INTEGRAL ESTIMATES FOR TRANSPORT DENSITIES

L. DE PASCALE, L. C. EVANS, AND A. PRATELLI

ABsSTRACT. We introduce some integration-by-parts methods that improve upon the LP esti-
mates on transport densitites from the recent paper by De Pascale-Pratelli [DP-P].

1. INTRODUCTION

This paper provides some PDE methods that improve upon the L? estimates on the “transport
densities” in certain Monge—Kantorovich mass transfer problems, as derived in the earlier paper
[DP-P] by the first and third authors. Our main estimate provides the bound

lokllLe < C ([ fllre +1) (1)
for each 2 < ¢ < 0o, when u solves the quasilinear elliptic equation
—div (o Dug) = f (2)
for
o = ¢ 5 (IDuxl*~1) (3)

and k sufficiently large. The constant C' in (1) depends on ¢, but not on the parameter k.

This problem arises as an approximation of the fundamental transport (or continuity) equation
for the Monge—Kantorovich mass transfer problem, as explained for instance in [E2]. In this

interpretation, we seek an optimal rearrangement of the measure pu* := f¥dz into u~ := f~dy.
In the limit £ — oo, we have u — u, 0, — a and the potential u solves

— div (aDu) = f,

D] < 1, (4)

|Du| =1 where a > 0.

We call a the transport density. It turns out that an optimal mass reallocation plan can be
constructed using v and a.

The paper [DP-P] by De Pascale and Pratelli studied how the integrability properties of
f = ft — f~ affect those of the transport density. They showed that
(i) ae€ L™ if f € L*°, and
(ii) a € L€ if f € LY, for 1 < g < oo and each € > 0.
We introduce in this paper some PDE integration—by—parts methods to improve assertion (ii),
by demonstrating
a€cL? if fell for 2<g< 0.

We have tried, and failed, to extend our methods to include ¢ = oco.

LCE’s research is supported in part by NSF Grant DMS-0070480 and by the Miller Institute for Basic Research
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A PDE like (4) comes up also in the general formulation of Bouchitté and Buttazzo [B-B] for
finding a distribution of a given amount of conductor to best dissipate heat. Then f represents
a heat source and u the temperature of the system. The survey [E2] describes several more
applications.

2. APPROXIMATION

We will for simplicity take U = B°(0, R), the open ball with center 0 and radius R > 0.
Hereafter we always suppose that f € L'(U), with fU fdx = 0. Denote by uy the solution of
the nonlinear boundary—value problem

—div(ogDug) =f inU (5)
up =0 on U,

where we write
o = e 5 (IDurl*~1), (6)

Observe that uy is the unique minimizer of the functional

1 &
Fy[v] ::/ Ee%(‘Dvlzfl) — fvdx
U

in WO1 *_ This approximation is suggested by the recent paper [El]. Regularity theory (Cf.
Marcellini [M]) implies that wuy is smooth, provided f is.

We want to study the limits of ug and o; as k — oo, and begin with some uniform bounds.

Lemma 2.1. Suppose that f € L'(U). Then the sequence {ug}32, is bounded in Wy (U), for
each 1 < g < 0.

x

Proof. Observe first that z < e% for x > 0, and therefore that |Duy| < ak%. Recalling then
(5), (6), we deduce for k > n that

/ |Duk|k+2 dxz §/ |Duk|2ak dx :/ fup dx < Cllugllpe < C||Dug||rx-
U U U

Note that || Duy%, < ||Duk||’z‘,'§f2 +C. Hence || Dul|%, < C+C|Dug| zx, and so || Duy||z« < C.
We deduce for each k > ¢ that

1Durllzs < 1Dugllpr 1L] 2a < C.

k—q

We next indentify the I'-limit of problem (5), (6) as k — oo. For this, define

Flv] := _fU fodx ifove C’g’l(U), |Du| <1 a.e.
. +o0o  otherwise.

Theorem 2.2. As k goes to infinity, we have
gy o)

with respect to the uniform convergence of functions.
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Proof. 1. Since the mapping u +— (f,u) = fU fudz is linear, it is enough to prove
1
Ex[v] = —/ e%(‘D”|2_1)da:L>E[v],
kJu
for

Bl o= 0 ifve CSf(U), |Dv| <1 ae.
+oo  otherwise.
2. If E[v] < oo, we clearly have
Ev]=0= klim Ey[v].

Suppose now that vy — v uniformly, and limsup,_, ., Ex[vr] < C < oo. Fix an integer m and

21

x

let K > m. Since e 2 > x, we have for each open set V C U that

1/m 1/k
(/ | Duy,|™ dx) < |V |Ym—1/k (/ | Doy |Fda:
1%

|4
< |V|1/m—1/k k_l/k Ek(’l}k)l/k < ‘V|1/m—1/k k}l/k Cl/k.

Passing to limits in k£ and recalling the lower semicontinuity of the L™ norm of the gradient,

we discover

1/m
(/ |Dvmdx> < |V,
1%

This inequality, valid for all V' as above, implies that Dv is in L*, with |Dv| < 1 almost

everywhere. Consequently,
Ev]=0< likm inf Ey[vg].

Introduce next the vector fields
Gk Z:UkD’LLk (k‘:l,)

Theorem 2.3. Suppose that for some 1 < q < co we have the uniform bounds

st;p |G|l La(irny < 00

Define
fi = —div(Gy),
and assume
fe—f weakly in L1(U)
Gr— G weakly in L1(U;R"™),
up — u  uniformly.
Then there exists a positive function a € LY such that
G = aDu,
|Du| =1 a.e. on {a > 0}, and
or—a weakly in LI(U).

In particular, a = |G]|.
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Proof. 1. First of all, note that —div G = f; that is,
/ G-Dwdxz/ fodx
U U

for all ¢» € C*, ¢ = 0 on AU.

Let us now fix 0 < A < 1 and calculate:

/\G\dazgliminf/ |G| dz = lim inf / |Gk|d:17+/ |G| dx
U k—oo Ju k—oo {|Dug|2>1-2} {|Dus|2<1-2}

o 1 —kx
< 2 — .
_hknigolf(m/U|Gk||Dukdx+ Ue V1 )\dsc)

When k goes to infinity, the last integral goes to 0. Notice also that

/|Gk||Duk‘dl’:/Uk‘Duk.FdI:/fkukdx,
U U U

\/1—)\/ |G|dx§hminf/ fkukdm:/fudx:/G-Dudx
U k—oo Ju U U

for each 0 < A < 1, and consequently

/|G\dm§/G-Dudm. (10)
U U

2. Reasoning now as in the proof of Theorem 2.2, we fix an integer m and let £k > m. Then
for each open set V C U

1/m 1/k+1
(/ | Dug|™ dx) < |V |/ mo1/ktL (/ |ka|k+1dx)
|4 Vv

S ‘V‘l/m_l/k+1|‘Gk||i/1k+1 S ‘V‘l/m—l/k-i-lcl/k—&-l.

1/m
( / |Dvmdx) < |V,
\%

and therefore |Du| < 1 almost everywhere. The first two assertions of the Theorem now follow
from (10).

Therefore

Pass to limits in & to find

3. To show also that o, —a, let us fix ¢ € C§° and prove

/akwdm%/awda‘.
U U

/Jkd)d:c:/ ok|Duk|2de+/ orx(1 = |Dug|*)p do =: Ay + As.
U U U

We write

Notice now that
A1 :/ 1/)Gk ~Dukdm :/ Gk D(uuﬁ)dz—/ uka D¢d$
U U U

:/Ufkuwdx—/Uuka-szdx.
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This expression converges as k — co to
/ fuvjbdxf/ uG - Dy dx :/ G~D(u1/1)dx7/ uG - Dy dx
U U U U
= / Y G- Dudx = / Ya|Du|* dx = / ay) dx.
U U U
4. Tt remains to show that Ay — 0. If we write ¢y := |[Duy|? — 1, then
Al < Wl [ eBorfonl do
U

Since ze~ 2 < 1 for each z > 0, we have

1 s
/ €§¢k|@k|d”:_/ Hede % aw < U o,
{pr<0} k U k

Finally, since ¢ > 1 there exists a constant ¢, > 0 such that

em(qfl)

>cqg>0

for all x > 0. Consequently,

2 k
/ egwk\goﬂdx = E/ 3K 5Pk dx
{er>0} {pr>0}

<

This completes the proof that As — 0. O

3. EsTIMATES I

The full calculations for our main estimate in §4 are fairly involved, and so for the reader’s
convenience we provide in this section a simpler computation illustrating the main ideas. Suppose
2<g < o0

Theorem 3.1. There exists a constant C, depending on q, but independent of k, such that

/Uagda;gc(/U|f|qu+1>. (11)

Proof. 1. To simplify notation, we hereafter in the proof do not write the subscripts k. Observe
that since Du is bounded in each space L? and u = 0 on QU, we have the bound

lu| < C
for some constant C.

2. Multiply (5) by 09 'u and integrate by parts:

/ o9|Dul? + (¢ — 1)o? ' Du - Do udr = /
U U

gc(/U|f|de)% </andx)1_%.

Here and afterwards we write the subscript ¢ to denote the partial derivative with respect to the
variable x;.

Uui(aq_lu)idx:/ fo ludz
U
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Notice that |Du|? > 1 if 0 > 1. Therefore

/(ﬂdx<0(/ |f|qu+/oq_1|Du-DU|dx+1>. (13)
U U U

3. Next, multiply (5) by —(c9 tu;);:
/ (oui)i(0? ™ uy); do = _/ Flo" ) da
U U
:/ foi72(—(ouy);) dx —/ flg—2)0" %0ju; dx (14)
U U
< C'/ 2072 +|flo? 2|Du - Do|dx.
U

The term on the left is

A= —/ oui(0? ;) dr Jr/ ouiv' (0% tuy); dH !
U oUu (15)
= / (aui)j(oqfluj)ider/ ouivt (09 ) — ouid (09 ) dHMT,
U U
where v = (v1,...,v") is the unit outer normal to OU. The boundary integral is
B = ol (uv’* Ujj — UV u”) dH" !
oU (16)

+/ (¢ — Vo' N up'ujo; — uiouy) dH™ L.
oU

The integrand of the last term equals 0, since o = e (P4*=1) and so o; = kujujo.

Consider a point xg € 9U; without loss, we can take g = (0,...,R). Then v = (0,...,1)
and Du = (0,...,uy,), since u = 0 on QU. The integrand of the first term on the right hand side
of (16) at zo therefore equals

o (AU — Upp ) Uy, (17)

Lastly, write 2’ = (x1,...,2,—1) and observe that u(z’,/R? — [2']?) = 0 for small z’. We

differentiate this identity twice and set 2’ = 0, to compute Au — Up, = ”T?lun at xo. Hence

n—1
R

B= / 0| Dul? dH™' > 0.
oU

4. Therefore
A= / ou;); (07 ' ')j dxz/(aui)j(aqfluj)idx
U
_/(cru”—kajuz)(crq*lu,] (¢ — 1)o"20,u ) dz (18)
U

= / ol D*ul® + (¢ — 1)0? 2|Du - Do|? + qo9 ' o jususj de.
U
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Recall that o; = kuju;jo. Hence (14) and (18) imply
/ o4|D*u)? 4 (¢ — 1)o?2|Du - Do|? + %O’q72‘DO'|2dI
U
< C’/ 20972 4 |flo? 2| Du - Do| dx (19)
U
-1
< q—/ Jq’2|Du-Do|2+C/ 2072 da;
2 Ju U
and consequently
/ 0972 Du - Do|? dx < C’/ |f|P09% dx. (20)
U U

5. Combine (13),(20):

/aqu§0/ |f|qdm+C/ 0?7 '|Du - Do|dz + C
U U U
1
gc/ |f|qd$+—/oqu+0/ 0?7 2|Du - Do|? dz + C
U 3 Ju U
1
SC/ |f|qu+—/aqu+0/ |f|?0? 2 dx + C
U 3 Ju U
2
SC/ |f|qu—|——/aqu+0
U 3 Ju
This gives (11). O
Remark. The boundary integral term B is in fact nonnegative for any convex, smooth

domain replacing U = B(0, R): see for instance the similar calculations in §1.5 of Ladyzhenskaja
[L]. O

4. ESTIMATES II

In this section we derive our main integral estimate.

Theorem 4.1. Assume that 2 < q < oo and that f € C>°(U). Then there exist a constant C,
depending only on q, and a constant K, depending only on || f||r=<, such that

/UZ|Duk|qda:§C</ |f|qu+1) (22)
U U

The proof is similar to that of Theorem 3.1, except that we must handle the additional term
| Dug|? on the left. This makes our multipliers and estimates more intricate.

forallk > K.

Proof. 1. For notational simplicity we hereafter write o and w in place of o} and wug.
Since f is smooth, the same is true for v and . Observe also the bound

lu| < C.
We record for later reference these consequences of (6):
g; gj
Dul, = s = =
| Duls ko|Du|’ ity = 1o
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2. We multiply the PDE (5) by 09~!|Du|?"1u and integrate by parts, to find
/UUDu - D (097 | Du|"'u) dz = /an71|Du|q+1uf dz. (24)
The right hand term in (24) is less than or equal to

1
c/(fq*1|D11Iq+1lJ‘|cza:§5 / 09| Du|72 da + 2971 / | Dul?| f| da.
U

{122y (1> 7y

But if o|Du| < 2C|f|, then obviously o|Du| < 2C||f||z=. Recalling (6), we see that this implies
|Du| < 2 provided k > K, for some constant K depending only upon || f||z=. Therefore

1
/ o9 Dul" uf dr < —/ 09| Du|"? dx + C/ |f1? dx. (25)
U 2 Ju U
3. We use (23) to evaluate the left hand term in (24):
/ oDu - D (o9 | Du|" ) dz = / 04| Du|?3 dx
U U

+(q—1)/ Uq_1|Du|q+1uDa~Dudx+(q+1)/ o%u|Du|?Du - (D|Du|) dz
U U

(26)
= / 04| Du|?3 dx
U
q—1 a+1 q+1 q—1 q-1
+(q¢—1) | ¢ |Dul'""u Do - Dudzx + el u|Du|?""Du - Do dx.
U U
But o > 1 only if |Du| > 1; and hence
/ 0| Du|?? da < / 04| Du|3 dx + C, (27)
U U

since U is bounded.

Combining (27), (26), (24) and (25), we deduce the inequality
1
/ 04| Du|"? dx < C + —/ 04| Du|? dx + C/ | £ dx
U 2Jy U
C
+C/ afI*l\Du|q+1|Da.Du|dx+E/ 0?7 Du|" Y| Do - Dul d.
U U

Arguing as before (this means dividing the integrals in the set where |Do - Du| < e o|Du|/C and
in the rest of U), we see that therefore

/0q|Du\q+2dx§C+C/ |f|qu+e/ aq|Du|q+2dx+f/aq|Du|qu

U U U k Ju

C? C? (28)

+—/ Uq72|Du|q\Da~Du|2d:c+—/ 0972 Du|?"%| Do - Du)? dx
€ U ke U

for any € > 0. Since [;; 09|Du|?dx < [, 0| Du|?"? dx + C, this implies our first main estimate:
/ 04| Du|"? dx < C + C’/ |f|?dx + C’/ 0972 Dul?| Do - Du|* dx
U U U

. (20)
+ - / 0972|Du|?"2|Do - Dul? dz.
kJu
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4. The last two terms in (29) involving Do - Du are dangerous, since Do is of order k: we
need another estimate to control them.
Let us therefore continue by multiplying the PDE (5) by —div (¢97!|Du|?Du) and thereby
deriving the identity
/ div (0 Du) div (677 |Du|?Du) dx = —/ fdiv (69" Du|?Du) da. (30)
U U
The term on the right equals
/ fo?2|Dul? (— div (¢ Du)) dx — / foDu- D (097 2| Dul?) dz = / |f|?0% 2| Dul? dz
U U U
— (¢ — 2)/ fo97%|Du|?Du - Do dx — q/ fo | Du|?" ' Du - (D|Du|) dz
U U
We again recall (23) and deduce
7/ fdiv (69 Du|?Du) dx < / |f|?09 2| Dul? dx
U U (31)
+ (q—2)/ |f|lo?2|Du|?|Du - Do| dx + %/ |flo?2|Du|??|Du - Do| dz.
U
The left hand term of (30)

/aui (07| Dul|%u;); d:v+/ ouiv (097 [ Du|%u;); dH™ !
U ou

/( ) (097 [ Dul%u;); dx (32)
U
+/ ouiv (097 [ Du|9u;); — ouipd (097 | Dul9u;); dH™ L.
au

Call the boundary term B. Then, almost exactly as in step 3 of the previous proof, we can show
that

n—1
R

B / o4 Du|™? dH" > 0.
oU

Consequently,

A= /U (ou;), (gq*1|Du|quj)j dx > /U(aui)j (o971 Du|%uy), dx
= / (JUZ‘]‘ + ajui) (Uq_1|Du|qu¢j + (q — 1)0q_2|D’LL|qO'Z"U,j + %Uq_2‘DU|q_2O'Z‘Uj> dx
U

= / 09| Du|?| D*ul* + %cr‘172|Du|q\DU|2 + (¢ — 1)e? 2| Du|!| Do - Dul? +
U
+ 132 o972 Dul9"2| Do ? + ZUQ*2|Du\q*2|Da-Du|2dx.

The first, the second and the fourth terms in the last expression are positive, and so we deduce
(¢g—1) / 097 2|Du|?| Do - Dul? dx + % / 0972 Du|""%| Do - Du|? dz
U U

(33)
< / div (o Du) div (677! | Du|?Du) dx
U
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Collecting (33), (30) and (31), we find

1
/Uq_Q\DU|q|DU'DU|2d!E+E/Uq_Q\Du|q_2\Do-Du|2dx
U U

< c/ \f|20q_2|Du|qdm+C’/ \f0%~2|Dul?| Du - Do da (34)
U U
c -2 -2
+— [ |flo??|Dul?"*|Du - Do|dx.
k Ju
Take € > 0 to be a small constant, which will be fixed later on. Then

/fQJq*Q\Dude < e/ 0| Du|"? dx + C | 19| Du|? dz
U U {If[>c|DulVe} (35)

§6/0q|Du\q+2dx+C/ |f|? de,
U U

since |Du| < 2 wherever |f| > o|Du|/€, provided k > K and K is large.
Recalling (35), we can likewise estimate for each ¢ > 0 that

/ |f|o? 2| Du|?| Do - Du| dz < 5/ JQ*2|DU\Q|DU.DU|2dx+C/ 20972 Du|? dx
U U U

(36)
< (5/ 097?|Du|?| Do - Dul? dx + C (e/ 0| Du|?? dx + / ik dw) .
U U U
Similarly,
/ |flo?2|Du|?"?|Du - Do|dx < 6/ 0972 Du|?%| Do - Dul|*dx + C/ 207 2| Du|? 2dx
U U U
(37)
< 5/ 097 2|Du|?%| Do - Dul|* dx + C (e/ o Dul? dz + C/ |f1? dx) .
U U U
Since o > 1 only if |Du| > 1, we have
/ o Dul? dx < / 0| Du|"? dzx + C,
U U
and therefore
/ |floe? 2| Du|?2|Du - Do|dx < 5/ 0972 Du|9"%| Do - Dul? dz

—I—C(e/ oq|Du|q+2dx+/ |f|qu+1>.
U U

Taking § > 0 small, we then derive from (34), (35), (36) and (38) our second main inequality

1
/Uq*QIDUIqIDG-Dusz+%/ 0?2 Du|92|Do - Dul? dz:
Y g (39)
SE/ oqlDUIq+2dx+C/ |f]9+C.
U U

5. Putting together inequalities (29) and (39) and fixing ¢ > 0 small, we finally discover

/aq|Du|q+2d:U§C+C’/ |f|?dx.
U U

As 0 > 1 only if |Du| > 1, estimate (22) follows. O
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Theorem 4.1 concerns only smooth functions f. However, since the bound for the L? norm of
the transport density depends only upon the L? norm of f, we can approximate:

Theorem 4.2. For each 2 < q < oo and f € LI(U) the associated transport density a belongs
to LY(U). Furthermore, there is a constant C, depending only upon n and U, such that

lallze < C (I fllze +1). (40)
Proof. 1. Let us first define
Ii=rF*myj,

the convolution of f with a standard mollifier. For each integer j, we then solve

—div (ox,jDuyj) = f; inU (41)
uk},j = 0 on 8U7
for
Ok,j = o5 (1Dus ;17 -1) (42)

2. According to (22), we have the estimate

AUZ7j|Duk7j|qu<C</[]|fjqu_i_l) <C(/U|f|qu+1> (43)

for all k greater than or equal to some constant K = k(j), depending only on the L° norm of
fj- Now define

0j = Ok(j)gr Uj 7= Uk(j)y, Gj= o Duy.
Clearly f; — fin L9. Furthermore, (43) implies that G; is bounded in L?. We may therefore
assume upon reindexing that

G;,—G weakly in LY(U;R").

Finally we may pass as necessary to a further subsequence to ensure u; converges uniformly to
a limit u. Apply Theorem 2.3. O
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