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Abstract

Let n be a positive integer and Y (i, j), i, j = 1, ..., n, be random variables with finite fourth moments. Let 7 be a random
permutation on {1, ...,n} which independent of Y(i, j)’s. In this paper, we use Stein’s method and the technique from
n

(Laipaporn, K., 2008) to give a uniform bound in a combinatorial central limit theorem of W = Z Y(i,n(i)). For a
i=1

sufficient large n, we yield the rate

. This constant is better than the result in (Neammanee, K., 2005).
n
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1. Introduction and Main Results

Let n be a positive integer and let:

(1). m be a random permutation of {1, ..., n} uniformly distributed over all the n! possible permutations;
). Y(, )), i,j=1,...,n be random variables;

(3). the Y(i, j)’s and « all be stochastically independent.

We define

W= Z Y, 7()). (1)
i=1

This paper is concerned with the normal approximation to the distribution of W which is always called a combinato-

rial central limit theorem. The literature concerning a combinatorial central limit theorem dates back to 1944 when
n

Wald and Wolfowitz (Wald, A., 1944) first established the asymptotic normality of the statistic n, = Z aibyiy where

i=1
a;, b;,i = 1,2, ...,n, are two sequences of real numbers and r is a random permutation of {1, 2, ..., n}. This was extended by

n
Hoeffding(Hoeffding, W., 1951) who considered W,, = Z Y (i, 7(i)) where Y (i, j) are n* real numbers. Matoo (Matoo, M.,
1957) showed that a Lindeberg-type condition is sufﬁcieilt for the asymptotic normality of W,. The same condition was
also shown to be necessary in the case of 7, by Hajek(Hajek, J., 1961). In 1972, Robinson(Robinson, J., 1972) obtained
necessary and sufficient conditions for the moments of 7, to converge to those of a normal distribution and Kolchin and
Chistyakov(Kolchin, V.F., 1973) considered a different 1, where 7 is no longer uniform but attributes equal probabilities
to only those permutations with one cycle.

It seem so far that only limit theorem when Y(i, j)’s are real numbers has been proved. In the case when Y(i, j)’s are
any random variables, the estimations have been obtained by Von Bahr(Von Bahr, B., 1976) and Ho and Chen(Ho,
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S.T., 1978), and a Berry-Esseen-type bound was obtained by Bolthausen(Bolthausen, E., 1984) for univariate linear
statistics and Bolthausen and Gotze(Bolthausen, E., 1993) for multivariate statistics. In 2005, Neammanee and Suntorn-
chost(Neammanee, K., 2005) gave the uniform rate by using Stein’s method. In this work, we improve the constant by us-
ing the technique from (Laipaporn, K., 2008). Our constant is sharper than the result in (Neammanee, K., 2005)(C > 198).
Our results are as follows:

Theorem 1.1 Suppose that EY*(i, j) < 0o, 1 <i,j<n,

EW =0 and VarW = 1, 2)
and . .
DG, =0 and ' uG, j)=0 3)
i=1 J=1
where u(i, j) = EY(i, j). Then for n > 30,
1
& 6, 5208
sup [P(W < w) — ®(w)| < 118, + 10.02—1= + 1.467— +
weR nl/ ni \/ﬁ

where @ is the standard normal distribution, and

Corollary 1.2 If §, ~ n~'/2, then for n > 30,

27.72
sup |[P(W < w) — d(w)| <
weR \/ﬁ
2. Proof of Main Result (Theorem 1.1)
2.1 Auxillary results
In this section, we give auxiliary results for proving our main theorem (Theorem 1.1). First, we need to bound EW*.

Lemma 2.1 If W is defined as in (1), then for n > 30,

EW* < 3.44/né,.

Proof: Note that
EW*= A, + Ay + A3 + Ay + As

where

Al = Z EY*(i, 7(i))
i=1

A= ) > EYir, 7)Y (i, 1(0)
n=l izgil
Ay = 0 EY2 0, 7(i0))Y (i, 7(02))
n=1 i
iy #iy

Aq= Z} Z Z EY?(iy, 7(i1))Y (ig, 7(i2)) Y (i3, 7(i3))
" izl#:zi] l'3¢1i31,i2

n
As = le Z Z EY iy, 7)Y (o, 7(i2))Y (i, 7(i3) Y (i, (i)
" ig;tli}l,iz it s

By the fact that n > 30 and (3) we have

=
=

EY*(, ) = 23 < 0.033 Vndy C))
i
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and

4 = n(n_ 5 Z ZEY i1, J0) ) Z EY(i, j»)

n=ta= l’;z:ll /2#7]
04
< 0.001 Vnds.
\/_(n -1
‘We observe that
EYZ(Z ]) <n? Z[EYZ(I N 1> <n? EY4(, J) < n* Vnés.
z:l =1 i=1 j=1 i=1 j=1
Thus
A = n(n_ 5. Z ZEY%I,]I) > Z EY2(i2, o)
netas B ik
bF p# i
< EY?(, j)
n(n -1 121 le
< n\/ﬁ54
n—1
< 1.035 Vnd,.

Next, we bound A4. Note that

As= n(n—n—-2) 1)(n—2) ZZEY (’1’11)2 Z EY(iz, j2)

i=1ji= [R5

LFEN i
x > > EY(s,j3)

B
B3#iLD J3#]1,)2

consists of 4 finite summands of the form

n(n— 1)(n 2) ZZEY 1,0 Y Y. EX(ia, )EY (i3, js)

i=1ji= b
i#i1 p# ji

where i3 = ij or i; and j3 = j; or js.
Recall that, for fixed iy, ji,

n

D D BV EY(s j3) < ) i(EY(iz,jz))z,

b =1 jp=1
D#i j2#]1

and (6), we obtain

n(n - 1)(n n(n — 1)(n - 2) 4 Z Z EY (th)Zn: Z(EY(lz,Jz))

=1 ji= =1 jo=

4 2 2
S v [Z ZEY )

i=1 j=1
<N
(n-1n-2)

n 1
() Vs
< 0.15Vné,
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in which we used the fact that n > 30 in the last inequality.
To bound As, we write

As = n(n - 1)(n 2)(n - 3) Z Z EY(i1, j1) Z Z EY(is, j2)

n=1j= i

i2#i) Jz¢11
x Z Z EY(s.js) ) Z EY(is. js)
t#ll P2 mtjl 22 zm.' 12503 /4¢11 22573
consisting of 9 summands of the form
! B(my, my)

n(n—1)(n-2)(n-3)

where

B(my, m) = Z Z EY(ir, i) ) ), EY(in, o)

i2#11 jo# i
x YT EY(s, )EY(m,m),

BB
B3#LI J3F]1,)2

my =iy, i, i3 and my = ji, jo, j3.
Case 1. (m(,m>) = (i3, j3)

B(is, j3) < Z Z Z Z Z Z EIY(iy, j0)Y (i, j2)Y2(i3, j3)l

=1 ji=l =1 jp=1i3=1 j3=

n Z Z EY*(, j)

i=1 j=1
< n4 \/1_154,

where we have used the fact that B B

L
P1 P2 Pk

ayay...ax < pia; + paa, -+ pray,

fora;, p; > 0 and p; + p + ... + pr = 1 in the second inequality.
Case 2. (my, my) # (i3, j3)
If m; = i3 and my # j3, then

B(is,m) < 30 %" 3NN EYGr, j)Y(ia, jo)Y (i, m)lIY (i, o) + ¥ (i, o))

i1=1 ji=1 i=1 jp=1 iz=1

<2’ Z Z E|Y4G, )|
i=1 j=1

= 2’13 \/1264 .

Similarly, we can show that
B(my, j3) < 2n? \/ﬁ64 and B(my,mp) < 4n? \/ﬁéz@ for my # i3 and my # js.

From Cases 1 and 2,
1

_ \ 3
<222 s, i
for n > 30. Hence, by (4), (5),(7),(8).(9), EW* < 3.44 \/nd,. ’

In 1972, Stein(Stein, C.M., 1972) introduced a powerful and general method to obtain explicit bound for the error in the
normal approximation to the distribution of a sum of dependent random variables. His technique was relied on elementary
differantial equations. For each z € R, the Stein’s equation for normal distribution function is

81 (2) —28w(2) = Iz < w) — D(w) (10

94 > www.ccsenet.org



Journal of Mathematics Research September, 2009

where w € R. It is well-known that the solution g,, of (10) is of the form

V2re @ d@)[1 — dw)] ,if z<w,

#wl2) = {x/ﬂeézch(w)[l —0@)] Lif z>w,
with 0 < g,(z) <1 forall ze R (11)
and |g/,(z)l <1 forall ze R (Stein, C.M., 1972, p.22-23). (12)

To apply Stein’s method, we construct the coupling W of W as follows.

Let 7 and K be uniformly distributed random variables on {1, ..., n}, (I, K) uniformly distributed on {(i, k)i, k = 1, ....,n,i #
k} and assume that they are independent of 7 and Y (i, j)’s.
Define

W=W-=8,-S,+S3+S4 (13)
where

S1=YU,7(), S§»=Y(K n(K))
S3 =Y, n(K), S4=YK ().

Note that (W, W) is an exchangeable pair (Neammanee, K., 2005, p.261). Clearly, S| and S, have the same distribution
and so do S5 and S 4. We observe that

1 n n
P(S|<a)= EZZP(Y(i,j)Sa):P(Sg. <a) forall a€R.
i=1 j=1

Thus S, 52, 53,54 are identically distributed.

Lemma 2.2 Let g : R — R be a continuous and piecewise continuously differentiable function. Then

00

EWg(W) = Ef g W+ )M(Hdt — Ag(W) (14)

—00
and

1
[Ag(W)| < nj[Egz(W)]”z (15)

where

M) = g(W—W){H(OStsW—W)—]I(W—Wszsm}

and I is the indicator function.

Proof: Let A be the o-algebra generated by
{Y@,n7(@): 1 <i<n}

We can used the idea of (Neammanee, K., 2005) to show that
2E{g(W)E™(W — W)} + E(W — W)[g(W) - g(W)] = 0.
Let fi(i, m(k)) = u(i, j) for n(k) = j. We observe that fori # k

EX Z Z Y, n(k)) = E? Z Z i, 7(k)). (16)
=1 k =1 k

k#i k#i
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Then
EZW - W)
=EN-S; - S,+83+54]
—EY(, n(D)) — E'Y(K, n(K)) + E7*Y(I, n(K)) + E7'Y(K, n(]))

Eﬂ Z Z Y, n(k))

-z Z VG 7(D) +

__2 2 g i
=W ;Zk:y(l,ﬂ(k))
k#i
-2 g
=-SW+ n(n_ oE le ;y(z (k) = i, 7(0)
2
2‘5W+n(n_1) ﬂ;;u(z (k) ~ E“Zu(z (D).

‘We note from (3) that

3TN thntn = 3 D iy =

i=1 k=1 =1 j=1

Thus

ﬂ~_ __z _ ﬂ < ~y e
ENW ~W) = W rrstd ;y(z,n(z)).

So, we can conclude that

2 & — —
0= 2E{g(W)[—;W - E” Zﬂ(i, AN} + E(W — W)[g(W) — g(W)],
i=1

nn-1)
which implies
1
EWg(W) = SE(W = W)lg(W) - g(W)] - —Elg (W)E"‘Zu(z (i)
i=1

= %E(W - W)[g(W) — g(W)] - Ag(W)
N - W-w
= ZE(W - W)f g’(W + t)dt — Ag(W)
0

= Ef gW+M@)dt — Ag(W)
where

1 n
|Ag(W)| = ImE[g(W) Zﬂ(i, m(@)]l

PRLELY 7))
i=1

‘We note from (2) that
1=EW?

= E[Z Y (i, 7))

- Z EYX(i,n(i)) + Z D EY(in. (i)Y iz, (i)

=1 i
i #i)

= —ZZEY% R l_l)gguza,j). (17)

=1 j=1

96 > www.ccsenet.org



Journal of Mathematics Research September, 2009

Thus
E[Z A 7 (@)
= Z Ef(i, 7(0) + Z > By, min)aci, 7(i2))
"= 112;21]
Z—ZZL!( D+ 1)22“(”’]‘)2 Z u(iz, j2)
i=1 j=1 n=1j= 1,2“ jl¢jl
1 n n
ZZEY% Do 2 D KD
i=1 j=1 i=1 j=1
= 1. (18)
Hence
1
Ag(W)] < —[Eg*(W)I'"2.
O

Lemma 2.3 Let w € R and g,, be the unique bounded solution of (10). With the notation and assumptions of Theorem 1.1
and 64 < 0.047, we have that for n > 30,

® * o, 1.612
|Egl,(W)E f M(n)dt - E[g,,(W) f M(nydr]| < 1 002— +0.4656; +

n—1

where 6, = —— Z Z EY2(1 -

i=1 j=1
Proof: Let A be defined as in Lemma 2.2. By the same argument of Lemma 5 in (Loh, W.Y., 1996), we have

Eg,nE [ mwar-eigon [ moar
124: EE"nS}-Dl+5 > EE™S Sl + L (19)
4 k 2 4 ! n-1
k=1 1< j<k<4
To prove the lemma, it suffices to find appropriate bounds for the terms on the right-hand side of (19). For the sake of

clarity, we shall break the proof down into two steps.
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Step 1. We will bound the first term on the right-hand side of (19). Hence, by (17)

[EIEA(nST - DI?
= [EnEZY*(I, n(D)) — 1|1

= (B ), Y2(i,m(i) — 1P
i=1

<ELY. Yi, () - 1T
i=1

= E[Z Y2, n()* - 2E Z Y2, n(i) + 1
i=1 i=1

E Z Y4, n(i)) + E Z Z Y2(i, 7)) Y2(k, (k) — 2E Z Y2, n(i)) + 1
i=1 =1 k i=1

ki
! DU EYi k) + L > EV k) - 2 DU EVA k) + 1
(i n=1nae i E
SR P o) Pk
Y n— 10 T nn— 1) La 2t

i=1 j=1

1 n n o
-2 - nn—-1) Z Z#Z(l’ M+l

i=1 j=1

54 1 ke 2/ 12 1 1 SN 20 N2
W+—(n<n—1>>2[;;” ) +(n—1)+n2(n—1)3[;;'u )
54 n n n » 1
S%+(n_1)3ZZEY(z,k)+m

i=1 k=1

04 1
1.007— .
\n T

IA

By the symmetry of S and S,

84 1
EIEZnS2 - D|)? < 1.007— + )
[EIE™(nS3 - DI < A

By the same technique of (20) we can show that

1 n
n—1~4

[EIE*(nS2 - 1P <E D EMY (i, n(k) - 1
1 k

k#i

5, 2.034
<0041 =% 4 27
Vn n-1

and from the symmetry between S3 and S 4,

5, 2.034
EIEA(S2 - D <0.041 — + )
[EIE™(nSF - DI < R

Hence we can conclude from (20), (21), (22) and (23) that

4

2.034
ZE|Eﬁ(ns,§ _ 1)< [1.00725 4 203411
= Vn

N

n—1

Step 2. We will bound the second term on the right-hand side of (19).

98

(20)

ey

(22)

(23)

(24)
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Note that

. 1 -
nEIENS1S2)| = ——E| ) > Yi, (i)Y (k.7 (k)
i=1

k
k#i

] n n
——EI ) Y)Y Yk k) = Y a@))
i=1 k=1

SR EEI0)]
i=1

1 n
EW? + — Z EY*(i, n(i))

1

n—1

-1 n(n—l)ZZEY @)

i=1 j=1

IA

) (25)

where we have used (17) in the last inequality.

By the fact that

and

fori # k,

> www.ccsenet.orgljmr

E?Y(i, n(k)) = E™ (i, (k)

EZY (i, n(k))Y (k, 7(D) = E” i, m(k)fack, 7 (i)

nE|E(S 38 4)|

k#i

7, m(k))ck, m(i))|

k#i

=1 k
k#i
YY) n(n 1)y Z Z ! Z Z#(l Pk, D)
l¢l k;tz
n(n n(n —1)2 Z Z | Z#(! Dud, Dl
l#j

S P 2n(n " Z S t s 1)2 426D

i=1 j=1 i=1 [=1

Vn nn
=2-1" " 212

(26)
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and

l n
REIENS1S3) = ——E| ) > Y. a)E"Y G, a(k)]
i=1 k

k#i

1 n
——E| Zl ; Y (i, 7 ()G, 7(k))|

IA

k#i

1 n
= —El Z} Y (i, 7(i) zk]ﬁ(i, )]

k#i

1 n n

= — Z] Y, n(i)){; (i, w(k)) — fiGi, (i)}
1 n n

= —E| Zl YG, n(i)){; (i, k) — i, 7))

= rllEI ; Y (i, n(@))a(i, m(@D))l

1 N N .. ..
T -1 JZAE'; Y, i, j)

1 ; N S P
n(n—1) Z Z (i, DIEIY, j

i=1 j=1

IA

IA
=
Tl=
N
\‘M:
1
ol
h<
<

= 2. (27
n

By the same argument of (27), we can show that

nEIE™(S 1S 9| < Wl 52, (28)
—
nEIE™(S 28 3)| < ‘/ﬁl 5, (29)
—
and
REIEZ(S,84)| < Wlaz. (30)
—

Therefore, by (25)-(30),

\n n+n 1
5 5 .
R T R

n A
3 Z EIE™(S Sl < 2.25~

1< j<k<4

Now we conclude from (19), step 1. and step 2. that

IEg:V(W)Ef M(t)dt—E[g:V(W)f M@)dt]|

5y 2034, vn nn 1
< [1.007—= + =——1"? +2.25 5 + 5 +
=l i no 1) n—1""4m-12"" n-1
1
52 1.612
< 1.002-% +0.4656, + .
nt n—1
This proves the lemma. 0
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2.2 Proof of Theorem 1.1
Case 1. 64 < 0.047

We can used the Stein’s method and tecnique from (Laipaporn, K., 2008, p252-254) to show that

where

and

where

|P(W < w) — D(w)| < A + Ay + Az + Ay,

=|E f _lgl(W) -

g (W + DM (n)d],

a2 = e, WE [ Mwar- g0 [ mwal,

A3

Ay

|Eg, (W)t -

Al <A+

3
Aqq S(§+

n
App < ZElW'

Az <

From Lemma 2.2, with g(w) = w, we have

Thus

E I B M(t)dt',

1 |
——[Eg,(W)]7,
n—1

Ap +Ap

S \EW - WP,

-1

W — WP
—

W - WP

_ 1
DEW - W) < EW? + —(EW?)S.
4 n—1

EW -

Since S, S,, S5 and S 4 have the same distribution,

E\W - w*

<

We can conclude from Lemma 2.1, (33) and (34) that

3
A S(§+

— 1646,
Ara < GEW) BEW - W < 2(1.361nt 6 )

and Aj; <

which implies

> www.ccsenet.orgfjmr

@n

9 4.137
N—)

4n-1"" n

(EIW - Whi <

3.21
A < —+
T\

Wy < 4.137.

=E|S| +S,—-53-S4*

256E|S 1 |*

- BN S Ew

i=1 j=1
25664

=i

e 321
<

3

V2 646

6

3/4

1088164 + 10.02-7c.

o2
£)=10.02-%,

3/4

nd/8

3
r

ns

) < 10.88164,

€1V

(32)

(33)

(34)

(35)
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It follows from Lemma 2.3 that

1

62 1.612
Ay < 1.002-% +0.4656, + :
ni Vn—-1

(36)
Next, we will find a bound for A3. From (12), it suffices to bound only

|E fm M(t)dt — 1|.

By replacing g(W) by W in Lemma 2.2 we have
1

°° 1
|E f M)dt - 1] < —I(EWZ)% =
oo n-—

Thus

—_

A3

IA

(37

S
|
—_

‘We note from (11) that

—_

Ay

IN

(38)

N
|
—

Hence from (35), (36), (37) and (38), we have

[P(W < w) — d(w)|
3/4

< 10.88164 + 10.02 T/s + 1. 002

5.228

n

+0.4656, +

=g
o= m— -

o 5

< 10.88164 + 10. 021—/8 +1.467

5.228
n

=

n

where we have used the fact that

n

1 1
5% = —3[ EY? (11,12) ZZZEY (i1, 2) =

=1i=1 =1i=

<|

in the last inequality.
Case 2. 64 > 0.047
Note that for W such that EW = 0 and EW? = 1,

IP(W < w) — d(w)| <0.55
(Chen, L.H.Y, 2001). Hence the theorem follows from this fact and the fact that

63/4

4
10,8165 + 10,02

5.228
n

62
+1.467— 4 > 11.99264 > 0.55.
Z
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