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Abstract

We study vortices for solutions of the perturbed Ginzburg-Landau equations Au +
E%u(l — |u|?) = f. where f. is estimated in L2. We prove upper bounds for the Ginzburg-
Landau energy in terms of || fc||z2, and obtain lower bounds for ||f.|/zz in term of the

vortices when these form “unbalanced clusters” where Y. d? # (3, d;)?.

These results will serve in Part II of this paper [S1] to provide estimates on the energy-
dissipation rates for solutions of the Ginzburg-Landau heat-flow, which allow to study
various phenomena occurring in this flow, among which vortex-collisions; allowing in
particular to extend the dynamical law of vortices passed collisions.

1 Introduction and statement of the main results

1.1 Presentation of the problem

In this paper, we study the forced Ginzburg-Landau equation

u
Au+ —(1—|ul?) = in
o S— ) = £
u =g (resp. % =0) on 0f.
where f. is a forcing right-hand side which is given in L?(2). Here Q is a two-dimensional

domain, assumed to be smooth, bounded and simply connected, and u is a complez-valued
function, assumed to satisfy either one of the boundary conditions

(1.2) u=g¢g on 0N

with ¢ a fixed regular map from Q to S', in which case we also assume that € is strictly
starshaped with respect to a point; or

Oou
(1.3) o 0 on 09

tSupported by NSF Career award DMS0239121 and a Sloan Foundation fellowship




in which case no further assumption is made. This equation with f. = 0 is the standard
Ginzburg-Landau equation, which has been intensively studied, in the asymptotic limit € — 0,
in particular since the work of Bethuel-Brezis-Hélein [BBH].

Our motivation for studying the L? perturbed equation, which we will develop in Part II
of this paper [S1], is to study the two-dimensional parabolic Ginzburg-Landau equation:

B 1
B~ Aut —u(l—[uf?) in QxR
(1.4) |log €| €
u(.,0) = u? in Q,

with the same boundary conditions as above. However, the results we present here have an
interest of their own and can be read independently of Part II.

The Ginzburg-Landau heat flow is an L? gradient-flow (or steepest descent) for the
Ginzburg-Landau functional

2\2
(1.5) B = 5 [ 1Vul?+ Lol

This energy functional is a simplified version (without magnetic field) of the Ginzburg-
Landau model of superconductivity. Such functionals also appear in other models from
physics: for superfluidity, nonlinear optics, Bose-Einstein condensates; and the complex-
valued function u, called “order parameter”, plays the role of a condensed wave-function.

In this model, the interesting objects are the vortices, or zero-set of the complex-valued
function u carrying a topological degree: since w is complex-valued, it can have a nonzero
integer degree around each of its zeroes. Vortices can also be seen as having a “core”, where
|u| is small, of characteristic lengthscale ¢; and a “tail” where |u| is close to 1, but the phase
of u still carries a lot of energy; they can be clearly extracted in the asymptotic limit € — 0.

Vortices in the Ginzburg-Landau model have been the object of intense studies, generally
in the asymptotic limit ¢ — 0 where they become point singularities, in particular since
the work of [BBH] on (1.5), under the assumption E.(u) < C|log ¢| (bounding the possible
number of vortices); refer also to [SS2] for the analysis of the full model with magnetic field.
In both cases, some I'-convergence type results were obtained.

A very precise description of the vortices and of the energy of (nonminimizing) solutions
of the Ginzburg-Landau equation, i.e. (1.1) with f. =0, was given by Comte and Mironescu
in [CM1, CM2]. We are interested here in generalizing these results, and in studying how
much the situation can differ from the f. = 0 case. Since we are interested in studying vortex-
collisions for solutions of (1.4), we focus on understanding static situations where vortices are
very close to each other. We will characterize “pathological vortex situations” for (1.1) as
those for which we have a group of vortices which are far from the others, and degrees d; and
(3", di)? # 5", d? in the group, which we call an “unbalanced cluster of vortices”.

We study the equation (1.1) with an L2-perturbation term because (1.4) is precisely an
L? gradient flow for (1.5) and thus for u. solving (1.4), we have

2

d 1
—aEg(ug(:v,t)) = |log 5]/9 Au, + 6—2%(1 — |ueH)| .

Thus, if we write that (1.4) holds with f. = ﬁ?jg“z', we precisely have that |log sleeH%Q(Q) is

the energy-dissipation rate for solutions of (1.4). This will be crucially used in Part II [S1]



and this motivates our need for estimates, in particular lower bounds, on || f||z2. If || fe] 72
is large, then the energy dissipates fast in the flow (1.4), thus decreasing to a point which
allows to rule out certain configurations (for example if E. decreases so much that E. < C
then there can be no more vortices). On the other hand, if f; is small, then (1.1) can be seen
as a small perturbation of the Ginzburg-Landau equation

(1.6) u

{ —Au = 6%u(l —|ul?) in Q
u:gorg—yz() on 0,
for which a number of qualitative facts about vortices is known. The idea is thus to use this
alternative in a quantitative way, in order to deduce from the static study information on
vortex-collisions or other pathological situations in the dynamics.

More precisely, it is known that if u is a solution of Ginzburg-Landau in the plane, with
vortices (a;,d;) then we must have

(1.7) (Z di) = de

equivalent to the fact that ), £ d;d; = 0, or to the fact that the forces exerted by the
vortices balance each other. This follows from suitable applications of the Pohozaev identity,
as in [BMR]. Similarly, as seen in [BBH, CM1], if u., a solution of (1.6) in a bounded
domain, has some vortices a; of degree d; accumulating (as ¢ — 0) around a single point
p, then the same rule (3, d;)? = >, d? holds. Now, if u. is a configuration with say, two
vortices, one of degree 1, one of degree —1, at a distance o(1) as ¢ — 0 (which is what
happens during a vortex-collision of a +1 with a —1) then this rule is obviously violated
(and it’s the same for any situation with (32, d;)* # 3, d?), so we can trace how much it is
violated in the Pohozaev identity for (1.1), and get a lower bound for || f-||z2. The technique
thus relies on some adaptations of the Pohozaev identities with error term f.. Observe that
Pohozaev identities have already been widely used in the context of Ginzburg-Landau statics
and dynamics ([BMR, BBH, BCPS, RuS, SS2]). Some similar results and the “balanced
clusters” condition (1.7) also appear in the recent preprint of Bethuel-Orlandi-Smets [BOS]
(see Theorem 5) on the parabolic Ginzburg-Landau equation.

1.2 Main results on (1.1)

Before stating the results, let us make a few assumptions. Since we are going to consider
nice initial data u? for (1.4) with a fixed number of vortices as ¢ — 0, and since the energy
decreases during the flow, it is natural to restrict to

(1.8) E.(us) < Mllog €|
and

M
(1.9) lus| <1 |Vue| < -

It is well-known that (1.4) is well-posed and that if these estimates are true for u?, they
remain satisfied at all times for solutions of (1.4).



We sometimes assume in addition that

1
1.10 2oy < — <2.
(1.10) #0320y < =5 for some 3
If this assumption is not true, then clearly we have a large lower bound on || f¢| ;2. If (1.10)
holds, then after blow-up at the scale ¢, solutions of (1.1) converge to solutions of Ginzburg-
Landau in the plane

~AU=U1—-|U%

which enables to define what we shall call a “good collection of vortices” a; with degrees d;
(depending on ¢) for u.. Without going into full details of what it means and how they are
found, these are points such that the balls B; := B(a;, R.e) with some 1 < R. < |log ¢|, are
disjoint and cover all the zeroes of u., and d; = deg (u., 0B(a;, R:€)) # 0. We can then give a

more precise definition (although we will mostly use a slightly weaker condition, see Theorem
2)

Definition 1. The a;’s and d;’s being as above, we say that u. has a cluster of vortices at
the scale [ at zq if

(1.11) B(zo,l)N{a;} # @
(1.12) dist({ai/a; ¢ B(xo,l)}, B(xo,1)) >1, ase— 0.

We say u. has an unbalanced cluster of vortices at the scale [ at xq if the previous conditions

hold and if
2

Z d? # Z d;

i/az‘EB(Io,l) i/az‘EB(Io,l)

Once these vortices are found, it allows to define a canonical harmonic phase 6 in €, :=
O\ U, B(a;, Ree) as the harmonic conjuguate of ® solution to —A® = 27 )" d;d,, with
suitable boundary conditions. Once this is done, denoting ¢ the phase of u,, i.e. u = pe’? in
Qe, we may consider the phase-excess ¥ = ¢ — 0. The first main result consists in evaluating
the energy-excess (due to both the phase-excess and the modulus of u), in terms of only
one natural quantity: the L? norm of f., the natural norm to consider for the study of the
parabolic flow.

The method is inspired by that of Comte-Mironescu in [CM1, CM2], however their result
was for the case f. = 0, and used some precise L> and decay estimates for solutions of
Ginzburg-Landau away from the vortices. Here we retrieve the result with the only control
on || fz||z2 and no a-priori bounds, other than (1.8) and (1.9). We obtain in addition a scaled
version of the estimate, localised in any (small) ball. The result is

Theorem 1. Let u. satisfy (1.1), (1.8), (1.9) and (1.10). The a;, d;, B; being as above, we
have

(1.13) 190 < o1) + Oy

5
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For any x € Q, and any | > e\/|log €|, we have

(1.15) /QmB( o Tl < mim (C+ Cog? 1132 0y 0 (1 + 2 108" U el ) )

and

1—lu 2\2
(1.16) /mB( s IV ]ue| 2 + (€|2€|) <o(1) +o (lz log? l\|f5||%2(m> .

Moreover, we have,

(1.17) Vo < 1, omZdZ < “ +C\1og el2e" ) fell 2y + o(1),

and

(1.18) wgdflogiJrWd(al, +Z’y 1) < Ee(ue)
gw;dflogs+wd<a1,---, +Zv ) + Ol fellF2(q) + ol1),

where the V;’s are the (limiting) blown-up profiles of u. around a; at scale e, and the v(V;)
are constants equal when d; = £1 to a universal constant ~y introduced in [BBH].
Moreover, all the constants C' and o(1) above depend only on 3, M, Q2 and g (if applicable).

This result allows to bound the phase-excess (with scaled versions of it, cf. (1.15)—(1.16)),
and in turn to bound the energy-excess in terms of || f:||z2 and of the vortices of u. only, in
(1.18). This way, it provides a lower bound for || f:|/;2 and it allows, for solutions of (1.4),
to bound from below the energy-dissipation rate, and to bound from above the number of
vortices through (1.17). Let us mention that the “energy-quantization” result for solutions of
(1.4) shown in [BOS] (Theorem 6 and appendix) is equivalent at leading order to (1.18).

From this first theorem, we may implement the Pohozaev strategy described above and
obtain the following.

Theorem 2. There exist constants lg > 0 and Ky > 0 such that, assuming that u. is as in
Theorem 1, and that there exists a nonempty subcollection {B;}¥_, of the balls { B;} which are
included in B(xo,1/2), ey/|log | < 1 <y as € — 0, and such that for some K > Ky, either

1. B(zo, K1) C Q and B(xo, K1) intersects no other ball in the collection {B;}, and we
have

k k 2
(119 S (Zdi)
i=1 =1

2. xg € 00 and B(xg, K1) intersects no other ball in the collection {B;}.
Then

C C
1.2 el = |
(1.20) 1fell72(q) = min (12|log el 121og? l>

All the constants above depend only on 3, M, Q and g.



This is exactly the desired lower bound on || fz||32: it shows it blows up like 1/(I?[log ¢|)
in most cases, as the scale of the unbalanced cluster of vortices [ gets small.
As a byproduct, we retrieve in the case f. =0

Corollary 1.1. Let u. be solutions of the Ginzburg-Landau equation (1.6) such that E.(ue) <
Cl|log €|. Then, there exists a constant ly > 0, such that for € small enough, u. has no
unbalanced cluster of vortices at any scale | < ly; and has no vortex at distance < ly from the
boundary.

Some sharper (but of same order) lower bounds for ||f||3, will be given in Proposition
5.1 in [S1], by blowing up at the scale [ in the case where I is not too small (log? ! < C|log ¢|).

Observe that all these results (in particular (1.20)) can be viewed as obtaining lower
bounds for the higher-order energy-functional F.(u) = [ [Au+ % (1 — |[u[*)?|* under the
assumption F.(u.;) < C|log ¢|. It was proved in [Li, SS1] that (denoting here and in the rest of
the paper by (., .) the scalar product in C identified with R?) if curl (iu., Vus) — 2m Y | D;bp,
as € — 0 (i.e. the limiting vortices of u. as € — 0 are the p;’s with degrees D;), then

n

1
lim inf (|log €| F > = i o))
im in ([log e|F:(ue)) > W;\V Wo(p1,-- ,pn)l

This is the lower bound part of a I'-convergence result (the upper bound should not be hard to
prove). The lower bounds we obtain here (and in Proposition 5.1 of Part II) are in agreement
with this, but in general sharper since they involve the locations and degrees of the vortices
at the ¢ level, and blow up when these get very close.

Let us point out that such a study of forced equations, with its “dual” I'-convergence
point of view, was performed for the Allen-Cahn equation (the same equation as (1.1) but
with real-valued functions — an important model for phase-transitions) with a lower bound
by the Wilmore functional, see [To, RS] and the references therein. We are not aware of any
other singularly perturbed equation for which this has been done.

In this first paper, we start by performing a “Pohozaev ball-construction” which is an
adaptation of that done in [SS2] but with nonzero error term f.. This allows to bound the
number of vortices and define a good collection of vortices. Then, we prove Theorem 1 and
Theorem 2.

In the second part [S1], we will present the applications of both of these theorems to the
dynamics and collisions of vortices under (1.4).

Acknowledgments: We wish to thank warmly Petru Mironescu and Etienne Sandier for helpful
discussions.

2 A “Pohozaev ball-construction” for (1.1) and applications

This construction, which is a combination of the Pohozaev identity with the ball-growth
method of Jerrard/Sandier, consists in an adjustment of the one presented in [SS2], taking
into account the nonzero right-hand side in (1.1). The main result is



Proposition 2.1. Let u. satisfy (1.1), (1.8), (1.9) and (1.10). Then,

/ (1= Ju*)?
reQu@)<i-tsy} €

llog <|?

(2.1) <C,

where C' depends only on 3 in (1.10), M, 2 and g.

2.1 Pohozaev identities for (1.1)

The Pohozaev identity consists in multiplying (1.1) by = - Vu and integrating by parts. How-
ever, because of the boundary conditions, we will need a more general version of it, as in
[SS2], Chapter 4.2

Introducing the stress-energy tensor associated to the equation

(22) 5= 5 (190 + 5150 — [)?) 8, - (0 30

an easy computation yields that

(2.3) div T = = (9, Au+ 5 (1= |u)) = ~(0u. 1),

where div T;; denotes Z?Zl 0;T;;. Multiplying the relation (2.3) by a vector field X, we find

Lemma 2.1. Let u satisfy (1.1). For any U open subset of Q0 and any smooth vector-field
X, we have

(2.4) | S xwt, = [ S @x)0- [ (1xv0

where v denotes the outer unit normal to OU and the indices i,j run over 1, 2.

The most standard Pohozaev identity follows by applying this in U = Q N B(zo, s) to
ou

X =x — x, it yields
2 2\2
(= ulf) B ou Ou
o B R e

1—lu 2\2
sf o GEERE (—a)va).
B(z0,s)NQ2 € B(z0,s)N$2

In particular, if B(xg,s) does not intersect 0€2, one obtains

(2.6)
1 / (L= uP)? _ /
5 =
S JB(xo,s) € 0B(x0,s)

/(9B(a:o,s)

We deduce the following lemma.

1
(2.5) / (a:—:vg)-u<
2 Ja(B(x0,5)nQ)

P |ou
or

@
or

ou

2 2\2
1-— 1
or

+- /B(xw) (fe, (x —x0) - V).

22 s

2number to be checked



Lemma 2.2. Let u satisfy (1.1). Then, if R is such that B(xo,R) C Q and 0 < r < R, we
have

R (1-
en [ / U U PP /
B(zo,s) € B(:J:o, )\B(:):or

@

R
:/ @ |u| / 1/ ((x —x0) - Vu, fo) ds
B(0,R)\B(zo,r) | OT Blzo0,5)
with
R 1 2
(2.8) (for (z — 20) - Vo) ds g/ Ou
B(z0,5) B(wo,R)\B(ao,r) | OT

+2/ |- + rlog — || f-]] [Vl
2 0.7 2 0.1 .
4 B, R\B(wor) p B0 S

Proof. (2.7) follows from integrating the relation (2.6) for s € [r, R]. For (2.8), we write

a |fa|> ds
v

|f€| + R/
B(zo,R)\B(zo,r)

R

(2.9) (fey (x — x0) - Vu)

B(zo,s)

r S
R
<[ [ el ’Ifa|+/ & — 0l
r S B(zo,r) (zo,s )\B(ro,)
<rlog/
3307'

Inserting the fact that for every A > 0,
oul® A

(2.10) / / — +/ |fI?
B(xo,R)\B(xo,r) 2)\ B(z0,R)\B(zo,r) | OV 2 JB(zo,R)\B(zo,r) :

applied to A = R/2, we are led to (2.8). O

ay |f€’

Another standard relation consists in writing in the Dirichlet case, as in [BBH], a global
Pohozaev identity using (2.4) on the whole Q. Using the fact that € is strictly starshaped,
one obtains

Lemma 2.3. Let Q be strictly starshaped and let u satisfy (1.1) with w =g on 2. Then

(2.11) /m

where the constant C' depends only on ) and g.

@2

(1 — [u?)?
o 4_/Q2 < C 1+ IVull 2o | fll n2()

£

Proof. Assume 2 is strictly starshaped with respect to the point zg (hence (x —x¢)-v > 5 >0
on 012), and apply (2.4) to U = Q and X = = — x9, this yields

1 2 (1 — |uf?)? du dg
. - -~ 7 < _ 2
(2.12) Q/aszﬁ +/Q oz <C ” +‘<ay’8r>‘+/ﬂ|x zo| | fel [V ul

from which the result follows easily. O

@
ov

@2
or




2.2 Proof of Proposition 2.1 - interior case

For simplicity, we will start by presenting the proof of Proposition 2.1 assuming no balls
intersect 0.

Proof of Proposition 2.1: The proof is a ball-construction that is very similar to that pre-
sented in [SS2], Chapter 4. Following [Sal], since (1.8) holds, by the coarea-formula, one may
cover the set {z, |u(x)] < 1— m} by a finite union of disjoint closed balls B;(0) of radii 7;

Jerrard and Sandier, presented for example in [SS2], which yields:

such that >, r; < Ce|log e|>. We grow all these balls in parallel according to the method of

Lemma 2.4. For every t > 0 there exists a finite collection of disjoint closed balls B(t) such
that

1. B(0) = {Bi(0)}:
2. r(B(t)) = etr(B(0)) for every t > 0, where r(B(t)) denotes the sum of the radii of the

balls in the collection

3. For everyt > s

U Bc |J B

BeB(s) BEB(t)

There exists a finite set T C Ry such that if [t1,t2] C Ry \ T, then B(tz2) = 2711 B(ty),
where AB denotes the collection of balls obtained from B by keeping the same centers
and multiplying oll the radii by .

The times ¢ € T correspond to “merging times” when some of the balls have intersecting
closures. Assuming first the balls remain disjoint through the growing, we may apply (2.7)
tor =r; and R = e'r; to find

213
e'ri | (1—Ju u
/ / ' A= Jul?)? ds</ RE e i ‘ ) et ol e IVl 2
log B;(t)

where we wrote er % fB(xo,s) ((z — z0) - Vu, fo) ds < RfB(xo,R) | fel[Vu| < RHf«EHLQ(Bi(t))||VUHL2(B t

We easily deduce

1 — |ul?)?
(2.14) t/B.(o) (5|2‘) < 2B (u, Bi(t)) + r(Bi(®) | fell 2B, IV Ul L2(B, 1))

where we denote for any set U,

/ \Vu!Q—i—— 1= Juf?)2.

Now these relations add up nicely over all the balls in the collection B(¢), including through
possible merging of balls, and we have for every ¢, and every By(t) € B(t),

1 — |ul?)?
) ¢ C 1" 9B, Belt)) + rBrl)] ol om0y | Vel 22500
i/B;(0)C By, (t)Bi(0) €



Summing this over k, using (1.8), and applying this relation to t = alog % for some 0 < o < 1,
we find

(1= [ul*)?

(2.16)  allog €] 5

< 2B, (u, U Bi(t)) + C" | fell 2(uy By (1)) llog €]™/2,
UiBi(O) €

where we observe, 7(B(t)) < Cel=?[log ¢|®. Since (1.10) is satisfied, we may choose a > 0
such that 2 — 2a — 6 > 0, and find

(2'17) /U.B.(O) (1 - ‘UP)Q < 2E5(U> +0(1) <.

g2 ~ allog €|
lul?)2 .
We conclude that fu- Bi(0) (ll# < C and since the B;(0) were constructed to cover the set

z € Qlu(z)] <1—- ——5} we deduce (2.1). This proof is valid if none of the balls By(¢
[log el
intersect 0f2. O

2.3 Proof of Proposition 2.1 - boundary issues

The method follows that of [SS2], Chapter 4, with the only modifications due to the f. term.
We sketch the main steps.

2.3.1 Dirichlet case

In the Dirichlet case, instead of using (2.6) and (2.7), we use (2.5). Decomposing 9(B(xo, s) N
Q) into 0B(zg, s) N Q and Q2 N B(xg, s), we find
ou oul® (11— |uf?)?
+ - 7

2 2)\2
1 1-
(2.18) / = +/ (?‘)S/ — 5
9B (x0,5)N2 ov S JB(x0,5)NQ € OB(z0,s)N2 or 2e

1 dg 2 oul? dg Ou
+sémm@wﬁx‘%*”<87 o ‘*w‘“*7<away
1

+/ 2 ((x — 20) - Vu, f2)
B(z0,s)N$2

S

Using Lemma 2.3, we deduce
oul*  (1—|u?)?
ul? (1= JuP)

‘1 (1 —Jul)?
+= < = -
5 JB(z0,5)NQ € OB (z0,s)N or 2e

+C 1+ [IVull 2 1 fell 22 ()

@
ov

(2.19) /
OB (x0,5)NQ

and integrating

R 1— 2\2
ooy [T AR,
r S JB(xg,s)NQ) € (B(zo,R)\B(zo,r))NQ2

)
ouf* (1 fufy
or 22

ou |

v

<

/ + CR (14 [[Vul 2o | fell 22(@))
(B(zo,R)\B(zo,r))N2

and we may reproduce the proof above with this relation instead of (2.7).

10



2.3.2 Neumann case

In the Neumann case, we extend u by performing a reflection with respect to 0f2. Let Q
denote a large enough tubular neighborhood of 2, i.e. Q C Q. Let ¢ be a smooth mapping of
Q onto the unit disc. It can be extended to a mapping from  to a domain strictly containing
the unit disc. Let then R denote the reflection with respect to the unit circle defined in
complex coordinates by R(z) = @ The mapping ¢ = ¢! o R 0 1) then maps Q\Q to Q.

One can check that it is the identity on 9, that it is C2 in Q\Q, and that Dy(z) converges
to the orthogonal symmetry relative to the tangent to 9 at zg as x — x¢ € 012, at a rate
bounded by Cdist (z,0f2).

We can then extend u with % =0on 0, by u=wu in 2 and

a(z) = u(p(z)) if z € Q\Q

Since D¢ converges to a reflection with respect to the boundary as z — 02 and % =0 on
29, we find that @ is C' in Q. We also define f; = f.(¢(z)) in Q\Q and f. = f. in Q. We will
use the same proof as above through ball-growth in Q for @. The relation (2.7) still applies
inside 2. For the balls that intersect 02, we need to replace it with a variant for .

Let B(zo,s) be a ball intersecting 02 and let D1 = B(zg,s) N and Dy = B(xg, s)\2.

From (2.5), we have
(1 —Juf*)? / Qul*  (1— u*)?
( ) D1 g2 BQOB(zo,s)( 0) or 2e2

oul’ _|ouf* (1= |uP)?
+/aB<xo,smS<af Tlav| T2 )T /Dl<<w—fvo>-w,fs>.

In order to get the analogue in Do, we apply (2.4) in D} = ¢(D3) with X (¢(x)) = Dp(z)(x —
xo). Arguing as in [SS2], this leads to
Py
2e2

1— 2\2
(2.22) / %(1 +0(s)) = / (x —xp) - v (
Dy = B(z0,5)NoN
du oul? (1 — |ul?)? )
+s/ — —| +—"—+0|s E.(u,0D: +/ fe, X - Vu).
aDémQ 67‘ 61/ 282 aDé 8( 2) D’Q ( [ )

Adding this to the relation (2.21), the contributions on 92 cancel and we find

1— 2\2
/ C=R% 0 4 os)) =
DiND) € dD1UdDY),

40 (Bu(u,0D5)) + O ( / rwum) -
D1UD/2

After a change of variables, and since ¢ approaches a reflection, we find (as in [SS2])
ou oul® (1 — [u?)?
+ - = 7

/ (1 —[af)? /
RS el B ou Ju
B(z0,5) €2 0B(zo,s) | OT ov 22

(1 - [ : .
+0 (S /B(IO,S) 22 ) +0 (8 Es(uv aB(xO,s))) + 0 (S /B(acms) ’quféo

11

@
or

2

ou

72_ ou
or

2 212
Oul” (1 —ul?)
ov +

2¢2

2




Dividing by s and integrating, we find

R 1 — |ul?)? 1 — [7]2)2
ey [ UEacf vap + (=172
r S JB(xo,s) £ B(z0,R)\B(z0,r) 2e

1 — |a]?)? —
+ CRE. (1, Bz, D\Blan,1) + 1 | - e N P TA S
Zo,

Replacing (2.7) by this relation, and growing the balls the same way, we are led to the same
result for w, and Proposition 2.1 is proved.

2.4 Application: construction of the vortex collection

We now show how to define a good collection of vortex-balls for solutions of (1.1).
If [u(zo)| < 3, the assumption (1.9) implies standardly that [u| < 3 in some ball B(z, A¢)
and thus that there exists a constant p > 0 such that

C2\2
. [ s,
B(zo,\e) €

Using this, the result of Proposition 2.1 suffices to conclude as in [BBH], that the set {|u(x)| <
%} can be covered by a bounded (independently of €) number of disjoint balls of centers a;
and radii Re (where R is fixed), and changing R if necessary, we may always assume that
la; — aj| > € for i # j. We may also assume that each ball contains a point zy where
lu(zo)| < % (otherwise the ball can simply be removed from the collection).

The next step is to perform a blow-up analysis. If (1.10) is verified, then the perturbation
term fe in (1.1) disappears after blow-up at the scale £, and we can use the known results on
(1.6).

Lemma 2.5. Let u. satisfy (1.1), (1.8), (1.9) and (1.10). If a. is a sequence of points such
that dist(az, 02) > e and deg(u, 0B(ae, Re)) = d, then up to extraction, ve(x) = us(as + £x)
converges uniformly over compact subsets of R? as e — 0 to a solution U of

(2.25) ~AU =U(1 - |U)?) inR?

with

(2.26) / (1—|U|?)? = 2nd>.
R2

If ac is such that dist(as,0Q) < Ce then up to extraction, v.(x) = us(ae + €x) converges
locally uniformly to a constant of modulus 1.

Proof. Setting v.(z) = u(ae + ex) we have
(2.27) Av, +vo(1 = |ve|?) = 2 f-(ae + ex),

and we also know that |Vu.(z)| < C and |v;| < 1. Thus, v, is compact in L*™ by Ascoli’s
theorem. But we have [[e2f.(ac + e2)|l12(5,) < ellfelli2@) < o(1) by (1.10); thus Awu, is
strongly compact in L?(Bg) for every R. In the first case, up to extraction, we thus find that
ve converges locally uniformly and in H2  to U solution of (2.25). It was proved in [BMR]

loc
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that under our assumptions, (2.26) holds. In the case dist(a.,0?) < Ce, up to translation
and extraction, we find that v. converges to a solution of —AU = U(1 — |U|?) on the half-
plane R? , with either |U| = 1 boundary condition or %—g = 0. In the Dirichlet case, a result of
Sandier [Sa2] allows to conclude that U is a constant; in the Neumann case, a simple reflection

yields a solution to (2.25) of degree zero, hence a constant of modulus 1 (from [BMR]). O
For U a solution of (2.25), following [BMR], we have

1
(2.28) / VU +
2 /B(o,R)

where d is the degree of U and v(U) is a constant depending on the solution. When d = +1,
it has been proved by Mironescu [M] that there exists a unique solution to (2.25) (up to
multiplication by a constant of modulus 1), which is the radial solution of (2.25) and then
~v(U) =7, a universal constant first defined in [BBH].

1— 2\2
(|2U|) =nd*log R+ v(U) as R — oo.

Proposition 2.2. Let u. satisfy (1.1), (1.8), (1.9) and (1.10). Then, after extraction of a
sequence € — 0, we can find R. — 400 with R, < C|log | and a family of balls U {B; =
U, B(ai, Re.e), with a; depending on € and n bounded independently of €, such that

111 = |uelll Lo (@\U; B(ag, Ree)) — 0 as € — 0.
2. |a; — a;| > R.e fori# j and dist(a;, 0Y) > R.e for every i.
3. The d; = deg(u, 0B(a;, R:€)) are all nonzero.

4.
. - a
(2.29) lim ||u: — V; ( > =0
e=0 € L>(B(ai,Re¢))
where V; is some solution of degree d; of (2.25),
.
(2.30) lim Ouel| _ / Que| ¢,
e—0 0B(a;,Re¢) ov 0B(a;,R:¢) ov
6.
ey ]2)2
(2.31) lim % = 2d?
£=0/B(a;,R-¢) €
1 1— V; 2\2
(2.32) lim E.(ue, B(ai, Re€)) — / IVVi|? + =il =0.
e—0 2 B(O,Rg) 2
Moreover, for every a < 1, and every subset I of [1,n], we have
E ,UjerBl(a;, R, l—a
(2.33) an 3 d? < = (e, Vier Blai, Ree™™®)) Cliog £|/2e"=2|| .| s2(qy + o(1)

o <

13



Proof. We have already found the points a;. In view of Lemma 2.5, we may blow up around
them to find that v.(x) = uc(a; + ez) converges in H2(B(0, R)) for every R > 0 to some V;
solution of (2.25). Now, following [CM2], we may find by an abstract argument R. — oo,
with R. < C|log €| and 2), such that {|u.| < 3} C U¥_| B(a;, R.€) and

lim [[v: = Vills2(5(0,m.)) = O-

We deduce (2.29), (2.30), (2.31) and (2.32): H? convergence implies H'/? convergence of
the derivatives on the boundary (by trace). 3) comes from the fact that if d; = 0 then
(2.31) contradicts (2.24). But the choice of 3/4 was arbitrary, the same can be done to cover
{|ue| > m} for any m < 1. By a diagonal argument, one can then obtain 1).

There remains to prove (2.33). In the previous subsection, we may apply the method of
Proposition 2.1 with initial balls B;(0) equal to the B(a;, R-€), and obtain exactly as in (2.16)
that for every o < 1,

2)2
allog s\/ % < 2E.(u, By) + C' || fel| 12, llog €] 7/2,
Ui/ B, (0)c By, Bi(0) €

where the By, are disjoint balls of sum of radii < e®°8 €lR_e = R.e'~®. Combining this with
(2.31) leads to (2.33) and thus to (1.17).
O

3 Canonical phase and energy lower-bounds

We introduce the Green kernel G(z,y) solution to

(3.1) —A,G(x,y) = 0y in
’ %—S = (ig, %) (resp. G = 0 for Neumann boundary condition) on 0f2.

and S(x,y) defined by
(3.2) S(z,y) = 2nG(z,y) + log |z — y|.

It is standard that G is symmetric, and S is a C' function in © x Q. Also the renormalized
energy W, as introduced in [BBH], can be written with these notations

(33) Wd(al, s ,an) = _Wzdidj log |CL1' — aj| + WZdidjS(ai, aj)
1#] 2%

1
+ 2/ (- > diloglw — ai| + Zdis(fﬂ,ai)) (ig,0r9)
o0 i i

where the a;’s are distinct points in €, the d;’s are integers, and the last integral is taken to
be 0 in the Neumann case. If there are no vortices then we consider instead

(3.4) WOZ/QN<D|2

where @ = 0 in the Neumann case, and ® is a harmonic function with g—f = (ig, %) on 0f2
in the Dirichlet case.

14



3.1 Estimates for the canonical phase

The balls B; = B(a;, Ree) being given by Proposition 2.2, we denote by . = Q\U; B(a;, R.¢).
We consider

55 ~A® = 2m 3, did, inQ
' g‘f (ig, aT) (resp. ® = 0 for Neumann) on 052,

with [, ® = 0 in the Dirichlet case.

Then, we consider 6 the “canonical phase associated to the (a;,d;)”, the harmonic con-
jugate of ® in Q.. It is not univalued, however ¢ is well defined. Observe that 6 depends
implicitely on € since the points a; do. We will use the estimate:

(3.6) IVO(z)| < g where r = dist(x,{a;} U 0N),

and the following result:

Lemma 3.1. Let B(bj,p;) be any finite collection of disjoint balls (in number bounded with
e — 0), with p; > R.e depending on €, such that

1. U;B(a;, R-e) C UjB(bj, pj),
2. pj <K |bj —bj| for every i # j and p; < dist (U;i{b;},09).
3. Ya; € B(bj, pj), |ai — bj| < pj,
(these hypotheses allow in particular to take b; = a; and p; = Ree). We have

1

1
(3.7) / VO] = 3" D2log — + Wi (br, -+ ,by) + o(1)
2 Jo\u; B(v;.05) - pj

where D;j = deg(e?, 0B (bj, p;)) = Zi/aieB(bj’pj) d;.

Proof. The proof is quite standard, similar to results in [BBH] (except that here the a; depend
on €) or to [SS2], Chap. 9%). From (3.2), we have

(3.8) O(z) = — Z d;log |z — a;| + Z d;S(x,a;).
i=1 i=1

Using the fact that |a; — bj| < p;j < |bj — bg| for j # k, and a; € B(bj, pj), and computing
explicitly, we find

8(1)(213) _ —Dj ' '
(3.9) 5 =, (+o) on By,
(3.10) Vo) € —C i Q\U, Bby, ).

min; |z — bj|

For assertion (3.7), integrating by parts using (3.5), we first have

(3.11) 1/ V6|2 = 1/ |vq>\2_—z/ 1/ 3%
2 Jo\u;B(b;.0) U, B(b;p5) 9B(b;.;) 3V oo O

Snumber to be confirmed
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where v denotes the outer unit normal to 0B(b;, pj). Inserting (3.8), we find

3.12 / o—
(3.12) OB(b;.p;) OV

0P
:_/aB(bv S Y, dilogle—al- Y dilogle—ail+ Y diS(ra) | 5
5P Z/aiGB(b]',pj) Z/ai¢B(b]‘,pj) i
__/ D'IOL—E Dylog|bj — bg| + > DpS(z,b;)+ o(1) 0%
" ooy \ 50 k108107~ Ok > DpS(x, by 5
(J7pJ) J k#] &

where we have used the continuity of S, and the facts that on 0B(bj, p;), if a; € B(bj, pj),

log |z — a;| = log |z — bj| + log

b —
1+ ;_ =log |z — bj| + o(1) = log p; + o(1),

J
because |z —bj| = p; > |a;—bj|; and similarly if a; € B(bg, p), log |« —a;| = log|b; —by|+o0(1)
on 0B(bj, p;j). On the other hand,

_ / oo / _A® = 27D,
0B(by0) O JB(by0y)

Inserting this into (3.12) and using the regularity of S, we get

lii} 1
(3.13) —/ @a— = 271'D2 log — — 27 g D;Dylog|bj — by
0B(bj,p;) o Pj k#j

+27 ) " D;iDpS(bj, bi) + o(1).
k

Combining (3.11) and (3.13), we conclude that

1
(3.14) / VO)? =21 DQIOg——27r§ D; Dy, log |b; — by
2 Jo\u;B(b; ) r Pi eyt

+2m > D;DS(bj,by) + / Zlog\x—b\—i—ZDwa (ig, 0rg) + o(1)

7.k

thus (3.7) holds.
O

With the same kind of techniques, we can get the following result, which will be useful in
the sequel.

Lemma 3.2. Let B; be a family of balls as in Proposition 2.2, and let 6 be the canonical
phase associated to the (a;,d;)’s. If Br and By are two concentric balls such that Bag\Bj ),
1s included in Q and does not intersect any of the balls B;, then

2 2

(3.15) o | > d; 1ogE < / Vo <o | > d logE +0(1).
. ! BR\B , !
l/BiCBl RAZL Z/BiCBl

16



a0 |*

3 < O(1).

(3.16) /B »

If Br and B; are two concentric balls centered on 02 such that BQR\BZ/Q does not intersect
any of the B;’s, then

(3.17) /B . Vo2 < O(1).

Here the O(1) depends only on 2, on the number of points a; and on some upper bound on
> ldal.-

Proof. Let us first deal with the interior case, and the left-hand side inequality in (3.15). Since
Bar\ B/, does not intersect any ball, ¢ is well defined in Br\B; and the degree is constant
equal to Zi,BiCBl d;; that is, for every [ < r < R, we have

00
oB, 0T i/B;CB;

Thus, using the Cauchy-Schwarz inequality, we have

R
fow ™ =
Br\B, l 8B,

R 1 90\ 2 R
— ZY) ar=2 d; | log =.
/z 2mr </83,~ 57) A Z %
i l

This proves the left-hand inequality in (3.15).
For the other inequality, for both the interior and boundary case, let us evaluate

/ Vo2 :/ Vo
BR\Bl BR\Bl

Clearly, since Br\B; does not contain any a;, integrating by parts yields

00 ?
E dT

(3.18)

Y

)
(3.19) / Vo2 :/ @8—,
Br\B; 9(Br\By) ov

where v is the outer unit normal to each disc. Let us now study ® closer. For each point a;,
let us denote by a; its symmetric with respect to 9 (there might be several choices, but it
does not matter). Let then

(3.20) U(z)=—> dilogle —a;| + > dilog |z — a].

One can check that ¥ and %—3’ remain bounded on 9€) by some constant independent of the
a;’s. On the other hand, A(® — ¥) = 0 in 2, so in view of the boundary conditions for ® (see
(3.5)) we find, by the maximum principle, that ® — ¥ is bounded in € (in both Dirichlet and
Neumann cases). Thus, we may write

17



(3.21) O(x) = - dilog|z —a;i| + > _ dilog |z — aj| + O(1).

i i
Let us now first focus on the interior case. Denoting by x( the center of the balls B; and Bp,
let z € OB; and a; € By, we have

1 % %o

log |z — a;| = log |x — z¢| + log
T — g

a;—Z0

But, since a; € By, we have pra

’ < %, thus log ’1 — %‘ remains uniformly bounded
and we can write log |z — a;| = logl + O(1). Assume now that x € 0B; and a; ¢ By, that
means that a; is outside of Byp, then

r—x
log |x — a;| = log|a; — xo| + log |1 — 0
a; — o
and since |x — z9| < R and |a; — z9| > 2R we have ‘% < 1 and thus log‘l =

remains uniformly bounded. The same holds for a] which is always in Q\Byr. We can thus
write

(3.22)

O(z) =— Z d;logl — Z di(log |a; — zo| — log|a; — zo|) + O(1) for x € 0B;.
i/BiCBl/Q i/BiCQ\BQR

Similarly, for x € BpR, we have

O(x) =— Z d;log R — Z d;(log|a; — zo| — log |a; — zo|) + O(1).
Thus,
0P i — 0P 0P
9B v i/BiCBy s i/B;CR2\Bag a7 = @ol | Jon, Ov 0B | 9V

323) = [- Y dilgt— 3 diog 1% =%l ) [ o S 4| +o),

. ‘ |a} — xo| .
i/B;CBy/o i/B;CR?*\B2r ¢ J/B;jCBy2
where we have used (3.5) and the estimate (3.6) or in other words |[V®| < % on 0B;. Similarly,
od P — 0P
/ o—=|- >  dilogR— > dilogw — 4+ 0(1).
. . ‘ai - flf()| 0B, aV
Z/BiCBl/Q Z/BiCRQ\B2R

Substracting those two relations and returning to (3.19), we find

2
R
V|2 =27 di | log= + O(1).
[, v > o)

i/BiCBl/Q

18



This finishes the proof of (3.15). Comparing it to (3.18), we conclude that (3.16) must hold.
For the boundary case, one may check with similar ideas that (3.21) implies that @ is
bounded (independently of the location of the points and R and [) in Br\B;. Therefore

P d )] P
S 23 = Favcann %3+ U 301) *© (|
aBr\B) OV  Jaon(Br\B) OV 9BrNQ dBINQ

v v >
The contribution on 02 is zero in the Neumann case and is bounded in the Dirichlet case (in
view of the bound on ® and the boundary condition on a ) The contributions on 0Bg and
0By are bounded by the same argument as above (using |V®| < C or T) We conclude that
(3.17) holds.

O]

3.2 Lower bounds on the energy

Returning to u., we introduce p. = |uc|, and ¢, such that
(3.24) Ue = pee'?s in Q..

We also introduce the phase-excess ¥, = . — 6 in ()., observe it is a single-valued function.
Afterwards, we most often drop the subscripts €. We claim that from (2.29), for each i, there
exists a constant ¢; such that

(3.25) Y=¢—0=ci+o0(l) on dB(a;, R:c).

Also, 1 = ¢st on 012 in the case of the Dirichlet boundary condition, and g%; = 0 on 91} in
the case of the Neumann boundary condition.

In the next section, we will work alternatively in €. or in B(xz,1)\ U; B; where B(x,1) is
some ball of radius [ (possibly depending on ¢) included in 2 such that 0B(z,l) C €. In the
sequel D, denotes either ). or any subset of €. of the form QN B(z,1)\ U; B;, and D denotes
Q or B(z,l) N respectively.

Lemma 3.3. Assume u. satisfies (1.1), (1.8), (1.9) and (1.10), and hence the results of
Proposition 2.2. Then,

v

(3.26) Ee(ue)

1/ |V9\2+7T2d210gR +27 +0(1)
= WZd?logg+Wd(a1,~--, —I—Z'y

where V; is given by (2.29).

Proof. This follows arguments of [BMR, CM1]. Let D. = Q. or D. = B;\ U; B;. We claim
that

i0 1 2 2, 1 (1- 02)2 2
(3.27) Ee(ue, De) > Ec(e", D) + 5 poIVY|” + - — T p=VO -V +o(1).
2 Jp. 5Jp. € D.

Indeed,

/p2|w|2 — /p2|V<0+w>12
De

D.

(3.28) = /p2\v9\2+p21v¢\2+2p2v9.v¢.
De
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But, with Cauchy-Schwartz,

(58 (o)

By definition of 6, we have fﬂg Vot < ﬁ, thus, using R. — o0,

(3.30) /Ds(p2—1)|V0|2:0<</DE (1;2”2)2>§>.

Hence,

(3.31) /D p2|Vo? > /D Vo> + o </D “;ﬁ) +o(1).

We deduce (3.27). Arguing similarly, we also have

[ @ =ive-vu| < Vol () (1;2”2)2) (f roue)

C [ (1-p*?
2

(3.29) ] IR

(3.32)

IA
@)
N
S

=
o ||
Nl
[\
5
_|_
<
=
(Y]
N———

where we have used (3.6). Combining this with (3.27), we find
(3.33) Ee(ue,D.) > Ec(e?, D)+ | VO-Vip+0(1).
De

Particularising to D, = ()., using the fact that 6 is harmonic, we also have
00
Vo -V = —.
/ < v Zz: 9B; wal/

Inserting (3.25), and using [,, 92 = [, . 92 =0, we find that

/Qeve-w:ou)z:/%i

Using (3.6) again, we conclude that fﬂe V0 - Vi = o(1) and hence, from (3.33), we get

0
ov|

(3.34) E-(us, Q) > E-(€,Q.) + o(1).
On the other hand, from (2.32) and (2.28), we have
(3.35) E.(ue, B;) = nd?log R. +~v(V;) + o(1).

Adding to (3.34) and combining with Lemma 3.1, we have the result.
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As a corollary, we get the lower bound:

Lemma 3.4. Assume that ue satisfies the results of Proposition 2.2 and B(bk, px) s a family
of balls satisfying the hypotheses 1), 2), 8) of Lemma 3.1. Let the p;’s be the points of
accumulation of the a;’s with nonzero total degree. Then, with the same notations as in
Lemma 3.1,

(336) E-(us) =) |Dylllog e + Wn(p))

k
Ty > Dy Dy log |by, — by | + <Z]Dk\> v+ o(1),

j k);ﬁk//bk—q)j,bk/—ﬂ)j k

where Dj = Zbkﬂpj Dy.. Moreover, if there is equality in (3.36) then each Dy = £1 and each
B(bg, pr) contains only one a;.

Proof. From the results of Proposition 2.2, we have a family of small balls (a;,d;). Applying
Lemma 3.3, we have

(3.37) Eau) >y dlog % - Walan, s an) + 39 (Vi) + of1).

On the other hand, one can check that

(3.38) Walar, -+ an) =Wp(p;) =7 > > didylogla; — ag| + o(1).

J i [ai,a;—p;

For each given j, let us now study

T Z d?|log | — 7 Z d;d;y log |a; — ay|.

i/a;—p; i#1 [a;,a;—p;

The points a; converging to the same p; belong to several of the B(by, pi). It is again
easy to check from the properties on the B(bg, pr) that

(339) —m Y didgloglai—ay|=-7 Y DyDylog|b; — byl
i#i [ag,0]—p; k#k' /b b —p;

-7 Z Z d;dy logla; — ay| | + o(1).
k/bx—p; \i#t',ai/a; €B(bk,pr)

So we are led to studying for each k,

(3.40) s Z ?llog e| — 7 Z d;dy log |a; — ay|.
i/a;€B(bk,pk) i’ [a;,a, €B(bk,px)

We examine the a;’s belonging to one B(bg, pr). Let [; be the smallest distance between
two of the a;’s. Let us group together all the a;’s that are at distance O(l1) from each other.
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This makes several clusters of points. Over each cluster C,,, since the total number of vortices
is bounded, we have

— T Z didi/ log \ai — Q| = —T Z didi/ log l1 + 0(1)
i;éi’e(,’m i?éilec7rL

2
y o d - (Z di> logly +O(1).

1€Cm 1€Cm,

Therefore,

(3.41) Zdzlogf—w > didylogla; — ayl
i€Cm 1#£8 ECpy

2
=7 Z dQIOg— -7 (Z di> logly + O(1).

1€Cm 1€Cm

We now need to sum this over all m’s and add the interactions between the clusters themselves,
which have total degree 6}, = > icc,, di- Since they are all at a distance > [; from each other,
we may consider [y > [} the minimum of their distance. Let us again group the clusters
into clusters of size O(ly), at a distance I3 > lo from the others. The interaction within

each cluster of size Iy can be counted as —w > 0,6} logly = (E (5,%)2 - (X (5,%)2) log ls.
Adding up over all clusters of size l2, we find an energy

ﬂZd?logl;—HrZ(dl 1og——7r (Z(51> logla + O(1).

Again there remains to add this over all clusters of clusters, and add the interaction between
them, which is at the scale I3 > [y, etc... Iterating this process (which stops after a finite
number of steps since the total number of balls is bounded) we are left with an energy bounded
from below by

(342) =« Z d?|log e| — 7 Z d;d; log la; — ay|
i/aieB(bk,pk) i;éi’/az,a /GB(bk,pk)
l
2 1 1
Zﬂ"/ E;) )dilog€+7r2(5 log +7TZ 10gl2+ +7erlogl +0(1),
i/a; &Pk m

where Dy, is the total degree on dB(by, pi.) and each 6", the total degree of a cluster at scale
lp, is the sum of the degrees over all the clusters at scale [;,_1 that it contains. In other words,
we have Y, d? > >°.|d;| > |Dy| and similarly Y, (5%)2 > > |6%] > |Dg|. This means we
can bound from below (3.42) by

(343) = > dlfloge| -7 > didy log a; — ay|
i/aiEB(bk,pk) i#i’/ai,ai/GB(bk,pk)

l l 1 1
> 7| Dy <10g51 —Hogl—2 +---+log ) +0(1) = 7T|Dk\logg + O(1).
1

lq

22



Moreover, this inequality is sharp if and only if > ,d? = >".|d;| = |Di| and Y, ((5,@1)2 =
Yom |6 | for every h. The first relation implies that each d; is equal to 41, the sign being
equal to that of Dy. The second relation implies that each 57}; = 41, which means that there
is only one cluster at each scale, so in fact there can be at most one vortex a; of degree +1
in B(bk, pr), and Dy = £1 (or 0). In that case, then the lower bound above can be replaced
simply by m|Dg||log €|. If this is not the case, then we have dropped some term in (3.42)
of size mlog l}f—’il which tends to +o00 by construction of the [;’s. Thus, in all cases, we may
replace (3.43) by

1
(344) 7 Y difloge| - > didy log la; — ay| > 7| Dy|log = + R,
€
i/a;€B(bk,pk) i’ [ai,a; €B(bk,pr)
where R. — oo, unless D = 41 or 0, with at most one vortex of degree +1 in each

B(bg, pr.), in which case R, = 0. Combining this to (3.37), (3.38) and (3.40), we find

(3.45)

) > WZ | Dil|log €|+ Wp(p;)—7 > > Dy, Dy log [br—by [+ Re+> _ v(Vi)+o

J kik//bk_)pﬂbk’_’p] e

If R — +o0 this implies the desired relation (3.36). If not then all the small vortices are of
degree £1, so v(V;) =« for each ¢, which implies again (3.36). O

4 The substitution lemma and Theorem 1

This section is inspired by the analysis of [CM1, CM2]. It needs to be readjusted to the case
where only (1.1) is known, and also to be localized in small balls. The main result we obtain

by this method is the following (we recall we work in D, which is alternatively Q. = Q\ U; B
or B(a:, l)\ U; Bz)

Proposition 4.1. Assume u. satisfies (1.1), (1.8), (1.9) and (1.10) and the results of Propo-
sition 2.2. Then, with the same notations as above, as € — 0,

1
(4.1) /Q VUl + V0P + 55 (1~ 922 < Clfell3agay + D),
and
(4.2) Ee(ue, ) < Es( Q) + C”JCEHH +o(1).

Let x be a given point in Q, and let us denote

1 2 (1 — p?)2
(4.3) F(l) = / rvw\2+f|w|2+f—( ? S
B(z,)NQ\U; B; 2 5 €

If either
1. x € Q, 1 < dist (x,00) and dist (U;{a;},0B(z,1)) > e+/|log €| is satisfied, or
2. x € 00 and dist (Ui{a;},0B(x,1)) > e/|log ¢
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then the function F satisfies a relation of the form

[+ KI?

(4.4) F(l) < —5—F'() + K(llf:ll 2By + DVED) +o(1)

where K (and the constants and o(1) above) is a constant depending only on 3, M, Q and g.
The proof requires many steps which we separate into lemmas.

Lemma 4.1 (Substitution lemma). Under the hypotheses of Proposition 4.1,
A 2 9
(45) B0 = w02 5 [ (et (=) g [0 [ e
D, D,

1 1 1 dp
— [ VeV +/ 1—“+/ <—>+01,
b V¢ vt DE( p°) 3 oo\ 5, T o)

where we recall u = pe*? in Q..

1

Proof. For any real-valued functions ¢ and % <n< % in D., we may consider v = ne*u,
npe¥t¢ and we have

1

(4.6) E0.D) =5 [ 9G0P + PV VP + o5 (1= o)

2

Expanding all the terms, we find

1
(4.7)  Ee(v, Ds) = Ee(ue, Ds) + 2/ (772 - 1)]Vp]2 + 02|V77’2 +2npVp-Vn
D.
1
+ 020" = DIVl + p" [VCP + 20" Vo VC+ o5 (=20°(1 = p*) (0" = 1) + p' (1 = 7%)?)
But, taking the scalar product of (1.1) with e yields
(4.8) —Ap+p|Ve|* = (1 — %)+ (f,€) in D..
Multiplying (4.8) by (n? — 1)p and integrating, we find
2 dp 2 2
(49) - " =Dpg+ | (" = DIVpl” +20pVn - Vp
oD, v D.
2 .
4208 = DIVl + 50 =0 =) = [ (et = 1)
Inserting this into (4.7), and using (2.30), we find
1 :
(4.10) E.(v,D.) = E.(u,D;) + 2/ (fe,e)p(n* = 1)
1 v? 22v2 71_22 222v v 1 2_1@ 1
+ PPV + PPV + S5 (1= 17)? + 20°0° Vi - VC + (0" = Dp5- +o(1).
2 De 2 oD ov

Choosing specifically ( = —1) and n = %, we find (4.5). O

24



Lemma 4.2. Under the same hypotheses,

(4.11) /DE(pQ—l) <;|w|2+ve-w> +§/DE(1_’)2>2+1/ |Vp|?

and

(4.12) E.(us, D.) < E.(e",D.) + C/ 11— p?|
oD

dp
— . 1).
8v'+/DEW V) + o(1)
Proof. Adding up the relations (3.27) and (4.5), we find

(4.13)
1 ) s (1 1 / (1—p?)? 1/ 9
> — IDIAV4 — — -~ 7 4
0_2//35(p+)’ 1/1\+<5+4> p. € "3 DEp

L
28D aV

1
v
p

‘C/DE Ll — 1] + o(1).

2
+ [ (PV8-Ye)- vy

p

Hence, splitting ¢ as 6 + 1, we get

1 2 1-p%)2 1
) [ -0 (vo-vesgoep)+? [ BEE L Lo

<C [ 1-p
0

dp 2
81/‘+0/Dslfsllp 1]+ o1),

where f,, |fellp? =11 < [1ell 2o llo? = sy < Cellog el el 2o,y < o(1) by (1.10), henee
the result.
Similarly (4.5) implies (4.12). O

Lemma 4.3. Under the same hypotheses,

(4.15) ' [ #ve: w' < Ollfell o | Vbl 2y +0(1),
(4.16) | o=V, w' < Ol IVl 2y + (1),
and
(4.17) / (VO — p*Vp) - Vi

B(2,1)NQ\U; B;

_lrer 2)2

2(1 —
< [ e (
2 8B(z, )N

p
a2t Cll| fellL2(B@u) IVl L2(Bpno\w; B;) T o(1)-
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Proof. Taking the inner product of (1.1) and du, we find
(4.18) div (p*V) = (fe,iu)

Thus,
div (p*V — V) = (f.,iu) in D.

We now let 1) denote, if D is a ball not intersecting 052, the average value of ¢ on 9D, if D is
a ball intersecting 0, either in the Dirichlet case, the constant value of 1 on 92, or in the
Neumann case, the mean value of ¥ on D N Q; finally if D = Q, either the value of ¥ on 9f)
in the Dirichlet case, or the average of ¥ on 92 in the Neumann case.

Let us then multiply (4.18) by ¢ — v, and integrate by parts. We find

s jo-0(84%) {3
wio) [ 90-pve) Vo= [ w5 -5 ) o ([ -
Moreover,

— 00 00 — 0P
/BBi(w - @ZJ)% = /63i(¢ - Cz)% + /aBi(Ci — w)g =o0(1)
by (3.6) and (3.25). Also,

20p 209 2 0p
[w-005 = [ wocrtfie [ e-ny

= o(1) — (¢ —7/))/ (fe,1u),

7

where we have used (2.30) and (4.18). We may always extend ¢ inside D N (U;B;) into a
function 1) in such a way that fB (a1, Re6) |v¢| < CfB (a1.2R-€)\ B(as, Rec) |V1)|? (see for example

[BMR]), so that we have [} V]2 < C Ip. |V|2. Moreover, we can do it in such a way that

19 — cill Loy < ¥ — cill Le(am,) = o(1).

Using this, we find

=0 [ eiw] < [ W=+ [ 0=l
< [ 1B =TI + ol Reel ol )
B;

We may thus conclude with (4.41) and (1.10) (combined with R, < |log £]) that

) [ ©0-5e)-vo=o([1nli=a)+ [ @D (5 -5 ) o).

In the case D = Q, in view of the boundary conditions (¢ = ) or g—f = 0), the second term

in the right-hand side vanishes identically, so
(4.21) [ @o-pve)-vu=o( [ 1115-71) o)
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Following the exact same steps, we can deduce that

(4.22) / 5 pQVw-V¢=O< [ a9 wr) +o(1).

But, by a Poincaré type inequality, we always have

(4.23) |fell — @] < CID||| o)l 120Vl L2 (.
D

where |D| denotes the half-diameter of D (a constant if D = Q and [ if D = B(z,[)). (Recall
that if D intersects 0f), then it is a ball centered at a point of the boundary, essentially a
half-disc if { is small, by smoothness of 9Q2). From (4.21) and (4.22), we already deduce that
(4.16) and (4.15) hold.

There remains to bound the other term of the right-hand side of (4.20). In the case
D = B(z,l) N Q (the only one left to consider) we observe that since ¢ = 6 + 1, in view of
the boundary conditions and the choice of 1, we have

— (00 00\ v 290 _ 2%
a2 [ w5 -rg)= [ wemu-mg - [ wewrg

Let us now distinguish between the cases where B(z, () intersects Q2 and not. If D = B(z,1) C
), we may use, as in [BMR], a sharp scaled Poincaré inequality on 0B(z,l): observe that

T2 < P2 o0 |2 d &/;2% §<1 ol
faB(:v,l) [ =" < fBB(z,l) or| an f{)B(m,l) or faB(z,l) >3 faB(x,l) V[,
Inserting this into the above, and using p < 1, we are led to
1
2> 3

aB(x,l) | OT OB(x,)

/8 T
l

(4.25) < / V.
2 JoB(x,0)

When D = B(z,l) N Q and = € 912, then, we may calculate explicitely

JEwR

@2

ov

O

ov

IN

4.26 i s
(4:26) neH3 (0,5) JEn2 L
and
L
h/2 2
(4.27) win o P _ ™

Applying this to the curve dB(z,1) N ) parametrized by arclength, we find, using (4.26) in
the Dirichlet case and (4.27) in the Neumann case, in view of the choice of 1,

(4.28) [ - < B0 Lk / o
OB(z,1)NQ - w2 DB(2,)NQ

or
where |0B(x,1) N Q| denotes the length of 0B(x,1) N Q. Using the fact that 9 is smooth, we
can write

2

0B(z,1) N Q| < 7l + CI2
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(that is 0B(z,1) N tends to a half-circle as [ — 0). Inserting into (4.28), we find, in place
2 0¥

of (4.25),
B 2\ 2 2\ 3
/ (=) o-| < <<12+Cl3)/ ) (/ )
2B(x.) v OB(2,1)NQ OB(x,)NQ

1
(4.29) < —(I+ 052)/ (V2.
2 OB(z, )N
On the other hand, for both cases (boundary and interior), using (3.6), we have |V0| <

\/|107| on 0B(x,l), hence
og ¢le

9y

v

9%
or

[N

— 06

RN _o(1) P -\
/83(z,z)n§zw vIa=e )3’/ V/ |log ¢ (/83(z,l)ﬂ§2|w 4 /aJB(x,l)mQ g2 )

1
1 1-p%)?%\°
V/|log €] B(z,0) oB(z )N €

where we have used a trace inequality. Using the fact that [, V|2 < [ |[Vul*+ Jo. Vo2 <

Cllog €|, we deduce
- 2, 00 ! (1-p%)?°
[ w-nu-mg <o <1+2/OB(M k. )

Combining with (4.20) and (4.23), we conclude that (4.17) holds. O

Lemma 4.4. Under the same hypotheses, we have the estimates

130 | [ = 1@v0+ 590)- | < CITUla, + o)
(4.31) /QE(,F —1)(2V0 + ;w) : w' <o (/Q %(1 -p°)?+ /Q yw\?) +o(1).

Proof. For the first relation, let us write

[ a-pwep < [ _a-Avep s | R Nk
D. Denfjul21- -t} Den{lul<1l-rom}
_2)\2 2 3
(4.32) < 02/ Vy|* + / % (/ ’W"Z>2
llog €|? Jq. Den{lul<l-pto) € De

where we have used the fact that |Vi| < % Now, using the fact that fﬂs |V|? < Cllog €|
and combining this to the result of Proposition 2.1, we conclude that | p.(1— P2 |IVy|? <
o(1)+C|IVY|lr2(p.)- A similar reasoning (using V| < € in Q.) works for fDE(l—pz)Vﬁ-V@b,
and we deduce (4.30).

The other relation is a direct consequence of (3.32) and p > 1 —o(1) in .. O
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Lemma 4.5. Under the same hypotheses,

(4.33)
1— 2\2
/ v L=l <o 1=p?(|Vp|+o (1 - / rw\?) 7
B(z,1)NQ\U; B; € OB (z,1)NQ B(z,1)NQ\U; B;
and
1— 2\2
(4.34) / \Vp\Q + # < o(1) (1 +/ |V¢|2) .
Qe € Qe

Proof. Indeed, returning to (4.11), we find

/ o LS “< C/
& DE

Using (3.32) and the fact that |1 — p?| = o(1) in D, (from 1. of Proposition 2.2), (2.30) to
get rid of the terms on 0B;, we easily find that (4.33) and (4.34) hold. O

— +o )+C'/ (p* — 1)v9-v¢’+c/ 11-p?|| V)2
Dg Ds

These relations will be used later.
We are now in a position to give the full

Proof of Proposition 4.1. The control of the excess energy comes from (4.11). We just observe
that
(4.35)

(1) (ve Vgt ;\W) — (VY24 (VO p2V) - Vi + (0~ 1) (we v+ irwﬁ) ,

and combine (4.11) with (4.16) and (4.31), to find
(4.36)

2 1
(1=o(t) [ VU (1-o0(1) /Q (1= )’ /Q 310 < Il -l o)

The relation (4.1) follows directly. Similarly, using (4.30), we are led to

(4.37) / VU + IVl + g1~ )2
B(z,1)NQ

[+ CP? 2
< / IV|* + !Vp!“rf(l—p )?
OB(z,l)

+ ClIVY L2 (B o\usB)) U fell 2By + 1) + o(1).

Setting F(I) = fB(x DNO\U; B; V% + 3| Vp|? + 2 5 62 ) , we deduce that F' satisfies (4.4).
Also, returning to (4.12), and using (4.15) and the same other arguments, and combining

o (4.1), we find (4.2). O
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4.1 ODE approach
Here, we give estimates for F' given that it satisfies the differential inequality (4.4).
Lemma 4.6. Let f be a nondecreasing function on an interval [r, R] with R < L, satisfying

x + cx?

(4.38) Vo € [ R, f(z) < —5—f'(2) + 9(2)V f(z) + b
for some continuous function g, then

2 r
(4.39) F(r) < Oz f(R) + 2% (G(R) = G(r))* + 2b (1 . E> ,

where G is an antiderivative of % and C = 2(1 + Lc)?.
Proof. Dividing (4.38) by 22/ f(x), we find

i@ _ S ef@ g b
TN RN/ RN Y

@) e observe that B (x) = f2)  _ » f(x), and thus

Setting h(x) =

x - me x?
. B (x)+c / T 9(z) b .
(4.40) 0< @) +e(VF) @)+ = B

Integrating between r and R, and using the monotonicity of f for the last term, we find

VIO < S 4 o /) - e/ T+ 6(R) - G) + = (1 %)

fr)\r R
Thus
J:f” < V(R (; + I;;) +G(R) = G(r) + ;@ (i - ;) -

We observe that this is of the form A\? < aj\ + ag where A = \/f(r). Using the fact that for
such an equation we have \? < a% + 2a9, we deduce

f(r) < (W\/ﬂ}%) +7(G(R) — G(r))>2 + 2 (1 _ %) ,

the relation (4.39) follows directly. O

4.2 Proof of Theorem 1
Proof of (1.13), (1.14), (1.18) and (1.17)

(1.13) follows directly from (4.1), and (1.14) from (1.13) combined with (4.34). For (1.18),
we start from (4.2), which, combined with Lemma 3.1 (applied to the B(a;, R.€)) yields

1
EE(u87QE) <7 E dz2 10g R.e + ”d(ala to aan) + CHfEH%Z + 0(1)'
- €
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But, from (2.32) and (2.28), we find
E.(ue, B(ai, Ree)) = md; log Re + (Vi)

With Lemma 3.3, the result (1.18) follows.
Finally, (1.17) was proved in Proposition 2.2.

Localised estimates

We recall that [ > e4/|log €|, so we can find a quantity \/|log ele < Q. < [. Let us first
consider the boundary case, i.e. € 952, and let F'(I) be defined as in (4.3). Since the number
of points a; remains bounded by some ng, the set S = {l € R/90B(x,1) N (U;B(a;, Q:)) # &}
is a finite union of fewer than ng intervals, with total length < CQ.. Let us write SN[0, R] =
[t1, 7] U [ta,t5] - - - U [tg, t},], where t; < t] <ty < th- - < tpy1 = R < 1. Assume now [ is
given, and | € [t},t;11], (4.4) holds in that interval. We may use Lemma 4.6 with f = F,
g(l) = Kl|| fell 2(B(z,r)) +1 and b the o(1) found in (4.4), then G(I) = K log!||f: |l r2(B(z,R)) —
thus we find

2

I " 2 N
z+1

But, F(tiy1) < F(t;, ;) and t;41 < 1, so
? / 2, 21y, 0
(4.41) F(l) < CtTF(tiH) +4(1+0"log ij(SHLQ(B(x,R)) +2b.
i1
Similarly, using (4.4) on [tj, |, ti2], we have
( z+1)2

z+2

(442)  F(t,)<C

Flth) + 4 (1 (1) log? ufsuiz(B(z,R))) o,

z+1

The same relation holds for any i < j < k + 1. Now observe that since ¢;41 > t;- 41— Qe, We

have ) on
2 o(tha)” ()2 P <1+0@s> voor
o, 2, R SR l - R?

in view of the assumption [ > Q.. Using this and combining all the relations of the type
(4.42), we are led, after some calculations, to

l2
(4.43) F(l) < C 15 F(R) + Cl*log? *erHLz (@) T C

where C' is a constant (depending on ng). On the other hand, from (4.1), we have F(R) <
CHfEH%Q(Q) + o(1), thus, taking R =1,

(4.44) (1) < CP|| 320 o> + C.

If I belongs to some interval [t;, ¢;], then we may get (4.44) for t;, and using F(I) < F(t;) and
t; <1+ Q. < 2l, we deduce that a relation like (4.44) still holds.
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For the interior case, let z € Q and let R = dist (z,09). Let us denote F' by Fj to keep
track of the center point. If [ > R, then there exists xo € 02 such that B(z,l) C B(x,2l)
and thus F,(I) < F,,(2l) and the result follows from the boundary case. If | < R, then,
arguing exactly as above, since B(x, R) C © and (4.4) holds in the interior case, we can get
similarly (4.43), that is

2

l 1
(4.45) Fp(l) < C 7z Fo(R) + C110g? |1 feli (e my) + C

If R > 1, using (4.1), we are done. If not, we can find xg € 02 such that B(z, R) C B(xo,2R),
thus, using the result (4.44) for the boundary case

1
Fy(R) < Fyy(2R) < OR?|| f-||32 log? 7t C.

Combining with R > [ and (4.45), we find

1
Fo(l) < CP||fell7z log” 7 + C,

that is (4.44) is proved in the interior case as well, and we always have

2 2 (1—|U|2)2 <C Cl21 2l 2
e + 1902+ LT oy o101 2,

(4.46) o

/B(m,l)ﬁQ\UiBi

In order to prove (1.16), let us use (4.33) on B(z,s):

(4.47)

1— p2 2
/ v U <o 1=V pl+o(1)+o ( / |vw|2>
B(z,s)NQ\U; B; € OB(z,s)NQ B(z,s)NQ\U; B;

Let us recall that [ > e4/|log €| > e. Thus, from (4.47),

1— 2\2 1_ 212
/ e e T == e VP
B(z,5)NQ\U; B; € dB(x,s)NQ € B(z,5)NQ\U; B;

Integrating this relation for s € [I,2]], we easily deduce that

1— 2\2 1 2\2
z/ v L) §C’5/ P+ L2 oyt z/ Vo2
B(z,1)NQ\U; B; € B(z,21)NQ € B(z,2)NQ\U; B;

Inserting (4.46) and the fact that [5 |Vp|? + % = O(1) (from [BMR] for example), we
are led to

1 —p?)? € 1
[ el B < (05 o) (P1og {1l + € ) + ol
B(z,l)\U; B; € ! !

and since we assumed €/l — 0, we conclude that (1.16) holds.
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We now prove that the second upper bound in (1.15) holds. For that, let us return to the
proof of Proposition 4.1. Inserting (1.16) into (4.32), we have

1
i) [ = AT <o) (14 tog I lzpiean ) IV, + ol
In place of (4.37) we can now write

(4.49) / VUl + 1Vl + g (1~ )2
B(a,1)NQ\U; B;

1+ CP 2
<[ VP IV (-
OB (z,l)NQ

1
+ CIVY[ L2 ((B(w,1)\Ui Bi))© (l log T”fSHLQ(Q) + 1) +o(1).

Then, we apply the same reasoning as before, i.e. use (4.39) this time with g(I) = ¢(Ilog %HfEHLQ(Q)‘I—
1), where ¢ = o(1), and the same method. Since G(I) the anti-derivative for g/I? is equal to

c(—logl — 1), we find in the end, in place of (4.44),
F(1) < o(1)(I®log U] fe ]| 720y + 1)
and we may conclude as before that (1.15) holds.

Remark 4.1. When f. =0, Theorem 1 reproves the result of [CM2] without the need of L™
estimates on 1 — |u|? in Q..

5 Proof of Theorem 2

As we mentioned, the proof relies on the Pohozaev identity as in (2.7) or as in [BMR],
combined with Lemma 3.2.

5.1 Interior case

Case Ez 1 z (Z d)

We denote by Bpr the ball centered at xg of radius R. Let us apply Lemma 2.2 with » = [ and

2)\2
R < Kl/2 so that Bagr\ By, intersects no B;. Denoting f(s stmQ a ‘;g' )
(2.7) and (2.8), we find

fon e+ [ 22

(1= Ju?)?
< Tl
Br\B; 2e BRr\B,

hence
2 2\2
1—u

" f(s)
(5.1) /l SdSS/BR\Bl o

, and combining

ou|?
or

ou|?
or

R? R
T [ Ao el IVl 2,
Br\B

@
or

R? R
+ ZHfEH%?(Q) + Cllog TV |log el[| fellL2(B))-
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But, in B\ B, we have

2

0
G2l <Vl = [Vl 4 p*IV0 + Vo .
We claim that
(5.2)
1 1
[ ver-cRod lfR-C< [ AVOrVeP< [ [VOP+CR o8 L lRC
Br\B; Br\B; Br\B,

Assuming this holds, let us insert this relation into (5.1), and use (1.16). We are led to

R S
(5.3) /l fi)

Now observe that for all s > [,

f(s)Z/B (1—|u| >27er2—0

in view of (2.31). Thus, using (the relation x < 22 + 1), (3.15), and inserting this into (5.3),
we obtain the relation

R 1
< [, 190+ Cliog TV Iog Il 25 + O o Bl +
R 1

<2w2d2 — o ) log— <27 (Zd) log +C+CR2 log? —||f5HL2 y+C1 log V og el fell z2(0)-

But we assumed (Z d;)? ZZ 1 d?, and because these involve integers, the difference is
at least 1. We deduce

R
(5.4) log — — C < CR?log” fllszLz + Cllog — vllog elllfell 2@y

where again the constants depend only on 3, M, 2, and g.
We then distinguish two cases. Either the first term in the right-hand side C'R? log? 1 f1122
is less than the second, in which case we deduce

R R
IOgT —C < Cllog TV |log &l|| fell L2 ()
and taking R = Kyl/2 with K, large enough (K thus depends only on 3, M, 2 and g), we
find

C

2
(5.5) 1fellz20) = Pflog |

In the other case, CR?log? & f-||2, > llog #/|log el fell L2y, taking again R = Kol/2, we
find

C C
Kng log? %d

(5.6) 1fellZ20)
Z Relog’ L

The theorem is thus proved in this case.
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Proof of (5.2)

As in the proof of Theorem 1, we can extend 1 inside B; in such a way that fBR |Vy|? <
CfBR\B [Vy|? < CR*log® £||f-|22 + C (from Theorem 1). Then, using the fact that

faBR faBl 5= =0,

/ P2Vl + V2 = / p2]V9]2—|—p2|V¢]2+2/ ve-w+2/ (p?> —1)VO- Vo
Br\B Br\B, Br\B, Br\B,

- / PRIV + 2|V
Br\B;

2_1yve. 90 —wmy—2 [ Py
=3 VOV /BBR o= vn) 2/aBl o (= ),

where g and v; are the averages of ¢ on 0B and 0B respectively. On the other hand, by
trace theorem and Theorem 1, faBl v — | < CUINVY[ 2, < C1?log? £l z2 + o(1), while

Vo| < ¢ on 8B, thus
]

1
< C’llongngp +C

00
/Bz 5(1# — 1)

and the same holds on dBg. Arguing as in Lemma 4.4, we also have
1 1
/ (P> = 1) (IVO]* +2V0 - V) < CRlog —||fellr2 + C < CR*log® —|| - ]2 + C.
Br\Bi R R
Using (1.15) again, we deduce that (5.2) holds.

Case (3, di)? > Y0, d7
We start again from (2.7) and (2.8) and are led to
(5.7)

2
[ R 0,
Br\B; Br\B;

First, using (3.16) and Theorem 1, we have

(5.8) /B "

On the other hand, from (5.2), we have

1
/ Vul? > / VO] — CRlog? L] — C
Br\B, Bgr\B, R

But if we combine this with (5.8), we must have

/BR\BI

ou|?
or

@
or

R? R
i / 2 +Cllog 2\ /log 1 2.
4 JBp\B, !

2
< C + CR*log? RHszL2(Q)

' (04 )

%2
or

1
> / VO] — CRlog? | fu]% - C
BR\B, R
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Combining this with (3.15) and inserting it and (5.8) into (5.7), we are led to
(5.9)

k 2 R
R f(s) 2, o1 2 R
27 Zdi logT < l Tds+C+CR log EHfEHLg(Q)—I—CllogT\/\log elll fell2(o)
i=1

Meanwhile for all s < R,

_ ul?)? )2
“m)“$:ﬁk3u;”'ﬁéwk3“<L”

=11

k
1
< QWZdzZ +o <R2 log? RHfEH%g) +o(1)

=1

where we have used (2.31) and (1.16). After integrating, this yields

k
R
27 (Zdl> log— < (27er2+o (1)R?1og? —||f€||L2 +o(1 )) logT

=1

+C + CR?log® *erHLz + Cllog — \/\log&?HfaHL2(Q

and hence

k 2
C
2T <Zd’> — 271'2d2 < CR?1og? f||f5HL2 + Cly/|log el|| fell L2 () + o gE +o(1).
=1 l

=1

Since the left-hand side is at least equal to 27, we find, if R = Kyl/2 with K( large enough,
that

1
C < CR}og? LI 1ul12: + C1y/Tiog Il el 12

Distinguishing two cases as previously, we may conclude that

102 > min (S — < ).
I?|log €| 12log*

5.2 Boundary case

The proof is roughly the same. Assuming R < %, we may use (2.20) or (2.23) to get in any
case

R
sy [Heo v+ S or (14 Tog )
l S (Br\B1)

Arguing as in the interior case and using (3.17), we get

/ IVl + 3—f¢l<c+oﬁbgfwwp
(Br\Bi)NQ g2
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and also flR fis) > (2m Y, d? — o(1))log & > 7log £. Inserting into (5.11), we find

R 1
mlog — < C'+ CR*log® = fo[| 2 + R/ Jlog e[| fe[| 2

and arguing as above, we deduce, taking R = Kol/2 with Ky large enough, that || |7, >
min ( R2|I€g ey 106;2 T ) from which the result follows.

Applying Theorem 2 in the case f. = 0 i.e. for a solution of Ginzburg-Landau, we obtain
Corollary 1.1.
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