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Linear loop transformationsandtiling are known to be very effective
for enhancindocality of referencen perfectly-nestetbops.However, they
cannotbe applieddirectly to imperfectly-nestetbops. Somecompilersat-
temptto convertimperfectly-nestetbopsinto perfectly-nestetbopsby us-
ing statemensinking, loop fusion, etc.,andthenapply locality enhancing
transformationgo the resultingperfectly-nestedoops, but the approaches
usedarefairly adhocandmayfail evenfor simpleprograms.

In this papey we presenta systematicapproachfor synthesizingrans-
formationsto enhancdocality in imperfectly-nestedbops. The key ideais
to embedheiterationspaceof eachstatemeninto a specialiterationspace
calledthe productspace The productspacecanbe viewed asa perfectly-
nestedoop nest,soembeddinggeneralizesechniquedik e statemensink-
ing andloop fusionwhich areusedin ad hocwaysin currentcompilersto
produceperfectly-nestetbopsfrom imperfectly-nestednes.In contrasto
thesead hoc techniqueshowever, our embeddingsre chosencarefully to
enhancdocality. The productspacecanitself be transformedo increase
locality further, afterwhich fully permutabldoopscanbetiled. Thefinal
codegeneratiorstepmay producemperfectly-nestetbopsasoutputif that
is desirable.

We presenexperimentakvidencefor the effectivenesf thisapproach,
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usingdensenumericallinearalgebrabenchmarksielaxationcodes andthe
tomcatvcodefrom the SPECbenchmarks.
Keywords: Automatic locality enhancementiestructuringcompilers,

cachesprogramtransformationimperfectly-nestetbops

1 Background and Previous Work

Sophisticatedorogramtransformationalgorithmsbasedon polyhedralalgebra
havebeendevelopedor enhancindocality of referencén perfectly-nestetbops.
Highlightsof thistechnologyarethefollowing. Theiterationsof theloop nestare
modeledaspointsin anintegerlattice,andlinearloop transformationsremod-
eledasnonsingulaiinteger matricesmappingonelattice to another A sequence
of linearlooptransformationgs modeledoy the productof thematricesepresent-
ing theindividual transformationssincethe setof nonsingulamatricess closed
undermatrix product,a sequencef linearloop transformationganitself berep-
resentedy anonsingulamatrix. The problemof finding anoptimalsequencef
linearloop transformation$o enhancéocality of referencas thusreducedo the

problemof finding anintegermatrix that satisfiessomedesiredproperty permit-

2A setof loopsis saidto be perfectly-nestedf all assignmenstatementsn the loop nestare
containedn theinnermostioop of thatloop nest.
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ting the full machineryof matrix methodsandlattice theoryto be appliedto this
problem(3-5:22.29.31)

Thistechnologyis fairly mature andit hasbeenincorporatednto production
compilers,enablingthesecompilersto producegood codefor perfectly-nested
loop nests. However, most programscontainimperfectly-nestedbop nestsin
which assignmenstatementsre containedin somebut not all of the loops of
the loop nest. For example,importantmatrix factorizationdike Cholesky, LU
and QR factorization8? areall imperfectly-nestedbop nests.An entire proce-
dure,whichis usuallya sequencef perfectly-or imperfectly-nestedbop nests,

canitself beconsideredo beanimperfectly-nestetbop nest.

[Figure1 abouthere.]

As anexample consideritheJacobicodefragmentin Figurel whichis typical
of programghat solve partial differentialequationgpdes) by explicit methods.
Theserelaxationcodescontainanouterloop thatcountstime-stepsin eachtime-
step,asmoothingoperation(stencilcomputation)s performedon arraysthatrep-
resentapproximationgo the solutionof the pde. In the Jacobicode,statements
S1 andS2 touchthe samedatain eachiterationof thet loop; furthermore,in-

stance®f thesestatementi differentiterationsof thetime loop touchthe same
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dataaswell. This datareusewill notbeexploitedif theL andA arraysdo not fit
into thecache.

Datareusebetweennstance®f S1 andS2 in agiveniterationof thet loop
canbeimproved by rewriting the Jacobicodeasshavn in Figure2. This code
canbe obtainedby peelingthe first iterationsof thei 1 andj 1 loops,andthe
lastiterationsof thei 2 andj 2 loops,andthenfusingtheremainingi 1 andi 2
loops,andthej 1 andj 2 loops. Exploiting datareusebetweendifferentitera-
tions of the time loop requireseven more elaborateransformationsthei and
] loopsmustbe skewed by 2*t andall loops mustbe tiled; finally, if the ar
raysarestoredin columnmajororder thei andj loopsmustbe interchanged
to permitexploitationof spatiallocality aswell. Oneversionof this final codeis
shown in Figure25. This codeis obviously muchmore comple thanthe code
shavnin Figurel, soit is desirablego have compilertechnologythatcanimprove

performanceutomaticallyby restructuring.

[Figure 2 abouthere.]

A numberof suchrestructuringstratgieshave beenproposedor enhancing
locality in imperfectly-nestedioop nestslik e matrix factorizationcodesand Ja-

cobi.
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Special-purposgechniquedor tiling matrix factorizationcodeshave been
proposeddy CarrandKennedy® They studiedhand-blockd codesin the LA-
PACK library, andidentifiedsequencesf loop transformationshatcouldbeused
to transformpointcodesnto thecorrespondindplock codes.Thesesequenceare
relevantonly to factorizationcodes,andare not usefulfor locality enhancement
of relaxationcodedfor example.Special-purpos&ansformationsor locality en-
hancemenin relaxationcodeswere proposedrecentlyby Songand Li,? but
thesetransformationgannotbe usedfor locality enhancemenaf matrix factor
izationcodes.

General-purposechniquesor locality enhancemerareobviously preferable
to special-purpos¢echniques.A simpleandgeneralapproachs to restructure
separatelyeachperfectly-nestedoop in an imperfectly-nestedoop nest,using
perfectly-nestedoop technology However, the performanceamprovementob-
tainedwith this stratgyy canbe quite limited.*® For example,this strateyy ob-
viously fails to generatehe desiredransformatiorfor the Jacobicodediscussed
above. Anotherapproactusedby currentcommercialcompilersis to (i) corvert
animperfectly-nestedbop nestinto a perfectly-nestedoop nest,if possible by
applyingtransformationsik e codesinking loop fusionandloop fission*¢-33 and

then(ii) uselocality enhancemerechniquedor theresultingmaximalperfectly-
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nestedloops. For mostprograms,thereare mary waysto do this conversion,
andthe performancef theresultingcodemaydepenctritically on how this con-
versionis done. For example,certainordersof applyingthesetransformations
mightleadto codethatcannotbetiled, while otherorderscouldresultin tilable
code™” A furthercomplicationis thatloop fissionandfusionarethemselesuse-
ful in improving datalocality of loop nests;for example,loop fusion improves
interloop-nesteusen theJacobiexample.

In thispaperwe describeagenerabpproacho locality enhancemerdf imperfectly-
nestedoopswhich extendsthe standardpproactusedfor perfectly-nestetbops.
A pictorial representatiomf our approachis shavn in Figure 3. The iteration
spaceof eachstatemenis embeddedn a Cartesianspacecalled the product
space using affine embeddingfunctions F;. Theseembeddingsare chosenso
asto improvereusen the program,andthey generalizéransformationdik e loop
fusionandloop fissionthathave beenusedin the literaturefor locality enhance-
ment. The productspaceitself can be viewed as a perfectly-nestedoop nest
(althoughonewhich hasmary redundantlimensionsaswe discusdaterin this
paper),soembeddingsanalsobe viewed asa generalizatiorof techniqueur-
rently usedto transformimperfectly-nestetbopsinto perfectly-nestednes.The

productspaceis further transformedusing approacheslevelopedfor perfectly-
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nestedloops, suchas heightreduction®® when possible,loops are madefully
permutablegnablingthemto betiled. Thesetransformationsrerepresentedh
Figure 3 by the non-singulamatrix 7. After projectingout redundandimen-
sions,codeis generatedisingstandardechniquesrom polyhedralalgebra;this
codegeneratioprocessnayproducamperfectly-nestetbop nestsf appropriate.
Therestof this paperis organizedasfollows. Section2 describesnabstract
framework for locality enhancementf imperfectly-nestedbop nests.Section3
describeghe concreteapproachto locality enhancemenive usein this paper
Becausdhe completealgorithmis complicatedwe work throughan examplein
Section4 to highlight importantaspectsof our approach. Section5 givesthe
detailsof thealgorithm. Section6 evaluateghe effectivenesof this algorithmin
enhancindocality of program®nthe SGI Octaneworkstations\We shaow thatour
approachautomaticallyperformsthe desirediransformation®n the Jacobicode
fragmentdiscussedbove. Finally, Section7 comparesur approachwith other

approachem theliterature.

[Figure 3 abouthere.]
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2 An Abstract Model of Locality Enhancement
[Figure4 abouthere.]

This sectionprovidesan abstractview of how programtransformationsand

locality enhancemerdremodeledby polyhedralmethods.

2.1 Program Execution Model

A programis assumedo consistof statementsontainedn somenumberof loop
nests.All loop boundsandarrayaccessunctionsareassumedo be affine func-
tions of surroundingoop indices. We will uses;, S,, ..., S, to namethe state-
mentsin the programin syntacticorder A dynamicinstanceof a statementy,
refersto a particularexecutionof the statementor a given value of index vari-
ablesy, of theloopssurroundingt, andis representedy Sy (7).
Programexecutioninducesa total orderon the dynamicinstancef a state-
mentS,. This statemenexecutionorder is modeledby the statemeniteration

spacedenotedoy S, asfollows.

Definition 1 The statemeniterationspacesS, of a statemens,, is a Cartesian

spacedefinedasfollows.
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1. Constructa CartesianspacesS,, of dimensiorequalto the numberof loops

surroundingsSy,.

2. Map dynamicinstancesof S, to S, so that the following conditionsare

satisfied:

(a) At mostonestatemeninstancels mappedo a pointin thespacesS;.

(b) If thepointsin spaceS;, are traveisedin lexicographicorder, andany
statementnstancemappedto a point is executedwhenthat point is

visited,the statemenexecutionorder is reproduced.

Similarly, programexecutioninducesatotal orderonthedynamicinstancef
all statementsWewill call this ordertheoriginal executionorder of theprogram,
andmodelit formally by a CartesiarspaceP, calledthe programiterationspace
andembeddings$unctionsF = {F}, F5, ..., F,,}) whereF}, mapsstatementter-

ationspacesS;, into P.

Definition 2 The original executionorder of a program is modeledas a pair

(P,F ={F\, F,..., F,}) satisfyingthefollowing conditions.

1. P is ap-dimensionalCartesianspacefor somep.

10
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2. Theembeddindunction F}, mapsstatemeniteration spacesS;, into P, and

satisfieghefollowing constaints.

(a) F) isone-to-on&

(b) If the pointsin spaceP are traversedin lexicographicorder, and all
statementnstancesnappedto a point are executedin original pro-
gramorder whenthat pointis visited,the programexecutionorder is

reproduced.

For example,the original executionorderof the codefragmentshown in Fig-
ure4(a)canberepresentedy mappingstatemeninstanceso thetwo-dimensional
spaceshavnin Figure4(b). In generaltherearemary modelsfor theoriginal ex-
ecutionorderof aprogram.Figure4(c) shavs a one-dimensionaCartesiarspace
andassociate@mbeddingsvhich modelthe original executionorderof the pro-
gramof Figure4(a).

It is not obvious that a pair (P, F') canalways be found to modelthe pro-
gramexecutionordersinceit is not obviousthatappropriateembeddindgunctions
canbe found. In Section3.2.1,we shav how a “canonical” pair canalwaysbe

constructedor ary program.

3Notethat instancesf differentstatementsnayget mappedo a single point of the program
iteration space

11
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2.2 Program Transformation

Executionordersdifferentfrom the original executionordercanbe represented
by appropriatepairs (P, F). We optimize programsthereforeby transforming
the original executionorder (P, ) to anotherexecutionorder (P, F) which (i)
preseresthesemantic®f theprogramand(ii) is betterfor locality.

To understandherelationshipbetweerembeddingsndtransformationst is
instructive to examinehow codecanbe generatedor a given spaceP andem-
beddingsF;. A simpleapproachs to traversethe pointsin the spaceP in lexico-
graphicorder andexecuteall statemeninstanceshatgetmappedo agivenpoint
of P whenthatpointis visited (if multiple statementnstanceget mappedo a
givenpoint, thoseinstancesreexecutedn the original programorder). For ex-
ample,considetthespaceandembeddingshavnin Figure5(a,b)for theprogram
of Figure4(a). Naive codefor thetransformedorogramis shovn in Figure5(c).
This codecanbe optimizedusingstandardpolyhedraltechniquego producethe
codeshown in Figure5(d).

By choosingthe spaceand embeddingshavn in Figure 5(a,b),we have in
effect chosento jam the two loopsin the sourcecode. A similar effect canbe

obtainedor al-D Cartesiarspaceby choosingheembeddingshowvnin Figure6.

[Figure5 abouthere.]

12
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[Figure 6 abouthere.]

2.3 Legality of Transformations

The original executionorder (P, F) canbe legally transformedto anotherex-
ecutionorder (P, F) if the latter preseresthe semanticf the program. The
semantic®f aprogramwill be preseredif all dependencearepreseredby the
transformation.

Formally, a dependencexistsfrom instance;; of statemeng, (the sourceof
thereuse)to instancer,; of statemens, (the destination)f the following condi-

tionsaresatisfied:

1. Loopbounds Boththesourceanddestinatiorstatemeninstancesie within
the correspondingterationspacebounds.Sincethe iterationspacebounds
areaffine expression®f index variableswe canrepresentheseconstraints
asB, 1, + b, > 0 and B, * 1y + by > 0 for suitablematricesB,, B, and

vectorshg, by.

2. Samearray locationt Both statemeninstanceseferencahe samememory
location. If we restrictmemoryreferenceso arrayreferencestheserefer

encescanbewrittenasA; x 7; + a, and A, * 7; + a4. Hencethe existence

13
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of areuserequiresthat A, x 7, + a, = Ag * iy + aq.

3. Precedencerder. Instancey, of statemens, occursbeforeinstances; of
statemens, in programexecutionorder If common,g is a function that
returnstheloop index variablesof theloopscommonto bothz; andz, this
conditioncanbe written ascommongy(7g) = commonq(7s) if Sy follows
Ss syntacticallyor commonq(7y) = commongy(7y) if it doesnot, where>
is thelexicographicorderingrelation. This conditioncanbetranslatednto

adisjunctionof matrix inequalitiesof theform X x 7, — Xg 23 + 2z > 0.

If we expresghedependenceonstraint@asadisjunctionof conjunctionseach
termin theresultingdisjunctioncanbe representedsa matrix inequalityof the

following form.

B; 0 bs
0 By by
| |
D +d: AS _Ad + as — a4 2 0
Td Td
—-As Ay aq — Gg
Xs —Xd xz

Eachsuchmatrix inequalitywill be calleda dependencelass andwill be
denotedby D with an appropriatesubscript. Eachdependencelassobviously

14
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representsa polyhedron.

For theexamplein Figure4(a),theflow dependenc&om S1(7;) to S2(i5) can
berepresentedly thedependencelassD; = {(i1,%2) : 1 < iy,i0 < N, iy = io}.
It is straightforvardto representheseinequalitiesasmatrix inequalities but we
will notdo soto keepthediscussiorsimple.

Let F = {F, F,, ... F,} bea setof embeddingfunctionsfor a program.
We will saythattheseembeddindgunctionsarelegal if for every (7;,7;) in ade-
pendencelass,the point thatz; is mappedto in the programiteration spaceis
lexicographicallylessthanthe pointthatz; is mappedo. For futurereferencewe

definethis formally.

Definition 3 Let F = {F}, F5, ... F,} be embeddindunctionsthat embedthe
statementteration spacef a programinto a spaceP. Theseembeddindunc-
tions are said to be legal if for every dependencelassD of the program, the

following conditionis true:

V(7,, %) € D Fy(T) = Fy(7)

We will referto thevectorF,(7;) — F(7;s) asthedifferencevectorfor (7, ;) € D.

15
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2.4 Transformationsto Promote Reuse

In the programof Figure 4(a), statemeninstancesS1(i ) andS2(i) exhibit
datareusebecausdhey touchthe samememorylocationx(i ). The number
of statemeninstancesxecutedbetweenthemis called the reusedistance In
the example,the reusedistanceis N — 1. If we representhe executionorder
for the exampleby (P, F), the reusedistancebetweenS1(i) andS2(i) is
proportionalo thenumberof pointsin P with statementsappedo themthatlie
lexicographicallybetweenthe pointsto which S1(i ) andS2(i) aremapped.
Thisis becaus®f theinitial one-to-onemappingrequirement—therareat most
a constantnumberof statemeninstanceqonefrom eachstatementmappedto
eachpointin thespace.

Reducingreusedistanceincreaseshe likelihoodthat the datawill bein the
cachewhenthe secondstatemeninstanceriesto accesst. For our example,we
canreducehereusedistancesrom N — 1 to zeroby usingtheembeddingshowvn
in Figure5. As discussedefore,theseembeddingsorrespondo jammingthe

two loopsof Figure4(a),whichis obviously goodfor enhancinglatareuse.

16
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2.4.1 ReuseClasses

Theformal definition of reuseis similar to thatof dependencen Section2.3. A
reuseexistsfrom instance;; of statemensg; (the sourceof thereuse)to instance

14 of statemeng, (thedestination)f thefollowing conditionsaresatisfied:

1. Loopbounds Boththesourceanddestinatiorstatemeninstancesie within
the correspondingterationspacebounds.Sincethe iterationspacebounds
areaffine expression®f index variableswe canrepresentheseconstraints
asB, 1, + b, > 0 andB, * 1y + by > 0 for suitablematricesB,, B, and

vectorsh,, by.

2. Samearray locationt Both statemeninstanceseferencahe samememory
location. If we restrictmemoryreferenceso arrayreferencestheserefer
encesanbewrittenasA; * 7, + a, and A4 * 1; + a4. Hencethe existence

of areuserequiresthat A, x 7, + a; = Ag * iy + aq.

3. Precedencerder. Instancey, of statemens, occursbeforeinstances; of
statemens, in programexecutionorder If commong, is a function that
returnstheloop index variablesof theloopscommonto bothz; andiy, this
conditioncanbe written ascommonygy(iq) > commonsq(7s) if Sq4 follows

Ss syntacticallyor commonq(7y) > commongy(7y) if it doesnot, where>

17
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is thelexicographicorderingrelation. This conditioncanbetranslatednto

adisjunctionof matrix inequalitiesof theform X, x 7, — Xy 75 +x > 0.

If we expresshereuseconstraintasa disjunctionof conjunctionsgachterm

in the resultingdisjunctioncanbe representedsa matrix inequality of the fol-

lowing form.
B, 0 bs
0 Bd bd
Us s
R +r=| A, —Ay + | as—ay | =0
Td Td
—As, Ay aq — Qg
Xs —Xqg x

Eachsuchmatrix inequalitywill be calleda reuseclass andwill be denoted
by R with anappropriatesubscript.

For the examplein Figure4(a),thetemporalreusebetweers1(i;) ands2(i)
canberepresentedly thereuseclassR; = {(i1,72) : 1 < 41,30 < N, iy = ip}
which canberepresentetly matrix inequalitiesn theobviousway.

Theabove definitionappliesto tempoal reusesvherethe samearraylocation
is accessedby the sourceand the destination. If the cacheline containsmore

thanonearrayelementthenwe canalsoconsiderspatial reusewherethe same

18
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cachdine is accessetly thesourceandthe destinatiorof thereuse Spatialreuse
depend®nthestorageorderof thearray

Theconditionsfor spatialreusearesimilar to the onesfor temporalreusethe
only differencebeingthatinsteadof requiringboth statementnstancego touch
thesamearraylocation,we requirethatthetwo statemeninstancesouchnearby
array locationsthatfit in the samecadeline. We canrepresenthis conditionas
amatrix inequalityby requiringthefirst* row of A, x 7 + ag — A, * 7, — a, tolie
betweenl andc — 1, wherec is thenumberof arrayelementghatfit into asingle
cachdine, insteadof beingequalto 0.

For theexamplein Figure4(a),thereis spatialreusebetweerinstance®f the
two statementsi-or acachdine containingd arrayelementsthe spatialreusecan

berepresentelly thereuseclassRy = {(i1,42) : 1 <iy,40 < N, 1 < iy — iy < 3}.

2.4.2 Promoting Data Reuse

Let F = {F, F5, ... F,} beembeddindunctionsthatembedthe statemeniter-
ation space®f a programinto a spaceP, andlet R be ary reuseclassfor that
program.Considerary reusepair (7;,73) € R. Let Distance(7s,7,) bethenum-

berof pointsin thespaceP with statementsnappedo themthatlie lexicograph-

“4For Fortranstorageordet

19
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ically betweenF(7;) and Fy(z;). The reusedistancebetweens;(z;) andS,(zy)
is proportionalto Distance(7s, 7). Givensomeorderingof the reusepairsin a
programwe candefineavectorDistances(P, F) whereDistances(P, F)(k) is
the valueof Distance(7,,7,;) underthe executionorder (P, F) for the k** reuse
pair (%, 7).

Oneformulationof locality enhancemens to find legalembeddingsF,,; that
minimize || Distances(P, F)|| x for asuitablenorm|| - || 5.

We developthis themenext.

3 A ConcreteModel of Locality Enhancement

We now develop a practicalalgorithmfor locality enhancemertasedon the ab-
stractmodelin Section2. We restrictembeddindunctionsto beaffine,anddefine
a specialspacecalledthe productspacewhich we argueis theright spaceor lo-

cality enhancemertonsiderationsWe thenpresenbur approacho minimizing

reusedistancesn the productspace.

20
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3.1 Product Spacesand Embedding Functions

Definition 4 TheproductspaceP for a programis the Cartesianproductof all
the statemeniteration spacesof the statementsn that program. The order in
which this productis formedis the syntacticorderin which the statementappear

in the program. Thedimensiorof the productspaces denotedy |P|.

For the Jacobicodein Figurel, theiterationspaceS; of statemenfl is the
three-dimensionatpacet; x i; x ji, while the iteration spaceS, of S2 is the
three-dimensionapacet, x i, X jo. Theproductspaces the Cartesiamproduct
of thesawo spacesndhenceasthesixdimensionaspace; x i; X j; X ty X iy X Jo.

Therelationshipbetweenstatementterationspacesandthe productspaces
specifiedby projectionandembeddindunctions.Supposé® = §; X S, X ... X S,.
We restrictourembeddindunctionsto be affineto permittheuseof integerlinear
programmingtechniques.Projectionfunctionsr; : P — S; extract the individ-

ual statemeniterationspacecomponent®f a pointin the productspaceandare

21
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obviouslylinearfunctions.For the Jacobicodein Figurel,

™ = OlOOOOZ[ngg()]a

T2 = 000010:[013X3]-

The embeddingunctionswe allow in our framewvork canbe definedcorve-

nientlyin termsof theseprojections.

Definition 5 Embeddingfunction F; mapsstatementiteration spacesS; to the
productspaceP. We consideronly thoseembeddindgunctionsF; : S; — P

that satisfythe conditionr; (F;(q)) = ¢ for all ¢ € S;.

Intuitively, this conditionrequireshatthe statemeniterationspaceof a state-
mentS be mappedo itself in the subspacef the productspacecorrespondingo
that statement.This restrictionkeepsthe developmentsimple. EachF; is there-
fore automaticallyone-to-oneput pointsfrom two differentstatementiteration

spacesnaybemappedo asinglepointin the productspace.

22



Ahmedetal

3.2 Propertiesof Embeddings

Pairs (P, F) asrestrictedby Definition 5 canrepresenbnly a restrictedset of
executionorders soit is reasonabléo wonderif ourframework is generaknough
to modelthe transformationsequiredfor locality enhancemendf imperfectly-
nestedoops. In this section,we arguethatthisis indeedthe caseby makingtwo
points.In Section3.2.1,we shav thatwe canalwaysfind embeddingshatmodel
theoriginalexecutionorderof ary programsoattheveryleastwe canmodelthe
executionof theoriginal program.In Section3.2.2,we shav thattransformations
lik e statemensinking,loopfission,loopfusion,andskewedloopfusionwhichare
importantfor locality enhancemenaf imperfectly-nestedoops canbe modeled

in this framework.

3.2.1 Embeddingsfor original program order

[Figure7 abouthere.]

Considerthe perfectly-nestedbop codein Figure7. It is easyto verify that
thiscodeis equialentto theJacobsourceprogramshovn in Figurel in thesense
that the executionordersof statemeninstancesn both programsare identical.
Intuitively, the loopsin Figure 7 correspondo the dimensionsof the product
spacethe embeddindunctionsfor differentstatementsanbereadoff from the

23
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guardsn theloop nest:

tl t2
- i - N-1
tl t2
J1 N -1
Fl( 11 ) = FQ( 19 ) =
131 12
I J2
- N 2 T 19
2 J2

To understandhow theseembeddingsvereobtainedconsiderFs.

1. Definition 5 requiresthat eachstatementteration spacebe mappedo it-
selfin the sub-spaceorrespondindo that statemenin the productspace.

Therefore F; mustbeof thefollowing form:

. t
t
i
il |)=
J1
J1

2. In the sub-spaceorrespondingo S, in the productspace,dimensiont,
arisesfrom thet loop whichis commonto bothS; ands,. Theembedding
into dimensiort, is choserto the sameastheembeddingnto dimensiort;
of theproductspace Therefore F; is of thefollowing form:

24



Ahmedetal

t

Fl( 11 ):

J1

t
iy
J

1

3. Finally, considerdimensions, andj, of the productspacethatarisefrom

loopsthatdo notsurroundstatements;. Sincestatemens; is syntactically

beforestatementS,, we choosethe smallestvaluesof the indicesof the

15 andj, loopsasthe valueof F; for theseco-ordinateshadS; occurred

syntacticallyafter statement,, we would have choserthe largestvalueof

theindicesof thesdoops.

Therefore F] is

ty

J1

25
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In general,we can embedary codeinto its productspaceas follows. Let
Fy : S, — P beanaffinefunctionthatmapsthestatemens,, to theproductspace.
The component®f F, thatmapinto the dimensionf the productspacecorre-
spondingto statemens; aredenotedoy Fy ;. Ourinitial requiremenbn embed-
ding functionscanbe summarizedy Fj, j(2) = %.

F},; mapsstatement;, to the dimensionf the productspacecorresponding
to statementS;. Thesedimensionsanbe separatedh two groups—dimensions

correspondingo loopscommonto Sy andsS; in theoriginal code,anddimensions

correspondingo loopssurroundingS; but not Sj.

Definition 6 Considertwo statementss, and S;. We divide the productspace

dimensiongorrespondingo S; in two groups:

1. Cy, arethedimensiongorrespondingo loopsin commony;, whee commony,
is definedasin Sectior2.3to bea functionthatreturnstheloop index vari-

ablesof theloopscommorto bothz, andi;;
2. Ny, arethedimensiongorrespondindo loopssurroundings; but not Sy.

For the Jacobiexample,common;, = t, henceC,, = (t3), and Ny, =

(iQ,jg)T. S|m|lar|y, 0271 = (tl), andNQ,l = (il,jl)T.

26
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Let min. () andmax(z) returnthe lexicographicallysmallestand largest
valuesof theindicesof theloops7. For ourexample min_ (i, j»)T = (2,2)T and

max(i;, j1)7 = (N — 1, N = 1)T.

Definition 7 CanonicaEmbeddings

2. F} (%) = 7, for dimensiong € Cy;

3. F, (%) = (min (Nyy))? if 1 > k, or F} (i) = (max(Ny,))? if I <k, for

dimensiong € Ny.

Theorem 8 Thecanonicalembeddings Definition 7 representhe original ex-

ecutionorder.

Proof: Considertwo statementnstancesSy (ix) and S;(7;). Supposehatzy occurs
before7; in the original programexecutionorder Thatmeanghatcommony(3;) >
commony(13,) if S; follows Sy syntactically(i.e. I > k), or commony(3;) =
commony (7, ) if it doesnot(i.e.l < k).

For a setof embeddingdo presere the original programorder we mustshav
that F;(7;) — F () is lexicographicallynon-ngative. (If Fy(;) — Fy (i) = 0, then
theinstancesaremappedo the samepoint andwill be executedin original program

orderperDefinition2.)
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We prove a strongerstatementthatfor ary m, 1 < m < n, F} ,,(%) — Fim (%)
is lexicographicallypositve if [ < k, or lexicographicallynon-ngativeif [ > k.

First considerthe casem = k. For dimensiong € Cy, Fl{k(i’l) - Fg,k(fk) =
common, (i) — common,(7,) by our definition, andis thereforenon-ngative. If
[ < k, it is strictly positve, andour claim holds. If [ > &, it may be zeroandwe
needto considettheremainingdimensionof F;(3;) — Fy (i ). For thosedimensions
j € Ny, F, (1) — F} (%) = (max<(Nyx))? — 2, becausef parts(1) and(3) of
Definition 7. Thatvectoris lexicographicallynon-ngative, soour claim holds.

Theamgumentfor the casern = [ is almostidenticalandis omitted.

The interestingcaseis m # k,I. Assumethatm < k < [. (Theamgumentfor

otherordersis similar andis omitted.) Therearethreesubcases:

1. Cym = Cim: In thatcase,commonyy, = commony, C commony and

F}.(@) - F} () = # — 7, for all dimensiong/ € Cy . For theremaining

dimensions € N ,,, F}

7 () — F (%) = 0 by Definition 7(3). Our claim

clearlyholds.

2. Cym C Cp ' In thatcase commony,, = commony; C commony,. Thatis

not possibleunderour assumptiorthatm < & < [.

3. Cim C Ck - Inthatcasecommony,, = commony C commonyy,. Flj,k(i'l)—
F,g,k(i'k) = i — 4, for all dimensionsj € C;,,. Fordimensionsj € Ny p,,

Fj

Ilym

(#) — F},,(%) = 0 by Definition 7(3). For dimensiong € Ny N Chym,
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(@) — F} ,, (%) = (max_(Nym)) — . As all threecomponentsf the

j
Fiom

vectorarenon-ngative, our claim holds.

Therefore,F(z;) — Fy (%) is lexicographicallynon-ngative, andthe canonical

embeddingsesultin the original executionorder O

3.2.2 Expressve Power of Embeddings

Theproductspaceandaffine embedding$ramevork cannotbe usedto modelthe

following loop transformations.

1. Index-set Splitting: Sinceall the instancesof a particular statementare
mappeavith thesameaffine embeddindunction,explicit index-set-splitting

is notpossible.

2. Tiling requiregheintroductionof additionaldimensionsandpseudo-linear
embeddingsandhencecannotbe representedsingthe productspaceand

affine embeddings.

It shouldbe notedthatour codegeneratiorstepmay performindex-setsplit-
ting andtiling after other transformationsare performed,as discussedn Sec-
tion 5.2.

On the other hand, the productspaceand affine embeddingdramework is
sufficient to capturemostcommonloop transformationsuchas code-sinking,
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loop-fissionandloop-fusionwhich areusedin currentcompilerssuchasthe SGI
MIPSProto corvertimperfectly-nestetbop nestanto perfectly-nestednes.

Ratherthanprove a formalresult,we illustrateloop fission,fusion,andstate-
mentsinking usingthe Jacobiexample. Note thatthesetransformationsre not
necessarilyegalfor the Jacobicode.

Figure8 illustratesloop fission of the Jacobicodeshavn in Figure1l. After
loop fission, all instancesof statementS1 in Figure 1 are executedbeforeall
instancef statemenB2. The resultingcodeis shavn in Figure 8(a), andthe
embeddindunctionsfor the two statementgareshown in Figure8(b). Note that

this executionorderis notlegal for the original program.

[Figure8 abouthere.]

[Figure9 abouthere.]

Loop fusionwasdiscussedn Figure5. Figure9 illustratesfusionfor the Ja-
cobi example. In this code,thetwo pairsof i andj loopsin Figurel arefused
together The correspondinggmbeddingsare shovn in Figure 9)(b); they map
statemeninstancesS; (¢, 4, j) andSy(t, i, j) to thesamepoint (¢, 4, j, ¢, 4, j) in the
productspace. Note that fusing the two loop nestsin the original codeis not

legal—to fuse themlegally, the two loop-nestanustbe skewed with respecto
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eachotherbeforefusion. Sucha transformationis known asskewedfusionand
producegheoptimizedJacobiversionof Figure2 whichis legal. Thecorrespond-

ing embeddingsirethe following:

tl t2
r 1 r T 19+ 1
tl t2
J1 Ja+1
Fl( 11 ) = FQ( 19 ) =
(3] to
J1 J2
- - i — 1 - i
-1 J2

Finally, the transformedcode correspondingo the original executionorder
shawvn in Figure7 is anexampleof a generalizedrersionof code-sinking.Here,
insteadof sinkingthecodeinto theleadingor trailing loop-nes{asis traditionally
donein code-sinking)we sink all loop-nestghathave the samesetof outerloops

into eachother

3.3 RedundantDimensionsin Product Space

Thenumberof dimensionsn the productspacecanbe quitelarge,andonemight
wonderif it is possibleto embedstatementterationspacesnto a smallerspace

withoutrestrictingprogramtransformationskor example,in Figure7, statements
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in the body of the transformeccodeare executedonly whent 1 = t 2, soit is
possibleto eliminatethet 2 loop entirely, replacingall occurrence®sft 2 in the
bodybyt 1. Thereforedimensior, of the productspaces redundant.

In general,we candetermineredundandimensionsasfollows. Affine em-
beddingfunctionscanbedecomposethto theirlinearandoffsetpartsasfollows:
Fy (%) = G, + gx- We allow symbolicconstantsn the offsetpartof theembed-

dingfunctions.

Theorem9 Let P be any Cartesianspaceandlet 7 = {F, F5,... ,F,} bea
set of affine embeddingunctionsFy, : Sy — P. Let Fy(7%) = Giix + gx. The
numberof independentlimension®f the spaceP is equalto the rank of matrix

Proof: Trivial, henceomitted. O
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For theembedding®f Figure7, thematrixG is

100100

whereG = [G1G,)]. In thiscasetherankof thematrixis 5 sincethethird row
(correspondingo ¢,) is the sameasthefirst row.

Let p bethesumof thenumberof dimensionsn all statemeniterationspaces.
Theorem9 tells us that affine embeddingfunctionscannotutilize more thanp
dimensionsWe thereforeusea p-dimensionakpacelo modelprogramexecution
orders.

Therearetransformationghat useall dimensionsof the productspace. For
example,embeddingunctionsfor modelingcompletelyfissionedcodeslik e the
onein Figure8 needall dimensionf the productspace In this case the matrix
G is full rank (in fact, it is the identity matrix Is¢). Sincewe do not wantto

restricttransformationsinnecessarilywe work with the full productspace Once
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all embeddindgunctionsaredeterminedredundantimensionsareeasyto iden-
tify andour algorithmremaovesthem, so thereis no performancepenaltyin the
generateaode.

While theindependentimension®f theproductspaceretheoneshatmodel
programtransformationsthe affine partof dependentimensionganreorderthe
executionorderof statemeninstancesnappedo the samepointin outerdimen-

sions.We remaove dependendimension®nly whenthatis safe,asdefinedbelow.

Definition 10 A dimensionk of the productspaceis redundantf it satisfieshe

following properties:

1. Rowk of thematrix G is a linear combinatiorof rowsl, ... , (k — 1); and

2. Remeing dimensionk of the productspacedoesnot violate any depen-
dences. (l.e. remwing the £** dimensionof all differencevectos keeps

themlexicographicallynon-ngative)

3.4 EnhancingLocality in the Product Space

ConsiderareuseclassR andareusepair (75, 75) € R. Theabstractocality en-
hancemennodelin Section2.4.2requiredthe minimizationof Distance(7;, 7y),

whichis thenumberof pointsin thespaceP with statementsnappedo thembe-
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tweenF(7;) andFy(z;). Unfortunatelyit is notpossibleo calculateDistance(7s, 7;)
efficiently, sincetheremay be pointswith no statementsnappedo them. How-
ever, sincethe productspacds in effecta perfectly-nestetbop, we canadaptthe
approactusedfor suchloopsto our context.

Considerthe reusevector () for the reusepair (75, 7y) for a given choiceof
embeddindunctionsF = {F, F», ... , F,,}; wewill referto the j* entryof this

VECIOFaSUj.

U1

v . . Fi,s(Ta) — 75
= Fy(wa) — F(%) =

Up 'Z’d Fs,d('Z:?)

Fd,n(fz’d) - Fs,n(i:s’)

We saythatdimensionj carriesreusefor thereusepair (s, 7y) if v; # 0. If a

dimensioncarriesreusefor somereusepair in areuseclassk, thatdimensionis
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saidto carryreusefor thatreuseclass.

For all reusepairs (7;,7;) € R, entriescorrespondindo Fy (7q) — F x(7s)
(for £ # s,d) canbe madezerosimultaneouslye.g. by choosingF, (7)) =
F x(7s) = const). Thismaynotalwaysbe possiblefor theelementsF, ; (7,) — 7
andiy — F; 4(7;) sincethe appropriatdunctionsF, , andF, , may not exist. We
try to make theseentrieszero; if this doesnot succeedwe can permutethese

dimensionsof the productspaceso thatthey areinnermostandtile them. This

resultsin thefollowing strateyy:

1. We attemptto malke all entriesv; of thereusevectorzeroby choosingem-
beddingfunctionsappropriately Sincethe dimensionsof the embedding
functionsareindependentye canproceseachdimensiorseparatelylf we

succeedn makingall entriesv; = 0, thenthereusedistances alsozero.

2. We reorderthe dimensionsof the productspaceso that dimensionsfor

whichv; = 0 comefirst, anddimensionswith largerentriescomelater.

3. We reducereusedistancedurtherby tiling all dimensions;j for which the

entryv; of thereusevectoris non-zero.
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4 An Example
[Figure10abouthere.]

Before presentinghe generallocality enhancemenalgorithm, we illustrate
our approachon the imperfectly-nestednatrix multiplication programin Fig-

ure 10. Therearetwo dependencelassesn thisexample:

1. DependencelassD; = {(i1, ji, %2, j2, k2) : 1 < 41, ju, G2, J2, ko < N,iy =
i2, j1 = jo} is aflow-dependencthatariseshecausestatemengl writesto

alocationc (i, j ) whichisthenreadby statemeng2.

2. DependencelassDy = {(is, jo, ko, 0, Jo, kb) = 1 < o, Jo, ka, iy, jo, kb <
N, iy =iy, jo = j5, ke < kb} is aflow-dependencthatariseshecausetate-
mentS2 writesto locationc (i, j ) whichis thenreadby this statement
in alater k iteration. This dependencalsocaptureghe anti- and output-

dependencesf statemens2 onitself.

Thesetwo classeslsorepresenteuseclasses.The programhasotherreuse
classesarising from spatiallocality and input dependencedyut theseare not
shavn herefor simplicity.

As shown in Figure3, ourlocality enhancemeralgorithmwill
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1. determinaaffine embeddindunctions,
2. transformthe productspace,
3. eliminateredundantimensionsand

4. decidewhichdimensiongo tile.

Thetransformedroductspacecanbe viewed asa perfectly-nestedbop nest
which hassomenumberof bandsof fully permutableloops; loops within the
samebandcanbe permutedn ary order while loopsin differentbandsmay not
be permutablevith eachother

The mostdifficult stepsare (1) and(2), andtheseare interleaved in the al-
gorithm describedn Section5. To simplify the presentationlet us assumdor
now that an oracledetermineghe transformationof the productspacein Step
(2) (we shaw in Section5 that interleaving eliminatesthe needfor suchan or-
acle). Therefore we areleft with the problemof determiningaffine embedding
functions. Thesearedeterminecnedimensionat a time by solving a systemof
linear constraintson the coeficientsof the embeddingunctionsfor thatdimen-
sion. Theselinear constraintdescribethe requirementshatembeddingshould
(i) resultin alegal program (ii) permitsetsof loopscarryingreuseto betiled, and
(>iif) minimizereusedistances.

For the running example, we will assumethat the oracletells us that the
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transformationis the identity transformation,so the product spaceis left un-
changed.Sincethe productspacefor this programis the five dimensionakpace
i1 X j1 X ig X ja X ko, Definition 5 of embeddingunctionsrequireshatthe em-

beddingfunctionsfor this programlook lik e thefollowing:

] . :
. 7
2
Fi( 1 ) = | G3ir+ G+ gyN +g}
N Gii1+ Gl i+ gy N + gt
Goi1+ G2 i + gy N + g}
o Glis + Gl jo + Gl ko + gy N + g}
iy G2iy + G2 jo + G2,k + g3 N + g}
Fy( Jo ) = 19
ko Jo
ko

Theunknovns G andg will bereferredto asthe unknownembeddingoefi-

cients
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4.1 First Dimension

Wefirstfind embeddingoeficientsfor thefirstdimension; of theproductspace.

Legality

At thevery least,the embeddingsnustnot violate legality. From Definition 3, it

followsthattheembeddingoeficientsmustsatisfythe following constraints.
1. Giz + Gj,j2 + G ks + gy N + g1 — i1 > 0 for all pointsin D;, and

2. Gy +Gl, jy+ Gy kb + gy N+g1 — (G ie+ G, 2+ G ka+gyN+g1) > 0

for pointsin D,.

Standardnteger linear programmingechniquesanbe usedto corvertthese
constraintanto the following systemof linear inequalitieson the unknavn em-

beddingcoeficients,asdescribedn theappendix.
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11010]|r - 1
G}Z
01010 0
G}Q
11111 1
Gi, | 2 (1)
10010 1
gN
000710 0
91
00100]|" - 0

Minimizing ReuseDistance

System(1) clearlyhasmary solutions.We needto choosehe solutionthatmaxi-
mizesreuse For our runningexample,considetocality optimizationfor thereuse
thatarisesbecaus®f dependenc®;. To ensureghatdimension;; doesnotcarry

reusefor Dy, we requirethat

Gliz + G jo + Gi ko + gyN + g1 — i1 =0

for all points (i1, j1, 42, j2, k2) € D;. This conditiontoo canobviously be con-
vertedinto a systemof inequalitieson the unknavn coeficients of the embed-

dings. The conjunctionof this systemand System(1) resultsin the following
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solution:

Gzl2 :1’0;2 :OaGllcz :Oagjlvzoagi =0

Thereforethefirstdimension®f thetwo embeddindunctionsareF iy, j,) =
i1 and F} (ig, jo, ko) = io. Intuitively, this solutionfusesdimensions; andi, of
theproductspace.

Evenin our simple example,thereare otherreuseclassessuchasD,. To
optimize locality for morethanonereuseclass,we prioritize the reuseclasses
heuristicallyandtry to find embeddingunctionsthat make entriesof the reuse
vectorsof the highest-priorityreuseclassequalto zero. Reuseclassesare con-
sideredn orderof priority until all embeddingoeficientsfor thatdimensionare
completelydeterminedIf we assumehatreuseclassD; hashighestpriority, we
seethatit completelydetermineshefirst dimensionof the embeddindunctions,

sono otherreuseclassesanbeconsidered.

4.2 Remaining Dimensions

The remainingdimensionsof the embeddingfunctionsare determinedsucces-

sively in amannersimilar to thefirst one. The only differences thatsomeof the
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dependencelassegnay alreadybe satisfiedby precedingdimensionsthesedo

not have to be consideredor legality but only for tiling loopscarryingreuse.
Letusassumehatthefirst j — 1 dimension®f thesetof embeddindgunctions

F, which we denoteby F'7-1, have beendeterminedandthatwe arecurrently

processindhe j** dimensiorof the productspace.

Legality

Generalizingthe correspondingnotion in perfectly-nestedoops, we saythat a

P

Us
dependencelassD : D + d > 0 is satisfiedby thefirst j — 1 dimensions

U

of theembeddindunctionsF" ! if thedifferencevectorF, 7 =" (i) — F19(%)
is lexicographicallypositivefor all (7;,7;) € D. This meanghatthis dependence
will berespectedegardlessof how the remainingdimensionf the embedding
functionsarechosenThereforéit is sufficientto requirethatfor every pair (7, 74)

in anunsatisfiedlependencelassD,
Fi(T) — FI(3,) = [ e e ] +g,—gl>0 (2)
In ourrunningexample it canbeshownn thatneitherof thedependencelasses

D, andD, is satisfiedby the first dimensionof the embeddingunctionsdeter
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mined above, so both dependencelassesnustbe consideredvhen processing

theseconddimension.

Tiling Considerations

An additionalconcernin picking coeficientsfor a dimensionotherthanthe first
is thatwe maywantto tile thatdimensiorwith outerdimensionsTiling requires
thatthesedimensionde fully permutable.We canensurethis by requiringthat
theconstraint(2) holdsevenfor satisfieddependencelasses.

If theresultingsystemhasno solutionsthecurrentdimensiorcannotbemade
permutablevith outerdimensionssoconstrain(2) is droppedor satisfieddepen-

denceclassesanda new fully permutablebandof loopsis startedat dimension

Minimizing ReuseDistance

From the solutionsto the linear systemthat arisesfrom legality andtiling con-
siderationsye canpick onethat minimizesreusedistancesasdiscussedor the
first dimensionnotethatminimizing reusedistancedveforewe addthetiling con-

straintsmight produceembeddingshatdo not allow tiling).

44



Ahmedetal

4.3 Transformed Code

Ouralgorithmproduceghefollowing embedding$or the runningexample:

11
g1
Py )= 4
J1

0

19
Jo

ko

19
J2
19
J2

ko

Theseembeddingsllow all five dimensiongdo be tiled, so thereis a single

bandof fully permutabldoops.

CodeGeneration

Giventheseembeddingghecodegeneratioralgorithmusedefinition 10to iden-

tify andeliminateredundantimensionsThematrix G for the givenembeddings

is

17 :
Ji:
19 :
J2 ¢

kz:
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It is easyto seethatdimensions, andj, areredundanandcanbeeliminated.
The remainingdimensionsaretiled and appropriatecodeis generated.The
resultingtiled codeis shovn in Figure11. The min's, maxXs and conditionals
within theloop body areremoved by the codegeneratiorprocessisingstandard

techniquedrom polyhedralalgebra.

[Figure11labouthere.]

4.4 Putting it All Together

If the transformationon the productspaceis given, we can obtain embedding
coeficientsfor eachdimensionsuccessiely by constrainingthem basedon (i)
legality, (ii) tiling considerationsand(iii) reusedistancaminimization.

Figure12 shawsthehigh level structureof the algorithm. The algorithmpro-
cesseghe dimensionsof the productspacein order; whendimension; is pro-

cessedit doesthefollowing.

1. The algorithmfirst tries to find embeddingco-eficientsfor dimensiony,
constrainednly by legality. This is accomplishedy the call to routine
LegalConstaints, shaovn in Figure 13, which generatesa linear system
Legal thatconstrainshe j** dimensiorentryof differencevectorFy (i) — Fi(7,)
to benon-ngative for every (7;, 7;) in anunsatisfiedlependencelass.
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2. If thissystemhassolutionsthealgorithmtriesto find embeddingo-eficients
thatwould permitdimensiony to beaddedo the currentbandof fully per
mutabldoops. Thisis accomplisheby thecall to theroutineSimpleTilingConstraints,
shavn in Figure 14, which additionallyconstrainghe j** dimensionentry
of differencevector Fy(7;) — Fs(7s) to be non-ngative for every (i, 7;) in

asatisfieddependencelass.

If it succeedsgimensionj is addedto the currentfully permutableband,;

otherwisea new bandis started.

3. Fromthesetof possibleembeddingsleterminedy thepreviousstep theal-
gorithmpicksanembeddindghatenhancetocality. Thisisaccomplishedy
the call to routine Promote Reuse which usesa sequenc®f reuseclasses
ranked by importanceto determineembeddingco-eficientsthat enhance
locality. In our implementationwe rank reuseclassedy estimatingthe

numberof reusepairsin eachclass.

The code generationstep eliminatesredundantdimensionstiles loops that
carryreuseandgeneratesode.
By introducingtiling constraintsn the secondstepbeforepromotingreuse

for particularreuseclassesn the third step,we have in effect given precedence
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to tiling over promotingreusefor reuseclasses.In otherwords, the algorithm
for promotingreuses constrainedo pick co-embeddingfficientsfrom the setof
co-eficientsthatareknown to be bothlegal, anddesirabléfor tiling. It is possi-
ble to constrainco-eficientsin the otherorderto give precedencéo promoting
reusefor particularreuseclassesbut we believe our designchoiceleadsto better

performance.

[Figure12 abouthere.]

[Figure 13abouthere.]

[Figure 14 abouthere.]

[Figure15abouthere.]
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5 Algorithm for Locality Enhancement

We now presentthe completealgorithmfor locality enhancemenihich simul-
taneouslydetermineshe embeddingd; andthetransformationr of the product

space.

5.1 Product SpaceTransformations

Sincethe productspacecanbe viewed asa perfectly-nestedbop, the key trans-
formationsfor this spaceareunimodulartransformations—namelpermutation,
skewing, andreversal.

To seetheneedor thesdransformationssonsideAlgorithm Si npl eLocal i t yEnhancenent
which was introducedin Section4. This algorithm processeshe dimensions
of the productspacein order When processingdimensionj, we may not be
ableto find embeddingco-eficientsthat permit us to addloop j to the current
bandof fully permutabldoops; if so, we make loop j the first loop in a new
bandof fully permutableloops. However, it is possiblethat reversing loop j
(thatis, scanningthe pointsin the productspacein reverselexicographicorder
alongdimensiony) is legal, andthis may permit us to addthis loop to the cur-

rentbandof fully permutabldoops. Therefore|if the linear systemsS in Algo-
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rithm Si npl eLocal i t yEnhancenent doesnot have a solution,we should
try loopreversalof dimensiory beforegiving up andterminatingthe currentfully
permutabléoandof loops.

This stratgy can be implementedas follows. We first constructa system
S which constrainghe 5% dimensionentry of differencevector Fy(z;) — F, (%)
to be non-neative for every (s, 7y) in both unsatisfiedand satisfieddependence
classes.If this systemdoesnot have a solution, we constructa newv systems’
whichconstrainghe ;™ dimensiorentryof differencevectorF,(7;) — F, (i) tobe
non-positiveor every (7, 7;) in bothunsatisfiecdandsatisfieddependencelasses.
If S” hassolutions,we canusethemto find appropriateembeddingcoeficients
for dimensionj, provided we remembeto reversethe directionof loop j when
we generateode.

Skewing of the productspacecanbeincorporatednto thealgorithmin asimi-
lar manner Dimension; maybepermutablafter skewing by outerdimensionsf
thedifferencevectorentriescorrespondingo the satisfieddependencelassesre

boundedelon by anegative constantHence for every pair (7, 7;) in all satisfied
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dependencelassed, we requirethat

whereqx is anadditionalvariableintroducednto thesystem.Thesolutionwith the

smallesin allows usto make dimension; permutablewith the outerdimensions
usinga minimumamountof skewing. If « canbe choserto be 0, thedimension
is permutablewvith outerdimensionsvithout skewing.

Finally, permutationof productspacedimensionscan be incorporatednto
the algorithmasfollows. Supposealimension;j is not fully permutablewith the
currentbandof fully permutabldoopsevenafterskewing and/orreversal.Instead
of giving up, we cantry to permute;j with adimensionk (j < k£ < |P|) of the
productspacefor which we canfind suitableembeddindgunctions.

Figure 16 shaws the completelocality enhancemenralgorithmin which the
determinatiorof embeddingcoeficientsis interleaved with the determinatiorof
the productspacetransformatioras describedabore. Eachiterationof the out-
ermostwhi | e loop triesto constructonedimensionof the transformedproduct
spaceTheinnerf or - each- g loopexaminesunmappediimension®f theprod-

uct spaceto find onewhich canbe madethe next dimensionof the transformed
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productspaceand appendedo the currentbandof fully permutabldoopsafter
skewing and/orreversalif necessary If sucha dimensionis found, procedure
Pr onot eReuse in Figurel5is calledto chooseembeddingsvith goodlocality.
We dropoutof thef or loop whenno moredimension®f the productspacecan
beaddedo thecurrentfully permutabléboand.All satisfieddependencearethen
droppedfrom further considerationanda new fully permutablebandis started.
If nolegalembeddingsanbefoundfor ary unmappedlimensiorevenatfterthis,
thealgorithmfails. Thealgorithmterminatesuccessfullwvhenall dimensionof
the productspacehave beenmappednto thetransformedpace.

In our experiments,the algorithm has always terminatedsuccessfully We
conjecturehatit canalwaysfind embeddingsonsistentvith Definition 5, but we

have not provedthis.

[Figure 16 abouthere.]

[Figure17 abouthere.]

Reordering of Dimensions

Whenconstructingoandsthe algorithmdoesnot try to optimizethe orderof di-
mensiongvithin abandsinceit addsdimensiongo bandsn arbitraryorder Since
arbitraryordermay not be bestfor locality, we needto reorderdimensionsafter
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all embeddingcoeficientshave beendetermined.This is similar to the problem
of choosingagoodorderfor loopsin afully permutabldoop nest,andary of the
techniquesn theliteraturecanbe used.Herewe presenta simpleheuristicsim-
ilar to memoryorder.*® We reorderdimensionof the productspacesothatthe
dimensionsvith mostunsatisfiedeusessomelast. For eachdimension; of the
productspacewe definethe reusepenaltyof thatdimensionwith respecto em-
beddingfunctions{ F/, FJ, ... | Fi} to bethenumberof reusepairsin theclasses

for whichthedimensioncarriesreuse.

ReusePenalty(j, F) = Z IR||
R unsatisfied

where||R|| is the numberof reusepairsin reuseclassR. Clearlysortingdimen-
sionsin ReusePenalty orderis notalwayslegal. Figure17 shavs analgorithm
thatfindsanearbylegalpermutationIntuitively, algorithmbDi mensi onOr der i ng
triesto orderdimensiongreedilysothatthedimensiorwith thesmallestReuse Penalty
is outermostf thatis legal. Otherwisejt checkswhetherthedimensionwith next
smallestReusePenalty canbe placedoutermost.Onceit finds a dimensionto

placeoutermostjt repeatghe processwith the remainingdimensions.t is easy
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to seethatthe algorithmwill alwaysproducea legal orderingof the dimensions,
andthatit will pick the Reuse Penalty orderif thatis legal.

For therunningexamplein Figurel10, ouralgorithmplacesall five dimensions
of theproductspacen asinglefully permutabldand.It thenpicksthedimension

0rderj1 X jg X ko X 11 X 19.

5.2 CodeGeneration

Removing RedundantDimensions

Let F = {F\, F,,... , F,} bethe setof embeddingunctionsandlet F (i) =
G + gi. As discussedh Section3, any dimension; for whichthe 5% row G7 of
thematrixG = [G1, Go, . . . , G,] islinearlydependentn otherrowsis redundant
aslong asits removal doesnot affect dependences.

Oncea goodlegal orderingof the dimensionss determinedour algorithm
identifiesall dimensiong for which G/ is linearly dependentn previousdimen-

sions,andeliminateshosedimensionghatdo not affect dependences.

Tiling

All dimensionsvith non-zeroReuse Penalty will benefitfrom tiling. Eachfully

permutabléandis tiled (afterindividual dimensionsareskewedby outerloopsif
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necessary).
For the runningexample, j;, k2, andi; arenotredundantindexhibit reuse,
thereforewe decideto tile all of them. They areall in the samebandanddo not

requireskewing.

5.3 Tile SizeDetermination

We usesimpleheuristicso determindile sizes.

We estimatethe data foot-print (the total amountof datatouchedby a tile),
andrequirethatit fit into thememoryhierarchylevel underconsiderationWe tile
the productspaceseparatelyfor eachlevel of the memoryhierarchy(we do not
tile for a particularlevel only if the datatouchedby the tile will notfit into the
correspondingacheevel for thetile sizewe compute).

Our algorithmfor determiningtile sizeshasthefollowing steps.

1. Foreachpointin theproduct-spacdind thedataaccesselly eachstatement
instancemappedo it. Sincethe mappingfrom a statemeninstanceo the
product-spaces one-to-oneandaffine, the inversemappingcaneasilybe
determinedSincedatareferencesreaffine, thisenablesisto calculatethe

dataaccessedly eachpointin the productspace.

In the running example of Figure 10, a point (z1, x5, 3, 24, x5) Of our
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transformedproduct spacehas statemeninstancesS; (z4, ;) (Wheneer
To = T1,T5 = T4,T3 = O) and52($4, 331,.1173) (When@erl‘g =T1,T5 = $4)
mappedo it. Hencethe dataaccessety this pointis ¢(z4, ;) from state-

mentS; ande(zy, 1), a(xy, z3), b(x1, x3) from statemens,.

2. Groupall thedataaccesselly aproductspacegoointinto equivalenceclasses

asfollows.

(a) Referenceto differentarraysbelongin differentequivalenceclasses.

(b) Referencesreassignedo the sameequvalenceclassif they canac-
cessthe samearray locations(that is, if the linear partsof the two

referencearethesame).

Therearethreeequialenceclasses S, : a(x4, z3)}, {So : b(x1, z3)} and

{51 : e(x4,21), 52 : c(xyg, 1)}, iNn OUrexample.

3. Fromeachreferenceclasspick arandomreferencevhichwill serne asour
representativeeference
In our example,our representatie referencesare c¢(z4, 1), a(xy, z3) and
b(zy,x3).

4. Determinethe datatouchedby eachrepresentate referencein a single
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tile of the transformedproductspaceparameterizedby the tile size. We
shalllimit oursehesto choosinga singletile-size B for every dimensionof
the productspace. Determiningthe datatouchedby a singlereferenceas
straightforvard. A generalizedrersionof this problemhasbeenstudiedin
the literaturel®” More accuratesolutionscanbe obtainedby using Erhart

Polynomials®

For ourexample eachrepresentatie referenceaccesse? elementsn one
tile of the transformedproductspace. The total datafoot-print of all the
referencess 3 x B2 elements The actualmemorycorrespondingdo this is

3 = B? timesthesizein bytesof asingleelementbf thearray

5. Thedatafoot-print of all the referencesnustbe lessthanthe cachesizeto
avoid capacitymisses. This givesus an upperboundon the tile size for
eachcachelevel. In orderto generatecodewith fewer M N's and MAX's,
we ensurethatthetile sizeat eachlevel is a multiple of thetile sizeat the

previouslevel.

Theabove formulationmakesthefollowing simplifications:

1. All tiles of the transformedproductspacehave the samedatafoot-print.

This is a conserative assumptionsinceit resultsin addingthe references
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possiblefrom all statements$o the dataaccesseat a singleproductspace

point.

2. Boundaryeffectsareignored,which s justifiablefor large arraysandloop

bounds.

3. Conflictmissesareignored.Varioustechnique$fiave beendevelopedo find
tile sizesthatavoid someformsof conflict misses?1%2% but we do notuse

themin our currentimplementation.

6 Experimental Results

In this section,we presentresultsfrom our implementationfor four important
codes All experimentsvererunonanSGIlOctanewvorkstationbasedbnaR12000
chiprunningat 300MHzwith 32 KB first-level datacacheandanunifiedsecond-
level cacheof size2 MB (both cachesaretwo-way setassociatie). Wherever

possiblewe presenthreesetsof performancewumberdor acode.

1. Performancef codeproducedytheSGIMIPSProcompiler(Version7.2.1)
with the*-O3” flagturnedon.
At this level of optimization,the SGI compiler appliesthe following set
of transformationdo the code—itcornvertsimperfectly-nestedoop nests
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to singly nestedoops(SNLs) by meansof fissionandfusionandthenap-
pliestransformation$ik e permutationtiling andsoftwarepipelininginner
loops®?

2. Performancef codeproducedoy animplementatiorof the techniquesle-
scribedin this paper
Thesecodeswere compiledby the SGI MIPSProcompilerwith the flags
“-O3 -LNO:blocking=of" to disableblockingby the SGI compiler

3. Performanceof hand-coded_ APACK library routine running on top of

hand-tunedLAS.

Performances reportedin MFLOPS, countingeachmultiply-addas1 Flop.
For someof the codeslike tomcaty we did not have hand-codedrersionsas a

comparisonin thesecasesye reportrunningtime.

6.1 Cholesky Factorization

Cholesly factorizations usedto solve symmetrigpositive-definitdinearsystems.
Figurel8shavsoneversionof Cholesly factorizatiorcalledkij-Cholesky; there
arefive otherversionsof Cholesly factorizationcorrespondingo the permuta-
tions of thei, 7, andk loops. Figure19(a) compareghe performanceof all six

versionscompiledby the SGl compiler thehand-optimized APACK library rou-
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tine,andthe codeproducedy ouralgorithmstartingfrom anyof thesix versions.
The performancef the compiledcodevarieswidely for the six differentver-
sionsof Cholesly factorization. The kij-Cholesky is SNL andthe SGI com-
piler is ableto sink andtile two of the threeloops (k£ and+), resultingin good
L2 cachebehaior andbestperformancdor large matrices(about65 MFLOPS)
amongthe compiledcodes.In contrastthe compileris not ableto optimizethe
1jk-Cholesky atall, resultingin the worst performancef about5 MFLOPSfor
largematrices.TheLAPACK library codeperformsconsistentlybestatabout200

MFLOPS.

[Figure 18 abouthere.]

[Figure19 abouthere.]

Our algorithm producesthe samelocality optimizedcode independenbn
which of the six versionswe start with. Thatis expectedasthe abstractiorthat
our algorithm uses—statementstatemeniteration spacesdependenciesand
reuses—ishe samefor all six versionsof Choleslky factorization.

Forthekij versionshavn here thealgorithmpicksthefollowing embeddings

(afterreorderingandremoving redundantlimensions):
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Ae)=|e| B p=|x| B =]

k i j i

All threedimensionsaretiled without skewing. Our algorithmchoosestile
sizeof 36 for theL1 cacheand288 for theL2 cachefor all thedimensions.The
samecodeis obtainedstartingfrom ary of the six versionsof Cholesly factor
ization,andtheline marked“Locality Optimized”in Figure19(c)shavsthe per
formanceof that code. The codeproducedby our approachs roughly 3 to 30
timesfasterthanthe codeproducedoy the SGI compiler andit is within 5% of
thehand-writtenLAPACK library codefor large matrices.

Figurel9(c)compareshe performancef this code(tiled for two levelsof the
memoryhierarchy)with the performancef our codetiled for asinglelevel of the
memoryhierarchybut usinga rangeof tile sizesfrom 10to 250. Thesizeof the
arrayon which Cholesly factorizationis doneis 2000 x 2000. Our experiments

shaw thattwo-level blockinggivesbetterperformance.

6.1.1 Triangular Solve

Triangularsystem®f equation®f theformLx = b wherelL isalowertriangular

matrix, b is a known vectorandx is the vector of unknownns arisefrequently
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in applications.Sometimesit is necessaryo solve multiple triangularsystems
that have the sameco-eficient matrix L. Suchmultiple systemscan obviously
be viewed as computinga matrix X that satisfiesthe equationLX = B where
B is a matrix whosecolumnsare constitutedrom the right-handsidesof all the
triangularsystemsThecodein Figure20solvessuchmultipletriangularsystems,

overwriting B with the solution.
[Figure20abouthere.]
[Figure21 abouthere.]

For this code,our algorithmfindsthe following embeddings:

Fl( T ): r F2( ): r

k k r

Thefourth andfifth- dir;lensio-nmf-the productspace-/ver-eredundantsothey
were eliminated. Our algorithmdecidesto tile all threeremainingdimensions.
It choosesa tile sizeof 36 for the L1 cacheand288 for the L2 cachefor all the
dimensions.

Figure21(a)shaws performanceesultsfor a constaninumberof right-hand
sides(Min Figure 20 is 100). The performanceof codegeneratedy our tech-
niquesis up to afactorof 10 betterthanthe codeproducedy the SGI compiler
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butit is still 20%slowerthanthehand-tuneatodein the BLAS library. Thehigh-
level structureof the codewe generates similar to thatof the codein the BLAS
library; further improvementsin the compilergenerateccode must comefrom
fine-tuningof registertiling andinstructionscheduling.
Figure21(b)compareshe performancef our code(tiled for two levelsof the
memoryhierarchy)with codetiled for a singlelevel with tile sizesrangingfrom
10 to 250 (for a2000 x 2000 arrayandM = 100). As canbeseenpourtwo level

schemayivesthebestperformance.

6.2 Jacobi

[Figure22 abouthere.]

Our next benchmarks the Jacobikernelin Figurel, which wasdiscussedn
Sectionl. Ouralgorithmpicksembeddingshatperformall theoptimizationsteps

discussedn Sectionl.

t 4 4 t

(i D=1 F(i])=]j+1

7 1 j 1+1
Theseembeddinggorrespondo shifting the iterationsof the two statements
with respectto eachother fusing the resultingi andj loopsrespectrely, and
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finally interchanginghei andj loops. This notonly allows usto tile theloops
but alsoimprovesreuseandspatiallocality of the arraysin the two statements.
The resultingspacecannotbe tiled directly, so our implementationchoosedo
skew the secondandthe third dimensiondy 2*t beforetiling. Our algorithm
choosestile sizeof 20 for theL1 cacheand160 for theL2 cache. Thegenerated
codeis shovn in Figure25in theappendix.
Figure22(a)shavstheexecutiontimesfor thecodeproducedy ourtechnique
andby the SGlcompilerfor afixednumberof time-stepg100). Comparisorwith

othertile sizesis shavn in Figure22(b).

6.3 Tomcatv

[Figure23 abouthere.]

[Figure24 abouthere.]

As afinal example we considethetomcatvcodefrom the SPECfpbenchmark
suite. The code(Figure23) consistf anoutertime loop | TER containinga se-
guencenf doubly-andsingly-nestedoopswhichwalk overbothtwo-dimensional
andone-dimensionarrays. The resultsof applyingour techniqueareshawn in

Figure 24(a)for a fixed array size (253 from a referencenput), anda varying
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numberof time-stepsTomcatvis notdirectly amenabléo ourtechniquebecause
it containsan exit testat the end of eachtime-step. The line marked “Locality
Optimized”representshe resultsof optimizing a singletime-step(i.e. the code
insidethe | TER loop) for locality. Treatingevery basicblock asa single state-
ment, our algorithm producesan embeddingwvhich correspondso fusing some
of the J loopsandall thel loops. The exploitation of reusebetweendifferent
basicblocksresultsin roughly 8% improvementin performanceomparedo the
codeproducedby the SGI compiler If we considerthe tomcatvkernelwithout
the exit conditior?, our algorithmskews the fused! loop by 2* | TER, andthen
tiles| TER andtheskewed| loops.Ouralgorithmdecidedo tile only for thelL2
cache(thedatatouchedby atile doesnotfit into L1 cache)with atile-sizeof 48.
The performanceof the resultingcode(line marked “Tiled”) is around22%

betterthanthe original code.Variationwith tile sizeis shavnin Figure24(b).

6.4 Discussion

Theperformanceaumbergpresentedhon thebenefitof synthesizinga sequence
of locality-optimizingtransformationgsteadf searchindor thatsequenceEven

thoughthe SGI MIPSProcompilerimplementsall the transformation;mecessary

STheresultingkernelcanbetiled speculatiely asdemonstratetdy SongandLi.
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to optimize our benchmarksit doesnot find the right sequencef transforma-
tions,sotheperformancef theresultingcodesufiers. Furthermorefor Cholesky
factorizationthe performancef our optimizedcodeapproachethe performance
of hand-writtenlibrary codein LAPACK. For triangularsolve, we generateode
with the samehigh-level structureaslibrary code;we believe thattuningregister
allocationandinstructionschedulingn theMIPSProcompilerwill allow thiscode
to performaswell aslibrary code. Finally, the advantageof our general-purpose
techniqueis thatit canbe usedfor codeslike Jacobiandtomcatvfor which the

LAPACK library is notuseful.

7 RelatedWork and Conclusions

Thework reportedn this papergrew outof our effort to designmethoddor auto-
maticlocality enhancemerdf codeghatareimportantin computationascience.
Much of computationasciencas concernedvith thenumericakolutionof partial
differentialequations Solutiontechniquesreclassifiednto implicit andexplicit
methods. Implicit methodsrequirethe solution of large systemsof linear alge-
braicequationsCholesk factorizations usuallyemployedfor this purposeThe

Jacobicodeontheotherhandis anexampleof anexplicit method;in thesemeth-
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ods,thevalueof thedependentariableof thepdeat somestepof thecomputation
is computedasa simplefunction of the value of thatvariablein previous steps.
As we have shawn, the locality enhancementechniquegescribedn this paper
canbeusedfor bothclasse®f methods.

The mathematicatechniquesusedin this paperhave beenusedby the sys-
tolic array community for schedulingstatementsn loop nestson systolic ar-
rays*® Thesetechniquesvereextendedby Feautrierin his theoryof schedules
in multi-dimensionatimel’® which he usedfor automaticparallelizationyelated
approachearemappingsandaffine transformg!#23)

Ourapproaclgeneralizesechniquesisedin currentcompilersfor locality en-
hancemenof both perfectly-nestedndimperfectly-nestedoops®223123) The
useof embeddingsndthe productspacegeneralizegechniquedik e statement
sinkingandloop fusionthatareusedin compilerssuchasthe SGI MIPSProcom-
piler to convert someimperfectly-nestedoopsinto perfectly-nestedoops. The
particularapproachwe have takento locality enhancemerns a generalizatiorof
theapproactof Li andPingalf?® whichwasdevelopedior perfectly-nestetbops.

For enhancindocality in imperfectly-nestedbops,Kelly andPughadwocate
searchinghe spaceof legal transformationsising costmodelsthat evaluatethe

mappingsproduced!® They associatea multi-dimensionaimappingwith each
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statemenbut the rangeof thesemappingsis not fixed sincethereis no analog
of our productspace. Startingfrom totally unspecifiednappingsthey propose
to explore the tree of partially specifiedmappingstill they completelyspecify
the mapping,usingestimate®f the numberof cachemissego guidethe search.
Their estimatortargetsonly reuseswvith sourceanddestinationin the samestate-
ment. In particular reusebetweendifferentstatementsequiringfusionwill not
be modeled. Thoughthey representiling by meansof pseudo-lineafunctions
(usingnod anddi v), they do notincludethemin their searchspaceof possible
transformationgndhencedo not necessarilyind solutionsthatcanbetiled. By
usinga well-definedspace(the productspace)we areableto targetall reusedy
representingeusedistancedetweenstatemeninstancedy reusevectorswhich
we canthenminimize dimensionby dimension.Furthermorethe productspace
allows us to imposeconstraintsso that dimensionsare permutable—thidets us
orderthedimensionsndtile themto reducereusedistancedurther

A differentapproacho locality enhancemendf imperfectly-neste¢bopshas
beentakenin data-centricapproadessuchasdatashackling®” The compiler
determinesn orderin which arrayelementshouldbe touched andthensched-
ulescodesothatall statementshattoucha given dataelementare scheduledo

executewhenthat dataitem is broughtinto the cache. Integer linear program-
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ming techniquesireusedto determinaf sucha schedulas legal. Thiswork has
beenextendedby PughandRosselin their work oniterationspaceslicing which
permitsthemto synthesizdegal data-centricschedule&€® The data-centricap-
proachcanbeusedio generateodefor sparsanatrix applicationsaswell.?®) The
framework in this papercanbe usedto generatalata-centricodeby addingdata
dimensiongo the productspace?)

Thereis considerablenterestin the numericalanalysiscommunityin devel-
opingblock-recursivecodesfor goodperformancen multi-level memoryhierar
chies{"*3 Block-recursive codescanbeviewedasdivide-and-conquestylecodes
in which the original problemis repeatedlysub-dvided until the working setfits
into thehighestlevel of thememoryhierarchy In a certainsensethesecodescan
be viewedasbeingautomaticallyblockedfor all levelsof the memoryhierarchy
We have recentlyshovn thatour framevork canbeusedto derive block-recursre
codesautomaticallyfrom iterative codes? A data-centri@pproacho this prob-
lem hasbeenexploredby Yi etal ¥

In futurework, we would lik e to explore the scalabilityof our techniquedor
programswith large numbersof imperfectly-nestedoop nests. Anotherline of
researchs motivatedby the obsenation that dependencanalysisappeardo be

inadequatdo permitautomaticrestructuringof somecodessuchasLU factor
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ization with pivoting. Respectinglependenceis a sufficient but not necessary
conditionfor the legality of a transformation;for example,the reassociatiorof
a reductionoperationviolatesdependencelut is legal neverthelesdecausdhe
original programandthe restructuregrogramproducethe sameanswers.Sim-
ilarly, it can be showvn that restructuringLU with pivoting to enhancdocality
violatesdependencdat is legal neverthelesdecausd reliesonthefactthatrow
permutationgommutewith updates!? We have recentlydevelopedanovel form
of symbolicanalysiscalled fractal symbolicanalysi$?*?% to addresghis prob-
lem. Althoughfractal symbolicanalysiscanbe usedto verify the correctnessf
thesetransformationswe do not yet have a framework lik e the onein this paper
that would enablea compilerto synthesizegood sequencesf transformations.
The developmenif sucha framework is animportantopenproblemin compiler

research.
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A Farkas’ Lemma

We shav how to apply Farkas’Lemmato determineconstraintson embeddings

co-eficients.

—

ZS
Considera dependencelassD : D + d > 0, anda dependenceair

Ud
(75,74) € D. Let F, and F be the embeddingunctionsfor the destinationand
sourcestatementsf thisdependencandlet the j** dimension®f theseunctions
be F] = G%iy + ¢} andFi = Gir, + ¢i.

Suppos¢hatwe mustchoosaheseunknavn coeficients(G, g) sothatF (i) —

Theaffine form of Farkas’lemmalets us expressthe constraintn theseco-

efficientsin termsof dependencelasscoeficients(D, d).

Lemmal (Farkas’ Lemma)Any affine function f(x) which is non-ngative ev-
erywhee over a polyhedondefinedoy theinequalitiesAx + b > 0 canberepre-

sentedasfollows:

flx) =X+ ATAz +ATh, Xy >0,A>0,

whee A is a vectorof lengthequalto thenumberof rowsof A. A\, and A are called
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theFarkasmultipliers.

Applying Farkas’Lemmato our dependencequationsve obtain

s . U

[ e AN } +g,—g=X+A"D + ATd,
i’d ;d

Ao > 0,A > 0.

Equatingcoeficientsof 7; andi, on bothsideswe get

{—Gj Gg] = A'D,

S
g—g = X+ A4,

>0, A>0.

The Farkasmultipliers canbe eliminatedthroughFourierMotzkin projection
to giveasystenof inequalitiesconstrainingheunknovn embeddingoeficients.
As an example,considerthe first dimensionof the embeddingunctionsfor

therunningexamplein Sectiond. Thefollowing conditionsmustbe satisfied:

1. G%z/l'Q + G}zjg + G,lwk'g + gjlvN + gll —11 >0 for all pOintS(il,jl, ig,jg, k2)

in Dy = {(¢1, 1, 62, J2, k2) : 1 < iy, J1, 92, J2, ko < N, iy = i9, j1 = jo}, and
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2. Giiy + G0y + Giky + gy N + g1 — (G + G j2 + G, ks + gy N +
gll) > 0 for pOintS(i%an k?a ZlQa]éa ké) in DQ = {(iQaj2a k?aiéajéa ké) 01 <

i2aj2ak2ail2ajé’ké < N’ Iy = 7;,2’.7'2 = ]éa kQ < kIQ}

Let usapply Farkas’lemmato thefirst condition.We have

Gliz+ Gl jo+ Gk + gy N + g — iy =
Ao+ Ai(ip — 1)+ AV —dy) + A3(51 — 1)
+ AN = 1) + As(i2 — 1) + As(N — i) + A7(j2 — 1)
+ XAs(N — ja) + Ag(k2 — 1) + Aio(N — ko)
+ A1 (31 — 32) + A12(te — i1) + A3 (j1 — J2)
+ (2 = 71),
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After equatingcoeficientson bothsideswe get:

ili
Ji:
19 :
J2

kQZ

Al — Ao+ A — Aio

A3 — As+ Az — Ay

As — A + A1z — Al

A7 — Ag + Aig — Aus
/\9_)‘10

Ao+ A4 X6 + As + i

A=A =A== A7 — X

EliminatingFarkasmultipliersthroughFourierMotzkin projection,we obtain

80



Ahmedetal

thefollowing constrainton the unknovn embeddingoeficients:

Y
—_

3)

Goingthroughthe samestepsfor the secondcondition,we get

coras]

1
Gi2

1
sz

1
sz

\Y

(]

Combiningconditions(3) and(4), we obtainthe systemof inequalitiesshavn
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in Sectior4:

1101 0]|T 7 1
G}2

01 010 0
1
Gj2

11111 1
G, | 2

1 0 010 1
IN

0 0 01 O 0
g

0O 010 0] - - 0

B Generatedcodefor Jacobi

[Figure25abouthere.]

TheJacobicodegeneratedby ourimplementationiled with atile sizeof 20 is

shovnin Figure?25.
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for t = 1,
for il =
for j1

S1:  L(il,j1) = (A(i1,j1+1) + A(i1,j1-1)
+ A 1+1,j1) + A 1-1,j1)) / 4

end
end
for i2

S2: A(i
end
end
end

for j2
2,

T
2, N1
=2, N1

2, N1
=2, N1
12) = L(i2,j2)

Figurel: Jacobi
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fort =1, T
for j1 =2, N1
L(2, j1) = (A(2,j1+1) + A(2,j1-1)
+ A(4,j1) + A(L1,j1)) / 4
end
for i =3, N1
L(i, 2) = (A>(i,3) + A(i, 1)
+ A(i+1,2) + A(i-1,2)) / 4
for j =3, N1
L(i,j) = (AC(i,j+1) + A(i,j-1)
+ A(i+1,j1) + A(i-1,j1)) / 4
A(i-1,j-1) = L(i-1,j-1)
end
A(i-1,N1) = L(i-1,N1)
end
for j2 =2, N1
A(N1,j2) = L(N1,j2)
end
end

Figure2: FusedJacobi
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Source code

Statement
Iteration Spaces

k
E 1
‘ﬁ\ ° T Code
- e e
2 gen
2 12 / )
)

Product Space  Transformed

Product Space

Output code

Figure3: Locality Enhancemerf Imperfectly-nestedloop Nests
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for i1 =1, N
S1: x[il] = a[il]
end

for i2 =1, N

S2: x[12] += b[i?2]

end
(a) CodeFragment
1 N F1 2 - .
TN ; F)=|"] B)=|" !
0 1
S | 1 N { - ! 2

Fl(il) == [ ’il ] FQ(ZQ) - [ N+ZQ }

(c) 1-D CartesiarSpaceandEmbeddings

Figure4: ModelingProgramExecution
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i \ . B Fl(ll) — [ ;1 :| FZ(ZZ) — |: 7,;2 :|
g Eaat KL " 1 ’

2

(a) 2-D CartesiarSpace (b) Embedding~unctions
//scan entire space in |exicographic order
for il = -00, +00
for 12 = -00, +0

/I at each point, execute statenent instances mapped there
for il =1, N

SL:if ((i1==1i1)&i1==i2")) x[il] = a[il]
end
for i2 =1, N
S2:if ((12==11")&&(12==i2")) x[i2] += b[iZ2]
end
end
end
(c) UnoptimizedCode
for il’ =1, N
x[i1'] =a[il]
x[i1'] += b[il]
end
(d) OptimizedCode

Figure5: EmbeddingandCodeGeneration
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1 N
F
EARRR Y
B . N T .
82\ 1 N /F; 1 N
i2

Figure6: 1-D Embeddinggor Loop Jamming
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—
o
-
[N

i om o nnu

endi f
if (tl

S2: A(i
endi f

end

end

end

end

end

end

1, T
2, N1

2, N1

1, T

2, N1

2, N1

== t1 && i2 == 2 && |2 == 2)

i1,j1) = (A(i1,j1+1) + A(i1,j1-1)

+ A 1+1,j1) + A(i1-1,j1)) / 4

== t2 & i1 == N1 & j1 == N-1)
2,j2) = L(i2,j2)

Figure7: A Perfectly-neste¥ersionof Jacobi
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fort =1, T
for il =2, N1
for j1 =2, N1
S1: L(i1,j1) = (A(i1,j1+1) + A(il,j1-1)
+ A(i1+1,j1) + A>(i1-1,j1)) / 4
end
end
end

for t =1, T
for i2 =2, N1
for j2 =2, N1
S2: A(12,j2) = L(i2,j2)

end
end
end
(a) Fissionedcode
R 7
t " ty %:}
Fl( 2'1 ) = 11 FQ( 7;2 ) = t2
J1 9 J2 i
| 2] | T2
(b) Embeddings

Figure8: Embeddingdor Loop Fission
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fort =1, T
for i =2, N1
for j =2, N1
S1: L(i,j) = (A(i,j+1) + A(i,j-1)
+ A(i+1,j) + A(i-1,j)) / 4
S2: A(i,j) = L(i,j)

end
end
end
(a) Fusedcode
g T
t “u ts 2
Bl a ={4 | B(s =1
. 1 . 2
J1 i J2 i
| J1 ] | J2 ]
(b) Embeddings

Figure9: Embeddinggor Loop Fusion
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for i =

S1:

S2:

end
end

for j =1, N

1, N
c(i,j) =0
for k =1, N

c(i,j) +=a(i, k) * b(k,j)
end

Figurel0: Imperfectly-nesteiMM
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//tile counter |oops

for t1 =1, N, B
for t2 =0, N, B
for t3 =1, N, B

[literations within a tile
for j =1t1, mn(tl+B-1, N
for k =t2, mn(t2+B-1, N
for i =t3, mn(t3+B-1, N

if (k == 0)

c(i,j) =0

endi f

c(i,j) =c(i,j) +a(i,k) * b(k,j)

Figurell: Locality-optimizedMMM beforeCodeSimplification
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ALGORI THM Si npl eLocal i t yEnhancenent

DU := Set of unsatisfied dependence cl asses
(initialized to all dependence cl asses);
DS := Set of satisfied dependence cl asses
(initialized to enpty set);
RS := Set of reuse classes of the program

(sorted by priority);

for j :=1to | P| //for each dinmension of product space
L = LegalityConstraints(j, DU);
if system L has sol utions
S = SinpleTilingConstraints(yj,L, DS);
if system S has sol utions
//add dinension to current fully permutabl e band
Enbeddi ng coefficients for dinmensionj =
Pr onot eReuse( 3, S, RS);
el se
/1 No more di mensions can be added to current band.
/1 Start a new band of fully pernutable |oops.
DS = enpty set;
Enbeddi ng coefficients for dinmensionj =
Pr onot eReuse( 7, L, RS) ;
Update DS and DU,

el se fail;
end

El i m nat e redundant di nensi ons;
Til e permutabl e di nensions with non-zero ReusePenalty;

Figurel2: SimpleAlgorithm to Enhancd.ocality
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ALGORI THM Legal i tyConstraints(q, DU )
/*
g i s dinmension being processed.
DU is set of unsatisfied dependence cl asses.
*
/

Legal = System constraining Fy(743)[q] — Fs(7s)[g] to be non-negative
for every (is,73) i n dependence class in DU;

Use Farkas’ lemmm to convert system Legal into
a system L constraini ng unknown enbeddi ng
coefficients;

Return L;

end

Figurel3: FormulatingLinear Systentor Legality
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ALGORI THM Si npl eTi |l i ngConstraints(g, L, DS)
/*
g i s dinmension being processed.
L is a system constraining enbeddi ng coefficients.
DS is set of satisfied dependence cl asses.
*
/

Sat = System constraining Fy(7g)[g] — Fs(7)[q]
to be non-negative for every (@, 7y) in dependence class in DS;

Use Farkas’ lemmma to convert conjunction of L and Sat
to a system S constraini ng unknown enbeddi ng coefficients;

Return S;
end

Figurel4: FormulatingLinear Systentor Tiling
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ALGORI THM Pr onot eReuse( g, L, RS)
/*
g i s dinmension being processed.
L is a system constraining unknown enbeddi ng
coefficients.
RS is set of prioritized reuse classes.
*/

L' =1L
for every reuse class Rin RS in priority order
Z := System constraining ¢t* di mension of

reuse vectors in class R to be zero;

if (conjunction of L' and Z has sol ution)
L' := conjunction of L' and Z
endi f
endf or

Return any set of coefficients satisfying L/;
end

Figurel5: FormulatingLinear Systemgor PromotingReuse
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ALGORI THM Local i t yEnhancenent

Q = Set of dinensions of product space
DU := Set of unsatisfied dependence cl asses
(initialized to all dependence cl asses);
DS := Set of satisfied dependence cl asses
(initialized to enpty set);
RS := Set of reuse classes of the program
(sorted by priority);
j := Current dinension in transformed product space
(initialized to 1);
T := Transformation matrix for product space
(initialized to identity);
while (Q is non-enpty)
for each g in @
Construct a system S constrai ning
Fy(7y)lq] — Fs(7s)[q] to be non-negative
for every (is,73) i n dependence class in DU;
Fy(74)lq] — Fs(7s)[g] + positive a to be non-negative
for every (7s,73) i n dependence class in DS;
if system S has sol utions
Enbeddi ng coefficients for dinmensionj =
Pronot eReuse(q, L, RS);
Update DS, DU and T;
Delete g fromQ;
=0+
conti nue while-1oop
endi f;
//try |l oop reversa
Construct a system S’ constraining
Fy(zq)l[g) — Fs(7s)[g] to be non-positive
for every (7,73) in dependence class in DU,
Fy(7a)lg) — Fs(7s)[g] - positive a to be non-positive
for every (7s,73) i n dependence class in DS;
if system S’ has sol utions
Enbeddi ng coefficients for dinmensionj =
Pr onot eReuse(gq, L, RS);
Update DS, DU and T,
Delete g fromQ;
=i+
conti nue while-I oop
endi f;
endf or;
//if we reach here, we cannot find a dinension to add to current
//of fully permutable | oops
if (DS == {}) //no |egal enbeddings
fail;
else //start a new band of fully pernutable | oops
DS = {}
endwhi | e;

Apply Al gorithm DinensionOdering to the dinensions
El i m nat e redundant di nensions
Til e permutabl e di nensi ons with non-zero ReusePenalty;

Figurel6: Algorith@go Enhancd.ocality
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ALGORI THM Di nensi onOr deri ng

RPO = {il, 42, ... ip} [/l ReusePenalty order
NRPO = ( /'l nearby pernutation
m = p [/ nunber of dinensions left to process
k =0 // nunber of dinensions processed
while RPO # 0
for dimension 5 = 1,m

l =4 € RPO

Let NRPO = {il’, i, ... ik'}
if {41/, 42', ... k', 1} is legal
NRPO = {il', i2', ... ik', 1}

RPO = RPO - {l}

m =m-—1

k=k+1
conti nue while | oop
endi f
endf or
endwhi | e

Figurel7: DeterminingDimensionOrdering
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for
S1:

S2:

S3:

end

k =1,N

a(k, k) = sqgrt(a(k, k))

for i = k+1, N
a(i,k) =a(i,k) / a(k,Kk)
for j = k+1,i

a(i,j) -=a(i, k) * a(j, k)
end
end

Figurel8: kij-Cholesky Factorization:Original Code
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MFLOPS

250
—--= LAPACK
—— Locality Optimized
—— kij-Cholesky
----- jki-Cholesky
—o— jik-Cholesky
o— ikj-Cholesky
--+--Kji-Cholesky
--%--ijk-Cholesky
xeox.
R X Xt e -
[ e e e L e S e e e e L
P & S I ST & S 8 . & & & .8
N © N O © S N < © N O N
RS EE S S
Matrix Size
—+- 1-level ——2-level
250
200 1 //‘\\
,// ‘\\\
r R R et S
150 / R e
» /
Q /
¢] /
]
T
=
100 A
50 -
0 — T — T
S PR O OO O D S © &
PP RPEPELLL P PP L LLLESPP P 5
Block Sizes

(b) Variationwith tile size

Figurel19: Cholesly Factorizationandits Performance
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for ¢ =

S1:

S2:
end
end

B(r,c) = B(r,c) - L(r,k)*B(k,c)
end
B(r,c) = B(r,c)/L(r,r)

Figure20: TriangularSolve: Original Code
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—+- SGI Compiler —=— Our Method - -« --BLAS
300
250 N .
F e REMAAEE SEEEFY A A aa gy
» 2
200 4
[
o
S 1504
e
s
100 47
N
50 4 .
\b\.\’

B i P P
o—"—F""""—"—""—"—"—7——
SIS SIS P S S P P PO O SS
ST LF LI LRLSL,SLE LSS, LSS S S
S O I R i I

Array Size
—+— 1-level —2level |
250
200 RN
s ‘0~~«
Y Sl
/ - R U
/ ’7‘*“***<«—-_‘ -y
150 4 / e
0 /
a /
o
p}
T
=
100 -
50 4
o+—"""""""""""""—"—"——"——"— """
OO PO OD D PO DSOS
PERRLEPLSLLLPE P LR L PP S
Block Sizes

(b) Variationwith tile size

Figure21: TriangularSolve andits Performance
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—+-- SGI Compiler —s— Our Method

Array Size

(a) Performance

—=— 1-level ——2-level
20
18 4 -
_
L
16 4 s
e
-
14 3 -
\ P bl SED S G UEPUEPEED S
7 124 Kas
] S
2 104
@
£
F g
64
4
24
0
SO PP E NP OO ERNL OO H O® D
PEPLLEPLELLLLPELPLLL L LS PP

Block Sizes

(b) Variationwith tile size

Figure22: Jacobiandits Performance
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0008

[eXeXe] [eXeXe]

[eXeXe]

[eXeXe]

[eXe}

140 ITER = 1, | TACT
Residuals of ITER iteration

RXM( | TER)
RYM | TER)

= 0.D0
= 0.D0
Do 60 J=2,N1

50 I = 2,N1

X(1+1,3)-X(1-1, J)
Y(1+1,3)-Y(1-1,J)
X(1,3+1)-X(1,3-1)
Y(1,3+1)-Y(1,3-1)

:’E““’>§§§§§8

=

=-B
J) = B+B+A*REL

=

38

83939

0.25D0 * (XY*XY+YY*YY)
0.25D0 * (XX*XX+YX*YX)
0.12500 * (XX*XY+YX*YY)

X(1+1, 3) - 2. D0*X(1, J) +X(1-1, J)
Y(1+1, 3)-2. D0*Y(1, J) +Y(1-1, J)
X(1, 3+1)-2. D0*X(1, J) +X(1, J- 1)
Y(1, J+1)-2. D0*Y(1, J) +Y(1, J-1)
X(1+1, 3+1) - X(1+1, J-1) - X(1 -1, J+1) +X(1 - 1, I- 1)
Y(I+1, 3+1) - Y(1 41, 3-1) - Y(1 -1, J+1) +Y(1 -1, J- 1)

CALCULATE RESI DUALS ( EQUAL TO RI GHT HAND SI DES OF EQUS.)

RX(1,3) =
RY(1,3) =
50 CONTI NUE
60  CONTI NUE

A* PXX+B* PYY- C* PXY
Ax QXX+BF QYY- CF QXY

DETERM NE MAXI MUM VALUES RXM RYM OF RESI DUALS

DO 80 J =2 N1
DO 80 I = 2,N1
RXM | TER)
RYM | TER)

80  CONTI NUE

MAX(RXM I TER), ABS(RX(1,J)))
MAX(RYM I TER), ABS(RY(!,J)))

SCLVE TRI DI AGONAL SYSTEMS (AA, DD, AA) | N PARALLEL, LU DECOMPOSI TI ON

DO 90 I = 2,N1
D(1,2) = 1.D0/DX(I,2)
90  CONTI NUE
DO 100 J =
DO 100 I
R
D (1,3
RX(1,J
RY(1,J
100  CONTI NUE
DO 110
RX(1,
RY(1,
110  CONTI NUE
DO 120 J
DO 120
RX(1, J)
RY(1,J)
120 CONTI NUE

1w

N1
2,N1

2,N1
N1) =
N1) =

N2,2,-1
2,N1

=
= (

AACT, ) *D(1, J-
1.00/ (DD( I, J)- AA(I, J-1) *R)
RX(1,J) - RX(1,J-1)*R
RY(1,J) - RY(I,J-1)*R

1)

I =2
RX(1, N-1)*D( I, N-1)
(

L) -AA(L, J)*RX(L, J+1) ) *D( 1, J)
,J)-AA(L, J)*RY(L, J+1))*D( 1, J)

ADD CORRECTI ONS OF | TER | TERATI ON

[ve] 130 J=2,N1
DO 130 I =2,N1
X(1,3) = X(1,3)+RX(1,J)
Y(1,3) = Y(I,3)+RY(I,J)
130  CONTI NUE

ABX = ABS(RXM | TER))
ABY = ABS(RYM I TER))

I F (ABX. LE. EPS. AND. ABY. LE. EPS) GOTO 150

140 CONTI NUE

END OF | TERATI ON LOCP 14

150 CONTI NUE
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Time (seconds)

--- SGI Compiler — Locality Optimized ---- 'Tiled\

30.00

25.00 A -

20.00 -

15.00 4 -

10.00 +

5.00

0.00 T T T T T T T T T T T T T
50 100 150 200 250 300 350 400 450 500 550 600 650 700 750

Time Steps

(a) Performance

Time (secs)

—+- 1level ——Our Method |
30
25 I~
S ,—->*/o»~""/"‘
. e
e . PSS ot
. e

ol - .
151
10 4
5]
0 — T T T T T T T T T T T T T T T T T
O D O PO O P O RV O DO H O N D © &
PRSP LLLPLPLELLESP PP S

Block Sizes

(b) Variationwith tile size

Figure24: Performancef tomcatv
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if (N.GE 3) then

do b_t =1, (T+19)/20
do b_j = 2*b_t-1, m n((40*b_t +N+19)/ 20, (N+2*T+19)/ 20)
b_il = max((-N+20*b_j +3)720, 2*b_t-1)
b_iu = min((40*b_t +N+19)/20, (N+20*b_j +16)/ 20, ( N+2* T+19) / 20)
dobi =b_il, biu
t

I = max((-N+20*b_j-18)/2, (- N+20*b_i - 18)/ 2, 20*b_t - 19)
tu = nmin(10*b_i-1,20*b_t, T, 10*b_j-1)

dot =tl, tu

do j = max(20*b_j-2*t-19,2), 2

do i = max(20*b_i-2*t-19,2), min(N-1,20%b_i-2*t)
L(i,j) = (A, j+1)+A(T, j-1)+A(i +1,j) +A(i-1,j)) /4
enddo
enddo
do j = max(20*b_j-2*t-19,3), min(N-1,20%b_j-2*t)
do i = max(20*b_i-2*t-19,2), 2
L(i,j) = (ACGi,j+1)+A(i,j-1)+A(i+1,j)+A(i-1,j))/4
enddo
do i = max(20*b_i-2*t-19,3), min(N1,20%b_i-2*t)

L(i,j) = (A(,j+1)+A(i, j-1)+A(i +1,])+A(i-1,j))/ 4
A(i-1,j-1) = L(i-1,j-1)

enddo
doi =N mn(N 20%b_i-2*t)
ACi-1,j-1) = L(i-1,j-1)
enddo
enddo
do j =N, min(N 20%b_j-2*t)
do i = max(20*b_i-2*t-19,3), min(N, 20*b_i-2*t)
Ali-1,j-1) = L(i-1,j-1)
enddo
enddo
enddo
enddo
enddo
enddo
endi f

Figure25: Generated¢odefor Jacobi
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