mod p # 0. Then, after applying the Z,-automorphism 7 of D given by Lemma 4.3,
where d > deg y (6 mod p), to all coefficients of (S), we may even assume that § is regular
in X of some degree s. By Weierstrafl Division we now have

D=D/6D=D & D'Xy® - & DXy "
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as D'-algebras. This allows us to replace the system (S) with an equivalent system over D’
as follows. Each ¢;; can be written uniquely as

_ ~ ~ 2 ~—s—1
Cij = Cij,o + Cija XN + Cij2 XN + -+ Cijs—1 XN

with ¢;j0,...,¢j5s-1 € D', 1 <i <r < j<n. Wealso write each d; and each power
TNt (t > s) in this way,
d; = dio +dn Xy + di2X7N2 + .+ di,sleiNs_
withd;, € D', 1<i<r,0<k <s,
XN =to+nXn+ + & Xy (5.1)

with &, € D', and also each unknown y; as

1

- ——s—1
Ui =Yjo + Y XN+ + Yj a1 XN

with new unknowns y;5 (r < j < n, 0 < k < s) ranging over D’. The coefficient matrix
of the system (S) above may then be written as

C(O) +C(1)X7N+ +O(S _ 1)X7N871,

where
Ck) = (Cijk) 1<i<r € (D/)Tx(n_r) fork=0,...,s—1.
r<j<n
Similarly we may write
di
= d(0) + d(1)Xy + - +d(s — DXx" ", dk)=|: |,
drk
and also
Yr+1 Yr+1,k
~ ——s—1
Sl =yO0) (DX N+ y(s - D)Xy, y(k) = :
Yn Ynk

So our system may be rewritten as

2(s—1) k

Z ( C(k — l)y(l)) Xy =d(0) +d1)Xn +--+ds— DXy~ . (5.2)
k=0 \i=0

Using the identities (5.1), the left-hand side reduces to

s—1 k 2(8—1)
Yo (ck-n+ D ot-néu | v+
k=0 =0 t=s

s—1 2(8—1)

S S ct-nen | vy | X3

l=k+1 t=s
Comparing the coefficients of equal powers of X in (5.2) we thus obtain s systems of
linear equations over D':
1 2(s—1)

Clk =0+ Y Clt—éw | y(1) = d(k)

t=s

S

I
o
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fork =0,...,s — 1, where we put C(¢) := 0 for ¢ < 0. Combining these systems into a
single one, we obtain a system
Ay =V, )
where
A e (D)™™ W e (D)™, m =rs, n' =s(n—r),

whose solutions in D’ are in one-to-one correspondence with the solutions in D of Ay = b.
Note that the new system is solvable in Q,(X"), by WeierstraB Division for Q,(X). (Here
the right choice of rings is essential: if we replace Q, (X)) by Q,[X] or by the fraction field
of Z,(X), say, there is no such “preservation of solvability.”) Moreover, if the original
system Ay = b is solvable modulo some power of p, then A’y’ = b’ is solvable modulo
the same power of p. Setting Daig := Zp(X)alg, D;lg = Zp(X')a1g we also have: if
A € (Dqg)™", then A" € (Diy,)™*", and if in addition b € (Dyz)™, then also
b € (D)™

The reduction from Z, (X) to Z,(X") described above breaks down if 6 mod p = 0 for
all r x r-minors ¢ of A, since then Weierstral Division by § is inapplicable. To overcome
this obstacle, in this case we shall first transform the system (I) into an equivalent system
for which § mod p # 0 for a suitable r x r-minor J of the new coefficient matrix, which
is of rank 7.

5.1. Desingularization. This process, which we call p-desingularization, can be formu-
lated in the quite general context that D is an integral domain and p € D a non-zero
generator of a prime ideal (p) = pD such that (). p®D = (0). We write v for the p-adic
valuation on D, given by v(a) = e € Nifa € (p°) \ (p°*'), for non-zero a € D, and
v(0) := —oo < N. We also put F = Frac(D) and F(p) = Frac(D/pD).

Let A = (ai;) be an m X n-matrix over D, of rank » = rankp(A), and let b =

[b1,...,bn]™ € D™. We shall show how to construct an m x n-matrix B over D, de-
pending only on A (and not on b), and a vector ¢ = [cy, . . ., ¢y | € D™ with the following
properties:

(1) r =rankp(B) = rankp,) (B mod p), and
(2) the systems Ay = b and By = c have the same solutions (in every domain con-
taining D).
It may happen that one of the steps of the algorithm to construct (B, ¢) cannot be carried
out, but then we will know that Ay = b has no solution y € D"™.

We may assume A # 0, since otherwise we may just take (B, ¢) = (A, b). By removing
superfluous rows from A we may of course assume that the rows of A are F-linearly
independent, i.e., m = r. Let A be an r x r-submatrix of A such that the value v(det A) is
minimal among all r x r-submatrices of A. Without loss of generality, A = (a;;)1<i j<r-
As above, consider now the system

0 Clr+1 " Cin Y1 dy
4] C2r41 0 Com| | Y2 do

= 1. (5.3)
5 Cr,r—i—l et Crn Yn dr

which is obtained by multiplying both sides of Ay = b from the left with the adjoint of A.
It has the same solutions as Ay = b, in any domain extending D. Here, 6 = det A, the
cj; are certain signed X r-minors of A, and the d; are certain signed r x r-minors of the
extended matrix (A, b). In particular, v(c;;) > v(6) for all ¢, j, by choice of A. Therefore,
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ifv(d;) < v(d) for some i € {1,...,m}, then (5.3) and hence the original system Ay = b
are not solvable in D. Suppose v(d;) > v(d) = e forall ¢ = 1,...,m. Dividing all
coefficients 6, c¢;; and d; in (5.3) by p®, we obtain a system By = c as required.

Put e(A) = maxg v(det S), with S ranging over all r x r-submatrices of A. The p-
desingularization process described above can be successfully performed on the system
Ay = b provided this system is solvable mod p¢, where ¢ = v(0) < e(A). If y € D"
is a solution to Ay = b mod pt, where t > e, then clearly y is also a solution to By =
¢ mod pt~¢. Hence:

Lemma 5.3. If Ay = b is solvable mod p', where t > e(A), then the p-desingulariza-

tion process may be successfully performed on (A, b), and the resulting system By = cis

solvable mod pt—¢(4). O

5.2. Desingularization and height. Let us now return to D = Z,(X). In the remainder
of this section, A = (a;;) will always denote an m x n-matrix with coefficients in D), =
Zp(X)alg, of rank r over F' = Frac(D), and b = [by, ..., b,]" will denote a vector with
bi,...,by € D. Note that the entries of the matrix B produced by p-desingularization
lie in Dyig, and if b € (Daig)™, then ¢ € (Daig)™ as well. We now want to estimate the
height of B. For every r x r-submatrix S of A we have
h(det S) +log2 < 7(logr + hmax(S)) + log2 < 7% (hmax(A) + log 2). 5.4
(By Lemma 2.28 and the crude estimate 7 log r + log 2 < r2log 2.) Hence
e(A) < r?A(A) (hmax(A) + log2) /log p (5.5)

by Lemma 4.23. Therefore, if Ay = b is solvable mod p?, with t > s, where s is the
integral part
5§ = [m2A(A) (hmax(A) + log 2)/ logp]7

then p-desingularization can be carried out, and the system By = c resulting from this
process is solvable mod p?~*.

The heights of the entries of the coefficient matrix of the system (5.3) above are bounded
from above by m? (hmax(A) + log 2) — log 2, by (5.4). So the matrix B produced by p-
desingularization satisfies:

hmax(B) 4+ log2 < e(A) log p + m* (hmax(A) + log 2)
< 2m*A(A) (hmax(A) + log 2).
Similarly, if all entries by, . . ., by, of the vector b are algebraic over Q(X), one gets
hmax(B, ¢) +10g2 < 2m>A(A, b) (hmax(A, b) + log 2).
We summarize this discussion:
Proposition 5.4. If the system Ay = b is solvable mod pt, where
t> s = [m*A(A)(hmax(A) + log 2) /log p],

then the p-desingularization algorithm for (A,b) can be carried out, and the resulting
system By = c is solvable mod p*=*. Moreover, we have

hamax(B) < 2m*A(A) (hmax(A4) + log2) — log 2
and if the entries of b are from Dy, then so are the entries of ¢, with

hmax (B, ¢) < 2m2A(A, b) (hmax(A, b) + log2) — log 2.
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5.3. Height and degree bounds in Hermann’s method. We now want to determine how
m/, himax(A’) and A’(A") depend on m, hpax(A) and A(A). In order to do this efficiently,
we introduce the following ad-hoc notation:

Notation. We call the real number
c(4) = A(A)(hmaX(A) + 1)
the complexity of A.

Note that always ¢c(A) > 1, and ¢(S) < ¢(A) for every submatrix S of A (in particular
A(a)(h(a) + 1) < c(A) for every entry a of A). For given real number 3 and integers
m,n > 0, there exist only finitely many m x n-matrices A over Z,(X ), with c(4) < 3.
We also abbreviate m? c¢(A) by c*(A).

Rather than studying how A(A) and hyax(A) change during the Hermann algorithm,
we will now concentrate on estimating the complexity of the matrices constructed during
this process.

5.3.1. Complexity of p-desingularization. By Proposition 5.4, the p-desingularization al-
gorithm can be performed on (A, b) provided the system Ay = b is solvable mod p?,
where s = [c*(A)/logp], and the matrix B obtained in this way satisfies Amax(B) <
2¢*(A) —log2. If b € (Daig)™, then similarly hmax (B, c¢) < 2¢*(A,b) — log 2.

5.3.2. Complexity of T;(B). We now want to bound ¢ (T;(B)). Recall that the system
By = c obtained from Ay = b by p-desingularization has the shape (5.3), where § mod
p # 0. By Lemma 4.26 we have

degx (6 mod p) < A(6)(h(8) +log2) < c(B) < 2A(A)c*(A). (5.6)
Let d = [2A(A) c*(A)] + 1 (so that d > degx (6 mod p) by (5.6)). Then Ty(6) is X -
distinguished of some degree s with s < d¥ < (4A(A) c*(A)) . and by Proposition 4.21,
h(Ta(f)) = 0N (A(4) ¢*(4))

We conclude that

M (h(f) +10g2)  forall f € Dy

_ X N

¢ (Ty(B)) = O()N 1 (A(A) c*(A)) . (5.7)

Similarly, if b € (Dag)™, then applying Ty to all coefficients of By = c¢ yields a
system of linear equations over D,j, whose extended coefficient matrix has complexity

O()N=L(A(A,b) c* (A4, b)) "
5.3.3. Complexity of A’. From the system obtained by applying T} to all coefficients of

the desingularized system By = ¢, we now construct A’ € (Délg)mlxnl and b € (D')™

as above. Let f1,..., fk € Dag = ZP<X>a1g, and write each ﬁ = canonical image of f
in Dalg/Td((s)Dalg as
—_ ~ —~—s—1 .
e = fro+ frr XN+ + frs1 XN with f; € Dy,
Then by Theorem 4.15 and the estimate (5.7):
A(fi:1<k<K 0<l<s)=01)N"DsA(f,.. L Tx)P(A(A) " (A))

and

Ns

hmax(fi : 1 Sk <K, 0<1<s)=
OMNF L (A(f1, - s f1)) (hamax (1, - -, frc) +log 2) (A(A) c*(A)) ™.
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Hence

AN (C(k), & : 0 <k <s<t<2(s—1)) = OL1)NA(A) N c*(A)N*

and
hunax (C(k) : 0 < k < s) = O(1)VEA(A)*N T2 c*(A4)?Y, (5.8)
and since Amax (X5, - - - 7XJQ\,(Sfl)) = 2(s — 1), we also have
hmax (Gx 1 0 < k<5 <t <2(s—1)) =0V (A(A) *(A)Y. (5.9

Moreover, for 0 < k,1 < s we get

2(s—1)

hmax | C(k=1)+ > C(t—1)éu
t=s

2(s—1)
< hanax (Ck = 1)) + D hmax (C(E— 1)) + (&) + log s.

The right-hand side in this inequality may be bounded from above by
5 hmax (C(0),...,C(s = 1)) + (s = 1)  hmax(&skr - - -, Ea(s—1).1) + log s,
so with (5.8), (5.9):
hmax(A') = O(1)NSA(A)2V+5 ¢* (4)2N.

This yields c(A’) = O(1)N*c*(A)PMWNs and therefore, since m’ < ms and s =
O()N c*(A)N:
cH(A') = O(1)N5 ¢*(A4)OWNs,
We can generously estimate
(A < 90N c* (AN
Now suppose that b € (D,ig)™. Then similarly as above we obtain

C(A,, b/) < 20(1)NC*(A,b)N+1'
In addition, let y' = (y;x) € (D;lg)”' be a solution to the system Ay’ = b/, and y €

(Daig)™ the corresponding solution to the original system Ay = b. We have, for j =
r+1,...,n,

Ta(y;) = Yjo + Y Xn + -+ yje 1 X5
and thus, by Remarks 4.20, (1)

h(Td(yj)) < (s—1)+ 5 hmax(y') + log s.
So we get
h(y;) = O(dN*1 (h(Td(yj)) + log 2)) =0(1)N c*(A)3N1 (hmax(y’) + 1).
For:=1,...,r, we have

0Yi = Cipt1Yr41 + -+ CinYn — di,
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where h(c;;) and h(d;) are bounded from above by ¢* (A, b), as is h(d). (See (5.4).) Hence

h(yi) <hG)+ > (hlcij) + h(y;)) + h(di) +log(n —r + 1)
Jj=r+1
<(n—-r+2)c"(A4,0) + (n — r)hmax(Yr+1, -« -, Yn) + log(n —r + 1)
<O(1)Nnc*(A,0)* N (hmax (y') + 1),
and also A(y;) < A(A,b)A(y’). We put everything together:

Proposition 5.5. Let A € D;’fg", b € D™, and assume that N > 0. Suppose the
system Ay = b is solvable mod pt, where t > s = [C*(A)/logp]. Let A’y = b with
A€ (D)™ > ¥ e (D)™ be the system obtained from Ay = b by the procedure

alg
sketched above. Then A’y' = b is solvable mod p' =%, and

C*(A/) _ 20(1)NC*(A)N+1, n = O(].)NTL C*(A)N.
If in addition b € (Da1g)™, then
C*(A/,b/) — 20(1)Nc*(A,b)

N+1
and ify' € (D;lg)", is a solution to A'y' =" andy € (Daig)" the corresponding solution
to Ay = b, then

>
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5.4. Towers of exponentials. Before we go on, let us introduce the following useful no-
tation: for a real number a, we define recursively
21%q:=q, 217+ ¢ = 221"e,
So2 1l a=2%212a=2221a=22 andsoon. It is clear that the function
(n,a) — 21" a: N x N — N is primitive recursive. (However, it is not elementary

recursive in the sense of Kalmar, see [19].) Note that for a < bin R and n < m, we have
21" a < 27™b. We note a few other basic estimates:

Lemma 5.6. Leta,b € R, a,b > 1. Then
M) 21" a)+b<21™ (a+Db).
) (21ma)-b<21" (a+b), forn > 1.
3) (21" a)? <21 (a+b), forn > 2.

Proof. We prove (1) by induction on n. The case n = 0 being trivial, suppose (1) holds
for a certain n. We have 1 + b < 2°, so that

21" a) +0=221"0 4+ b < 22170 (1 4 ) < 2217020 = 217 0H,

and by applying the inductive hypothesis, the claim follows. Property (2) is now a conse-
quence of (1), since

(2 Tn a) b < 22T"*1a . 21) < 22T"*1(a+b) =9 Tn (a + b),
for n > 1. Similarly, (3) follows from (2), since
(2 " a)b _ 2(2T"_1a)~b < 22T"_1(a+b) =21 (a + b)
forall n > 2. U
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5.5. Proof of Theorem 5.1. Suppose the system Ay = b has a solution in Q,(X) (in
particular, Ay = b satisfies (NC) above) and is also solvable modulo some very high power
pF of p. (We will determine a suitable F in the process.) We now successively construct
“equivalent” matrix equations

AN (N) _ (V) Sw)
AWy ) — p®) (S,)
A©)0) _ 5(0) (So)
where
(H 0<v<N,
(2) A® is an m(v) x n(v)-matrix with entries in the ring Z, (X1, ..., X, )alg»
3) y») = [yi”), o yf&l)]tr is a vector of unknowns, and

@) b = [bg”), A bf:gy)]tr is a vector with coordinates in Z, (X7, ..., X,).

The initial equation (Sy) is just Ay = b, and if v > 0, the equation (S, _1) is obtained
from (S,) by the procedure described earlier in this section: Weierstral Division by a
suitable minor, after a preliminary p-desingularization. The matrices AN—1D . . A©)
obtained in this way only depend on the initial matrix A®Y) = A, and not on the ini-
tial vector b¥) = b. Also, if the entries of b(™) = b are algebraic over Q(X), then the
entries of b(*) are algebraic over Q(X1,...,X,), for 0 < v < N, and if (S,) is solv-
able in Q,(Xq,...,X,), then (S,_1) is solvable in Q,(X1,...,X,_1). Of course, we
have to ensure that at each stage of this process, we are able to successfully carry out
p-desingularization on (A(”), b(”)). This can be achieved by choosing F large enough:
Suppose that E > en + ex_1 + --- 4+ e; with e, > e(A®W)) for 1 < v < N; then
p-desingularization is applicable to (Sy), and the system (S —1) will be solvable modulo
pE=eN hence p-desingularization is applicable to (Sx_1), and so on. By Proposition 5.4,
it suffices to take for e, the integral part [c*(A(”)) /log p|. By Proposition 5.5, the com-
plexity of A®) in turn can be bounded in terms of the complexity of A:

Lemma 5.7. Forallv =0,...,N, we have
o (A(u)) — 21N O(1)N e (AN,
and if b € (Dag)™, then
ot (A(u),b(u)) = 2 1N Q)N ¢* (A, b)N L,

Proof. Let C > 1 be the universal constant such that ¢*(A4’) < 207 (A from Propo-
sition 5.5, and put ¢**(A) := C c*(A). Since Cz < xC forall z € R, = > 2, we have the
simple estimate ¢**(A’) < 2" (™ We now claim that

¢ (AM) < 21N (( £2) + oo+ (N = 1) + N ()N
forally =0,...,N. Thisisclear forv = N. If v = N — 1, then

c** (A(Nfl)) < 20**(A)N+1 < 2Nc**(A)N+1,
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and if v = N — 2, then
cF* (A(N—Q)) < 2C**(A(N71))N < 22NC

Suppose we have proved the inequalities in question for some v with 0 < v < N — 2.
Then by inductive hypothesis and Lemma 5.6, (3), we have

**(A)N+1

¢ (A < ¢ (AT 9@V T (2 H(N=DFN e (NP
2N (04 1)+ (0 +2) 4+ (N = 1) + N (AN,

This shows the claim, which in turn easily yields the desired bound on c*(A®)). For
c* (A(”), b(”)), in case b € (Daig)™, one argues similarly. O

Proceeding in this way we ultimately arrive at the last equation (Sg) over (Zy,)a1g, Which
will be solvable mod pZ—(e1++en) We shall consider this situation in more detail.

5.6. Construction of eg. In the proposition below, we let A = A©), m = m(0), n =
n(0), b = b(0), so A = (a;;) is an m X n-matrix with entries a;; € Z, which are
algebraic over Q, b = [b1, ..., b,]" € Z;", and suppose rankq, (4) = rankg, (A, ), that
is, the system Ay = b is solvable in Q.

Proposition 5.8. Let ¢y := [c* (4)/log p]. Then the system Ay = b is solvable in Z,, if
and only if it is solvable mod p°°. In this case, if in addition b, ..., by, € (Zp)alg, then
the system Ay = b has a solution y = [y1, ..., yn|" withy1, ..., Yn € (Zp)alg and

A(y) < A(AD),  hmax(y) < 4c7(A,D).

Proof. We may assume m = r = rankg, (A4). The discussion of Hermann’s method ear-
lier in this section shows that for solvability of Ay = b in Z, it suffices to have solvability
of the reduced system Ay = bin Zy,/0Zy, wWhere ¢ is a non-zero  x r-minor of A. Now
vp(0) < e(A) < eg, s0Z,/6Z, = Z/p°Z for some e < ey. This shows the first statement.
Suppose now that Ay = b is solvable in Z,, and by, ..., b, are all algebraic over Q. By
applying p-desingularization to the pair (A, b) we transform Ay = b into a system

o Cly+1 "*° Cinl| |1 dy
] C2rtl "0 Com| |Y2 do
6 Cr,rJrl e Crn Yn dr

with the same solutions in Z,, where ¢;;,d; € (Zp)ag for 1 < i < r < j < n and
0 € (Zp)aig is a unit, whose heights are bounded from above by 2c¢*(A,b). This system
has a solution y = [y1,...,y,]" given by y; = d;/d for 1 < j < r and y; = 0 for
r < j < n, and we have

h(y;) < h(d;) + h(0) < 4c"(A,b)
for 1 < j < r, as required. O

We return to the general case, i.e., N > 0. By the proposition above, our system
Ay = b is solvable if the system A©y© = p©) s solvable mod p® where ey =
[c*(A®)/logp]. So it suffices to take the exponent E such that

N
E>Y"[c(A")/logp].
v=0
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By Lemma 5.7, we have
(AW =21V o)V (AN forally =0,..., N,
and hence we see that for some universal constant C' > 0,
E(N,d,h,m) := 2 1V [CN (m2d(h+ 1))V ]
has the properties required in Theorem 5.1. Suppose now that b € (Daig)™. Then
(AW W) =21V O(1)N e*(A,0)N T forally =0,...,N.
Let y(© e (Zp)n(o) be a solution to (Sp) with

alg

AG©Q) < AAO O, B (4©) < 4cF(AO HO)

as in Proposition 5.8, and 5, ..., y") = y the corresponding solutions to the systems
(S1),..., (Sn), respectively. Using Proposition 5.5, we obtain:
Ay) =21V O(1)N c* (A, b)N T, (5.10)

We leave it to the reader to deduce a similar bound on hpy,.x (y) (involving N, m, n, A(A)
and hpax (A)). This finishes the proof of Theorem 5.1.

6. CRITERIA FOR IDEAL MEMBERSHIP

In this section we show how the results of the previous section give rise to the computa-
tion of a function (N, 3) — e(N, 3) with the properties discussed in the introduction, and
we prove Theorem 0.3, both in a slightly more general situation:

Theorem 6.1. Let A € Z[X]™*", b € Z[X|™, with deg xy A < d, log||Al|ec < h, where
d €N, h €R, d,h > 0. There exist positive integers § and E1, Es with

B =21V o)N (m22d+h+1)"

By = (2md)*” " (4 1)2N

having the following properties:

(1) the system Ay = b has a solution in Z[X| if and only if Ay = b has a solution in
Q[X] and a solution modulo 5% ;

(2) if degb < d and ||b||ec < h, then the system Ay = b has a solution in Z[X| if
and only if Ay = b has a solution in Q[ X] and a solution modulo §%2 of degree at
most (2md)20(N10g<N+1)) (h+1).

We give the proof of this theorem after some preliminary remarks. In the final subsec-
tion, we also show Proposition 0.4.

6.1. Preliminaries. Fix a commutative ring R. Let A = (a;;) be an m x n-matrix with
entries in R[X] and b = [by,. .., by,]" with by, ..., b, € R[X], and suppose the a;; and
the b; all have total degree < d. Let \, i, v range over N*V and write aij =, @i, uXH
and b; =), bi’)\XA with a;;,,,b; » € R. Fixy € Nandlety = [y1,...,y,]", where

Y = Z yj,l/XV

[v[<y
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with new indeterminates y; , ranging over I2. A polynomial in X;,..., X of degree at
most d has at most M(N,d) = (NAJ; d) monomials. Hence for every R-algebra S, the
solutions in S[X] of every equation

any1 + -+ GinYn = by (1<i<m)

such that degy; < v for all j = 1,...,n are in one-to-one correspondence with the
solutions in S of the system

Z Z Qij,uYjw = bix (A <v+4d)
putrv=XA j
of M(N,~ + d) equations in the n - M (N, ~) many variables y; ,,, with coefficients a;;,,,,
b; » in R. So the entire system Ay = b over R[X] may be replaced by a certain system
A*y — b*7 y* = (yj,u)lgjgm lv| <~

of m - M(N,~ + d) equations over R whose solutions are in one-to-one correspondence
with the solutions to Ay = b of degree at most -y, uniformly for all R-algebras. Note that if
R is a subring of Q, then ||A*||cc = ||A]|co and ||0*||cc = ||b]|c0- We use this discussion
to show:

Lemma 6.2. Let d, h € N. There exist positive integers g, Y1 With

9O(N log(N+1)) 9O (N log(N+1))

Yo < (2md) (h+ 1M1y < (2md) (h+1)
and having the following properties: Let A = (a;;) be a non-zero m X n-matrix and
b = [b1,...,by]|" be a vector with entries a;;,b; € Z[X]| of degree at most d and

log ||@ij|loc, 10g ||billee < h. Then for every prime number p, the system Ay = b has
a solution in Z,)[X| if and only if Ay = b has a solution modulo p*° of degree at most 1,

Proof. By Theorem 8.6 in [8], the system Ay = b has a solution in Z,)[X] if and only
if it has such a solution of degree at most ;. As we’ve seen above, there exists a certain
system A*y* = b* with coefficients in Z, consisting of m - M (N, + d) equations in
n - M(N,~1) unknowns, with the following properties: the solutions to Ay = bin Z, [X]
of degree < ~; are in one-to-one correspondence with the solutions of A*y* = b* in Z,),
and for any e > 1, the solutions to Ay = bin (Z/p°Z)[X] of degree < ~; are in one-to-one
correspondence with the solutions of A*y* = b* in Z/p°Z. By Lemma 5.8, the system
A*y* = b* has a solution in Z,) provided it has a solution modulo p® where

e = [(m- M(N, 71 +d))* (hmax(47) +1) |
Now Amax(A*) = log ||A,b]|oc < hand ford > 0

9O(N log(N+1))

m2*M (N, +d)* <m?(y1 +d +1)*N < (2md) (h+1)2N,

yielding the lemma. (|

Proof of Theorem 6.1. Let A and b be as in the statement of Theorem 6.1. Let M be a
submodule of the free Z[X]-module Z[X]™. Given a ring extension R of Z[X] we denote
by M R the submodule of the free R-module R™ generated by M.

Lemma 6.3. From a given finite set of generators for M one can compute a positive integer
0 such that

MQIX]NZ[X]™ = (M :6):={y € ZX]" : 5y € M }.
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If p1,...,pK are the distinct prime factors of a number § with this property, then
M = MQ[X]NMZpH[X] NN MZg, [ X] (6.1)
=MQX|NMZyp (X)N---NMZp, (X).
Proof. The existence of the integer ¢ is a consequence of the fact that the Z[X]-module
MQ[X]NZ[X]™ is finitely generated; its computability is established in [8], Corollary 3.5.

The first equation in (6.1) is shown using the argument on pp. 409—410 of [8]. The second
equation is by [8], Lemma 2.6. (]

Let § and p1,...,px be as in the lemma, applied to M = the submodule of Z[X]™
generated by the columns of A. Then Ay = b has a solution in Z[X] if and only if Ay = b
has a solution in Q[X] and a solution in Z,, (X) forall k = 1, ..., K. For given positive
integer F, by the Chinese Remainder Theorem we have a surjection

(Z/5"L)[X] — (Z/pP L) X] % - x (Z/pP L) [X],
a mod 6% — (a mod p¥, ... a modpkE).

Combining this with Theorem 5.1 and Lemma 6.2 yields Theorem 6.1.

6.2. Linear algebra modulo prime powers. In this final part of the paper we show how
degree bounds for solving linear equations in polynomial rings over Z/pZ, where p is a
prime, entail degree bounds for solving linear equations in polynomial rings over Z/p¢Z
where e > 1. For the moment, we let more generally D be a commutative ring, p be a
non-zero divisor of D, and e > 1. Let A = (a;;) € D™*™ and b = [by,...,b,,|" € D™.
We want to consider the following two problems:

H.(A): Find a finite set of generators for the submodule
Se(A) = {y € D" : Ay = 0 mod pe}

of the free D-module D".
I.(A,b): Determine whether the (possibly inhomogeneous) system Ay = b is solv-
able mod p®, and if it is, find an element y € D™ with Ay = b mod p°.

We will show, by induction on e, that H.(A) and I.(A,b) can be reduced to numerous
instances of the two simpler problems H;(A) and I;(A,b), for various matrices A and
vectors b with entries from D. Suppose we can solve the problems H;(A) and I (A, b) for
all matrices A € D™*™ and vectors b € D™, with m,n > 1. Suppose e > 1, and let
g1 gir
g1 = y ooy Gr =
gn1 Inr
be vectors in D™ generating the submodule S;(A) of D™. Let A() € D™" be such
that AG = pA®, where G = (g9j%) € D™ . By induction hypothesis we can solve
H._1(AW), that is, we can find
hi1 his
hi=|:|,. h=|:]eD
hrl hrs

generating S._1 (A(l)). Let H = (hy;) € D"*°. It is now easy to verify that the column
vectors of the matrix G H form a set of generators of S.(A). So we have solved H,(A).
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For I.(A,b), we first determine whether Ay = b is solvable mod p (using I; (A, b)). If
it is not, we are already done: then Ay = b is not solvable mod p¢. Suppose Ay = b is
solvable mod p, and let z € D™, b!) € D™ be such that Az = b—pb(V). Let G = (gjk) €
Dm™*" as above be a matrix with entries from D whose column vectors generate S;(A),
and A € DX with AG = pAD),

Lemma 6.4. The system Ay = b is solvable mod p® if and only if the system AMy(1) =
b1 is solvable mod p¢~*.

Proof. Given y(!) € D", we have the equivalence
AWM = p(1) mod pe! — AGy™M +2)=b mod p°.

Soif AWy = p(1) mod p¢~1, then y = Gy 4 z solves Ay = b mod p°. Conversely,
if y € D™ is such that Ay = b mod p°, then Ay = b mod p, soy — z € S1(A) and thus
y =z + Gy for some y) € D"; s0 Ay = p(M) mod pe—1. O

Using the inductive hypothesis for I._1 (A®), b)), we can now determine whether
AWy = p(1) has a solution mod p¢~'. This solves I.(A,b). (Similar algorithms were
used in [37] for deciding the universal theory of commutative rings of fixed positive char-
acteristic.)

Suppose now that R is commutative ring, D = R[X], and p € R is a non-zero divisor.
Assume moreover that p generates a maximal ideal of R. By Hermann’s method applied
to the polynomial ring (R/pR)[X] over the field R/pR (see [8], Section 3) we can choose
the matrix G above of degree < (2md)2" . Then A() has degree < d + (2md)?" , and if
the h1, ..., h, are of degree < d’, then GH is of degree < d’ + (2md)2N. Letv.(N,d, m)
be the smallest natural number such that S.(A) for A € D™*" of degree < d is generated
by elements of degree < 7.(IV,d, m). We have the recursive relation

N
Ye(N,d,m) < ’ye_l(N, d + (2md)? ,m) + (2md)

2" fore > 1.
Using that ,_1 is increasing in the second variable and that d + (2md)2N < (2md)2Nle
for d > 0, we see that for d, e > 0,

Ye(N,d,m) < (2md)?" + (2md)2" "2 4 ... 4 (2ma)?" @+

Since (2md)?” @"+2" < (2md)?" @ 2" fori =0,...,e— 1, we getfor N, d, e > 0,

gN+1(gN+1ye—1 9e(N+1)

Ye(N,d,m) < e(2md)?” @+ < e(2md) < e(2md)
Similarly one deduces (using the proof of Lemma 6.4) that if A € D™*" and b € D™ are
of degree < d, and the system of congruence equations Ay = b mod p° is solvable in D,
then it has such a solution y € D™ having degree at most . (NN, d, m). Note that -, neither
depends on R nor on p. We have proved:

Proposition 6.5. Let R be a commutative ring, p € R be a non-zero divisor which gener-
ates a maximal ideal of R, and D = R[X]. Let A € D™*™ and b € D™ be of degree < d,
and e > 1.
(1) There existy™, ... y(") € D™ of degree < e(2md)
Ay™® = 0 mod p* fork=1,...,r
and every y € D™ with Ay = 0 mod p® is a D-linear combination of the yy)s.
(2) If there exists y € D™ such that Ay = b mod p€, then there exists such a y of
degree < e(2md)26w+1). O

e(N+1)
2 such that
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Let now R be a unique factorization domain, 6 # 0 a non-unit of R, and § = pi* - - - pi*

a decomposition of § into powers of pairwise non-associated irreducibles p1, . . . , pi, where

€1,..

.,er > 1. We put e(6) = max{e1,...,ex}. Proposition 6.5 (applied to the p;*) and

the Chinese Remainder Theorem imply:

Corollary 6.6. Let D = R[X]and A € D™*™ b € D™ be of degree < d.

10.

11.
12.

13.

14.

16.
17.

18.

19.

20.

9e(8)(N+1)

(1) There exist y™"), ... y") € D™ of degree < e(5)(2md)
Ay®) =0mod s fork=1,...,r,

and every y € D™ with Ay = 0 mod ¢ is a D-linear combination of the vectors

1) (r)

y o y\ .
(2) If there exists y € D™ such that Ay = bmod 6, then there exists such a y of
degree < 6(5)(2md)2€(0)<N+1). O

such that

Taking R = Z in this proposition and noting that e(d) < log, || yields Proposition 0.4.
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