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Abstract

Modern computer programs are executed in a variety of different contexts: on servers, handheld
devices, graphics cards, and across distributed environments, to name a few. Understanding a
program’s contextual requirements is therefore vital for its correct execution. This dissertation
studies contextual computations, ranging from application-level notions of context to lower-
level notions of context prevalent in common programming tasks. It makes contributions in
three areas: mathematically structuring contextual computations, analysing contextual program
properties, and designing languages to facilitate contextual programming.

Firstly, existing work which mathematically structures contextual computations using comon-
ads (in programming and semantics) is analysed and extended. Comonads are shown to exhibit
a shape preservation property which restricts their applicability to a subset of contextual com-
putations. Subsequently, novel generalisations of comonads are developed, including the notion
of an indexed comonad, relaxing shape-preservation restrictions.

Secondly, a general class of static analyses called coeffect systems is introduced to describe
the propagation of contextual requirements throughout a program. Indexed comonads, with
some additional structure, are shown to provide a semantics for languages whose contextual
properties are captured by a coeffect analysis.

Finally, language constructs are presented to ease the programming of contextual compu-
tations. The benefits of these language features, the mathematical structuring, and coeffect
systems are demonstrated by a language for container programming which guarantees optimi-

sations and safety invariants.
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CHAPTER 1

INTRODUCTION

Programming languages have had, and continue to have, a significant role in advancing computer
technology and increasing its utility. By providing layers of abstraction, hiding details and
allowing reuse, programming languages allow increasingly complex systems to be constructed
and managed more effectively.! The plethora of existing programming languages (numbering in
the thousands) offer varied systems of expression for organising and structuring computation,
helping us to better express ideas and solve increasingly complex problems.

The broad aim of this dissertation is to further advance programming technology, facilitating
greater expressivity and hence greater productivity. The dissertation focuses on the program-
ming of contextual computations, that is, computations which depend on some notion of the
context of execution. A class of contextual computations is explored from the perspective of

programming and programming languages.

Chapter structure. This introductory chapter explains the general approach and principles of
this dissertation, and defines its scope. Section 1.1 briefly introduces the general approaches,
methodologies, and themes of the dissertation. Section 1.2 introduces contextual computations

and motivates their study. Section 1.3 provides an overview of the dissertation’s structure.

1.1. A principled approach to language design

Although most programming languages can in principle encode any computation as a program
(i.e., the property of Turing completeness), there is no single existing language perfectly suited
to expressing succinctly and eloquently every possible computation.? Such is the breadth and
depth of computational possibilities. Effective programming languages therefore make trade-
offs between different aspects of programming, maximising some desirable characteristics of a

language at the expense of others.

Design goals for effective languages. The desirable characteristics of a programming lan-
guage can be broadly summarised by the following four actions on programs which an effective
language should benefit: reading, writing, running, and reasoning (the four Rs) [Orcll]. That
is, a programming language should improve understandability (reading) and expressivity (writ-
ing) for programs, should permit efficient execution (running) of programs, and allow accurate
reasoning about their behaviour. These four tenets are not mutually exclusive, but are interre-
lated. For example, a language in which it is easier to reason about programs, even informally,
may be easier to read and understand; or a language where the compiler can easily reason about
a program may be more amenable to optimisation.

1A good introduction to complexity in software systems is given in the introductory chapter of Object-oriented

analysis and design with applications by Booch et al. [ BMET07].
2Note the difference between program and computation; a program gives an encoding of a computation.
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Improving the four Rs for a language therefore has non-orthogonal effects, thus maximising
all four in one language, for all programs, has proven difficult; often improving one diminishes
another. Instead, a language may strongly support the four Rs for some classes of computation,
with some accepted disadvantage to others. This inescapable trade-off between characteristics

is evidenced by the broad spectrum of programming languages over the last 70 years.?

Classifying computations. Given the vast spectrum of possible computations, classifying com-
putations based on common properties is beneficial for programming, where a language, or
particular features of a language, may be designed to support particular classes. As Landin
argued in his seminal paper, The Next 700 Programming Languages, the logical differences and
similarities between languages should be identified such that a language can be developed from
a “well-mapped” space, systematically derived from logical components, rather than devised
“labouriously” from the ground up ad hoc [Lan66]. By classifying computations the logical
components of a language can be more easily designed and motivated.

This dissertation introduces the class of contextual computations, exploring the structure of
this class and its use, and developing languages and language constructs for its programming.

But how can computations be classified? There are many possible classification criteria. A
well known and well studied example is the asymptotic complexity of a computation relative
to its input size [Pap03], but this is not the approach of this dissertation. Instead, classifi-
cation here is by the structure of the operations and data that comprise a computation. This
kind of classification can be seen in the software engineering discourse of design patterns, pro-
viding reusable schemes, or programming idioms, for solving particular programming problems,
describing classes of computation with a common form. The discourse of design patterns is
particularly prevalent in object-oriented programming (e.g., [ BMET07, Gam95]). While some
of these patterns are specific to the object paradigm, the general approach is valuable in other
programming paradigms. In functional programming, design patterns are often encapsulated
by interfaces of functions and higher-order functions, such as in the approach of algorithmic
skeletons for parallel programming [Col89, DFH93|.

Design patterns in functional programming are mainly guided by the use of type theory,
which provides a framework for analysing and classifying the structure of both computations

and data. This approach is applied in this dissertation.

Type theory. Founded in the work of Whitehead and Russell’s Principia Mathematica [WR12],
type theory was introduced to rule out paradoxical mathematical constructions. Applied to pro-
gramming, type theory provides an organising principle for computations and data, aiding pro-
gram reasoning by excluding large classes of incorrect and inconsistent programs which describe
nonsensical and paradoxical computations, hence the slogan: “well-typed programs do not go
wrong” [Mil78]. Barendregt likens types to physical quantities where type checking excludes,

for example, the addition of non-comparable quantities, that is, of different dimension, e.g.,

30f course, the spectrum of languages is not only a consequence of objectively balancing language characteristics,
but also the inevitable subjective preferences of people.
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“adding 3 volts to 2 amperes” [Bar93]. Furthermore, types give an abstract specification of
data and the behaviour of a computation which, from the perspective of the four Rs for effective
languages, aid the reading and writing processes of programming, and the efficient execution of
programs, for example in the precise allocation of memory.

A type system describes and implements a type theory for a language. One perspective is that
type systems are static program analyses which reject programs that violate basic properties of
the language (sometimes called language invariants). Developments in type theory have allowed
this analysis to be more precise, classifying programs not only based on what they compute,
but also how they compute; for example dependent type theory allows types to depend on
values, elucidating the role of parameters in the computation of a result [MLS84]. At the same
time, developments in type theory have allowed types to describe the general applicability of a
computation to different forms of data; for example, polymorphic type theories allow operations
defined generically for any type (see, e.g., [Pie02, Chapter V]).

These richer type theories, providing parameterisation and indexing of types, allow more
information about a computation to be captured, encoding more nuanced program properties
and providing more opportunities for optimisation and enforcing correctness. For example,
Barendregt’s example of types excluding addition of quantities with different dimension can be
made more flexible by indexing a type of real numbers by dimensions, Ry, where addition is
typed + : Vd.Ry x Ry — Ry but multiplication is typed X : Vdi,d2 . Ry, X Ry, = Ry, g4, Where
® is a dimension product. This dissertation follows a typed approach to programming, where
types with increasing information content will be used to describe details of computations.

The structure of programs and data, as quantified by types, can be organised further by

principles from abstract mathematics, particularly the field of category theory.

Category-theoretic approach. Category theory is a branch of mathematics providing a frame-
work for the abstract description, characterisation, and study of structure in mathematics and
formal systems. Most usefully, the abstractions provided by category theory frequently expose
common structures and axioms between systems, allowing results to be transferred and reused.
For example, the abstract concept of a (symmetric closed) monoidal category is a ubiquitous,
underlying structure in many concrete topics, such as logic, topology, computation, physics, and
language [BS11]. This dissertation distinguishes two approaches to applying category theory in
programming: categorical semantics and categorical (or category-oriented) programming.

Categorical semantics uses category theory as a metalanguage for defining the semantics of
a language, where terms are interpreted in a category that has enough additional structure to
satisfy the language properties. For example, Lambek showed the semantics of the simply-typed
A-calculus are captured by Cartesian-closed categories [Lam80).

Categorical programming on the other hand uses category-theoretic concepts directly in
programming as design patterns for organising, structuring, and abstracting (or modularising)

programs, simplifying both definitions and reasoning. For example, the concept of a monad is
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used frequently in functional programming to abstract the composition of effect-producing ex-
pressions as promoted by Wadler [Wad92a, Wad95b|. Whilst categorical semantics provides
a categorical interpretation to both the type and term structure of a program, categorical pro-
gramming instead provides a shallow category-theoretic interpretation of just the type structure,
providing a framework for structuring programs using category-theoretic concepts.

Categorical programming can be seen as a subset of the algebra-of-programming approach.

Calculational/algebraic approach to programming. The algebra-of-programming approach
views programs as symbolic equations which can be manipulated and reasoned about similarly to
algebraic systems in mathematics [BDM97]. The approach of calculating functional programs
applies the algebraic approach to both derive and reason about programs in a style similar to
algebraic calculation [Gib02]. Much of the algebraic/calculational programming approach is
motivated by, and derived from, concepts in category theory, where total functional programs
are placed in correspondence with morphisms of a category [FOK92].

Functional languages are particularly suited to this algebraic programming approach because
their increased purity, controlling and restricting side effects, tends to imply stronger algebraic
properties with fewer exceptional cases. Additionally, the syntax of functional languages is
usually lightweight, permitting easy symbolic manipulation and is usually sufficiently abstract
that higher-level computational concepts, rather than implementation details, form the basic

building blocks [Bac78]. Functional programming is the preferred paradigm of this dissertation.

1.2. Contextual computations

Contextual computations are those that depend upon, or make demands on, the context of eval-
uation.* Context is a sufficiently abstract notion that it has many definitions and usages. The
following discusses various notions of context which are all related to, or examples of, the class
of contextual computations studied in this dissertation. This class of contextual computations

is introduced more formally in Section 1.2.2, and related back to these examples.

1.2.1. Notions of context

context, n. ' the circumstances that form the setting for an event, statement, or
idea; ? the parts that come immediately before and after a word or passage and

make its meaning clear. , o
The Ozford English Dictionary [OEDOG]

Context in programming language theory. The term context appears in two notable situa-
tions in programming language theory. Firstly, in type theory, the free-variable typing assump-
tions of a judgment are called the context, where I' - e : 7 relates a term e with a type 7 in
the context I'. The name context is appropriate since the value of an expression depends on its

free-variables, which are provided by the environment.

4An alternate name might be context-dependent computations, although the shorter contextual computation is
more convenient and more general in tone — c¢f. effect-producing computations vs. effectful computations.
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Secondly, evaluation contexts for a language are terms with a hole that can be filled with

another term. For example, evaluation contexts of the A-calculus are described by the grammar:
C=[]|w.C|Ct|tC

where ¢ ranges over terms without a hole, v ranges over variables, and [.| denotes the context
hole. Thus, C' defines a syntax tree with a single context hole that may be filled (or plugged) by
another term, written C'[t] . Using evaluation contexts, a common notion of semantic equivalence
between expressions is conteztual equivalence, in which two expressions are considered equal (for
some definition of equality) if their substitution into any context preserves this equality: [Pie05,
p.249] (i.e., = is a congruence relation) where VC.t =t' = C[t] = C[t'].

Context of execution. From a more applied perspective, the field of contexrt-aware computing,
a subset of pervasive computing research, concerns building applications that adapt “according
to the location of use, the collection of nearby people, hosts, and accessible devices, as well
as to changes to things over time” [SAW94|. In this sense, context encapsulates (possibly
hidden) parameters to a computation from the outside world, which are out of a program’s
control. Context-aware computing has developed formal programming constructs, birthing the
field of context-oriented programming for which context is broadly defined as “everything that is
computationally accessible” [HCHO8]. Computations may be executed on different devices with
different resources (phone, server, the “cloud”, etc.) which each provide a notion of context to a
computation. Various programming languages support different execution environments directly

as language primitives, capturing context-dependence properties MCHO08, CLWY 06, SC10].

Context in language. In natural language, the role of context in the meaning of sentences has
long been recognised and studied for centuries by logicians and philosophers. Notably, Frege’s
influential 1892 paper Uber Sinn und Bedeutung (On Sense and Meaning), discussed problems
of equality between terms that have the same reference (denotation a la Russell) but different
sense, or meaning, for which contexrt affects the validity of substitution for apparently equal
terms [Fre48] (1948 English translation). Frege’s classic example considers the two expressions
“the morning star” and “the evening star”, both referring to the planet Venus, but with different
meanings (sense): Venus as seen at sunrise and sunset respectively.

The difference between reference and sense is exposed by substituting equi-designating terms
into a sentence which has some implicit indirect reference context [Fit09]. For example, the
truth of the statement “John knows that the morning star is seen at sunrise” may differ to
“John knows that Venus is seen at sunrise” because of the implicit context of John’s knowledge.

Carnap introduced the terms intension, describing the entire sense/meaning of a term, and
extension describing just the denotation or object to which an expression refers, describing
intensions mathematically as functions from states (contexts) to extensions [Car47]. Carnap’s

ideas created the field of intensional logic for reasoning about contextual and modal systems.
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Context and dataflow. Intensional logic was influential in the development of the dataflow
programming language Lucid, intended to make iterative, imperative programming more declar-
ative. Following its inception, it was realised that Lucid provides an intensional view of impera-
tive, iterative programming, denoting expressions as streams mapping from a discrete, abstract
notion of time to extensional values [WA85]. Thus, a variable in an imperative language, which
may have many denotations during a program, is captured in Lucid as an intensional expression
capturing the entire history of its values during the course of computation. Intensional opera-
tors provide access between contexts. Later, Lucid was extended to multi-dimensional contexts

allowing intensional programs over array-like structures [AFJW95].

Context in local/global computation. Many programs manipulate structured data, such as
lists, arrays, databases, stacks, trees, and graphs. Many such manipulations are characterised
by aggregate, or bulk, operations on a data structure that can be separated into two parts: a local
computation, defined at a particular point or context within the data structure, and a scheme
for promotion (extension) of the computation to a global computation, i.e., to all contexts.

As an example of a local computation, the discrete Gaussian operator, used in signal and

image processing, can be calculated at some position 4 of a one-dimensional array A as follows:
L(A[i — 1] + 2A[] + A[i + 1]) (1)

The discrete Gaussian of an entire array can be computed by iterating over its index space,
calculating equation (1) for each index (i.e., globally) and collecting the results into an array
of the same size. For example, in some imperative language the promotion operation may be

written (for this discussion, ignoring issues of boundary conditions):
for i € dom(A): Bli] = (eq. 1) (2)

This iterative promotion operation is standard and can be reused for other operations, for

example, with a local mean of a neighbourhood of five elements, defined:
T(A[i — 2]+ Ali — 1] + A[i] + A[i + 1] + A[i + 2)) (3)

Another example of a local operation is the live variable analysis (LVA) defined over the nodes
of a control-flow graph (CFG) [App97]. The LVA calculates information for each node from the

current node and its successors, as described by the local operation on a CFG G, at node n:
U  (Gex[s]u (Live[s] — KiLr[s])) (4)
sesucc(G,n)
where succ(G,n) computes the set of successors for the node n in graph G. This local operation
is promoted globally to the entire CFG by the iterative code:
for n € [final G..start G] {L1VE'[n] = (eq. 4)}

which computes one pass of the live-variable analysis (usually the global operation is applied

iteratively until a fixed-point is reached).
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The local operations above access data elements relative to, or neighbouring, the current
element, computing a result value for this context. Local operations depending on their neigh-
bours are more general than local operations depending on just the current element (cf., the
map operations on lists). This local-operation pattern is ubiquitous in programming, particu-
larly in scientific modelling; e.g., Smith’s dissertation on biological and geometric modelling is

motivated by the philosophy of local modelling over inherently global models [Smi06].

1.2.2. Structure

There are likely other notions of context not discussed here. Those included are particularly
relevant to this dissertation, although any omitted may also be relevant. The last example
of context, of local operations with a global-promotion scheme, was given a more concrete
treatment as it has a straightforward mapping to the category-theoretic structure of a comonad,
which forms the basis for the class of contextual computations in this dissertation.

The example of a local operation for an array, can be described generally by a function
of type T A x P — B, for some parametric data type/data structure 7" with element type A,
return type B, and a type P of positions (alternatively, indices), at which the local operation
is applied, where P has the pre-condition that its values are within the domain of positions for
the parameter T' A. For the graph example, the notion of a position was less explicit, but may
be an index-like value as with arrays or some other structural notion of position.

Both kinds of local operation are captured by a function of type CA — B where the para-
metric type C' A encodes the notion of position in some way. The category theory structure of a
comonad over C provides a global promotion operation for these local operations and a trivial
local operation which defines the notion of the current context.

Comonads define a subset of the class of contextual computations studied in this dissertation.

Definition 1.2.1. Informally, from a functional programming perspective, a comonad comprises
a parametric data type C with the following two polymorphic operations, which satisfy a number

of laws (shown later):

current :N7.Ct — 1

extend : Vo, 7.(Co — 7) = Co — C7

Values of type C'T represent contextual values of type 7, and will be called intensions, in the sense
of Carnap [Car47]| and Montague [Fit09], capturing the extensional values of a computation,
of type 7, in all possible contexts. Intensions C't include an encoding of the current context,
where the current operation returns the extensional value at this context.

Local contextual operations of type Co — T compute an extensional 7 value at the context
provided by Co. The extend operation lifts a local contextual operation, of type Co — T,
applying it to all contexts encoded by an intension Co, constructing an intension C'7 where an
extensional value of type 7 at a particular context is computed by the local operation applied at

that context. As shall be seen in Chapter 3, extend also defines accessibility between contexts.
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The types of these operations and the comonad laws indicate that extend applies the local
operation at every context, computing a new local value for each context, possibly from values
in neighbouring contexts. Notably, contextual computations have only input dependencies, i.e.,

there its no output dependency.

Example 1.2.2. As an informal example, arrays describe values in a spatial context whose
values are dependent on position (e.g., temperature within a fluid, population at a particular

grid reference). Thus for a parametric data structure Array (not a “classical” array):

— Array 7 encodes contextual computations of 7-values dependent on positions, and includes the

current context of the computation, called the cursor.

e.g. € Array 7 has three contextual positions with the current context in grey.

— current : Array 7 — 7 defines the current context as the array element pointed to by the

cursor, returning the cursor element.

current
9. =

— extend lifts a local operation f : Array o — 7 to a global by applying f at each context, where
extend f : Array o — Array T:

5. [o0 [o1] o] L [ Tl L] |1 [l ]| (ol [ea] |~ [ [m]

Comonads capture a class of contextual computations which will be studied in this dissertation.
However, this dissertation considers a broader notion of contextual computations, including
those structured by comonads, captured by the notion of an indered comonad. Informally an

indexed comonad is defined:

Definition 1.2.3. An indexed comonad comprises a family of types Cr indexed, or tagged, by

information R about the encoded context, with operations:

current : V17 .Com — T

extend : Vo, 7,R,S . (Cso — 7) = Crgso — CrT

where 0 is a particular index denoting trivial context-dependence, and @ combines contextual

information (cf., the dimension-indexed types of + and x mentioned in Section 1.1).

The indices of an indexed comonad are used to provide more information about contextual
computations and their contextual requirements, which will be used for improving reasoning and
optimisation further than what is possible with the (un-indexed) comonad structure.

The various notions of context described in Section 1.2.1 are all captured by comonads or
indexed comonads. For the notion of context provided by data structures with local operations,
there is a clear mapping between these operations and this structure. For the more implicit

notions of context, such as in context-aware programming and context in natural languages, a



suitable indexed data type Cr encodes the appropriate notion of context, providing a semantics

to the implicit notions of context in programming systems and natural languages.

Why contextual computations? As described above, notions of context in computing are
ubiquitous. Nanevski et al. point out a number of applications where the role of context is im-
portant including “data abstraction, run-time code generation, distributed computation, partial
evaluation, and meta-programming” [NPPO08|. As discussed above, and later in Chapter 3,
many data manipulation tasks can be treated as contextual computations. These data trans-
formations are inherently data parallel. Contextual computations are therefore highly relevant
given current trends towards parallel and distributed architectures in response to diminishing

gains from previous architectural approaches.

1.3. Dissertation outline

» Chapter 2. Background — Reviews existing relevant background material on the simply-
typed A-calculus as a foundation for programming and the approaches of categorical semantics
and categorical programming. The presentation provides a schema for categorical semantics
of the simply-typed A-calculus, which is applied in Chapter 3 and 6 for contextual calculi.

» Chapter 3. Comonads — Reviews comonads in programming and semantics, introducing
new examples, and contributing a semantics for the contextual \-calculus that builds on
the work of Uustalu and Vene [UV08]. Comonads are shown to have a shape preservation
property, which restricts their utility, which is relaxed in Chapter 5 to generalise comonads.

» Chapter 4. A notation for comonads — Contributes a lightweight notation for categori-
cal programming with comonads, facilitating contextual programming embedded in Haskell.

» Chapter 5. Generalising comonads — Introduces various generalisations of comonads,
most notably the novel structure of an indexed comonad which widens the class of contextual
computations by relaxing shape preservation.

» Chapter 6. The coeffect calculus — Introduces a general class of static analyses for
context-dependence in programs called coeffect systems. Indexed comonads are used to embed
this analysis in a generalised context-dependent calculus, called the coeffect calculus, which
generalises the contextual A-calculus of Chapter 3.

» Chapter 7. A contextual language for containers — Draws together the work of the
preceding chapters into a single language for efficient and correct contextual programming
with containers (mainly arrays) embedded in Haskell. The language is parameterised by
indexed comonads with a coeffect system which provides safety guarantees and enables op-
timisations.

» Chapter 8. Conclusions and further work - Concludes and discusses general further

work with some initial thoughts.

Each chapter concludes with relevant further and related work where appropriate.
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CHAPTER 2

BACKGROUND

This dissertation uses category theory to structure both language semantics (categorical se-
mantics) and programs (categorical programming). This chapter reviews relevant background
material from the literature and is largely pedagogical. Knowledge of categories, functors, and
natural transformations is assumed. An introduction to these concepts is given in Appendix A
(p. 181). Further relevant categorical notions are introduced as needed, primarily from the

perspective of categorical semantics for the A-calculus.

The A-calculus as a foundation. The kind of programming considered in this dissertation
is that of functional programming for which Church’s A-calculus is the prototypical, or foun-
dational, functional language. Typed variants of the A-calculus define a subset of valid terms
via classification by type, enforcing logical consistency by excluding irreducible, nonsensical,
and paradoxical computations. The simply typed and polymorphic X-calculi form the basis of
modern day functional languages such as the ML family of languages, Haskell, F#, and OCaml.

The credibility of the A-calculus as a basis for programming is supported by the correspon-
dence between the type-theory of the simply-typed A-calculus (hereafter abbreviated A7) and
intuitionistic propositional logic. This is known as the Curry-Howard correspondence (or more
strongly: isomorphism). Propositions and proofs of intuitionistic logic, in natural deduction
form, are homologous, i.e., have the same structure and shape, to the types and terms of A7. A
well-typed term corresponds to a proof of the type’s corresponding proposition, thus proving for-
mulae and writing programs are equivalent activities [GTL89]. Intuitionistic implication, and
its introduction and elimination rules, have a one-to-one correspondence with the function-space
type and the rules for abstraction and application (function construction and deconstruction).
Product (tuple) and coproduct (sum/union) types can be added to A™ corresponding to conjunc-
tion and disjunction in propositional logic.

As an analytical tool, intuitionistic logic allows reasoning under hypothetical evidence. Hy-
potheses in intuitionistic proofs correspond to free variables in A-terms, where cut elimination
(discharging hypotheses) corresponds to substitution for A7 (eliminating free variables):

I'BFA T+ B Fr:7'ke:m TVEe 7

[out] ILI"E A = [subst] DI"kFe[z:=¢€]:T (5)

Intuitionistic propositional logic and the simply-typed A-calculus thus have equivalent analytical

power with a common notion of abstraction and substitution.

Category theory as a foundation. Lambek showed that both the intuitionistic propositional
logic and the type theory of the simply-typed A-calculus are modelled by Cartesian-closed cat-
egories [Lam80, LS88], elucidating the Curry-Howard correspondence formally by capturing

their common structure. This correspondence shows that Cartesian-closed categories (hereafter
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ccces) have enough extra structure on top of the basic category structure to axiomatise the
notion of substitution common to both intuitionistic logic and A".

The mapping of type theory and logic to a common categorical structure is called the extended
Curry-Howard correspondence. In this extended correspondence, objects of a cCC correspond
to types and propositions, and morphisms to terms and proofs, mapping from a context of
free variables (hypotheses) to results (conclusions). In Lambek’s approach, categorical products
provide concatenation of hypotheses/free variables (discussed in Section 2.2). Substitution in
AT and hypothesis discharge in intuitionistic logic correspond to composition in a CCC:

rr'sp rxBha
(eq.5) = (6)

rxr 9 ropda

The approach to modelling logic and language using category theory is known as categorical

logic, where the language component provides a categorical semantics. Since simply-typed \-
terms correspond to CCC morphisms, terms of a CCC, comprising compositions of morphisms
(and functors, natural transformations), can be replaced by equivalent, but more syntactically
compact, A-terms. Thus, A7 is described as an internal language of cccs. The logical corre-
spondents of categorical models and type theories will not be considered in this dissertation.
Various category-theoretic notions can be used to model different notions of computation.
Relevant to this dissertation is Moggi’s use of strong monads for a semantics of side-effects, such
as non-determinism, state, and exceptions [Mog89, Mog91]. Moggi’s computational \-calculus
(having a weaker equational theory to the simply-typed A-calculus) captures various notions of
effectful computation. This approach is dualised by Uustalu and Vene’s categorical semantics of

a context-dependent A-calculus in terms of monoidal comonads [UV 08|, discussed in Chapter 3.

Chapter structure. In this dissertation, typed-languages are introduced with an equational
theory, defining what it means for two terms to be equal, and a supporting categorical semantics.
Section 2.1 and Section 2.2 exemplify this approach for the simply-typed A-calculus, which is
taken as a foundation for the rest of the dissertation. Section 2.1 introduces the syntax, typing,
and equational theory of the simply-typed A-calculus, as well as fixing notation. Section 2.2
describes a categorical semantics in terms of cCCs along the lines of the Lambek approach.
Section 2.3 briefly introduces Moggi’s computational A-calculus for effectful computation,
captured by strong monads. Section 2.4 reviews the approach of categorical programming, in
which categorical concepts are used directly in programming providing idioms for organising

and abstracting programs. Programming examples in this dissertation are in Haskell [PJT03].

Notation review. Category theory and type theory are full of arrows. Throughout, the follow-

ing arrow symbols are used most commonly for the following tasks:

e — — morphisms and Haskell function types;
e = — exponential objects, A-calculus function types, and Haskell constraints, e.g., C = 7

is type 7 with constraint C
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e — —natural transformations, e.g., « : F = G (sometimes written instead with parameters
as a morphism ay : FX — GX);

e ~~ — reductions in an operational semantics;

Proofs proceed in a direct, calculational-style, by applying axioms/equalities to reduce equations,

and are written in the following form:

FoFo(G
= FEoF' oG {property providing F = F'}
For a category C, Cy denotes its class of objects, C; its class of morphisms, and C(A4, B) the

hom-set (i.e., collection of morphisms) between A, B € C.

2.1. The simply-typed \-calculus

The presentation here discusses only the pertinent details. Many textbooks give a more thorough

account, e.g., that of Hindley and Seldin [HS08] which was used as a reference for this section.

2.1.1. Syntax and typing

The simply-typed A-calculus comprises two syntactic classes of expressions (or terms) and types:
ex=Av.ep|erex|v Tu=T1=>71|T

where v ranges over variables and T" over base types (type constants). Throughout, o and 7 range
over types. A common presentation includes syntactic type signatures on binders of A-terms to
assist type inference. This is elided here for simplicity since inference is not a primary concern.

Traditionally, a typing relation between terms and types is denoted by a single colon, (:) C
(e x 7). However, this relation types only closed terms (without free variables). Both closed and
open terms are typed by typing judgments I' - e : 7 with a sequence I' of typing assumptions
for free variables. Terms of A\™ have the following typing rules:

x:oke:T . I'Feito=71 Tlte:o \ z:7el
'FXx.e:o=T [apr] [var] I'txz:71

(7)

Structural typing. The following structural rules involve types in the context of a judgment

[aBs] I'kFeley: 7

rather than terms, making explicit various implicit meta-rules of typing:

ke:r Dx:oy:7,0"kFe:T Dy:7,z:7kFe:T

[EXCHANGE [CONTRACT

(8)

[WEAKEN ]I‘,x e 6[2 = 1’] [y = 1‘] - T

]F,x:T’I—e:T ]F,yzr,x:a,F’l—e:T
Thus, redundant typing assumptions can be added (weakening), assumptions can be permuted
(exchange), and two free variables of the same type may be replaced by one (contraction).
Each of these structural rules is admissible, i.e., adding the rule does not increase the number
of terms that can be typed, or equivalently, a term whose type derivation uses the admissible
rule can be equally typed by a derivation without the rule; admissible rules are redundant.

For example, [APP] admits contraction-like behaviour where I' is “duplicated” and passed to
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its subterms (the categorical semantics for application, shown later, makes this duplication of
context explicit). The [VAR] rule includes implicit exchange and weakening.

The standard typing rules (7) can be reformulated such that weakening, contraction, and
exchange are no longer admissible, with alternate rules for application and variable access:
I'Feg:o=717 I'Fey:o ()

I,IVEFejes: T

Sub-structural systems omit some or all of the structural rules. Section 6.6.2 describes a calculus

[APP] [VAR]

r:ThHx:T

with rules of this form. However, this dissertation mostly uses the typing rules of (7).

Substitution. Essential to the reduction and equational theory of A-terms is the meta-theoretic
notion of substitution, where a term of appropriate type can be substituted for a free variable
by the following syntactic rewrite (where F'V (e) computes the set of free variables for a term e)

(and assuming a-equivalence classes of A-calculus terms, see Section 2.1.2 below):

(v)[z := €] = iff v #v

(x)[x = €] = e (10)
(Av.ep)[z := €] = ez :=¢€]) iff x # v, where v € F'V (e)
(e1e9)[z:=e = efr:=¢€lexr:=¢]

Lemma 2.1.1 (Substitution). Given expressions e and €' with type derivations, I'yx : 7' Fe: T
andTHe€ 7', then T Fe[z:=¢]: 7.

Proof. Straightforward, by rule induction over + (structural induction over inference rules). O

The action of the substitution lemma (2.1.1) is sometimes internalised (i.e., imported to the

syntactic-level from the meta-level) as the let-binding construction, with syntax and typing:

Fl_ : F : l— :
e i= ... ‘ let vV =e in () [let] €1 o 7U g €y . T

I'Fletv=ejiney:

2.1.2. Equational theory

Semantically equal terms of the same type 7, in a context I', are described by the relation =
written I' - e = €’ : 7. This relation is a congruence with the usual axioms of an equivalence

relation (reflexivity, symmetry, transitivity) and congruence axioms over the structure of terms:

F'tep=e€j:o=7 The=é:0o = : Dx:oke=¢€:71
=-)\-cong

[=-app-cong]

FFejea=eley: T F'FXze=Xze :0=>71

An important axiom of the theory, known as a-equivalence, is that bound variables can be

arbitrarily renamed (if the renaming does not overlap with another variable), i.e.:

y & FVie)

[=-q] — — -
F'FAze=Xyelx:=yl:o=71

Local soundness and completeness. Pfenning and Davies introduced the terminology of local
soundness for a logical connective ¢ if a proof P containing occurrences of the introduction rule

for ¢ followed immediately by its elimination rule can be simplified to an equivalent proof P’ by
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removing the introduction-elimination pair [PDO01], i.e., in natural deduction style:

o FA
[éf-E] '-¢4A = I'HA (local soundness of ¢)
r-A

Local soundness implies that, in Pfenning and Davies words, “elimination rules are not too
strong” [PDO01]; that is, the conclusion can be constructed from just the premises.
The dual of local soundness is local completeness: that eliminating a connective ¢ provides
enough evidence such that the original formula can be reconstructed:
-5 =04
-9A = 61] r=A (local completeness of ¢)
I'gA

Thus elimination of a connective ¢ followed immediately by an introduction of ¢ can be elided.

Prawitz’ seminal monograph on natural deduction develops the same notion (his inversion
principle) where “a consequence of an I-rule which is also a major premiss of an E-rule constitutes
a complication in a deduction. As such a complication can be removed.” [Pra65, pp. 32-3§]

Via the Curry-Howard correspondence, terms constructing and deconstructing a type con-
structor correspond to introduction and elimination rules. Local soundness and completeness
correspond to properties known as - and n-equivalence respectively, shown in Figure 2.1, where
® and ®~! construct and deconstruct values of the ¢ type.

The function type = of A7 corresponds to intuitionistic implication with introduction by
abstraction and elimination by application, which are both locally sound and complete by the
equalities on type derivations in Figure 2.2. Thus gn-equality holds for function-typed terms:
Dx:oke:r Tkée:o Fte:og=rT1
'k (Aze)e =elx:=¢€]:7 (=] '(Azex)=e:o=1

Note that Figure 2.2 shows only the syntax-level equivalence of the terms and not the semantic-

[=-0] x ¢ FVe

level equivalence, which is considered for the categorical semantics of A7 in Section 2.2.
If let-binding syntax has been included into the calculus to internalise syntactic substitution
then an additional, but equivalent, local soundness rule can be provided for =:
Ix:oke:m T'ké:o

=-let-\
[S-Het2] F'F(Aze)ed =letz=¢ine: T

This rule is sometimes taken as an axiom (indeed, Landin first introduced let as syntactic sugar

for abstraction followed by application [Lan66]). By transitivity, [=-3], and [=-let-)\], then:
Ix:oke:r TI'keée:o

=-let-
[=-tet-f] F'Fletz=¢€ine=efz:=¢€]:7
I'Fe:7
-1 : :
T de: or g LT =) 0T
o 1de=c:7 FE®dle=c:or
(6-E] Phe:¢T (a) Local soundness (8-equivalence) (b) Local completeness (n-equivalence)
o le:r

Figure 2.1. Curry-Howard correspondents of local soundness and completeness.
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INx:oke:7

[ABS}FI—)\x.ezaéT THed:o = Trez:=¢]:7
[APP) ,
'F(Az.e)e : 7
(a) Local soundness (=-8) for =
l'Fe:o=r1 x:o0€(lx:o)

[WEAKEN]
[APP]

I'Nex:okFe:o=r71 [vAR] ex:obx:0

I'z:okbex:T
I'FXx.ex:o=r1

I'Fe:o=1

[ABS]

(b) Local completeness (=-7) for =

Figure 2.2. Equalities between derivations for local soundness and completeness.

For calculi other than the pure simply-typed A-calculus in this dissertation, this equivalence may

not hold as let-binding may not be a straightforward internalisation of syntactic substitution.

Extensionality. For functions, n-equality corresponds to extensional equality: two functions

are equal if they have the same output for the same input, for all possible inputs, i.e.:

Iz:okbex=eax:7
I'Fe=eé:o=rT

[ext] € FV(e),xz & FV(e)

The [ext] rule could be generalised to arbitrary terms Vi 't : 0 with ' et =€ ¢ : 7 in its
premise. This general form is equivalent to [ext] but requires more detailed proofs with infinite
trees. Appendix C.1.1 (p. 195) demonstrates the admissibility of [ext] in the presence of [=-7)]
for functions, and vice versa, by defining each in terms of the other.

Various other laws hold, for example nested let-binding is associative under certain restric-
tions. Such laws can be derived from the fn-equalities (and [=-let-A]) and the properties of

syntactic substitution. These properties are made explicit later in Section 2.2.2 (p. 27).

2.1.3. Reduction

Terms of the A” can be evaluated by a reduction (simplification) relation (~) C (exe), providing
a small-step structural operational semantics. The notions of 8- and n-equivalence on proof
trees imply a possible reduction strategy on terms, where an introduction-elimination pair, or

elimination-introduction pair, can be removed, called 5- and n-reduction respectively:
P ldpe ~g e pple ~op €
For functions, 8- and n-reduction are therefore:

(B) (Ax.e1)eg ~ eg]x = eg]

() Qa.fa)~f
The property of type preservation for reductions then follows from fn-equality:

Lemma 2.1.2 (Type preservation). For all T',e,e¢’,7 where 't-e:7 and e ~ €', then T F¢€' : 7.
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Reduction schemes, such as call-by-value and call-by-name, describe additional reductions for

the A-calculus. For example, call-by-name has an additional rule:

e1 ~ €]

(¢1)

e1 ez ~ €] s

Such strategies are not considered at length in this dissertation; categorical semantics is the
focus rather than operational semantics. Appendix B.1.1 (p. 185) describes the call-by-value
and call-by-name reduction strategies (and full-beta for completeness), which are occasionally

discussed.

2.1.4. Higher-order type theories

Reasoning under hypotheses is a powerful analytical tool, which the simply-typed A-calculus
describes succinctly at the level of terms by abstraction. The polymorphically-typed A-calculus
extends the type theory of the simply-typed A-calculus to include abstraction over types, intro-
ducing type variables.

Various other type theories provide different kinds of type-level abstraction. For example,
dependent type theory extends the Curry-Howard correspondence to predicate logic with univer-
sal and existential quantification, allowing types to depend upon values [MLS84|. This allows
further information about a computation to be encoded, widening the scope of possibilities for
enforcing program correctness via types.

The languages and semantics defined in this dissertation are for first-order type theories,
akin to the simply-typed A-calculus. However, programming examples are in Haskell, which has

parametric and ad-hoc polymorphic types, and lightweight dependent-types (used in Chapter 7).

2.2. Categorical semantics of the simply-typed A-calculus

Lambek showed that Cartesian-closed categories (CCCs) provide enough additional structure on
top of a category to model the simply-typed A-calculus [Lam80, LS88], or equivalently, that
the simply-typed A-calculus is an adequate internal language for cccs. The prototypical cCC is

Set, the category of sets and functions. This section introduces the approach.

Monoids and notions of composition.

Category theory emerged from the long-standing tradition of abstract algebra. Abstract algebra
provides a hierarchy of abstract structures for mathematics, building on the simple concept of a
total binary operation over a set (sometimes called a magma) by adding axioms and operations.

A simple, ubiquitous structure in this hierarchy is the monoid.

Definition 2.2.1. A monoid (X,e,I) comprises a set (or class) of objects X, a (total) binary
operation e on X objects, and an element I € X called the unit or identity object, such that:
[M1] (right unit) zel=ux (Vo € X)
[M2] (left unit) Ter=x (Vz € X)
[M3] (associativity) ze(yez)=(xey)ez (Vx,y,z€ X)
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Examples 2.2.2 A number of common examples include:
» (Z,+,0), (Z,x,1), (Z, gcd,0), (Z,lcm, 1), (NU{w}, min,w), (N, maz,0), ...
» (B,A,T), (B,V,F), (Set,U, (), (Set,N,S) (where S is the universal set)
» ([a],++,[]) (Va) where [a] means lists of a elements, ++ is list concatenation, and [] is

the empty list, which is the free monoid, i.e., no additional axioms hold.

Monoids also underpin many category theory concepts, including categories, products, mon-
ads, monoidal functors, and monoidal natural transformations. Monoids appear also in many
other situations. For example, programming languages often exhibit monoidality in program
construction. Consider the following equivalences between simple programs in some imperative
language, where c1;c2 means first evaluate the left-hand command then evaluate the right-hand

command, nop is a unit command, and bracketing groups pairs of composed programs:

a = 3; (a = 3;
(b = 4; b = 4;)
c = 5;) c =5;

a=3; nop;
a = 3; = a = 3;
nop; a = 3;

Such equivalences seem obvious and natural. Here (commands, ;,nop) is a monoid, where the
composition of programs ; is the binary operation of the monoid.

The categorical semantics approach uses categories to model languages, providing a composi-
tional semantics. Categories generalise monoids, where composition is a partial binary operation
(not all programs can compose). Equational laws for the A-calculus are introduced later which
correspond to the axioms of a category and resemble the above equivalences.

Categorical semantics is sometimes considered to be a denotational semantics since categor-
ical notions are assigned as meanings for terms in a compositional style, i.e., the denotation of

a term is constructed from the denotations of subterms.

General categorical semantics approach. A categorical semantics for a typed language de-
fines a mapping [—] from types to objects of some category C i.e. [7] € Cp, and from terms
to morphisms of C, where the morphisms map between the type of inputs to a term (the free

variables) to the type of the output (the result):
[vc7tke:7]:[7] = [7] € C1

Note the context is represented here by a vector of variable-type pairs v : 7; the interpreted vector
of types 7 must have some suitable categorical interpretation. Categorical semantics shown in
this chapter are type-directed rather than syntaz-directed, defined over typing derivations so that

structural rules, which have no associated syntax, are included in the semantics.

2.2.1. Single-variable context and let-binding: categories

A category (Definition (A.1.1), p. 181) with no additional structure models a simple language,
call it Ly, that has a binding syntax (let-binding), corresponding to substitution for Ly, and a
single-variable context, i.e., only one variable can be in scope at a time. Ly has terms e ::=

let e in e | var, where var denotes the single variable. Typing judgments have the form o
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e : 7, where o is the type of the single-variable context. The categorical semantics is defined
inductively on the structure of type judgments as follows (which also shows the typing rules):

[foFer:a]l=f:[rn] —=lo] [ote:7]=g:][c] = [7]

[r+var: 7] =id; : [7] = [7] [roFlet er iney: 7] =go f:[n] = [7]

Thus Lg is essentially the “pointed” version of point-free morphism-composition terms.

Properties. Since let-binding is modelled by composition, and variable access by identity, the

axioms of a category imply the following equational theory for Lg:

(associativity) — let e; in (let e3 in e3) = let (let e; in ey)in e3
(right unit) let varine = e
(left unit) let e in var = e

Logic. A category with no additional structure also provides a model for a simple logical
calculus Ly of hypothetical judgment, with inference rules:
A+FB BEFC
AFC AF A

Since Ly lacks implication there is no deduction theorem mapping a formulae under a hypothesis

(11)

to an implication with no hypotheses. Instead (11) provides a kind of transitivity /cut-elimination
rule, subsuming a deduction theorem (implication introduction, in natural deduction form)
followed by modus ponens (implication elimination).

Logics corresponding to type theories or categories are not discussed further in this chapter.

2.2.2. Multi-variable contexts: products

With only a single free variable in scope at any one time, Lg is not particularly useful or
practical for programming. L extends Ly with multi-variable environment, with syntax e ::=
let v = e in e | v where v ranges over syntactic variables. Similarly to A7, typing judgments
for Ly have a context of free variables associating types to variables, with rules:
I'Fei:o0 Tw:olkey:T v:Tel
[var|| ————
T'Fo:r

A categorical semantics for L requires a categorical model for the concatenation of free-variable

flet] (12)

I'blet v =e1iney: 7

typing assumptions and for empty contexts. Multiple assumptions are modelled by categories

with product objects and empty contexts by terminal objects.

Definition 2.2.3. A category C has products (also called categorical or Cartesian products) if
for all X, Y € Cg there is an object X x Y € Cy and morphisms 7 : X XY — X, m9: X XY —
Y € C; (called projections), such that for any two morphisms f: Z — X, g: Z — Y € C; there
is a unique morphism called the pairing of f and g, denoted (f,g) : Z — X x Y € Cy, making
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the following diagram commute (the universal property of products) [ML98|:

7 (13)
f é g
/<f\"/g>\

Products can be used for the semantics of multi-variable contexts, where the categorical seman-

tics of L1 maps terms to morphisms whose source is a product of free-variable assumptions:
[Tre:7]:([m] x...x[m]) = [r] €Ci where ' =v1:71,...,0n: 7Ty

For brevity, interpretations of a context I' are sometimes written as just [I'] and interpretation
brackets [—] are sometimes elided from the objects of a morphism to reduce clutter in the rules.

The empty context can be modelled as a terminal object 1 € Cy in the category.

Definition 2.2.4. A category C has a terminal object 1 € Cy if for every object A € C there is
a unique morphism !4 : A — 1 € Cy. Therefore !po f =y ogfor f: A— B,g: A— X € C;4.

The semantics of Ly interprets let-binding as composition and pairing, passing the incoming

context I" to both expressions, and variable access as projection:

virn el [Tl=n 1<i<n [te:o]=k:T—0o [[Lviokey:7]=ky:I'x0—7
MFov:m]=ar:T = [THlet v =-¢e; in e = koo (id k1) : T — 7

where products here are assumed to be left-associated, e.g., (... X 7,—1) X 7, and 7" is defined:
T =meom ™ (1 x X1)... X Xi) x ... Xp) = X; (14)
i.e., the i*" projection from an n-product, where 7" is the k-times repeated composition of 7.

Properties. From the laws of a category with products, L1 has the following equational theory:

(associativity) let z=c; in (let y=esines) = lety=(letz=ejines)ines iff v & F'V(e3)
(left unit) letx=ecinz = e

(right unit) letz=yine = ez :=y]

(weaken) letx=e;ine; = e iff v € FV (e2)
(contraction) letz=cin(lety=eine’) = letz=cine[y:= 2]

(exchange) let z=e; in (let y=esines) = lety=esin (letz=ejines) iff v & FV (ea),

y & FV(e)

The following lemma provides the (let-3) property, which can be proved by induction over the

structure of type derivations (the proof is omitted here for brevity):
Lemma 2.2.5. (let-3) (let equivalent to substitution)

Ve, . (Tyx:T'Fe:T) ATk :7)=[Tkletz=¢€ine: 7] =t efr:=¢]:7]

2.2.3. Structural rules: monoidal categories

Structural typing rules of the simply-typed A-calculus are admissible (i.e., can be elided) for

typing, however proving the above equations for let requires structural rules to be included in
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the semantics. For example, weakening has semantics:
| [Tke:7]=k:[T] — [7]
[T,x:m"Fe:7m]=kom : [I'] x [7'] = [7]

Proof of the above (weaken) rule is then as follows (where x & FV (e2)):

[WEAKEN

[THletx=erines:m] = [I,z: 7 Fea:m]o(id [I'Fer:m]) [let]
= [TtFex:m]omo(id,[T'Fe;:m]) [WEAKEN]
= [k ey : 7] {x wuniversal property} O

The (exchange) rule requires an operation for reassociation and permutation which can be

provided by a natural transformation x4 pc: (A x B) x C = (A x C) x B:

XA,B,C = <7T1A,B X idc, T, p © 7T1(A><B),C> (15)
The semantics of exchange can be defined by lifting x using the (— x —) bifunctor:

[T,x:0,y: 7, Fe:7]=f:((([C] x [o]) x [7]) x [T']) — [7]
[Cy:mz:0T"Fe:71] = fo(xrerxid): (([T] x [r]) x [o]) x [T']) — [7]

Similarly, the semantics of the remaining structural rules is provided by products, pairing, and

[EXCHANGE]

projections. In general, these notions are captured by a symmetric Cartesian monoidal category:

Definition 2.2.6. [ML98] A monoidal category (C,®,I) comprises a category C along with a
bifunctor ® : C x C — C, a unit object I € Cy, and three natural isomorphisms:

(associativity) aapc:(ARB)®C=A® (B®C)
(left unit) Am:(I®A)=A
(right unit) pa:(A®I)=A

such that associativity and units commute with each other, e.g., (idx @ A\y)cax 1y = px ® idy.

Diagrams of the coherence conditions can be found in Appendix B.1.2 (p. 185).

Definition 2.2.7. A monoidal category (C,®, I) is symmetric if it has the natural isomorphism:
(symmetry) vyap:(A® B)=(B® A)

such that v commutes with «, A and p (coherence conditions in Appendix B.1.2).

Example 2.2.8. A category C with products x and terminal object 1 is symmetric monoidal,
(C, x,1), with the associativity, unit, and symmetry isomorphisms defined in terms of pair-
ing, projections, and terminal morphisms (definitions given in Appendix B.1.3, (p. 186)). The
coherence conditions for the monoidal category and the isomorphism properties follow straight-

forwardly from the universal properties of products and terminal morphisms.

Definition 2.2.9. A Cartesian monoidal category (alternatively, Cartesian category) is a monoidal
category where every object X € Cg has the trivial duplication comonoid, with Ax : X — X®X
and ex : X — [ such that Ax o (ex ® id)o Ax = px o (id®ex) o A,.
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Alternatively, a Cartesian category may be defined as a monoidal category whose bifunctor
(— ® —) satisfies the properties of a Cartesian product, with pairing (f,g) = (f ® g) o A and
projections m; = px o (id® ex), ma = Ax o (ex ® id).

The operations of a symmetric Cartesian monoidal category thus provide the semantics of
weakening (via projections), exchange (via a combination of associativity and symmetry), and

contraction (via A). Section 2.2.7 summarises the semantics of the structural rules.

2.2.4. Abstraction: exponents and adjunctions

The L; language resembles that of the simply-typed A-calculus but lacks the crucial feature of

abstraction and function types. Function types are modelled by exponent objects.

Definition 2.2.10. A category C with products has exponents where for all X, Y € Cqy there

is an object X = Y € Cp and a morphism ev : (X = Y) x X — Y € C; such that for all

g: X xY — Z € Cy there is a unique morphism denoted Ag : X — (Y = Z) € C; making the
following diagram commute (the universal property of exponents) [ML98]:

XxY (16)

Agxidy v g

Y =2)xY —=Z
ev

Definition 2.2.11. A Cartesian closed category (CCC) is a category which has products and

exponents (satisfying the universal properties) for all possible pairs of objects.

The semantics of application and abstraction can then be defined in terms of A and ev as:
[T,x:obe:7]=k:T'xoc—T1

TFXee:o=71]=X:T = (0 =71)

TFei:0—=71]=k:IT'=(c=>7) [Fex:o]=k:T =0
[CHeies:7] =evo ki, ko) : T =7

[ABS]

[APP]

Properties. [(n-equality can now be provided for the calculus (see Section 2.1.2). Appen-
dix C.1.2 (p. 195) shows the proofs which follow from the universal properties of products and
exponents. For [=-3], [=-let-\] is proved first (i.e., (Ax.e1) ea = let x = e5 in e1) then the proof

relies on [let-B] (Lemma 2.2.5, p. 28), showing let equivalent to syntactic substitution.

Adjunctions. Cartesian closed categories can be given an alternate, but equivalent, definition
in terms of adjunctions. This presentation in terms of adjunctions aids later developments. An
adjunction describes a relationship between two functors, with several equivalent definitions.

Two definitions, called the hom-set adjunction and the counit-unit adjunction are used here.

Definition 2.2.12 (Unit-counit adjunction). For categories C and D, and a pair of functors
L:D—C,R:C—D,L is left adjoint to R (conversely R is right adjoint to L), denoted L 4R,
if there exists two natural transformations n : 1p — RL and € : LR — 1¢ called the unit and
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counit of the adjunction respectively, satisfying [A1] and [A2]:

L
L — LRL

R
[A”\ ljieL an \[Azl

RLR — R
Re

Example 2.2.13. Products are left-adjoint to exponents (— x X) 4 (X = —), where:

n:1—=(X=-)(—xX) (X x)(X=-)—1
na= Ax.(a,x) e(f,n)=fn

Definition 2.2.14 (Hom-set adjunction). For categories C and D, and functors L : D — C,
R:C — D then L 4 R if there exists a family of bijections (for all objects X € Cy and Y € Dy):

¢y,x : home (LY, X) = homp (Y, RX)
natural in Y and X (¢ is a natural isomorphism); ¢ is the left adjunct and ¢~! the right adjunct.

Example 2.2.15. For (— x X) 4 (X = —), the hom-set adjunction is provided by currying and
uncurrying: curry/uncurry : (Ax X — B) = (A — (X = B)).

Lemma 2.2.16. For functors L : D — C, R: C — D where L 4 R with ¢ : LR — 1¢ and
n: 1p — RL there is an equivalent hom-set adjunction ¢ : homp(LY, X) = homc(Y,RX) where:

¢of =Rfon (Vf:LA— B) (17)
¢ptg =eolg (Yg:A—RB)

The proof of this construction is omitted for the sake of brevity.

Lemma 2.2.17. If (—x X) 4 (X = —), then all X = Y are categorical exponents where ev = e,
M = &f (proof in Appendiz C.1.3, p.196).
The semantics of abstraction and application for the simply-typed A-calculus can therefore be
defined in terms of the adjunction for products and exponents:
[Tyx:obe:7|=k:T'xo—rT1

[TFXee:o=71]=¢k:T — (0 =71)
TFei:o—=7]=k:T'=(c=7) [Fe:o]=k:T'—o0o

[CHeres: 7] =0 thkio(idke): T — 7
Proofs of 8- and n-equivalence therefore follow from the properties of adjunctions, where [=-4]

[ABS]

[APP]

is proved, as before, first by proving [=-let-A\] and then applying [let-/3], Lemma 2.2.5 (p.28):

[T (Ax.ep)eq: 7]
= ¢ Y @[D,x:0Fe 7))o (id,[[ ey :0]) [aPP],[ABS]
=[[,z:0b e :7]o(id, [T+ ey: o)) {p7' o ¢ =id}
= ['Fefz:=es : 7] [let], [let-5] - Lemma 2.2.5 [

(18)
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[CFXe.foz:0=17]
=¢(p ' [T,z:oFf:7—=7])o{id,[T,z:0F2:0])) [aBs],[arP]

=¢(¢p ' ([TF f:0=7]om)o (id m)) [WEAKEN], [VAR] (19)
()= ¢ (¢ [TF fro=7])o(m xid) o (id, m2)) {67 (gof)=(¢7"g)oLf}

= ¢ [T f:o=1]) {x universal property}

=[TFf:0=r1] {pop~t=id} O

Note that the proof of [=-3] uses the property that ¢=! o ¢ = id and [=-n] that ¢p o ¢~ ! =
id. The proof of [=-n] at (*) uses a derived property of the adjunction following from the
construction in Lemma 2.2.16. Alternatively, the proof could have used the dual derived property
d(go f) =Rgoof at (*), with an alternative but equivalent proof proceeding from (*). In a
situation without full Sn-equivalence, i.e., without an adjunction, some of these axioms used
here may still hold, providing some other weaker equational theory. Section 2.2.7 summarises
the categorical semantics here, turning these axioms into requirements for different equational
theories. Throughout, 1 is used to denote a natural transformation of the same type as ¢!,
but which is not necessarily the inverse of ¢.

An adjunction induces a monad and comonad. Conversely any comonad or monad induces

an adjunction [EM65]. This aspect of comonads will not feature strongly in this dissertation.

2.2.5. Sum types: coproducts

The extension of the simply-typed A-calculus with values of product and sum types is straight-

forward, reusing the product structure used for contexts, and adding finite coproducts.

Definition 2.2.18. A category C has coproducts if for all X, Y € Cg there is an object X+Y € Cy
and injection morphisms inl: X - X +Y,inr: Y - X +Y € Cy, such that for all f: X — Z,
g :Y — Z € C; there is a unique copairing of f and g, denoted [f,g] : X +Y — Z € C;

(analogous to a case expression), making the following diagram commute [ML98]:

Z (20)

2.2.6. Completeness

The preceding sections have focussed on soundness of the ccC model for the simply-typed A-
calculus: if two terms are equal with respect to grn-equality, then their denotations in a cCC are
equal, i.e., 't M =g, N : 7 implies [I' = M : 7] = [I' = N : 7]. The converse property is that
of completeness, i.e., where [’ M : 7] = [I'= N : 7] then I' - M =g, N : 7. However, not all
cccs provide a complete model of simply-typed A-calculus [Sim95].

Completeness of models is not addressed further in this dissertation. Instead, the focus is
more often on soundness, where the equational theory of a calculus or language is supported by

the categorical model such that it is sound.
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[T,x:obe:7]=k:T"'xoc—T1
T Xee:0=71]=Ak:T = (6 =71)
=¢k:T = (c=71)

[aBS]

TFei:o=71]=k:IT'=(c=>71) [Fe:o]=k:T =0

rrr] [ThHejex:7] =evo(ky,ky): T — 7
= ¢ ko (idky): T — 7
[VAR] Tiin €l where (|0 =n) A (1<i<n)
[[F}—.%'iiT]]:ﬂ'QOTrgn_l):P—)Ti
[Trhe:o]=k:T =0 [Lv:ockey:7]=ky:I'x0o—7
[rer] [T'Hletv=eines] =koo (id k) : T — 7
(a) Core rules
[[ ﬂ [C,y:7,z:7Fe:7]=k:Tx7)x7 =71
CONTRACT
[C,z:7Fe[lz:=z]ly:=2]] =koalo(idxA): T x7 =7
I [Tre:7]=k:T -7
[T,z:7Fe:r]=kom :I'x7 — 71
: ﬂ [T,y:ryx:okbe:7]=k: T XxX7)X0—>T
EXCHANGE

[C,x:0y:7Fe]l=koato(idxy)oa: (T xao)xT—T

(b) Structural rules

Figure 2.3. Categorical semantics for the simply-typed A-calculus in a ccc.

2.2.7. Summary

Cartesian-closed categories provide a Sn-equivalence model of the simply-typed A-calculus [LS88,
Lam80]. Figure 2.3 collects the definitions given in the preceding sections for the categorical
semantics of A7, including the interpretation for application and abstraction in terms of both
adjunctions, and the A and ev constructions of exponents.

The following summarises the additional structure needed on a basic category C such that
it provides a Bn-equivalence model of the simply-typed A-calculus. The presentation here sepa-
rates these into structural requirements (A.i)-(A.v), that provide the denotations of terms, and
coherence condition requirements that lead to [n-equality for the calculus (B.i)-(B.iv). This
separation is useful for the categorical semantics of A-calculus-like systems later in the disser-
tation which have the same semantic definitions as in Figure 2.3, but defined over categories
where additional structure may be required for 5- or n-equivalence.

Specifically a category C must be equipped with the following to be a (8n-equivalence) model
of the simply-typed A-calculus:

(A.i) Substitution — Associative and unital composition, automatic since C is a category;
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(A.ii) Free-variable contexts — For all pairs of objects A, B € Cy an object A x B € Cy with a
notion of pairing (f,g) : A — (X xY) e Cyforall f: A— X,g: A—Y € Cq, modelling
the sharing of a context between two sub-terms, and projections w1 : A X B — A, ms :
Ax B — BeCy;

(A.iii) Functions — For all pairs of objects A, B € Cy an object A = B € Cy;

(A.iv) Abstraction — Currying natural transformation ¢4 g : C(A x X, B) = C(A, X = B);

(A.v) Application — Uncurrying natural transformation ¢4 p : C(4,X = B) - C(A x X, B)

(unabstraction);
(B.i) [=-let-A] = o ¢ = id (i.e., 1 is the left-inverse of ¢);
(B.ii) [=-B] — via inductive proof or [=-let-A] with an inductive proof of [let-f];
(B.iii) [=-n] — ¢ o ¢ = id (i.e., ¥ is the right-inverse of ¢) and either:

¢(gof)=(id=g)oof (21)
Y(go f) = (g) o (f xid) (22)

where (— x —) and (— = —) are bifunctors;

(B.iv) Structural rules — (C, x, 1) is a symmetric monoidal category;

Conditions (B.i)-(B.iv) are equivalent to requiring that x is a categorical product and = is
a categorical exponent (i.e., that C is Cartesian closed). If the product and exponent structures
of C are adjoint (i.e., (— x A) 4 (A = —)) then (B.i)-(B.iii) are automatic [LS88|.

2.3. Strong monads and the effectful \-calculus

For the pure simply-typed A-calculus, equality implies reduction, i.e., if two terms are equal
in the equational theory then one can be reduced into the other, and conversely, if a term
reduces into another then the two terms are equal in the equational theory. However, in the
presence of side effects, such as state and non-termination, Sn-reduction does not always preserve
equality [Mog89]. For example, consider the non-terminating computation L (i.e., L has an
infinite reduction sequence L ~~» 1 ~~ ...) which can be given any type, i.e., ' = L : 7. By -
reduction Az.L x ~, L, however (Az.Lx) # L (assuming call-by-value semantics) since the LHS
is a terminating function value and the RHS is non-terminating. Thus, for effectful computations
a different (restricted) equational theory holds than that of the simply-typed A-calculus.
Rather than defining the semantics of an effectful language for each possible notion of ef-
fect ad hoc, Moggi showed that various notions of impure computation, such as state, non-
determinism, continuations, and partiality (exceptions/non-termination), are captured by the
structure of a (strong) monad [Mog89, Mog91]. Moggi defines a general calculus of compu-
tations A, requiring only the definition of a particular strong monad for the required notion
of effect. Denotations of the A, are morphisms ¢ — M7 where M is an endofunctor encoding
impure computations of pure values of type 7. For example, MA = A + {1} models partial
computations. A compositional semantics is provided if M has the additional structure of a

(strong) monad.
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2.3.1. Monads
Definition 2.3.1. A monad is a triple (M, n, 1) of:

— an endofunctor M : C — C;
— a natural transformation n : 1¢c — M called the unit;

— a natural transformation g : MM — M called the multiplication.

with the following axioms [M1-3]:

M —" MM MMM~ MM
M1] ponM =1y M2
[M2] poMn=1y an k l“ MMl [M3] l“
M3]  popuM = popuM MM —— M MM M

From the perspective of effectful computations, the unit operation constructs a trivially effectful
computation for a value and multiplication reduces a 1-nested computation into a single compu-
tation, combining, or composing, the effects of the inner and outer computations. The axioms
of a monad imply that the encoded effect information is composed monoidally. Indeed, monads
are themselves monoids defined on the category of endofunctors [C, C|, which has endofunctors
as objects, natural transformations as morphisms, and where [C, C] is a monoidal category with
the monoidal structure provided by composition of functors with ([C,C], 0, 1¢).

The operations of a monad provide (associative and unital) composition for morphisms
o — Mr. Thus a monad induces a category, called the Kleisli category [ML98].
Definition 2.3.2. [ML98] Given a monad M on a category C, the Kleisli category Cpy, has
objects Cyg = Cp and, for all objects A, B € Cp, morphisms Cy (A4, B) = C(A4,MB), with:

— Composition:  forall g € Cu(B,C), f € Cu(A4, B), then g 6 f = uoMgo f € Cu(A4,C)

— Identities: idy = na € Cu(4, A)

A Kleisli category therefore captures computations of an effectful language where composition
composes the resulting effects from two computations. Functions/morphisms of type 7 — M7’
are referred to as Kleisli morphisms of the monad M.

Monads have an equivalent presentation known as the Kleisli triple form.

Definition 2.3.3. The Kleisli triple of a monad comprises an object mapping M : Cy — Cq, an

extension operation (—)' such that for all f: A — MB then ff: MA — MB (natural in A and

B), and unit operation n4 : A — MA, satisfying [K1-3] for all f: X - MY,g:Y — MZ € Cy:
K1 ny =ddux  [K2] ffomy=f [K3] (g°of) =g of"

The Kleisli triple and monoidal form of a monad (in terms of y) are equivalent by the equalities:

fr=poMf  p=idw*  Mf=(nof) (23)
Thus, composition in a Kleisli category can be alternatively defined: g6 f = g* o f.

Examples 2.3.4 The following examples shows common monads in Kleisli triple form, where

the operations are defined using the syntax of the A-calculus with products and coproducts:
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» Non-termination, partiality, or exception, monad, MA = A+1 (written MA = A+{_L} before)
~-M(f:A—-B)=|[f,id :A+1—-B+1
—n=1nl (pure computations of a value are total)
— k* = [[k o inl, int], inr] (if either the incoming or returned computation is undefined then

the result is undefined).

» Ezponent monad, MA = X = A, captures computations with an implicit parameter, defined:
~-M(f:A—= B)x = fox : (X=A4)— (X=B)
-na=>\x.a (pure computations of a value ignore implicit parameters)

~k*e=Xx.((ke) z)x (composed computations are each passed the same parameter)

» State monad, MA = S = (A x S) for some type of states S, captures computations which
take a state and return a result and a new state (¢f. Kleisli morphisms of the state monad
A — (S = (B x S)) with transitions of an operational semantics (e, s) — (¢/,s')):

~-M(f: A= B)z=(f xid)z (S=(Ax98) = (S=(BxY))
- na=As.(a,s) (pure computations return incoming state unchanged)
~k*e= Xslet (a,8') =esin (ka)s’ (composed computations have the state threaded

through the incoming and result computations)

Strong monads. Strong monads provide additional structure required for handling contexts

in the simply-typed A-calculus, shown in Section 2.3.2.

Definition 2.3.5. A strong monad comprises a monad (M, p1,n) and a tensorial strength sty p :
(A x MB) — M(A x B), satisfying a number of coherence conditions between the operations of
the monad and st (elided for brevity here, but included in Appendix B.1.4, p. 188).

For a functor F : C — C with tensorial strength, if C is a symmetric monoidal category, with
v:A® B — B® A, then there is a symmetric notion:

t F
stap= FAOB — > BoFA—2 F(B®A) —~ F(A® B)

2.3.2. Categorical semantics of ).

The semantics of A., for a particular notion of effect M has the Kleisli category Cy as its domain

with interpretation of types [7] € (Cwm)o and well-typed terms:
[v7ke:7]:[7] = [7] € (Cm)1
7] = M[r] € Cy
Moggi’s A. is essentially a call-by-value simply-typed A-calculus, although with some changes to
the equational theory, in particular n-equivalence does not hold, as discussed above. The seman-
tics here proceeds from the semantics of the simply-typed A-calculus presented in Section 2.2.7,

with structures that give the denotations of terms separated from axioms on these structures

which give the equational laws of the A-calculus.
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For Cy to provide a suitable model of A\, some additional structure is required. Firstly,
assume that the base category C is a ccC with products x and exponents = and hom-set

adjunction ¢. The requirements on Cy are then:

(A.i) Substitution — Associative and unital composition:

— Well-behaved composition is automatic since Cyy is a category.

(A.ii) Free-variable contexts — For all pairs of objects A, B € Cyg an object A xM B € Cy,
with a pairing (f,g)™ : A — (X xMY) € Cy; and projections 7V : A xM B — A 7).
AxMB & B e Cyy:

— The tensor x™ in Cy can be defined by products in C, i.e., (A x™ B) € Cyo =
(A x B) € Cy. Pairing two morphisms f: A — MX,g: A — MY is thus the morphism
(f,gM: A = M(X x Y) defined for strong monads as follows:

oM i= A L2 MX x MY 25 M(MX x V) M MM(X x V) B M(X xY)  (24)

with projections M =nom : Ax B — MA and 7 =nom : A x B — MB. Note,

that x™ is not a categorical product.
(A.iii) Functions — For all objects A, B € Cyg an object (A =M B) € Cwy;
— where (=M B) € Cyp = (A = MB) € Cy (i.e., exponents in C, although =M does not
behave as a categorical exponent).
(A.iv) Abstraction — Currying @4 5 : Cu(X xM AY) = Cu(X, A =M Y):
— defined ®f = n o ¢f using the underlying adjunction ¢ of C. Or diagrammatically:

bA,B C(=m)
Oy p = C(Ax X,MB) —— C(A,X = MB) — C(A,M(X = MB)) (25)

(A.v) Application — Uncurrying ¥4 g : Cu(X,A=Y) - Cu(X x A,Y):
— defined ¥ f = ev* ost’ o (f x id) using underlying adjunction ¢! of C. Or diagrammat-
ically (using the natural transformation (— X id)ap: (A= B) = (Ax X = B x X)):

(—xidx) C(—,ev* ost’)

Uap =C(A,M(X = MB)) C(A x X,M(X = MB) x X) C(A x X,MB) (26)

(B.i) [=-let-\] -V o & = id:
— The proof follows from the above definitions of ® and ¥ for Cy; and from the properties

of a strong monad and underlying products and exponents of C:

(Tod)f =V(noof) {® definition (25)}
=evfost' o((noof) xid) {U definition (26)}
=ev*ost' o(n xid)o (¢f xid) {functoriality of x}
=evfono(¢f xid) {strong monad (Appendiz B.1.4)}
=evo (¢f x id) [K2]
=f {universal property of =} O

Thus [=-let-A] holds, i.e., (Az.ez)e; = let x = e in ey in Moggi’s calculus.
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(B.ii) [=-B] — via inductive proof or [=-let-A] with an inductive proof of [let-3]:
— Consider, for example the following term (in CBV) let x = print "foo" in 0. If [let-5]
holds, this is equivalent to the integer term 0. However, the first term has the side-effect
of printing foo while the second does not. Thus, [let-5]/[=-/] does not hold for A..
Instead a restricted form of S-reduction holds for application to variables only, rather

than arbitrary expressions (proof omitted here):

[=-B-VAR] I'F (Az.e)v = e[z := 0]

(B.iii) [=-n] — ® o ¥ = id and either (21) or (22):
— Although V¥ is the left-inverse of ® the inverse composition does not give an identity
® o W £ id. The proof is straightforward by counterexample with a little calculation.
Proof. Consider the partiality monad MA = A+ 1. Recall that for the partiality monad
n=inl. Let f:T — M(7 — M7’) be defined as f = AT'.inr 1 then:

(PoW)f =d(eviost' o(f x id))
=no¢lev:ost' o (f x id))
No further calculation is needed to see the contradiction. Since the last function in the

composition is 7, we know that at least:
(®oW)f = Al.inl ((ev* ost’ o (f x id))T)
# f=A.unrl

No further calculation is needed to derive the contradiction; ® o W =# id. [J
(B.iv) Symmetric monoidality of xM for contraction, weakening, and exchange;
— Cp is not symmetric monoidal as the x™ and =M are not categorical products and

exponents. Cy is pre-monoidal (i.e., weaker than a monoidal category) [PR97].

Summary. It was shown here that Cp has hom-set-adjunction-like operations ®xy and ¥y y
which provide the structure to give a semantics to A, but with a weaker base equational theory
than A", with only ¥ as the left-inverse of @, i.e., there is no adjunction (— xM ) 4 (= =M ).
Thus, Cy for a strong monad M is said be pre Cartesian-closed [UV08], or alternatively a Freyd
category with Kleisli exponentials (see, e.g., [PT99]).

2.4. Categorical programming

Whilst the approach of categorical semantics uses category theory as a metalanguage for pro-
gramming language semantics, categorical programming uses a programming language as a meta-
language for category theory; the roles of categories and programming languages are swapped.
The categorical programming approach views programs as categorical definitions and can be
roughly split into two (sometimes overlapping) activities: reasoning about programs using cat-
egorical laws and organising/abstracting programs using categorical concepts. The former is

grounded in the long-standing tradition of algebraic approaches to programming.
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Algebra of programming. The algebraic approach to programming views programs symbol-
ically, where a semantically equivalent program can be calculated by applying equalities on
sub-parts of a program akin to standard algebra. Languages based on Church’s A-calculus
may inherit the underlying equational theory. For example, Landin’s ISWIM includes, amongst
others, a [f-equality law [Lan66]. Landin notes that 3 is only generally applicable for purely-
functional ISWIM programs. Burstall and Landin developed the algebraic approach further to
verify a simple compiler [BL69]. Backus’ well known paper advocated the algebraic approach
in functional programming for reasoning and program construction [Bac78].

Bird extended the algebraic approach to operations on lists [Bir87], in collaboration with
Meertens who furthered the algebraic approach [Mee86]). The Bird-Meertens approach was
extended to other data types (e.g., to trees and arrays [BT88, Jeu89]). The algebraic approach
was used, not only for reasoning about programs, but also for deriving programs systematically
from a specification [MFP91, G194, Gib03|.

The algebra-of-programming approach gradually became more influenced by category the-
oretic concepts further than the laws following from the simply-typed A-calculus and CccCCs.
Wadler’s Theorems for free! showed that algebraic laws could be inferred from the semantics
of parametric polymorphism and the types of polymorphic functions [Wad89]. Simultaneously,
de Bruin showed a similar technique, relating these theorems to the naturality property of
natural transformations [dB89]. Spivey identified that many of the laws in Bird’s theory of
lists [Bir87] correspond exactly to category-theoretic notions of functors, natural transforma-
tions, adjunctions, and algebras [Spi89]. Initial and final algebras of arbitrary data types were
used to capture various recursion schemes [Mal90, MFP91, FM91].

These references are not exhaustive, and much work has followed. Crucially, category theory
provides both an elegant framework for equational reasoning and a toolkit of general mathemat-
ical structures that appear to be extremely applicable to programming. As Fokkinga points out,

the language of category theory “often suggests or eases a far-reaching generalisation” [FOK92].

Programming idioms. Closely related to the algebraic approach is the concept of using con-
cepts from category theory as tools for abstracting and organising programs. For example,
Vene’s thesis, fittingly titled Categorical programming with inductive and coinductive types, uses
categorical concepts both for reasoning about, and intentionally structuring, programs [Ven00].

Another example is the use of monads. Following Moggi’s seminal work on monads for
abstracting the semantics of impure language features [Mog89, Mog91], Wadler showed that
monads can be used as a programming idiom for encoding and abstracting various impure
notions of computation in a pure language [Wad92a, Wad92b, Wad95b].

There are now many categorical concepts that are used directly in programs as first-class
entities, including functors, monads, monoidal functors (applicative functors) [MPOS8|, Freyd
categories (under the name arrows) [Hug00, Hug05, Pat01], and now also comonads [UV06,
UV07, OBM10]. This section reviews categorical programming with functors and monads in

Haskell, as a precursor to categorical programming with comonads in the next chapter.
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Idioms apart from laws. The use of category theory as a programming idiom can be seen
separately from the algebraic approach since category theoretic concepts may be used in lan-
guages which do not have a well-defined categorical semantics (or, if the semantics did exist, it
would be baroque). In these languages, the calculational/algebraic approach to programming
may be less useful, since the number of exceptions to categorical laws may render them largely
misleading. However, the category theoretic concepts still provide a useful set of programming
idioms for organising and abstracting programs.

Algebraic reasoning, using categorical laws, may still be useful, even if the laws do not
always hold, for example, many laws are violated by partiality, either from exceptions or non-
termination. Danielsson et al. showed that, in a partial language, algebraic reasoning about a
finite and total (terminating) subset of programs (i.e., without L) is “morally correct” since it is
impossible to transform terminating programs into non-terminating programs [DHJGO06]. This
was demonstrated for a simple language of a bi-Cartesian closed category (BCCC) with recursive
polymorphic types and fold/unfold operations on these, resembling a subset of Haskell. Their
results transfer to Haskell, where non-termination is usually unintended in most programs, and
thus the axioms of a BCCC may be assumed for the subset finite and total Haskell programs
(modulo type classes and other more advanced type system features).

Thus, Haskell is well-suited to categorical programming due to its BCcCcC-like semantics,
coupled with its applicative syntax and powerful abstraction mechanisms. Indeed, a plethora of

category theoretic concepts are common in Haskell.

2.4.1. Categorical view of programs

Categorical programming can be guided by matching the type structure of programs to the
signatures of morphisms in category theory (including morphisms between categories, i.e., func-
tors, and between functors, i.e., natural transformations). This can be done by interpreting the
types and type structure of a program into some abstract category P. The following informally

describes the approach.

Monomorphic types. Monomorphic types are objects of P, and monomorphically-typed func-
tions are morphisms between their parameter and return type objects [FOK92], e.g., the func-
tion f: A — B is a morphism f: A — B € P;. Expressions which do not have a function type
are interpreted as morphisms from a terminal object in the category 1 € Py. This interpreta-
tion contrasts with the categorical semantics approach where terms (rather than functions) are
interpreted as morphisms, with the free-variable context as the source object.

For a language with first-class functions, a function type is required. Thus, P is a closed
category with exponent objects A = B € Py for all A, B € P.

Polymorphic types. Many category-theoretic concepts are defined universally over the objects
of a category, e.g., “for every object X in C|[...]”. Since types are understood as objects in P, uni-
versal quantification over types provided by the polymorphic A-calculus is central to categorical

programming with concepts beyond simple categories.
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For categorical programming in this dissertation, polymorphism is interpreted as a metathe-
oretic concept, where polymorphic types and polymorphically-typed functions capture parame-
terised families of objects (object mappings) and morphisms respectively. For example, the type
Va,b.T is an object mapping from a pair of types a x b € (P x IP)g (i.e., objects of the product
category P x P) to a type 7 € P.

The type constructors of parametric data types can be similarly interpreted as object map-
pings, e.g., a parametric data type F' with a single parameter (e.g., in Haskell, data F' a = ...)
is an object mapping F' : Py — Py.

Subsequently, various categorical structures can be defined by polymorphic functions be-
tween type constructors, defining structure morphisms. For example, projections for products
can be described by natural transformations, i.e. mi4p : A X B — A. As a natural trans-
formation, m; is a family of morphisms indexed by A, B objects. This can be captured as a

polymorphic function, which similarly provides a family of functions parameterised by types:
Aa.Ab.X(a,b).a : Ya,b.(a,b) = a

A similar approach can be used to encode functors.

Functors. Reynolds and Plotkin previously characterised definable functors which, for a cat-
egorical semantics of the polymorphic-A calculus in terms of a Cartesian-closed category C,
are endofunctors whose morphism mapping can be expressed as a term in the polymorphic-A
calculus [RP93]. Indeed, given an object-mapping interpretation of a parametric data type

F : Py — Py, a morphism-mapping can be defined within P as a polymorphic function of type:
fmap :YaB.(a= ) = (Fa= Fp)

which should satisfy analogous functorial laws: fmap (gof) = fmap gofmap f and fmap id = id.

This embedding of the morphism mapping corresponds to the notion of a strong or enriched
functor. Enriched category theory generalises categories by allowing the hom-set (the collection
of morphisms between two objects in a category) to be an object of another (enriching) category
V [Kel82]. Composition is then defined as morphism in V between these objects. An enriched
functor F defines its morphism mapping as an indexed family of morphisms in V between the
C(A, B) and C(FA,FB) hom-set objects (see Appendix B.1.5 (p. 189) for definitions).

Every closed monoidal category (e.g., CCCs) is self enriched where the hom-set C(A4, B) is
internalised by the exponential A = B € Cy of the function type from A to B. Thus, a definition
of fmap of the above type describes a self-enriched functor (also called strong functor [Koc72]).
This is equivalent to the notion of tensorial strength discussed earlier in the context of strong
monads (Section 2.3.1) (see Appendix B.1.4, (p. 188) for more).

Enriched vs. internal. Definitions of category theoretic concepts, such as functors, may be
formalised by their internalisation within an ambient category A. Rather than describing a func-
tor informally as having an object and morphism mapping, a functor is described by morphisms

Fy: Cog — Dy € Ag for object mapping and F; : C; — Dy € A; for morphism mapping.
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Enrichment and internalisation provide two ways of generalising category-theoretic concepts
(for which there are ways to interchange between the approaches [Ver92|). The approach here
uses enrichment, rather than internalising structure within an ambient category, since P is not

equipped with objects of all types and morphisms and does not have Fy and F; morphisms.

2.4.2. Categorical programming in Haskell

The above categorical programming interpretation of the polymorphic A-calculus applies to
the total (finite) subset of Haskell programs (without features like type classes). Throughout
this dissertation, the abstract category of (total) Haskell programs is referred to as Hask,
where objects are Haskell types and morphisms are Haskell functions. This is not however
the domain of a categorical semantics for full Haskell. It merely represents a space in which
Haskell programs are treated as categorical definitions for the sake of categorical programming
(structuring programs using categorical concepts). Alternatively, Hask may be thought of as a
categorical analogy for Haskell programs.

Here we briefly summarise two common categorical programming techniques in Haskell:
functors and monads. These are traditionally described via type classes (briefly introduced in
Appendix D.1), associating a type constructor (analogous to an object mapping) with a number

of functions involving the constructor (analogous to natural transformations).

Functors. For example, the following class in Haskell describes functors:

class Functor f where

fmap::(a —b) = fa—fb

(Haskell’s typing syntax uses a double colon rather than the standard single colon in type theory).
Thus, by the interpretation in the previous section, instances of Functor describe strong
functors, comprising an object mapping f : Hasky — Hask( and a family of morphisms (a =
b) — (fa = fb) € Hask; (equivalent to mappings from a — b € Hask; to fa — fb € Hask;).
The prototypical example of a Functor is the list data type with the standard map operation:

instance Functor [| where fmap = map

Thus functors are explicit first-class entities in a program, constructed from general language

features, rather than a hidden semantic device. Whilst Haskell encourages this kind of categorical

structure, it does not enforce any of the categorical laws, which should be checked by hand.
Note that Functor is a slight misnomer: only endofunctors on Hask are captured by its

instances. This restriction is discussed later in Section 5.1.

Monads. Monads in Haskell are traditionally modelled in Kleisli triple form by the class:

class Monad m where
return ;. a — m a -- unit

(>=):ma—(a—mb)— mb - extension



over an object mapping m : Hasky — Hask, which should satisfy analogous laws to [K1-
3] shown in Section 2.3. The unit natural transformation is provided by return, and an infix
version of extension is provided by (=) (pronounced bind). Note that bind here is self enriched
(strong), in the sense that it is embedded as a function.

Haskell provides a syntax to simplify programming with monads, called the do-notation
which provides a kind of let-binding of the form do z < el;e2 (where el :: m a, €2 ::m b,
z :: a, and the whole expression has type m b). The expression e2 may be a final expression for
the block or further bindings (see [PJ*03, Section 3.14]). The notation is desugared into the
operations of a monad (discussed in Chapter 4), essentially following the semantics of let-binding

in Moggi’s \¢, where:
[do z < e1;ea] = e1 >= (Ax — [ea]) (27)

2.4.3. Summary

The categorical programming approach provides a view of programs as definitions within some
category P. For a functional language, with first-class functions, this category is closed (self
enriched). A language with polymorphism quantifies over types, allowing various category theory
concepts to be encoded (perhaps in enriched forms, such as functors here).

A categorical-programming approach may use categorical concepts as design patterns to
aid the organisation and abstraction of programs. A language may provide additional syntax
parameterised by a particularly categorical concept, for example: do-notation for monads in
Haskell [PJT03], let! notation in F# [PS12], computation expressions for additive monads and
other semi-group and monoidal structures in F# [PS12], do-case notation for joinads [PMS11,
PS11], and arrow notation for Freyd categories in Haskell [Hug05, Pat01]. Thus categorical
structuring of programs further helps to simplify their reading and writing. Chapter 4 introduces

a notation for programming with comonads, called the codo-notation.

2.5. Conclusion

This chapter introduced categorical semantics and categorical programming. In categorical
semantics, well-typed terms are mapped to the morphisms of a category. In categorical pro-
gramming, category theory concepts are used to structure programs, or, from a different per-
spective, programs can be understood as defining (or making informal analogies to) category
theory notions in some abstract category. The categorical semantics approach was shown for
the simply-typed A-calculus, decomposed into the additional structure required of a category to
provide its semantics, modulo any equational theory, and the additional requirements to pro-
vide Bn-equality. This approach was briefly applied to Moggi’s computational calculus and its
categorical semantics for effectful computations using strong monads.

The next chapter applies the schema provided in this chapter to explore a categorical se-
mantics for contextual computations using comonads. Categorical programming with comonads

is also discussed, along the same lines as the approach described in Section 2.4 here.
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CHAPTER 3

COMONADS

The previous chapter introduced the approach of using category theory to organise and abstract
semantics and programs. In the literature, the category theory structure of a comonad has
been used to describe various notions of computation, often characterised as context-dependent
computations [UVO08]. The present chapter reviews and extends existing work using comonads
to structure computation. The category theoretic approaches of the previous chapter are applied,

developing the semantics and programming of contextual computations using comonads.

Chapter structure and contributions. Section 3.1 reviews the categorical definition of comon-
ads and the standard approach to categorical programming with comonads in Haskell. This

chapter then makes the following contributions:

— Sections 3.2 demonstrate various example comonads and constructions on comonads. Exam-
ples include various forms of list and tree comonads involving cursors and zippers.

— A A-calculus of contextual computations is defined with a categorical semantics in terms of a
comonad with additional monoidal structure (Section 3.3), following the systematic approach
to categorical semantics of the simply-typed A-calculus in Chapter 2. This redevelops Uustalu
and Vene’s semantics for a context-dependent A-calculus [UV08], generalising their semantics
and making precise the role of additional structure to provide 5- and n-equality to the calculus
which requires variations on monoidal comonads and monoidal functors.

— The role of shape in comonadic semantics is studied in Section 3.4. Notably, comonads are
shown to be shape preserving, meaning that context is propagated uniformally throughout
a computation, elucidating the limitations of comonads. Chapter 5 generalises comonads to
indexed comonads, a consequence of which is that shape preservation is relaxed.

— Section 3.5 compares comonadic and monadic approaches, including a comparison of Uustalu
and Vene’s comonadic semantics for the dataflow language Lucid [UV06] with Wadge’s

monadic semantics for the language [Wad95a].

Brief overview of relevant literature. An early use of comonads in semantics is by Brookes
and Geva, describing intensional semantics of programs to capture higher-level properties such
as evaluation order [BG91]. Brookes and Stone extended this work, combining comonads with
monads using a distributive law [BS93] (this approach is used later in Section 5.1.3). Harmer
et al. similarly combined monads and comonads in the setting of game semantics [HHMO7].
Kieburtz provided one of the earliest accounts of comonads in programming [Kie99]. Uustalu
and Vene showed that various notions of contextual computation are captured by comonads,
including the semantics of Lucid [UV05, UV06] and attribute grammars over trees [UVO07].
They later developed a general calculus of context-dependent computations with a categori-
cal semantics in terms of monoidal comonads [UV08]. Orchard and Mycroft structured array

computations for parallel programming using comonads [OBM10], with a similar use by Havel
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and Herout describing rendering pipelines [HH10]. Array comonads have also been previ-
ously commented on by Piponi [Pip09]. Related to comonadic arrays, Capobianco and Uustalu
described cellular automata comonadically, proving a number of well-known theorems about cel-
lular automata [CU10]. Ahman, Chapman, and Uustalu characterised containers which have
a comonad structure as directed containers [ACU12].

Bierman and de Paiva showed that (monoidal) comonads provide a categorical model of
intuitionistic S4 modal logic [BdAP96, BAP00]. The correspondence between comonads and
modal logic is outside this dissertation’s scope, but is discussed briefly in Section 8.2.3. Various
works have used comonads to generalise and capture various recursion schemes on data types,
e.g., [Par00, UVPO01, CUVO06]. This use of comonads is not explored in this dissertation.

3.1. Definitions

Comonads provide operations for the composition of functions/morphisms with structured input,
of type Do — 7. Thus, comonads are dual to monads (Section 2.3) which provide composition
for morphisms with structured output, o — M 7. Monads and comonads therefore encapsulate
impure features of a computation; monads capture impurity related to the output (changing the
context), traditionally called side-effects, and comonads capture impurity related to the input

(making demands on the context).

Definition 3.1.1. A comonad is a triple (D,¢,6) of an endofunctor D : C — C and two natural
transformations: € : D = 1¢c and 6 : D — DD called counit and comultiplication respectively,

satisfying the following axioms [C1-3]:

[C1] eDod=1p D—°. DD D—"-DD
C1
[C2] Deod=1p 5l M}leo 5l [C3)] lDé
[C3] 6Dod=Ddjod DD ——~=D DD —— DDD
De 6D

From the perspective of contextual computations and objects as types, D7 encodes computa-
tions of pure values of type 7 that depend on some notion of context. Alternatively, D7 is an
intension, capturing 7-typed values of a computation in all contexts. The morphism mapping
D f: DX — DY enumerates every possible contextual position in an intension, which can hold
an X value, applying f to each value. The counit operation defines the notion of current context,
returning the value of the computation at this context. Comultiplication defines accessibility
between contexts, producing a contextual computation of inner contextual computations that
are “focused”, or localised, to the context of the outer computation at each position.

This chapter provides various examples (Section 3.2).

Note that the term contezt has three main usages in this dissertation: (1) the informal notion
of context of execution, giving a program meaning; (2) a value of type DA (encoding the context

of a computation); (3) contextual positions in DA, e.g., extension applies a local operation at
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all contexts. When it is important to distinguish, usage (2) is referred to as the intension. For

usage (3), contextual position is usually used instead of context for clarity.

Example 3.1.2. One of the simplest comonads is the product comonad, comprising the endo-
functor (— x P) : C — C for an implicit parameter of type P, where (— x P)(f : X = Y) =
fxidp: X x P—Y x P, with the comonad operations defined as follows:

—e(z,p) =2 (discard the implicit parameter)
—d(x,p) = ((z,p),p)  (duplicate the implicit parameter)

The product comonad abstracts a simple notion of context in computations: (immutable) im-
plicit parameters of a computation, such as a global variables. Thus enumeration of contexts,
and definition of the current context is trivial since there is only a single contextual position.
Lewis et al. briefly mention using comonads to structure the semantics of implicit parameters
in Haskell [LLMSO00]. Section 6.5 (p. 135) that the semantics of implicit parameters requires a

more general structure than the product comonad.

Example 3.1.3. The functor [4] = pX. A+ A x X of non-empty lists, with the usual map opera-

tion on lists for the morphism mapping, is a comonad with definitions (in Haskell-style notation):

— ¢ xs = head s (return the head element)

[[] ws = 2]

—dzs = (suffix lists rooted at the current position)
xs : O(tail zs) otherwise

For lists, the morphism mapping applies its parameter to each element in the list (the standard
map operation), enumerating the possible contextual positions. The comultiplication operation
localises its parameter list at each context by taking the suffix list from the corresponding
context, e.g., d[1,2,3] =[[1,2,3],]2,3],[3]]. Thus, in each inner list, the element at the current
context is the head of the list, as defined by €. The non-empty pre-condition is needed since &

is undefined for empty lists.
The operations of a comonad provide associative and unital composition for morphisms

Do — 7, defining a coKleisli category:*

Definition 3.1.4. Given a comonad D on a category C, the coKleisli category Cp, has objects
Cpg = Cy and morphisms Cp(X,Y) = C(DX,Y), for all objects X,Y € Cyp, with:

— composition: go f = DX LN D(DX) PLpy 4 7 (forall f:DX —Y,g: DY — Z € Cy).

— identities: idx = DX =% X (for all X € Cy).
The categorical laws of associativity and unitality follow directly from the comonad laws [C1-3].

Example 3.1.5. For the product comonad, coKleisli composition duplicates the incoming im-

plicit parameter, passing it to the composed morphisms, i.e., for f: X x P —-Y,g: Y X P — Z:

(@,p) ==~ (@.p).p) = (F(2,p),p) > 9(f (2,p).p) (28)

'The terminology of a coKleisli category is used here, appearing in some papers e.g. by Uustalu and Vene [UV 06,
UV08], while in mathematical texts the terminology of a Kleisli category for a comonad is often used.
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Morphisms Do — 7 for a comonad D are commonly referred to as coKleisli morphisms. From
the contextual perspective, coKleisli morphisms compute a value at a context provided by the
parameter structure. CoKleisli morphisms are sometimes called local operations here, reflecting
the idea that the return result is “local” to the context provide by the parameter.

The introductory chapter informally introduced comonads with an extension operation which
promotes local operations to global operations. This operation is derivable from the comonad

operations and is provided explicitly by an alternate, but equivalent, presentation of comonads:

Definition 3.1.6. The coKleisli triple form of a comonad comprises an object mapping D :
Co — Cy, an extension operation? (=)' : C(DX,Y) — C(DX, DY), natural in X,Y, and counit
operation ex : DX = X, such that for all f: DX — Y, g: DY — Z:

(K1 (ex)T =idox  [cK2] eyoff=f [K3] (gof)f=gTofl
Example 3.1.7. For the product comonad, extension is defined: ff(x,p) = (f(z,p),p)

The coKleisli triple form replaces comultiplication and the functor D with extension and just

an object mapping D. The two presentations are related by the following lemma:

Lemma 3.1.8. The coKleisli triple and comonoidal (in terms of ) forms of comonad are equiv-

alent by the equalities:
ff=Dfos od=idp! Df=(foe)f (29)

The proof is elided for brevity. By the left-most equation of (29), composition for a coKleisli
category can therefore be equivalently defined: g 6 f = g o fT.

From the contextual perspective, extension takes a local operation defined at a particular
context and promotes, or extends, it to a global operation over all contexts. This behaviour can
be seen clearly with the array comonad which was informally illustrated in Section 1.2.2. The

array comonad is defined more formally in Haskell shortly.

Example 3.1.9. From the contextual perspective, arrays define a value which is dependent on
its position (index) in the array. For example, arrays might be used to discretise a continuous
variable such as the temperature in a room, which depends on the measurement position (and/or
time). The array comonad has a cursor pointing to a particular index in the array.

Figure 3.1(a) illustrates comultiplication ¢ : Array X — Array(Array X ) and coKleisli com-
position. For comultiplication, each position in the outer array has a copy of the original array
with its cursor set to its position in the outer. Since the original array is copied to the inner
arrays, all array positions are accessible from any other position. Figure 3.1(b) illustrates lifting
a local operation on arrays to a global operation using extension. The equivalence ff =Df 0§

can be seen in the diagrams. Example 3.1.10 below formally defines these operations.

Sometimes this operation is called coextension since the dual operation for a monad is called the eztension. This
dissertation uses extension when it is clear that the comonadic form is meant; otherwise coextension is used.



3.1. DEFINITIONS 49

Array f
| —

(2o [@1 [ @2 | —> | [ole1]w2] | (2o @] 7] | [0 21 2] — > 2

(a) Hlustration of § and the composition (for f: Array X — Y, g: ArrayY — Z)

:
s | f e m) | f [wlEle]| f mlole] |~ (][] ]

(b) Ilustration of coKleisli extension (for f : Array X — Y, where fT: Array X — ArrayY)

Figure 3.1. Tllustration of §, composition, and extension for the pointed array comonad

3.1.1. Categorical programming

Comonads in Haskell can be described by the following type class:

class Functor ¢ = Comonad ¢ where

current::c a — a -- counit

extend :: (c a — b) — ca — ¢ b -- extension
extend f = fmap f o disject
disject :: ¢ a — ¢ (c a) -- comultiplication

disject = extend id

Thus a comonad in Haskell is analogous to an endofunctor ¢ : Hask — Hask, and current,
ertend, and disject are analogous to the counit, extension, and comultiplication operations
respectively. The mutually defined default implementations of disject and extend require that
an instance of Comonad defines at least one of the two operations. Unfortunately, Haskell is
too weak to express that only an object mapping ¢ : Haskg — Haskg is required if extend is
defined, rather than a full functor with an instance of Functor. In this dissertation, a Functor

instance is elided if extend is defined.

A word on naming. At the time of writing, the Comonad class in Haskell is provided by the
Control.Comonad package, which uses different names for its operations than here [Kmel2].
The counit is called extract. Here current is used to avoid confusion between extract and extend,
and to associate the operation with the contextual understanding that it returns the value at the
current context. The comultiplication is called duplicate. Here disject (meaning to scatter, break
apart, or distribute) is used instead to give a more general intuition of the operation’s behaviour.
For the product comonad, duplicate is descriptive, but for the non-empty list comonad above, the

operation resembles a deconstruction and distribution of the context, rather than a duplication.
Example 3.1.10. The pointed array comonad may be defined in Haskell:
data CArray i a = CA (Array i a) i

instance Iz i = Comonad (CArray i) where

current (CAai)=ali
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(a) Lab image (b) extend gauss2D applied to Lab

Figure 3.2. Example of a local operator applied to a CArray comonad for an image.

extend f (CA a i) =let es’ = map (\j — (j,f (CA a 7))) (indices a)
in CA (array (bounds a) es') i

where CArray pairs Haskell’s bozed array type with a particular index of the array, current
accesses the cursor element using the array indexing operation !, and, for every index j of the
parameter array, extend applies f to the array with j as its cursor, returning an index-value

pair list from which the result array is constructed. Various operations of Array type are used:

bounds :: Iz i = Array i e — (1,1) -- computes the bounds of an array

array I i = (i,1) — [(i,e)] = Array i e -

constructs an array

indices :: Ix i = Array i e — [i] -- returns a list of the indices of an array

Nelri= Arrayie—i—e -- indexes an array

Note, that the parameter array and return array in extend have the same size and cursor, i.e.,

extend preserves the incoming context’s shape in its result.

Many array operations can be defined as local operations using relative indexing, e.g., convo-
lution operators common in image and signal processing, such as the following discrete Laplacian

and Gaussian operators for two-dimensional arrays:

gauss2D, laplace2D :: CArray (Int, Int) Float — Float
gauss2D a = (a?(—1,0)+a?(1,0)+a?(0,-1)+a?(0,1)+4x%a?(0,0)) /6
laplace2D a = a?(—1,0)+a?(1,0)+a?(0,—-1)4+a?(0,1) —4%a ?(0,0)

where (?7) abstracts relative indexing with bounds checking and default values:

(?):: (Iz i, Num a, Num i) = CArray i a — i — a
(CA ai)?4 =if (inRange (bounds a) (i +i')) then a! (i + ') else 0

Section 7.1.4 (p. 147) discusses alternate methods for abstracting boundary checking and values.
Whilst gauss2D computes the Gaussian operator at a single context (locally), extend gauss2D
computes the Gaussian at every context (globally), returning the resulting image. Figure 3.2

demonstrates the output of applying gauss2D using extend to an image stored in an array .
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3.2. Examples

The following section provides example comonads. Some are defined in Haskell, where for brevity

some definitions will not include the full instance for the Comonad class.

3.2.1. Products and coproducts

The product comonad with functor DX = X x P, where P is some fixed object was shown in
Example 3.1.2. Accompanying Haskell code is included for in Appendix E.2.1 (p. 222).

Alternatively, products provide a comonad of non-empty fixed-length lists, e.g., two-element
lists have the functor DX = X x X where Df = f x f. The trivial identity comonad, with functor
Id X = X and all its operations as the identity, is a special case of a fixed-length list of length
one. For a fixed-length list comonad, a particular element position must be chosen as the current
context. Enumeration of all possible contexts is provided by permuting the list data through
this position. For example, a length-two list comonad may take the first position as the current,
i.e., counit £(z,y) = x and comultiplication é(x,y) = ((x,y), (y,z)). Alternatively, the second
position can be the current where ¢(z,y) = y, thus the permutation of data in comultiplication
must be flipped to satisfy the comonad laws, 6(z,vy) = ((y,x), (z,y)).

For lists of length greater than two, the comonad laws imply that the permutation can
only be a left-rotation, and not some other arbitrary permutation. Thus, e(x,y,z) = = and

8(2,y,2) = ((,9,2), (v, 2, 2), (2,2,9)).

Coproducts. Whilst the functor FA = A+1 is a monad, it is not a comonad sinceey : A+1 — A
is not total; it is undefined for € (inr1). The functor FA = A+ A is however a comonad, equivalent
to the product comonad FA = Ax2 where 2 is a two-valued type. In general, given two comonads
F, G then the functor DA = FA + GA is a comonad (code in Appendix E.2.2 (p. 222)).

3.2.2. Trees

Labelled binary trees are an example of a recursively defined data type which is a comonad,
and for which there are a number of related comonads involving labelled binary trees with extra

structure. The following definition of labelled trees in Haskell is used here:

data Tree a = Leaf a | Node a (Tree a) (Tree a)

instance Functor Tree where
fmap f (Leaf @) = Leaf (f z)
fmap f (Node z I r) = Node (f x) (fmap f 1) (fmap f r)

3.2.2.1. Suffix trees

The following Tree comonad defines the root node as the current position:

instance Comonad Tree where
current (Leaf ) = x

current (Node z _ _) = x
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disject (Leaf x) = Leaf (Leaf x)
disject (Node z | r) = Node (Node x | r) (disject 1) (disject )

Comultiplication recursively decomposes its parameter tree computing suffix trees, where each
position in the tree becomes the cursor (the root), as depicted in Figure 3.3(a). The derived
extension operation thus applies a local operation k : Tree a — b to each suffix tree. Local

operations may only access the current position or those after it (the children).

3.2.2.2. Pointed trees
Comonads with a pointer or cursor, pair a data type with an address-like value marking the
position of the current context. For binary tress, a suitable pointer can be provided by a sequence

of booleans, thus a pointed labelled binary tree is defined:
data PTree a = PTree (Tree a) [ Bool ]

where False and True denote the left-branch and right-branch respectively. The cursor therefore

points to the current position as follows:

instance Comonad PTree where
current (PTree (Leaf z) [])
current (PTree (Node x _ _) [])
current (PTree (Node _ | r) (z : xs)) = if x then current (PTree r xs) else (PTree | xs)

T
T

The comonad laws imply that comultiplication must associate to every contextual position a copy
of the original tree along with a (unique) cursor corresponding to that contextual position. The
current operation deconstructs the cursor to select the current tree, which by the comonad laws

is inverse to comultiplication’s construction of a cursor. Comultiplication is formally defined:

disject (PTree x c¢) = let disject’ (Leaf _) ¢’ = PTree (Leaf (PTree z ¢')) ¢’
disject’ (Node _ 1 r) ¢! =let (PTree I' _) = disject’ | (¢’ # [False])
(PTree v’ _) = disject’ r (¢ 4 [ True])
in PTree (Node (PTree z ¢') I' 1) ¢/
(PTree z' _) = disject’ x []

in PTree ' ¢

Thus, each label of the returned tree has the parameter tree z paired with the cursor for that
context. Therefore, at every contextual position, every other contextual position is accessi-
ble. This contrasts with the suffix tree comonad where only the child positions are accessible.
Figure 3.3(b) illustrates the above definition.

Section 8.2.3 (p. 170) discusses accessibility further, considering a connection between § and

accessibility relations in Kripke semantics for modal logic.
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Figure 3.3. Comultiplication for two different labelled binary tree comonads.

3.2.2.3. Tree zipper
Huet’s zipper data type defines a representation of trees decomposed into a subtree that is the
“focus of attention” and the remaining parts of the tree not under focus [Hue97]. The tree-
zipper data type provides a kind of structural cursor for trees, where the current context is the
subtree in focus. Thus, the zipper captures a notion of context for trees (sometimes called the
type of one-hole contexts [McBO1]), allowing operations to be defined locally on tree positions.
Huet describes the zipper for leaf-labelled rose trees; the presentation here instead uses node-
and-leaf labelled trees similarly to the tree zipper comonad previously described by Uustalu and
Vene [UV07]. The zipper type comprises a pair of a tree currently in focus and a path which

marks the position of the focus tree in the wider context of the parent tree.

data ZTree a = TZ (Path a) (Tree a)
data Path a = Top | L a (Path a) (Tree a) | R a (Path a) (Tree a)

The path is a sequence of direction makers, left or right, providing the address of the focus tree
starting from the root, where each marker is accompanied with the label of the parent node
and the subtree of the branch not-taken, i.e., a path going left is paired with the right subtree,
which is not on the path to the focus tree.

Navigation operations move the focus around a tree, often described as operations that
“zip” and “unzip” a tree. A tree can be “zipped upwards” by unpacking the head of a path,

constructing a new subtree that encompasses the parent node and its non-taken branch, defined:

up :: ZTree a — ZTree a

up (TZ Top t) = TZ Top t - already at the top of the tree
up (TZ (Lxpr)t)=TZ p (Node x t r) --zip up from a left branch

up (TZ (Rzpl)t)=TZ p (Node zlt) --zip up from a right branch

The following two operations, left, right :: ZTree a — ZTree a, unzip “downwards”, taking either
the left or right branch of the focus tree and extending the path accordingly:

left (TZ p (Leaf x)) = TZ p (Leaf x) -- at a leaf

left (TZ p (Node zlr))=TZ (Lxpr)l - focus on left subtree, add right to path
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a
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where paths are written next to the tree and R, L, and T denote right, left, and the top of a path.

Figure 3.4. Example comultiplication for binary tree zipper comonad

right (TZ p (Leaf x)) = TZ p (Leaf x) - at a leaf
right (TZ p (Node z 1l r)) = TZ (Rz pl) r - focus on right subtree, add left to path

These navigation operations move towards a limit of a tree (either towards the root for up, or the
leaves for left and right) where reaching a limit of a tree does not cause an error— the navigation

operations remain at the limit. Thus, the following coherence conditions are satisfied:

(upoleft) x = x if leftx # x
(up o right) x = x if right © # x

Alternatively, partial navigation operations of type ZTree a — Maybe (ZTree a) may be defined
where navigating beyond the limits returns Nothing. Various other primitive were provided by
Huet for insertions and deletions from the tree zipper, which are omitted here for brevity.

The tree zipper is a comonad with the label of the tree in focus as its cursor:

instance Comonad ZTree where
current (TZ p (Leaf z)) = x
current (TZ p (Node x _ _)) = x

Comultiplication refocusses the zipper at each context. Figure 3.4 illustrates its operation for
a tree which is currently focussed at its root, i.e., the path is Top. The operation is defined as
follows (based on the definition given by Uustalu and Vene [UV07]):

disject tz = TZ (disjectP tz) (disjectT tz)

disjectT :: ZTree t — Tree (ZTree t) -- comultiplication of tree in focus
disjectT tQ(TZ p (Leaf x)) = Leaf t

disjectT t = Node t (disjectT o left $ t) (disjectT o right $ t)

disjectP :: ZTree t — Path (ZTree t) -- comultiplication of path
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disjectP (TZ Top t) = Top
disjectP 2@Q(TZ (L — — _) _) = L (up z) (disjectP (up z)) (disjectT (right o up $ 2))
disjectP z@Q(TZ (R — — ) ) = R (up z) (disjectP (up z)) (disjectT (left o up $ 2))

General zippers. McBride showed the remarkable technique of computing a zipper, or type of
one-hole contexts, for a polynomial data type by applying partial differentiation to the algebraic
structure of the data type, with respect to the parameter type variable [McB01, AAMGO04].
Given a (regular) data type DA, its zipper comonad is then defined as the data type D'A =
A x 04(DA), pairing a zipper with the element at the cursor position. The usual partial dif-
ferentiation rules apply, interpreting sum type as addition, product types as multiply, function

spaces as exponents, and constants as finite types. Fixed points are differentiated by the rule:
0A(uX.F) = pZ.(0aF) xsuxF) + (Ox F)[xspx.F) X Z

which is derived from the usual chain rule: 04(F X G) = 04F x G+ F x 904G (see [AAMGO04]).
For the binary tree data type Tree A = uX.A+ A x X?, the partial differentiation technique

yields the following calculation (Appendix B.2.1 explains the calculation steps in more detail):

04(Tree A) uZ.04(A+ A x X2)[Xr—>TreeA} +0x(A+ A X X2)[Xr—>TreeA] X Z

pZ1+ (04A X X2 + A X 0aX?) x5 Tree A] + Ox (A + A X X?) (x5 Tree ] X Z
pZ. 1+ (Tree A2 + Ax 2 x TreeAx Z

(uZ1+ A x2xTreeAx Z) x (1+ (Tree A)?)

= (Path A) x (1 + (Tree A)?)

A comonadic data type is then provided by A x 04(Tree A) which is equivalent to the TZ type:
Ax 04(Tree A) = A x (Path A) x (1+ (Tree A)?)

(Path A) x (A + A x (Tree A)?)
= (PathA) x (Treed) = TZ A

Relation to pointed trees. The zipper and pointed tree data types are isomorphic. Proof
of this isomorphism follows by showing that the inductive path structure is isomorphic to the
inductive definition of a list of booleans, and that the path preserves the rest of the tree structure.

The pointed approach is easier for programming, and provides an efficient extend. However,
the zipper approach has a more efficient lookup (€ O(1)) compared to the pointer approach
(€ O(logn)). Furthermore, the zipper may be preferred if a program also uses insert, delete,

update operations significantly, which for the zipper are also € O(1).

3.2.3. Lists
Example 3.1.3 showed the non-empty list comonad, with functor NEListA = pX.A + A x X.

There are a number of different possible comonads for non-empty lists with different cursors and

accessibility between contexts.
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Rotation lists. Similarly to fixed length-lists in Section 3.2.1, the cursor can be taken as the first

element in the list where comultiplication rotates the list left through the cursor position, e.g.
0[1,2,3] =[[1,2,3],[2,3,1],[3,1,2]]. Example E.2.4 (p. 223) in the appendix gives a definition.

Suffix and prefix lists. Example 3.1.3 showed such a comonad, where only those contexts
that are greater than, or equal to, the current context are accessible. This defines the suffix
list comonad where, for example, §[1,2,3] = [[1,2,3],[2,3],[3]] with the head of the list as the
cursor (see appendix, Example E.2.3, p. 223).

Alternatively, a prefiz list comonad can be defined by defining the cursor as the last element
of the list, i.e., € xs = tail xs, and defining accessibility as only those contexts that are less
than, or equal to, the current, e.g. § [1,2,3] = [[1],[1,2],[1,2, 3]] (see Example E.2.3, p. 223).

Pointed lists. A list can be pointed with the type PList A = [A] x N which has an unsafe cursor

(i.e. the type allows cursor outside the domain of the list), with definition:

data PList a = PList [a] Int -- pre-condition: [a] non-empty, 0 < Int < length of the list

instance Comonad PList where
current (PList xs n) =uzs!ln
extend k (PList s n) = PList (map (An' — k (PList zs n')) [0.. (length s — 1)]) n

Alternatively, a safe pointed list can be described by a dependent type PListA =[[n: N.A" xn
where lists are finite sequences of A values paired with an index from the finite type of natural
numbers < n. In Haskell, safe, pointed lists can be defined using type-level natural numbers to
index a list data type by its length. This is shown in Appendix E.2.5.

Note that the pointed list allows all contexts to be accessible from any other context, which

contrasts with prefix and suffix lists which allowed only a subset of contexts to be accessed.

List zippers. A non-empty list type zipper can be derived using McBride’s differentiation
technique, NEList’ A = A x 94 (NEListA) where 94(NEListA) = List A x List A (a pair of possibly
empty lists). Appendix B.2.2 shows the derivation. The non-empty list-zipper comonad therefore
pairs this zipper with a focus value, thus the first list provides a path to the cursor element, and
the second provides the elements after the cursor. The zipper is reminiscent of the tree zipper,
but with only left and right navigation operations. The list zipper is equivalent to the pointed

version. Appendix E.2.6 gives a Haskell implementation of the list zipper comonad.

3.2.4. Streams and Lucid

Streams (infinite lists) have a number of different possible comonad definitions (essentially infi-
nite versions of the above list comonads). A standard definition of streams uses the greatest-fixed
point StrA = vX.A x X, (a codata type [Kie99]), which can be encoded in Haskell as:

data Stream a = a :< (Stream a)

Uustalu and Vene showed that the Lucid dataflow language can be given a semantics in terms

of a stream comonad, and provided an interpreter for higher-order Lucid programs [UV06].
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Lucid. As described in Chapter 1, Lucid provides a declarative view of imperative, iterative
programs [WAB85]. In an imperative program, “variables” are mutable memory cells rather than
variables in the traditional mathematical sense (as in this dissertation). The value of a variable
may therefore change throughout a program. Thus, the value of a variable depends on its tempo-
ral context (i.e., the program step). Lucid declares variables once for a whole program, defining
them intensionally in terms of all the extensional values of the variable throughout the pro-
gram. These definitions are typically recursive, encoding iteration by guarded recursion. Lucid
programs can therefore be seen as systems of recursive stream equations, where all expressions
are streams and variables are defined in terms of their entire history [WA85, AFJW95].
Constants in Lucid are constant streams, and many standard arithmetic, logical, and con-

ditional operations are applied pointwise, for example, using an informal stream notation:

[c] = (c,c,c,...)
[z +y] = (zo + yo, x1 + y1,. )

Two key intensional combinators, that allow context-dependent behaviour, are next and fby

(pronounced followed by), which have the following behaviour:
[next x] = (x1,x2,...)
[[xfby y]] = <x0’y05y15 .- >

Thus, next performs a lookahead in a stream and fby delays a stream by the first element
of another, used for guarded recursion. For example, the stream of natural numbers can be
defined recursively in Lucid as: n = 0 fby (n + 1), thus [n] = (0,1,2,...). The fby operation
is particularly interesting since its behaviour depends directly on the cursor. This can be seen
more clearly in the following definition of fby at a particular position/context i:

o 1=0

[ foy yli =

Yi—1 otherwise
Uustalu and Vene defined a number of different stream comonads for the semantics of Lucid-like
dataflow languages, categorising them by the causality properties allowed for their operations,
implied by accessibility between contexts. The causal stream comonad only makes available to
stream functions values either at or preceding the cursor, the anti-causal stream comonad makes
available only the current and future values, and the general stream comonad allows causality
in both directions [UV05, UV06].

Anti-causal streams. The anti-causal stream comonad is similar to the suffix-list comonad
(Section 3.2.3), modulo the base case which is absent for infinite streams: [UV06, p.17]

current (a:< _)=a
extend k sQ(a :< as) = (k s) :< (extend k as)
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CoKleisli functions of this comonad many depend only on elements at the present position and
future positions (hence anti-causal) since extend applies a coKleisli function to successive suffix
streams. This comonad does not permit fby to be defined as a coKleisli function since fby
depends on its contextual position relative to the start of the stream (which is unknown here)

and access to past elements (which are not available here).

Causal streams. Since streams are bounded at their beginning a causal stream, for which
computations can only access the current and previous elements, is equivalent to a non-empty
list. A causal stream comonad is therefore equivalent to the prefiz-list comonad (Section 3.2.3).
This comonad permits fby, but it does not allow next to be defined as a coKleisli morphism

since it depends on future values which are not available here.

General streams. General stream comonads allow stream operations to depend on values
anywhere within a stream, thus the comultiplication operation of a general stream comonad must
preserve all elements of the stream data structure, unlike the causal and anti-causal streams.
Thus, a pointed stream (pairing the Stream data type with a natural number for the cursor) or

stream zipper comonad can be used [UV06, p. 18|:
data StreamZ a = StreamZ [a] a (Stream a)

The definition of the stream zipper comonad resembles that for the list zipper comonad shown in
Appendix E.2 (p. 222). In Haskell, the zipper implementation may be preferable to the pointer
approach, since lookup is more efficient for the zipper (see the discussion for trees).

Lucid is a higher-order language, with function abstraction and first-class functions, thus
further structure than a general stream comonad is required for its semantics, discussed in
Section 3.3.3 (p. 70). Chapter 4 shows first-order Lucid programs embedded in Haskell.

As is well known, the functor FA = vX.A x X is isomorphic to the functor F’'A = AN (the

terminal sequence of A x —). The next two comonads can encode streams using exponents.

3.2.5. Exponents

The exponent comonad, with functor DA = X = A where X is a monoid (X, ®,0),? is a comonad
where the unit & of the monoid is the current context position and the binary operation & defines

the accessibility between contexts. In Haskell, it is defined:

instance Monoid © = Comonad ((—) xz) where
current f = f 0
extend k f =Xz =k (At = f (z®*12'))

3In Haskell the Data.Monoid package provides a monoid class with the binary operation & = mappend
i:Monoid x = © — z — = and unit element 0 = mempty ::Monoid z = x
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Anti-causal streams. The exponent comonad with monoid (Z, +,0) defines a stream comonad,
but where the contextual position is unknown. The exponent comonad with monoid (N, +,0)
is isomorphic to the anti-causal stream comonad from before. In Haskell there is no numerical
data type for natural numbers (only integers). An inductive data type representation of the
natural numbers could be used instead. Whilst the exponent comonad is general and simple,
the Stream data type above provides a more efficient implementation since functions are not
memoized in Haskell, causing recomputation.

Other finite comonads can be encoded using the exponent comonad, with runtime checks
on the contexts, e.g., for a list of length n, its equivalent exponent version is (A — if (i <
n) then ... else error "Out of bounds"), where the error is equivalent to an exception from

taking the head of an empty-list.

Numerical functions. For the monoid (R, +,0), the exponent comonad can be understood as

capturing curves (numerical functions). An example operation is numerical differentiation:

differentiate :: (Double — Double) — Double
differentiate f = (f 0.01 — £ 0.0) /0.01

Since extend passes f shifted by z’ to differentiate then f 0.0 computes f z’. The value by which

f is shifted is unknown within a local operation.

Laziness comonad. In an eagerly evaluated language, such as ML, lazy evaluation, i.e., de-
laying computations until demanded, can be programmed manually by wrapping expressions in
a A-term matching a unit value (written () here), i.e., (A\().e : () — 7). However, programming
with manual laziness constructions is verbose and inelegant. For example, consider the following
term in an eager language, where a delayed function f : () — (0 — 7) is lazily applied to a

delayed argument e : () — o:
AQ-(FOIe0) : O =7

Previously, Brookes and Geva mentioned that comonads provide a mechanism for describing
demand-driven (lazy) computations [BG91]. Indeed, the boilerplate code for lifting expressions
to lazy computations and composing lazy expressions is captured by a computational comonad
with the functor LazyA = () = A. Computational comonads provide an operation n : A —
DA [BG91]. The comonad operations are then:

ne=MX).e (lift eager to lazy computations)

el=1) (evaluate a computation)

fT1=X0).fl (lazily compute from a lazy computation)

Relationship to intensions. The introductory chapter briefly described the field of intensional
logic, prompted by the role of context in languages. Carnap introduced the term intension to
describe the entire meaning of a term, encapsulating its meaning in all contexrts. He formulated

this mathematically as a function from states (or contexts) to extensional values [Car47|. The
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exponent data type here therefore captures Carnap’s model of intensions (or context-dependent

values) where the comonad describes how to compose intensional fragments.

3.2.6. In context comonad

Whilst the exponent comonad abstracts various comonads, the following abstracts various
comonads whose type is paired with a cursor therefore removing the need for the monoid struc-

ture. This comonad is well known, and is called the “in context” comonad here, defined:

data InContezt ¢ a = InContext (¢ — a) ¢

instance Comonad (InContext c¢) where
current (InContext f ¢) =f ¢
extend k (InContext f ¢) = InContext (A’ — k (InContext f ¢')) ¢

Thus the context paired with the function is the cursor (as defined in current), and extend
returns a contextual computation which at a ¢’ applies the local operation to parameter com-
putation at ¢’. Thus the result of comultiplication has inner computations which are focussed
(i.e., have their cursor set) at the context described by the outer contextual computation.

This comonad is sometimes called the costate comonad due to its relation to the state monad,
which is induced from the same pair of adjoint functors. The product functor DX = A x X,
which is left adjoint to the exponent functor TX = X = A, thus D 4 T, induces the state
monad TDA = X = (A x X) and the costate comonad DTA = (X = A) x X.

General streams. A general stream comonad with a manifest cursor is provided by instantiat-
ing the InContext comonad with natural number contexts, i.e., the functor Stream A = AN x N.
Note that, local operations for this comonad are isomorphic (by uncurrying) to functions of type
AN — AN: thus the local operations capture general stream functions.

Similarly to the exponent comonad, finite comonads with a cursor may be encoded using a
domain membership test, e.g., InContext (Int,Int) captures two-dimensional array comonads,

where a finite array might include a runtime bounds-check, e.g., for bounds bz and by:

xz = (InContext (A\(z,y) — if (z < bz A y < by) then ... else error "Out of bounds") (0,0)

3.2.7. Composing comonads
Two comonads can be composed if there exists a distributive law between the two.
Definition 3.2.1. A distributive law between two comonads (D, ¢,d) and (E,£’,¢’) is a natural

transformation o : ED — DE satisfying the following axioms of preservation of the comonad

operations by o:
[01l] eEoo=Ee [03] oEoEood =Dd oo
[02] De’oo=¢'D [04] DoooDoE§=0Eoco

Lemma 3.2.2. Given two comonads (D,¢,0) and (E,&',8") and a distributive law X : ED = DE

then there is a comonad (ED,&"”,§") with:
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= D2 p o (= €’ o Ee, by naturality).
~ &= ED 22 EED F=% EEDD £’ EDED (= EoD 0 8'DD o ES, by naturality).

The comonad axioms for the composite follow from the axioms of the distributive law and the

axioms of the underlying comonads.

Example 3.2.3. A comonad is strong if there is a tensorial strength st4 x : (DA) x X — D(A4 x
X) that commutes with the comonad operations (dual to strong monads, see Appendix B.1.4
(p. 188)). This tensorial strength corresponds to a distributive law between D and the product
comonad where the strong comonad axioms correspond to axioms [o1],[o4] of the distributive

law and [02],[03] follow from the strong functor axioms.

Appendix E.2.7 shows an encoding for composing comonads in Haskell.

3.2.8. Cofree comonad

The cofree comonad captures a comonad for a general notion of a branching data structure with
CoFreeA = vX.A x FX, where F provides a branching structure and each “fork” in the branch
is labelled [UV08, UV06]. It has a simple definition where the root of the tree is the current

context. In Haskell it can be defined as follows:

data Cofree f a = Root {label :: a, branch :: f (Cofree f a)}

instance Comonad (Cofree f) where
current (Root a _) = a
extend f (Root a ts) = Root (f (Root a ts)) (fmap (extend f) ts)

Examples of F include:

— F =1 (identity functor FU = U) — anti-causal streams;
— F = A (diagonal functor FU = U x U) — infinite binary suffix trees;
— FU =14 U x U — possibly finite binary suffix trees.

Uustalu and Vene have also described the cofree recursive comonad on uX.Ax FX, although this
is not discussed further here (see [UV02, UV11]). Section 7.4.1 (p. 160) shows a construction
of comonads from a particular kind of coalgebra, for which the cofree comonad is equivalent to

the final coalgebra.

3.3. Categorical semantics of the contextual \-calculus

The understanding of Lucid as an intensional language, where the denotation of an expres-
sion depends on some implicit, discrete temporal context (e.g., [Wad95a, AFJW95, PP95])
is made precise by the categorical semantics, given by Uustalu and Vene, in terms of stream
comonads [UV06]. Uustalu and Vene generalised their approach to other notions of context-
dependence, defining a categorical semantics for a context-dependent simply-typed A-calculus pa-

rameterised by a symmetric (semi)-monoidal comonad capturing some notion of context [UV08].



62 3. COMONADS

[Tz:obe:7]:D(I'x0) > 7T
[C'FAz.e:0=1]:DI' = (Do = 1)

[aBS]

[T+ei:0—7]:DI' - (Do=71) ['Fex:7]:DI' =0

[aer] [TFeieg:7]:DI — 7
[vAR] riim €l where ([T’ =n) A (1 <i< n)
[TFa;:7]: D = 7;
[Le] [THe:0]:DI' w0 [v:okey:7]:D(Ix0) =T
LET

[THletv=e;iney] : DI — 7

Figure 3.5. Outline of the structure of a categorical semantics for a contextual A-calculus.

Their approach is reworked here following the categorical semantics approach of Section 2.2.
A contextual semantics is given to the simply-typed A-calculus, with let-binding, which is referred
to as the contextual A\-calculus here. The semantics developed here provides a generalisation
of the Uustalu-Vene semantics. The necessary additional structure required of a category in
order to give a semantics for the simply-typed A-calculus modulo Bn-equality is given first in
Section 3.3.1 before a discussion of the axioms required on the additional structure for various
syntactic properties in Section 3.3.2, which was discussed less extensively by Uustalu and Vene.
Thus, this section contributes a systematic construction and analysis of the syntactic properties

that follow from different axiomatisations of monoidal comonads.

3.3.1. Categorical semantics modulo Sn-equality

The categorical semantics uses a coKleisli category for a comonad D, where types map to objects

7]l € Cpg and typing judgments to morphisms:
[7] 0 yping judg p
[vz7ke:7]):[7] — [7] € Cpy
:D[7] — [r] € C4

In order to provide an intuition for the behaviour of a contextual language, Figure 3.5 shows
the structure of the semantics by showing the signatures of the morphisms resulting from the
interpretation [—]. Reading the rules bottom-up (from conclusion to premise) indicates the
propagation of the comonadic context (encoded by D) of a term to its subterms. In the [ABS]
rule, the incoming contextual computation for a function body is obtained by combining in some
way the context of the function and the context of the argument. In the [APP] rule, the context
is propagated to both the function subterm and the argument subterm. In the [LET] rule, the
context is propagated to both the bound sub-term and the receiving sub-term.

Following from the presentation of categorical semantics for the pure simply-typed A-calculus
in Section 2.2, Cp requires a binary object mapping xP (not necessarily a categorical product)

for modelling concatenation of free-variable assumptions, with notions of pairing and projections,
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a binary object mapping =P for modelling functions, and currying and uncurrying operations to
support abstraction and application (conditions (A.7)-(A.v) from Section 2.2.7 (p. 33)), without
any equational theory. The requirements of these components elicits further additional structure
on the comonad D which is explained below.

As first shown by Bierman and de Paiva in the setting of categorical modal logic, a context
which is structured by a comonad (in their case a modal context), i.e., D[I'] where [I'] =
A1 X...x Ay, requires an operation D(A; x...x A,) — DAy x...xDA,, such that free-variables
can be abstracted (or, that hypotheses can be turned into antecedents of implications) [BAP96].

This operation is provided by a (lax) monoidal functor.

Definition 3.3.1. A functor F : C — D, between two monoidal categories (C,®,Ic) and

(D, e, Ip), is lax monoidal if it has the following natural transformation and morphism:

mip:FAeFB = F(A® B)

ml:ID — FI(C

satisfying a number of coherence conditions such that m4 g and m; preserve the associativity
and unit natural transformations for C and D (shown in Appendix B.1.2 (p. 185)) and thus m4 g
and mp act as monoid where m; creates the unit. Another view is that my p and m; witness
that F is a (lax) homomorphism, preserving the monoidal structure between C and D.

There are number of variations of monoidal functors used later:

— A colax monoidal functor (sometimes called lax comonoidal or oplax monoidal) has dual

operations to a lax monoidal functor:
nap:F(A® B) - FAeFB
np: FI(C — ID

Any functor on a category with finite products is canonically colax monoidal with respect to
the monoidal structure of products. This is shown later in Lemma 3.3.5 (p. 66).

— A strong monoidal functor is a monoidal functor where m4 g and m; are isomorphisms, thus
a strong monoidal functor is both lax and colax, where mZ}B = ny p and mfl =n.

— A semi-monoidal functor does not have the my morphism.

— A symmetric monoidal functor maps between symmetric monoidal categories, preserving the

symmetry transformations of the source and target categories.

Example 3.3.2. The List endofunctor ListA = v X.1+ A x X, using the greatest fixed-point, is a
monoidal functor where m4 p is the zip operation for lists, e.g., ma g[zo, 21, Z2] [y, Y1, Y2, Y3) =
[(z0,v0), (T1,91), (z2,y2)], taking the intersection of the shapes of the parameter list, and my is
the infinite list my () = [(), (), (),...] (for the terminal object ()).

Example 3.3.3. The List endofunctor is colax monoidal where ny g is the unzip operation for

lists, e.g., na B [(z0,v0), (1,y1), (2, ¥2)] = [[x0, 1, 22], [Yo,Y1,¥2]] and ny trivially returns the

terminal object ().
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In the following semantics, monoidal functors, and some of the above variations, are required
to provide the necessary structures for the semantics and equational theory. The underlying
category C is assumed to be a cCC with products x and exponents =. The minimal requirements
for a coKleisli category Cp such that it provides a categorical semantics for the simply-typed

A-calculus modulo any equational theory, are described below.

Free-variable contexts. (Section 2.2.7, A.ii) For every A, B € Cp the object (A xP B) € Cp,
is defined as the object A x B € Cy, i.e., using the products of the underlying category. Pairing
is defined by pairing in the underlying category, where for all f : DZ — X,¢g: DZ - Y € Cy:

(f,9)P =(f,g):DZ = X xY eC,

with projections 7P = w06 : D(Ax B) — A and 72 = m0¢e : D(Ax B) — B. This construction
implies the usually properties of categorical products (Definition 2.2.3 (p. 28)).

Functions. (Sect. 2.2.7, A.iii) For all A,B € Cp, then (A =P B) € Cp, is defined as the
object (DA = B) € C,.

D

Abstraction. (currying) (Sect. 2.2.7, A.iv) The currying operation for Cp, between x“ and

=D can then be defined if D is a lax (semi-)monoidal functor over x, where:

C(mA,Xv_) ¢A,B

®,5= C(D(Ax X),B) C(DA x DX, B)

C(DA,DX = B)

i.e., in pointed-style, @4 p(f : D(Ax X) = B) = ¢pap(fomy x): DA— (DX = B).
An intuition for the use of m4 g here is that it combines, or merges, two contexts, which in
the semantics combines the context of the declaration site of a function with the context of the

application site for the function to give the context of the function body.

Application. (uncurrying) (Sect. 2.2.7, A.v) Uncurrying can be defined if D is colax monoidal
with ng g : D(A x B) — DA x DB as follows:

$ap C(na,x,—)
Vyp= C(DA,DX = B) —— C(DAxDX,B) —— C(D(A x X), B)
i.e., in pointed-style, W4 5(g : DA — (DX = B)) = ¢,1'5(g9) onax : D(A x X) = B.

An intuition for the colax monoidal operation n g here is that it splits a context into two,
which in the semantics for application provides the context for the function and the context for
the argument of the function.

Figure 3.6 shows the usual semantics for the simply-typed A-calculus, specialised to the

additional structures defined above for Cp.

Alternative definition. Uustalu and Vene’s approach differs in their semantics of application:
[TFei:0—=7]=k :DI' 5 (Do=71) ['Fex:0]=ky:DI' w0

(30)
[TFeies: 7] =evo (ki ki) : DI — 7

[apPP]
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where ev is the usual morphism provided by the categorical exponents of the base category C.

This definition is equivalent to the semantics in Figure 3.6 (which used na p) if ng p is the

operation of a colax idempotent monoidal functor.

Definition 3.3.4. A (co)lax monoidal functor is idempotent if the following commutes:

FA—2~ FAxFA (31)

na A
e

F(A x A)

following the n4 4 arrow for the colax case and my 4 arrow for the lax case.

The equivalence between [APP] in Figure 3.6 and the refined semantics in equation (30) is then:

¢ Lkionpy o (g, ko)t

¢~ ki onr,o0D(e x ky)oDAo§ {Dfod = f and x universal property}
¢'ky o (De x Dk3) onprpr o DAod  {na p naturality}

¢~ ki o (De x Dkg) o Ao d {na,B idempotence (31)}

¢ k1o ((Deod) x (Dkyod)) oA {A naturality }

¢ k1 o (id x (Dky0d)) o A [C2] (comonad law)

evo (k1 X id) o (id x (Dkg 0 d)) o A {71 f =evo (f xid) adjunction definitions}
evo (k; x (Dkyod)) oA {Xx functoriality}

ev o (ki, k:;) {Dfod = f and x universal property}

For any (semi-)monoidal comonad over a category with finite categorical products, there is a

canonical idempotent colax monoidal structure:

[T,z:o0bke:7]=k:DI x0)—>7
[TFXe:o=7]=®k:DI' - (Do = 1)
= ¢(komr,): DI' = (Do = 7)

[aBs]

[T+ei:0—=7]=k :DI' 5 (Do=71) [Fer:7]=ky:Dl' >0

[app]

[CFeies: 7] =Wk oP (id®, k)P : DI — 7

= ¢ kyonpy o (e ko) : DI — 7
[VAR] T xﬂ’"” GDF - where (|| =n) A (1< i < n)
T T =70 — T
=moe:DI' - 7

L] [TFe:0]l=k :DI' 50 [Lv:ober:7]=ke:D('x0)—>T
LET

[T Flet v =e; in ey] = ky oP (id°, k)P : DI’ — 7
=kyo(e, k) :DI —» 7

Figure 3.6. Categorical semantics for a contextual simply-typed A-calculus.
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Lemma 3.3.5. Fvery endofunctor F over a category with finite (categorical) products has a

unique (canonical) colaz monoidal structure with the operations ng g = (Fm,Fma) and ny =!g.

Proof. (sketch — full proof in Appendix C.2.1, p. 196) Coherence conditions of a colax monoidal
functor (Definition B.1.5, p. 187) for ny p = (Fmi, Fmp) and n; =!f; follow from the universal
property of products and the monoidal natural transformations of C.

Assume the existence of some other colax monoidal structure n’A7 p and nf. The unital proper-
ties of n} with respect to n’y p and the canonical definitions of the unital natural transformations

AlxA—A=mand p: Ax1— A=m (Example B.1.3, p. 186) imply the properties:
Fmy =m o ”/X,Y Fmy =m0 ”/X,Y (32)

from which n’y y = (Fm1,Fre). Thus, the canonical ny g is unique by contradiction. The unit

operation ny = !gp is trivially unique by the universal property of the terminal morphism.

]
While the signature ng g : D(A x B) — DA x DB suggests that ny p may divide/split the

context encoded by its parameter, the canonical definition of n4 g simply duplicates the context

encoded by its parameter.

Proposition 3.3.6. For an endofunctor F over a category with finite products, the following two
properties are equivalent (proof given in Appendiz C.2.1, p. 197):

(1) nA7B = <F7T1, F7T2>
(ii) napoFA = A (i.e., F is idempotent colax semi-monoidal)

Thus, the canonical colax monoidal functor is also idempotent. Uustalu and Vene’s semantics is
therefore equivalent to the refined semantics shown here when n4 g is the canonical definition.

Whilst a colax monoidal functor (in a category with products) must be the unique, canonical
definition, there are many possible colax semi-monoidal functors (without unit operation nj)
since the proof of uniqueness for the canonical definition relies on colax unitality properties. In
the refined semantics here there is no requirement for a full colax monoidal functor with both
na g and ng, only a colax semi-monoidal functor with ng p. Therefore, the refined semantics is
more general, where ny p can produce two different contexts for the semantics of application,

rather than duplicating the incoming context. The following example uses this generality.

Example 3.3.7. Consider an implementation of a call-by-name (CBN) A-calculus using a call
stack, which may have a practical size limit (after which a stack overflow occurs). The call stack
forms part of the context of an execution, where S-reduction grows the stack.

Consider a term stack in this calculus which returns the current stack depth as an integer.
The stack expression is impure, violating Sn-equality, since the following terms produce different
results:, stack ~» 0, (Az.stack)() ~» 1, and Ay.((Az.stack)())y ~~ 2.
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The semantics of this calculus can be modelled by the product comonad DA = A x Z (where

the second component records the stack depth) and a lax and colax semi monoidal functor with:

M4 B ((x’ d)’ (y’ C)) = ((:C, y)’ ¢+ d)
na,s((z,y),r) = ((z,1),(y,7))

(note that n4 p is not the canonical definition of n g, neither is it idempotent). Therefore,
ma p (for abstraction) computes the stack depth of a function body as the stack depth of its
call site ¢ plus the stack depth of its definition site d; ng p (for application) takes the current
stack depth as the stack depth in the right context (for the argument) and just a depth of one
for left (the function). This corresponds to the following reduction rule in CBN:

er — €]

e1e2 — €] o
where the left-hand side is reduced first (i.e., at a depth of 1). Once the left-hand side is reduced

to a A-abstraction, a S-reduction occurs which results in the body of the function having stack

depth 7 + 1 (from the semantics of ny p followed by my4 g). For example,
((Az.x)(Af.stack))() ~ 1

since the left-hand side of the application is evaluated first to (Af.stack) before S-reduction of

the outer application occurs, the use of stack evaluates to 1. As another example,

M.z f () ) (\z.stack) ~ 3

A limited stack depth can then be modelled by placing a bound in application:

throw stack overflow exception (r + 1) > limit

na, ((z,y),7) =
A0 / ((z,1),(y,r)) otherwise

This example is not possible with the canonical definition of n4 p which would duplicate the

stack depth leading to a different semantics.

Summary. Modulo any equational theory, a semantics for the simply-typed A-calculus on top
of a coKleisli category Cp (summarised in Figure 3.6) requires the additional structures of a

lax and colax semi-monoidal functor with operations:

— map:DAXDB — D(AXx B), used for A-abstraction which combines two contexts coming
from the defining and application sites,
~ngp:D(Ax B)— DA x DB, used for application, which splits the incoming context at

the application site into two separate contexts.

Lemma 3.3.5 and its proof show that the canonical definition ny p = (Fr Fma), ny =!; is the
unique colax monoidal functor, but not necessarily the unique colax semi-monoidal structure.
The uniqueness proof relied on the coherence conditions of the unit operation ny (74) (p. 187)
— if no such conditions hold, i.e., if F is colax semi-monoidal without units, then there may be

other valid colax semi-monoidal operations n4 p. The semantics here is therefore more general
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that Uustalu and Vene’s, where any colax monoidal definition may be used. This generality was
demonstrated in Example 3.3.7. The semantics here collapses to the Uustalu-Vene semantics if
the colax monoidal operation has the canonical definition ny g = (D, Dma). The next section
considers additional properties of lax and colax monoidal functors which model Sn-equational
theory for the contextual A-calculus.

Note that, an implementation of a contextual language requires a runtime system which
provides an encoding of the top-level context. That is, for a closed term [@ e : 7] : D() — [7],
a runtime system must provide an intension D() for the incoming context. In Lucid, open terms
are allowed as programs, where free-variables are inputs and the user is prompted on stdin for

elements of the input stream of variables at particular context as they are lazily demanded.

3.3.2. Additional structure required for gn-equality

Section 2.2.7 summarised the additional conditions required of a categorical model for the simply-
typed A-calculus with Sn-equality (properties (B.i)-(B.iv)) which, as well as inductive proof
of B-equality, include the condition that currying and uncurrying are mutually inverse, i.e.,
that products are left-adjoint to exponents (or equivalently, products/exponents are categorical,
satisfying universal properties). Uustalu and Vene used the structure of a monoidal comonad

which provides additional axioms that a monoidal functor preserves the comonad operations.

Definition 3.3.8. A laz or colar monoidal comonad has laz/colaz monoidal counit and co-
multiplication natural transformations, i.e., the following diagrams commute in corresponding

directions for the lax or colax operations:

DA x DB i D(A x B) DA x DB —2D(AxB) (33)
nA,B NA'B
5A><53l l&Axg EAXEB\L ¢€A><B
m Dm
DDA x DDB ——2% D(DA x DB) ——> DD(A x B) Ax B=—=—=AxB
NDA,DB Dna,p
mi
I - DI [=—DI (34)
- ] \
N N
1-"% pr —"% DDI I

ni Dn1

If ny and my, or ng g and my g, are isomorphisms then a proof of any of the above diagrams
commuting in one direction implies the dual property for the dual operation.

The rest of this section expands the work of Uustalu and Vene by exploring the equational
theory of the contextual A-calculus and the corresponding required conditions. This section

shows the use of the monoidal comonad axioms, following the scheme in Section 2.2.7 (p. 33).
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Let-binding = application-abstraction pair. Recall that the [=-let-\] property, i.e., (Ax.eq)eq =
let © = ey in ey, requires ¥ o & = id (Section 2.2.7, ((B.1))), which simplifies as follows:

Vod= C(nax,—)odpodanoC(max,—)
= C(nax,—)oC(mgx,—) {by underlying adjunction ¢~' o ¢ = id}
= C(maxonax,—) {C(—,—) : C°? x C — C functoriality}
Therefore, ¥ o @ = id requires that m4 p ong g = id. An intermediate case arises, when my g

is idempotent lax and ny p is taken as the canonical colax structure for F:

Proposition 3.3.9. For a lax (semi-)monoidal endofunctor F on a category with finite products,
and canonical colax operation ng g = (Fmy, Fma) the following two properties are equivalent: (for
which the proof is given in Appendiz C.2.1 (p. 197))

(i) FA=mypoA (i.e. F isidempotent lax monoidal);

(ii) ma,pony p = id

Therefore, for the canonical ng g, [=-let-A] requires that D is lax/colax (semi)monoidal with
my ponap = id, or my g is idempotent. Uustalu and Vene note that idempotency? is “auto-
matic” if the functor is strong symmetric monoidal [UV08]. Proposition 3.3.9 shows a slightly
more general result when my g is just right-inverse to my g, rather than the stronger property

of my p and ny p as mutually inverse.

n-equality. For Az.fz = f to hold then ® o ¥ = id (Section 2.2.7, ((B.ii))). Expanding ® o ¥
and simplifying gives:
®oW= ¢apoC(max,—)oClnax,—)od's
= ¢apoC(ngxomyx,—)o gbZ}B {C(—,—) : C°P x C — C functoriality}

Therefore, for ¥ to be the right-inverse of ® then ng x omy4 x = id. Furthermore, for n-equality
one of the following must hold (Section 2.2.7, ((B.ii1))):

D(goP f=(=P gL ar (where f : D(Ax B) = X,g: DX = Y) (35)
W(goP f) = (Wg)oP (f xPid®) (where f: DA — X,g:DX — (DB =Y)) (36)

Subsequently, either xP or =P must be defined as a bifunctor (not just an object mapping).
For (36), the bifunctor (— xP —): Cp x Cp — Cp is defined for objects and morphisms as:

*(AXDB):AXBGCDO
~(fxPg)=(fxg)onap:AxPB = X xPY €Cp, (i.e.f :DA— X,g:DB =Y €C,
and (f xP g):D(Ax B) - X xY € Cy)

Proof of (36) is given in Appendix C.2.2 (p. 198), which requires D to be a colaz monoidal
comonad, requiring ¢ to be preserved by ns g (33).

*Uustalu and Vene do not call this property idempotency; this terminology is new here.
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p-equality. If [=-let-A] holds, then S-equality can be proved by proving the following lemma
that let-binding internalises syntactic substitution (let-0):

Ve,d. Tyz:7'Fe:T)ANT ke :7)=[TFletz=¢€ine: 7] =[[Fe[z:=¢€]:7]

A proof, which proceeds by induction over the structure of type derivations, is shown in Ap-
pendix C.2.3 (p. 199). The proof requires that € and ¢ are lax and colax semi-monoidal natural
transformations, i.e., D is a lax semi-monoidal comonad, and the additional properties:

DA x DB

1 | T2
mA B
Y

DA<~—D(Ax B)— DB
Dy Do

These two properties are equivalent to requiring n4 g omg g = id:

Proposition 3.3.10. For a laz (semi-)monoidal endofunctor F on a category with finite products
and canonical colax operation ny p = (Fmy, Fma), the following two properties are equivalent: (for
which the proof is given in Appendiz C.2.1 (p. 198)

(i) Friomy g =m and Fraomy g = mo;

(ii) napomy p = id.

Summary. Thus, the following syntactic properties of the contextual A-calculus imply the
following structure additional to a comonad D:
o [=-let-A] — (Az.e1) e = let = e in ey if either:

— D is lax/colax (semi-)monoidal and my g ong p = id,

— or D is lax/colax (semi-)monoidal, with canonical n and idempotent m (Proposition 3.3.9).
o [=n] - Az.fx=fif:

— D is a colax monoidal comonad and lax/colax (semi-)monoidal functor and n A,BOMA B = id.
o [=-0] - (A\z.€1) ea = e1|x := eg] if either:

— D is a lax and colax monoidal comonad and Dmy o my g = 71 and Dmg o my g = mo;

— or D is a lax and colax monoidal comonad and a lax/colax (semi-)monoidal functor with

canonical n and ny g omy g = id (Proposition 3.3.10).

Therefore, full Sn-equality requires a strong monoidal comonad, equivalent to saying the coKleisli

category of D is Cartesian-closed when the underlying comonad is strong monoidal.

3.3.3. Example: Lucid

As established in Section 3.2.4, only general streams comonads (that allow past and future
elements to be accessed) can provide a semantics for Lucid which includes its fby and next
operations. Since the stream zipper and pointed stream are isomorphic, the pointed stream
defined by InContext N is used here for ease of notation.

For a first-order Lucid, without function abstraction, only the additional structure of a colax

monoidal functor is required (with n4 p), ignoring any equational theory for the moment.
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For a higher-order Lucid with abstraction, the lax monoidal functor structure is required
(with my4 p). Since this combines two-pointed streams, the cursors must be combined in some

way. The following provides a suitable definition where the minimum of two cursor is taken:

m (Stream s ¢, Stream t d) = Stream (¢’ — (s (¢' — (¢ min d) + ¢),
t (¢ — (¢min d)+ d))) (¢ min d)

The minimum is used instead of the maximum, which would produce negative cursors which are
not allowed as the domain of the in contert comonad is N. The unit operation of a monoidal
functor requires the operation my : a — Stream a here, which is the unit of m. This however
requires extending the domain N to NU {w} where my z = Stream (A¢ — z)w.

The above definition of my p and the canonical ny p provides a lax/colax semi-monoidal
comonad satisfying (33) where m4 pons p = id thus [=-let-A] holds. However, the dual property
ng gomy g = id does not hold since my g takes the minimum of the cursors, which n4 g cannot
invert. Therefore [=-n] and [=-8] do not hold. However, since minimum is idempotent, if
na,pomy p is applied to a pair of streams which have the same cursor then ng pomy po(f xg) =
(f x g), where f and g are functions returning two streams with the same cursor. This implies

some limited cases where Sn-equality can hold, but not in general.

3.4. Monoidal comonads and shape
The notion of shape for a parametric type’s values is defined generically by “erasing” elements.

Definition 3.4.1. For an endofunctor F : C — C, where C has a terminal object 1 € Cy, the
shape of any object F A is determined by the natural transformation shapey = F!4 : FA — F1.

In a functional programming interpretation, the shape of a parametric data type that is functorial
is thus computed by mapping all its elements to the (single-valued) unit type ().
The comonad axioms imply an important property of comonads which reveals much about

their utility: that coKleisli-extended functions are shape preserving.

Lemma 3.4.2 (Shape preservation). Let (D, ¢, (—)") be a coKleisli triple, on a category C with
a terminal object. Extension of any coKleisli morphism f : DA — B yields a shape preserving

morphism f1:DA — DB i.e. the shape of the parameter object is preserved in the result thus:
Dlgofl=Dly (37)

Proof. Recall the terminal property that morphisms to the terminal object of a category 1 are

unique; shape preservation is thus proved:

Dloft= D!oDfod {ff =Dfod}
= D(lof)od {D functoriality}
= D(log)od {lxof=la=!yog wuniversal property}
= Dl!oDeod {D functoriality}
= D! [C2]
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O

The crucial step in the proof is the use of the [C2] axiom (equivalent to [coK2]), which enforces
preservation of shape for the comonad.

This contrasts with monads where the shape is permitted to change, that is, monads encap-
sulate effects which may change the execution of monadic computations that are post-composed
to some monadic computation. Whilst comonads are the dual of monads, the execution of
pre-composed computations is not changed by a computation. Instead, execution for composed

coKleisli morphisms is uniform throughout by shape preservation. Thus, for the composition of

morphisms fy : Drg — 7, ..., fn : DTn_1 — 7, the following commutes by shape preservation:
# 2y I f
Dry —> D7 —2 'Dr, | 2> D7, (38)

The asymmetry between monads and comonads here is analogous to that between monoids and

D!
]
D1
comonoids in Set and cccs. Indeed, monads and comonads are monoids and comonoids over

the monoidal category of endofunctors ([C,C], o, 1¢). Comonoids are defined as follows:

Definition 3.4.3. A comonoid, on a monoidal category (C,®,I), has an object X with comul-
tiplication 6 : X ® X — X and counit € : X — I, satisfying coassociativity and counitality:

Qi . € -1 1 dR0O
Iox 2 xox L xol XeX)eX2 - Xo(XoX) L XeX
waT y 5®idT (3] Ta
A1 pfl
X X®X 5 X

This definition dualises that of monoids in a monoidal category (see Appendix B.1.4, p. 186).

Thus, for the category of endofunctors ([C, C], o, 1¢), the axioms of a comonad imply that the
encoded contextual information is decomposed comonoidally. Whilst there are many examples
of monoids in Set and cccs, there is only one comonoid: the trivial duplication comonoid, given
by the diagonal Ay : A - A x A and terminal morphisms !4 : A — 1. Thus monoids and
comonoids seem asymmetric in their utility in a ccc. For comonads, the comonoid’s uniformity
manifests itself as the shape preservation property.

In principle, the product comonad DA = Ax X can be generalised given a comonoid structure
(X,(0: X - X xX),(e: X — 1)), with the comonads comultiplication defined:

d (a,z) = ((a,(m 0 8)x), (m2 0 8) x)

However, in a ccc this general product comonad collapses to the original product comonad

defined in Example 3.1.2 since the only possible comonoid is the trivial duplication comonoid.
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3.4.1. Shape and semantics

The semantics of Section 3.3 required a lax and colax monoidal functor, with additional proper-
ties for various equational theories. It was shown that Sn-equality holds for colax/lax monoidal
comonads with the canonical colax monoidal operation ny g = (Dmy, Dmy) if m4 p is idempotent
and ng pomy g = id. For Lucid, with a general stream comonad, it was shown in Section 3.3.3
that this property does not, and cannot, in general hold. However, it was noted that this
property holds if my p is applied to two streams with the same cursor. This property can be

generalised for any comonad where m4 g is passed two values of the same shape.

Lemma 3.4.4. For an idempotent monoidal functor F, the canonical colax monoidal operation
nARB = (D1, D) is the left-inverse of the monoidal operation ma,p when pre-composed with

morphisms whose images are of equal shape, i.e., for f: A —FX,g: B — FY, then:

shapey o fom =shapeyogom = nyyomxyo(fxg) =fxg (39)

The proof is shown in Appendix C.2.4 (p. 202) which uses the universal properties of products

and my p idempotency (as specified in the lemma).

Corollary 3.4.5. The colax monoidality witness ny p = (Dmry, D) is shape preserving:

nA B

D(A x B) =2 DA x DB
shapeAxBJ/ ishapeAXshapeB

D1 D1 x D1

Lemma 39 and Corollary 3.4.5 together show that, in the case where my p is idempotent, the
core semantics of the general contextual A-calculus has contexts of uniform shape throughout.
This restricts the computations that can be structured by (monoidal) comonads to those with
uniform contextual requirements. Chapter 5 generalises comonads, relaxing this uniformity.
Contexts of non-uniform shape may be introduced by instances of the contextual calculus for
specific notions of context. For example, a particular notion of contextual computation may have
built-in constructs that introduces contexts of a different shape to those being handled by the
core semantics. For example, consider a construct with denotation f : D(I' x (DA — B)) — B
defined f = Az.(m2 (e x)) ¢ where ¢ : DA is some constant context built into the semantics whose

shape differs to that of the incoming context x.

3.4.2. Containers and shape

Many of the data structure considered in this chapter are containers, that is, parametric data
types which have “holes” filled by data of the parameter type. The general concept of a container
has been formalised by Abbott, Altenkirch, and Ghani, by decomposing container types into
a shape (or template) and a mapping from positions (or holes) in the shape to the contained
values [AAMGO04, AAGO5]. For example, the list type [A] is a container whose possible shapes
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are natural numbers n : N representing the length of a list, thus positions are elements of the set
{0,...,n — 1}, and the values of a list of length n are described by a map {0,...,n — 1} — A.

Containers are described generally by a dependent sum on their shapes:

(SAP)A=) (Ps— A)
s:S
where (S <1 P) denotes the container with set S of shapes and indexed family P of positions,

encoded by a coproduct of maps from positions to values for each possible shape.
Examples 3.4.6 A few examples are:

» the (non-empty) list container (Ns¢ <1 Fin) where Finn = {0,...,n — 1}

» the stream container ({*} < const N), i.e., there is only one shape since streams are
infinite, where const is the constant indexed family.

» numerical functions are containers with ({x} < const R).

» finite n-dimensional arrays with container (N2, < Fin™)

Ahman et al. recently showed that all directed containers — those with notions of sub-shape —
are comonads, where positions are contexts and sub-shapes define accessibility between contexts
for the definition of extend [ACU12]. For example, suffix trees, lists, and streams, are directed,
with subshapes (i.e. sublists, subtrees) provided by a monoidal structure on their cursor.
General polyshape container transformations have type f: > g(Ps = A) = > _o(Ps —
B), thus a container of different shape can be returned. However, shape preserving container

transformations have type:

> ((Ps — A) = (Ps — B))
ses
where a container of the same shape is returned. The in contert comonad can be generalised to

a cursored-container comonad with the type DA =" _o(Ps — A) x Ps.

Monoshape containers, i.e., with a single shape such as streams, have a comonad provided
by the in context comonad with positions as the contexts. A general function on monoshape
containers with shape s, f: (Ps — A) — (P s — B) is therefore a coKleisli morphism of the in
context comonad by uncurry f : (Ps — A) x Ps — B.

Proposition 3.4.7. Any monoshape container ({s} < P) is a strong monoidal functor.

Proof. Monoshape containers are equivalent to exponents where ({s} < const P)A = P = A,
with canonical colax operation ny g = (Fmi, Frp) and lax operation my g(z,y) = (z,y).

O
Uustalu and Vene define a causal dataflow comonad on [N, Set] where list values are indexed by
their length (DA),,, which they call precise comonads [UV08]. They show that these monoshape
containers are strong monoidal comonads with monoidal operations (ma )y : (DA), x (DB), —
(D(A x B))n. Chapter 5 and 6 generalise comonads using indexed families, but with operations
such as (ma B)nm = DnA X D;yy B — Dy (A x B) where operations on indices describe how

different contexts are composed and combined.
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3.5. Relating monads and comonads

Both monads and comonads can be used to encapsulate impure features of a computation.
Comonads encapsulate input-related impurity (e.g., demands on the context); monads encapsu-
late output-related impurity (e.g. (global) changes to the context), traditionally called effects.
An interesting case arises with the notion of parameterised computations, which can be
structured by either a monad or comonad. As shown earlier, the product comonad, where
DA = Ax X, structures computations with implicit parameters. The reader monad, with functor
MA = X = A, is also used in functional programming for abstracting implicit parameters as an
effect [Hug04, Wad95b]. It is not surprising that the exponent monad and product comonad
encode the same notion of impurity since their Kleisli and coKleisli morphisms are isomorphic

via currying/uncurrying, from the adjunction (— x X) - (X = —) (Example 2.2.13, p. 31):

curry
(AxX)—>B—A— (X — B)

uncurry

This isomorphism preserves composition between the corresponding Kleisli and coKleisli cat-
egories such that the two categories are isomorphic, showing that the product comonad and

exponent monad are equivalent in their ability to structure computation, or equipotent.

Definition 3.5.1. A monad with endofunctor M : C — C and a comonad with D : C — C are
equipotent if their corresponding (co)Kleisli categories are isomorphic Cy = pC, i.e., there are

functors ® : Cyy — pC, ! : pC — Cy witnessing an isomorphism.

Thus, equipotency is defined by an isomorphism between the semantic domains of an effectful
and contextual language, where the functors witnessing the isomorphism exchange impurity in
the input of a computation for impurity in the output. For the product comonad and exponent
monad, currying/uncurrying provides this, where the functorial laws are easily proved.
Previously, Eilenberg and Moore showed that given a monad M, if there exists an endofunctor
R such that M - R then R has a comonad structure [EM65]. Their result dualises providing an

automatic equipotent structure:

Lemma 3.5.2. Given a comonad D : C — C, if D has a right adjoint R, i.e., D 4R, then R is
a monad which is equipotent to D.
The adjunction D - R provides the isomorphism C(DA, B) = C(A, RB) which leads to equipo-
tence of D and R. The proof of this lemma, is not shown here as the result does not appear to
be particularly useful in the Cartesian-closed setting, where the product comonad and exponent
monad appear to be the only example.

A related form of weak equipotence provides a resolution to an interesting tension in the

literature on the categorical semantics of Lucid.

Weak equipotence. In 1995, Wadge proposed that the semantics of Lucid could be structured
monadically [Wad95a]. Ten years later, Uustalu and Vene gave a comonadic semantics for
Lucid, and stated that “notions of dataflow cannot be structured with monads” [UV06]. There
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is an apparent conflict which raises a number of questions: are the two approaches equivalent?
What does “cannot be structured” mean? Is one approach in some sense better?

Wadge defines the semantics of Lucid using the exponent monad with a natural number
domain: WA = N = A, providing the intuition that W models streams, multiplication pu
returns the diagonal of a double-indexed stream, and the unit 1 constructs the constant stream.
The pointwise operations of Lucid are defined by lifting with n, e.g., [+] = Az y.n(xz + y).
However, Wadge does not address the monadic semantics of intensional operators (e.g., next
and fby). Whilst pointwise operators compute the n'” element of a stream from the n** elements
of its parameters, i.e., extensionally, an intensional operator may compute the n® value of a
stream from any value in a parameter stream. Thus, an intensional operator cannot be defined
as a Kleisli morphism A — W B, which takes just a single element, but must be a morphism
WA — WB. For example, next on W is defined:

next s=Mn.s (n+1): WA—- WA

Thus, the domain of Wadge’s semantics cannot be the Kleisli category Cyy but instead must be
the category of morphisms WA — W B (or some suitable subcategory). The exponent monad
therefore weakly structures Lucid’s stream computations, with a mix of Kleisli morphisms and
non-Kleisli morphisms of the form WA — W B which do not factor into Kleisli morphisms.
This deficiency of the exponent monad to capture intensional operators has been also noted
in natural language semantics by Bekki, where the state monad was used instead [Bek09].
Uustalu and Vene’s semantics, using the in-context stream comonad StreamA = (N = A)xN,
strongly structures the semantics of Lucid where all its operations are coKleisli morphisms.
Therefore, whilst Lucid can be technically structured by a monad, this structuring is weak,
which has a number of disadvantages. Inevitably, the weak approach provides less abstraction.
Subsequently, the general reasoning principles provided by a monad cannot be ubiquitously
applied, since the non-Kleisli morphisms do adhere to these axioms. From a programming per-
spective, less abstraction decreases program modularity and increases the programming effort,
providing more opportunity for errors. Furthermore, morphisms WA — W B do not interact
well with specialised syntax, such as the do-notation, which is designed for Kleisli morphisms.

The semantics of Wadge and Uustalu-Vene are however equivalent by (— x X) 4 (X = —):
curry

(N=A)xN->B_— (N=A4) - (N= B)

uncurry

The image of the endofunctor WA = N = A (i.e., the subcategory with objects WA and
morphisms WA — W B) is isomorphic to the coKleisli category for DA = (N = A) x N. This

result generalises as follows:

Lemma 3.5.3. For a monad M, if M has a left adjoint L, i.e., L 4 M, then the comonad LM

induced by the adjunction has a coKleisli category isomorphic to the image of M.

This lemma dualises to a comonad D with a right adjoint D 4 R. For example, the prod-

uct/exponent adjunction shows that a semantics weakly structured by a product comonad with



morphisms (A x X) — (B x X) is equivalent to a strong structuring with the state monad, with
morphisms A — (X = B x X). For brevity, this general result is not discussed at length here
nor proven. Furthermore, as with equipotency, the only useful examples in cCCs arise from the

product/exponent adjunction. A technical report provides the derivations and proofs [Orc12].

Summary. The product/exponent adjunction provides an equivalence between the product
comonad and exponent monad. Furthermore, this adjunction gives rise to equivalences between
weak structuring with an exponent monad and strong structuring with the in contexrt comonad,
and weak structuring with product comonad and strong structuring with the state monad.
Thus, both the Wadge and Uustalu-Vene approach are equivalent, although, as described, the
comonadic approach has some advantages. In a ccc, there do not appear to be any other
adjunctions (between endofunctors) which provides further useful relationships between monads

and comonads (the identity monad and comonad are trivially equipotent).

3.6. Conclusion

This chapter introduced comonads formally and showed their use in programming. Various ex-
amples were shown. This chapter contributed a systematic derivation of a comonadic semantics
based on the approach of Chapter 2, which generalised the work of Uustalu and Vene [UV08],
making precise the additional structure required on top of a comonad for fn-equality in the
contextual A-calculus.

The asymmetry between monads and comonads was shown, in that effects encoded by mon-
ads can change the course of execution, whilst comonads have a uniform structure, where the
shape of the context is preserved throughout. This property was elucidated by the shape preser-
vation lemma (Lemma 3.4.2, p. 71).

Whilst monads are ubiquitous in functional programming, comonads are relatively under-
used. Shape preservation partly explains this underuse, since many computations on data struc-
tures change the shape, modifying the structure not just the values. Chapter 5 generalises
comonads in a number of ways, including relaxation of shape preservation, widening the class
of possible contextual computations and the applicability of a comonad-like approach.

The semantics here did not consider recursion, which is especially important for the semantics
of Lucid. Uustalu and Vene previously showed how to include a semantics for recursion in
Lucid [UV06]. Recursion/fixed-points are discussed again briefly in Section 8.2.1 (p. 169), but
not considered further here.

The next chapter builds on the categorical semantic of contextual languages, developing
notations (syntax) for simplifying programming of contextual computations that are embedded
in Haskell, but could also form the basis for other embedded or non-embedded languages. The

next chapter thus furthers the categorical programming approach for contextual computations.
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CHAPTER 4

A NOTATION FOR COMONADS

The previous chapter introduced the use of comonads in contextual semantics and in program-
ming. Whilst languages such as Haskell and F# provide syntactic sugar for simplifying pro-
gramming with monads (the do-notation and let/ notation respectively [PS12]) there is no
analogous notation for programming with comonads. This lack of language support contributes
to the relative underuse of comonads as a programming idiom in these languages. This chapter
contributes a notation which simplifies programming with comonads in Haskell and acts as an
internal sublanguage for contextual programming in Haskell. The notation is used in Chapter 7
within a language for contextual computations on containers.

This chapter is based on the paper A Notation for Comonads by the author, published in
the post proceedings of IFL 2012 (Symposium on Implementation and Application of Functional
Languages) [OM12b].

Chapter structure and contributions. The primary contribution of this chapter is the codo-
notation', introduced in detail in Section 4.1. The notation desugars into the operations of a
comonad (Section 4.2), thus an equational theory for the notation follows from the comonad
laws (Section 4.3). The codo-notation is analogous to the do-notation for programming with
monads, but with some notable differences which will be explained from a categorical semantics
perspective in Section 4.4. Section 4.6 concludes, and discusses related work, including a com-
parison of the codo-notation to Haskell’s arrow notation. A number of practical programming
examples are included using the codo-notation, for example, the live-variable analysis from the

introduction is shown using a control-flow graph comonad (Section 4.5).

4.1. Introducing the codo-notation

The let! and do-notation for programming with monads in F# and Haskell essentially provide
internal sublanguages for effectful programming. Analogously, the codo-notation provides an
internal sublanguage for contextual programming in Haskell.

As an initial example, the following codo-block composes local operations on arrays, defining

an operation for computing the contours of a 2D-image using a difference of Gaussians approach:

contours :: CArray (Int, Int) Float — Float
contours = codo r = y < gauss2D x

z < gauss2D y

w < (extract y) — (extract z)

laplace2D w
!The ‘od-notation’ was considered as a name for this notation, but it was thought rather odd.

79
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where CArray i a is the pointed array from Example 3.1.10 (p. 50), with index type ¢ and element
type a, and gauss2D, laplace2D :: CArray (Int,Int) Float — Float compute, at a particular
context, the discrete Gaussian and Laplace operators. A contour image can thus be computed
by applying (extend contours) to an image. The array comonad is used here to introduce codo.

The codo-notation provides a form of comonadic let-binding, with general form and type:
(codop = p<e¢;e):: Comonad c = ct — t'

(where p ranges over patterns, e over expressions, and t,t’ over types). Compare this with the

general form and type of the monadic do-notation:
(dop+—ee) :: Monad m = m t

Both comprise zero or more binding statements of the form p < e (separated by semicolons or
new lines), preceding a final result expression. A codo-block however defines a function, with a
pattern-match on its parameter following the codo keyword. The parameter is essential since
comonads provide composition for functions with structured input. A do-block is instead an

expression (nullary function). Section 4.4 compares the two notations in detail.

codo for composition. The codo-notation abstracts extend in the composition of local opera-
tions. For example, composition of two array operations lapGauss = laplace2Do(extend gauss2D)

can be written equivalently in the codo-notation in a pointed-styled without ezxtend:

lapGauss = codo © = y + gauss2D x

laplace2D y

where lapGauss :: CArray (Int, Int) Float — Float, x,y :: CArray (Int, Int) Float.

The parameter of a codo-block provides the context of the whole block where all subsequent
local variables have the same context, following from shape preservation, i.e. = and y in the
above example block are arrays of the same size with the same cursor.

For a variable-pattern parameter, a codo-block is typed by the following rule:

Diz:ctbeoe:t
I' - codo z = e: Comonad ¢ = ct — t/

[varP]

where F. types statements of a codo-block. Judgments I'; A . ... have two sequences of
variable-type assumptions: I' for variables outside a block and A for variables local to a block.
For example, variable-pattern statements are typed:

DA et TiAz:icthb.r:t

B
[varB] DA Rz +eyr:t!

where r ranges over the remaining statements and result expression, i.e., r = p < e;¢€’.

The binding statements of a codo-block are equivalent to let-binding in the contextual A-
calculus of the previous chapter (Section 3.3), where z < e;r = let x = e in r. The desugaring of
codo follows a similar approach to the categorical semantics of let for the contextual A-calculus.
Informally, (codo y = x < e;€’) is desugared into (Ax — ¢€) o (extend (\y — e)).

Further typing rules for the codo-notation are collected in Figure 4.1.
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't codo p = e: Comonad c:>ct—>t"

fvarP] Diz:cth.e:t fupP) Diz:ct,y:ct' Foe:t”
var. u
'kcodoz=e:ct—t P 'k codo (z,y) = e:c (t,t) — t”
fwildP] 0 et
W I'Fcodo _=e:Vaca—1
‘F;Ah;p<—e;e:t‘
;A e (tg,t2)
DA et ThAz:ctber:t DA z:cty,y:cty borot
[varB] [tupB]
DA, 2 ¢ r:t A b (z,y) e reotf
AR et TyAz:t bor:t Tke:t Fviect;A o et
[letB] [exp] [var
DA R letz=e; r:t Iy- et ;A v:ict ket

Figure 4.1. Typing rules for the codo-notation

Non-linear plumbing. For the lapGauss example, codo does not provide a significant simpli-
fication. The codo-notation more clearly benefits computations which are not linear function
composition (e.g., those that use multi-parameter operations). Consider the following binary

operation, which is polymorphic in the comonad:

minus :: (Comonad ¢, Num a) = ca — ca — a

minus T y = current T — current y

This function subtracts its second parameter from its first at their respective current contexts.

Using codo, minus can be used to compute pointwise subtraction, e.g.

contours’ = codo z = y <« gauss2D z
z < gauss2D y
W 4— Minus Y 2

laplace2D w

(equivalent to contours in the introduction which inlined the definition of minus). The context,
and therefore cursor, of every variable in the block is the same as that of . Thus, y and z
have the same cursor and minus is applied pointwise. The equivalent program without codo is

considerably more complex:

contours’ x = let y = extend gauss2D x
w = extend (\y' — let z = extend gauss2D y' in minus y' 2) y

in laplace2D w

where the nested extend means that 3’ and z have the same cursor, thus minus 3’ z is pointwise.

An attempt at a simplification of this might be:
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contour_bad x = let y = extend gauss2D x
z = extend gauss2D y
w = extend (minus y) z

in laplace2D w

However, extend (minus y) z subtracts z at every context from y at a particular, fixed context,
i.e., this is not a pointwise subtraction. An equivalent expression to contours_bad can be written

using nested codo-blocks:

contour_bad = codo x = y <+ gauss2D x
(codo y' = z « gauss2D y’
W 4— MINUS Y 2

laplace2D w) y

where y in minus y z is bound in the outer codo-block and thus has its cursor fixed, whilst
z is bound in the inner codo-block and has its cursor varying. Variables bound outside of the
nearest enclosing codo-block will be “unsynchronised” with respect to the context inside the
block, i.e., at a different context.

A codo-block may have multiple parameters in an uncurried-style, via tuple patterns ([tupP],
Figure 4.1). For example, the following block has two parameters, which are Laplace-transformed

and then pointwise added:

lapPlus :: CArray Int (Float, Float) — Float
lapPlus = codo (z,y) = a < laplace2D z
b < laplace2D vy

(current a) + (current b)

This has a single comonadic parameter with tuple elements, whose type is of the form ¢ (a, b).
However, inside the block z :: ¢ @ and ¥ :: ¢ b as the desugaring of codo unzips the parameter
(see Section 4.2). This can be contrasted with the denotations of the contextual A-calculus
where [z :a,y: bk e: 7] : D(a xb) — 7. The comonadic tuple parameter ensures that multiple
parameters have the same cursor. A pair of arguments to lapPlus must therefore be zipped first,

provided by a lax monoidal functor operation, written here in Haskell as the czip operation:
class ComonadZip ¢ where czip :: (¢ a,c b) — ¢ (a,b)

For CArray, czip can be defined:
instance (Eq i, Iz i) = ComonadZip (CArray i) where
czip (CA ai,CA d j) =
if (i #Zj V bounds a % bounds a') then error "Shape/cursor mismatch"
else let es” = map (A\k — (k,(a !k, d' 1'k))) (indices a)

in CA (array (bounds a) es”) i
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Thus only arrays of the same shape can be zipped together, i.e., czip is akin to a partial monoidal
functor operation for monoshape comonadic values. In the contextual understanding, two pa-
rameter arrays are thus synchronised in their contexts. The example of lapPlus can therefore
be applied to two (synchronised) array parameters z and y by extend lapPlus (czip (z,y)).
Arbitrary pattern matches can used for the parameter of a codo-block and on the left-
hand side of binding statements. For example, the following uses a tuple pattern in a binding
statement (see [tupB], Figure 4.1), which is equivalent to lapPlus by exchanging a parameter

binding with a statement binding:

lapPlus = codo z = (z,y) < current z
a < laplace2D x
b < laplace2D vy

current a + current b

Tuple patterns were specifically discussed here since they provide a way of providing multiple
parameters to a codo-block, as seen above. The typing of a general pattern in a statement, for
some type constructor 7', is roughly as follows:
A e:T7 T;AA FHor:7 dom(A") = var-pats(p)

;A (Tp)+e;r:7

[patB]

where dom(A’) returns a set of the variables from a sequence of typing assumptions, and var-pats

returns a set of the variable patterns nested in any pattern.

4.2. Desugaring codo

The desugaring of codo is based on the categorical semantics for the contextual A-calculus
in Section 3.3. Since, the codo-notation is just a let-binding syntax, the previous categori-
cal semantics of application and abstraction, and thus the additional lax and colax monoidal
structure, are not required. Therefore, the codo-notation is similar to the simple Ly language
described in Section 2.2.2 (p. 27) with just let-binding. Desugaring of codo is thus analogous
to a categorical semantics of codo in a coKleisli category on Hask with products.

The desugaring is split into three parts for binding statements, expressions (on right-hand

side of bindings), and the outer block syntax.

Bindings. Recall the categorical semantics of let-binding for the contextual A-calculus:
[TFei:o]=k :DI' w0 [Lv:ioker:7]=ka:D(I'x0)— 7
[THlet v = ey in ey : 7] = ko 0P (id, k)P : DT — 7
= koo (e, k)T : DI — 7

The desugaring of a codo-block’s bindings [—] (defined over I-.) provides an analogous semantics
into Hask, where morphisms are Haskell functions, with the following variable pattern rule:
[iA R e:0]=ki:cA—o [INAvw:iob.r:7]=k:c(Ao)—T
[T;A b v< e r:7] =kyo (extend (Ad — (current d,k; d))) : Comonad ¢ = ¢ A — 1
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where I" is the context of Haskell variables and A is the context of comonadic variables bound
locally in the block. Note that I' is never given an interpretation, e.g., [I''A k. e: o] = kq :
c¢A — o, since the usual semantics of Haskell for free variables is used; only the comonadic
environment A is given an explicit interpretation in the generated functions. The interpretation
[T; A . e: o] (described shortly) desugars expressions that appear on the right-hand side of a
statement or as the final expression of a block.

The local environment A is structured by left-associated tuples terminated by the unit type

(). Thus, the desugaring of binding statements yields a Haskell function of type:
[T;v1:01,...,00 i 0y Fe b: 7] 2 Comonad ¢ = ¢ ((((),01),...),00) = T

For tuple patterns the desugaring reassociates values from the tuple into the left-associated tuple
format of the scope:
[T;A k. e:(01,09)] = k1 : DA = (01,02) [[5A,z:01,y:09 ke r:7] =ko : D((A,01),02) = 7
[T;A k. (z,y) < e;7: 7] = kg o (extend (Ad — (A(env, (z,y)) — ((env,x),y)) (current d,ky d)))
: Comonad ¢ = cA — 1
where A((env, (z,y)) — ((env, z), y)) reassociates the result into the left-nested tuple format of

the environment; this desugaring generalises in the obvious way to arbitrary patterns.

Expressions. The desugaring of an expression unzips the incoming context, binding the values

to the variables in A, with a local let-binding, into the scope of the expression:
[or:01,...,00 00 e e: 7] = (AA = let [v; = fmap (snd o fst" ) A]? in e)
: Comonad ¢ = ¢ ((((),01),...),0n) = T

where fst* means k compositions of fst and fst® = id. This is analogous to the usual categorical

semantics of variable access (see equation (14), p. 28).

Outer block. The top-level of a codo-block provides the interface between the codo-notation

and Haskell. For a codo-block with a variable pattern parameter, the desugaring is as follows:

[Tiv:obeb:7]=k:c((),0) =T
[I'Fcodov=b:7]=kofmap (Ax — ((),z)): Comonad ¢ = co — T

where fmap (Ax — ((),z)) projects the incoming parameter comonad to the left-nested pair

format of the blocks local scope. For tuple patterns, this desugaring is:

[Tix:op,y:00 e b7 =k:c(((),01),02) > T
[T+ codo (z,y) = b: 7] =k o fmap (Ap — (fst p,(snd p,()))) : Comonad ¢ = c(o1,02) = T

This generalises easily to arbitrary patterns. In each case, the interpretation of the bindings
is pre-composed with a lifted projection function, which projects values inside the incoming
parameter comonad to left-nested pairs terminated by (). For a wildcard pattern the desugaring
is: [['Fcodo = b:7] =[I;0 t. b] o (fmap (Az — (z,()))) : Comonad ¢ = c a — 7.
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Example. The following gives an example of the desugaring, for codo z = y « f z; hz y:

(AA — let y = fmap snd A

x = fmap (snd o fst) Ain h z y)
o (extend (AA — (let z = fmap snd A in (current A, f x))))
o (fmap Az > ((),2)))

Section 4.4 compares the codo-notation with do-notation, and explains why the desugaring of

codo-notation is more complex.

4.2.1. Rewriting and optimisation

The axioms of category-theoretic structures used in programming can often be oriented as rewrite
rules which provide program optimisations. For example, preservation of composition by a func-
tor yields a rewrite rule (Fg o Ff) ~ F(g o f) which reduces two traversals of a data structure
into one, eliminating an intermediate data structure (a deforestation [Wad90a]). Even more
beneficially, the comonad axioms provide rewrite rules which change the asymptotic complexity
of a program. Assuming a container comonad with (fmap f), (extend f) € O(n|f|) and current

€ O(1), its axioms provide rewrite rules which make the following asymptotic improvements:?

¢ naturality current o (fmap f) ~» f o current € O(n|f]) ~ € O(|f])
[cK1] extend current ~> id € O(n) ~ € 0(1)
[cK2] | current o (extend f) ~ f € O(n|f]) ~ € O(|f])
[cK3] | extend (g o extend f) ~ extend goextend f | € O(n|g| +n?|f]) ~ € O(nlg| + n|f])

The € naturality and [cK2] optimisations are largely redundant in a lazy language. However,
[cK1] and [cK3] require either the programmer or the compiler to make the optimisation.

For a codo-block with n- statements, its desugaring yields a coKleisli morphism of the form:
m=ho(gho...og])oDp (40)

where h is the desugaring of the final result expression and p is the projection mapping the
parameter of the block to the left-nested tuples format of the comonadic environment. The
function m may be used within another codo-block, or it may be applied using extend. For
a comonad with (extend f) € O(n|f|) and m' = extend m then m’ € O(n?f|) (assuming
h,p,g; € O(1)). However, the same semantics is provided if m’ = hf o (g;fl o...0 gJ{) o Dp but
with a lower complexity m’ € O(n|f]).

Rewriting nested applications of extension is therefore crucial to the usability of codo-
notation without performance loss. GHC/Haskell provides a mechanism for user-defined rewrite

rules [JTHO1], which can inform the compiler of this optimisation as follows:

2Note, some comonads have operations with worse asymptotic complexity. For example, the pointed-list comonad
(DA = [A] x N), has ¢ € O(n) in the worst-case. The tree zipper comonad in Section 3.2.2.3 (p. 53) has

e om|f).
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{-# RULES " extend/assoc” ¥V g f . extend’ (g o extend’ f) = extend’ g o extend' f #-}

{-# RULES "codo” ¥V h g f . extend’ ((g o extend’ f) o fmap’ h) = extend’ g o extend’ f o fmap’ h #-}
The first rule uses associativity of extend to eliminate nested extends. The second rewrites extend
of a desugared codo-block (of the form (40)), which is derived by naturality and associativity

of extend. Currently, GHC’s rewrite mechanism requires inlined aliases of class methods, e.g.:

{-# INLINE extend’ #-}
extend’ :: Comonad ¢ = (ca —b) > ca—cb

extend’ = extend

Thus, the codo rule reduces the complexity from O(n?|f|) to O(n|f|) assuming (extend f) €
O(n|f|). However, desugaring of each statement in a codo-block uses frmap inside of extend,
which causes quadratic complexities still. More advanced rewriting to further improve the

complexity of codo is further work.

4.3. Equational theory

The codo-notation provides let-binding, with no abstraction, and therefore resembles the simple
L, language described in Section 2.2.2 (p. 27), which provided an internal language for a category
with products. The equational theory for codo therefore resembles that of Ly (p. 28), shown
in Figure 4.2(a), following from the comonad laws. Figure 4.2(b) shows additional codo laws
related to its desugaring.

Idempotency of the lax monoidal operation czip :: (¢ a,c b) — ¢ (a,b) (discussed in Sec-
tion 3.3) implies additional laws on codo relating tuple patterns and czip shown in Figure 4.2(c).

Expressed in Haskell notation idempotency is:

czip (z,2) = fmap (A\y — (y,9)) . (41)

For every rule involving a tuple pattern there is an equivalent rule derived using the (x) rule

(Figure 4.2(b)) which exchanges parameter and statement binders.

4.4. Comparing codo- and do-notation

While comonads and monads are dual, the codo- and do-notation do not appear dual. Both
provide let-binding syntax, for composition of comonadic and monadic operations respectively.
However, codo-blocks have a parameter, typed ¢ ¢ — b for a comonad ¢, whilst do-blocks
are unparameterised, of type m a for a monad m. Since comonads abstract functions with
structured input the parameter to a codo-block is important. Monads abstract functions with
structured output, thus the input is devoid of any additional structure, i.e., pure. The pure input
to monadic computations means that Haskell’s scoping mechanism can be reused for handling
the local variables in a do-block where inputs to the computation are then implicit; for the
codo-notation the structured, comonadic context must be modelled manually since Haskell’s

scoping mechanism is pure.



4.4. COMPARING codo- AND do-notation 87

b) P laws
(a) Comonad laws (b) Pure laws

[Cl] codoz=fz (n) codoz=fu=f

(B) codoz =z <« (codo y = e1) z

= codoz =y < currentz .
2

Iy

2] d f = codox = y <+ currentc
codoz = fx

Z e
= codoz=y<+fux €2

current y

[C3] (iff x is not free in e7)

codoz = y < e

Z < €2
es (c) Additional laws — if eq. (41) holds

codox = fab

(x) codop=ce

codo z = p < current z
e

= codoz' = z+ (codoz =y e

e) z’ = codo z = (a',b") + current (czip (a,b))
es fav
= codoz' = y<+ e codo (b, c) = f (czip (b, ¢))
d = Z
(codo @ ;) $,62 = codo (b, c) = z < (current b, current c)

fz

Figure 4.2. Equational laws for the codo-notation

The do-notation corresponds roughly to a subset of an effectful language, providing a seman-
tics for effectful let-binding embedded in Haskell. A monadic categorical semantics of let-binding

in an effectful language is given by (¢f. semantics in Section 2.3, p. 34):

[TFe:0]=¢g: T =Moo [T,x:obFe:7]=¢ :Txo—>Mrt

[[Fl_letCC:BiHB/ZT]]ZFM}FXMO’&M(FXO‘) bind ' M 7

(42)

In Haskell, all monads are strong with a canonical strength operator defined:

strength :: Monad m = (a,m b) — m (a,b)
strength (a, mb) = mb >= (Ab — return (a, b))

The definition of strength relies on Haskell binding and scoping features, where a is in scope
for the function applied by >=. It is straightforwardly proved that this definition of strength
satisfies the properties of a strong monad (see Definition B.1.9, p. 189 for these properties).
The standard translation of do can be derived from equation (42) by inlining the above
definition of strength and simplifying according to the monad laws:
I'Fe:mo T,xz:oFée :m7
'k [doz «+ e; €] ~ e>= Az — ¢'): Monad m = m 7
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giving a translation using just the monad operations and Haskell’s scoping mechanism to define
the semantics of multi-variable contexts for effectful let-binding. Thus the inputs to effectful
computations are handled implicitly and so a do-block is just an expression of type m a.

For the codo-notation the situation is not so serendipitous. Recall the comonadic categorical
semantics where [I' - e : 7] : DI' — 7. Thus, the context of free variables is structured where the
notion of environments and scoping is inextricably linked with the comonad structure. Haskell’s
environments are pure, i.e., not comonadic. Thus the codo-notation must model environments
and scoping explicitly in its translation (Section 4.2) resulting in the relatively more complicated

translation of codo-notation compared with that of do-notation.

4.5. Further examples

Numerical functions. Section 3.2.5 introduced the exponent comonad. The following shows a
local operation of the exponent comonad, with domain R, i.e., for numerical functions, which

defines a local minima predicate, by testing the first and second derivatives:

minima = codo f = [’ <« differentiate f
1" < differentiate f’
(current f' = 0) A (current f” > 0)

where =2 tests approximate equality within some limit.

Labelled graphs. Many graph algorithms can be structured by a comonad, particularly com-
piler analyses and transformations on control flow graphs (CFGs). The following defines a

labelled-graph comonad as a list of nodes which pair a label with a list of the connected vertices:

data LGraph a = LG [(a,[Int])] Int

instance Comonad LGraph where
current (LG xs ¢) = fst (zs !l ¢)
extend f (LG zs ¢) = LG (map (A’ — (f (LG zs '), snd (zs!! ¢))) [0..length zs]) ¢

The LGraph-comonad resembles the array comonad where contexts are positions with a pointer-
style cursor. Analyses over CFGs can be defined using graphs labelled by syntax trees. For

example, a live-variable analysis can be defined, using the codo-notation, as:

lva = codo g = w0 <« (defUse g,[]) -- compute definition/use sets, paired

lva' w0 -- with initial empty live-variable set

lva’ = codo ((def, use), lv) =
live_out < foldl union [| (successors lv)
live_in < union (current def) ((current live_out) \\ (current use))
lup < ((current def , current use), current live_in)
IuNext < lva’ lup

if (lv = live_in) then (current lv) else (current luNext)
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where union and set difference (\\) on lists have type Eq a = [a] — [a] — [a] and defUse :
LGraph AST — ([ Var],[ Var]) computes the sets of variables defined and used by each block in
a CFG. The analysis is recursive, refining the set of live variables until a fixed-point is reached.

The live variables for every block of a CFG are computed by extend lva.

Lucid. Section 3.2.6 (p. 60) showed the in contert comonad with data InContest ¢ a =
InContext (¢ — a) ¢, where (type Stream a = InContext Int a) gives a succinct general stream
comonad with a manifest cursor. This comonad is used here to embed first-order Lucid programs

(without functions) in Haskell. Lucid’s intensional operators can be defined as follows:

fby :: Stream a — Stream a — a
foy (InContext s ¢) (InContext t d) =if (¢=0A d=0)thensOelset (d—1)

next :: Stream a — a

next (InContext s ¢) = s (¢ + 1)

constant :: a — Stream a

constant © = InContext (A\_ — ) 0

Uustalu and Vene previously provided a semantics for recursion in Lucid [UV06]. Here, Haskell’s
own recursive semantics can be reused. For example, the following uses codo-notation to define

the stream of natural numbers (written in Lucid as n = 0 fby n + 1):

nat :: Stream a — Int
nat = codo n = n' < (nat n) +1
(constant 0) ‘foy* n’

The stream of natural numbers can therefore be computed by extend nat (constant ()), where

the constant stream of unit values provides the stream structure to extend:
extend nat (constant ()) ~» Stream (0,1,2,...) 0

An alternate approach defines a fixed-point combinator. Since contextual computations are
encoded as functions of type Do — 7 for some comonad D an appropriate fixed-point combinator
has type fiz :: Comonad ¢ = (¢ a — a) — ¢ a. A default definition is provided by fiz f =
extend f (fix f), which can be used as follows:

nat’ = fix (codo n = n' < (extract n) + 1
(constant 0) ‘foy‘ n')

where nat’ :: Stream Int. With Haskell’s greatest-fixed point semantics, the default fix results
in an undefined cursor where nat’ = Stream (0,1,2,...) L. An alternative definition for fiz can

be used to give the least fixed-point of the cursor, rather than the greatest (L) as follows:
fiz f =let (InContext x ¢) = extend f (fiz f) in InContext x 0

An example using next is the howfar operation (defined in the original Lucid book [WAB85])

which takes an input stream of numbers and returns a stream of the “distance” to a value of 0
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in the input stream at the corresponding position e.g.
howfar (6,1,5,0,3,0,...) =(3,2,1,0,1,0,...)
The howfar function can be written recursively as:

howfar = codo © = ' < next x

if (current © = 0) then 0 else 1 + (howfar z’)

Alternate fixed-point operators are discussed briefly in Section 8.2.1 (p. 169).

4.6. Conclusion

Comonads provide a useful programming abstraction, essentially abstracting boilerplate code for
traversing a data structure, allowing succinct definition of operations defined locally abstracting
their promotion to global operations. The codo-notation presented here provides a lightweight
syntax that considerably simplifies programming with comonads. Thus the codo-notation im-
proves the reading and writing of contextual computations (see the four Rs in Chapter 1).

Another perspective on the notation is that it provides a contextual sublanguage embedded
in Haskell, whose semantics is defined by a comonad. Since the codo-notation provides just
contextual let-binding, the semantics requires no additional structure, i.e., a monoidal structure
is not necessary. However a lax monoidal functor is useful for passing multiple parameters to a
codo-block as shown in Section 4.1.

Whilst monads are used widely in programming, comonads are relatively underused. This
chapter postulated that a reason for this underuse is that, unlike monads, there is no language
support to simplify programming with comonads. Thus, the use and experimentation of comon-
ads as a design pattern in programming is impeded. The codo-notation therefore promotes the
use of comonads in programming as a design pattern and tool for abstraction.

Chapter 7 uses the codo-notation in a language for contextual computations on containers.

Related work. The arrow notation in Haskell provides a syntax for programming with abstract
notions of computation [Pat01, Hug05|. Syntax for application, abstraction, and binding is
provided, abstracting operations for an encoding of categories in Haskell, with additional arrow
operations for constructing computations and extending environments, defined by the Category

and Arrow classes:

class Category cat where class Category a = Arrow a where
id :: cat x x arr:(z —y)—>azy
(o)::cat y z — cat x y — cat = z first:axy—al(z,2)(y,z2)

Category thus captures composition and identity for its description of morphisms, encoded by
the type cat z y. The Arrow class provides arr for promoting a Haskell function to the morphism
type and first transforms a morphism to take and return an extra parameter, used for threading
an environment through a computation. Other arrow combinators can be derived from this

minimal set. CoKleisli categories can be encoded as follows:
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data CoKleisli c x y = CoK {unCoK :: (cx — y)}

instance Comonad ¢ = Category (CoKleisli ¢) where
id = CoK current
(CoK g)o (CoK f)= CoK (g o (extend f))

instance Comonad ¢ = Arrow (CoKleisli ¢) where
arr k = CoK (k o current)
first (CoK f) = CoK (Ax — (f (c¢map fst z), current (cmap snd z)))

where arr pre-composes a function with current, and first is defined similarly to the handling
of the local block environment in the desugaring of codo.

The arrow notation simplifies programming with arrows [Hug05, Pat01], comprising: arrow
formation: (proc © — e), arrow application: (f -< z) and binding: (z < e).

Using the coKleisli instances for Category and Arrow, comonadic operations can be written

in arrow notation instead of codo. For example, the original contours example can be rewritten:

contours = proc © — do y < CoK gauss2D -< x
z + CoK gauss2D -< y
w 4 returnA < y — z
CoK laplace2D -< w

The arrow notation here is not much more complicated than codo, requiring just the addi-
tional overhead of the arrow application operator -< and lifting of gauss2D and laplace2D by
CoK. Variables in the arrow notation here have non-comonadic type, i.e., Float rather than
CArray (Int, Int) Float for codo variables.

The arrow notation is however more cumbersome than codo when plumbing comonadic
values, for example when using comonadic binary functions (of type ¢ ¢t — ¢ ¢/ — t”). The

alternate definition of contours using minus becomes:

contours’ = proc x — do y < CoK gauss2D -< z
z < CoK gauss2D -< y
w < CoK (Av — minus (fmap fst v) (fmap snd v)) =< (y, 2)
CoK laplace2D -< w

where v :: ¢ (y,z) must be deconstructed manually. Whilst minus can be inlined here and
the code rewritten to the more elegant first example, this is only possible since minus applies
extract to both arguments. For other comonadic operations, with more complex behaviour, this
refactoring is not always possible.

Comparing the two approaches, the arrow notation appears as powerful as the codo-
notation, in terms of the computations that can be expressed. Indeed, from a categorical
perspective, both notations need only a comonad structure (i.e., coKleisli category) with no

additional closed or monoidal structure (see Paterson’s discussion [Pat01, §2.1]). However,



whilst the arrow notation is almost as simple as the codo-notation for some operations, the syn-
tax is less natural for plumbing of comonadic values as seen above. In general, the codo-notation
provides a more elegant, natural solution to programming with comonads in an applicative style

(instead of the explicit application syntax of the arrow notation).

Further work. Whilst the codo-notation was developed here in Haskell, it could be applied in
other languages. For example, a codo-notation for ML could be used to abstract laziness using
the laziness comonad discussed in Section 3.2.5 (p. 58), with the type C' a = () — a.

As described in Section 4.2.1, further work is to improve the rewriting of codo-notation to

provide further optimisations to the syntax.



CHAPTER 5

(FENERALISING COMONADS

Whilst comonads capture a large class of contextual computations, as shown in Chapter 3, there
are many reasonable notions of contextual computation that comonads do not abstract. This
is mainly due to the shape preservation lemma (Section 3.4, p. 71) which shows that a context
is uniform throughout a comonadic computation, manifested by the preservation of the shape
of an incoming comonadic parameter (intension) throughout a computation. This contrasts
with monads, where effects change the course of a computation manifested in the shape of the
monadic results, which may change throughout a computation.

The primary contribution of this chapter is the indexed comonad structure which generalises
comonads such that the shape preservation property is relaxed. Indexed comonads provide
composition for functions of type f : DrX — Y which encode computations with contextual
requirements (or demands) described by R. Thus Dgr values provide the necessary context
to satisfy the requirements R, where the shape(s) of Dr values may depend on R. Indexed

comonads provide a composition:
(g:DRY =5 Z)6(f :DsX —Y) : DresX — Z

where e is an operator on contextual requirements. Thus, the shape(s) of Dges values may differ
to those of Di and Dg in the component computations f and g.

The next chapter uses indexed comonads (with additional structure) for the semantics of a
contextual A-calculus where computations are indexed by their requirements, called coeffects. A
general type and coeffect system is introduced, dualising the traditional type and effect systems

of Gifford and Lucassen [GL86], where the coeffects are computed by operations on indices.

Chapter structure and contributions. Indexed comonads are introduced in Section 5.4, along
with examples of partiality, product, and list indexed comonads. Whilst indexed comonads are
the primary contribution of this chapter, three other generalisations to comonads are introduced

for capturing more general notions of contextual computation:

— Relative comonads — Monads and comonads are defined over endofunctors; they are monoids
and comonoids in the category of endofunctors. The notion of a relative monad due to
Altenkirch et al. generalises monads from endofunctors to functors [ACU10, ACU11].
Section 5.1 describes the dual of relative comonads and contributes an encoding of relative
comonads in Haskell. This approach is particularly useful for categorical programming with
comonad-like data types whose operations are not parametrically polymorphic but ad-hoc
polymorphic. Relative comonads in Haskell are used later in Chapter 7.

— Partial local operations — In the mathematical definition, coKleisli morphisms are total. Some
contextual computations may be defined only for particular contexts and are therefore par-

tial. Partiality can be encoded by a monad which is integrated into the comonadic approach

93
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by a distributive law between a monad and a comonad. This approach has had some use in
the literature [BS93, UV06] and is used in Section 5.2 to encode contextual computations
with specific contextual requirements as partial local operations. Composition then provides
a notion of combining requirements, depending on the definition of the comonad and dis-
tributive law. This approach is a precursor to indexed comonads, which provides a related
notion of composition that is both total and more flexible.

— Lattices of comonads — Section 5.3 describes families of comonads, where each comonad
provides a particular contextual requirement. Given a semilattice structure on requirements,
and therefore on comonads, a category is constructed, and thus a notion of composition,
for morphisms with different contextual requirements, encoded by different comonads in the
family. Composition is defined if ordered pairs of comonads have a comonad morphism
between them. Indexed comonads in Section 5.4 generalise this category further, where

Section 5.4.1 shows that lattices of comonads form an indexed comonad.

The partial local operations and lattice of comonads both relax the shape preservation property
of comonads based on contextual requirements and are thus intermediate generalisations between

comonads and indexed comonads. Relative comonads are a more independent generalisation.

5.1. Relative comonads

Haskell’s default library provides two kinds of immutable array types: boxed and unbozed. Ex-
ample 3.1.10 (p. 50) showed an array comonad in Haskell using the bozed array data type Array,
where array elements are non-strict. Whilst array operations for boxed arrays are polymorphic
in their element type, the operations of the unbozred array type UArray are restricted to prim-
itive types (with fixed-size values) such as Int, Bool, and Float. This restriction is expressed
and enforced with ad-hoc polymorphic operations on UArray, which are members of the IArray
type class.

The IArray class captures the core operations of both boxed and unboxed arrays. IArray is
parameterised by two types: an array type and an element type, i.e., class IArray a e where....
Since the boxed array data type allows any element type its IArray instance is polymorphic in
the element type, i.e., instance [Array Array e where.... The unboxed array type on the other
hand has several monomorphic instances IArray UArray Int, IArray UArray Bool, etc..

This element restriction means that UArray cannot have an instance of Comonad, since
the operations of Comonad are parametrically polymorphic in their element type (i.e., un-
constrained) whilst comonadic operations for UArray are constrained in their element type.
The crux of the problem is that, whilst Array is analogous to an endofunctor, UArray is not
endofunctor-like due to its element restrictions. Instead, UArray is analogous to a functor from

a subcategory of Hask to Hask.!

'Recall that the notion of a category for Haskell types and functions Hask is informal.
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5.1.1. Ad-hoc polymorphism and subcategories

A subcategory S of a category C comprises a subset (subclass) of the morphisms and objects of
C, where morphisms of S are strictly between S objects.

In the categorical programming approach, described in Section 2.4 (p. 38), parametrically
polymorphic functions can be understood as models of families of morphisms indexed by ob-
jects. In Haskell, where type classes provide ad-hoc polymorphism, the instances of a type class
describe a subset of types for which its methods are defined. Therefore, ad-hoc polymorphic
functions are analogous to families of morphisms indexed by a subcategory of Hask objects.

For the UArray type, the amap function provides a morphism-mapping of a functor:
amap :: (Iz i, IArray UArray e, [Array UArray e') = (e — €') — UArray i e — UArray i €’

where constraints IArray UArray e, [Array UArray e’ restrict the morphism mapping to mor-
phisms of the IArray UArray subcategory which has only types/objects with an IArray UArray
instance and morphisms (IArray UArray a,lArray UArray b) = a — b. Therefore, UArray
is not an endofunctor, and cannot be made an instance of Functor with fmap = amap, which
causes a type error since fmap has no type class constraints on its elements. Since UArray is

not an endofunctor it cannot have the additional structure of a comonad.

5.1.2. Comonads from (non-endo)functors

Although comonads (and monads) are defined over endofunctors (as comonoids/monoids in the
category of endofunctors) their monoidal structure can be generalised to non-endofunctors. Al-
tenkirch et al. defined such a structure for monads, called a relative monad [ACU10, ACU11].

The dual construction of a relative comonad is defined as follows:

Definition 5.1.1. A relative comonad over categories K and C comprises:

— a functor K: K —» C

— an object mapping D : Ko — Cy

— counit natural transformation: ex : DX — KX

— coextension operation where for all f: DX — KY € C; then fT: DX — DY € C;

with laws similar to those of the coKleisli laws (modulo the presence of K):
[RcK1] (e4)T = idpa [RcK2] epo fl=Ff [RcK3] (go fH)t =gl o f1

Thus, relative comonads can be used to describe comonadic structures for data types that are
restricted in their parametricity, taking K to be the subcategory of C which contains all those
types that can be parameters of D. The functor K can be taken as the trivial inclusion functor
which maps objects and morphisms from a subcategory back into its supercategory. Thus, K

simply restricts the operations to element types X and Y in the subcategory K.

(Non-endo)functors in Haskell. Subcategories, described by type-class constraints, can be

defined as parameters to a structure by the use of type-indezed families of constraints (sometimes
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called constraint families for brevity) in Haskell, which allow constraints on the types of a class
method to vary per instance of the class (see Appendix D.4 for a more thorough introduction).
A class of functors (which may not be endofunctors) can be defined in the following way,

which was previously shown by Orchard and Schrijvers [0S10] and Bolingbroke [Bol11].

class RFunctor f where
type SubCats f a :: Constraint
type SubCats f a = ()
rfmap :: (SubCats f a, SubCats f b) = (a = b) = fa—fb

The SubCats family allows a constraint to be specified per instance of the RFunctor class, with
the empty (or true) constraint () as the default if none is specified. The constraints SubCats f a
and SubCats f b therefore describe the source subcategory (and possibly a target subcategory

if f a and f b are constrained).

Example 5.1.2. As discussed, the unboxed array type UArray is not analogous to an endofunc-
tor, but is instead analogous to a functor from a subcategory of primitive types, described by

instances of IArray UArray. UArray has the following instance of RFunctor:

instance RFunctor UArray where
type SubCats UArray a = IArray UArray a

rfmap = amap

Example 5.1.3. The Set data type in Haskell is implemented efficiently using balanced binary-
trees, thus many of its operations require elements of a set to be orderable such that the internal

tree-representation can be balanced [Ada93]%. Set has a map-operation of type:
Set.map :: (Ord a, Ord b) = (a — b) — Set a — Set b

where the constraints (Ord a, Ord b) restrict the parametricity of Set.map to types with order-

able values. Thus, Set.map describes a functor mapping from the Ord-subcategory of Hask.

instance RFunctor Set where
type SubCats Set a = Ord a
rfmap = Set.map

Relative comonads in Haskell. Similarly to the RFunctor class above, constraint families can

be used to describe relative comonads in Haskell, as follows:

class RComonad d where
type SubCats d x :: Constraint
counit :: SubCats d x = dz —
coextend :: (SubCats d x, SubCats d y) = (dz —y) > dz —dy

2A non-efficient implementation of sets may still have type class constraints, e.g., Eq constraints so that repeated
elements can be removed.
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Similarly to RFunctor, SubCats can restrict the category K of the relative comonad to a subcat-
egory of Hask. The functor K of the relative comonad is the inclusion functor K : K — Hask
which is implicit for z in counit and y in coextend, therefore K does not appear in the definition.

The SubCats constraint may also constrain d z and d y, thus restricting the target category

C also to a subcategory of Hask — the implications of this are not considered here.
Example 5.1.4. Unbozed arrays in Haskell can be defined as a relative comonad:

data UArr i a = UArr (UArray i a) i

instance Iz ¢ = RComonad (UArr i) where
type SubCats (UArr i) x = [Array UArray x
counit (UArr arr ¢) = ... -- same as current for the CArray comonad

coextend f (UArr x ¢) = ... -- same as extend for the CArray comonad

Example 5.1.5. The notion of a pointed set, common in topology, is a pair (S, z) of a set S with
a distinguished element x € S. Using Haskell’'s Set type, pointed sets have a relative comonad

structure, defined:

data PSet a = PS (Set a) a
instance RComonad PSet where
type SubCats PSet x = Ord z
counit (PS s z) =z
coextend f (PS s x) = PS (Set.map (\z' — f (PS (Set.delete 2’ s) z)) s) (f (PS s z))

5.1.3. Extending relative comonads in Haskell

The SubCats constraint for relative comonads in Haskell permits subcategory definitions of a
particular style. The RComonad definition can be generalised further to allow more interesting

subcategories as follows:

class RComonad d where
type RObjs d x :: Constraint
type RMorphs d x y :: Constraint
counit :: RObjs d x = d x — ¢
coextend :: (RMorphs d © y, RObjs d z,RObjs d y) = (dx —y) >dx—dy

where the specification of categories K and C is split between families RObjs and RMorphs.
Since counit involves just objects of K and C the single parameter RObjs is used, specifying
objects of the subcategories. However, for coextend, involving objects and morphisms of K and
C, RMorphs offers greater flexibility for specifying the morphisms of subcategories, allowing
constraints relating the source and target types of morphisms. Since RMorphs is parameterised

by x and y parameters, rather than d = and y, then RMorphs can also describe restrictions
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on a (relative) coKleisli category. For example, a comonad D can be defined where its coKleisli
category is restricted to the subcategory of endomorphisms® (with the same source and target
object) of Hask (using Haskell’s type equality constraint [CKJ05]):

type RMorphs D ¢ y = z~y

Example 5.1.6 (Self-adjusting meshes). Three-dimensional surfaces may be represented as two-
dimensional arrays by flattening the surface, or projecting from points on the surface to a two-
dimensional domain (e.g., stereographic projections of spheres). This has the effect that elements
of an array may represent sections of different surface area. For example, the surface of a torus
can be represented by a two-dimensional array where indices are wrapped at both edges (see
Section 7.1.4, p. 150). Elements on its top/bottom-edges cover the inner rim of the torus and
are smaller on the conformed surface than the elements along the centre, covering the outer

rim. Surfaces of this kind can be represented by the following data type:
data Surface a = Surface [((Int, Int), a)] (Int, Int) ((Int, Int) — a — a) ((Int, Int) — a — a)

The first and second components provide a usual array-like data type with data for the surface
and a cursor. The last two components provide an isomorphism (projections) for computing the
surface value at a particular position, and computing the projection value at that position.
This data type has the structure of a comonad whose coKleisli category is restricted to en-
domorphisms, since the projections have the parameter type a occurring in both covariant and
contravariant positions. The comonad automatically adjusts values depending on the conforma-

tion of the surface in three-dimensions, defined in terms of RComonad:

instance RComonad Surface where
type RObjs Surface z = ()
type RMorphs Surface x y = x~y
counit (Surface dat c toSurface fromSurface) = toSurface ¢ (unsafeLookup ¢ dat)
coextend k (Surface dat ¢ toSurface fromSurface) =
let k' (', ) = (¢, fromSurface ¢’ (k (Surface dat ¢’ toSurface fromSurface)))

in Surface (map k' dat) ¢ toSurface fromSurface

Thus, counit maps from a projection to a surface value. Indexing operations can be defined sim-
ilarly which apply toSurface after indexing; coextend applies a local operation on the conformed
surface, mapping the values back with fromSurface (or, the roles of fromSurface and toSurface
may be swapped such that local operations are defined over the projection rather than surface).

This shows the flexibility of RComonad for specifying relative and regular comonads over

subcategories of Hask. Chapter 7 uses similar comonads over subcategories of endomorphisms.

3Not to be confused with endomorphism categories [BKO0O, p.14], which tend to be defined as categories whose
objects are pairs of objects and endomorphisms on those objects.
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5.2. Partial computations and contextual requirements

In Chapter 3, coKleisli morphisms on Set are total functions, and are applied at all contexts by
the extension operation of the comonad. However, a more general notion of context-dependent
computation might have operations defined only for certain contexts, i.e., having particular
contextual requirements. These coKleisli morphisms are therefore partial which can be captured
using the (Maybe /option) monad MA = A + 1. For example, the following local operations on

lists have non-exhaustive pattern matches, requiring lists of a minimum length:

f(z:y:zs)=Just(...) -- defined only for lists of at least length 2
f- = Nothing

g(x:y:z:w:vs) = Just (...) --defined only for lists of at least length 4
g _ = Nothing

Thus, f and g are both effectful and contextual computations, of the type [a] — Maybe b. Such
morphisms are those of a biKleisli category which provides composition for morphisms that are
both monadic and comonadic, i.e., of the form DA — MB. A biKleisli category is defined by
a Kleisli category over a coKleisli category, or equivalently a coKleisli category over a Kleisli

category, with a distributive law between the monad and comonad, ¢ : DM — MD.

Definition 5.2.1. For a monad (M, 7, 1) and a comonad (D, ¢,0) a distributive law of D over M
is the natural transformation ¢ : DM — MD satisfying a number of axioms on the preservation

of n, e, u, and § by o shown in the Appendix (Definition B.3.1, p. 191).

Previously, Brookes and Geva defined a categorical semantics using monads combined with
comonads via a distributive law (using the terminology of a double Kleisli, rather than biK-
leisli category) capturing both intensional and effectful aspects of a program [BS93]. Harmer,
Hyland, and Mellies used such a distributive law in context of defining strategies for game seman-
tics [HHMO7]. Uustalu and Vene use a biKleisli category for capturing stream computations
which may have partial stream elements, where undefined elements are filtered out [UV06].

Their example resembles the following:

Example 5.2.2. The non-empty suffix list comonad distributes over the partiality monad with

the following distributive law:

dist :: [ Maybe a] — Maybe [a]
dist (Nothing : _) = Nothing
dist zs = Just $ filterNothing xs

where filterNothing :: [ Maybe a] — [a] filters the Nothing values from a list, and projects values
wrapped by Just, e.g., dist [Just 1, Nothing, Just 2] = Just [1,2]. Note that, if the head of
the list (the cursor for the non-empty suffix list comonad) is Nothing then the whole result is

Nothing. Proof of the axioms is straightforward and omitted here.
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Definition 5.2.3. For a monad (M,n, ) and comonad (D,e,0) over the category C, and a
distributive law o : DM = MD, then a biKleisli category pCpy has objects (pCpm)g = Co and
morphisms pCwu (A4, B) = C(DA,MA), with:

— composition: (—6—): C(DY,MZ) - C(DX,MY) — C(DX,MZ2)

g6 f=(uoMg)ooo(Dfod) (=g oao fl);
~ identities: id: C(DA,MA) =noe (=MeonD =eM oDy by [¢1,2], p. 191).

A biKleisli category can be seen as either an M-Kleisli category over a D-coKleisli category or
equivalently as a D-coKleisli category over an M-Kleisli category. The proof is elided here but
can be found in the work of Power and Watanabe [PW02, Corollary 6.6].

Therefore, a distributive law of the partiality monad over a comonad allows contextual
computations defined only for particular contexts to be composed. The distributive law defines
how those contexts that do not satisfy the contextual requirements affect the shape of the
context throughout a computation, and thus defines how requirements are composed. Thus
shape preservation does not necessarily hold for the biKleisli category.

For the example here of partial pattern matches on lists, contextual requirements are of the
minimum number of elements in the context. The distributive law of Example 5.2.2 provides a
biKleisli category where the following property on shape holds: given f : [A] — B which requires
> n elements more than the current element and ¢ : [B] — C which requires > m elements
more than the current, then g6 f : [A] — C requires > m + n elements more than the current.
Therefore for f defined on lists of a minimum length two and g on lists of a minimum length
four, their composite g6 f is defined only for lists of a minimum length of five as shown by the

following results on lists of length four and five respectively:

‘ [ag, a1, az, as) lag, a1, az, az, a4
0 | [lao, a1, ag, as), [a1, a2, as], [az, as], [as]] [ao, a1,az, as, a4], [a1, as, as, aq], [az, as, a4], [as, a4], [a4]]
f1| [Just by, Just by, Just by, Nothing) [Just by, Just by, Just by, Just bg, Nothing]
oo 1| Just [by, by, bo) Just [bo, by, ba, b3]
g* oo o ft| Nothing Just ¢

Thus, the biKleisli category here allows the shape of the context to change.

For different notions of contextual requirements on lists the above distributive law and non-
empty suffix comonad may not be appropriate. For example, consider contextual computations
for a list comonad f and g, that are both defined only for lists of exactly length two. Their
composition with the above comonad and distributive law is however always undefined since
f1lag, a1] = [Just by, Nothing] and thus o o f[ag,a1] = Just [by] and go o o fI = Nothing. A
suitable comonad, where the composition would then be defined for lists of length two, would
be the pointed-list comonad with an accompanying distributive law for the partiality monad.

This approach is useful, but it can be difficult to keep track of the contextual requirements
since their composition is hidden within the comonad and distributive law. In Section 5.4,
indexed comonads make contextual requirements explicit via their indices, where operations on

indices describe the composition of requirements.
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5.3. Lattices of comonads

Shape preservation is an unnecessarily restrictive property; there are situations where two con-
textual computations have different but related notions of context-dependence, and their exists
a composition which combines the two contexts in some way.

Recall the product comonad DA = A x X, whose computations have an implicit param-
eter of type X, such as a configuration or a global resource. Shape preservation implies that
the same implicit parameter is passed to every subcomputation. However, a different notion
of composition might reasonably allow subcomputations to depend on different or additional
parameters, where this dependency is propagated upwards through a computation such that
the input provides the necessary parameters for all subcomputations. For example, consider the

following two coKleisli morphisms of different product comonads, (— x (X xY)) and (— x X):
fla,(zy)=... :(Ax(XxY)) =B
gla,x) = ... :(BxX)—=C
The following composite of g and f is possible since fT provides the X value needed by g¢:
Ax (X xY) LS Bx (X x V) T, gy x % ¢

Thus, f and g are composed so that their composite requires the union of their contexts. This,
composition is not supported by the standard comonad structure.
Similarly, given two coKleisli morphisms, e.g., p: (Ax X) = Band q: (Bx (X xY)) = C,

i.e., where p has less parameters and ¢ has more parameters, their composite can be defined:
Ax(XxY)MBx(XxY)&C

where the composite has the union of two contexts for p and ¢ as its input.
In both examples (id x m1) : (A x (X xY)) = (A x X) provides a comonad morphism from

the comonad with more information to the comonad with less. Comonad morphisms are defined:

Definition 5.3.1. A comonad (homo)morphism between comonads (D,¢,d) and (D', &’,d) is a

natural transformation ¢ : D = D’ such that:

€ é
A <" DA—~DDA i, (43)
\ /
N D'DA
EA —
D'A — D'D'A D'ia
5

In the above example compositions, a single comonad morphism was used. Two coKleisli mor-
phisms defined on unrelated product comonads, f: Ax X — Band g: BxY — C, where X

and Y share no common component, can be composed using two comonad morphisms:

(fo(zdxm1))

T (id><7T2) g
Ax (X xY) Bx(XxY)——=BxX=C

with comonad morphisms (id x 71) and (id x 7). The first two examples are a special case of

this example, where one of the comonad morphisms was the identity morphism.
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Since the product comonad distributes over itself in a ccc (Section 3.2.7 (p. 60)), an alter-
native approach composes two product comonads, e.g., (— x X) and (— xY) to ((— x X) xY),
via a distributive law. This would still require the above comonad morphisms to lift coKleisli

morphisms to the composite comonad, thus the distributive law does not provide any advantages.

A semilattice of product comonads. The product comonad can be extended to a family of
product comonads, indexed by the implicit parameter type X with Dx = — x X. Any two
product comonads in this family can be related by a common least-upper bound LI, where in the
first two examples (X xY)UX =X xY =Y U (X xY), and in the second, X UY = X x Y (if
X and Y are distinct ground objects, i.e., they do not decompose further). The unit type 1 is
the identity of the least-upper bound (i.e., the least element). Given some notion of “syntactic
ordering” for objects in C then U can be defined such that is associative, commutative, and
idempotent (where syntactic ordering means that, for example, X 1Y =Y L X = X XY, where
the ordering fixes which object is the first component). A full definition of L is not given here

for brevity. The family of product comonads therefore has a bounded join-semilattice structure.

Definition 5.3.2. A join semilattice (S,U) comprises a set S and a total binary operation
U:S xS — S (least-upper bound) such that for all z,y, z € S the following conditions hold:

(associativity) xU(yUz)=(xUy)Uz
(commutativity) zUy=yUx

(idempotency) xUzx==x

A bounded join-semilattice (S,U, L) has a least element L € S such that for all € S:
(identity) zU L ==

Remark 5.3.3. Every join semilattice (S,U) induces a partial order (Z) C S x S where:

rCyiff Uy =y (44)

For the product comonad, when X C Y there is a comonad morphism ¢% : (A xY) — (A x X),

essentially defining a projection from a comonad with more information to one with less.

Category of a semi-lattice of comonads. The semilattice of product comonads forms a cat-
egory with a general notion of composition provided by the comonad morphisms. This can be

generalised to any semilattice of comonads.

Definition 5.3.4. An indexed family of endofunctors is a functor F : T — [C,C] from an index
category I to the category of endofunctors on C. Thus, for every object X € Iy, FX : C — C
is an endofunctor, and for every morphism f : X — Y € [; then Ff : FX = FY is a natural
transformation. From now on, where F is an indexed family of endofunctors, the endofunctor

FX is written as Fx instead.

The term indexed family of (endo)functors might be abbreviated to indexed functors although
a different notion of indexed functor is found in topos theory, with functors between indexed

categories (which are themselves functors); see for example, the work of Johnstone [Joh02].
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Definition 5.3.5. An indexed family of comonads comprises an indexed family of endofunctors

D: I — [C,C] where for every X € I there is a comonad (Dx,dx,ex).
Indexed families of comonads are different to indexed comonads introduced later in Section 5.4.

Definition 5.3.6. A bounded semilattice of comonads (D,Ll, L) comprises an indexed family of
comonads D : J°? — [C,C] and a semilattice structure (Jo,L, L). The category J is taken as
the partial order (Jo,C), thus X C Y implies the unique morphism f : Y — X € J{* (see
Example A.1.5 (p. 181) for partial orders as categories), for which there is a comonad morphism

Df:L}/(:Dy%DX.

Whilst indexed families of endofunctors are defined in terms of F : I — [C,C], a bounded
semilattice of comonads has I = J°P such that Dy : Dy —+ Dx is defined as the comonad
morphism L}/(. The implication is that the partial order X C Y on Jy implies that Dx contains
less information than Dy, thus a well behaved comonad morphism must map a comonad with

more information to one with less: Dy : Dy — Dx.

Definition 5.3.7. Given a bounded semilattice of comonads (D,L, L), there is a category pC
with objects pCo = Co and morphisms pC(A, B) = Uy, C(DxA, B) with identities ida :
D1A — A= (e1)a and composition defined:

6:(DyB = C)— (DxA— B) = (Dixuy)4 — C)
gof=gox™ o(fouix™)f (45)
where the extension (—)' in the above composition (45) is that of the comonad D(xuy), t-e:

Dexuvyrx ™" Dixuvyf Y g
_— D(XuY)DXA _— D(XuY)B —— DyB = C

1
D(xuyv)A === D(xiy)Dxuv) 4
Morphisms of two different comonads are therefore composed by precomposing the morphisms
with comonad morphisms from the least-upper bound comonad. Appendix C.3.1 (p. 202) pro-

vides the proof of the laws of a category for this construction.

Example 5.3.8. Product comonads form a semilattice of comonads Dx = (— x X) with the
previously described semilattice structure (Cop, L, 1), providing a category where f : (A x X) —
B,g: (BxY)— C compose to g6 f: (Ax (X xY))—C.

Example 5.3.9. Length-indexed non-empty lists with safe pointers (Section 3.2.3, p. 55), List :
N.g — [C,C], provide an indexed family of comonads, with ListyA = AN x N, e.g. List; A =
A x {0} and ListsA = A x A x {0,1}. Members of this family have comonad morphisms such as
the following ¢3 : Lists - Listy (using the notation [...|@c for a list paired with a cursor c):

The coherence conditions of such comonad morphisms are easily proved.
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This family of comonads has a semilattice structure (Nsg, max,0) (with the < ordering),
i.e., the least-upper bound of two list comonads is the maximum of the two. Thus, morphisms

[ :ListarA — B and g : Listy B — C are composed to g o f : List(ar maxnyA — C.

Remark 5.3.10. For a particular index X, a subcategory of a category for a lattice of comonads
that has only morphisms C(Dx A, B) collapses to the usual coKleisli category for the (shape
preserving) comonad Dx under the idempotence of L (i.e., X U X = X) and the property that

L§ = idpy 4 is the identity comonad morphism.

The next section introduces the further generalisation of indexed comonads, subsuming semi-

lattices of comonads.

5.4. Indexed comonads

Indexed types are often used in programming to describe not just what values a program com-
putes, but also how they are computed. For the lattice of product comonads, comonads are
indexed by their implicit parameter type revealing exactly what values are required from the en-
vironment; the standard product comonad enforces the same parameter on all subcomputations,
whereas the product comonad lattice allows computations to, for example, require no implicit
parameters with the unit index 1. Morphisms for the category of the product comonad lattice
thus describe more accurately how their values are computed. Similarly, for the length-indexed
list comonad family, the length-index specifies the minimum number of list values required.
The category from a (semi)lattice of comonads can be generalised, where members of the
family of endofunctors D : I°P — [C, C] are not required to be comonads. The indexed comonad

structure then arises from a monoidal functor structure over D.

Definition 5.4.1. An indexed comonad comprises an indexed family of endofunctors D : T —
[C,C], where T is a strict monoidal category* (I,e,I) (Definition (2.2.6), p. 29), and where D
is a colax monoidal functor with natural transformations n; and ny g (Definition 3.3.1, p. 63),
which provide the operations ¢; and dx y:

-nm=¢r:D;r > 1¢

—naB=0xy :Dxey = Dx Dy
The colax monoidal functor D between monoidal categories ([C,C],0,1¢c) and (I,e,I) has the

following coherence conditions (dualising the diagrams for lax monoidal functors, Appendix 74):

Dxe(vez) ~Daxvs D(xev)ez Dxer 5, Dx Drex —— Dx
5X’Y°ZJ/ \|(6X'Y’Z 5X,Il/ TP 5I,Xl T)\
Dx oDyez Dxey oDz

D D — D lc DroDy —1 D
(Dx)o5y,zl/ ¢5X,Y0(DZ) xe IDxOEI xolc e XEIODX cobx

Dx o (Dy 0 Dz) 221D 0 Dy) o Dy
(46)

4Recall that for a strict monoidal category, the associativity and unit operations a, \, p are identities, rather than
natural transformations.
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where «, A, and p are natural isomorphisms for associativity and unitality in each monoidal
category. Since both ([C,C],0,1¢) and (I, e, ) are strict monoidal categories® then a, A, p (for

each category) are identities, thus the colax monoidal functor conditions (46) simplify to:

5X,I 5X0Y,Z
Dx —[&]DX Dr Dxevez — DxevyDz (47)
01, x l k l/ Dxer 0X,yez l/ [C3] ltsx,yDz
D;Dx —— Dx DxDyez —— DxDyDy
EIDX DX5Y,Z

which are analogous to the standard conditions of a comonad for coassociativity and counits,

but subject to preservation of the monoidal structure of indices.

Example 5.4.2. The indezed partiality comonad can be used to encode contextual computation
that may or may not use their context, comprising:
— index category B, which is discrete (only identity morphisms) with By = {T, F} i.e. booleans;
— strict monoidal structure (B, A, T), i.e., logical conjunction;
— indexed family of endofunctors P : B — [C, C] defined:

— PtA = A and Pt f = f (identity functor)

— PeA =1 and Pgf = id; (constant functor)
— operations dx y and et defined:

OrF :Prar = PEPE =id 5tF :PTAF 2 PePT =14
o1 :PrAT 2 PrPr =idi o171 :PraT = PrPr =ida
er Pt >1 = 1idg

The axioms of indexed comonads for these operations is easily proved, e.g., for [C1,2] from Dx:
- X = T, then €[PT 06[71' = PT€[ O6T,I = idA
— X =F, then ¢;Pf 051,F = Pger O(SFJ =14

The indexed partiality comonad abstracts composition for computations that may or may not
use the context (i.e., partiality in the input), where those that do not are more precisely modelled
as a constant morphism PrA — B. The disjoint union of the members P corresponds to the
standard partiality type PA = A + 1 (the Maybe type in Haskell and option type in ML).

Indexed coKleisli categories & triples. Analogous notions of coKleisli extension and cate-

gories can be defined for indexed comonads.
Definition 5.4.3. Given an indexed comonad D : I — [C,C] its indexed coKleisli category pC
has objects pCo = Cy and morphisms pC(X,Y) = Jp, C(DrX,Y) with:
— composition - g6f =goDrfodrg (forall g: DRY — Z,f : DsX =Y € Cy)
— identities - idg = €14
Analogously to comonads and coKleisli triples, indexed comonad have an equivalent presentation

as indexed coKleisli triples.

5[C, C] is a monoidal category where ® = o, 4.e. the tensor operation is functor composition, and I = 1¢, i.e. the
identity functor on C, and which is strict since Flc = F = 1¢F and F(GH) = (FG)H.
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Definition 5.4.4. An indexed coKleisli triple comprises an indexed family of object mappings
providing the operations ¢; and (_)JIF%,S:

— counit: e;4: DfA — A

— coextension: for all f: DgA — B € Cy then f£75A7B : DresA — DrB € Cy

satisfying analogous axioms to the coKleisli triples.

Example 5.4.5. The indexed partiality coKleisli triple has e and (_)TS’T defined:

fig =id flg =fola er =ida
fix =i fir =1
Analogous to the equivalence between coKleisli triples and comonads in comonoidal form, in-

dexed coKleisli triples are equivalent to indexed comonads, with the equalities:

fhs=Drfodrs Ors=(idpy)hs Drf=Dr(foer)odrt (48)

Example 5.4.6. In Girard et al.’s bounded linear logic (BLL) the bounded reuse of a proposition

A is written !x A, meaning it may be reused at most X times [GSS92]. A model for Ix A is

suggested as the X-times tensor of A4, e.g., IxA = A x ... x A (or, |xA = AX). The storage

axiom of BLL corresponds roughly to coextension of an indexed comonad for the ! modality:
A

Storage———F1—
;L FlA

Note that g is a vector with § = y1,...,y, for |I'| = n (this is discussed later in Section 6.6.2,
p. 140). Bounded reuse is intuitively modelled by an indexed comonad ! : N — [C,C], with

INA = AN the natural-number multiplication monoid (N, x, 1), and:

f;r(7y<a1, waxy) = (fla1, ., ay), flay 41, ay1y), - flax—1)y+1, - axy))
€1<a1> = a1

Let f: Dy A — B, which uses its parameter Y times. Its extension, where the result B is used
X times, f;r(y : DxxyA — DxB, requires Y copies of the parameter A to compute each B,
therefore X x Y copies of the parameter are needed; counit (¢1)4 :!; A — A uses its parameter

once. This indexed comonad captures notions of data access and usage of the context.

Relating comonads and indexed comonads. Indexed comonads collapse to regular comonads
when I is a single-object monoidal category (i.e., if Iy = {*} then D, is a comonad). Thus, all
comonads are indexed comonads with a trivial index structure.

However, not all indexed comonads are comonads, such as the indexed partiality comonad.
Further, for all X € Iy, Dx is not necessarily a comonad (e.g., DA = 1 in Example 5.4.2).
Whilst comonads exhibit shape preservation, where the shape of intermediate contexts in a
comonadic computation are uniform, indexed comonads may not be shape preserving; shape
preservation is relaxed. For example, for all R, S, f : DgA — B then Dpg!p o fJT%,S % DRes!4,
since the parameter to D may determine shape (recall that Dr!s : DrA — Dgr1 computes the
shape). Shape may thus change monoidally as described by the (I, e, I) structure.
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5.4.1. Semilattices of comonads as indexed comonads

Section 5.3 showed a category derived from families of comonads with a bounded semilattice

structure. From this structure an indexed comonad can be constructed.

Proposition 5.4.7. Given an indexed family of comonads D : I°P — [C,C| with bounded join
semilattice structure (I,U, L) (inducing the partial order C), then for every f : R — S € 1; there
1s a comonad morphism L% = Dy : Dg — Dg. Therefore (I°?,U, L) is a strict monoidal category

and D is an indexed comonad with operations:

. £l
gl = DJ_ —— 1((:
suT suT
. dsur Dsurer tg~ Dr
05,7 == Dsyr ———— DsurDsur ——— DsuyrDr ——— DgDr (49)

For the monoidal category with bifunctor LI, the signature of LI on pairs of morphisms f :
A — B,g: X =Y €I{* implies that if A J B and X JY then (AU X) J (BUY) for all
A, B, X,Y € I (which follows from the join semi-lattice laws). The associativity, unit, and sym-
metric operations «a, A, p, v of the monoidal category are identities following from the bounded
join-semilattice properties. Thus, 55;[ and &) define a colax monoidal functor providing the
operations of an indexed comonad where the coherence conditions (47) follow from the category

construction in Definition 5.3.7 (and the proof of the category axioms in Appendix C.3.1, p. 202).

Example 5.4.8. The indezxed product comonad is the canonical indexed comonad on D : Set°? —
[C,C], with Dx = (— x X), following from Proposition 5.4.7 and a lattice of comonads (— x X)
following from the bounded join-semilattice (C,U, ).

Example 5.4.9. The indezed pointed-list comonad is the canonical indexed comonad Listy =
AN x N following from Proposition 5.4.7 and the bounded join-semilattice of comonads Listy
(Example 5.3.9 (p. 104)) with the bounded join-semilattice (Nsq, max,0).

Remark 5.4.10. The indexed partiality comonad in Example 5.4.2 is not an example of an
indexed comonad induced from a family of comonads since P is not a family of comonads as

PrA = 1 does not have a comonad structure.

5.5. Conclusion

5.5.1. Related work

In the literature there are various notions of indexed or parameterised monads. For comparison,

indexed comonads can be dualised in the obvious way to an indexed monad.

Definition 5.5.1. Stated briefly, for a base category C and an index category I which is a
strict monoidal category (I, e,I), an indexed monad comprises an indexed family of functors
M : I — [C,C] where M is a laz monoidal functor (cf., colax for indexed comonads) providing
the natural transformations: n; : 1c — My and pugr : Mg Mty = Mger, satisfying the dual of

the coherence conditions for indexed comonads (equation (46), p. 104).
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As an informal example, the usual notion of state monad can be delimited with sets of the
read and write effects where M can be refined with respect to the effect, e.g., M{readp: 7} A =
7 — A and M{writep : 7} A = A x 7 (note: the latter is not itself a monad), or for mixed
reading/writing MxA = X — (A x X).

Previously, Wadler and Thiemann gave a syntactic correspondence between type-and-effect
systems and a monadic semantics by annotating monadic type constructors with effect sets,
M [WTO03]. They gave soundness results between the effect system and operational semantics,
and conjectured a coherent denotational semantics of effects and monads. One suggestion was
to associate to each effect set F a different monad M. The indexed monad structure here
provides a semantic correspondence between type-and-effect systems and a monadic semantics,
but where each M¥" may not be a monad. In the next chapter, the notion of type-and-coeffect

system are introduced, to which indexed comonads provide the semantics.

Indexed categories, functors, and monads. The notion of an indexed category and indexed
functor appears in topos theory and elsewhere [Joh02]. This notion of indexed functor differs
to the one here, where an indexed endofunctor, written M¥X : CX — CX, maps between indexed
categories C* (themselves defined as functors C : I°° — Cat).

Indexed families of functors in this chapter, on some category C, may be described by
indexed functors MX : CX — C¥X with constant indexed categories CA = C for the category
C. However, given such an indexed endofunctor, indered monads are usually defined as a
triple (TX, 0% : 1c = TX,u : TXTX = TX), thus the index is constant over the monad
structure [CR91]. This differs to the indexing notions used here where an indexed (co)monad
arises from a (co)lax monoidal functor, where indices are not constant but have a monoidal

structure preserved by the operations of the (co)monad.

Parameterised notions of computation. Atkey describes parameterised strong monads, which
have a functor M : S°° x S x C — C where S is a category of state descriptions as objects and
state manipulations as morphisms [Atk09]. An object M(Sy, So, A) captures a computation
that starts in state S; and ends in state Sy, yielding a value A. By contravariance (i.e. from
S°P), the pre-condition S; can be strengthened, and by covariance the post-condition Sy can be
weakened. The operations of a parameterised monad are then:
(unit) 05 : A — M(S, S, A)
(multiplication) ,uil’SQ"% : M(Sy, S2, (M(S2, 53, A))) = M(S1,S3,A)
(strength) Ti}éSQ : A x M(S1,S2, B) = M(S1,S2,A x B)

where the state descriptor parameters are written here as superscripts. Thus, multiplication
requires that the inner and outer computations agree on a mutual intermediate state Ss. An
example parameterised strong monad models typed state with the monad M(S7, Se, A) = (S X
A)51, j.e., the state monad where the parameterisations to the monad indicate the type of the
incoming and outgoing state [Atk09][pp.6-7]. McBride uses Atkey’s parameterised monads to

parameterise computations with specifications in Hoare type theory [McB11].



Atkey makes the observation that, whilst monads are monoids (in [C,C]), parameterised
monads are partial monoids (i.e., categories) where multiplication (composition) is defined only
for some objects that “agree” in some sense. As an example, Atkey generalises the product
monad (MA = X x A where X is a monoid) to parameterised product monads with a (small)
category S as the parameter, where M(S1, S2, A) = S(S1, S2) x A (again M : S°® x S x C — C).
The unit and multiplication are defined 15 (a) = (ids,a) and ui1’52’s3 (9,(f,a)) = (go f,a).
Thus, multiplication is defined only when the functions g and f compose in S.

Since categories are partial monoids, parameterised monads could be embedded into an
indexed monad for ((SxS°P)+{L, I}, e’ I) where (S1,52)e’(52',53) = (S1,53) when 52 = 52
and | otherwise, and where I is a distinguished element representing a universal identity.

Embedding indexed monads into parameterised monads seems more difficult. Monoids can
be encoded as single-object categories with elements of the monoid as morphisms, but u is
parameterised by object tuples, not morphisms. Further work is to explore unifying the two

approaches, generalising monads and comonads to be indexing by monoids and categories.

5.5.2. Concluding remarks

From the perspective of reasoning about program behaviour, both monads and comonads over-
approrimate impurity in a computation, providing a black-box view of effects and context-
dependence. For comonads, a function of type f : DA — B reveals it has some notion of
context-dependence, encoded by D, but no more information about the exact contextual re-
quirements of f. For example, if D = Array, f might access elements in neighbouring contexts,
e.g., for a one-dimensional array with cursor ¢, f might access i — 1 and ¢ + 1, or perhaps only
the current element ¢ in which case the computation is trivially context dependent.

This overapproximation provided by both monads and comonads contrasts with the type
and effect systems of Gifford, Jouvelot, Lucassen and Talpin [GL86, TJ92] which give a precise
account of the effects incurred by a computation. This section generalised comonads in a number
of ways, most notably to indexed comonads which, similarly to effect systems, make precise the
context-dependence (contextual requirements) of a computation. The next chapter considers a
dual notion to effect systems, called coeffect systems, which precisely describe the contextual
requirements of a computation. Indexed comonads, with some additional structure, are used to

give the semantics of the coeffect calculus where the indices of a computation are its coeffect.

Relative indexed comonads. Relative comonads and indexed comonads shown in this chapter
can be unified into indezed relative comonads, with a family of functors D : I — [K, C], a functor
K: K — C and analogous operations to the usual indexed comonad operations. Note that K is
not indexed. Chapter 7 uses relative indexed comonads.

The codo-notation of Chapter 4 can be generalised easily to relative comonads, replacing the
usual extend operation with the relative comonad extensions operation shown above. Chapter 7

uses a version of the codo-notation for relative (indexed) comonads.
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CHAPTER 6

THE COEFFECT CALCULUS

Chapter 3 introduced the contextual A-calculus and its semantics in terms of monoidal comon-
ads. It was shown that the shape preservation property of comonads limits this calculus to
computations where the context has the same shape throughout. Various other notions of con-
text (see Chapter 1) require a more flexible contextual language and semantics. To this end, the
previous chapter introduced indexed comonads which generalise comonads and provide compo-
sition for computations with potentially different, but related, contextual requirements; indexed
comonads do not exhibit shape preservation.

This chapter introduces a calculus of contextual computations called the coeffect calculus
with a semantics given by indexed comonads with additional structure. This calculus provides
a more precise account of context than the contertual A-calculus of Chapter 3, where the de-
notations of its expressions capture exactly the contextual requirements. The propagation of
contextual requirements through a computation is tracked and described for this calculus by
a novel class of static analyses called coeffect systems, dualising effect systems of Gifford and
Lucassen [GL86|. Coeffect systems encode language invariants, aid correctness, and provide
information for optimisation. The next chapter introduces a language for efficient and correct
stencil computations which is an instance of the coeffect calculus.

Coeffect systems are joint work with Toma&s Petficek and Alan Mycroft. Some of the material
from this chapter appears in a condensed form in the paper Coeffects: Unified Static Analysis
of Context-Dependence published in the proceedings of ICALP 2013 [POM13].

Introduction. Consider a language whose programs can access resources provided by the ex-
ecution context. The semantics of the language can be given in terms of the indexed product
comonad, introduced in the previous chapter, with some additional structure, described later in
this chapter. The resources accessed by an expression are a contextual requirement, the propa-
gation of which can be tracked by a coeffect system, which reconstructs contextual properties of
a program. Coeffect systems dualise effect systems.

Effect systems, introduced by Gifford and Lucassen to track memory effects [GL86], are
traditionally described as syntax-directed analyses by typing rules augmented with effect judge-
ments, i.e., ' e : 7! F where F describes the effects of e — usually a set of effect tokens.
Coeffect systems similarly follow the inference structure of typing rules, with coeffects written
on the left of the entailment F, i.e., associated with the context, of form: I'? F e : 7.

Resource access in the example language has the following syntax and coeffect/type rule:
[access] T'?7{A} I accessA: T

Coeffects of a compound expression, e.g., addition, are the union of the subexpression’s coeffects:

P?Fll—eltR P?FQI—GQZR
I'’"FiLUFyFep+ey: R

[+]
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The key difference between coeffect and effect systems is the propagation of (co)effect information

for A-abstraction. Traditionally, A-abstraction is pure with respect to side-effects. Effect systems

therefore annotate a A-term with no information and encapsulate the effects of the function body

as latent effects which occur only when the function is applied, with the rule:
Tviocke:7T!F

Fl—)\v.ezaim'!@

[ABS]

where L3 is the function type constructor for functions with latent effects F'.
For coeffects, the rule for A-abstraction is not dual: the coeffects of a function body are split
between the definition context and latent coeffect:
Dow:o?FNFFe:T

I‘?Fl—)\v.ezai/M'

The latent coeffect describes contextual requirements that are exposed when the function is

[ABS]

applied. Reading [ABS] bottom-up, contextual requirements of the function body are thus ful-
filled by a combination (greatest-lower bound) of the definition context and application context.
Reading the rule top-down, the contextual requirements of a function body are split between
the defining context and application context.

This example resource language could be extended to a distributed computing environment
where the [ABS] rule then allows functions to be defined that require resources that are not
available in the defining context but are instead available in a different context, such as another

device to which the function is sent. This example will discussed further in Section 6.2.3.

Chapter structure and contributions. Section 6.1 begins with an overview of the literature
on effect systems and the use of annotated monads to unify effect systems and monadic type

systems. This chapter then makes the following contributions:

— Section 6.2 introduces a number of example contextual languages with coeffect systems
which describe the semantics of context. The examples are: a language which optimises
dead code where the coeffect system is essentially a liveness analysis, a (causal) dataflow
language which is optimised to cache the minimum number of elements required from the
input stream, and a language of rebindable resources similar to the example above.

— The general coeffect calculus is introduced with a general coeffect system parameterised
by a coeffect algebra structure (Section 6.3). The examples of Section 6.2 are shown as
specialisation of this general calculus.

— Section 6.4 defines a categorical semantics for the coeffect calculus in terms of an indexed
comonad with some additional structure where Section 6.4.3 shows the conditions on the
additional category-theoretic structure to provide equational theories of 8- and n-equivalence.

— Section 6.5 shows that implicit parameters feature of Haskell can be described in the co-
effect calculus. Furthermore, this section shows how coeffect systems that have set-based
contextual requirements can be encoded using Haskell’s type class constraint mechanism.

This technique is used in the next chapter to encode a coeffect system in Haskell.
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vt el ke :m!'F T,x:mbe:mn!F
[VAR]——————+—— [consT] 'Fc:7!L [LET] - - -
I'kFo:7!L I'tlete = ejiney : 7' FUF
Iv:oke:7!F I’I—elza—F—”—H'!F 'tey:o!lF’
[ABs] [APP] ; i
TkXve:oir11 Phee: 7! FUFUFR
(a) Core rules
ke :refpr!F They:7!F Fke:refpr!F
[WRITE] [READ]

I'Fset ejex: ()| FUF U{(write, p}) I'Fget e: 7! FU{(read,p)}

(b) Effect-specific rules for memory access

Figure 6.1. Gifford-Lucassen effect system for an impure A-calculus, in modern notation.

6.1. Background

Effect systems classify expressions by their type, i.e., what result is computed, and their effect,
i.e., how the result is computed. Gifford and Lucassen’s initial motivation for effect systems
was to integrate both pure, higher-order functional programming and imperative programming
in one “fluent” language [GL86, LG88]. Effect systems have since been used to analyse many
different notions of effect, such as memory access [GL86], atomicity in concurrency [FQO3],
communication in message-passing systems [JG89a|, and control side-effects from unstructured
control primitives (goto and comefrom) encoded by continuations [JG89b].

The traditional presentation of effect systems can be divided into core and application-
specific rules. Core rules apply generally to any notion of effect, describing effect propagation
through a A-calculus. Application-specific rules describe the effects of language-specific syntax.
Gifford and Lucassen described a lattice structure on effects, where the join (least-upper bound)
operation combines effect annotations and the least-element annotates pure expressions [GL86].
Many systems are however simply lattices of sets. Figure 6.1(a) shows the core rules with let-
binding, generalised from sets of effects to an arbitrary bounded join-semilattice (P(F),Ll, L) (see
Definition 5.3.2 (p. 102)). Originally, effects were considered for the polymorphic A-calculus with
type and effect polymorphism. For simplicity, the presentation here is monomorphic, although
the rules using variables can be instantiated at different types and effects.

The [VAR] and [CONST] rules annotate variables and constants as pure, with effect annotation
1. Likewise, the [ABS] rule explains that constructing a function has no side-effects, where the
side effects of the function body are encapsulated as latent effects. The [APP| rule explains
that the effects of application are a combination of the effects of the parameter, function, and
the function’s latent effects once applied. The [LET] rule explains that the semantics of let
evaluates both the bound and receiving terms, thus the effect information of each is combined.
Figure 6.1(b) shows the effect-specific rules for memory operations, using the particular join-

semilattice (P({write,read} x R),U, D) where R is a set of regions.
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Later systems introduced subeffecting allowing effects to be overapproximated with respect
to some effect ordering [TJ92]:
T'ke:7!F FCEF'
Fte:7!F
Effect systems and equational theories. As mentioned in Section 2.3.2, effectful languages do

[SUB]

not have the same - and n-equalities as the pure A-calculus. The unsoundness of (call-by-name)
B-equality is exposed by the rules of the general effect system. For example, assume [=-]:
Dx:oke:7!F Tre:olF

' (\ze)e =elx:=€]: 7! FUF

(=]

This rule implies a meta-rule for substitution with effects. This however leads to a contradiction

where, by the definition of syntactic substitution (Av.e)[x := €] = \v.e[z := €], then:

Nox:7v:oke:7'\F Tk :7F Lz:7viokbe:7!F
Fv:okex:=¢€]: 7/ FUF' F,:L‘:T’l—()\v.e):agT!J_ ke 7V F'
I‘F)\v.e[x::e’]:aFu—F,>T!J_ + I’F()\v.e)[aj::e’]:aiT!F’

thus violating S-equality. Therefore if S-reduction is included in the operational semantics then
type preservation (subject reduction) cannot hold. Instead, a restricted substitution is provided

for substitution of pure (syntactic) values, i.e.,

Lemma 6.1.1. IfT,z: 7' Fe:7!F andTF¢€ : 7' L, and value(e') then Tt e[z :=¢€'] : 7! F.
The lack of n-equality for effectful languages is evident from the following effect judgment:

. F /
I'Fe:o—=71!F z:0€e(l,z:0)
F,x:al—e:aiT!F' I'e:okbxz:0! L

Irz:obex:7!FUF

I’I—)\x.exzaFu—F/>T!J_

[WEAKEN]

[VAR]

[APP]

[ABS]

where the effects of the premise expression become latent effects, thus n-equality does not hold

since the premise and conclusion here should match.

Monads and effects. Recall that (strong) monads abstract the composition of effects, encoded
in a pure language by a functor M (equivalently, data type) (Section 2.3.1, p. 35). Apart from
the semantic content of monads, monads also give a coarse-grained account of whether an
expression has an effect or not, i.e., an expression with a monadic type is possibly effectful, and
an expression without a monadic type is definitely pure. Comparatively, effect systems provide
a fine-grained account of effects. Wadler and Thiemann unified the approaches of monads and
effect systems by annotating monadic types with effect information [WTO03] (or in their words
“transposing effects to monads”) with judgments of the form I' e : M7 for some strong monad
M which is internal to the type theory, i.e., M appears as a type constructor. Their unification
is sound since the propagation of effect information in an effect system corresponds exactly to
the semantic propagation of effects in a strong monadic semantics; for example, abstraction is

pure as described by effect systems and witnessed by the monadic semantics.
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Tv:okey: MiT I’I—eleF/a

[VAR] T [LET] y
Fv:tkov: M7 I'Fletv=e; iney: MIU -
(as] Fov:tke: M7/ (ar] The :ME(r = MF'7)  Dhey: M7
ABS APP
I'Fv.e: M (T — MEFr) Tk e eq : MFUF'UE 1
sus] T'Fe:M7 FCF - I'te:MFbool The:Mr Theg: M7
Cke: M7 ['+ if e then e; else ey : MFUELE" £

Figure 6.2. Effect system transposed to annotations on monadic types

Figure 6.2 shows the core rules of effect systems from Figure 6.1(a) transposed to monadic
annotations, and includes a rule for conditionals that overapproximates the effects since the
branch-taken may not be statically known. The general presentation of Figure 6.1(a) using a
bounded semi-lattice is used, rather than the Wadler and Thiemann’s presentation using sets

composed by U with ) for the pure effect.

Richer effect algebras. Nielson and Nielson defined effect systems using richer algebraic struc-
tures than mere sets with union or semilattices. They separated the traditional approach of a
lattice of effects into operations for sequential composition, alternation, and fixed-points [NIN99].
This captures a wider range of analyses, including may and must properties. This chapter takes

a similar approach, defining a flexible system with an algebraic structure on coeffects.

6.2. Example contextual calculi with coeffect systems

The following introduces three contextual languages, all based on the simply-typed A-calculus,
each with an accompanying coeffect system. Section 6.2.1 describes a language with no addi-
tional syntax and a coeffect analysis of live variables. Section 6.2.2 describes a simple causal
dataflow language (in the style of Lucid) with a coeffect analysis of data access on the context
(whose semantics is provided by streams). Section 6.2.3 describes the example language of the
introduction with resources (such as a database, GPS, etc.) from the execution context and a
coeffect analysis of resource requirements.

As described, coeffect judgments are written I'? F' F e : 7 with latent coeffect annotations
on function types 2, Bach language allows sub-coeffecting with the following rule for some C:
I'’Rre:7 RCR

I'’Rte:r

Additionally, every system admits structural rules which preserve coeffects. A structural con-

[suB]

textual calculus, where structural rules are not admissible, is considered briefly as further work
in Section 6.6.2 (p. 140), which does not have this property.

Each of these languages has a categorical semantics in terms of some indexed comonad
with additional structure, where [['? R e: 7] : DR[I'] — [r]. Discussion of the categorical

semantics is delayed till Section 6.4.
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The rules of a coeffect system can be read in two ways. Reading rules bottom-up gives
an intuition of how the semantic notion of context (encoded by a functor Dy for coeffect T')
is propagated to subterms. Reading the rules top-down gives an intuition of how contextual

requirements are composed and propagated upwards towards the root of an expression.

6.2.1. Free-variables and liveness

The first example is of the simply-typed A-calculus, with constants, let-binding, and conditionals,
with no notion of context other than the free-variables. However, its semantics eliminates dead-
code based on its coeffect system which calculates a live-variable analysis.

The standard live-variable (or liveness) analysis calculates which free variables in an expres-
sion may be used and which are definitely not used. Expressions bound to variables which are
definitely not used are therefore dead, i.e., do not contribute any information to the result (in a
pure language), and can thus be eliminated [App97]. Liveness is a coeffect since it is a property
of the free-variable context of an expression. Wadler describes this property of a variables that
is ignored as the absence of a variable [Wad88|.

Often this analysis is presented for imperative languages defined over statements in a block,
however the analysis is still relevant in a functional setting. For composition of single-parameter
functions, liveness for the parameter of the composed function is defined by the liveness of the

individual function parameters as follows:

g:B—-C f:A—-B|lgof:A—=C

discarded  discarded discarded

} g discards result of f .. liveness of f irrelevant

discarded  live discarded

li discarded | discarded

z.ve Ilscar ¢ Ilscar ¢ } g needs result of f . liveness of go f is liveness of f
live live live

The liveness of composition is therefore the conjunction of the liveness properties for the com-
posed functions, where live is true and discarded is false.

An approximate liveness analysis is described by a coeffect system, with coeffects taken from
the set {F, T} where F denotes that context of free-variables is definitely not live, and T that the
context of free-variables may be live. This set of liveness coeffects is ordered with F C T since
any variables that are definitely not live may be safely approximated as live. Figure 6.3 gives
the rules of the liveness coeffect system.

The base cases of constants [CONST] and variables [VAR] are assigned the two possible coef-
fects F and T respectively, since constants discard the context whilst variables use the context.
The coeffects of let-binding [LET] are those of the receiving term (I',v : 7/ ?r - e : 7) because a
discarded context for es implies that v is discarded thus the bound expression e; is dead and its
liveness is irrelevant. A live context for es implies either I' or v is live, but it cannot be known
which, thus the context I' of the resulting let-expression must be live.

The [ABs] rule splits the coeffect of the function body between a function’s defining context

(coeffect m) and application context (latent coeffect n) where the coeffect of the function body
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[CONST] —————— [VAR] vir €L
I'’Frle:7 I'?’Tro:T
Tvie?mAnte:r I?’nter:odr Ti?mbe:o
[ABS] [APP]
I?mkE\e:oc 57 [?nVv(pAm)tere:T
I'?ste:7 To:v'?rkes:r I'?’rFe:bool T'?skej:7 T'?7they: T
IF
[LET] I'’rtletv=e1iney: 7 T'l'rvsvttifethene; elseey: 7

Figure 6.3. Type and coeffect system for liveness

equals m A n. Thus, if the context of the function body is live then both I and v are live. If the
context of the body is discarded then a kind of sub-coeffecting may occur, where I' and v are
either discarded or one is live. The [ABS] rule introduces a source of non-determinism, where
the coeffect judgment for an abstraction may be non-unique (i.e., non-principal). Non-unique
coeffects are discussed further in Section 6.2.3.

For application [APP], if the context of the function subexpression is live then the context
of application is live. However, if the context of the function is discarded, liveness of the
application is equivalent to the sequential composition of the function with the argument, and
thus the conjunction of their respective coeffects is taken. The operation V therefore combines
coeffects of multiple subterms which share the same free-variable context. This is used in the
[IF] rule where the context of three subterms are combined disjunctively.

The semantics of this language can be captured by the indexed partiality comonad (Exam-

ple 5.4.2, p. 105) with some additional structure which will be discussed later.

6.2.2. Dataflow

Consider a dataflow language in the style of Lucid. For simplicity, the language will allow
only causal behaviour, where computations may depend on the present and past values of
variables. The syntax is of the A-calculus with a keyword prev accessing the “previous” value of
a computation (which can be applied repeatedly to access further past values). The semantics
is modelled by causal streams (Section 3.2.4).

A coeffect analysis is defined here which tracks how far into the past values are accessed,
or equivalently, tracking data access on streams, i.e., how many items in a stream’s past are
accessed. This analysis allows the efficient caching of stream elements in the semantics based on
their data access pattern. Coeffects are natural numbers N where a coeffect n € N means that
computing an element of the result stream requires up to n-elements previous to the current
element from streams in the context.

Consider two coKleisli stream functions f : Stream A — B, g : Stream B — C' respectively
requiring m and n previous elements from their parameter streams to compute a single output

element. The composition g6 f : Stream A — C, requires only the minimal number of previous
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[consT] [vAR] v:tel [PREV] '?’nke:7
I'?70kc:7 I'?70kwv:7 '’n+1Fpreve:r
Fv:c?smintkFe:r I'’rFei:o37 T?thes:o

[ABS] [APP]

T2 \ve:obr P?rmax(s+t)Fejes: T

M?step:7 ([To:7)?rbey:r I'?rke:bool T'?ste:7 T'?7tkey:T

F
[LeT] I'?’r+sktletv=ejiney: 7 I'?r max smaxthk ife then ey else ey : 7

Figure 6.4. Type and coeffect system for causal dataflow

input elements, and can be defined as follows:

Aa. g (flag,...;am)y--, f{Qny-. s Qnim))

thus the composite function requires n+m previous elements from a (similarly to the composition
of partial local operations on lists defined in Section 5.2, p. 99). It is safe to provide more elements
than required, since extra elements are ignored. Coeffects are therefore ordered by <.

Figure 6.4 summarises the coeffect analysis for causal dataflow. Note that as with the
liveness analysis, coeffects are defined over the whole context.

Constants and variables both require no previous elements from streams in the context,
whilst prev requires one more element. The [LET] rule shows that let-binding has the same
coeffects as the composition described above, where the receiving term e may require r previous
elements from either I" or z (but due to the overapproximation it is not known which). Thus s
elements are required for each element of e; passed to e, thus r + s elements in total.

For abstraction [ABS], the coeffect of the defining context and application context are such
that their minimum matches the coeffect of the function body. Thus, both the defining and
application context must provide at least enough elements to satisfy the function bodies re-
quirements (in a bottom-up reading). For application, r previous elements are required to
compute a single function value of e; where its application to ey requires then s + ¢ previous
elements from the context, thus [APP] takes the maximum of r and s + ¢. Therefore, when two
contexts are combined the maximum number of previous elements is taken, as used in [IF].

The semantics of this language is based on the indexed list comonad (discussed later).

6.2.3. Dynamically-bound resources

This chapter’s introduction used the example of a language with resources where coeffects track
resource usage. This example is extended here to dynamically-bound resources in a distributed
setting. Different resources may be available in different execution contexts, where a computation
may have a resource identifier rebound to a local version of the resource.

Consider the following expression which accesses a database (db) and clock resource (clk):

query (access db) "select * from table where date > %1" (access clk) (50)
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[CONST| == [VAR]% [ACCESS] () : R
I'’dke:r r?fkov:r ?{r:7}F accessr: 7
(Tybv:o)?sUtke:T I?shkei:o57 Torke:o
[ABS] ; [apP] 77 - -
I'?skXe:0c—=T ‘frUsUtimerex: 7
- I'?ste :7 TDyz:77rkey:7 - I'?rFe:bool T'?ske:7 T?thkey:T
I'’rUskletx=ejiney: 7 T''rUsuUuttifethene; elseey: 7

Figure 6.5. Type and coeffect system for resources

This program may be executed on a server where the db and clk resources are locally bound to
the server’s database and clock. Alternatively, the program may be executed on a client device
where db is bound to the server’s database and clk is rebound to the local clock.

Figure 6.5 provides a coeffect analysis tracking the set of resources which may be accessed
by an expression; R is a set of pairs of possible resource identifiers (atoms) and their types.
The resources used by an expression can always be overapproximated, thus coeffects are ordered
by subset ordering C. Both constants and variables have the empty coeffect since they do not
access any resources. For access, the coeffect is a singleton set of the accessed resource. The
[LET], [IF] and [APP] rules compose the coeffects of their subterms by the union U. Abstraction
[ABs] allows resource access from either the defining context or application context.

For the above example (50), there are nine possible coeffect inferences, of which three are:

r?20F... :O’MT
T7{db,ck} ... :0
T2 {db} b ... :0 2

Depending on the purpose of the analysis, uniqueness of coeffects can be enforced by language
constructs which reduce the non-determinism by requiring particular coeffects of their subterms,
or, by the compiler which might require particular top-level coeffects.

In the distributed programming setting here, the language may provide a construct for

serialising and transmitting a function to another device, e.g.:

I?Rbeio>T SC resources(device)
I'? R I send device e with [S] : ()

[SEND]

where resources(device) is the set of resources for a device, and send...with... describes the
resources S which are to be rebound by the receiving device. Thus [SEND]| resolves how to split
the coeffects of a function. The exact outer coeffect for R here could be chosen by the compiler
or runtime system, matching R with the available resources on the host device.

For the liveness and dataflow examples, which provide optimising semantics, non-determinism
is less problematic. The compiler could resolve non-determinism by selecting the least coeffect

i.e., the least contextual requirements and therefore the most efficient implementation.
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v:rel Dow:o?sMthe:T I'?ske:7 sC&§
[VAR] [ABS] [SUB] ;
I'?Itv:r T7%sF \ve:obr I'?’s’Fe: T
: }F?sl—el:r’ Dov:m?rke:T : ]F?rl—elzaim- I'?tkey:o
LET APP
F?ru(res)Fletv=eriney: 7 F?ru(set)Ferex:r

Figure 6.6. General coeffect system for the coeffect calculus

| ¢ e I U N C
liveness B AT Vv AN FCT
dataflow N + 0 max min <
resources | P(R) U 0 U U -

Figure 6.7. Instances of coeffect algebras for the example languages of Section 6.2.

6.3. The general calculus

The three example languages introduced in the previous section have a common structure to
their semantics, which is exposed by the common structure of their coeffect analyses. These
examples are all instances of the general coeffect calculus. The general calculus has the syntax
and typing of the simply-typed A-calculus with let-binding, and provides a general semantics of
contextual computations which is described by a general coeffect system. Figure 6.6 shows the
calculus and the coeffect system which is parameterised by an instance of a coeffect algebra for

the particular notion of context.
Definition 6.3.1. A coeffect algebra (C,e,I,11,M) comprises a set of coeffects C' and:

» (C,e,I) — a monoid for the coeffect of composition ([LET], [APP], I for [VAR]);
» (C, L)

a semigroup for combining coeffects of subterms (shared contexts) ([LET], [APP]),
inducing a pre-order C where X C Y iff X UY =Y.

» (C,M) — a semigroup for combining coeffects of the definition context and application
context for a function ([ABS]).
» axiom — distributivity of e over LI

XeYUZ)=(XeY)U(Xe2) YUuZ)eX=(YeX)U(ZeX)
i.e., ® is monotonic with respect to the preorder C induced by L.

The coeffect calculus (Figure 6.6) therefore captures the general propagation of contextual
requirements through a program. The coeffect algebra structure provides flexibility with separate
coeffect operations for composition (), abstraction (1), and sharing (L!). Figure 6.7 summarises
the operations used in the coeffect systems of the previous section as coeffect algebras. For

resources, R is the set of resource identifiers paired with their types.
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U e | ru(res)
liveness | V A r=rV(rAs)
dataflow | max + | r+s=r max (r+s)
resources | U UlrUs=ruJ(rus)

Figure 6.8. Comparison of [LET] for the example languages of Section 6.2.

Let-binding. The coeffect of [LET| in the general calculus appears more complex than the
coeffects of [LET| in the example languages. The coeffect of [LET| in each of the examples
is equivalent to the more complex coeffect term here by additional properties of each coeffect

algebras, summarised in Figure 6.8.

Structural rules. The general coeffect calculus admits the usual structural rules of weakening,

exchange, and contraction which preserve the coeffects of their premises in the conclusion.

6.3.1. Syntactic equational theory

The equality relation on terms for the simply-typed A-calculus can now be extended such that
two terms are equal if they have the same context, type, and coeffect, i.e., [TRF e =es : 7.
This section considers potential equations on terms of the coeffect calculus (following the usual
equational theory of the simply-typed A-calculus with let-binding, Section 2.1.2, p. 22) and any
additional coeffect algebra axioms required for these equalities; for an equality I' - e; = e : 7 in
the simply-typed A-calculus, where '’ Rt €1 : 7 and I'7S | es : 7 are judgments in the coeffect
calculus, this section describes the additional coeffect algebra axioms such that R = S.

So far, the coeffect algebra axioms (monoid and semigroup axioms) have been minimal such

that the general calculus is flexible, without committing to any particular equational theories.

6.3.1.1. Let-binding

In the pure simply-typed A-calculus with let-binding, let has associativity, left unit, right unit,
weakening, contraction, and exchange properties (Section 2.2.2, p. 28). The following considers
each equation, showing the type-and-coeffect judgment of the equation and the required axioms
on the coeffect algebra. Appendix B.4.1 (p. 191) shows the full type-and-coeffect derivations for
the equations here. Axioms already included in the coeffect algebra definition are marked with

». Additional axioms that are not part of the coeffect algebra definition are marked with +.
Associativity.
F?7((ZU(ZeY))U((ZU(ZeY))eX))Flet x =ejin (let y =egin e3) : 73
= ?7(Zu(Ze(YU(YeX))))Flet y=(let x =ejineg)in ez : 73
Equality of the two coeffect terms for let-binding associativity follows from:

» associativity of U (from semigroup)
» associativity of e (from monoid)
» distributivity of e over Ll (i.e., X o (YU Z)= (X oY) (X 0 2))
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+ distributivity of Ll over o, i.e., XU (Y o Z)=(XUY)e (X UZ)
or [ is the (left) unit of LI

These axioms hold for all the example coeffect algebra, where for resources and liveness LI dis-
tributes over e and for dataflow the alternate axiom that I LJ X = X holds (Omax X = X).

Left unit.
rrfu(leX))Fletz=einz:n = I''Xtke:mn

Equality of the two coeffect terms for a left unit property of let follows from:

» [ the unit of e (monoid)
+ I the unit of U (i.e., IUY =Y, that is, I is the least element and U is the least-upper

bound or I is the greatest element and L is the greatest-lower bound).

The additional axioms holds for dataflow (O0max X = X) and resources ( U X = X). For live-
ness, this does not hold (since, TV X = T). This is a consequence of the imprecision of liveness
coeffects (where the coeffect system approximates liveness over the whole context, thus where

is live the whole context is live).

Right unit.
Fy:n?YuYel)kletrx=yiney:7n = Iy:m?Y Fefz:=y|:m

Equality of the coeffect terms follows from:

» [ the unit of e (monoid)
+ U is idempotent (Y LY =Y)

These hold for all the example calculi here. This rule corresponds to a-renaming via let-binding.

Weakening.
F?7YuU(YeX))Fletz=ejiney:mp = I'?Y kFer:m (x & FV (e2))
This rule highlights the call-by-value nature of let-binding in the coeffect calculus, where coeffects

are eagerly applied. The two coeffect terms are equal if:

+ e is inversely monotonic to U, i.e., either:
1. e is decreasing and LI is the least-upper bound;

2. e is increasing and U is the greatest-lower bound (despite the suggestive notation).

This additional axiom holds only for the liveness coeffect calculus with e = A which is mono-

tonically decreasing and U = V which is the least-upper bound.

Contraction.
F?7(Zu(ZeX)U((ZU(ZeX))eX))Flet x =e1in (let y =e1in eg) : 1o
= I'?7(Zu(ZeX))let z=ejin ez[z :=y|[z := 2] : 1o
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Equality of the two coeffect terms follows from:

» monoidality of (C,e,I)
» distributivity of e over LI

+ idempotence of e

Only liveness and resources have an idempotent e; dataflow does not permit contraction.

Exchange.

F?7(Zu(ZeY))U((ZU(ZeY))eX))Flet x =e1in (let y =ezin e3) : 73
= I'?7(ZU(ZeX)U((ZU(ZeX))eY))Flet y=-esin (let x =ejin e3) : 73

Equality of the two coeffect terms follows from:

» monoidality of (C,e,I)
» distributivity of e over LI

+ commutative e

These axioms hold in all of the example coeffect algebra here.

6.3.1.2. fn-equality
Let-binding and abstraction-application equality. Recall [=-let-A] for the simply-typed -
calculus (Section 2.1.2, p. 22), i.e., let v =e; in ey = (Av.eg)e;.

In the coeffect calculus, [=-let-A] has the type/coeffect derivations:

Do:n?7(XNY)key:m

I?Zber:n  Dou:im?2(XNY)kFer:n T?2XF (e :m 7  T?2ZFer:n
r2(Xny)u((Xn¥Y)eZ))kletv=ejiney:m = F?2(Xu(YeZ))F (Av.ez)er :

Equality of the two coeffect terms here follows from:

» monoidality of (C,e,TI)
+ idempotence of LI
+ an interchange law between e and L, i.e., (X oY)U(ZoeW)=(XUZ)e (Y LUW)

+ equivalence of operations M = L

The last axiom is particularly strong; these conditions hold only for the resources calculus.

Alternatives. An alternate [=-let-A] rule holds only when M is idempotent, with the following:

IFv:oc?Rbey: T

[ABS]

[LET]I’?Sl—elza I'v:c?7RFey:T [APP}P?S’_GMU P?Rl—)\U.GQ:Ui)T
IF'’RU(ReS)Fletv=ejiney:7 = IF'’RU(ReS)F (Av.eg)er - 7
Note that the premises of these two [=-let-A] rules differ: the first is more general, the second

applies only in cases where [ABs] duplicates the coeffects of its function body. This restricted

form of [=-let-A] holds for all of the example calculi here (i.e., M idempotent in all calculi).
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A more general let may be provided which is equivalent to abstraction followed by application
where the coeffects of the body are split, of the form:
I'’Stei:0 Tw:oc?RiMNRybey:T
F'?’RiU(RyeS)Fletv=ejiney: 7

[LET]

The original form of let-binding is however preferred, as its propagation of coeffects is more in-
tuitive, combining a single coeffect term from both the substituting and receiving terms rather

than splitting the coeffects for the receiving term (R; and Ry above).

p-equality. Given [=-let-A] holds, S-equality holds if let-binding is equivalent to substitution
([let-B]). A meta-level substitution lemma is therefore needed to give the coeffects of syntactic
substitution, which matches the coeffects of let-binding. For the general coeffect calculus, the

following substitution lemma holds given a substituting coeffect algebra (described below):

Lemma 6.3.2 (Substitution). Given a substituting coeffect algebra C, T',x : 7' ? Rt e : 7, and
r?Ske:7 thenT?RU(ReS)Felx:=¢€]:7.

Definition 6.3.3. A substituting coeffect algebra is a coeffect algebra over a set C' with the

additional axioms that:

+ I is either the least or greatest element of C, i.e., VX.I C X or VX.X C [
+ (C,n,I) is a monoid
+ interchange between e and M, i.e., (X oY) (ZeW)=(XT1Z)e (Y TW).

Appendix C.4.2 (p. 204) provides the (inductive) proof which elicits these additional axioms.
The first axiom is required for the [VAR] case of substitution, the second axiom for [APP] and
[ABS], and the third and fourth axioms for [ABS|. Furthermore, the proof uses the monoidal
properties of (C,e,I) and distributivity of e over L.
Subsequently, S-equality holds (syntactically) given a substituting coeffect algebra:
Ix:0?7RFe:T
T?REMc.e:0 B 1 I?Ske:o = T?RU(ReS)Fe[z:=¢€]:7
F?RU(ReS)F(A\z.e)e : 7

[ABS]

[APP]

Thus, subject reduction also has the same conditions.

Lemma 6.3.4 (Subject reduction). For a substituting coeffect algebra, given T?7 R & e : 7 and
e~¢e thenT'?RFe€ :T.

Both the liveness and resources coeffect algebras are instances of substituting coeffect alge-
bras; dataflow is not. Therefore, S-equality holds only in the resource and liveness examples.
The situation with dataflow can be compared with stateful computations where S-equality does
not hold since side effects may be duplicated. Instead, a restricted S-equality could be provided

for values, where arguments to a function are evaluated first by let-binding.
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n-equality. For a terem 'R b e : o 5, T, n-equality is respected by a coeffect calculus if
'’RFe=(Azex):o NP (and = € FV(e)). The type/coeffect derivations for n-equality are:

I’?Rl—ezaiﬂ'

[WEAKEN]
(APP) F,xZO'?Rl—BIO'iT Nzx:o?ltFz:0
Fz:o?RU(Sel)lFex:T
[ABS] ° S
I'?PkHAzex:o ST =I'?RFe:0=rT

where RU(Se ) = PMQ. Therefore n-equality holds only when PM@Q = RUS and R = P (for
the coeffect terms to be equal) and S = @ (for the types to be equal), therefore RS = RLIS.
This property holds only of the resources example here (where L =M = U).

Therefore, full Sn-equality holds for a substituting coeffect algebra with L = .

6.3.1.3. Summary
Figure 6.9 summarises which equations hold for the three example coeffect calculi of resources,
liveness, and dataflow in this chapter.

Note that in all of the examples here, there are some additional axioms common to all
examples that are not part of the coeffect algebra definition: commutativity of e, idempotence
of LI, and idempotence of I'. These imply that, in the example calculi, let-binding is associative,
has the right unit and exchange properties, and let x = ejines = (Ax.e2)e; in the restricted
case of duplicating the coeffects of es for the latent and immediate coeffects of the abstraction.
Although these axioms hold in all the examples here they are not part of the coeffect algebra
definition for the sake of generality. Further work is to find useful examples which do not have

these properties to assess if this choice is justified.

6.3.2. Additional constructions

Constants. The general calculus purposefully omits constants to keep the calculus as general

as possible, since constants are not necessarily part of the simply-typed A-calculus. However,

resources liveness dataflow

associativity v v v

left unit v v
let . .

right unit v v v

weakening v

contraction v v

exchange v v v

[=-let-A] v

[=-let-A] (idempotence) | v/ v v
1 =g v v

[=-n v

Figure 6.9. Summary of term equalities valid for the example coeffect calculi of this chapter.
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constants can be added with a coeffect 1. € C' and the coeffect rule:

[CONST}L
I'’'lte:T
where (C,L, 1) is a bounded semi-lattice. For the examples here, these correspond to the
following:
lc u 1
liveness | B Vv F
dataflow | N max 0

resources | P(R) U 0
Note that it is not necessarily the case that L MR = 1, i.e., L is not necessarily the least element

for M (for example, in resource calculus ) U R = R).

Tuples. Tuple types can be added to the coeffect calculus using LI for their coeffects:

I'’"RFer:mm T'?7Shey:my
P?RUSF(el,eg):T1XTQ

[TUP]

The empty tuple constant, or unit type, the may also be included with T'? I + () : ().

Conditionals. Conditional statements can be added to general coeffect calculus using LI

I'’Re:bool T'?7Sker:7 TI'?’Threy:T
T''"RUSUTFifethene; elsees : 7

[1¥]

6.4. Categorical semantics

Chapter 5 introduced indexed comonads to capture a more precise notion of context-dependent
computation than regular comonads. Indexed comonads provide contexts that are indexed by a
computation’s contextual requirements, i.e., they are essentially indexed by a coeffect. Indexed
comonads are used here as the basis for the categorical semantics of the general coeffect calculus.

An initial semantics for the coeffect A-calculus is systematically constructed following the
approach of Chapter 2 and by analogy with the semantics of the contextual A-calculus in Chap-
ter 3. This semantics is shown first in Section 6.4.1, which gives a semantics that approzimates
the behaviour described by the general coeffect system, that is, its morphisms require contexts
which are more general than that described by the coeffect system in Figure 6.6. Section 6.4.2
refines the semantics such that it corresponds exactly to the general coeffect system described
above, and relates the two approaches.

Section 6.4.3 considers additional axioms required on the mathematical structure behind the
semantics for the semantics to exhibit Sn-equality. Section 6.4.4 instantiates the semantics for

the liveness, resources, and dataflow coeffect calculi shown in this chapter.

Categorical domain. The semantics of the general coeffect calculus, with coeffect algebra
(C,e,1,L,M), requires an indexed comonad D : I°° — [C,C] where I is the category of the
partial order (C,C) i.e. Iy = I;P = C and for all X,Y € C, if X C Y then there is a unique
morphism Y — X € I{* (and X =Y €1). (I°P, e, 1) forms a monoidal category.
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Proposition 6.4.1. For a coeffect algebra (C,e,1,11,1) where I is the category of the partial
order (C,C), then (I°P e, I) forms a monoidal category with bifunctor e : I°P x I°P — I°P.

Proof. (sketch) Given f: X —Y,g: A— B € 1" then feg: XeA — YeB € 13" and therefore
Y C X and BC A implies Y e BC X o A, i.e., @ is monotonic (equivalently, bifunctorial), the
proof of which is in Appendix C.4.1.1 (p. 204). The associativity and unital properties of the
monoidal category (Appendix B.1.2, p. 185) follow from the monoidality of (C,e,I).

O

The semantics maps type-and-coeffect judgments to morphisms of the indexed coKleisli category
Cp for D, which has objects Cpg = Co and morphisms Cp (A, B) = (Jpcy, C(DrA, B), where:

[T?REe:7]:DR[T] — [7] € Cy

The mapping [—] is defined in the usual way for free-variable typing contexts. For types, [—]

maps function types with latent coeffect requirements to hom-objects as follows:

[0 %% 7] = (Dr[o] = [7])

6.4.1. Derived semantics

A semantics for the coeffect calculus can be systematically constructed following the approach
of Chapter 2 which was used for the semantics of the contextual A-calculus in Chapter 3.

As shown in Section 3.3.1 for the contextual A-calculus, a coKleisli category requires a lax and
colax semi-monoidal functor withmy g : DAXDB — D(AxB) andng g : D(AxB) - DAxDB
to provide curry/uncurry operations. Analogous natural transformations for the indexed setting

are as follows, where LI, : Iy X Iy — Iy are object mappings:
miv% : DRA X DsB — D(RHS)(A X B)
n§7g : D(RUS)(A X B) — DrA x DgB

natural in R, S, A, B. Thus the mljz;q( operation combines an R-context and S-context into a
single (R M S)-context, and nf}:}qf divides an (R U S)-context into R and S contexts. From a
perspective of coeffects as shape annotations, mlj:i computes the intersection of the shapes and
nljii divides the shape into (possibly overlapping) subshapes. These lax and colax operations

provide the additional structure needed for the semantics.

Free-variable contexts. For every A, B € Cpg then (A x” B) € Cpy is the object A x B € Cy.
Given two f : DxA — B,g : DyA — C then a pairing can be defined using n}j:‘; to split
the context as show in (51) in Figure 6.10. Projections are provided by 7P (52) and 75 (53)
(Figure 6.10), which are restricted to products D;(A x B) due to the use of ¢;.

Function types. FExponents are necessarily indexed where, for all A, B € Cpg and all X € I,
then (A =% B) € Cpy is the object (DxA = B) € Cy.
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XY
(f, > —DXuyA——%DXuy(AXA)——)DxAXDyA—>BXC (51)
™ =DjAxB) L AxBH A (52)
™ =Dj(AxB) L AxB B (53)
C RS,
¢} = C(Drns(A x X), B) L), C(DpA x DsX, B) 222, C(DpA,DsX = B) (54)
(CnRS,
Ui = C(DRA,DsX = B) YA C(DRA x DgX, B) Loax?), C(Drus(A x X),B)  (55)

Figure 6.10. Additional operations for the semantics of the coeffect calculus

Currying, for abstraction. Currying between xP and =P can be defined using mlj’z, shown
in equation (54), i.e

B15(f : Drns(A x X) = B) = ¢ap(f om5) : DpA — (DsX = B)

Uncurrying, for application. Uncurrying can be defined using the ni’g operation, shown in
equation (55), i.e

U2 (g: DrRA — (DsX = B)) =dapgoniy : Drus(A x X) = B

Figure 6.11 shows the full semantics, using the above operations and the usual scheme for the
semantics of the simply-typed A-calculus described in Chapter 2. Included is the semantics of

[SUBJ, using the morphism mapping of D applied to the morphisms of I°P.

Remark 6.4.2. The coeffects for both [LET] and [APP| differ to those in the general coeffect
system of Figure 6.6 (Appendix B.4.2 (p. 192) shows diagrams for [APP] and [LET] to illustrate

the calculation of the coeffects). The differences are:

— [LET] - In the general coeffect system (Figure 6.6), the coeffect of [LET] is RU(Re.S), whilst
here in the semantics of Figure 6.11 the denotation expects a context indexed by coeffect

Re (IUS). The two coeffects are however equivalent by the distributivity of e over L

Re(ILUS) =(Rel)U(ReS) {eo/U distributivity}

. (56)
=RU(ReS) {(C,e,I) monoid}

Distributivity is part of the coeffect algebra definition and holds for all example calculi here.
— [APP] - In the general coeffect system, the coeffect of [APP] is R LI (S e T'), however here it is
(RUS)e(IUT). These two are equal if e interchanges with L, i.e.,

RU(SeT)= (Rel)U(SeT) {(C,e,I) monoid}

. (57)
= (RUS)e(IUT) ({interchange}

This axiom holds only for resources, but not for liveness or dataflow, e.g., for the dataflow
calculus: 3max (2 +4) = 6 # (3max2) + (Omax4) = 7. However, if Ll is idempotent then
the coeffect for [APP] in the semantics here is always greater than the coeffect of [APP] in the
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[T,x:0?(RNS)Fe:T]=k:Dprs(I'x o) = 7
[C?RFAz.e:o 2 7] = ®k:Dpl' = (Dgo = 7)
:¢(/<:om11j‘:’s) : DRI’ = (Dgo = 1)

g

[aBS]

[[F?Rl_eliJiT]]:kiliDRF—>(D50'$7') [T?7TFey: 7| =ke:DrI' = o

[apP]
[T?(RUS)e (IUT)F ereg: 7] = Wky oP (id°, k)P : Dipuysye(ruml = 7
=1k o nﬁ’f o((er x ko) o n{i? o DA)TR“S’IUT
v, €l
[vAR] where [I'| = n
[[P}—I'Z‘:T]]:WZDiD]P—}TZ‘
:7TZ'O€[:D[F—>TZ-
L] [I'?7SFei:o]l=f:DsI' w0 [[Lv:c?RbFey:7]=¢g:Dr(l'x0o)—7
LET

[C?Re(IUS)Fletv=e;ines]=goP (id°, )P : Dpesusyl — 7

=go((egx f)o n1{715“ ° DA)TR,(IuS)

[[?Ske:r]=f:DsT =7 [SCS]=:2:8 —SelP
[[I‘?S’I—e:T]]:fonglzDS/I’%T

[suB]

Figure 6.11. Derived categorical semantics for the coeffect calculus.

general coeffect system of Figure 6.6, i.e.:
RU(SeT)C (RUS)e(ILUT) (58)
which is proved as follows, where (58) implies (RU(SeT'))U((RUS)e(IUT)) = (RUS)e(IUT):
(RU(SeT))U((RUS)e(ILT))
= RU(SeT)U(ReI)LU(ReT)U(Sel)Ll(SeT) {e/ distributivity}
= (Rel)U(ReT)U(Sel)U(SeT) {idempotent U and e/I units}

= (RUS)e(IUT) {o /0 distributivity}
= RU(SeT)C (RUS)e(IUT) O

This holds for all of the example calculi here. Therefore, by the ordering of coeffects, the

semantics of [APP] here describes a more general requirement than that specified by the coeffect

system of the general coeffect calculus.

6.4.2. Refined semantics

The following refined semantics for application requires a context indexed by the coeffect for the

[APP] rule in the general coeffect calculus (Figure 6.6), defined:

[C?7RFe :o 7] =k :Dal' = (Dso=7) [[?TFes:0]=ky:Drl =0

[T?RU(SeT)tFejes: 7] =1k o (id x ]{:;S’T) o nﬁ’g'To DA : Dpyseryl = 7

[aPP]
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which is illustrated by the following diagram:

nR,SoT

idx (Dkood
Drusen) o= D ruser) (I x I') —— DI’ x DgerT 1dx (Dk20ds,7),

Dil x Dgo 2% Dr
(59)

This semantics therefore refines the incoming contextual requirements to a more specialised
(or more precise) coeffect. The refined semantics will be used from now on, unless otherwise
stated. Section 6.4.3.1 shows the conditions under which the derived and refined semantics for

application are equivalent.

6.4.3. Equational theory

Following the presentation in Chapter 2, and the comonadic semantics in Section 3.3.2, the
usual fn-equalities are considered here for the coeffect calculus (using the refined semantics for
application). This requires additional conditions on the indexed comonad and indexed (co)lax
monoidal functor (with mf}:g and nﬁ:%), analogous to those of co(lax) (semi)monoidal comonads

(Section 3.3.2, p. 68).

Definition 6.4.3. An indexed (co)lax semi-monoidal comonad comprises an indexed comonad D
with (co)lax semi-monoidal functor structure, i.e., operations mlj’z : DrAXDgsB — Drns(AxB)

and ni’g : Drus(A x B) — DrA x DgB (natural in R, S, A, B), where the counit and

comultiplication operations of the indexed comonad commute with mf}’g and nf}’g (to reduce

clutter, mﬁ:% and n}j:‘; are written mp g and ng g, i.e., the non-index objects are elided):

MXeR,YeS

DX.RA X DY.SB
6x,RX0y,s l

DxDRA X DstB

D(xer)n(ves)(A x B) === D(xny)e(rns)(4 x B)  (60)
l/sxmy,Rms

DxryDgns(A x B)

my )y Dmg,s

Dxry(DrA x DsB)

D;Ax DB L Dini(Ax B)  (61) D/Ax DB <L Drp(Ax B)  (62)
EIXEI\L H 6]><6]l/ H
Ax B - D;(A x B) Ax B p D;(A x B)
NReX,SeY
DrexA X Dsey B D(Rrex)u(sev)(A X B) === D(rus)je(xuy)(4 x B)  (63)
OR, X X(SS,Y\L l/&%us,xuy
DRDxA X DSDyB DRuS(DXA X DyB) DRuSDXuY(A X B)

nR,s Dnx y

These axioms are analogous to the laws of a monoidal comonad, but now involve indices. The
following additional coeffect axioms on LI, I, and e are required for these diagrams to commute

along the equality edges:

— 0p,s is lax monoidal (60) when e and M have an interchange law, i.e.: (X ¢ R)M (Y o 5) =
(XMY)e(RMS).
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— ¢ is lax monoidal (61) when I 11 = 1.
— 0,5 is colax monoidal (63) when e and L have an interchange law, i.e., (X e R)L (Y 0 5) =

(XUY)e(RUS).
— ¢ is colax monoidal (62) when I U I = I.

The following property is also used in this section for equational theories on the semantics:

Definition 6.4.4. An indexed (co)lax monoidal functor is idempontent if the following commute:

DRA 2 DRAX DRA DRAX DRA 2 DRA (64)
DA mi ni {oa
DR(AXA):DRHR(AXA) DRuR(AXA):DR(AXA)

Thus idempotency of a lax and colax monoidal functor implies the additional axioms of idem-
potency for M and U respectively. The example coeffect algebra all have these idempotency

properties.

Remark 6.4.5 (Correspondence between identities on I and proofs). There is a correspondence
between algebraic identities on coeffects and coherence conditions between morphisms in C. For
example, the right-unit monoid axiom X e I = X corresponds to right-unit indexed comonad
axiom Dxerodx s = idp,). This correspondence assists in proving equality of denotations,
e.g.,for [[?7RF ey : 7] < [T'?7SF eg: 7] aproof that R = S suggests the coherence conditions
to prove equality of the denotations. This is made even more useful by the distinct algebraic
operations on I used to calculate the coeffects of each indexed operation (indexed counit (1),
indexed comultiplication (e), indexed lax functor, (M), indexed colax functor (L)).

This correspondence is highlighted in this section for equational theories, where the semantic
conditions are correlated with syntactic conditions.

It seems a stronger result likely holds if f : DxA — B and g : Dy A — B both uniquely
factor through indexed operations which define X and Y, then a proof of X =Y maps directly
to the proof that f = g, modulo naturality properties and coherence conditions arising from

non-indexed structures on C (such as products). Proving this result is further work.

6.4.3.1. Equality of the derived and refined semantics of application

Remark 6.4.2 (p. 128) showed that the refined and derived semantics for [APP] have equivalent
coeffects if ® and LI have an interchange law. This law corresponds to axiom that dg g is colax
monoidal (equation 63, p. 130), which requires this interchange law for axiom to hold. Fol-
lowing the correspondence between proofs on coeffect term equalities and coherence conditions
on the semantics, the refined semantics for application is indeed equal to derived semantics for

application when 0p g is a colax monoidal. The proof is provided in Appendix C.4.3 (p. 212).

6.4.3.2. [n-equality
Let-binding and abstract-application equality. As per the description in Chapter 2, [=-let-
A] holds if ¥ o ® = id (that is, currying is the right-inverse of uncurrying). For the contextual
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A-calculus in Section 3.3.2, this elicited the property that m4 gony p = id. By analogy, a similar
axiom is expected to hold for the indexed setting: mf}’% ) nﬁ’% = id.

Two variants of [=-let-\] were suggested in Section 6.3.1.2 (p. 123):

1. General: TTRU(SeT)F (Av.ej)ea=let x =€y ines : 7.

Syntactically, this equation requires idempotence of LI, interchange between e and LI,
and for M = L. Proposition C.4.2 (p. 206) in the appendix shows the proof at the semantic
level, which correspondingly requires idempotence of ng g, colax monoidality of g g, and

mpg.s © ng s = id, inducing the condition that M = L.
2. Restricted: T?7RU (ReS)F (Av.ej)ea=letx =e;ines : 7.

Syntactically, this equation requires just idempotence of ', and distributivity of e
and U for let-binding. Proposition C.4.3 (p. 207) in the appendix shows the proof at
the semantic level, which requires idempotence of M but also idempotence of L such that

mﬁ:g o nfz:g = id (note the indices are the same here), such that:

R,R R,R

DrA x DB —22 Dprr(A x B) = Dp(A x B) = DrupA —225 DpA x DpB

Furthermore, colax monoidality of dg g is required, implying interchange of e and U is
needed. Syntactic equality of coeffects for [=-let-A] however requires only distributivity
of e over LI and idempotence of M. The semantic and syntactic requirements for restricted

[=-let-A] here do however correspond by the following result.

Proposition 6.4.6. Distributivity of e and Ll is equivalent to interchange between e and

U and idempotency of U:

Re(SUT) = (RUR)e(SUT) {U idempotence}
= (ReS)U(ReT)O {e/Ll interchange}

Therefore, a syntactic requirement for distributivity of e over U corresponds to semantic
requirements for a colax monoidal dr s in a restricted setting (e.g., where dx1y,RUR 1S

used) and idempotence of ng s (such that U is idempotent).

Since the proof of restricted [=-let-A] (p. 207) uses colax monoidality of 0p g in the
restricted case and idempotence of ng g, these requirements correspond to the syntactic

distributivity requirement.

p-equality. Given [=-let-A], [=-5] is provided given an inductive proof for [let-/] showing
that let is equivalent to substitution. Previously, Definition 6.3.3 (p. 124) showed the condi-
tions of a substituting coeffect algebra, which provides additional axioms such that [let-3] holds
syntactically (i.e., the coeffects of substitution are equivalent to those of let). These additional
axioms are that (1) I is either the least or greatest element of C, (2) monoidal (C,1,I), and (3)

interchange between e and IM.
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Appendix C.4.3 (p. 207) provides the semantic proof of [let-3], which requires the following

semantic conditions:

— corresponding to (1) when I is the least, D has a colax monoidal functor with counit
ny: DI — I (meaning I U R = R) and ng g is idempotent).

— corresponding to (1) when I is the greatest, ny ; is idempotent requiring I U I = I which
is implied by I being a limit (least or greatest).

— corresponding to (2), D is lax monoidal with unit my : I — DI meaning I 1 R = R.

— corresponding to (3), ¢ is lax (semi)monoidal.

— corresponding to distributivity of e over L,  is colax monoidal in a restricted case (of the

form dx1y,rur) and ng g is idempotent (see Proposition 6.4.6 above).

n-equality. Similarly to the contextual A-calculus in Chapter 3, [-=] requires a colax monoidal
comonad with the additional condition that, for the indexed (co)lax monoidal operations, nfz’% o

mﬁ’% = id, which therefore implies the requirement that LI = N, with the composition:

R,S R,S

DRA X DsB mA—73> DRITS(A X B) = DRuS(A X B) E’—'i) DRA X DSB

Proposition C.4.6 (p. 213) in the appendix shows the full proof for n-equality which elicits this
requirements. The proof also shows that n-equality requires 0 is colax (semi)monoidal in a
restricted case (for & RUS, I 7) and n 1,1 is idempotent, corresponding to the distributivity axiom

of coeffect algebra (see Proposition 6.4.6).

6.4.4. Example semantics

Example 6.4.7 (Liveness). The liveness coeffect calculus (Section 6.2.1, p. 116) has a categorical
semantics based on the indexed partiality comonad P : B°? — [C,C] (Example 5.4.2, p. 105)
with Pe=1and PTA=A, I =T and e = A.

Note that previously P had B as its domain but here it has B°P. The opposite category is
used such that the preorder, where F C T, is modelled by the unique morphism f: F — T € By
and thus f° : T - F € IB%cl’p such that Py : Pt — Pg is a natural transformation for the semantics
of [sUB] defined PyA = 1; the opposite transformation Pr = Pt is not definable.

The categorical semantics for liveness has the required additional indexed lax and colax

monoidal structure, with LU = Vv, and ' = A, defined:

mi%  PrA X PsB = Ppng(Ax B) nlP% : Prus(A x B) — PrA x PsB

my p(@.y) = (@.9) 0y p(@,y) = (2.9)
mé’%(m, 1)=1 né’%(w,y) = (z,1)
mé’%@(x,l)zl né’]?(x,y)—(l,x)
myp(z,1) =1 nypl=(1,1)

As described in Section 6.3.1, liveness has S-equivalence and the restricted [let-=-A] rule.

Example 6.4.8 (Dataflow). The dataflow calculus (Section 6.2.2, p. 117) has coeffect algebra

(N, 4,0, max, min) and categorical semantics provided by the indexed stream comonad Stream :
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N°P — [C, C], where StreamyA = AN+ The coeffect describes the number of elements in the
past required by a computation, where there is always a current element (provided by the +1
on the exponent).

The operations of the indexed stream comonad are defined (for all f : StreamrpA — B):

flmm Streampys A — Streampg B = \a. (f(ag,...,as),..., f(ar,...,ar+s))

gg : Streamg A — A = Aa.ag

The lax and colax indexed (semi)-monoidal operations are defined:

“1)4(,7; : Streamgmaxs(A X B) — Streamp A x StreamgB
ni’g = A((ao’ bO)’ s (aXmaxYa meaxY)>-(<a0, cee ,ax>, (bo, e ,by>)

mi’g : Streamp A x StreamgB — Streampmins(A X B)
mi:g = )\(<(10, o aaX>, <b05 ) bY>)'<(a05 bO)a EI) (aXminYa meinY)>

The semantics of prev is given by prev : Stream;A — A = Aa.a; and the additional rule:
[’ NFe:7|=¢g:DyI' = 7
[C?(N 4+ 1) Fpreve: 7] = prevo glN : Dyl — 7

As an example of the semantics in action, consider the term (Az.prev x)(prev y), which has type-

and-coeffect derivation:

[VAR]

Ly: 7?0k x:
[PREV] T o A e VR el A

[VAR]
[PREV]

YT, x: 7?1 preve . T T,y:770Fy:7
I‘,y:T?ll—)\x.prevx:TgT Ty:771Fprevy: 7

Fy:7?7(Imax(1+1))F (Az.preva)(prevy) : 7

[ABS]

[APP]

i.e., the coeffect of the term is 2. The denotation is as follows (of type Do(I" x 7) — 7):
W(¢(prev o (my 0 0)T0 omyy)) o (id x ((prev o (m 00))™10)111) 0 nyp 0 DA
= prevo (moegg)itoo my,1 o (id x ((prev o (m o g9))f0)11) o ni2 o DA

where the second equation applies the adjunction law to simplify.
The following illustrates this semantics by showing intermediate stream objects between
morphisms. An object StreamyA is written (ag,...,ay) with the following stream for the

denotation of the top-level context:

((ap,bo), (a1,b1), (az,b2)) : Dao(T" x )

For clarity, indexed coKleisli extensions fT5 are expanded to Drf o § Rr,s (where subscripts on

functors are elided for brevity), and D(g o f) is expanded to Dgo Df.
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{(ag,bo), (a1, b1), (az,b2)) :Do(I'x 7
— DA =(((ao, bo), (a0, b)), ((a1,b1), (a1, b1)), ((az, b2), (a2, b2))) : Da((I'x 7) x (I'x 7))
— N ={((ag,bo), (a1,b1)) x {(ag,by), (a1,b1), (az, b2)) :D1(T' x 7) x Do(T" x 1)
Svidx 11 ={(a0sbo), (a1, b)) x (a0, bo), (v, 1)), (a1, bu), (az, b2)) . Dy(T" x 7) x D1Ds (T x 7)
—id x Dé1o = ((ao, bo), (a1,b1)) X {({(a0,bo)), ((a1,b1))), (((a1,b1)), ((az,b2)))) : D1(I' x 7) x D1D1Do(I" X 7)
_s id x DDzg = (a0, bo), (a1, b1)) x ({(a0,bo), (ar,b1)), (a1, b1), (s, b)) . Dy(T" x 7) x DyDy(T x 7)
— id x DDy = ((ao, bo), (a1,b1)) x ((bo, b1), (b1, b2)) :Dy(I'x 7) x D1Dy7
— id x Dprev ={(ao,bo), (a1,b1)) x (b1, b2) :D1(T' x 1) x D17
— mi (((a0,bo),b1), ((a1,b1),b2)) :Di((T'x 1) x7)
— 010 ={(((a0,bo), b1)), (((a1,b1),b2))) : D1Do((I' x 7) x 7)
— Deo =(((ao, o), 1), ((a1,b1), b2)) Dy((I'x 7) x 7)
— D7T2 :<b17b2> DlT
— prev = bo i T

Thus, (Az.prev x)(prev y) computes the second to last value for y.

Example 6.4.9 (Resources). The resource coeffect calculus (Section 6.2.3, p. 118) has a de-
notational semantics provided an indexed product comonad similar to that of Example 5.4.8
(p. 5.4.8) in the previous chapter. The resource calculus has coeffect algebra (P(R),U, 0, U, U)
(where R is the set of pairs of resource identifiers (atoms) and their types) with indexed comonad
Res : P(R)°P — [C,C] defined Resx A = A x X. The indexed comonad operations are defined:

finm : Resp g A — Resg B = Aa, z).(f(a,z — (S — R)),z — (R — S))
g0 : Resy A — A= \a,0).a

where z : RU S and thus the R-only subset of = is © — (S — R) and the S-only subset of z is

x — (R —S) (where (—) is set difference). The monoidal operations are defined:
n’'% : Respus(A x B) — ResgpA x ResgB = A((a,b),2).((a,z — (S — R)), (b,z — (R — 9)))

mf}% ResgpA x Ress B — Respus(A x B) = A(a,x), (b,y)).((a,b), (z Uy))

This calculus has both 8- and n-equality, since (P(R), U, (), U, U) is a substituting coeffect algebra
where U =T1.

6.5. Haskell type constraints as coeffects

In Haskell, types have the general form C' = 7, comprising a type term 7 and constraint term C.
Such type constraints may include type class constraints (arising from the use of ad-hoc polymor-
phic expressions), implicit parameter constraints [LLMSO00], and equality constraints [STCS08].
Type constraints can be seen as a coeffect describing the contextual-requirements of an expres-
sion.! Therefore, ad-hoc polymorphic expressions can be seen as context-dependent computa-

tions, where the context provides the required definition of the expression at a particular type.

nterestingly, for Haskell types C' = 7, the terms to left of = are often called the context of the type [HHPJW96].
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This section goes towards unifying coeffects and type constraints, which is used in the next
chapter to encode a coeffect system based on sets using Haskell’s type class constraints. Haskell’s
implicit parameters feature is considered first, which provides a calculus that resembles the

resources language shown in Section 6.2.3.

6.5.1. Implicit parameters

The implicit parameters feature of Haskell, proposed by Lewis et al. [LLMSO00], can be used to
parameterise a computation without explicitly passing the parameters. This provides a solution
to the “configuration problem” of converting a constant to a parameter in an existing program,
which potentially requires large amounts of code rewriting to pass the parameter through the
computation to the relevant subcomputation(s).

As Lewis et al. point out (in their further work section), comonads provide the mathematical
structure of implicit parameters. They hypothesise that their translation is simply a rewriting
of implicit parameters to the terms of a “family of coKleisli categories”. This intuition is
mostly correct. However, rather than a comonad, an indexed comonad structure is required
to allow subcomputations with different implicit parameter requirements to be composed in a
single program. The indexed product comonad can be used to provide a calculus for implicit
parameters, where implicit parameter requirements are described by a coeffect system rather
than having a uniform requirement for a whole program provided by the product comonad.

Implicit parameters in Haskell are denoted by a preceding question mark, and their use is
tracked via special type constraints. For example, the following defines a function format with

an implicit parameter ?width (implicit parameters are always prefixed by a question mark).

format :: (Twidth :: Int) = String — String
format x = ...if (length x) > ?Twidth then ...

The implicit parameter can be provided by a let-binding of ?width, e.g.:
let Twidth = 80 in format :: String — String

Lewis et al. present a type system for implicit parameter constraints where a special syntax
replaces let-binding to provide a value to an implicit parameter. The type system extends
standard Haskell typing with a set C' of constraints for implicit parameters. Their approach can
be expressed as a coeffect system with coeffect algebra (P(vars x types),U, D, U,U), where vars
denotes a set of syntactic variable names (atoms) (prefixed by a question mark) and types denotes
the set of Haskell types (generated by Haskell’s type constructors, constants, and universally
quantified types). Thus the operations of the coeffect algebra are the same as that of the calculus
of rebindable resources in Section 6.2.3. The coeffect approach describes the implicit parameter
requirements of a function as latent coeffects, rather than constraints on the type in the approach
of Lewis et al..

Figure 6.12 shows the additional rules for introducing and discharging implicit parameter

requirements. Requirements are discharged using the set difference operator —.
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Figure 6.12. Additional coeffect rules for implicit parameters in Haskell

The [?LET-FUN] rule discharges requirements for an implicit parameter for a function. As an
example, the following uses [TLET-FUN| and the non-deterministic coeffects in the usual [ABS]
rule, where M = U here, to associate the coeffects of a function to the outer context, where the

requirement for the parameter 7z : 7 is then discharged by the binding of 7z:

[?VAR]

(ABs] Dow:io?{?2:7}Flx: 7

'?’Rie:7 F?{?l‘:T}l—)\’U.?wlo’gT
[?LET-FUN] (66)

F?Rl—let?x:ein)\v.?x:UgT

Note, [TLET-FUN] discharges requirements recursively in the return type of the function, written

as (1 —{?z: 7 }) in Figure 6.12, e.g., 70 F let 7z = e in (Av.(A\y.7x)) : 01 b, (o2 b, 7).

Figure 6.13 shows the type system for implicit parameters proposed by Lewis et al., which
has judgements of the form C';I' - e : 7 meaning an expression e has type 7 in context I' with
implicit parameter constraints C' (a set of variable-type pairs). The main difference between
this encoding and the coeffect encoding is that Lewis’ approach has a single set of constraints C,
with no latent constraints as in the coeffect calculus. This can be seen particularly in the (abs)
rule of Figure 6.13, where the constraints of a function are those of the function body. This
is analogous to how the [ABS] rule was used in the above example (equation (66)) associating
the implicit parameter constraints of a function body with the immediate coeffects of the A-
abstraction with the empty set for the latent coeffects.

Related to this behaviour, (pvar) in Figure 6.13 gives the type of a polymorphic variable p
which has a type class constraint D in its type in I'. When p is used, its type variables may be
instantiated with the assignment [& — 7], and any constraints D included in the type of p in T’
are exposed as constraints of the term. In the coeffect calculus, these would be latent coeffects
that would remain latent until the [APP] rule exposed them.

The (mvar) rule is similar to the [VAR] of the coeffect calculus, but instead of having an
empty constraint, it has some arbitrary set of constraints C. Thus, (mvar) encodes constraint
generalisation; (ivar) corresponds to the [?VAR] rule in Figure 6.12, but with implicit general-
isation of constraints ([?VAR] records just the constraint of the implicit parameter term). The
(with) rule is similar to [?LET], where, in the constraint of term e;, C'\?z removes any 7z con-
straints from C, such that C\7z,?z : 7 means that there is precisely one constraint for 7z of
type 7. This is then discharged by the with binding, which binds es to 7z in the scope of e;.

The two systems are equivalent in expressive power. Proving this formally is further work.
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Figure 6.13. Implicit parameter type system of Lewis et al. [LLMSO00].

Semantics of implicit parameters in Haskell. Implicit parameters in Haskell are translated
into core Haskell code (a variation of System F') using the dictionary passing technique (also
used for type class constraints [WB®89]). In this technique, an expression of type C' = 7 becomes
a function C' — 7, where a class is represented as a dictionary of expression/functions for the
class methods. Dictionary passing is captured by a kind of indexed product comonad, with
Do A = A X oy yaps(c) types(C, 7v), i.e., a computation with implicit parameter requirements C

is a pair of a value A and a dependent function mapping variables in C' to values of their type.

6.5.2. Type class constraints

The use of ad-hoc polymorphic (i.e., overloaded) expressions produces a contextual-requirement:
that the context has an instance of the expression for a particular type. As mentioned above,
Haskell desugars type class constraints into explicit dictionary parameters which provide the
instance of the overloaded terms. A type class thus defines the polymorphic type of a dictionary
of class methods, where a class instance provides a value of this dictionary type (possibly with
some type instantiation). Thus, any expression that uses a class method incurs type class
constraints which are desugared to dictionary parameters, whose types corresponds to the class
of the constraint.

For example, the Eq class desugars to the specification of its dictionary, where its class

methods are selectors on a dictionary, where data EqDict a = EqDict (a — a — Bool):

(=) :: EqDict a — a — a — Bool

(=) (EqDict eq) zy=eqx y

Thus, dictionaries are implicit parameters which can be captured by the indexed product
comonad, e.g., (=) :: Drgpict o @ = a — Bool.

In the same way as implicit parameter constraints, type class constraints are a coeffect system
with a set-based coeffect algebra (P(C),U, (), U,U) where C denotes the set of all possible type-

class constraints, generated by the grammar:
C:=(01(Cy....C) | KT |Tv:T

where () is the empty constraint (denotes true), (C1,...,Cy) is a conjunction of constraints,

K denotes class constants (e.g., Eq, Ord), and types are denoted 7, which may contain type
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Figure 6.14. Encoding of set-based coeffects for a first-order calculus as Haskell type-class

constraints

variables. Constraints in Haskell can include implicit parameter constraints (see the previous
section) and type equality constraints 71 ~ 75 (not discussed here).

Type class instances provide the definitions that satisfy the type class constraints (and there-
fore discharge type-class constraints). The rules for discharging constraints are not considered
here since they are complex, related to unification in the polymorphic A-calculus.

In the next chapter, type class constraints are used to encode a set-based coeffect system
in Haskell, for a first-order language without A-abstraction. In this encoding, the coeffect of
an expression I'? R - e : 7 is represented as a constraint I' - e : R = 7 using the scheme of
mappings shown in Figure 6.14 between coeffects and Haskell typing rules involving type class
constraints. The [¢] rule captures a constant for an application-specific operation which is given
the type-class constraint (coeffect) R.

The typing rules on the right are valid in Haskell, representing set-based coeffects. This
representation, or encoding, is useful since the idempotency, associativity, units, and symmetric
properties of a set-based coeffect algebra are provided for free by Haskell’s constraint checker,
e.g., (Eq a,0rd a) = (Ord a,Eq a) = (Eq a,(Eq a,Ord a)). A type-based encoding would

need to manually handle these properties, requiring considerable effort.

6.6. Conclusion

6.6.1. Related work

Several existing type systems can be described as coeffect systems. The implicit parameters of
Haskell for example was shown to have an equivalent coeffect system in Section 6.5.1, related
to the calculus of dynamically-bound resources in Section 6.2.3. The resources example was
also considered in the context of distributed environments. The literature includes various
approaches to distributed programming, often with inference rules tracking the location in which
a computation runs, or may run, e.g. [MCHO08, SC10, CLWY06].

Type systems which guarantee secure information flow (e.g. [SM03, VIS96]) may also be
viewed as coeffect systems, where coeffects specify the secrecy of the data being computed (or
input). Related to security applications, the calculus of capabilities by Crary et al. describes

contexts which carry capabilities that allow access to memory regions [CWM99]. Future work is



140 6. THE COEFFECT CALCULUS

to apply the general coeffect calculus described in this dissertation to these distributed, security,

and capability settings, to see if it provides sufficient generality capture these existing systems.

6.6.2. Further work

Structural coeffects. A limitation of the general coeffect system described in this chapter is
that it approximates coeffects over the whole context of free variables. This over-approximation
is significant for some of the coeffect systems described. For example, the liveness analysis tracks
whether any variable is live, rather than specific variables.

Further work is to extend the system to track coeffects per variable with structural coeffects.
One approach could be to replace the M and U operations for splitting and joining coeffects with

an injective operation x. The rules for abstraction and application then become:

IFv:ic?RxSke:T I’?Sl—elzalm' I"?RlFey:o

[ABS] [APP] [VAR]

T7RF- \ve:o 2+ T'?Sx(TeR)Fejes: T z:71? Iz T

This system would then require explicit structural rules that manipulate the coeffects accordingly

to the changes in the free-variable context, for example:

I'?’REe:r o] I'?RxSke:r
EXCH
Dx:o?RxIke:T I"T?SxRkFe:T

A generalisation of the coeffect calculus described in this dissertation may capture both the

[WEAKEN]

original formulation and this structural system, providing a system that can be specialised to

this more precise system or the original approximate system.

Optimisations. Coeffects can provide an optimisation via two-calling conventions for contex-
tual computations: call-by-intension and call-by-extension. For computations which have I as a
coeffect, it is likely that their denotation factors through the counit operation of the underlying
indexed comonad, i.e., given [['?71Fe: 7] : D;I' — 7 then there exists an f : I' — 7 such
that f = f/ oey. In this case an optimisation can be provided by rewriting the denotation of
a computation to use the call-by-extension convention, where an extensional value of type I is
passed to the denotation of e (provided instead by f’), using the composition of the underlying
category rather than the indexed coKleisli composition. This convention is contrasted with the
usual semantics which is call-by-intension. Further work is to explore under what conditions
any morphism D;I" — 7 can be shown to factor through ¢;.

This optimisation is in some sense dual to the strictness optimisation for effects [Myc80],
where a parameter is passed as call-by-value rather than call-by-need for parameters that are
definitely evaluated (strict). Further work is to further develop this optimisation and call-by-

intension /extension.



6.6.3. Conclusion

This chapter introduced the general notion of a coeffect calculus for contextual computations,
which comes with a coeffect system describing a static analysis which reconstructs the contex-
tual properties of a program. A categorical semantics was provided by indexed comonads, with
additional indexed monoidal structure. The propagation of coeffect information in a coeffect
system corresponds exactly to the semantics propagation of context in the categorical seman-
tics, as witnessed by the indices of the indexed comonad structure which provides the coeffect
information. Promising further work is to generalise the coeffect calculus further to encapsulate
other existing systems and to include structural notions of coeffects.

The simple dataflow calculus of Section 6.2.2 (p. 117) described the number of elements
accessed into the past using prev via its coeffect system. Equivalently, the coeffect describes the
data access pattern of an expression on a stream (following from its semantics using streams
to model the context). This coeffect may be generalised to any (indexed) comonad that has a
finite set of data accessors. For example, a coeffect system might analyse data access patterns
on arrays in an array-programming language with the goal of statically excluding out-of-bounds
access. Thus, relative data access is a contextual property (coeffect) of local array operations
(also known as stencils). The data-access pattern of a stencil may be tracked by a set of the
relative indices accessed from the arrays in the context:

?Frte:Arrayr T?0Fd:2Z"
F?FuU{i}Fel:r

for the access of a relative index n, which has no coeffects itself, from e. A local-mean operation

on a one-dimensional array therefore has coeffect/type judgement:
z:R?7{-1,0,1} F (z[-1] + z[1] + z[0]) /3.0 : R

The semantics of this stencil language might be provided by the pointed array comonad (Chap-
ter 3), where the coeffects of a stencil give a requirement on the amount of boundary elements
that are required for the array such that the relative access is also defined (i.e. does not cause
an out-of-bounds error). Thus, the local mean operations requires a one-dimensional array x
with one element of exterior elements defined in each direction.

This kind of data access analysis forms the basis of the next chapter, which describes a
contextual language for programming with containers. An indexed array comonad is used,
where the coeffects/indices describe the contextual requirement of a stencil’s data access pattern.
A coeffect analysis on data access patterns provides static safety invariants. This contextual
language is embedded in Haskell and using the above approach of Section 6.5.2 for encoding

coeffects using Haskell’s type class constraints, coupled with a notation akin to codo.
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CHAPTER 7

A CONTEXTUAL LANGUAGE FOR CON-
TAINERS

This chapter unites the work of the previous chapters into a single programming language,
called Ypnos, for programming with containers which permits efficient and parallel executions.
Ypnos uses the notation of Chapter 4, extending this with a novel, specialised pattern matching
notation. Ypnos is parameterised in its back-end by different containers that are (relative)
indezed comonads (from Chapter 5). Furthermore, Ypnos has an associated coeffect system,
following the work of Chapter 6.

This chapter is based on the papers Ypnos: declarative, parallel structure grid program-
ming [OBM10], in collaboration with Max Bolingbroke and Alan Mycroft, and Efficient and
Correct Stencil Computation via Pattern Matching and Static Typing with Alan Mycroft [OM11]

Introduction. One of the motivating examples of contextual computations in the introductory
chapter was of data transformations described by local operations on a structure. This pattern
is pervasive and also highly data-parallel, known as the structured grid (for arrays) and unstruc-
tured grid (for graphs) computational patterns [ABCT06, ABD'08|. For arrays, the local
operations of these comonads are also commonly known as stencil computations.

Given the current trends towards parallel hardware, in response to diminishing returns from
traditional architectures, language support for parallelism is crucial to making effective use
of hardware. The design ethos behind Ypnos is provided by the rubric of the four Rs (see
Chapter 1): to improve the readability and writability of programs, to improve their efficiency
of their execution and facilitate parallel executions, and to provide strong program invariants
to aid reasoning. To achieve these goals, Ypnos is designed as a domain specific language, that
is embedded, or internal, to Haskell. In the restricted setting of a domain-specific language,
the four Rs are more easily achieved without significant trade-offs, simultaneously providing
problem specific expressivity (improving programmer productivity), stronger reasoning, and
more appropriate optimisations than general-purpose languages [Ste09, Orc11].

As an embedded language, Ypnos provides a mix between contextual categorical program-
ming, and programming in a contextual language. Ypnos is parameterised by a relative indexed
comonad (Section 5.5.2) but currently provides the greatest support for programming with arrays
(which are called grids to avoid the implementational connotations of arrays) with specialised

syntactic extensions.

Chapter structure. Section 7.1 introduces the Ypnos language, including its coeffect system.
Example 7.1.1 (p. 150) summarises the language features. Section 7.2 describes the underlying
mathematical structure of Ypnos and its implementation. Section 7.3 giving some performance

measures for a prototype of Ypnos.

143
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Most of this chapter focuses on the array support in Ypnos. Section 7.4 discusses other
containers and describes container comonads in terms of their navigation operations, defining

adjacent contexts to the current. Section 7.5 concludes with related and further work.

7.1. Introducing Ypnos

Ypnos comprises a number of built-in data types, library functions, and syntactic extensions.
The syntax of Ypnos is mostly that of Haskell, with extensions including a form of the codo-
notation of Section 4.1, a specialised pattern matching syntax, called grid patterns, and a syntax
for defining the boundary behaviour of a grid (defining values outside a grid’s domain of indices).

Ypnos-specific syntax is written inside of quasiquoting brackets [Mai07] and expanded by

macro functions, of the form:

[dimensions | ...ypnos code... |]
[stencil | ...ypnos code... |]

[boundary | ...ypnos code... |]

The macros essentially give an executable semantics to the specialised syntax of Ypnos.

7.1.1. Grids and dimensions

Grids in Ypnos abstract over multi-dimensional arrays, where the Grid data type has three
parameters: Grid d b a, where d describes the dimensionality of the grid, b records information
about the boundary of a grid, and a is the element type.

Type-level dimension information comprises tensor products of dimension names, where the
names of dimensions used in a program must be first declared. For example, the following

declares dimensions named X and Y:
[dimensions | X, YV |]

At the type-level dimension names appear as parameters to the Dim constructor. The operator
= takes the tensor product of dimensions. For example, the type of two-dimensional grids with
dimensions X and Y is Grid (Dim X :x Dim Y').

The grid and listGrid operations construct grids from a list of index-value pairs and a list of
values respectively. Each takes five parameters: a dimension term, the least index of the grid
(lower extent), the greatest index of the grid (upper extent), the list of the grid’s data, and

structure which describes the boundary behaviour of the grid (explained shortly).

7.1.2. Stencils

The stencil macro is a variation of the codo-notation of Chapter 4, where the codo keyword
is elided. This stencil notation requires that the container data type to which it is applied is a
relative comonad. Indeed, the Grid data type has a relative comonad structure.

The stencil notation therefore assists in constructing stencil computations from a number of

other local operations on containers, e.g.



7.1. INTRODUCING YPNOS 145

gaussDiff2D = [stencil | x = y + gauss2D x
z < gauss2D y

(current y) — (current 2) |]

Stencil functions can be applied using the extension of the comonad, which in Ypnos is called
apply. In the usual way, apply applies a stencil function at each position in the parameter grid
by instantiating the internal cursor of the grid to each index, writing the results into a new grid.

The stencil notation however differs from the codo-notation in that it also provides a special

pattern matching syntax called grid patterns.

7.1.3. Grid patterns and coeffects

Ypnos has a coeffect system tracking the data access pattern of local operations, which is used
to enforce safety guarantees and inform optimisations. As suggested informally in Section 6.6.3
(p. 141), data access on an n-dimensional array can be tracked as a coeffect, with the following

rule for indexing:
'?FrFe:Arrayr T?20Fi:7Z"

F?FuU{i}Fel:r
Arrays may be indexed by general expressions, thus a more appropriate rule might be:
I'?Fre:Arrayr T?20Fe:Z" € ~i
F?FU{i}Fele]:7

where € ~~ ¢ means that ¢’ is statically reducible to a ground term 7. This implies that the
coeffect is in general undecidable. Rather than providing an approximate analysis, that in some
cases may fail, Ypnos replaces general indexing with a form of relative indexing for which the
coeffect analysis is decidable. Relative indexing is provided via a novel pattern matching syntax
called grid patterns which binds values of a grid relative to the cursor.

The following is an example of one-dimensional grid pattern for a grid of dimension X:
X:|l Qcr|

which is equivalent to general indexing | = A[i — 1], ¢ = A[i], and r = A[i+ 1] for an array A and
cursor 7. The @ symbol marks the pattern for the cursor element. The relative lexical position
of the remaining patterns to the cursor pattern determines the element in the grid, relative to
the cursor, to which each pattern should be matched against.

The subpatterns of a grid pattern are restricted to either variable patterns, wildcard patterns,
or further grid patterns. Therefore, values cannot be matched against. Grid patterns can
be nested to provide n-dimensional grid patterns. For example, a pattern match on a two-

dimensional grid, of dimensionality Dim X :* Dim Y, may be written:

Y:| X:|nw Qn ne|
QX: |w Qc e |
X:|sw Qs se ||
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The dimension identifiers therefore disambiguate the dimension being matched upon by the
pattern, where the outer pattern matches in the Y dimension and inner patterns in the X
dimension. The application of a one-dimensional grid pattern to an n-dimensional (where n > 1)
grid therefore creates array slices in the remaining dimensions. Note that every grid pattern
must contain exactly one subpattern prefixed by @, where a nested grid pattern must have its
own cursor marker Q.

For syntactic convenience, Ypnos provides a two-dimensional grid pattern syntax which is
easier to read and write than nested patterns. The above pattern can be written as the following

two-dimensional grid pattern:

X=*Y:|nw n ne
|w Q¢ e |

|sw s se|

Grid patterns can be used in the stencil notation wherever a pattern may appear, which have
only a single case (i.e., the pattern is irrefutable). For example, the two-dimensional Gaussian

operator can be defined:

gauss2D = [stencil | X =« Y : |_ n _|
| w Qc e |

|- s | =nh+w+et+s+2xc)/6.0]]

There is no other indexing mechanism for grids therefore grid patterns restrict the programmer
to relative indexing, expressed as a static construction that requires no evaluation or reduction.
Furthermore, grid patterns cannot contain value patterns, therefore, well-typed grid patterns
cannot fail to match and are thus total. Grid patterns therefore provide an indexing scheme with
a decidable coeffect analysis of the access pattern, providing decidable compile-time information,

without the need for an approximate analysis.

Coeffects. The stencil notation in Ypnos has a coeffect analysis that tracks the data access
pattern of the stencil. Chapter 6 described the general coeffect system parameterised by a
coeffect algebra (C,e,I,1J,M). Since the stencil notation (codo-notation) provides only let-
binding and not A-abstraction, the M operation of a coeffect algebra is not required (since it
is used exclusively for calculating the coeffects of A-abstraction). Instead only a subset of the
regular coeffect algebra structure is needed, with (C,e,I,11). This can be described as a first-
order coeffect algebra since the operation for handling the coeffects of abstraction is removed.
Coeffects in Ypnos are sets of relative indices, with the coeffect algebra (P((Z™), U, 0, U) for data
access on an n-dimensional array.

Figure 7.1 shows the coeffects for the stencil notation; [STENCIL-BIND| augments the usual
typing rule for binding in the codo-notation with coeffects and is akin to the [LET] rule for
set-based coeffects (e.g., coeffects of resources in Section 6.2.3, p. 118) with standard pattern
matches (not grid patterns). The [STENCIL-GRIDP] rule describes the coeffects of a grid pattern,

where the lexical position of a variable pattern relative to the cursor pattern determines the



7.1. INTRODUCING YPNOS 147

A?RbE.e:m T;AA'?S Hor:r' dom(A') = FV(p)
A?TRUS Fepe;r: 7/
R = {ilvars(gp;)} T;A?S:0t.e:7  dom(A)= FV(gp)
I' - [stencil | d:\gp\:e\]:GriddbaMT
A?S:0 . e:m dom(A) = FV(p)

I [stencil |d:p=e|]:Gridd bo 5 7

[STENCIL-BIND]

[STENCIL-GRIDP]

[STENCIL]

Figure 7.1. Coeffects for Ypnos stencil notation

coeffect, e.g., for one-dimensional patterns: |p_,, ... @py...p,| the coeffect includes the relative
index 7 if p; is a variable pattern (the subscripts are the lexical position of the variable relative
to the cursor pattern). The [STENCIL-GRIDP] rule thus computes the set R of the relative indices
for the patterns within a grid pattern that are variable patterns (tested by the vars predicate).
[STENCIL] types stencils that do not have a grid pattern on their parameter.

For example, the grid pattern for the gauss2D stencil function has the following coeffects:

Iin:oe:ow:0,8:0 . ...:T

- n _
w Q¢ e
_ 5 _

= ...|]: Grid (Dim X :# Dim Y) b o {CL0D.MOOD},

[stencil | X :x YV :

The overall coeffect of a term in the stencil notation becomes a latent coeffect of the defined
function (see [STENCIL-GRIDP| and [STENCIL]). This latent coeffect describes the (relative) data
access of the stencil and is used to enforce a safety property: that the parameter grid to the
stencil has adequate boundary values such that the stencil can be applied at all indices. Boundary
values are required for those indices that are outside the domain of the array; e.g., for gauss2D,
at the cursor (0,0), the indices (—1,0) and (0, —1) are accessed, which if unchecked would cause
an out-of-bounds error.

Section 7.2 describes how this latent coeffect is encoded using Haskell type-class constraints.

7.1.4. Boundaries

Section 3.1.1 (p. 50) defined the gauss2D and laplace2D local operations for the pointed ar-
ray comonad using an indexing operation (?) which included boundary checking and default
boundary values for indices outside the extent of the array.

Bounds-checking each array access is however inefficient, especially since the majority of
accesses are to indices inside a grid’s extent. A common solution is to expand the size of an
array to include boundary values as array elements, called exterior elements. A traversal of the
array is then made over the interior elements, that is, the non-boundary data for the array. This
associates the boundary behaviour of a stencil operations to the array data structure.

Ypnos follows this approach, where grids are constructed with both exterior and interior

elements. To apply a stencil function to a grid, the grid must have sufficient exterior elements
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-1 7 +1
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Figure 7.2. Boundary region descriptors for two-dimensional grids with one-element exterior.

such that the stencil function does not access elements outside the grid’s domain. Any program
without appropriate boundaries for a stencil is rejected at compile-time.

Ypnos provides additional syntax for defining the boundary behaviour, via the boundary
quasiquoted macro. The syntax defines a boundary structure which is used as a parameter to a
grid constructor. Boundary terms specify the boundary behaviour in terms of boundary regions
outside of a grid’s domain. Figure 7.2 illustrates the boundary regions to a depth of one element
in each direction of a two-dimensional array.

Boundary terms have the following syntax (where n are integers greater than one, e are

Haskell expressions, and v are variables):
E :=D:B
B = from R to Ry - e | R —¢e| Rv — e
R =P | (PP)| (PPP)| (PPPP)|
P:=-n|+n | v

Thus, a boundary definition comprises a dimension term D and a number of B terms specifying
the value for a range of boundary regions, or the value of a specific boundary region, where
R are region descriptors. The three forms of region definitions are called the range form, the
specific form, and the parameterised specific form. The terminal +n denotes a boundary region
n elements after the upper extent of a grid in some dimension; —n denotes a boundary region
n elements before the lower extent of a grid in some dimension; v denotes any index inside the
extent of a grid in some dimension where the value of the index is bound to v (see Figure 7.2).

There are various types of boundary condition that are well-known in the field of numerical
analysis, used for different purposes; three common boundary conditions and their programming

in Ypnos are described here, demonstrating the boundary syntax.

Dirichlet boundary condition. Dirichlet conditions provide constant values outside the bounds
of a problem. The range form and specific form of Ypnos’ boundary syntax provides Dirichlet

boundaries with constant values. For example, a Dirichlet boundary of value 0.0 is defined:
[boundary | X :x Y :from (—1,—1) to (+1,+1) — 0.0 |]

The from ... to... syntax is itself syntactic sugar for a more verbose description specifying sub-

regions of the exterior elements. The above is short-hand for the following cases:
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[boundary | X = Y :(—1,—1) — 0.0

(i,—1) — 0.0

(+1,-1) = 0.0

(-1,7) —0.0

(+1,7) —0.0

(=1,+1) = 0.0

(i,41) — 0.0

(+1,+1) = 0.0 ]

One disadvantage of the Dirichlet condition is that it introduces spurious data, called artefacts,
where the constant boundary values leak into an image, as illustrated in Figure 7.3. For some
programs this behaviour is useful, for example, in fluid dynamics a Dirichlet boundary might

indicate an incoming flow source.

Neumann boundary condition. Neumann boundaries specify a constant gradient (derivative)
across a boundary. For example, a constant derivative of 0 across a boundary is provided by
mirroring the data inside the array to the boundary values. Figure 7.4 illustrates the effect of
the Neumann boundary. In comparison with Figure 7.3 artefacts are much less pronounced.
For image processing, Neumann boundaries are useful if speed is required and low-gain errors
are acceptable. For fluid dynamics, Neumann boundaries can model reflective or absorptive
surfaces (depending on the derivative constant).

The parameterised specific form of the boundary syntax is parameterised by a parameter
grid (which does not have any exterior regions) allowing an arbitrary term on the right-hand side
involving a grid, where a general indexing operator (!!!) is allowed (this is the only place where
() can be used; it is a function belonging only to the boundary syntax). Thus, a Neumann
boundary can be defined in the following way, where this example defines a Neumann boundary
for the lower edge of the X dimension:

of
oz,y

(a)i=0 (b)i=1 (€)i=2 ) i=3 (e)i=4

Figure 7.3. Bottom-right 10x10 sample for five iterations of the two-dimensional Gaussian

[boundary | X = Y :(=1,7) g = g (0,5)|] --i.e

(07]) =0.

on the Lab image, with Dirichlet boundaries (f(n, m) = 0, where (n,m) is a two-dimensional

index in the image exterior). Artefacts caused by the default edge values can be clearly seen.
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(a)i=0 (b)i=1 (¢)i=2 (d)i=3 (e)i=4

Figure 7.4. Bottom-right 10x10 sample for five iterations of the gauss2D function for the

CArray comonad on the Lab image, with Neumann boundaries %(n,m) = 0. Artefacts are

significantly diminished compared with Figure 7.3.

Periodic boundary condition. Periodic boundary conditions map out-of-bounds indices to the
opposite side of an array providing a wrapping behaviour. Periodic boundaries are useful for
modelling connected surfaces of three-dimensional objects, e.g., toroids.

A periodic boundary can be defined in the following way, where this example shows a periodic
boundary in the X dimension, wrapping in both directions (where extent returns the bounds of

a grid in a particular dimension, in this case X):

[boundary | X = Y :(—=1,7) g = g !l ((eatent X g) —1,7)
(+1,5) g = g " (0,5)

Other boundary conditions. The boundary conditions described above are common, although
there are other possible boundary conditions not mentioned here. A program may combine
multiple boundary conditions, with different sides of the array having different conditions by

using the various types of region descriptor discussed here.

Example 7.1.1. The following example combines some of the examples from above in a single

Ypnos program computing the difference of Gaussians operation on a grid:

[dimensions | X, Y |]
gauss2D = [stencil | X =« Y : | _ ¢ _|
|l Qcr|
|- b | =({+1l+r+b+2%xc)/6.0]]
gaussDiff2D = [stencil | g = = < gauss2D g
y < gauss2D x
(current ) — (current y) |]
dirichlet! = [boundary | X * Y :from (—1,—1) to (+1,+1) — 0.0 |]
g = listGrid (Dim X :x Dim Y") (0,0) (w, h) imgData dirichlet1
g’ = apply g gaussDiff2D
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Here imgData, w, h are free variables defined elsewhere, providing an image as a list of double-

precision floating-point values, and the horizontal and vertical size of the image respectively.

7.1.5. Safety invariants

The coeffect information from grid patterns, describing the relative data access pattern of a
stencil, is used to guarantee a safety invariant of stencil computations: that a stencil computation
never causes an out-of-bounds error, or equivalently, every grid has sufficient exterior elements
defined such that relative indexing is always defined.

This invariant is not only useful for verification, but also implies an optimisation: at runtime,
no bounds checking on array indexring is required. The safety invariant and optimisation are

guaranteed by encoding coeffects in Haskell’s type system, described in Section 7.2 (p. 153).

7.1.6. Reductions

A common operation on containers is to perform a reduction of a container to a single value, such
as computing the mean or maximum value. Ypnos provides two reduction primitives, reduceS-
imple and reduce. where reduceSimple takes a container of element type 7 and an associative
binary operator 7 — 7 — T.

Some reductions generate values of type different to the element type of the container being
reduced. A Reducer structure packs together a number of functions for parallel reduction. The

mkReducer constructor builds a Reducer, taking four parameters:

— A function reducing an element and partially-reduced value to a partially-reduced value:
(a—b—0)

— A function combining two partially-reduced values: (b — b — b)

— An initial partial result: b

— A final conversion function from a partial-result to the final value: (b — c).

Figure 7.5(b) shows the types of these operations.

7.1.7. Iterative stencil application

A common program structure applies a stencil function repeatedly until a convergence condition
is reached. This idiom is captured by the iterate function, which takes a stencil function, a
Reducer of boolean result for the convergence condition, and a parameter grid. Figure 7.5(c)
shows the type of iterate. The parameter grid and return grid must have the same element type
for iterative stencil function application, as the result of one application is passed to the next.
In a functional setting, these operations are expensive since they involve repeated allocations
of new arrays. An optimised implementation of iterate can be provided by using a double buffering
technique where two mutable arrays are allocated, and an iteration reads from one and writes
to the other. The roles of the arrays are then swapped for the next iteration (illustrated in

Figure 6(a)). By the comonadic structure of stencil computations, writes never overlap/interfere
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apply :: (Container ¢, Inv ¢ a,Inv ¢ b, InvF cab) = (ca—b) —ca—cb
current :: (Container ¢, Inv ¢ a) = c a — a

(a) Core (relative) comonadic operations

reduceSimple :: (Container ¢, Inv ¢ a) = (a - a — a) > ca

mkReducer :Vb.(a—b—b) = (b—>b—b) > b— (b— c)— Reducer a c

reduce :: (Container ¢, Inv ¢ a) = Reducer a b — cab—b

iterate :: (Container ¢, Inv ¢ a, InvF ¢ a a) = (¢ a — a) — Reducer a Bool — ¢ a — c a

(b) Reductions, and reduction-related, operations

iterateT :: (Container (Grid d b), Inv (Grid d b) a, InvF (Grid d b) a a)

= Grid (Dim T :x d) b @ — a) — Reducer a Bool — Gridd b a — Grid d b a
apply-  :: (Inv (Grid d b) z, Inv (Grid d b) y, Dimension d) =

= (Gridd bz — y) = Grid d b x — Grid d (Nil, Static) y

(c) Grid-specific operations

Figure 7.5. Types of Ypnos core operations

since a stencil function computes the value of a single element at a time and comonadic extensions
applies the stencil function to every context exactly once.

The iterateT operation for grids extends the (internally) destructive behaviour of iterate to
computations involving further past versions of a grid, without the programmer having to alias
grids between calls to apply. The iterateT primitive embeds a grid into a reserved temporal
dimension 1" over which grid patterns are reused to define the exact number of previous grid
versions required in a computation. Given this information, iterateT keeps in memory enough
copies of the grid to satisfy this historic grid pattern. When previous grid allocations can no
longer be accessed by the stencil function, iterateT safely reuses these allocations cyclically. For

example, the following temporal stencil matches the two preceding iterations!:

T:| 4" ¢ @_ |

Subsequently, iterateT allocates three mutable grids which are cyclically written to in-place
(illustrated in Figure 6(b)). The static guarantees of grid patterns obviates the need for an alias
analysis on iterateT (or system such as linear types [Wad90Db|) to ensure that intermediate grids
are not aliased and then used later after being destructively updated or deallocated; grid patterns
provide decidable, compile-time information of the exact number of required grid allocations.
Neither iterate nor iterateT extend the expressive power of Ypnos, they are merely optimised
forms of operations which could be derived using apply and reductions. The use of either
operation communicates to the compiler that the programmer wishes to use the optimisation of

mutable state.

!The cursor matches the current iteration’s grid and must be a wildcard pattern, as iterateT marks the current
grid version as undefined.
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Y Y
—t —t
X T X S
~_|| - ~ | I
T
(a) iterate (b) iterateT [stencil| T: | ¢ ¢ @_ |...|]

Figure 7.6. Allocation reuse patterns for iterate (double buffering) and iterateT with a tem-

poral stencil two iterations into the past (triple buffering).

7.2. Implementation and mathematical structure

This section briefly details the mathematical structures behind Ypnos and its implementation
in Haskell. The implementation and the type-level encodings of data access patterns and safety
predicates is described in more detail in [OM11]. Type-level integers and lists are used in
the implementation, which are encoded using GADTSs in Haskell (described in Appendix E.1.1
(p. 221) and E.1.2 (p. 221)), with inductive definitions, e.g., S Z :: Nat (S Z) gives a type-level
representation of the natural number 1 as a singleton type. For brevity, standard notation for

lists and integers (e.g. [1,2,3]) will be used here, instead of inductive GADT-based encodings.

7.2.1. Grids and stencil application

The Grid data type in Ypnos comprises an unboxed array UArray, as well as additional structure
describing its dimensionality, size, and boundaries. The Grid type constructor has three type
parameters: Grid d b a, where d is a dimensionality type, b gives a type-level description of the

grid’s boundaries, and «a is the element type of the grid. The data type is defined:

data Grid d b a where

Grid :: (UArray (Index d) a) -- Array of unboxed values
— Dimensionality d -- Dimensionality term
— Index d -- Cursor (”current index”)
— (Indez d, Index d) -- Lower and upper bounds of extent
— Boundary izs d a -- Boundary information

— Grid d izs a

The unboxed array (UArray) contains the values for both the interior and exterior elements of
the array. Index is a type-level function that maps dimensionality to an Int-tuple type. The
Boundary structure (described in the next section) encodes the boundary behaviour of the grid
and is generated from a boundary macro. The type parameter izs, which parameterises the
resulting Grid type, encodes a type-level list of the boundary information.

Rather than using the Grid data constructor directly, the following constructor function can

be used to construct a grid from a list of index-values pairs:
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grid :: (IArray UArray a, Dimension d) =

Dimensionality d -- Dimensionality term

— Index d -- Upper-bound index

— Index d -- Lower-bound index

— [(Indez d, a)] -- Data (index-value pairs)
— Boundary izs d a -- Boundary

— Grid d izs a

The listGrid constructor used in the previous section has the same type, modulo the data, which

has type [a] rather than a list of index-value pairs for grid.

Stencil application. Grid patterns are desugared via the stencil macro into relative indexing

operations on a grid, with type approximately of the form:
index :: Safe i b =1 — Gridd ba — a

where index takes a relative index of type ¢ and a grid of element type a, returning a single
value of type a. The Safe i b constraint enforces safety by requiring that there are sufficient
boundary regions described by b such that a relative index ¢ accessed from anywhere within the
grid’s extent has a defined value.

Stencils can be applied to grids using the apply operation, of type:
apply :: (Gridd b a — a) - Gridd b a — Gridd b a

This type resembles that of extension for a comonad (see below), but restricts stencils to those
that preserve the element type of the array. This restriction is required since the internal array
of a grid contains both interior and exterior elements (in the boundary), of type a. A stencil
operation is applied only over the interior elements by apply, where the exterior elements provide
the boundary values for the operation. Thus, the stencil must preserve the element type of the
grid (Grid d b a — a) to maintain type safety, otherwise the resulting grid would have exterior
and interior elements of different types within the same array.

An additional extension-like operation is provided which computes a grid with a different

element type than its parameter grid by discarding the boundary for the grid:
apply-:: (IArray UArray y) = (Grid d bz — y) — Gridd bz — Grid d [] y

The return grid has an empty list for its boundary-information annotation.

7.2.2. Boundaries

Ypnos boundary definitions are desugared by the boundary macro into a data structure
Boundary which encapsulates functions for computing a grid’s boundary. The Boundary type
constructor is parameterised by various type-level information, including a type-level encoding
of the descriptors for the boundary regions defined. This type-level boundary information is

propagated to a grid’s type (the b type parameter in the Grid type) when a grid is constructed.
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The Safe constraint in the type of relative indexing operations uses this boundary information
to ensure a grid has adequate boundaries for the relative index to be safe when accessed from
anywhere within the grid’s interior.

A grid whose boundary is defined without any parameterised regions has its exterior elements
computed just once, as its values do not depend on a grid’s inner values. This is called a static
boundary. A grid whose boundary is defined with parameterised regions must have its exterior
elements recomputed after application of a stencil to a grid; this is a dynamic boundary.

The Boundary type has three type parameters: Boundary irs d a where izs is a type-
level list of the boundary region descriptors (each with a constructor describing whether the
boundary is dynamic D or static S), d is the dimensionality of the boundary definition, and a
is the element type.

Rather than describing the full desugaring here, a few example boundary types are given
to illustrate the type-level information parameterising Boundary (a thorough account of the

desugaring and type-level computations is described in [OM11]).

X: —-1—=0.0
+1 — 0.0

]] it Boundary [S (—1),S (+1)] (Dim X)) Double

[X =+ Y :from (—1,-1) to (+1,+1) — 0.0]
it Boundary [S (=1,-1),8 (=1,%),S (=1,+1),S (x,—1), S (*,+1),
S (+1,-1),8 (+1,%),S (+1,41)] (Dim X :* Dim Y') Double

X*Y: (-1,5) g—>gM(:,1) -- wrap bottom to top
(+1,7) g = g (i,—1) -- wrap top to bottom
it Boundary [D (—=1,-1),D (=1,%),D (—=1,+1)] (Dim X :x* Dim Y) a

where % represents any index value. Note, these types are never constructed by an end-user.

7.2.3. (Relative) comonadic structure

Whilst the focus is on grids here, Ypnos is parameterised by any relative comonad (using the

extended encoding of Section 5.1.3, p. 97) which is abstracted by the Container class:

type Inv ¢ a = RObjs c a
type InvF ¢ a b = RMorphs c a b
class RComonad ¢ = Container ¢ where
current:: (Inv ¢ a) = c a — a
current = counit
apply :: (Inv ¢ a,Inv ¢ b,InvF cab) = (ca—b) > ca—cb

apply = coextend
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The Inv and InvF types alias the previous constraint families of the relative comonad definition
in Section 5.1.3 (p. 97). The operations of the relative comonad here are used to desugar the

stencil notation analogously to the codo-notation (see Section 4.2, p. 83).

Grids. Grid is a relative comonad, with the following instance for RComonad:

instance (Dimension d) = RComonad (Grid d b) where
type RObjs (Grid d b) © = [Array UArray x
type RMorphs (Grid d b) x y = z~y

counit (Grid arr _c _ _) = arr!c

coextend f (Grid arr d ¢ (b1,b2) boundaries) =
let es’ = map (A’ — (¢',f (Grid arr d ¢’ (b1,b2) boundaries))) (range (b1, b2))
arr’ = accum (curry snd) arr es” - preserve the boundaries
in Grid arr’ d ¢ (b1, b2) boundaries

This is similar to the comonad of pointed arrays using Array in Example 3.1.10 (p. 50) and
the relative comonad of pointed unboxed arrays using UArray in Example 5.1.4 (p. 97). A
key difference here though is that coextend applies the stencil function f at every index in the
interior range, specified by b1 and b2, rather than at ever index in the array; the exterior
elements are not transformed. The accum function replaces the interior elements of the array
arr with the new elements (es’) whilst preserving the exterior elements of arr.

Using the categorical programming analogy, this structure is analogous to a relative comonad
restricted to the subcategory of Haskell types that are instance of the IArray UArray class (those
types whose values may be elements of an unboxed array). Furthermore, the above definition
restricts the morphisms of the relative coKleisli category to be endomorphisms (discussed in
Section 5.1.2, p. 95), such that only stencils of type Grid d b a — a can be applied, and thus
apply has the type described above.

7.2.4. Coeffects and relative indexed comonad structure

Formally, the Grid relative comonad in Ypnos is understood as an indexed relative comonad;
for d-dimensional grids (Grid d b) : P(Z%) — [IArray UArray, [Array UArray), i.e., (Grid d b)
is a family of endofunctors on the IArray UArray subcategory of Hask, indexed by sets of
d-dimensional indices. These sets of indices provide the data access coeffects arising from grid
patterns, with the (first-order?.) coeffect algebra structure (P(Z%),U, ), U).

These coeffects are encoded using Haskell type class constraints. This can be illustrated by
indez :: Safe i b = i — Grid d b a — a (whose type is an approximation of the actually indexing

operations, described below in Section 7.2.5). Consider a stencil f with type:

f::(Safe i b, Safe j b, Safe kb) = Gridd bx — y

2for let-binding (binding statements in the codo/stencil notation) only, 4.e. without the M operation
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The stencil function f accesses relative indices 4, j, k which must be safe with the respect to
the boundary information b of the parameter grid, i.e., there are adequate boundaries such that
indexing 4, j, k is defined anywhere in the interior. These constraints are the stencil’s latent
coeffect, i.e.

FuGrddba 22Ny

These data access coeffects are encoded using Haskell constraints for two reasons 1) grid patterns
are static, therefore the coeffect of the data access pattern is statically decidable 2) the coeffect
algebra is defined over sets with conjunction for its operations which can be modelled easily by
type class constraints as described in Section 6.5.2 (p. 138). The Safe predicate implements the

invariant implied by the coeffect (defined more precisely below).

7.2.5. Indexing and safety

Grid patterns are desugared into a number of relative indexing operations which are internally
implemented without bounds checking. The one- and two-dimensional relative indexing opera-

tions have type (where IntT is the type constructor for type-level integers):

index1D :: Safe (IntT n) b =
IntT n — Int — Grid (Dimd) b a — a

index2D :: Safe (IntT n, IntT n') b =
(IntT n, IntT n') — (Int, Int) — Grid (Dim d :x* Dim d') b a — a

Note that, in both cases, the first parameter is a relative index and the second parameter is
an absolute index. The stencil macro generates at compile time both an inductively defined
relative index, to produce the correct type constraints, and an Int-valued relative index which
is used to perform the actual access. This second parameter is provided so that an inductive
relative index does not have to be (expensively) converted into an Int representation for actual
indexing at run-time.

The Safe constraint provides a predicate enforcing safety by requiring that a grid’s boundary
provides sufficient elements outside of a grid such that a relative index has a defined value if

accessed from anywhere within the grid. Safe is defined recursively as follows (for one dimension):

class Safe i b
instance Safe 0 b
instance (Safe (i — 1) b,i € b) = Safei b

where € here is a type-level list membership operation (see definition in Appendix E.1.2, p. 221).
Thus, a relative index i accessed at the edge of a grid’s interior must have a boundary region
defining the exterior value at this index. For two-dimensions, the Safe predicate is defined:
instance Safe (0,0) b
instance (Safe (i — 1,7) b, Safe (i,j — 1) b,(i,j) € b) = Safe (i,j) b

(which generalises in the obvious way to n-dimensions).
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The Safe type constraints of the indexing operation thus encode the coeffect of the stencil
and constrain the grid’s boundary regions, enforcing the invariant that the grid must at least
satisfy the relative indices of the grid pattern.

As an example, the Gaussian operator of the introductory example is desugared by the
stencil macro into the code shown in Figure 7(a) with the type shown in Figure 7(b) where
inductive definition of relative indices is shown at the term-level where, for example, the value
(Neg (S Z),Pos (S Z)) has its type represented as: (—1,+1). Thus, the collection of Safe

constraints encodes the coeffect of gauss2D.

gauss2D g = i (Safe (—1,0) b,
let w = index2D (Neg (S Z), Pos Z) (—1,0) ¢ Safe (+1,0) b,
e = index2D (Pos (S Z),Pos Z) (1,0) ¢ Safe (0,41) b,
s = index2D (Pos Z,Pos (S Z)) (0,1) ¢ Safe (0,—1) b,
n = index2D (Pos Z,Neg (S Z)) (0,—1) g Safe (0,0) b, Num a)
¢ = index2D (Pos Z, Pos Z) (0,0) ¢ = Grid (Dim X :* Dim Y) ba — a
n(n+w+e+s+2xc)/6.0
(a) Code (b) Type, with coeffect encoded by Safe constraints

Figure 7.7. Desugared gauss2D example

7.3. Results & analysis

A brief quantitative comparison of a prototype implementation of Ypnos versus Haskell is pro-
vided here with two benchmark programs of the two-dimensional Laplace operator and a Lapla-
cian of Gaussian operator, which has a larger access pattern.?

All experiments are performed on a grid of size 512 x 512. The execution time of the whole
program is measured for one iteration of the stencil and for 101 iterations of the stencil. The
mean time per iteration is computed by the difference of these two results divided by a 100. The

mean of ten runs is taken with all results given to four significant figures.

Laplace operator. This benchmark uses the discrete Laplace stencil.
‘ Haskell Ypnos
1 iteration (s) 3.957  5.179
101 iterations (s) 6.297  7.640
Mean time per iteration (s) | 0.0234  0.0246
Ratio of mean time per iteration for Ypnos over Haskell =

(7.640 — 5.179)/100 _ 0.0246
(6.297 — 3.957)/100  0.0234

= 1.051

i.e., Ypnos is approximately 5% slower per iteration than the Haskell implementation.

3 All experiments were performed on an Intel Core 2 Duo 2Ghz, with 2GB DDR3 memory, under Mac OS X version
10.5.8 using GHC 7.0.1. All code was compiled using the -02 flag for the highest level of “non-dangerous” (i.e.
no-worse performance) optimisations. The Ypnos library is imported into a program via an #include statement,
allowing whole-program compilation for better optimisation.
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Laplacian of Gaussian. The Laplacian of Gaussian operation combines Laplace and Gaussian

convolutions. A 5x5 Laplacian of Gaussian convolution operator is used [JKS95]

| Haskell Ypnos

1 iteration (s) 3.962  5.195
101 iterations (s) 7.521  8.662
Mean time per iteration (s) | 0.0356  0.0347
Ratio of mean time per iteration for Ypnos over Haskell = % =0.975

i.e. Ypnos is roughly 3% faster per iteration than the Haskell implementation.

Discussion. In terms of whole program execution time, Ypnos performance is slightly worse
than Haskell, mostly due to the overhead of the general grid and boundary types and the cost
of constructing boundary elements from boundary definitions. However, per iteration Ypnos
performance is comparable to that of Haskell. In the Laplace example, performance is slightly
worse, where the benefits of bounds-check elimination do not offset any overhead incurred by the
Ypnos infrastructure. Given that safe indexing has an overhead of roughly 20 — 25% over unsafe
indexing, for the two-dimensional Laplace operator on a 512 x 512 grid, then the overhead of
Ypnos in the Laplace experiment is roughly 25— 30% per iteration. For the Laplace of Gaussians
example performance is however slightly better (roughly 3%). Given intensive data access the
benefits of bounds-check elimination begin to overshadow any overheads from Ypnos. Given a
larger program with more stencil computations we conjecture that performance of Ypnos could
considerably surpass that of Haskell’s.

Whilst Ypnos incurs some overhead it provides the additional benefits of static correctness
guarantees, the comparable ease of writing stencil computations compared to Haskell or some

other language, and the generality of extending easily to higher-dimensional problems.

7.4. Discussion: other containers

Whilst Ypnos is parameterised by an (indexed) relative comonad, as described in Section 7.2,
Ypnos mainly supports the grid data structure with its grid patterns and boundary syntax. Grid
patterns provided an abstraction over data access operations for a grid, simplifying programming.
A coeffect analysis for data access was encoded and used to enforce safety. Ypnos can be
generalised to other containers, with a coeffect analysis for data access by generalising the
notion of relative indering for a comonadic container. Relative indexing can be described in
terms of navigation operations which define those contexts which are immediately “adjacent” to
the cursor context.

For zipper data types, navigation operations are provided explicitly; e.g., the left, right, up
and left, right operations for the tree and list zippers respectively. Taken together, these op-
erations define a neighbourhood of contexts adjacent to the current context. The navigation
operations of a container-like data type are complete when they can be iterated to access any

data value in a structure. For arrays, complete navigation operations access adjacent elements
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to the current in orthogonal directions. For example, complete navigation operations for two-
dimensional arrays with cursor (i, j) access values at (i,j — 1), (i,7+1), (i —1,7), and (i +1,7),
sometimes called the north, south, west, and east directions respectively.

For recursive data types, pattern matching provides an equivalent navigation principle, where
unrolling a step of recursion is equivalent to iterating a navigation operation of a zipper.

Whilst arrays provide rectilinear structured grids, other applications use triangular structure
grids, or unstructured grids comprising graphs of polygons, sometimes called meshes (see for
example the dissertation of Smith [Smi06]). Figure 8(a) illustrates a Gaussian blur over a
triangular-mesh comonad. Thus, triangular meshes has different navigation operations to a

rectilinear mesh with only three directions, shown in Figure 8(b).

7.4.1. Neighbourhoods and coalgebras

Navigation operations for a zipper such as left, right, or using pattern matching, or using indexing

operations, all provide deconstructors, which can be described by the notion of a coalgebra.

Definition 7.4.1. A coalgebra (or F-coalgebra) for an endofunctor F : C — C is a pair (U, c) of
a carrier object U € Cy and morphism ¢ : U — FU (the coalgebra operation).

From the perspective of objects as types, a coalgebra ¢ : U — FU deconstructs some type U
whose, structure is unknown, into components specified by the F endofunctor. A classic example
is for the product functor FU = U x A for some fixed A type of “output” values. A coalgebra
c: U — U x A takes U values to an observation of a value A and another U value, which
might be thought of as observing an internal state (observe : U — A) composed in parallel with
advancing an internal state (next: U — U).

The notion of a final coalgebra arises as the terminal object in a category of coalgebras, with
morphisms defined by a morphism between carrier objects satisfying a coherence condition (see,
e.g., [JR97]). This aspect of coalgebras is not discussed here at length.

A final coalgebra gives a principle of definition by coinduction. For FX = A x X, the
final coalgebra has as its carrier object the type AN of streams on A with coalgebra morphism
(value, next)s = (s0, An.s(n + 1)). For a coalgebra (u, (observe, next)), the coalgebra morphism
to the final coalgebra is defined as An.(observe o next™) : U — AN.

N
gauss2DtT Y H W E
=,
X S
Triangular Rectilinear
(a) Example of a Gaussian blur on the triangular (b) Relative indexing on rectilinear vs. triangular

mesh comonad meshes

Figure 7.8. Illustration of a triangular mesh comonad
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The navigating operations (deconstructors) of a non-empty list-zipper, of element type A,
form a coalgebra for FU = A x U x U:

(current, left, right) : ListZipper A — A x (ListZipper A) x (ListZipper A)

where the first component of the product is the current element, and the second and third
components are the list zippers to the left and right of the current, respectively.

Morphisms from a list-zipper coalgebra to its final coalgebra compute infinite binary trees,
rather than lists, since there is a left and right path. List-zipper coalgebras can be given

additional coherence conditions that regain the list-like behaviour:
(left oright) z = x if rightx # x
(rightoleft)z =z if leftax # x

Definition 7.4.2. For a functor F, with some notion of cursor such there is a counit e4 : FA — A,
and a set of n complete navigation operations, {f; : FA — FA | 1 < i < n} a neighbourhood
coalgebra is a coalgebra (FA, neighbourhood) where NAU = A x [["_, U is a bifunctor and
neighbourhood = (¢, (f1,..., fn)) : FA - N A(FA).

Thus a neighbourhood coalgebra returns a product of the current element with a product of the

data structures focussed on its adjacent contexts.

Example 7.4.3 (Triangular mesh). A neighbourhood coalgebra for triangular meshes has func-
tor NAU = A x U x U x U for current element and the mesh focussed on the three triangles

adjacent to the cursor triangle.

Indexing schemes for polygon meshes have been proposed (e.g. the three component scheme of
[SZD™98]), however such indexing schemes are relatively non-intuitive compared with standard,
rectilinear mesh (i.e. array) indexing [SmiO6]. The approach of defining a neighbourhood
coalgebra for a data type provides indexing by repeated application of deconstructors.

The coeffect of data access can then be defined by associating a tag to each navigation
operation and defining “relative indices” by lists of these tags. For example, the following defines
two rules: [NAV] for navigating using the navigation operations of a neighbourhood coalgebra,
constructing a relative index as a list of the navigation operations applied (denoted in the rule
with a double question mark ??), and [VAL] for accessing the current value, which turns the

relative index into a coeffect:

'?RFe:U VL] F'?"RFe:U
I’ ?? (ncons R) F (7, o neighbourhood) e : U I'?{R} F (my o neighbourhood) e : A

[NAV]

Given a neighbourhood coalgebra N, a comonad can be automatically generated, which could
be used to parameterise Ypnos. The following shows the general approach for constructing a

comonad from a neighbourhood coalgebra in Haskell.
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Special case. Consider a neighbourhood algebra of size 1, i.e., it has the functor: NAU =
A x U. Coalgebra morphisms for NA, paired with a “seed”, can be captured by the data type:

data FCoAlg a =V u . FCoAlg (u — (a,u)) u

This type describes all (A x —)-coalgebra morphisms, where the carrier object (type) w is hidden

from the outside. This data type is a comonad, with the following definition:

instance Comonad FCoAlg where
current (FCoAlg f seed) = (fst o f) seed
extend k (FCoAlg f seed) = FCoAlg (Aseed’ — (k (FCoAlg f seed'),(snd o f) seed’)) seed

Thus, current applies the seed to the coalgebra morphism f, returning the “current” value (the
fst component); extend lifts a morphism k: FCoAlg a — b to extend k:FCoAlg a — FCoAlg b by
returning an FCoAlg b value where at some carrier value seed’, the new current value is calculate
by applying k to the coalgebra with seed’. This comonad is equivalent to the composite comonad
InContext U o (— x U) of InContext (with U contexts) and the product comonad, i.e.,

(InContext Uo(—xU))A= U= (AxU)) xU

If a value of FCoAlg is the neighbourhood coalgebra streams (AY, (current, next)) (equivalent to
the final coalgebra of FU = A x U), then the comonad is equivalent to the anti-causal streams

comonad (suffix streams) of Section 3.2.4 (p. 56).

Generalising. This approach can be generalised to any neighbourhood coalgebra. In the fol-
lowing, the flip of a bifunctor N is written N°, where N°U A=NAU.

Definition 7.4.4. Given a neighbourhood coalgebra on N, and a distributive law between N° U
and InContext U (costate), i.e.,

o4 : InContextU (N°U A) — N°U (InContext U A)
= 04 :InContextU (NAU) — N(InContext U A) U

then the neighbourhood comonad is the composite comonad D = (InContextU) o (N°U), i.e.,
DA = InContextU (NAU) = (U = (NAU)) x U.

This construction defines a comonad since a neighbourhood coalgebra’s bifunctor is of the form
NAU = A x [[;., U, i.e., it is a product, and thus, N°U has a product comonad structure.
Since the product comonad distributes over the in context comonad, (InContext U) o (N° U) has
the canonical composite comonad structure. The following defines the neighbourhood comonad

construction in Haskell.

Example 7.4.5. Since NAU = A x [["; U, then a neighbourhood coalgebra is abstracted by
the Neighb data type:

data Neighb m u a = Neighb a (m u)
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where m abstracts the []; u component of N. To avoid cluttering the code with flip con-
structors, this data type already has its arguments flipped (c¢f., NAU). Thus, the bifunctor
NU A = A x U of stream coalgebras can be written type Stream a =V u . Neighb Id u a.

As discussed above, Neighb is simply an instance of the product comonad:

instance Comonad (Neighb f u) where
current (Neighb ¢ _) = x
extend k (Neighb z ctx) = Neighb (k (Neighb x ctz)) ctx

Neighbourhood coalgebras are then captured by this data type (where : . composes data types):
data NCoAlg m a =V u . NCoAlg (((CoState u) : . (Neighb m u)) a)

(recall, data CoState u a = CoState (u — a) u). NCoAlg is a comonad by the in context
(costate) comonad (Section 3.2.6, p. 60) and comonad composition (Example E.2.7, p. 224):

instance Comonad (NCoAlg m) where
extract (NCoAlg z) = extract x
extend k (NCoAlg ) = NCoAlg (extend (k o NCoAlg) x)

which unwraps the NCoAlg constructor and uses the underlying comonad instance for the com-

position of (CoState u) and (Neighb m u) provided by the distributive law:

instance ComonadDist (CoState u) (Neighb m u) where
cdist (CoState f u) = let (Neighb _ ctx) = f u
in Neighb (CoState (Au' — let (Neighb x _) = f v/ in z) u) ctx

Thus, NCoAlg values are neighbourhood coalgebras which deconstruct/observe a data structure
(and may have some accompanying coherence conditions). If these are final coalgebras then
the neighbourhood comonad corresponds to the cofree comonad (see Section 3.2.8, p. 61) where
DA = vU.A x NAU where the fixed-point computes the usual coinductive definition of a final
coalgebra. This approach therefore provides a way to generate comonads from the navigation
operations of some data type (be it a zipper, or otherwise), defined as a neighbourhood algebra.
This can be coupled with a coeffect system for data access, as described above, for analysing
the navigation operations. Further work is to explore this approach further and integrate it into

the Ypnos implementation.

7.5. Conclusion

This chapter applied the work of the previous chapters, defining a language for programming with
containers, primarily grids (essentially arrays). The language was based on the codo-notation
with the addition of the grid pattern syntax for abstracting over the navigation operations of an

array and the boundary syntax for simplifying the definition of boundary values for a grid.



Related work. There are various other approaches to stencil programming in Haskell, for
arrays, that are related to Ypnos, including PASTHA [Les10] and Repa [KCL™10, LK11].
Repa provides a library of higher-order shape polymorphic array operations for programming
parallel regular, multi-dimensional arrays in Haskell [KCL'10]. Type-level representations of
shape (dimensionality) are used which are similar to the dimensionality types of Ypnos. Stencils
functions can be defined in Repa with data types abstracting stencils of a particular size with a
function from indices within the stencil’s range to values. The current implementation allows a
constant or wrapped boundary to be specified which permits a bounds-check free implementation
of a stencil application function. Ypnos differs to Repa in its type-level encoding of coeffects
describing the data access pattern of stencil, which provides a more flexible language than Repa.

PASTHA is a similar library for parallelising stencil computations in Haskell [Les10]. Sten-
cils in PASTHA are described via a data structure and are restricted to relative indexing in two
spatial dimensions but can also index the elements of previous iterations. In comparison, Ypnos
provides a more general approach with safety and optimisation guarantees following from its
coeffect system.

There are many other languages designed for fast and parallel array programming such as
Chapel [BRPO07], Titanium [YHG"07], and Single Assignment C (SAC) [Sch03]. Ypnos differs
from these in that it is sufficiently restricted to a problem domain, and sufficiently expressive
within that problem domain, that all information required for guaranteeing safety, optimisation,
and parallelisation is decidable and available statically without the need for complex compiler

analysis and transformation.

7.5.1. Further work

Further optimisations. There has been much work on the optimisation of stencil computations
particularly in the context of optimising cache performance (see for example [KDW106]) and
in the context of parallel implementations [DMV 08, KBB'07]|. Ypnos does not currently
use any such optimisation techniques but could be improved by the use of more sophisticated
implementations of the stencil application functions. Various optimisation techniques such a
loop tiling, skewing, or specialised data layouts, could be tuned from the symbolic information

about access patterns statically provided by grid patterns.

Generalising grid patterns. Further work is to generalise the grid pattern syntax of Ypnos
to other data structures. Section 7.4 defined containers in terms of navigations forming a
neighbourhood coalgebra, describing the contexts immediately adjacent to the current context.

This could be used to provide a data-type generic pattern syntax.



CHAPTER 8

CONCLUSIONS AND FURTHER WORK

8.1. Summary

The broad aim of this dissertation has been to develop new programming language techniques
to improve the four Rs of effective languages: reading (understandability), writing (productiv-
ity), reasoning, and running (performance), introduced in Chapter 1. Given the difficulty of
maximising all of these attributes in a general setting, this dissertation focussed on contextual
computations.

A typed and category theoretic approach was followed in both programming and semantics.
Types were used to describe a computation’s structure and to give an approximate specification
of what is computed (in the case of standard type theory) and how it is computed (using indezing,
in Chapter 5-7). From a typed perspective on programs, category theory was used to structure
programs and to systematically define language semantics and their axiomatisation.

The contributions of this dissertation are summarised here in two ways: in terms of the
mathematically structures used in programming and semantics in Section 8.1.1, and from the

perspective of the improving the four Rs for contextual computations in Section 8.1.2

8.1.1. Categorical programming and semantics of contextual computations

The abstractions of category theory expose common structure in mathematics. The philosophy
of seeking abstractions in category theory is paralleled in computer science and programming,
where abstractions are sought to manage complexity and reduce work. Thus category theory
provides a useful formalism for abstracting both programs and semantics.

Categorical semantics models a language using category theory. Chapter 2 presented a
version of Lambek and Scott’s ccc model for the simply-typed A-calculus [Lam80, LS88|
where type derivations are mapped to morphisms of a category, where [vy : 71, ... v, : T Fe: 7] :
(T1X...xT,) — 7 € C;. Chapter 2 distinguished between the category theory structures required
to give the semantics of simply-typed A-calculus terms, and the additional structure/axioms
which provide Bn-equality. This approach was followed in Chapters 3 and 6 to give the semantics
of contextual languages.

Categorical programming applies category theory to structure, abstract, organise, and reason
about programs. This approach was discussed in Section 2.4, and used in Chapters 3, 4, and 7
for programming contextual computations. Chapters 4 and 7 developed contextual languages

embedded into Haskell, whose desugaring is akin to the categorical semantics of Chapter 3.

Comonads. Contextual computations were defined by their encoding as morphisms/functions
of the form DA — B where a functor/data type D provides a representation of the context.

Comonads provided the basis for a categorical semantics to a contextual A-calculus in Chapter 3

165
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(Section 3.3), following the approach described in Chapter 2, where terms are mapped to mor-
phisms of a coKleisli category: [['Fe:7]:D(ry X...x7,) = 7 € Cpy. The semantics requires
additional lax and colax monoidal structures for D, as shown by Uustalu and Vene [UV08]. The
semantics in Chapter 3 is akin to Uustalu and Vene’s semantics, but provides a generalisation
and makes precise the necessary conditions for fSn-equality (Section 3.3.2). Thus, Chapter 3
provided a scheme for understanding the syntactic properties of a contextual language based on
the underlying mathematical structures.

Section 3.4 showed the limitations of the comonadic approach, notably shape preservation
(Lemma 3.4.2, p. 71). Shape preservations implies that context encoded by a comonadic value
DX is uniform throughout a computation. This restricts the range of computations captured
by comonads.

Chapters 3, 4, and 5 defined comonads for various data types in Haskell, including: lists,
streams, trees, arrays, graphs, and meshes. Data types with cursors (marking the current
context) were shown in two styles: using zippers (a la Huet [Hue97]) and pointers (as in the in
context comonad, DA = (C' = A) x C). Stream, list, and tree comonads appear in the literature
(e.g. [UV06, UVO0T]), whereas arrays, meshes, and graphs are new in this work (Chapter 3).
Some of the presentations are also new, for example, the pointed tree comonad does not appear
in the literature.

Chapter 4 contributed the codo-notation to simplify programming with comonads, where a

codo-block defines a coKleisli morphism as a program:
(codop = pz¢;e):: Comonad ¢ = ct — t'

Indexed comonads. Chapter 5 developed a number of generalisations to comonads, where the
encoding of context is refined by the contextual requirements of a computation. For example,
the data access pattern of a local operation f : DA — B has a contextual requirement that
data accesses must be defined at all contexts. Thus, an argument to f must satisfy these
requirements. In the comonadic approach, these requirements are implicit, encoded within a
local operation’s term. In Chapter 5, requirements were made explicit by indexed families of
functors with contextual computations as morphisms of the form DX — Y.

Section 5.4 developed the novel indexed comonad structure whose operations are indexed
by contextual requirements describing the propagation of requirements through a computation.
Figure 8.1 summarises the structure. Indexed comonads relax the shape preservation property
of comonads, so that the shape of the encoded context may change throughout a computation.
However, shape may not change arbitrarily, but is governed by the monoidal structure on the
indices (Iy, e, ), shown in the laws of the indexed comonad.

Chapter 6 describes the contextual requirements of a computation as coeffects, defining a
class of static analyses for coeffects, called coeffect systems. This approach dualises the effect
systems originally by Gifford and Lucassen [GL86], with judgments of the form I'? R+ e : 7 for
an expression e with contextual requirements R. The general coeffect system is parameterised

by a coeffect algebra (C,e,I,11,M) which provides operations for combining coeffects for the
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Figure 8.1. Summary of the indexed comonad structure

terms of the simply-typed A-calculus. The indexed comonad structure of Chapter 5 was used in
Chapters 6 to give a semantics to any contextual calculus with an associated coeffect system,

with denotations:
[vr:71,...,on i ?REe: 7] : Dr([] x ... x [m]) = [7]

Analogous monoidal structure for indexed comonads was developed in Section 6.4, where LI
combines the coeffects for the colax operation M for the lax operation.

An equational theory was developed in Section 6.3.1 (p. 121) and Section 6.4.3 (p. 130),
where it was shown that syntactic axioms on a coeffect algebra correspond to semantic axioms
on the model (see Remark 6.4.5, p. 131).

Chapter 7 used the coeffect approach in Haskell with the indexed Grid comonad (an array
with interior and exterior elements), where the coeffect indices were encoded by type class

constraints following the approach in Section 6.5.

8.1.2. Improving the four Rs for contextual computations

Chapter 1 broadly described actions on programs that an effective language should assist: read-
ing, writing, reasoning, and running. These four tenets are non-orthogonal, for example a
languages whose programs are easily reasoned about automatically may be amenable to auto-
matic optimisations in a compiler. The aim of this dissertation has been to improve the four
Rs of programming contextual computations. The following summarises the work from this

perspective.

Reading and writing. Chapter 4 introduced the codo-notation which considerably simpli-
fied programming contextual computations with comonads, thus aiding reading and writing of
contextual computations.

The Ypnos language introduced in Chapter 7 uses the codo-notation as well as the novel
grid patterns syntax which simplifies writing stencil computations. The pictorial nature of the
grid patterns makes it easier to understand a stencil’s access pattern, avoiding a “soup” of
indexing operations. Furthermore, grid patterns help the programmer to avoid programming

errors through indexing mistakes, which are easy to introduce and hard to spot.

Reasoning. There has been an emphasis on equational theories throughout for the contextual
languages (calculi) introduced. Chapter 2 discussed the basic equational theory of the simply-

typed A-calculus which was used as the basis for equational theories for the contextual A-calculus
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in Chapter 3 and for the coeffect calculus in Chapter 6. The additional axioms on comonads with
a monoidal functor that are necessary to provide 8n-equational theory were studied in depth in
Section 3.3, and similarly for indexed comonads and indexed monoidal functors in Section 6.3.1
and Section 6.4.3.

The coeffect analysis described in Chapter 6 reconstructs the contextual requirements of a
program which can be used to reason about its behaviour and correctness. This was was used
in Chapter 7 for Ypnos, encoding coeffects as type class constraints, to enforce safe indexing

operations. This provides the guarantee that well typed programs can’t go out of bounds.

Running. Improved reasoning about programs also benefits their efficient execution. This was
seen in Chapter 7, where the safety guarantees of Ypnos allowed the optimisation of bounds-
check elimination on indexing operations, improving performance.

Section 4.2.1 (p. 85) showed how the laws of a comonad can be used to improve the asymp-
totic complexity of a program, where associativity of coKleisli extension: (go fH)f = gf o f1
provides a rewrite rule from an € O(n|g| + n?|f|) program to an € O(n|g| + n|f|) program.

Section 5.1 showed the relative comonad structure, the dual of relative monads by Altenkirch
et al. [ACU10, ACU11], where a comonad is generalised from an endofunctor to a functor.
This dissertation contributed an encoding of relative comonads in Haskell which, coupled with a
subcategory interpretation of ad hoc polymorphism, allows comonad-like structures on data types
whose operations are ad-hoc polymorphic. Those data types which have ad-hoc polymorphic
operations tend to have efficient type-specific implementations. For example, the Set data
type in Haskell is restricted in its polymorphism to types whose values are orderable, using
an efficient balanced-binary tree implementation. Thus relative comonads facilitate efficient
implementations of contextual computations. Chapter 7 used an indezed relative comonad with
a coKleisli category of endomorphisms providing the grid comonad which provides an efficient
solution to defining boundary values for a stencil computations.

Chapter 6 also showed how indexed comonads can be used to define optimising semantics.
For example, the indezed partiality comonad (Example 5.4.2, p. 105) provides a semantics which
automatically eliminates dead-code, where the coeffect algebra computes an approximate live-
variable analysis. The indexed stream comonad (Example 6.4.8, p. 135) gave a semantics which

calculates the minimum amount of elements to cache/buffer in a dataflow-style language.

8.2. Limitations and further work

Limitations and subsequent further work were considered in each chapter. The notable fur-
ther work suggested is briefly summarised here followed by some more general limitations and

suggestions of further work.

Summary of further work mentioned throughout. For the codo-notation in Chapter 4
rewrite rules in Haskell were described based on the comonad laws, which improve the as-
ymptotic complexity of programs written using the notation (Section 4.2.1). Further work is to

provide further rewrites for improving the complexity.
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The general coeffect system of Chapter 6 approximates coeffects over the whole context of
free variables. For example, the liveness analysis tracks whether any variable is live, rather than
specific variables. Section 6.6.2 suggested a generalisation to structural coeffects where coeffects
are tracked per-variable.

The Ypnos language is described generally for (relative) container comonads in Chapter 7.
However, it primarily supports computations over arrays (called grids). Further work is to ex-
tend Ypnos to other containers, following from the approach of abstracting the neighbourhood
operation of a container describing those contexts adjacent to the current, described in Sec-
tion 7.4. Further work is to extend the grid pattern and boundary syntax to other containers,

or to a data-type generic setting.

8.2.1. Recursion

This dissertation did not provide the necessary additional structure to give a semantics for

recursion in contextual languages. A fixed-point can be added to the simply-typed A calculus if

there is a natural transformation fix4 : (A = A) — A in the underlying category. The typing

and semantics is then:

TFe:T=7]=f:T—=(r=1)
[I'Hfixe: 7] =fix,of: T =71

[FIX]

For the contextual A-calculus, the equivalent structure in a coKleisli category is therefore the
natural transformation fix : D(DA = A) — A, with the semantics:

[TrFe:T=7]=f:DI' = (DT = 1)

[FIX] _ o o g >
[T'Ffixe: 7] =fix 0" f:DI' - 7=DI' - D(D7r=7) — 7
Uustalu and Vene semantics for Lucid used Haskell’s own fixed-point semantics for recur-
sion [UV06]. Similarly, for categorical programming with comonads, Section 4.5 (p. 88) embed-
ded first-order Lucid into Haskell using codo-notation, reusing Haskell’s fixed-point semantics to
defined recursive coKleisli morphisms. Alternatively, a fixed-point combinator can be used which
differs to the above fix, of type: fix': (DT = 7) — D7, with a default definition fix' f = fT(fix' f).
An alternative useful fixed-point operator could be a parameterized fixed-point (see, e.g.,
the work of Simpson [SP00]), on the coKleisli category, with:
[THe:(oxT)=7]=f:DI' = (D(oc xT)=171)
[T - pfixe : 0 = 7] = pfix, , o f : DI' — (Do = 7)

[PFIX]

These additional operators were not considered here and their full exploration is further work.
Recursion and coeffects. The coeffect calculus of Chapter 6 also omitted recursion/fixed
points. For effect systems, Wadler and Thiemann’s include a rule for recursive binding [WT03]:
INf:o=-M72:0Fe:MIT
I'Frecf.\x.e: Mt (o — MFr)

where the effect of the bound expression becomes the latent effect of the recursive function. Since

[REC]

effects are combined by a semilattice (which is idempotent) repeated effects are not captured.
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For coeffects the situation is less straightforward. Consider the following (non-terminating)

recursive program for dataflow fix (Av.prev v). The standard small-step semantics for fix is:
fix (A\v.e) ~ let v = fix (\v.e) in e (67)

then the example program computes Av....prev(prev(prev v)) = Av.prev¥ v. The body of the
recursive function can be given the coeffect/typing:

Fv:7?70kFv:7
Tv:7?1kprevo:T ?FFfix(\ve): 7

'?1+ FFletv=fix(\v.e)inprevv:r

[PREV]

[LET]

where F' is a placeholder for the coeffect of fix. By reduction (67), F =14+ F = F = w.

For any coeffect algebra, this generalises to the equation F' = RLI (R e F') where R is the
coeffect of the body of fix. A coeffect system with a fixed-pointed operation, or recursive binding,
therefore requires an additional operation for the fixed-point of coeffects fir R = lim U(zn R)
(derived from distributivity of e over LI) and the rule: B

r?2Ske:r 57
'?7Se(firR)Ffixe: T

For some effect systems this will require limit elements, e.g. w € C for dataflow with additional

[FIX]

rules for + that » + w = w. For coeffect systems with idempotent LI and e operators the
behaviour is simply that fir F' = F. For example, liveness has: fitF =FU (FeF)L ... =F and
fzT=TU(TeT)U...=T.

An extension to the general coeffect system, with a proper axiomatisation of the recursion

and fixed-points, and extending of the contextual semantics is further work.

8.2.2. Mathematical structuring

In Chapter 5, the operations dr s : D(gus) = DrDs and e, : D1 — 1¢ of an indexed comonad
were derived in Section 5.4 from a colax monoidal structure between strict monoidal categories
(I°P, ), L) and ([C,C],0,1¢). Section 6.4 introduced additional operations akin to the lax and

colax functor operations:
m’¥% : DrA x DgB — D(gng)(A x B)
n’% - D(rus)(A x B) — DrA x DgB

Further work is to abstract these operations, which at the moment have been added in an ad

hoc manner, rather than systematically derived like the €| and dg s operations.

8.2.3. Modal logic

This dissertation focussed mainly on categorical models for languages, and did not consider the
logically correspondences of these languages/categorical models.
Bierman and de Paiva developed a natural deduction system for intuitionistic S4 logic, mod-

elling the necessity modality [ as a comonad, where the traditional axioms of S4 are modelled
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by the counit and comultiplication of a comonad respectively [BdP96, BdP00|:

[T] OA— A
[4] 0A— OOA

Bierman and de Paiva’s model also includes a lax monoidal functor (with m : A x OB —
O(A x B)) such that hypothesis can be turned into implications with [BAP96], which follows
the same use for the lax monoidal functor in the semantics of Chapter 3. Their work includes a
corresponding term language (also similar to the work of Pfenning and Wong [PW95]) which re-
sembles the contextual A-calculus described in Chapter 3. Their approach separates introduction
and elimination of [J, which are not explicit in the A-calculus approach.

Nanevski et al. develop a contextual modal type theory which specifically links modal logic
with contextual notions in logic and computer science [NPPO08|. This approach is used to
structure staged computations, which was previously shown by Davies and Pfenning using a
modal logic approach.

Further work is to consider the logic correspondences of the contextual calculi of the coeffect
calculus and indexed comonads, as well as the relation between Kripke semantics of modalities

and comonads.

Kripke semantics. Kripke frames provide a semantics for modal logic, comprising a pair (W, R)
of a non-empty set of possible worlds W and an accessibility relation R between worlds [Fit09].

Properties of R correspond to axioms of a particular modal logic. For S4, these are:

[T] OA— A < Vw.(wRw)
4] 0OA— 004 < Vw,u,v.(wRvAvRu)= wRu

corresponding to reflexivity and transitivity of the accessibility relation R.

As described in Chapter 3, the comultiplication operation of a comonad describes accessi-
bility between contexts. For example, for the suffix list comonad, where position in the list are
the context, only those contexts that are greater than the current are accessible. Thus, a Kripke
frame (N, R) is defined where R has the property: VzVy. x < y = zRy.

Via the Curry-Howard correspondence (proofs-as-terms, formulae-as-types) the necessity
modality can be considered a data structure. Further work is to explore the correspondence
between the a Kripke frame semantics for a modal logic and its comonad definition. This may
provide a verification technique for comonad definitions, verifying comultiplication by checking
transitivity and reflexivity of the accessibility relation, or to guide the process of defining a

comonad.

Modal logic and distributed computation. Section 6.2.3 described a variant of the coeffect
calculus for dynamically-bound resources which can be used in a distributed setting. There have
been a number of languages in the literature which use modal types for distributed languages.
For example, Murphy et al. described a A-calculus (Lambda 5) for distributed computing based

on an intuitionistic S5 modal logic where possible worlds are taken as nodes on a network and



therefore [JA is the type of a mobile computation that can be executed anywhere [MVCHPO04].
Whilst comonads provide a model for the -modality, Lambda 5 differs significantly to the
contextual A-calculus, where O is a type constructor of the language (rather than implicit in
the semantics) and can be introduced and eliminated by terms in the languages. Lambda 5
follows the approach of Simpson where possible words are explicit in judgments [Sim94|. The
propagation of possible worlds however does not correspond to a coeffect system. Lambda 5
provides the basis for the ML5 language [MCHOS]|.

Further work is to extend the coeffect approach to distributed resources into a full language,

and to assess the applicability of the coeffect calculus to existing work in this field.

8.2.4. Comonads for natural language semantics

In the tradition of Montague, the syntax and semantics of natural languages can be treated
mathematically in the same way as artificial languages in logic and programming [Mon70].
The (typed) A-calculus is a popular model for languages, both natural and artificial.

Following the Montague tradition, and the approach of categorical semantics, monads have
had some use in natural language semantics for structuring non-determinism, focus, variable
binding and intensionality [Sha02]. Intensional contexts in sentences, such as “the student
knows that...” [Sha02] and contextual parameters such as the hearer of a sentence [Bek09]
have been described using the reader monad (MA = X = A) (which was shown equivalent to
the product comonad in Section 3.5, p. 75) and the state monad.

As described in the introduction, the intension of a phrase refers to the entire meaning, or
sense as Frege put it, in all contexts, whereas extension is a particular (context-independent)
denotation of a phrase [Car47]. In the tradition of Carnap, Bresson, Montague, and others,
intensional objects may be treated as functions mapping from states, or possible worlds to
extensions (values), i.e., w — a maps possible worlds or states, or some contextual information
(contexts) w to extensional values of type a. This was related to comonadic values of type
DA for the exponent comonad in this dissertation. Relatedly, Shan used the reader monad for
capturing notions of intensionality in natural language.

More recent works have described intensional semantics where intensions are parameters
to computations [vFHOS8]|, describing semantics with morphisms roughly of the form (z —
a) — b. Thus, it seems that these semantics can be abstracted by the use of a comonad (the
exponent comonad in this case) to provide intensional objects and the semantics of composition
for intensionality in natural language.

Further work is to apply the comonadic semantics approaches discussed in this dissertation

to natural semantics, in collaboration with computational linguistics.
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APPENDIX A

CATEGORY THEORY BASICS

A.1. Categories

Central to category theory is the concept of a morphism describing a mapping between two
structures or entities. Morphisms have a source object and target object, written X — Y
for source X and target Y. In categorical logic and semantics, morphisms characterise both

programs, mapping inputs to outputs, and implications from one proposition to another.

Definition A.1.1. A category C comprises a class! of objects Cp, a class of morphisms Ci, a
(partial) binary operation o for the composition of morphisms where for all f : A — B,g :
B — C e Cythengof: A — C e Cq, and for every object A € Cy an identity morphism
idg : A = A € Cy, satisfying three axioms:
(associativity) ho(gof)=(hog)of (forall f:A— B,g:B—C,h:C — DeC)
(right unit) foids=f (forall f: A— B e Cy)
(left unit) idgof=1f (forall f: A— B e Cy)
Thus, categories are monoids where the totality property is relaxed since not all morphisms

compose, only those that agree in the corresponding target and source objects.

Definition A.1.2. For a category C, the collection of morphisms between two objects A, B € Cy
is called the hom-set (although it may not be a set) denoted C(A, B).

Example A.1.3. The category Set, has sets as objects and functions, in the set-theoretical
sense, as morphisms. Function composition provides composition in the category and identity

functions provide the identity morphisms.

Since the set of partial operations is a superset of total operations, monoids are thus categories:
Example A.1.4. A monoid (X,®, 1) has a corresponding category with a single object e, for
every £ € X a morphism z : ¢ — e and the identity morphism id, : ® — e for the unit 1.

Example A.1.5. Given a partially-ordered set (X, <) there is a category modelling the partial
order X, where Xg = X and for all A, B € X such that A < B, then f: A — B € X;. Identities

are provided by the reflexivity of a partial order, and composition by its transitivity.

Definition A.1.6. For a category C, the dual category C°P is has objects C° = Cp and mor-

phisms CP(Y, X) = C(X,Y) i.e. the direction of arrows, and therefore composition, is reversed.

A.2. Functors

Functors. Products are an example of a structure over the objects of a category (i.e. for

all A;B € Cy then A x B € Cy) which has an accompanying notion of lifting morphisms to

LA class is a collection of objects which is possibly, but not necessarily, a set. The terminology of classes is used
to avoid size paradoxes i.e. the set of all sets is replaced by the class of all sets.
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182 A. CATEGORY THEORY BASICS

operate on the components of the structure (alternatively a notion of the structure applied to
morphisms): forall f: A— B,g: C — D € Cy then f x g: Ax C — B x D € Cq, is defined:

fxg={(fom,gom): AxC —BxDeC (68)
An object mapping coupled with a morphism mapping is a functor if certain axioms are satisfied.

Definition A.2.1. A functor F is a mapping between two categories C,D written F : C — D,
with an object mapping from all objects A € Cy to FA € Dy and a morphism mapping from all
morphisms f: A — B e Cy to Ff:FA — FB € Dy, satisfying:

[F1] F(fog) =FfoFg (forall f: A— B,g: B— C € Cy)

[F2] Fidg = idpy (for all A € Cy)

Thus, by [F1-2], functors preserve the composition structure of morphisms from C to D.

Example A.2.2. A category C with products has a functor (— x —) : C x C — C mapping from
the product category® C x C, with:
— object mapping (A,B) € (Cx C)p to Ax B e Cy
— morphism mapping (f: A —- B,g: C - D)€ (CxC)yto fxg: AxC — BxD:C
as defined in (68).
The functor laws follow from the definition of the morphism mapping (68) and the product

axioms. A functor mapping from a product category is sometimes called a bifunctor.
Example A.2.3. Hom-sets for a category can be defined by a bifunctor called the hom-functor
(or external hom) C(—,—) : C°? x C — D (where D = Set if hom-sets are actually sets):

— C(A, B) is the object in D representing the morphisms from A to B in C.
CC(f:A=Bg: X -Y)= B, X)L ey

Example A.2.4. A product category (C x D) has projection functors Proj; : C x D — C and
Projy : C x D — D where:

Proj; (A,B) = A Proj, (A, B) = B
Proji (f,9) = f Projs (f,9) = ¢

Definition A.2.5. An endofunctor has equal source and target categories i.e. F: C — C.

Example A.2.6. The identity functor for a category C is an endofunctor 1¢ : C — C with
identity mappings for objects, 1cA = A for all A € Cy, and morphisms, 1cf = f for all
f:A— BeC.

Remark A.2.7. The category of categories Cat has categories as objects and functors as mor-
phisms with identity functors for each category object as the identity morphisms and composition
of functors defined simply as the composite (Go F)A = G(FA) for objects and (GoF)f = G(Ff)

2 A product category C x D extends the notion of a Cartesian-product of two sets to categories, with objects (A, B)
and morphisms (f, g) for all possible pairings of objects A € Co, B € Dg and morphisms f € Ci,g € D1, where
composition is defined component-wise i.e. (g1,92) o (f1, f2) = (g1 © fi,92 © f2).
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for morphisms (checking the functor laws is straightforward) and from now on will be written

by juxtaposition i.e. GF = GoF.

The notion of a functor thus captures notions of parameterised data types where, under the
types as objects interpretation, the object-mapping of a functor instantiates a data type and the
morphism-mapping provides a map-like operation over the type. This interpretation of functors
is is key to their use in categorical programming (see Section 2.4). For the categorical semantics,

the functorial nature of products means that operations on contexts can be arbitrarily nested.

A.3. Natural transformations

Natural transformations are essentially morphisms between functors which described operations

which are generic in their objects which parameterise the functors.

Definition A.3.1. Given two functors F,G : C — D, a natural transformation « : F — G is
a family of morphisms ax : FX — GX € D; indexed by objects X € Cgp, such that, for all
morphisms f : X — Y € Cy, « satisfies the naturality property:

[

F(X) —= G(X) (69)
Ffl le or written equationally: Gfoa, =ayoFf

F(Y) —— G(Y)

Xy
Natural transformations will be written equivalently as either av: F = G or g4 : FA — GA.
Example A.3.2. The projection maps of products can be described by natural transformations

m ¢ (= x =) = Proj; and mg : (— X —) = Projp, or for clarity they may be denoted 71, , :
AxB—)Aandﬂ'QA’B :Ax B— B.

Example A.3.3. The ezchange operation xa pc: (A x B) x C — (A x C) x B in Section 2.2.2

is a natural transformation defined:

XA,B,C = <7T1A,B X 2deT"?A,B o 7T1(A><B),C> (70)

where (71, 5 X idc) : (Ax B) x C — (A x C) and ma, 4 :(Ax B)xC — B.

O Tliaxn),c






APPENDIX B

ADDITIONAL DEFINITIONS

The following provides full definitions and proofs omitted from the body of the dissertation.

B.1. Background

B.1.1. Reductions for the simply-typed A-calculus

The full-8 scheme allows ubiquitous term reduction:

e1 ~ €] eg ~ €

(C2)

e~ e

(€1)

(Cs)

e1 ez ~ €] e e1 el ~ e € Az.e ~ \x.e
Since A7 is pure, the full-8 scheme, with (5) and (n), provides a confluent and terminating
rewrite system [HS08, Appendix 2]. For particular specialisations or extensions to A7, a different
reduction strategy may be required, such as call-by-value or call-by-name evaluation:

— Call-by-name (CBN) evaluation has just the (5) and ({1) rules.

— Call-by-value (CBV) evaluation requires a distinction between values and computations. The

A-calculus syntax can be divided into value ¢y and not-necessarily-value ¢ terms:
ti=t1to |ty ty == Av.t|v

CBV then has ((2), a specialised () rule for substituted values (not general expressions)

into function bodies, and a specialised ({1) rule where the right-hand term must be a value:

(B-CBV)  (Az.ty) ty ~ t1[z := ty] (G-CBV)

B.1.2. Monoidal categories

Definition B.1.1. [ML98| A monoidal category (C,®,I) comprises a category C along with a
bifunctor ® : C x C — C, a unit object I € Cy, and three natural isomorphisms:

(associativity) aapc:(A®B)@C=ZA® (B®C(C)
(left unit) MI®A)=A
(right unit) pa:(ARI)=A

such that the following diagrams commute:

ax)y,z @ idy ax, 1y

(XoY)0Z) oW XoYe2))eoW (XY XeI®Y)

VaxX,(YRZ),W
AXOY),Z,W Xe((YoZ2)oW) pxﬁgik /»4X®>\y

Vidx @ ay,z,w X®Y
XY ®(ZeoW))

(XQY)® (ZaW)

AX,Y,(ZQW)

(71)

185



186 B. ADDITIONAL DEFINITIONS

Definition B.1.2. A monoidal category (C, ®, I) is symmetric if it has the natural isomorphism:
(symmetry) ~vap:(A® B)= (B® A)

such that the following diagrams commute:

IX,(Y®RZ YX,I
L Xe(Yez) S Yez)eX Xol 210X (72
XY, Z Y,Z,X
(X®Y)®Z Ye(Zeox) ™ Ax
X
VX, vy ®idz 1dy @Yx, 7

(Y®X)®Za—>Y®(X®Z)
Y,X,Z

Example B.1.3. A category C with products x and terminal object 1 is symmetric monoidal,
(C, x,1), with the associativity, unit, and symmetry isomorphisms defined

aapc = (mom,m xidc) (AxB)xC — Ax (BxC)
0‘2,13,0 = (idg X m,mom) :Ax(BxC)— (AxB)xC

A4 = T2 IxA— A

)\21 = (14, 1idy) A= 1x A (73)
PA =m cAXx1— A

pat = (ida,'a) tA— Ax1

VA,B = (mg,m) =71 cAxB—-3BxA

The coherence conditions for the monoidal category and the isomorphism properties follow
straightforwardly from the universal properties of products and terminal morphisms.

Definition B.1.4. Given a monoidal category (C,®,I), a monoid comprises an object M with
two morphisms p: M @ M — M and n: I — M called the multiplication and unit respectively,

satisfying the following properties:

id id id
MoMoM~MeoMeM)ZMoM ToM ZSMeMEX Mol

peid | J/ " XH | /

M® M M M

Definition B.1.5. [AM10][Chapter 3] (first seen in Section 3.3, Definition 3.3.1) Given a functor
F: C — D between two monoidal categories (C,®,I¢) and (D, e, Ip), a lax monoidal functor

has the following natural transformation and morphism [EK66]:
map:FAeFB — F(A® B)
mq : I]D) — FI(C

satisfying a number of coherence conditions that m4 p and m; preserve the associativity and

unit natural transformations for C and D:
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aDx,y, idp x ® oid
(FXoFY)oFZ 2 FXo(FY oFZ) FXolp " TEXeFIc IneFX " TFlceFX
mx y ®idrz \L \L idex emy, z oD l l mxIe Ap l l mre,x
FIX®Y)eFZ FXoF(Y®Z
(X@Y)e FY®Z) v . Fxel) FX<~— Fleax) Y
mX®Y,Z\L \LmX,Y®Z Fpoc FAc
FX®Y)®Z) — F(X® (Y ® Z))
Facx,y,z

Thus m4 g and m; define a homomorphism (under F) between the two monoidal structures of

C and D. There are number of variations of monoidal functors:

— A colax monoidal functor (sometimes laz comonoidal or oplax monoidal) has the dual
operations, ny p : F(A® B) - FAeFB and n; : FIc — Ip where the above diagrams
have the direction of the m replaced with the reverse n arrows.

— A strong monoidal functor is a monoidal functor where my g and m; are isomorphisms,

thus a strong monoidal functor is both lax and colax, where mX}B =ny B and ml_1 = nl_l.

— A strict monoidal functor is a monoidal functor where m4 g and m; are identities.

Lemma B.1.6. IfF: C — C is a strong monoidal endofunctor where C has categorical products,

then the following diagram commutes:

FA x FB (75)

mA B

v
1

Frmo

Proof. Since F : C — C is strong monoidal, the colaz conditions hold:

ide.nl nloidFX

FXelp<——FXeFIp IpeFX <——FIceFX

AD‘L T nNX,I¢c PD\L THIC,X

FX ———— F(X®I(c) FX ——— F(I(c ®X)
FAc Fpc

(the dual of the bottom two squares in (74)). Since the monoidal structure is (C, x,1) (i.e. with
the categorical product) then the unital axioms are A = m; and p = 72 (see definition of natural
transformations for monoidal categories in terms of the categorical product in (B.1.3)), thus the

following diagrams commute by the property that 7m0 (f x g) = fom and meo (f X g) = goma:

id,:x><n1 ni X

i)
FX x1 <""Fx x F1 1x FX 22 *F1 x FX

™1 ™2
T mx .1 nx.1 T2 mx .1 nix

FX<—F(X><1) FX<—F(1><X)

Fmi Fmo

Since F is strong, then n is reversed in the diagram with m. Thus, (B.1.6) follows.
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B.1.3. Product/exponent equations

For the product/exponent adjunction (— x X) 4 (X = —) where:
—(—xX)A=AxXforall AcC

id
CexX)f= Ax X L By X forall f: A BeC
- (X=>—-)A=X=Aforall AcC

- (X=-)f= X:>AE>X:>B foral f:A—BeC

Therefore, for all g : B — (X = X') and f: A — B:

9 (gof) =eo(=xX)(gof) ¢(gof) =(X=-)gof)on
=eo((—=xX)g)o((—xX)f) =(X=—)go(X=—)fon
= (¢t glo(—xX)f =(X= —)goof
= (¢~ g)o(f xid)

B.1.4. Strong functors and monads

Definition B.1.7. For a monoidal closed category (C,®,I,=) an endofunctor F: C — C is a

strong functor if it has the natural transformation:
fmapy p: (A= B) = (FA=FB) (76)

satisfying analogous coherence conditions to the normal functorial laws [Koc72][p.2]. Functorial
strength corresponds to a kind of internalised morphism mapping for an endofunctor, where

strong functors are the analogue of functors over self-enriched categories. [Kel82].

Kock showed that functorial strength corresponds to a notion of tensorial strength (i.e. they
mutually define each other [Koc72][Theorem 1.3]):

Definition B.1.8. For a monoidal closed category, (C,®,I,=) an endofunctor F: C — C is a

tensorially strong functor if it has a natural transformation:
stap: (A®FB) - F(A® B) (77)

and a number of coherence conditions [Koc72][p.3]:

st st
ToMA—5SMI®A) (A®B)@MC ene M((A® B) & C)
¢ M(A4) @a,BMC J/ J/ M(aa,B,c)
AMa
MA AR (BeoMC)— A@M(B®(C) — M(A® (B®(C))
A®stp,c sta,BeC

(78)

For a functor F : C — C with tensorial strength, if C is a symmetric monoidal category, with

v:A® B — B® A, then there is a symmetric notion, sometimes called costrength:

t F
stap= FA® B — > BoFA % F(B® A) —~ F(A® B)
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In this dissertation st’ and st will be called right strength and left strength respectively.

Definition B.1.9. A strong monad comprises a monad (M, u,n) and a tensorial strength st :
(A x MB) — M(A x B), satisfying a number of coherence conditions between the operations of

the monad and st such that the following commute:

sty M(sta,B) id
A©MMB M2 MA@ MB) 2 uMma s B) Ao B "2 aaMB  (79)
o] e e
A®MB M(A ® B) M(A ® B)

sta,B

Lemma B.1.10. A monad (M, u,n) with endofunctor M : C — C over a CCC is automatically
a strong monad [Mog91|[p.19], since M is automatically a strong functor, with a canonical

tensorial strength defined:

sf = A(a,b).fmap (\b'.(a,b')) b
Proof of the coherence conditions for a strong monad is straightforward for this construction
following from the laws of strong functors and the axioms of ccCcs.

Kock also showed that given a strong monad M on a symmetric monoidal category (i.e.
with left and right tensorial strengths) then there is a canonical definition of a monoidal functor
structure for M [Koc72], with two possible definitions, one which “evaluates” (via strength) the
first then second arguments, and the converse for the other.

B.1.5. Enriched categories, functors, and natural transformations

Lemma B.1.11. Every closed monoidal category (C,®,1,=,¢: (—®@ X F X = —)) is enriched

over itself (C-enriched) where:

— for all objects A, B € Cy, there is an object A = B € Cy by closedness;
— for all objects A, B,C € Cy, the composition morphism M is defined:

Mapc = ¢(evpc o (idgp,cy ®eva,B) © ag(,c),c(4,B),4) (80)
— for all objects A € Cy, the identity morphism I is: (where Ay : I @ A — A)
Iy = ¢ (Ma) (81)

The associativity and unital properties of M and I are easily proved by the properties of the

adjunction and the laws of a symmetric, monoidal category.

Definition B.1.12. For V-functors F, G : C — D a V-natural transformation (V-enriched natural

transformation) a between F and G is a Cy indexed family of morphisms:
ap: I —-DFAGA) eV,
satisfying the V-naturality condition:

Mearpcp(ap@Fapfol™) = Mragacp(Ganf®@asop™) (82)
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1.e.
ap ®Fa B

w1 I®C(A B) B(FB,GB) @ B(FA,FB)
/

C(A, B) T B(FA,GB)
/

\1\ Mra,ca,cB
U C(AB)® I B(GA,GB) @ B(FA, GA)

M FB,GB

Ga,BRoay

Definition B.1.13. For V-functors F,G : C — D a V-natural transformation (V-enriched natural

transformation) o between F and G is a Cy indexed family of morphisms:
QA I—)]D)(FA,GA) eV,
satisfying a V-naturality condition shown in Appendix B.1.5.

Lemma B.1.14. In a self-enriched category C a C-enriched natural transformation ay : I —
C(FA,GA) € Cy between C-enriched endofunctors F,G : C — C is isomorphic to a natural
transforation & : F = G, by the following isomorphism definition:
G4 =¢ 1 (aa)oA 1 :FA = GAeC (83)
ag=¢(aGdao)): I — C(FA GA) e Cy (84)

where ¢ is the hom-set adjunction ¢ : C(A® B,C) = C(A,B = C).

B.2. Comonads

B.2.1. Tree zipper calculation

Using McBride’s differentation technique [McB01, AAMGO04], the binary tree zipper for
Tree A = uX.A+ A x X? can be calculated as follows:

Oa(Tree A) = pZ.Oa(A+ A x X?)(xi3Tree 4] + Ox (A+ A X X?) (x5 Tree 4] X Z
uZ.1 4 (04 A X X2 4+ Ax 8AX2)[X»—>TreeA] +0x(A+ A x X2)[x.—>TreeA} X Z
pZ1+ (1 x X2 4+ A x 0)(xsTreea) + Ox(A+ A X X2)[x: s Tree ] X Z
pZ.1+ (Tree A)? 4+ Ox (A + A X X?) x5 Tree 4] X 2
pZ.1+ (Tree A)2 4+ (04 Ox A x X? + A X 0x X?)[x\sTree 4] X Z

(

(

pZ1+ (Tree A2+ (0+ 04 A X 2 X X)[x3Tree a] X Z
pZ1+ (Tree A)2 + Ax 2 x Tree Ax Z

(uZ1+ A x2xTreeAx Z) x (1+ (Tree A)?)

= (Path A) x (1 + (Tree A)?)

Therefore a comonad for this zipper is given by:

Ax94(Tree A) = A x (Path A) x (1 + (Tree 4)2)
= (Path A) x (A+ A x (Tree A)?)
= (Path A) x (Tree A)
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B.2.2. Non-empty list zipper calculation
The non-empty list zipper for NEList A = uX.A+ A x X is calculated as follows, where List A =
pX.1+Ax X:
0a(NEList A) =2 04(pX. A+ A x X)
= uZ.0a(A+ A x X)xsnedist 4] T Ox (A + A X X)xsnEList 4] X Z
= puZ.(1+ (0aA x X + Ax 0aX))xNEList 4] T Ox (A + A X X)(xNEList 4] X Z
= pZ.(14 X)xosneList 4] T Ox (A + A X X)[xoNEList 4] X Z
= puZ.1+ (NEList A) + (0 + (0x A x X + A X Ox X)) xNEList 4] X Z
~ 1Z.1+ (NEList A) + A x Z
~ (uZ.1+ A x Z) x (1 + (NEList A))
= (List A) x (List A)

Therefore a comonad for this zipper is: NEList' A = A x d4(NEListA) which is the pair of a
non-empty list with a possibly-empty list (mentioned by Ahman et al. [ACU12]).

B.3. Generalising comonads

Definition B.3.1. For a monad (M, n, 1) and a comonad (D, ¢,6) a distributive law of D over M
is the natural transformation ¢ : DM — MD with the following axioms on the interaction of o
with 7, €, p, and 6 [BS93]:

D D
D—" . MD DMM a DM oM DDM
o | |
D o o o 4 o
nl /0[02} Me M [03] [o4] D
DM M MDM —= MMD —= MD — MDD <— DMD
Mo uD Mé oD

B.4. The coeffect calculus

B.4.1. Coeffects for equational theories of let-binding

Associativity.

Ty:m?7Z¢Fes3:13

[WEAK]
T.y: T 77 Fes:
[EXCHG] y Y172, T 1T €3: T3

L] Foz:m?Y Fey:m Ix:m,y:m?ZFe3:T3
F?Xl—elle Dx:m?(ZU(ZeY))Flet y=egin ez : 73

[LeT] F?2((ZU(ZeY))U((ZU(ZeY))e X)) Flet x =erin (let y =egin eg) : 73

I'’XkFe:n IF'e:m?7YFey:m
Fr?7Yu(YeX))kletz=ejiney: 7 Dy:m?ZFes:m3
F?2(Zu(Ze(YU(YeX))))Flety=(let z=ejinez)in ez : 73

[LET]
[LET]
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Left unit.
: I'z:
— . [VAR} r:mmel,r:mn
(L] ! er:mn Fe:m?Ib-x:m
FrrIu(leX))kFletz=ejinz:mn = I'"XkFe:m
Right unit.
: Ty: Ty:m?7Y Fesy:
var] 2 7.16( Y ,Tl) (WEAK] .,y m > ]
[LET] P,y.Tl?[l—y.Tl F,y.Tl,.%'.Tl?Yl—eg.TQ
Fy:n?YuYel)kletx=yiney:
(o] IFz:m?YFey:m
= “ Dy:m?Y Fefr:=y]:m
Weakening.
(WEAKEN] I'’YhFey:m
WEAKEN
[LET]F?Xl—QIﬁ Fz:m?Y ke :m
Fr?Yu(YeX))klet z=ejin ey : 7 = I'"Yhe:mn (z¢FV(e))
Contraction.
(WEAKEN] '?’XkFe:mn
[ }F,m:ﬁ?Xl—el:ﬁ Lox:m,y:m?ZbFe:n
LET
- I?’Xke:mn Doz:m?(ZU(ZeX))Flety=ejines:
LET

r7(Zu(ZeX)U(ZU(ZeX))eX))Flet x =e1in (let y =ejin e3) : 1

Fx:m,y:m?7ZFey:my

[CONTR]

I'?’X ke :mn Dyz:m?ZbF ey :=z|[x:=2z]: 1o

= [LeT] I'?7(Zu(ZeX))Flet z=ejin ez[z :=y|[z := 2] : 1o
Exchange.
(WEAKEN] I'?’YkFey:m
WEAKEN
- Ix:m?Y Fey:m Lz:m,y:m?Zke3:T3
- I?Xte:m Do:m?(ZU(ZeY))Flet y=eyin e3: 73
LET
F?7(Zu(ZeY)U((ZU(ZeY))eX))Flet z =e1in (let y =ezin e3) : 73
(WEAKEN] I'’XbFe:mn [ CG}F,IEZTl,yITQ?Zl_Bngg
WEAKEN EXCH
(Le] Iy n?XkFe:mn y:max:m?7ZFes:73
[LET]F?YFeQ:Tz Dy:m?(ZU(ZeX))Flet x =ejines: 73

F'?7(Zu(ZeX)U((ZU(ZeX))eY))Flet y=ezin (let z =ejin e3) : 73

B.4.2. Traditional semantics for the coeffect calculus

Section 6.4.1 developed a semantics for the coeffect calculus using the indexed comonad struc-
ture and following the categorical semantisc appraoch for the simply-typed A-calculus, shown
in Chapter 2. The following shows diagrams for the semantics of [APP] and [LET]| to aid under-

standing of the coeffect’s derviation.
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— [apP] for k; : DRI’ — (Dgo = 7) and kg : DI’ — o, the semantics is as follows (split
across two lines due to space constraints).

nLToD

A
Drrl 2225 DT x Dl 55 T x o (85)

4 .
D(rusya(im T~ D oDyl 25D b (1 x o) 225 DAl x Dgo 255 7 (86)

— [LET] for ko : Dg(I' X 0) — 7 and k; : DgI' — o then:

ds,(1UR) D(n;,roDA) D(exk1)
A —r

DS.(IIJR)F DsD[uRP Ds(D[F X DRP) Ds(r X O’) k—2> T (87)

B.5. A contextual language for containers

B.5.1. Final coalgebras

Definition B.5.1. A coalgebra homomorphism between two F-coalgebras (U,c : U — FU) and
(V,d : V — FV), for the endofunctor F : C — C, is a morphism f : U — V € C; such that the

following diagram commutes:

v v (88)

o

FU —— FV
Ff

Definition B.5.2. An F-coalgebra (V,d : V' — FV) is final if for all F-coalgebras (U,c: U — FU)

there is a unique coalgebra homomorphism f : U — V.

Lemma B.5.3. The final coalgebra (V,d : V — FV') has as its object the greatest fixed point of
the functor FV 2V of the functor F, and if it exists, is unique up-to-isomorphism. [JRIT].
Existence of the final coalgebra gives a principle of definition by coinduction, and its unique-
ness gives a principle of proof by coinduction. For definition of functions by coinduction we
define the coalgebra operations for the arbitrary F-coalgebra on U, then the unique homomor-
phism proceeds by coinduction, capturing the observations that arise by repeatedly applying

the “next step” operation. unique homomorphism is defined.

Example B.5.4. The final coalgebra for the endofunctor F X = A x Xhas as its carrier object
the type of streams on A, AN with coalgebra morphism (value, next)s = (s0, An. s(n + 1)).

The final coalgebra for the functor FU = A x U x U captures infinite binary trees with carrier
object AZ" where 2* are finite sequences of tags pointing to the left or right subtree. Decon-
structors on a list-zipper, of element type A, are coalgebras (current, left, right) : ListZipper A —
A x (ListZipper A) x (ListZipper A) i.e. for FU = A x U x U, where the first component of the
product is the current element, the second component is the list to the left of the current element
and the third component is the list to the right of the current element. Thus, the mapping of

the list-zipper coalgebra to the final coalgebra computes the corresponding infinite binary trees.






ApPPENDIX C

ADDITIONAL PROOFS

C.1. Background

C.1.1. n- and extensional-equality for functions
For the simply-typed A-calculus, the [=-n] (7 equality) and extensional equality [EXT]:
I'te:o=1 Fez:thex=e ax:7

L FV FV (e
FArez)=e:0=1 vEFVe  [oxt] ThFe=¢:.7— 7 z g FV(e),x ¢ FV(e)

(=]

are equivalent, i.e. [EXT]| is admissible in the presence of [=-7|, and vice versa, as shown by
the following mutual derivations which shows n-equivalence implies extensionality of functions:
Nr:trex=ée z:7

e
A= [A-cong] T'Flzexz=Mxex:7=>171 ) T'Fltex=e:T=>1
= [trans]

TFe=Xxex:7=171

[77] _ I / A
[trans] I')Xzex :/6 T :>/T ~ [ext] (89)
I'Fe=ée:7=171

4] F'Fe:7=1
Fz:7k(Arex)z=ex: 7

>~ (= 90
fox] TFXtez=e:T=171 (=] (90)

C.1.2. Proof of [=-/] and [=-7] for the simply-typed \-calculus

The following gives the proofs of 5- and n-equality for the categorical semantics of the simply-
typed A-calculus (in terms of a ccc) for Chapter 2.

[TFXzex:7=17]
=ANevo([lIz:7ke:T=7],[l,xz:7Fx:7])) [aBs],[APP]

= XNevo([Trte:T=7]om,[l,x:7Fa:7])) [WEAKEN]

= Aevo([I'Fe: 7= 7"]om,m)) [var]

= Aevo([T'Fe:7= 7] xid) o (m,m2)) {by x universal property}
= Aevo ([I'Fe: 7= 7] xid)) {x universal property}

= Aevo (\f' x id)) {TFe:7=7]=Af"}
=\f {= universal property}
=[Tke:7=1] {Cre:T=7]=Af}0

195
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[TE (Ax.e1)eq: 7]
=evo(N[[z:7Fe : 7], [T Fes:7]) [apP], [ABS]
=evo(A[[z:7Fe : 7] xid)o(id, [T Feq:7])  {X universal property}

= [Dz:7ker:7]o(id, [T+ ex:7]) {= universal property}
= [CFletx =ezine; : 7] [let]
= [Tk ez :=es] : 7] {let-B - Lemma 2.2.5} O

C.1.3. Proof that the product/exponent adjunction implies categorical exponents

Lemma C.1.1. Given (— x X) 4 (X = —), = is a calegorical exponent where ev = ¢, A\f = ¢ f.

Proof. From this construction, tthe universal property of = holds with the following proof
(where L=(—xX) and R=(X = —) in L4R):

ev o (A\g X id)
= eo(pg xid) {Lemma 2.2.17}
= eol(¢g) {definition of L}
= e€eolRgoln (2.2.16)
= goelLolpy {naturality of €}
= g [A1] O

Furthermore the property that ¢g : X — (Y = Z), for g : X xY — Z, is the unique

morphism which satisfies the universal property is proved by
O

C.2. Comonads

C.2.1. Properties of lax and colax monoidal functors and comonads

Lemma 3.3.5. (originally on p. 66) Every endofunctor F on a category with finite products

has a canonical unique colax monoidal structure with ny p = (Fm1, Fme) and ny =!g;.

Proof. It is straightforward to prove the coherence conditions of a colax monoidal functor for
nap = (Fmi, Fme) and ny =!f; (see Definition B.1.5 (p. 187), for these conditions) which follow
from universal properties of products and the definitions of the natural transformations for the
monoidal category. Since the underlying category C has categorical products, these natural
transformations are the canonical definitions shown in Example B.1.3 (p.186).

To prove uniqueness of these definitions, assume the existence of some other colax monoidal
structure nf47 p and n’. Since the underlying category C has categorical products, the natural

transformations providing units for products are uniquely A: 1 x A > A=mpand p: A x 1 —
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A =m (Example B.1.3 [p.186]). The unital properties of n} with respect to n’y p, are therefore:

idxn} n’ xid
FXx1<=<—FXxFl FIxFX —1xFX (91)

1 , , 2
1 nX71 nl’X uw)

FX ——F(X x1) F1xX)——FX

Fmrq Fmo

where the diagonal arrows follow from the universal property of products.

From the universal property of products, fi = g1, fo = g2 = (f1, f2) = (91, 92), therefore:

(Fmy,Fma) = (mion’yy,maony) {pairing of diagrams from (91)}
= (m,me)ony {x wuniversal property }
.y {x universal property}

Therefore, by contradiction of the distinctness of n'X y and nyy, the canonical colax definition
nap = (Fm1, Fmg) is unique. The operation n; = !f; is trivially unique by the universal property
of the terminal morphism.

O

Proposition C.2.1. For an endofunctor F over a category with finite products, the following two

properties are equivalent:

(1) nA7B = <F7T1, F7T2>
(ii) na,po FA = A (i.e. F is idempotent colax semi-monoidal)

Proof. Idempotence (ii) follows from (i) as follows:

napoFA = (Fm,Fm)oFA (ii)
= (F(mioA),F(maoA)) {{f,g)oh=(foh,goh) and F functoriality}
= (Fid, Fid) {x wuniversal property}
A {A = (id, id)}

The canonical ny p definition (i) follows from idempotence (ii):

(Fry,Fma) = (Fmp x Fmg) o A {universal property of x}
= (F?Tl X FWQ)OnA,BOFA (1)
= ngpoF(m xm)oFA  {nsp naturality}

= nap {F functoriality and x universal property} 0

Proposition C.2.2. For a laz (semi-)monoidal endofunctor F on a category with finite products,

and canonical colax operation na g = (Fm1,Frg) the following two properties are equivalent:

(i) FA=mypoA (i.e. F isidempotent lax monoidal);

(ii) ma.Bonyp = id.
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Proof. (i) = (ii) is as follows:

mapgonap =mypo (Fry,Fmrg) {canonical na g definition}
=mypo (Fm x Frg) o A {x universal property }
=F(m xmg)omypoA  {myu p naturality}
= F(m X m3) o FA {ma,p idempotence (31)}
=1id {F functoriality, x universal property}

(ii) = (i) follows by the following proof:

FA = FA {taut.}
= mypo (Fm,Fme) oFA {ma ponap=idand canonical ny g}
= my,p o (Fid,Fid) {F functoriality, x universal property}
= mupoA {A = (id, id)} .

Proposition C.2.3. For a lax (semi-)monoidal endofunctor F on a category with finite products

and canonical colax operation na g = (Fmy,Fra), the following two properties are equivalent:

(i) F7T1 e} mA7B =T and F7T2 e} mA7B = T2,

(ii) NA.BO My g = id.

Proof. (ii) = (i) (where the proof is symmetric for 7; and 79, only that for 7y is shown):

id = (Fm,Fm)omyp {na,B is left-inverse to m g}
m = m o (Fm,Fme)omyp {post-compose m}
= Fmiomygp {x universal property}
(i) = (i) : (m,m) = (Fmiomgap,Fraomypg) {from (i) and by x universal property}
id = (Fm,Fma)omyp {x universal property} O

C.2.2. n-equality for comonadic semantics

For n-equality, one of the following must hold (Section 2.2.7, ((B.4ii))):

D(goP f=(=P gL ar (where f :D(Ax B) —» X,g:DX =Y (92)
W(goP f) = (Wg)oP (f xPid®) (where f: DA — X,g:DX — (DB=Y)) (93)

Subsequently, either xP or =P must be defined as a bifunctor (not just an object mapping).
For (93), the bifunctor (— xP —) : Cp x Cp — Cp is defined for objects and morphisms as:

~ (AxP B)=Ax B e Cpg
~— (fxPg)=(fxg)onap: AxPB— X xPY €Cp; (i.e.f:DA— X,g: DB —Y € Cy
and (f xP g):D(Ax B) - X xY € Cy)
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Proof of (93) is then as follows, requiring that § is a colax monoidal natural transformation:

(Wg) oP (f xPid®) =1pgony.ao((fxe)onxa)l
=1gonys0D(f xe)oDnx 06
=1go (Df xDe)ony 40Dnx 409
=1pgo (Df x De)o(d xd)onx.a
=1go(Dfod xDeod)onx 4
= ¢go (fT xid)onxa
=1(go fT)onxa
= U(goP f)

C.2.3. (-equivalence for comonadic semantics

Lemma C.2.4. ((let-f) - Substitution equivalent to let)

(U definition/id® /xP /oP}
{Dfod= i)

{na B naturality}

{9 colax monoidal (33)}
{— x — functoriality}
{Dfod = f1and [C2]}
{¢(gof)=1vgo(fxid)}
{W definition/oP} O

Ve,d. Tyz:7'Fe:T)ANT ke :7)=[TFletz=¢€ine: 7] =[[Fe[z:=¢€]:7]

» [VAR] i.e. for T,z : 7/ F v : 7. There are two cases:

— 2 = v (therefore 7 = 7') and the semantics:

[VAR]

[T,x:7"Fv:7]=mg0e

By the definition of substitution z[x := €'] = €’ therefore proof of (let-j3) for [VAR]

where v = z is then:
[THletz=¢inx: 7]

= 772050<€ag>T

= mol(g)
= g
= [Cke:7]

[coK2]

{x universality}

— x # v: thus the semantics is as follows where |T'| = n and v is the i** variable in T':

[VAR]

[T,z:7Fo:r]=m30m

(n—i+1) oe

By the definition of substitution vz := €'] = v therefore proof of (let-3) for [VAR]

where v # x is then:

[THletz=¢inx: 7]
(n—i+1) o E<€,g>T

= Tm2o0m
P o teg)
og

Ty O Ty
(n—1)

= T20mM

= [CFwv:7]

» [ABS]

[coK2] (94)

{x universality}

[T,x:7v:oke:7]=f:D(C'x7)x0)—=>T

[ABS]

[Tyz:7"FXe:o=71]=¢(fom): DI x7') = (Do = 71)
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By the definition of substitution, (Av.e)[z := €| = Av.e[x := ¢€’], the inductive hypothesis is

therefore:

[THe:7]=¢g:D — 7

A =
(4) =[wear] [T,v:okFe:7]=goDm : DI x0) =7

[T,z:7v:oke:7]=f:D((C'x7)x0)—>T
[T,v:oz:7Fe:7]=foDx:D(I' x0o)x7') =71

(4)

[EXCH]

[T,v:okletz=¢ine:7]=(foDx)o(e,goDm)I :D(I'x o) = 7 (95)
=[Tv:okex:=€]:7]=h:DI x0) =7
i.e.. h=(foDyx)o (e, goDm)t.
The conclusion of (let-f) for [ABS] is thus:
[CHletz=¢ inXve:o=7]=¢(fom)o(e,g) : DI = (Do = 1) (96)
— g [T,v:obelx:=€]:7]=h:DI x0) =T (o7)

[T+ Mve[z:=€]:0=7]=¢(hom):DI' = (Do = 7)

Recall that x = (m x id,ma0m) : (A X B) x C — (A x C) x B is natural transformation,
with naturality y o (f X g) x h = (f X h) x g o x from Example A.3.3 (p. 183).

[T+ Xvelx:=€]:0— 7]

¢(hom) {(97) and (95)}
#(f oDx o {e,goDm)f om) {def.}
4(f o Dx o D{z, (g0 Dry)) 0 50 m) {ft=Dfos)
¢(f oDxoD(e,(goDm))oDmomo (§ x d)) {6/m laxz monoidal comonad}
d(foDxoD{(egom),(goDmom))yomo (§ X J)) {f,g)oh={(foh,goh)}
d(foDxoD{(e x&),(goDmom))omo (§ x §)) {e/m laz monoidal comonad}
¢(foDxoD((e xe) X (goDmyom))oDAomo (§ x 4)) {f,g9)=(f xg)oA}
d(foD((e x (goDmrpom)) xe)oDxoDAomo (§ X §)) {x naturality}
d(foD{(e x (goDmyom))o (m X id),compom)oDAomo(§x4)) {x defn. & x universality}
d(foD{(eom) x (goDmyom),eomyom)oDAomo (§ X J)) {x bifunctor}
d(foD{((gom) x (goDmpom))oAjcomomioA)omo (4 X d)) {x universal prop.}
d(foD{((om) x (goDmom))oA,eoms)omo(§ x4)) {m oA =1id}
d(foD{((gom) x (gom))oA,eom)omo (4 x4)) {Dmiom=m}
d(foD{(e xg)oAom,eom)omo (4 xd)) {A naturality}
d(foD(((e x g) OA)XE)OmO(6X6)) {(m x m2) 0o A = id}
d(fomo (D((e x g)oA) x De) o (§ x §)) {m naturality}
d(fomo (D ((5xg)oA)o5xD505)) {x bifunctor}
d(fomo (D((e x g)oA)od x id)) {[C2] comonad law}
é(fomo ((g,9)f x id)) {ff =Df o6 and x universality}
#(fom)o (g, g)f {adjunctions}

[THlete =z in lv.e:o — 7] {defn.} O
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[APP]

[Tyz:7"Fei:0=>7]=k :DCx7)—= Do=71) [l,x:7Fey:0]=ky:Dl =0

[C,z:7' Ferea: 7] =d tkionpyr g0 (e ko) : D x7) =7
By the definition of substitution (e e2)[z := €] = e1[x := €'] ea[z := €’]. Inductive hypotheses

are therefore:

[Ckefz:=¢€¢]:0=1]=h :DI - (Do =1

[T,z:7Fei:o0=7]=k :DIx7)—=(Do=71) [Fe:7]=¢:DI =7
[CHletx =¢ine;:0= 7] =k o{eg):DI — (Do =7)

[LET]

(98)

[T+ e[z :=¢€]:0]=hy:DI' - o

[LeT] [a:7"Fe:o] =k : DT x7) >0 [He:7]=g:DI =7 (99)
= [LET
[CHletz=¢iney:0] =kyo(e,g)t :DI = o

The conclusion of (let-3) for [APP] is thus:
[THletz=¢inejes: 7] =¢ 'kyonpgo (e ka)lo(e,g)t : DI — 7
= [T Feyfz:=¢]esfzr:=¢]:7] =¢ thyonpy o (e, hy)l (100)

[T+ (e1ex)[z :=¢€]:7]

6 (k1o (e, ) ono (e, ks 0 (e, 9)") {(100), and (98),(99)}
61k1 0 (e, g x id) oo (e, ko (e, )1} {671 (g0 f) = 6-'g0 (- x X)f}
k1 o ((e,g)! x id)onoD((e x (ka0 (e,9))) 0 A) o {f1 =Df o and (g, f) = (g x f)o A}
¢ k1 o ({e,9)" x id) o ((De) x D(ka o {e,9)T))onoDAo§ {D functoriality and n naturality}
¢ k1 o ({,9)" x id) o ((De) x D(kz 0 {,9)T)) 0 (§ x §) ono DA {n o DA naturality}
¢ k1o (({e,9)T o (De) 0 §) x (D(kg 0 (g,9)T) 0d)) ono DA {x functoriality}
6 k1 0 ((2,9)1 x (Dlkz o (e, g)") 08)) oo DA {Deod = id[C2]}
6Ky o ((D{e,g) 06) x (Dl 0 (e, 9)1) 06)) oo DA {ft =Dfos}
¢~ k1 o (D{e,g) x (D(k20(g,9)7))) o (§ x §) ono DA {x functoriality}
¢~ k1 o (D{e,g) x (D(k20(g,9)T))) onoDnodoDA {§/n colax monoidal comonad}

qﬁ lkyonoD({e,g) x (k2 0(g,9)T)) oDnodoDA {n naturality}

¢tk onoD((e,g) x (ka0 {c,9)")) oDno DDA 0§ {0 naturality}
¢~ 'kyonoD({e,g) x (kg o {g,g)T)) oDA oS {n idempotence}
¢ 1kionoD(({e,g) oe0d) x (kaoD{e,g)05))oDAoS {g0d =1id [C1]}
¢ 1kionoD((eoD{e,g) 08) x (ka0 D(g,g) 06)) oDA 0§ {e naturality}
¢ tkionoD(e x kz) o DA o D(D{g,g)06) 04 {A naturality, x functoriality}
¢~ 1kionoD(e x ko) oDAoDD{g,g) 0§04 {Ddod =dpod|[C3]}
¢ lkionoD(e x ka)oDAo§oD(e,g)od {6 naturality}
¢~ Tkyono (e ka)t o (e, g)f {ft=Dfodandgx foA={g,f)}

[THletz =€ ine;jes: 7] (100)
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C.2.4. Monoidal comonads and shape

Theorem C.2.5. For an idempotent monoidal functor F, the canonical colax monoidal opera-
tion n = (Dmy,Dme) is the left-inverse of the monoidal operation m when pre-composed with

morphisms whose images are of equal shape i.e. for f: A— FX,y: B — FY, then:

shape y o f o = shapey o gomy = nxyomxyo(fxg)=fxg (101)

Proof. The following proof makes use of the following property derived from the universal prop-
erty of products, where for all f: Ax X,g: BxY:

fxg={(fom,goms) (102)

The proof is then as follows (where some of the steps will be applied to both sides of a product):

nomo (f X g)
= (Dm1,Dme)omo (f X g) {canonical n}
= (D(m o (idx!y)),D(ma o (Ix X id))) omo (f x g) {m =mo(idx f)}
= (DmoD(idx!y)omo (f xg),DmoD(lx x id)omo (f x g)) {x universality}
= (Dmpomo(DidxDly)o(f x g),Drgomo (D!x x Did) o (f x g)) {m naturality}
= (Dmpomo ((Dido f) x (Dly og)),Dmaomo ((D!x o f) x (Dido g))) {x functoriality}
= (Dmpomo(Dido fom,Dly ogoms),Drgomo(Dlx o fom,Didogoms)) (102)
= (Dmomo (Dido fom,Dlyo fom),Drgomo(Dly ogoms,Didogoms)) {(101) premise}
= (Dmpomo(Did,D!x)o fom,Dmgomo (Dly,Did) o goms) {x universality}
= (DmioD(idx!z;)omoAo fom,DrgoD(ly xid)omoAogoms) {m naturality}
= (DmoD(idx!;)oDAo fom,DmyoD(ly x id) o DAogoms) {m idempotency}
= (D(m o {(id,!z)) o fom,D(ma 0 (ly,id)) o goma) {x universality}
= (fom,goms) {x universality}

Fxg (102

C.3. Generalising comonads

C.3.1. Lattices of comonads

Lemma C.3.1. Given a bounded semilattice of comonads (D,U, L), there is a category pC with
objects pCo = Co and morphisms pC(A, B) = (Jx, C(Dx A, B) with identities idy : D1 A —
A = (g1)a and composition defined:
6:(DyB — C)— (DxA— B) = (Dxuy)4 = C)
gof =gow™ o(fouix”) (103)

and identities idg : D] A — A= (g1)a.



Proof. Proof of the axioms of a category rely on the comonad morphism properties:

Furthermore, transitivity and reflexivity properties of comonad homomorphisms are used:

C.3. GENERALISING COMONADS

)
A< DA DDA w4

T~
N D'DA
€A , J~y =
D'A— D'D'A D'wa
A

LRUSUT _ LSUT RLSUT RUS RLSUT

R =Llg ©Olsur TR ©lRus
L‘%LJL?ng
B =id
RUS _  SUR
Ll =R

Proof of the categorical laws are then as follows:

» idd f=fforall f:DpX =Y.

iHéf: e ot oDg(foil)odpuL
= croDgr(foil)odriL (104)
= erpoDprfodgruL (107)
= foerodruL {er naturality}
= foegodg {RU L =R}
= f {[C1] for Dr}

» foid= fforall f:DpX =Y.

>

hé(gof) =
hé(gd f)

féiAdf (foiBYoDgr(el otf)odriy
= (foiR)oDgr(er)odruL (104)
= (foul)oDg(er)odr {RU Ll =R}
= (o) {[C1] for D)
= f (107)

(hég)of for all f:D, X —Y,g:DsY — Z,h:DZ — W:

hé(gottVe oDpys(fothVe)odys)

houfY*Vt o Dpysvi(g ot 0 Dpvs(f 0 17.Y%) 0 0pvs 0 115Y") © Oprysve

Vs

5\t VsVt \ \ VsVt
h o Li o Lgvf o DT\/&\/t(g o LT So Der(f o L: s) o 67‘\/8 o L:\/; ) © 67‘Vth

houfVtoDgyi(gol,
hot$VtoDgys(gor
houVtoDgyi(gotl
houVtoDgyi(gotl
houfVtoDgyi(gotl
hot$VtoDgys(gorh
(

houVtoDgyi(godl

’I“VS) r\/s\/t oD

rVsVt Lrvs

s r\/s\/t oD

th rVsVt

Vs oy ervt o Dr\/s\/t VsVt oD

Vs oL r\/s\/t o D'r‘\/s\/t rVsVit oD

s r\/s\/t oD 7‘\/th

Loyt VsVt

TV‘S ervt © DT\/S\/t(DTVs(f © Ler) 0 dpvs © szw) 0 Orvsvt
(Dyvs(f 0 L5V8) 0 Dpys (LT3 0 IVsVE o §
v ) ( er(f © LNSW) © L%i\/t © 57‘\/5\/7‘) 0 Opvsvi
) (4rvs rvsvi(f oY *Vt) 0 brvsvr) © Orvsvi
Vo) o TVSVt 0 Dpvsvi (Yt 0 Dpvsve (f 0 17Y3VH)) 0 Dpvsvidrvsve © Orysve
) (s rvsve(f o LWSW)) 0 8rvsvt © Orvsvt
Vs) o 0

VsVt
7«\/5 O DTV&VtDTVéVt (f o LT s ) o 67‘stt o 67‘stt
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’I“VS\/’I“) o 57"\/5\/15
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= h o Lf\/t o stt (g o LTV&) TVZSVt o DerVt(L:xi\/t) o 6rV5Vt o DT\/&\/t (f o LTVSVt) o 6erVt
= ho Lf\/t o Dsvt (g © LTV&) © Ds\/t( :x::\/t) o LTV&Vt o 57“\/5\/15 o DerVt(f o LTV&Vt) o 6T\/S\/t
= h o Lf\/t o stt (g © LTVS :yg\/t) © Lg\\;fv o 5TVSVt o D’r’\/S\/t(f o L:VSVt) o 5’)“VSVt

= ho Lf\/t o stt (g o LSVt T://f\/t) o LT://th o 5ervt o D’I“VSVt(f o L:VSVt) o 5’)“VSVt

= h o Lf\/t o stt (g o L ) o 55\/15 o L:\\;?\/t o DT\/s\/t (f o L:\/SVt) o 6erVt

= (h6g) o uyV o Drvsve(f 0 17"V )ory s

= (hog)of

C.4. The coeffect calculus

C.4.1. Categorical semantics

C.4.1.1. Monoidal category from coeffect algebra
Proposition C.4.1. For a coeffect algebra (C,e,1,1U,M) where 1 is the category of the partial
order (C,C), then (I°P,e,I) is a monoidal category with bifunctor e : I°P x [°P — TP,

Proof. Bifunctorality of e means that given f: X — Y,g: A — B €I’ then feg: X e A —
Y e B € I” and therefore Y C X and B C A implies (Y e B) C (X o A).

(1) YCX= YUX — X
YUX)e A =XeA {—e A}
YeA)U(XeA) =XeA {distributivity}
(2) BCA= BUA =A
Xe(BUA) =XeA {Xeo—}
(XeB)U(XeA) =XeA {distributivity}
XeA =(YUX)e(BUA)
=Y e(BUA)U(Xe(BUA)) {distributivity}
=Y eB)U(YeA)U(XeB)U(XeA) {distributivity and LI associativity}
=Y eB)U(YeA) U (X eA) (2)
XeA =(YeB)U(XeA) (1)

= (YeB)L (XeA)

C.4.2. Equational theory - syntactically

Lemma 6.3.2. (p. 124) (Substitution) Given a substituting coeffect algebra over C' (see Defi-
nition 6.3.3, p. 124) 'z : 7?RFe:7,and '?St e : 7/ then T?7RU(ReS) e[z :=¢]: 7.

Proof. By induction on typing/coeffect rules:
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» [VAR] Base case, with coeffect/typing:
(v:r)eTyz:7)
Cyz:m)?Ikwv:T

[VAR]

Therefore, substitution should yield a coeffect I LI (1 o X).
By the definition of substitution (10) there are two possible cases for v[z := ¢']:

l.v=x . z[z:=¢€]=¢€ and 7 = 7/, and therefore I'? X I z[z :=¢'] : 7/.

From the premise of the lemma, I is either the lower-bound or upper-bound of the
(semi)lattice (C,U) therefore:
— VX.I C X (lower-bound) then I U X = X therefore: X =11 (I ¢ X).
— VX.X C I (upper-bound) then:
[SUB}I‘?Xl—e':T' XCIJI
r?r-e:.r

where I =T (I ¢ X).
2. v#x vz := €] =v, therefore I'? T F o[z :=¢€]: 7.
From the premise of the lemma, I is either the lower-bound or upper-bound of the

(semi)lattice (C,U) therefore:
— VX.I C X (lower-bound) then I U X = X therefore:
< I'?’Itv:7 ICX
B
[ FN}] 'rXrov:r
T TU(TeX)kFw:T

— VX.X C I (upper-bound) then X U [ = I, therefore: I =101 (I e X).
» [APP] — Application has coeffects/typing:

S
Dx:7?Rbe:0 >17 Dyax:7?Thkey:o

[APP]
Foz:7"?7RU(SeT)Fejea:T
By the inductive hypothesis:
I’?RI_I(ROX)l—el[:U::e/]:UiT (109)
(110)

Il
m\
)

F?TU(T e X)F esgfa:
Therefore, from the definition of substitution (e e9)[z := €'] = e1[x := €'] eg[x := €]

F'’RU(ReX)lFej:o LN F?’TU(TeX)key:o
[4P] I'?’(RURe X)) (Se(TU(TeX)))Fejfr:=¢€]exx:=¢€]:7

(RU(ReX))U(Se(TL(TeX)))
= RUReX)U(SeT)LI(SeT eX)
RU(SeT)U((RU(SeT))eX)O

» [ABs] — Abstraction has coeffects/typing

{U associativity and e /Ul distributivity}
{e/U distributivity}
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Dx:7v:0?SNTke:T

[ABS] p
Dz :7?7SkFXe:oc—rT
By the inductive hypothesis:

Fov:e?2(SNTYU((STT)eX)Fe:T (111)

Therefore, following from the definition of substitution \v.e[z := €] = lv.elx = €]
(assuming a-renaming such that x # v):

Fov:oc?2(SNTYU((SNT)eX)Fe:T
[ABS] where PN Q= (SNT)U((STT) e X)

'?PF Mvelz :=¢] oSy

where for substitution to hold then P = S (S e X) and Q = T. Therefore it is required
that (SU (SeX))MNT =(SNT)U ((SMT)eX). This condition holds if e distributes

over L as in the [APP| rule, and given an interchange law between M and e:

(XeY)M(AeB)=(XT1A)e (Y T1B) (112)

and if (C,M,I) is a monoid:

(SU(SeX))NT
(SLJ(S X)N (T el) {I/e monoid}
= (Sel)U(SeX)) (T el) {I/e monoid}
= (Se(IUX))N (T elI) {e distrib over LI}
= (SNT)e((IUX)MNI) {e/ interchange (112)}
= (SNT)e(IUX) {I/11 monoid}
= ((SNT)el)U((STT)eX) {e/UI distributivity}
= (SIT)u((SNT)e X)O {I/e monoid} .

C.4.3. Equational theory - categorical semantics

In this section, to reduce the notational clutter, the indexed monoidal functors operations mf}’g
and n}j:‘; are written mp g and ngp g (i.e., the non-index objects are elided), and mﬁl and n{4 are

written m; and nj respectively.

Let-binding and abstraction-application equality.
Proposition C.4.2 ([let-\-=]).
[T?7XU(YeZ)F (Aep)e:7[=[I7XU(YeZ)letx=e tnes: 7]

if Or,s is colax monoidal (therefore o and Ul have interchange), and if mp s = ngr g = id (therefore
L=T11), and U is idempotent.
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Proof.
[T?XU(YeZ)F (M.er)es: 7]
= 1/)(¢(k1 o mxyy)) o (Zd X Dkg o 5yﬁz) ONXx yvez © DA

= kiomyyo(idxDksodxy)onxyezoDA {adjunction}
= kiomyyo(Derodx s xDkaodxy)onxyezo DA [C2]
= kiomxyo(Der x Dka)o(0x,1 X dxy)onx,yez o DA {x functoriality}
= kiomxyo(Der x Dk2)onxy oDnyzodxuy.ruz o DA {colaz monoidal 5x y (63) (p. 130)}
= kiomyxyonxyoD(er xkg)oDnyzodxuy ruz o DA {n naturality}
= kyoD(er x k2) oDny 7z 0 dxuy,ruz o DA {mx,yonxy = id}
= ki1oD((er x k2) onyr,zoDA) odxuy, 1Lz {D functoriality, § naturality}

[T?(XUY)e(IUZ)Fletx=e1iney: 7]
The coeffect terms here are equal by interchange of e and Li:

(XUY)e(ILZ)
= (Xel)U(YeZ) {interchange}
= XU((Ye2) {(C,e,I) monoid} O

Proposition C.4.3 ([let-\-=] alternate, restricted).
[T?7RU(ReS)F (M.er)es: 7] =[T?7RU(ReS)Fletz=e1 iney: 7]

if 6r,s is colax monoidal (therefore ® and U have interchange), and if mpr = npr = id
(therefore LI and M are idempotent).

Proof.
[T?7RU(ReS)F (Mv.er)es: 7]
= Y(d(k1ompRr)) o (id x Dkaodr.s)ong res © DA

= kiompgpro(idxDksodrs)ong reso DA {adjunction}
= kiompgpro(Derodprs x Dkaodr,s)ong res o DA [C2]
= kiompgpro (Der x Dk2) o (0ps X 0r,s) Nk res © DA {x functoriality}
= kiompgpro (Der x Dk2) ong roDnrsodrur us o DA {colax monoidal ér s (63) (p. 130)}
= kiompgrongroD(er x k2) oDnys0drur,us o DA {n naturality}
= kioD(er x ka) oDny g 0dg s o DA {mg.rong g =1id}
= ki oD((ef x k2) ony g0 DA)odg s {D functoriality, § naturality}

= [P?7Re(IUS)Fletx=einey: 7]

For the coeffect terms to be equal, then e and LI must have an interchange law, and LI and I
must both be idempotent such that mg r o ng g = id. Note that interchange between e and LI

and idempotence of L implies that e distributes over LI (part of the coeffect algebra definition):

Re (SUT)
= (RUR)e(SUT) {U idempotence}
(ReS)LI(ReT) {interchange} 0

(B-equivalence.
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Lemma C.4.4 ((let-3) - Substitution equivalent to let).
Ve,d. T,z :T"?REe:T)ANT?7X e : 1)
= [[?Re(IUX)Fletz=¢ine:7]=[[?7Re (IUX)F e[z:=¢€]:7]
Previously, the substitution lemma was stated with coeffect Re (RU X) (Lemma 6.3.2, p. 124).
Note Re (I L1 X) = Re (R e X) via distributivity of e over LI (i.e., ® is monotone). Here,

Re (I X) is used as it matches the structure of the categorical semantics, making the proof

more clear. Throughout [I'?X e’ :7']=¢:DxI' — 7.

» [VAR] d.e. for T,z : 7/ 71 F v : 7. There are two cases:

— x = v (therefore 7 = 7’) and the semantics:

[vas) [C,z:7?IFv:7]=ma0e;s

By the definition of substitution z[z := €] = €’ therefore proof of (let-3) for [VAR] where
v = x is then:
[T?7Te(IUX)Fletz=¢inz: 7|
maoeroD((er x g) onr x o DA) o dr 1x
= myo(erxg)onrxoDAoerodrux {er naturality}
= gomonrxoDA [C2]

There are two cases depending on whether the coeffect algebra is top-pointed or bottom-
pointed (see syntactic proof in Appendix C.4.2 above).
* VR.I C R (lower-bound) then I LI R = R therefore: X = I (/e X). Then D is a
colax monoidal functor, with a counit ny, which then has the counital property: (see
Definition B.1.5)

1 x DA <2 D1 x DpA (113)
" l / TnI’R
DrA - Drur(1 x A)
Therefore:
= gomonyxoDA
= goDmoDA (113)
= g {x wuniversal property}

Thus the colax monoidal operation is required to have the counital operation n; sat-

isfying the counital property of (113).
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* VR.R C I (upper-bound) therefore where I LU X = I. Therefore:

gomgonrx o DA
= gomgo (id X DL&) onyro DA {I is greatest element}

go Dbg( omyonrroDA {ma naturality}
go DL& omg oA {ng,r idempotence}
= go Dbg( {x wuniversal property}

where Dbg( :D;y > Dx.

— & # v: thus the semantics is as follows where |T'| = n and v is the i** variable in T':

[VAR] i+ D)
[C,z:7?IFv:7]=m30m

By the definition of substitution v[z := €'| = v therefore proof of (let-g) for [VAR] where

v # x is then when:
[C?7(Te(IUX))Fletz=¢inv:7] = [[?7Je(IUX))Fv:T]

There are two cases depending on whether the coeffect algebra is top-pointed or bottom-
pointed (see syntactic proof in Appendix C.4.2 above).
* VR.I C R (lower-bound) then I LU R = R therefore: X = I L (/ ¢ X) and therefore
[SUBJ is used in the type/coeffect derivation for v:
[T?(le(IUX))Fv:7] = [[P?IFU:T]]OD@(
=Ty ow’ffi ogro DL;(
The proof is then:
[T?(Ie(IUX))Fletz=¢inv:7]

- 7r207r("_i+1)o€[oD((€[xg)onLXoDA)oéLluX

= myo 7r§" "+, o(ey xg)onr,xoDAoerody x {e1 naturality}
= 7T207T Jrl)o(gjxg)oanoDA [C2]
= myo 7r§" o, (e1 x g)oD,x onx x o DA {I is least element}
= Tpo0 7r(" o o(er xg)oDx oA {nx x idempotence}
= Tpo0 7r§ "o o (e1xg)oDx oA {composition}
= Tyo0 w%"fi) ogromoD,xoA {x universality}
= mpo0 ﬂgn_i) o€ro DL;( om oA {D, naturality}
= mom" Pogso D,.x {x universality}

= [PJe(IUX)Fov:7] O

* VR.R C I (upper-bound) therefore where I LU X = I. Therefore:

[T?(le(IUX))Fov:r] =[] Fv:T]

=myomy ’ogl
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[T?7(Te(IUX))Fletz=¢inz:7]

= 7T207T§n7i+1)O€]OD((E]Xg)on],XODA)O(S],[uX

= mgo wgn_“_l) o(ey xg)onrx oDAoerodyrx {e1 naturality}

= myo wgn_iﬂ) o(er X g)onrx oDA [C2]

= myo0 ﬂ”’“ ogrom onyx oDA {x universality} (114)
= 7T207T§n7i)O€]O7T10n]7[ODA {IUX =T}

= Mo wgn_i) ogrom oA {n11 idempotence}

= myo0 wgn_i) ogy {x universality}

[C?TFwv: 7]

» [ABS] — As discussed in Section 6.3.1 (p. 121), B-equality requires an interchange law between
e and M, which follows from the proof in Appendix C.4.2 (p. 204). The proof here then
assumes this property, which is also required such that dr g is a colax monoidal indexed

comultiplication (used in the proof) (see Definition 6.4.3, p. 131).

[T,z:7v:0?RMNSkte:7]=f:Dpns(T' x7')x0o) =7

[[F,I‘:T/?Rl—)\U.GZUiT]]:(b(fom):DR(PXT/)—)(D5’O':>T)

[ABS]

By the definition of substitution, (Av.e)[z := €| = Av.ex := ¢€’], the inductive hypothesis is
therefore:
[T?XtFe:7]=9g:Dx =7

A = VE.
(A) [‘”AK][[F,U:O_?XFG/:T/H:goDﬁl:DX(FXU)HT/

(115)

[Tyz:7v:0?ROSke:7]=f:Drns((l' x7') x0) =T
[T,v:o,x:7"?RMNSke:7]=foDx:Drns((C'xo) x7')—71 (A)
[T,v:0?7(RMNS)e(IUX)letz=¢ine:T] (116)

[EXCH]

(f o DX) o D((E[ X (go Dﬂ'l)) onyx o DA) o 5PmS,IuX : D(RHS).(ILIX)(F X 0‘) — T
= [C,v:0?(RNS)e(IUX)tFe[r:=¢€]:7]=h:Drnsequx)(T xo) =7
i.e.. h=foDxoD((ef x (goDm))onsxoDA)odpnsux.

The conclusion of (let-f) for [ABS] is thus:

[[F?RQ(II_IX)I—letx:e'in)\v.e:aiﬂ]

= ¢(fo mR7s) o D((e’i[ X g) o nLX o DA) O(SR,IUX : DR-(ILIX)P — (Dso' = T) (117)
[C,o:o?PNQFelxz:=¢€¢]:7]=h:Dpng(T x0) =7

[T?PF v.(efr:=¢€]):0 N 7] =¢(hompg) : DpI' = (Dgo = 7)

where PN Q = (RMS)e(ILUX), P=Re(IUX) and @Q = S therefore (RMS)e (ILX) =
(Re (I UX))MS. The earlier inductive proof for the substitution lemma (p. 204) showed
that this holds when e has an interchange law with M and (C, I,M) is a monoid.

(118)

= [ABS]

The semantics uses the x natural transformation for exchange where x = (71 X id, w9 0 71) :
(Ax B) xC — (A x C) x B, with naturality x o (f X g) x h=(f xh) x gox.
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[L?PF Mvelz:=¢€]:0 N 7]
=¢(hompg)
=¢(f oDxoD((er x (goDmy)) ony x o DA) o dpns,rux © Mpns,iux
=¢(foDxoD((ef x (goDmy)) ony x o DA)oDmpuxromgso (drrus X ds1)  {lax monoidal 0p g}
=¢(foDxoD(((er xer)onr) x (goDm))onyx oDA)oDmpyxro... {colax monoidal e/}
=¢(foDxoD(((ef xer) x (goDmy))) oD(nyr x id)ony x oDAompx1)o... {x functoriality}
=¢(foD(((er x (goDmy)) xer))oxo(nrrxid)o... {x naturality}
=¢(foD(((er x (goDmi)) xer)o((m xid) x (myom))oAo(nrrxid)... {x def}
=¢(foD(((ef x (goDm)) xer) o (((monpr) x id) x (myom o (nry xid)))oA)... {A naturality}
= ¢(f o D(((er x (9o Dm)) xer)o(((m1ongr) X id) X (maonpom)) o A)... {m1 naturality}
=¢(foD(((ef x (goDm)) x er) o (((Dm1) x id) X (Dmgomy)) 0o A). .. {(113) counitality}
=¢(foD((((er o Dm1) x (goDmy)) x (eoDmpom))o Ao (nyx oDAompx 1)) ... {X functoriality}
= (left)...((eroDm) x (goDmy))ony x oDAompx 1. {A naturality}
((erxg)onrx oD(m xm)oDAompx ... {nRr,s naturality}
=...((erxg)on;xoDAoDmompxz-.. {A naturality}
=...((erxg)onrxoDAom ... {dual of (113), unitality}
= (right)...ejoDmomon; xoDAompx ...
LE[OT3...
¢(f oD((((er x g) ongz 0 DAT) X (e om2)) 0o A)ompg o (dr.1us X 0s.1)) {(left) and (right)}
=¢(foD(((er x g)onrz0DA) xer)ompgo (dr,1us X ds,1)) {x universality}
=¢(fompso(D((er x g)onrzoDA) x Der)o (dp,us X ds.1)) {mg,s naturality}
=¢(fompso(D((er x g)ongg0DA) 0 dp 1g) X id) {x universality, [C2]}
=¢(fompgs)oD((er x g) onrz0DA) o dR 115 {adjunction}

=[FC?Re(JUX)Fletz=¢in lv.e: a—>7]]

[apP] Case proving [[?(RU(SeT))e(IUS)Fletz =¢inejes = (e1ez)[z :=€']], where

e1 ea has derivation:

[[F,x:r’?Xl—elzaiT]]:kl:DR(FXT’)—>(D50:>T)
[T,x:7"?Tkey:0] =ky:DzI' = 0o

[ape] [T,z:7"?7RU(SeT)Feres: 7]
= 1/1]{1 ) (ld X D/{)Q [¢) 5S,T) O NR, SeT © DA : DRU(S.T)(P X T,) — T
By the definition of substitution (ej e2)[z := €] = e1[z := €/]ez[x := €/]. The inductive

hypotheses are therefore:

[T?Re(IUX)Fefr:=¢]:0 5, 7] = h1 : Drerux)I' = (Dso = 7)

[[?Re(IUX)Fletz=¢ine;:0 7] =k oD((e10g)onrx oDA)odpx (119)

[C?T e (I LX) Fegfz:=¢€]:0] =hy: DpeuxyI =0
= [[?Te(IUX)Fletx=¢ines: 0] =keoD((ef X g)onsxoDA)odrx (120)
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The conclusion of (let-3) for [APP] is thus:
[T ez :=¢€]esr :=¢]: 7]

= hy o (id x (Dha 0 6 1e(111x))) © NRe(1LX),Se(Te(1LX)) © DA

= [Fletz=¢inejey: 7]

= k1o (idx Dkyodgr)ongser o DAoD((er X g) onyx o DA) o dpser) iux (121)

with the following proof:

[T'F (e1e)[x:=¢]: 7]
= thy o (id x (Dhy o 5S,T.(qu))) O NRe(ILIX),Se(Te(ILUX)) © DA
= 1hy o (id x (D(k2 o D((e1 x g) ony x o DA) o dp jux) o 5S,To(IuX))) o
= thy o (id x (D(k2 o D((er x g) ony,x 0 DA)) o Dér 1ux © 05 1e(1ux))) ON
= tphy o (id x (D(k2 o D((er x g)ony x o DA))ods o dgersux))on
= ¢(k1oD((eog)onrx oDA)odg rux) o (idx (...0ds1 0 dser,1ux)) ON

= vky o (id x (Dkz 0 05,7)) o nRr,se7 © D(A o (67 X g) ony x 0 DA) 0 dpiy(seTy,(1UX)

(121)

(120)

{D functor}
[C3]

(119)
{adjunction}

{9 naturality}
{D functor}
{n idempotent}

{D functor}
{6 naturality}

{AA=Ax A}
{n naturality}
{D functor}
{A naturality}

= k1o ((D((efog)on;,x oDA)odr ix) X (-..00s,70dser,rux))0ON. ..
= Yk o (D(...0DA) x (...005,7)) 0 NR,ser © DN1Lx 10X © ORL(SeT),(TUX)L(ILX) © - - - 10 colax monoidal}
= ki o(D(...0DA) X (...08s7)) ong,ser © Dnyux rux o DDA 0§
= Yk o (D(...0DA) x (...005,7)) o nRr,ser © D(Nrux 1ux © A) 0 dpU(SeT), (TUX)L(TLX)
= Ykio(D(...0DA) x (...00s,7)) o nr,ser © DA 0 dpii(se1),(1LxX)
= k1o (D(...0oDA) x (D(k2 o D((ef x g)ony,x oDA))odsr)) ongseroDAOS.
= k1 o(D(...oDA) x (Dka o DD((e1 x g)on; x o DA)odg 1)) ongser oDAO0S
= k10 (D(...0oDA) x (Dka o dgroD((ef x g) ony,x cDA)))ong ger o DAY .
= k1o (D(erog)onyx oDA) x (DkaodsroD((er x g)ony x oDA)))ong gero...
= 4pky o (id x (Dkg 0 ds,7)) o (A(D((e7 x g) ons.x 0o DA))) ong.ser 0 DAOG...
= 4pky o (id x (Dkg 0 ds,7)) o ng.ser © D(A((e7 X g) ony.x 0 DA)) o DA o SRU(SeT),(I1LX)
= tpky o (id )onr.ser o D(A((er x g)onrx oDA)o A)o dRU(SeT),(TLUX)

(

(

(
(
(Dkg 0 g1
(
(

~— ~— ~— ~—

= 1pky o (id x (Dkz 0 ds,7)) o ng,seT © DA 0o D((e1 X g) o ng, x 0 DA) 0 dpiy(ser),(1Ux)
=[T?(RU(SeT))e(IUX)Fletz=¢inejes:7] O

Proposition C.4.5 (equality of refined and derived semantics for [APP], see p. 131).

{A naturality}
(121)

The refined

semantics for application in the coeffect calculus (Section 6.4.2, p. 129) is equal to the derived

semantics for application when ér g is a colax monoidal operation (Definition 6.4.3, equation

63) and thus when o and L have an interchange law (Re X) U (SeY)= (RUS)e

(XUY)).
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Proof.

[C?RU(SeT)teres: T]]Teﬁned

= ki o (id x k1%T) o np ger 0 DA

= 1k o (id x (Dkg 0 dg7)) o ng,ser © DA {Dfodxy = fixv}
= ky o (Des x Dka) o (6p.s X 05.7) © NRer.ser © DA [C2]
= ks o (Der x Dkg) ongg o Dnr o drusur o DA {colar monoidal 6 (63)}
= ks o(Des x Dkg) onp,goDnyroDA)o s ur {0Rr,s naturality}
= ¢kionggsoD((ef x ka)onproDA)odrus T {ng,s naturality}
= Ykionggo((er X kp) onyr o DA)TRuS LT {Df odxy = fixv}

= [[F?(RHS).(IHT)F6162:T]]derived

The two coeffect terms are equal by interchange (RUS)e (IUT)=(Re )L (SeT). 0

Proposition C.4.6. In the coeffect calculus, n-equivalence holds for the refined semantics (Sec-
tion 6.4, p. 126) given a colax monoidal indexed comonad and when nr g o mp g = id with the
requirement that U =T1, i.e.,

R,S R,S

DRA X DsB mA—’B> DRITS(A X B) = DRuS(A X B) E’—E} DRA X DSB

Proof. For 'R+ f = (A\z.fx): 0 27

[T?RFE ()\.’L'.f.’l?)lO’i)T]]
= ¢(([f] o Dm)o (id x (my0er)I7) onp 5o DA ompg)

= ¢(Y([f] oDmi) o (id x (D(m20e1) 06bs,1)) oNnp.ser o DAompgg)

= ¢(W([f] o Dmy) o (Der x D(ma0er)) o (Op.1 X5S7I)onR.175.IoDAom375) [C2]
= ¢(Y([f] oDmi) o (Der x D(ma 0¢er)) onp,s 0 Dnprodrus,rur o DAomgs) { colaz monoidal 6}
= ¢(W([f] oDm1) o (Der x D(mp0er)) onrsoDnyroDA)odrus i ©mMRs) {0r,s naturality}
= ¢(W([floDmi)onrsoD((er x (m20er)) ony o DA)odpys 1 © MR,S) {nr.s naturality}
= ¢(W([f]) o (Dmy x id) ong,s o D((er X (w2 0er)) onyr o DA) o dpus 1 © MR,s) {adjunction}
= dW([f]) onrsoD(m x id) o D((er x (m20er))onyroDA)odrusuromprs)  {nrs naturality}
= ¢W([f]) onr,s o D((m1 x ) o (€1 x 1) ony 0 DA) 0 g5, 11 © MR5) {functor}
= ¢(W([f]) onr,s o D((m1 x m3) o (e1 X €r) © A) 0 dpus, 11 © MR,S) {nr,1 idempotence}
= W ([f]) onr,s o D((m1 x m2) 0 Ao er) 0 dpus,iur © Mg,s) {A naturality}
= ¢(W([f]) onr,s o D(er) o Opus,rur o mg,s) {x universality}
= o([f]) onr,s omp,s) [C2]
= o(([f]) {nrgompgg =1id}
= [/] {adjunction}

= [[F?Rl—f:agﬂ]






APPENDIX D

HASKELL AND GHC TYPE-SYSTEM
FEATURES

This appendix summarising Haskell/GHC type-system features is based on a similar appendix appear-
ing in the author’s paper “Efficient and Correct Stencil Computation via Pattern Matching and Static
Typing” appearing at DSL 2011 (IFIP Working Conference on Domain-Specific Languages) [OM11].
Section D.4 is based on “Mathematical Structures for Data Types with Restricted Parametricity” which
appeared in pre-proceedings of TFP 2012 (Trends in Functional Programming) [OM12a].

D.1. Type classes

Type classes in Haskell provide a mechanism for ad-hoc polymorphism, also known as overloading
or type-indezed functions HHPJW96]. Consider the equality operation (=). Many types have
a well-defined notion of equality, thus an overloaded (=) operator is useful, where the argument

type determines the actual equality operation used. The equality type class is defined:

class Fq a where
(=) ::a — a — Bool
A type is declared a member of a class by an instance definition, which provides definitions of
the class functions for a particular type. For example:
instance Fq Int where

r=y=-ceqlntzy

where eqlnt is the built-in equality operation for Int. By this instance definition, Int is a member
of Eq. Usage of (=) on polymorphically-typed arguments imposes a type-class constraint on the
polymorphic type of the arguments. Type-class constraints enforce that a type is an instance of
a class and are written on the left-hand side of a type, preceding an arrow =-. For example, the

following function:

fey=z=y

has type f:: Eq a = a — a — Bool, where Fq a is the type-class constraint that ¢ be a member
of Eq.

D.2. GADTs

Generalised algebraic data types, or GADTs, [PJWWO04, PJVWWO06] have become a powerful
technique for dependent-type like programming in Haskell. Consider the following algebraic data

type in Haskell which encodes a simple term calculus of products and projections over some type:

data Term a = Pair (Term a) (Term a) | Fst (Term a) | Snd (Term a) | Val a
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This is polymorphic in the type a and recursive. For each tag in a the definition of an ADT (e.g.,

Pair, Fst, etc.) a constructor is generated; e.g., for the first two data constructors of Term:

Pair :: Term a — Term a — Term a

Fst:: Term a — Term a

Thus, every constructor returns a value of type Term a. We can define another ADT of values

Val and write an evaluator from Term to Val:

data Val a = ValPair (Val a) (Val a) | ValConst a

eval :: Term a — Val a

eval (Pair z y) = ValPair (eval x) (eval y)

eval (Fst x) = case (eval =) of ValPair a b — a; _ — error "whoops"
eval (Snd ) = case (eval =) of ValPair a b — b; _ — error "whoops"
eval (Val ©) = ValConst x

Unfortunately, the Term ADT allows non-sensical terms in the Term calculus to be constructed,

such as F'st (Val 1), therefore error handling cases must be included for eval on Fst and Snd.
The crucial difference between ADTs and GADTs is that GADTSs specify the full type of a

data constructor, allowing the result type of the constructor to have arbitrary type-parameters

for the GADT’s type constructor. For example, Term can be rewritten as the following on the
left-hand side:

data Term t where eval :: Term a — a
Pair :: Term a — Term b — Term (a, b) eval (Pair x y) = (eval x, eval y)
Fst :: Term (a,b) — Term a eval (Fst ) = fst (eval x)
Snd :: Term (a,b) — Term b eval (Snd ) = snd (eval z)
Val ::a — Term a eval (Val z) ==z

The type parameter of Term encodes the type of a term as a Haskell type. Because a term type
is known, ewval can be rewritten as on the right-hand side, where a well-typed Haskell value is
returned as opposed to the Val datatype encoding Term values used previously. Furthermore,
eval cannot be applied to malformed Term terms, thus error handling cases are unnecessary.
GADTs thus allow a form of lightweight dependent-typing by permitting types to depend on

data constructors.

D.3. Type families

Type classes in Haskell fix the types of their methods with type signatures in the class declara-
tion. The type families extension to GHC allows types of a class method to vary per-instance
of a class by defining a family of types associated with the class, indexed by its parameter, and
using the family in method signatures [CKJO05]. Type families, also called type-indezed fami-

lies of types, thus provide a simple form of type-level functions, evaluated during type checking
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[CKJMO05, CKJ05] Type families describe a number of rewrite rules from types to types, con-
sisting of a head declaration specifying the name and arity of the type family and a number of
instance declarations defining the rewrite rules. For example, the following type family provides

a projection function on pair types:

type family Fst ¢
type instance Fst (a,b) = a

Type families are open allowing further instances to be defined throughout a program or in
another module. Instances of a family are therefore unordered thus a application of a family to
an argument does not result in ordered pattern matching of the argument against the family’s
instances. Consequently, to preserve uniqueness of typing, type family instances must not overlap
or at least must be confluent i.e. if there are two possible rewrites for a type family then the
rewrites are equivalent.

The rewrite rules of a type family have strict restrictions to ensure that they are confluent
and terminating [SJCSO08]. Type families may be recursive, as long as the size of the type
parameters of the recursive call are less than the size of the type parameters in the instance
making the recursive call. For example, the following defines an append operation on the type-

level list representation:

type family Append z y
type instance Append Nil z = z
type instance Append (Cons x y) z = Cons x (Append y z)

which can be used to type a data-level append function for data values of List:

append :: List & — List y — List (Append z y)
append Nil z = z
append (Cons = y) z = Cons = (append y z)

Ignoring the type family and instance keywords it is easier to read this family as recursive

function on the data-constructors for List, although the family is in fact a type-function.

D.4. Constraint families

Analogous to the concept of a type family is that of constraint family, proposed by Orchard and
Schrijvers [0OS10] which allow the constraints of a class method to vary per-instance similarly
to type families. They may be written separately from a class, or in associated form. As with
type families, the definition of constraint families is open, allowing instances to be defined in
other modules that are separately compiled.

The following example from [OS10] specifies a polymorphic embedded domain-specific lan-
guage (in “finally tagless” style [CKS07]), where the language is defined via a class, allowing
different evaluation semantics for the language based on some type. An associated constraint

family allows each instance to vary its constraints:
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class Frpr sem where data £ a=E {eval :: a}
constraint Constr sem a instance Frpr E where
const :: Constr sem a = a — sem a constraint Constr E a = Num a
add :: Constr sem a = a — sem a const c = F ¢

add el e2 = E $ eval el + eval e2

The semantics of terms in the Fxpr language is indexed by the sem type. Each instance of Ezpr
can have its own specialised constraints via an instance of the Constr constraint family.
Usefully, an associated constraint family or type family can have a default instance in the

class declaration e.g. Fzpr could have been declared:

class Fxpr sem where

constraint Constr sem a = ()

where () is the empty constraint. Instances of Exzpr could then omit an instance of the Constr

constraint family. Default instances are useful for backwards compatibility.

Constraint kinds. A recent extension to GHC subsumes the constraint family proposal by
redefining constraints as types with a distinct constraint kind, thus type families may be reused,
returning types of kind Constraint. The constraint kinds extension,! implemented by Boling-
broke [Boll1], negates the need for a syntactic and semantic extension to the type checker to
add constraint families. Under the extension, a class constructor, e.g., Ord, is a type construc-
tor of kind * — Constraint. All constraints, including equality constraints [CKJ05], implicit

parameters [LLMSO00], conjunctions, and empty constraints, are constraint-kinded types, e.g.

» (Show a, Ord a) :: Constraint [conjunction of constraints]
» () :: Constraint [empty constraints]
» (a~Int) :: Constraint [equality constraints]

» (?x :: Int) :: Constraint [implicit parameters]

Depending on the context, tuples can be types or constraints i.e. (,):: % — % — % or (,) ::
Constraint — Constraint — Constraint (conjunction of constraints) and () :: or () :: Constraint
for the unit type or empty (true) constraint.

Previously in Haskell type signatures were of the form C = 7 where C denoted a constraint
term and 7 a type term. Now, the term appearing on the left of an arrow = is a type term
of kind Constraint. Given constraints as types, any type system features on type terms can
now be reused on constraints. Thus, constraint families can be emulated with type families of

Constraint-kinded types. For example, the Fxpr class with constraint families can be expressed:

class Fxpr sem where

type Constr sem a :: Constraint

!Constraint kinds are enabled by the pragma {-# LANGUAGE ConstraintKinds #-}. At the time of writing
it is also necessary to import GHC.Prim.



constant :: Constr sem a = a — sem a

add :: Constr sem a = a — sem a

data F a = E {eval :: a}

instance Fxzpr E where
type Constr E a = Num a

-- as before

The only differences between this definition and the previous are:

1. the use of the type keyword, instead of constraint, to define Constr as a type family;
2. the explicit kind signature on Constr, specifying that Constr is a type family of constraint-

kinded types.

Constr is therefore a type family of kind * — * — Constraint.
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APPENDIX E

FURTHER EXAMPLE SOURCE CODE

E.1. Common code

E.1.1. Type-level numbers

Type-indexed natural numbers can be encoded in Haskell as follows using a GADT, where the

type represents the single value inhabiting the type:
data 7
data S n

data Nat n where
Z :: Nat Z
S :: Nat n — Nat (S n)

Type-level operations on natural numbers can be defined using type families, e.g.

type family Add n m
type instance Add m Z = m
type instance Add m (S n) = Add (S m) n

A useful helper class provides a less-than predicate:

class LT n m where
instance LT Z (S n) where
instance (LT n m) = LT (S n) (S m) where

Integers. Type-level integers can be defined in terms of Nat as either a negative or positive

natural number:

data Neg n
data Pos n

data IntT n where
Neg :: Nat (S n) — IntT (Neg (S n))
Pos :: Nat n — IntT (Pos n)

E.1.2. Type-level lists

A type-level list is essentially a heterogeneously-typed list, where the types of the elements is
encoded by a type-level lists. A possible definition is the following;:

data Nil

data Cons z xs

221



222 E. FURTHER EXAMPLE SOURCE CODE

data List ¢t where
Nil :: List Nil
Cons :: x — List xs — List (Cons x xs)

The List type thus encodes its element’s types in its type parameter ¢ as a type-level list, e.g.:
(Cons 1 (Cons "hello" (Cons >a’ Nil))) :: (List (Cons Int (Cons String (Cons Char Nil))))

The list membership predicate can be defined as a type class:

class Member i ixs
instance Member i (Cons i izs) -- List head matches

instance Member i ixzs = Member i (Cons i’ izs) -- List head does not match, recurse

E.2. Example comonads

Example E.2.1 (product comonad). The product comonad is the simplest comonad (after the
identity comonad) and can be used to structure notions of implicit, read-only parameters carried

along with a computation.
data Prod z a = Prod a x

instance Comonad (Prod z) where
current (Prod a z) = a - i.e e(a,r) =a

extend k (Prod a x) = Prod (k (Prod a x)) —d.e d(a,x) = ((a,x),x)

Example E.2.2 (coproduct of comonads). Given two comonads, a comonad can be formed as

the sum of the two.

data CoProd f g a = Fither (f a) (g a)

instance (Comonad f, Comonad g) = Comonad (CoProd f g) where
current (Left x) = current x
current (Right x) = current
extend k (Left x) = Left (extend (k o Left) z)
extend k (Rright x) = Right (extend (k o Right) x)

Example E.2.3 (suffix lists). Suffiz lists allow only those contexts that are greater than, or equal
to, the current context to be accessible, e.g. 0[1,2,3] = [[1,2,3],[2,3],[3]] where the cursor is
the head of the list, defined:

current (r:xs) =z
extend k [z] = [k [z]]
extend k (z:xs) =k (x: xs) : (extend k xs)
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Alternatively, the notion of a prefiz list comonad can be defined by taking the current context as
the last element of the list, i.e., € xs = tail xs, and defining accessibility as only those contexts

that are less than, or equal to, the current, e.g. ¢ [1,2,3] = [[1],[1,2], [1,2, 3]], defined:

current © = last ©
extend k © = extend’ k (reverse x)
where extend’ k [z] = [k [z]]
extend' k (z : xs) = (extend’ k xs) + [k (reverse $  : xs)]

Example E.2.4 (rotation lists). Rotation lists resemble the fixed lists in Section 3.2.1, where the
cursor can be taken as an element in the list and data elements are rotated left through the cursor,
e.g. taking the cursor as the head element §[1, 2, 3,4] = [[1,2,3,4],[2,3,4,1],[3,4,1,2],[4,1,2, 3]],
defined:

instance Comonad ||

current s = head xs
extend k zs = snd $ foldl (A(zs,ys) — A— — (lrotate xs,ys H [f zs])) (ws,[]) zs

where lrotate (x : zs) = xs H [z]

Example E.2.5 (safe pointed-list comonad). From Section 3.2.2.2, using the type-indexed nat-
ural numbers data type defined above (Appendix E.1.1):

data SList n a where
Nil :: SList Z a
Cons :: a — SList n a — SList (S n) a
data PList n a =V m . (LT m n) = PList (SList n a) (Nat m)

where LT tests that the pointer m is less than the length of the list.
A useful helper function converts safe pointed lists to standard lists:

toList :: PList' n a — [a)]
toList (PList’ © _) = toList' x
where toList’ :: SList n a — [a)]
toList’ Nil =[]
toList’ (Cons x xs) = x : (toList’ xs)

The PList type permits a comonad with a manifest pointer, defined:

instance (PCobind Z (S n) (S n)) = Comonad (PList (S n)) where

current (PList | n) = coreturn’ I n
where coreturn’ :: (SList p a) — Nat ¢ — a

coreturn’ (Cons _ xzs) (S n) = coreturn’ zs n
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coreturn’ (Cons x _) Z = x
extend k (PList | n) = PList (pcobind k1 Z) n

class (m~(Add ¢ n)) = PCobind ¢ n m where

peobind :: (PList m a — b) — SList m a — Nat ¢ — SList n b
instance PCobind ¢ Z ¢ where

pcobind k zs n' = Nil

instance (LT ¢ m, PCobind (S ¢) n m) = PCobind ¢ (S n) m where
peobind k xs n' = Cons (k (PList xs n')) (pcobind k zs (S n'))

Example E.2.6 (list zipper comonad). The list zipper data is defined by a path, whose head is

taken as the focus element:

type LPath a = [a]
data ListZipper a = LZ (LPath a) [a]

Operations for zipping (going left in a list) and unzipping (going right in a list) are defined:

left :: ListZipper a — ListZipper a right :: ListZipper a — ListZipper a
left (LZ ) ys) = LZ [] ys right (LZ zs (y:ys)) = LZ (y: xs) ys
left (LZ (z:xs) ys) = LZ xs (z: ys) right (LZ zs []) =LZ zs []

Example E.2.7 (composing comonads). Section 3.2.7 showed the construction for composing

comonads. This can be encoded in Haskell in the following way:

class ComonadDist ¢ d where
cdist 2 ¢ (d a) = d (¢ a)

newtype (g:.f) z =0 (g (f z))

instance (Comonad ¢, Comonad d, ComonadDist ¢ d) = Comonad (c: . d) where
current (O ) = current o current $ ©
disject (O z) = O o (cmap (cmap O)) o (cmap cdist) o (cmap (cmap disject)) o disject $ x
cmap f (O z) = O (cmap (cmap f) x)



Quis est victor tenet prandium.
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