A PRIORI ESTIMATES FOR FLUID INTERFACE PROBLEMS

JALAL SHATAH' AND CHONGCHUN ZENG*

ABSTRACT. We consider the regularity of an interface between two incompressible and inviscid
fluids flows in the presence of surface tension. We obtain local in time estimates on the interface in
H3%1 and the velocity fields in H 2% These estimates are obtained using geometric considerations
which show that the Kelvin-Helmholtz instabilities are a consequence of a curvature calculation.

1. INTRODUCTION

In this manuscript we consider the interface problem between two incompressible and inviscid
fluids that occupy domains ;" and 2, in R, n > 2, at time t. We assume that R” = Q;" UQ; U S,
where S; = 89} ,and let p4 : Qf — R, v4: Qti — R", and the constant p; > 0 denote the pressure,
the velocity vector field, and the density respectively. On the interface Sy, we let Ny (t,z), x € Sy
denote the unit outward normal of QF (thus Ny + N_ = 0), H(t,z) € (TS;)*" denote the mean
curvature vector, and k+ = H - Ny+. We also assume that there is surface tension on the interface
given by the mean curvature. Thus the free boundary problem for the Euler equation that we
consider here is given by

(E)

p(v + Vyv) = =Vp, reR" S,
V.-v=0, r € R" S,

The boundary conditions for the interface evolution and the pressure are

Oy +vy -V istangent to [JS; C R*TL,
(BC) t
p+(t,z) —p-(t,2) = Ky (L, z), T € St

where we introduced the notation v = v 1g, +v_Tg_ :R" Sy — R", etc.

The boundary conditions (BC) are a consequence of assuming that 1) the interface velocity is
given by the normal component of the velocity v = vy - N4, and that 2) the surface tension on
the interface S; is given by the mean curvature of the surface. A weak formulation for the Euler
flow with this form of surface tension is given by

(pv)i + Vopv = =Vp+ H(t,2)5(Sy), zeR"
V-v=0, z €R",

where ¢ is the Dirac mass distribution. This weak formulation implies the boundary condition for
the pressure stated in (BC).

Here we consider the problem where Q7 is compact and derive a priori estimates, local in time, to
the problem (E, BC) that prove bounds on v(¢,-) € H%k(R” N S;) and S; € H3R+1 for 3k>24+1.
The assumption that Q% is compact is not necessary. In fact the same estimates hold if we assume
that S; is either periodic or asymptotically flat. A more interesting observation is that our proof
works verbatim for the case where there are several fluids occupying regions Q¢ with interfaces Sy.
Thus we can treat more general setting than the existing literature.
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The interface problem between two fluids has been studied extensively in the math and physics
literature. In the absence of surface tension it is well known that the interface problem between
two inviscid and incompressible fluids is ill-posed due to the Kelvin-Helmholtz instability, and it
is argued on physical basis that the surface tension is a regularizing force that should make the
problem well posed. In [BHL93|, Beal, Hou, and Lowengrub demonstrated that the surface tension
makes the linearized problem well-posed. For the full nonlinear problem rigorous results have been
obtained for irrotational velocities. In this case the problem can be completely reduced to the
interface evolution with nonlocal operators. For this problem, Iguchi, Tanaka, and Tani [ITT97]
proved the local well-posedness in 2 dimensions with initial interface almost flat and initial velocity
almost zero. For the general irrotational problem, Ambrose [AMO03] and, more recently, Ambrose
and Masmoudi [AMO06] proved the local well-posedness in 2 and 3 dimensions, respectively.

We should note that for irrotational flows without surface tension the interface problem is given
by he Birkhoff-Rott differential-integral equation. Several results were obtained in this case such
as those obtained by Sulem, Sulem, Bardos, and Frisch [SSBF81], and Wu [Wu06]. We also note
that without surface tension one can consider the Euler equation with discontinuous velocity fields.
Although the interface problem is ill-posed, due to the Kelvin-Helmhotz instability, weak solutions
to the Euler equation which may include such discontinuities have been considered by DiPerna and
Majda[DM87], Delort [De91], and others. There is also a rich literature of numerical studies of the
interface problem, see for example [HLS97] and references therein.

A related problem to the interface problem is the water wave problem where there is only one
fluid. In this case The Rayleigh-Taylor instability, instead of the Kelvin-Helmholtz instability, may
occur. Such problems have been extensively studied and there is a vast literature on this subject,
see for example, [Wu97], [Wu99], [Li05].

Our approach in obtaining energy estimate for the interface problem is similar to the water waves
problem treated in [SZ06] in that it is geometric in nature. It is based on the well known fact that
these free boundary problems have a variational formulation on a subspace of volume preserving
homeomorphisms. We use this variational approach to determine the terms that should be included
in the energy. Of course these terms are identified as being the highest order terms of the linearized
problem to (E, BC). It is worth noting that from our analysis of the operators involved in the
linearized problem, the Kelvin-Helmholtz instability appears naturally as a consequence of the
negative semi- definiteness of the leading part of the unbounded curvature operator of the infinite
dimensional manifold of admissible Lagrangian coordinate maps. The surface tension, created by
the potential energy of the surface area, generates a higher order positive operator that makes the
linear problem well-posed and help to establish the energy estimates. The well-posedness of the
full problem well be addressed in a forthcoming article.

Our paper is organized as follows. In section 2 we explain how to determine the pressure from the

velocity. In section 3 we give a variational formulation of the problem as a constrained variational
problem for volume preserving maps. We use this formulation to motivate our definition of energy.
In section 4 we prove that our energy controls the Sobolev norm of the velocity and the mean
curvature and derive bounds on the energy. Some of the details in the geometric calculations
are omitted since they are given in details in [SZ06] and are available as notes on the web at
http://ww.math.gatech.edu/ zengch/notes/notesl.pdf.
Notation All notations will be defined as they are introduced. In addition a list of symbols will be
given at the end of the paper for a quick reference. The regularity of the domains Q?E is characterized
by the local regularity of S; as graphs. In general, an m-dimensional manifold M C R" is said to
be of class C* or H®, s > %, if, locally in linear frames, M can be represented by graphs of C* or
H?® mappings, respectively.

As in [SZ06] AL' denote the inverse Laplacian with zero Dirichlet data, H4 denote the harmonic
extension of functions defined on .S; into ch, and N4 denote the Dirichlet to Neuman operators in
the domain Q,fc Given two fluids in Qfﬁ with constant densities p+ we denote by N' = i/\/}—i—i]\/‘ -,
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the operator AN/ ~! acts on function with mean zero and its range are also functions with mean zero.
For any quantity g defined on R™ \..S; we write ¢ = ¢+ 1, +q-1o_ where g+ = qlg=.

2. DETERMINING THE PRESSURE

In this section we explain how to express the pressure in terms of the velocity in this setting
which is less clear than the free boundary problem of water wave in vacuum where the boundary
conditions of p4 are obvious.

To determine the boundary value of py we take the dot product of Euler’s equation (E) with Ny

—Ni - Vpi = pLDyx(ve - Ni) — prvs - Dy Ny
and using the fact that vﬂ; + vt = 0, we obtain

1 1
7VN+p+ + prpr_ = U4 - Dt+N+ +o_ - Dt_N_ — VUI—UT U_Ji_'.
n _ _

Substituting the formula for D, N1, which has been calculated in [SZ06],
(2.1) Dy, Ni = —((Dvs)*(Nx)) '
we have ) )
p—VN+p+ + p—VN_p_ = H+(v1,v1) + H_(vj,vj) — 2VUI—UI vi,
_l’_ —
where II1 is the second fundamental form of S; associated to N4, which satisfy I, + II_ = 0.
Since p+ = Hi(p+|s,) + A;lApi in Q;t, we have
1 1 1 1
7N+p+ + 7./\/;]?7 == —7VN+A_T_1AP+ — 7VN_A:1A]?,
P+ P— P+ p—

+ 4 (v, v)) + T (v],0l) — 2Vu17vf vy on S;.

The boundary condition py — p_ = k4 on S; stated in (BC) implies that on S}
_ 1 1 _ 1 _
pr =N (——Ngrg — — VN, AT Apy — — VN AZ'Ap_)
PF P+ pP—
+ 1Ly (o], 0]) + T (0], 0]) =2V, 7 7 o).

Finally, since V - v = 0 in R" \ S;, we have from (E)
(2.2) —Ap = pV - (V) = ptr(Dv)?, x e R" S,
Therefore,

1
pils, = N_l(—?N;n¢+VN+A11tr(Dv)2 + Vy_ A" (Dv)?),

:F

(2.3)
+ H+(’UI, UI) + (v 0] - QVUI_UI vi)

One can verify that the quantity A/~! acts on in the above has zero mean on S; and thus p is well
defined by (2.2) and (2.3).

3. LAGRANGIAN FORMULATION AND THE ENERGY

This section is intended to explain the intuition behind the energy. It illustrates how to isolate
the leading order nonlinear terms o/ and % defined in (3.22) and (3.25) respectively.

In his 1966 seminal paper [Ar66], V. Arnold pointed out that the Euler equation for an incom-
pressible inviscid fluid can be viewed as the geodesic equation on the group of volume preserving
diffeomorphisms. This point of view has been adopted and developed by several authors such as
D. G. Ebin and G. Marsden [EM70], A. Shnirelman [Sh85], and Y. Brenier [Br99], to mention a
few, in their work on Euler’s equations on fixed domains. It is this point of view that we adopted
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to explain the motivation for our definition of energy for the water waves problem [SZ06], and it is
this same point of view that forms our starting point to determine the appropriate energy for the
interface problem .

3.1. Lagrangian formulation of the problem. Conservation of energy can be obtained from
multiplying the Euler’s equation (E) by v, integrating on R™ \ Sy, and using (BC) to obtain the
conserved energy FEj:

(3.1) E(] = E()(St,v) = /

de+/ ds é/ PP s(s),
R 2 S Q; 2
where S(-) denotes the surface area.
Let us(t,y), y € Q(jf, be the Lagrangian coordinate map solving
o —ulta),  #(0) =y,
then we have v = u; o u™!, and for any vector field w on z € R" \. Sy, Dyw = (w o u); o u™!.
Therefore in Lagrangian coordinates the Euler’s equation takes the form

(3.3) puy = —(Vp) ou, u(0) = idgqy,,

where the pressure p is given by (2.2) and (2.3).

Since v(t,-) is divergence free in R™ ~ Sy, then wuy(t,-) are volume preserving. Moreover, while
ut(t,)|s, = u—(t,-)|s, may not hold, it is clear that uy(¢,Sy) = u_(t,Sp). Thus the Lagrangian
coordinates maps satisfy:

1) &1 : OF — &,(QF) a volume preserving homeomorphism.
2) S £ 90 (0F) = (90F)
Define

(3.2)

F={®d=>0,1g+ +P_1g-; Py satisfy 1 and 2 above}.
As a manifold, the tangent space of I is given by divergence free vector fields with matching normal
component in Eulerian coordinates:
Tel = {w: R\ Sy — R" | V-w =0 and wi + wﬂ@(so) = 0, where w = (0o ®1)}.

Here as in [SZ06] we are following the convention that for any vector field X : ®()g) — R" its
description in Lagrangian coordinates is given by X = X o .

Writing S(®) = ftb(So) dS for the surface area of ®(Sp), the energy Fy in Lagrangian coordinates
can be written as:

1
(3.4) Bo= Eo(wuw) =5 [ pluPdy+S@),  (wu) €T
R™~.So

where the volume preserving property of u is used. This conservation of energy suggests: 1) TT be
endowed with the L?(pdy) metric*; and 2) the free boundary problem of the Euler’s equation has

a Lagrangian action
_ P\Ut|2
I(u) = 5 dydt — | S(u)dt, u(t,-) € I.
nSo

Let 2 denote the covariant derivative associated with the metric on T, then a critical path u(t,-)
of I satisfies

(3.5) Dyur + S'(u) = 0.

In order to verify that the Lagrangian coordinate map wu(t, -) satisfying (E) and (BC) is indeed
a critical path of I, it is convenient to calculate 2 and S’ by viewing I' as a submanifold of the
Hilbert space L?(R™ \. So, pdy, R™).

*Including the density in the volume element pdy introduces a factor of % in front of the physical pressure.
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(TsI')+ and orthogonal decomposition of vector fields. For any vector field X defined
on ®(R™ \ Sp), Hodge decomposition suggests that we decompose X into X = w — Vi, with
Y =9Yilg, +9¢_1g , sothat w =wo® € Tyl and Vip o & € (TpI')L. For any YV € Tol, the
orthogonality [V - Y pdy = 0 implies

2(So)

Therefore, 1) must satisfy p1p, = p_t1b_ 2 9% on ®(Sp). This suggests that, for any & € T,
(TeD)" = {=(Vi)) 0 @ | prpy = p_¢ on &(Sp)}.

To prove this claim, we only need to find such a v given X. From X = w — V¢ and w}r +wt =0,
we have

(3.6) Xt 4+ Xt =-Vn vy —Vn - = Ny =V, ATIAY — Vv ATI A9,

Since V - w = 0, we obtain

57 —AY =V X
‘ Vilo(sy = 208 = = LN (XE + XL -V, ATV - X - Vy ATV - X))

It is easy to verify that w = X — V1 satisfies w = wo ® € TpT".
Computing %; and [ly. Given a path u(t,-) € I' and v = w;. Let S; = u(t,S0). Suppose
w(t, ) € TyyI', then the covariant derivative Z;w and the second fundamental form I, (w, )
satisfy

Wy = Dy + IIu(t) (11)717), Dy € Tu(t)Fy IIu(t) (’lf),’f)) S (Tu(t)F)L

Let v=u;0ou" ! =0ou"! and w = wou~! be the Eulerian coordinates description of u; and w,

then for X = Dyw there exists py o = p; Lo+ + Py La- @ R” N u(t, Sp) :— R determined by (3.7)
such that

(3.8) PP = P-—Pyay 00 Si,  TI(W,0) = =(Vpuw) o u € (TypD) ™
The Eulerian coordinates description of the covariant derivative is given by
(39) @tw = (@tﬁ)) o Uil = th + vaﬂ,.

The terms involving X = Dyw in equation (3.7) are expressed as follows. From wi + wt =0 on
u(t, Sp) and identity (2.1) we have

(De,w) - Ny + (Dy_w-) - No = Dy wy + Dy w® + V,rvi - Ny + Vrv - No
3.10 -

And since V - Dyw = tr(DvDw) then py,, is given by
—Apy» = tr(DvDw)
(3'11) pivvbt - Piipls"vv - _PiiNil{va—vIwi + va—wI
—T_(v],wl) - VN+A:L1tr(Dva) — Vn_AT'r(DvDw)}

vt~ L], w])

A more useful way to express the boundary value pi}v is as follows. From the divergence decom-
position formula

(3.12) 0:V~vi:D'vl+nivj‘[+Ni~VNivi on Sy,
where D is the covariant derivative on S;, implies

(3.13) Vi, ve - Ny =V, 70t Nt — kpwivi —D - (wivl) + Vvlwi.
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Thus, we have
Py =-N"YVu, vy Ny + Vo vo N+ D (wi(v] —v]))
— Vi, AT Mtr(DvDw) — Vv AZ'tr(DvDw)}.

Moreover, for any smooth function f defined on S;, we have from the Divergence theorem,

(3.14)

— VN, AT tr(DvLDwy) dS = — / L Ve VAL 'tr(DveDwy) + fr,tr(Dvg Dws)dx
St O

Again, by the Divergence Theorem the first term integrates to zero and the second term can be
written as

— VN, ALt (DveDwi)dS = | —fVi, vs - Ny +wiV fp, - v4dS
St St

(3.15)
—/Qi D2in(vi,wi)dx.

Thus, using the decomposition Vfy, = V' f + (N4 f)N+ and letting f = —N~lg, we obtain
(3.16) / gps, ,dS = / —wivi(Ny + NN tgdS + / D*(H+(N"tg)) (v, w)da.
St St RS
Computing S'(®). By the variation of surface area formula, for any w € ToI" we have
< S,(q)),U_J >L2(R"\So,pdy): / mrwi‘ ds = H_wJ__dS.
©(So) ©(So)
We need to find the unique representation S’(®) in Tl of the above functional.

Lemma 3.1. For any smooth function fo : ®(Sy) — R, let f1 = iﬁHiN*1N¢f0 and f =
f+log+ + f-1q-, then we have Vf € Tel' and for any w € Tgl,

/ fowydS = w -V fpdz.
®(Sp) R ~®(So)
The verification of the lemma is straightforward. Therefore, we have
1
(3.17) S'(®) = Vpx where pt = ﬁHiN_IN:FIii.
+ —

Splitting of the pressure. From (2.3), (3.7) and (3.17), it is clear that p(p, ,+psx) = p. Therefore,
we obtain the well known equivalence between equation (3.5) for critical paths of I and the Euler’s
equation (E) with the free boundary condition (BC). The Euler’ equation can also be written as

(3.18) Div + Vpy» + Vp, = 0.

Notice that the pressure splits into two terms, the first p,, is the Lagrange multiplier, and the
second p, is due to surface tension. These two terms will be treated differently in the energy
estimates.

3.2. Linearization. In order to analyze the free boundary problems of the Euler’s equation, it is
natural to start with the linearization. The Lagrangian formulation provides a convenient frame
work for this purpose. From (3.5), the linearized equation is

(3.19) DEw + R(ug, wyug + P*S(u)(w) =0,  w(t, ) € Ty,

where Z is the curvature tensor of the infinite dimensional manifold T'. Below we calculate Z and
228 (u), which is a linear operator on T,I'. Since these operators are self-adjoint, we will compute
their quadratic forms.

Computing 225(u). The formula for 225 (u) was given in [SZ06]
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QQS(U)(E,QD) :/ /{iwi(/{iwi +D- wl—) - fiivNipliu,w — ﬁivwlwi - Ny
St

+ wi (—Astwi‘ — wi"H‘Q + lelﬁi) ds,

for any w € T,I', where D is the Riemannian connection and Ag, is the Beltrami-Lapalacian
operator on S;. Of course 225 (u)(w,w) is independent of the choice of the + or — sign.

Needless to say that this is a very complicated expression for 225 (u)(w,w). We will single out
its leading order part. Since the value of 228 (u) does not depend on the choice of + or — sign,
we compute with the 4+ sign and assume that S; is a sufficiently smooth hypersurface. From the
Divergence Theorem,

19225(@(@,@)—/ VW ds|

St

<| ; /ﬂ_;,_(VNer;;,w + Vw1w+ - N4 + vwlwi) ds| + C‘w’%Q(St)'
t

To estimate the integral on the right side, we use the splitting of V pf{,’w on St
_ 1 _
VN+p$,w = N+ (p;r;,w’St) + VN+A+1AP$,w = 7N+pi,w - VN+A+1tr(Dw)2'
_l’_
and identities (3.15) and (3.13) to obtain
_ o 1
|@28(U)(’UJ,U}) — /St |vai_|2 dS| S ’/St pi,wEN+ﬂ+dS| + C(‘w@/z(st) + |w[%2(Rn\5t)).

Finally, from (3.16), we have

(3.20) | 225 (u)(w, w) _/ IV wil? dS| < Clwlags,) + [wlZz@ns,):

St

Using Lemma 3.1, we can define a self-adjoint positive semi- definite operator o (u) on T,,I" as the
leading order part of 22S(u). In the Eulerian coordinates, </ (u) takes the form

1
(3.21) A (u)(w) =Vfilgr + Vflg-, where fi = mTHiN_lN:F(—ASt)wi.
Clearly .7 (u) is self-adjoint and satisfies
(3.22) (0, ) = /S VT wk? ds.
t

which is like a third order differential operator on R™ \ S;. From (3.23), we can write
(3.23) 2?S(u) = o/ (u) + at most 1st order diff. operators
Computing #. For any v,w € T,,I", let v =0 o0u"" and w = w o u~! we have
R(w)(0,0)0 - = 11,(5,7) - 11,(w, @) — I1,(5,0)* = / PV PV — P Vpow|? da.
R™ .St
Assuming that the hypersurface S; and v are sufficiently smooth we single out the leading order

term of % (u)(v,-)v.
We first estimate 11, (v,v) - I, (w,w). From the Divergence Theorem and (3.11),

/ PV Dy VD wdr = / pfm(VNerig’w + VN_DPypw) dS + / ppu.otr(Dw)? dz
RS St RSy
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Using (3.6) and (3.10) for the above boundary integral and applying the Divergence Theorem twice
for the interior integral, we obtain

/ PV Dy s VDy wdr = / pD2pv,v(w, w)dx + / piv{—vaT_wTu}i‘ + 11, (wl, wl)
RS RSt -
+ T (w!,w! )+ Ve, wy - Ny +Voy_w_ - N_} — p+w+Vw+pUU p,wfvw_pavds

Using (3.13) to compute V,, w4 - N4, we obtain
2 2
| _ PV Py Vpuwdi] < C(\w|L2(st) + ‘w’LQ(R"\St))'
TL\ +
To compute I1,(v,w)?, we use the decomposition piw = pii’Hipf,w - A;ltr(Dva) and the the
Divergence Theorem to obtain

[ oAVpuPdo= [ S NpSuds+ [ VAT a(DeDu) P,
R™ .St St ’ ’ RS

Therefore,

| p’vPU,w‘de - pfu}prwdS‘ < C‘w‘%z R~S¢)*
R™ St St ’ 7 ( t)

Moreover, from expression (3.14) of pfw, we claim the terms other than N 7!'D - (wivl) are of

lower order. In fact, since

|V ve — VA;ltr(DvaﬂLg(Q?:) < Clw 2o+

e . IS |
and it is divergence free, its normal component on S; is in H ™ 2(S;) and we have

|pvw+,/\/' Ip. (er(fuJTr o) 1 s, < Clw|rz@ns,)-

Therefore, summarizing these estimates, we obtain
@20 |E@ @0+ [ INED- (il - eD)Pas] < Ol + o)
t

Using Lemma 3.1, we define a self-adjoint positive semi- definite operator %o (u)(v) on T,I" which
is the leading order part of % (u)(v,-)v. In Eulerian coordinates, %, () takes the form

{%(v)(w) =Vfilgr + Vi lg-,

(3.25) fi= p+1p7 Hﬁ:Nle:Fva—vailp . (wi‘(vl —v!)).

Assuming smooth S; and v, from (3.24), we can write
R (0, W)W = Zo(v)w + at most 1st order diff. operators.

Clearly %,(7) is a second order negative semi-definite differential operator. Therefore, the linearized
Euler’s equation (3.19) would be ill-posed if there had been no surface tension, for %y(v) would
become the leading order term. This is the Kelvin-Helmholtz instability of vortex-sheets.

Note that since &7 is positive definite and is higher order than the self-adjoint %,(v), it is not
difficult to see that the linearized problem (3.19) is well-posed. For a priori estimates of the Euler’s
equation (E) with the boundary condition (BC), the positive semi-definiteness of the leading order
part .« (u) of 2?S(u) suggests to consider the inner product of (3.5) with (225)*u; to obtain a
priori estimates.
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4. MAIN RESuULTS

In this section, we will derive local energy estimate. We show that solutions of (E) with boundary
condition (BC) are locally bounded in

(4.1) v(t,-) € H%k(R” NS and S;e HakHL

where k is an integer satisfying %k > & +1 (equivalently %k: > 5+ %)
Definition of the energies and statements of the theorems. The conserved energy of the
Euler’s equation is given by Ey = [p. s, %|v|2da: + S(S;). Higher order energies are based on the
linearized Euler flow and thus involve the differential operators <7 defined in (3.21) and %; defined
in (3.9).

Let w, : R® — R™, often written as w for short, represent the curl a vector field v defined on
R™ 5%, i.e.

wX) Y =Vxv-Y-Vyv- X

for any vector X,Y € R™. Viewing w as a matrix, its entries are w! = w( 821') . % = 07 — 8jvi.

Definition 4.1. Given domains QF with Q. compact and the interface S in H3%1 and any vector

field v € H%k(R" N S) with v +vi|s =0 and V -v = 0, define the energy E(S,v), often written
as E for short,

1 & 1 k_1
E= S| 2u]P+ |2 EVp|2 d 2
]R”\52’ 'U| + 2‘ pli’ x+|w’H%kil(R”\S),
where py, is the pressure due to the surface tension defined in (3.17).

Since the free boundary is evolving, we consider the following type of H sh—3 neighborhoods of
hypersurfaces to maintain uniform constants in the energy inequalities .

Definition 4.2. Let A = A(S, %k — %,6) be the collection of all hypersurfaces S such that there

exists a diffeomorphism F : S — S C R™, with |F - idS’H%k—%(s) <o.

Fix 0 < § < 1 and let Ag £ A(So, 3k — 3,6). From (3.17), (3.21), and (3.22),

13 1
(42) ’pH’HS+%(R"\S) S C’H’HS(S)7 S e [5? §k - 5]
3, 3
(4.3) |%‘L(H5(Rn\s)7Hs—3(Q)) <, ENS [4 — 5]43, 5]43 — 1]

where C' is uniform in S € Ag. The next proposition gives bounds on the velocity and mean
curvature in terms of the energy E.

Proposition 4.1. For S € Ay with S € H%k‘H, we have

‘R|H%k71(s) ~ COE, ’v|H%k(R’ﬂ\S) ~ CO(E + EO)

for some integer m > 0 depending only on k and n and some constant Cy > 0 depending only on
the set Ag.

The proof of this proposition will be given below. Using this result we will prove the following
theorem on energy estimates.

Theorem 4.1. Fiz § > 0 sufficiently small. Then there exists L > 0 such that, if a solution of (E)
and (BC) is given by S; with S; € H2F gnd v(t,-) € C’?(H%k(R” N\ St)), then there exists t* > 0,
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depending only on |v(0,-)| , L, and the set Ay, such that, for all t € [0,t*],

3
H2* (R S})

S, € Ag and |k <L,

(4.4) . t
E(Stav(t’ )) < 2E(SO’U(07 )) +C1 + /0 P(EO) E(St”v(tlv ))) dt’

where P(-) is a polynomial of positive coefficients determined only by the set Ay and Cy is an
constant determined only by |v(0, ')’H%’“*%(Rn\so)’ and the set Ag.
Since the domain is evolving, the above continuity assumption of v in ¢ means that there exist
3
extensions of both vy and v_ to [0,7] x R” which are continuous in H2*(R™).
In order to prove Proposition 4.1 and Theorem 4.1, we need the following lemmas.

Lemma 4.2. For any S € Ay with k € H*(S), s € [3k — 3,3k — 1], we have
1 s (s) + [Nlgs+1(sy < C(1+ |Klms(s)),
for some C > 0 uniform in S € Ag.
Proof. The proof is a straightforward application of elliptic regularity applied to
(4.5) —AgTl = D%k + (|I|*T — xIDTL

and the fact that |H|H%*1(S) < C uniform in S € Ag. O

Corollary. Suppose S € Ay with k € H%k_%(S), g e H%k_l(Qi), and ¢ = —AT'g, then we have

for some C > 0 uniform in S € Ag.

The proof of this corollary follows Lemma 4.2 and the identities

VN. Vg, 4 = N(Nx) - Vg + D*q(Ni, No) = N(Ni) - Vg — g — k2Vnig on S
— AV, 4= VN, 9—2D%q- DNy, in OF.
Lemma 4.3. Suppose S € Ag with k € H%k_%(S),
1 1 3 3 1
(=88)2 = Nelpge(s) SCA+ IRl g ) 8 €15~ gkgh =35l

Proof. From the identity
(—Ag = N2)f = ke Ne(f) = 2V, (—As) H(DNpy - D*fr) = Na(Nx) - (Nx(f)N2 + VT f)
for any smooth f:S — R, and lemma 4.2 we have
| = As = N2l (s),1-1(59) < €

Using commutators estimates [—Ag, NVi] and factorization, the lemma follows. A detailed proof of
the commutators and the factorization is given in section 6 of [SZ06]. U

Proof of Proposition 4.1. The two terms |sz%kv]%2(s) and |%k7%Vp,§]%2(S) can be written ex-
plicitly using the definition (3.21) of &/

(4.6) 5ol ars) = [ (AN (—Ag)utas

(4.7) |42{§_%Vpn|%2(R"\S) = /SHJrN(—AsN)k_lmrdS’
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where
V= (L R N VR P TOL I VR ST VA !
(4.8) N = NN TN = (N ™ (oA ™) 7

Clearly N is also self-adjoint and positive. The estimates on ]&]H 311

1
) and \ng%,ﬁ%(S) follow
1
immediately since from lemma 4.3 N3 behaves like (—Ag)z2.
To bound v in terms of Ey and E we note that Av is controlled by E from

(4.9) Av' = 8jw§-.

Therefore it is sufficient to control the boundary value V n, v+ by E. Moreover from the identity
VN, v+ = (Dvg)*(Ni) +w+(Ny) where wy is the restriction of w on S, it suffices to show that Ey
and E control vy = (Dvy)*(Ng).

We first estimate IJI using the identity

(4.10) Agv] =VT(D-v])+Ric((Dvp)*(Ny) ") + (Dx, w,, )(X;), atz € S
where Ric is the Ricci curvature of S, {X1,..., X,,_1} is any orthonormal frame of T,.S, and the

tangential curl w,), . of v] is defined as

wh (@)(X)- Y =Dxv] Y -Dyv] - X=Vxv] Y -Vyv] X

Vi

for any X,Y € T,.S. From the definition of v+ we have
wy, (X) Y =T (X) - Vy vy =T (Y) - Vx oy

vy

Therefore, by Sobolev inequalities, there exists C' > 0 uniform in .S € Ag so that

T T : , , T, .
’ASVHH@(s) <ID- V+‘H%*%(S) + ‘RIC‘H%*%(S)’NJF‘H%*%(S)’DU”H%*?(S) e, HE-3(9)

N
<|D- VHHgkfg(S) + Clogl an

3 1 B
Here the norm H2"5 is chosen to illustrate that the term is lower order. In fact any H 3k with
O0<ax< % works. To estimate the divergence term D - VI, one may compute

D] = Agot - D (L),

%(Qﬂ'

which along with Lemma 4.2 implies

T 1
D vily g5 SClFlL 30

b T OMelygig g lve — o - NN 0 g )

1L

Therefore, from (4.6) and (4.7), we obtain

(4.11) Asvl] gig g < CET +C(1+ E5)|vy|

2(5)

Finally, we only need to estimate VJJ; = VN, v4- Ny, much as in the way in [SZ06]. Extending v,
into O as vy = (Dvy)*(Ny, ), where Ny, is the harmonic extension of Ny into QF, and comparing
the two ways of computing V - v; on S using 1) frames and w and 2) divergence decomposition
formula on S, we obtain

Vn, v4 - Ny = (Vx,w)(Xi) - Ny + Dvy - DNy, —D-v] — kv

H3FF Q)

Moreover,
VN vg - Ny =V (Vi v4 - Ny ) = Ny Do (No (N )
=NG(v30) + VN, AL A(V g, o4 - Ny ) = Ny - Do (N5 (N, ).
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Therefore, from the estimate on D - VI, we obtain
\./V‘+V+|H7_,(S)

which, along with (4.9) and (4.11), implies

2 2 2
0412 41 e, S CE+CA+EDol2 gy

< CEZ+C(1+En|vy] 4

ool

@*)’

The estimate in Proposition 4.1 follows immediately from Sobolev inequalities. 0

Proof of Theorem 4.1. To prove Theorem 4.1, in addition to Proposition 4.1, we need the
following: a) the estimates on the Lagrangian coordinates map and consequently x € H %’“*%(s ),
b) estimates on w = Dv — (Dv)*, and ¢) commutators involving D;. In the following all constant
C > 0 will depend only on the set Ag.

Estimate of the Lagrangian coordinate map u(t,y). We will only work on the domain Q!. From our
assumption on v, the ODE w(t,y) = v(t, u(t,y)) solving u is well-posed. Since u(t,-) : Qf — Q)
is volume preserving and %k > 5 + 1, it is easy to derive, Therefore,

t 3
. —_— / . , . 2 /

(412 ) =l ygn gy <€ [ 10 g I,

where C' > 0 depends only on n and k. Let u > 0 be a positive large number specified later,

(4.13) to = sup{t | |v(¥, < u, Vt' € [0,t]},

I

We have tg > 0 due to the continuity of v(¢, -) in H%k(Qt) From ODE estimates, there exists ¢; > 0
and Cy > 0 which depend only on u such that, for all 0 < ¢ < min{¢,#},

(4.14) lu(t, ) — I|H%k(93) < Ost.

It implies the mean curvature estimate, for all 0 < ¢ < min{to, ¢1},
(4.15) 58 N 303 (g, < 1500, g ga-g g) + O3t

Here it is easy to see from local coordinates that C3 is determined only by p and the set Ap.
Therefore, there exists to > 0 determined only by p and the set Ag such that S; € Ag for
0 S t S min{to,tQ}.
Evolution of the curl w = Dv — (Dv)*. It is easy to compute

Diw = DDw — (DDyw)* + ((Dv)*)? — (Dv)? = ((Dv)*)? — (Dv)? = —(Dv)*w — wDw.
Since %k > & + 1, we have

d
o D2k twf? < vl

4.1 2 :
( 6) dt RS, Bk 1( ”\S) Hgk R"\S)| |H%k_1(R"\Sz)

The commutator involving Dy. First we list a few commutators calculated in [SZ06]:

(4.17) D;Vg = VDyg — (Dv)*(Vg),

(4.18) Dy, A;l]g = A;1(2D’U . DQAilg + Av - VA;lg),

for any smooth function g. It also has been proved in [SZ06] that, for any function f defined on S,
7 3 3 1

(419) ’[DtyASt”L (H1(Sy),H*1—2(S})) < C‘U‘ R”\S’t) S1 € (5 — 2l€, 2l€ 5],
13 1

(4.20) ’[Dt’N:t]‘L(HS2(St),H52—1(St)) < C’U|H%k(Rn\St) s2 € [5, 5’“ - §]~
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It also implies that

13 3
—1
(4.21) D6 N7 n s (s0),15-1(50)) < Ol g g, s€[=5, 5k~ 3]
13 1
(4.22) [Des Ml niare (s, me1(s0) < Clol e s, s€ly 5k =3

Evolution of E. For the rest of this section, let @ = Q(|v]

positive polynomial in |v

3 K| 3 denote a generic
ij(Rn\St)7‘ |H§k71(st)) g

and ‘FL‘H 3ro1 with coefficients depending only on the set

’H%k(R"\St)’
Ap. One may notice here, by
Lemma 4.2, |H|H%k_1 , and \vi|H%k_1

(St)

and |vl |H §r-1 g, COD also be included in Q. Recall

(St) 2(8y)’ St)
that
D, dS = (D - vl + ktvy)dS.
Since
V -vgls, :D-vl+mivi+VNivi-Ni =0
then

|nivi+D-vg 3,3

w33 (s) IV Ny - Ni’H%k 3 < Clv|

2 (S
and thus D;dS would not complicate the estimates since %k > 5+ 5.
Before we embark on calculating the energy inequality it is helpful to recall two facts. First, we

only need to keep track of terms which can not be bounded by ’vi’H%k(Qi) and ]/i]H%,ﬁl(S v and
t t

H2RRAS))

second, Ny are selfadjoint operators of order one.

I E‘%Q QVpH’m ®nsy) ~ Jsi “+N(—Ast/\7)k71(—ﬁst)vids‘ <Q.
From (4.7), (4.19), and (4.22), it is clear

';jtvaﬁ\m(w\st) /S m/\_/'(—Ast/\_/)le”mdS) <Q.
From the expression for D¢, k4 given in [SZ06]

(4.23) Dy, kir = —Ag, vt —vi|I]? + (D -11)(v)) = —Ag,vx — vx|T)? + V, 1kt
and Lemma 4.2 we only need

(4.24) | K+N(—Agt/\7)’“*1vvlﬁ+dsy <Q.
St

to derive estimate I. By considering a flow ¢(, -) on ;" generated by H+UI, the above commutator
estimates applied to D, allow us to pull VUI to the front with lower order errors

/ iy N (=Ag NIV rrydS — 1/ V,T (m/\’f(—ASt/\’/)’f—lm) dS’ <Q.
S, + 2 S +

Therefore, inequality (4.24) follows from the Divergence Theorem and I follows consequently.

II: } (317 5020 s, — Bex) + J5, v (= A5 N )iy ds‘ <0
where the extra term
P+ Y o\ E—2
Eear: = = Vv N —A N \V4 ds
2or +p0) Jg, N RSNV s

p— Y 7\ k—2
- v -N(-A \% dS}.
2(p+ +P—) . vl B+ N( StN) vl K+ }
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From (4.6), (4.19), and (4.22), it is clear

1d K
2dt’d2v’L2 R™~.St) /S' ’U-QJ:(_AStN)k 1(_A5t)Dt+’U-§J:dS < Q
t

Using (3.18), (2.1), (3.17), and (3.11), we have
Dt+v+ (Dt+v+) Ny +og - Dt+N+ = —VNJFPK,U — VNjJ)i - VUTU+ - N4

(4.25)

= 7N+p§,v — Vn, AT Mr(Dv)? = Nky — V TU+ + H+(v+,v+)
+

From the corollary of Lemma 4.2, we have

(4.26) |V, AT tr(Dv)?| S Q.

H%ki% (St
Therefore,
1d

— _ 1 _
(4 27) 2 dt’ﬂQv’LQ (R™~.5¢) /S' Ui_(_AStN)k 1(_A5t)( a 7N+p§,v _NFH-
’ t

-V TU+ +H+(U+,v+))d5’] <Q.
From (3.11), we can write the first term in the second integral as
1 1 _
_7./\/’-0-]95@ = 7N+N_1{2V I T’U_J’_'—H_‘_(’UI,UI) H—( Ta T)
P+ Topt Y-
— Vn, A7 Mtr(Dv)? — Vv AZ'tr(Do)?}

Since ]N71N+\L 344 (51)) < C, we have that its dual N4 N ! satisfies the same estimate. There-

fore, using (4.26), we obtain
1 S 1 -1 1L T T T, T
|- EN+pv,v - ;N+N (QVUT;UIUJF — 1L (vy,04) = Hf(v_,v_))ngkf%(St) <Q.
From Lemma 4.3, we have

|N+-/\_/’71 PP ’ 3k ) < Q7

pr + p LB E(5)HER (s

o

which, along with Lemma 4.2, implies

1 p
| = —Nipp, - m( Voroorvy — (vl vf) - (o2 v )l ge-3g, < @

Substituting this estimate into (4.27), we have

1d — P+ p—

5 n L=Ag MF N =Ag {—F— T (0], 0]) - —=— 11w, 0]
2dt| |L2R ~St) /gtv+( St ) ( St){p+_|_p_ +( + +) p++p_ (’U )
_ _ - 2p_

Ny + Vol (22T - P TS| < Q.
4 Vub (LT - 2 Tag

Much as the proof of inequality (4.24), by commuting Vvl we obtain

1 k-1 L P=——P+ T 20— T
v (—Ag N —Ag, )V - vy — v_)dS| < Q.
| s, +( t ) ( t) + (,0++p— + p++p_ ) ’

Therefore, we have
1d, & o Dy
|2dt|ﬂ2v|%2(Rn\St)_/ Ui(—Ast/\/’)k 1(—A5z){TH+(U+,v+)
(4.28) St P+ T p—

P— T =
— 11 (v ,v) =Nk }dS| < Q.
o T (v, 0l) +3dSI < Q
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In order to estimate the terms with II, we first use Lemma 4.2 and identity (4.5) to obtain

‘Agt(ﬂi(’l}l,vl))—DQH:‘:(UI,UI)’H Sk— g <Q
Since
DQ,‘%(UI, UI) = Vvlvvlmi — Dvlvl - Vk+
we have

1d e o P+
th’,Q/ U‘LQ(R"\St) / U_J,_‘(—Agt./\/)k 1{A5t./\/-/<&+—7vv1vv1fi+

S P+ + p-
p—
+ ——V 7V, 7h_}dS| < Q.
p++p— - - yas|
As in the proof of (4.24), we apply the commutator estimates (4.19) and (4.20) to move one of Vo1
and obtain
|1d|42%2v\ - v (—Ag,v1) - N(=Ag, N2V rry dS
2 dt LQ(Rn\St) Pt 4 P U S V4 St UI +
- v T (—Agvy) - /\7( Ag N2V 1k dS +/ H(~Ag,N) ki dS| < Q.
p+ + p— - S
From identity (4.23),
| Astv_‘_ Dt+ﬁ+’H%k*2(5t) <Q,

which implies

1d P+ Y ryk—2
2dt’42/ U‘LQ(R"\St) m s, VUJTFDtJr/m_ -N(—Ast/\/) VUIH+ dsS

— = [ VD, ky N(—~Ag N2V 1k dS +/ vi(—Ag,N)Fry dS| < Q.
p++p-Js, - - St
Using (4.19) and (4.20) one more time, we obtain inequality II.

Proof of Theorem 4.1. Adding inequalities (4.16), I, and II, we have

t
(4.29) E(t) = B(0) + Eex(t) — Eex (0) S/O Q(lvlgse(rn s, |6l par-1(s,) dt’,

where (@) is a polynomial with positive coefficients that depends only on Ay. This inequality holds
on [0, min{to, t2}] where #o is defined in (4.13) and 3 is determined only by [v(0, -)| sk @ng,) and

the set Ag, the neighborhood of Sy in J28 Ll Clearly

| Eez| < C‘U’ 3k *%(Rn )

5]

H3%3(5,)
where C' > 0 depends only on the set Ao Interpolating v between H3F(R"\ S;) and H 3k—3 (R™"\.Sy)
and x between H3*~1(S;) and o33 (St) we obtain from Proposition 4.1,

|Eey §§E+01( + [v|™ )

1353 (RS))

for some integer m > 0 where the constant C, which include ’R‘HSk_% (S0’ is determined only by
t
Ep and the set Ag. From the Euler’s equation (3.18), (4.2), (3.11), Lemma 4.2, and its corollary,
\Dtv\ 3 ‘vay + Vp,.g| 3,3 <Q.

H35 =3 RS HZF =2 (R7\Sy)

We can use the Lagrangian coordlnate map u(t,-) to estimate

v (t, ')‘H%—%mn\st) — |v(0, -)\Hgk_g(Rn\So)
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Through a similar procedure of the derivation of (4.14), there exists t3 > 0, depending only on
[0(0, )| 3k (rns,) and the set Ag so that for 0 <t < min{to,?3},
t
o) ~ (0, < [ Qar
0
for some polynomial ) with positive coefficients. Therefore,
t 1 t
)+/1Qm/§2E+Ch+/mQﬁﬁ
0 0

and the set Ag. Thus

m 3 m 3
H3F =2 (RP.S)) H3F =2 (Rn<Sp)

1
FE.. <-F 1 "
er > 9 + Cl( + ”U(O, )’H?’k*%(R”\SO)

where (' is determined only by |v(0, ')‘H%’“*%(R )
’VL\ +

E@m@wgw@w&w+a+£Qw.

By inserting the above inequality into (4.29) and using proposition 4.1, we obtain (4.4). By choos-
ing p large enough compared to the initial data, Theorem 4.1 follows. O

Notation

A*: the adjoint operator of an operator.

D and 0: differentiation with respect to spatial variables.

V f: the gradient vector of a scalar function f.

V x: the directional directive in the direction X.

1 and T: the normal and the tangential components of the relevant quantities.
D; = 0; + v'0,: the material derivative along the particle path.

Sy = 0€); the boundary of a smooth domain evolving in time.

N(t,z): the outward unit normal vector of Sy at z € S;.

IT: the second fundamental form of Sy, II(¢, z)(w) = VN € T,S;.
IIX,y)=1II(X) - Y.

k: the mean curvature of S, i.e. k = trll.

fr = H(f): the harmonic extension of f on €.

N(f) = VNH(f): S — R: the Dirichlet-Neumann operator.

X = X ou~! the Lagrangian coordinates description of X.

D: the covariant differentiation on S; C R".

Dy = Vg, for any x € Sy w € T,5;.

R(X,Y), X,Y € T,S;: the curvature tensor of S;.

A £ trD?: the Beltrami-Lapalace operator on a Riemannian manifold M.
A~!: the inverse Laplacian with zero Dirichlet data.

I = {®; : QFf — R" ; volume preserving homeomorphism, such that ®,(9Q%) = &_(9Q7)}
2: the covariant derivative on T,

2: represent 7 in Eulerian coordinates.

Z: the curvature operator on I'.

X represent Z in Eulerian coordinates.

II: the second fundamental form of I' C L?

IT, (wy, we) = Vilwg, forany u € I', wi,we € T,T

Pow = —A7ltr(DvDuw).
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