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Linear loop transformationsand tiling areknown to be very effective

for enhancinglocality of referencein perfectly-nestedloops.However, they

cannotbeapplieddirectly to imperfectly-nestedloops. Somecompilersat-

temptto convert imperfectly-nestedloopsinto perfectly-nestedloopsby us-

ing statementsinking, loop fusion,etc.,andthenapply locality enhancing

transformationsto the resultingperfectly-nestedloops,but the approaches

usedarefairly adhocandmayfail evenfor simpleprograms.

In this paper, we presenta systematicapproachfor synthesizingtrans-

formationsto enhancelocality in imperfectly-nestedloops.Thekey ideais

to embedtheiterationspaceof eachstatementinto a specialiterationspace

calledtheproductspace. Theproductspacecanbeviewedasa perfectly-

nestedloop nest,soembeddinggeneralizestechniqueslike statementsink-

ing andloop fusionwhich areusedin adhocwaysin currentcompilersto

produceperfectly-nestedloopsfrom imperfectly-nestedones.In contrastto

thesead hoc techniqueshowever, our embeddingsarechosencarefully to

enhancelocality. The productspacecan itself be transformedto increase

locality further, after which fully permutableloopscanbe tiled. The final

codegenerationstepmayproduceimperfectly-nestedloopsasoutputif that

is desirable.

Wepresentexperimentalevidencefor theeffectivenessof thisapproach,
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usingdensenumericallinearalgebrabenchmarks,relaxationcodes,andthe

tomcatvcodefrom theSPECbenchmarks.

Keywords: Automatic locality enhancement,restructuringcompilers,

caches,programtransformation,imperfectly-nestedloops

1 Background and PreviousWork

Sophisticatedprogramtransformationalgorithmsbasedon polyhedralalgebra

havebeendevelopedfor enhancinglocalityof referencein perfectly-nestedloops2.

Highlightsof this technologyarethefollowing. Theiterationsof theloopnestare

modeledaspointsin an integer lattice,andlinear loop transformationsaremod-

eledasnonsingularintegermatricesmappingonelattice to another. A sequence

of linearlooptransformationsis modeledby theproductof thematricesrepresent-

ing theindividual transformations;sincethesetof nonsingularmatricesis closed

undermatrixproduct,a sequenceof linearloop transformationscanitself berep-

resentedby anonsingularmatrix. Theproblemof findinganoptimalsequenceof

linearloop transformationsto enhancelocality of referenceis thusreducedto the

problemof finding anintegermatrix thatsatisfiessomedesiredproperty, permit-

2A setof loopsis saidto beperfectly-nestedif all assignmentstatementsin the loop nestare
containedin theinnermostloopof thatloopnest.
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ting thefull machineryof matrix methodsandlatticetheoryto beappliedto this

problem.(3–5,22,29,31)

This technologyis fairly mature,andit hasbeenincorporatedinto production

compilers,enablingthesecompilersto producegood codefor perfectly-nested

loop nests. However, most programscontain imperfectly-nestedloop nestsin

which assignmentstatementsarecontainedin somebut not all of the loops of

the loop nest. For example,importantmatrix factorizationslike Cholesky, LU

andQR factorizations(12) areall imperfectly-nestedloop nests.An entireproce-

dure,which is usuallya sequenceof perfectly-or imperfectly-nestedloop nests,

canitself beconsideredto beanimperfectly-nestedloopnest.

[Figure1 abouthere.]

As anexample,considertheJacobicodefragmentin Figure1 whichis typical

of programsthatsolve partial differentialequations(pde’s) by explicit methods.

Theserelaxationcodescontainanouterloopthatcountstime-steps;in eachtime-

step,asmoothingoperation(stencilcomputation)is performedonarraysthatrep-

resentapproximationsto the solutionof thepde. In the Jacobicode,statements

S1 andS2 touchthesamedatain eachiterationof thet loop; furthermore,in-

stancesof thesestatementsin differentiterationsof thetime loop touchthesame
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dataaswell. This datareusewill not beexploitedif theL andA arraysdo not fit

into thecache.

Datareusebetweeninstancesof S1 andS2 in a giveniterationof thet loop

canbe improvedby rewriting the Jacobicodeasshown in Figure2. This code

canbe obtainedby peelingthe first iterationsof thei1 andj1 loops,andthe

last iterationsof thei2 andj2 loops,andthenfusingtheremainingi1 andi2

loops,andthej1 andj2 loops. Exploiting datareusebetweendifferent itera-

tions of the time loop requireseven moreelaboratetransformations:thei and

j loopsmustbe skewed by 2*t andall loopsmustbe tiled; finally, if the ar-

raysarestoredin columnmajor order, thei andj loopsmustbe interchanged

to permitexploitationof spatiallocality aswell. Oneversionof this final codeis

shown in Figure25. This codeis obviously muchmorecomplex thanthe code

shown in Figure1, soit is desirableto havecompilertechnologythatcanimprove

performanceautomaticallyby restructuring.

[Figure2 abouthere.]

A numberof suchrestructuringstrategieshave beenproposedfor enhancing

locality in imperfectly-nestedloop nestslike matrix factorizationcodesandJa-

cobi.
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Special-purposetechniquesfor tiling matrix factorizationcodeshave been

proposedby Carr andKennedy.(6) They studiedhand-blockedcodesin the LA-

PACK library, andidentifiedsequencesof looptransformationsthatcouldbeused

to transformpointcodesinto thecorrespondingblockcodes.Thesesequencesare

relevantonly to factorizationcodes,andarenot usefulfor locality enhancement

of relaxationcodesfor example.Special-purposetransformationsfor locality en-

hancementin relaxationcodeswere proposedrecentlyby Songand Li, (30) but

thesetransformationscannotbe usedfor locality enhancementof matrix factor-

izationcodes.

General-purposetechniquesfor localityenhancementareobviouslypreferable

to special-purposetechniques.A simpleandgeneralapproachis to restructure

separatelyeachperfectly-nestedloop in an imperfectly-nestedloop nest,using

perfectly-nestedloop technology. However, the performanceimprovementob-

tainedwith this strategy canbe quite limited.(18) For example,this strategy ob-

viously fails to generatethedesiredtransformationfor theJacobicodediscussed

above. Anotherapproachusedby currentcommercialcompilersis to (i) convert

an imperfectly-nestedloop nestinto a perfectly-nestedloop nest,if possible,by

applyingtransformationslikecodesinking, loop fusionandloopfission,(16,33) and

then(ii) uselocality enhancementtechniquesfor theresultingmaximalperfectly-
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nestedloops. For most programs,thereare many ways to do this conversion,

andtheperformanceof theresultingcodemaydependcritically onhow thiscon-

versionis done. For example,certainordersof applyingthesetransformations

might leadto codethatcannotbetiled, while otherorderscouldresultin tilable

code.(17) A furthercomplicationis thatloopfissionandfusionarethemselvesuse-

ful in improving datalocality of loop nests;for example,loop fusion improves

inter-loop-nestreusein theJacobiexample.

In thispaper, wedescribeageneralapproachto localityenhancementof imperfectly-

nestedloopswhichextendsthestandardapproachusedfor perfectly-nestedloops.

A pictorial representationof our approachis shown in Figure3. The iteration

spaceof eachstatementis embeddedin a Cartesianspacecalled the product

space, using affine embeddingfunctions
���

. Theseembeddingsare chosenso

asto improvereusein theprogram,andthey generalizetransformationslike loop

fusionandloop fissionthathave beenusedin theliteraturefor locality enhance-

ment. The productspaceitself can be viewed as a perfectly-nestedloop nest

(althoughonewhich hasmany redundantdimensionsaswe discusslater in this

paper),soembeddingscanalsobeviewedasa generalizationof techniquescur-

rentlyusedto transformimperfectly-nestedloopsinto perfectly-nestedones.The

productspaceis further transformedusingapproachesdevelopedfor perfectly-
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nestedloops,suchasheight reduction;(21) whenpossible,loopsaremadefully

permutable,enablingthemto be tiled. Thesetransformationsarerepresentedin

Figure3 by the non-singularmatrix � . After projectingout redundantdimen-

sions,codeis generatedusingstandardtechniquesfrom polyhedralalgebra;this

codegenerationprocessmayproduceimperfectly-nestedloopnestsif appropriate.

Therestof this paperis organizedasfollows. Section2 describesanabstract

framework for locality enhancementof imperfectly-nestedloop nests.Section3

describesthe concreteapproachto locality enhancementwe usein this paper.

Becausethecompletealgorithmis complicated,we work throughanexamplein

Section4 to highlight importantaspectsof our approach. Section5 gives the

detailsof thealgorithm.Section6 evaluatestheeffectivenessof this algorithmin

enhancinglocalityof programsontheSGIOctaneworkstations.Weshow thatour

approachautomaticallyperformsthedesiredtransformationson theJacobicode

fragmentdiscussedabove. Finally, Section7 comparesour approachwith other

approachesin theliterature.

[Figure3 abouthere.]
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2 An Abstract Model of Locality Enhancement

[Figure4 abouthere.]

This sectionprovidesan abstractview of how programtransformationsand

locality enhancementaremodeledby polyhedralmethods.

2.1 Program ExecutionModel

A programis assumedto consistof statementscontainedin somenumberof loop

nests.All loop boundsandarrayaccessfunctionsareassumedto beaffine func-

tionsof surroundingloop indices.We will use ��� , ��� , 	
	�	 , �
� to namethestate-

mentsin the programin syntacticorder. A dynamicinstanceof a statement���
refersto a particularexecutionof the statementfor a givenvalueof index vari-

ables�� � of theloopssurroundingit, andis representedby �������� ��� .
Programexecutioninducesa total orderon thedynamicinstancesof a state-

ment ��� . This statementexecutionorder is modeledby the statementiteration

space, denotedby ��� , asfollows.

Definition 1 Thestatementiterationspace��� of a statement��� is a Cartesian

spacedefinedasfollows.
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1. Constructa Cartesianspace��� of dimensionequalto thenumberof loops

surrounding��� .
2. Map dynamicinstancesof ��� to ��� so that the following conditionsare

satisfied:

(a) At mostonestatementinstanceis mappedto a point in thespace��� .
(b) If thepointsin space��� are traversedin lexicographicorder, andany

statementinstancemappedto a point is executedwhenthat point is

visited,thestatementexecutionorder is reproduced.

Similarly, programexecutioninducesatotalorderonthedynamicinstancesof

all statements.Wewill call thisordertheoriginal executionorderof theprogram,

andmodelit formally by aCartesianspace� , calledtheprogramiterationspace,

andembeddingsfunctions ������ �� ��� �� ����	�	�	!�"�� �$#%� where �� � mapsstatementiter-

ationspace��� into � .

Definition 2 The original executionorder of a program is modeledas a pair�&�'� ��(�)� �� ��� �� ����	
	�	
�*�� �+#%� satisfyingthefollowingconditions.

1. � is a , -dimensionalCartesianspacefor some, .

10



Ahmedetal

2. Theembeddingfunction �� � mapsstatementiteration space��� into � , and

satisfiesthefollowingconstraints.

(a) �� � is one-to-one3.

(b) If thepointsin space� are traversedin lexicographicorder, andall

statementinstancesmappedto a point are executedin original pro-

gramorder whenthat point is visited,theprogramexecutionorder is

reproduced.

For example,theoriginalexecutionorderof thecodefragmentshown in Fig-

ure4(a)canberepresentedbymappingstatementinstancesto thetwo-dimensional

spaceshown in Figure4(b). In general,therearemany modelsfor theoriginalex-

ecutionorderof aprogram.Figure4(c)showsaone-dimensionalCartesianspace

andassociatedembeddingswhich modeltheoriginal executionorderof thepro-

gramof Figure4(a).

It is not obvious that a pair �&�'�-�� � canalways be found to model the pro-

gramexecutionordersinceit is notobviousthatappropriateembeddingfunctions

canbe found. In Section3.2.1,we show how a “canonical”pair canalwaysbe

constructedfor any program.

3Notethat instancesof differentstatementsmayget mappedto a singlepoint of theprogram
iterationspace.
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2.2 Program Transformation

Executionordersdifferentfrom the original executionordercanbe represented

by appropriatepairs �.�/� � � . We optimizeprogramsthereforeby transforming

the original executionorder �.�/� �� � to anotherexecutionorder �&�'� � � which (i)

preservesthesemanticsof theprogram,and(ii) is betterfor locality.

To understandtherelationshipbetweenembeddingsandtransformations,it is

instructive to examinehow codecanbe generatedfor a givenspace� andem-

beddings
�0�

. A simpleapproachis to traversethepointsin thespace� in lexico-

graphicorder, andexecuteall statementinstancesthatgetmappedto agivenpoint

of � whenthat point is visited (if multiple statementinstancesget mappedto a

givenpoint, thoseinstancesareexecutedin theoriginal programorder). For ex-

ample,considerthespaceandembeddingsshown in Figure5(a,b)for theprogram

of Figure4(a). Naive codefor thetransformedprogramis shown in Figure5(c).

This codecanbeoptimizedusingstandardpolyhedraltechniquesto producethe

codeshown in Figure5(d).

By choosingthe spaceandembeddingsshown in Figure5(a,b),we have in

effect chosento jam the two loops in the sourcecode. A similar effect canbe

obtainedfor a1-DCartesianspacebychoosingtheembeddingsshownin Figure6.

[Figure5 abouthere.]
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[Figure6 abouthere.]

2.3 Legality of Transformations

The original executionorder �&�'� �� � can be legally transformedto anotherex-

ecutionorder �&�'� � � if the latter preserves the semanticsof the program. The

semanticsof a programwill bepreservedif all dependencesarepreservedby the

transformation.

Formally, a dependenceexistsfrom instance��21 of statement� 1 (thesourceof

the reuse)to instance��.3 of statement� 3 (thedestination)if the following condi-

tionsaresatisfied:

1. Loopbounds: Boththesourceanddestinationstatementinstanceslie within

thecorrespondingiterationspacebounds.Sincetheiterationspacebounds

areaffineexpressionsof index variables,wecanrepresenttheseconstraints

as 4 165 ��2187:9;1=<)> and 4 3?5 ��.3@7A9�3B<)> for suitablematrices4 1 �C4 3 and

vectors9�1 � 9C3 .
2. Samearray location: Bothstatementinstancesreferencethesamememory

location. If we restrictmemoryreferencesto arrayreferences,theserefer-

encescanbewritten as D 185 ��21�7:EF1 and D 3G5 ��.3-7HE�3 . Hencetheexistence
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of a reuserequiresthat D 1�5 ��21I7JE$1 � D 3-5 ��.3K7JE�3 .
3. Precedenceorder: Instance��21 of statement� 1 occursbeforeinstance��23 of

statement� 3 in programexecutionorder. If L!MONPNQMSR 1�3 is a function that

returnstheloop index variablesof theloopscommonto both ��21 and ��.3 , this

conditioncanbe written as L!MONPNQMSR 1�3 ����.3 �BTUL;MONPNQMSR 1�3 ����21 � if � 3 follows� 1 syntacticallyor L!MONPNQMSR 1�3 ����23 � VWL;MSNPNQMOR 123 �2��.3 � if it doesnot,where V
is thelexicographicorderingrelation.This conditioncanbetranslatedinto

adisjunctionof matrix inequalitiesof theform X 1�5 ���18Y X 3@5 ��2367[Z\<]> .
If weexpressthedependenceconstraintsasadisjunctionof conjunctions,each

termin theresultingdisjunctioncanberepresentedasa matrix inequalityof the

following form.

^ _`acbd 1bd 3
egfh 7ji �

_`````````````a

k 1 ll k 3m 1 n m 3n m 1 m 3o 1 n o 3

e fffffffffffffh
_`acbd 1bd 3

egfh 7
_`````````````a

p 1p 3q 1�n q 3q 3 n q 1r

e fffffffffffffh
<]>

Eachsuchmatrix inequalitywill be calleda dependenceclass, andwill be

denotedby s with an appropriatesubscript. Eachdependenceclassobviously
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representsapolyhedron.

For theexamplein Figure4(a),theflow dependencefrom �utF�.vw�x� to �$y��2vz�C� can

berepresentedby thedependenceclasss{� ��� �.vw�;�|v����0}~t��]v��;�|vz�*�����xvw� � v���# .
It is straightforwardto representtheseinequalitiesasmatrix inequalities,but we

will notdosoto keepthediscussionsimple.

Let
� � �S� ��� � ����	�	�	 � �$# be a set of embeddingfunctionsfor a program.

We will saythat theseembeddingfunctionsarelegal if for every ����21 �C��23 � in a de-

pendenceclass,the point that ��21 is mappedto in the programiterationspaceis

lexicographicallylessthanthepoint that ��.3 is mappedto. For futurereference,we

definethis formally.

Definition 3 Let
� ���S� �;� � ����	�	�	 � �$# be embeddingfunctionsthat embedthe

statementiteration spacesof a programinto a space� . Theseembeddingfunc-

tions are said to be legal if for every dependenceclass s of the program, the

followingconditionis true:

� ����21 �C��.3 �?��s � 3 ����.3 �?T � 1 ����21 �
Wewill referto thevector

� 3 �2��.3 � Y � 1 �����1 � asthedifferencevectorfor ����21 �C��.3 ����s .
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2.4 Transformations to PromoteReuse

In the programof Figure4(a), statementinstancesS1(i) andS2(i) exhibit

datareusebecausethey touch the samememorylocationx(i). The number

of statementinstancesexecutedbetweenthem is called the reusedistance. In

the example,the reusedistanceis � Y t . If we representthe executionorder

for the exampleby �.�/� � � , the reusedistancebetweenS1(i) andS2(i) is

proportionalto thenumberof pointsin � with statementsmappedto themthatlie

lexicographicallybetweenthe pointsto which S1(i) andS2(i) aremapped.

This is becauseof theinitial one-to-onemappingrequirement—thereareat most

a constantnumberof statementinstances(onefrom eachstatement)mappedto

eachpoint in thespace.

Reducingreusedistanceincreasesthe likelihoodthat the datawill be in the

cachewhenthesecondstatementinstancetriesto accessit. For our example,we

canreducethereusedistancesfrom � Y t to zeroby usingtheembeddingsshown

in Figure5. As discussedbefore,theseembeddingscorrespondto jammingthe

two loopsof Figure4(a),which is obviouslygoodfor enhancingdatareuse.
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2.4.1 ReuseClasses

Theformal definitionof reuseis similar to thatof dependencein Section2.3. A

reuseexists from instance���1 of statement� 1 (thesourceof thereuse)to instance��.3 of statement� 3 (thedestination)if thefollowing conditionsaresatisfied:

1. Loopbounds: Boththesourceanddestinationstatementinstanceslie within

thecorrespondingiterationspacebounds.Sincetheiterationspacebounds

areaffineexpressionsof index variables,wecanrepresenttheseconstraints

as 4 165 ��2187:9;1=<)> and 4 3?5 ��.3@7A9�3B<)> for suitablematrices4 1 �C4 3 and

vectors9�1 � 9C3 .
2. Samearray location: Bothstatementinstancesreferencethesamememory

location. If we restrictmemoryreferencesto arrayreferences,theserefer-

encescanbewritten as D 185 ��21�7:EF1 and D 3G5 ��.3-7HE�3 . Hencetheexistence

of a reuserequiresthat D 1�5 ��21I7JE$1 � D 3-5 ��.3K7JE�3 .
3. Precedenceorder: Instance��21 of statement� 1 occursbeforeinstance��23 of

statement� 3 in programexecutionorder. If L!MONPNQMSR 1�3 is a function that

returnstheloop index variablesof theloopscommonto both ��21 and ��.3 , this

conditioncanbe written as L!MONPNQMSR 1�3 ����.3 �BTUL;MONPNQMSR 1�3 ����21 � if � 3 follows� 1 syntacticallyor L!MONPNQMSR 1�3 ����23 � VWL;MSNPNQMOR 123 �2��.3 � if it doesnot,where V
17
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is thelexicographicorderingrelation.This conditioncanbetranslatedinto

adisjunctionof matrix inequalitiesof theform X 1�5 ���18Y X 3@5 ��2367[Z\<]> .
If weexpressthereuseconstraintsasadisjunctionof conjunctions,eachterm

in the resultingdisjunctioncanbe representedasa matrix inequalityof the fol-

lowing form.

� _`a/bd 1bd 3
e fh 7J� �

_`````````````a

k 1 ll k 3m 1 n m 3n m 1 m 3o 1 n o 3

e fffffffffffffh
_`acbd 1bd 3

e fh 7
_`````````````a

p 1p 3q 1 n q 3q 3 n q 1r

e fffffffffffffh
<]>

Eachsuchmatrix inequalitywill becalleda reuseclass, andwill bedenoted

by � with anappropriatesubscript.

For theexamplein Figure4(a),thetemporalreusebetween�utF�.vw�x� and �Fyu�.vz�;�
canbe representedby the reuseclass��� ��� �.vw���xvz�;��}KtQ��vw�;�|v��/�(���|vw� � v���#
whichcanberepresentedby matrix inequalitiesin theobviousway.

Theabovedefinitionappliesto temporal reuseswherethesamearraylocation

is accessedby the sourceand the destination. If the cacheline containsmore

thanonearrayelement,thenwe canalsoconsiderspatial reusewherethe same
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cacheline is accessedby thesourceandthedestinationof thereuse.Spatialreuse

dependson thestorageorderof thearray.

Theconditionsfor spatialreusearesimilar to theonesfor temporalreuse,the

only differencebeingthat insteadof requiringbothstatementinstancesto touch

thesamearraylocation,werequirethatthetwo statementinstancestouchnearby

array locationsthat fit in thesamecacheline. We canrepresentthis conditionas

amatrix inequalityby requiringthefirst4 row of D 365 ��.387�EF3-Y D 1�5 ���1�Y�EF1 to lie

betweent and L Y t , whereL is thenumberof arrayelementsthatfit into asingle

cacheline, insteadof beingequalto > .
For theexamplein Figure4(a),thereis spatialreusebetweeninstancesof the

two statements.For acacheline containing� arrayelements,thespatialreusecan

berepresentedby thereuseclass�P� �)� �2v����|vz�;�?}�t��Avw�;�xvz�0�]����t=�Avz� Y vw�?�]�+# .
2.4.2 Promoting Data Reuse

Let
�����S� ��� � ����	
	�	 � �+# beembeddingfunctionsthatembedthestatementiter-

ation spacesof a programinto a space� , andlet � be any reuseclassfor that

program.Considerany reusepair ����21 �C��.3 ����� . Let
^ v��
� E R�L!�F�2��21 �C��.3 � bethenum-

berof pointsin thespace� with statementsmappedto themthatlie lexicograph-

4For Fortranstorageorder.
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ically between
� 1 �2��21 � and

� 3 ����23 � . The reusedistancebetween� 1 �����1 � and � 3 ����23 �
is proportionalto

^ v �
� E R�L;�F����21 �C��.3 � . Givensomeorderingof the reusepairsin a

program,wecandefineavector
^ v��
� E R�L!�O�F�&�'� � � wherê v �
� E R�L;�O�$�&�'� � �!�z¡u� is

the valueof
^ v���� E R�L!�F�����1 �C��.3 � underthe executionorder �.�/� � � for the ¡$¢¤£ reuse

pair �����1 �C��.3 � .
Oneformulationof locality enhancementis to find legalembeddings

�¦¥¨§ ¢ that

minimize © ^ v���� E R�L!�O�F�.�/� � �O©Cª for asuitablenorm ©?«�©Cª .

Wedevelopthis themenext.

3 A ConcreteModel of Locality Enhancement

We now developa practicalalgorithmfor locality enhancementbasedon theab-

stractmodelin Section2. Werestrictembeddingfunctionsto beaffine,anddefine

a specialspacecalledtheproductspacewhich we argueis theright spacefor lo-

cality enhancementconsiderations.We thenpresentour approachto minimizing

reusedistancesin theproductspace.
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3.1 Product Spacesand EmbeddingFunctions

Definition 4 Theproductspace� for a programis theCartesianproductof all

the statementiteration spacesof the statementsin that program. Theorder in

which thisproductis formedis thesyntacticorder in which thestatementsappear

in theprogram.Thedimensionof theproductspaceis denotedby ¬ ��¬ .
For theJacobicodein Figure1, the iterationspace�6� of statementS1 is the

three-dimensionalspace�|�®­¯vw�®­±°%� , while the iteration space��� of S2 is the

three-dimensionalspace���¦­¯vz�¦­±°�� . Theproductspaceis theCartesianproduct

of thesetwospacesandhenceis thesixdimensionalspace�|��­¯v��®­P°%�®­\���0­¯vz�¦­P°�� .
Therelationshipbetweenstatementiterationspacesandtheproductspaceis

specifiedbyprojectionandembeddingfunctions.Suppose� � �6�®­����¦­�	�	�	�­\�I� .
Werestrictourembeddingfunctionsto beaffineto permittheuseof integerlinear

programmingtechniques.Projectionfunctions ² � }���³�� � extract the individ-

ual statementiterationspacecomponentsof a point in theproductspace,andare
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obviously linearfunctions.For theJacobicodein Figure1,

²�� �
_``````a
t > > > > >> t > > > >> > t > > >

e ffffffh �µ´¦¶
·;¸
· >�¹ �

²~� �
_``````a
> > > t > >> > > > t >> > > > > t

e ffffffh � ´ > ¶!·;¸
· ¹ 	
The embeddingfunctionswe allow in our framework canbe definedconve-

niently in termsof theseprojections.

Definition 5 Embeddingfunction
���

mapsstatementiteration space � � to the

productspace� . We consideronly thoseembeddingfunctions
��� }¦� � ³ �

thatsatisfythecondition ² � � ��� �.º��»� � º for all º���� � .
Intuitively, thisconditionrequiresthatthestatementiterationspaceof astate-

mentS bemappedto itself in thesubspaceof theproductspacecorrespondingto

thatstatement.This restrictionkeepsthedevelopmentsimple. Each
���

is there-

fore automaticallyone-to-one,but points from two differentstatementiteration

spacesmaybemappedto asinglepoint in theproductspace.
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3.2 Propertiesof Embeddings

Pairs �.�/� � � asrestrictedby Definition 5 canrepresentonly a restrictedsetof

executionorders,soit is reasonableto wonderif our framework is generalenough

to model the transformationsrequiredfor locality enhancementof imperfectly-

nestedloops.In this section,we arguethatthis is indeedthecaseby makingtwo

points.In Section3.2.1,weshow thatwecanalwaysfind embeddingsthatmodel

theoriginalexecutionorderof any program,soat theveryleast,wecanmodelthe

executionof theoriginalprogram.In Section3.2.2,weshow thattransformations

likestatementsinking,loopfission,loopfusion,andskewedloopfusionwhichare

importantfor locality enhancementof imperfectly-nestedloopscanbe modeled

in this framework.

3.2.1 Embeddingsfor original program order

[Figure7 abouthere.]

Considerthe perfectly-nestedloop codein Figure7. It is easyto verify that

thiscodeis equivalentto theJacobisourceprogramshown in Figure1 in thesense

that the executionordersof statementinstancesin both programsare identical.

Intuitively, the loops in Figure 7 correspondto the dimensionsof the product

space;theembeddingfunctionsfor differentstatementscanbereadoff from the
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guardsin theloopnest:

� �;�
_``````a
�|�v��°%�
e ffffffh � �

_``````````````````a

�|�vw�°%��|�yy

e ffffffffffffffffffh
� �S�

_``````a
���v��°��
e ffffffh � �

_``````````````````a

���� Y t� Y t���vz�°��

e ffffffffffffffffffh
.

To understandhow theseembeddingswereobtained,consider
� � .

1. Definition 5 requiresthat eachstatementiterationspacebe mappedto it-

self in thesub-spacecorrespondingto thatstatementin theproductspace.

Therefore,
� � mustbeof thefollowing form:

� �;�
_``````a
�|�v��°%�
e ffffffh � �

_``````````a
�|�vw�°%�	¼	¼	½	

e ffffffffffh
2. In the sub-spacecorrespondingto ��� in the productspace,dimension���

arisesfrom the � loop which is commonto both �+� and ��� . Theembedding

into dimension��� is chosento thesameastheembeddinginto dimension�|�
of theproductspace.Therefore,

� � is of thefollowing form:
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� �;�
_``````a
�|�v��°%�
e ffffffh � �

_``````````````a

�|�vw�°%��|�	¼	¼	½	

e ffffffffffffffh
3. Finally, considerdimensionsvz� and °�� of theproductspacethatarisefrom

loopsthatdonotsurroundstatement�6� . Sincestatement¾�� is syntactically

beforestatement¾�� , we choosethe smallestvaluesof the indicesof thev�� and °�� loopsasthe valueof
� � for theseco-ordinates;had ¾�� occurred

syntacticallyafterstatement¾�� , we would have chosenthelargestvalueof

theindicesof theseloops.

Therefore,
� � is

� �
�
_``````a
�|�v��°%�
e ffffffh � �

_``````````````````a

�|�vw�°%��|�yy

e ffffffffffffffffffh
25



Ahmedetal

In general,we can embedany codeinto its productspaceas follows. Let� �"}�����³¿� beanaffinefunctionthatmapsthestatement��� to theproductspace.

Thecomponentsof
� � thatmapinto thedimensionsof theproductspacecorre-

spondingto statement��À aredenotedby
� �!Á À . Our initial requirementon embed-

ding functionscanbesummarizedby
� �;Á ������ ��� � �� � .� �;Á À mapsstatement¾�� to thedimensionsof theproductspacecorresponding

to statement¾�À . Thesedimensionscanbeseparatedin two groups—dimensions

correspondingto loopscommonto ¾�� and ¾�À in theoriginalcode,anddimensions

correspondingto loopssurrounding¾�À but not ¾�� .
Definition 6 Considertwo statements¾�� and ¾�À . We divide the productspace

dimensionscorrespondingto ¾�À in twogroups:

1. Â®�;Á À arethedimensionscorrespondingto loopsin L!MONPNQMOR��|À , where L;MONPNQMSRÃ�|À
is definedasin Section2.3to bea functionthat returnstheloop index vari-

ablesof theloopscommonto both �� � and �� À ;
2. ���!Á À are thedimensionscorrespondingto loopssurrounding¾�À but not ¾�� .
For the Jacobiexample, L!MONPNQMOR��2� � � , hence Â¦� Á � � �.���;� , and �B� Á � ��.vz��� °��;��Ä . Similarly, Â®�xÁÅ� � �.�|�x� , and �Æ�xÁÅ� � �.vw�;� °%�»��Ä .
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Let Ç/È½ÉËÊ8���� � and Ç/ÌSÍ�Ê8���� � return the lexicographicallysmallestand largest

valuesof theindicesof theloops �� . For ourexample,Ç/È½É~Ê8�.vz�Î� °��C� Ä � �zy+��y
� Ä andÇ/ÌSÍ�Ê8�.v � � °%�w� Ä � ��� Y t��C� Y tO� Ä .

Definition 7 CanonicalEmbeddings

1.
� �!Á �
���� ��� � �� � ;

2.
�0Ï�!Á À ���� ��� � �� Ï � for dimensions°'�¯Â®�!Á À ;

3.
� Ï�!Á À ���� ��� � �2Ç{ÈÐÉ~Ê8�����!Á À¼�x� Ï if ÑÓÒ:¡ , or

� Ï�!Á À ���� �Î� � �2Ç/ÌSÍ~Ê8�����!Á À¼�x� Ï if ÑÓÔ:¡ , for

dimensions°'�Õ���!Á À .
Theorem 8 Thecanonicalembeddingsin Definition7 representtheoriginal ex-

ecutionorder.

Proof: Considertwo statementinstances,Öu��× bd �ÎØ and ÖuÀ.× bd À¨Ø . Supposethat bd � occurs

before b d À in theoriginal programexecutionorder. Thatmeansthat Ù|Ú
ÛBÛcÚ
Ü~�|À.× bd À¨Ø®ÝÙ|Ú
ÛBÛcÚ!Ü~�|À.× bd �OØ if Ö�À follows Ö�� syntactically(i.e. Þ\ßáà ), or Ù|Ú!ÛBÛcÚ
Ü~�|À.× bd ÀÐØ�âÙ|Ú
ÛBÛcÚ!Ü~�|À.× bd �OØ if it doesnot (i.e. Þ�ã�à ).
For a setof embeddingsto preserve the original programorder, we mustshow

that ä�À2× bd ÀÐØ n ä���× bd �OØ is lexicographicallynon-negative. (If ä�À�× bd À½Ø n ä���× bd �ÎØKå bl , then

theinstancesaremappedto thesamepoint andwill beexecutedin original program

orderperDefinition2.)
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We prove a strongerstatement:thatfor any Û , æ¦ç�ÛUçèÜ , ä�ÀgÁ é�× bd À½Ø n ä��!Á é¦× bd ��Ø
is lexicographicallypositive if Þ�ã�à , or lexicographicallynon-negative if ÞÃßèà .

First considerthecaseÛêåWà . For dimensionsëQì�íÓ�;Á À , ä ÏÀ¤Á � × bd À½Ø n ä Ï�;Á � × bd �ÎØ®åÙ|Ú
ÛBÛcÚ!Ü Ï �|À × bd ÀÐØ n Ù|Ú
ÛBÛcÚ
Ü Ï �xÀ × bd �ÎØ by our definition,andis thereforenon-negative. IfÞ ãîà , it is strictly positive, andour claim holds. If Þ¦ßïà , it may be zeroandwe

needto considertheremainingdimensionsof äÃÀz× bd ÀÐØ n äÃ��× bd �ÎØ . For thosedimensionsë'ì�ð��!Á À , ä ÏÀ¤Á � × bd À¨Ø n ä Ï�;Á � × bd ��ØGå)×¨ñ=ò
ó Ê ×¨ð�ÀgÁ �
Ø Ø Ï n bd Ï � becauseof parts(1) and(3) of

Definition7. Thatvectoris lexicographicallynon-negative,soourclaimholds.

Theargumentfor thecaseÛ�å�Þ is almostidenticalandis omitted.

The interestingcaseis Û ôåîà�õ�Þ . Assumethat ÛöãWà¯ã�Þ . (Theargumentfor

otherordersis similarandis omitted.)Therearethreesubcases:

1. íÓ�!Á é�å÷íÓÀgÁ é : In that case, Ù|Ú
ÛBÛcÚ!Ü~�xéêåøÙ|Ú
ÛBÛcÚ
Ü~Àùé�ú�Ù|Ú
ÛBÛcÚ!Ü~�|À andä ÏÀgÁ é × bd ÀÐØ n ä Ï�!Á é × bd ��Ø6å bd Ï À n bd Ï � for all dimensionsë�ì�íÓ�;Á é . For theremaining

dimensionsëcì\ð¦�!Á é , ä ÏÀgÁ é × bd À½Ø n ä Ï�!Á é × bd �ÎØ-å l by Definition 7(3). Our claim

clearlyholds.

2. íÓ�!Á é]ûjíÓÀgÁ é : In thatcase,Ù|Ú
ÛBÛcÚ!Ü~�xéHåAÙxÚ
ÛBÛcÚ
Ü~�|À�ûJÙ|Ú
ÛBÛcÚ!Ü~Àüé . That is

notpossibleunderourassumptionthat Û�ã�à�ãýÞ .
3. íÓÀgÁ éJûèíÓ�!Á é : In thatcase,ÙxÚ
ÛBÛcÚ
Ü~Àùé�å�Ù|Ú
ÛBÛcÚ!Ü~�|ÀuûýÙ|Ú
ÛBÛcÚ
Ü~�xé . ä ÏÀ¤Á � × bd À½Ø nä Ï�;Á � × bd ��Ø"å bd Ï À n bd Ï � for all dimensionsëÕìjíÓÀ¤Á é . For dimensionsëÕì[ð��!Á é ,ä ÏÀgÁ é × bd ÀÐØ n ä Ï�;Á é × bd �ÎØÓå l by Definition7(3). For dimensionsë�ì'ð�ÀgÁ éÕþcíÓ�!Á é ,
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ä ÏÀgÁ é × bd ÀÐØ n ä Ï�!Á é × bd �ÎØ0å�×¨ñ=ò
ó Ê ×¨ð�ÀgÁ é�Ø Ø Ï n bd Ï � . As all threecomponentsof the

vectorarenon-negative, ourclaimholds.

Therefore,ä�À2× bd ÀÐØ n ä���× bd �OØ is lexicographicallynon-negative, andthe canonical

embeddingsresultin theoriginalexecutionorder. ÿ
3.2.2 ExpressivePower of Embeddings

Theproductspaceandaffineembeddingsframework cannotbeusedto modelthe

following loop transformations.

1. Index-set Splitting: Sinceall the instancesof a particularstatementare

mappedwith thesameaffineembeddingfunction,explicit index-set-splitting

is notpossible.

2. Tiling requirestheintroductionof additionaldimensionsandpseudo-linear

embeddings,andhencecannotberepresentedusingtheproductspaceand

affineembeddings.

It shouldbenotedthatour codegenerationstepmayperformindex-setsplit-

ting and tiling after other transformationsare performed,as discussedin Sec-

tion 5.2.

On the other hand, the productspaceand affine embeddingsframework is

sufficient to capturemost commonloop transformationssuchas code-sinking,
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loop-fissionandloop-fusionwhichareusedin currentcompilerssuchastheSGI

MIPSProto convert imperfectly-nestedloopnestsinto perfectly-nestedones.

Ratherthanprovea formal result,we illustrateloop fission,fusion,andstate-

mentsinkingusingthe Jacobiexample. Note that thesetransformationsarenot

necessarilylegal for theJacobicode.

Figure8 illustratesloop fissionof the Jacobicodeshown in Figure1. After

loop fission, all instancesof statementS1 in Figure 1 are executedbeforeall

instancesof statementS2. The resultingcodeis shown in Figure8(a), andthe

embeddingfunctionsfor the two statementsareshown in Figure8(b). Note that

thisexecutionorderis not legal for theoriginalprogram.

[Figure8 abouthere.]

[Figure9 abouthere.]

Loop fusionwasdiscussedin Figure5. Figure9 illustratesfusionfor theJa-

cobi example. In this code,the two pairsof i andj loopsin Figure1 arefused

together. The correspondingembeddingsare shown in Figure9)(b); they map

statementinstances¾��
�&���|vx� °$� and ¾��O�&���|vx��°+� to thesamepoint �.���|v»� °��x���|v»� °$� in the

productspace. Note that fusing the two loop nestsin the original codeis not

legal—to fusethemlegally, the two loop-nestsmustbe skewed with respectto
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eachotherbeforefusion. Sucha transformationis known asskewedfusionand

producestheoptimizedJacobiversionof Figure2 whichis legal.Thecorrespond-

ing embeddingsarethefollowing:

� �
�
_``````a
�|�v��°%�
e ffffffh � �

_``````````````````a

�|�v��°%��|�v�� Y t°%� Y t

e ffffffffffffffffffh
� �S�

_``````a
���vz�°��
e ffffffh � �

_``````````````````a

���vz� 7 t°�� 7 t���vz�°��

e ffffffffffffffffffh
Finally, the transformedcodecorrespondingto the original executionorder

shown in Figure7 is anexampleof a generalizedversionof code-sinking.Here,

insteadof sinkingthecodeinto theleadingor trailing loop-nest(asis traditionally

donein code-sinking),wesinkall loop-neststhathavethesamesetof outerloops

into eachother.

3.3 RedundantDimensionsin Product Space

Thenumberof dimensionsin theproductspacecanbequitelarge,andonemight

wonderif it is possibleto embedstatementiterationspacesinto a smallerspace

withoutrestrictingprogramtransformations.For example,in Figure7, statements
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in the body of the transformedcodeareexecutedonly whent1 = t2, so it is

possibleto eliminatethet2 loop entirely, replacingall occurrencesof t2 in the

bodyby t1. Therefore,dimension��� of theproductspaceis redundant.

In general,we candetermineredundantdimensionsas follows. Affine em-

beddingfunctionscanbedecomposedinto their linearandoffsetpartsasfollows:� ������ �
� ��� ���� � 7�� � . Weallow symbolicconstantsin theoffsetpartof theembed-

ding functions.

Theorem 9 Let � be any Cartesianspaceand let
� �ö�S� ��� � �Î��	�	�	�� � �$# be a

set of affine embeddingfunctions
� �=}
���¦³�� . Let

� ���2�� �Î� ��� ���� � 7�� � . The

numberof independentdimensionsof thespace� is equalto therankof matrix�ï����� � � ��	
	�	 � ��� .
Proof: Trivial, henceomitted. ÿ
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For theembeddingsof Figure7, thematrix
�

is

�ï�
_``````````````````a

t > > t > >> t > > > >> > t > > >
t > > t > >> > > > t >> > > > > t

e ffffffffffffffffffh
where

�î���	� � � �
� . In thiscase,therankof thematrix is � sincethethird row

(correspondingto ��� ) is thesameasthefirst row.

Let , bethesumof thenumberof dimensionsin all statementiterationspaces.

Theorem9 tells us that affine embeddingfunctionscannotutilize more than ,
dimensions.We thereforeusea , -dimensionalspaceto modelprogramexecution

orders.

Therearetransformationsthat useall dimensionsof the productspace.For

example,embeddingfunctionsfor modelingcompletelyfissionedcodeslike the

onein Figure8 needall dimensionsof theproductspace.In this case,thematrix�
is full rank (in fact, it is the identity matrix

¶
�;¸��
). Sincewe do not want to

restricttransformationsunnecessarily, wework with thefull productspace.Once
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all embeddingfunctionsaredetermined,redundantdimensionsareeasyto iden-

tify andour algorithmremovesthem,so thereis no performancepenaltyin the

generatedcode.

While theindependentdimensionsof theproductspacearetheonesthatmodel

programtransformations,theaffinepartof dependentdimensionscanreorderthe

executionorderof statementinstancesmappedto thesamepoint in outerdimen-

sions.Weremovedependentdimensionsonly whenthatis safe,asdefinedbelow.

Definition 10 A dimension¡ of the productspaceis redundantif it satisfiesthe

followingproperties:

1. Row ¡ of thematrix
�

is a linear combinationof rows t , 	�	�	 , ��¡ Y tÎ� ; and

2. Removing dimension¡ of the productspacedoesnot violate any depen-

dences. (I.e. removing the ¡$¢¤£ dimensionof all differencevectors keeps

themlexicographicallynon-negative.)

3.4 EnhancingLocality in the Product Space

Considera reuseclass� anda reusepair �2��21 �C��.3 �Æ�[� . Theabstractlocality en-

hancementmodelin Section2.4.2requiredtheminimizationof
^ v �
� E R�L;�F����21 �C��.3 � ,

which is thenumberof pointsin thespace� with statementsmappedto thembe-
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tween
� 1 ����21 � and

� 3 ����.3 � . Unfortunately, it isnotpossibletocalculatê v��
� E R�L!�F�2��21 �C��.3 �
efficiently, sincetheremaybepointswith no statementsmappedto them. How-

ever, sincetheproductspaceis in effectaperfectly-nestedloop,wecanadaptthe

approachusedfor suchloopsto ourcontext.

Considerthe reusevector( �� ) for the reusepair ����21 �C��.3 � for a givenchoiceof

embeddingfunctions
�U���S� ��� � �
��	�	�	I� � �F# ; we will referto the °�¢¤£ entryof this

vectoras � Ï .

_`````````a
� �� �
...� §

e fffffffffh
� � 3 ����23 � Y � 1 �����1 � �

_````````````````````````a

ä 3 ÁÅ�!× bd 3 Ø n ä 1 ÁÅ� × bd 1 Øä 3 Á �O× bd 3 Ø n ä 1 Á � × bd 1 Ø
...ä 3 Á 1 × bd 3 Ø n bd 1
...

bd 3 n ä 1 Á 3 × bd 1 Ø
...ä 3 Á ��× bd 3 Ø n ä 1 Á � × bd 1 Ø

e ffffffffffffffffffffffffh

	

We saythatdimension° carriesreusefor thereusepair ����21 �C��23 � if � Ï��� > . If a

dimensioncarriesreusefor somereusepair in a reuseclass� , thatdimensionis
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saidto carryreusefor thatreuseclass.

For all reusepairs ����21 �C��.3 �±�W� , entriescorrespondingto
� 3 Á ���2��.3 � Y � 1 Á ���2��21 �

(for ¡ �� ��� i ) canbe madezerosimultaneously(e.g. by choosing
� 3 Á ������23 � �� 1 Á �
����21 � � L;MORI�
� ). Thismaynot alwaysbepossiblefor theelements
� 3 Á 1 ����23 � Y ��21

and ��.3�Y � 1 Á 3 ����21 � sincetheappropriatefunctions
� 3 Á 1 and

� 1 Á 3 maynot exist. We

try to make theseentrieszero; if this doesnot succeed,we can permutethese

dimensionsof the productspaceso that they areinnermostandtile them. This

resultsin thefollowing strategy:

1. We attemptto make all entries� Ï of thereusevectorzeroby choosingem-

beddingfunctionsappropriately. Sincethe dimensionsof the embedding

functionsareindependent,wecanprocesseachdimensionseparately. If we

succeedin makingall entries� Ï � > , thenthereusedistanceis alsozero.

2. We reorderthe dimensionsof the productspaceso that dimensionsfor

which � Ï � > comefirst, anddimensionswith largerentriescomelater.

3. We reducereusedistancesfurtherby tiling all dimensions° for which the

entry � Ï of thereusevectoris non-zero.
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4 An Example

[Figure10abouthere.]

Beforepresentingthe generallocality enhancementalgorithm,we illustrate

our approachon the imperfectly-nestedmatrix multiplication programin Fig-

ure10. Therearetwo dependenceclassesin thisexample:

1. Dependenceclasssc� �(� �2v���� °%�;�|v���� °��Î��¡��|�"}�t{� vw�;� °%�;�|v���� °����C¡��=�î���|vw� �v���� °%� � °���# is aflow-dependencethatarisesbecausestatementS1 writesto

a locationc(i,j) which is thenreadby statementS2.

2. Dependenceclass sÆ� � � �2vz�Î��°�����¡����|v�� � � °��� ��¡��� �/}GtÕ�Uv��Î� °�����¡����|v�� � � °��� ��¡��� ����|vz� � v�� � � °�� � °��� ��¡�� Ô]¡��� # is aflow-dependencethatarisesbecausestate-

mentS2 writes to locationc(i,j) which is thenreadby this statement

in a later ¡ iteration. This dependencealsocapturesthe anti- andoutput-

dependencesof statementS2 on itself.

Thesetwo classesalsorepresentreuseclasses.Theprogramhasotherreuse

classesarising from spatial locality and input dependences,but theseare not

shown herefor simplicity.

As shown in Figure3, our locality enhancementalgorithmwill
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1. determineaffineembeddingfunctions,

2. transformtheproductspace,

3. eliminateredundantdimensions,and

4. decidewhichdimensionsto tile.

Thetransformedproductspacecanbeviewedasa perfectly-nestedloop nest

which hassomenumberof bandsof fully permutableloops; loops within the

samebandcanbepermutedin any order, while loopsin differentbandsmaynot

bepermutablewith eachother.

The mostdifficult stepsare(1) and(2), and theseare interleaved in the al-

gorithm describedin Section5. To simplify the presentation,let us assumefor

now that an oracledeterminesthe transformationof the productspacein Step

(2) (we show in Section5 that interleaving eliminatesthe needfor suchan or-

acle). Therefore,we areleft with the problemof determiningaffine embedding

functions.Thesearedeterminedonedimensionat a time by solvinga systemof

linearconstraintson the coefficientsof theembeddingfunctionsfor thatdimen-

sion. Theselinearconstraintsdescribethe requirementsthatembeddingsshould

(i) resultin a legalprogram,(ii) permitsetsof loopscarryingreuseto betiled,and

(iii) minimizereusedistances.

For the running example, we will assumethat the oracle tells us that the
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transformationis the identity transformation,so the product spaceis left un-

changed.Sincetheproductspacefor this programis thefive dimensionalspacev���­±°%�®­¯vz�¦­±°��¦­ ¡�� , Definition5 of embeddingfunctionsrequiresthattheem-

beddingfunctionsfor thisprogramlook like thefollowing:

� �!� _``a vw�°%�
e ffh � �

_`````````````a

� �ë �� ·��� � ��� � ·Ï � ë ����� · ð ��� ·��"!� � � � � �#!Ï � ë � ��� ! ð ��� ! ��%$� � � ��� �"$Ï � ë ����� $ ð ��� $�

e fffffffffffffh

� �S�
_``````a
vz�°��¡��
e ffffffh � �

_`````````````a

� ��'& � �(� � �Ï & ë �(� � �� & à �)��� � ð ��� ��� ��'& � �(� � �Ï & ë �(� � �� & à �)��� � ð ��� ��� �ë �à �

egfffffffffffffh
Theunknowns

�
and � will bereferredto astheunknownembeddingcoeffi-

cients.
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4.1 First Dimension

Wefirst find embeddingcoefficientsfor thefirst dimensionv�� of theproductspace.

Legality

At thevery least,theembeddingsmustnot violatelegality. FromDefinition 3, it

followsthattheembeddingcoefficientsmustsatisfythefollowing constraints.

1.
� ��'& vz� 7 � �Ï & °�� 7 � �� & ¡�� 7*� � � 7�� �� Y vw� <]> for all pointsin s{� , and

2.
� �� & v+� � 7 � �Ï & °,�� 7 � �� & ¡��� 7-� � � 7-� �� Y � � �� & v�� 7 � �Ï & °�� 7 � �� & ¡�� 7-� � � 7-� �� � <]>
for pointsin sÆ� .

Standardintegerlinearprogrammingtechniquescanbeusedto convert these

constraintsinto the following systemof linear inequalitieson the unknown em-

beddingcoefficients,asdescribedin theappendix.
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_````````````````a

æ æ l æ ll æ l æ l
æ æ æ æ ææ l l æ ll l l æ ll l æ l l

e ffffffffffffffffh

_`````````````a

� ��.&� �Ï &� �� &� � � ��

e fffffffffffffh
<
_````````````````a

æl
ææll

e ffffffffffffffffh
(1)

Minimizing ReuseDistance

System(1) clearlyhasmany solutions.Weneedto choosethesolutionthatmaxi-

mizesreuse.For ourrunningexample,considerlocality optimizationfor thereuse

thatarisesbecauseof dependences{� . To ensurethatdimensionv�� doesnot carry

reusefor sc� , we requirethat

� ��'& v�� 7 � �Ï & °�� 7 � �� & ¡�� 7�� � � 7*� �� Y v�� � >
for all points �.vw�;� °%�C�|vz�Î� °��
��¡����±�Ws{� . This conditiontoo canobviously be con-

vertedinto a systemof inequalitieson the unknown coefficientsof the embed-

dings. The conjunctionof this systemandSystem(1) resultsin the following
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solution:

� �� & � t�� � �Ï & � > � � �� & � > � � � � > � � �� � >
Therefore,thefirstdimensionsof thetwoembeddingfunctionsare

� �� �.vw�;� °%�x� �v�� and
� �� �.vz�Î� °����C¡��C� � vz� . Intuitively, this solutionfusesdimensionsv�� and vz� of

theproductspace.

Even in our simple example,thereare other reuseclassessuchas sÆ� . To

optimize locality for more thanonereuseclass,we prioritize the reuseclasses

heuristicallyandtry to find embeddingfunctionsthat make entriesof the reuse

vectorsof the highest-priorityreuseclassequalto zero. Reuseclassesarecon-

sideredin orderof priority until all embeddingcoefficientsfor thatdimensionare

completelydetermined.If we assumethatreuseclasss{� hashighestpriority, we

seethatit completelydeterminesthefirst dimensionof theembeddingfunctions,

sonootherreuseclassescanbeconsidered.

4.2 RemainingDimensions

The remainingdimensionsof the embeddingfunctionsare determinedsucces-

sively in a mannersimilar to thefirst one.Theonly differenceis thatsomeof the
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dependenceclassesmay alreadybe satisfiedby precedingdimensions;thesedo

nothave to beconsideredfor legality but only for tiling loopscarryingreuse.

Let usassumethatthefirst ° Y t dimensionsof thesetof embeddingfunctions�
, which we denoteby

� �0/ Ï21 � , have beendeterminedandthatwe arecurrently

processingthe °�¢¤£ dimensionof theproductspace.

Legality

Generalizingthe correspondingnotion in perfectly-nestedloops, we say that a

dependenceclasssU} ^ _``a ���1��.3
e ffh 7ji'< > is satisfiedby thefirst ° Y t dimensions

of theembeddingfunctions
� �0/ Ï31 � if thedifferencevector

� �0/ Ï31 �3 �2��.3 � Y � �0/ Ï31 �1 �2��21 �
is lexicographicallypositive for all �2��21 �C��.3 � � s . This meansthatthis dependence

will be respectedregardlessof how the remainingdimensionsof theembedding

functionsarechosen.Thereforeit is sufficientto requirethatfor everypair �2��21 �C��23 �
in anunsatisfieddependenceclasss ,

� Ï3 ����.3 � Y � Ï1 ����21 � � ´ Y � Ï 1 �¦Ï3 ¹ _``a ��21��23
e ffh 7*� Ï 3 Y4� Ï 1 <]> (2)

In ourrunningexample,it canbeshown thatneitherof thedependenceclassessc� and sÆ� is satisfiedby the first dimensionof the embeddingfunctionsdeter-
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minedabove, so both dependenceclassesmustbe consideredwhenprocessing

theseconddimension.

Tiling Considerations

An additionalconcernin picking coefficientsfor a dimensionotherthanthefirst

is thatwe maywantto tile thatdimensionwith outerdimensions.Tiling requires

that thesedimensionsbe fully permutable.We canensurethis by requiringthat

theconstraint(2) holdsevenfor satisfieddependenceclasses.

If theresultingsystemhasnosolutions,thecurrentdimensioncannotbemade

permutablewith outerdimensions,soconstraint(2) isdroppedfor satisfieddepen-

denceclasses,anda new fully permutablebandof loopsis startedat dimension° .
Minimizing ReuseDistance

From the solutionsto the linear systemthat arisesfrom legality andtiling con-

siderations,we canpick onethatminimizesreusedistancesasdiscussedfor the

first dimension(notethatminimizingreusedistancesbeforeweaddthetiling con-

straintsmightproduceembeddingsthatdonotallow tiling).
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4.3 Transformed Code

Ouralgorithmproducesthefollowing embeddingsfor therunningexample:

ä � × 5667 � �ë �
8:99; Ø�å

5666666666666667

� �ë �� �ë �l

8:99999999999999;
ä � ×

56666667
� �ë �à �
8:999999; ØIå

5666666666666667

� �ë �� �ë �à �

8:99999999999999;
Theseembeddingsallow all five dimensionsto be tiled, so thereis a single

bandof fully permutableloops.

CodeGeneration

Giventheseembeddings,thecodegenerationalgorithmusesDefinition10to iden-

tify andeliminateredundantdimensions.Thematrix
�

for thegivenembeddings

is

v���}°%��}v���}°���}¡��¦}

_``````````````a

t > t > >> t > t >
t > t > >> t > t >> > > > t

e ffffffffffffffh
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It is easyto seethatdimensionsvz� and°�� areredundantandcanbeeliminated.

The remainingdimensionsaretiled andappropriatecodeis generated.The

resultingtiled codeis shown in Figure11. The min’s, max’s and conditionals

within the loop bodyareremovedby thecodegenerationprocessusingstandard

techniquesfrom polyhedralalgebra.

[Figure11abouthere.]

4.4 Putting it All Together

If the transformationon the productspaceis given, we can obtain embedding

coefficients for eachdimensionsuccessively by constrainingthembasedon (i)

legality, (ii) tiling considerations,and(iii) reusedistanceminimization.

Figure12 shows thehigh level structureof thealgorithm.Thealgorithmpro-

cessesthe dimensionsof the productspacein order; whendimension° is pro-

cessed,it doesthefollowing.

1. The algorithmfirst tries to find embeddingco-efficients for dimension° ,
constrainedonly by legality. This is accomplishedby the call to routine

LegalConstraints, shown in Figure 13, which generatesa linear system< � �+E Ñ thatconstrainsthe °�¢¤£ dimensionentryof differencevector
� 3 �2��.3 � Y � 1 ����21 �

to benon-negativefor every ����21 �C��.3 � in anunsatisfieddependenceclass.
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2. If thissystemhassolutions,thealgorithmtriestofindembeddingco-efficients

thatwould permitdimension° to beaddedto thecurrentbandof fully per-

mutableloops.Thisisaccomplishedby thecall to theroutine¾6vzN�,~Ñ.�
�0v�Ñ&vzR � ÂÆMORI�
� �%E v�RÃ�»� ,
shown in Figure14, which additionallyconstrainsthe °�¢¤£ dimensionentry

of differencevector
� 3 ����.3 � Y � 1 �����1 � to benon-negative for every ����21 �C��.3 � in

asatisfieddependenceclass.

If it succeeds,dimension° is addedto the currentfully permutableband;

otherwise,anew bandis started.

3. Fromthesetof possibleembeddingsdeterminedby thepreviousstep,theal-

gorithmpicksanembeddingthatenhanceslocality. Thisisaccomplishedby

thecall to routine = � MONQMO�w� � �?>Ã�Î� which usesa sequenceof reuseclasses

ranked by importanceto determineembeddingco-efficients that enhance

locality. In our implementation,we rank reuseclassesby estimatingthe

numberof reusepairsin eachclass.

The codegenerationstepeliminatesredundantdimensions,tiles loops that

carryreuse,andgeneratescode.

By introducingtiling constraintsin the secondstepbeforepromotingreuse

for particularreuseclassesin the third step,we have in effect givenprecedence
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to tiling over promotingreusefor reuseclasses.In otherwords, the algorithm

for promotingreuseis constrainedto pick co-embeddingefficientsfrom thesetof

co-efficientsthatareknown to beboth legal, anddesirablefor tiling. It is possi-

ble to constrainco-efficientsin the otherorderto give precedenceto promoting

reusefor particularreuseclasses,but webelieveour designchoiceleadsto better

performance.

[Figure12abouthere.]

[Figure13abouthere.]

[Figure14abouthere.]

[Figure15abouthere.]
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5 Algorithm for Locality Enhancement

We now presentthe completealgorithmfor locality enhancementwhich simul-

taneouslydeterminestheembeddings
���

andthetransformationT of theproduct

space.

5.1 Product SpaceTransformations

Sincetheproductspacecanbeviewedasa perfectly-nestedloop, thekey trans-

formationsfor this spaceareunimodulartransformations—namely, permutation,

skewing, andreversal.

Toseetheneedfor thesetransformations,considerAlgorithmSimpleLocalityEnhancement

which was introducedin Section4. This algorithm processesthe dimensions

of the productspacein order. When processingdimension° , we may not be

ableto find embeddingco-efficientsthat permit us to addloop ° to the current

bandof fully permutableloops; if so, we make loop ° the first loop in a new

bandof fully permutableloops. However, it is possiblethat reversing loop °
(that is, scanningthe points in the productspacein reverselexicographicorder

alongdimension° ) is legal, andthis may permit us to addthis loop to the cur-

rent bandof fully permutableloops. Therefore,if the linear system¾ in Algo-

49



Ahmedetal

rithm SimpleLocalityEnhancement doesnot have a solution,we should

try loopreversalof dimension° beforegiving upandterminatingthecurrentfully

permutablebandof loops.

This strategy can be implementedas follows. We first constructa system¾ which constrainsthe °�¢¤£ dimensionentry of differencevector
� 3 ����23 � Y � 1 �2��21 �

to benon-negative for every ����21 �C��.3 � in bothunsatisfiedandsatisfieddependence

classes.If this systemdoesnot have a solution,we constructa new system¾ �
whichconstrainsthe ° ¢¤£ dimensionentryof differencevector

� 3 �2��.3 � Y � 1 �2��21 � tobe

non-positivefor every �����1 �C��.3 � in bothunsatisfiedandsatisfieddependenceclasses.

If ¾@� hassolutions,we canusethemto find appropriateembeddingcoefficients

for dimension° , providedwe rememberto reversethe directionof loop ° when

wegeneratecode.

Skewing of theproductspacecanbeincorporatedinto thealgorithmin asimi-

lar manner. Dimension° maybepermutableafterskewingby outerdimensionsif

thedifferencevectorentriescorrespondingto thesatisfieddependenceclassesare

boundedbelow by anegativeconstant.Hence,for everypair �����1 �C��.3 � in all satisfied
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dependenceclassess , we requirethat

´ Y � Ï 1 � Ï 3 ¹ _``a ���1��.3
e ffh 7�� Ï3 YA� Ï 1 7CB�<]> � B�<]> �

whereB is anadditionalvariableintroducedinto thesystem.Thesolutionwith the

smallestB allows us to make dimension° permutablewith theouterdimensions

usinga minimumamountof skewing. If B canbechosento be0, thedimension

is permutablewith outerdimensionswithoutskewing.

Finally, permutationof productspacedimensionscan be incorporatedinto

the algorithmasfollows. Supposedimension° is not fully permutablewith the

currentbandof fully permutableloopsevenafterskewing and/orreversal.Instead

of giving up, we cantry to permute° with a dimension¡ (°�Ô(¡J� ¬ ��¬ ) of the

productspacefor whichwecanfind suitableembeddingfunctions.

Figure16 shows the completelocality enhancementalgorithmin which the

determinationof embeddingcoefficientsis interleavedwith thedeterminationof

the productspacetransformationasdescribedabove. Eachiterationof the out-

ermostwhile loop tries to constructonedimensionof the transformedproduct

space.Theinnerfor-each- º loopexaminesunmappeddimensionsof theprod-

uct spaceto find onewhich canbemadethenext dimensionof the transformed
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productspaceandappendedto the currentbandof fully permutableloopsafter

skewing and/orreversalif necessary. If sucha dimensionis found, procedure

PromoteReuse in Figure15is calledto chooseembeddingswith goodlocality.

We dropout of thefor loop whenno moredimensionsof theproductspacecan

beaddedto thecurrentfully permutableband.All satisfieddependencesarethen

droppedfrom furtherconsideration,anda new fully permutablebandis started.

If no legalembeddingscanbefoundfor any unmappeddimensionevenafterthis,

thealgorithmfails. Thealgorithmterminatessuccessfullywhenall dimensionsof

theproductspacehavebeenmappedinto thetransformedspace.

In our experiments,the algorithm hasalways terminatedsuccessfully. We

conjecturethatit canalwaysfind embeddingsconsistentwith Definition5,but we

havenot provedthis.

[Figure16abouthere.]

[Figure17abouthere.]

Reordering of Dimensions

Whenconstructingbands,thealgorithmdoesnot try to optimizetheorderof di-

mensionswithin abandsinceit addsdimensionsto bandsin arbitraryorder. Since

arbitraryordermaynot bebestfor locality, we needto reorderdimensionsafter
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all embeddingcoefficientshave beendetermined.This is similar to theproblem

of choosingagoodorderfor loopsin a fully permutableloopnest,andany of the

techniquesin the literaturecanbeused.Herewe presenta simpleheuristicsim-

ilar to memoryorder.(16) We reorderdimensionsof theproductspaceso that the

dimensionswith mostunsatisfiedreusescomelast. For eachdimension° of the

productspace,we definethereusepenaltyof thatdimensionwith respectto em-

beddingfunctions
�S� Ï� � � Ï� ��	�	
	I� � Ï� # to bethenumberof reusepairsin theclasses

for which thedimensioncarriesreuse.

� �?>Ã�Î�D=Æ��R E Ñ¨�FE��½°�� � � � G� unsatisfied

©C��©
where ©C��© is thenumberof reusepairsin reuseclass� . Clearlysortingdimen-

sionsin
� �?>Ã�Î�D=���R E Ñ¨�FE orderis not alwayslegal. Figure17 shows analgorithm

thatfindsanearbylegalpermutation.Intuitively, algorithmDimensionOrdering

triestoorderdimensionsgreedilysothatthedimensionwith thesmallest
� �?>Ã�O�D=���R E Ñ¨�FE

is outermostif thatis legal. Otherwise,it checkswhetherthedimensionwith next

smallest
� �?>Ã�Î�D=���R E Ñ¨�FE canbe placedoutermost.Onceit finds a dimensionto

placeoutermost,it repeatstheprocesswith theremainingdimensions.It is easy
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to seethat thealgorithmwill alwaysproducea legal orderingof thedimensions,

andthatit will pick the
� �?>Ã�Î�D=Æ��R E Ñ¨�FE orderif thatis legal.

For therunningexamplein Figure10,ouralgorithmplacesall fivedimensions

of theproductspacein asinglefully permutableband.It thenpicksthedimension

order °%�®­±°��¦­ ¡��0­¯v���­\v�� .
5.2 CodeGeneration

Removing RedundantDimensions

Let
� �ö�S� ��� � ����	�	
	I� � �$# be the setof embeddingfunctionsandlet

� ������ �
� �� ���� � 7H� � . As discussedin Section3,any dimension° for whichthe °�¢¤£ row
� Ï

of

thematrix
�î�I��� �;� � ����	�	�	�� � ��� is linearlydependentonotherrowsis redundant

aslongasits removal doesnotaffectdependences.

Oncea good legal orderingof the dimensionsis determined,our algorithm

identifiesall dimensions° for which
� Ï

is linearlydependentonpreviousdimen-

sions,andeliminatesthosedimensionsthatdonotaffectdependences.

Tiling

All dimensionswith non-zero
� �?>Ã�Î�D=Æ��R E Ñ¨�FE will benefitfrom tiling. Eachfully

permutablebandis tiled (afterindividualdimensionsareskewedby outerloopsif
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necessary).

For the runningexample, °%� , ¡�� , and v�� arenot redundantandexhibit reuse,

thereforewe decideto tile all of them. They areall in thesamebandanddo not

requireskewing.

5.3 Tile SizeDetermination

Weusesimpleheuristicsto determinetile sizes.

We estimatethe data foot-print (the total amountof datatouchedby a tile),

andrequirethatit fit into thememoryhierarchylevel underconsideration.Wetile

the productspaceseparatelyfor eachlevel of the memoryhierarchy(we do not

tile for a particularlevel only if the datatouchedby the tile will not fit into the

correspondingcachelevel for thetile sizewecompute).

Ouralgorithmfor determiningtile sizeshasthefollowing steps.

1. Foreachpointin theproduct-space,find thedataaccessedbyeachstatement

instancemappedto it. Sincethemappingfrom a statementinstanceto the

product-spaceis one-to-oneandaffine, the inversemappingcaneasilybe

determined.Sincedatareferencesareaffine,thisenablesusto calculatethe

dataaccessedby eachpoint in theproductspace.

In the running exampleof Figure 10, a point � Z �;� Z �Î� Z · � Z ! � Z $ � of our
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transformedproductspacehasstatementinstances¾��
� Z ! � Z �x� (wheneverZ � � Z �;� Z $ � Z ! � Z · � > ) and ¾��O� Z ! � Z �C� Z · � (whenever Z � � Z �;� Z $ � Z ! )
mappedto it. Hencethedataaccessedby this point is L%� Z ! � Z �»� from state-

ment ¾�� and L%� Z ! � Z �»��� E � Z ! � Z · ��� 9 � Z ��� Z · � from statement¾�� .
2. Groupall thedataaccessedbyaproductspacepointintoequivalenceclasses

asfollows.

(a) Referencesto differentarraysbelongin differentequivalenceclasses.

(b) Referencesareassignedto thesameequivalenceclassif they canac-

cessthe samearray locations(that is, if the linear partsof the two

referencesarethesame).

Therearethreeequivalenceclasses
� ¾��c} E � Z ! � Z · ��# , � ¾��/} 9 � Z �;� Z · ��# and� ¾��?}�L%� Z ! � Z �x����¾�� }FL
� Z ! � Z �x��# , in ourexample.

3. Fromeachreferenceclasspick a randomreferencewhich will serve asour

representativereference.

In our example,our representative referencesare L%� Z ! � Z �w� , E � Z ! � Z · � and9 � Z �;� Z · � .
4. Determinethe datatouchedby eachrepresentative referencein a single
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tile of the transformedproductspaceparameterizedby the tile size. We

shalllimit ourselvesto choosingasingletile-size 4 for everydimensionof

the productspace.Determiningthe datatouchedby a singlereferenceis

straightforward. A generalizedversionof this problemhasbeenstudiedin

the literature.(27) More accuratesolutionscanbeobtainedby usingErhart

Polynomials.(8)

For ourexample,eachrepresentativereferenceaccesses4 � elementsin one

tile of the transformedproductspace.The total datafoot-print of all the

referencesis � 5 4 � elements.Theactualmemorycorrespondingto this is� 5 4 � timesthesizein bytesof asingleelementof thearray.

5. Thedatafoot-print of all thereferencesmustbelessthanthecachesizeto

avoid capacitymisses. This givesus an upperboundon the tile size for

eachcachelevel. In orderto generatecodewith fewer MIN’s andMAX’s,

we ensurethat the tile sizeat eachlevel is a multiple of the tile sizeat the

previouslevel.

Theabove formulationmakesthefollowing simplifications:

1. All tiles of the transformedproductspacehave the samedatafoot-print.

This is a conservative assumption,sinceit resultsin addingthereferences

57



Ahmedetal

possiblefrom all statementsto thedataaccessedat a singleproductspace

point.

2. Boundaryeffectsareignored,which is justifiablefor largearraysandloop

bounds.

3. Conflictmissesareignored.Varioustechniqueshavebeendevelopedto find

tile sizesthatavoid someformsof conflictmisses,(9,11,20) but wedonotuse

themin ourcurrentimplementation.

6 Experimental Results

In this section,we presentresultsfrom our implementationfor four important

codes.All experimentswererunonanSGIOctaneworkstationbasedonaR12000

chip runningat300MHzwith 32KB first-level datacacheandanunifiedsecond-

level cacheof size2 MB (both cachesaretwo-way setassociative). Wherever

possible,wepresentthreesetsof performancenumbersfor acode.

1. Performanceof codeproducedby theSGIMIPSProcompiler(Version7.2.1)

with the“-O3” flag turnedon.

At this level of optimization,the SGI compilerappliesthe following set

of transformationsto the code—itconverts imperfectly-nestedloop nests
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to singlynestedloops(SNLs)by meansof fissionandfusionandthenap-

pliestransformationslike permutation,tiling andsoftwarepipelininginner

loops.(32)

2. Performanceof codeproducedby animplementationof thetechniquesde-

scribedin thispaper.

Thesecodeswerecompiledby the SGI MIPSProcompilerwith the flags

“-O3 -LNO:blocking=off ” to disableblockingby theSGIcompiler.

3. Performanceof hand-codedLAPACK library routine running on top of

hand-tunedBLAS.

Performanceis reportedin MFLOPS,countingeachmultiply-addas1 Flop.

For someof the codeslike tomcatv, we did not have hand-codedversionsasa

comparison;in thesecases,wereportrunningtime.

6.1 Cholesky Factorization

Cholesky factorizationis usedto solvesymmetricpositive-definitelinearsystems.

Figure18showsoneversionof Cholesky factorizationcalled ¡+vÐ° - ÂKJ~MSÑ.�O�O¡LE ; there

arefive otherversionsof Cholesky factorizationcorrespondingto the permuta-

tionsof the v , ° , and ¡ loops. Figure19(a)comparesthe performanceof all six

versionscompiledby theSGIcompiler, thehand-optimizedLAPACK library rou-
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tine,andthecodeproducedby ouralgorithmstartingfrom anyof thesix versions.

Theperformanceof thecompiledcodevarieswidely for thesix differentver-

sionsof Cholesky factorization. The ¡+v¨° - ÂKJ�M%Ñ.�O�O¡LE is SNL and the SGI com-

piler is able to sink andtile two of the threeloops( ¡ and v ), resultingin good

L2 cachebehavior andbestperformancefor largematrices(about65 MFLOPS)

amongthe compiledcodes.In contrast,the compileris not ableto optimizethevÐ°+¡ - ÂKJ~MSÑ.�O�O¡LE at all, resultingin theworstperformanceof about5 MFLOPSfor

largematrices.TheLAPACK library codeperformsconsistentlybestatabout200

MFLOPS.

[Figure18abouthere.]

[Figure19abouthere.]

Our algorithm producesthe samelocality optimizedcode independenton

which of the six versionswe start with. That is expectedasthe abstractionthat

our algorithm uses—statements,statementiteration spaces,dependencies,and

reuses—isthesamefor all six versionsof Cholesky factorization.

For the ¡$v¨° versionshown here,thealgorithmpicksthefollowing embeddings

(afterreorderingandremoving redundantdimensions):
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� �!� ´ ¡ ¹ � �
_``````a
¡¡¡
e ffffffh � �S� _``a ¡v

e ffh � �
_``````a
¡¡v
e ffffffh � · �

_``````a
¡v°
e ffffffh � �

_``````a
° ¡v
e ffffffh

All threedimensionsaretiled without skewing. Our algorithmchoosesa tile

sizeof ��M for theL1 cacheand yON�N for theL2 cachefor all thedimensions.The

samecodeis obtainedstartingfrom any of the six versionsof Cholesky factor-

ization,andtheline marked“Locality Optimized”in Figure19(c)shows theper-

formanceof that code. The codeproducedby our approachis roughly 3 to 30

timesfasterthanthecodeproducedby theSGI compiler, andit is within 5% of

thehand-writtenLAPACK library codefor largematrices.

Figure19(c)comparestheperformanceof thiscode(tiled for two levelsof the

memoryhierarchy)with theperformanceof ourcodetiled for asinglelevel of the

memoryhierarchybut usinga rangeof tile sizesfrom 10 to 250. Thesizeof the

arrayon which Cholesky factorizationis doneis y >�>�> ­èy >
>�> . Our experiments

show thattwo-level blockinggivesbetterperformance.

6.1.1 Triangular Solve

Triangularsystemsof equationsof theformLx = bwhereL is alowertriangular

matrix, b is a known vectorandx is the vector of unknowns arisefrequently
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in applications.Sometimes,it is necessaryto solve multiple triangularsystems

that have the sameco-efficient matrix L. Suchmultiple systemscanobviously

be viewed as computinga matrix X that satisfiesthe equationLX = B where

B is a matrix whosecolumnsareconstitutedfrom the right-handsidesof all the

triangularsystems.Thecodein Figure20solvessuchmultipletriangularsystems,

overwritingB with thesolution.

[Figure20abouthere.]

[Figure21abouthere.]

For thiscode,ouralgorithmfindsthefollowing embeddings:

� �!�
_``````a
L�
¡
e ffffffh � �

_``````a
L�
¡
e ffffffh � �S� _``a L�

e ffh � �
_``````a
L��
e ffffffh

Thefourth andfifth dimensionsof theproductspacewereredundant,sothey

wereeliminated. Our algorithmdecidesto tile all threeremainingdimensions.

It choosesa tile sizeof ��M for theL1 cacheand y�N�N for theL2 cachefor all the

dimensions.

Figure21(a)shows performanceresultsfor a constantnumberof right-hand

sides(M in Figure20 is 100). The performanceof codegeneratedby our tech-

niquesis up to a factorof 10 betterthanthecodeproducedby theSGI compiler,
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but it is still 20%slowerthanthehand-tunedcodein theBLAS library. Thehigh-

level structureof thecodewe generateis similar to thatof thecodein theBLAS

library; further improvementsin the compiler-generatedcodemust comefrom

fine-tuningof registertiling andinstructionscheduling.

Figure21(b)comparestheperformanceof ourcode(tiled for two levelsof the

memoryhierarchy)with codetiled for a singlelevel with tile sizesrangingfromt > to y�� > (for a y >
>�> ­�y >�>�> arrayand P � t >�> ). As canbeseen,our two level

schemegivesthebestperformance.

6.2 Jacobi

[Figure22abouthere.]

Our next benchmarkis theJacobikernelin Figure1, which wasdiscussedin

Section1. Ouralgorithmpicksembeddingsthatperformall theoptimizationsteps

discussedin Section1.

ä � ×
56666667
Q �
ë
8:999999; Ø�å

56666667
Q
ë �
8:999999; ä � ×

56666667
Q�
ë
8:999999; Ø�å

56666667
Q

ë � æ� � æ
8:999999;

Theseembeddingscorrespondto shifting theiterationsof thetwo statements

with respectto eachother, fusing the resultingi andj loopsrespectively, and
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finally interchangingthei andj loops. This not only allows usto tile the loops

but alsoimprovesreuseandspatiallocality of the arraysin the two statements.

The resultingspacecannotbe tiled directly, so our implementationchoosesto

skew the secondandthe third dimensionsby 2*t beforetiling. Our algorithm

choosesa tile sizeof y > for theL1 cacheand tDM > for theL2 cache.Thegenerated

codeis shown in Figure25 in theappendix.

Figure22(a)showstheexecutiontimesfor thecodeproducedbyourtechnique

andby theSGIcompilerfor afixednumberof time-steps( t >�> ). Comparisonwith

othertile sizesis shown in Figure22(b).

6.3 Tomcatv

[Figure23abouthere.]

[Figure24abouthere.]

Asafinalexample,weconsiderthetomcatvcodefromtheSPECfpbenchmark

suite.Thecode(Figure23) consistsof anoutertime loopITER containinga se-

quenceof doubly-andsingly-nestedloopswhichwalk overbothtwo-dimensional

andone-dimensionalarrays.Theresultsof applyingour techniqueareshown in

Figure24(a) for a fixed arraysize(253 from a referenceinput), anda varying
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numberof time-steps.Tomcatvis notdirectlyamenableto our techniquebecause

it containsan exit testat the endof eachtime-step. The line marked “Locality

Optimized” representsthe resultsof optimizinga singletime-step(i.e. the code

insidetheITER loop) for locality. Treatingevery basicblock asa singlestate-

ment,our algorithmproducesan embeddingwhich correspondsto fusing some

of theJ loopsandall theI loops. The exploitation of reusebetweendifferent

basicblocksresultsin roughly8% improvementin performancecomparedto the

codeproducedby the SGI compiler. If we considerthe tomcatvkernelwithout

theexit condition5, our algorithmskews the fusedI loop by 2*ITER, andthen

tilesITER andtheskewedI loops.Our algorithmdecidesto tile only for theL2

cache(thedatatouchedby a tile doesnotfit into L1 cache)with a tile-sizeof �,N .
The performanceof the resultingcode(line marked “Tiled”) is around22%

betterthantheoriginalcode.Variationwith tile sizeis shown in Figure24(b).

6.4 Discussion

Theperformancenumberspresentedshow thebenefitsof synthesizingasequence

of locality-optimizingtransformationsinsteadof searchingfor thatsequence.Even

thoughtheSGI MIPSProcompilerimplementsall thetransformationsnecessary

5Theresultingkernelcanbetiled speculatively asdemonstratedby SongandLi. (30)
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to optimizeour benchmarks,it doesnot find the right sequenceof transforma-

tions,sotheperformanceof theresultingcodesuffers.Furthermore,for Cholesky

factorization,theperformanceof ouroptimizedcodeapproachestheperformance

of hand-writtenlibrary codein LAPACK. For triangularsolve,we generatecode

with thesamehigh-level structureaslibrary code;we believe thattuningregister

allocationandinstructionschedulingin theMIPSProcompilerwill allow thiscode

to performaswell aslibrary code.Finally, theadvantageof our general-purpose

techniqueis that it canbe usedfor codeslike Jacobiandtomcatvfor which the

LAPACK library is notuseful.

7 RelatedWork and Conclusions

Thework reportedin thispapergrew outof oureffort to designmethodsfor auto-

maticlocality enhancementof codesthatareimportantin computationalscience.

Muchof computationalscienceis concernedwith thenumericalsolutionof partial

differentialequations.Solutiontechniquesareclassifiedinto implicit andexplicit

methods.Implicit methodsrequirethe solutionof large systemsof linear alge-

braicequations;Cholesky factorizationis usuallyemployedfor thispurpose.The

Jacobicodeon theotherhandis anexampleof anexplicit method;in thesemeth-
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ods,thevalueof thedependentvariableof thepdeatsomestepof thecomputation

is computedasa simplefunctionof the valueof that variablein previoussteps.

As we have shown, the locality enhancementtechniquesdescribedin this paper

canbeusedfor bothclassesof methods.

The mathematicaltechniquesusedin this paperhave beenusedby the sys-

tolic array community for schedulingstatementsin loop nestson systolic ar-

rays.(19) Thesetechniqueswereextendedby Feautrierin his theoryof schedules

in multi-dimensionaltime(10) which heusedfor automaticparallelization;related

approachesaremappingsandaffine transforms.(14,23)

Ourapproachgeneralizestechniquesusedin currentcompilersfor locality en-

hancementof both perfectly-nestedandimperfectly-nestedloops.(5,22,31–33) The

useof embeddingsandthe productspacegeneralizestechniqueslike statement

sinkingandloopfusionthatareusedin compilerssuchastheSGIMIPSProcom-

piler to convert someimperfectly-nestedloopsinto perfectly-nestedloops. The

particularapproachwe have takento locality enhancementis a generalizationof

theapproachof Li andPingali(22) whichwasdevelopedfor perfectly-nestedloops.

For enhancinglocality in imperfectly-nestedloops,Kelly andPughadvocate

searchingthe spaceof legal transformationsusingcostmodelsthat evaluatethe

mappingsproduced.(15) They associatea multi-dimensionalmappingwith each
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statementbut the rangeof thesemappingsis not fixed sincethereis no analog

of our productspace.Startingfrom totally unspecifiedmappings,they propose

to explore the tree of partially specifiedmappingstill they completelyspecify

themapping,usingestimatesof thenumberof cachemissesto guidethesearch.

Their estimatortargetsonly reuseswith sourceanddestinationin thesamestate-

ment. In particular, reusebetweendifferentstatementsrequiringfusionwill not

be modeled. Thoughthey representtiling by meansof pseudo-linearfunctions

(usingmod anddiv), they do not includethemin their searchspaceof possible

transformationsandhencedo not necessarilyfind solutionsthatcanbetiled. By

usinga well-definedspace(theproductspace),we areableto targetall reusesby

representingreusedistancesbetweenstatementinstancesby reusevectorswhich

we canthenminimizedimensionby dimension.Furthermore,theproductspace

allows us to imposeconstraintsso that dimensionsarepermutable—thislets us

orderthedimensionsandtile themto reducereusedistancesfurther.

A differentapproachto locality enhancementof imperfectly-nestedloopshas

beentaken in data-centricapproachessuchasdatashackling.(17) The compiler

determinesanorderin which arrayelementsshouldbetouched,andthensched-

ulescodeso thatall statementsthat toucha givendataelementarescheduledto

executewhenthat dataitem is broughtinto the cache. Integer linear program-
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ming techniquesareusedto determineif sucha scheduleis legal. This work has

beenextendedby PughandRosserin their work on iterationspaceslicing which

permitsthemto synthesizelegal data-centricschedules.(28) Thedata-centricap-

proachcanbeusedto generatecodefor sparsematrixapplicationsaswell.(26) The

framework in thispapercanbeusedto generatedata-centriccodeby addingdata

dimensionsto theproductspace.(1)

Thereis considerableinterestin thenumericalanalysiscommunityin devel-

opingblock-recursivecodesfor goodperformanceonmulti-level memoryhierar-

chies.(7,13) Block-recursivecodescanbeviewedasdivide-and-conquerstylecodes

in which theoriginal problemis repeatedlysub-divideduntil theworking setfits

into thehighestlevel of thememoryhierarchy. In acertainsense,thesecodescan

beviewedasbeingautomaticallyblockedfor all levelsof thememoryhierarchy.

Wehaverecentlyshown thatour framework canbeusedto deriveblock-recursive

codesautomaticallyfrom iterativecodes.(2) A data-centricapproachto this prob-

lemhasbeenexploredby Yi etal.(34)

In futurework, we would like to explorethescalabilityof our techniquesfor

programswith large numbersof imperfectly-nestedloop nests.Another line of

researchis motivatedby the observation that dependenceanalysisappearsto be

inadequateto permit automaticrestructuringof somecodessuchasLU factor-
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ization with pivoting. Respectingdependencesis a sufficient but not necessary

conditionfor the legality of a transformation;for example,the reassociationof

a reductionoperationviolatesdependencesbut is legal neverthelessbecausethe

original programandthe restructuredprogramproducethesameanswers.Sim-

ilarly, it can be shown that restructuringLU with pivoting to enhancelocality

violatesdependencesbut is legalneverthelessbecauseit reliesonthefactthatrow

permutationscommutewith updates.(12) Wehaverecentlydevelopedanovel form

of symbolicanalysiscalled fractal symbolicanalysis(24,25) to addressthis prob-

lem. Althoughfractalsymbolicanalysiscanbeusedto verify thecorrectnessof

thesetransformations,we do not yet have a framework like theonein this paper

that would enablea compiler to synthesizegoodsequencesof transformations.

Thedevelopmentof sucha framework is animportantopenproblemin compiler

research.

References

[1] NawaazAhmed, Nikolay Mateev, Keshav Pingali, and Paul Stodghil. A

framework for sparsematrix codesynthesisfrom high-level specifications.

In Proceedingsof SC2000, Dallas,Texas,November2000.

70



Ahmedetal

[2] Nawaaz Ahmed and Keshav Pingali. Automatic generationof block-

recursive codes. In Proceedingsof Euro-Par, Munich, Germany, August

29– September1, 2000.

[3] C. AncourtandF. Irigoin. Scanningpolyhedrawith DO loops. In Principle

andPracticeof Parallel Programming, pages39–50,April 1991.

[4] E. Ayguad́e andJordiTorres. Partitioningthestatementper iterationspace

usingnonsingularmatrices.In 1993ACM InternationalConferenceon Su-

percomputing, pages407–415,Tokyo, July1993.

[5] UptalBanerjee.A theoryof looppermutations.In Languagesandcompilers

for parallel computing, pages54–74,1989.

[6] SteveCarrandK. Kennedy. Compilerblockabilityof numericalalgorithms.

In Supercomputing, 1992.

[7] S.Chaterjee,V. Jain,A. Lebeck,S.Mundhra,andM. Thottethodi.Nonlinear

arraylayoutsfor hierarchicalmemorysystems.In InternationalConference

onSupercomputing(ICS’99), June1999.

71



Ahmedetal

[8] Phillipe Claus. Counting solutions to linear and nonlinear constraints

throughErhartpolynomials. In ”ACM InternationalConferenceon Super-

computing. ACM, May 1996.

[9] StephanieColemanand Kathryn S. McKinley. Tile size selectionusing

cacheorganizationanddatalayout. In ACM SIGPLAN’95 Conferenceon

ProgrammingLanguage Designand Implementation(PLDI). ACM Press,

June1995.

[10] Paul Feautrier. Someefficient solutionsto the affine schedulingproblem-

partii: multi-dimensionaltime. InternationalJournal of Parallel Program-

ming, December1992.

[11] S.Ghosh,M. Martonosi,andS.Malik. Cachemissequations:An analytical

representationof cachemisses. In Proceedingsof the 11th International

ConferenceonSupercomputing(ICS-97), pages317–324,New York, July7–

11 1997.ACM Press.

[12] GeneGolubandCharlesVanLoan. Matrix Computations. TheJohnsHop-

kinsUniversityPress,1996.

72



Ahmedetal

[13] F. G. Gustavson. Recursionleadsto automaticvariableblocking for dense

linear-algebraalgorithms. IBM Journal of Research and Development,

41(6):737–755,November1997.

[14] WayneKelly andWilliam Pugh. Finding legal reorderingtransformations

usingmappings.In Proceedingsof the7th InternationalWorkshopon Lan-

guagesandCompilers for Parallel Computing, pages107–124,Ithaca,New

York, August8–10,1994.Springer-Verlag.

[15] WayneKelly andWilliam Pugh. Selectingaffine mappingsbasedon per-

formanceestimation.Parallel ProcessingLetters, 4(3):205–209,September

1994.

[16] K. KennedyandK. S. McKinley. Optimizing for parallelismanddatalo-

cality. In 1992ACM InternationalConferenceon Supercomputing, pages

323–334,Washington,D.C.,July1992.ACM Press.

[17] InduprakasKodukula,NawaazAhmed,andKeshav Pingali. Data-centric

multi-level blocking. In ProgrammingLanguages,DesignandImplementa-

tion. ACM SIGPLAN,June1997.

73



Ahmedetal

[18] InduprakasKodukula,Keshav Pingali,RobertCox, andDror Maydan. Im-

perfectlynestedlooptransformationsfor memoryhierarchymanagement.In

InternationalConferenceonSupercomputing, Rhodes,Greece,June1999.

[19] S.Y. Kung. VLSIArrayProcessors. Prentice-HallInc, 1988.

[20] MonicaS.Lam,EdwardE. Rothberg, andMichaelE. Wolf. Thecacheper-

formanceandoptimizationsof blockedalgorithms.In Fourth International

Conferenceon Architectural Supportfor ProgrammingLanguagesandOp-

eratingSystems, pages63–74,April 8–11,1991.

[21] W. Li andK. Pingali.AccessNormalization:Looprestructuringfor NUMA

compilers.ACM TransactionsonComputerSystems, 1993.

[22] Wei Li andKeshav Pingali. A singularloop transformationbasedon non-

singularmatrices. InternationalJournal of Parallel Programming, 22(2),

April 1994.

[23] Amy Lim andMonicaLam. Maximizing parallelismandminimizing syn-

chronizationwith affinepartitions.Parallel Computing, 24:445–475,1998.

[24] Nikolay Mateev, Vijay Menon,andKeshav Pingali. Left-looking to right-

lookingandviceversa:An applicationof fractalsymbolicanalysisto linear

74



Ahmedetal

algebracoderestructuring.In Proceedingsof Euro-Par, Munich,Germany,

August29– September1, 2000.

[25] Nikolay Mateev, Vijay Menon,andKeshav Pingali. Fractalsymbolicanal-

ysisfor programtransformations.In ACM InternationalConferenceon Su-

percomputing(ICS)2001. ACM, June2001.

[26] Nikolay Mateev, Keshav Pingali, Paul Stodghill, and Vladimir Kotlyar.

Next-generationgenericprogrammingandits applicationto sparsematrix

computations.In Proceedingsof the2000InternationalConferenceon Su-

percomputing, SantaFe,New Mexico, May 8–11,2000.

[27] William Pugh. Countingsolutionsto presburger formulas: How andwhy.

Technicalreport,Universityof Maryland,1993.

[28] William PughandEvanRosser. Iterationspaceslicing for locality. In Proc.

of 12th InternationalWorkshopon Languagesand Compilers for Parallel

Computing, (LCPC99), August1999.

[29] J.RamanujamandP. Sadayappan.Tiling multidimensionaliterationspaces

for multicomputers. Journal of Parallel and Distributed Computing,

16(2):108–120,October1992.

75



Ahmedetal

[30] YonghongSongandZhiyuanLi. New tiling techniquesto improve cache

temporallocality. In SIGPLAN99conferenceon ProgrammingLanguages,

DesignandImplementation, June1999.

[31] M.E.Wolf andM.S.Lam.A datalocalityoptimizingalgorithm.In SIGPLAN

1991conferenceon ProgrammingLanguagesDesignand Implementation,

June1991.

[32] Michael E. Wolf, Dror E. Maydan,andDing-Kai Chen. Combiningloop

transformationsconsideringcachesandscheduling. In MICRO 29, pages

274–286,SiliconGraphics,MountainView, CA, 1996.

[33] M. Wolfe. High PerformanceCompilers for Parallel Computing. Addison-

Wesley PublishingCompany, 1995.

[34] QingYi, Vikram Adve,andKenKennedy. Transformingloopsto recursion

for multi-level memoryhierarchies.In Proceedingsof the2000ACM Sym-

posiumonProgrammingLanguageDesignandImplementation, Vancouver,

Canada,June18–21,2000.

76



Ahmedetal

A Farkas’ Lemma

We show how to applyFarkas’Lemmato determineconstraintson embeddings

co-efficients.

Considera dependenceclasssµ} ^ _``a ��21��.3
e ffh 7 i <�> , anda dependencepair

�����1 �C��.3 �{�]s . Let
� 3 and

� 1 be the embeddingfunctionsfor the destinationand

sourcestatementsof thisdependence,andlet the °�¢¤£ dimensionsof thesefunctions

be
�0Ï3 �R�¦Ï3 ��.367*� Ï 3 and

� Ï1 ��� Ï 1 ��21I7�� Ï 1 .
Supposethatwemustchoosetheseunknowncoefficients � � � � � sothat

�¦Ï3 ����.3 � Y� Ï1 ����21 � < > .
Theaffine form of Farkas’lemmaletsusexpresstheconstraintson theseco-

efficientsin termsof dependenceclasscoefficients � ^ � i � .
Lemma 1 (Farkas’ Lemma)Any affine function SÓ� Z � which is non-negativeev-

erywhere overa polyhedrondefinedby theinequalitiesD Z�7H9�<]> canberepre-

sentedasfollows:

SÓ� Z � �UTWV 7CX Ä D Zc7�X Ä 9 � TWV <]> � XA<]> �
where X is a vectorof lengthequalto thenumberof rowsof A.

TYV
and X arecalled
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theFarkasmultipliers.

Applying Farkas’Lemmato ourdependenceequationsweobtain

´ Y � Ï 1 �0Ï3 ¹ _``a ��21��.3
e ffh 7*� Ï 3 YA� Ï 1 �ZTWV 7CX Ä ^ _``a ���1��.3

e ffh 7CX Ä i �TWV <]> � XA<]> 	
Equatingcoefficientsof ��21 and ��.3 onbothsides,weget

´ Y � Ï 1 � Ï 3 ¹ � X Ä ^ �� Ï3 YA� Ï 1 � TYV 7CX Ä i �TWV <]> � XA<]> 	
TheFarkasmultiplierscanbeeliminatedthroughFourier-Motzkin projection

to giveasystemof inequalitiesconstrainingtheunknown embeddingcoefficients.

As an example,considerthe first dimensionof the embeddingfunctionsfor

therunningexamplein Section4. Thefollowing conditionsmustbesatisfied:

1.
� ��'& vz� 7 � �Ï & °�� 7 � �� & ¡�� 7[� � � 7\� �� Y vw� <]> for all points �2v���� °%�;�|v���� °��Î��¡����
in sc� �)� �.vw����°%�;�|vz����°�����¡����®}�t=�Avw�;� °%�;�|v���� °����C¡��0�]���xvw� � vz�Î� °%� � °���# , and
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2.
� �� & v � � 7 � �Ï & ° �� 7 � �� & ¡ �� 7]� � � 7^� �� Y � � �� & v�� 7 � �Ï & °�� 7 � �� & ¡�� 7^� � � 7� �� � <W> for points �2vz�Î��°��Î��¡����|v+� � � °��� ��¡��� � in sÆ� � � �2vz�
� °�����¡����|v�� � � °��� ��¡��� �0}�t��v���� °��Î��¡����xv+� � � °��� �C¡��� �]���|vz� � v+� � ��°�� � °��� ��¡��¦Ô:¡��� # .

Let usapplyFarkas’lemmato thefirst condition.Wehave

� �� & vz� 7 � �Ï & °�� 7 � �� & ¡�� 7*� � � 7�� �� Y vw� �TWV 7 T �
�2v�� Y tÎ� 7 T �O��� Y v��x� 7 T · �½°%� Y tO�7 T ! �2� Y °%�x� 7 T $ �2vz� Y tO� 7 T � ��� Y vz�;� 7 T`_ �¼°�� Y tO�7 TWa �2� Y °��;� 7 TWb �z¡�� Y tO� 7 T � V ��� Y ¡����7 T � �!�.vw� Y vz�;� 7 T �2�O�.vz� Y vw�»� 7 T � · �¼°%� Y °����7 T � ! �¼°�� Y °%�x���TYV � T ���
	�	�	�� T � ! <�>

79



Ahmedetal

After equatingcoefficientsonbothsides,weget:

vw�?} Y t � T � Y T � 7 T � � Y T �2�°%�?} > � T · Y T ! 7 T � · Y T � !vz�0} � ��'& � T $ Y T � 7 T �2� Y T � �°��0} � �Ï & � TY_ Y TWa 7 T � ! Y T � ·¡��0} � �� & � TWb Y T � V� } � � � T � 7 T ! 7 T � 7 TWa 7 T � Vt=} � �� � TWV Y T � Y T · Y T $ Y TY_ Y TYb
EliminatingFarkasmultipliersthroughFourier-Motzkin projection,weobtain

80



Ahmedetal

thefollowing constraintson theunknown embeddingcoefficients:_````````````````````````````a

æ l æ æ ll æ æ æ ll l æ æ l
æ æ l æ læ æ æ æ ll æ l æ l
æ æ æ æ ææ l l æ ll l l æ l

e ffffffffffffffffffffffffffffh

_`````````````a

� ��.&� �Ï &� �� &� � � ��

e fffffffffffffh
<

_````````````````````````````a

æll
ææl
ææl

e ffffffffffffffffffffffffffffh

(3)

Goingthroughthesamestepsfor thesecondcondition,weget

´ l l æ l l ¹
_`````````````a

� ��.&� �Ï &� �� &� � � ��

e fffffffffffffh
< ´ l ¹ (4)

Combiningconditions(3) and(4), weobtainthesystemof inequalitiesshown
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in Section4: _````````````````a

æ æ l æ ll æ l æ l
æ æ æ æ ææ l l æ ll l l æ ll l æ l l

e ffffffffffffffffh

_`````````````a

� �� &� �Ï &� �� &� � � ��

e fffffffffffffh
<
_````````````````a

æl
ææll

e ffffffffffffffffh
B Generatedcodefor Jacobi

[Figure25abouthere.]

TheJacobicodegeneratedby our implementationtiled with a tile sizeof y > is

shown in Figure25.
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for t = 1, T
for i1 = 2, N-1
for j1 = 2, N-1

S1: L(i1,j1) = (A(i1,j1+1) + A(i1,j1-1)
+ A(i1+1,j1) + A(i1-1,j1)) / 4

end
end
for i2 = 2, N-1
for j2 = 2, N-1

S2: A(i2,j2) = L(i2,j2)
end

end
end

Figure1: Jacobi
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for t = 1, T
for j1 = 2, N-1
L(2, j1) = (A(2,j1+1) + A(2,j1-1)

+ A(4,j1) + A(1,j1)) / 4
end
for i = 3, N-1
L(i, 2) = (A(i,3) + A(i,1)

+ A(i+1,2) + A(i-1,2)) / 4
for j = 3, N-1
L(i,j) = (A(i,j+1) + A(i,j-1)

+ A(i+1,j1) + A(i-1,j1)) / 4
A(i-1,j-1) = L(i-1,j-1)

end
A(i-1,N-1) = L(i-1,N-1)

end
for j2 = 2, N-1

A(N-1,j2) = L(N-1,j2)
end

end

Figure2: FusedJacobi
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for i1 = 1, N
S1: x[i1] = a[i1]
end
for i2 = 1, N
S2: x[i2] += b[i2]
end

(a)CodeFragment
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(b) 2-D CartesianSpaceandEmbeddings
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(c) 1-D CartesianSpaceandEmbeddings

Figure4: ModelingProgramExecution
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i2’
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(a)2-D CartesianSpace (b) EmbeddingFunctions

//scan entire space in lexicographic order
for i1’ = - � , + �
for i2’ = - � , + �
//at each point, execute statement instances mapped there
for i1 = 1, N
S1:if ((i1 == i1’)&&(i1==i2’)) x[i1] = a[i1]

end
for i2 = 1, N
S2:if ((i2 == i1’)&&(i2==i2’)) x[i2] += b[i2]

end
end

end

(c) UnoptimizedCode

for i1’ = 1, N
x[i1’] = a[i1’]
x[i1’] += b[i1’]

end

(d) OptimizedCode

Figure5: EmbeddingsandCodeGeneration
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Figure6: 1-D Embeddingsfor LoopJamming
.
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for t1 = 1, T
for i1 = 2, N-1
for j1 = 2, N-1
for t2 = 1, T
for i2 = 2, N-1
for j2 = 2, N-1
if (t2 == t1 && i2 == 2 && j2 == 2)

S1: L(i1,j1) = (A(i1,j1+1) + A(i1,j1-1)
+ A(i1+1,j1) + A(i1-1,j1)) / 4

endif
if (t1 == t2 && i1 == N-1 && j1 == N-1)

S2: A(i2,j2) = L(i2,j2)
endif

end
end
end
end
end
end

Figure7: A Perfectly-nestedVersionof Jacobi
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for t = 1, T
for i1 = 2, N-1
for j1 = 2, N-1

S1: L(i1,j1) = (A(i1,j1+1) + A(i1,j1-1)
+ A(i1+1,j1) + A(i1-1,j1)) / 4

end
end

end
for t = 1, T
for i2 = 2, N-1
for j2 = 2, N-1

S2: A(i2,j2) = L(i2,j2)
end

end
end

(a)Fissionedcode

ced
f)��}� dgFd� d��� hei
��������
� dgFd� dx��
�.�������

c(p�f)���� pgsp� p��� hei
��������

�t���xt���x� pg+p� p
�.�������

(b) Embeddings

Figure8: Embeddingsfor LoopFission
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for t = 1, T
for i = 2, N-1
for j = 2, N-1

S1: L(i,j) = (A(i,j+1) + A(i,j-1)
+ A(i+1,j) + A(i-1,j)) / 4

S2: A(i,j) = L(i,j)
end

end
end

(a)Fusedcode

ced
f)��}� dgFd� d �� hei
��������
� dgFd� d� dgFd� d
� �������

c(p�f)���� pgsp� p �� hji
��������
� pg+p� p� pg+p� p
� �������

(b) Embeddings

Figure9: Embeddingsfor LoopFusion
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for i = 1, N
for j = 1, N

S1: c(i,j) = 0
for k = 1, N

S2: c(i,j) += a(i,k) * b(k,j)
end

end
end

Figure10: Imperfectly-nestedMMM
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//tile counter loops
for t1 = 1, N, B
for t2 = 0, N, B
for t3 = 1, N, B
//iterations within a tile
for j = t1, min(t1+B-1,N)
for k = t2, min(t2+B-1,N)
for i = t3, min(t3+B-1,N)
if (k == 0)
c(i,j) = 0

endif
c(i,j) = c(i,j) + a(i,k) * b(k,j)

Figure11: Locality-optimizedMMM beforeCodeSimplification

94



Ahmedetal

ALGORITHM SimpleLocalityEnhancement�)�
:= Set of unsatisfied dependence classes

(initialized to all dependence classes);���
:= Set of satisfied dependence classes

(initialized to empty set);�L�
:= Set of reuse classes of the program

(sorted by priority);

for j := 1 to | � | //for each dimension of product space�
= LegalityConstraints(� , �)� );

if system
�

has solutions�
= SimpleTilingConstraints(� ,L, ��� );

if system
�

has solutions
//add dimension to current fully permutable band
Embedding coefficients for dimension j =

PromoteReuse(� , � , ��� );
else

// No more dimensions can be added to current band.
// Start a new band of fully permutable loops.���

:= empty set;
Embedding coefficients for dimension j =

PromoteReuse(� , � , ��� );
Update

���
and

�)�
;

else fail;
end
Eliminate redundant dimensions;
Tile permutable dimensions with non-zero

���+���+�+�W�+ 
¡£¢	¤.¥
;

Figure12: SimpleAlgorithm to EnhanceLocality
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ALGORITHM LegalityConstraints( ¦ , �)� )
/* ¦ is dimension being processed.�)�

is set of unsatisfied dependence classes.
*/�O�+§�¡�¢

= System constraining ¨?©2ª¬«­ ©¯®±° ¦+²}³´¨Dµ�ª:«­ µ¶®r° ¦+² to be non-negative
for every ª¬«­ µ£· «­ © ® in dependence class in

�)�
;

Use Farkas’ lemma to convert system
�O�+§�¡�¢

into
a system

�
constraining unknown embedding

coefficients;

Return L;

end

Figure13: FormulatingLinearSystemfor Legality
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ALGORITHM SimpleTilingConstraints( ¦ , L,
���

)
/* ¦ is dimension being processed.�

is a system constraining embedding coefficients.���
is set of satisfied dependence classes.

*/��¡F¤
= System constraining ¨ © ª¬«­ © ®r° ¦+²}³I¨ µ ª¬«­ µ ®r° ¦�²

to be non-negative for every ª:«­ µ�· «­ © ® in dependence class in
���

;

Use Farkas’ lemma to convert conjunction of
�

and
��¡�¤

to a system
�

constraining unknown embedding coefficients;

Return S;
end

Figure14: FormulatingLinearSystemfor Tiling
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ALGORITHM PromoteReuse( ¦ , � , �L� )
/* ¦ is dimension being processed.�

is a system constraining unknown embedding
coefficients.�L�

is set of prioritized reuse classes.
*/��¸

:=
�

for every reuse class
�

in
�L�

in priority order
Z := System constraining ¦¶¹¬º dimension of

reuse vectors in class
�

to be zero;

if (conjunction of L’ and Z has solution)� ¸
:= conjunction of

� ¸
and Z;

endif
endfor

Return any set of coefficients satisfying
� ¸
;

end

Figure15: FormulatingLinearSystemsfor PromotingReuse
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ALGORITHM LocalityEnhancement»
:= Set of dimensions of product space;�)�
:= Set of unsatisfied dependence classes

(initialized to all dependence classes);���
:= Set of satisfied dependence classes

(initialized to empty set);�L�
:= Set of reuse classes of the program

(sorted by priority);� := Current dimension in transformed product space
(initialized to 1);¼

:= Transformation matrix for product space
(initialized to identity);

while (
»

is non-empty)
for each ¦ in

»
Construct a system

�
constraining

. ¨ © ª:«­ © ®±° ¦+²�³´¨ µ ª:«­ µ ®±° ¦+² to be non-negative
for every ª¬«­ µ£· «­ ©£® in dependence class in

�)�
;

. ¨?©3ª:«­ ©£®±° ¦+²�³´¨Dµ�ª:«­ µ0®±° ¦+² + positive ½ to be non-negative
for every ª¬«­ µ · «­ ©£® in dependence class in

���
;

if system
�

has solutions
Embedding coefficients for dimension j =

PromoteReuse( ¦ , � , �L� );
Update

���
,
�)�

and
¼
;

Delete ¦ from
»
;

j = j + 1;
continue while-loop;

endif;

//try loop reversal
Construct a system

� ¸
constraining

. ¨?©3ª:«­ ©£®±° ¦+²�³´¨Dµ�ª:«­ µ0®±° ¦+² to be non-positive
for every ª¬«­ µ · «­ ©£® in dependence class in

�)�
;

. ¨ © ª:«­ © ®±° ¦+²�³´¨ µ ª:«­ µ ®±° ¦+² - positive ½ to be non-positive
for every ª¬«­ µ£· «­ © ® in dependence class in

���
;

if system
��¸

has solutions
Embedding coefficients for dimension j =

PromoteReuse( ¦ , � , �L� );
Update

���
,
�)�

and
¼
;

Delete ¦ from
»
;

j = j + 1;
continue while-loop;

endif;
endfor;

//if we reach here, we cannot find a dimension to add to current band
//of fully permutable loops.
if (

���
== ¾0¿ ) //no legal embeddings

fail;
else //start a new band of fully permutable loops���

= ¾0¿ ;
endwhile;

Apply Algorithm DimensionOrdering to the dimensions;
Eliminate redundant dimensions;
Tile permutable dimensions with non-zero

���+���+�+�W�+ 
¡£¢	¤.¥
;

Figure16: Algorithm to EnhanceLocality99
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ALGORITHM DimensionOrdering���YÀ
= ¾+Á d · Á p ·uÂrÂ�Â ÁÄÃ�¿ //

�L���
���s�W�� ?¡�¢�¤.¥
orderÅq�L�YÀ

= Æ // nearby permutationÇ = Ã // number of dimensions left to processÈ
= É // number of dimensions processed

while
���YÀËÊÌ Æ

for dimension � = 1, Ç¢
= Á	��Í �L�YÀ

Let
Å@�L�YÀ

= ¾+Á d ¸ · Á p ¸ ·%Â�ÂrÂ Á È ¸ ¿
if ¾+Á d ¸ · Á p ¸ ·ÎÂ�ÂrÂ Á È ¸ · ¢ ¿ is legalÅ@�L�YÀ

= ¾+Á d ¸ · Á p ¸ ·%Â�ÂrÂ Á È ¸ · ¢ ¿�L�YÀ
=
�L�YÀ ³Ï¾ ¢ ¿Ç = Ç ³ dÈ

=
ÈWÐ d

continue while loop
endif

endfor
endwhile

Figure17: DeterminingDimensionOrdering
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for k = 1,N
S1: a(k,k) = sqrt(a(k,k))

for i = k+1,N
S2: a(i,k) = a(i,k) / a(k,k)

for j = k+1,i
S3: a(i,j) -= a(i,k) * a(j,k)

end
end

end

Figure18: kij-Cholesky Factorization:OriginalCode
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for c = 1,M
for r = 1,N

for k = 1,r-1
S1: B(r,c) = B(r,c) - L(r,k)*B(k,c)

end
S2: B(r,c) = B(r,c)/L(r,r)

end
end

Figure20: TriangularSolve: OriginalCode
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DO 140 ITER = 1, ITACT
C
C Residuals of ITER iteration
C

RXM(ITER) = 0.D0
RYM(ITER) = 0.D0

C
DO 60 J = 2,N-1

C
DO 50 I = 2,N-1
XX = X(I+1,J)-X(I-1,J)
YX = Y(I+1,J)-Y(I-1,J)
XY = X(I,J+1)-X(I,J-1)
YY = Y(I,J+1)-Y(I,J-1)
A = 0.25D0 * (XY*XY+YY*YY)
B = 0.25D0 * (XX*XX+YX*YX)
C = 0.125D0 * (XX*XY+YX*YY)
AA(I,J) = -B
DD(I,J) = B+B+A*REL
PXX = X(I+1,J)-2.D0*X(I,J)+X(I-1,J)
QXX = Y(I+1,J)-2.D0*Y(I,J)+Y(I-1,J)
PYY = X(I,J+1)-2.D0*X(I,J)+X(I,J-1)
QYY = Y(I,J+1)-2.D0*Y(I,J)+Y(I,J-1)
PXY = X(I+1,J+1)-X(I+1,J-1)-X(I-1,J+1)+X(I-1,J-1)
QXY = Y(I+1,J+1)-Y(I+1,J-1)-Y(I-1,J+1)+Y(I-1,J-1)

C
C CALCULATE RESIDUALS ( EQUAL TO RIGHT HAND SIDES OF EQUS.)
C

RX(I,J) = A*PXX+B*PYY-C*PXY
RY(I,J) = A*QXX+B*QYY-C*QXY

C
50 CONTINUE
60 CONTINUE

C
C DETERMINE MAXIMUM VALUES RXM, RYM OF RESIDUALS
C

DO 80 J = 2,N-1
DO 80 I = 2,N-1
RXM(ITER) = MAX(RXM(ITER), ABS(RX(I,J)))
RYM(ITER) = MAX(RYM(ITER), ABS(RY(I,J)))

80 CONTINUE
C
C SOLVE TRIDIAGONAL SYSTEMS (AA,DD,AA) IN PARALLEL, LU DECOMPOSITION
C

DO 90 I = 2,N-1
D(I,2) = 1.D0/DD(I,2)

90 CONTINUE
DO 100 J = 3,N-1

DO 100 I = 2,N-1
R = AA(I,J)*D(I,J-1)
D (I,J) = 1.D0/(DD(I,J)-AA(I,J-1)*R)
RX(I,J) = RX(I,J) - RX(I,J-1)*R
RY(I,J) = RY(I,J) - RY(I,J-1)*R

100 CONTINUE
DO 110 I = 2,N-1

RX(I,N-1) = RX(I,N-1)*D(I,N-1)
RY(I,N-1) = RY(I,N-1)*D(I,N-1)

110 CONTINUE
DO 120 J = N-2,2,-1

DO 120 I = 2,N-1
RX(I,J) = (RX(I,J)-AA(I,J)*RX(I,J+1))*D(I,J)
RY(I,J) = (RY(I,J)-AA(I,J)*RY(I,J+1))*D(I,J)

120 CONTINUE
C
C ADD CORRECTIONS OF ITER ITERATION
C

DO 130 J = 2,N-1
DO 130 I = 2,N-1
X(I,J) = X(I,J)+RX(I,J)
Y(I,J) = Y(I,J)+RY(I,J)

130 CONTINUE
C

ABX = ABS(RXM(ITER))
ABY = ABS(RYM(ITER))
IF (ABX.LE.EPS.AND.ABY.LE.EPS) GOTO 150

140 CONTINUE
C
C END OF ITERATION LOOP 14

150 CONTINUE

Figure23: TomcatvKernel
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if (N .GE. 3) then
do b_t = 1, (T+19)/20

do b_j = 2*b_t-1, min((40*b_t+N+19)/20,(N+2*T+19)/20)
b_il = max((-N+20*b_j+3)/20,2*b_t-1)
b_iu = min((40*b_t+N+19)/20,(N+20*b_j+16)/20,(N+2*T+19)/20)
do b_i = b_il, b_iu

tl = max((-N+20*b_j-18)/2,(-N+20*b_i-18)/2,20*b_t-19)
tu = min(10*b_i-1,20*b_t,T,10*b_j-1)
do t = tl, tu

do j = max(20*b_j-2*t-19,2), 2
do i = max(20*b_i-2*t-19,2), min(N-1,20*b_i-2*t)

L(i,j) = (A(i,j+1)+A(i,j-1)+A(i+1,j)+A(i-1,j))/4
enddo

enddo
do j = max(20*b_j-2*t-19,3), min(N-1,20*b_j-2*t)

do i = max(20*b_i-2*t-19,2), 2
L(i,j) = (A(i,j+1)+A(i,j-1)+A(i+1,j)+A(i-1,j))/4

enddo
do i = max(20*b_i-2*t-19,3), min(N-1,20*b_i-2*t)

L(i,j) = (A(i,j+1)+A(i,j-1)+A(i+1,j)+A(i-1,j))/4
A(i-1,j-1) = L(i-1,j-1)

enddo
do i = N, min(N,20*b_i-2*t)

A(i-1,j-1) = L(i-1,j-1)
enddo

enddo
do j = N, min(N,20*b_j-2*t)

do i = max(20*b_i-2*t-19,3), min(N,20*b_i-2*t)
A(i-1,j-1) = L(i-1,j-1)

enddo
enddo

enddo
enddo

enddo
enddo

endif

Figure25: Generatedcodefor Jacobi
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