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Abstract

Recent work of Eliahou, Kauffmann and Thistlethwaite suggests the use of
braid actions to alter a link diagram without changing the Jones polynomial.
This technique produces non-trivial links (of two or more components) having
the same Jones polynomial as the unlink. In this paper, examples of distinct
knots that can not be distinguished by the Jones polynomial are constructed
by way of braid actions. Moreover, it is shown in general that pairs of knots
obtained in this way are not Conway mutants, hence this technique provides
new perspective on the Jones polynomial, with a view to an important (and
unanswered) question: Does the Jones polynomial detect the unknot?

ii



Table of Contents

Abstract ii
Table of Contents iii
List of Figures v
Acknowledgement vii
Chapter 1. Introduction 1
Chapter 2. Knots, Links and Braids 3
2.1 Knots and Links . ... 3
2.2 Bralds . ... 5
Chapter 3. Polynomials 8
3.1 The Jones Polynomial .......... ... ... .. i 8
3.2 The Alexander Polynomial ........... ... ... ... o .. 9
3.3 The HOMFLY Polynomial ..............ccoiiiiiiiiiiiiiann. 13
Chapter 4. Tangles and Linear Maps 21
4.1 Conway Tangles ...... ..o 21
4.2 Conway Mutation .......... ..o, 25
4.3 The Skein Module . ...t 27
4.4 Linear Maps .. ....vitoit ittt e 31
4.5 Brald ACHIONS ..ot 32
Chapter 5. Kanenobu Knots 37
5.1 ConStrUCEION . ..ottt e 37
5.2 Basic Examples ... 41
5.3 Main Theorem . .......o.inii e 42
5.4 EXamples . ...t 46
5.5 GeneraliSation . .... ...t 50
5.6 More Examples ..... ... 53
5.7 ODSErvations . .. ...t 59

iii



Table of Contents iv

Chapter 6. Thistlethwaite Links 62
6.1 ConsStruction . ..........iiiit i 62
6.2 Some 2-component examples ............ i 69
6.3 A 3-component example ......... . 70
6.4 Closing Remarks ...t 71

Bibliography 72

iv



List of Figures

2.1
2.2
2.3
24

4.1
4.2
4.3

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5.10
5.11
5.12
5.13
5.14
5.15
5.16
5.17
5.18
5.19
5.20

6.1
6.2
6.3
6.4
6.5
6.6

Diagrams of the Trefoil Knot ........... .. ... .. 3
The Hopf Link . ... i e 4
The braid generator o; and its inverse ................ccovvviveen.... 7
The link 3 formed from the closure of 5. ... .. 7
Some diagrams of Conway tangles ..................ccciiiiiann.. 21
The generator €; . ........uuueriiii e 30
The tangle TP € Sa oot 33
The Kanenobu knot K(T,U) ..o, 37
Distinct knots that are not Conway mutants ...................... 43
Example 1 ... 47
Example 2 ..o 49
Another diagram of the Kanenobu knot K(T,U) .................. 50
The link [B] .o 50
The closure of a Kanenobu braid ............... ... .. ... ... .. 51
The braid 0305 101 oot 53
The Kanenobu braid (0305 'o1)(05%0405) oo 53
The knot ‘(051)’02_101)(05_30405_1) ................................. 54
The knot K(0,0) ~ 5o # 53 oo 55
The knot K (09, 05 1) « oottt 55
The braid 0705301 oot 56
The Kanenobu braid (0205 01) (05 203051 oo, 56
The knot ‘(0%02_301)(05_20205_1” ................................. 57
The knot K(0,0) ~ 61 F# 67 «.ooeriii 58
The Knot K (09,05 5) «u ettt 58
The 2-bridge link obtained from € Bg. ..., .. 59
The square knot 31 #37 . ... 60
The knot ‘(0102_101)(05_10405_1)‘. ................................. 60
The Thislethwaite link H(T,U) ....cooiiiiiiiiiiii . 63
The link H(0,0) ..o 63
The braid w € Bg ..o 66
The link H (T, U% ) oo 67
The result of w? acting on H(T,U) .....oviiiiiiiiiiiaaiiiaainn.. 68
The result of w? acting on H(T,U) «....ovviiiiiiiiiiiiaiiiin.. 68



List of Figures

vi

6.7 A non-trivial, 2-component link
6.8 A non-trivial, 2-component link
6.9 A non-trivial, 3-component link

vi



Acknowledgement

It’s a strange process, writing down the details to something you’ve been work-
ing on for some time. And while it is a particularly solitary experience, the
final product is not accomplished on you’re own. To this end, there are many
people that should be recognised as part of this thesis.

First, I would like to thank my supervisor Dale Rolfsen for ongoing patience,
guidance and instruction. It has been a privilege and a pleasure to learn from
Dale throughout my undergraduate and masters degrees, and I am grateful for
his generous support, both intellectual and financial. I have learned so much.

Of course, I am indebted to all of my teachers as this work comprises much of
what I have learned so far. However, I would like to single out Bill Casselman,
as the figures required for this thesis could not have been produced without
his guidance.

To my parents, Peter and Katherine Watson, family and friends, I am so
fortunate to have a support network that allows me to pursue mathematics.
In particular, I would like to thank Erin Despard for continued encouragement,
support and perspective, everyday.

vii



Chapter 1

Introduction

The study of knots begins with a straight-forward question: Can we distinguish
between two closed loops, embedded in three dimensions? This leads naturally
to a more general question of links, that is, the ability to distinguish between
two systems of embedded closed loops. Early work by Alexander [1, 2], Artin |3,
4], Markov [24] and Reidemeister [29] made inroads into the subject, developing
the first knot and link invariants, as well as the combinatorial and algebraic
languages with which to approach the subject. The subtle relationship between
the combinatorial and algebraic descriptions continue to set the stage for the
study of knots and links.

With the discovery of the Jones polynomial [15] in 1985, along with a two
variable generalization [12] shortly thereafter, the study of knots was given
new focus. These new polynomial invariants could be viewed as combinatorial
objects, derived directly from a diagram of the knot, or as algebraic objects,
resulting from representations of the braid group. However, although the new
polynomials were able to distinguish between knots that had previously caused
difficulties, they led to new questions in the study of knots that have yet to be
answered.

In particular, we are led to the phenomenon of distinct knots having the same
Jones polynomial. There are many examples of families of knots that share
common Jones polynomials. Such examples have given way to a range of tools
to describe this occurrence [30, 31]. In particular, it is unknown if there is a
non-trivial knot that has trivial Jones polynomial. This question motivates the
understanding of knots that cannot be distinguished by the Jones polynomial,
as well as the development of examples of such along with tools to explain
the phenomenon. The prototypical method for producing two knots having



Chapter 1. Introduction 2

the same Jones polynomial is known as Conway mutation. However, it is well
known that this method will not alter an unknot to produce a non-trivial knot.

Recent work of Eliahou, Kauffman and Thistlethwaite [9] suggests the use
of braid group actions in the study links having the same Jones polynomial.
Revisiting earlier work of Kanenobu [18], new families of knots are described in
this work. Once again, there is a subtle relationship between the combinatorics
and the algebra associated with such examples. As a result, the study of knots
obtained through braid actions can be restated in terms of fixed points of an
associated group action.

The study of this braid action certainly merits attention, as the work of Eli-
ahou, Kauffman and Thistlethwaite [9] explores Thistletwaite’s discovery [33]
of links having the trivial Jones polynomial, settling the question for links
having more than one component. As a result, only the case of knots is left
unanswered as of this writing.

This thesis is a study of families of knots sharing a common Jones polynomial.
In chapter 1 the classical definitions and results of knot theory are briefly
reviewed, developing the necessary background for the definitions of the Jones,
Alexander and HOMFLY polynomials in chapter 2. Then, in chapter 3, the
linear theory of tangles (due to Conway [8]) is carefully reviewed. Making use
of this linear structure, we define a new form of mutation by way of an action
of the braid group on the set of tangles.

The main results of this work are contained in chapter 5. We produce exam-
ples of distinct knots that share a common Jones polynomial, and develop a
generalization of knots due to Kanenobu [18]. Moreover, it is shown (theorem
5.3) that knots constructed in this way are not related by Conway mutation.
We conclude by restating the results of Eliahou, Kauffman and Thistlethwaite
[9] in light of this action of the braid group, giving examples of non-trivial
links having trivial Jones polynomial in chapter 6.



Chapter 2
Knots, Links and Braids

2.1 Knots and Links

A knot K is a smooth or piecewise linear embedding of a closed curve in a
3-dimensional manifold. Usually, the manifold of choice is either R3 or S3, so
that the knot K may be denoted

St R3 ¢ S3.

While it is important to remember that we are dealing with curves in 3-
dimensions, it is difficult to work with such objects. As a result, we deal
primarily with a projection of a knot to a 2-dimensional plane called a knot
diagram. In this way a knot may be represented on the page as in figure 2.1.

& &3

Figure 2.1: Diagrams of the Trefoil Knot

In such a diagram the >\Z indicates that the one section of the knot (the

broken line) has passed behind another (the solid line) to form a crossing.
In general there will not be any distinction made between the knot K and a
diagram representing it. That is, we allow a given diagram to represent a knot
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and denote the diagram by K also. It should be pointed out, however, that
there are many diagrams for any given knot. Indeed, K and K’ are equivalent
knots (denoted K ~ K') if they are related by isotopy in S3. Therefore, the
diagrams for K and K’ may be very different.

An n-component link is a collection of knots. That is, a link is a disjoint union

of embedded circles .
[[si —r*cs?
i=1

where each

St - R3cs?

7

is a knot. Of course, a 1-component link is simply a knot, and a non-trivial
link can have individual components that are unknotted.

Figure 2.2: The Hopf Link

To study links by way of diagrams, it is crucial to be able to alter a link
diagram in a way that reflects changes in the link resulting from isotopy in S3.
To this end, we introduce the Reidemeister Moves defined in [28, 29].

R~52~2 (R1)
>SCA~ /= ~>OX (Ry)
<~ ><f (Rs)

In each of the three moves, it is understood that the diagram is unchanged
outside a small disk inside which the move occurs.

Theorem (Reidemeister). Two link diagrams represent the same link iff the
diagrams are related by planar isotopy, and the Reidemeister mowves.
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Assigning an orientation to each component of a link L gives rise to the oriented
link L.

Definition 2.1. Let C be the set of crossings of a diagram L. The writhe of
an orientation L is obtained taking a sum over all crossings C

where w(c) = 1 is determined by a right hand rule as in
w (X) =1 and w (X) =—1.

While writhe is not a link invariant, it does give rise to the following definition.

Definition 2.2. For components Ly and Lo of L let C' C C be the set of
crossings of L formed by the interaction of L1 and Lo. The linking number of
L1 and Lo is given by

w(c)

k(L1 Ly) =)

ceC’

The linking number is a link invariant. Note that, for the Hopf link of figure
2.2, there are two distinct orientations. One orientation has linking number 1,
the other linking number —1 and hence there are two distinct oriented Hopf
links.

2.2 Braids

There are many equivalent definitions of braids (see [6], [10], [27]). In this
setting it is natural to start from a geometric point of view.

Let E C R? denote the yz-plane and let E’ denote its image shifted by 1 in
the x direction. Consider the the collection of points

P={1,....,n} = {(0,0,1),....(0,0,n)} C E

and denote by
P =1{(1,0,1),...,(1,0,n)}

the image of P in E’.
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Definition 2.3. A (n-strand) braid is a collection of embedded arcs (or strands)
@;:[0,1] — [0,1] x E C R?
such that
(a) a;(0) =i € P
(b) a;(1) € P
(¢) a;Naj =0 as embedded arcs for i # j.

(d) «; is monotone increasing in the x direction.

As with knots, it will be convenient to consider the diagram of a braid by
projecting to the zy-plane. Also, we may consider equivalence of braids via
isotopy (through braids), although we will confuse the notion of a braid and
its equivalence class.

In [3, 4] Artin showed that there is a well defined group structure for braids.
The identity braid is represented by setting each arc to a constant map «;(x) =
(x,0,17) so that each strand is a straight line. Multiplication of braids is defined
by concatenation, so that inverses are constructed by reflecting in the xz-plane.

The n-strand braid group has presentation

Bn = <O’1...O'n_1

where the generators correspond to a crossing formed between the ¢ and i+1
strand as in figure 2.3.

oi00; = 00,05 |i—jl=1

o0 = 0j0; ]i—j]>1>

Just as group elements are formed by words in the generators, a braid diagram
for a given element can be constructed by concatenation of braids of the form
shown in figure 2.3.

If £ and E’ of an n-strand braid are identified so that P = P’ pointwise, the
result is a collection of embeddings of S' in R? and we obtain a link.

Given any braid 3 we can form a link 3 by taking the closure in this way. It is
a theorem of Alexander [1] that every link arises as the closure of some braid.
Given a link diagram L, it is always possible to construct a braid 2 such that
B = L. Two such constructions (there are many) are due to Morton [26] and
Vogel [34].
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n n
i+1x i+1y
11— 11—
ag; 0;1

Figure 2.4: The link 3 formed from the closure of 3.

Now it should be noted that the group operation

O’,’O'Z-_l = 1:(72-_102-

corresponds exactly to the Reidemeister move Ro, while the group relation
O’Z'O'jO'i = O’jO’Z'O'j

corresponds to the Reidemeister move Rs. This suggests the possibility of
studying equivalence of links through braid representatives. To this end we
define the Markov moves. Suppose 5 € B,, and write § = (3,n). Then

(B162,n) ~m (B2f1,n) (My)
(ﬁ7n) ~M (ﬁar:i:l’n_Fl) (MQ)

where ~); denotes Markov equivalence. The following theorem, due to Markov
[24], is proved in detail in [6].

Theorem (Markov). Two links 31 and 32 are equivalent iff 31 ~ s Bo.



Chapter 3

Polynomials

3.1 The Jones Polynomial

Define the Kauffman bracket (L) of a link diagram L recursively by the axioms

<Q>:1 (3.1)

(120) (2

where a is a formal variable and
§=—-a"?-a°

so that (L) is an element of the (Laurent) polynomial ring Z[a,a']. In some
cases a is specified as a non-zero complex number, in which case (L) € C.

The Kauffman bracket is invariant under the Reidemeister moves Ry and Rg.
To get invariance under Ry, we recall definition 2.1 for the writhe of an orien-
tation L of the diagram L. The writhe of a crossing is +1 and is determined
by a right hand rule. That is

w (X) =1 and w (X) =—1
so that w(L) € Z. Now
—a=3INL) € Z[a,a ]

is invariant under R and gives rise to an invariant of oriented links.
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Definition 3.1. The Jones Polynomial [15, 19] is given by
Vo(t) = —a L)
where t is a commuting variable.

Note that it will often be convenient to work with ¢ = %, and the polynomial
obtained through this substitution will be referred to as the Jones Polynomial
also.

As we shall see, there are many examples of distinct links having the same
Jones Polynomial. However, the following is still unknown:

Question 3.2. For a knot K, does Vk(t) =1 imply that K ~ O ?

3.2 The Alexander Polynomial

For any knot K, let F' be an orientable surface such that 0F = K. Such a
surface always exists [32], and is called a Seifert surface for the link K. The
homology of such a surface is given by

H\(F,Z) =Pz
29

where ¢ is the genus of the surface F. Let {a;} be a set of generators for
H\(F,Z) where i € {1,...,2g} .

Let
D*={zeC:|z| <1}

and consider a tubular neighborhood NV'(K) 2 K x D? of the link K. That is,
an embedding

S' x D? — §*
such that K is the restriction to S' x {0}.

Now consider the surface F' in the complement X = S\ N(K). Here F is
being confused with its image in the compliment X, by abuse. For a regular
neighborhood

Fx[,1]cs?
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there are natural inclusions
it F e Fx {£1}

where F' = F' x {0} is the Seifert surface in X. Therefore a cycle x € H1(F,Z)
gives rise to a cycle 2% = if (z) € H1(X,Z).

Definition 3.3. The Seifert Form is the bilinear form
(O Hl(F,Z) X Hl(F,Z) — 7
(z,y) = lk(z,y ™)

and it is represented by the Seifert Matrix
V= (lkz(ai,a;'))
where yt =i} (y).

The aim is to construct X, the infinite cyclic cover [25, 32] of the knot com-
plement X = S?\ NV(K). To do this, start with a countable collection {X;};cz
of

Xi =X~ (F X (—¢,€))

for some small € € (0,1). The boundary of this space contains two identical
copies of F' denoted by
F* = F x {*e€},

and the infinite cyclic cover of X is defined

X’:UieZXi s ~
F; NFi—l—l

by identifying F;* C 0X; with F , C0Xiy, for each i € Z.

The space obtained corresponds to the short exact sequence

1 7T15(: mX HI(X7Z)—>0
ar——lk (a,l?)

so that the infinite cyclic group H1(X,Z) = (t) gives the covering translations
of X \\X. Now H;(X,Z), although typically not finitely generated as an
abelian group, is finitely generated as a Z[t,t~!]-module by the {a;}. The
variable ¢ corresponds to the (t)-action taking X; to X; 1.
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Definition 3.4. H{(X,Z) is called the Alexander module and has module
presentation V —tV T, where V is the Seifert matriz. This is a knot invariant.

This gives rise to another polynomial invariant due to Alexander [2].
Definition 3.5. The Laurent polynomial

Ag(t) =det(V —tVT) € Z]t,t 7]
18 an invariant of the knot K called the Alexander polynomial. It is defined
up to multiplication by a unit £t*" (indicated by =).
This knot invariant is of particular interest due to this topological construction.

Question 3.6. Is there a similar topological interpretation for the Jones poly-
nomial?

On the other hand, it is easy to generate knots K such that Ag(t) = 1 (see
for example, [32]).

Theorem 3.7. For any knot K, Ag(t) = Ag(t™1).

PROOF. Given the n x n Seifert matrix V,

A = det
= det
= (—t)"det(V —t~VT)

= Ag(t™h).

V—tv’)

(
(VT —tV)

Theorem 3.8. For any knot K, Ag(1l) = £1.

PROOF. Setting t = 1 and using the standard (symplectic) basis for H(F,Z)
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gives
V-_vi= (lk(ai,aj ) — lk:(aj,af)>
= (lk(ai, a;') lk(a; ai))
= (lk(ai,a]) — lk(ai,aj_))
0 1 -
-1 0
0 1
_ 1 0
0 1
- _1 0—
therefore

Ag(1) = +det(V = V') = +1.

Corollary 3.9. For any knot K
Agt)=cot+e(t™ +th) +eat™ +1)2 +- -

where ¢; € 7.

PROOF. The symmetry given by A (t) = A (t~!) gives rise to the form

Ag(t) = Z bktk
k=0

where ¢,,,_, = *c¢,, and the same choice of sign is made for each r. Now m
must be even, since m odd gives rise to Ag (1) even, contradicting theorem
3.8. Further, if ¢;;,— = —¢, then ¢,/ = 0 and

again contradicting theorem 3.8. Therefore c,,—, = ¢,, and
Agt)=cot+ea(t™ +th) +eat™ +1)2+- -

as required. O
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We will see the form given in corollary 3.9 in the next section. Together with
the normalization A (1) = 1, it is sometimes referred to as the Alexander-
Conway polynomial as it has a recursive definition, originally noticed by Alexan-
der [2] and later exploited by Conway [8].

It should be noted that there are generalizations of this construction to invari-
ants of oriented links that have been omitted. Nevertheless, we shall see that
the recursive definition of A (t) is defined for all oriented links.

3.3 The HOMFLY Polynomial

A two variable polynomial [12, 16] that restricts to each of the polynomials
introduced may be defined, albeit by very different means.

The n-strand braid group B,, generates a group algebra H,, over Z[q, ¢~ '] which
has relations

(1) 00 = 0;0; for |i—j]>1
(ii) 000 = 00,0 for |i—j|=1
(iii) 0?2 =(qg—1)o;+q vV ie{l,...,n—1}

called the Hecke algebra. By allowing ¢ to take values in C, H,, can be seen
as a quotient of the group algebra CB,,. Just as

{1}<B2<B3<B4<"‘

we have that
Zlg,q Y| C HyC H3C Hy C --- .

Note that for ¢ = 1, the relation (iii) reduces to ¢? = 1 and we obtain the
relations for the symmetric group S,,.

Definition 3.10. Sets of positive permutation braids may be defined recur-
sively via

Yo = {1}
Y= {1} Uo;Xi fOT’ 1> 0.

A monomial m € Hy, is called normal if it has the form
m=mi1ma...Mp1

where m; € ¥;.
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The normal monomials form a basis for H,,, and it follows that
dimgyg o1 (Hy) = nl.
Moreover, this basis allows us to present any element of H, i in the form
T1 + 20,23
for z; € H,,. The relation (i) implies that
TOp = Opk
whenever x € H,_1, giving rise to the decomposition

Hn+1 = Hn ) (Hn ®Hn71 Hn) .

Now we define a linear trace function
tr: H, — Z[g™", 2]
0 — 2
that is normalized so that tr(1) = 1.
Theorem 3.11. tr(xjz2) = tr(zoxy) for x; € Hy,.
PROOF. By linearity, it suffices to show that tr(m;mg) = tr(mam;) for nor-

mal monomials m; € H,. Since the theorem is clearly true for the normal
monomials of Hy, we proceed by induction.

Suppose first that my = mjo,m{ where m}, m{ € H,, and my € H,, (that is,
mgy contains no oy,). Then

tr(myms) = tr(m}o,mims)
= ztr(mimims)
= ztr(mamimY) by induction
= tr(mom)o,my)

= tr(mamy).
Now more generally write
my = mjo,m| and mo = mho,my

where m}, m; € H,. In this case we will make use of the following:
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(1) tr(uroppeoy,) = tr(onpionpe)

(2) tr(pionp2onps) = tr(usp1onpzoy)

where p; € H,, are in normal form so that p; = plo,_1pf with pl, u! € H,_.

(1)

(2)

tr(p1onpzo,) = tr(ﬂlanﬂéan—lﬂgan)
= 'EI"(M1M/20n0’n—10n,u/2/)
/ "
= tr(U1 90— 1000 n_1/13)
r(p pryo 1 i)

=zt
ztr(puips(q — 1)on—1 + qluy)

I

I/

Il
n

Il
w

(¢ = 1) tr(pape) + 2q tr(ph py p2)
ztr(pil(q — 1)on—1 + qlui p2)
r(py o 1 )

= tr(Uy On—10nTn—11] p2)

(
(1) OnOn—10m ] p12)
(
(

| B | |
& e

I
—+ —+ —+

r
! 1/
On10n—1410nf12)

r Unluflo'nﬂ2)

T

tr(pu1onp2onis)
= tr ({1 200307
= tr (1 200 30 —111307p)
= ztr(pipapon_115)
= 2(q — 1) tr(pa papson—1p13) + 2q tr(p popizps)
= 2(q — 1) tr(uson—1p3 1 p2) + 2q tr(pspg ppia)
= Ztr(phon_ 15 pio)
= tr(anﬂgan—lﬂganﬂlﬂ2)
= tr(onp3oniifi2)
= tr(p3p10nfi20y)

using (i)

using (ii)

using (iii)

(¢ — 1) tr(papom—1p15) + 2q tr(papo i)

(¢ — 1) tr(pape) + 2q tr(pyon—1 17 i)

(¢ — 1) tr(pap2) + 2q tr(pypf pyon—143)  induction
(

using (iii)

using (ii)

using (i)

applying (1)

as above
using (iii)
induction
using (iii)

as above

applying (1)
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Now the proof is complete, since

/ "/ "
tr(mymse) = tr(mjo,mimsoo,ms

)
= tr(mymio,mimho,) by (2)
= ) by (1)
o / "o "
= tr(myo,momyo,my) by (2)

tr(
tr(
tr(o,maym}o,m!ml
tr(
tr(

r(mamy).

O

Now since elements of H, 1 are of the form 1 4+ x90,23 where x; € Hy,, the
trace function may be extended from H,, to H,+1 by

tr(zy + woopxs) = tr(xy) + 2 tr(zazs).

The aim is to use the trace function to define a link invariant. In particular
we would like to make use of this trace on braids in the composite

B, — H, — Z[¢*!, 2].

To do this, we introduce a change of variables \ = q% where

1-— Ag(1 —
z = — q and w:_u
1—-Xg 1—-Xg
so that 1
\_l-a+e
zq

Definition 3.12. The HOMFLY polynomial is given by

X5(g,\) = (—%)n_l (Va) ()

where B € By, is a monomial in Hy, and e = e(f) is the exponent sum of
(equivalently, the abelianization B, — Z).

Note that the closure of the identity braid in B,, gives the n component unlink

n
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and the HOMFLY polynomial for this link is given by
- . (3.4)
( VAL~ q)

_ +1
Theorem 3.13. Let f = L then X1(q,\) € Z [qil, <\/X) ] s a link invari-

ant.

PROOF. By Markov’s theorem, we need only check that X (g, \) is invariant
under M; and My. The fact that tr(8;02) = tr(G2/51) from Theorem 3.11 gives
invariance under My, so it remains to check invariance under Ms. Suppose
then that 8 € B,,. With the above substitution we have

1—¢q
1—Ag

tr(oy,) =

so that

X (a, ) = <—1_7Aq> (VA) ™ tr(60)

VA1 —q)
=VA <_ \/é(_l iqq)> <_ 11—_;161> *5(@.2)
= X5(q,M).

Further, from (iii) we can derive

o7 = (g—1oi+q

oi=(q—1)+qo;"
qai_lzaﬁ-l—q
ol =q¢los+qgt -1

2
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hence
tr(ai_l) = tr(q_lai +q 1= 1)
=q tr(oy) +q " -1
_ 1—¢q _
1 1
= - —1
! < 1—)\Q>+q
_ 1—¢q
e 1) -1
¢ < 1—Aq+ )
L ~l+gt+1-)g
_ 1 _
—d < 1— g ) !
1= A-1+ )\
N 1—MAq
1—gq
A
Thus
Xq7)\:<—7> N (8o
e = (- o) (VA e
1 1—M\q >< 1—q>
= —|-—— —“A— ) X5(q, A
ﬁ( A—g) g ) e
:Xﬁ_(q7>‘)
and Xjz(g, A) is a link invariant. O

Both the single variable polynomials may be retrieved from the HOMFLY
polynomial via the substitutions

VL(t) = XL(t,t)
Ap(t) =X (t,t7h).

Another definition of the HOMFLY polynomial is possible. For 5 € B,, suppose
that L = (3, oriented so that the generator o; is a positive crossing (that is,
w(o;) = 1). Suppose that 3 contains some o; ! and write

B =m0oive

1 1

a similar construction is possible for o,
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for v; € B,. By applying M; we can define
L ~ Ly =70;

where v = y17y2. Let L
Ly =~0? and L_=7.
The relation (iii) gives
vy = (¢ = )oi +ay
so that
tr(yo7) — qtr(y) = (q — 1) tr(y03).
Let e = e(7y) be the exponent sum of . Then

1
WXQ —VavAX;

:flf <_ 1—1iqq)>"_1 (\/X>6+2tr(702-2)
ff( T )> (V3) tx(a)

(\/X> (— LN > (tr(y07) — qtr(y))
! )

\/C_I VAL —q)

\/X (_ 1—)\g
Va VA1 —q)

<\/§ . >< %) (ﬁ)eﬂtr(vm)

-(va- ) %

and this shows that X7(q,\) satisfies the skein relation

—VaVAX_(g,)) = (f‘%) Xro(g: A).

((q = 1) tr(y0))

\/—\/—XL+ q A

By introducing the substitution

t=+/¢/A and ar:\/ﬁ—%
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we can define

PL(t, 33) = XL(q, )\)

where P, (t,z) € Z[t*!, 1] is computed recursively from the axioms

P__(tz)=1 (3.5)
O

t ™ Py (t,x) —tPy_(t,x) = 2Pr,(t, ). (3.6)

In this setting, L1, L_ and Lo are diagrams that are identical except for in a
small region where they differ as in

~ >~ -
L, L. Lo

By a simple application of (3.6), the polynomial of the n component unlink is

(t_lx_ t>n_1 (3.7)

in the skein definition of the HOMFLY polynomial. This agrees with (3.4)
under the substitutions

t=1/q/A and mz\/_—%.

As indicated earlier, both the Jones polynomial and the Alexander polynomial
may be computed recursively as they each satisfy a skein relation by specifying

Vi(t) = Py (t, Vit — %)
AL(t) = Py (1, Vi- %) |



Chapter 4
Tangles and Linear Maps

4.1 Conway Tangles

In the recursive computation of the Kauffman bracket of a link, the order in
which the crossings are reduced is immaterial. In many cases it will be conve-
nient to group crossings together in the course of computation. From Conway’s
point of view [8], such groupings or tangles form the building blocks of knots
and links. In addition, this point of view will allow us to take advantage of
the well-developed tools of linear algebra.

Definition 4.1. Given a link L in S® consider a 3-ball B> C S3 such that
OB? intersects L in exactly 4 points. The intersection B> N L is called a
Conway tangle (or simply, a tangle) denoted by T. The exterior of the tangle
S3 B3N L is called an external wiring, denoted by L ~T.

Note that, as S3 \. B3 is a ball, the external wiring L \. T is a tangle also.

QO Q8

Figure 4.1: Some diagrams of Conway tangles

A tangle, as a subset of a link, may be considered up to equivalence under
isotopy. When a diagram of the link L is considered, a tangle may be repre-
sented by a disk in the projection plane, with boundary intersecting the link

21
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in 4 points. Equivalence of tangle diagrams then, is given by the Reidemeister
moves, where the four boundary points are fixed.

Further, the Kauffman bracket of a tangle T' may be computed by way of the
axioms (3.2) and (3.3). Thus the the Kauffman bracket of any tangle may be
written in terms of tangles having no crossings or closed loops. There are only
two such tangles, and they are denoted by

0=C) and =00

These tangles are fundamental in the sense that they form a basis for presenting
the bracket of a given tangle T'. That is

(1) =) (@)

where z9, Too € Zla,a™!].

Definition 4.2. Let T be a Conway tangle and

where Tg, Too € Zla,a”t]. The bracket vector of T' is denoted
br(T) = [z0 Too] -

In this way, the Kauffman bracket divides Conway tangles into equivalence
classes completely determined by br (7). For example,

()-8} (®)
() =la .

We can define a product for tangles that is similar to multiplication in the
braid group. Given Conway tangles T and U the product TU is a Conway
tangle obtained by concatenation:

- (1) (@) - Or

Notice that when T € By this is exactly braid multiplication.

and
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Definition 4.3. The Kauffman bracket skein module S is the Z[a,a™']-
module generated by isotopy classes of Conway tangles, modulo equivalence
given by axioms (3.2) and (3.3) defining the Kauffman bracket.

The tangles {0, 00} provide a module basis for S so that the elements 7' € S
may be represented by br (7).

Suppose the tangle T' is contained in some link L. Then writing L = L(T') and

considering T € S¥" gives rise to a Z[a,a~!]-linear map
f:8" — Zla,a™! (4.1)

]
(L(0)) ]
(L(0))

L(0)=L (@) and L(co) = L (@) .

This map is simply an evaluation map computing the bracket of L(T') since

T — br(T) [

where

woy =or) | FO| = .

Given a tangle 7', one may form a link in a number of ways by choosing an
external wiring. As with the previous construction, there are only two such
external wirings which do not produce any new crossings.

Definition 4.4. For any Conway tangle T' we may form the numerator closure

TN:@
TD:@.

Now returning to the link L(T'), recall that the external wiring L \ T is itself
a tangle. Again, all crossings and closed loops may be eliminated using the
bracket axioms so that

(LNT)=br(L\T) <@>
(@)

= [(TN) (TP)]br(L~T)"

and the denominator closure
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This gives rise to another Z[a, a~!]-linear evaluation map

S — Zla,a™] (4.2)
LNT v+ [(TN) (TP)]br(L\T)T

In fact, combining the linear maps (4.1) and (4.2) forms a bilinear map

F:8" x 8" — Z[a,a™] (4.3)
(T,L\T)— (L(T))

(LT) = (@) (TP br(L~T)T
WO (8
(O (&)
O 9
@) (®)

:m@ﬂfﬂw@\ﬂT

br(L~T)"

= br(T) br(L~T)"

so that given T,U € S we have

0 1

nﬂm:wmﬁlé

%MmT

Definition 4.5. For Conway tangles T and U define the link J(T,U) = (TU)N
and call this the join of T' and U.

We have that

(J(T,U)) = F(T,0)
by definition, and further

L(T) ~J(T,L\T).

Definition 4.6. For Conway tangles T and U define the connected sum
TP#UP = (TU)P.
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Since any link L may be written as T° for some tangle T this definition gives
rise to a connected sum for links. It follows that

(L1#La) = (L1)(La),
and
VLl#L2 = VL1 VLz

provided orientations agree. A similar argument gives such an equality for the
HOMFLY polynomial, and hence the Alexander polynomial as well.

4.2 Conway Mutation

Consider a link diagram containing some Conway tangle T. We can choose
the coordinate system so that 1" is contained in the unit disk, for convenience
of notation. Further, we can arrange that the 4 points of intersection between
the link and the boundary of the disk are

1 1
+—,+—,0].
< V2 V2 )
Let p be a 180 degree rotation of the unit disk about any of the three coor-

dinate axis. Note that p leaves the external wiring unchanged and, for such a
projection, p fixes the boundary points as a set.

Definition 4.7. Given a link L(T) where T € S define the Conway mutant
denoted by L(pT).

Notice that

so that
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Moreover, with orientation dictated by the external wiring
w(T") = w(pT)
so we have the following theorem.

Theorem 4.8. Vi) = Vi)

While it may be that L(T') ~ L(pT), it is certain that this method does not
provide an answer to question 3.2: It can be shown that a Conway mutant of
the unknot is always unknotted [30]. Theorem 4.8 is in fact a corollary of a
stronger statement.

Theorem 4.9. PL(T) = PL(pT)'

PROOF. Using the skein relation (3.6) defining the HOMFLY polynomial, it is
possible to decompose any tangle T into a linear combination of the form

T:a1®+a2©+a3®

where a; € Z . Therefore, these tangles provide a basis for presenting
the HOMFLY polynomial of a tangle 7. Thus, we can define a Z[t*!, z%]-
module S* generated by isotopy classes of tangles up to equivalence under
the skein relation. Moreover, if L = L(T) then we have a Z[t*! 2™1]-linear
evaluation map

[til,:nil]

SP .zt Y
T'— Pum)
or, more generally, the bi-linear evaluation map
SP x 8P — zt*!, 2+
(T,U) — Prrv)-

(S O Q)

is p-invariant, it follows that Pr and P,r are equal hence

Since the basis

SP x 8F

T~

pXid Z[til,l‘il]

/

SP x 8P
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commutes and

Prr) = PrLr)-

4.3 The Skein Module

Everything that has been said regarding tangles to this point can be stated in
a more general setting [30, 31].

Definition 4.10. Given a link L in S? consider a 3-ball B> C S? such that
OB? intersects L in exactly 2n points. The intersection B3 N L is called an

n-tangle denoted by T'. As before, the exterior of the n-tangle S3 ~ B3N L is
another n-tangle L T called an external wiring.

In this setting, Conway tangles arise for n = 2 as 2-tangles.

Let M,, be the (infinitely generated) free Z[a,a~']-module generated by the
set of equivalence classes of n-tangles. The axioms (3.2) and (3.3) defining the
bracket give rise to an ideal Z,, C M,, generated by

()= e
(o))

where § = —a~2 — a? and the () indicate that the rest of the tangle is left
unchanged.

Definition 4.11. The Z[a,a™']-module

is called the (Kauffman bracket) skein module. Note that So = S¥.

Due to the form of Z,, it is possible to choose representatives for each equiv-
alence class in S, that have neither crossings nor closed loops. These tangles
form a basis for S,,. We have seen, for example, that Sy is 2-dimensional as a
module, with basis given by the fundamental Conway tangles

© and GO
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Theorem 4.12. S,, has dimension

as a module.

PROOF. Simply put, we need to determine how many n-tangles there are that
have no crossings or closed loops. That is, given a disk in the plane with 2n
marked points on the boundary, how many ways can the points be connected
by non-intersecting arcs (up to isotopy)?

Clearly, C7 = 1, and as discussed earlier Cy = 2.

Now suppose n > 2 and consider a disk with 2n points on the boundary.
Starting at some chosen boundary point and numbering clockwise, the point
labeled 1 must connect to an even labeled point, say 2k. This arc divides the
disk in two: One disk having 2(k — 1) marked points, the other with 2(n — k).
Therefore

Cn = Z Ck—lcn—k
k=1
=CoCp_1+C1Cr_o+---+C,_1Ch

where Cy = 1 by convention. Now consider the generating function

flx) = Z Ciz
i=0

and notice o .
(f(2)* = Z (Z Ck—lcn—k> a’
i=0 \k=1
so that
a(f(x))? = f(z) -1
and

f(z) = 1_7 V2i3_4$

To deduce the coefficients of f(z), first consider the expansion of 1/z about 1.

\/Z = Z dZ(Z - 1)i
=0
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where

g — 1 1=
t (—1)1*1_(2i—3)!! i>0

24!
Therefore with z =1 — 4z

vV 1—4x = idl(—éll‘)
=0

o
=1+ (-1)'2'2d;a’
=1

and
f(z) = 1y (—1)"2°2"d;z"
2 — !
i=1
so that
Ci — (_1>’i2’i+12’idi+l
1)%(2i — 1!
— 1 2Z+12Z(
( ) 22+1( + 1)!
220 — 1)
G+ 1)
for ¢ > 1. Finally, the fact that
2"2n -1 (2n)!
(n+1)! nln+1)!

follows by induction since
212+ 1) = DI 2(2n+ 1) 2"(2n — 1)!!
(n+2)! on+2  (n+1)!
2(n+1)(2n+1)
(n+2)(n+1)
~ (@2n+2)2n+1) (2n)!

n

n+2)(n+1) nl(n+1)!

@t
(n+1l(n+2)!
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As an example of theorem 4.12; the 5-dimensional module S3 has basis given

' e O 8 & &) (4.6)

Let a given n-tangle diagram be contained in the unit disk so that, of the
2n boundary points, n have positive z-coordinate while the remaining n have
negative z-coordinate. With this special position, multiplication of tangles
by concatenation, as introduced for Conway tangles, extends to all n-tangles.
When two n-tangles are in fact n-braids, we are reduced to multiplication in
B,,. With this multiplication, S,, has an algebra structure called the Temperly-
Lieb algebra [21, 22].

The n-dimensional Temperly-Lieb algebra 7L, over Z[a,a~!] has generators
e1,€2,...,¢e,_1 and relations

e? = de; (4.7)
eij = €5¢; for |Z —]| >1 (4.8
eieje; = €; for |i—jl=1. (4.9

The multiplicative identity for this algebra is exactly the identity in B,,, and
the generators are tangles of the form shown in figure 4.2.

€;
Figure 4.2: The generator e;

For example, 7L3 is generated by {e1, ez}, while the basis for the module S3
is the set of elements {1, e1,es,e1e2,e2e1} as in (4.6).

Notice that there is a representation of the braid group via the Kauffman



Chapter 4. Tangles and Linear Maps 31

bracket given by

4.4 Linear Maps

Let L = L(Th,...,Ty) be alink where {T;} is a collection of subtangles T; C L.
If T} is a tangle such that T; = T} as elements of S,, then, in the most general
setting, L' = L(T7, ..., T}) is a mutant of L (relative to the Kauffman bracket).
Therefore when w(L) = w(L’), we have that

Vi, = V.
Of course, it may be that L ~ L’ and this approach has been used in attempts
to answer question 3.2 [30, 31].

Let’s first revisit Conway mutation in this context. We have, given the bilinear
evaluation map F' and a 180 degree rotation p, the commutative diagram

82 X 82
pxid Zla,a™!]

82 XSQ

since F' = F o (p x id). We saw that the linear transformation p was in fact
the identity transformation on Sa, and as a result the link L = J(7,U) and
the mutant L' = J(pT,U) have the same Kauffman bracket.

A possible generalization arises naturally at this stage. As was pointed out
earlier, it is possible to construct a link from two tangles in many different and
complicated ways. Starting with T' C B:?; CSand U C B[?’J C S3, the link
L(T,U) is constructed by choosing an external wiring of S* \ (B3 U By). In
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this setting we have

which gives rise to the bilinear map

G:8y xSy — Za,a™ ]
(T,U) — br(T) Lbr(U) "

If additionally there is a linear transformation

T:82X82—>82><82
(T7 U) — (TlT, TQU)

which acts as the identity as a linear transformation of modules, then we have
the commutative diagram

and finally, if w(L(T,U)) = w(L(m1 T, 2U)) we can conclude that

SQX

T=T1 XT2

SQX

Sy

~

Zla,a™!]

5

Sy

Vo) = Vim o)

4.5 Braid Actions

The three strand braid group has presentation

where

Bs = (01, 02|010201 = 020103)

g1 =

P

and o9 =

I~
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Figure 4.3: The tangle T° € S,

Given T € Sy and a 8 € Bs we can define a new 2-tangle denoted 77 as in

figure 4.3.

Proposition 4.13. The map

52 X Bg — 82
(T, 5) S

is a well defined group action.

PROOF. Let idp, be the identity braid. Then for any tangle T we have

T8 =T

since

o5 - ®

For (3,3 € Bz, the product 33 is defined by concatenation so that

(Tﬁ)ﬁ' — 786

by planar isotopy of the diagram

ﬂl

2y
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O
Proposition 4.14. For T € Sy and 8 € B3
—a=3 0
o1\
br(T7") = br(T) [ . a] (4.10)
-1
ooy a a
br(T7%) = br(T) [0 _a_g] . (4.11)

PROOF. Applying the action of o1 to an arbitrary tangle T', we may decompose
T7! into the tangles

& | and P

in 8. Relaxing these diagrams gives rise to the following computation in So:

br(T°Y) = br(T)
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Similarly, for the action of os:
br(T7%) = br(T) g@i]
(©)+ (@)
=br(T)
o(69)+35(6)
(a a7t
= bT‘(T) _O _a—3:|
]

This gives rise to a group homomorphism

® : By — GLy(Z[a,a™Y])
—a3 O]

o1 — N
1 |:CL1 a

a a !
2 0 —a3

since
r -2 —4 -3
—a —a —a 0
P(10201) = 1 0 ] { a=! a}
[ o —a~3
- |a 3 0
_ (@ a1 —a 2 —a*
|0 —a3 1 0
= @(020’10’2).

Question 4.15. Is this representation of Bs faithful?

With the Bs-action on Ss, consider the linear transformation given by

ﬁ:$2X52—>82X82
(T,U) — (T°,U°).
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For a link of the form L(T,U), this leads to the definition of a new link
L(TP,UP™).

Denote the evaluation matriz of L(T,U) by

L [@0.0)  (L0.00))
(L(00,0))  (L(00,00))
and suppose that £ € GLs(Z[a,a™!]), that is, det(£) # 0. Note that
(L(T,U)) =br(T) Lbr(U)"
(LT U7)) = br(T)B(5) £(2(57) Tbr(U)

So, defining a second Bs-action

Bs x GLy(Z]a,a™']) — GLy(Z]a,a™ )
(B,L) — ®(B) L (@B "),

we are led to an algebraic question. When a non-trivial 3 € Bg gives rise to
a fixed point under this action, the linear transformation given by 3 is the
identity. Thus G = G o 8 and we have the commutative diagram

82 XSQ

Sy x Sy
where £ € Fix(f3), so that
(L(T,0)) = (LT, 0°7)).
In particular, we would like to study the case where
L(T,U) = L(T?, UP).

Question 4.16. For a given link L(T,U) with evaluation matriz L € GL2(Z[a,a™1]),
what are the elements € Bs such that L € Fix(3)?

This question is the main focus of the following chapters.
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Kanenobu Knots

5.1 Construction
Shortly after the discovery of the HOMFLY polynomial, Kanenobu introduced
families of distinct knots having the same HOMFLY polynomial and hence the

same Jones and Alexander polynomials as well [18]. It turns out that these
knots are members of a much larger class of knots which we will denote by

K(T,U) for tangles T, U € Ss.
L
=
9)

Figure 5.1: The Kanenobu knot K(7',U)

Proposition 5.1. Suppose = is a non-trivial polynomial in Zla,a™'] so that

X = B 552] € GL(Z[a,a™ "))

where 6 = —a~2 — a?. Then ®(09) X ®(0,1)T = X and X € Fix(oq) under
the Bs-action on GL(Z[a,a™']).

PROOF. Since



Chapter 5. Kanenobu Knots

38

we have
a at x 6]fa"t 0 _
0 —a3| |5 &2 a —a®|
with 6 = —a=2 — a2.

oz +a= 16 ad + a= 162
I —a=3§

[+ a26 + a?6 + 62

-1
_a—352

Il ol

—at — a251
52

| a5 —a28?

[z + (a2 +a®+6) &(—a* —a?0)

| d(—at —a7?)) 52

[ T §(—a* +1+a")
S(—at+at+1) 52

)

5 6

O

To compute the bracket of the Kanenobu knot K (7', U), we need the evaluation

matrix

=52

=

&L
Q

D

Since K (0,0) is the connected sum of two figure eight knots (the figure elght
is denoted 41 as in [32]), we can compute

<41> = <0201_10201_1 >

using the Temperly-Lieb algebra 7Ls3.

0207 1
as an element of 7L3 so that

(0207)? = (1 +a%e1 +a~

:1—|—a261+a_

We have

262 + egeq

262 + 6261)2
=1+ (3a%+a*d)e; + (3a7 2+

a"4)ey + erea + (4+a?6+a"20)ege.
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Then the Kauffman bracket is given by

o2 )? ) = 62 + (302 + a%0)5 + (302 + a 40)+ 1+ (4+a*+a25)(1)
1
=0(—a%+2a 1+ 24" —a®) +5

—a®—at+1-a*+d8

and

(Mi#4) = (a®—at+1—-a"+ a8)2
a % 20712 43078 —4a™* +5 — 4a* + 3a® — 2a'? + a'S.

In addition, it can be seen from the braid closure o90 10201_ L~ 4, that
w(41) = 0 and hence

w (K(0,0)) = w(41#41) = 0.
Thus the Jones polynomial of K(0,0) is given by
Vi (0,0) = a1 —2a71% +3a7% —4a™* + 5 — 4a* + 3a® — 2a'* + a'°.
Now the evaluation matrix for K(T,U) is given by

(a®—a*+1—-a*+a®? §

K= 5 52

since the three entries for K (0, 00), K (00, 0) and K (00, 00) are all equivalent to
unlinks with no crossings via applications of the Reidemeister move Ry (recall
that Ry leaves the Kauffman bracket unchanged).

For any tangle diagram 7', denote by 1™ the tangle diagram obtained by switch-
ing each crossing of T'. That is, for any choice of orientation

w(T*) = —w(T).
This can be extended to knot diagrams K, where K* is the diagram such that
w(K*) = —w(K)

so that K™ is the mirror image of K.

When U =T,
w(K(T,U))=0



Chapter 5. Kanenobu Knots 40

the bilinear evaluation map for the bracket
G(T,U) = br(T)Kbr(U)"
computes the Jones polynomial

VK(T,U) = bT‘(T) IC bT(U)T

Since K is of the form given in proposition 5.1, the bilinear map defined by
the braid oy € Bs

O'EL:SQXSQ—)SQXSQ

(T,U) — (T°%,U%2")
is the identity transformation for every n € Z. Moreover, when U =T
w (K(T"g, U%’")) ~0
so we have the following theorem.
Theorem 5.2. When U = T*, the family of knots given by
K(T? U ")
for n € Z are indistinguishable by the Jones polynomial.

Of course, that these are in fact distinct knots remains to be seen.

Kanenobu’s original knot families [18] can be recovered from
Kom =K <T”3”,TU§’">

where n,m € Z and T is the 0-tangle.

Theorem (Kanenobu). K, ,, and K,/ ,,» have the same HOMFLY polyno-
mial when In—m| = |n’—m'|. Moreover, when (n,m) and (n',m’) are pairwise
distinct, these knots are distinct.

The knots of Kanenobu’s theorem are distinguished by their Alexander module
structure [18].
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5.2 Basic Examples

Consider the Kanenobu knots

K

()
- (G 1)

and notice that by applying the action of o5 we have
K, _2. K _2. Ko
so that by construction, these knots have the same Jones polynomial.

First recall that the HOMFLY polynomial of the n-component unlink

=\
(=)

As this polynomial will be used often, we define

is given by

t=1—¢
Py = )

x
Now, using the skein relation (3.6) defining the HOMFLY polynomial P(¢,x),

we can compute
B T
G

t‘l:@: = t:@: +x®
:@: = t2:©: +tx®.

and
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Combining these tangles pairwise, we have

(&) (o) (o)
o (B ox) - (5 5)
giving rise to equality among HOMFLY polynomials
Py, = Pg, + (t 7'z — tz)Py — 2% P}

1 ¢ A
= P, + (t7 1o —tz) — < )
X X

This common polynomial® is
Pry(t,x) = (74 =272 3 — 262 + ) + (=2t 72 + 2 — 2t%)2? + 2.

Notice that this is in agreement with Kanenobu’s theorem.

On the other hand K; has HOMFLY polynomial
Pr,(t,x) = (272 =34+ 262) + (3t72 =84+ 3t)a? + (72 =5+ t%)a* —af

and we can conclude that Ky and K; are distinct knots despite having the
same Jones polynomial:

a 1620712 43078 —da™* + 5 — 4a* + 3a® — 2a'? + a'f

Further, applying theorem 4.9, these knots cannot be Conway mutants as they
have different HOMFLY polynomials.

5.3 Main Theorem

Theorem 5.3. For each 2-tangle T there exists a pair of external wirings for
T that produce distinct links that have the same Jones polynomial. Moreover,
the links obtained are not Conway mutants.

lcomputed using KNOTSCAPE
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&L !l
) )

Figure 5.2: Distinct knots that are not Conway mutants

PROOF. Take U = T™* (that is, the tangle such that w(U) = —w(T")) and define
Kanenobu knots for the pair (7', U)

K=K(T,U) and K% =K(T%%,U%).
Then, by construction, we have that
VK - VKUQ .

It remains to show that these are in fact distinct knots. To see this, we compute
the HOMFLY polynomials Px and Pgos.

Now with the requirement that the tangle U = T*, there are two choices of
orientations for the tangles that are compatible with an orientation of the knot
(or possibly link, in which case a choice of orientation is made) K(T,U). They

et ({20 10))
ez (T 10X)

so we proceed in two cases.

Type 1. Using the skein relation we can decompose

GRS SRETx
O -
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where ar,br,ay,by € Z[tT, 2*]. Combining pairwise we obtain

(@) - () o (R 6%)
+ona ( 590 1Rx ) + bt ( 108 )

so that

Px = aray Pg, + (arby + bray) Py + bTbUP02

¢ =1\ ?
= CLTaUPK1 + (CLTbU + bTaU) - + bpby =

= CLT(IUPKl + R

_ _ 2
where R = (arby + bray) (t ;_t> + brby (t ;_t) . Now applying the action
of o9 we have

T2 = e and U% = @

therefore

(772,072") = aray (;@[ @) + arby (:@[ j@[)
+ bray <;@ 3@[) + brby <;@ @)

~ arav (230 10K ) +ortw ( 3r- B )
+bray <@ 3@[) + brby <@ 38[)

so that

Pyo» = aray P, + (arby + bray) Py + brby Py
= PKO + R
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since Pg, = Pg,. However, as Pg, # Pk, we have that
Px # Pkoo
giving rise to distinct knots.

Type 2. As before, the tangles are decomposed via the HOMFLY skein

relation
@ -
@ -

for some other ar, by, ay, by € Z[tT,z*]. Combining pairwise

(@ @) oo (Cx )+ o (0 63
+bray (@ @) + brby <@ 38[)

Py = aray P, + (arby + bray)Po + bTbUP02

and

1 =1\ 2
= aray Pk, + (arby + bray) < o ) + brby < . >

= CLT(IUPKO + R

with R € Z[t*, 2] as before. Again, applying the action of o we have

(772,0°2") = aray (:@[ 32[) + arby (:@[ j@[)
+ona (3L 1Zx ) + bt ( 18E- 10X )

= aray (;(8): :@[) + arby (:(8): @)
+bray <@ 32[) + brby <@ @)

and the HOMFLY polynomial

Pros = aray Pr, + (CLTbU + bray)Po + bTbUPO2
=aray Pk, + R.
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Once again, as Pg, # Pk, we have that
Py # Pios

giving rise to distinct knots.

Finally, as K and K2 have distinct HOMFLY polynomials in both cases, it
follows from theorem 4.9 that these knots cannot be Conway mutants. O

5.4 Examples

1. Consider the Kanenobu knot K (7',U) where

T:@ - U:@

Definition 5.4. A tangle is called rational if it is of the form T? where 3 € Bs
and the tangle T is either the 0-tangle or the oco-tangle. This is equivalent to
Conway’s definition for rational tangles [8].

as in figure 5.3.

As a result, the computation of the bracket for rational tangles is straightfor-
ward. In this example we have

T = ®0—13 and U = @J?

so that
br(T) =1[0 1] __aci_lg 2} B
o[ S A
r 9
- [0 1} a 1—Z3+a7 ao?’]
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and
3 3
br(U) = [0 q[% ﬂ
_ a3 0 _ 3 0 -3 0
:[O 1] aal a]{acil a}[aal a]
= [a_7 al+a a?’].
Now

(K(T,U)) = br(T)Kbr(U)T

-8 _ 4 44 8)2 -2 _ 2
a®—a*+1-a"+a°) —a"*—a
= br(T) [( -2 2 a4 24 gl

—Qa —Qa
= a2 407 1 10a71% — 194712 + 2747 — 33471

+ 37 — 33a* + 27a® — 19a'? 4 10a'% — 4a®° + o**
hence

Vi) =a 2 —4a72° + 10016 — 19a7'% + 27075 — 33a™*
+ 37 — 33a* + 27a® — 19a'? + 10a'% — 44%° + o**.

Q
) E:) (2)9
0

Figure 5.3: Example 1

(>~

This gives a collection of knots having the same Jones polynomial

VK(T,U) = VK(TUELJ]o;n)

} br(U)"



Chapter 5. Kanenobu Knots 48

since w(K (T7%,U%")) = 0 for all n € Z.

The Knots K (T,U) and K(T72,U° 1) are distinct as they have different HOM-
FLY polynomials?:

Xgru)=— 14 (6672 =12+ 6£%)a? + (97 — 24 + 9¢%)a*
+ (5672 =19+ 5t%)2% + (7% = 7+ 72 — 20

o = =T T — 4 1)
K(@o2,072 ) 4 2 2 4y, .2
+ 2t =Tt + 10 - TP+ 2tz
+ (™t —6t7% +8 — 6t* + t*)a*
+(=2t72 44— 2t%)2% 4 28

In particular, these knots cannot be Conway mutants in view of theorem 4.9.

2. Now consider the case when T', U are not rational tangles. For this example

take
T:@ and U:@

in K(T,U). We can compute
br(T) = [a™® —2a" ! +a® — a” —a M 42477 —2a73 + al
br(U)=[-a"+a3-2a+d® a'—2a®+2a" —a"]
so that

(K(T,U)) = —a~2® + 502" —15a"2° 4 31710 — 52072 + 7345 — 88a™*
+ 95 — 88a* + 73a® — 52a'? + 31a'% — 15a%° + 5a** — a*®.

Again we have a family of knots (distinct from those of example 1) such that
Vi) = VK(T"?,U"E")

since w(K (T7%,U%")) = 0 for all n € Z.

2computed using KNOTSCAPE
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Q
0

Figure 5.4: Example 2

49

The knots K(T,U) and K(T72,U°2 1) of this example are distinct as can be
seen by the HOMFLY polynomials®:

Xreerpy =(—2¢76 +9t74 — 22672 4+ 31 — 2262 + 9t* — 2t%)

(

+(

+ (8t — 44t 72 + 62 — 44t* + 8t1) 2"

+ (74— 15t72 4 28 — 152 4 t1)a8

+(=2t72 48 — 2tH)z0 4 212
=(—4t7* +12t72 — 154 1262 — 4t?)

+ (—12t74 4 56t 72 — 84 + 56t% — 12t1)2?
13t™4 4+ 99t2 — 176 + 99¢* — 13t*)z*
6t~ + 87t72 — 197 + 87t* — 6t1)2b
t7 4 4172 — 130 + 41£2 — t1)a®
10672 — 51 + 1062210 + (t72 — 11 4+ ) z!2 — 2

K(To2,U%2 )
+ (=
+ (=
+ (=
+

Once again, from theorem 4.9 it follows that these knots are not related by
Conway mutation.

3computed using KNOTSCAPE
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5.5 Generalisation

We saw in proposition 5.1 under the action
B3 x GLy(Z]a,a™']) — GLy(Zla,a™ "))
that

{[i 3] ecroa}cre

As a final task for this chapter, we’ll define a family of links that generate such
evaluation matricies.

Consider a slightly different diagram of the knot K (7T, U), given in figure 5.5.

Figure 5.5: Another diagram of the Kanenobu knot K (7,U)

From this diagram, we are led to define a rather exotic braid closure that will
be of use. That is, for the pair of tangles (7, U) and an appropriately chosen
braid § € Bs we define a link |3| as in figure 5.6.

20: O

Figure 5.6: The link |3

It remains to describe which braids in Bg give rise to an evaluation matrix of
the appropriate form. For this we will need two braid homomorphisms.

Let N > n and define, for each non-negative m € Z, the inclusion homomor-
phism

m : Bn — BN

Ok /—— Ok+m
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for each k € {1,...,n—1}. Note that when m = 0, this is reduces to the
natural inclusion B,, < By. Now the group B3 @ Bj arises as a subgroup of
Bg by choosing
Bg ) Bg — B6
(a, ) ¥ io()i3(8).

Notice that the image ig(«)i3(3) contains no occurrence of the generator o
and hence

io()iz(8) = i3(8)io(r)

in Bg. Now define the switch homomorphism

S:Bg—>Bg
01|—>02_1

02|—>01_1

and note that, given a 180 degree rotation p in the projection plane, p(sf3) =
s

Definition 5.5. For each o € B3 define the Kanenobu braid ig(a)is(sa) € Bg.

O

Figure 5.7: The closure of a Kanenobu braid

Theorem 5.6. Let 8 be a Kanenobu braid. The evaluation matriz X associ-
ated with the link |3| is an element of Fix(c2).

PROOF. We need to compute
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where K (T,U) = || for some Kanenobu braid 3. Since p(sa) = a~!, the link

K (00, 00) is of the form
-
B

which is simply the (usual) braid closure aa~!. Hence
<K(oo,oo)> = <aa—1> =

since the group operation o;0; ! coresponds to the Reidemeister move Ro, so
that the Kauffman bracket is unchanged. Similarly, the link K (c0,0) (equiva-
lently, K(0,00)) is of the form

B

which reduces, canceling o 'a, to the link

so that
(K(00,0)) = (K(0,00)) = 4.

Finally, let the polynomial (K(0,0)) = x so that

z 0
=[5 2|

is an element of Fix(o3). O



Chapter 5. Kanenobu Knots 53

5.6 More Examples

For the following examples, we introduce the shorthand K (o2, 0, 1) referring
to the knot obtained from the action

K(0,0) —2 K(09,05 ).

We continue numbering of examples from section 5.4.

3. Taking the braid 0%0’2_ lo1 € B3

oo

Figure 5.8: The braid oo, oy

3

we can form the Kanenobu braid (o305 'o1)(05 20405 ") € Bg

DOy

—
POCC
Figure 5.9: The Kanenobu braid (¢30; 'o1)(05 0405 ")

and the generalized Kanenobu knot

K(T,U) = ‘(0%02_101)(05_30405_1)‘ .

K(T,U) has evaluation matrix
)
e- 2]

r=—a204+2% 44712 + 6078 - 707

+9—7a* + 6a® — 4a'? + 245 — a*°.

where
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J"

Figure 5.10: The knot |(0305 '01)(05 0405 )|

Since w(K (T,U)) = 0 when U = T™, the Jones Polynomial is given by
VK(T,U) = bT(T) K bT’(U)

In particular,
Vik(,0 =2

and we have that
V.

K(o2,05

It fact K(0,0) ~ 52 # 55 (following the notation in [32]).

1):$‘.

These knots are distinct and not Conway mutants, as can be seen from the
HOMFLY polynomial* of K(0,0)

(—4t72 + 9 — 4t%) + (=8t72 + 20 — 8t%)2?
+ (=572 418 = 5tH)at + (72 + 7 —%)2® 4 28
while the HOMFLY polynomial of K (02,05 ') is

(=t +3—1th
F (=t 24— 2t - 10)a?
+ (72 42+ t%)2?

4computed using KNOTSCAPE
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(—ﬁ f&ﬁ
%’\&J/ —

Figure 5.11: The knot K(0,0) ~ 53 # 55

Figure 5.12: The knot K (o9, 0'2
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4. Taking the braid o}o; o) € Bs

ol

Figure 5.13: The braid ofo, %0y

we can form the Kanenobu braid (0?05 01) (05 20305 ") € Bg

=

Figure 5.14: The Kanenobu braid (o0, 01)(05 20305

and the generalized Kanenobu knot

K(T,U) = |(0305%01) (05 2005 )]

z 0
=[5 5]

r=a"2*-20"0 + 4471 — 76712 4+ 9478 — 11a™*

+13 — 11a* 4+ 9a® — 7a'? + 4a'% — 240 + o**

K(T,U) has evaluation matrix

where

Note that K(0,0) ~ 61 # 67 (following the notation in [32]).
Since w(K(T,U)) = 0 when U = T™, the Jones Polynomial is given by
Vi) = br(T) Kbr(U).
In particular,
V(0,0 =2
and we have that

VK(027J;1) =Xx.
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—2E® )
,’\/y X

Figure 5.15: The knot ‘(0%0’2_301)(05_20205_1”

Once again we obtain distinct knots. The HOMFLY polynomial® of K (0,0) is

(4672 — 7 + 4t%) + (16t 72 — 36 + 16t%)2?
+ (1772 — 50 + 17t%) 2t 4+ (7¢72 — 31 + 7t?)2®
+ (2 =1+ 1%)2® — 20

While the HOMFLY polynomial of K (o9, 05 ") is
(0 — ™t 72 43— 2 —t* +19)
(=2t =t 2 -2 2Nt - (12 2+ )2t

Once again we have distinct knots that have the same Jones polynomial but
are not related by Conway mutation.

Scomputed using KNOTSCAPE



— Aot
e

Figure 5.16: The knot K(0,0) ~ 61 # 67

A~
< — 00O
%/C/“J\Q

Figure 5.17: The knot K (09,05 ")
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5.7 Observations

Definition 5.7. If a link is equivalent to a 3-braid, closed as in figure 5.18, it
is called a 2-bridge link.

d’ b

Figure 5.18: The 2-bridge link obtained from 3 € Bs.

For a generalised Kanenobu knot K(T,U), the knot K(0,0) is always of the
form L#L* where L is a 2-bridge link.

In the case where K(0,0) ~ K#K* is a connected sum of 2-bridge knots with
more that 3 crossings, such a K is generated by taking the 2-bridge closure of
an element o € Bs. Such a braid generates the Kanenobu braid ig(a)iz(sa),

and taking the closure
lio(@)iz(se)| = K(T,U)

with U = T™* gives rise to the evaluation matrix

o [(K;@;K*) (;52 }

since K#K* = K(0,0). Now K € Fix(o2), and with the specification that
U = T7, the familly of knots

K (172,07")
share the common Jones polynomial

VK(T(T%L,U(T;”) — <K#K >

By recycling the argument of theorem 5.3, we can reduce the comparison of
the knots »
K(T,U) and K (T@, U )

to the comparison of the HOMFLY polynomials

PK(O,O) and PK 1

(02705 )’
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As shown by the previous examples, this generates further pairs of distinct
knots that are not Conway mutants despite sharing the same Jones polynomial.

The notable exception is the square knot, obtained from the connected sum of
trefoil knots 3; # 3]. This is the connected sum of 2-bridge knots. It can be
seen as K (0,0) in the closure

K(T,U) = |(0105 '01) (05 '0405 )]

but another view is given in figure 5.19.
>
> -
Figure 5.19: The square knot 31 # 37 .

From the diagram in figure 5.20 it can be seen that the action of o9 can cancel
along a band connecting the tangles.

ROR==RCs

Figure 5.20: The knot |(0102_101)(0510405_1)|.

This cancelation is of the form

>z ~ 10X
so in the case that T is a rational tangle, their knot type is unaltered, while

a more general tangle results in a Conway mutant of the original diagram. In
particular, there is no change to the Jones polynomial.

In general however, the set of tangles So together with the set of 2-bridge
knots (generated by Bs) provide a range of knots (and even links) having
evaluation matricies contained in Fix(o2). In the cases discussed and the
examples produced, we have seen that the HOMFLY polynomial may be used
to distingush these knots. Thus, we conclude that this method of producing
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famillies knots sharing a common Jones polynomial is distinct from Conway
mutation.

In the next chapter, the results of Eliahou, Kauffman and Thistlethwaite [9]
will be restated using the braid actions introduced in this paper.



Chapter 6
Thistlethwaite Links

6.1 Construction

The group action of braids on tangles presented in this work was originally
discussed by Eliahou, Kauffman and Thistlethwaite [9] in the course of study
of the recently discovered links due to Thistlethwaite [33]. While it is still
unknown whether there is a non trivial knot having Jones polynomial V =1,
Thistlethwaite’s examples allow us to answer the question for links having
more than 1 component.

Theorem (Thislethwaite). For n > 1 there are non trivial n-component
links having trivial Jones polynomial V = 6"~ 1.

In the exploration of these links [9], it is shown that this is in fact a corollary
of a much stronger statement.

Theorem (Eliahou, Kauffman, Thislethwaite). For every n-component
link L there is an infinite family of (n+ 1)-component links L' such that Vi, =
ovr.

While these assertions are discussed at length in [9], the goal of this chapter is
to present some of the examples in light of the group actions discussed in this
work.

Definition 6.1. A Thislethwaite link H(T,U) is an external wiring of tangles
T,U € Sy modeled on the Hopf link.

Our first task is to compute the evaluation matrix

(H(0,0))  (H(0,00))

= | (H(o0,0)) (H (00, 00))

62
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Figure 6.1: The Thislethwaite link H(7',U)

It is easy to see, by applications of the Reidemeister move Ro, that
(H(0,00)) = (H(0,0)) = ¢°

and
(H(00,00)) = 0.

For the non trivial link H(0,0), the computation of (H(0,0)) requires a little
more work.

Figure 6.2: The link H(0,0)

For this, the following switching formula (stated in [20]) will be useful.

(3<)-(32) () ((=)-(2¢))
w0 ((F2)+(z=)-(22)-(z2¢))

holds for the Kauffman bracket, giving rise to equivalence in TL4.
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\

PROOF OF THE SWITCHING FORMULA. First note that the double crossing >
may be viewed as the braid 9010309 € B4. Thus, as

o — a+ a_lei

gives a representation of the braid group in 7L,,, we can represent this element
of By as

(a® + e1 + e2 + a 2ezer)(a® + ez + €3 + a 2eger)
=q* + (1262 + a2eg + eszeq

+ CL2€1 +ejex +e1e3 + a_2€1€3€2

+ a’eg + €3 + ezez + a 2egezen

+ eger +a 2ezeren + a_2€261€3 + a_4€2€1€3€2
=at + a%e; + (272 + 5 + 2a%)es + a®e3

+ CL_2€1€3€2 + CL_2€2€1€3 + CL_4€2€1€3€2

4+ ejeg 4+ e1e3 + eseq + eses + ezeq.

Similarly, the double crossing % may be viewed as (02010302)_1 € By so

that

olr— a4 ae;

~

gives the representation

(™% +e1 + ez + a’ezer)(a™? + ez + €3 + a’eser)
=a "t +a%e; + (20672 + 5+ 2a%)es + a " 2e3
+ CL2€1€3€2 + CL2€2€1€3 + CL4€2€1€3€2

+ ejex + ejez + exe; + ezes + ezea.
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Therefore

(<) ()

:(a2 +e1+ex+ CL_26261)(CL2 +ea +e3+ CL_2€3€2)
—(a7% + 1+ ea + a’ezer)(a”? + €2 + e3 + a’eser)
=at — a0+ (a®* —a%)e; + (a® —a ey
+ (a2 — a?)ejezes + (a2
+ (a_4 — CL4)62616362

:(a4 — a_4)(1 — ege1e3€2)

+ (a® — a7?)(e1 + e3 — e1ezeq — egeres)

=<a4—a‘4> ((=)-(¢)
) ((72) (=) - (09) -3

Applying the switching formula twice,

— CL2)62€163

as required.

so the evaluation matrix is

2 — —a Mg 62072242 —ab — gt §2

Now consider the braid w = o307 '3
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oS

Figure 6.3: The braid w € Bg

giving rise to the matrices

—a'+ad—a" —a M +2a"—-2a"%+2a—a°
P(w) = a3 a 13 _ g9 445
1 —a"+a3-a —aP®+2at—2a%+2a" —alt
Pw™) = a3 a® — a + a3 .

It can be checked (using MAPLE, for example) that
P(W)HP(w ' =H
so that H € Fix(w), giving rise to a comutative diagram

32 XSQ

T~

w Zla,a™ 1]

/

82 XSQ

and
(H(T,U)) = (H(T*,U* ).

As a first example, consider the tangles

T:@ - U:@

forming an unlink H(7,U). Under the action of w, we have

@
@

w1
—_—
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Therefore, the link H (T, U “’71) is two linked trefoils and, depending on ori-
entation, w(H (T*,U% ")) = £8

S8

Figure 6.4: The link H(T*,U% ")

so that )
(H(T*,U* ")) =20

and
_ _ . +24
VH(T‘”,U“’fl) = —a é.
However, the action of w? leaves the writhe unchanged. This gives rise to a
family of 2-component Thisltlethwaite links, all having Jones polynomial §.
Taking tangles T, U as in the previous example, the links

—2n

H(T" U™

have Jones polynomial ¢ for all n € Z. Moreover, for n # 0 the links obtained
are non-trivial, since each component is the numerator closure of a tangle,
giving rise to a pair of 2-bridge links that are geometrically essential to a pair
of linked solid tori [32].

The first two links in this sequence (for n = 1,2) are shown in figures 6.5 and
6.6.
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(J"\"J\J"\"J\\’ /\ ’)3
N
&/‘“fm’xf )

Figure 6.5: The result of w? acting on H(T,U)

//C )
&?x/x/;,/:/x/;f@

)

Figure 6.6: The result of w* acting on H(T,U)
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6.2 Some 2-component examples

Thistlethwaite’s original discovery [33] consisted of links that had fewer cross-
ings than those of the infinite sequence constructed above. Starting with the

pair of tangles

we obtain a trivial link H(T,U) such that w(H = —3. Applying the
action of w to this link gives rise to a non-trivial hnk

Figure 6.7: A non-trivial, 2-component link

such that X
(H(T,U)) = (H(T*,U” "))

and X
w (H(TW,UW )) — _3.
The result is a non-trivial link with trivial Jones polynomial §.

Similarly, starting with the pair of tangles

ey @@

gives rise to another trivial link H (7T, U), in this case having w(H (T,U)) = —
Applying the action of w to this hnk gives rise to a non-trivial link

such that B
(H(T,U)) = (H(T*,U” "))

and
w(HT*,U< ")) = -1,
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Figure 6.8: A non-trivial, 2-component link

Again, the result is a non-trivial link with trivial Jones polynomial 4.

It has been shown that these examples are also members of an infinite family
of distinct 2-component links having trivial Jones polynomials [9].

6.3 A 3-component example

It is possible to construct a 16-crossings non-trivial link with trivial Jones
polynomial if we consider links of 3 components.

Starting with the pair of tangles

ey @@

gives a 3 component trivial link H(T,U). In this case, w(H(T,U)) = —2 and
applying the action of w, the orientation of the resulting hnk may be chosen
so that

w (H(TW,UW“)) =9

also. Thus, with this orientation,

V

2
H(Tw, U« = 0%

In fact, with orientations chosen appropriately, this choice of tangles produces
another infinite family of links

H(Tw’fl, UUJ77L)
for n € Z, each having trivial Jones polynomial [9].

The 16-crossing example is interesting, as it is may be constructed by linking
two simple links: the Whitehead link (52), and the trefoil knot (31).
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Figure 6.9: A non-trivial, 3-component link

6.4 Closing Remarks

While the search for an answer to question 3.2 continues, the method of muta-
tion developed in this work provides a new tool in the pursuit of an example of
a non-trivial knot having trivial Jones polynomial. Not only has this type of
mutation produced Thistlethwaite’s examples, it is also able to produce pairs
of distinct knots sharing a common Jones polynomial that are not related by
Conway mutation (theorem 5.3). In light of the fact that Conway mutation
cannot alter an unknot so that it is knotted, it is desirable to have more general
forms of mutation such as this braid action at our disposal.

We have produced pairs of knots sharing a common Jones polynomial. As these
examples can be distinguished by their HOMFLY polynomials, they cannot be
Conway mutants. In our development, it is shown that further such examples
may be obtained either by altering the choice of tangles made, or by forming
a special closure || of a Kanenobu braid 8 € Bg. In addition, it is shown that
such a # may be produced from any given 3-braid.

It is hoped that further study of this new form of mutation will lead to a better
understanding of the phenomenon of distinct knots sharing a common Jones
polynomial. As well, it is possible that a better geometric understanding of this
braid action could give rise to a better understanding of the Jones polynomial
itself.
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