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General Instructions

Throughout this book, an item with a label 2.1.3 means the 3-rd item of the 1-st section of
Chapter 2. While defining a new term or a new notation we shall use bold face letters. The
symbol := is used at places we are defining a term using equality symbol. A symbol ! at the
end of a statement reminds the reader to verify the statement by writing a proof, if necessary.

We assume that the reader is familiar with the very basic of counting. A reader who is not,
may avoid the counting items in the initial parts till we start to discuss counting.

We also assume that the reader is familiar with some very basic definitions involving sets.

This book is written with the primary purpose of making the reader understand the discussion.

We do not intend to write elaborate proofs for the reader to read, as there is no end to elaboration.
We request the reader to take each statement in the book with the best possible natural meaning.

Here are a few collected quotes, mainly intended to inspire the authors.

Albert Einstein

« The value of a college education is not the learning of many facts but the training of
the mind to think.

« Imagination is more important than knowledge. For knowledge is limited, whereas
imagination embraces the entire world, stimulating progress, giving birth to evolution.
It is, strictly speaking, a real factor in scientific research.

« Everything should be made as simple as possible, but no simpler.

« Do not worry about your difficulties in Mathematics. I can assure you mine are still

greater.
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Chapter 1

Basic Set Theory

1.1 Common notations

The following are some notations we shall follow throughout this document.

N :  the set of natural numbers

No : the set NU {0}, called the set of whole numbers
Z . the set of integers

Q :  the set of rational numbers

R : the set of real numbers

[n] : theset {1,2,...,n}

Ac . the complement of a set A in some set that will be clear from the context
P(A) : the power set of A

A x B : the cartesian product of A and B

0 :  the empty set

pla . the integer p divides the integer a

1.2 preliminaries

We expect the readers to have familiarity with the following definitions.

Definition 1.2.1. Let A and B be two sets.

1. [Subset of a set] If C' is a set such that each element of C is also an element of A, then
C is said to be a subset of the set A, denoted C' C A.

2. [Equality of sets] The sets A and B are said to be equal if A C B and B C A, denoted
A=B.

3. [Cartesian product of sets] The cartesian product of A and B, denoted A x B, is the
set of all ordered pairs (a,b), where a € A and b € B. Specifically, A x B = {(a,b) | a €
A,b e B}.

4. [Set complement] Let C C A. The complement of C' in A, denoted C°, is a set that
contains every element of A that is not an element of C. Specifically, C¢ ={z € A |z & C}.
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6 CHAPTER 1. BASIC SET THEORY

5. [Set union] The union of A and B, denoted AU B, is the set that exactly contains all the
elements of A and all the elements of B. Specifically, AUB = {x | x € A or z € B}.

6. [Set intersection] The intersection of A and B, denoted A N B, is the set that only
contains the common elements of A and B. Specifically, AN B = {z |z € A and = € B}.
The set A and B are said to be disjoint if AN B = (.

7. [Set difference] The set difference of A and B, denoted A\ B, is a set that contains all
those elements of A which are not in B. Specifically, A\ B={z € A |z ¢ B}.

8. [Symmetric difference] The symmetric difference of A and B, denoted AAB, equals
(A\B)U(B\ A).

Example 1.2.2. Let A = {{b, ¢}, {{b},{c}}, b} and B = {a,b,c}. Then
1. ANB = {b},

2. AUB = {a,b,c, {b,c}, {{b}, {c}} },

3. A\ B = {{b,c}, {{b}, {c}}},
4. B\ A={a,c}, and

5. AAB = {{b,c},{{b},{c}},a,c}.
The following are a few well known facts. The readers are supposed to verify them for clarity.
Fact 1.2.3. 1. For any set A, we have A C A and () C A.
2. If A C B then it is not necessary that B C A.

3. For any set A and B, the sets A\ B, AN B and B\ A are pairwise disjoint. Thus, AU B

is their disjoint union. That is,

AUB=(A\B)U(ANB)U(B\ A). (1.1)

4. For any set A and B, the sets A\ B and AN B are disjoint. Thus, A is their disjoint union.
That is,
A=(A\B)U(ANB) (1.2)

5. If BC A, then A= (A\ B)U B (follows from (1.2)).
6. AAB=(AUB)\ (AN B) (follows from (1.1) and Item 3).

Definition 1.2.4. [Power set] Let A be a set and B C A. Then, the set that contains all
subsets of B is called the power set of B, denoted P(A).

Example 1.2.5. 1. Let A ={. Then, P(0) = {0, A} = {0}.
2. Let A= {0}. Then, P(A) ={0,A} ={0,{0}}.

3. Let A ={a,b,c}. Then, P(A) ={0,{a},{b},{c}, {a,b},{a,c},{b,c},{a,b,c}}.
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4. Let A= {{b,c}, {0}, {c}}}. Then, P(4) = {8, {{b. c}}, {{{b}. {e}}}. {{b. e}, {0}, {e}}} ).

Definition 1.2.6. [Relation, domain set and codomain set] Let A and B be two sets. A
relation f from A to B, denoted f : A — B, is a subset of A x B. The set A is called the
domain set and the set B is called the codomain set. Thus, for any sets A and B the sets ()

and A x B are always relations from A to B.

Example 1.2.7. Let A = [3], B ={a,b,c} and f ={(1,a),(1,0),(2,¢)}. Then, f: A — Bisa

relation. We can draw a picture for f.!

Definition 1.2.8. 1. [Domain, range and inverse relation] Let f : A — B be a relation.
Then, by the domain of f? we mean the set dom f:= {a | (a,y) € f} and by the range of
f we mean the set rng f:= {b | (x,b) € f}. The inverse of f is f~1 := {(y,7) | (x,y) € f}.
Notice that f~! is a relation from B to A. For example, the relation f in Example 1.2.7
has dom f = {1,2}, rng f = {a,b,c} and f~! = {(a,1),(b,1),(c,2)}.
2. [Pre-image and image] Let f : A — B bearelation and (x,y) € f. We call x a pre-image
of y and y an image of x. Also, for any set X, we define f(X) :={y | (z,y) € f,z € X}.
Thus, f(X) =0if XNA=0. We write f(z) to mean f({z}). We write f(z) = y to mean
that f(z) = {y}. For example, consider the relation f in Example 1.2.7. Then,

(8) f(1) = {a,b}, f(2) = c and f(3) = 0.

(b) fTHe) =2, 1) =1, fH(1) = {0}, F~'(4) = {0}.
(c) for X = {1,4,c}, one has f(X) = {a,b} and f~1(X) = {2}.

Definition 1.2.9. [Single valued relation and function] A relation f : A — B is single
valued if f(x) is a singleton, for each a € dom f. A function f from A to B is a single valued
relation such that dom f = A. Henceforth, for any function f, we assume that dom f # 0.
For example, the relation f in Example 1.2.7 is not single valued. However, if we delete (1,a)
from f, then it is single valued. Moreover, to make f a function from A to B, we need to
add either (3,a), or (3,b), or (3,¢). In particular, the relations g1 = {(1,b),(2,¢),(3,b)} and
g2 ={(1,0),(2,¢),(3,a)} are indeed functions.

The following is an immediate consequence of the definition.

'We use pictures to help our understanding and they are not parts of proof.
2The domain set is the set from which we define our relations but dom f is the domain of the particular relation

f- They are different.
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Proposition 1.2.10. Let f: A — B be a relation and S be any set. Then,
1. f(S) #0 < dom(f)NS # 0.
2. f7YS) # 0 < mg(f)nS #£ 0.

Proof. We will prove only one way implication. The other way is left for the reader.
Part 1: Since f(S) # 0, one can find @ € SN A and b € B such that (a,b) € f. This, in turn,
implies that a € dom(f). Asa € S, a € dom(f)NS.

Part 2: Since rng(f) NS # (), one can find b € rng(f) NS and a € A such that (a,b) € f. This,
in turn, implies that a € f~1(b) C f~1(S) as b€ S. .

Definition 1.2.11. [One-one/Injection] A function f: A — B is called one-one (also called
an injection), if |f~1(b)| < 1, for each b € B. Equivalently, f : A — B is one-one if f(z) # f(y)
is true, for each pair  # y in A. Equivalently, f is one-one if x = y is true, for each pair x,y € A
whenever f(z) = f(y).

Convention:

Let p(x) be a polynomial in x with integer coefficients. Then, by writing ‘f : Z — Z is
a function defined by f(x) = p(x)’, we mean the function f = {(a,p(a)) | a € Z}. For

example, the function f(z) = 22 stands for the set {(a,a?) | a € Z}.

Example 1.2.12. 1. In Definition 1.2.9, the function g» is one-one whereas g1 is not one-one.

[\

. The function f : Z — Z defined by f(z) = 22 is not one-one.

w

. The function f : N — Ny defined by f(z) = 22 is one-one.

4. The function f : [3] — {a,b,c,d} defined by f(1) = ¢, f(2) = b and f(3) = a, is one-one.
Verify that there are 24 one-one functions f : [3] — {a,b, c,d}.

5. Let ) # A C B. Then, f(z) = z is a one-one map from A to B.
6. There is no one-one function from the set [3] to its proper subset [2].
7. There are one-one functions f from the set N to its proper subset {2,3,...}. One of them

is given by f(1) =3, f(2) =2 and f(n) =n+1, for n > 3.

Definition 1.2.13. [Restriction function] Let f : X — Y be a function and A C X, A # (.
Then, by fa we mean the restriction of f to A and denote it by fa. That is, fa = {(z,y) |

(r,y) € f,x € A}

Example 1.2.14. Define f: R — R as f(z) = 1 if = is irrational and f(z) = 0 if z is rational.
Then, fgp: Q — R is the constant 0 function. That is, fg(z) =0, for all x €= dom f = Q.

Proposition 1.2.15. Let f: A — B be a one-one function and C be a nonempty subset of A.

Then, fc is also one-one.

Proof. Let if possible, fo(x) = fo(y), for some x,y € C. Then, by definition of fo, we have
f(x) = f(y). As f is one-one, we get © = y. Thus, fc is one-one. "
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Definition 1.2.16. [Onto/Surjection] A function f : A — B is called onto (also called a
surjection), if f~1(b) # 0, for each b € B. Equivalently, f : A — B is onto if ‘each z € B has

some pre-image in A’.
Example 1.2.17. 1. In Definition 1.2.9, the function g» is onto whereas g; is not onto.

2. There are 6 onto functions from [3] to [2]. For example, f(1) =1, f(2) =2 and f(3) = 2

is one such function.
y ifyeA,
a ifyeB\A

3. Let 0 # A C B. Choose a € A. Then, g(y) = { is an onto map from
B to A.

4. There is no onto function from the set [2] to its proper superset [3].

5. There are onto functions f from the set {2,3,...} to its proper superset N. One of them

is f(z) =a — 1.

Definition 1.2.18. [Bijection and equivalent set] Let A and B be two sets. A function
f: A — B is said to be a bijection if f is one-one as well as onto. The sets A and B are said

to be equivalent if there exists a bijection f: A — B.
Example 1.2.19. 1. In Definition 1.2.9, the function go is a bijection.

2. The function f : [3] — {a,b,c} defined by f(1) = ¢, f(2) =b and f(3) = a, is a bijection.
Thus, the set {a,b,c} is equivalent to [3].

3. Let ) # A C A. Then, f(z) =z is a bijection. Thus, the set A is equivalent to itself.

4. If f : A — B is a bijection then f~!: B — A is a bijection. Thus, if A is equivalent to B
then B is equivalent to A.

5. The set N is equivalent to {2,3,...}. Indeed the function f : N — {2,3,...} defined by
f(1)=3, f(2) =2 and f(n) =n+1, for n > 3 is a bijection.

The following is known as the ‘principle of mathematical induction’ in weak form.

Axiom 1.2.20. [Principle of mathematical induction (PMI): Weak form] Let S C N be a

set which satisfies
1. 1€ S and
2. k+1€S5 whenever k€ S.

Then, S = N.!

Fact 1.2.21. 1. Let A,B and C be sets and let f : A — B and g : B — C be bijections.
Then, h : A — C defined by h(z) = g(f(z)) is a bijection.

'PMI is actually a part of Peano’ axioms that defines N as: a) 1 € N. b) For each n € N, the successor
s(n) € N. ¢) 1 is not a successor of any natural number. d) If s(m) = s(n) happens for natural numbers m and
n, then m = n. e) Let S C N such that 1 € S and s(k) € S, for each k € S. Then, S =N.
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Proof. h is one-one: Let if possible h(z) = h(y), for some x,y € A. Then, by definition,

9(f(x)) = g(f(y)), for some f(x), f(y) € B. As g is one-one, we get f(x) = f(y). Now,
using f is one-one, we get * = y and hence h is one-one.

h is onto: Let ¢ € C. Then, the condition that g is onto implies that there exists b € B
such that g(b) = ¢. Also, for b € B, the condition that f is onto implies that there exists
a € A such that f(a) = b. Thus, we see that h(a) = g(f(a)) = g(b) = c and hence the

required result follows. "

2. Let A and B be two disjoint sets and let f : A — [n] and g : B — [m] be two bijections.
ifreA

Then, the function h : AU B — [m + n] defined by h(x) = /@) ne is a
gx)+n ifxreB

bijection.
3. Fix n > 2 and let f: A — [n] be a bijection such that for a fixed element a € A, one has

fa) i f@) < k-1

f(a) = k. Then, g : A\ {a} = [n — 1] defined by g(x) = { f@) =1 if fl@) > k+1

a bijection.
4. For any positive integers n and k, there is no bijection from [n] to [n + k].

Proof. Let us fix k and prove the result by induction on n. The result is clearly true for
n=1ask+12>2 So, let the result be true for n. We need to prove it for n + 1. On
the contrary, assume that there exists a bijection f : [n + 1] — [n 4+ 1 + k]. Then, by
Fact 1.2.21.3, we get a bijection g : [n] = [n + k], where a = n + 1. Thus, we arrive at a

contradiction to the induction assumption. n

Definition 1.2.22. [Number of elements in a set] A set A is said to be finite if either A is
empty or A is equivalent to [n], for some natural number n. A set which is not finite is called
infinite. We say ‘A has n elements’ or ‘the number of elements in A is n’ to mean that ‘A
is equivalent to [n]’. We write |A] = n to mean that A has n elements. Conventionally, the

number of elements in an empty set is zero. If f : [n] — A is a bijection, then A can be listed
as {a1 = f(1),...,a, = f(n)}.
Fact 1.2.23. 1. Let A and B be two disjoint sets with |A| = m and |B| = n. Then, |[AUB| =
m 4+ n.
Proof. Use Fact 1.2.21.2. "
2. Any subset of [n] is finite.

Proof. We use PMI to prove this. It is true for n = 1. Let the result be true for [n — 1].
Now, let S C [n]. If n ¢ S, then S C [n — 1] and hence using PMI the result follows. If
ne S, let T'=S5\{n}. Then, by PMI, T is finite and hence by Fact 1.2.23.1, S is finite

as S is disjoint union of T" and {n}.
3. Any subset of a finite set is finite.

Proof. Let |S| = n, for some n € N. Then, there is a bijection f : S — [n]. Let T C S.
If T is empty then there is nothing to prove. Else, consider the map fr : T — f(7T).
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This map is a bijection. By Fact 1.2.23.2, f(T') C [n] is finite and hence T is finite (use
Fact 1.2.21.1).

. Let A and B be two finite sets, then |AU B| = |A| + |B| — |AN B|.
Proof. Using (1.1), AUB = (A\B)U(ANB)U (B\ A). As the sets A\ B, AN B and
B\ A are finite and pairwise disjoint, the result follows from Fact 1.2.23.1. "
. Let A be a nonempty finite set. Then, for any set B, |[A| =|A\ B|+ |AN B|.
Proof. As A is finite, A\ B and AN B are also finite. Now, use Fact 1.2.23.1. "
. Let A be a nonempty finite set and B C A, then |B| < |A|. In particular, if B C A then
|B| < |Al.
Proof. Since B = AN B, the result follows from Fact 1.2.23.5. "

. Let n and k be two fixed positive integers. Then, there is no one-one function from [n + k|

to [n].

Proof. Suppose there exists a one-one function f : [n + k] — [n], for some n and k. Put
B = f([n+k]) C [n]. Then, notice that f : [n+ k] — B is a bijection and hence the sets B
and [n + k] are equivalent. Thus, by definition and Fact 1.2.23.6, n+k = |B| <n <n+1.
Or equivalently, k < 1 contradicting the assumption that k£ > 1. "

. The set N is infinite.

Proof. Assume that the set N is finite and |N| = n, for some natural number n. Let
f + N — [n] be a bijection. Then, fi, ) is the restriction of f on [n + 1]. Thus, by

Proposition 1.2.15, fj,,41] is also one-one, contradicting Fact 1.2.23.7. "

. Let A be a finite nonempty set and = be a fixed symbol. Now, consider the set B =

{(z,a) | a € A}. Then, |A| = |B].
Proof. Define the function f : A — B by f(a) = (x,a), for all @ € A. Then, f is a
bijection. "

Let A be an infinite set and B O A. Then, B is infinite.

Proof. If B is finite then by Fact 1.2.23.3, A is finite. A contradiction to A being an

infinite set. n

Let A be an infinite set and B be a finite set. Then, A\ B is also infinite. In particular,
if a € A, then A\ {a} is also infinite.

Proof. If A\ B is finite, then by Fact 1.2.23.1, the set (A \ B) U B is also finite. But
A C (A\ B)UB and hence by Fact 1.2.23.3, A is finite as well. A contradiction to A being

an infinite set. "
A set A is infinite if and only if there is a one-one function f: N — A.

Proof. Let A be infinite. So, A # 0. Let a1 € A. Put f(1) = a; and A1 = A\ {a1}. By
Fact 1.2.23.11, A; is infinite. Assume that we have defined f(1),..., f(k) and obtained
A = Ag_1 \ {ar}. As Ap_1 was infinite, by Fact 1.2.23.11, Ay, is infinite. Hence, Ay # 0.
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Let agy1 € Ag. Define f(k+1) = ap41 and A1 = Ai \{ak+1}. By applying induction, f

gets defined on N. Notice that by construction agq ¢ {a1,...,ar}. Hence, f is one-one.

Conversely, let f : N — A be one-one. Then, f: N — f(N) is a bijection. If f(N) is finite
then N is finite as well, contradicting Fact 1.2.23.8. Hence, f(N) is infinite. As f(N) C A,
using Fact 1.2.23.10, A is infinite as well. "

13. A set is infinite if and only if it is equivalent to a proper subset of itself.

Proof. Let S be an infinite set. Then, by Fact 1.2.23.12, there is a one-one function
x, if v ¢ f(N)
FE+1), ifz=fk)
Then, ¢ is indeed a bijection. Thus, S is equivalent to its proper subset S\ {f(1)}.

f:N=S. Nowdeﬁneamapg:S%S\{f(l)}byg(:z:):{

Conversely, let S be a set and T a proper subset of S such that there is a bijection
f S — T. Suppose that S is finite and let |S| = n. Then, by Fact 1.2.23.6, T' is also
finite and |T| = m < n. On the other hand, by the assumption that S is finite and there

is a bijection from S to T', we have m = n, a contradiction. n
EXERCISE 1.2.24. [Optional]

1. Do there exist unique sets X and Y such that X \'Y ={1,3,5,7} and Y \ X = {2,4,8}?

2. In a class of 60 students, all the students play either football or cricket. If 20 students play
both football and cricket, determine the number of players for each game if the number of
students who play football is

(a) 14 more than the number of students who play cricket.
(b) exactly 5 times the number of students who play only cricket.
(c) a multiple of 2 and 3 and leaves a remainder 3 when divided by 5.

(d) is a factor of 90 and the number of students who play cricket is a factor of 70.

1.3 More on principle of mathematical induction

The following is known as the ‘principle of mathematical induction’ in strong form.

Theorem 1.3.1. [Principle of mathematical induction (PMI): Strong form] Let S C N be a

set which satisfies

1. 1€ S and

2. k+1 € S whenever [k] C S holds.
Then, S = N.

Proof. Define T'= {k € S | [k] C S}. Then, 1 € T as1 € S and [1] C S. Now, suppose
k € T. Then, by definition [k] C S. Therefore, the hypothesis implies that k + 1 € S and hence
[k+1]=[k]U{k+1} CS. Thus, k+1 € T. Hence, by using the weak form of PMI on T, we
conclude that 7' = N, which in turn implies that S = N. n
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Theorem 1.3.2. [Another form of PMI]| Let S C Z be a set which satisfies
1. kg € S and
2. k+1¢€ S whenever {ko,ko+1,...,k} C S.

Then, {ko,ko+1,...} CS.

Proof. Consider T' = {x — (kg — 1) | © € S,z > ko}. Then, 1 € T as kg € S and 1 =
ko— (ko—1). Now, let [k] CT. Then, {ko,ko+1,...,ko+k—1} C S. Hence, by the hypothesis,
(ko+k—1)+1=ko+k € S. Therefore, by definition of T', we have k+ 1 € T and hence using
the strong form of PMI, T'= N. Thus, the required result follows. "

The next result is commonly known as the Well-Ordering Principle which states that “every

nonempty subset of natural numbers contains its least element”.

Theorem 1.3.3. [Application of PMI in strong form: A nonempty subset of N contains its
minimum] Let ) # A C N. Then, the least element of A is a member of A.

Proof. For each fixed positive integer k, let P(k) mean the statement ‘each nonempty subset A
of N that contains k, also contains its minimum’.

Notice that P(1) is true. Now, assume that P(1),..., P(k) are true. We need to show that
P(k + 1) is true as well. Hence, consider a set A such that k+1 € A. If {1,... .k} N A =,
then k + 1 = min A, we are done. If r € {1,...,k} N A, then r < k and hence by induction
hypothesis, P(r) is true. So, P(k + 1) is true. Hence, by the strong form of PMI the required
result follows. "

By using Theorem 1.3.2, we can also prove the following generalization of Theorem 1.3.3. The

proof is similar to the proof of Theorem 1.3.3 and is left to the reader.

Theorem 1.3.4. [Well-ordering principle] Fiz k € Z. Let A be a nonempty subset of {k,k +

1,...}. Then, A contains its minimum element.

Theorem 1.3.5. [Archimedean property for positive integers] Let z,y € N. Then, there
exists n € N such that nx > y.

Proof. On the contrary assume that such an n € N does not exist. That is, nz < y for every
n € N. That is, y — nx € N, for all n € N. Now, consider the set S = {y — nz | n € Ng}.
Then, y € S and hence S is a nonempty subset of Ny. Therefore, by the well-ordering principle
(Theorem 1.3.4), S contains its least element, say y — mz. Then, by assumption, the integer
y—(m+1z>0,y—(m+1)z € Sandy— (m+1)z <y—mz. A contradicts to the minimality
of y — max. Thus, our assumption is invalid and hence the required result follows. n

The next result gives the equivalence of the weak form of PMI with the strong form of PMI.

Theorem 1.3.6. [Equivalence of PMI in weak form and PMI in strong form] Fiz a natural
number ko and let P(n) be a statement about a natural number n. Suppose that P means the
statement ‘P(n) is true, for each n € N,n > ko’. Then, ‘P can be proved using the weak form
of PMI’ if and only if ‘P can be proved using the strong form of PMI’.



14 CHAPTER 1. BASIC SET THEORY

Proof. Let us assume that the statement P has been proved using the weak form of PMI. Hence,
P(kp) is true. Further, whenever P(n) is true, we are able to establish that P(n + 1) is true.
Therefore, we can establish that P(n + 1) is true if P(kop),...,P(n) are true. Hence, P can be
proved using the strong form of PMI.

So, now let us assume that the statement P has been proved using the strong form of PMI.
Now, define @Q(n) to mean ‘P(¢) holds for ¢ = ko,ko + 1,...,n’. Notice that Q(ko) is true.
Suppose that Q(n) is true (this means that P(¢) is true for ¢ = kg, ko+1,...,n). By hypothesis,
we know that P has been proved using the strong form of PMI. That is, P(n+1) is true whenever
P(?) is true for £ = kg, ko + 1,...,n. This, in turn, means that Q(n + 1) is true. Hence, by the
weak form of PMI, Q(n) is true for all n > k. Thus, we are able to prove P using the weak
form of PMI. "

Theorem 1.3.7. [Optional: Application of PMI in weak form: AM-GM inequality] Fiz a

positive integer n and let a1, a9, ..., a, be non-negative real numbers. Then

Arithmetic Mean (AM) =

W;}ﬂ > Yay - a, = (GM) Geometric Mean.

Proof. The inequality clearly holds for n = 1 and 2. Assume that it holds for every choice of n

non-negative real numbers. Now, let ay, ..., ay, ap+1 be a set of n+ 1 non-negative real numbers
i — — mi _ aitaz+--+an41
with a1 = max{ai,...,an+1} and a,41 = min{ay,...,ay41}. Define A = =2 7. Then,

note that a; > A > a,y1. Hence, (a1 — A)(A — aps1) > 0, i.e., Alar + ant1 — A) > arany1.

Now, apply induction hypothesis on the n non-negative real numbers as, ..., an, a1 + apy1 — A
to get
ag+ -+ ap+ (a1 +app — A
7\1/02""'an'(a1+an+1_‘4)§ 2 - 751 ntl ):A-
So, we have A"t > (ag-ag-----a, - (a1 +any1 — A))-A> (ag-az----- ap) ajany1. Therefore,
by PMI, the inequality holds, for each n € N. "

In the next example, we illustrate the use of PMI to establish some given identities (properties,

statements) involving natural numbers.

1
Example 1.3.8. Provethat 1 +2+---+n = @
Ans: The result is clearly true for n = 1. So, let us assume that 1 +2+4---4+n = %
Then, using the induction hypothesis, we have
nn+1) n+1

1+24+---4+n+(n+1)= +(n+1) = 5 (n+2).

2
Thus, the result holds for n 4+ 1 and hence by the weak form of PMI, the result follows.

EXERCISE 1.3.9. [Optional] Prove using PMI.
; 12+22+‘..+n2:n(n+1)(2n—|—1)
. 5 )

2. 143+ +(2n—1)=n2, for alln € N.

3. n(n+1) is even, for all n € N.

4. 3 divides n® —n, for all n € N.
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5. 5 divides n® —n, for all n € N.

PRACTICE 1.3.10. [Wrong use of PMI: Can you find the error?] The following is an incorrect
proof of ‘if a set of n balls contains a green ball then all the balls in the set are green’. Find the
error.

Proof. The statement holds trivially for n = 1. Assume that the statement is true for n < k.
Take a collection By4i of k4 1 balls that contains at least one green ball. From By, 1, pick a
collection By of k balls that contains at least one green ball. Then, by the induction hypothesis,
each ball in By is green. Now, remove one ball from By and put the ball which was left out in
the beginning. Call it B;. Again by induction hypothesis, each ball in By, is green. Thus, each
ball in By is green. Hence, by PMI, our proof is complete.

EXERCISE 1.3.11. [Optional]

1. Let x € R with x # 1. Then, prove that 1 + x4+ 2% + --- 4+ 2" = Zxk:x
k=0

z—1
2. Let a,a+d,a+2d,...,a+(n—1)d be the first n terms of an arithmetic progression. Then,

|
—

S:n (a+id):a+(a+d)+---+(a—|—(n—1)d):g(Qa—l—(n—l)d).

%

I
o

2 ...,ar™! be the first n terms of a geometric progression, with r # 1. Then,

n—1 . n __
Sza—l—ar—l—---—l—ar”flzzarlzar 1.
i=0

3. Let a,ar,ar

r—1
4. Prove that

(a) 6 divides n® —n, for all n € N.

b) 7 divides n” —n, for all n € N.

(

c) 3 divides 2°™ — 1, for all n € N.

(c)
(d) 9 divides 2*™ — 3n — 1, for all n € N.

e) 10 divides n® —n, for all n € N.

(e)

(f) 12 divides 222 — 3n* + 3n? — 4, for alln € N.

(9) 1P 4+25 4. +n? = (@)2

Determine a formula for 1-24+2-34+3-4+---4+ (n—1) - n and prove it.
Determine a formula for1-2-3+2-3-443-4-54+---4+(n—1)-n-(n+1) and prove it.
Determine a formula for1-3-54+2-4-64+---+n-(n+2)-(n+4) and prove it.

o NS ™

[Informative] For all n > 32, there exist nonnegative integers x and y such that n =
S5x 4+ 9y. [Hint: First prove it for the starting 5 numbers, 32,33, 34,35,36./

9. [Informative] Prove that, for all n > 40, there exist nonnegative integers x and y such

that n = 5z + 11y.

10. For every positive integer n > 3 prove that 2" > n? > 2n + 1.
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11. Let r € R with r > —1. Then, prove that

(1+7)">14rn foralln e N. (1.3)

12. [Informative] Prove that for > 0,

[Ja+iw>1+

p(p + Du N % <p2(p+ D)*  plp+1)2p + 1)) 2,
=1

2 4 6

13. [Informative] By an L-shaped piece, we mean a piece of the type shown in the picture.

Consider a 2" x 2" square with one unit square cut. See picture.

a~ [ £

L-shaped piece 4 x 4 and 8 x 8 squares with a unit square cut

Show that a 2™ x 2™ square with one unit square cut, can be covered with L-shaped pieces.

14. [Informative] Verify that (k+1)°—k® = 5k*+10k3+10k2+5k+1. Now, putk=1,2,...,n

7

n 7 n n
and add to get (n +1)° =1 =53 k*+ 103 B+ 10X k2 +55 k+ > 1. Now, use
k=1 k=1 k=1

k=1 k=1
n n n n n
the formula’s for >° k3, S° k%, S k and > 1 to get a expression for > k*.
k=1 k=1 k=1 k=1 =1
15. [Informative: A general result than AM-GM]
(a) Let ay,...,a9 be nonnegative real numbers such that the sum ai + -+ 4+ ag = 5.
Assume that a1 # ao. Consider %, %,ag,...,ag. Argue that a1---ag <
2
(algag‘) as:--ag9.
(b) Let aq,...,a, be any nonnegative real numbers such that the sum a; + - -+ a, = rg.
Argue that the highest value of ay - - - ay, is obtained when a1 = - -+ = a, = ro/n.
(¢c) Let ay,...,ay, be fized nonnegative real numbers such that the sum ay + -+ a, = rg.

Conclude from the previous item that (ro/n)"™ > ay - - - ay, the AM-GM inequality.

1.4 Integers

In this section, we study some properties of integers. We start with the ‘division algorithm’.

Lemma 1.4.1. [Division algorithm] Let a and b be two integers with b > 0. Then, there exist
unique integers q,r such that a = qb+r, where 0 < r < b. The integer q is called the quotient

and r, the remainder.

Proof. Ezistence: Take S = {a +bx | z € Z} NNy. Then, a + |a|b € S. Hence, S is a nonempty
subset of Ng. Therefore, by the Well-Ordering Principle, S contains its minimum, say sg. So,
so = a + bxg, for some xy € Z. Notice that sy > 0. We claim that sg < b.
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If s > b then so —b > 0 and hence s) —b = a+b(xg— 1) € 5, a contradiction to sp being the
minimum element of S. Now, put ¢ = —xg and r = sg. Thus, we have obtained g and r such
that a = qb+ r, with 0 < r < b.

Uniqueness: Assume that there exist integers q1, g2, 71 and ro satisfying a = g1b+7r1, 0 <ry <b
and a = gob+712, 0 < 19 < b. Without loss of generality, we assume ;1 < ro. Then, 0 < ro—r1 < b.
Notice that ro — 71 = (g1 — g2)b. So, 0 < (g1 — g2)b < b. But the only integer multiple of b which

lies in [0,0) is 0. Hence, ¢ — g2 = 0. Thus, r; = ry as well. This completes the proof. n
Definition 1.4.2. [Divisibility]

1. [Divisor] Let a,b € Z with b # 0. If a = be, for some ¢ € Z then b is said to divide (be a

divisor of) a and is denoted b | a.

Discussion: If a is a nonzero integer then the set of positive divisors of a is always nonempty

(as 1] a) and finite (as a positive divisor of a is less than or equal to |a|).

2. [Greatest common divisor] Let a and b be two nonzero integers. Then, the set S of
their common positive divisors is nonempty and finite. Thus, S contains its greatest
element. This element is called the greatest common divisor of a¢ and b and is denoted
ged(a,b). On similar lines one can define the greatest common divisor of non-zero integers

ai,as,...,a, as the largest positive integer that divides each of ai,a9,...,a,, denoted

ged(ag, ..., ap).

3. [Relatively prime/Co-prime integers] An integer a is said to be relatively prime to an

integer b if ged(a, b) = 1. Or, two integers a and b are said to be co-prime if ged(a, b) = 1.
The next remark follows directly from the definition and the division algorithm.

Remark 1.4.3. Let a,b € Z\ {0} and d = ged(a,b). Then, for any positive common divisor ¢

of a and b, one has c | d.
The next result is often stated as ‘the ged(a, b) is an integer linear combination of a and b’.

Theorem 1.4.4. [Bézout’s identity] Let a and b be two nonzero integers. Then, there exist

integers xg, yo such that d = axy + byo, where d = ged(a, b).

Proof. Consider the set S = {ax + by | x,y € Z} NN. Then, either a € S or —a € S. Thus, S
is a nonempty subset of N. Hence, by the Well-ordering principle, S contains its least element,
say d. As d € S, we have d = axg + byg, for some xg,yg € Z. We claim that d = ged(a, b).

Note that d is positive. Let ¢ be any positive common divisor of a and b. Then, ¢ | axg+byy = d
as o, Yo € Z. We now show that d | a and d | b.

By division algorithm, there exist integers ¢ and r such that a = dg+r, with 0 < r < d. Thus,
we need to show that r = 0.

On the contrary, assume that 0 < r < d. Then

r=a—dq=a—qlaxy+ byy) = a(l — qzo) + b(—qyo) € {ax + by | x,y € Z}.
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Hence, r is a positive integer in S which is strictly less than d. This contradicts the fact that d
is the least element of S. Thus, r = 0 and hence d|a. Similarly, d|b. "
The division algorithm gives us an idea to algorithmically compute the greatest common divisor

of two integers, commonly known as the Euclid’s algorithm.

Discussion 1.4.5. 1. Note that d, the number obtained by the application of the Well-
ordering principle in the proof of Theorem 1.4.4 has the property that d divides az + by,
for all x,y € Z. So, for every choice of integers x,y, ged(a,b) divides ax + by.

2. Let a,b € Z \ {0}. By division algorithm, a = |b|g 4+ r, for some integers ¢,r € Z with
0 <r < |b|. Then,
ged(a, b) = ged(a, [b]) = ged(fo], ).
To show the second equality, note that r = a — |b|g and hence ged(a, |b|) | . Thus,
ged(a, [b]) | ged(]b], 7). Similarly, ged(|b],7) | ged(a, |b]) as a = |blq + r.

3. We can now apply the above idea repeatedly to find the greatest common divisor of two
given nonzero integers. This is called the Euclid’s algorithm. For example, to find

ged (155, —275), we proceed as follows

975 = (—2) - 155 + 35 (s0, ged(—275,155) = ged(155, 35))
155 = 4 - 35+ 15 (s0, ged(155,35) = ged(35,15))
35=2-15+45 (so, ged(35,15) = ged(15,5))
15=3-5 (so, ged(15,5) = 5).

To write 5 = ged (155, —275) in the form 155xg + (—275)yo, notice that
5 =35-2-15 = 35—2(155—4-35) = 9-35—2:155 = 9(—275+2-155)—2-155 = 9-(—275)+16-155.

Also, note that 275 = 5-55 and 155 = 5-31 and thus, 5 = (9+31z)-(—275)+ (16+455z)-155,
for all x € Z. Therefore, we see that there are infinite number of choices for the pair

(z,y) € Z2, for which d = ax + by.

4. [Euclid’s algorithm] In general, given two nonzero integers a and b, the algorithm proceeds

as follows:
a = bgy+ry with 0 <rg <b, b=roq1 +1r1 with 0 <r; <rg,
rog = riqe +1ro with 0 < ry < 1y, r1 = roq3z + r3 with 0 < r3 < ro,
Te—1 = Teqe1 + rer1r with 0 <rppq <y, T = Te4190+2-

The process will take at most b — 1 steps as 0 < ro < b. Also, note that ged(a,b) = 441

and 7441 can be recursively obtained, using backtracking. That is,

Top1 = Te—1 — TeqQe+1 = To—1 — Qot1 (re—2 — ro—1qe) = To—1 (L + qe1q0) — Qusaro—2 = -+ - .
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EXERCISE 1.4.6. 1. Let a,b,c € N. Then, prove the following:
— by _
(a) If ged(a,b) = d, then ged(§, g) = 1.
(b) ged(a,be) =1 if and only if ged(a,b) = 1 and ged(a,c) = 1.

2. Prove that the system 15x + 12y = b has a solution for x,y € Z if and only if 3 divides b.

3. [Diophantine Equation] Let a,b,c € Z\{0}. Then, the linear system ax + by = ¢, in the
unknowns x,y € Z has a solution if and only if gcd(a,b) divides c. Furthermore, determine

all pairs (z,y) € Z X 7 such that ax + by is indeed c.
4. Let ay,ag,...,a, € N. Then, prove that gcd(aq,as,...,a,) = ged(ged(ay,az),as, ..., a,).

5. Fuclid’s algorithm can sometimes be applied to check whether two numbers which are func-
tions of an unknown integer n, are relatively prime or not? For example, we can use the

algorithm to prove that ged(2n + 3,5n 4+ 7) = 1 for every n € Z.

6. [Informative] Suppose a milkman has only 3 cans of sizes 7,9 and 16 liters. If the milkman
has 16 litres of milk then using the 3 cans, specified as above, what is the minimum number

of operations required to deliver 1 liter of milk to a customer? Explain.
To proceed further, we need the following definitions.
Definition 1.4.7. [Prime/Composite numbers]
1. [unity] The positive integer 1 is called the unity (or the unit element) of Z.

2. [prime] A positive integer p is said to be a prime, if p is not a unit and p has exactly

two positive divisors, namely, 1 and p.
3. [composite] A positive integer r is called composite if r is neither a unit nor a prime.

We are now ready to prove an important result that helps us in proving the fundamental

theorem of arithmetic.

Lemma 1.4.8. [Euclid’s lemma] Let p be a prime and let a,b € Z. If p | ab then either p | a
orp|b.

Proof. 1f p | a, we are done. So, assume that p{a. As p is a prime, ged(p,a) = 1. Thus, we can

find integers x,y such that 1 = ax + py. As p | ab, we have
p | abx 4+ pby = b(ax +py) =b-1=0.

Thus, if p|ab then either p|a or p|b. .
As a repeated application of Lemma 1.4.8, we have the following result and hence the proof is

omitted.

Corollary 1.4.9. Let n be an integer such that n | ab and ged(n,a) = 1. Then, n | b.
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Now, we are ready to prove the fundamental theorem of arithmetic that states that ‘every
positive integer greater than 1 is either a prime or is a product of primes. This product is

unique, except for the order in which the prime factors appear’.

Theorem 1.4.10. [Fundamental theorem of arithmetic] Let n € N with n > 2. Then,
there exist prime numbers p1 > py > --- > pi and positive integers Si,S3,...,S, such that
n = py'ps?---pp¥, for some k > 1. Moreover, if n also equals qil q? e q?, for distinct primes
q1 > q2 > -+ > qp and positive integers t1,ta, ...ty then k =€ and for each i, 1 <i <k, p; = ¢;

and s; = t;.

Proof. We prove the result using the strong form of the principle of mathematical induction.
The result is clearly true for n = 2. So, let the result be true for all m,2 <m <n—1. If nis a
prime, then we have nothing to prove. Else, n has a prime divisor p. Then, apply induction on

% to get the required result. "
Theorem 1.4.11. [Euclid: Infinitude of primes] The number of primes is infinite.

Proof. On the contrary assume that the number of primes is finite, say p; = 2,p2 = 3,..., Dk.
Now, consider the positive integer N = pips---pr + 1. Then, we see that none of the primes

P1,P2, - - ., Pi divides N which contradicts Theorem 1.4.10. Thus, the result follows. n

Proposition 1.4.12. [Primality testing] Let n € N with n > 2. Suppose that for every prime
p < +/n, p does not divide n, then n is prime.

Proof. Suppose n = xy, for 2 < z,y < n. Then, either z < y/n or y < y/n. Without loss of
generality, assume z < \/n. If z is a prime, we are done. Else, take a prime divisor of x to get

a contradiction. -
EXERCISE 1.4.13. [Informative] Prove that there are infinitely many primes of the form 4n—1.

Definition 1.4.14. [Least common multiple] Let a,b € Z. Then, the least common mul-
tiple of a and b, denoted lcm(a,b), is the smallest positive integer that is a multiple of both a
and b.

Theorem 1.4.15. Let a,b € N. Then, ged(a,b) - lem(a,b) = ab. Thus, lcm(a,b) = ab if and
only if ged(a,b) = 1.

Proof. Let d = ged(a,b). Then, d = as + bt, for some s,t € Z, a = ayd, b = bad, for some
a1,b; € N. We need to show that lcm(a,b) = a1b1d = aby = a1b, which is clearly a multiple of
both a and b. Let ¢ € N be any common multiple of a and b. To show, a1b;d divides c. Note
that y ( bt)
c c clas + bt c c
frnd = = — _t Z
abid (@) - (brd) ab Tt E

as €, € Z and s,t € Z. Thus, a1bid = Icm(a,b) divides ¢ and hence Icm(a,b) is indeed the

smallest. Thus, the required result follows. n

EXERCISE 1.4.16. 1. If ged(b,c) = 1, then ged(a, be) = ged(a, b) - ged(a, c).
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2. If ged(a,b) = d, then ged(a™,b™) = d" for alln € N.

Definition 1.4.17. [Modular Arithmetic] Fix a positive integer n. Then, ‘an integer a is said
to be congruent to an integer b modulo n’, denoted a = b (mod n), if n divides a — b.
Example 1.4.18. 1. The numbers +10 and 22 are equivalent modulo 4 as 4 | 12 = 22 — 10
and 4 | 32 = 22 — (—10).
2. Let n € N be a perfect square. That is, there exists an integer m such that n = m?. Then,
n=0,1 (mod 4) as any integer m = 0,41,2 (mod 4) and hence m? = 0,1 (mod 4).
3. Let S ={15,115,215,...}. Then, S doesn’t contain any perfect square as for each s € S,
s =3 (mod 4).
4. It can be easily verified that any two even (odd) integers are equivalent modulo 2 as
212(l—m)=21-2m (2|2(l—=m)=((20+1) — 2m +1))).
5. Let n be a fixed positive integer and let S = {0,1,2,...,n — 1}.
(a) Then, by division algorithm, for any a € Z there exists a unique b € S such that b =

(mod n). The number a (mod n) (in short, b) is called the residue of @ modulo n.

(b) Thus, the set of integers, Z = U {a+kn :k € Z}. That is, every integer is congruent

to an element of S. The set S is taken as the standard representative for the set

of residue classes modulo n.

Theorem 1.4.19. Let n be a positive integer. Then, the following results hold.
1. Let a =0 (mod n) and b = c¢ (mod n), for some a,b,c € Z. Then, a = ¢ (mod n).

2. Leta=0b (mod n), for some a,b € Z. Then, a+c=b+c (mod n), a—c=b—c (mod n)
and ac = bc (mod n), for all c € Z.

3. Leta=b (mod n) and ¢ = d (mod n), for some a,b,c,d € Z. Then, atc=b+d (mod n)

and ac = bd (mod n). In particular, a™ = b™ (mod n), for all m € N.

4. Let ac = bc (mod n), for some non-zero a,b,c € Z. Then, a = b (mod n), whenever

).

ged(e,n) = 1. In general, a = b (mod m

Proof. We will only prove two parts. The readers should supply the proof of other parts.

Part 3: Note that ac —bd = ac — bc+ be — bd = ¢(a —b) + b(c — d). Thus, n | ac — bd, whenever
nla—bandn|c—d.

In particular, taking ¢ = a and d = b and repeatedly applying the above result, one has

™ =p" (mod n), for all m € N.

Part 4: Let ged(c,n) = d. Then, there exist non-zero ¢;,ny € Z and ¢ = ¢yd,n = nyd. Thus,
n | ac — be means that nid | cid(a — b). This, in turn implies that ny | ¢1(a — b). Hence, by

Corollary 1.4.9, we get =n1|a—0b. "

n
ged(e,n)
As an application, we have the following result, popularly known as the Fermat’s little theorem.

Theorem 1.4.20. [Fermat’s Little Theorem] Let p be a prime and n € N. Then, n? =
n (mod p).
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Proof. Note that if p|n, then obviously, n? = n (mod p). So, let us assume that ged(p,n) = 1.
Then, we need to show that n?~1 =1 (mod p).

To do this, we consider the set S = {n (mod p),2n (mod p),...,(p — 1)n (mod p)}. Since,
ged(p,n) = 1, by second and fourth parts of Theorem 1.4.19, an = bn (mod p) if and only if
a=b (mod p). Thus, S ={1,2,...,p— 1}. Hence,

P lp—Dl=n-2n-- - (p—1n=1-2----. (p—1).

Thus, the condition ged((p — 1)!, p) = 1 implies that n?~! =1 (mod p). n
Before coming to the next result, we look at the following examples.
Example 1.4.21. 1. As ged(251,13) = 1, we see that 2512 = 1 (mod 13). Hence, 251'2

leaves the remainder 1, when divided by 13.

2. As 255 =2 (mod 23), ged(255,23) = 1. Hence,

25527 = (255%%) - (255°)  (mod 23) =2° (mod 23) =32 (mod 2)3=9 (mod 2)3.

3. Note that 3-9+413-(—2) =1 (mod 13). So, the system 9z =4 (mod 13) has the solution

r=z-1=2-(3-9+13-(-2))=3-92=3-4=12 (mod 13).

4. Verify that 9 - (—5) + 23 - (2) = 1. Hence, the system 9z =1 (mod 23) has the solution

r=x-1=2(9-(-5)+23-(2)) =(-5)-(92) = -5 =18 (mod 23).

5. The system 3z = 15 (mod 30) has solutions x = 5, 15,25, whereas the system 7x = 15 has
only the solution x = 15. Also, verify that the system 3z =5 (mod 30) has no solution.

Theorem 1.4.22. [Linear Congruence| Let n be a positive integer and let a and b be non-zero
integers. Then, the system ax =b (mod n) has at least one solution if and only if ged(a,n) | b.

Moreover, if d = ged(a,n) then ax =b (mod n) has ezxactly d solutions in {0,1,2,...,n —1}.

Proof. Let zp be a solution of ax = b (mod n). Then, by definition, axg — b = ng, for some
q € Z. Thus, b = axg — nq. But, ged(a,n) | a,n and hence ged(a,n) | axg —ng = b.

Suppose d = ged(a,n) | b. Then, b = byd, for some by € Z. Also, by Euclidean algorithm,
there exists zg, yg € Z such that axg + nyg = d. Hence,

a(xoby) = bi(azg) = bi(axo +nyp) =bid =b  (mod n).

This completes the proof of the first part.
To proceed further, assume that z;,z9 are two solutions. Then, ax; = axy (mod n) and
hence, by Theorem 1.4.19.4, z1 = 25 (mod %) Thus, we can find zo € {0,1,..., %} such that

T = Iy —I—kzg is a solution of ax = b (mod n), for 0 < k < d— 1. Verify that these 2’s are distinct

and lie between 0 and n — 1. Hence, the required result follows. "

EXERCISE 1.4.23. 1. Prove Theorem 1.4.19.
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. Prove that the numbers 19,119,219, ... cannot be perfect squares.

. Prove that the numbers 10,110,210, ... cannot be perfect squares.

. Prove that the system 3z =4 (mod 28) is equivalent to the system x =20 (mod 28).
Determine the solutions of the system 3z =5 (mod 65).

. Determine the solutions of the system 15z = 295 (mod 100).

QL DY A W e

. Prove that the pair of systems 3z = 4 (mod 28) and 4z = 2 (mod 27) is equivalent to
the pair x = 20 (mod 28) and x = 14 (mod 27). Hence, prove that the above system is
equivalent to solving either 20 + 28k = 14 (mod 27) or 14 + 27k = 20 (mod 28) for the
unknown quantity k. Thus, verify that k = 21 is the solution for the first case and k = 22
for the other. Hence, x = 20 4+ 28 - 21 = 608 = 14 + 22 - 27 is a solution of the above pair.

p!
P pri<k<p-1.
Mip—w oSk

9. [Informative] Let p be a prime. Then, the set

8. Let p be a prime. Then, prove that p | (i) =

(a) Zp, ={0,1,2,...,p — 1} has the following properties:
i. for every a,b € Zy, a+b (mod p) € Zy,.
ii. for every a,b € Zy, a+b=>b+a (mod p).
iii. for every a,b,c € Z,, a+ (b+c¢) = (a + b) + ¢ (mod p).
iv. for every a € Zyp, a+ 0 = a (mod p).
v. for every a € Zp, a+ (p—a) =0 (mod p).
(b) Zp ={1,2,...,p — 1} has the following properties:
i. for every a,b € Zy, a-b (mod p) € Zy,.
i. for every a,b € Zy, a-b=">b-a (mod p).
i1. for every a,b,c € Zy, a-(b-c) = (a-b)-c (mod p).

. for every a € Z,, a-1=a (mod p).

*
p’

by Euclid’s algorithm, there exists x,y € Z such that ax +py = 1. Define b ==
(mod p). Then,

v. for everya € Z%, a-b=1 (mod p). To see this, note that ged(a,p) = 1. Hence,

a-b=a-z=a-xz+p-y=1 (mod p).

In algebra, any set, say F, in which ‘addition’ and ‘multiplication’ can be defined
i such a way that the above properties are satisfied then F is called a field. So,
Zp =40,1,2,...,p—1} is an example of a field. In general, the well known examples

of fields are:
1. Q, the set of rational numbers.

ii. R, the set of real numbers.

1i1. C, the set of complex numbers.

(¢) From now on let p be an odd prime.
i. Then, the equation x> =1 (mod p) has exactly two solutions, namely x = 1 and

©=p—1inZ;. This is true as p is a prime dwiding *> —1 = (z — 1)(z + 1)
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implies that either plx — 1 or plz + 1. Also, 0 is the only number in Z,, that is
divisible by p.

i. Then, for a € {2,3,...,p — 2}, we can find a number b € {2,3,...,p—2} CZ;
with a-b=1 (mod p) and b # a.

1i. Thus, for1 <i < p—gl, we have pairs {a;, b;} that are pairwise disjoint and satisfy
p—1

a; -b; =1 (mod p). Moreover, CJ {a;,b;} =1{2,3,...,p—2}.

iv. Hence, 2-3----- p—2)=1 (nlfl:)ld D).

v. We thus have the following famous theorem called the Wilson’s Theorem: Let
p be a prime. Then, (p —1)! = —1 (mod p).

Proof. Note that from the previous step, we have
p-=1-(p-1)-2-3-----(p—2)=-1-1=-1 (mod p).

]
vi. [Primality Testing] Let n be a positive integer. Then, (n —1)! = —1 (mod n) if
and only if n is a prime.
Theorem 1.4.24. [Chinese remainder theorem] Fix a positive integer m and let n1,n ..., npy

be pairwise co-prime positive integers. Then, the linear system

x=a; (modnp)

x =ay (mod nog)

T =apy (mod ny)
has a unique solution modulo N = ning - - Ny,

M

Proof. For 1 < k < m, define My = —. Then, gcd(M,ni) = 1 and hence there exist integers
ny

Tk, Yi such that Mpzp +npyr = 1 for 1 < k < m. Then,

Mz =1 (mod ng) and Mrxr =0 (mod ny) for £ # k.

Define ¢ = i Mypxrag. Then, it can be easily verified that x( satisfies the required congruence
relations. = "
Example 1.4.25. 1. Let us come back to Exercise 1.4.23.7. In this case, note that a; =

20,a2 = 14,n1 = 28 and ny = 27. So, M = 28 - 27 = 756, M, = 27 and M, = 28. As,

27-(—=1)+28-1 =1, we see that 21 = —1 and x5 = 1. Thus,
xg=27-—1-204+28-1-14 = —540+ 392 = —148 =608 (mod 756).

Alternate: Note that 27 - (—1) +28 -1 = 1. So, 20 = 27 - (—1) - 20 (mod 28) and
14=28-1-14 (mod 27). Thus,

97.(~1)-204+28-1-14 = 27-(—1)-20 (mod 28) =20 (mod 28)
= 28-1-14 (mod 27) =14 (mod 27).

But, —148 = 608 (mod 756) and hence xy = 608 is the required answer.
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2. Let x be a number which when divided by 8,15 and 17 gives remainders 5,6 and 8,
respectively. Then, what will be the remainder when «x is divided by 20407

Ans: Note that the question reduces to finding x € N such that
x=5 (mod8), x=6 (mod15), xz=8 (mod 17).
Also, M = 2040, My = 255, My = 136 and M3 = 120 with
8:32+4(-1)-255=1,1-136 4+ (—-9)1b=1and 1-120+ (—7) - 17 = 1.
Hence, the required remainder is

501 = 255-(—1)-5+136-1-6+4+120-1-8 = Myz1a1 + Maxsas + Mszsaz (mod 2040)
= 5-(—255) (mod8) =5 (mod 8)

6-136 (mod 15) =6 (mod 15)

= 8120 (mod17)=8 (mod 17).

(
(
EXERCISE 1.4.26. 1. Find the smallest positive integer which when divided by 4 leaves a

remained 1 and when divided by 9 leaves a remainder 2.

2. Find the smallest positive integer which when divided by 8 leaves a remained 4 and when

divided by 15 leaves a remainder 10.

3. Does there exist a positive integer n such that
n=4 (mod 14), n=6 (mod 18)7?

Give reasons for your answer. What if we replace 6 or 4 with an odd number?

4. [Informative] Let n be a positive integer. Then, the set
(a) Zn, ={0,1,2,...,n — 1} has the following properties:
i. for every a,b € Zy,, a+b (mod n) € Z,.
ii. for every a,b € Z,, a+b=>b+a (mod n).
iii. for every a,b,c € Zy, a+ (b+c¢) = (a + b) + ¢ (mod n).
iv. for every a € Zn, a+ 0 =a (mod n).
v. for every a € Zy, a+ (p —a) =0 (mod n).
vi. for every a,b € Zp, a-b (mod n) € Z,.
vii. for every a,b € Zy, a-b=>b-a (mod n).
vigi. for every a,b,c € Zy, a-(b-c) = (a-b)-c (mod n).

ix. for every a € Zn, a-1=a (mod n).

In algebra, any set, say R, in which ‘addition’ and ‘multiplication’ can be defined in

such a way that the above properties are satisfied then R is called a commutative

ring with unity. So, Z,, = {0,1,2,...,n — 1} is an example of a commutative ring

with unity. In general, the well known examples of commutative ring with unity are:
i. Z, the set of integers.
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1. Q, the set of rational numbers.
ii. R, the set of real numbers.

1. C, the set of complex numbers.

(b) Now, let m and n be two co-prime positive integers. Then, by the above, the sets
Ly Ly, aNA Ly are commutative rings with unity. In the following, we show that

there is a one-to-one correspondence (ring isomorphism) between Ly, X Ly, and Loy, -
To do so, define

f i Zn = Ly X Z, by f(x) = (x (mod m), z (mod n)) for all x € Zpy.

Then, defining ‘addition’ and ‘multiplication’ in Zy, X Z, componentwise and using
Theorem 1.4.19, we have the following:
i. flz+y)=f(x)+ fly), for all x,y € L.
ii. fx-y)=f(x)- f(y), for all x,y € Lpp.-
iii. for every (a,b) € Zy, X Zyn, by CRT, there exists a unique & € Ly such that

r=a (modm)andxz=0>b (mod n).
w. also, | Ly X Ly |=| Zmn |= mn..
Hence, we have obtained the required one-one correspondence, commonly known as
the ring isomorphism. That is, the two 1ings Ly, X Zy and Ly, are isomorphic.
5. [Arithmetic Function] A function f : N — C is called an arithmetic function.

[Multiplicative Function] An arithmetic function f is called a multiplicative function if
f(mn) = f(m)f(n) for all m,n € N with ged(m,n) = 1.

We now give a list of arithmetic functions which are quite popular in number theory. The
reader should determine the functions that are multiplicative.

(a) Consider the function Id(n) = n, for alln € N.

(b) Consider the function U(n) =1, for all n € N.

0  otherwise.
(d) Recall that a number n € N is called squarefree, if for any prime p, p divides n but

1 ifn=
(c) Fiz a positive integer m and for alln € N, consider the function 6, (n) = { n=m

p? doesn’t divide n. Consider the function p: N — C, defined by

0 if n is not squarefree,
un) =14 1 if n is squarefree and has even number of prime factors,

—1 if n is squarefree and has odd number of prime factors,

This function is commonly known as the Mobius function. For example, pu(l) =
1,u2)=-1,003) =—-1,u(4) =0,...,u(10) =1,....

(e) Consider the function ¢ : N — C, defined by p(n) = [{k:1 <k <n,gcd(k,n) =1},
for alln € N. This function is popularly known as the totient /phi /Euler phi function
and it counts the number of positive integers less than or equal to n that are co-prime

to n. For example, p(1) =1,0(2) = 1,0(3) =2,p(4) =2,...,9(10) =4,....
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()

(9)

(h)

(i)

(3)

i. Let myn € N with ged(m,n) = 1. Then, use Exercise 1.4.6.1b to prove that
p(mn) = @(m) - p(n). So, the function ¢ is a multiplicative function. Hence, we
need to only determine o(p™) for every prime p and n € N.

ii. Show that if p is a prime and n € N then o(p™) = p" 1(p — 1) = p" ( — %)

iii. [Euler’s Theorem] Let n € N and let a € Z such that ged(a,n) = 1. Then,

a?™ =1 (mod n).A generalization of Fermat’s little theorem.

Consider the function m : N — C, defined by m(n) = [{k:1 <k <n,k is a prime}|,
for alln € N. This function counts the number of primes less than or equal to n. For
example, 7(1) =0,7(2) = 1,7(3) =2,7(4) =2,...,7(10) =4,....

Consider the function d : N — C, defined by d(n) = >_ 1, for all n € N. This function

rin

counts the number of positive divisors of n. For example, d(1) = 1,d(2) = 2,d(3) =
2,d(4) =3,...,d(10) =4,....

Consider the function o : N — C, defined by o(n) = >_d, for alln € N. This function
din
gives the sum of the positive divisors of n. For example, (1) = 1,0(2) = 3,0(3) =

4,0(4)=17,...,0(10) =18,....
Fiz a positive integer k and consider the function oy : N — C, defined by or(n) =

S>dF, for all n € N. This function gives the sum of the k-th powers of the positive
din
divisors of n. For example, op(1) = 1,01(2) = 1+ 2%, 0(3) = 1+ 3%,...,0(10) =

1+2F 4+ 5% 1 10%,.... Also, note that og(n) = d(n) and o1(n) = o(n), for all n € N,
Let f be an arithmetic function. Then, we define a function D from the set of

arithmetic functions to itself, called the divisor sum function, by (Df)(n) =>_ f(d).
dln
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Advanced topics in set theory

2.1 Families of Sets

Definition 2.1.1. Let A be a set. For each x € A, take a new set A,. Then, the collection
{Az}zcai= {A; | z € A} is a family of sets indexed by elements of A (index set). Unless

otherwise mentioned, we assume that the index set for a class of sets is nonempty.

Definition 2.1.2. Let {B,}acs be a nonempty class of sets. We define their

1. union as Y, B,={z | x € B,, for some a}, and
ac
2. intersection as as B,={z | x € B,, for all a}.
ac

3. Convention: Union of an empty class is ). The intersection of an empty class of subsets

of X is X%
Example 2.1.3. 1. Take A = [3], A; = {1,2}, Ay = {2,3} and A3 = {4,5}. Then, {4, |
a € A} = {Ay, Ay, A3} = {{1,2},{2,3},{4, 5}}. Thus, U A, =[5] and N A, = 0.
acA acA

2. Take A =N and A4, = {n,n+1,...}. Then, the family {A, | o« € A} = {41, A4s,...} =

{{1,2,...},{2,3,...},...}. Thus, U Ay =Nand N A, = 0.
acA acA

3. Prove that the intersection [ [-2, 2] = {0}.

n’n
neN

We now give a set of important rules whose proofs are left for the reader.

Theorem 2.1.4. [Algebra of union and intersection] Let {A,}acr be a nonempty class of

subsets of X and B be any set. Then, the following statements are true.
1. Bn ( U Aa> = U (BNA,).
aclL acL
2.BUl N A = N (BUA,).
(aGL a> aGL( a)

c J—
s (aLGJLAa) _aQLAg"

!The way we see this convention is as follows: First we agree that the intersection of an empty class of subsets
is a subset of X. Now, let z € X such that « ¢ ﬂs B.. This implies that there exists an « € S such that € Bg,.
aE

Since S is empty, such an « does not exist.

29
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c p—
4 (aQLAa) _aLeJLAg"

Proof. We give the proofs for Part 1 and 4. For Part 1, we see that

xEBﬂ<U Aa><:>x€Band:1:€ U Ay, xeBandxe A,, for some o € L
a€L a€L

< x€BNA,, forsomeaeLe e UL(BﬂAa).
ag

For Part 4, we have

T € ( N AQ)C@@“Q N Ay &z ¢ Ay, for some o € L <z e AY, for some a € L
acl acl
sSre U A
acl
Proceed in similar lines to complete the proofs of the other parts. n
EXERCISE 2.1.5. 1. Consider {Ax}x€R7 where Ay = [z, x + 1]. What is LJ]R A, and ﬂR A7
re re
2. For x € [0,1] write Zx := {2z | z € Z} and Ay = R\ Zz. What is URAgC and ﬁRAg;?
S zE
Write the closed interval [1,2] = ﬂN I,,, where I, are open intervals.
ne
Write R as a union of infinite number of pairwise disjoint infinite sets.
Write the set [4] as the intersection of infinite number of infinite sets.

Suppose that AAB =B. Is A=0?

NS & %

Prove Theorem 2.1.4.

2.2 More on Relations

Proposition 2.2.1. [Properties of union and intersection under a relation] Let f: X — Y
be a relation and {Aq}acr € P(X). Then, the following statements hold.

L f(aLGJL Aa) = ) f(4a).

2. f(aQL Aqy) C QQL f(Ay). Give an example where the inclusion is strict.

Proof. Part 1:

yef(U Ay) & (z,y) € f, for some z € U A, < (z,y) € f with z € A,, for some a € L
acl aElL

<y € f(Ay), for some o € L <y € LGJLf(Aa).
[e%
For Part 2, we assume that QL Ay # (. Then,
(0%
Y€ f( ﬁLAa) < (x,y) € f, for some x € ﬁLAa & (z,y) € fwithaz € A,, foralla €L
ac ac
=y€ f(Ay), foralla e L &y € QLf(Aa).

Thus, the required result follows. "
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Remark 2.2.2. [t is important to note the following in the proof of the above theorem:

Y € f(An), for all a € L’ implies that ‘for each o € L, we can find some x, € A, such that
(a,y) € f’. That is, the z4’s need not be the same. This gives you an idea to construct a
counterexample.

Define f : {1,2,3,4} — {a,b} by f = {(1,a),(2,a),(2,0),(3,b),(4,b)}. Take A; = {1,3} and
Ag = {1,2,4} and verify that the inclusion in Part 2 of Theorem 2.2.1 is strict. Also, find the

x;’s for b.

Definition 2.2.3. [Composition of relations] We define the composition g o f of relations f

and g as

gof= {(g;,z) | (z,y) € f and (y,2) € g for some y € mg(f) C dom(g)}-

It is a relation. The composition f o g is defined similarly. In case, both f and g are functions

then (fog)(z) = f (g9(x)).

Example 2.2.4. Take f = {(5,a),(3,b),(3,¢)} and g = {(b,8), (¢, B)}. Then, go f ={(3,8)}
and fog={(ba),(c,a)}.

Definition 2.2.5. [Identity relation] A relation from X to X is called a relation on X. The
relation I := {(z,z) | = € X} is called the identity relation on X. It is also a function if

X #0.

Definition 2.2.6. [Equivalence relation] Let f be a relation on X. We call f reflexive if
I C f. We call f symmetric if f = f~!. We call f transitive if f o f C f. An equivalence
relation on X is a relation which is reflexive, symmetric and transitive.
Example 2.2.7. On X = [5],

1. I is an equivalence relation,

2. f:=1U{(1,2),(2,1)} is also an equivalence relation, and

3. g:=1U{(1,2),(2,1),(1,3)(3,1)} is reflexive, symmetric but not transitive ((3,2) ¢ g).

4. Let f={(a,b) €EZXZ: 10|a — b}. Then, f is an equivalence relation.

5. Fix a positive integer n and let f = {(a,b) € Z X Z : n‘a —b}. Then, f is an equivalence

relation.

Example 2.2.8. [Some more examples of relations]

1. Let X # (). Then, §) is a symmetric and transitive relation on X, but not reflexive.

2. Let A ={a,b,c,d}. Then, some of the relations R on A are:
(a) R=AxA.
(b) R ={(a,a),(b,b),(c,c),(d,d),(a,b),(a,c), (b,c)}.
(C) R= {(av a)’ (b’ b)’ (C’ C)}
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(d) R ={(a,a),(a,b),(b,a),(bb),(c,d)}.
() R={(a,a),(a,b),(b,a),(a,c),(c,a),(c,c),(b,b)}.
(f) R = {(av b)v (bv C), (a7c)7 (da d)}

3. Some of the relations on Z are as follows:

(a) R={(a,b) € Z?| 7 divides a — b}.

(b) R={(a,b) € Z*| a < b}.

() R={(a,b) € Z2 | a > b}.

(d) R={(a,b) € Z* x Z* | a|b}, where Z* = Z,\ {0}.

4. Consider the set R?. Also, let us write x = (71, 72) and y = (y1,y2). Then, some of the

relations on R? are as follows:

(a) R={(xy) € R x R?| [x* =23 + 3 = 47 + 4 = Iy ’}.

(b) R={(x,y) € R? x R? | x = ay for some o € R*}.

(c) R={(x,y) € R? x R? | 422 + 923 = 4y? + 9y3}.

(d) R={(x,y) e RZxR? | x —y = a(l,1) for some o € R*}.

(e) Fix c € R. Now, define R = {(x,y) € R? x R? | yo — x5 = c(y1 — 71)}.
(f) R={(x,y) € R? x R? | |x| = aly|}, for some positive real number a.
(8) R={(x,y) € R? xR* | 122 = y192}.

(h) Let S = {x € R? | 22 + 22 = 1}. Define a relation on S by

i. R={(x,y) €S xS |x1=y1,20=—y2}
ii. R={(x,y) e SxS|x=-y}

5. Let A be the set of triangles in the plane. Then, R = {(a,b) € A? | a ~ b}, where ~ stands
for similarity of triangles.
6. In R, define a relation R = {(a,b) € R? | a — b is an integer}.

7. Let A be any nonempty set and consider the set P(A). Then, one can define a relation R
on P(A) by R={(S,T) e P(A) xP(A) | SCT}.
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Picture for a relation on X

We can draw pictures for relations on X. We first put a point for each element x of X and
label it . For each (z,y) in the relation, we put a directed line from x to y. If we have an
(z,z) we draw a loop at x. The following are some pictures for the relations in Example
2.2.7.

) ) 5

O O O
3 (O +() 3 (O 1) 3 1)
o o |e=o

I f g

Definition 2.2.9. [Equivalence class| Let f be an equivalence relation on X and a € X. The

set {x € X | (z,a) € f} is called the equivalence class of a and is denoted &,.

Example 2.2.10. Consider the relations in Example 2.2.7.
1. For the relation I, we have 5 equivalence classes, namely, {1}, {2}, {3},{4} and {5}.

2. For the relation f, we have 4 equivalence classes, namely, {1,2}, {3}, {4} and {5}.
For g U{(3,2),(2,3)}, we have 3 equivalence classes, namely, {1,2,3},{4} and {5}.

LS

Notice that in all the three cases, the different equivalence classes are disjoint sets and in

the picture they appear disconnected even after joining 2 and 3 by directed edges in g.

Proposition 2.2.11. [Equivalence relation divides a set into disjoint classes] Let f be an

equivalence relation on X. Then, the following statements are true.
1. (a,b) € f if and only if E, = &.
2. (a,b) ¢ f if and only if E,NE, = 0.

3. Furthermore, X = U &,.
aeX

Thus, an equivalence relation f on X divides X into disjoint equivalence classes.

Example 2.2.12. Let f be an equivalence relation on [5] whose equivalence classes are {1, 2},
{3,5} and {4}. Then, f must be I U{(1,2),(2,1),(3,5),(5,3)}.

Proposition 2.2.13. [Constructing equivalence relation from equivalence classes| Let f be

an equivalence relation on X # () whose disjoint equivalence classes are {€, | a € A}. Then,
=1 U , Y € Eqt
f=T U dy) | oyedl



34 CHAPTER 2. ADVANCED TOPICS IN SET THEORY

EXERCISE 2.2.14. 1. Let X and Y be two nonempty sets and f : X — Y be a relation. Let
I, and I, be the identity relations on X and Y, respectively. Then,
(a) is it necessary that f~Yo f C I, ?
(b) is it necessary that f~1o f D I,?
(¢) is it necessary that fo f~1 C I,?
(d) is it necessary that fo f~1 D I,?

2. Suppose now that f is a function. Then,
- -1
(a) is it necessary that fo f=H C I,?
(b) is it necessary that f~1o f D I,?

3. Write down the equivalence classes for the equivalence relations that appear in Eram-
ples 2.2.7 and 2.2.8.

4. Take A # (). Is A x A an equivalence relation on A? If yes, what are the equivalence

classes?

5. On a nonempty set A, what is the smallest equivalence relation (in the sense that every

other equivalence relation will contain this equivalence relation; recall that a relation is a
set)?

EXERCISE 2.2.15. [Optional]

1. Let X = [5] and f be a relation on X. By checking whether f is reflexive or not, whether
f is symmetric or not and whether f is transitive or not, we see that there are 8 types of

relations on X. Give one example for each type.
2. Let A= B = [3]. Then, what is the number of
(a) relations from A to B?
(b) relations f from [3] to {a,b,c} such that dom f = {1,3}?
(c) relations f from [3] to [3] such that f = f~17
(d) single valued relations from [3] to [3]? How many of them are functions?

(e) equivalence relations on [5].

3. [Important] Let f: X =Y be a single valued relation, AC X, B CY and {Bg}ger be a
nonempty family of subsets of Y. Then, show that

(@) 5710, Ba) = 0,175

(b) ffl(ﬁgIBﬁ) Zﬁglffl(Bﬂ)-

(c) f7H(B) =dom f\ f1(B).
(d) f (ffl(B) ﬁA) = BN f(A). Note that this equality fails if f is not single valued.

4. Let f,g be two non-equivalence relations on R. Then, is it possible to have f o g as an

equivalence relation? Give reasons for your answer.
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5. Let f,g be two equivalence relations on R. Then, prove/disprove the following statements.

(a) fog is necessarily an equivalence relation.
(b) f N g is necessarily an equivalence relation.
(c) fUg is necessarily an equivalence relation.

(d) fUg° is necessarily an equivalence relation.

6. Show that each set can be written as a union of finite sets.

7. Give an example of an equivalence relation on N for which there are 7 equivalence classes,

out of which exactly 5 are infinite.

8. Show that union of finitely many finite sets is a finite set.

2.3 More on functions

Recall that a function f: A — B is a single valued relation with dom f = A. The readers need

to carefully read the following important remark before proceeding further.

Remark 2.3.1. 1. If A =0, then by convention, one assumes that there is a function, called

the empty function, from A to B.
2. If B =1), then it can be easily observed that there is no function from A to B.

3. Some books use the word ‘map’ in place of ‘function’. So, both the words are used inter-

changeably throughout the notes.

4. Throughout these notes, whenever the phrase ‘let f : A — B be a function’ is used, it will

be assumed that both A and B are nonempty sets.

Example 2.3.2. 1. Let A = {a,b,c}, B = {1,2,3} and C = {3,4}. Then, verify that the

examples given below are indeed functions.

(a) f:A— B, defined by f(a) = 3, f(b)
(b) f:A— B, defined by f(a) = 3, f(b)
(c) f:A— B,defined by f(a) =3, f(b) = 1 and f(c) =
(d) f:A— C, defined by f(a) =3, £(b)
() f (3) = a, f(4)

2. Note that the following relations f : Z — Z are indeed functions.

. C' — A, defined by f(3

(a) f={(z,1) | ziseven} U{(z,5) | = is odd}.
(b) f={(x,=1) [z €Z}.
(¢) f={(z,z (mod 10)) | z € Z}.



36 CHAPTER 2. ADVANCED TOPICS IN SET THEORY

(d) f=A{(z,1) [z <0}U{(0,0)} U{(z,-1) |z >0}
EXERCISE 2.3.3. Do the following relations represent functions? Give reasons for your answer.
1. Let f:Z — 7Z be defined by
(a) f={(z,1)]|2 divides x} U{(z,5) | 3 divides z}.
(b) f={(z,1) |z € S}U{(x,—1) | z € S}, where S is the set of perfect squares in Z.
(c) f=A{(z,2%) |z € Z}.
2. Let f:RT — R be defined by f = {(x,£/7) | x € RT}.
3. Let f : R — R be defined by f = {(z,/z) | z € R}.
4. Let f:R — C be defined by f = {(z,/x) | x € R}.
5. Let f: R* = R be defined by f = {(x,log, |z|) | € R*}.

6. Let f: R — R be defined by f = {(x,tanz) | z € R}.
EXERCISE 2.3.4. 1. Define f: N = Z by f = {(2,5%) | x is even} U {(z, &) | x is odd}.
Is f one-one? Is it onto?
2. Define f :N = Z and g:Z — Z by f = {(z,2z) | z € N} and g = {(z,%) | z is even} U
{(2,0) | x is odd}. Are f,g, and go f one-one? Are they onto?

3. Let A be the class of subsets of [9] of size 5 and B be the class of 5 digit numbers with
strictly increasing digits. For a € A, define f(a) the number obtained by arranging the

elements of a in increasing order. Is f one-one and onto?
Proposition 2.3.5. [Algebra of composition of functions] Let f: A — B, g: B — C and
h:C — D be functions.

1. Then, (hog)o f: A— D and ho(go f): A — D are functions. Moreover, (hog)o f =
ho(go f) (associativity holds).

2. If f and g are injections then go f : A — C' is an injection.
3. If f and g are surjections then go f : A — C is a surjection.

4. Let A and B be sets with at least two elements each and let f : A — B be a bijection.

Then, the number of bijections from A to B is at least 2.

5. [Extension] Let f: A— B and g: C — D be bijections. Suppose that dom f Ndomg = ()
and rng fNrngg=0. Then, (fUg): (AUC) — (BUD) is a bijection, where

fug={(z f(z)) |z e Ay U{(z,9(x)) |z € C}.

Definition 2.3.6. Fix a set A and let Id4 : A — A be defined by Id4(a) = a, for all a € A.

Then, the function e4 is called the identity function or map on A.
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The subscript A in Definition 2.3.6 will be removed, whenever there is no chance of confusion

about the domain of the function.

Theorem 2.3.7. [Properties of identity function] Let A and B be nonempty sets, f : A — B
and g : B — A be any two functions. Then, for the Id map defined above, one has

1. Id is a one-one and onto map.
2. the map fold= f.
3. the map Idog = g.

Proof. Part 1: Let Id = Id4. Then, by definition, Id(a) = a, for all a € A and hence it is clear
that Id is one-one and onto.

Part 2: By definition, (f oId)(a) = f(Id(a)) = f(a), for all @ € A. Hence, fold = f.

Part 3: The readers are advised to supply the proof. n

Theorem 2.3.8. [bijection principle] Let f: A — B and g : B — A be functions. Prove that
if
1. go f(i) =1, for each i € A, then f is one-one.

2. fog(j) =7, for each j € B, then f is onto.

Proof. Let go f(i) = i, for each i € A. Then, the assumption f(i) = f(j) implies that
i=go f(i)=go f(j) =j. Thus, f is one-one and the proof of the first part is over.

For the second part, let f o g(j) = j, for each j € B. To see that f is onto, let b € B and put
a = g(b) € A. Then, by the given assumption, f(a) = f(g(b)) = b. n

EXERCISE 2.3.9. 1. Let f,g : N — N be defined by f = {(z,22) |z € N} and g = {(,%) |
x is even} U {(x,0) |  is odd}. Then, verify that g o f is the identity map on N, whereas

f og maps even numbers to itself and maps odd numbers to 0.

2. Let f : A — B be a function. Then, f~ is a function if and only if f is a bijection.

Cantor's Experiment for the student: Why does it happen?

Take a plain paper.

1. On the left draw an oval (of vertical length) and write the elements of [4] inside it, one
below the other. On the right draw a similar but large oval and write the elements of
P([4]) inside it, one below the other.

2. Now draw a directed line from 1 (on the left) to any element on the right. Repeat
this for 2,3 and 4. We have drawn a function. Call it f.

3. Notice that f(1), f(2), f(3) and f(4) are sets. Find out the set A = {i : i ¢ f(i)}.
Locate this set on the right.

4. Tt is guaranteed that you do not have a directed line touching A. Why?
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Lemma 2.3.10. [Cantor] Let S be a set and f : S — P(S) be a function. Then, there exists
A € P(S) which does not have a pre-image. That is, there is no surjection from S to P(S).

Proof. On the contrary assume that f:.S — P(S) is a surjection. Then, for A={z:z ¢ f(z)}
there exists a € S such that f(a) = A. So, A = f(a) = {zx: z ¢ f(xr)}. We now show that a
neither belongs to A nor to A°.

If a € A, then by definition of A, a ¢ f(a) = A. Similarly, if @ ¢ A means that a € f(a) = A.
Thus, a ¢ AU A° = S, a contradiction. "

EXERCISE 2.3.11. 1. Define f : N2> = N by f(m,n) =2m"1(2n —1). Is f a bijection?
2. Are the following relations single valued functions, one-one, onto, and/or bijections?
(a) f:R — R defined by f = {(x,sinz) | z € R}.
() f=A{(z,y) | 2* +y* = 1,2,y € R} from dom(f) to mg(f)

(c) f={(z.y) |2*+y* =1Lz >0,y > 0} from dom(f) to mg(f)
(d) f:R =R defined by f = {(z,tanz) | -5 <z < §}.

3. Let f + X — Y be one-one and {As}acr be a nonempty family of subsets of X. Is
= 2
f(onL Aa) aQL F(Aa)!
4. Let f: X =Y be a bijection and A C X. Is f(A°) = (f(A))¢?
5 Let f: X =Y and g: Y — X be two functions such that

(a) (fog)(y) =y holds, for each y €Y.
(b) (go f)(x) == holds, for each v € X.

Show that f is a bijection and g = f~1. Can we conclude the same without assuming the

second condition?

2.4 Supplying bijections

Experiment 1:

)

Make a horizontal list of the elements of N using ‘---’ only once. Now, horizontally list
the elements of Z just below the list of N using ‘- --’ once. Draw vertical lines to supply a

bijection from N to Z. Can you supply another by changing the second list a little bit?

Experiment 1:

Suppose that you have an open interval (a,b). Its center is ¢ = aT*b and the distance of the
center from one end is é = bg—a. View this as a line segment on the real line. Stretch (a,b)
uniformly without disturbing the center and make its length equal to L.

Where is ¢ now (in R)? Where is ¢ — %? Where is ¢ + é? Where is ¢ — a X é, for a fixed
ae (—1,1)7

Now, use the above idea to find a bijection from (a,b) to (s,t)? [Hint: Fix the center first.]
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EXERCISE 2.4.1. 1. Supply two bijections from (1,00) to (5,00), one by ‘scaling’ and the

other by ‘translating’.

2. Take reciprocal to supply a bijection from (0,1) to (1,00). You can also use the exponential

function to get this.
3. Supply a bijection from (—1,1) to (—o0,00).
4. Supply a bijection from (0,1) x (0,1) to R x R.

Train-Seat argument to find a bijection

Let f: P=(0,1) - T = (3,5) be a bijection. Imagine elements of P as PERSONS and

elements of T as seats in a TRAIN. So, f assign a seat to each person and the train is full.

1. Now suppose a new person 0 is arriving. He wants a seat. To manage it, let us un-seat

two persons %, £. So, two seats f(3), f(3) are vacant. But we have 3 persons to take

those seats. Giving each person a seat is not possible.

1

2. Suppose that we un-seat -, 35/ Can we manage it?

Nl—= N

1
b 37
3. Suppose that we un-seat 3, %, -+ 7 Can we manage it now?

4. What do we do if we had two new persons arriving? Fifty new persons arriving? A

set {ay,as,---} of new persons arriving?

The next result is left as an exercise for the students.

Theorem 2.4.2. Let A be a set containing the set {a1,aq,...,} andlet f : A — B be a bijection.

Then, prove that, for any collection

1. {c1,...,c} of elements that are outside A, the function

f(x) ifv e A\ {ay,a9,...}
hMz) =< flairrx) ifr=a;i€N
f(a;) fx=c,i=1,2,...,k.
is a bijection from AU{ci,...,c} to B.
2. {c1,¢a,...} of elements that are outside A, the function
fx) if v € A\ {ay,aq9,...}
h(z) =19 flagn-1) ifz=anneN
flagp) ift =cp,n €N

is a bijection from AU{c1,ca,...} to B.
Proof. Exercise. "

EXERCISE 2.4.3. In the following, give bijections from A to B, where
1. A=10,1) and B = (0,1).
2. A=(0,1)U{1,2,3,4} and B = (0,1).
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(0,1) UN to (0,1).

A=[0,1] and B=[0,1]\ {1, 1,1, }.
A=R and B=R\N.

A=(0,1) and B=R\N,

A=[0,1] and B=R\N.

A=1(0,1) and B = (1,2) U (3,4).

© % xRS & e

A=R\Z and B=R\N.

Creating bijections from injections

Let X =Y = N. Take injections f: X - Y and ¢g: Y — X defined as f(z) = 2 + 2 and
g(x) =+ 1. In the picture, we have X on the left and Y on the right. If (z,y) € f, we

draw a solid line joining z and y. If (y,x) € g, we draw a dotted line joining y and x.

We want to create a bijection h from X to Y by erasing some of these lines.
1. Thus, (1) must be 3. So, the dotted line (3,4) cannot be used for h.
2. So, h(4) must be 6. So, the dotted line (6,7) cannot be used for h.
3. So, h(7) must be 9. Continue two more steps to realize what is happening.

flz), ifrx=3n-2neN

g !(x), otherwise.

So, the bijection h: X — Y is given by h(z) = {

EXERCISE 2.4.4. Taoke X =Y = N. Supply bijections using the given injections f : X — Y and
g:Y —=X.

1. f(x)=2+1 and g(x) =z + 2.
2. f(x)=xz+1 and g(x) = x + 3.
3. f(z)=2+1 and g(x) = 2.

Theorem 2.4.5. [Schrioder-Bernstein: Creating a bijection] Let A and B be two non-empty
sets and let f : A — B and g : B — A be injections. Then, there exists a bijection from A to B.
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Proof. 1f g is onto, we have nothing to prove. So, assume that g is not onto. Put O = A\ g(B),
¢p=gofand E=0U¢pO)Up?(O)U---. Use ¢"(O) to denote O. Notice that

g(£(B)) =o(B) = 6( U 6"(0)) = U ¢"(0) = E\ 0,

as g does not map to O. Hence, g maps f(F) to E \ O bijectively. Recall that O is the set of

points in A that are not mapped by g, O C E and g has already mapped f(FE) onto E \ O.

-1 if v € E°
Hence, g must map f(E)¢ to E° bijectively. So, the function h(z) = g (o) e " isa
f(x) ifvekE,
bijection from A to B.

Alternate. If g is onto, we have nothing to prove. So, assume that g is not onto. Put
O=A\g(B), p=gofand E=0U¢(0O)U*(O)U---. Use ¢°(0) to denote O. Notice that

o(E) = g(£(B)) = o(E) = ¢( 0, ¢"(0)) = U ¢"(0) = B\ O,
as g does not map to O. Observe that ¢ : E — FE \ O is a bijection. Define h: A — A\ O as

h():{x, ?fxeA\E,
¢(x), ifxekFE.

Then, note that h is a bijection and hence h™! o g is a bijection from B to A.

Alternate. Let F ={T C A | g(f(T)%) CT°}.

Note that ) € F. Put U = TUFT. Then, U € F, as
€

9(10)) =9([F(,2.1) =L /) =9(,0,F (O)) = 0,0 (G (D)) € 0, T =U"

TeF TeF TeF TeF TeF

Thus, U is the maximal element of F. We claim that U¢ C ¢ (f(U)¢). To see this, take
xe U\ g(f(U)) and put V. =U U{z}. Then, f(U) C f(V) and so f(V)¢ C f(U)c. Thus

g(f(V)°) Cg(f(U)) CU N{a} = V",

a contradiction to the maximality of U in F. So, g(f(U)C) = U° Now, defineh : A — B as

fx) ifrxeU,
h(xz) =
(@) { g l(x) else.

It is easy to see that h is a bijection. "
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EXERCISE 2.4.6. 1. Give a one-one function from N to Q. Define f from Q to N as

273°  ifx =L, ged(r,s) =1,7>0,5>0,
flx) =79 573 ife==L,ged(r,s) =1,7>0,5>0,
1 ifr=20

Argue that f is one-one. Apply Schroder-Bernstein theorem to prove that Q is equivalent

to N.

2. Give a one-one map from (0,1) — (0,1) x (0,1). For each x € (0,1), let .x1z2--- be the
nonterminating decimal representations' of x. For x = .x1xox3---, Yy = .Y1Y2y3 - - - , define
flx,y) = .xry129y2x3ys---. Argue that f is an injection from (0,1) x (0,1) to (0,1).
Hence, show that (0,1) is equivalent to (0,1) x (0,1). Hence, show that R x R is equivalent
to R.

3. Fiz k € N. Supply a one-one map from N to N¥. Use k distinct primes to supply a one-one
map from NF to N. Conclude that N¥ is equivalent to N.

4. Supply a bijection from (0,1) to (1,2) U (3,4) U (5,6) U (7,8)U---.

5. Show using Schroder-Bernstein that (0,1) is equivalent to (0,1].

'"Recall that every real number has a unique nonterminating decimal representation.



Chapter 3

Countability, cardinal numbers* and

partial order

3.1 Countable-uncountable

Definition 3.1.1. A set which is either finite or equivalent to N is called a countable set. A

set which is not countable is an uncountable set.

Definition 3.1.2. Let A be a countably infinite set. Then, by definition, there is a bijection
f: N = A So, we can list all the elements of A as f(1), f(2),.... This list is called an

enumeration of the elements of A.

Example 3.1.3. 1. We know that Z is a countably infinite set.
2. The set N\ [99] is a countably infinite set.
3. The set P(N) is uncountable by Cantor’s lemma.

4. Let S be the set of all 0-1-sequences x = x1,22,.... Define f: S — P(N) as f(z) ={n |

xn, = 1}. Then f is a bijection. Hence, S is uncountable by Cantor’s lemma.

5. Let T'= {x € (0,1) |  has a decimal expansion containing the digits 0 and 1 only}. Then

T is uncountable.

Proof. One proof follows by the previous idea.

Alternate. [Cantor’s diagonalization] If S is countable (clearly infinite), let z1,zo,- - -
be an enumeration. Let z, = .xp1Zn2 -, where z,,; € {0,1}. Put yp, = 1 if zp, = 0
and yY,, = 0, otherwise. Consider the number y = .y11y20 - -+ € S. Notice that for each n,

y # x,. That is, y € S but it is not in the enumeration list. This is a contradiction.
Theorem 3.1.4. A set A is infinite if and only if it has a countably infinite subset.
Proof. Follows from Fact 1.2.23.12. "
Lemma 3.1.5. Let A = {a1,aq9,...} be countably infinite and B C A. Then B is countable.

43
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Proof. If B is finite then by definition, it is countable. So, assume that B is infinite. Hence, by
Theorem 3.1.4, B has a countable infinite subset, say C' = {¢1,¢2,...}. Thus, f: A — C C B,
defined by f(a;) = ¢;,i = 1,2,... is a one-one map. On the other hand, Idgp : B — Ais a
one-one map. Hence, by Schroder-Bernstein theorem, B and A are equivalent. n

As a corollary, we have the following result.
Corollary 3.1.6. Let A be uncountable and A C B. Then B is uncountable.
Proof. If B is countable, then by Lemma 3.1.5, A must be countable, a contradiction. "
Theorem 3.1.7. If S is infinite, then P(S) is uncountable.

Proof. As S is infinite, there is a one-one map, say f : N — S. Now, define a map g : P(N) —
P(S) as g(A) = f(A). Then, g is clearly one-one and hence g(P(N)) is uncountable (by Cantor’s

lemma). Hence, P(S), being a superset is uncountable, by Corollary 3.1.6. "

Theorem 3.1.8. Countable union of countable sets (union of a countable class of countable

sets) is countable.

Proof. Let {A;}ieny be a countable class of countable sets and put X = UA;. If X is finite
then we are done. So, let X be infinite. Hence, by Fact 1.2.23.12, theré is a one-one map
f:N = X. Define g : X — N as g(x) = 2/3%, if i is the smallest positive integer for which
x € A; and z appears at the k-th position in the enumeration of A;. Then g is one-one. Now,

by Schroder-Bernstein theorem A is equivalent to N. "
Theorem 3.1.9. The set P(N) is equivalent to [0,1). Furthermore, P(N) is equivalent to R.

Proof. We already know a one-one map f : P(N) — [0,1) (see Examples 3.1.3.4 and 3.1.3.5).
Let r € (0,1). Consider the nonterminating binary representation of r. Denote by F). the set of
positions of 1 in this representation. Now, define ¢ : [0,1) — P(N) by g(r) = F,, if r # 0 and
g(0) = (. Then g is one-one. Now, by Schroder-Bernstein theorem P(N) is equivalent to [0,1).

The next statement follows as [0, 1) is equivalent to (0,1) (see Exercise 2.4.6.5) and (0,1) is

equivalent to R. "

Definition 3.1.10. [Cardinal numbers]

1. Cardinal numbers are symbols which are associated with sets such that equivalent sets

get the same symbol. By A we denote the cardinal number associated with A.
2. If there is an injection f: A — B, then we write A < B. By A > §, we mean that B < A

3. If there is a bijection f : A — B, then we write A=3.

4. We write [n] as n and P as 0. Thus, for a finite set A, we have A = |Al.

5. We use R to denote N. If 2 = 4 is a cardinal number by 2% we mean P(A).
Fact 3.1.11. 1. If z,y, 2z are cardinal numbers such that x < y and y < 2, then z < z. In
other words it says, if there is a one-one map from A to B and a one-one map from B to

C, then there is a one-one map from A to C.
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2. Let x be any cardinal number. Then x < 2%. This is Cantor’s lemma.

3. The cardinal numbers we know till now are 0,1,2,3,...,8g = ﬁ, Mo — ﬁ, 92" S
4. The cardinal numbers Ry = ﬁ, N0 — ﬁ, 92" ,... are called the infinite cardinal num-
bers.

5. The ‘generalized continuum hypothesis’ says that there is no cardinal number between an

infinite cardinal number x and 2%.

Example 3.1.12. 1. Let A be the set of all infinite sequences formed using 0,1 and B be
the set of all infinite sequences formed using 0, 1,2. Which one has larger cardinality and

why?

Ans: For (z) = 1,29, -+ € A, let us define f(z) = .z1x2--- (binary). Then f: A — [0, 1]
is a surjection and hence 4> [0,1]. For (y) = y1,y2,--- € B, let us define g(y) = .y1y2 - -
(decimal). Then g : B — [0,1] is one-one. So, B < m and hence B < A. Also,
Id : A — B is an injection. Thus, A < B.

2. Write R as a union of pairwise disjoint sets of size 5.

Ans: Note that R = (—o00,2] U (2,3] U (3,6] U (6,7) U [7,00) and these five sets have the
same cardinality. Let f,g,h and ¢ be bijections from (—o0,2] to (2, 3], (3,6],(6,7),[7,0),
respectively. Then R = (U 2){r, f(r), g(r), h(r), t(r)}.

re(—oo,

3. Let S be a countable set of points on the unit circle in R?. Consider the line segments
Ls with one end at the origin and the other end at a point s € S. Fix these lines. We
are allowed to rotate the circle anticlockwise (the lines do not move). Let 7" be another
countable set of points on the unit circle. Can we rotate the circle by an angle 6 so that

no line L, touches any of the points of 17

Ans: Let 0;; be the angle of rotation required so that point p; touches line /;. The set of

all 6;; is countable and the set [0,27) is uncountable.

4. A complex number is algebraic if it is a root of a polynomial equation with integer
coefficients. All other numbers are transcendental. Show that the set of algebraic

numbers is countable.

Ans: For each point a = (ag, a1, as,...,a;) € ZF x (Z\ {0}), let Sy be the roots of the

o0

polynomial equation ag+ayz+- - - +apz® = 0. Take A = U Sk and A = J Ag.
a€Zk x (Z\{0}) k=1

Then A is the set of all algebraic numbers. The set A is countable as each Ay, is countable

and the union is over a countable set.
5. Give a bijection from R to R\ Q.

Ans: Recall that Q can be enumerated. First get a bijection from R\ Q to itself. Now,

use train-seat argument to adjust Q.
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3.2 Partial orders

Definition 3.2.1. Let f be a relation on X. We call f antisymmetric if (z,y) € f and z # y
implies (y,z) ¢ f. That is, both (z,y) and (y,x) cannot be in f, whenever x and y are distinct.
A relation on X is called a partial order if it is reflexive, transitive and antisymmetric. Let f
be a partial order on X and a,b € X. We say a and b are comparable if either (a,b) € f or
(b,a) € f.
Example 3.2.2. 1. Let X = [5].
(a) The identity relation I is reflexive, transitive and antisymmetric. So, it is a partial
order.
(b) The relation I U {(1,2)} is also a partial order.
(c) The relation I U{(1,2),(2,1)} is reflexive, transitive. But it is not antisymmetric, as
(1,2) and (2,1) are both in f.
(d) The relation I U {(1,2),(3,4)} is also a partial order.

2. Let X =N. Then f :={(a,b) | a divides b} is a partial order.
3. Let X be a nonempty class of sets. Then f := {(A,B) | A C B} is a partial order on X.
4. On R the set f := {(a,b) | a — b < 0} is a partial order. It is called the usual partial
order on R. List 5 elements of f. Usual partial order on a subset of R is defined similarly.
EXERCISE 3.2.3. Give a partial order on [5] with the
1. mazimum number of elements in it.

2. minimum number of elements in it.

Definition 3.2.4. 1. [Partially ordered sets] The tuple (X, f) is called a partially or-
dered set (in short, poset) if f is a partial order on X. It is common to use < instead
of f. We say x < y to mean that x and y are related. We say x < y to mean that x <y
and z # y.

2. [Linear order] A partial order f on X is called a linear /complete/total order if either
(z,y) € f or (y,z) € f, for each pair x,y € X.
3. [Linear ordered set] The tuple (X, f) is said to be a linearly ordered set if f is a linear

order on X. You may imagine the elements of a linearly ordered set as points on a line.

4. [Chain] A linearly ordered subset of a poset is called a chain. The maximum size of a

chain is called the height of a poset.

5. [Anti-chain] Let (X, f) be a poset and A C X. Suppose that no two elements in A are
comparable. Then A is called an anti-chain. The maximum size of an anti-chain is called
the width of the poset.

Example 3.2.5. 1. The poset in Example 3.2.2.1a has height 1 (resp. chain is {1}) and
width 5 (respectively, anti-chain is {1,2,3,4,5}).



3.2. PARTIAL ORDERS 47

2. The poset in Example 3.2.2.1b has height 2 (resp. chain is {1,2}) and width 4 (resp.
anti-chain is {2,3,4,5} or {1,3,4,5}).

3. The poset in Example 3.2.2.1d has height 2 (resp. chain is {1,2} or {3,4}) and width 3
(resp. anti-chain is {1,3,5}). Find other anti-chains?

4. The set N with the usual order is a linearly ordered set.

5. If (X, f) is a nonempty linearly ordered set, then the height of X is X and the width of
X is 1.

6. The set N with a < b if a divides b, is not linearly ordered. However, the set {1,2,4, 8,16}
is a chain. This is just a completely ordered subset of the poset. There are larger chains,
for example, {2¥ | k =0,1,2,...}. It has height N and width N.

7. The poset (P([5]), C) is not linearly ordered. However, {0, [2], [5]} is a chain in it. So, is

{0,4{2}, 2], [3], [4], [5]}. Its height is 6. What is its width?

Definition 3.2.6. Let (X, <) be a nonempty finite linearly ordered set (like the English al-
phabets with @ < b < ¢ < --- < 2) and ¥* be the set of all words of elements of . For
a=a1a9- - Gnp,b =b1by - - by, € X* define a < b if

(a) ay < by or
(b) aj ="b; for i =1,...,k and ag+1 < bgy1 or
(c)a;=0b;fori=1,...,n.

Then (X*, <) is a linearly ordered set. This ordering is called the lexicographic or dictionary

ordering. Sometimes X is called the ‘alphabet set’ and ¥* is called the ‘dictionary’.

EXERCISE 3.2.7. Let Dy be the dictionary of words made from a,b,c and Dy be the dictionary

of words made from a,b,d. Are these two sets equivalent?

Discussion 3.2.8. 1. [Directed graph representation of a finite poset] Often we represent

a nonempty finite poset (X, <) by a picture. The process is described below.

(a) Put a dot for each element of X and label it.
(b) If a <b, then join the dot for a and the dot for b by an arrow (a directed line).

(¢) Put a loop at the dot of a, for each a € X.

2. A directed graph representation of A = {1,2,3,9, 18} with the ‘divides’ relation (a < b if

a | b) is given below.
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18

1

Definition 3.2.9. [Hasse diagram] The Hasse diagram of a nonempty finite poset (X, <) is

a picture drawn in the following way.
1. Each element of X is represented by a point and is labeled with the element.

2. If a < b then the point representing a must appear at a lower height than the point

representing b and further the two points are joined by a line.

3. If a < b and b < ¢ then the line between a and ¢ is removed.

Later, we shall show that for every nonempty finite poset (X, <) a Hasse diagram can be

drawn.

Example 3.2.10. Hasse diagram for A = {1,2,3,9,18} with the ‘divides’ relation.
18

EXERCISE 3.2.11. Draw the Hasse diagram for [3] x [4] under lexicographic order.

Proposition 3.2.12. Let F be a nonempty family of single valued relations such that either
fCgorgCf, that is, F is linearly ordered. Let h = fU]:f' Then the following are true.
€
1. h is single valued.

2. dom(h) = fLGJJ_Edom(f).

3. mg(h) = fg]__ mg(f).

4. If every element of F is one-one (from its domain to its range) then h is also one-one.

Proof. We shall only prove the first two items.
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1. Let © € dom(h) and (z,y), (z,2) € h. Then there are f,g € F, such that (z,y) € f and
(x,z) € g. As F is a chain, either f C gor g C f, say f C g. Then, g is not single valued,

a contradiction.

2. Note that x € dom(h) means (x,y) € h for some y. This means (x,y) € f for some f.
That is, € dom(f), for a function f. This means x € fUJ_E dom(f). "
€

Definition 3.2.13. 1. [Bounds] Let (X, f) be a poset and A C X. We say = € X is an
upper bound if for each z € A, (z,2) € f. In words, it means ‘each element of A is < z’.

The term lower bound is defined analogously.

2. [Maximal] An element x € A is maximal, if ‘whenever there exists a z € A with (z,2) € f
then x = z. In other words, it means ‘no element in A is strictly larger than x’. The term

minimal is defined analogously.

3. [Maximum] An element x € A is called the maximum of A, if z is an upper bound of A.
In other words, it means ‘an upper bound of A which is contained in A’. Such an element,

when it exists, is unique. The term minimum is defined analogously.

4. [Least upper bound] An element z € X is called the least upper bound (lub) of A if
x is an upper bound of A and for each upper bound y of A, we have (z,y) € f. In other
words ‘x is the minimum/least of the set of all upper bounds of A. The term greatest

lower bound (glb) is defined analogously.

Example 3.2.14. Consider the two posets described by the following picture.

d
bvc b C
(X) (Y)

Figure 3.1: Posets X and Y

1. Consider the poset in Figure 3.1 and let X = A = {a,b,c}. Then
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2. Consider the posets in Figures 3.1. Then, the definitions are illustrated in the following
table. Note that X = {a,b,c} and Y = {a,b, ¢, d}.

A={b,c} CX | A={a,c} CX | A={b,c} CY

Maximal element(s) of A b, c c b,c

Minimal element(s) of A b, c a b, c

Lower bound(s) of A in X/Y | a a a

Upper bound(s) of A in X/Y | doesn’t exist c d

Maximum element of A doesn’t exist c doesn’t exist
Minimum element of A doesn’t exist a doesn’t exist
lub of Ain X/Y doesn’t exist c d

glb of Ain X/Y a a a

EXERCISE 3.2.15. Determine the maximal elements, minimal elements, lower bounds, upper

bounds, maximum, minimum, lub and glb of A in the following posets (X, f).

1. Take X =7 with usual order and A = 7.

2. Take X =N, f={(i,i) : i€ N} and A= {4,5,6,7}.
Discussion 3.2.16. [Bounds of empty set] Let (X, f) be a nonempty poset. Then each z € X
is an upper bound for () as well as a lower bound for (). So, an lub for ) may or may not exist.

For example, if X = [3] and f is the usual order, then lub() = 1. Whereas, if X = Z and f is

the usual order, then an lub for () does not exist. Similar statements hold for glb.

Definition 3.2.17. A linear order f on X is said to be a well order if each nonempty subset
A of X has a minimal element (in A). We call (X, f) a well ordered set to mean that f is a well

order on X. Note that ‘a minimal element’, if it exists, is ‘a minimum’ in this case.

Example 3.2.18.

1. The set Z with usual ordering is not well ordered, as {—1,—2,...,} is a nonempty subset

with no minimal element.
2. The ordering 0 <1< -1<2<-2<3< -3<--- describes a well order on Z.
3. The set N with the usual ordering is well ordered.

4. The set R with the usual ordering is not well ordered as the set (0,1) doesn’t have its

minimal element in (0, 1).
EXERCISE 3.2.19. Consider the dictionary order on N2. Show that this is a well order.

Definition 3.2.20. Let (W, <) be well ordered and a € W. The initial segment of a is
defined as I(a) :={z |z € W,z < a}.

Example 3.2.21. Take N with the usual order. Then I(5) = [4] and I(1) = 0.

Theorem 3.2.22. [Principle of transfinite induction] Let (W, <) be a nonempty well ordered
set. Let A C W which satisfies ‘whenever I(w) C A then w € A”. Then A=W.
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Proof. If A #+ W, then A® # (). As W is well ordered, let s be the minimal element of A¢. So,
any element = < s is in A. That is, I(s) C A. By the hypothesis s € A, a contradiction. "

Fact 3.2.23. The principle of transfinite induction is the principle of mathematical induction
when W = N.

Proof. To see this, let p(n) be a statement which needs to be proved by mathematical induction.
Put A = {n € N | p(n) is true}. Assume that we have been able to show that ‘I(n) C A= n €
A’. Tt means, we have shown that 1 € A, as ) = I(1) C A. Also we have shown that for n > 2,
if {p(1),...,p(n — 1)} are true then p(n) is true as well, as I(n) = [n — 1]. .

Definition 3.2.24. [Product of sets] Recall that the product Ay x As = {(x1,22) | x; € A;}

may be written as
{(f(1), f(2)|f: 2] = A1 U Ay is a function with f(1) € Ay, f(2) € Az}

Moreover, if A; and Ay are finite sets then |A; x As| = |A;| - |A2|. In general, we define the
product of the sets in {Ay}taer, L # 0, as

H Ao={f|f:L— ULAa is a function with f(«) € Aq, for each a € L}.
ac
acL

Example 3.2.25. 1. Take L = N and A4,, = {0,1}. Then [] A, is the class of functions
a€l
f:L—{0,1}. That is, it is the class of all 0-1-sequences.

2. By definition, product of a class of sets among which one of them is () is empty.

What about product of a class of sets in which no one is empty? Is it nonempty? This could
not be proved using the standard set theory. In fact, it is now proved that this question cannot
be answered using the standard set theory. So, a new axiom, called the axiom of choice, was

introduced.

Axiom 3.2.26. [Axiom of Choice] The product of a nonempty class of nonempty sets is

nonempty.

Proposition 3.2.27. [injection-surjection] Let A and B be nonempty sets. Then, there is a

surjection g : A — B if and only if there is an injection f : B — A.

Proof. Let g : A — B be onto. We shall find an injection from B to A. To start with, notice that

for each b € B, the set g~!(b) # 0. Then, by axiom of choice [] g=(b) # 0. Let f € ] ¢~ 1(b).
beB beB
Then, by Definition 3.2.24, f : B — A is a function. As g is a function, g~!(b)’s are disjoint and

hence f is one-one.

Conversely, let f : B — A be one-one. Fix an element b € B. Define g: A — B as

sy { @, e (),
b, if z € A\ f(B).

Observe that g is onto. "
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Definition 3.2.28. A class F' of sets is called a family of finite character if it satisfies:
‘A € F if and only if each finite subset of A is also in F".

Example 3.2.29. 1. { } is a family of finite character.
2. Power sets are families of finite character.
{0,{1},{2}} is a family of finite character.
If AN B =0, then P(A) UP(B) is a family of finite character.

AN

The set {0} U {{a} | a # 0,a € R} is a family of finite character. This is the class of

linearly independent sets in R.

6. Let V be a non trivial vector space and F' be the class of linearly independent subsets of

V. Then F is a family of finite character.

EXERCISE 3.2.30. 1. Let L = Ay = Ay = As = [3]. Is the set [] Aa equal to the class of
a€l
functions f : [3] = [3]? Give reasons for your answer.

2. Give sets Ap, n € N such that [[ A, has 6 elements. Give another.!
neN

Some equivalent axioms of axiom of choice

[Axiom of choice] Cartesian product of a nonempty collection of nonempty sets is
nonempty.

[Zorn’s lemma] A partially ordered set in which every chain has an upper bound, has
a maximal element.

[Zermelo’s well ordering principle] Every set can be well ordered.

[Hausdorff’s maximality principle] Every nonempty partially ordered set contains a

maximal chain.

[Tukey’s lemma] Every nonempty family of finite character has a maximal element.

EXERCISE 3.2.31. 1. Does there ezist a poset with exactly 5 maximal chains of size (number
of elements in it) 2,3,4,5,6, respectively and 2 mazimal elements? If yes, draw the Hasse

diagram. If no, argue it.

2. Let (X, f) be a nonempty poset and ) #Y C X. Define fy = {(a,b) € f|a,be€Y}. Show
that fy is a partial order on'Y . This is the induced partial order on Y.

3. Apply induction to show that a nonempty finite poset has a mazimal element and a minimal

element.

Discussion 3.2.32. [Drawing the Hasse diagram of a finite poset (X, f)] Let x1, ..., 2% be the
minimal elements of X. Draw k£ points on the same horizontal line and label them z1,..., zg.
Now consider Y = X \ {z1,...,z;} and fy. By induction, the picture of (Y, fy) can be drawn.
Put it above those k£ dots. Let y1,...,y, be the minimal elements of Y. Now, draw the lines
(xi,y;) if (x4,y;) € f. This is the Hasse diagram of (X, f).

"When we ask for more than one example, we encourage the reader to get examples of different types, if

possible.
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Discussion 3.2.33. [Existence of Hamel basis] Let V be a vector space with at least two
elements. Recall that the collection F of linearly independent subsets of V is a family of finite
character. Recall that a basis or a Hamel basis is a maximal linearly independent subset of V.
As V has at least 2 elements, it has a nonzero element, say a. Then {a} € F. Hence, F # 0.
Thus, by Tukey’s lemma, the set F has a maximal element. This maximal set is the required
basis. Hence, we have proved that every vector space with at least 2 elements has a Hamel basis.
EXERCISE 3.2.34. 1. Let n € N. Define P, = {k € N | k divides n}. Define a relation <,

on P, as <,={(a,b) | a divides b}. Show that (P,,<,,) is a poset, for each n € N. Give

a necessary and sufficient condition on n so that (P, <) is a completely ordered set.

2. Take X = {(1, 1),(1,2),(1,3),.. } U {(2, 1)(3,1),(4,1),. } The ordering defined is

r= v Amamiy v {m.m)}

m,n € N m,n € N
m<n m<n

Does X have any mazimal or minimal elements? Is X linearly ordered? Is it true that
every nonempty set has a minimal element? Is it true that every nonempty set has a
minimum? What type of nonempty sets always have a minimum?

3. Prove or disprove:

(a) There are at least 5 functions f : R — R which are partial orders.

(b) Let S be the set of sequences (xy,), with x, € {0,1,...,9}, for each n € N, such that
“f xp < Tpg1, then T = xpo =---}° Then S is countable.

(¢) Take N with usual order. Then the dictionary order on N? is a well order.

(d) Let S be the set of all non-increasing sequences made with natural numbers. Then S
1s countable.

(e) Let S be the set of all nondecreasing sequences made with natural numbers. Then S
1s countable.

(f) Take N with usual order and N? with the dictionary order. Then any nonempty subset
of N? which is bounded above has a lub.

(9) Every nonempty countable linearly ordered set is well ordered with respect to the same
ordering.

(h) Every nonempty countable chain which is bounded below, in a partially ordered set,
1s well ordered with respect to the same ordering.

(i) The set Q can be well ordered.

(j) For a fired n € N, let A, and B,, be non-empty sets and let R,, be a one-one relation
from A, to B,. Then, N R, is a one-one relation.

(k) Let S be the set of wm“d;Z with length at most 8 using letters from {3, A,a,b,C,c}. We
want to define a lexicographic order on S to make it a dictionary. There are more
than 500 ways to do that.

(1) An infinite poset in which each nonempty finite set has a minimum, must be linearly

ordered.
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10.

11.

12.

15.

1.

15.
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(m) A nonempty finite poset in which each nonempty finite set has a minimum, must be
well ordered.
(n) An infinite poset in which each nonempty finite set has a minimum, must be well

ordered.

. Let S = {(z,y) : 2> + y®> = 1, > 0}. It is a relation from R — R. Draw a picture of the

inverse of this relation.

Construct the Hasse diagram for the C relation on P({a,b,c}).

Draw the Hasse diagram for the partial order describing the ‘divides’ relations on the set
{2,3,4,5,6,7,8}.

Draw the Hasse diagram of {1,2,3,6,9,18} with ‘divides’ relation.

(a) What is its height? What is its width.

(b) Let A = {2,3,6}. What are the mazimal elements, minimal elements, maximum,

minimum, lower bounds, upper bounds, glb and lub of A.

Show that the following three definitions are equivalent.

(a) A set A is finite if either A = () or A = ﬁ, for some n € N.
(b) [Tarski] A set A is finite if and only if every nonempty family of subsets of A has a

minimal element.

(c) [Dedekind] A set is infinite if it is equivalent to a proper subset of itself. A set is

finite if it is not infinite.

Let (X, f) be a nonempty poset. Show that there exists a linear order g on X such that
fcy.

Let G be a non-Abelian group and H be an Abelian subgroup of G. Show that there is a
mazximal Abelian subgroup J of G such that H C J.

Let F be a family of finite character and B be a chain in F'. Show that AUB AeF.
€

Let A# 0 and F be a field. Let B4 := {f : f is a function from A to F}. LetT := {f €
FA . {a € A : f(a) # 0} is finite}. Show that T is a vector space over F with respect to
point-wise addition of functions and point-wise scalar multiplication. Also show that every

vector space V is isomorphic to I' for some suitable choice of A.

Let X be a vector space and A be a nonempty linearly independent subset of X. Let S C X
satisfy span(S) = X. Show that 3 a Hamel basis B such that AC B C S.

Let (L, <) be a nonempty linearly ordered set. Prove that 3 W C L such that < well orders
W and such that for each x € L, there is a y € W satisfying x < y. For example, for
L =R, we can take W = N.

Show that R is not a finite dimensional vector space over Q. Hint: Assume that R as
a vector space over Q has dimension k. Argue that R is isomorphic to QF and so it is

countable, a contradiction.
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Let A be a nonempty set. Then there is an element a which is not in A.

Let A be a nonempty set. Then there exists B such that AN B = and A=3.

Let A and B be two nonempty sets. Show that there is a set C such that CNA =0 and
C=B.

Let A and B be nonempty sets. Put a = A and b = B. Then show that either a <bor
b<a.

Leta=A andbz?, where ANB = (). Then we definea+b as AU B and ab as A x B.

(a) Let a be an infinite cardinal number. Show that a + a = a and aa = a.

(b) Let a,b,c be cardinal numbers. Show that a < b= {a+c < b+ c,ac < bc}.

Suppose that v < v are two infinite cardinal numbers. Then show that v+ v = v and

uv = v.
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Chapter 4
Logic

4.1 Propositional logic

We study logic to differentiate between valid and invalid arguments. An argument is a set of
statements which has two parts: premise and conclusion. There can be many statements in the
premise. Conclusion is just one statement. An argument has the structure

premise: Statementy, ..., Statementy; therefore conclusion: Statement..

Consider the following examples.

e Statement;: If today is Monday, then Mr. X gets Rs. 5.
Statemento: Today is Monday.
Statement.: Therefore, Mr. X gets Rs. 5 (statement,).

e Statement;: If today is Monday, then Mr. X gets Rs. 5.
Statemento: Mr. X gets Rs. 5.
Statement.: Therefore, today is Monday.

e Statement;: If today is Monday, then Mr. X gets Rs. 5.
Statements: Today is Tuesday.
Statement.: Therefore, Mr. X gets Rs. 5.

e Statement;: If today is Monday, then Mr. X gets Rs. 5.
Statements: Today is Tuesday.
Statement.: Therefore, Mr. X does not get Rs. 5.

We understand that the first one is a valid argument, whereas the next three are not. In order
to differentiate between valid and invalid argument, we need to analyze an argument. And in
order to do that, we first have to understand ‘what is a statement’. A simple statement is an
expression which is either false or true but not both. We create complex statements from the
old ones by using ‘and’, ‘or’ and ‘not’.

For example, ‘today is Monday’ is a statement. ‘Today is Tuesday’ is also a statement. ‘Today

is Monday and today is Tuesday’ is also a statement. ‘Today is not Monday’ is also a statement.

o7
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One way to analyze an argument is by writing it using symbols. The following definition

captures the notion of a ‘statement’.

Definition 4.1.1. 1. [Atomic formulae and truth values] Consider a nonempty finite set
of symbols F. We shall call an element of F as an atomic formula (also called atomic
variable). (These are our simple statements). The truth value of each element in F is
exactly one of T' (for TRUE) and F' (for FALSE). Normally, we use symbols p, ¢, p1,p2, . . .

for atomic formulae.

2. [Operations to create new formulae] We use three symbols ‘V’ (called disjunction/or),
‘A’ (called conjunction/and), and ‘=’ (called negation) to create new formulae. The
way they are used and the way we attribute the truth value to such a new formula is

described below.

If p and g are formulae, then p A g, pV ¢q, and —p are formulae. The truth value of p A ¢ is
defined to be T" when the truth values of both p and ¢ are T'. Its truth value is defined to be F
in all other cases. The truth value of p V ¢ is defined to be T" when the truth values of at least
one of p and q are T'. Its truth value is defined to be F' when the truth values of both p and ¢
are F. The truth value of —p is defined to be T if the truth value of p is F. The truth value of
—p is defined to be F' if the truth value of p is T.

Understanding V, A and —

The following tables describe how we attribute the truth values to p V ¢, p A ¢ and —p.

pla|phg pla|pVa -
TiT| T TiT| T p | -p
TIF| F TIF| T Tl F
FlT| F FlT| T FlT
FIF| F FIF| F -

How do we read these tables? Look at row 3 of the leftmost table (exclude the header). It
tells that the formula p A g takes the truth value F if p takes truth value F' and ¢ takes T

Remark 4.1.2. We use brackets while creating new formulae to make the meaning unambiguous.

For example, the expression pV q Ar is ambiguous, where as pV (q A ) is unambiguous.

Definition 4.1.3. 1. Sometimes we write ‘f(p1,...,pr) is a formula’ to mean that ‘f is a

formula involving the atomic formulae py,...,pg .

2. Let f(p1,...,pr) be a formula. Then, the truth value of f is determined based on the truth
values of the atomic formulae p1, ..., pg. Since, there are 2 assignments for each p;, 1 <17 <
k, there are 2¥ ways of assigning truth values to these atomic formulae. An assignment of

truth values to these atomic formulae is nothing but a function A4 : {p1,...,pr} — {T, F'}.

3. By saying ‘T'F'T is an assignment to the atomic variables p, g, r’, we mean that the truth

value of p is T, that of ¢ is F' and that of r is T. Keeping this in mind, all possible
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assignments to p, q,r are listed below. (Notice that, it is in the dictionary order, that is,
‘F'FF appears before F'/F'T in the list as if they are words in a dictionary’. The reader will
notice that in the table given above, we have followed the reverse dictionary order while

writing a truth table, which is natural to us. This should not create any confusion.)

NIRIRIRRR R
RS R R R R B R B
SN RN RSN R RSB N BB B

N
N
N

4. A truth table for a formula f(p1,...,p) is a table which systematically lists the truth
values of f under every possible assignment of truth values to the involved atomic formulae.

The following is a truth table for the formulae p V (¢ A 7).

<

pVI(gAT)

Q

SRR RN e B e R e B e B e

B R B B e R e B e

el R R R N R RN R R RS R
N e e B e N N e Rl

N
R R e B e R e R R B

~

T

5. In the previous table, if we fill the fourth column arbitrarily using 7’s and F’s, will it be

a truth table of some formula involving p, ¢ and r? We shall talk about it later.

We have already noted that we use V, A and — to create new formulae from old ones. Some of

them will indeed be very important.

Definition 4.1.4. [Conditional formulae]
1. [p implies q] If p and ¢ are formulae, then the formula (—p) V ¢ is denoted by p — ¢ (read
as p implies q). Its truth table is

SRR RN
S R
<
el BN Rl g
<
L)
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Observe

a) p — ¢ takes the truth value F' if and only if p takes the truth value 7" and ¢ takes
the truth value F.

b) If under some assignment ‘p — ¢ takes the truth value 77 and that ‘in this assignment
pis T7, then it follows that in this assignment ¢ must be T'. This is why p — ¢ is called
‘if p then ¢’.

c¢) Other phrases used for ‘if p then ¢’ are ‘p is sufficient for ¢’ or ‘p only if ¢’ or ‘q is a

necessary condition for p’.

d) We sometimes use p < ¢ to mean g — p.

2. [pifand only if g] The formula (p <> ¢) (called ‘p if and only if ¢’) means (p — ¢)A(q — p).
Note that (p <> ¢) takes the truth value ‘I" whenever p and ¢ take the same truth values’
and takes the truth value ‘F whenever p and ¢ take different truth values’. Its truth table

is

NN SR
SIS
NS

3. [Converse/Contrapositive] The formula ¢ — p is called the converse of p — ¢ and the

formula —g — —p is called the contrapositive of p — gq.

Discussion 4.1.5. [Understanding a conditional formula] When we assign different ‘English
statements’ to the involved atomic formulae, we get an English statement corresponding to those
formulae. For example, for the formula p — ¢, consider the following statements:

p: you attend the class.

q: you understand the subject.

Then, p — ¢ is the statement ‘if you attend the class, then you understand the subject’. The

formula p — ¢ is true under the following three cases.
1. pis true and ¢ is true: this means ‘you attend the class and understand the subject’.

2. p is false and ¢ is false: this means ‘you do not attend the class and do not understand
the subject’.

3. pis false and ¢ is true: this means ‘you do not attend the class but understand the subject’.

The formula p — ¢ is false if ‘p is true and ¢ is false’, which means ‘you attend the class and do

not understand the subject’.

Definition 4.1.6. [Connectives] The symbols V, A, =, — and < are called connectives. The
set of well formed formulae (wff) are defined inductively. Each atomic variable is a wif. If f
and g are two wff, then f Vg, fAg, =f, f— g, and f < g are wif. Brackets are used to avoid
ambiguity.
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Example 4.1.7. 1. pA Vg, Vg, pV g are not wif, as they do not make sense.

2. pVgArisnot a wif as it is not clear what it means. We use brackets to get pV (¢ A7) or

(p V q) A r which are wif.

3. (p—=q)—=r, (pV—q) — —r, =(p— q) are wil.

Did you notice?

The connectives V, A, —, and > always connect two old formulae to create a new one. This
is why they are called ‘binary connectives’. The connective — is used on a single old formula

to give a new one. So, it is called a ‘unary connective’.

Definition 4.1.8. Let A be the set of assignments to the variables p1,...,pr. A function
f: A= {T,F} is called a truth function. Since |A| = 2¥, there are 922" such truth functions.

Example 4.1.9. The table on the left describes a truth function f and that on the right

describes the truth table for a particular formula.

(pAq)V(pA(—q))

SRRl N N~
S Bl s MR NS
NN Y=

SRRl N N e~
SRR SR R B S

T
T
F
F

EXERCISE 4.1.10. 1. Draw a truth table for the formula p A (—\p — (pV —\q)).

2. Can both the formulae p — q and ¢ — p be false for some assignment on p and q¥

Definition 4.1.11. 1. [Contradiction and tautology] A contradiction (F) is a formula

which takes truth value F' under each assignment. For example, pA—p. A tautology (T)

is a formula which takes truth value T" under each assignment. For example, p V —p.

2. [Equivalence of formulae] Two formulae f and g are said to be equivalent, denoted

f = g, if they have the same truth table involving all the atomic variables of both f and g.

That is, if both f and g carry the same truth values under each assignment to the involved

atomic variables.

Example 4.1.12. 1. Is p = g = ~q — —p? Yes, because they have the same truth tables.

plalf=p—q|9=—9g—p
T|T T T
T|F F F
F|T T T
F|F T T
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2. Isp=pA(qV(—q))? Yes, because they have the same truth tables.

pla|f=p|g=pA(aV(~9)
T|T T T
T|F T T
F|T F F
F|F F F
Remark 4.1.13. 1. There is another way to establish equivalence of two formulae f and g.

We show that f has a truth value T' (or F) if and only if g has the same truth value. For
example, to show that p — ¢ = ~q — —p, proceed in the following way.

Step 1: Suppose that p — ¢ has a truth value F' for an assignment a. Then a(p) = T and
a(q) = F. But then, under that assignment, we have —¢q is T" and —p is F. That is, under
a, we have -q — —p is F.

Step 2: Suppose that p — ¢ has a truth value T for an assignment a. Then a €
{TT,FT,FF}. Under TT, we have —p is F' and —q is F, so that -¢ — —p is T". Under
FT, we have —p is T and —q is F, so that ¢ — —p is T'. Under F'F', we have —p is T" and
—q is T, so that ~q — —pis T.

Thus, both are equivalent.

. Let f(p1,...,pr) be a formula and ¢, ...,q be some new atomic variables. Then f =

fA(@V (—q1)) A A(grV (—gy)). This can be argued using induction. Thus f can be

viewed as a formula involving atomic variables p1,..., 0k, q1,- -, Gr-

. We have seen that

(a) p—~q=-pVgq, and
(b) psra=@—a)A(g—p).

Thus, the connectives V,A and — are enough for writing a formula in place of the 5

connectives V, A, -, — and <.

. Recall that a formula on variables p,q and r is a truth function. So there are exactly

22% = 28 nonequivalent formulae on variables p,q and r.

EXERCISE 4.1.14. IspV —p=qV —q?

Definition 4.1.15. [Substitution instance] Suppose B is a formula which involves some vari-

ables including p. Then, substituting a formula A for each appearance of the variable p in

B, gives us a new formula. This new formula is called a substitution instance of B. We

may substitute more than one variables, simultaneously. Note that A may involve old and new

variables.

Example 4.1.16. Let B: (p — q) — p. We substitute p — —q for p, and p for ¢, in B to obtain

the following substitution instance of B.

((p—= —q) = p) = (p— —q)
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The following result is one of the most fundamental results of the subject.
Theorem 4.1.17. Any substitution instance of a tautology is a tautology.

Proof. Let P(p1,...,pxr) be a tautology. Suppose that we replace each occurrence of p; by a
formula f to obtain the formula R. Consider all the atomic variables involved in P and f.
View P and R as formulae involving all these atomic variables. Let a be an assignment to these
atomic variables.

If f takes the value T on a, then the value of R on a is nothing but the value of P(T,pa,...,pk)
on a, which is T" as P is a tautology.

If f takes the value F on a, then the value of R on a is nothing but the value of P(F,pa,...,pk)

on a, which is T" as P is a tautology. Thus, R takes the value T" under each assignment. "
EXERCISE 4.1.18. Show that any substitution instance of a contradiction is a contradiction.

Definition 4.1.19. [Functionally complete] A subset S of connectives is called function-
ally complete/adequate, if each formula has an equivalent formula written only using the

connectives in S.

Example 4.1.20. We already know that S = {V, A, =} is adequate.

EXERCISE 4.1.21. 1. Determine which are adequate. (i) {—,V} (i1) {—,—}.
2. Fill in the blanks to prove that ‘f = g’ if and only if ‘f <> g is a tautology’.

Proof. Assume that f = g. Let b be an assignment. Then, the value of f and g are
under b. Thus, the value of f <> g is _ underb. Asb is an assignment,

we see that f <> g is a

Therefore, if f is T under b, then g is T under b. That is, f — g and g — [ are both T
under b. Thus, f < g is T under the assignment b.

Conversely, suppose that f < g is a . Assume that f # g. Then, there is

under which _ and _ take different

So, suppose that f takes T and g takes F under b. Then 1s F' under b and hence
f < g takes F under b, a contradiction. A similar contradiction is obtained if f takes F

and g takes T under b. "
The proof of the next result is left as an exercise for the readers.

Proposition 4.1.22. [Rules] Ifp,q,r are formulae, then
1. pVqg=qVp, pANqg=qAp (commutative)
2.pV(qVvr)=(pVqeVr,pAN(gAr)=(pAq)Ar (associative)
3. pA(gVr)=(@EAgQV(pAT),pV(gAT)=(pVa) A(pVr) (distributive)
4. =(pVq)=-pA-q, ~(pAq) =-pV —q (De Morgan’s law)

5. pVp=p, pAp=p (idempotence)
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6. Fvp=p, FAp=F

7. Tvp=T, TAp=p

8 =(=p)=p

9. pV(pANq)=p,pA(pVq)=p (absorption law)

Proof. First six may be proved suing direct arguments and the rest by using the first six. "

EXERCISE 4.1.23. Does the absorption law imply pV (p A (=q)) =p and p A (pV (—q)) = p?

Discussion 4.1.24. The above rules can be used to simplify a formula or to show equivalence

of formulae. For example,

p—(@—r) = —pV(mqVr) asp —p=(-p)Vq
= —pV-qVr Associativity
= =(pAq)Vr De Morgan’s law
= (pAg) —r asp—p=(-p) Vg

Did you notice?
There are 3 ways to prove f = g.

1. Using truth table.

2. Arguing that f is false under an assignment (of the variables involved in both) if and

only if g is false under the same assignment.

3. Using some of the above rules and by reducing f to g or g to f.
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Experiment

Consider the variables p, g, .

Give a formula which takes value T only on the assignment T77T.

Give a formula which takes value T only on the assignment TTF. (pAgA(—r))
Give a formula which takes value T only on the assignment FTF.

Give a formula which takes value T' only on the assignments TTF and FTF.

Give a formula which takes value T" only on the assignments TFT, TTF and TFF.

Give a formula f which takes value T only on the assignments FT'F and FFF or whose
truth table is the following

SRR N R RN RN R R
SRR R R R R R R R R e N B
SRR RN R R R R RN B
e B B R o I o B e B R B o B

Lemma 4.1.25. Let f be a truth function involving the variables p1,...,pi. Then, there is a

formula g involving p1, ..., pr, whose truth table is described by f.

Proof. If T ¢ rng f, then write ¢ = py A—p1 Ap2A---Apg. Otherwise, collect all those assignments
b such that f(b) = T. Call this set A;. For each b € Aj, define a formulae ¢ =r; Arg A -+ A1y,
where for 1 < j <k,
= { p; ifb(pj) =T
—p; otherwise.
Then, the formulae g takes the value T only on the assignment b. Thus, taking the disjunctions

of all such ¢’s related to each b € A, we get the required result. "

EXERCISE 4.1.26. Illustrate 4.1.25 with the truth function f

NN NS
N R
IR Rl

F

Definition 4.1.27. [Normal forms] An atomic formula or it’s negation is called a literal. We
say that a formula f is in disjunctive normal form (in short, DNF) if it is expressed as a
disjunction of conjunctions of literals. We say that a formula f is in conjunctive normal form

(in short, CNF) if it is expressed as a conjunction of disjunctions of literals.
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Example 4.1.28. p,pVq,pV—q, (pA—q)V—r, (pA—q)V(gA—r)V (rAs) are in DNF. Write

5 formulae in CNF involving p, ¢, r.

Theorem 4.1.29. Any formula is equivalent to a formulae in DNF. Similarly, Any formula is

equivalent to a formulae in CNF.

Proof. The proof of the first assertion follows from Lemma 4.1.25. For the second assertion, we
can write one proof in a similar way.

An alternate proof: take f, consider —f, get a DNF P for —f, and consider —P. "
EXERCISE 4.1.30. Write all the truth functions on two variables and write formulae for them.

Definition 4.1.31. [Principal connectives] Let h be a formula. A principal connective in
h is defined in the following way.

1. If h is expressed in a format —f, then — is the principal connective of h.

2. If h is expressed in a format fV g, then V is the principal connective of h.

3. If h is expressed in a format f A g, then A is the principal connective of h.

EXERCISE 4.1.32. Use induction on the number of connectives to show that any formula is

equivalent to a formulae in DNF and a formula in CNF.

Definition 4.1.33. [Dual] The dual P* of a formula P involving the connectives V,A,— is
obtained by interchanging V with A and the special variable T with the special variable F'.

Example 4.1.34. Note that the dual of =(pV q) Aris =(pAq) V.

Lemma 4.1.35. Let A(p1,...,px) be a formula in the atomic variables p; involving connectives
VoA and =, If A(=p1, ..., —pg) is obtained by replacing p; with —p; in A, then A(=p1,...,—pg) =
A (p1, - PE)-

Proof. Use induction on the number of connectives. If A = BV C, then

A*=B*ANC* = =B(-p1,..., k) NC(—p1,...,Dk)
_‘(B\/C)(_‘plu"'7_'pk) - _'A(_'p17°°° 7_'p]€)'

The remaining parts are similar and hence left for the reader. "
Theorem 4.1.36. Let f,g be formulae using connectives V,\ and —. If f =g, then f* = g*.
Proof. By Lemma 4.1.35, we note that

fr(=b) == f(b) = —g(b) = g"(—b) for any assignment b.

Thus, f*=g*. "
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Discussion 4.1.37. [Tree representation] A formula can be represented by a tree. For example,

(rV q) — (—q A p) has the following representation.

Definition 4.1.38. [Polish notation] A formula may be expressed using Polish notation. It

is defined inductively as follows.

‘Let P(f) denote the Polish notation of f. Then P(fVg) is VP(f)P(g), P(fAg)is AP(f)P(g),
and P(=f) is =P(f).

This notation does not use brackets. Here the connectives are written in front of the expressions

they connect. Advantage: it takes less space for storage. Disadvantage: it’s complicated look.
Example 4.1.39. In Polish notation (rV q) — (=g A p) becomes — Vrq A —gp.

EXERCISE 4.1.40. Write a formula involving 8 connectives and the variables p,q,r. Draw it’s
tree. Write it’s Polish notation.
Definition 4.1.41. 1. [Satisfiable] A formula is satisfiable if it is not a contradiction.

2. [Order of operations] To reduce the use of brackets, we fix the order of operations: —,

AV, =,

Discussion 4.1.42. There is another way of making a truth table for a formula. Consider
(pV q) V —r. Draw a table like the following and give the truth values to the atomic formulae.
Evaluate the connectives for the subformulae one by one. In this example, the sequence of

column operations is: 5,2, 4.

|V V|~ |VIigO| V||
T T T T T|T|\T|F|T
T T F T T|T|\T|T|F
T F T T T|F|T|F|T
T Ia F T|T|F|T|T|F
F T T F|T|T|T|F|T
F T F F|T|T|T|T|F
F F T F|F|F|F|F|T
F Ia F F|F|F|T|T|F

Definition 4.1.43. [Inference] We say ¢ is a logical conclusion of {fi, - -, f,} if (f1 A
fa N+ A fn) — g is a tautology. We denote this by {fi,...,fn} = ¢. At times, we write
fiseoos fn = g tomean {fi1,..., fn} = g. Here, g is called the conclusion and {fi,..., fn} is
called the hypothesis/premise.
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Example 4.1.44. 1. Consider the following three statements.

A :if x = 4, then discrete math is bad;
B : discrete math is bad;
C:zx=4.

Does C logically follow from A, BY?

Ans: No. Denote ‘x = 4’ by p and ‘discrete mathematics is bad’ by ¢. Then, the
above question is the same as asking whether {p — ¢,q} = p is true. That is, whether

P(p,q) == ((p — ¢) ANq) — p is a tautology.

To find that, suppose that there is an assignment for which P takes the value F'. So, for
that assignment, p must be F and (p — q) A ¢ must be true.

As (p — q) N q is true, ¢ must be T'. So, the assignment must be F'T. Notice that p — ¢
has a value T" with this assignment. Thus, P(p,q) takes F' under F'T. Hence, it is not a
tautology. So, C' does not logically follow from A, B. O

. Consider the following three statements.

A : ‘if discrete math is bad, then x = 4’;
B : ‘discrete math is bad’;
C:‘z=4.

Does C logically follow from A, B?

Ans: Yes. Denote ‘x = 4’ by p and ‘discrete mathematics is bad’ by ¢. Then, the
above question is the same as asking whether {¢ — p,q} = p is true. That is, whether
P(p,q) := ((¢ = p) AN q) — p is a tautology.

To find that, suppose that there is an assignment for which P takes the value F'. So, for
that assignment, p must be F' and (¢ — p) A ¢ must be true.

As (¢ — p) A q is true, ¢ must be T and ¢ — p must be T. So, the assignment must be

FT. But we see that ¢ — p has a value F' with this assignment. This is a contradiction.

Thus, there is no assignment for which P(p,q) takes F. Hence, it is a tautology. So C

logically follows from A, B.

Definition 4.1.45. We write f < g to mean ‘f = g and g = f’.

O

Did you notice?

Let f,g,h be some formulae. Then f,g = h means that ‘whenever f and g are T, h is also
T°. That is, ‘if f and g are T under an assignment, then A is 7' under that assignment’.

Thus ‘f < ¢’ is the same as ‘f = ¢’.

Example 4.1.46. 1. Show that {a — 3,8 — v,y = 0} = a — J.
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Ans: Suppose a — § is F. Then a is T and § is F'. Assume that all the propositions in
the hypothesis are true. As § is F' and v — 9 is T, v must be F. Continuing, we get « is

F', a contradiction.
2. Determine validity of the argument.

The meeting can take place if all members are informed in advance and there is quorum
(a minimum number of members are present). There is a quorum if at least 15 members
are present. Members would have been informed in advance if there was no postal strike.
Therefore, if the meeting was canceled, then either there were fewer than 15 members

present or there was a postal strike.

A : Let us denote the different statements with symbols, say
m: the meeting takes place;

a: all members are informed;

f: at least fifteen members are present;

q: the meeting had quorum;

p: there was a postal strike.
So, we reformulate the problem: whether {(q/\a) —m,f —q,-p— a} = —m — (=fVp)?

From first two statements, we get (f A a) — m. Considering the third statement, we get

(f A —p) — m. The conclusion is the contrapositive of this statement.

Alternate. Suppose that conclusion is F. This means that -m — (=f V p) takes the
value F' and {(q ANa) = m, f—q,—p— a} takes the value T.

The first one implies that —f V p takes the value F' and —m takes the value 7. Hence, we
see that the variables m, f and p take values F,T and F, respectively.

The second one implies that all the three expressions (¢ Aa) — m, f — ¢, and -p — a
take the value T. Since the second statement takes the value T and f has the value T,
we see that ¢ has to take the value T'. Similarly, using the third statement, we see that a
has to take the value T. So, we see that the first statement (¢ A a) — m takes the value
T with the assignment of both ¢ and a being T'. So, we must have m to have the value T,

contradicting the value F' taken by m in the previous paragraph.

EXERCISE 4.1.47. 1. List all the nonequivalent formulae involving variables p and q which

take truth value T on exactly half of the assignments.

2. We assume F <T. Let f and g be two truth functions on the variables p1,...,pg. Suppose
that for each assignment a, we have f(a) < g(a). Does this imply ‘f — g is a tautology’?

3. Let f and g be two formulae involving the variables py,...,pg. Prove that ‘f = g’ (the
same truth table) if and only if ‘f <> g is a tautology’.

4. Without using —, write an equivalent simplified statement of (p — q) — (p — (¢ — 7“))

5. Determine which of the following are logically equivalent.

(a) (p— (rvs)A(lgnr)—s).
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(b) ((p\/r)\/(s—>p))/\(p—>(5—>r)).
(c) g — s.

(d) (s—>(q\/r))/\((q/\s)—>r).

(e) ((pVs)V(g—p)Ap—(g—s)

Let p be a formula written only using connectives A,V and — and involving the atomic

variables p1,- -+ , P, for some k. Show that the truth value of p is T under the assignment
flpy) =T, for all i.
Is {—,V, A} adequate?

Verify the following assertions.

(a) PNQ =P

(b) P=PVQ

(¢c) =P =P —Q

(d) (P = Q) =P

(e) "P,PVQ=Q

(f) PP—Q=Q

(9) ~Q,P — Q= ~P

(h) P—Q,Q—R=P—R

(i) PVvQ,P— R,QQ—R=R

(j) P Qe (PAQ)V (mPA-Q)

(k) {pANapVat=q—r

(1) {p = a,~p} = —q

(m) {po = p1,p1 = p2,.... P9 = P10} = po V ps.
(n) {(—|p\/q) = 71,8V g, t,p—t,(-pAT) —>—\8} = —q.

(0) {p—>q,7“\/s,—|s—>—|t,—|q\/s,—|s,(—|p/\r)—>u,w\/t}:>u/\w.

If H is a set of formulae, then H = o — [ if and only if H U {a} = .

Prove the equivalence of the following in three different ways (truth table, simplification,

each is a logical consequence of the other): p — (gVr)=(pA—q) — 7.

Determine which of the following conclusions are correct.

(a)

(b)

If the lecture proceeds, then either black board is used or the slides are shown or the
tablet pc is used. If the black board is used, then students at the back bench are not
comfortable in reading the black board. If the slides are shown, then students are
not comfortable with the speed. If the tablet pc is used, then it causes lots of small
wrritating disturbances to the instructor. The lecture proceeds and the students are
comfortable. So, it is deduced that the instructor faces disturbances.

There are three persons Mr X, Mr Y and Mr Z making statements. If Mr X is wrong,
then Mr Y is right. If Mr Y is wrong, then Mr Z is right. If Mr Z is wrong, then Mr

X is right. Therefore, some two of them are always right.
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12. Consider the set S of all nonequivalent formulae written using two atomic variables p and
q. For f,g € S, define f < g if f = g. Prove that this is a partial order on S. Draw it’s
Hasse diagram.

13. Consider the set S of all nonequivalent formulae written using three atomic variables p,q,r.
For f,g e S define f < g if f=g. Let fi and g1 be two formulae having the truth tables

plq|r|h plq|r|n

T|T|T|] T T|T|T| T
T|T|F| F T|T|F| F
T|F|T| T T|F|T| T
T|F|F| T T|F|F| F
FlT|T| F FlT|T| T
F|IT|F| T F|T|F| F
FIF|T| F FIF|T| T
F|IF|F| F F|IF|F| F

How many nonequivalent formulae h are there such that {f1,91} = h?

14. How many assignments of truth values to p,q,r and w are there for which ((p = q) =

T‘) — w is true? Guess a formula in terms of the number of variables.

15. Check the wvalidity of the argument. If discrete math is bad, then computer programming
1s bad. If linear algebra is good, then discrete math is good. If complex analysis is good,
then discrete math is bad. If computer programming is good, then linear algebra is bad.

Complex analysis is bad and hence, at least one more subject is bad.

4.2 Predicate logic

Definition 4.2.1. A k-place predicate or propositional function p(z,...,zy) is a state-
ment involving the variables x1, ..., xg. A truth value can be assigned to a predicate p(x1,--- ,xy)
for each assignment of 1, ...,z from their respective universe of discourses (in short, UD)

(the set of values that x;’s can take is the i-th UD).

Example 4.2.2. Let p(z) mean ‘¢ > 0’. Then p(z) is a 1-place predicate on some UD. Let
p(z,y) mean ‘z? + y2 = 1". Then p(z,vy) is a 2-place predicate on some UD.

Definition 4.2.3. [Quantifiers] We call the symbols V and 3, the quantifiers. Formulae
involving them are called quantified formulae. The statement Vz p(z) is true if for each z (in
the UD) the property p(z) is T'. The statement 3z p(x) is T' if p(z) is T for some x in the UD.

Example 4.2.4. Let UD be the set of all human beings. Consider the 2-place predicate F(x,y):

‘z runs faster than y’. Then

1. Vo Vy F(z,y) means ‘each human being runs faster than every human being’.

2. Vz 3y F(x,y) means ‘for each human being there is a human being who runs slower’.

3. Jx 3y F(x,y) means ‘there is a human being who runs faster than some human being’.
4. JxVy F(x,y) means ‘there is a human being who runs faster than every human being ’.
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Definition 4.2.5. 1. [Scope of quantifier] In the quantified formulae Vz p(z) or 3z p(x)

the formula p(z) is called the scope of the quantifier (extent to which that quantification
applies).
2. An z-bound part in a formula is a part of the form 3z p(x) or Vx ¢(z). Any occurrence

of z in an z-bound part of the formula is a bound occurrence of . Any other occurrence

of x is a free occurrence of zx.

Example 4.2.6. In Jzp(z,y) the occurrence of y is free and both the occurrences of = are

bound. In Vy 3z p(x,y) all the occurrences of = and y are bound.

Definition 4.2.7. 1. A quantified formulae is well formed if it is created using the following

rules.

(a) Any atomic formula (of the form P, P(z,y), P(z,b,y)) is a wif.
(b) If A and B are wifs, then AV B, ANB, A— B, A< B, and —A are wifs.
(c¢) If Ais a wif and x is any variable, then Vx A and 3z A are wils.

2. Let f be a formula. An interpretation (for f) means the process of specifying the UD,
specifications of the predicates, and assigning values to the free variables from the UD. By

an interpretation of f, we mean the formula f under a given interpretation.

Example 4.2.8. Consider the wif Va p(x,y).

1. Take N as UD. Let p(x,y) specify ‘z > y’. Let us assign 1 to the free variable y. Then, we
get the interpretation ‘each natural number is greater than 1’ which has the truth value
F.

2. Take N as UD. Let p(z,y) mean ‘x + y is an integer’, and take y = 2. Then, we get an
interpretation ‘when we add 2 to each natural number we get an integer’ which has a truth

value T'.

Discussion 4.2.9. [Translation] We expect to see that ‘our developments on logic’ help us
in drawing appropriate conclusions. In order to do that, we must know how to translate an
‘English statement’ into a ‘formal logical statement’ that involves no English words. We may
have to introduce appropriate variables and required predicates. We may have to specify the

UD, but normally we use the most general UD.

Example 4.2.10. 1. Translate: ‘each person in this class room is either a BTech student or
an MSc student’.

A: Does the statement guarantee that there is a person in the room?

No. All it says is, if there is a person, then it has certain properties. Let P(z) mean ‘x is
a person in this class room’; B(z) mean ‘x is a BTech student’; and M (x) mean ‘x is an
MSc student’. Then, the formal expression is Vz (P(:L‘) — (B(z) v M(a:)))

2. Translate: ‘there is a student in this class room who speaks Hindi or English’.
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A: Does the statement guarantee that there is a student in the room?
Yes. Let S(x) mean ‘x is a student in this class room’; H(z) mean ‘x speaks Hindi’; and
E(z) mean ‘x speaks English’. Then, the formal expression is 3z (S(az) A(H(x)V E(m)))

Note that Jx (S(a:) — (H(xz) Vv E(a:))) is not the correct expression. Why?

Remember

Jdz (S(x) — T'(x)) never asserts S(z) BUT Fz(S(x) AT(x)) asserts both S(z) and T'(x).

PRrACTICE 4.2.11. Translate into formal logic.

1.

10.
11.

12.

15.

Every natural number is either the square of a natural number or it’s square root is irra-

tional.

For every real number x there is a real number y such that x +y = 0.

A subset S CR"™ is called compact, if ‘“—-write the formal statement here—-".
. A function f : R — R is called continuous at a point a, if ‘—-write the formal statement
here—-".
A function f: R — R is called continuous, if ‘—-write the formal statement here—-".
A function f : R = R is called uniformly continuous, if ‘—-write the formal statement
here—-".
A subset S C R™ is called connected, if ‘“—-write the formal statement here—-".
A set S is called a group, if ‘“—-write the formal statement here—-".
A subset S CR™ is called a subspace, if ‘“—-write the formal statement here—-".
A function f: S — T is called a bijection, if ‘“—-write the formal statement here—-".

A function f : R™ — RF is called a linear transformation, if ‘—-write the formal statement
here—-".

A function f : (S,0) — (T,4+) is called a group isomorphism, if ‘—-write the formal
statement here—-".

A function f : V — W is called a vector space isomorphism, if ‘—-write the formal

statement here—-".

Definition 4.2.12. A quantified formula is called valid if every interpretation of it has truth

value T'. Two quantified formulae A and B are called equivalent (A = B) if A <> B is valid.
Example 4.2.13. 1. Vz P(z) V 3z —P(x) is valid.

2.

Is dx Jy p(z,y) = Jy Fz p(z,y)?

A: Yes. Denote 3x Jy p(z,y) by L and Jy Iz p(z,y) by R. Suppose that L — R is F. This
means, we have an interpretation in which L is T and R is F'. As R is F, we see that
p(x,y) is F, for each x,y in the UD. In that case, L is F, a contradiction. So, L — R is
T. Similarly, R — Lis T.
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3. VaVyp(z,y) =VYyVep(x,y). !

4. FxVyp(xz,y) £ Vy Iz p(z,y). To see this take p(x,y): z > y. O

Did you notice?

Two quantified formulae A and B are equivalent if and only if their interpretations under

‘the same UD, the same specification of predicates, and the same values to the free variables’

have the same truth value.

5. Is Vx (r(m) — Ty (r(y) /\p(m,y))) = VaIy (r(a:) — (r(y) /\p(a:,y)))?

A: We want to know if

var (r(@) = Iy (r(v) Ap(e.)) ) VaTy(r(@) = (r(w) A () )

is valid. Let us see whether

var (r(@) = Iy (r(v) Ap(e.v)) ) = Vady(r(@) = (r(w) A () )

is valid. Suppose that this is invalid. So there is an interpretation such that Right hand
side is F' and Left hand side is T. As Right hand side is F, we see that dz, say xg, for
which Jy (T(x) — (r(y) /\p(a:,y))) is F. That is, Vy the formula r(z0) — (r(y) A p(z0,y))
is F. That is, 7(xo) is T and for each y we see that r(y) A p(zo,y) is F. That is, r(xg) is T
and Jy(r(y) Ap(zo,y)) is F. That is, the formula r(z¢) — Jy(r(y) Ap(zo,y)) is F. That is,
Va (r(az) — 3y (r(y) A p(, y))) is F, a contradiction. The other part is an exercise.

Alternate. Take A :=r(z) — Jy (r(y) Ap(z,y)) and B := Ty ('r(m) — (r(y) /\p(a:,y))).

Consider an zg in the UD. If r(x) is F, Then A and B both have value T. If r(z) is T.
Then notice that r(zo) — Jy (7(y) Ap(zo,y)) and Jy (7“(;1:0) — (r(y) A p(o, y))) have the

same truth value.

Thus A = B. Hence Vz A = VaB.

. Any student who appears in the exam and gets a score below 30, gets an F' grade. Mr z

is a student who has not written the exam. Therefore, x¢ should get an F' grade. Do you
agree?
A: Let S(x) mean ‘z is a student’, E(z) mean ‘x writes the exam’, B(z) mean ‘x gets a

score below 30’, and F'(z) mean ‘x gets F' grade’.
We want to see whether {Vx[S(x) A E(z) A B(z) — F(2)], S(z0) A ﬁE(xo)} = F(x0)?

Take the following interpretation: S(x) is ‘z is a positive real number’, E(x) is ‘z is a

rational number’, B(x) is ‘x is an integer’, F(x) is ‘x is a natural number’, and zy = v/2.

In this interpretation, statements in the premise mean ‘every positive integer is a natural
number’ and ‘v/2 is a positive real number which is not rational’. They both are true.
Whereas the conclusion means ‘v/2 is a natural number’ which is false. So, the argument

1s incorrect.
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7. Translate the following into formal statements.

‘All scientists are human beings. Therefore, all children of scientists are children of human

beings.’

A: Let Sx : ‘z is a scientist’; Hx : ‘r is a human being’ and Czy : z is a child of y.

Let the hypothesis be Vz(Sz — Hzx). Then, the possible translations of the conclusion are

the following.

(a) Vz(Jy(Sy A Cxy) — Jz(Hz A Cxz)). It means ‘for each z, if x has a scientist father,

then z has a human father’.

(b) Yz [Vy(SyACzy) — Vz(Hz ACxz)]. This is wrong, as the statement means ‘for all z,

if x is a common child of all scientists, then z is a common child of all human beings’.

(¢) Vz(Sz — Vy(Cyxr — Fz(Hz A Cyz))). This means ‘for each z, if x is a scientist, then

each child of z has a human father’.

(d) VaVy(Sxz A Cyzx) — VaVy(Hz A Cxy). What? This means ‘if each x is a scientist and

each y is a child of = (including x it self!), then each z is a human being and each y

is a child of z’.

EXERCISE 4.2.14. 1. Write a formal definition of liin flx) #L.
Tr—a

2. Is 3z [p(x) A q(z)] = Jzp(x) A 3z q(x) valid? Is it’s converse valid?

3. [common ones] Ifr does not involve z, then establish the following assertions.

(o) ~Vap(z) =3Fr-p(z); —3zp(r)= Vﬂﬁp(x)

(b) 3z (p(x) V q(x)) = Fwp(x) VIzg(z); 3z (p(z) Ag(x)) = Jzp(r) A3z q(z).
(c) Va (p(x) A q(z)) = Vo p(z) AVoq(z); Vo (p(z)Vq(z)) < Vep(z) v Ve q(z).
(d) Yz (rV q(z)) =7V Vzq(z); Va:(r—>q(a:)£r—>Va:q x)

(¢) 3z (rAq(z)) =rAdzg(z); Tz (r—q(z)) =r = Jzg(z).

(f) Vap(z) = r =3z (p(z) = r); Fepl@)—r=Vz(p(z) = 7).

4. Translate and check for validity of the following arguments.

(a)

(b)

5. (a)

Recall that the decimal representation of a rational number either terminates or begins
to repeat the same finite sequence of digits, whereas that of an irrational number
neither terminates nor repeats. The square root of a natural number either has a
decimal representation which is terminating or has a decimal representation which
s non-terminating and non-repeating. The square root of all natural numbers which
are squares have terminating decimal representation. Therefore, the square root of a

natural number which is not a square is an irrational number.

For any two algebraic numbers a and b, a # 0,1 and b irrational, we have that a®
is transcendental. The number i (imaginary unit) is irrational and algebraic. The

number i is not equal to 0 or 1. Therefore, the number i* is transcendental.

Give an interpretation to show that Vx (r(m) — Jy (r(y) A p(z, y))) is not valid.
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(b) Give an interpretation to show the incorrectness of Va(p(z) — ¢(z)) = Jz(-p(z) —
=q(2)).
6. Write a formal statement taking UD:= all students in all II'T’s in India, for the following.
‘For each student in IITG there is a student in IITG with more CPL’

7. Let UD= R, p(z): x is an integer, and q(x): = is a rational number. Translate the

following statements into English.
(a) Vo (p(a) - g(a))
(8) 32(~pl2) A q@))
(c) Va(p(z) A (x> 2)) = Vz(q(z) A (z < 2))
(d) ae>o(v5>0(o <lr—al <8 |f(z) -] <e))

8. Take the most general UD. Check whether the following conclusion is valid or not.

FEach student writes the exam using blue ink or black ink. A student who writes the exam
using black ink and does not write his/her roll number gets an F grade. A student who
writes the exam using blue ink and does not have his/her ID card gets an F grade. A
student who has his/her ID card has written the exam with black ink. Therefore, a student

who passes the exam must have written his roll number.

Ans: Let S(x) : x is a student, B(x) : © writes the exam using blue ink, Bl(x) : © writes
the exam using black ink, R(x) : x writes his/her roll number, I(x) : x has his/her ID
card, F(x) : x gets an F grade. We have to determine, whether the following conclusion

is valid. (Continue.)
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Lattices and Boolean Algebra

5.1 Lattices

Discussion 5.1.1. In a poset, is it necessary that two elements x,y should have a common
upper bound?

Ans: No. Take [6] with ‘divides’ partial order. The elements 5 and 3 have no common upper
bound.

In a poset, if a pair {x, y} has at least one upper bound, is it necessary that {z,y} should have
a lub?

Ans: No. Consider the third poset described by it’s Hasse diagram in Figure 5.1. Then, the
pair {a,b} has ¢,d as upper bounds, but there is no lub of {a, b}.

1 1
c d
a a \/
a b
0 0 b
a distributive lattice a non-distributive lattice not a lattice

Figure 5.1: Hasse diagrams

Definition 5.1.2. [Lattice]

1. A poset (L, <) is called a lattice if each pair x,y € L has a lub denoted ‘x V ¢’ and a glb
denoted ‘z A y’.

2. A lattice is called a distributive lattice if it satisfies the following two properties.

aV(bAc) =(aVb)A(aVe). .
distributive laws
aN(bVe) =(aNnb)V(aAec).

Example 5.1.3. 1. Let L = {0,1} C Z and define a V b = max{a,b} and a A b = min{a, b}.

Then, L is a chain as well as a distributive lattice.

7
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2. The set N with usual order and V := max and A := min is a distributive lattice. We
consider two cases to verify that a V (b Ac¢) = (a vV b) A (aV ¢). The second distributive

identity is left as an exercise for the reader.

(a) Case 1: a > min{b,c}. Then, either a > b or a > ¢, say a > b. Hence,

aV(bAc) = max{a,min{b,c}}
= a = min{max{a,b} = a,max{a,c} > a} = (aVb)A(aVec).

(b) Case 2: a < min{b,c}. Then, a < b and a < c¢. Hence,

aV(bAc) = max{a,min{b,c}}
= min{b, ¢} = min{max{a,b} = b, max{a,c} =c} = (aVb)A(aVc).

3. Prove that the first figure in Figure 5.1 is a distributive lattice.
4. Prove that the second figure in Figure 5.1 is a lattice but not a distributive lattice.

5. Let S = {a,b,c}. On P(S), we define AV B =AUB and AN B = AN B. Then, it can
be easily verified that P(S) is a lattice.

6. Fix a positive integer n and let D(n) denote the poset obtained using the ‘divides’ partial
order with V := lecm and A := ged. Then, prove that D(n) is a distributive lattice. For

example, for n = 12,30 and 36, the corresponding lattices are shown below.

12 30
4 6 6 } l 15
2 3 2 5
1 1

EXERCISE 5.1.4. 1. Fiz a prime p and a positive integer n. Draw the Hasse diagram of

D(p™). Does this correspond to a chain? Give reasons for your answer.

2. Let n be a positive integer. Then, prove that D(n) is a chain if and only if n = p™, for

some prime p and a positive integer m.

3. Let (X, f) be a nonempty chain with V := lub and A := glb. Is it a distributive lattice?

Proposition 5.1.5. [properties of a lattice] Let (L,<) be a lattice. Then, the following

statements are true.

(a) The operations V and A are idempotent, i.e., lub{a,a} = a and glb{a,a} = a".
(b) V commutative (so is N).

(¢) V is associative (so is N).
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(d) aA(aVb)=a=aV(aAb) [absorption] , i.e., ‘glb{a,lub{a,b}} = a = lub{a, gIb{a,b}} .
(e)a<bsavVb=besanb=a.

(f)b<c={aVvb<aVec,aAb<aAc} [isotonicity] .

(f1) {a <bc<d}={aVvVec<bVd,aNc<bAd}.

(9)aVv (bAc)<(aVb)A(aVe),aN(bVe)>(aAb)V (aAc) [distributive inequalities] .

(h)a<ceaV(bAc)<(aVb)Ac [modular inequality] .

Proof. We prove only a few parts. The rest are left for the reader.

(c) Let d = aV (bVc). Then, d is the lub of {a,bV c¢}. Thus, d is an upper bound of both
{a,b} and {a,c}. So,d>aVband d> aVc. Therefore, d > aVband d > c and hence
d an upper bound of {a V b,c}. So, d is greater or equals to the lub of {a V b,c}, i.e.,
d > (aVb)Vec. Thus, the first part of the result follows.

(e) Let a <b. As b is an upper bound of {a, b}, we have a vV b = lub{a,b} < b. Also, a Vb is an
upper bound of {a,b} and hence a Vb > b. So, we get a Vb =0b. Conversely, let a Vb= b.
As a V b is an upper bound of {a,b}, we have a < a Vb = b. Thus, the first part of the

result follows.

(f) Let b < ¢. Note that aVe>aand aVe> ¢ >b. So, aVcis an upper bound for {a,b}.
Thus, a V ¢ > lub{a,b} = a V b and hence the prove of the first part is over.

(f1) Using isotonicity, we have a Ve < bV ¢ < bV d. Similarly, using isotonicity again, we have
aNc<bAc<bAd.

(g) Note that a <aVband a <aVe Thus,a=aANa<(aVbA(aVe) Asb<aVband
c<aVe, wegetbAc<(aVb)A(aVc). Now using (fl), we obtain the required result,
i.e.,aV (bAc)<(aVb)A(aVc).

(h) Let a < ¢. Then, a V ¢ = ¢ and hence by the ‘distributive inequality’, we have a V (b A
c) < (aVb)AN(aVe) = (aVb)Ae Conversely, let aV (bAc) < (aVb)Ac Then,
a<aV(bAc)<(aVb)Ac<cand the required result follows. .

PRACTICE 5.1.6. Show that in a lattice one distributive equality implies the other.

Definition 5.1.7. If (L;, <;), i = 1,2 are lattices with V := lub and A := glb. Then, (L; x La, <)
is a poset with a = (a1,a2) < (b1,b2) = b if a1 <y by and ay <5 be, that is, if b dominates a
entrywise. In this case, we see that a Vb = (a1 V1 b1, a2 Va2 by) and a A b = (aj A1 by, as Ng ba).
Thus (L1 x Lo, <) is a lattice, called the direct product of (L;, <;), for i = 1, 2.

Example 5.1.8. 1. Consider L = {0,1} with usual order. The set of all binary strings L"
of length n is a poset with the order (ai,...,a,) < (b1,...,by) if a; < b;, Vi. This is the

n-fold direct product of L. It is called the lattice of n-tuples of 0 and 1.

2. Consider the lattices [3] and [4] with usual orders. Hasse diagram of the direct product
[3] x [4] is given below.
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(3,4)

(1,4)

(1,1)

PRACTICE 5.1.9. Consider N with the usual order. The lattice order defined on N? as a direct
product is different from the lezicographic order on N?. Draw pictures for all (a,b) < (5,6) in

both the orders to see the argument.
Proposition 5.1.10. The direct product of two distributive lattices is a distributive lattice.

Proof. The direct product of two lattices is a lattice by definition. Note that

[(a1,b1) V (a2,b2)] A (a3,b3) = (a1 Vag,by V by) A (a3, bs)
a1V ag) N asz, (bl V bg) A bg)

ai N\ CL3) V (CLQ VAN (13), (b1 A bg) V (bg AN b3)>

— ( a1,b1) A (ag,b3)> Vv ((ag,bz) A (a3yb3)) J

Definition 5.1.11. Let (L;, <;), i = 1,2 be two lattices. A function f : L1 — Lo satisfying
flavyb) = f(a) Vo f(b) and f(a A1 b) = f(a) Ny f(b) is called a lattice homomorphism.
Furthermore, if f is a bijection, then it is called a lattice isomorphism.

Example 5.1.12. 1. Let D be the set of all words in our English dictionary with ‘dictionary
ordering’. Then, prove that D is a lattice. Now, consider the set S of all words in D
which are of length at most six or first-part-words of length six. Note that S is a lattice
again. Define f : D — S as f(d) = d if d has length at most six, otherwise f(d) is the

first-part-word of length 6 of d. Then, f is a homomorphism. It is not an isomorphism as
f(stupid) = f(stupidity).
2. Consider the lattice N with usual order. Let S = {0, 1,2} with usual order. Let f : N — S

be a homomorphism. If f(m) =0 and f(n) =1, then m < n, or else, we have

0= f(m)=f(mvn)#flm)Vfn)=0v1=1

Thus, the map f must have one of the following forms. Draw pictures to understand this.

(b) f~1(0) = [k] and f~1(1) = {k+1,...}.
() f710) = [k], f71(1) = [r] \ [K] and f~1(2) = N\ [r +k].
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Definition 5.1.13. A lattice (L, <) is complete if VA (lub of A) and AA (glb of A) exist in
L, for each nonempty subset A of L.

Example 5.1.14. 1. Verify that every finite lattice is complete.

2. Every complete lattice has a least element 0 and a greatest element 1. Any lattice with

these two elements is called a bounded lattice.
The set [0, 5] with usual order is a bounded and complete lattice. So, is the set [0,1)U][2, 3].
The set (0, 5] is a lattice which is neither bounded nor complete.

The set [0,1) U (2, 3] is a bounded lattice, though not complete.

AR A

The set R with usual order is a lattice. It is not complete in the lattice ‘sense’. It is
‘conditionally complete’, that is, for every bounded nonempty subset glb and lub exist.

Can you think of a reason which implies the importance of the condition ‘non-emptiness’?

{a,b,c}

(1,1,1) 30

(1,1,0) 0,1,1 6 4 15 {a, b}

(1,0,0) 001 zl 5 {}
(0,0,0) 1

0

7. Fix n € N and let p1,po,...,p, be n distinct primes. Prove that the lattice D(N), for
N = pipa - - - py, is isomorphic to the lattice L™ (the lattice of n-tuples of 0 and 1) and to
the lattice P(S), where S = {1,2,...,n}. The Hasse diagram for n = 3 is shown above.

Definition 5.1.15. [Complement] Let (L, <) be a bounded lattice. Then, a complement of
b € L is an element (if it exists) ¢ € L such that bV ¢ =1 and b A ¢ = 0. The lattice is called
complemented if every element has at least one complement. We shall use —=b to denote b, a

complement of b.

Example 5.1.16. 1. The interval [0, 1] with usual ordering is a distributive lattice but not

complemented.

2. Verify the captions of the two figures given below. Also, compute =0, —a, —b, —¢, and —1.
1

0 0
Complemented but NOT distributive Distributive but NOT complemented
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Discussion 5.1.17. [The comparison table] Let (L, <) be a lattice and let a,b,c € L. Then,
the following table lists the properties that hold (make sense) in the specified type of lattices.

Properties Lattice type
V, A are idempotent any lattice
V, A are commutative any lattice
V, A are associative any lattice
[absorption] aA(aVb)=a=aV (aAb) any lattice
a<bsaNb=asaVb=Db any lattice
lisotonicity] b<c={aVb<aVc,aANb<aAc} any lattice

aV(bAe)<(aVb)A(aVec)

[distributive inequalities] any lattice

) <
aN(bVe)>(aAnb)V(aAc)
A

[modular inequality] a <c<aV (bAc)<(aVb)Ac any lattice

0 is unique; 1 is unique bounded lattice !

if a is a complement of b, then b is also a complement of a | bounded lattice !

=0 is unique and it is 1; =1 is unique and it is O bounded lattice !

an element a has a unique complement distributive complemented lattice !
aVe=bVe aV—-c=bV-cy=a=1>

[cancellation] distributive complemented lattice

aANc=bANc,aN—-c=bAN—-cy=a=D

—(aVb)=-aA-b TR .
[DeMorgan] distributive complemented lattice
—(aAb) =—aV —b

aV-b=1<aVb=a

distributive complemented lattice
aN-b=0&aNb=a

Proof. We will only prove the properties that appear in the last three rows. The other properties

are left as an exercise for the reader. To prove the cancellation property, note that
b=bvV0=bV(cA-c)=((bVec)ANbV-c)=(aVe)A(aV—-c)=aV(cAN#c)=aV0=a
and
b=bA1=bA(cV-c)=0bANc)V((bA-c)=(aNc)V(aN—-c)=aA(cV—c)=aAl=a.
To prove the DeMorgan’s property, note that
(aVvb)V(maN-b)=(a@VbV-a)A(aVbV-b)=1A1=1,

and

(aVb)A(maA=b)=(aN—-aN=b)V(bA-aN-b)=0V0=0.

Hence, by Definition 5.1.15, we get —(a V b) = —a A —b. Similarly, note that (a Ab)V (—aV —b) =
(aV—=aV=b)A(bV—aV—-b) = 1A1 = 1 and (aAb)A(—aV—b) = (aAbA—a)V(aAbA—b) = OAO = 0.
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Thus, by Definition 5.1.15, we again get =(a Ab) = (—a V —b). To prove the next assertion, note
that if @ V =b =1, then

a=aV (bA-b)=(aVbA(aV-b=(@VbANl=aVb.

Conversely, if a = a V b, then a V —=b = (a V b) V =b = 1. On similar lines, one completes the

proof of the second part and is left as an exercise for the reader. "

EXERCISE 5.1.18. 1. Prove that every linearly ordered set is distributive.

2. Draw the Hasse diagrams of [3] x [4] with dictionary order and the lattice order ((m,n) <
(p,q) if m <p andn < q).
3. Give a partial order on N to make it a bounded lattice. You may draw Hasse diagram

representing it.

4. Does there exist a partial order on N for which each nonempty subset has finitely many (at

least one) upper bounds and finitely many (at least one) lower bounds?

5. Consider the lattice N? with lexicographic order. Is it isomorphic to the direct product of
(N, <) with itself, where < is the usual order?

6. Show that {0,1,2,...} is a complete lattice under divisibility relation (allow (0,0) in the
relation). Characterize those sets A for which VA = 0.

7. Draw as many Hasse diagrams of non-isomorphic lattices of size 6 as you can.
8. Is the lattice [2] x [2] x [2] x [2] isomorphic to [4] x [4]?
9. Prove/Disprove: If L is a lattice which is not complete, then I > N.
10. Draw the Hasse diagram of a finite complemented lattice which is not distributive.

11. How many lattice homomorphisms are there from [2] to [9]?

5.2 Boolean Algebras

Definition 5.2.1. [Boolean algebra] A Boolean algebra is a set S which is closed under the
binary operations V (called the join) and A (called the meet) and for each z,y,z € S, satisfies

the following properties.
l.zVy=yVaz, x ANy =y Az [commutative] .
2.2V(yNz)=(@@Vy A(@Vz),zA(yVz)=(xAy)V(zAz) [distributive] .
3. 30,1 € S such that x VO =z, x A1 = x [identity elements] .
4. For each x € §, 3y € S such that x Vy =1 and z Ay = 0 [inverse] .
Proposition 5.2.2. Let S be a Boolean algebra. Then, the following statements are true.
1. Elements 0 and 1 are unique.
2. For each s € S, —s is unique. Therefore, for each x € S, -z is called the inverse of x.

3. If y is the inverse of x, then x is the inverse of y. That is, © = —(—x).
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Proof.

1.

2.

3.

Let 07 and 0 be two such elements. Then, 01 Vo = z and z = z V 09, for all x € S.
Hence, 01 = 07 V 05 = 0,. Thus, the required result follows. A similar argument implies

that 1 is unique.

Suppose there exists t,r € S such that sVt =1,s At=0,sVr =1 and s Ar = 0. Then,

t=tA1=tA(sVr)=({tAS)V(tAT) =0V (tAT) = (sAr)V(tAT) = (sVE)ATr =1Ar =1

It directly follows from the definition of ‘inverse’. "

Example 5.2.3. 1. Let S # (. Then, P(S) is a Boolean algebra with V = U, A = N,

—-A = A°, 0 =0and 1 = S. So, we have Boolean algebras of finite size as well as of

uncountable size.

. Take S = {n € N : n|30} with a Vb = lem(a,b), a A b = ged(a,b), —a = %, 0=1and

1 = 30. It is a Boolean algebra.

. Let B={T,F} with 0 = F, 1 =T and with usual V, A, —. It is a Boolean algebra.

. Let B be the set of all truth functions involving the variables p1, ..., pn, with usual V, A, —.

Take 0 = F and 1 = T. This is the free Boolean algebra on the generators p1,...,py.

. The class of finite length formulae involving variables pi,po,... is a countable infinite

Boolean algebra with usual operations.

Observation.

The rules of Boolean algebra treat (V,0) and (A, 1) equally. Notice that the second part
of the rules in Definition 5.2.1 can be obtained by replacing V with A and 0 with 1. Thus,
any statement that one can derive from these rules has a dual version which is derivable

from the rules. This is called the principle of duality.

well as their dual, hold true.

1. -0=1.
. For each s € S, sV s = s [idempotence] .

. For each s € S, sv1=1.

2

3

4. For each s,t € S, sV (s \t) = s [absorption] .

5. If sVt=rVtand sV -t=rV-t, then s=r [cancellation] .
6

. (sVt)Vr=sV(tVr) [associative] .

Proof. We give the proof of the first part of each item and that of its dual is left for the reader.

1. 120\/(—|0)=—|0.

2. s=sV0=sV(sA—s)=(sVs)A(sVs)=(sVs)A1l=(sVs).

Theorem 5.2.4. [Rules] Let (S,V,A,—) be a Boolean algebra. Then, the following rules, as
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. 1=s5Vas=sV(nsAl)=(sVas)A(sV1)=1A(sV1l)=sV1.
.SV (sA)=(sAL)V(sAt)=sA(1VE)=sA1=s.

.s=s8VO0=sV({tA-t)=(sVE)A(sVt)=rVIOA(rV-t)=rV(EA-t)=rVO=r.

S Ot e W

. We will prove it using absorption and cancellation. Using absorption, (s V t) A s = s and
sV (rAs)=s. Thus, (sVt)Vr)As=((sVt)As)V(rAs)=sV(rAs)=s. Using

absorption, we also have (s V (tV 7)) A's = s and hence
(sv(Etvr)As=((sVt)Vr)As.

Now, we see that [sV (tVr)|A-s=0V[(tVr)A-s|=(tA=s)V(rA-s)and on similar
lines, [(s V) Vr] A—=s=(t A=s)V (r A—s). Thus, we again have

(sv(tvr)A=s=((sVt)Vr)A-s.

Hence, applying the cancellation property, the required result follows. "

Example 5.2.5. Let (L, <) be a distributive complemented lattice. Then, by Definition 5.1.2,
L has two binary operations V and A and by Definition 5.1.15, the operation —z. It can be
easily verified that (L,V,A, ) is a indeed a Boolean algebra.

Now, let (B,V,A,—) be a Boolean algebra. Then, for any two elements a,b € B, we define
a < bif a ANb= a. The next result shows that < is a partial order in B. This partial order is
generally called the induced partial order. Thus, we see that the Boolean algebra B, with

the induced partial order, is a distributive complemented lattice.

Theorem 5.2.6. Let (B,V,A,—) be a Boolean algebra. Define, a < b if a Nb = a. Then, < is
a partial order on B. Furthermore, a V b = lub{a,b} and a A b= glb{a,b}.

Proof. We first verify that (B, <) is indeed a partial order.
Reflexive: By idempotence, s < s and hence < is reflexive.
Antisymmetry: Let s <t and t < s. Then, we have s = s At =t.
Transitive: Let s < ¢t and ¢t < r. Then, using associativity, sAr = (SAY)Ar = sA(tAT) = sAt =s
and thus, s < r.
Now, we show that a V b = lub{a,b}. Since B is a Boolean algebra, using absorption, we get
(aVb) Aa = a and hence a < aVb. Similarly, b < aV b. So, a Vb is an upper bound for {a,b}.
Now, let  be any upper bound for {a,b}. Then, by distributive property, (a V b) A x =
(anz)V (bAz)=aVb. So,aVb<zx. Thus, aVbis the lub of {a,b}. The rest of the proof is
similar and hence is left for the reader. "
Thus, we observe that there is one-to-one correspondence between the set of Boolean Algebras

and the set of distributive complemented lattice.

Definition 5.2.7. [Atom] Let B be a Boolean algebra. If there exists a b € B,b # 0 such that

b is a minimal element in B, then b is called an atom.

Example 5.2.8. 1. In the powerset Boolean algebra, singleton sets are the only atoms.
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2. Atoms of the ‘divides 30" Boolean algebra are 2,3 and 5.

3. The {F,T} Boolean algebra has only one atom, namely 7.

EXERCISE 5.2.9. 1. Determine the atoms of the free Boolean algebra with generators p1,...,pn?

2. Is it necessary that every Boolean algebra has at least one atom?

Definition 5.2.10. [Boolean homomorphism] Let By and Bs be two Boolean algebras. A

function f : By — Bs is a Boolean homomorphism if it preserves 0, 1, VV, A, and —. That is,

f(01) =0y, f(11) =1y, f(aVd)=f(a)V f(b), flanb)=f(a)A f(b),and f(=a)=—f(a).
A Boolean isomorphism is a Boolean homomorphism which is a bijection.

EXERCISE 5.2.11. Let By and By be two Boolean algebras and let f : By — Bs be a function
that satisfies the four conditions f(01) = 02, f(11) =12, f(aVbd)= f(a)V f(b) and f(a Nb) =
f(a) A f(b). Then, prove that f also satisfies the fifth condition, namely f(—a) = —f(a).

Example 5.2.12. The function f : P(Jy) — P(J3) defined as f(S) = S\ {4} is a Boolean

homomorphism. We check just two properties and the rest is left as an exercise.
f(AVB) = f(AUB) = (AUB)\ {4} = (A\{4}) U(B\ {4}) = f(A) vV f(B).
f(1) = f(Js) = Ja\ {4} = J3 = 1a.
Proposition 5.2.13. Let B be a Boolean algebra and p, q be two distinct atoms. Then, pAq = 0.

Proof. Suppose that p A g # 0. As pAq < p and p is an atom, we must have p A ¢ = p, i.e.,
g <p. As p # q and ¢ is an atom, it follows that p cannot be an atom. "

Proposition 5.2.14. Let B be a Boolean algebra with three distinct atoms p,q and r. Then,
pVqg#EpVqVr.

Proof. Let if possible pV ¢ = pV qV r. Then, we have
r=rvo=rVipVgaA-(pVgl=[rVpVagdArrv-pVel=[pVadAlrVv-(pVq)

=[pvaArlVIpVag A-(pVgl=pmVgAr=pAr)V(gAr)=0vVv0=0

a contradiction to r being an atom, i.e., r is nonzero. n

Example 5.2.15. Let B be a Boolean algebra having distinct atoms A = {p,q,r}. Then, B
has at least 23 elements.

To show this, we define f : P(A) — B by f(0) = 0 and for S C A, f(S) = \ z and claim
z€S
that f is a one-one function.

Suppose f(S) = f(T). Then, f(S) = f(S)V f(T) = f(SUT). In view of Proposition 5.2.14,
we have S = SUT, i.e., T'C S. Similarly, as f(T') = f(T'US), we have S C T and hence S = T.
Thus, f is a one-one function. Therefore, f(S) is distinct, for each subset of A and thus B has

at least 22 elements.



5.2. BOOLEAN ALGEBRAS 87

Theorem 5.2.16. Let B be a Boolean algebra having distinct atoms A = {p,q,r,s}. Let b € B,
b # 0. Suppose that S = {atoms x : x < b} ={p,q,r}. Then,b=p\VqVr.

Proof. 1t is clear that pV ¢ V r < b. Suppose that pV ¢V r < b. Then,
b=0bA[(pVaVvr)V=(pVgVr)]=[bA(pVeVr)V[bA=(pVeVr) = (pVqVr)V[bA=(pVeVr)].

Therefore, the above equality implies that [b A =(p V ¢V 7)] # 0. So, there is an atom, say z,
such that z <bA —=(pV ¢V r). Thus, we have x <band x < =(pVqVr).
Notice that if x < (pV ¢V r), then z < 0, which is not possible. So, x # p, ¢,r is an atom in

S, a contradiction. n

Theorem 5.2.17. [Representation] Let B be a finite Boolean algebra. Then, there exists a
set X such that B is isomorphic to P(X).

Proof. Put X = {atoms of B}. Note that X # (). Define f: B — P(X) by f(b) = {atoms < b}.
We show that f is the required Boolean isomorphism.

Injection: Let by # bg. Then, either by £ by or by £ by. Without loss of generality, let by £ bo.
[Now imagine the power set Boolean algebra. Saying by £ by is the same as by € by. In that case,
we have an element in by which is not in by. That is, by N b5 # (. That is, there is a singleton
subset of by Nb§. This is exactly what we are aiming for, i.e., to prove that b; A =by # 0.] Note
that by = by A (b2 V—b2) = (b1 Aba)V (b1 A—bg). Also, the assumption by % by implies by Aby # by
and hence by A =bs # 0. So, there exists an atom z < (by A —b9) and hence = = A by A —bs.
Therefore,

xAby = (x Aby A—ba) Aby =2 Aby A —by = .

Thus, z < by. Similarly, < —be. As x # 0, we cannot have x < by (the condition x < —by and
x < by implies & < by A —=by = 0). Thus, f(b1) # f(b2).

Surjection: Let A = {x1,...,25} C X and put b=x1 V--- Vo (if £ = 0, then b = 0). Clearly,
A C f(b). Need to show: A = f(b). So, let y € f(b), i.e., y is an atom in B and

y=yANb=yA(x1V---Var)=(yAz1)V---V(y Azg).

Since y # 0, by Proposition 5.2.13, it follows that y A x;, # 0, for some ip € {1,2,...,k}. As
x;, and y are atoms, we have y = y A x; = x; and hence y € A. Thus, f is a surjection.
Preserving 0, 1: Clearly f(0) =0 and f(1) = X.

Preserving V, A: By definition,

$€f(b1/\b2) & x<bAby<sx<b and x < by
& T e f(bl) and x € f(bg) ST f(bl) ﬂf(bg)

Now, let € f(b1Vb2). Then, by definition, x = x A (b1 Vb2) = (xAb1)V (zAb2). So, there exists
i such that x Ab; # 0 (say, ©Aby). As, x is an atom, x < by and hence x € f(by) C f(b1)U f(b2).
Conversely, let z € f(b1) U f(b2). Without loss of generality, let z € f(b1). Thus, x < b; and
hence x < by V be which in turn implies that = € f(by V ba). .

As a direct corollary, we have the following result.
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Corollary 5.2.18. Let B be a finite Boolean algebra having exactly k atoms. Then, B is

isomorphic to P({1,2,...,k}) and hence has evactly 2% elements.

EXERCISE 5.2.19. 1. Determine the number of elements in a finite Boolean algebra.

2.

10.

11.
12.
15.

N

15.
16.

Supply a Boolean homomorphism f from P(Jy) to P(J3) such that the image of P(J4) has

4 elements.

Prove/Disprove: The number of Boolean homomorphisms from P(Jy) to P(J3) is less than
the number of lattice homomorphisms from P(Jy) to P(J3).

. Show that a lattice homomorphism on a Boolean algebra which preserves 0 and 1 is a

Boolean homomorphism.

Consider the class of all functions f: R — {m,e}. Can we define some operations on this

class to make it a Boolean algebra?
Show that a finite Boolean algebra must have at least one atom. Is ‘finite’ necessary?

A positive integer is called squarefree if it is not divisible by the square of a prime. Let
B, ={k € N: k|n}. For a,b € By, take the operations a vV b = lcm(a,b), a A b = gcd(a,b)

and —a = n/a. Show that By, is a Boolean algebra if and only if n > 1 is squarefree.

Show that the set of subsets of N which are either finite or have a finite complement is a
countable infinite Boolean algebra. Find the atoms. Is it isomorphic to the Boolean algebra

of all finite length formulae involving variables pi,po,--- 7

Let B be a Boolean algebra and x; € B, i = 1,2,.... We know that, for each n € N, the
n (0. 0]

7

expression ‘\/ x;’ is meaningful in each Boolean algebra due to associativity. Is ‘\/ x;
i=1 i=1
necessarily a meaningful expression?

Prove/Disprove: Let f : By — Bg be a Boolean homomorphism and a € By be an atom.
Then, f(a) is an atom of Bs.

Fill in the blank: The number of Boolean homomorphisms from P(Jy) to P(J3) is )
Fill in the blank: The number of Boolean homomorphisms from P(Js) onto P(J3) is

How many atoms does “divides 30030 Boolean algebra” has? How many elements does it

have?

If By and By are Boolean algebras of size k (k > 100), then they must be isomorphic and

there must be more than k isomorphisms between them.
Give examples of two countably infinite non-isomorphic Boolean algebras.

Give examples of two uncountably infinite non-isomorphic Boolean algebras.



Chapter 6
Counting

Discussion 6.0.1. In the previous chapters, we had learnt that two sets, say A and B, have
the same cardinality if there exists a one-one and onto function f : A — B. We also learnt the

following two rules of counting which play a basic role in the development of this subject.
1. [Multiplication rule] If a task has n compulsory parts, say Ai, Ao,..., A, and the ith
part can be completed in m; = |4;| ways, i = 1,...,n, then the task can be completed in

mims -+ m, ways. In mathematical terms,

|Ap X Ag X -+ x Ay| = |A1] - |As] -+ |Anl.

2. [Addition rule] If a task consists of n alternative parts, say Ai, As,..., A,, and the ith
part can be done in |4;| = m; ways, i« = 1,...,n, then the task can be completed in

mi + mo + - -+ + m, ways. In mathematical terms,

‘A1UA2U---UAn|:‘A1‘+|A2‘+"'—|—|An‘, WheneverAiﬂAj#®,1§i<j§n.

Definition 6.0.2. We use the notation n! =1-2-.---n. By convention, we take 0! = 1.

6.1 Permutations and combinations

Example 6.1.1. How many three digit natural numbers can be formed using digits 0,1,--- ,97
Identify the number of parts in the task and the type of the parts (compulsory or alternative).
Which rule applies here?

Ans: The task has three compulsory parts. Part 1: choose a digit for the leftmost place.
Part 2: choose a digit for the middle place. Part 3: choose a digit for the rightmost place.

Multiplication rule applies. Ans: 900.

Example 6.1.2. How many three digit natural numbers with distinct digits can be formed
using digits 1,--- ,9 such that each digit is odd or each digit is even? Identify the number of
parts in the task and the type of the parts (compulsory or alternative). Which rule applies here?

89
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Ans: The task has two alternative parts. Part 1: form a three digit number with distinct
numbers from {1,3,5,7,9} using the odd digits. Part 2: form a three digit number with distinct
numbers from {2,4,6,8} using the even digits. Observe that Part 1 is a task having three
compulsory subparts. In view of 6.1.1, we see that Part 1 can be done in 60 ways. Part 2 is a
task having three compulsory subparts. In view of 6.1.1, we see that Part 2 can be done in 24

ways. Since our task has alternative parts, addition rule applies. Ans: 84.

Definition 6.1.3. [r-sequence] An r-sequence of elements of X is a sequence of length r with
elements from X. This may be viewed as a word of length r with alphabets from X or as a

function f : [r] - X. We write ‘an r-sequence of S’ to mean ‘an r-sequence of elements of S’.
Theorem 6.1.4. [Number of r-sequences| The number of r-sequences of [n] is n”.

Proof. Here the task has r compulsory parts. Choose the first element of the sequence, the

second element and so on. n

EXERCISE 6.1.5. 1. In how many ways can r distinguishable/distinct balls be put into n
distinguishable/distinct bozes?

2. How many distinct ways are there to make a 5 letter word using the ENGLISH alphabet

(a) with no restriction?

(b) with ONLY consonants?

(¢) with ONLY vowels?

(d) with a consonant as the first letter and a vowel as the second letter?

(e) if the vowels appear only at odd positions?
3. Determine the total number of possible outcomes if

(a) two coins are tossed?

(b) a coin and a die are tossed?
(c) two dice are tossed?

(d) three dice are tossed?

(e) k dice are tossed, where k € N?
(f) five coins are tossed?

4. How many 5-letter words using only A’s, B’s, C’s, and D’s are there that do not contain
the word “CAD”?

Definition 6.1.6. [r-permutation, n-set] By an n-set, we mean a set containing n elements.
An r-permutation of an n-set S is an arrangement of r distinct elements of S in a row. An
r-permutation may be viewed as a one-one mapping f : [r] — S. An n-permutation of an n-set

is simply called a permutation.
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Example 6.1.7. How many one-one maps f : [4] - A= {A,B,...,Z} are there?
Ans: The task has 4 compulsory parts: select f(1), select f(2), select f(3) and select f(4).
Note that f(2) cannot be f(1), f(3) cannot be f(1) or f(2) and so on. Now apply the multipli-

cation rule. Ans: 26-25-24 .23 = 2.

Theorem 6.1.8. [Number of r-permutations] The number of r-permutation of an n-set S is

P(n,r) = 2

(n—r)!"

Proof. Let us view an r-permutation as a one-one map from f : [r] — S. Here the task

has r compulsory tasks: select f(1), select f(2), ..., select f(r) with the condition, for 2 <
k< f(k) & {f(1),f(2),...,f(k—1)}. Multiplication rule applies. Hence, the number of
r-permutations equals n(n —1)---(n—r+1) = (nf!r)!. .

Definition 6.1.9. By P(n,r), we denote the number of r-permutations of [n]. By convention,
P(n,0) = 1. Some books use the notation n(,y and call it the falling factorial of n. Thus, if
r >n then P(n,r) =n(y =0 and if n =7 then P(n,r) = n() = nl.

EXERCISE 6.1.10. 1. How many distinct ways are there to make 5 letter words using the
ENGLISH alphabet if the letters must be different?

2. How many distinct ways are there to arrange the 5 letters of the word ROY AL?
8. Determine the number of ways to place 4 couples in a row if each couple seats together.

4. How many distinct ways can 8 persons, including Ram and Shyam, sit in a row, with Ram

and Shyam sitting next to each other?

Proposition 6.1.11. [principle of disjoint pre-images of equal size] Let A, B be finite sets
and f : A — B be a function such that for each pair by, by € B we have |f~1(b1)| = k = | f~1(b2)|
(recall that f=Y(by) N f=1(be) =0). Then, |A| = k|B].

Discussion 6.1.12. Consider the word AABAB. Give subscripts to the three As and the two
Bs and complete the following list. Notice that each of them will give us AABAB if we erase
the subscripts.

A1AaB1A3By | A1A2B1BoAs | AjAsA3B1By | A1A2A3B2By | A1A2BaB1 A3
A1 Ay By A3 By

B2A3B1A1A2 B2A3B1A2A1

Example 6.1.13. How many words of size 5 are there which use three A’s and two B’s?

Ans: Put A = {arrangements of A, Ag, A3, By, Bo} and B = {words of size 5 which use three
A’s and two B’s}. For each arrangement a € A, define f(a) to be the word in B obtained by
erasing the subscripts. Then, the function f : A — B satisfies:

“for each b,c € B,b # ¢, we have |f71(b)| = |f1(c)] = 312! and f~L(b) N f~1(c) = 0.

Thus, by Proposition 6.1.11, |B| = ‘Ié'!

5!
312! 3121
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Remark 6.1.14. Let us fir n,k € N with 0 < k < n and ask the question ‘how many words of
size nare there which uses k many A’s and (n — k) many B’s’?
Ans: Put A = {arrangements of AyAs ... AxB1Bsy...B,_x} and B = {words of size n which

uses k many A’s and (n — k) many B’s} and proceed as above to get

|A| n!
B = =
1] Elln — k) kl(n —k)!

as the required answer. Observe that the above argument implies ﬁlk)' € Z. We denote this
number by P(n;k). Note that P(n;k) = P(n;n — k), Also, as per convention, P(n;k) = 0,

whenever k <0 orn < k.
The above idea is further generalized below.

Definition 6.1.15. A multiset is a collection of objects where an object can appear more than

once. So, a set is a multiset. Note that {a,a,b,c,d} and {a,b,a,c,d} are the same 5-multisets.

Theorem 6.1.16. [Arrangements] Let us fix n,k € N with 1 <k <n and let S be a multiset
k

containing n; € N objects of i-th type, for i = 1,...,k with n = > n;. Then, there are
i=1

(nl—l—---—i—nk)!_ n!
nllngl---nk! nllngl---nk!

arrangements of the objects in S.

Proof. Assume that S consists of n; copies of A;, i =1,...,k. Put
A:{AH,...,Alnl,Agl,...,A2n2 }and

B = {words of size made using elements of }. For each arrangement a € A,

define f(a) to be the word in B obtained by erasing the right subscripts of the objects of a.
Then, the function f: A — B satisfies:

“for each b,c € B, b # ¢, we have |f~1(b)| = |f~1(c)| = and f=1(b)N f~(c) = 0.
Thus, by Proposition 6.1.11, |B| = nl,‘ALk' = (”;141'!""::!’“)! = n1!n:!!~~~nk!' -

Theorem 6.1.17. [Allocation I: distinct locations; identical objects (n; of type ¢); at most

one per place] Fixz a positive integer k and for 1 <1 <k, let G;’s be boxes containing n; € N

k
identical objects. If the objects in distinct bozes are non-identical and n > >, n; then, the number
i=1
of allocations of the objects in n distinct locations ly, ..., l,, each location receiving at most one

. . !
object, is m ’

k
Proof. Consider a new group Gyi1 with ngi1 = n — > n; objects of a new type. Notice that
1

an allocation of objects from Gy,...,Gg to n distinct places, where each location receives at

most one object, gives a unique arrangement of elements of Gy, ...,Gry1.' Thus, the number

!Take an allocation of objects from G4, ..., G} to n distinct places, where each location receives at most one
object. There are ng41 locations which are empty. Supply an object from Gr4+1 to each of these locations.
We have created an arrangement of elements of G1,...,Gry1. Conversely, take an arrangement of elements of
G1,...,Gr+1. View this as an allocation of elements of G, ..., Gky1 to n distinct places. Empty the places which
have received elements from Ggy1. We have created an allocation of elements of G1, ..., G to n distinct places,

where each location receives at most one object.
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of allocations of objects from G1,...,G to n distinct places, where each location receives at

most one object, is the same as the number of arrangements of elements of G1,...,Gry1. By

Theorem 6116, this number is Wm | ]
n!

Definition 6.1.18. Let n,ni,n9,...,n; € N. Then, the number is de-

nyl---ngl(n — > n;)!
noted by P(n;nq,...,ng). Thus, P(6;1,1,1) = P(6,3). As a convention, P(n;ny,...,ng) =0

k
whenever either n; < 0; for some 7,1 <1i <k, or > n; > n. Many texts use C'(n;ny,--- ,ng) to
i=1
mean P(n;nq,--- ,ng). We shall interchangeably use them.
Definition 6.1.19. [r-combination] An r-combination of an n-set S is an r-subset of S.
The number of r-subsets of an n-set is denoted by C(n,r). Thus, for any natural number n,

C(n,0)=C(n,n) =1.

Theorem 6.1.20. [Combination] C(n,r) = P(n;r) =

rl(n—r)!*

Proof. By Theorem 6.1.17, the number of allocations of r identical objects in n distinct places
(p1,-..,pn) with each place receiving at most 1 is P(n;r). Note that each such allocation A
uniquely corresponds to a r-subset of [n], namely to {i | p; receives an object by A}. Thus,
C(n,r) = P(n;r) = -2 .

rl(n—r)l*

Example 6.1.21. In how many ways can you allocate 3 identical passes to 10 students so that

each student receives at most one? Ans: C(10,3)
Theorem 6.1.22. [Pascal] C(n,r)+ C(n,r+1)=C(n+1,r+1).

Proof. By Theorem 6.1.20, C(n,r) = #lr), Now verify the above identity to get the result. m

Experiment
Complete the following list by filling the left list with all 3-subsets of [5] and the right list
with 3-subsets of [4] as well as with 2-subsets of [4] as shown below.
{1,2,3} {1,2,3}
C(4,3)
{2,3,4} {2,3,4}
C(4,2)
{3,4,5} {3,4}

Theorem 6.1.23. [Alternate proof of Pascal’s Theorem 6.1.22] Here we supply a combi-
natorial proof, i.e., ‘by associating the numbers with objects’. Let S = [n + 1] and A be an
(r+41)-subset of S. Then, there are C(n+ 1,7+ 1) such sets with eithern4+1€ Aorn+1¢ A.

Note that n +1 € A if and only if A\ {n + 1} is an r-subset of [n]. So, the number of
(r 4+ 1)-subsets of [n + 1] which contain the element n + 1 is, by definition, C(n, ).
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Also, n+1 ¢ A if and only if A is an (r + 1)-subset of [n]. So, a set A which does not contain
n 4+ 1 can be formed in C(n,r + 1) ways. Hence, an (r 4+ 1)-subset of S can be formed, by
definition, in C(n,r) + C(n,r + 1) ways. Thus, the required result follows. .

Experiment

Here we consider subsets of [4]. Complete the following list by using 0’s, 1’s, z’s and y’s,

where x and y are commuting (zy = yx) symbols.

0 0000 || yyyy = y*
{1} 1000 || zyyy = zy°
{2} 0100 || yxyy = 2y
{3} 0010 || yyzy = zy®
{4} 0001 || yyyx = xy°
{1,2} 1100 || zzyy = 2%y?

{1,2,3,4} | 1111 || zzze = 2*

Remark 6.1.24. [Another alternate proof of Pascal’s Theorem 6.1.22] Here we supply
another combinatorial proof. An (r + 1) subset of [n + 1] may be viewed as a string (word)
of size n + 1 made of (n —r) many 0’s and (r + 1) many 1’s. The number of such strings which
end with a 1 is C(n,r). The number of such strings which end with a 0 is C'(n,r 4+ 1). So, the

required conclusion follows. "

PRACTICE 6.1.25. Give a combinatorial proof of C(n,r) = C(n,n —r), whenever n,r € N with
0<r<n.

Theorem 6.1.26. [Allocation II: distinct locations; distinct objects; n; at place i] The
number of ways of allocating objects o1, ..., 0n into pockets p1,...,pr so that pocket p; contains

n; objects, is P(n;ni,...,ng).

Proof. Task has k compulsory parts: select n; for pocket p; and so on. So, the answer is
Cn,n1)C(n—ny,n9)---C(n—ny — - —ng_1,nk) = P(n;ng, ..., ng).

Alternate. Take an allocation of oq,...,0, into pockets pi,...,pg so that the pocket p; gets
n; objects. This is an allocation of n; copies of p1, - -+, ng copies of pg into locations o1, ..., 0,
where each location gets exactly one. Hence, the answer is P(n;nq,...,ng). "
EXERCISE 6.1.27. 1. In a class there are 17 girls and 20 boys. A committee of 5 students is

to be formed to represent the class.

(a) Determine the number of ways of forming the committee consisting of 5 students.
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(b) Suppose the committee also needs to choose two different people from among them-
selves, who will act as “spokesperson” and “treasurer”. In this case, determine the
number of ways of forming a committee consisting of 5 students. Note that two com-
mittees are different if

i. either the members are different, or
1. even if the members are the same, they have different students as spokesperson

and/or treasurer.

(¢) Due to certain restrictions, it was felt that the committee should have at least 3 girls.
In this case, determine the number of ways of forming the committee consisting of 5

students (no one is to be designated as spokesperson and/or treasurer).

2. Combinatorially prove the following identities:
(a) kC(n,k) =nC(n—1,k—1).
(b) Newton’s Identity: C(n,r)C(r,k) = C(n,k)C(n —k,r — k).
(¢c) C(n,r)=C(r,r)C(n—r,0)+C(r,r—1)C(n—r,1)+---+C(r,00C(n —r,r).
(d) C(n,0)>+C(n,1)*>+---+C(n,n)* = C(2n,n).
3. Determine the number of ways of selecting a committee of m people from a group consisting
of n1 women and ny men, with ni + ng > m.

4. Determine the number of ways of arranging the letters of the word

(a) ABRACADABARAARCADA.
(b)) KAGARTHALAMNAGARTHALAM.

5. How many anagrams of MISSISSIPPI are there so that no two S are adjacent?
6. How many rectangles are there in an n X n square? How many squares are there?
7. Show that a product of n consecutive natural numbers is always divisible by n!.

8. Show that (m!)"™ divides (mn)!.

9. If n points are placed on the circumference of a circle and all the lines connecting them are
joined, what is the largest number of points of intersection of these lines inside the circle
that can be obtained?

10. Prove that C(pn,pn —n) is a multiple of p in two ways. Hint: Newton’s identity.
11. How many ways are there to form the word MATHEMATICIAN starting from any side

and moving only in horizontal or vertical directions?

M
M A M
M A T A M
M A T H T A M
M A T H E H T A M
M A T H E M E H T A M
M A T H E M A M E H T A M
M A T H E M A T A M E H T A M
M A T H E M A T I T A M E H T A M
M A T H E M A T I C 1 T A M E H T A M

M A T H E M A T I C I C I T A M E H T A M

M A T H E M A T 1 C I A I C I T A M E H T A
M A T H E M A T 1 C I A N A 1 C I T A M E H T

LS
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12. (a) In how many ways can one arrange n different books in m different boxes kept in a

row, if books inside the boxes are also kept in a row?

(b) What if no box can be empty?
13. Prove by induction that 2"|(n 4+ 1)---(2n).

6.1.1 Multinomial theorem

Definition 6.1.28. Let z,y and z be commuting symbols. Then, by an algebraic expansion'

of (x4 1y + 2)™ we mean an expansion where each term is of the form ax’y?z* so that two terms

differ in the degree of at least one of x,y, or 2. By a word expansion? of (z + y + 2)" we

mean an expansion where each term is a word of length n using symbols z,y, z. Expansions for

(1 + -+ x,)"™, whenever x;’s are commuting symbols, may be defined in a similar way.

Example 6.1.29. 1. 23 4 3xy? + 9% + 3yz? is an algebraic expansion of (z + y)3, where as
rxx + oYy + TYT + rYy + yrr + yry + yyr + yyy is a word expansion of (x + y)3.

2. Take the word expansion of (X +Y + Z)?. A term with exactly two X’s and exactly three
Y’s is nothing but an arrangement of two X'’s, three Y’s and four Z’s. So, the coeflicient
of X2Y3Z* in the algebraic expansion of (X +Y + 2)% is P(9;2,3,4).

3. Consider (x+y+z)"=(r+y+z2)-(x+y+2) - - (x+y+ 2). Then, in this expression,

n times
we need to choose, say

(a) i places from the n possible places for z (i > 0),
(b) j places from the remaining n — i places for y (j > 0), and

(¢) the n — i — j left out places for z (with n —¢ — 5 > 0).

Thus, we get
(x+y+2)" = Z C(n,i)C(n —i,5)a'y 2" 7 = Z P(n;i,5)x'y 2",
§,5>0,i45<n 4,j>0,i+j<n
Theorem 6.1.30. [Multinomial Theorem] Fix a positive integer n and let x1,x2,...,2, be a
collection of commuting symbols. Then, for n = ny + --- 4 ny, the coefficient of x{'a4?* - x)*
in the algebraic expansion of (x1 + -+ + xp)™ is P(n;ny, -+ ,ng). So
(T + - +ap)" = Z P(ning, - ,ng) ot - ak
ni,...,Ng 2 0
n+--+ng=n
Proof. The proof is left as an exercise for the reader. "

As a special case, we have the famous binomial theorem.

n
Corollary 6.1.31. [Binomial Theorem] (z +y)" = 3. C(n,k)z" Fy*.
k=0

'Nonstandard notion
2Nonstandard notion
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Example 6.1.32. Form words of size 5 using letters from ‘MATHEMATICIAN’ (including

multiplicity, that is, you may use M at most twice). How many are there?
Ans: > C(5;k1,- -+, ks).

ky4--+kg=5
k1<2,k2<3,k3<2,ks<1,k5<1,ks<2,k7<1,kg<1

EXERCISE 6.1.33. 1. Show that |P([n])| = 2" in the following ways.
(a) By using Binomial Theorem.

(b) By using ‘select a subset is a task with n compulsory parts’.

(¢) By associating a subset with a 0-1 string of length n and evaluating their values in

base-2.

(d) Arguing in the line of ‘a subset of [n + 1] either contains n 4+ 1 or not’ and using

induction.

2. Let S be a set of size n. Then, prove in two different ways that the number of subsets

of S of odd size is the same as the number of subsets of S of even size, or equivalently

> C(n,2k) = > C(n,2k +1) =271,
k>0 k>0

3. Prove the following identities on Binomial coefficients.

() 3° C(k,0)C(n, k) = C(n, £)27~.
k=~

(b) C(m+n,t) = i C(m,k) C(n,l — k).
k=0

(c) C(n,t) = i C(t,k) C(n—t,l—k)= > C(t,k) C(n—t,l—k), for anyt,0 <t <n.

k=0 k=0
(@) Cln+r+1,7) =3 Cln+12,0).
=0
() Cln+1,r+1) =3 C(6r).
l=r

7

n
4. Ewvaluate Y (2k + 1) C(n,2k + 1) and > (5k 4+ 3) C(n,2k + 1), whenever n > 3.
k=0 k=0

5. [Generalized Pascal] Assume that k1 + - - - + ky, = n. Show that

Cnykiy.o k) =Cn—1;k1 —1,... k) + -+ Cn—1;ky, ...k — 1),

6. What is > C(nykiy... km)?

7. Putl=|%3|. What is > (—)kethatthaC(n: ky oo k) ?
ki+...+km=n

6.2 Circular permutations

Definition 6.2.1. [Circular permutation/arrangement] A circular permutation is an ar-

rangement of n distinct objects on a circle. Two circular arrangements are the same if each

element has the same ‘clockwise adjacent’ element. When |S| = n, we write ‘a circular arrange-

ment of S’ to mean ‘a circular arrangement of elements of S’. By [z1,%9,...,Zy,z1] we shall

denote a circular arrangement keeping the anticlockwise direction in picture.
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Example 6.2.2. Exactly two pictures in Figure 6.1 represent the same circular permutation.

[A1, Az, A3, Ag, As, Aq]
Figure 6.1: Circular permutations

Example 6.2.3. Determine the number of circular permutations of X = {A;, Ag, A3, Ay, A5}7

Ans: 4l. Proof. Let B = {circular permutations of X} and A = {permutations of X}.
Now, define f : A — B as f(a) = b if a is obtained by breaking the cycle b at some gap and
then following in the anticlockwise direction. For example, if we break the leftmost circular
permutation in Figure 6.1 at the gap between A and B, we get [Aa, A3, Ay, A5, A1]. Notice that
|f~(b)| = 5, for each b € B. Further if b,c € B, then f~1(b)N f~1(c) = O (why?!). Thus, by

the principle of disjoint pre-images of equal size, the number of circular permutations is 5!/5. =
Theorem 6.2.4. [circular permutations]| The number of circular permutations of [n] is (n—1)!.

Proof. A proof may be obtained on the line of the previous example. Here we give an alternate
proof. Put A = {circular permutations of [5]}. Put B = {permutations of [4]}. Define f :
A — B as f([b,x1,22,23,24,5]) = [x1,29,23,24]. Define g : B — A as g([x1,x2,x3,24]) =
[5,x1, x9, x3,24,5]. Then, go f(a) = a, for each a € A and f o g(b) = b, for each b € B. Hence,
by the bijection principle (see Theorem 2.3.8) f is a bijection. "

Example 6.2.5. Find the number of circular arrangements of {A, B, B,C,C,D,D,E, E}.
Ans: There is only one A. Cutting A out from a circular arrangement we get a unique
arrangement of {B, B,C,C,D, D, E, E}. So, the required answer is %.

Definition 6.2.6. [Rotation, Orbit size]

1. Given an arrangement [X1, ..., X, ], by arotation R;([X1, ..., X,]), inshort Ry (X1,...,X,),

we mean [Xo, ..., X,, X1] and by Ro(X1,...,X,) we mean [ X3, ..., X,, X7, Xs]. On sim-
ilar lines, we define R;, i € N and put Ro(Xy,...,X,) = [X1,...,X,]. Thus, for each
keN,

Ro(X1,.. ., X0) = Rin(X1, ., Xn) = [X1, ..., Xnl.

2. The orbit size of an arrangement [Xi,...,X,] is the smallest positive integer ¢ which
satisfies R;(X1,...,X,) = [X1,...,Xy]. In that case, we call

{Ro(Xl, e X)) R (Xas e X))y  Ri (X ,Xn)}

the orbit of [X1,...,X,].

!Think of creating the circular permutation from a given permutation.
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Example 6.2.7. 1. We have R;(ABCABCABC) = [BCABCABCA], Roy(ABCABCABC) =
[CABCABCAB] and R3(ABCABCABC) = [ABCABCABC]. Thus, orbit size of ABCABCABC
is 3.
2. An arrangement of S = {A, A, B, B,C,C} with orbit size 6 is [AABCBC]. An arrange-
ment of S with orbit size 3 is [ACBACB].

3. There is no arrangement of {A, A, B, B,C,C} with orbit size 2. In fact, if [X; X5 - Xg]
is an arrangement with orbit size 2 then, [X; X2 X3X4X5Xs] = [X3X4X5X6X1X2]. Thus,
X1 = X3 = X5 which is not possible.

4. There is no arrangement of {4, A, B, B, C,C'} with orbit size 1 or 2 or 4 or 5.
5. There are 3! arrangements of {A, A, B, B,C,C} with orbit size 3.

6. Take an arrangement of {A, A, B, B, C,C'} with orbit size 3. Make a circular arrangement
by joining the ends. How many distinct arrangements can we generate by breaking the

circular arrangement at gaps?
Ans: 3. They are the elements of the same orbit.

7. Take an arrangement of {A, A, B, B,C,C} with orbit size 6. Make a circular arrangement
by joining the ends. How many distinct arrangements can we generate by breaking the

circular arrangement at gaps?
Ans: 6. They are the elements of the same orbit.

8. Take an arrangement of n elements with orbit size k. Make a circular arrangement by
joining the ends. How many distinct arrangements can we generate by breaking the circular

arrangement at gaps?
Ans: k. They are the elements of the same orbit.

9. If we take the set of all arrangements of a finite multiset and group them into orbits (notice
that each orbit gives us exactly one circular arrangement), then the number of orbits is

the number of circular arrangements.

Example 6.2.8. Find the number of circular arrangements of S = {A, A, B, B,C,C,D,D,E, E}.
Ans: There are two types of arrangements of S: one of orbit size 10 and the other of orbit

size 5. The number of arrangements of .S with orbit size 5 is 5!. So, they can generate 4! distinct

. . . . . !

circular arrangements. The number of arrangements of S with orbit size 10 is % — 5l
| | o e .

Hence, they can generate Wg'!mo — i:’_(') distinct circular arrangements. Thus, the total number

. . | |
of circular arrangements is 4! + % — %.

Example 6.2.9. Suppose, we are given an arrangement [Xi,..., Xjo] of five A’s and five B’s.
Can it have an orbit size 37

Ans: No. To see this assume that it’s orbit size is 3. Then,

[X17... 7X10:| — R?)(Xl,... ,Xlo) — Rﬁ(Xl,... 7X10) — Rg(le...,Xlo) — RQ(XI,... ,Xlo).
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Since 3 was the least positive integer with R3(Xy,...,X10) = [X1,...,Xj0], we arrive at a

contradiction. Hence, the orbit size cannot be 3.
Proposition 6.2.10. The orbit size of an arrangement of an n-multiset is a divisor of n.

Proof. Suppose, the orbit size of [X1,...,X,] is k and n = kp + r, for some r,0 < r < k. Then,
Ri(X1,..., Xp) = Rop(X1, ..., Xp) = - = Rip( X1, ..., X)) = R (X1, ..., Xi).

Thus, Ri_(X1,...,X,) =[X1,...,X,], contradicting the minimality of k. Hence, a contradic-

tion and therefore r = 0. Or equivalently, k divides n. "

Proposition 6.2.11. Let S1 = {P;,, P;,,..., P, } and So = {P},, Pj,,...,P;,} be any two orbits

of certain arrangements of an n-multiset. Then, either SN Sy =0 or S; = Ss.

Proof. If S; NSy = (), then there is nothing to prove. So, let there exists an arrangement
P, € S1 N Sy. Then, by definition, there exist rotations R; and Ry such that Ry (FP;,) = P, and
Ry(Pj,) = P,. Thus, R, '(P,) = Pj, and hence R, (R1(P;,)) = Ry '(P;) = P;,. Therefore, we
see that the arrangement P;, € S and hence Sy C Si. A similar argument implies that S C Sy

and hence S; = 9. n

Definition 6.2.12. [Binary operation] Let [X1,...,X,] and [Y7,...,Y},] be two arrangements

of an n-multiset. Then, in the remainder of this section,
1. we shall consider expressions like [X1,..., X,] + [Y1,...,Y,].
2. by [R; + R;](X1,...,Xy), we mean the expression R;(X1,...,X,)+ Rj(X1,...,Xy).
3. by Ri([X1,..., Xp]+[Y1,...,Y,]) we denote the expression R;(X1,..., Xp)+R;(Y1,...,Yy).

Example 6.2.13. Think of all arrangements P;,...,FP,, n = 3?—;)!, of three A’s and three B’s.
How many copies of [ABCABC] are there in [Rg + -+ R5|(P1 + -+ + Py)?

Ans: Of course 6. To see this, note that Ry takes [ABCABC] to itself; R; will take
[CABCAB] to [ABCABC|; Ry will take [BCABCA] to [ABCABCY; and so on.

Example 6.2.14. Let P = [X,..., X12] be an arrangement of a 12-multiset with orbit size 3.
Since, the orbit size of P is 3, the set S = {P, R1(P), R2(P)} forms the orbit of P. Thus, the
rotations Ry, R3, R¢ and Ry fix each element of S, i.e., R;(R;(P)) = R;(P) for all i € {0, 3,6,9}
and j € {0,1,2}. In other words, [Ry + - - - + R11](P) accounts for 4 counts of the same circular

arrangement, where 4 is nothing but the number of rotations fixing P. Thus, we see that

[Ro + Rit+ -+ +Ru|(P + Ri(P) + Ra(P))
= [Ro+Ri+ - Riui|(P)+[Ro+ Ri+ - Ri1|(R:1(P))
+[Ro + R1 + --- Ri1|(R2(P))
= 4P+ Ri(P)+ Ra(P)) +4(P + R1(P) + Ra(P)) + 4(P + R1(P) + Ra2(P))
= 12(P + R1(P) + R2(P))
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The proof of the next result is similar to the idea in the above example and hence is omitted.

Proposition 6.2.15. Let P, ..., P, be all the arrangements of an m-multiset. Then,
[Ro+ -+ Rma](Pi+--+P)=m(Pi+ -+ P).

Let P be an arrangement of an m-multiset with orbit size k. Then, by Proposition 6.2.10
k divides m. Now, from the understanding obtained from the above example, we note that
m . m .

[Ro + -+ + Rym—1](P) accounts for — counts of the same circular arrangement, where % s
nothing but ‘the number of rotations fixing P’. Also, by Proposition 6.2.11, we know that two
orbits are either disjoint or the same and hence the next two results are immediate. Therefore,

the readers are supposed to provide a proof of the following results.

Discussion 6.2.16. Let P, ..., P, be all the arrangements of an m-multiset. Then,

Z the number of rotations fixing P, = Z[RO + -+ Ryp1](FP)
p; P

= m(the number of circular arrangements).

Discussion 6.2.17. Let Py, ..., P, be all the arrangements of an m-multiset and {Rg, R1, ..., Rm—1}

the set of all rotations. Then,

> the number of rotations fixing ;= Y |{R; | R;(P) = P} = {(P, R;) | R;(P;) = P}
P P;

= D _HP|R;(P) =R}
R
= Z the number of P;’s fixed by R;.
R
Hence, using Discussion 6.2.16, the number of circular arrangements is

1
— Z the number of P;’s fixed by R;.
R; a rotation

Example 6.2.18. 1. How many circular arrangements of {A, A, A, B, B, B, C,C, C} are there?

Ans: R fixes %:3, arrangements, None of Ry, Ro, R4, R5, R7 andRg fixes any arrange-
ment, R3 and Rg fixes 3! arrangements, namely the 3! arrangements of X,Y, Z, where
X =AAAY =BBBand Z =CCC.

Thus, the number of circular arrangements is % [%;3, +31+ 3! = % = % = 188.
2. Determine the number of circular arrangements of size 5 using the alphabets A, B and C.

Ans: In this case, Ry fixes all the 3° arrangements. The rotations Ri, Ry, R and Ry
fixes the arrangements AAAAA, BBBBB and CCCCC. Hence, the required number is
1(3°+4-3) =51

Verify that the answer will be 8 if we have just two alphabets A and B.
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EXERCISE 6.2.19. 1. If there are n girls and n boys then what is the number of ways of
making them sit around a circular table in such a way that no two girls are adjacent and

no two boys are adjacent?

2. Persons Py,...,Piog are seating on a circle facing the center and talking. If P; talks lie,
then the

(a) person to his right talks truth. So, the minimum number of persons talking truth is

(b) second person to his right talks truth’? So, the minimum number of persons talking

truth is

(¢) next two persons to his right talk truth’? So, the minimum number of persons talking

truth is .

3. Let us assume that any two garlands are same if one can be obtained from the other by
rotation. Then, determine the number of distinct garlands that can be formed using 6

flowers, if the flowers
(a) are of 2 colors, say ‘red’ and ‘blue’.
(b) are of 3 different colors.
(c) are of k different colors, for some k € N.
(d) of ‘red’ color are 2 and that of ‘blue’ color is 4.

6.3 Solutions in nonnegative integers

Definition 6.3.1. [Solution in nonnegative integers] Recall that Ny := N U {0}. A point
p=(p1,...,pk) € N’S with p; +---4+pgr = n is called a solution of the equation x1+---+xp =n
in nonnegative integers or a solution of x1 + --- 4+ 2 = n in Nyg. Two solutions (pi,...,pk)
and (q1,...,qr) are said to be the same if p; = ¢;, for each i = 1,... k. Thus, (5,0,0,5) and
(0,0,5,5) are two different solutions of x +y + z + ¢t = 10 in Nj.

Example 6.3.2. Determine the number of
1. words which uses 3 A’s and 6 B'’s.
2. arrangements of 3 A’s and 6 B’s.
3. distinct strings that can be formed using 3 A’s and 6 B’s.
4. solutions of the equation x1 4+ x2 + x3 + x4 = 6, where each z; € Ny and 0 < z; < 6.
5. ways of placing 6 indistinguishable balls into 4 distinguishable boxes.

6. 3 subsets of an 9-set.

Solution: Observe that all the problems correspond to forming strings using +’s (or |’s

or bars) and 1’s (or balls or dots) in place of A’a and B’s, respectively?
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BBABBBABA 11+111+1+=2+3+1+0 coloee|e]|
ABBBBBAAB F1IL+ 41 =0+45+0+1 R
ABBBABABB FIL4+14+11=0+3+1+2 EEIEEE

Figure 6.2: Understanding the three problems

Note that the A’s are indistinguishable among themselves and the same holds for B’s.
Thus, we need to find 3 places, from the 9 = 3 + 6 places, for the A’s. Hence, the answer
is C(9,3). The answer will remain the same as we just need to replace A’s with +’s (or
I’s) and B’s with 1’s (or balls) in any string of 3 A’s and 6 B’s. See Figure 6.2 or note that
four numbers can be added using 3 +’s or four adjacent boxes can be created by putting

3 vertical lines or |’s.
In general, we have the following result.

Theorem 6.3.3. [solutions in Ny| The number of solutions of x1 + --- + x, = n in Ny is
Cn+r—1,n).

Proof. Each solution (z1,...,x,) may be viewed as an arrangement of n dots and r — 1 bars.
‘Put 7 many dots; put a bar; put zo many dots; put another bar; continue; and end by
putting x, many dots.’
For example, (0,2,1,0,0) is associated to | e e| @ || and vice-versa. Thus, there are C'(n + r —

1,7 — 1) arrangements of n dots and r — 1 bars. "

Theorem 6.3.4. (a) The number of solutions of x1 + --- 4+ x, < n in nonnegative integers is

C(n+rn).
(b) The number of terms in the algebraic expansion of (x1 + -+ x,)" is C(n+r—1,n).

Proof. (a) Any solution of 21+ - -+, < n uniquely corresponds to a solution of z1+- - -4z, +y =
n in nonnegative integers..

iy
T

(b) Note that each term in the algebraic expansion of (1 +---+x,)" has the form z' 22 - - -
with i1 +i9+- - 44, = n. Thus, each term uniquely corresponds to a solution of i1 +io+- - -+i, = n

in nonnegative integers. n
Theorem 6.3.5. [r-multiset] The number of r-multisets of elements of [n] is C(n+r—1,n—1).

Proof. Let A be an r-multiset. Let d; be the number of copies of i in A. Then, any solution of
di + -+ 4+ d, = r in nonnegative integers gives A uniquely. Hence, the conclusion.

Alternate. Put A = {arrangements of n — 1 dots and r bars}. Put B = {r-multisets of [n]}.
For a € A, define f(a) to be the multiset

f(a) ={d(i) + 1| where d(i) is the number of dots to the left of the i-th bar}.

For example, ||ee|e|| gives us {1,1,3,4,4}. It is easy to define g : B — A so that f(g(b)) = b, for
each b € B and g(f(a)) = a, for each a € A. Thus, by the bijection principle (see Theorem 2.3.8),
|A| = |B|. Also, we know that |A| = C(n+r —1,n — 1) and hence the required result follows.m
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Example 6.3.6. 1. There are 5 kinds of ice-creams available in our market complex. In how
many ways can you buy 15 of them for a party?
Ans: Suppose you buy z; ice-creams of the i-th type. Then, the problem is the same as
finding the number of solutions of x; + --- 4+ x5 = 15 in nonnegative integers.
2. How many solutions in Ny are there to  + y 4+ z = 60 such that x > 3,y > 4,2 > 57
Ans: (z,y, z) is such a solution if and only if (x—3,y—4, 2—5) is a solution to z+y+z = 48
in Ny. So, answer is C'(50, 2).
3. How many solutions in Ny are there to x 4+ y + 2 = 60 such that 20 > = > 3,30 > y >

4,40 > 2 > 57

Ans: We are looking for solution in Ny of x + y + z = 48 such that z < 17,y < 26 and
2 <35 Let A= {(n,y,2) e N} | z+y+2=48}, A, = {(z,y,2) EN} | v +y+2 =48,z >
18}, Ay = {(z,y,2) e N3 |z +y+2=48,y > 27} and A, = {(z,9,2) E N} |z +y +2 =
48,z > 36}. We know that |A| = C'(50,2). Our answer is then C'(50,2) — |A, U A, U A,|.
Very soon we will learn to find the value of |A, U A, U A,|.

EXERCISE 6.3.7. 1. Determine the number of solutions of x +vy + 2z =7 with x,y,z € N?

2.

10.

11.

12.

15.

Find the number of allocations of n identical objects to r distinct locations so that location

i gets at least p; > 0 elements, 1 =1,2,--- |r.

In how many ways can we pick integers x1 < xo < x3 < x4 < x5, from [20] so that

T —xi—1 >3, 1=2,3,4,57 Solve in three different ways.

. Find the number of solutions in nonnegative integers of a +b+c+d+e < 11.

In a room, there are 2 distinct book racks with 5 shelves each. Fach shelf is capable of

holding up to 10 books. In how many ways can we place 10 distinct books in two racks?
How many 4-letter words (with repetition) are there with the letters in alphabetical order?

Determine the number of non-decreasing sequences of length r using the numbers 1,2,... n.

In how many ways can m indistinguishable balls be put into n distinguishable bores with

the restriction that no box is empty.
How many 26-letter permutations of the ENGLISH alphabets have no 2 vowels together?

How many 26-letter permutations of the ENGLISH alphabets have at least two consonants

between any two vowels?

How many ways are there to select 10 integers from the set {1,2,...,100} such that the

positive difference between any two of the 10 integers is at least 3.

How many 10-element subsets of the ENGLISH alphabets do not have a pair of consecutive
letters?

How many 10-element subsets of the ENGLISH alphabets have a pair of consecutive let-

ters?
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14. How many ways are there to distribute 50 balls to 5 persons if Ram and Shyam together
get no more than 30 and Mohan gets at least 107

15. How many arrangements of the letters of KAGARTHALAMNAGARTHALAM have no 2

vowels adjacent?
16. How many arrangements of the letters of RECURRENCERELATION have no 2 vowels
adjacent?

17. How many ways are there to arrange the letters in ABRACADABARAARCADA such
that the first

(a) A precedes the first B?
(b) B precedes the first A and the first D precedes the first C'?
(c) B precedes the first A and the first A precedes the first C'?

18. How many ways are there to arrange the letters in KAGARTHALAMNAGARTHATAM
such that the first

(a) A precedes the first T'?
(b) M precedes the first G and the first H precedes the first A?
(c) M precedes the first G and the first T' precedes the first G¢

19. In how many ways can we pick 20 letters from 10 A’s, 15 B’s and 15 C'’s?

20. Determine the number of ways to sit 10 men and 7 women so that no 2 women sit next to
each other?

21. How many ways can 8 persons, including Ram and Shyam, sit in a row with Ram and

Shyam not sitting next to each other?

no i1 42 ip—1
22. Evaluate Y > > --- > 1.

11=112=143=1 =1
6.4 Set partitions

Definition 6.4.1. [Set partition] A partition of a set S is a collection of pairwise disjoint

nonempty subsets whose union is S.

Example 6.4.2. (a) {{1,2},{3},{4,5,6}}, {{1,3},{2},{4,5,6}} and {{1,2,3,4}, {5}, {6} } are
both partitions of [6] into 3 subsets.

(b) There are 2"~! — 1 partitions of [n], n > 2 into two subsets. To see this, observe that for
each nontrivial subset A € P([n]), the set {A, A°} is a partition of [n] into two subsets.
Since, the total number of nontrivial subsets of P([n]) equals 2" — 2, the required result

follows.

(¢) Number of allocations of 7 students into 7 different project groups so that each group has
one student, is 7! = C(7;1,1,1,1,1,1,1) but the number of partitions of a set of 7 students

into 7 subsets is 1.
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(d) In how many ways can I write {{1,2},{3,4},{5,6},{7,8,9},{10,11,12}} on a piece of

paper, with the condition that sets have to be written in a row in increasing size?

Ans: Let us write a few first.

{1,2},4{3,4},{5,6},{7,8,9},{10,11, 12} correct
{2,1},1{3,4},{5,6},{7,8,9},{10,11,12} correct
{5,6},{3,4},{1,2},{10,11,12},{9,7,8} }  correct

incorrect, not the same partition

{2,3},{1,4},{5,6},{7,8,9},{10,11,12}

{2,1},4{3,4},{7,8,9},{5,6},{10,11,12} incorrect, not satisfying the condition

= = N
N~ N N Y

There are 3!(2!)3 x 2!(3!)2 ways. Notice that from each written partition, if I remove the

brackets I get an arrangement of elements of [12].

(e) How many arrangements do I generate from a partition with p; subsets of size n;, ny <

k
Ans: pil(ni)? - ppl () = [l ()]
1=1

Theorem 6.4.3. [Set partition] The number of partitions of [n] with p; subsets of size n;,

ny<---<ngis

n!
(nal)prpy! - (ng)Prpy!”
k
Proof. Note that each such partition generates [][p;!(n;)Pi] arrangement of elements of [n].
i=1

Conversely, for each arrangement of elements of [n] we can easily construct a partition of the

above type which can generate this arrangement. Thus, the proof is complete. "

Definition 6.4.4. Stirling numbers of the second kind, denoted S(n,r), is the number of
partitions of [n] into r-subsets (r-parts). By convention, S(n,r) = 1, if n = r and 0, whenever

either ‘n >0 and r=0"or ‘n <7’
Theorem 6.4.5. [recurrence for S(n,r)] S(n+1,r) =S(n,r —1)+rS(n,r).

Proof. Write an r-partition of [n + 1] and erase n + 1 from it. That is, if {n + 1} is an element
of an r-partition, then the number of such partitions become S(n,r — 1); else n 4+ 1 appears in

one of the element of an r-partition of [n]|, which gives the number rS(n,r). n

Example 6.4.6. Determine the number of ways of putting n distinguishable/distinct balls into
r indistinguishable boxes with the restriction that no box is empty.
Ans: Let A be the set of n distinct balls and let the balls in ¢-th box be B;, 1 <i <r.

1. Since each box is non-empty, each B; is non-empty.

s
2. Also, each ball is in some box and hence |J B; = A.
i=1
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3. As the boxes are indistinguishable, we arrange the boxes in non-increasing order, i.e.,

Thus, By, Bs,...,B, is a partition of A into r-parts. Hence, the required number of ways is

given by S(n,r), the Stirling number of the second kind.
To proceed further, consider the following example.

Example 6.4.7. Let A = {a,b,c,d,e} and S = {1,2,3}. Define an onto function f: A — S by
fla) = f(b) = f(c) =1, f(d) = 2 and f(e) = 3. Then, f gives a partition By = {a,b,c}, By =
{d} and Bs = {e} of A into 3-parts. Also, let Ay = {a,d}, A2 = {b,e} and A3 = {c} be a
partition of A into 3-parts. Then, this partition gives 3! onto functions from A into S, each of

them being a one-to-one function from {4, Ay, A3} to S, namely,

fila) = fi(d) =1, f1(b) = fi(e) = 2, fi(c) =3, & [fi(d) =1, fi(A2) =2, f1(43) =3
faola) = fa(d) =1, f2(b) = fa(e) =3, falc) =2, & fo(Ar) =1, fa(A2) = 3, f2(A3) =2
f3(a) = f3(d) = 2, f3(b) = fs(e) =1, f3(c) =3, & [f3(A1) =2, f3(A2) =1, f3(A3) =3
fala) = fa(d) = 2, fa(b) = fale) =3, fa(c) =1, & fi(A1) =2, fa(A2) =3, fa(A3) =1
fs(a) = f5(d) =3, f5(b) = fs(e) =1, fs(c) =2, < [5(A1) =3, fs(A2) =1, f5(A3) =2
fo(a) = fe(d) =3, f6(b) = fele) =2, fe(c) =1, < [e(A1) =3, fe(A2) =2, fe(A3) = 1.

Lemma 6.4.8. The total number of onto functions f : [r] — [n] is nlS(r,n).

Proof. ‘f is onto’ means ‘for all y € [n] there exists x € [r], such that f(z) =y’. Therefore, the

number of onto functions is 0, whenever r < n. So, we assume that r > n. Then,
1. for each i € [n], f~1(i) = {x € [r] | f(x) = i} is a non-empty set (f is onto).

2. f71@) N f71(j) =0, whenever 1 <i # j <n (f is a function).
3. U f71(@) = [r] (domain of f is [r]).

Therefore, f~1(i)’s give a partition of [r] into n-parts. Also, note that each such function f,
gives a one-to-one function from {f~1(1),..., f~1(r)} to [n].

Conversely, for each partition A, Ao, ..., A, of [r] into n-parts, we get n! one-to-one function
from {41, Ag,..., Ay} to [n]. Hence,

[{f:[r] = [n]| fisonto}| = [{g:{A41,A2,..., 4.} — [n] ]| g is one-to-one}|

X !Partition of [r] into n—parts!

= n!S(r,n).
Thus, the required result follows. "

Lemma 6.4.9. Let r,n € N and ¢ = min{r,n}. Then,

¢
n" =Y " C(n,k)k!S(r,k). (6.1)
k=1
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Proof. Let A= {f| f:[r] = [n]}. We compute |A| by two different methods.

Method 1: By Theorem 6.1.4, |A| = n".

Method 2: Let fo : [r] — [n] be any function. Then, fy is an onto function from [r] to
l

Im (fo) = fo([r]). Moreover, , for some k,1 < k < ¢ = min{r,n}. Thus, A = |J Ak, where

ki
Ay =A{f :[r] = [n] | |f([r])| = k} and A, N A; = 0, whenever 1 < j # k < /.
Theorem 6.1.20, a subset of [n] of size k can be selected in C(n, k) ways. Thus, for 1 <k </,

1
Now, using

|Ak| = HK K Cnl,|K|= k:}| X Hf [r] = K| fis 0nt0}| = C(n,k)k!S(r, k).

Therefore,
l )4 l
Al = | Ai| =D |4l =D Cn,k)KIS(r, k).
k=1 k=1 k=1
Hence, using the two counting methods, the required result follows. "

Remark 6.4.10. 1. The following two problems are equivalent.
(a) Count the number of onto functions f : [r] — [n].

(b) Count the number ways to put r distinguishable/distinct balls into n distinguish-

able/distinct boxes so that no box is empty.
2. The numbers S(r, k) can be recursively calculated using Equation (6.1). For example, we
show that S(m,1) =1, for all m > 1.

Ans: Take n > 1 and r = 1 in Equation (6.1) to get n = n' =3, _, C(n,k)k!S(1,k) =
C(n,1)11S(1,1) = nS(1,1). Thus, S(1,1) = 1.

Take n =1 and r > 2 in Equation (6.1) to get 1 = 1" = leg:1 C(L,k)k!\S(r,k) = S(r, 1).
3. As exercise, verify that S(5,2) = 15, S(5,3) = 25,;5(5,4) = 10, S(5,5) = 1.
EXERCISE 6.4.11. 1. Determine the number of ways of
(a) selecting v distinguishable objects from n distinguishable objects, when n > r.
(b) distributing 20 distinct toys among 4 children if each children gets 5 toys?

(¢) placing r distinguishable balls into n indistinguishable bozes if no box is empty?

(d) placing r distinguishable balls into n indistinguishable boxes?

n
2. For n € N, let b(n) denote the number of partitions of [n]. Then, b(n) = > S(n,r) is
r=0
called the n'™ Bell number. By definition, b(0) = 1 = b(1). Determine b(n), for2 <n <5.
3. Fizn € N. Then, a COMPOSITION of n is an expression of n as a sum of positive integers.
For example, if n = 4, then the distinct compositions are

4, 341, 143, 242, 24+1+1, 14142, 14+2+1, 1+1+1+1.

Let Si(n) denote the number of compositions of n into k parts. Then, S1(4) = 1, So(4) =

3, S3(4) =3 and S4(4) = 1. Determine Si(n), for 1 <k <n and ) Sk(n).
k>1
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4. Let S={f| f:[r] = [n]}. Compute |S| in two ways to prove (n+1)" = > C(r,k)nk.
k=0

5. Suppose 13 people get on the lift at level o. If all the people get down at some level, say
1,2,3,4 and 5 then, calculate the number of ways of getting down if at least one person

gets down at each level.

Definition 6.4.12. [Partition of a number] Let n,k € N. A partition of n into k parts is
a tuple (z1,--- , ;) € N¥ written in non-increasing order such that z; + --- + 23 = n. It may
be viewed as a k-multiset S C N with sum n. By 7, (k), we denote the number of partitions
of n into exactly k parts and by m,, the number of partitions of n. Conventionally 7y = 1 and

(k) = 0, whenever k > n.

Remark 6.4.13. m7(4) = 3 as the partitions of 7 into 4-parts are 4 +1+1+1, 3+2+1+1
and 2+ 2+ 2+ 1. Verify that 77(2) = 3 and 77(3) = 4.

Example 6.4.14. Determine the number of ways of placing r indistinguishable balls into n

indistinguishable boxes
1. with the restriction that no box is empty.

Ans: As the balls are indistinguishable, we need to count the number of balls in each box.
As the boxes are indistinguishable, arrange them so that the number of balls inside boxes

are in non-increasing order. Also, each box is non-empty and hence the answer is 7,.(n).

2. with no restriction.

Ans: Let us place one ball in each box. Now ‘placing r indistinguishable ball into n
indistinguishable boxes with no restriction’ is same as ‘placing r + n indistinguishable
balls into n indistinguishable boxes so that no box is empty.” Therefore, the required

answer is my,+n(n).

EXERCISE 6.4.15. 1. Calculate w(n), forn=1,2,3,...,8.
2. Prove that mo,(r) = m(r), for any r € N.

3. For a fivzed n € N determine a recurrence relation for the numbers m,(r)’s for 1 <r < mn.

Definition 6.4.16. [Stirling number of first kind] The Stirling number of the first kind,
denoted s(n, k), is the coefficient of z* in 2 where x™is called the falling factorial and equals
x(x—1)(x—2)--- (r—n+1). The rising factorial ™ is defined as z(z+1)(z+2)--- (x+n—1).
EXERCISE 6.4.17. Prove by induction that

1. s(n,m)(—=1)"""™ is the coefficient of z™ in x™ and |s(n,m)| = s(n,m)(—1)"""".

2. Let a(n,k) denote the number of permutations of [n] which have k disjoint cycles. For
example, a(4,2) = 11 as it corresponds to the permutations (12)(34), (13)(24), (14)(23),
(1)(234), (1)(243), (134)(2), (143)(2), (124)(3), (142)(3), (123)(4) and (132)(4). By con-
vention, a(0,0) =1 and a(n,0) = 0 = a(0,n), whenever n > 1. Determine prove that the

numbers a(n, k)’s satisfy

a(n,k) =(n—1)a(n—1,k)+aln—1,k—1).



110 CHAPTER 6. COUNTING

3. Prove that a(n,m) = |s(n,m)| for all n,m € Ny.

6.5 Lattice paths and Catalan numbers

Consider a lattice of integer lines in R? and let S = {(m,n) | m,n = 0,1,...} be the said of
points on the lattice. For a pair of points, say A = (m1,n;1) and B = (mg,ny) with m; < meo
and n; < ng, we define a lattice path from A to B to be a subset {e1,...,ex} of S such that
if e; = (z,y) then e;4 is either (x +1,y) or (x,y + 1), for 1 <i <k — 1. That is, at each step

we move either one unit right, denoted R, or one unit up, denoted U (see Figure 6.3).

(0,0)

Figure 6.3: A lattice with a lattice path from (2,3) to (8,7)

Example 6.5.1. 1. Determine the number of lattice paths from (0,0) to (m,n).

Ans: As at each step, the unit increase is either R or U, we need to take n many R steps
and m many U steps to reach (m,n) from (0,0). So, any arrangement of n many R’s and

m many U’s will give such a path uniquely. Hence, the answer is C'(m + n,m).

2. Use the method of lattice paths to prove > C(n+/¢,{) =C(n+m+1,m).
=0

Ans: Observe that C(n+m+1,m) is the number of lattice paths from (0,0) to (m,n+1)
and the left hand side is the number of lattice paths from (0,0) to (¢,n), where 0 < ¢ < m.
Fix £,0 < ¢ < m and let P be a lattice path from (0,0) to (¢/,n). Then, the path P U Q,
where Q = URR--- R with R appearing m — ¢ times, gives a lattice path from (0,0) to
(m,n + 1), namely
P U Q
(0,0) = (4,n) = (U,n+1) = (m,n+1).

These lattice paths for 0 < £ < m are all distinct and hence the result follows.

EXERCISE 6.5.2. 1. Give a bijection between ‘the solution set of xo+x1+ T2+ -+ a2 =n

in non-negative integers’ and ‘the number of lattice paths from (0,0) to (n,k)’.

n
2. Use lattice paths to construct a proof of Y. C(n,k) = 2".
k=0
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3. Use lattice paths to construct a proof of Z C(n,k)? = C(2n,n). [Hint: C(n,k) is the
number of lattice paths from (0,0) to (n — k: k:) as well as from (n — k, k) to (n,n).]

Discussion 6.5.3. As observed earlier, the number of lattice paths from (0,0 to (n,n) is
C(2n,n). Suppose, we wish to take paths so that at no step the number of U’s exceeds the
number of R’s. Then, what is the number of such paths?

Ans: Call an arrangement of n many U’s and n many R’s a ‘bad path’ if the number of U’s
exceeds the number of R’s at least once. For example, the path RRUUURRU is a ‘bad path’.
To each such arrangement, we correspond another arrangement of n 4+ 1 many U’s and n — 1
many R’s in the following way: spot the first place where the number of U’s exceeds that of
R’s in the ‘bad path’. Then, from the next letter onwards change R to U and U to R. For
example, the bad path RRUUU RRU corresponds to the path RRUUUUU R. Notice that this

is a one-one correspondence. Thus, the number of bad paths is C'(2n,n — 1). So, the answer to

2
the question is C'(2n,n) — C(2n,n —1) = w
n

Definition 6.5.4. [Catalan number] The nth Catalan number, denoted C,,, is the number
of different representations of the product A; - -- A,41 of n+ 1 square matrices of the same size

using n pairs of brackets. By convention Cy = 1.
Theorem 6.5.5. [Catalan number| Prove that C,, = 2”" ) for all n € N.

Proof. Claim: After the (n — k)-th ‘(’, there are at least k + 2 many A’s. To see this pick the
substring starting right from the (n — k)-th (’ till we face (k + 1) many ‘)’s. This substring
represents a product of matrices. So, it must contain (k + 2) many A;’s.

Given one representation of the product, replace each A; by A. Drop the right brackets to have
a sequence of n many ‘(’s and n+ 1 many A’s. Thus, the number of A’s used till the n — kth ¢(’
is at most n+ 1 — (k+2) =n —k — 1. So, the number of A’s never exceeds the number of ‘(’.
Conversely, given such an arrangement, we can put back the ‘)’s: find two consecutive letters
from the last ‘(’; put a right bracket after them; treat (AA) as a letter; repeat the process. For

example,

((A((AAAA — ((A((AA)AA — ((A((AA)A)A — ((A((AA)A))A = ((A((AA)A))A)

C(2n,n)
n+1

The readers who are interested in knowing more about Catalan numbers should look at the

By previous example the number of such arrangements is "

book “enumerative combinatorics” by Stanley [11].
EXERCISE 6.5.6. 1. Give a recurrence relation for Cy’s (i.e., a formula for C, involving
Co,...,Cn_1). Hence, show that C,, = C(2n,n)/(n+ 1).
2. Give an arithmetic proof of the fact that (n + 1) divides C'(2n,n).
3. A man is standing on the edge of a swimming pool (facing it) holding a bag containing n
blue and n red balls. He randomly picks up one ball at a time and discards it. If the ball

is blue he takes a step back and if the ball is red, he takes a step forward. What is the
probability of his falling into the swimming pool?
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Consider a regular polygon with vertices 1,2,--- ,n. In how many ways can we divide the
polygon into triangles using (n — 3) noncrossing diagonals?

How many arrangements of n blue and n red balls are there such that at any position in
the arrangement the number of blue balls (till that position) is at most one more than the
number of red balls (till that position)?

We want to write a matriz of size 10 X 2 using numbers 1,...,20 with each number ap-

pearing exactly once. Then, determine the number of such matrices in which the numbers

(a) increase from left to right?
(b) increase from up to down?

(c¢) increase from left to right and up to down?

Some Generalizations

n!

Let n,k € N with 0 < k < n. Then, in Theorem 6.1.20, we saw that C(n, k) = W=kl
n—

. -1 (n=-k+1
Hence, we can think of C(n, k) = n(n-1) 7l o d)

generalize C(n, k) for any n € R and k € Ny as follows:

. With this understanding, we

0, if k<0
0, if n=0,n#k
C(n, k) = 1, fon—k (6.2)
mn=1)-(n—k=+1
n-(n ). (n +1) , otherwise.

k!

With the notations as above, we give the generalized binomial theorem without proof.

Theorem 6.6.1. [Generalized binomial theorem] Let n be any real number. Then,
1+2)"=1+C(n, )z +C(n,2)2? +---+C(n,r)a" +--- .

In particular, (1 —z) ' =1+x+22+ 2%+ and if a,b € R with |a| < |b], then

(a—l—b)”zb”(l —) —b"ZCnT () ZCRT‘ )a" b

Let us now understand Theorem 6.6.1 through the following examples.

1
(a) Let n = 3 In this case, for £ > 1, Equation (6.2) gives
1 1 1
ol =2 )G ) vcnesem ooy
2" k! N 2k k! o 22k 1(k — 1)K
Thus
1 -1 DF1(2k — 2)!
1/2 k
1—1—3:/ ZC x—1—|—2m+2—3x —|—— +Z 2%1 _1%'3:.
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The above expression can also be obtained by using the Taylor series expansion of
f(z) = (1 +x)Y/2 around = = 0. Recall that the Taylor series expansion of f(x)

around z = 0 equals f(z) = f(0) + f'(0)x + f 2+ f 2O 2k where f(0) =1,
k>3

£(0) =3, £"(0) = 5+ and in general f*)(0) = % (3 - 1)---(% —k+1), for k > 3.
(b) Let n = —r, where r € N. Then, for £ > 1, Equation (6.2) gives C(—r,k) =

(e —1) k' (-r—k+1) _ (=1)*C(r + k — 1, k). Thus,

B 1
(1 +a2)

=1—re+C(r+1,2)2" +> C(r+k—1k)(-z)".
k>3
2. Let n,m € N. Recall the identity n™ E C(n,k)kIS(m, k) = E C(n,k)E!S(m, k) in
Equation (6.1). Note that for each m € N, the above identity equals X AY | where

om - - _ ;
i 0,00 0 0 - 0 015 (m, 0)
C(1,0) C(1, 11S(m, 1)
2m
X = gm | A=|C(2,0) C21) C22) - 0 and Y = [2!8(m,2)
. C(n,0) C(n,1) C(n,2) --- C(n,n)] | n!S(m,n)
n

As A is lower triangular with det(A) = 1, it has an inverse and each entry of A~! has a

similar form. So, Y = A~'X, where

C(0,0) 0 0 0

—C(1,0) C(1,1) 0 0

e C(2,0) —C(2,1) C(2,2) 0

| =C(3,0) C(3,1) -C(3,2) C(3,3) 0
(=1)"C(n,0) (-1)"'C(n,1) (=1)"*C(n,2) (=1)"*C(n,3) --- C(n,n)

Hence, for n,m € N, we have
S(m,n) = % (—1)*C(n, k) (n — k)™ (6.3)
T k>0

3. The above matrix inversion implies that for n € Ny, the identity

= C(n,k)b(k) holds if and only if b(n) => (~1)*C(n,k)a(k) holds.
k>0 k>0

We end this chapter with another set of exercises.
EXERCISE 6.6.2. 1. Prove that there exists a bijection between any two of the following sets.

(a) The set of words of length n on an alphabet consisting of m letters.
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(b) The set of maps of an n-set into an m-set.
(c) The set of distributions of n distinct objects into m distinct boxes.

(d) The set of n-tuples on m letters.
2. Prove that there exists a bijection between any two of the following sets.

(a) The set of n letter words with distinct letters out of an alphabet consisting of m letters.
(b) The set of one-one functions from an n-set into an m-set.

(¢c) The set of distributions of n distinct objects into m distinct bozxes, subject to ‘if an

object is put in a box, no other object can be put in the same bozx’.
(d) The set of n-tuples on m letters, without repetition.

(e) The set of permutations of m symbols taken n at a time.
8. Prove that there exists a bijection between any two of the following sets.

(a) The set of increasing words of length n on m ordered letters.
(b) The set of distributions on n non-distinct objects into m distinct boxes.

(¢) The set of combinations of m symbols taken n at a time with repetitions permitted.



Chapter 7

Advanced Counting Principles

7.1 Pigeonhole Principle

Discussion 7.1.1. [Pigeonhole principle (PHP)]

(PHP1) If n + 1 pigeons stay in n holes then there is a hole with at least two pigeons.
(PHP2) If kn + 1 pigeons stay in n holes then there is a hole with at least k + 1 pigeons.

(PHP3) If p1 + - -+ + p, + 1 pigeons stay in n holes then there is a hole i with at least p; + 1

pigeons.

Example 7.1.2. 1. Consider a tournament of n > 1 players, where each pair plays exactly
once and each player wins at least once. Then, there are two players with the same number

of wins.
Ans: Number of wins vary from 1 to n — 1 and there are n players.

2. A bag contains 5 red, 8 blue, 12 green and 7 yellow marbles. The least number of marbles

to be chosen to ensure that there are

(a) at least 4 marbles of the same color is 13,
(b) at least 7 marbles of the same color is 24,

(c) at least 4 red or at least 7 of any other color is 22.

3. In a group of 6 people, prove that there are three mutual friends or three mutual strangers.

Ans: Let a be a person in the group. Let F' be the set of friends of a and S the set of
strangers to a. Clearly |S| + |F| = 5. By PHP either |F| > 3 or |S| > 3.

Case 1: |F| > 3. If any two in F are friends then those two along with a are three mutual

friends. Else F' is a set of mutual strangers of size at least 3.

Case 2: |S| > 3. If any pair in S are strangers then those two along with a are three

mutual strangers. Else S becomes a set of mutual friends of size at least 3.

4. If 7 points are chosen inside or on the unit circle, then there is a pair of points which are

at a distance at most 1.

115
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Ans: To see this divide the circle into 6 equal cone type parts creating an angle of 60°
with the center. By PHP there is a part containing at least two points. The distance

between these two is at most 1.

5. If n + 1 integers are selected from [2n], then there is a pair which has the property that

one of them divides the other.

Ans: Each number has the form 2O, where O is an odd number. There are n odd
numbers. If we select n + 1 numbers from S, by PHP some two of them (say, z,y) have
the same odd part, that is, = 2'O and y = 2/0. If i < j, then x|y, otherwise y|xz. "

6. (a) Let r1,79, -+ ,"mnt1 be a sequence of mn+ 1 distinct real numbers. Then, prove that
there is a subsequence of m + 1 numbers which is increasing or there is a subsequence

of n 4+ 1 numbers which is decreasing.

Ans: Define [; to be the maximum length of an increasing subsequence starting at
r;. If some I; > m + 1 then we have nothing to prove. So, let 1 < [; < m. Since
(I;) is a sequence of mn + 1 integers, by PHP, there is one number which repeats at
least m + 1 times. Let l;; = 1;, = --- =1;,,, = s, where i1 <12 < --- <'ip41. Notice
that r;, > r,, because if 7;; < r;,, then ‘r;, together with the increasing sequence
of length s starting with r;,” gives an increasing sequence of length s + 1. Similarly,

Tiy > Tig > -+ > 1, and hence the required result holds.

Alternate. Let S = {ry,r2, -+ ,"mn+1} and define a map f : S — Z x Z by
fla;) = (s,t), for 1 < i < mn+ 1, where s equals the length of the largest increasing
subsequence starting with a; and ¢t equals the length of the largest decreasing sub-
sequence ending at a;. Now, if either s > m + 1 or t > n + 1, we are done. If not,
then note that 1 < s < m and 1 <t < n. So, the number of tuples (s,t) is at most
mn. Thus, the mn + 1 distinct numbers are being mapped to mn tuples and hence
by PHP there are two numbers a; # a; such that f(a;) = f(a;). Now, proceed as in
the previous case to get the required result.

(b) Does the above statement hold for every collection of mn distinct numbers? No.

Consider the sequence:

n,n—1,---,1,2n,2n-1,... ,n+1,3n,3n—-1,--- ,2n+1,--- ;mn,mn—1,--- 'mn—n+1.

7. Given any 1010 integers, prove that there is a pair that either differ by, or sum to, a
multiple of 2017. Is this true if we replace 1010 by 10097

Ans: Let the numbers be ni,ng,...,nip10 and S = {ny — ng,n1 +ng : k =2,...,1010}.
Then, |S| = 2018 and hence, at least two of them will have the same remainder when di-
vided by 2017. Then, consider their difference. For the later part, consider {0, 1,2,...,1008}.

8. Let a € Q°. Then, there are infinitely many rational numbers £ such that |a — 2| < q%.

Ans: Enough to show that there are infinitely many (p,q) € Z? with |ga — p| < %. Note
that for every m € N, 0 < ia — |ia] <1, for i =1,...,m + 1. Hence, by PHP there exist
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1,7 with ¢ < j such that

1
j—i

(G —t)a—(Lja] — lia])| <

1
s
Then, the tuple (p1,q1) = (|ja] — |ia],j — i) satisfies the required property. To generate
another tuple, find meo such that

1
ma a1
_ 1 1 g _ b2 1
and proceed as before to get (p2, g2) such that |gaa —pa| < e <o Since |a Q2| < <
la — Z—H, we have % + Z—;. Now use induction to get the required result.

. Prove that there exist two powers of 3 whose difference is divisible by 2017.

Ans: Let S = {1 =3°3,32,33 ..., 32017}, Then, |S| = 2018. As the remainders of any
integer when divided by 2017 is 0,1,2,...,2016, by PHP, there is a pair which has the

same remainder. Hence, 2017 divides 37 — 3’ for some i, j.
Prove that there exists a power of three that ends with 0001.

Ans: Let S = {1=23°3,3%2 3% ...}. Now, divide each element of S by 10*. As |S| > 10%,
by PHP, there exist i > j such that the remainders of 3 and 37, when divided by 10%, are
equal. But ged(10%,3) = 1 and thus, 10* divides 3¢ — 1. That is, 3 — 1 = s - 10* for some

positive integer s. That is, 3° = s - 10 + 1 and hence the result follows.

EXERCISE 7.1.3. 1. Consider the poset (X = P([4]),C). Write 6 mazximal chains Py, ... Ps

NS v %

10.

11.

(need not be disjoint) such that UP; = X. Let Ay,..., A7 be 7 distinct subsets of [4]. Use
(2

PHP, to prove that there exist i, j such that A;, A; € Py, for some k. That is, {Ay,..., A7}

cannot be an anti-chain. Conclude that this holds as the width of the poset is 6.

Let {x1,...,x9} C N with Zgla:i = 30. Then, there exist i,j,k € [9] with x; +x; 4z > 12.
=

Pick any 6 integers from [10], then there exists a pair with odd sum.

Any 14-subset of [46] has four elements a,b,c,d such that a +b = c+d.

In a row of 12 chairs 9 are filled. Then, some 3 consecutive chairs are filled. Will 8 work?

FEvery n-sequence of integers has a consecutive subsequence with sum divisible by n.

Letn > 3 and S C [n] of size m = |“E2| + 1. Then, there ezist a,b,c € S such that
a+b=c.

Let a,b € N, a < b. Given more than half of the integers in the set [a + b], there is a pair
which differ by either a or b.

Consider a chess board with two of the diagonally opposite corners removed. 1s it possible to

cover the board with pieces of rectangular dominos whose size is exactly two board squares?

Mark the centers of all squares of an 8 X 8 chess board. Is it possible to cut the board with

13 straight lines not passing through any center, so that every piece had at most 1 center?

Fifteen squirrels have 100 nuts. Then, some two squirrels have equal number of nuts.
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Suppose that f(x) is a polynomial with integer coefficients. If

(a) f(x) =2 for three distinct integers, then for no integer x, f(x) can be equal to 3.
(b) f(x) =14 for three distinct integers, then for no integer x, f(x) can be equal to 15.
(c) f(x) =11 for five distinct integers, then for no integer z, f(x) can be equal to 9.

Choose 5 points at random inside an equilateral triangle of side 1 unit, then there exists a

pair which have distance at most 0.5 units.

Prove that among any 55 integers 1 < x1 < o < x3 < --- < x55 < 100, there is a pair with
difference 9, a pair with difference 10, a pair with difference 12 and a pair with difference

13. Surprisingly, there need not be a pair with difference 11.

Let {x1,x9,...,2,} C Z. Prove that there exist 1 < i < j <n such that
(a) i+ xip1+ -+ xj-1 + x; is a multiple of 2017, whenever n > 2017.
(b) xj+ x; or x; — x; is a multiple of 2017, whenever n > 1009.

Let A and B be two discs, each having 2n equal sectors. On disc A, n sectors are colored
red and n are colored blue. The sectors of disc B are colored arbitrarily with red and blue
colors. Show that there is a way of putting the two discs, one above the other, so that at

least n corresponding sectors have the same colors.

There are 7 distinct real numbers. Is it possible to select two of them, say x and y such

that 0 < 172 < =7

n
If n is odd then for any permutation p of [n] the product [] (’L - p(z)) is even.
i=1

Fiz a positive o € Q°. Then, S = {m +na: m,n € Z} is dense in R.

Take 25 points on a plane satisfying ‘among any three of them there is a pair at a distance

less than 1°. Then, some circle of unit radius contains at least 13 of the given points.

Five points are chosen at the nodes of a square lattice (view Z x 7). Why is it certain that

a mid-point of some two of them is a lattice point?

Each of the given 9 lines cuts a given square into two quadrilaterals whose areas are in the

ratio 2 : 3. Prove that at least three of these lines pass through the same point.

If more than half of the subsets of [n] are selected, then some two of the selected subsets

have the property that one is a subset of the other.
Given any ten 4-subsets of [11], some two of them have at least 2 elements in common.

A person takes at least one aspirin a day for 30 days. If he takes 45 aspirin altogether, in

some sequence of consecutive days he takes exactly 14 aspirins.

If 58 entries of a 14 X 14 matrixz are 1, then there is a 2 X 2 submatriz whose all entries 1.

EXERCISE 7.1.4. 1. If each point of a circle is colored either red or blue, then show that there

2.

exists an isosceles triangle with vertices of the same color.

Each point of the plane is colored red or blue, then prove the following.



7.2. PRINCIPLE OF INCLUSION AND EXCLUSION 119

(a) There exist two points of the same color which are at a distance of 1 unit.
(b) There is an equilateral triangle all of whose vertices have the same color.

(¢c) There is a rectangle all of whose vertices have the same color.

3. Let S C [100] be a 10-set. Then, some two disjoint subsets of S have equal sum.
4. For n € N, prove that there exists a £ € N such that n divides 2¢ — 1.
5. Does there exist a multiple of 2017 that is formed using only the digits

(a) 22 Justify your answer.

(b) 2 and 3 and the number of 2’s and 3’s are equal? Justify your answer.

6. Fach natural number has a multiple of the form 9---90---0, with at least one 9.

7.2 Principle of Inclusion and Exclusion
We start this section with the following example.

Example 7.2.1. How many natural numbers n < 1000 are not divisible by any of 2,37

Ans: Let Ay = {n € N | n <1000, 2|n} and A3 = {n € N | n < 1000, 3|n}. Then,
|As U As| = |Aa| + |As| — |A2 N Az| = 500 + 333 — 166 = 667. So, the required answer is
1000 — 667 = 333.

We now generalize the above idea whenever we have 3 or more sets.

Theorem 7.2.2. [Principle of inclusion and exclusion] Let Aq,---, A, be finite subsets of a
set U. Then,
n n
k
\iglAi| => (-1) +1[ >4, ﬂ---ﬁAik@. (7.1)
k=1 1<ip<<ip<n
Or equivalently, the number of elements of U which are in none of A1, As, ..., A, equals
n n
k
-1 8 al=wi- e T Jayneena)
k=1 1<i1 < <ip<n

Proof. Let = ¢ ‘61 A;. Then, we show that inclusion of x in some A; contributes (increases
1=

the value) 1 to both sides of Equation (7.1). So, assume that = is included only in the sets

Ay, -+, Ay. Then, the contribution of = to |4;, N---NA;, | is 1 if and only if {i1,...,it} C [r].

Hence, the contribution of z to > |A;, N---NA;, | is C(r, k). Thus, the contribution
1<ig < <i<n
of = to the right hand side of Equation (7.1) is

r—C(r,2) +C(r,3) —---+ (=) C(r,r) = 1.

The element z clearly contributes 1 to the left hand side of Equation (7.1) and hence the required

result follows. The proof of the equivalent condition is left for the readers. "
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Example 7.2.3. How many integers between 1 and 10000 are divisible by none of 2,3,5, 77
Ans: For i € {2,3,5,7}, let A; ={n € N|n <10000, i|n}. Therefore, the required answer is
10000 — ‘AQ UAszU A5 U A7| = 2285.

Definition 7.2.4. [Euler totient function] For a fixed n € N, the Euler’s totient function
is defined as ¢(n) = [{k € N: k < n,gcd(k,n) = 1}|.
k

Theorem 7.2.5. Let n = [] pi, be a factorization of n into distinct primes p1,...,p,. Then,
i=1
1 1 1
pn)=nl-—)1-——)---(1——).
() =n(1—-")(1 =) (1= )
Proof. For 1 <i<k,let A; ={m € N:m <n,p;/m}. Then,
"1 1 1
( ) ‘l Z| ;pi 1<§<kpz‘pj ( ) pip2 - Pk
1 1 1
(B R(EE
b1 b2 Pk
as |A;| = pﬂi, |A; N Al = ﬁpj and so on. Thus, the required result follows. "

Definition 7.2.6. [Derangement|A derangement of objects in a finite set S is a permuta-

tion/arrangement ¢ on S such that for all z,o(x) # .

For example, 2,1,4,3 is a derangement of 1,2,3,4. The number of derangements of 1,2,...,n
is denoted by D,,. By convention, Dy = 1. Also, we use a =~ b to mean that b is an approximate

value of a.

~
~

D, 1
n! e’

k!

n
—1)k
Theorem 7.2.7. Forn € N, D,, = n! Z (=1 . Thus,
k=0

Proof. For each i,1 < i < m, let A; be the set of arrangements o such that o(i) = i. Then,
verify that |4;| = (n — 1)!, |4; N A;] = (n — 2)! and so on. Thus,

n -1 k—1
[UAi| =n.(n—1)! = C(n,2)(n = 2)1 + -+ + (=1)" 'C(n,n)0! = n! > %
(2 h—1 .
noo_ D, 1
So, Dp=nl—UA;=n! ) ( kl,)k. Furthermore, lim — = —. "
i e n—oo nl e

Example 7.2.8. For n € N, how many squarefree integers do not exceed n?
Ans: Let P = {p1,---,ps} be the set of primes not exceeding /n and for 1 < i < s, let A;
be the set of integers between 1 and n that are multiples of p?. It is easy to see that
Al = 15), 14N Al = |51,
b; i Dj
and so on. So, the number of squarefree integers not greater than n is

S

n=l G Al=n=3"150+ 30 Lgnls 3 Ll

i=1 1<i<j<s PiP;j 1<i<j<k<s P;PjPy
For n = 100, we have P = {2,3,5,7}. So, the number of squarefree integers not exceeding 100

is
100 100 100 100 100 100
9J_L25J_ 49“ 36J+ 100J_61‘
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EXERCISE 7.2.9. 1. Let m,n € N with gcd(m,n) = 1. Then, p(mn) = p(m)e(n).

2.

3.

10.

11.

12.

15.

1 T
T! i=0

(—=1)°C(r,i)(r — i)™,

Let n € N. Then, use inclusion-exclusion to prove S(n,r) =

In a school there are 12 students who take an art course A, 20 who take a biology course
B, 20 who take a chemistry course C' and 8 who take a dance course D. There are 5
students who take both A and B, 7 students who take both A and C, 4 students who take
both A and D, 16 students who take both B and C, 4 students who take both B and D
and 3 students who take who take both C and D. There are 3 who take A,B and C; 2
who take A, B and D; 3 who take A,C and D; and 2 who take B,C and D. Finally there
are 2 in all four courses and further 71 students who have not taken any of these courses.
Find the total number of students.

. Find the number of nonnegative integer solutions of a + b+ c+d = 27, where 1 < a <

5,2<b<7 3<c¢<9 4<d<I1l.
Determine all integers n satisfying p(n) = 13.
Determine all integers n satisfying p(n) = 12.

For each fized n € N, use mathematical induction to prove that Y p(d) = n.
din

A function f : N — N is said to be multiplicative if f(nm) = f(n)f(m), whenever

ged(n,m) = 1.

(a) Let f,g: N — N be functions satisfying f(n) = > g(d) and f(1) =g(1) = 1. If f is
dln

multiplicative then use induction to show that g is also multiplicative.

(b) Imagine the fractions %, %, .oy 5+ Cancel the common factors and regroup to show
that n =" p(d).
dln

(¢) Conclude that ¢ is multiplicative.
n!
Show that forn >1, D, = |2 + 1].

n
Prove combinatorially: > C(n,i)Dyp—; = nl.
i=0

m 1 —
Show that 3~ (—1)*C(m, k)(m —kyn = 4 " Ym="
k=0 0 ifm>n.
Determine the number of 10-letter words using ENGLISH alphabets that does not contain
all the vowels.
Determine the number of ways to put
(a) 30 indistinguishable balls into 4 distinguishable boxes with at most 10 balls in each
box.
(b) 30 distinguishable balls into 10 distinguishable boxes such that at least 1 box is empty.
(¢) r distinguishable balls into n distinguishable boxes such that at least 1 box is empty.

(d) r distinguishable balls into n distinguishable boxes so that no box is empty.
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14. Determine the number of ways to arrange 10 digits 0,1,...,9, so that the digit © is never
followed immediately by i + 1.

15. Determine the number of strings of length 15 consisting of the 10 digits, 0,1,....,9, so that

no string contains all the 10 digits.

16. Determine the number of ways of permuting the 26 letters of the ENGLISH alphabets so

that none of the patterns lazy, run, show and pet occurs.

17. Let x be a positive integer less than or equal to 9999999.

(a) Find the number of x’s for which the sum of the digits in x equals 30.
(b) How many of the solutions obtained in the first part consist of 7 digits?

7.3 Generating functions

This is one of the strongest tools in combinatorics. We start with the definition of formal power
series over Q and develop the theory of generating functions. This is then used to get closed
form expressions for some known recurrence relations and are then further used to get some

binomial identities.

Definition 7.3.1. 1. [Formal power series] An algebraic expression of the form f(x) =

> anx™, where a,, € Q for all n > 0, is called a formal power series in the indeterminate
n>0

x over Q. By B(z), we denote the set of all formal power series in z and by CF[z", f], the

coefficient of 2™ in f, e.g., CF|2", Y anz™| = an.
n>0
2. [Equality of two formal power series] Two elements f,g € PB(z) are said to be equal if
CF[z", f] = CF[z", g] for all n > 0.
3. [Sum and Product in B(z)] Let f(z) = > anz™, g(z) = > byz™ € P(x). Then, their

n>0 n>0

(a) sum/addition is defined by cFrlz", f + g| = CcF[z", f] + CF[z", g].

(b) product (called the Cauchy product) is defined by Cr[z", f - g] = ¢, = > agbp_k.
k=0

Before proceeding further, we consider the following examples.

Example 7.3.2. 1. How many words of size 8 can be formed with 6 copies of A and 6 copies
of B?

6
> C(8,k), as we just need to choose k places for A, where 2 < k < 6.
k=2

Alternate. In any such word, we need m many A’s and n many B’s with m +n = 8,
8!

m < 6 and n < 6. Also, the number of words with m many A’s and n many B’s is =
mln!
min!

n

We identify this number with and note that this is a term of degree 8 in

2 3 4 5 6 2 3 4 5 6
X X xr xr xr
Bllea+ S+ +Gra+g|[ltrG+o+o+5+ %)
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If we replace y by x, then our answer is
8!CF[338,(1 fr+T4L

= 8ICF {xs, (5 + %

= B8loF[2®, (" —1—z)? =e* +1+a% —

2. How many anagrams are there of the word M1SSISSIPPI?
11!
414121

Ans: Using basic counting, the answer is
should also note that

11!
41412!

For another understanding, the readers

o)

2 x?) 4 2
3!

- 11!CF[:1:11,(1+:1:)(1+3:+$—+—+x YP+z+3

2 .1‘4 .1‘5 2 x3

x 2,1
= | — _ -
= 11.CF|:x‘ (a:—|—2'+ )(4|+5|+ )( TR )}
zt 2t x?
as we need to have x, TR and or for the alphabets M, I,S and P, respectively.
3. Prove that the number of nonnegative integer solutions of v + v + w + ¢t = 10 equals
cP[z'0, (1 +z+ 2%+ ).
Ans: Note that v can take any value from 0 to 10 which corresponds to 14z + - -+ z'9
Hence, using Theorem 6.6.1, the required answer is
4.-5....13
10! '

Definition 7.3.3. [Generating functions] Let (b,)3° be a sequence of integers. Then, the

crlz'’ f=(1+az+2+ ) =(1—-2)"* =C(13,10) =

1. ordinary generating function (ogf) is the formal power series

bo + b1z + box® +b3a® + -+, and

2. exponential generating function (egf) is the formal power series

.’E2 3
bo + bix + b2 + b3

If there exists an M € N such that b, = 0 for all r > M, then the generating functions have

finitely many terms.

Example 7.3.4. What is the number of nonnegative integer solutions of 2a + 3b + 5¢ = r,
r € Ng?

Ans: Note that a € Ny and hence 2a corresponds to the formal power series 1+ 2+ 2% +---.
Thus, we need to consider the ogf

1

Atattals At +ad)1ta’ +al ) = s oy

1

Hence, the required answer is CF |z", =00 —29|
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TZ

Remark 7.3.5. 1. Let f(z) = >_ a, ',g( x) = > by o1 € PB(z). Then, in case of eqf,

n>0 : n>0
"

their product equals » d,—, where d, = (k)akbn,k, forn > 0.

n>0 n! k=0
z n z T _ 1)
2. Note that e~ € P(x) as e¥ = 3 y_' implies that e¢ ~1 = Y (ef =" ' ) and
n207L n>0 n.
z _»1 __1 n
CF[Q:m,ee *1] = CF xm,z (e® ZCF[ (e ) ] . (7.2)
n>0

That is, for each m > 0, CF[l‘m, eez_l} is a sum of a finite number of rational numbers.
Whereas, the expression e¢” & B(x) requires infinitely many computation for CF [:L‘m, eer],
for allm > 0.

With the algebraic operations as defined in Definition 1.3, it can be checked that B(x) forms a
Commutative Ring with identity, where the identity element is given by the formal power series

f(z) = 1. In this ring, the element f(z) = > a,z" is said to have a reciprocal if there exists
n>0
another element g(x) = > byx™ € P(z) such that f(z)-g(x) = 1. So, the question arises, under
n>0
what conditions on CF[z", f], can we find g(z) € P(x) such that f(z)g(x) = 1. The answer to

this question is given in the following proposition.
Proposition 7.3.6. The reciprocal of f € P(x) exists if and only if CF [z, f] # 0.

Proof. Let g(x) = Y byz™ € P(x) be the reciprocal of f(x) = > apz™. Then, f(x)g(x) =1 if
> >
and only if CF [xo, ;_-Og] =1 and CF[z", f - ¢g] =0, for all n > 1‘”—0
But, by definition of the Cauchy product, CF[a:O, f- g] = agbg. Hence, if ag = CF [:1:0, f] =0
then cF [:L‘O, f- g] = 0 and thus, f cannot have a reciprocal. However, if ag # 0, then the
coefficients CF[z", g] = b,,’s can be recursively obtained as follows:
by = @ as 1l =rcyg=apby; b1 = ; (a1bp) as 0 = ¢1 = agby +a1bg;  be = al (ag2bo + a1by)
as 0 = cg = agbs + a1b1 + asbg; and in general, if we have comlputed by, for k < r, then using
0 = ¢q1 = ary1bg + arby + - -+ + a1b, + agbyi1, bry1 = o - (@py1bo + apby + -+ + aiby).
Hence, the required result follows. n
Note that, in Proposition 7.3.6, b, € Q as ap € Q. We now look at the composition of formal

power series. Recall that, if f(z) = Y a,a”, g(z) = > bya™ € P(z) then the composition
n>0 n>0

(fog)@) = flg(x)) =Y anlg(@)" =) an()_ bpz™)"
n>0 n>0  m>0
may not be defined (just to compute the constant term of the composition, one may have to
look at an infinite sum of rational numbers). For example, let f(xz) = e® and g(z) = x+ 1. Note
that g(0) = 1 # 0. Here, (f o g)(x) = f(g(x)) = f(x + 1) = **1. So, as function f o g is well

defined, but there is no formal procedure to write e**! as > apz® € B(x) (i.e., with a, € Q)
k>0

and hence e*T! is not a formal power series over Q. The next result gives the condition under

which the composition (f o g)(x) is well defined.
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Proposition 7.3.7. Let f,g € P(x). Then, the composition (f o g)(x) € P(x) if either f is a
polynomial or CF [:L‘O,g(x)] = 0. Moreover, if CF [:L‘O, f(:v)] =0, then there exists g € P(x), with
cF (2%, g(x)] =0, such that (f o g)(x) = x. Furthermore, (go f)(z) € B(z) and (go f)(z) = .

Proof. As (f og)(x) € P(x), let (fog)(x) = f(g(x)) = > cya™ and suppose that either f is a
polynomial or CF[Q:O,g(ac)] = 0. Then, to compute ci, :nZCOF [l‘k, (fo g)(a:)], for k > 0, one just
needs to consider the terms i ai(g(x))™, whenever f(z) = > a,z™. Hence, each ¢; € Q and
thus, (f o g)(z) € P(z). Th?s:(c)ompletes the proof of the ﬁrgtzgart. We leave the proof of the

other part for the reader. "

Proposition 7.3.8. [Basic tricks] Recall the following statements from Binomial theorem and
Theorem 6.6.1.

1. cr[a™,(1—2)"=(1+z+a2?+--)]=Cn+r—1n).

2. (1—a™"=1~-C(n,1)2™+ C(n,2)z*™ — - + (=1)"z"™.

1—a™

1—=x

3. (1+$+x2+...+xm—1)n:< ) :(1_$m)n(1+x+$2+_._)n'

We now define the formal differentiation in (x) and give some important results. The proof
is left for the reader.
Definition 7.3.9. [Differentiation] Let f(z) = ) anz™ € P(x). Then, the formal differenti-

n>0
ation of f(x), denoted f’(z), is defined by

f'(z) = ay 4 2apx + - - + napz™ L4 = Znana:”*l.
n>1

Proposition 7.3.10. [ogf: tricks] Let g(z),h(x) be the ogf’s for the sequences (a,)5°, (br)5°,

respectively. Then, the following are true.

. Ag(x) + Bh(z) is the ogf for (Aa, + Bb, ).

~

2. (1 —x)g(x) is the ogf for the sequence ag,a1 — ag,as — ay,- - -

3. (I+x+a?+--)g(z) = (1—z)"tg(z) is the ogf for (M,)5°, where M, = a,+a,—1+---+ag.

4. g(z)h(z) is the ogf for (c,)3°, where ¢, = apb, + a1by—1 + asbr—2 + -+ + a,by.

5. xf'(x) is the ogf for (ra,)°.
Proof. For example, to prove (3), note that if g(z) = ag + a1z + azx? + - - -, then the coefficient
of 22 in (14+ x4+ 2% +--)(ag + arx + agx® +---) is az + a1 + agp. "
Example 7.3.11. 1. Let a, = 1 for all » > 0. Then, the ogf of the sequence (a,)}° equals

l+x+22+---=(1—z)"! = f(x). So, for r > 0, the ogf for
(a) a, =ris zf'(x) and
(b) ar =r%is z(f'(z) + zf"(x)).
(c) ar =3r+5r?is 3zf'(z) + 5(zf'(z) + 22 f"(z)) = 8x(1 — )% + 102%(1 — z) 3.
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Determine the number of ways to distribute 50 coins among 30 students so that no student

gets more than 4 coins equals

CF [l‘50, (1 +r4 l‘2 + .1‘3 _1_1,4)30] — CF [l‘50, (1 _ 1‘5)30(1 _ l‘)_30]
= C(79,50) — 30C(74,45) 4+ C(30,2)C(69,40) + - - -
10
= ) (=1)'C(30,4)C(T9 — 5i,50 — 5i).
=0

. For n,r € N, determine the number of solutions to y1+-- -4y, = r with y; € Ng,1 <17 < n.

Ans: Recall that this number equals C(r +n — 1,7) (see Theorem 6.3.3).

Alternate. We can think of the problem as follows: the above system can be interpreted
as coming from the monomial ", where r = y; + - -+ 4+ y,. That is, the problem reduces
to finding the coeflicients of x¥% of a formal power series, for y; > 0. Now, recall that

CF [yxk, (1-— y)*l] = 1. Hence, the question reduces to computing

1

r _ r# _ ) . T

o0

. Evaluate 2ikk: Put f(z) = (1 — 2)~'. Then, the required sum is %f/(1/2) = 2.

k=0
Alternately (rearranging terms of an absolutely convergent series) it is

1
5 +
1 1
it1 +
1 1 1
878 1"3%8
1
1+§+"‘ =2

. Determine a closed form expression for »_ nz™ € P(x).

n>0

Ans: As (1—2)"' =3 2" onehas (1—2)% = ((1 - x)*l)/ = <Z>:Ox”> =Y na" L

n>0 n>0
Thus, the closed form expression is v
(1—=)?
Alternate. Let S = Y na" =z + 222 + 323 + -+ . Then, 25 = 22 + 223 + 324 + .- - .
n>0
Hence, (1 —x)S = zF =z :z:kzi. Thus,S:L.
( ) k§1 kzzjo -z (1—2)

. Determine the sum of the first N positive integers.

Ans: Using previous example, note that k£ = CF [a:kil, ((1 — :L‘)*Q)]. Therefore, by Propo-

N
sition 7.3.10, one has Y k= cr[zV~1, ((1 —2)~ - (1 — 2)7?]) and hence
k=1

N(N +1)

N
Zk:CF[l‘Nil,(l—l‘)ig] =C(N+1,N—-1)= 5

k=1
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7. Determine the sum of the squares of the first N positive integers.

/ /
z(l+z
Ans: Recall ) na" = g=57. Thus, > na" = 33(2 m«"") = 33((1—1;)2) - (1( _ a:)??'

n>0 n>0 n>0

Hence,

A= R At R By

N(N+ 12N +1
. C(N+2N-1D+CN+1,N—2) =M +é( +1)

EXERCISE 7.3.12. 1. Forn,r € N, determine the number of solutions to x1+2xs+- - -+nx, =
r with x; € Ng,1 <i <n.

o0
. Determine 2%0(?2 +k—1k).
k=0

3. Find the number of nonnegative integer solutions of a + b+ ¢+ d + e = 27, satisfying

IS

(a) 3<a<8§,
(b) 3<a,bc,d <8
(c) ¢ is a multiple of 3 and e is a multiple of 4.

4. Determine the number of ways in which 100 voters can cast their 100 votes for 10 candi-

dates such that no candidate gets more than 20 votes.

N
5. Determine a closed form expression for > k3.

k=1
2
. . n“+n+6
6. Determine a closed form expression for —
n>0 n!

7. Verify the following table of formal power series.

Table of Formal Power Series

%
e = YT 1+2)" = Y Cn,k)a*,ne N
ko k! r>0
_ (_1)7’1,27’ ) B (_1)7‘x2r+1
cos(®) = 2 o )= L e
o 22T n p2r+l
h = inh — -
cosh(z) r§0 )l sinh(x) rgo @ 1)
Radius of convergence: |x| <1
2
x
log(l—2z)=—-> —
1 1k‘21 :
oy gk .~ S C+k-1kz*neN
% o = &5 )
(I4a)" k " k
- = Cn,r+k)x —_— = C(k,n)x",n € Ny
x” kzz—r ( ) (1 —a)nt! k;zz:o (,m)
1
Radius of convergence: |z| < 1
1 1—+1—4x 1
- = C(2k, k)z* L S ——C(2k, k)"
VI-iz ,§0 (2k, )z 21 ,go pr1C kR
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e o0 .00 — 9: ] hook

o0 000 o0 0000 .
oo ce oo 0 o000 7 : I11-hook
eee cooe ¢ o o0 — 3: I1I-hook
X : Dl
. ) S
° ¢ o

(5,3,3,2,1,1) (6,4,3,1,1) (5,5,4,3,2)

Figure 7.1: Ferrer’s diagram and it’s conjugate

Definition 7.3.13. [Ferrer’s diagram| For n, k € N, let (n1,n9,--- ,ny) be a partition of n € N
into k parts. Then, the Ferrer’s Diagram of (ni,ng,---,nk) is a pictorial representation
(pattern) using dots in the following way: place ny dots in the first row. The ns dots in the
second row are placed in such a way to cover the first ny dots of the first row and so on (see
Figure 7.1).

Example 7.3.14. 1. (1,1,1,1), (2,2), (2,1,1) are a few partitions of 4.
2. Ferrer’s diagram for (5,3,3,2,1,1) is

3. Let A be a partition and g it’s Ferrer’s diagram. Then, the diagram p’ obtained by
interchanging the rows and columns of p is called the conjugate of A\, denoted \'. Thus,
the conjugate of the partition (5,3,3,2,1,1) is (6,4, 3,1,1), another partition of 15.

Definition 7.3.15. [Self conjugate] A partition A is said to be self conjugate if the Ferrer’s

diagram of A\ and ) is the same.

Example 7.3.16. Find a one-one correspondence between self conjugate partitions and parti-
tions of n into distinct odd terms.

Ans: Let X\ be a self conjugate partition with k diagonal dots. For 1 < i < k, define n; =
number of dots in the i-th ‘hook’ (dotted lines in Figure 7.1). Conversely, given any partition,
say (z1,...,x) with odd terms, we can get a self conjugate partition by putting x; dots in the
first ‘hook’, x2 dots in the second ‘hook’ and so on. Since each z; is odd, the hook is symmetric
and z; < x;_1 + 2 for 2 < ¢ < k implies that the corresponding diagram of dots is indeed a

Ferrer’s diagram and hence the result follows.

Theorem 7.3.17. [Euler: partition of n] The generating function for m, is

1

o) = (Ipata® o (ks pat ) (Lha® 0™ ) = sy

Proof. Note that any partition A of n has mj copies of 1, mo copies of 2 and so on till m,
n

copies of n, where m; € Ny for 1 < i < n and >  m; = n. Hence, A uniquely corresponds to
i=1
(xh)m™1(z2)™2 ... (™)™ in the word-expansion of

(1_|_Q;_|_x2_|_...)(1+$2+x4+...)...(1+$"+$2n_|_...).

Thus, m, = CF[z", e(x)]. n
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Example 7.3.18. Let f(n) be the number of partitions of n in which no part is 1. Then, note
that the ogf for f(n) is (1 — z)e(x). Hence, f(n) = m, — mp_1.

Alternate. Let A = (n1,...,ni) be a partition of n with ny = 1. Then, A gives a partition
of n — 1, namely (ni,...,nx_1). Conversely, if u = (t1,...,tx) is a partition of n — 1, then
(t1,...,tx, 1) is a partition of n with last part 1, Hence, the required result follows.

The next result is the same idea as Theorem 7.3.17 and hence the proof is omitted.
T
Theorem 7.3.19. The number of partitions of n with entries at most r is CF [m”, II 1%931]
i=1
Theorem 7.3.20. [ogf of 7, (r)] Fizn,r € N. Then, the ogf for m,(r), the number of partitions

JZT‘
(1—-z)(1—22)--(1—27) "

of n into r parts, is

Proof. Let X be a partition of n into at most r parts. Then, X corresponds to a partition of
n with entries at most r. Now, add a column of dots of height r on the left of the Ferrer’s
diagram of \. Then, the new Ferrer’s diagram corresponds to a partition of n + r into r parts.
Conversely, given a partition of n 4 r into r parts, the inverse map gives a partition of n into at
most r parts. Thus, by Theorem 7.3.19, we get
, 1

"A—-2)(1—22)--- (1 —2a")

T

Tn(r) = CF 2"~

X

T e (-2
EXERCISE 7.3.21. 1. Forn,r € N, prove that m,(r) is the number of partitions of n+ C(r,2)

Hence, the ogf for m,(r) is .

nto r unequal parts.

2. Let P,M C N and f(n) be the number of partitions of n where parts are from P and

multiplicities are from M. Find the generating function for the numbers f(n).

Theorem 7.3.22. Suppose there are k types of objects.
1. If there is an unlimited supply of each object, then the egf of the number of r-permutations
is ek,
2. If there are m; copies of i-th object, then the egf of the number of r-permutations is

.’132 $m1 .’132 xmk
l+a+ =4+ ot + o+ :

3. Moreover, nlS(r,n) is the coefficient of Z; in (e* — 1),

Proof. Part 1: Since thege are unlimited supply of each object, the egf for each object corresponds
toe* =14+ax+---+ J:—' + ---. Hence, the required result follows.

Part 2: Argument isns'imilar to that of Part 1 and is omitted.

Part 3: Recall that n!S(r,n) is the number of surjections from [r] to S = {s1,---,s,}. Each
surjection can be viewed as word of length r of elements of S, with each s; appearing at least
once. Thus, we need a selection of k; € N copies of s;, with f: k; = r. Also, by Theorem 6.1.26,
this number equals C'(r; k1, -+ , k,). Hence, =

2 3

, ¢ " " n
n!S(T,n):T!CF[aE,(J;—i—a—l—g—l—---) :|—CF|:F,(€ —1)] n
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Example 7.3.23. 1. In how many ways can you get Rs 2007 using denominations 1, 10, 100, 1000
only?

1
Ans: CF [Jr?’OO?, (1—2)(1 — 219)(1 — 2100)(1 — $1000)]'

2. If we use at most 9 of each denomination in (a), then this number is

9 9 ' 9 4 9 ' 1 — 210000
oF | 22007 sz waz wam waom — oF [xzom’ 17] —1
— X
i=1 i=1 i=1 i=1

3. Every natural number has a unique base-r representation (r > 2). Note that Item (2)

corresponds to the case r = 10.

4. Consider n integers k1 < ko < --- < k,, with ged(kq,...,k,) = 1. Then, the number of
natural numbers not having a partition using {k1, ..., ky} is finite. Since ged(ky, ..., k,) =
1, there exist a; € Z such that > a;k; = 1. Let m = max{|a]|,...,|an|}, & = min{k;} and
N = km(ki+---+ky,). Notice that N, N4k, N+2k, ... can be represented as » | 5;k; where
Bi > km. For 1 <r <k, wehave N+r =km(ki+---+kn)+7r> ajk; => (km —ray)k;.
Thus, each integer greater than N can be represented using ki, ..., k,. Determining the

largest such integer (Frobenius number) is the coin problem/ money changing

problem. The general problem is NP-hard. No closed form formula is known for n > 3.

Notice!

Some times we have a way to obtain a recurrence relation from the generating function.

This is important and hence study the next example carefully.

1
(1 _ .1‘)(1 _ 3310)(1 _ 33100)(1 _ xlOOO)
anpx™ + ---. Then, taking log and differentiating, we get

Example 7.3.24. 1. Suppose F =

=ao+ax+---+

g [ L, 1029 1002 100093999}
1—x2 | 1—210 " 71_ 4,100 " 1 _ ;1000
So,
1 102 1002 1000299 =
_ -1 A -1 _
na, = CF[z" ,F]-CF[%” 7F|:1—.1'+1—.1'10 ST 1_331000” 2 1an—kbku
where
1 if 101k
1 |1 1027 1002% 10002999 11 if 10k, 100 1 k

by = CF|2" 7, + 10 100 1000 | | —

l—-z 1-=z -2z 11—z 111 if 10|k, 100|k, 1000 1 k&

1111 else.

n n

2. We know that lim ) % = 0o. What about lim ) pik, where p;, is the k-th prime?

n—00 | n—00 p_q
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n

Ans: Forn>1,let s, = > % Then, note that

k=1
< 1+1+1+ 1+1+1+ 1+1+1+ —ﬁ(1+ ! )
- 2 4 3°9 pn DA R L
Thus,
n 1 n 1 n 1 n—1 1
log s, < log <H(1+ 1)) < ) log(l+ )= TSl —
o Pe— P Pk — el — Pk

As s, — 0o, we see that lim E L — 0 as hm log s, = 0.

3. Let S be the set of natural numbers with only prime divisors 2,3,5,7. Then,

1 1 1 1 1 2357
1 (1 1+—-4+=-4+---)---(1 - R
+Z +3 g gt Utg gt o gt ) =13555
nGS
n
EXERCISE 7.3.25. 1. Let o(n) =>_d, for n € N. Then, prove that nm, = > m,_o(k).
dln k=1

2. A Durfee square is the largest square in a Ferrer’s diagram. Find the generating function

for the number of self conjugate partztwns of n with a ﬁ:red size k of Durfee square. Hence,

k2
show that (1 + z)(1 + z°) _1‘1‘2 3;4).”(1_1:%)'

3. Show that the number of partitions ofn into distinct terms ( each term is distinct) is the

same as the number of partitions of n into odd terms (each term is odd).

4. Find the number of r-digit binary numbers that can be formed using an even number of
0’s and an even number of 1°s.
5. Find the egf of the number of words of size r using A, B,C, D, E, if the word has
(a) all the letters and the letter A appears an even many times.

(b) all the letters and the first letter of the word appears an even number of times.

6. A permutation o of [n] is said to be connected if there does not exist k, 1 < k < n such
that o takes [k| to itself. Let c, denote the number of connected permutations of [n]| (put
co =0), then show that

n

ch(n — k)l =nl

k=1

Hence, derive the relationship between the generating functions of (n!) and (cy).

7. Let f(n,r) be the number of partitions of n where each part repeats less than r times.

Let g(n,r) be the number of partition of n where no part is divisible by r. Show that
f(n,r) = g(n,r).
8. Find the number of 9-sequences that can be formed using 0,1,2,3 in each case.
(a) The sequence has an even number of 0’s.
(b) The sequence has an odd number of 1’s and an even number of 0’s.

(¢) No digit appears exactly twice.
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7.4 Recurrence relation

Definition 7.4.1. [Recurrence relation] A recurrence relation is a way of recursively defining

the terms of a sequence as a function of preceding terms together with certain initial conditions.

Example 7.4.2. a, = 3 + 2a,_1 for n > 1 with the initial condition ay = 1 is a recurrence

relation. Note that it completely determines the sequence (a,) = {1,5,13,29,61,...}.

Definition 7.4.3. [Difference equation] For a sequence (a,), the first difference d(a,,) is
an — an_1. The k-th difference d*(a,) = d*~'(a,) — d*"'(a,_1). A difference equation is
an equation involving a,, and its differences.

Example 7.4.4. 1. a, — d*(a,) = 5 is a difference equation. But, note that it doesn’t give

a recurrence relation as we don’t have any initial condition(s).

2. Every recurrence relation can be expressed as a difference equation. The difference equa-

tion corresponding to the recurrence relation a,, = 3 + 2a,,_1 is a, = 3 + 2(a, — d(a,)).

Definition 7.4.5. [Solution] A solution of a recurrence relation is a function f(n) satisfying

the recurrence relation.

Example 7.4.6. 1. f(n) =2"*2 — 3 is a solution of a, = 3 + 2a,,_1 with ag = 1.

2. The Fibonacci sequence is given by a,, = a,—1 + an_o for n > 2 with ag =1, a1 = 1.

Definition 7.4.7. [LNHRRCC/LHRRCC] A recurrence relation is a linear nonhomogeneous
recurrence relation with constant coefficients (LNHRRCC) of order 7 if, for a known func-
tion f

ap = C1ap—1+ -+ crap—p + f(n), where ¢; € R for 1 <i <r/¢. #0. (7.3)

If f =0, then Equation (7.3) is homogeneous and is called the associated linear homogeneous

recurrence relation with constant coefficients (LHRRCC).

Theorem 7.4.8. For k e N, let f;;1 < i <k be known functions. Consider the k LNHRRCC
ap = ClGp—1+ -+ Cpap—p + fi(n) fori=1,... k, (7.4)

with the same set of initial conditions. If g; is a solution of the i-th recurrence then,

k
Gp = C1Qp—1 + -+ + CrQp—yr + Z azfz(n) (75)
i=1
k
under the same set of initial conditions has > a;g;(n) as it’s solution.
i=1

Proof. The proof is left as an exercise for the reader.

Definition 7.4.9. [Characteristic equation] Consider a LHRRCC a,, = ciap—1 + -+ + ¢rOp—y

with ¢, # 0. If a,, = 2™ is a solution, then either x = 0 or x is a root of

L e =0 (7.6)

" — iz’
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Equation (7.6) is called the characteristic equation of the given LHRRCC. If z4,...,z, are
the roots of Equation (7.6), then a, = z!' (and hence a,, = Zr: a;zf for a; € R) is a solution of
the given LHRRCC. =

Theorem 7.4.10. [General solution: distinct roots] If the roots z;, i =0,...,7 — 1 of Equa-

tion (7.6) are distinct, then every solution h(n) is a linear combination of x}'. Moreover, the

solution is unique if we are given r consecutive initial conditions.

Proof. Let h(n) be any solution. Then, note that there exists «y, ..., a,_1, such that

h(0 o (87}
(‘ ) P
. = . b
h(r—1 _ ' _ O
( ) xg . x:f% r—1
r—1
as the r X r matrix is an invertible matrix. That is, for every a; € R, h(n) = Y oz, 0 <n <
i=0

r — 1. Hence, we have proved the result for the first r values of h(n). So, let us assume that the

result is true for n < k. Then, by definition

T

r r—1 r—1 r r—1
h(k) = chh(k: —j) = ch Zaﬂ:f*j = Zai chxffj = Zaixf,
i—0 =1 i=0

j=1 j=1 1=0

r—1

as for n = k, 2% is a solution of Equation (7.6). Thus, by PMI, h(n) = 3 a;a? for all n. The
i=0

uniqueness is left as an exercise for the reader. "

Example 7.4.11. 1. Solve a,, — 4a,_o =0 for n > 2 with ¢y = 1 and a1 = 1.

Ans: Note that +2 are the roots of the characteristic equation, 22 — 4 = 0. As the roots
are distinct, the general solution is a,, = a(—2)" + 32" for «, 5 € R. The initial conditions
give a« + 3 =1 and 28 — 2a = 1. Hence, a = i,ﬂ = % Thus, the unique solutions is
n=2""2(34(-1)").
2. Solve a, = 3a,_1 + 4a,_9 for n > 2 with ap = 1 and a1 = ¢, a constant.

Ans: Note that —1 and 4 are the roots of the characteristic equation, 2% — 3z — 4 = 0.

As the roots are distinct, the general solution is a,, = a(—1)" 4+ 4™ for o, 5 € R. Now,

c 1+c

the initial conditions imply a = % andf =

(a) an = &= cg(—1)n LA Ly

(b) an =47, if c = 4

Thus, the unique general solution is

3. Solve the Fibonacci recurrence a,, = a,_1 + a,_2 with initial conditions ag = a; = 1.

2—3:—1—0 are

Ans: In this case, note that the roots of the characteristic equation, x
Lg/g. As the roots are distinct, the general solution is a,, = a(H\[) + 4 (1 \[) for

a,B € R. Now, using the initial conditions, we get a@ = 5‘5(‘)/_75 =5 1(‘)/5. Hence, the

1__\/5 n+1
a 2

required solution is

n+
o= +2\/5)n +A(: _2\/5)” N % <1 +2\/5)
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Theorem 7.4.12. [General solution: multiple roots] Let t is a root of Equation (7.6) of
multiplicity s. Then, u(n) = t"(cq + nag + - -+ + n° la,) is a solution (basic solution). In
general, if t; is a root of Equation (7.6) with multiplicity s;), fori=1,...,k, then every solution

18 a sum of the k basic solutions.

L ... — ¢, of multiplicity s.

Proof. 1t is given that t is a zero of the polynomial F' = 2" — c;2"~
Put Gp = 2" "F = 2" —cia" ! — -+ — 2" " and Gy = Gy, Go = 2GY, ..., Gs_1 = 2G_,.

Then, each of Gy, G1,...,Gs_1 has a zero at t. That is, for i =0,1,...,s — 1, we have

Gi(t) =t"n' —ct" T (n -1 — ... —ct" "(n—7) =0.

S

-1
Now, take u(n) = t"P(n), where P(n) > nla; is a fixed polynomial, with a; € R for

1=0
0 <i<s—1. Then,
s—1
D aiGi(t) =t"P(n) — ext" 'P(n = 1) — -+ — ;" " P(n — 1) = 0.
1=0

Hence, for 0 <i < s—1 and o; € R, u(n) is a solution of the LHRRCC. The other part of the

proof is left for the reader. "

Example 7.4.13. Suppose that a LHRRCC has roots 2,2, 3,3,3. Then, the general solution is
given by 2" (a1 + nag) + 3"(B1 + nfz + n*ps).

Theorem 7.4.14. [LNHRRCC] Consider the LNHRRCC in Equation (7.3) and let u, be a
general solution to the associated LHRRCC. If vy, is a particular solution of the LNHRRCC,
then a, = u, + vy, is a general solution of the LNHRRCC.

Proof. The proof is left for the reader. "

Notice!

No general algorithm are there to solve a LNHRRCC. If f(n) = a™ or n* or a linear

combination of these, then a particular solution can be obtained easily.

Obtaining particular solution after knowledge of the characteristic roots.

1. If f(n) =a™ and a is not a root of Equation (7.3), then v, = ca™.

tam.

k

(n)
2. If f(n) =a™ and a is a root of Equation (7.3) of multiplicity ¢, then v, = cn
(n) = n* and 1 is not a root of Equation (7.3), then use v, = cg+cin+---+cpnk.

Example 7.4.15. 1. Let a,, = 3a,_1 + 2n for n > 1 with qg = 1.

Ans: Observe that 3 is the characteristic root of the associated LHRRCC (a,, = 3a,—1).
Thus, the general solution of LHRRCC is u, = 3"«. Note that 1 is not a characteristic
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root and hence a particular solution is a + nb, where a and b are to be computed using

a+nb=3(a+ (n—1)b) +2n. This gives a = 32 and b = —1. Hence, a, = 3"a —n — 2

Using ag = 1, check that o =

N | Ot

2. Let a, = 3ap—1 — 2an,—2 + 3(5

~—

"™ for n > 3 with a1 = 1,ay = 2.

Ans: Observe that 1 and 2 are the characteristic roots of the associated LHRRCC (a,, =
3ap—1 — 2a,—2). Thus, the general solution of the LHRRCC is u,, = al1™ + 32". Note that
5 is not a characteristic root and thus, v, = ¢b™ is a particular solution of LNHRRCC if
and only if ¢5" = 3c¢5" ! — 2¢5"72 4 3(5)". That is, if and only if ¢ = 25/4. Hence, the
general solution of LNHRRCC equals a,, = a + 2" + (25/4)5™, where compute « and

using the initial conditions.

3. In the above take f(n) = 3(2"). Then, we see that with ¢(2)" as a choice for a particular
solution, we will have 4c = 6¢ — 2¢+ 12, an absurd statement. But, with the choice cn(2)",
we have 4nc = 6(n — 1)c — 2(n — 2)c + 12, implying ¢ = 6. Hence, the general solution of
LNHRRCC is a, = a + 82" 4+ 6n2", where compute « and 8 using the initial conditions.

7.5 Generating function from recurrence relation

Sometimes we can find a solution to the recurrence relation using the generating function of a,,.
Example 7.5.1. 1. Consider a,, = 2a,_1 + 1, ag = 1.

Ans: Let F(x) = ap+ aix + - -+ be the generating function for {a;}. Then,

e A s R e A 1
F:1+Z;aixzzl+z;(2ai1+1)$Z:Z;xl+2ngaiaﬂ: 1_x+23:F.

Hence, F = (1—$)%1—2a:) = 157 — 1= Thus, a, = cFlz", F] = 2" — 1.

2. Find the ogf F' for the Fibonacci recurrence relation a, = a,,—1 + an—2, ag = 0,a; = 1.

Ans: We have
[o.¢] (o.0] o o [o.¢]

F = Zaixl = $+Zai,2x’ —i—Zai,lxl = x+$22aix’ —i—:z:Zai:z:Z =z + (2? + 2)F.
i=0 i=2 i=2 i=0 i=1

7ﬁ:_1%\/3‘ So,

- 1
Thus, F = * = * , Where a = ﬂ
l—z—22 (z—a)(x—p) 2

F= <x__a_><xx—ﬁ> :%Lja‘%] :%i[i——%]

(="
V5

The next result follows using a small calculation and hence the proof is left for the reader.

Hence, using o - f = —1, a,, = CF[2", F| =

(8" —a") =
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Theorem 7.5.2. [Obtaining generating function from recurrence relation] The generating
function of the r-th order LHRRCC ay,, = c1Gn—1 + - -+ + CrGn_ with initial conditions a; = A;,

1=0,1,...,7—11s

r—1 ) r—2 . r—3 .
SN At — cx Y Airt — ex? Y Art — - — 2" Ay
i=0 i=0 i=0

1 —cazx — -+ — ca”
Example 7.5.3. 1. Find the ogf for the Catalan numbers C),’s.

Ans: Let g(x) =1+ > Cpz", where C,, = 0512:’1") with Cy = 1. Then,
n>1

glz)—1 = ZC’naz” = Z L 2nt " = i MCn,lx”

"l
et = n+1 nln! = n +1
[o¢] o0 z
dn + 4 —6 —6
= Cr_12" —C,_2" =14 —_— tg(t)dt.
ST O + 3 e = dagte) 47 [ 100
= = 0

T

So, [g(z) — 1 — 4zg(z)]xz = —6 [tg(t)dt. Now, we differentiate with respect to z to get
0

g'z(l —4x) + g(1 — 2z) = 1. To solve the ode, we first observe that

[t o el == (=)

== and hence the ode can be re-written

Thus, the integrating factor of the given ode is

as

x 1-2z 1 d T 1

9 =g T T G C w YR T G

L_ 1 O, where C € R. Or, equivalently

Hence, g(x) \/1534;5 = 2v/1—4x

1+20VT 4z

g9(z) 5

Note that Cy = lim g(z) = 1 and hence, C = —1. Thus,
z—0

1—+v1—4x

g(x) = 7

Alternate. Recall that C), is the number of representations of the product of n+1 square
matrices of the same size, using n pairs of brackets. From such a representation, remove
the leftmost and the rightmost brackets to obtain the product of two representations of

the form:
A1(Ag - Apyr), (A1A2)(Az - Apgr), - (A Ap) (A1 - A1), -5 (A Ap) At

Hence, we see that
C,=0CyCph_1+C1Cr_o+ -+ C,,—1Ch. (78)
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o
Thus, if we define g(z) = > Cpz", then for n > 1,
n=0

o) 2 n—1
cr[z" !, g(z)?] = cF |27, (Z Cnx”) = Z C;Cp—1—; = Cy, using Equation (7.8).
n=0

=0
That is, CF[2", zg(z)?] = C,. Hence, g(x) = 1 + zg(z)?. Solving for g(z), we get

g($)21<1i i_é) 1+ VT -4z

T 2 2x
As the function ¢ is continuous (being a power series in the domain of convergence) and

lim g(z) = Cp = 1, it follows that
z—0

1—+v1—4x
gla) = —L L.

n
2. Fix r € N and let (a,) be a sequence with ag = 1 and > aga,_r = C(n + r,r), for all
k=0
n > 1. Determine a,,.

Ans: Let g(x) = ) apaz™. Then, note that C(n+r,r) =c(n+ (r+1) —1,n). Hence,
n>0

1

Z(Zakan k> ZCR—I—T‘T‘ ZCn—i—rn m

n>0 n>0 n>0

_ 1 _
Hence, a, = CF [a:”, (1—93)(7’"“)/2} For example, for r = 2,

3:5-7---(2n+1)  (2n+1)!
2n pl - 22nplpl

ap, = (—1)"C(-3/2,n) =

3. Determine the sequence {f(n,m) | n,m € No} which satisfies f(n,0) = 1 for all n > 0,
f(0,m) =0 for all m > 0 and

fn,m)=f(n—1,m)+ f(n—1,m — 1) for (n,m) # (0,0). (7.9)

Ans: Define F,,(x) = Y. f(n,m)z™. Then, for n > 1, Equation (7.9) gives

m>0
Fo(z) = Y fln,m)a™ =Y (f(n—1,m)+ f(n—1,m—1)z™
m>0 m>0
= Z fn—1,m)z™ + Z f(n—1,m—1)z™
m>0 m>0
= Foa(@)+zF1(x)=04+2)F—1(z) == (1 4+ )" Fo(x).

Now, using the initial conditions, Fy(z) = 1 and hence F,(z) = (1 4+ x)". Thus,

f(n,m) =cr[z™, (1+2)"] = { C(n,m) if0<m<n

0 if m > n.
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Alternate. Define G,,,(y) = > f(n,m)y™. Then, for m > 1, Equation (7.9) gives

n>0
Gm(y) = Zf(nam)yn = Z(f(n_ 17m) +f(n_ 1>m_ 1))yn
n>0 n=>0
= S f—1mpy + Y fn—Lm - 1)y
n>0 n>0

= YGn(y) + yGm-1(y).

Therefore, Gy, (y) = 1—Gm 1(y). Using initial conditions, Gy(y) = 1o Hence,
y" i I
Gm(y) = W ThUS,
n y" } [ e 1 } C(n,m) if0<m<n
n,m) = CF |y", ————| = CF | =
o m) [y (1 —y)m+t NI 0 if m > n.
. Determine the sequence {S(n,m) | n,m € No} which satisfy S(0,0) = 1, S(n,m) = 0 if
either m = 0 or n = 0 but not both and
S(n,m)=mS(n—1,m)+ Sn—-1,m—1), (n,m) # (0,0). (7.10)
Ans: Define G, (y) = > S(n,m)y™. Then, for m > 1, Equation (7.10) gives
n>0
Gm(y) = > St,m)y" =3 (mS(n—1,m)+Sn—1,m—1)y"
n>0 n>0
= mZS(n— 1,m)y"+ZS(n— 1,m—1)y"
n>0 n>0
= myGm(y) +yGm-1(y)-
Therefore, Gy, (y) = —ymy Gm—1(y). Using initial conditions, Go(y) = 1 and hence
y" m - Ak
Gn(y) = =y —_— 7.11
"0 = o Tk (7.11)
-1 mfkk.m
where oy, = (k!(ini—k:)!’ for 1 < k < m. Thus,

= e
S(n,m) = CF[y",ymzl ] ZC[ - 1_2}
k=1 k=1 Y

m e (_1)m kk,n

= Lk =D ey

_ mlz YRR () — %Z(_l)k(m_k)”C(m,k). (7.12)
k=1

1 m
Therefore, S(n,m) = — (=1)F(m — k)"C(m, k).
C k=1

This identity is generally known as the Stirling’s Identity.
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Observation.

(a) Let us consider H,(x) = >  S(n,m)z™. Then, verify that H,(z) = (x + D)™ -1 as
m>0

Hy(z) = 1. Therefore, Hy(x) = x, Ho(z) = x + 2%,--- . Thus, we don’t have a single
expression for H,(z) which gives the value of S(n,m)’s. But, it helps in showing that

S(n,m), for fixed n € N, first increase and then decrease (commonly called unimodal).
The same holds for the sequence of binomial coefficients {C(n,m),m =0,1,...,n}.

(b) As there is no restriction on n.m € Ny, Equation (7.12) is also valid for n < m. But,
we know that S(n,m) = 0, whenever n < m. Hence, we get the following identity,

mkknl

m
Z = 0 whenever n < m.
k:l (m —k)!

5. Bell Numbers For n € N, the n-th Bell number, denoted b(n), is the number of partitions
n
of [n]. Thus, b(n) = > S(n,m), for n > 1 and b(0) = 1. Hence, for n > 1,
m=1

n m -1 m—k kn—l
b(n) = Z S(n,m) = Z Sn,m) =YY (é_ i), ]
m>1 m>1k=1 ’ ’
1 k" k" n
= Z Z H: ﬁaSO =0forn#0. (7.13)
k>1 m>k €=

k,n
Thus, Equation (7.13) is valid even for n = 0. As b(n) has terms of the form o e

n

compute its egf. Thus, if B(z) = > b(n )—' then,
n>0 n

x" 1 K™\ ™
B(JL‘) = 1+Zb(n)mzl+ g o W
n>1 n>1 k>1
B I« 1 L RN | (kz)"
IR DD DA It R DhwD Dhery
k>1 n>1 k>1 n>1
_ I 1 (g 1 ek 1
= 1+ _1)_”22( KR
E>1
]. x x
= 1+—(e —1—(e—1)) =L (7.14)
€

Recall that e¢“~! is a valid formal power series (see Remark 7.3.5).Taking logarithm of
Equation (7.14), we get log B(z) = ¢” — 1. Hence, B'(x) = e” B(x), or equivalently

azz = ze Zb Z% . Zb(n)%

n>1 n>0 m>0 n>0
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Thus,
b(n) n b(n)z™ | n—1 x™ x"
e CF |z", 1) =CF 2", — Zb(n)m
n>1 m>0 n>0
_ Z 1 b(m)
B (n—1—-m)! m!

n—1
Hence, we get b(n) = > C(n—1,m)b(m), for n > 1, with b(0) = 1.
m=0
EXERCISE 7.5.4. 1. Find the number of binary words without having a subword 00 and 111.
2. Find the number of subsets of {1,...,n} not containing consecutive integers.

3. Prove that F),, divides F,,, where n,m are positive integers.

Objects Places Places
o o Relate Number
distinct? | distinct? | nonempty?
rlS(n,r) =
Y Y Y Onto functi r=1 .
nto functions S (1) O i) — )"
i=0
Y Y N All functions r’
r-partition of a
Y N Y P S(n,r)
set
All partitions of r .
% N N P b(n) = 3 S(n, i)
a set i=1
Positive integer
N Y Y . Cn—1,r—-1)
solutions
Nonnegative
N Y N ) ) Cn+r—1,r—1)
integer solutions
N N Y r-partition of n T (r) =
- 1
or [, =)
Partitions of n r .
N N N > (i)
of length < r i=1
EXERCISE 7.5.5. 1. Find the number of circular permutations of {A, A, B, B,C,C,C,C}.
15!
2. Let S = {(n1,n2,n3) | n; € N,> n; = 15}. Evaluate Z gl

(n1,m2,n3)€S
3. Each of the 9 senior students said: ‘the number of junior students I want to help is exactly
one’. There were 4 junior students a,b,c,d, who wanted their help. The allocation was
done randomly. What is the probability that either a has exactly two seniors to help him

or b has exactly 3 seniors to help him or ¢ has no seniors to help him?

4. In a particular semester 6 students took admission in our PhD programme. There were

9 professors who were willing to supervise these students. As a rule ‘a student can have
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either one or two supervisors’. In how many ways can we allocate supervisors to these
students if all the ‘willing professors’ are to be allocated? What if we have an additional

condition that exactly one supervisor gets to supervise two students?

How many lattice paths are there from (0,0) to (9,9) which does not cross the dotted line?
(9,9)

(0,0)
(a) Prove combinatorially that, for n > 2, we have Dy = (n — 1)(Dyp—1 + Dyp—2).
—Z
(b) Use Part (a) to show that the exponential generating function of Dy, is 16 .
—x

My friend says that he has n > 2 subsets of [14] each of which has size 6. Give a value of
n so that we can guarantee ‘some two of his subsets have 3 elements in common’, without

seeing his collection’? What is the smallest possible value of n?

Find the number of words of size 12 made using letters from {A, B,C} in which ‘BCA’
does not appear (as a consecutive subword). For example: ABCABCCCCCBA has an
appearance of ‘BCA’ but BOCCABCCABCCA does not.

Find the number of 8 letter words made using alphabets from {A, B,C,D} in which 3

consecutive letters are not allowed to be the same.
9 41 a2 8
Evaluate > > > - > 2.

i1=liz=liz=1  ig=1
We have 3 blue bags, 4 red bags and 5 green bags. We have many balls of each of the colors

blue, red and green. Fill in the blank with the smallest positive integer.

If we distribute balls (without seeing the colors) into these bags, then one of the

following must happen:
(a) a blue bag contains 3 blue balls or 4 red balls or 5 green balls
(b) a red bag contains 3 blue balls or 5 red balls or 7 green balls

(c) a green bag contains 3 blue balls or 6 red balls or 9 green balls

We have an integer polynomial f(x). Fill in the blank with the smallest positive integer.

If f(x) = 2009 has many distinct integer roots, then f(x) = 9002 cannot have an

integer root.
In how many ways can one distribute

(a) 10 identical chocolates among 10 students?
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(b) 10 distinct chocolates among 10 students?

(¢) 10 distinct chocolates among 10 students so that each receives one?

(d) 15 distinct chocolates among 10 students so that each receives at least one?
(e) 10 out of 15 distinct chocolates among 10 students so that each receives one?
(f) 15 distinct chocolates among 10 students so that each receives at most three?

(g) 15 distinct chocolates among 10 students so that each receives at least one and at

most three?

(h) 15 identical chocolates among 10 students so that each receives at most three?

In how many ways can one carry

(a) 15 distinct objects with 10 identical bags? Answer using S(n,r).

(b) 15 distinct objects in 10 identical bags with no empty bag? Answer using S(n,r).

(¢) 15 distinct objects in 10 identical bags with each bag containing at most three objects?
(d) 15 identical objects in 10 identical bags?

(e) 15 identical objects in 10 identical bags with no empty bag?

(f) 15 identical objects in 20 identical bags with no empty bag?

What is the number of integer solutions of x +y + z = 10, with x > —1, y > —2 and
z > —37

Is the number of solutions of x+y+z = 10 in nonnegative multiples of% (x,y, z are allowed
to be 0,1/2,1,3/2,...) at most four times the number of nonnegative integer solutions of

r+y+z=107
How many words of length 8 can be formed using the English alphabets, where each letter

can appear at most twice? Give answer using generating function.

Let p1,...,pn, n > 2 be distinct prime numbers. Consider the set {p1,...,pn,p3, ..., P2}
In how many ways can we partition the set into subsets of size two such that no prime is

in the same subset containing its square?
What is the value of ki (—1)FC(15,k)(15 — k)>?
=0
What is the number of partitions
(a) of n with entries at most r? Give your answers using generating function.
(b) of n with most r parts? Give your answers using generating function.

(c) mn(r) of n with exactly r parts? Give your answers using generating function.

(d) mn(r) of n+ C(r,2) with r distinct parts? Give your answers using generating func-

tion.
(e) of n with distinct entries? Give your answers using generating function.
(f) of n with entries odd? Give your answers using generating function.
(9) of n with distinct odd entries? Give your answers using generating function.

(h) of n which are self conjugate? Give your answers using generating function.
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How many words of length 15 are there using the letters A,B,C,D,FE such that each letter
must appear in the word and A appears an even number of times? Give your answers

using generating function.

The characteristic roots of a LHRRCC are 2,2,2,3,3. What is the form of the general

solution?

Consider the LNHRRCC ay, = ci1ap—1 + -+ + ¢ran—r + 5"™. Give a particular solution.
Obtain the ogf for ay,, where a, = 2ap_1 — apn—o+ 2", ag =0, a; = 1.

Solve the recurrence relation a, = 2a,_1 — Gpn_2+ 2"+ 5, ag =0, a1 = 1.

My class has n CSE, m MSC and r MC students. Suppose that t copies of the same book
are to be distributed so that each branch gets at least s. In how many ways can this be
done, if each student gets at most one? In how many ways can this be done, without the

previous restriction? Answer only using generating function.

EXERCISE 7.5.6. 1. My class has n CSE, m MSC and r MC students. Suppose that t distinct

books are to be distributed so that each branch gets at least s. In how many ways can this
be done, if each student gets at most one? In how many ways can this be done, without

the previous restriction? Answer only using generating function.

My class has N students. Assume that, to conduct an exam, we have M identical answer
scripts. In how many ways can we distribute the answer scripts so that each student gets

at least 2. Answer only using generating function.

My class has N students. Assume that, for an exam, we have M questions; each student
answers all the questions in an order decided by him/her (for example one can follow
1,2,--- , M and another can follow M, M —1,--- ;1). In how many ways can it happen that
some three or more students have followed the same order? Answer only using generating

function.

When ‘Freshers Welcome’ was organized 11 teachers went to attend. There were 4 types of
soft drinks available. In how many ways a total of 18 glasses of soft drinks can be served

to them, in general? Answer only using generating function.
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Chapter 8

Graphs

8.1 Basic Concepts

Experiment

‘Start from a dot. Move through each line exactly once. Draw it.” Which of the following
pictures can be drawn? What if we want the ‘starting dot to be the finishing dot’?

Later, we shall see a theorem by Euler addressing this question.

Definition 8.1.1. [Pseudograph, Vertex set and Edge set] A pseudograph or a general

graph G is a pair (V, E) where V is a nonempty set and F is a multiset of unordered pairs of

points of V. The set V is called the vertex set and its elements are called vertices. The set

F is called the edge set and its elements are called edges.
Example 8.1.2. G = ([4], {{1,1},{1,2},{2,2},{3,4}, {3,4}}) is a pseudograph.
Discussion 8.1.3. A pseudograph can be represented in picture in the following way.

1. Put different points on the paper for vertices and label them.

2. If {u,v} appears in E some k times, draw k distinct lines joining the points u and v.

3. A loop at u is drawn if {u,u} € E.
Example 8.1.4. A picture for the pseudograph in Example 8.1.2 is given in Figure 8.1.

Definition 8.1.5. [Loop, End vertex and Incident vertex/edge]
1. An edge {u,v} is sometimes denoted uv. An edge uu is called a loop. The vertices u and
v are called the end vertices of the edge uv. Let e be an edge. We say ‘e is incident on

u’ to mean that ‘u is an end vertex of e’.

145
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Figure 8.1: A pseudograph

[Multigraph and simple graph] A multigraph is a pseudograph without loops. A

multigraph is a simple graph if no edge appears twice.!

. Henceforth, all graphs in this book are simple with a finite vertex set, unless stated oth-

erwise.

. We use V(G) (or simply V) and E(G) (or simply E) to denote the vertex set and the

edge set of G, respectively. The number |V (G)| is the order of the graph G. Sometimes
it is denoted |G|. By ||G|| we denote the number of edges of G. A graph with n vertices
and m edges is called a (n, m) graph. The (1,0) graph is the trivial graph.

[Neighbor and independent set] If uv is an edge in G, then we say ‘u and v are adjacent
in G’ or ‘u is a neighbor of v’. We write u ~ v to denote that ‘u is adjacent to v’. Two
edges e and es are adjacent if they have a common end vertex. A set of vertices or edges

is independent if no two of them are adjacent.

[Isolated and pendant vertex] If v € V(G), by N(v) or Ng(v), we denote the set of
neighbors of v in G and |N(v)| is called the degree of v. It is usually denoted by dg(v) or
d(v). A vertex of degree 0 is called isolated. A vertex of degree one is called a pendant

vertex.

Discussion 8.1.6. Note that a graph is an algebraic structure, namely, a pair of sets satisfying

some conditions. However, it is easy to describe and carry out the arguments with a pictorial

representation of a graph. Henceforth, the pictorial representations are used to describe graphs

and to provide our arguments, whenever required. There is no loss of generality in doing this.

Example 8.1.7. Consider the graph G in Figure 8.2. The vertex 12 is an isolated vertex. We
have N(1) = {2,4,7}, d(1) = 3. The set {9,10,11,2,4,7} is an independent vertex set. The set
{{1,2},{8,10},{4,5}} is an independent edge set. The vertices 1 and 6 are not adjacent.

Definition 8.1.8. [Complete graph, path graph, cycle graph and bipartite graph] Let G =

(V, E) be a graph on n vertices, say V = {v1,...,v,}. Then, G is said to be a

1. complete graph, denoted K,, if each pair of vertices in G are adjacent.

2. path graph, denoted P, if £ = {v;v;41 |1 <i<n—1}.

!A simple graph is a hypergraph, (V, E), if E is a collection of nonempty subsets of V.
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4
°13
g 6 3
10 ° 12
; 2
7
11 9 1

Figure 8.2: A graph G.

3. cycle graph, denoted C,,, if £ = {vv;41 |1 <i<n—1}U{v,v1}.

4. complete bipartite graph, denoted K, s and E = {v;v; | 1 <i <r,r+1<j < n} with

r+s=mn.

The importance of the labels of the vertices depends on the context. At this point of time,
even if we interchange the labels of the vertices, we still call them a complete graph or a path

graph or a cycle or a complete bi-partite graph.

Figure 8.3: P, and C,.

Quiz 8.1.9. What is the mazximum number of edges possible in a simple graph of order n?'

Lemma 8.1.10. [Hand shaking lemma) In any graph G, > d(v) = 2|E|. Thus, the number
veV
of vertices of odd degree is even.

Proof. Each edge contributes 2 to the sum » d(v). Hence, Y d(v) = 2|E|. Note that

veV veV
2B =) dw)= > dw)+ > d)
veV d(v) is odd d(v) is even
is even. So, >>  d(v) is even. Hence, the number of vertices of odd degree is even. .

d(v) is odd

Quiz 8.1.11. In a party of 27 persons, prove that someone must have an even number of friends

(friendship is mutual). 2

Proposition 8.1.12. In a graph G with n = |G| > 2, there are two vertices of equal degree.

1C(n,2).
2Otherwise Y d(v) is odd.
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1 4 3 4 5
1T 2 2L3 1 2 1 2 3
Ky, K9 Koo Ks3
1 4 3 3 9
N\ :
. 1 2 2 3 1 2 h 1
K, Ky K; K, K
1 4 3 3
2
N 4
2 3 1 2 ]
Cs Cy 5 Cs
1L 4]—]3 2 1
1 1T 2 2 3 1 2 3 4 5
Py P Py P, P

Figure 8.4: Some well known family of graphs

Proof. If G has two or more isolated vertices, we are done. So, suppose G has exactly one
isolated vertex. Then, the remaining n — 1 vertices have degree between 1 and n — 2 and hence
by PHP, the result follows. If G has no isolated vertex then G has n vertices whose degree lie
between 1 and n — 1. Now, again apply PHP to get the required result. "

Example 8.1.13. The graph in Figure 8.5 is called the Petersen graph. We shall use it as

an example in many places.

N
4 4."1

Figure 8.5: Petersen graphs

EXERCISE 8.1.14. 1. Let X = (V, E) be a graph with a vertex v € V of odd degree. Then,

prove that there exists a vertex u € V' such that there is a path from v to u and deg(u) is
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also odd.

2. Let X = (V, E) be a graph having exactly two vertices, say u and v, of odd degree. Then,

prove that there is a path in X connecting u and v.

Definition 8.1.15. [Regular graph, cubic graph] The minimum degree of a vertex in G is
denoted §(G) and the maximum degree of a vertex in G is denoted A(G). A graph G is called
k-regular if d(v) =k for all v € V(G). A 3-regular graph is called cubic.

Example 8.1.16. 1. The graph K, is regular.

2. The graph Ky is cubic.

3. The graph Cy is 2-regular.

4. The graph Py is not regular.

5. The Petersen graph is cubic.

6. Consider the graph G in Figure 8.2. We have §(G) = 0 and A(G) = 3.

Quiz 8.1.17. Can we have a cubic graph on 5 vertices?

Definition 8.1.18. [Subgraph, induced subgraph, spanning subgraph and k-factor] A graph
H is a subgraph of G if V(H) C V(G) and E(H) C E(G). If U C V(G), then the subgraph
induced by U is denoted by (U) = (U, E), where the edge set E = {uv € E(G) |u,v € U}. A
subgraph H of G is a spanning subgraph if V(G) = V(H). A k-regular spanning subgraph is
called a k-factor.
Example 8.1.19. 1. Consider the graph G in Figure 8.2.
(a) Let Hy be the graph with V(H;) = {6,7,8,9,10,12} and E(H;) = {{6,7},{9,10}}.
Then, H; is not a subgraph of G.
(b) Let Hs be the graph with V(Hs) = {6,7,8,9,10,12} and E(H,) = {{6,7},{8,10}}.
Then, Hs is a subgraph but not an induced subgraph of G.
(c) Let Hs be the induced subgraph of G on the vertex set {6,7,8,9,10,12}. Then, verify
that E(Hs) = {{6,7},{8,9},{8,10}}.
(d) The graph G does not have a 1-factor.

2. A complete graph has a 1-factor if and only if it has an even order.

3. The Petersen graph has many 1-factors. One of them is obtained by selecting the edges
{1,6},{2,7},{3,8},{4,9}, and {5, 10}.

Quiz 8.1.20. Consider Kg on the vertex set [8]. How many 1-factors does it have?*

Definition 8.1.21. [Vertex/edge deleted graph] Let G be a graph and v be a vertex. Then,
the graph G — v is obtained by deleting v and all the edges that are incident with v. If
e € E(G), then the graph G — e = (V,E(G) \ {e}). If u,v € V(G) such that u ~ v, then
G+ uwv = (V, E(G) U{uv}).

No, as > d(v) = 15, not even.
281/ (20,
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Example 8.1.22. Consider the graph G in Figure 8.2. Let Hy be the graph with V(Hj) =
{6,7,8,9,10,12} and E(H3) = {{6, 7}, {8, 10}}. Consider the edge e = {8,9}. Then, Hs + e is
the induced subgraph ({6,7,8,9,10,12}) and Hy — 8 = ({6,7,9,10,12}).

Definition 8.1.23. [Complement graph] The complement G of a graph G is defined as
(V(G), E), where E = {uv | u # v,uv ¢ E(G)}.

Example 8.1.24. 1. See the graphs in Figure 8.6.

4 3 4 3 3 3
2 2
X, 4
1 2 1 2 1 1
— 5 5
04 C’5

Cy

Figure 8.6: Complement graphs

2. The complement of K3 contains 3 isolated points.

3. For any graph G, |G| + |G| = C(|G|,2).

4. In any graph G of order n, dg(v) + dg(v) =n — 1. Thus, A(G) + A(G) > n — 1.

Quiz 8.1.25. 1. Characterize graphs G such that A(G) +A(G) =n — 1.1

2. Can we have a graph G such that A(G) + A(G) =n?

3. Show that a k-regular simple graph on n wvertices exists if and only if kn is even and

n>k+1.

Definition 8.1.26. [Intersection, union and disjoint union] The intersection of two graphs
G and H, denoted GN H, is defined as (V(G)NV (H), E(G)NE(H)). The union of two graphs
G and H, denoted GU H, is defined as (V(G)UV (H), E(G)UE(H)). A disjoint union of two

graphs is the union while treating the vertex sets as disjoint sets.

Example 8.1.27. Two graphs G and H are shown below. The graphs G U H and GN H are

also shown below.

2 2 2 2
/I 4: 4: I /
1 3 1 1 3 1
G H GUH GNH

The disjoint union of G and G U H is GG; in Figure 8.7.

f de(u) < da(v), then dg(u) =n — 1 —dg(u). Hence, A(G) + A(G) > da(v) +n—1—da(u) > de(v) +n —
1 —dg(v) > n. Thus, the answer is regular graphs.
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2 b a 2
2 2!
4/
/I : K C K3
1 3 1 3
1 a 1 b
Gy Ko+ K3 E+E

Figure 8.7: Disjoint union and join of graphs

Definition 8.1.28. [Join of two graphs] If V(G) N V(G’) = 0, then the join G + G’ is defined
as GUG +{vv' : v € V, v/ € V'}. The first ‘4’ means the join of two graphs and the second
‘+’ means adding a set of edges to a given graph.
Example 8.1.29. (a) Ky + K3 = K.

(b) K2 + K2 = Cy.

Quiz 8.1.30. What is the complement of the disjoint union of G and H ?*

Definition 8.1.31. [Cartesian product of two graphs] Let G = (V,E) and G’ = (V', E’) be
two graphs. Then, the cartesian product of G and G’, denoted G x G’ = (V1, E1), is a graph
having V3 =V x V’ and whose edge set consists of all elements {(uy,u2), (v1,v2)}, where either

up = vy and {ug,va} € E' or ug = vy and {uy,v1} € E.

Example 8.1.32. See the graphs in Figure 8.8.

13 23 33
b 1b 2b 3b 59

12 32
a 1 2 3 la 2a  3a 11 21 31
X Y X xY Y xY

Figure 8.8: Cartesian product of graphs

8.2 Connectedness

Definition 8.2.1. [Walk, trail, path, cycle, circuit, length and internal vertex] An wu-v
walk in G is a finite sequence of vertices [u = vy, v, -+ , v = v] such that v;v;11 € E, for all
i=1,--- ,k—1. The length of a walk is the number of edges on it. A walk is called a trail if
edges on the walk are not repeated. A v-u walk is a called a path if the vertices involved are all

distinct, except that v and u may be the same. A path can have length 0. A walk (trail, path)

G+ H.
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is called closed if u = v. A closed path is called a cycle/circuit. Thus, in a simple graph a
cycle has length at least 3. A cycle (walk, path) of length k is also written as a k-cycle (k-walk,
k-path). If P is an u-v path with u # v, then we sometimes call v and v as the end vertices

of P and the remaining vertices on P as the internal vertices.

Example 8.2.2.

(a) Take G = K5 with vertex set [5].

« Then, [1,2,3,2,1,2,5,4,3] is a 8&walk in G and [1,2,2,1] is not a walk.

« The walk [1,2,3,4,5,2,4,1] is a closed trail.

« The walk [1,2,3,5,4,1] is a closed path, that is, it is a 5-cycle.

o The maximum length of a cycle in G is 5 and the minimum length of a cycle in G is 3.
« There are 10 = C(5,3) many 3-cycles in G.

« Verify that the number of 4-cycles in G is not C'(5,4).

(b) Let G be the Petersen graph.
« There is a 9-cycle in G, namely, [6,8,10,5,4,3,2,7,9,6].

« There are no 10-cycles in G. We shall see this when we discuss the Eulerian graphs.

Proposition 8.2.3 (Technique). Let G be a graph and u,v € V(G), u # v. Let W = [u =

U, ..., ur =v] be a walk. Then, W contains an u-v-path.

Proof. 1f no vertex on W repeats, then W is itself a path. So, let u; = u; for some ¢ < j. Now,
consider the walk Wy = [uy,...,u—1,uj,ujt1,...ug). This is also an u-v walk but of shorter

length. Thus, using induction on the length of the walk, the desired result follows. "

Definition 8.2.4. [Distance, diameter, radius, center and girth] The distance d(u,v) of two
vertices in G is the shortest length of an u-v path in G. If no such path exists, the distance
is taken to be co. The greatest distance between any two vertices in a graph G is called the
diameter of G. We shall use diam(G) to denote the diameter of G. Let dist, = max d(v,u).
The radius is the {)Iélél dist, and the center consists of all vertices v for which dist, is the radius.
The girth, denoted g(G), of a graph G is the minimum length of a cycle contained in G. If G
has no cycle, then we put g(G) = oc.

Example 8.2.5. Let G be the Petersen graph. It has diameter 2. The radius is 2. Fach vertex

is in the center. Its girth is 5.

PRACTICE 8.2.6. Determine the diameter, radius, center and girth of the following graphs: P,
Cn, Ky and Ky = Ky + K.

EXERCISE 8.2.7. Let G be a graph. Then, show that the distance function d(u,v) is a metric
on V(G). That is, it satisfies

1. d(u,v) >0 for all u,v € V(G) and d(u,v) = 0 if and only if u = v,

2. d(u,v) = d(v,u) for all u,v € V(G) and

3. d(u,v) < d(u,w) + d(w,u) for all u,v,w € V(G).
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Proposition 8.2.8 (Technique). Let G be a graph with |G| > 1 and d(v) > 2, for each vertex

except one, say vi. Then, G has a cycle.

Proof. Consider a longest path [vi,...,vx] in G (as V(G) is finite, such a path exists). As

d(vg) > 2, it must be adjacent to some vertex from vy, ..., v;_o, otherwise, we can extend it to
a longer path. Let ¢ > 2 be the smallest such that v; is adjacent to vg. Then, [v;, vit1,. .., Vg, V4]
is a cycle. "

Proposition 8.2.9 (Technique). Let P and Q be two different u-v paths in G. Then, P U Q

contains a cycle.

Proof. Imagine a signal was sent from u to v via P and was returned back from v to u via Q.
Call an edge ‘dead’ if signal has passed through it twice. Notice that each vertex receives the
signal as many times as it sends the signal.

Is E(P) = E(Q)? No, otherwise both P and @ are the same graphs.

So, there are some ‘alive’ edges. Get an alive edge 0105. There must be an alive edge
v205.1  Similarly get 0304 and so on. Stop at the first instance of repetition of a vertex:
[1,V2, - , V5, Vig1 -+ ,v5 = v;]. Then, [vj,vi41 -+ ,v; = ;] is a cycle.

Alternate. Consider the graph H = (V(P)UV(Q), E(P)AE(Q)), where A is the symmetric
difference. Notice that E(H) # 0, otherwise P = (. As the degree of each vertex in the
multigraph P U @ is even and H is obtained after deleting pairs of multiple edges, each vertex

in H has even degree. Hence, by Proposition 8.2.8, H has a cycle. "
Proposition 8.2.10. Every graph G containing a cycle satisfies g(G) < 2diam(G) + 1.

Proof. Let C' = [v1,va,...,vk,v1] be the shortest cycle and diam(G) = r. If k > 2r + 2, then
consider the path P = [v1,va,...,vr42]. Since the length of P is 7 + 1 and diam(G) = r, there
is a vr490-v; path R of length at most r. Note that P and R are different vi-v,42 paths. By
Proposition 8.2.9, the closed walk P U R of length at most 2r + 1 contains a cycle. Hence, the
length of this cycle is at most 2r+1, a contradiction to C having the smallest length & > 2r+42.m

Definition 8.2.11. [Chord, chordal and acyclic graphs] Let C' = [v1,...,v; = v1] be a cycle.
An edge v;v; is called a chord of C' if it is not an edge of C. A graph is called chordal if each
cycle of length at least 4 has a chord. A graph is acyclic if it has no cycles.

Example 8.2.12. Complete graphs are chordal, so are the acyclic graphs. The Petersen graph
is not chordal.
Quiz 8.2.13. 1. How many acyclic graphs are there on the vertex set [3] 72

2. How many chordal graphs are there on the vertex set [4]#3

1Otherwise, v is incident to just one alive edge and some dead edges. This means v2 has received more signal
than it has sent.

27: 3 edges can be put in 2% ways. One of them is a cycle.

361: 6 edges can be put in 2° ways. There are three 4-cycles.
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Definition 8.2.14. 1. [Maximal and minimal graph] A graph G is said to be maximal
with respect to a property P if G has property P and no proper supergraph of G has the

property P. We similarly define the term minimal.

Notice!

The class of all graphs with that property is the POSET here. So, the maximality and

the minimality are defined naturally.

2. [Clique, clique number and connected graph] A complete subgraph of G is called a
clique. The maximum order of a clique is called the clique number of G. It is denoted

w(@). A graph G is called connected if there is an u-v path, for each u,v € V(G).

3. [Disconnected graph and component of a graph] A graph which is not connected is
called disconnected. If G is a disconnected graph, then a maximal connected subgraph

is called a component or sometimes a connected component.

Example 8.2.15. Consider the graph G shown in Figure 8.2. Then,
1. some cliques in G are ({8,10}), ({2}), ({1,2,4}). The first and the last are maximal cliques.
Notice that every vertex is a clique. Similarly each edge is a clique. Here w(G) = 3.

2. the graph G is not connected. It has four connected components, namely, ({8,9,10,11}),
({1,2,3,4,5,6,7}), ({12}) and ({13}).

Quiz 8.2.16. What is w(G) for the Petersen graph?'

Proposition 8.2.17. If §(G) > 2, then G has a path of length 6(G) and a cycle of length at
least 6(G) + 1.

Proof. Let [v1,--- ,vi] be a longest path in G. As d(vx) > 2, vy is adjacent to some vertex
v # vi_1. If v is not on the path, then we have a path that is longer than [vq,--- ,vg] path. A

contradiction. Let ¢ be the smallest positive integer such that v; is adjacent to vg. Thus,
6(G) S d(Uk) S |{Ui7vi+17 e 7Uk71}"

Hence, the cycle C = [v;, viq1,- -+ , Uk, v;] has length at least §(G) + 1 and the length of the path
P = [v;,vi41,- -+ ,vi] is at least §(G). n

Definition 8.2.18. [Edge density] The edge density, denoted £(G), is defined to be the
|E(G)]
V(G)]

Quiz 8.2.19. 1. When does ‘deletion of a vertex’ reduce edge density??

number . Observe that £(G) is also a graph invariant.

2. Is @ a lower bound for e(G) #

1
2.
2Put H = G —v. Then, ||H| = &(G)n — d(v), so that e(H) = D240 _ () +

n—1

%. So, we should

choose a vertex v with degree more that ¢(G).
Yes.
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3. Suppose that €(G) > §(G). Should we have a vertex v with e(G) > d(v) #!

Proposition 8.2.20. Let G be a graph with ||G|| > 1. Then, G has a subgraph H with §(H) >
e(H) > e(G).

Proof. If £(G) < §(G), then we take H = G. Otherwise, there is a vertex v with e(G) > d(v).
Put G1 = G — v. Then, it can be easily verified that ¢(G1) > £(G).

If e(G1) < 6(G1), then we take H = G1. Otherwise, there is a vertex v € G1 with e(G1) > d(v).
Put G2 = G1 — v. Then, we again have £(G2) > ¢(G1) > ¢(G).

Continuing as above, we note that “Initially ¢(G) > 0. At the i-th stage, we obtained the
subgraph G; satisfying |V (G;)| = |G| — i,e(G;) > €(G;—1). That is, we have been reducing the
number of vertices and the corresponding edge densities have been nondecreasing.” Hence, this
process must stop before we reach a single vertex, as its edge density is 0.

So, let us assume that the process stops at H. Then, ‘c(H) < §(H)’ must be true, or else, the

process would not stop at H and hence the required result follows. "

8.3 Isomorphism in graphs

Definition 8.3.1. [Isomorphic graphs] Two graphs G = (V, E) and G’ = (V', E’) are said to
be isomorphic if there is a bijection f: V — V' such that u ~ v is G if and only if f(u) ~ f(v)
in G', for each u,v € V. In other words, an isomorphism is a bijection between the vertex sets

which preserves adjacency. We write G = G’ to mean that G is isomorphic to G’.

Example 8.3.2. Consider the graphs in Figure 8.9. Then, note that

4

3 6 2 4
) 3 5 6
2 )
6 2
1 4 1 3
1
F G H

Figure 8.9: F is isomorphic to G but F' is not isomorphic to H

1. the graph F' is not isomorphic to H as the independence number, denoted «(F'), of F'
(the maximum size of an independent vertex set) is 3 whereas o(H) = 2. Alternately, H

has a 3-cycle, whereas F' does not.

2. the graph F' is isomorphic to G as the map f : V(F) — V(G) defined by f(1) = 1,
f(2) =5, f(3) =3, f(4) =4, f(5) =2 and f(6) = 6 gives an isomorphism.

Yes. Otherwise, we have ¢(G) < d(v), for each v. In particular £(G) < §(G), a contradiction.
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Check the adjacency

F G
1—2,4,6 | f(1)=1— f(2) (4) (6) =6
3—2,4,6| f(3)=3— f(2) (4) (6) =6

52,46 f(5)=2—f(2)=5,/(4) =4,/(6) =6
All edges are covered, no need to check any further.

=5f 4, f
=5f 4, f

Thus, f is an isomorphism.

Discussion 8.3.3. [Isomorphism| Let F' and G be isomorphic under f : V(F) — V(G). Take
F. Relabel each vertex v € F as f(v). Call the new graph F’. Then, F’ = G. This is so, as
V(F') =V(G) and E(F') = E(G) due to the isomorphic nature of the function f.

PRACTICE 8.3.4. Take the graphs F' and G of Figure 8.9. Take the isomorphism f(1) = 1,
f(2)=5, f(3) =3, f(4) =4, f(5) =2 and f(6) = 6. Obtain the F' as described in Discussion
8.3.3. List V(F') and E(F'). List V(G) and E(G). Notice that they are the same.

Definition 8.3.5. [Self-complementary] A graph G is called self-complementary if G = G.

Example 8.3.6. 1. Note that the cycle C5 = [0,1,2,3,4,0] is self complimentary. An iso-
morphism from G to G is described by f(i) = 2i (mod 5).

2. If |G| = n and G = G then |G| = n(n — 1)/4. Thus, n = 4k or n = 4k + 1.
EXERCISE 8.3.7. 1. Construct a self-complementary graph of order 4k.
2. Construct a self-complementary graph of order 4k + 1.

Definition 8.3.8. A graph invariant is a function which assigns the same value (output) to

isomorphic graphs.
Example 8.3.9. Observe that some of the graph invariants are: |G|, |G|, A(G), 6(G), the
multiset {d(v) : v € V(G)}, w(G) and a(G).
EXERCISE 8.3.10. How many graphs are there with vertex set {1,2,...,n}? Do you find it easy
if we ask for nonisomorphic graphs (try forn =4)?
Proposition 8.3.11 (Technique). Let f : G — H be an isomorphism and v € V(G). Then,
G—-—v=H-— f(v).
Proof. Consider the bijection g : V(G —v) — V(H — f(v)) described by g = fy/(g—v)- "
Definition 8.3.12. An isomorphism of G to G is called an automorphism.
Example 8.3.13. 1. Identity map is always an automorphism on any graph.

2. Any permutation in S, is an automorphism of K,,.

3. There are only two automorphisms of a path Fs.

Proposition 8.3.14. Let G be a graph and let T'(G) denote the set of all automorphisms of G.

Then, T'(G) forms a group under composition of functions.
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Proof. Let V(G) = [n] and o, u € T'(G) be two automorphisms. Then,

ij € B(G) & p(i)u(j) € E(G) < (g0p)(@)(o o p)(j) € E(G).

Thus, o o 4 is an automorphism. Moreover, ;1 !,0~! are indeed automorphisms. n

Example 8.3.15. Determine I'(C5).
Ans: Consider C5 = [1,...,5,1]. Note that o = (2,3,4,5,1) is an automorphism. Hence,
{e,0,0%,...,0%} CT(C5) as 0° =e.

Now, let p be an automorphism with p(1) =i. Put 7 = o°

~i1. Then, 7 is an automorphism
with 7(1) = 1. If 7(2) = 2, then the adjacency structure implies that 7(j) = j for j = 3,4, 5.

6=, = e and thus, p = 06 = 1.

Hence, in this case, o
If 7(2) # 2, then 7(2) =5, 7(3) =4 and so 7 = (2,5)(3,4) is the reflection which fixes 1. Let
us denote the permutation (2,5)(3,4) by p. Then, I'(C5) is the group generated by o and p and

hence I'(Cs) has 10 elements.

Example 8.3.16. Notice that I'(C5) has a subgroup I'y = {e,0,02,...,0%}, with ¢® = e, of

order 5. Let G be a subgraph of C5 obtained by deleting some (zero allowed) edges. If ||G|| = 5,

then |I'(G)| = 10. If ||G|| = 0, then |I'(G)| = |S5| = 5!. If ||G|| = 4, then |T'(G)| = 2. If ||G|| = 3,

then |I'(G)| = 2 or 4. If ||G|| = 2, then |I'(G)| =4 or 8. If ||G]| = 1, then |[I'(G)| = 2 x 3!. Thus,

there is no subgraph of G whose automorphism group is I'y.

EXERCISE 8.3.17. 1. Determine the graphs G for which T'(G) = S,,, the group of all permu-
tations of 1,...,n.

2. Compute T'(G) for some graphs of small order.

3. Let G be a subgraph of H of the same order. FExplore more about the relationship between
I'G) and T'(H).

8.4 Trees

Definition 8.4.1. [Tree and forest] A connected acyclic graph is called a tree. A forest is a

graph whose components are trees.
Proposition 8.4.2. Let T be a tree and u,v € V(T'). Then, there is a unique u-v-path in T.

Proof. On the contrary, assume that there are two u-v-paths in T'. Then, by Proposition 8.2.9,

T has a cycle, a contradiction. n

Proposition 8.4.3. Let G be a graph with the property that ‘between each pair of vertices there

is a unique path’. Then, G is a tree.

Proof. Clearly, G is connected. If G has a cycle [vy,va, -+ , v = v1], then [v1,ve,...,v5_1] and

[v1,vk—1] are two v1-vg_1 paths. A contradiction. "

Definition 8.4.4. [Cut vertex] Let G be a connected graph. A vertex v of G is called a cut

vertex if G — v is disconnected. Thus, G — v is connected if and only if v is not a cut vertex.
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Proposition 8.4.5. Let G be a connected graph with |G| > 2. Ifv € V(G) with d(v) =1, then

G — v is connected. That is, a verter of degree 1 is never a cut vertez.

Proof. Let u,w € V(G —v), u # w. As G is connected, there is an u-w path P in G. The vertex
v cannot be an internal vertex of P, as each internal vertex has degree at least 2. Hence, the

path P is available in G — v. So, G — v is connected. "

Proposition 8.4.6 (Technique). Let G be a connected graph with |G| > 2 and let v € V(G). If

G — v is connected, then either d(v) =1 or v is on a cycle.

Proof. Assume that G — v is connected. If dg(v) = 1, then there is nothing to show. So, assume
that d(v) > 2. We need to show that v is on a cycle in G.
Let w and w be two distinct neighbors of v in G. As G — v is connected there is a path, say

[u=wuy,...,up =w],in G —v. Then, [u=wuy,...,ur = w,v,u] is a cycle in G containing v. =
Quiz 8.4.7. Let G be a graph and v be a vertex on a cycle. Can G —v be disconnected?!

Definition 8.4.8. [Cut edge] Let G be a graph. An edge e in G is called a cut edge or a

bridge if G — e has more connected components than that of G.

Proposition 8.4.9 (Technique). Let G be connected and e = [u,v] be a cut edge. Then, G — e

has two components, one containing u and the other containing v.

Proof. If G — e is not disconnected, then by definition, e cannot be a cut edge. So, G — e has
at least two components. Let G, (respectively, G,,) be the component containing the vertex u
(respectively, v). We claim that these are the only components.

Let w € V(G). Then, G is a connected graph and hence there is a path, say P, from w to
u. Moreover, either P contains v as its internal vertex or P doesn’t contain v. In the first case,
w € V(G,) and in the latter case, w € V(G,). Thus, every vertex of G is either in V(G,) or in
V(G,) and hence the required result follows. .

Proposition 8.4.10 (Technique). Let G be a graph and e be an edge. Then, e is a cut edge if

and only if e is not on a cycle.

Proof. Suppose that e = [u,v] is a cut edge of G. Let F' be the component of G that contains
e. Then, by Proposition 8.4.9, F' — e has two components, namely, F;, that contains v and F,,
that contains wv.

Let if possible, C = [u,v = v1,...,v; = u] be a cycle containing e = [u,v]. Then, [v =
v1,...,U = u] is an u-v path in F' —e. Hence, F' — e is still connected. A contradiction. Hence,
e cannot be on any cycle.

Conversely, let e = [u,v] be an edge which is not on any cycle. Now, suppose that F' is the

component of G that contains e. We need to show that F' — e is disconnected.

Let if possible, there is an u-v-path, say [u = uy,...,ux = v], in F —e. Then, [v,u =
ui,...,ur = v| is a cycle containing e. A contradiction to e not lying on any cycle.
Hence, e is a cut edge of F. Consequently, e is a cut edge of G. "

Yes. Take G = ([4], {{1, 2}, {1,3},{1,4},{3,4}}) and v = 1.
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Proposition 8.4.11. The center of a tree always consists of a set of at most two vertices.

Proof. Let T be a tree of radius k. Since the center contains at least one vertex, let u be a vertex
in the center of T. Now, let v be another vertex in the center. We claim that u is adjacent to v.

Suppose u » v. Then, there exists a path from u to v, denoted P(u,v), with at least one
internal vertex, say w. Let = be any pendant (d(z) = 1) vertex of T. Then, either v € P(x,w)
or v ¢ P(z,w). In the latter case, check that | P(z,w)|| < ||P(z,v)| < k.

u w v u w v

® - @ e @ - - @ - o @ - @ e @ - - @ - cccerema 'y
xr xr

@« - et ° @ st ®

If v e P(x,w), then u ¢ P(z,w) and ||P(z,w)|| < ||P(z,u)|| < k. That is, the distance from w
to any pendant vertex is less than k. Hence, k is not the radius, a contradiction. Thus, uv € T.

We cannot have another vertex in the center, or else, we will have a C3 in T', a contradiction.m

Theorem 8.4.12. Let G be a graph with V(G) = [n]. Then, the following are equivalent.

1. G is a tree.
2. G is a minimal connected graph on n vertices.

8. G is a maximal acyclic graph on n vertices.

Proof. (a)=-(b). Suppose that G is a tree. If it is not a minimal connected graph on n vertices,
then there is an edge [u, v] such that G — [u, v] is connected. But then, by Theorem 8.4.10, [u, ]
is on a cycle in G. A contradiction.

(b)=-(c). Suppose G is a minimal connected graph on n vertices. If G has a cycle, say I', then
select an edge e € I'. Thus, by Theorem 8.4.10, G — e is still connected graph on n vertices, a
contradiction to the fact that GG is a minimal connected graph on n vertices. Hence, G is acyclic.
Since G is connected, for any new edge e, the graph G + e contains a cycle and hence, G is
maximal acyclic graph.

(¢c)=(a). Suppose G is maximal acyclic graph on n vertices. If G is not connected, let G; and
G2 be two components of G. Select v; € G; and vo € G2 and note that G + [v1,v] is acyclic
graph on n vertices. This contradicts that G is a maximal acyclic graph on n vertices. Thus, G

is connected and acyclic and hence is a tree. "

EXERCISE 8.4.13. 1. Show that a graph G is a tree if and only if between each pair of vertices
of G there is a unique path.

2. Draw a tree on 8 vertices. Label V(T) as 1,...,8 so that each vertex i > 2 is adjacent to

exactly one element of [i — 1].

Proposition 8.4.14. Let T be a tree. Then, any graph G with 6(G) > |T| — 1 has a subgraph
H=T.

Proof. We prove the result by induction on n = |T'|. The result is trivially true if n = 1 or 2.
So, let the result be true for every tree on n — 1 vertices and take a tree T' on n vertices. Also,
suppose that G is any graph with 6(G) > |T'| — 1.
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Let v € V(T) with d(v) = 1. Take u € V(T') such that uv € E(T). Now, consider the tree
Ty =T —v. Then, 6(G) > |T| =1 =n—1 > n — 2. Hence, by induction hypothesis, G has a
subgraph H such that H = T} under a map, say ¢. Let h € V(H) such that ¢(h) = u. Since
d(G) > |T| — 1, h has a neighbor, say hi, such that h; is not a vertex in H but is a vertex in G.

Now, map this vertex to v to get the required result. "
Proposition 8.4.15. Let T be a tree on n vertices. Then, T has n — 1 edges.

Proof. We proceed by induction. Take a tree on n > 2 vertices and delete an edge e. Then, we get
two subtrees 11, T, of order ny, no, respectively, where ny +ng = n. So, E(T) = E(Th)UE(T»)U
{e}. By induction hypothesis ||T|| = [|T1 ||+ [|T2]|+1 =n1—14+ne—1+1=n1+np—1=n—1m

Proposition 8.4.16. Let G be a connected graph with n vertices and n — 1 edges. Then, G is

acyclic.

Proof. On the contrary, assume that G has a cycle, say I'. Now, select an edge e € I' and note
that G — e is connected. We go on selecting edges from G that lie on cycles and keep removing
them, until we get an acyclic graph H. Since the edges that are being removed lie on some
cycle, the graph H is still connected. So, by definition, H is a tree on n vertices. Thus, by
Proposition 8.4.15, |E(H)| = n — 1. But, in the above argument, we have deleted at least one
edge and hence, |E(G)| > n. This gives a contradiction to |E(G)| =n — 1. n

Proposition 8.4.17. Let G be an acyclic graph with n vertices and n — 1 edges. Then, G is

connected.

Proof. Let if possible, G be disconnected with components G1,...,Gg, k > 2. As G is acyclic,
by definition, each G; is a tree on, say n; > 1 vertices, with 3 i = 1*n; = n. Thus, |G| =
il(nl —1)=n—k<n—-1=|G|, as k> 2. A contradiction. .
i=

Theorem 8.4.18. The following are Equivalent for a graph of order n.

(a) G is a tree.

(b) G is minimal connected.

(¢) G is maximal acyclic.

(d) G is acyclic with |G| =n — 1.
(e) G is connected with ||G|| =n — 1.

Proof. Left as an exercise.

EXERCISE 8.4.19. Let G be a graph on n > 2 vertices. If |G| > C(n — 1,2), is G necessarily
connected? Give an ‘if and only if’ condition for the connectedness of a graph with exactly
C(n—1,2) edges.

Proposition 8.4.20. A tree on n > 2 vertices has at least two pendant vertices.
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Proof. Let T be any tree on n vertices. Then, >  d(v) =2||E(T)|| =2(n—-1) =2n —2.
veV(T)
Hence, by PHP, T has at least two vertices of degree 1. "

Definition 8.4.21. Let T be a tree with vertices labeled by n integers, say [n]. The Priifer

code Py of T is a sequence X of size n — 2 created in the following way.
1. Find the largest pendant vertex, say v;. Let uj be the neighbor of v;. Put X (1) = u;.
2. Let Ty =T — vy and find X (2).

3. Repeat the procedure to obtain X (3),...,X(n —2).

Example 8.4.22. For example, Consider the tree T in Figure 8.10.
5

3

Figure 8.10: A tree T on 6 vertices

Then, the above process proceeds as follows.

Step | Pendant v; | Neighbor u; | Pt = X(1),X(2),... T; =T —-wv;
1 6 2 4
3
1 5 2 2
| 6 2
3
P 4 P 2.2
3 3 P 222 1 2
4 2 6 2,2,2,6 3

EXERCISE 8.4.23. In the above process, prove that uj =1, for some j, if and only if d(i) > 2.

Example 8.4.24. Can I get back the original tree T' from the sequence 2,2,2,67 Ans: Yes.

The process of getting back the original tree is as follows.
1. Plot points 1,2,...,6.

2. Since u; is either 2 or 6, it implies that 2 and 6 are not the pendant vertices. Hence, the
pendant vertices in 7" must be {1,3,4,5}. Thus, the algorithm implies that the largest

pendant 5 must be adjacent to (the first element of the sequence) 2.

3. At step 1, the vertex 5 was deleted. Hence, V(T71) = {1,2,3,4,6} with the given sequence
2,2,6. So, the pendants in 77 are {1,3,4} and the vertex 4 (largest pendant) is adjacent
to 2.
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4. Now, V(T») = {1,2,3,6} with the sequence as 2,6. So, 3 is adjacent to 2.

5. Now, V(T3) = {1,2,6} with the sequence as 6. So, the pendants in the current T are
{1,2} and 2 is adjacent to 6.

6. Lastly, V(Ty) = {1,6}. As the process ends with Ky and we have only two vertices left,

they must be adjacent.

The corresponding set of figures are as follows.

— e
N e
we
— e
*—t-e
we
X
we

1/T 3
4 5 6

=~ e
Cte
e
e
ot
e
I
ot
e

A

1/T:3
4 5 6 4 5 6

Proposition 8.4.25. Let T be a tree on the vertex set [n]. Then, d(v) > 2 if and only if v
appears in the Prifer code Pr. Thus, {v:v ¢ Pr} are precisely the pendant vertices in T

Proof. Let d(v) > 2. Since the process ends with an edge, there is a stage, say i, where d(v)
decreases strictly. Thus, till at the (i — 1)-th stage, v was adjacent to a pendant vertex w and
at the i-th stage v was deleted and thus, v appears in the sequence.

Conversely, let v appear in the sequence at k-th stage for the first time. Then, the tree T} had
a pendant vertex w of highest label that was adjacent to v. Note that T, — w is a tree with at
least two vertices. Thus, d(v) > dr, (v) > 2. .

EXERCISE 8.4.26. Prove that in the Priifer code of T a vertex v appears exactly d(v) — 1 times.
[Hint: If v is the largest pendant adjacent to w and T' =T — v, then Pp = w, Pps.]

Proposition 8.4.27. Let T and T be two trees on the same vertex set of integers. If Pr = Prv,
then T =T'.

Proof. The statement is trivially true for |T'| = 3. Assume that the statement holds for 3 <
|T| < n. Now, let T and T" be two trees with vertex set [n] and Pr = Pp. As Pr = Ppi, T
and T" have the same set of pendants. Further, the largest labeled pendant w is adjacent to
the vertex X (1) in both the trees. Thus, Pr_,, = P _, and hence, by induction hypothesis
T—w=T —w. Thus, by PMI, T = T". .

Proposition 8.4.28. Let S be a set of n > 3 integers and X be a sequence of length n — 2 of
elements form S. Then, there is a tree T with V(T) =S and Pr = X.

Proof. Verify the statement for |T'| = 3. Now, let the statement hold for all trees 7" on n > 3
vertices and consider a set S of n + 1 integers and a sequence X of length (n — 1) of elements
of S.
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Let v =max{z € S : ¢ X}, =S5 —vand X' = X(2),...,X(n —1). Note that as
v # X (i), for any 4, X' is a sequence of elements of S’ of length n — 2. As |S’| = n, by induction
hypothesis, there is a tree T” with Py = X',

Let T be the tree obtained by adding a new pendant v at the vertex X (1) of 77. In T, the
vertices X (i), for ¢ > 2, were not available as pendants and now in 7" the vertex X (1) is also
not available as a pendant. (Here some X (7)’s may be the same). Let R = {x € §' : = ¢ X'}
be the pendants in 7”. Then, the set of pendants in T is (R’ U {v}) \ {X (1)} which equals
{r €S : ¢ X} Thus, vis the pendant of 7' of maximum label. Hence, Pr = X. .

Theorem 8.4.29. [A. Cayley, 1889, Quart. J. Math] Let n > 3. Then, there are n" 2

different trees with vertez set [n].

Proof. Let F be the class of trees on the vertex set [n] and let G be the class of n — 2-sequences
of [n]. Note that the function f : ' — G defined as f(T") = Pr, the Priifer code, is a one-one

and onto mapping. As |G| = n"2, the required result follows. "

EXERCISE 8.4.30. 1. Find out all nonisomorphic trees of order 7 or less.
2. Show that every automorphism of a tree fizes a vertex or an edge.
3. Give a class of trees T" with |I'(T)| = 6.

4. Let T be a tree, 0 € T'(T), u € V(T) such that 0(u) # u. Can we have an edge [u,v] € T
such that o(u) =v?

5. Let T be a tree with center {u} and radius r. Let v satisfy d(u,v) = r. Show that r is a

pendant.

6. Let T be a tree with |T| > 2. Let T' be obtained from T by deleting the pendant vertices of
T. Show that the center of T is the same as the center of T'.

7. Let T be a tree with center {u} and o € I'(T"). Show that o(u) = u.
8. Is it possible to have a tree such that |I'(T)| =77
9. Construct a tree T on vertices S = {1,2,3,6,7,8,9} for which Pr =6,3,7,1,2.

10. Practice with examples: get the Prifer code from a tree; get the tree from a given code and

a vertex set.

11. How many trees of the following forms are there on the vertex set [100]?

12. Show that any tree has at least A(T) leaves (pendant edges).

13. Let T be a tree and Ty, Ty, T3 be subtrees of T such that Ty NT5 # 0, ToN'T3 # O and
TTNTyNTy = 0. Show that Ty N'Ty = (.
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14. Let T be a set of subtrees of a tree T'. Assume that the trees in T have nonempty pairwise
intersection. Show that their overall intersection is nonempty. Is this true, if we replace
T by a graph G?

15. Recall that a connected graph G is said to be unicyclic if G has exactly one cycle as it’s

subgraph. Prove that if |G| = ||G||, then G is a unicyclic graph.

8.5 Connectivity

Proposition 8.5.1. Let G be a connected graph on vertex set [n]. Then, its vertices can be

labeled in such a way that the induced subgraph on the set [i] is connected for 1 <i < mn.

Proof. If n = 1, there is nothing to prove. Assume that the statement is true if n < k and let G
be a connected graph on the vertex set [k]. If G is a tree, pick any pendant vertex and label it
k. If G has a cycle, pick a vertex on a cycle and label it k. In both the case G — k is connected.

Now, use the induction hypothesis to get the required result. n

Definition 8.5.2. [Separating set] Let G be a graph. Then, a set X C V(G) U E(G) is called

a separating set if G — X has more connected components than that of G.

Let X be a separating set of G. Then, ‘there exists u,v € V(G) that lie in the same component
of G but lie in different components of G — X’. If {u} C V(G) is a separating set of G, then u
is a cut vertex. If {e} C E(G) is a separating set of G, then it is a bridge/cut edge.

Example 8.5.3. 1. In a tree, each edge is a bridge and each non-pendant vertex is a cut

vertex. Is it true for a forest?
2. The graph K7 does not have a separating set of vertices. In K7, a separating set of edges

must contain at least 6 edges.

Definition 8.5.4. [Vertex connectivity] A graph G is said to be k-connected if |G| > k and
G is connected even after deletion of any k — 1 vertices. The vertex connectivity x(G) of a

non trivial graph G is the largest k such that G is k-connected. Convention: k(K7) = 0.
Example 8.5.5. 1. Each connected graph of order more than one is 1-connected.

2. A 2-connected graph is also a 1-connected graph.

3. For a disconnected graph, x(G) =0 and for n > 1, k(K,) =n — 1.

4. The graph G in Figure 8.11 is 2-connected but not 3-connected. Thus, k(G) = 2.

Figure 8.11: graph with vertex connectivity 2

5. The Petersen graph is 3-connected.
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Definition 8.5.6. [Edge connectivity] A graph G is called l-edge connected if |G| > 1 and
G — F is connected for every F' C E(G) with |F| < I. The greatest integer [ such that G is
l-edge connected is the edge connectivity of G, denoted A(G). Convention: A\(K;) = 0.

Example 8.5.7. 1. Note that A\(P,) = 1,A\(C,) = 2 and A\(K,) = n — 1, whenever n > 1.
2. Let T be a tree on n vertices. Then, \(T") = 1.
3. For the graph G in Figure 8.11, \(G) = 3.
4. For the Petersen graph G, A\(G) = 3.

EXERCISE 8.5.8. Let |G| > 1. Show that K(G) = |G| — 1 if and only if G = K,,. Can we say
the same for \(G)?

Theorem 8.5.9. [H. Whitney, 1932] For any graph G, (G) < A\(G) < §(G).

Proof. 1f G is disconnected or |G| = 1, then we have nothing to prove. So, let G be connected
graph and |G| > 2. Then, there is a vertex v with d(v) = 0(G). If we delete all edges incident
on v, then the graph is disconnected. Thus, §(G) > A(G).

Suppose that A\(G) = 1 and G — uwv is disconnected with components C,, and C,. If |C,| =
|Cy| =1, then G = K3 and x(G) = 1. If |Cy,| > 1, then we delete u to see that x(G) = 1.

If A\(G) = k > 2, then there is a set of edges, say eq,...,er, whose removal disconnects G.
Notice that G — {e1,...,ex_1} is a connected graph with a bridge, say e = wv. For each of
e1,...,ep_1 select an end vertex other than w or v. Deletion of these vertices from G results
in a graph H with wv as a bridge of a connected component. Note that x(H) < 1. Hence,
k(G) < A(G). "

EXERCISE 8.5.10. Give a lower bound on the number of edges of a graph G on n vertices with

vertex connectivity k(G) = k.

Theorem 8.5.11. [Chartrand and Harary, 1968] For all integers a, b, c such that0 < a < b < ¢,
there exists a graph with k(G) = a, A(G) =b and §(G) = c.

Proof. Omitted, as it is out of the scope of this book.

Theorem 8.5.12. [Mader, 1972] FEvery graph G of average degree at least 4k has a k-connected
subgraph.

Proof. For k = 1, the assertion is trivial. So, let k& > 2. Note that

n = |G| >A(G) >4k > 2k —1 and (8.1)
m = |G| =2kn>2k-3)(n—k+1)+1. (8.2)

We shall use induction to show that if G satisfies Equations (8.1) and (8.2), then G has a k-

connected subgraph. If n = 2k—1, then m > (2k—3)(n—k+1)+1 = (n—2)("—;r1)+1 = @ So,

G is a graph on n vertices with at least @ edges and hence G = K,,. Thus, K1 C K, =G.

Assume n > 2k. If v is a vertex with d(v) < 2k — 3, then we apply induction hypothesis to
G — v to get the result. So, let d(v) > 2k — 2, for each vertex v. If G is k-connected then, we



166 CHAPTER 8. GRAPHS

have nothing to prove. Assume, if possible that G is not k-connected. Then, G = G1 U Gy with
|G1 N Ga| < k and |Gy],|G2| < n. Thus, both G; — V(G2) and Go — V(G1) have at least one
vertex and there is no edge between them. As the degree of these vertices is at least 2k — 2, we
have |G1],|G2| > 2k — 1.

If G; or Gy satisfies Equation (8.2), using induction hypothesis, the result follows. Otherwise,
|Gill < (2k —3)(|Gi| — k+1), for i = 1,2 and hence

m = |G| < |G1] + G2l < (2k = 3)(IG1| + |Ga| — 2k +2) < (2k = 3)(n — k + 1),
a contradiction to Equation (8.2) and hence the required result follows. n

Theorem 8.5.13. [Menger]| A graph is k-edge-connected if and only if there are k edge disjoint
paths between each pairs of vertices. A graph is k-connected if and only if there are k internally

vertex disjoint paths between each pairs of vertices.

Proof. Omitted.

8.6 Eulerian Graphs

Definition 8.6.1. [Eulerian graph] An Eulerian tour in a graph G is a closed walk [vg, vy, . . . , Uk, Vo]
such that each edge of the graph appears exactly once in the walk. The graph G is said to be

Eulerian if it has an Eulerian tour.

Note that by definition, a disconnected graph is not Eulerian. In this section, the graphs can
have loops and multiple edges. The graphs that have a closed walk traversing each edge exactly
once have been named “Eulerian graphs” due to the solution of the famous Koénigsberg bridge
problem by Euler in 1736. The problem is as follows: The city Konigsberg (the present day
Kaliningrad) is divided into 4 land masses by the river Pregel. These land masses are joined by
7 bridges (see Figure 8.12). The question required one to answer “is there a way to start from
a land mass that passes through all the seven bridges in Figure 8.12 and return back to the
starting land mass”? Euler, rephrased the problem along the following lines: Let the four land
masses be denoted by the vertices A, B, C and D of a graph and let the 7 bridges correspond to
7 edges of the graph. Then, he asked “does this graph have a closed walk that traverses each
edge exactly once”? He gave a necessary and sufficient condition for a graph to have such a
closed walk and thus giving a negative answer to Konigsberg bridge problem.

One can also relate the above problem to the problem of “starting from a certain point, draw a
given figure with pencil such that neither the pencil is lifted from the paper nor a line is repeated

such that the drawing ends at the initial point”.

Theorem 8.6.2. [Euler, 1736] A connected graph G is Eulerian if and only if d(v) is even, for
each v € V(G).

Proof. Let G have an Eulerian tour, say [vg,v1,..., Uk, vo]. Then, d(v) = 2r, if v # vy and v
appears r times in the tour. Also, d(vg) = 2(r — 1), if vy appears r times in the tour. Hence,

d(v) is always even.
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Figure 8.12: Konigsberg bridge problem

Conversely, let G be a connected graph with each vertex having even degree. Let W =
vou1 - - - U be a longest walk in G without repeating any edge in it. As v, has an even degree
it follows that vy = vy, otherwise W can be extended. If W is not an Eulerian tour then there
exists an edge, say ¢ = v;w, with w # v;_1,v;+1. In this case, wv; - - - vi(= vo)vy - - - v;_1v; IS a
longer walk, a contradiction. Thus, there is no edge lying outside W and hence W is an Eulerian

tour. n

Proposition 8.6.3. Let G be a connected graph with exactly two vertices of odd degree. Then,

there is an Eulerian walk starting at one of those vertices and ending at the other.

Proof. Let z and y be the two vertices of odd degree and let v be a symbol such that v ¢ V(G).
Then, the graph H with V(H) = V(G) U{v} and E(H) = E(G) U {zv,yv} has each vertex of
even degree and hence by Theorem 8.6.2, H is Eulerian. Let I' = [v,v1 =z, ..., vy = y,v] be an

Eulerian tour. Then, I' — v is an Eulerian walk with the required properties. ]

EXERCISE 8.6.4. Let G be a connected Fulerian graph and e be any edge. Show that G — e is

connected.

How to find an Eulerian tour (algorithm)?

Start from a vertex vg, move via edge that has not been taken and go on deleting them.

Do not take an edge whose deletion creates a non trivial component not containing vy.

EXERCISE 8.6.5. Find Eulerian tours for the following graphs.

16 15 4 13
9 16 +H 12
8 7 S 5
1 2 3 4

Theorem 8.6.6. [Finding Eulerian tour] The previous algorithm correctly gives an FEulerian

tour whenever, the given graph is Fulerian.

Proof. Let the algorithm start at a vertex, say vg. Now, assume that we are at u with H as the

current graph and C' as the only non trivial component of H. Thus, dg(u) > 0. Assume that
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the deletion of the edge uv creates a non trivial component not containing vg. Let C, and C,
be the components of C' — uv, containing v and v, respectively.

We first claim that u # vg. In fact, if u = vg, then H must have all vertices of even degree
and dg(vg) > 2. So, C is Eulerian. Hence, C' — uv cannot be disconnected, a contradiction to
C — uv having two components C;, and C,. Thus, u # vg. Moreover, note that the only vertices
of odd degree in C is v and vyg.

Now, we claim that C, is a non trivial component. Suppose C,, is trivial. Then, vy € Cy, a
contradiction to the assumption that the deletion of the edge uv creates a nontrivial component
not containing vg. So, Cy, is non trivial.

Finally, we claim that vy € C,. If possible, let vy € C,,. Then, the only vertices in C — uv of
odd degree are v € C, and vy € C,,. Hence, C — uv + vyv is a connected graph with each vertex
of even degree. So, by Theorem 8.6.2, the graph C — uv 4 vgv is Eulerian. But, this cannot be
true as vvg is a bridge. Thus, vy € C,.

Hence, C), is the newly created non trivial component not containing vg. Also, each vertex of
Cy has even degree and hence by Theorem 8.6.2, C,, is Eulerian. This means, we can take an
edge €’ incident on u and complete an Eulerian tour in C,,. So, at u if we take the edge €’ in
place of the edge e, then we will not create a non trivial component not containing .

Thus, at each stage of the algorithm either u = vg or there is a path from w to vg. Moreover,
this is the only non trivial connected component. When the algorithm ends, we must have
u = vg. Because, as seen above, the condition u # vy gives the existence of an edge that is
incident on u and that can be traversed (as dg(u) is odd). Hence, if u # vg, the algorithm

cannot stop. Thus, when algorithm stops u = vy and all components are trivial. n

EXERCISE 8.6.7. Apply the algorithm to graphs of Fxercise 8.6.5. Also, create connected graphs

such that each of its vertex has even degree and apply the above algorithm.

Definition 8.6.8. [bipartite graph] A graph G = (V, E) is said to be bipartite if V =1, UV,
such that [Vi|,[Va| > 1, ViNVa = 0 and ||[(V1)| = 0 = ||(V2)||. The complete bipartite graph
K, is shown below. Notice that K, , = K, + K,.

possible edges

EXERCISE 8.6.9. 1. Give a necessary and sufficient condition on m and n so that K, is

FEulerian.

2. Each of the 8 persons in a room has to shake hands with every other person as per the

following rules:

(a) The handshakes should take place sequentially.
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(b) Each handshake (except the first) should involve someone from the previous hand-
shake.

(¢) No person should be involved in 3 consecutive handshakes.

Is there a way to sequence the handshakes so that these conditions are all met?

3. Let G be a connected graph. Then, G is an Fulerian graph if and only if the edge set of G

can be partitioned into cycles.

8.7 Hamiltonian Graphs

Definition 8.7.1. [Hamiltonian] A cycle in G is said to be Hamiltonian if it contains all
vertices of G. If G has a Hamiltonian cycle, then G is called a Hamiltonian graph. Finding a
nice characterization of a Hamiltonian graph is an unsolved problem.

Example 8.7.2. 1. For each positive integer n > 3, the cycle C,, is Hamiltonian.

The dodecahedron graph The Petersen graph

Figure 8.13: A Hamiltonian and a non-Hamiltonian graph

2. The graphs corresponding to all platonic solids are Hamiltonian.

3. The Petersen graph is a non-Hamiltonian Graph (the proof appears below).
Proposition 8.7.3. The Petersen graph is not Hamiltonian.

Proof. Suppose that the Petersen graph, say G, is Hamiltonian. Also, each vertex of G has
degree 3 and hence, G = Cig + M, where M is a set of 5 chords in which each vertex appears

as an endpoint. We assume that Cj9 = [1,2,...,10,1]. Now, consider the vertices 1, 2 and 3.

3 2
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Since, g(G) = 5, the vertex 1 can only be adjacent to one of the vertices 5,6 or 7. Hence,
if 1 is adjacent to 5, then the third vertex that is adjacent to 10 creates cycles of length 3
or 4. Similarly, if 1 is adjacent to 7, then there is no choice for the third vertex that can be
adjacent to 2. So, let 1 be adjacent to 6. Then, 2 must be adjacent to 8. In this case, note that
there is no choice for the third vertex that can be adjacent to 3. Thus, the Petersen graph is

non-Hamiltonian. n

Theorem 8.7.4. Let G be a Hamiltonian graph. Then, for S C V(G) with S # 0, the graph

G — S has at most |S| components.

Proof. Note that by removing k vertices from a cycle, one can create at most k connected

components. Hence, the required result follows. "

Theorem 8.7.5. [Dirac, 1952] Let G be a graph with |G| = n > 3 and d(v) > n/2, for each
v € V(G). Then, G is Hamiltonian.

Proof. Let is possible, G be disconnected. Then, G has a component, say H, with |V(H)| =k <
n/2. Hence, d(v) < k—1 < n/2, for each v € V(H). A contradiction to d(v) > n/2, for each
v € V(G). Now, let P = [v1,v,--- ,vi] be a longest path in G. Since P is the longest path, all
neighbors of v; and v are in P.

We claim that there exists an ¢ such that v; ~ v; and v;_1 ~ vi. Otherwise, for each v; ~ vy,
we must have v;_1 = vg. Then, |[N(vg)| < k—1—|N(v1)|. Hence, [N(v1)|+|N(vg)| < k—1<n,
a contradiction to d(v) > n/2, for each v € V(G). So, the claim is valid and hence, we have a
cycle P = VIV - - - UgUi—1 - - - U1 of length k.

We now prove that P gives a Hamiltonian cycle. Suppose not. Then, there exists v € V(QG)
such that v is outside P and v is adjacent to some v;. Note that in this case, P> cannot be the

path of longest length, a contradiction. Thus, the required result follows. n

Theorem 8.7.6. [Ore, 1960] Let G be a graph on n > 3 vertices such that d(u) + d(v) > n, for

every pair of nonadjacent vertices u and v. Then, G is Hamiltonian.
Proof. Exercise.

EXERCISE 8.7.7. Let u and v be two vertices such that d(u)+ d(v) > |G|, whenever uv ¢ E(G).

Prove that G is Hamiltonian if and only if G + uv is Hamiltonian.

Definition 8.7.8. [closure of a graph]| The closure of a graph G, denoted C(G), is obtained
by repeatedly choosing pairs of nonadjacent vertices u,v such that d(u) 4+ d(v) > n and adding

edges between them.
Proposition 8.7.9. The closure of G is unique.

Proof. Let K be a closure obtained by adding edges e; = ujv1, ..., e = upvg sequentially and F
be a closure obtained by adding edges f1 = z1v1,..., fr = =,¥y, sequentially. Let e; be the first
edge in the e-sequence which does not appear in the f-sequence. Put H =G +e1 +---+¢;_1.
Then, e; = w;v; implies that e; ¢ E(H) and dg(u;)+dg(v;) > n. Also, H is a subgraph of F' and
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hence, dr(u;) + dp(v;) > n. Moreover, e; = u;v; ¢ F as e; does not appear in the f-sequence.

Thus, F' cannot be a closure and therefore the required result follows. n

EXERCISE 8.7.10. Let G be a graph on n > 3 vertices.

1. If G has a cut vertex, then prove that C(G) # K,.

~

2. Then, prove a generalization of Dirac’s theorem: If the closure C(G) = K, then G is

Hamiltonian.

Theorem 8.7.11. Let dy < --- < d,, be the vertex degrees of G. Suppose that, for each k < n/2
with d < k, the condition d,_, > n — k holds. Then, prove that G is Hamiltonian.

Proof. We show that under the above condition H = C(G) = K,. On the contrary, assume
that there exist a pair of vertices u,v € V(G) such that wv ¢ E(G) and dg(u) +dp(v) <n-—1.
Among the above pairs, choose a pair u,v € V(G) such that uv ¢ E(H) and dg(u) + dg(v) is
maximum. Assume that dg(v) > dy(u) = k (say). Clearly, k < n/2.

Now, let Sy ={zr € V(H) |2v ¢ E(H),x # v} and S, = {w € V(H) | wu ¢ E(H),w # u}.
Therefore, the assumption that dy(u) + dg(v) is the maximum among each pair of vertices u, v
with uwv ¢ E(H) and dy(u) + dg(v) < n — 1 implies that [Sy| =n—1—dy(v) > dy(u) =k
and for each z € Sy, dy(x) < dgy(u) = k. So, there are at least k vertices in H (elements of S,)
with degrees at most k.

Also, for any w € S, note that the choice of the pair u,v implies that dy(w) < dy(v) <
n—1—dg(u) =n—1—k < n—k. Moreover, |S,|] = n—1— k. Further, the condition
di(u) +dg(v) <n-—1,dg(v) > dg(u) =k and u ¢ S, implies that dy(u) <n—1—-dg(v) <
n—1—k <n—k. So, there are n — k vertices in H with degrees less than n — k.

Therefore, if dj < --- < d), are the vertex degrees of H, then we observe that there exists a
k < n/2 for which dj, <k and d, , <n—k. As k <n/2and d; < d}, we get a contradiction. =

EXERCISE 8.7.12. Complete an alternate proof of Theorem 8.7.11. Let R denote the property:
R : ‘Ifdy <k then d,_ >n —k, for each k < n/2’.
We know that G has this property.

1. Let e be an edge not in G. Show that G + e also has the property. What about the closure
H :=C(G) of G?

2. Assume that max{d(u) + d(v) : u,v € H are not adjacent} < n — 2. Let e be an edge not
in H. Does H + e have property R? Is C(H +e) = H +e?

3. In view of the previous observations assume that G is an edge mazimal graph with property
R which is not Hamiltonian. Do you have C(G) = G¢ Show that there are some k vertices
having degree at most k and some n — k vertices having degree less than n — k. Does that
contradict R?

Definition 8.7.13. [Line graph] The line graph H of a graph G is a graph with V(H) = E(G)

and e1,es € V(H) are adjacent in H if e; and es share a common vertex/endpoint.
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Example 8.7.14. Verify the following:
1. Line graph of Cj5 is C5.
2. Line graph of Ps is Pj.
3. Line graph of any graph G contains a complete subgraph of size A(G).
EXERCISE 8.7.15. 1. Let G be a connected Eulerian graph. Then, show that the line graph

of G is Hamiltonian. Is the converse true?

2. What can you say about the clique number of a line graph?

Theorem 8.7.16. A connected graph G is isomorphic to it’s line graph if and only if G = C,,,

for some n > 3.

Proof. If G is isomorphic to its line graph, then |G| = ||G||. Thus, G is a unicyclic graph.
Let [v1,v9,..., Uk, k41 = v1] form the cycle in G. Then, the line graph of G contains a cycle
P = [vjva,v9v3, . .., vpv1]. We now claim that dg(v;) = 2.

Suppose not and let dg(vy) > 3. So, there exists a vertex u ¢ {va,vi} such that u ~ v;. In
that case, the line graph of G contains the triangle T' = [v1v2, v1vg, v1u] and P # T. Thus, the
line graph is not unicyclic, a contradiction. "

EXERCISE 8.7.17. 1. Determine the closure of G.

2. Show that H is not Hamiltonian.

G H

3. Give a necessary and sufficient condition on m,n € N so that K, ,, is Hamiltonian.
4. Show that any graph G with |G| > 3 and |G| > C(n — 1,2) + 2 is Hamiltonian.
5. Show that for any n > 3 there is a graph H with ||G|| = C(n —1,2) + 1 that is not Hamil-

tonian. But, prove that all such graphs H admit a Hamiltonian path (a path containing
all vertices of H ).

8.8 Bipartite Graphs
Definition 8.8.1. [2-colorable graphs| A graph is 2-colorable if it’s vertices can be colored with

two colors in a way that adjacent vertices get different colors.

Lemma 8.8.2. Let P and Q be two v-w-paths in G such that length of P is odd and length of

Q is even. Then, G contains an odd cycle.
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Proof. Suppose P, have an inner vertex x (a vertex other than v,w) in common. Then, one
of P(v,x), P(x,w) has odd length and the other is even, say, P(v,z) is odd. If the lengths of
Q(v,z) and Q(z,w) are both odd then we consider the z-w-paths P(z,w) and Q(z, w), otherwise
we consider the paths P(v,z) and Q(v,x).

In view of the above argument, we may assume that P, Q) have no inner vertex in common. In

that case it is clear that P U @ is an odd cycle. "

Theorem 8.8.3. Let G be a connected graph with at least two vertices. Then, the following

statements are equivalent.

1. G is 2 colorable.
2. G is bipartite.

3. G does not have an odd cycle.

Proof. Part 1 = Part 2. Let G be 2-colorable. Let V; be the set of red vertices and Vs be the
set of blue vertices. Clearly, GG is bipartite with partition Vi, V.

Part 2 = Part 1. Color the vertices in Vi with red color and that of V5 with blue color to get
the required 2 colorability of G.

Part 2 = Part 3. Let G be bipartite with partition Vi, V5. Let vy € Vi and suppose I' =
VU1V - - -V = Vg is a cycle. It follows that vi,v3,v5--- € Vo, Since, vy € V7, we see that k is
even. Thus, I' has an even length.

Part 3 = Part 2. Suppose that G does not have an odd cycle. Pick any vertex v. Define
Vi = {w | there is a path of even length from v to w} and V5 = {w | there is a path of odd length
from v to w}. Clearly, v € V;. Also, G does not have an odd cycle implies that V3 NV, = ). As
G is connected each w is either in V; or in V5.

Let € V5. Then, there is an even path P(v,x) from v to xz. If xy € E(G), then we have
a v-y-walk of odd length. Deleting all cycles from this walk, we have an odd v-y-path. Thus,
y € Vo. Similarly, if x € V5 and zy € E, then y € V4. Thus, G is bipartite with parts Vi, V5. =

EXERCISE 8.8.4. 1. There are 15 women and some men in a room. FEach man shook hands
of exactly 6 women and each woman shook hands of exactly 8 men. How many men are

there in the room?

2. How do you test whether a graph is bipartite or not?

8.9 Matching

Definition 8.9.1. [Matching in a graph] A matching in a graph G is an independent set of
edges. A maximum matching is a matching with maximum number of edges. A vertex v is
saturated by a matching M if there is an edge e € M incident on v. A matching is a perfect

matching if every vertex is saturated.

Example 8.9.2. 1. In Figure 8.14, M; = {ujus} is a matching. So, is My = {e}, where e is

any edge. The set M3 = {usug, uqur} is also a matching. The set My = {ujug, uqus, ugur}



174 CHAPTER 8. GRAPHS

u1

U2 ur Ug

u3 Ug Us

Figure 8.14: A graph

is also a matching and it is maximum (why?). Can you give another maximum matching?

2. Any non trivial graph G has a maximum matching.
3. Vertices that are saturated for Ms are {ug, us, w4, ur}.

4. Any graph with a perfect matching must have even order. The Figure 8.14 cannot have a

perfect matching.

Definition 8.9.3. [Alternating path] Let M be a matching in G. A path P is called M-
alternating if its edges are alternately from M and from G — M. An M-alternating path with
two unmatched vertices as end points is called M-augmenting. Convention: Each path of
length 1 in M is M-alternating.

Example 8.9.4. Consider Figure 8.14.
1. The path [u1,us] is M;-alternating. The only path of length 2 which is M;-alternating is
[u1, ug, us).
2. The path [uj,ug, uq,u7] is not Ms-alternating. But, [ug, us, u4, uy] is Ms-alternating.

3. The path P = [uy,ua,us, us, uy, ug| is Ms-alternating and Ms-augmenting. This gives us
a way to get a larger (in size) matching Ms using Mj: throw away the even edges of P

from M3 and add the odd edges; i.e., M5 = M3 — {ugus, ugur} + {ujug, usuy, urug}.

Theorem 8.9.5. [Berge, 1957] A matching M is mazimum if and only if there is no M-

augmenting path in G.

Proof. Let M = {ujvy,...,upvr} be a maximum matching. If there is an M-augmenting path
P, then (P\ M)U M \ P is a larger matching, a contradiction. Conversely, suppose that M is
not maximum. Let M* be a maximum matching. Consider the graph H = (V, M U M*). Note
that dy(v) < 2, for each vertex in H. Thus, H is a collection of isolated vertices, paths and
cycles. Since a cycle contains equal number of edges of M and M¥*, there is a path P which
contains more number of edges of M* than that of M. Then, P is an M-augmenting path. A

contradiction. -
EXERCISE 8.9.6. How do we find a mazimum matching in a graph G.

Example 8.9.7. Can we find a matching that saturates all vertices in the graph given below?
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Ans: No. Let X be the given graph and take S = {1,2,3}. If there is such a matching then
|N(S)| should at least be |S|. But this is not the case with this graph.
Question: What if [N (S)| were at least |S|, for each S C X7

Theorem 8.9.8. [Hall, 1935] Let G = (XUY, E) be a bipartite graph. Then, there is a matching
that saturates all vertices in X if and only if for all S C X, IN(S)| > |S].

Proof. If there is such a matching, then obviously |S| < |[N(S)|, for each subset S of X.
Conversely, suppose that |[N(S)| > |S], for each S C X. Let if possible, M* be a maximum
matching that does not saturate x € X.

As [IN({z})| > [{z}|, there is a y € Y such that zy ¢ M*. Since M* cannot be extended, y
must have been matched to some z; € X.

Now consider N ({z,x1}). It has a vertex y; which is adjacent to either = or z; or both by an
edge not in M*. Again the condition that M* cannot be extended implies that y; must have
been matched to some xo € X. Continuing as above, we see that this process never stops and

thus, G has infinitely many vertices, which is not true. Hence, M* saturates each = € X. n
Corollary 8.9.9. Let G be a k-reqular (k > 1) bipartite graph. Then, G has a perfect matching.

Proof. Let X and Y be the two parts. Since G is k-regular |X| = |Y|. Let S C X and E be the

set of edges with an end vertex in S. Then k|S| = |E| < > d(v) = k|N(S)|. Hence, we see
veEN(S)
that for each S C X, |S| < |N(S)| and thus, by Hall’s theorem the required result follows. =

Definition 8.9.10. [Covering of a graph] Let G be a graph. Then, S C V(G) is called a
covering of G if each edge has at least one end vertex in .S. A minimum covering of G is a

covering of G that has minimum cardinality.
EXERCISE 8.9.11. 1. Show that for any graph G the size of a minimum covering is n—a(Q).
2. Characterize G in terms of it’s girth if the size of a minimum covering is |G| — 2.

Proposition 8.9.12. Let G be a graph. If M is a matching and K is a covering of G, then

|M| < |K|. If |M| = |K]|, then M is a maximum matching and K is a minimum covering.
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Proof. By definition, the proof of the first statement is trivial. To prove the second statement,
suppose that |[M| = |K| and M is not a maximum matching. Let M* be a matching of G with
|M*| > |M|. Then, using the first statement, we have |K| > |M*| > |M|. Thus, M is maximum.

As each covering must have at least |M| elements, we see that K is a minimum covering. "

EXERCISE 8.9.13. Let G = K,,, n > 3. Then, determine

1. the cardinality of a mazximum matching?

2. the cardinality of a minimum covering?

Is the converse of Proposition 8.9.12 necessarily true? Can you guess the class of graphs for

which the converse of Proposition 8.9.12 is true?

Theorem 8.9.14. [Konig, 1931] Let M* be a mazimum matching in o bipartite graph G and

let K* be a minimum covering. Then, |M*| = |K*|.

Proof. Let V.= X UY be the bipartition of V and let M be a maximum matching. Let U be
the vertices in X that are not saturated by M and let Z be the set of vertices reachable from U
by an M-alternating path.

Pt S=ZnX,T=7ZnY and K =TU(X\S). Then, U C Z C XUY. Also, every
vertex in 7' is saturated by M (as M is a maximum matching) and N(S) = T. Further, a vertex
v € X \ S is matched to some vertex y ¢ T. Thus, |[K| =|TU (X \ 95)| < |M|. If K is not a
covering, then there is an edge xy € G with x € S and y ¢ T, a contradiction to N(S) = T.
Thus, K is a covering and hence, using |K| < |M| and Proposition 8.9.12, we get |K| = |M]|.

Furthermore, by Proposition 8.9.12, we also see that K is a minimum covering. n

EXERCISE 8.9.15. How many perfect matchings are there in a labeled Ko, ?

8.10 Ramsey Numbers

Recall that in any group of 6 or more persons either we see 3 mutual friends or we see 3 mutual
strangers. Expressed using graphs it reads ‘let G = (V, E) be a graph with |V| > 6. Then, either
K3§GOI'?3§G.’

Definition 8.10.1. [Ramsey number] The Ramsey number r(m, n) is the smallest natural

number k such that any graph G on k vertices either has a K, or a K, as it’s subgraph.

Example 8.10.2. As C5 does not have K3 or K3 as it’s subgraph, 7(3,3) > 5. But, using
the first paragraph of this section, we get 7(3,3) < 6 and hence, r(3,3) = 6. It is known that
7(3,4) = 9 (see the text by Harary for a table).

Proposition 8.10.3. Let G be a graph on 9 vertices. Then, either K4 C G or K3 C G.

Proof. Assume that |V| = 9. Then, we need to consider three cases.
Case I. There is a vertex a with d(v) < 4. Then, |N(a)¢| > 4. If all vertices in N(a)® are
pairwise adjacent, then K4 C G. Otherwise, there are two nonadjacent vertices, say b,c € N(a)°.

In that case a, b, c induces the graph Ks3.



8.11. DEGREE SEQUENCE 177

Case II. There is a vertex a with d(a) > 6. If (N(a)) has a K3, we are done. Otherwise,
r(3,3) = 6 implies that (N(a)) has a K3 with vertices, say, b, c,d. In that case a,b, ¢, d induces
the graph Kjy.

Case III. Each vertex has degree 5. This case is not possible as > d(v) should be even. =

EXERCISE 8.10.4. Can you draw a graph on 8 vertices which does not have Ks, K, in it?

Theorem 8.10.5. [Erdos & Szekeres, 1935] Let m,n € N. Then, r(m,n) < r(m — 1,n) +

r(m,n —1).

Proof. Let p=r(m —1,n) and ¢ = r(m,n — 1). Now, take any graph G on p + ¢ vertices and
take a vertex a. If d(a) > p, then (N(a)) has either a subgraph K,,_; (and K,,_; together
with a gives K,,,) or a subgraph K,,. Otherwise, |N(a)¢| > ¢. In this case, (N(a)¢) has either a
subgraph K,, or a subgraph K, 1 (K,_; together with a gives K,). "

8.11 Degree Sequence

Definition 8.11.1. [Degree sequence] The degree sequence of a graph of order n is the tuple
(di,...,dy) where d; < --- < d,. A nondecreasing sequence d = (dy,...,d,) of nonnegative

integers is graphic if there is a graph whose degree sequence is d.
EXERCISE 8.11.2. Show that (1,1,3,3) is not graphic.

Theorem 8.11.3. Fiz n > 1 and the natural numbers dy < --- < d,,. Then, d = (di,...,dy) is

the degree sequence of a tree on n wvertices if and only if Y d; = 2n — 2.

Proof. If d = (dy,...,d,) is the degree sequence of a tree on n vertices then Y d; = 2|E(T)| =
2(n—1) =2n—2.

Conversely, let d < --- < d,, be a sequence of natural numbers with  d; = 2n — 2. We
use induction to show that d = (di,...,d,) is the degree sequence of a tree on n vertices. For
n = 1,2, the result is trivial. Let the result be true for all n < k and let dy < --- < di, k > 2, be
natural numbers with > d; = 2k — 2. Since, Y d; = 2k — 2, we must have d; = 1 and dj > 1.
Then, we note that dy = da, -+ ,d)_; = dy—1 and dj, = d, — 1 are natural numbers such that
>~ d. =2(k—1)—2. Hence, by induction hypothesis, there is a tree T’ on vertices 2,--- ,k—1,k
with degrees d}’s. Now, introduce a new vertex 1 and add the edge {1,k} to get a tree T that

has the required degree sequence. "

Theorem 8.11.4. [Havel-Hakimi, 1962] The degree sequence d = (dy, . ..,dy,) is graphic if and
only if the sequence dy,da,...,dp—q,—1,dp—q, —1,...,dn—1 — 1 is graphic.

Proof. If the later sequence is graphic then we introduce a new vertex and make it adjacent to
the vertices whose degrees are d,,—q, — 1,...,d,—1 — 1. Hence, the sequence d = (dy,...,d,)
is graphic. Now, assume that d is graphic and G is a graph with degree sequence d. Let n be
a vertex with d, = k and suppose that the vertices 1,...,k are adjacent to n in G. Also, let
deg(1) be the minimum among deg(1),...,deg(k). If deg(1) > deg(k + 1),...,deg(n — 1), then
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G — n is the required graph. So, let deg(k + 1) > deg(1). Then, k + 1 has a neighbor v # 1,n
with v %¢ 1. Now, consider the graph G' = G —{k+1,v} +{n,k+ 1} +{1,v} —{1,n}. Then, G’
a also has d as it’s degree sequence with a better degree of neighbors. Note that the
average increases by at least % Obviously the average cannot go beyond n — 1. Thus, repeating

the above procedure a finite number of times, the required result follows. "

EXERCISE 8.11.5. 1. How many different degree sequences are possible on a graph with 5
vertices? List all the degree sequences and draw a graph for each one. (Include connected

and disconnected graphs.)
2. Which of the sequences below are graphic? Draw the graph or supply an argument.
(a) (2,2,3,4,4,5)
(b) (1,2,2,3,3,4)
(c) (22,3%,4%) = (2,2,3,3,3,3,3,3,4,4)
3. If two graphs have the same degree sequence, are they necessarily isomorphic?

4. If two graphs are isomorphic, is it necessary that they have the same degree sequence?

8.12 Planar Graphs

Definition 8.12.1. [Embedding, Planar graph] A graph is said to be embedded on a surface
S when it is drawn on S so that no two edges intersect. A graph is said to be planar if it can

be embedded on the plane. A plane graph is a graph which is embedded on the plane.

K5-Non-planar K3 3-Non-planar Ky K, - Planar embedding

Figure 8.15: Planar and non-planar graphs

Example 8.12.2. 1. A tree is embed-able on a plane and when it is embedded we have only

one face, the exterior face.
2. Any cycle C,,, n > 3 is planar and any plane representation of C), has two faces.
3. The planar embedding of K4 is given in Figure 8.15.
4. Draw a planar embedding of Kj 3.
5. Draw a planar embedding of the three dimensional cube.
Definition 8.12.3. [Face of a planar embedding] Consider a planar embedding of a graph

G. The regions on the plane defined by this embedding are called faces/regions of G. The

unbounded face/region is called the exterior face (see Figure 8.16).
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919 fi 9 fi
14 13
8 1: 11 ;
15 f4 f3
T 2 3 4 5
T e L3
Planar Graph X1 Planar Graph X,

Figure 8.16: Planar graphs with labeled faces to understand the Euler’s theorem

The faces of the planar graph X; and their corresponding edges are listed below.

Face | Corresponding Edges

Fi | {9.8Y, 8,95, 18,21, {2, 1}, {1, 2}, {2, T}, {7, 2}, {2. 3} {3, 4}, {4, 6}, {6, 4}, {4,5},
{5,4},{4,12},{12,4},{4,11}, {11, 10}, {10, 13}, {13, 14}, {14, 10}, {10, 8}, {8,9}
fo {10,13},{13,14}, {14, 10}

f3 {4,11},{11,10}, {10, 4}

fa {2,3},{3,4},{4,10},{10,8}, {8,2},{2, 15}, {15, 2}

From the table, we observe that each edge of X; appears in two faces. This can be easily
observed for the faces that don’t have pendant vertices (see the faces fo and f3). In faces fi
and fy, there are a few edges which are incident with a pendant vertex. Observe that the edges
that are incident with a pendant vertex, e.g., the edges {2,15},{8,9} and {1,2} etc., appear
twice when traversing a particular face. This observation leads to the proof of Euler’s theorem

for planar graphs which is the next result.

Theorem 8.12.4. [Euler formula] Let G be a connected plane graph with f as the number of
faces. Then,
Gl =Gl + f = 2. (8.3)

Proof. We use induction on f. Let f = 1. Then, G cannot have a subgraph isomorphic to a
cycle. For if, G has a subgraph isomorphic to a cycle then in any planar embedding of G, f > 2.
Therefore, G is a tree and hence |G| — |G|+ f=n—(n—1)+1=2.

So, assume that Equation (8.3) is true for all plane connected graphs having 2 < f < n. Now,
let G be a connected planar graph with f = n. Now, choose an edge that is not a cut-edge, say
e. Then, G — e is still a connected graph. Also, the edge e is incident with two separate faces

and hence it’s removal will combine the two faces and thus G — e has only n — 1 faces. Thus,
G =G+ f=1G—e[-(IG—el[+1) +n=|G—e| - [|G—¢| +(n-1)=2
using the induction hypothesis. Hence, the required result follows. n

Lemma 8.12.5. Let G be a plane bridgeless graph with ||G|| > 2. Then, 2||G|| > 3f. Further,
if G has no cycle of length 3 then, 2||G|| > 4f.
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Proof. For each edge put two dots on either side of the edge. The total number of dots is 2||G]|.
If G has a cycle then each face has at least three edges. So, the total number of dots is at least
3f. Further, if G does not have a cycle of length 3, then 2||G|| > 4f. n

Theorem 8.12.6. The complete graph K5 and the complete bipartite graph K33 are not planar.

Proof. 1If Kj5 is planar, then consider a plane representation of it. By Equation (8.3), f = 7.
But, by Lemma 8.12.5, one has 20 = 2||G|| > 3f = 21, a contradiction.

If K33 is planar, then consider a plane representation of it. Note that it does not have a Cs.
Also, by Euler’s formula, f = 5. Hence, by Lemma 8.12.5, one has 18 = 2||G|| > 4f = 20, a

contradiction. n

Definition 8.12.7. [Subdivision, homeomorphic] Let G be a graph. Then, a subdivision of
an edge uv in G is obtained by replacing the edge by two edges uw and wv, where w is a new
vertex. Two graphs are said to be homeomorphic if they can be obtained from the same graph

by a sequence of subdivisions.

For example, for each m,n € N, the paths P, and FP,, are homeomorphic. Similarly, all the
cyclic graphs are homeomorphic to the cycle C5 if our study is over simple graphs. In general,
one can say that all cyclic graphs are homeomorphic to the graph G = (V, E), where V = {v}
and E = {e, e} (i.e., a graph having exactly one vertex and a loop). Also, note that if two graphs
are isomorphic then they are also homeomorphic. Figure 8.17 gives examples of homeomorphic
graphs that are different from a path or a cycle.

Figure 8.17: Homeomorphic graphs

Theorem 8.12.8. [Kuratowski, 1930] A graph is planar if and only if it has no subgraph

homeomorphic K5 or K3 3.

Proof. Omitted.

We have the following observations that directly follow from Kuratowski theorem.
Remark 8.12.9. 1. Among all simple connected non-planar graphs

(a) the complete graph Ks has minimum number of vertices.

(b) the complete bipartite graph Ks 3 has minimum number of edges.
2. If Y is a non-planar subgraph of a graph X then X s also non-planar.

Definition 8.12.10. [Blocks of a graph] Let G be a graph. Define a relation on the edges of G

by e1 ~ eg if either e; = e or there is a cycle containing both these edges. Note that this is an
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equivalence relation. Let E; be the equivalence class containing the edge e;. Also, let V; denote
the endpoints of the edges in E;. Then, the induced subgraphs (V;) are called the blocks of G.

Proposition 8.12.11. A graph G is planar if and only if each of its blocks are planar.
Proof. Omitted.

Definition 8.12.12. [Maximal planar] A graph is called maximal planar if it is planar and
addition of any more edges results in a non-planar graph. A maximal plane graph is necessarily

connected.

Proposition 8.12.13. If G is a maximal planar graph with m edges and n > 3 vertices, then

every face is a triangle and m = 3n — 6.

Proof. Suppose there is a face, say f, described by the cycle [u,...,ug, ui], K > 4. Then, we
can take a curve joining the vertices u; and ug lying totally inside the region f, so that G+ ujus
is planar. This contradicts the fact that G is maximal planar. Thus, each face is a triangle. It
follows that 2m =3f. Asn—m+ f =2, we have 2m =3f =3(2—-n+m)orm=3n—6. =

EXERCISE 8.12.14. 1. Suppose that G is a plane graph with n vertices such that each face is
a 4-cycle. What is the number of edges in G ¢

Show that the Petersen graph has a subgraph homeomorphic to K3 3.
Show that a plane graph on n > 3 wvertices can have at most 2n — 5 bounded faces.

Is it necessary that a plane graph G should contain a vertex of degree less than 57

SN

Let G be a plane graph on n wvertices, m edges, f faces and k components. Prove by

induction thatn —m+ f =k + 1.
6. If G is a plane graph without 3-cycles, then show that 6(G) < 3.

7. Show that any plane graph on n > 4 wvertices has at least four vertices of degree at most

five.
8. Produce a planar embedding of the graph G that appears in Figure 8.18.

7 8

4 3

Figure 8.18: A graph on 8 vertices
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8.13 Vertex Coloring

Definition 8.13.1. [k-colorable] A graph G is said to be k-colorable if the vertices can be
assigned k colors in such a way that adjacent vertices get different colors. The chromatic

number of G, denoted x(G), is the minimum & such that G is k-colorable.
Theorem 8.13.2. For every graph G, x(G) < A(G) + 1.

Proof. If |G| = 1, the statement is trivial. Assume that the result is true for |G| = n and let G
be a graph on n + 1 vertices. Let H = G — 1. As H is (A(G) + 1)-colorable and d(1) < A(G),

the vertex 1 can be given a color other than its neighbors. "

Theorem 8.13.3. [Brooks, 1941] FEwvery non complete graph which is not an odd cycle has
X(G) < A(G).

Theorem 8.13.4. [5-color Theorem] FEvery Planar graph is 5-colorable.

Proof. Let G be a minimal planar graph on n > 6 vertices and m edges, such that G is not
5-colorable. Then, by Proposition 8.12.13, m < 3n — 6. So, nd(G) < 2m < 6n — 12 and hence,
d(G) < 2m/n < 5. Let v be a vertex of degree 5. Note that by the minimality of G, G — v is
5-colorable. If neighbors of v use at most 4 colors, then v can be colored with the 5-th color
to get a 5-coloring of G. Else, take a planar embedding in which the neighbors vy, ...,v5 of v
appear in clockwise order.

Let H = G[V; U Vj] be the graph spanned by the vertices colored i or j. If v; and v; are in
different connected components of H, then we can swap colors ¢ and j in a component that
contains v;, so that the vertices vi,...,vs use only 4 colors. Thus, as above, in this case the
graph G is 5-colorable. Otherwise, there is a 1, 3-colored path between vy and vz and similarly,
a 2,4-colored path between vy and vy. But this is not possible as the graph G is planar. Hence,

every planar graph is 5-colorable. "

8.14 Adjacency Matrix

Definition 8.14.1. [adjacency matrix] Let G = (V,E) be a simple (undirected) graph on
vertices 1,...,n. Then, the adjacency matrix A(G) of G (or simply A) is described by

0 otherwise.

{ 1 if {i,j} € E,
aij:

Let H be the graph obtained by relabeling the vertices of G. Then, note that A(H) =
S~LA(G)S, for some permutation matrix S (recall that for a permutation matrix S* = S~1).
Hence, we talk of the adjacency matrix of a graph and do not worry about the labeling of the
vertices of G.

will give an adjacency matrix, say B. But, the
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Example 8.14.2. The adjacency matrices of the 4-cycle C4 and the path P, on 4 vertices are

given below.

01 01 0100
1010 1 010
A C — 5 A P =
=151 01 B=16 101
1010 0010
EXERCISE 8.14.3. A graph G is not connected if and only if there exists a permutation matriz
A 0
P such that A(G) = 011 PRE for some matrices A11 and Ags.
22

Theorem 8.14.4. The (i,7) entry of B = A(G)* is the number of i-j-walks of length k.

Proof. Note that by the definition of matrix product

bij = E Qiiy Fiyig * Qi _qig, -

115yl —1
Thus, b;; = r if and only if we have r sequences i1, ...,4i;_1 with a;;, = --- = a;,_,;, = 1. That
is, bj; = r if and only if we have r walks of length £ between ¢ and j. "

Theorem 8.14.5. Let G be a graph G of order n. Then, G is connected if and only if [I +
A(G)]TH]L is entrywise positive.

Proof. Put B =1+ A and let G be connected. If P is an i-j-path of length n — 1, then Bz’f‘jfl
AN > 1 If P = [iyiy, ... ,ip = j]is an i-j-path of length k < n—1, then by; . .. bibii, ... bi,_,
1, where b;; is used n — 1 — k times. Thus, Bl’f‘jfl > 0.

Y

Conversely, let ij_l > 0. Then, the corresponding summand b, ...b;, ,; is positive. By
throwing out entries of the form b;;, for 1 <+¢ < n, from this expression, we have an expression
which corresponds to an i-j-path of length at most n — 1. As B"~! is entrywise positive, it
follows that G is connected. "
Do you want to put Vertex-edge incidence matrix or the {—1,0, 1}-
incidence matrix? If so, which results other than Matrix Tree

Theorem should be stated. We need not give the proofs.

Definition 8.14.6. [Vertex-edge incidence matrix] The vertex-edge incidence matrix M

of G is a |G| x ||G|| matrix whose (i, j)-entry is described by

1 if edge e; is incident on wv;,
mij =

0 else.
8.15 More Exercises
EXERCISE 8.15.1. 1. Can there be a graph in which the size of a minimum covering is |G| ?

2. Characterize G if the size of a minimum covering is |G| — 1.

3. What relationship is there between the size of a minimum covering and a(G)?
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Is it necessary that a plane graph G should contain a vertex of degree at most 59

Is K5 — e planar, where e is any edge?

Is K33 — e planar, where e is any edge?

Is it true that any group of 7 persons there are 3 mutual friends or 4 mutual strangers?
Prove/disprove: A two colorable graph is necessarily planar.

Draw the tree on the vertex set [12] whose Priifer code is 9954449795,

A game of ‘thief’ is played in the following way: There is a coin. There are n participants.
One participant takes the coin and passes it to whoever he/she wishes to. Whoever has
the coin must pass to somebody (other than the person from whom he/she received it) as

quickly as possible. When the music stops, the person with the coin is the ‘thief’.

My class students (there are 115 in total) were playing it. There were 2009 passes when
the music stopped. I guarantee that the person who started it is not the thief. How?

Not able to understand
How many chordal graphs are there on the vertex set [4]7
Count with diameter: how many nonisomorphic trees are there of order 77

List the automorphisms of the following graph.
4
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(n,m) graph, 146
C(n,r), 93

C,, 111, 147

E, 146

E(G), 146

G —w, 149
M-alternating, 174
M-augmenting, 174
N(v), 146

Ng(v), 146
P(n,r), 91
P(n;ny,...,ng), 93
P,, 146

S(n,r), 106

V, 146

V(G), 146

A(G), 149

I'(G), 156
I'B30DGI'B30D, 146
hAUB, 149

(@), 149

dom f, 7

0B 2

k(G), 164

AMG), 165

A, 44

Tn, 109

7 (k), 109

g f, 7

LB
{Az}zea, 29
{fi,.. s fa} =g, 67
a+b, 55

ab, 55
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d(v), 146

dg(v), 146

fa, 8

k-colorable, 182
k-connected, 164
k-factor, 149
k-place predicate, 71
k-regular, 149

k-th difference, 132
l-edge connected, 165
n-set, 90

p implies ¢, 59
r-combination, 93
r-permutation, 90
r-sequence, 90
r(m,n), 176

s(n, k), 109

u-v walk, 151
z-bound part, 72

x", 109

acyclic, 153

addition rule, 89
adequate, 63
adjacency matrix, 182
adjacent, 146
algebraic, 45

algebraic expansion, 96
anti-chain, 46
antisymmetric, 46
argument, 57
assignment, 58

atom, 85

atomic formula, 58, 72

atomic variable, 58
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automorphism, 156 composition, 31
axiom of choice, 51 conclusion, 67

congruent, 21
basic solution, 134

Bell Numbers, 139
bijection, 9
bipartite, 168
blocks, 181
Boolean algebra, 83

conjugate, 128
conjunction/and, 58
conjunctive normal form, 65
connected, 154

connected component, 154
connected permutation, 131

Boolean homomorphism, 86 connectives. 60

Boolean isomorphism, 86 contradiction (F), 61
bound, 72

bounded lattice, 81

contrapositive, 60
converse, 60
bridge, 158 countable, 43
covering, 175
cubic, 149

cut edge, 158

cut vertex, 157

Cardinal numbers, 44
cartesian product, 5, 151
Catalan number, 111

Cauchy product, 122
cycle graph, 147

center, 152 L
cycle/circuit, 152
chain, 46
characteristic equation, 133 degree, 146
chord, 153 degree sequence, 177
chordal, 153 derangement, 120
chromatic number, 182 diameter, 152
circular permutation, 97 dictionary, 47
clique, 154 difference equation, 132
clique number, 154 direct product, 79
closed, 152 disconnected, 154
closure, 170 disjoint, 6
co-prime, 17 disjoint union, 150
codomain set, 7 disjunction/or, 58

coin problem/ money changing problem, 130  disjunctive normal form, 65

commutative ring with unity, 25 distance, 152
comparable, 46 distributive lattice, 77
complement, 5, 81, 150 divide, 17
complemented, 81 divisor, 17

complete, 81, 146 domain of f, 7
complete bipartite graph, 147 domain set, 7
component, 154 dual, 66

composite, 19 Durfee square, 131
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edge connectivity, 165 functionally complete, 63
edge density, 154 Fundamental theorem of arithmetic, 20
edge set, 145
general graph, 145
edges, 145 L 159
caf, 123 S

hi ot 1
embedded, 178 graph invariant, 156

end vertices, 145
end vertices of P, 152

enumeration, 43

graphic, 177
greatest common divisor, 17

greatest lower bound (glb), 49

equivalence class, 33 Hamel basis, 53

equivalence relation, 31 Hamiltonian, 169

equivalent, 9, 61, 73 Hasse diagram, 48

Euclid’s Algorithm, 17 height, 46

Euclid’s algorithm, 18 homeomorphic, 180

Euclid’s lemma, 19 homogeneous recurrence relation, 132
Euler’s totient function, 120 hypergraph, 146

Eulerian, 166 hypothesis/premise, 67

Eulerian tour, 166

identi .
exponential generating function, 123 identity relation, 31

exterior face, 178 image, 7
incident, 145

faces/regions, 178 independence number, 155
falling factorial, 91, 109 independent, 146
family of finite character, 52 induced, 149
family of sets, 29 induced partial order, 52, 85
Ferrer’s Diagram, 128 infinite, 10
Fibonacci sequence, 132 infinite cardinal numbers, 45
field, 23 initial condition, 132
finite, 10 initial segment of a, 50
first difference, 132 injection, 8
forest, 157 internal vertices, 152
Formal power series, 122 interpretation, 72

differentiation, 125 interpretation of f, 72

integration, 125 intersection, 6, 29, 150
formal power series, 122 inverse, 7, 83
free, 72 isolated, 146
free Boolean algebra, 84 isomorphic, 155
Frobenius number, 130 .

join, 151

Function

Identity, 36 lattice, 77

function, 7 lattice homomorphism, 80
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lattice isomorphism, 80 ordinary generating function, 123
lattice of n-tuples of 0 and 1, 79
lattice path, 110

least common multiple, 20

partial order, 46
partially ordered set, 46
partition, 105

least upper bound (lub), 49
partition of n into k parts, 109

length, 151
. . partition of S, 105
lexicographic, 47 )
151
LHRRCC, 132 path, 15

path graph, 146
pendant, 146, 159
perfect matching, 173

line graph, 171

linear /complete/total order, 46
linearly ordered set, 46

literal, 65

LNHRRCC, 132

logical conclusion, 67

loop, 145

lower bound, 49

permutation, 90

Petersen graph, 148

Pigeonhole principle (PHP), 115
planar, 178

plane graph, 178

Polish notation, 67

matching, 173 poset, 46

maximal, 49, 154 Priifer code, 161

maximal planar, 181 pre-image, 7

maximum, 49 prime, 19

maximum matching, 173 principal connective, 66

minimal, 49, 154 principle of duality, 84

minimum, 49 principle of transfinite induction, 50
minimum covering, 175 product, 51

multigraph, 146 propositional function, 71
multiplication rule, 89 pseudograph, 145

multiplicative, 121

ifi 1
multiset, 92 quantifiers, 7

quotient, 16
negation, 58
neighbor, 146
Newton’s Identity, 95

nonhomogeneous recurrence relation, 132

radius, 152
Ramsey number, 176
range of f, 7

reciprocal, 124

ogf, 123 recurrence relation, 132
one-one, 8 reflexive, 31

onto, 9 relation, 7

orbit, 98 relation on X, 31

orbit size, 98 relatively prime, 17
order, 146 remainder, 16

order of operations, 67 residue, 21
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restriction of f to A, 8
rising factorial, 109

rotation, 98

satisfiable, 67
saturated by a matching, 173
scope, 72
self conjugate, 128
self-complementary, 156
separating set, 164
Set
Cartesian Product, 5
Complement, 5
Composition of Relations, 31
Difference, 6
Equality, 5
Equivalence Class, 33
Equivalence Relation, 31
Identity Relation, 31
Intersection, 6
Power Set, 6
Subset, 5
Symmetric Difference, 6
Union, 6
set difference, 6
simple graph, 146
single valued, 7
solution, 132
spanning subgraph, 149
Squarefree, 26
squarefree, 88

standard representative, 21

Stirling number of the first kind, 109
Stirling numbers of the second kind, 106

Stirling’s Identity, 138
subdivision, 180
subgraph, 149

subset, 5

substitution instance, 62
surjection, 9

symmetric, 31

symmetric difference, 6

tautology (7), 61
trail, 151
transcendental, 45
transitive, 31
tree, 157

trivial graph, 146
truth function, 61
truth table, 59
truth value, 58

uncountable, 43

union, 6, 29, 150

unit, 19

unity, 19

universe of discourses, 71
upper bound, 49

usual partial order, 46

valid, 73

vertex connectivity, 164

vertex set, 145

vertex-edge incidence matrix, 183

vertices, 145

well formed formulae (wff), 60
well order, 50

width, 46

Wilson’s Theorem, 24

word expansion, 96
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