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Preface

These lecture notes are intended as a reference for a 3rd year, 20 hours ”Control Engi-
neering” course at the EEE Department of Imperial College London. In addition, they
can be partly used as support material for a 50 hours ” Automatic Control” course at the
University of Rome Tor Vergata. (The reason why similar topics are taught in such a
diverse time range is, and will probably remain, a mistery to me, even after various years
of experience with students and courses from both institutions!)

In both cases, this is the second control-like course taken by the students. The main
goal of these notes is to provide a self-contained and rigorous background on systems
theory and an introduction to state space analysis and design methods for linear systems.
In preparing these notes I was deeply influenced by the approach pursued in the book
"Teoria dei sistemi”, by A. Ruberti and A. Isidori (Boringheri, 1985) and by my research
experience on nonlinear control theory. Different approaches can be pursued, and the
so-called behavioural approach, developed by J. Willems, is (in my opinion) the best
alternative.

These notes are organized as follows. I start giving an abstract mathematical description
of the notion of system, illustrated by several pratical examples (Chapter 1). I then move
to the study of properties of autonomous systems (Chapter 2), and then to the study of
the input-to-state, the state-to-output, and the input-to-output interactions (Chapter 3).
Finally, T discuss a few basic design tools (Chapter 4). I try to deal at the same time
with continuous- and discrete-time systems, pointing out similarities and differences. The
reader should be familiar with standard calculus and linear algebra.

I hope the reader will find these notes a valuable starting point to proceed in more advanced
areas of systems and control theory. In particular, these notes should provide the necessary
tools for the 4th year control courses and the Control M.Sc. course at Imperial College
London. I am aware that there are several excellent books where the same topics are dealt
with in detail. The idea of these notes is to provide a condensed, yet precise, introduction
to systems and control theory amenable for a short second (even first) undergraduates
systems and control course, and not to be a substitute for more in-depth study.

vil



viii PREFACE



Chapter 1

Introduction



2 CHAPTER 1. INTRODUCTION

1.1 Introduction

Aim of this chapter is to introduce the notion of system. In the (abstract) definition of
system, we follow a simple and natural approach, the so-called input-output approach,
which is motivated by the study of simple systems. Among the various mathematical
representations we give particular emphasys to the one based on the introduction of an
auxiliary variable, the state variable, which is denoted as state space representation. This
representation plays a fundamental role in systems and control theory, hence we discuss
in detail its properties and the conditions under which it can be introduced.

1.2 Examples

In this section we consider a few motivating examples, which are instrumental to introduce
the notion of (abstract) system.

1.2.1 Growth of a family of rabbits

The number of pairs of rabbits n months after a single pair begins breeding (and newly
born bunnies are assumed to begin breeding when they are two months old) is given by
the so-called Fibonacci numbers, which are recursively defined as

Fy=0 Fi=1 F,=F, 1+ F,_o. (11)

Interestingly

e the Fibonacci number F, 11 gives the number of ways for 2 x 1 dominoes to cover a
2 x n checkerboard;

e the Fibonacci number F), o gives the number of ways of picking a set (including the
empty set) from the numbers 1, 2, ... n, without picking two consecutive numbers;

e the probability of not getting two heads in a row in n tosses of a coin is Fg,f =

Finally, given a resistor network of 1) resistors, each incrementally connected in series
or parallel to the preceeding resistors, the net resistance is a rational number having
maximum possible denominator equal to Fj, 1.

This example shows that the same mathematical object models several physical situations
or properties. This justifies therefore the study of the feature of the abstract object (1.1)
without reference to the real situation that it represents.

1.2.2 Model of an infectious disease

There are several mathematical models which describe the interactions between HIV and
immunocytes in human body. The most commonly used model for long-term excitement
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of the immune response, and hence for medication purposes, is described by the equations

&=\ —dx —nfry y =nPry —ay —yl, (1.2)
where x denotes the population of uninfected CD4 T-helper cell (in a unit volume of

blood), y denotes the population of infected CD4 T-helper cell (in a unit volume of blood),
I denotes the action of the immune system, and A, d, 3, n and a are positive parameters.

The population of healthy (uninfected) CD4 T-helper cells (produced by thymus) increases
at a rate )\, and decreases at a rate dz (since a cell dies naturally). The healthy CD4 T-
helper cells are a target of HIV, hence its population decreases proportionally to x and
y, because infected CD4 T-helper cells produce the virus, i.e. when a cell is infected it
generates new virus. The infected cells die out at a rate ay, increase at a rate proportional
to z and y and are affected by the immune system.

In general, and without any medication, the model (1.2) has three main operating condi-
tions. One which corresponds to a healthy patient, one which represents a patient with
HIV but not with AIDS, and one which represents a patient in which AIDS dominates. It
can be (rigorously) shown that the first two operating conditions are unstable, whereas the
third one is stable (formal definitions of stability and instability will be given in Chapter 2).
This justifies the difficulty in treating HIV infected patients.

1.2.3 A scholastic population

Consider a three-year course and the problem of modelling the number of students in each
year. Let

o u(k
o y(k

e z;(k) be the number of students in the i-th year at time k;

be the number of incoming first year students at time k;

be the number of graduated students at time k;

(
e «;(k) € [0,1] be the rate of promotion in the i-th year at time k.

The behaviour of the students’ population can be described by the equations
z1(k+1) = (1—oay(k)zi(k)+ u(k)
xg(k-l-l) = (1—&2( ))x ( )+a1(/€)$1(1€)
xg(k + 1) = (1 — ag( ))xg( ) + ag(k)xg(k)
y(k) = as(k)zs(k).
In the ideal situation in which «;(k) = 1 for all £ we have that
y(k) = u(k = 3),

which clearly shows that all incoming students are graduated after three years. Finally,
in the extreme situation in which, «;(k) = 0 for all k£ and for some i, we have

klim y(k) =0.

(1.3)



4 CHAPTER 1. INTRODUCTION

1.2.4 A tractor-trailer system

Consider a vehicle (see Figure 1.1) consisting of a wheeled tractor with two rear-drive
wheels and a front-steering wheel, towing a trailer, possibly with off-axle hitching. The
off-axle length ¢ has to be regarded as a variable with sign, being negative when the joint
is in front of the wheel axle, and positive otherwise. L and Ly are constants depending
on the geometry of the vehicle. The longitudinal speed vy and the steering angle § of the
tractor can be (independently) manipulated so that the guide-point P; follows a desired
path with an assigned velocity.

Suppose that the vehicle has to follow, at a given speed, a circular path of radius R;.

Figure 1.1: Vehicle’s geometry and path-tracking offsets l,s and 9.

To describe the motion of the vehicle, define s and 19,5 as the tractor lateral offset and
its orientation offset, respectively. They are measured with reference to the projection of
the point P; of the tractor onto the path. Moreover, let ¢,s = ¢ — ¢, be the difference
between the current angle ¢ between tractor and trailer and its steady state value ¢,
along the prescribed path. Path-tracking can be viewed as the task of driving these offsets
asymptotically to zero.

The offsets are such that

s = —0 |v1|sin ¥s
J U o] cos Vs
= V17— —0\NM| —=7—"—"—"""
08 ! L1 ! Rl + los
. vl U1
Pos = I, sin (@os + @p) — L. Lo (ccos (pos + ¢p) + L2) u,
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where u = tand is the manipulated variable, and the parameter ¢ is used to distinguish
between counterclockwise (o = 1) or clockwise (0 = —1) directions.

In many applications, the absolute value of the steering angle § is bounded by a saturation
value dp < /2.

1.2.5 A simplified atmospheric model

Consider a rectangular slice of air heated from below and cooled from above by edges kept
at constant temperatures. This is our atmosphere in its simplest description. The bottom
is heated by the earth and the top is cooled by the void of outer space. Within this slice,
warm air rises and cool air sinks. In the model, as in the atmosphere, convection cells
develop, transferring heat from bottom to top.

The state of the atmosphere in this model can be completely described by three variables,
namely the convective flow z, the horizontal temperature distribution y, and the vertical
temperature distribution z; by three parameters, namely the ratio of viscosity to thermal
conductivity o, the temperature difference between the top and bottom of the slice p, and
the width to height ratio of the slice 3, and by three differential equations describing the
appropriate laws of fluid dynamics, namely

z=o0(y —x) y=pr—y—xz Z=uxy— Pz. (1.4)

These equations were introduced by E.N. Lorenz in 1963, to model the strange behaviour
of the atmosphere and to justify why weather forecast can be erroneous, and have been
recently shown to play an important role on models of lasers and electrical generators. Note
that the Lorenz equations are still at the basis of modern weather forecast algorithms.

1.2.6 A perspective vision system

A classical problem in machine vision is to determine the position of an object moving in
the three-dimensional space by observing the motion of its projected feature on the two-
dimensional image space of a charge-coupled device camera. In this case, the problem of
determining the object space coordinates reduces to the problem of estimating the depth
(or range) of the object.

The motion of an object undergoing rotation, translation and linear deformation can be

described by the equation
T ajl aip as Ty by
Ty | = | a1 a2 a3 T |+ | b2 |, (1.5)
T3 asy asz ass T3 bs

where (21,72, 23) € IR? are the coordinates of the object in an inertial reference frame,

with x3 being perpendicular to the camera image space, as shown in Figure 1.2. The
parameters a;;, b;, known as motion parameters, are time-varying and known.
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Ao,

Figure 1.2: Diagram of the perspective vision system.

Using the perspective (or “pinhole”) model for the camera, the measurable coordinates on

the image space are given by

T1 T2 }’
)

y=lwm w]'=¢[ 7

23 3 (1.6)

where € is the focal length of the camera, i.e. the distance between the camera and the
origin of the image-space axes.

The perspective estimation problem consists in reconstructing the coordinates x1, =2, x3
from measurements of the image-space coordinates 1, ys.

1.2.7 The ABS system

Electronic Anti-lock Braking Systems (ABS) have recently become a standard for all
modern cars. ABS can greatly improve the safety of a vehicle in extreme circumstances,
as it maximizes the longitudinal tire-road friction while keeping large lateral forces, which
guarantee vehicle steerability.

For the preliminary modelling of braking systems, the so-called quarter-car model is used
(see Figure 1.3). The model is described by

Jw=rF,—T, mo = —F, (1.7)
where

e w is the angular speed of the wheel;

e v is the longitudinal speed of the vehicle body;
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Figure 1.3: Quarter car vehicle model.

e T} is the braking torque;
e F, is the longitudinal tire-road contact force;

e J, m and r are the moment of inertia of the wheel, the quarter-car mass, and the
wheel radius, respectively.

The dynamic behavior is hidden in the expression of F)., which depends on the variables
v and w, and can be approximated as follows

Fy = leu()\aﬁtv 97‘)7

where

e [, is the vertical force at the tire-road contact point;

e ) is the longitudinal slip, defined as’

V—wr

max{wr, v} ;

e [3; is the wheel side-slip angle;

e 0, is a set of parameters which characterize the shape of the static function p(X, 5¢; 6,)
and which depend upon the road conditions.

T

!By definition, A € [—1,1]; during braking, though, as wr < v, the wheel slip is defined as A = =t
and X € [0, 1].
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1.2.8 A simplified guitar string

Consider a guitar string and assume that it can be modelled by n identical segments
(linear lumped springs of unity mass) which interact by means of elastic forces (depending
on a tension parameter k). Let x;, #; and Z; be the position, velocity, and acceleration,
respectively, of the i-th segment. The string can be described by

:'151 = —k?(:l?l — l‘Q)
ig = —k(xg — xl) — k(xg — xg)
B o= —k(r; —xi1) — k(v — 2i41) (18)
Zn = —k(zp —2zp_1).
This can be rewritten in compact form as
[ -k kK 0 0 0 7
k. =2k k 0 0
0 kK -2k k ... 0
=1 . : . . . |z = Ax,
0 e 0 kK -2k k
. 0 ... 0 0 kK —k |
where x = [z1, 2, ..., x,)". The main frequency of oscillation of the string, hence the tune

of the string, is a function of the square root of the largest nonzero eigenvalue of A, and
this depends on k, hence on the tension on the string.

Remark. A more precise model of a guitar string of length L is given by the so-called
one-dimensional wave equation

Py, 1) _ p 9l
Oy T otz 7

(1.9)

where y € [0, L] denotes the position of a point on the string, x(y,t) the deformation of
the point y at time ¢ with respect to the rest position, p the mass per unit of length, and T
the tension of the string. From this equation it is possible to obtain the given approximate
model by considering the finite difference approximation of the derivative, namely

a2l‘(y,t) ~ :E(y + hvt) B 2l‘(y,t) + :E(y B hvt)
oy: h?

defining the variables
x1 =x(0,t) xzo=ua(h,t) -+ z,=2xz(L,t),
and using the constraints

z(L+h)—xz(L)=0 z(0) — x(—h) =0.



1.2. EXAMPLES 9

Note finally, that the wave equation admits a close solution given by

z(y,t) = Asinwy,tsin %,

where

5 nin?T

Wy = ——.
n L2 p
o

1.2.9 Approximate discrete-time models
Consider the differential equation

= f(a), (1.10)

with € IR"™, together with the initial condition z(0) = x(, for some given xy, and the
problem of obtaining a solution z(t), for ¢ > 0, of such equation. With the exception
of very specific examples, it is in general not possible to compute a closed form solution
x(t). This implies that z(t) has to be computed numerically, i.e. the idea is to select a
sequence of time instants 0 < t; < t3--- and to construct a numerical algorithm yielding
values 1, 2, --- which approximate x(t1), z(t2), ---. To this end, the simplest possible
approach is to consider an equally spaced sequence of time instants, namely

{077’,2’7’,---’k7—’---}’

where 7 > 0 is the so-called sampling-time, and approximate the time derivative with the

first difference, namely
—z(k
(k) ~ x(kt +71) — 7')'
T

The differential equation can thus be approximated by

x(kt + 1) — x(kT)

= f(z(k7))
yielding the integration algorithm

Ty = 2 + 7f(T1), (1.11)

with k£ > 0, and with z¢ given. The equation (1.11) is known as the Euler discrete-time
approximation of the differential equation (1.10). The sequence {x;} obtained from the
Euler approximate model is such that

lex — w(kr)l| < T(k)

where (k) is a function of k which is not, in general, bounded. This implies that the use
of the Euler approximation yields an error that can be reduced (under certain technical
conditions) reducing the sampling interval 7 but may become unbounded as k — oo,
i.e. the Euler approximate model cannot be used for long term prediction of the solution
of differential equations.
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1.2.10 Google page rank

The speed, and success, of Google can be attributed in large part to the efficiency of the
search algorithm which, linked with a good hardware architecture, creates an excellent
search engine.

The main part of the search engine is PageRank™ , a system for ranking web pages
developed by Google’s founders Larry Page and Sergey Brin at Stanford University.

The main idea of the algorithm is the following. The web can be represented as an oriented
(and sparse) graph in which the nodes are the web pages and the oriented paths between
nodes are the hyperlinks. The basic idea of PageRank is to walk randomly on the graph
assigning to each node a vote proportional to the frequency of return to the node. If z;(k)
denotes the vote of the node i at time k, one has

xi(k
rk )= ¥ Jn(j),
Jig—t
where n; is the number of nodes connected to the node i, for ¢ = 1,..., N, where N =

3.000.000.000. The graph, representing the web, is not strongly connected, therefore
to improve the algorithm for computing the vote, one considers a random jump, with
probability p (typically 0.15) to another node (i.e. another page). As a result

N
zi(k+1)=(1—-p) Z x]—(k) +pz :Ejjifk) (1.12)
j=1

ji—i T

Collecting the variables x; in a vector z we can rewrite the equations for the votes in the
form

z(k +1) = Az(k),

for some matrix A € RY*N. Tt is not difficult to prove that the matrix A has one
eigenvalue equal to one and all other eigenvalues \; are such that |\;| < 1. This implies that
(we will discuss this issue in detail, after introducing the notion of stability in Chapter 2)

lim z(k) = z,

k—o0
where all elements Z; of T are non-negative and bounded. The vector Z (after a certain
normalization) is Google Page Rank. The computation of Z is numerically very difficult,
and it is performed once a month.

1.3 The notion of system

The discussion in Section 1.2 highlights the fact that it is possible to describe the behaviour
of several objects, natural or artificial, by means of mathematical expressions (differential
or difference equations) of diverse forms, and with diverse properties.
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The notion of system is thus introduced to provide tools to study such a wide variety
of objects on the basis of their mathematical, hence abstract, description. Therefore,
by definition, an abstract system is an entity which does not depend upon the physical
properties of the associated object. This implies that it is possible to associate the same
system to several different objects, and at the same time several systems can be associated
to the same object (depending upon the properties that have to be investigated).

We stress that the definition of an abstract notion of system has the advantage that it al-
lows to interprete and study, within a unified framework, diverse phenomena and processes,
and provides a unique language for several different areas of applications. However, be-
cause of its generality, it raises several difficult issues, which can be solved or addressed
from several perspectives.

In this notes we give a definition of system which is based on the consideration of the
input and output signals. With this in mind, note that the simplest way of associating a
system to an object is to consider all possible behaviours (as a function of time) of the
input signals and of the corresponding output signals. This approach does not depend
upon the physical properties of the signals and upon the mechanisms which determine
such signals.

Remark. Throughout these notes we assume that the objects under study are deterministic.
Similar considerations can be performed in a probabilistic setting. These however require
somewhat more sophisticated mathematical tools. o

The process of association of a system to an object can be regarded as the collection of
data from experiments performed on the object thought of as a black box. The experiments
can be carried out as follows: fix an initial time instant tg, consider a possible input signal
for all t > ty and the corresponding output signals. In this way we collect one or more pairs
of functions, denoted as input-output pairs, which are defined for all ¢ > t3. Collecting
together all such pairs we have a set of input-output pairs, which is used to obtain the
definition of system.

In particular, if we consider the set U of all input signals and the set ) of all output
signals, we have that all input-output pairs determine a relation S which is such that

Scux).

This implies that the natural way of giving a formal definition of system is to define an
abstract system as a set of relations, where each relation describes all input-output pairs
obtained from experiments performed starting from a given time instant.

In particular, consider an ordered subset T of the set IR, which is the set of time instants
of interest for the system, and define the subset of future time instants?

F(to):{tGT‘tzto};

2F stands for “future”.
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the set UF () of all input functions defined for ¢ > to, and the set Y0 of all output
functions defined for ¢t > tg. Then, a relation

Sy, C U F (o) o yF(to)

can be used to describe all experiments, hence all input-ouput pairs, starting at tg.

From the above discussion we conclude that an abstract system can be defined as the set
of all relations Sy, for all t{y € T. Note however that the sets S;, and S;,, for t; > o
are not independent, because we can consider some of the pairs in Sy, as obtained from
experiments started at tg and disregarding all data for ¢ < ¢;. A formal definition of
system must therefore take this issue into consideration.

Example 1.1 Consider a synchronous D-type flip-flop with input u and output y. The
set T is the set of all time instants in which the clock goes high, the set of all input values
is U = [0,1], the set of all output values is Y = [0,1], and the set of all input and output
functions is such that UFt0) = YF) and this is the set of all sequences of 1’s and "0’s.
To understand the structure of the relation Sy, we have to consider the behaviour of the
flip-flop. For example, for some given tg, the pair of input and output sequences

{0011’/ 0010’}
does not belong to Sy,, whereas the pairs
{’0011",/ 0001’} {0011’/ 1001"}

do. This is consistent with the fact that the output lags the input of one clock cycle, that
the initial value of y cannot be determined from the current input and that the value of
u at some time instant does not affect y at the same time instant. This implies that all
pairs of input and output sequence of the form

{'001z", £001"}

with & and & either ’17 or 0’ belong to Sy,. Note finally that, for a given input sequence
we can generate several (two in this example) output sequences.

Definition 1.1 Consider an ordered subset T' of IR and two (non-empty) sets U and Y .
An abstract system is a set of relations

S = {8, c UFt0) 5 yF) | 45 e T}
such that® for all to € T and for all t1 € F(to)
(w0, 40) € Sty = (uo|p(t1), Yol r(tr)) € Sty (1.13)

For this system T is the set of time instants, U the set of values of the input signal, and
Y the set of values of the output signal.

u|p(¢,) denotes the restriction of u to t € F(t1).
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Condition (1.13) implies that the relation Sy, contains all input-output pairs which are
obtained truncating any other input-output pair originated at a time instant ¢ty < t1. Note
however, that the relation Sy, may contain input-output pairs which cannot be obtained
by truncation of other pairs. There is, however, a class of systems, of special interest in
applications, for which every relation contains only pairs obtained by truncation. This
class is characterized as follows.

Definition 1.2 A system is uniform if there exists a relation
ScUl xyT (1.14)
such that for all tg € T
(u,y) € S = (ulpo) Ylr)) € Sto

and
(u0,90) € Sto = I(u,y) €5 (ulrg), YlF(te)) = (w0, 90)-

A uniform system can therefore be assigned by means of the relation S which, roughly
speaking, allows to generate all relations Sy, for ¢y € T

Example 1.2 Consider an ideal and instantaneous quantizer, i.e. a device which receives
at its input a signal u and delivers at its output a signal y, which is obtained via quanti-
zation, with a certain quantization interval q. For such a system T' = IR, U = IR and

Y: { 7_2q7_Q707q72Q7'”}'
The relation Sy, is given in Figure 1.4, and it is not hard to arque that the system is

uniform.

1.3.1 Parametric representations

The use of relations to represent a system provides a very powerful point of view which
is applicable to a very general set of objects. It is however interesting to study if it is
possible to determine all input-output pairs by means of functions. To this end, we recall
the following basic result.

Lemma 1.1 Consider two non-empty sets A and B and a relation
RC AxB.
Then it is always possible to define a set C and a function®

f: CxDR—RR

DR denotes the domain of R, and RR denotes the range of R.



14 CHAPTER 1. INTRODUCTION

2q —

u

Figure 1.4: The relation Sy, for an ideal quantizer.

such that
(a,b) e R=3ceC : b= f(c,a)

and
ceC, ae DR = (a, f(c,a)) € R.

This lemma shows that the function f can be used to specify all, and only, the pairs in
the relation R. The set C is the set of parameters and the function f is a parametric
representation of R. Finally, the association of f and C to R is said parameterization.

The result expressed in Lemma 1.1 can be used to obtain parametric representations for
a system S. To this end, for any relation Sy, it is possible to perform a parameterization,
i.e. it is possible to define a set of parameters X;, and a function

fto : Xto X DSto — RStO.

It is then possible to define a parametric representation of the system S by means of a set
of functions
F = {fto : Xto X DStO — RSto ‘ to € T}

Note that, for uniform systems, described by the relation (1.14), it is enough to consider
a single function
f: X xDS—-RS.

Remark. For given z¢ € X3, and given ug € DSy, the function f;, can be used to compute
the output of the system as y = fy, (o, uo). o
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1.3.2 Causal systems

The class of systems considered so far are so-called oriented, i.e. there is a natural flow
of information from the input to the output. This implies that we regard the input as a
cause and the output as a consequence. However, these quantities are functions of time.
It is therefore natural to study the relationship between the observed effect at time ¢ and
the time evolution of the causes. Because abstract systems are often used to describe the
behaviour of physical objects or processes, it is natural to consider that the above relation
be causal, i.e. the output at time ¢ should depend only upon the input at times ¢t < ¢, or
possibly upon the input at times ¢ < ¢.

It is not easy to formalize this idea to input-output relations. The simplest way is to resort
to the parametric representation of the system and to consider the following definition.

Definition 1.3 A system S is causal if it possesses at least one parametric representation
F which is such that for all tg € T, for all zo € Xy, and for all t € F(tg)

i) = Ulito,) = fro (0, w)(t) = fio (0, u")(F).

A system S is strictly causal if it possesses at least one parametric representation F which
is such that for all tg € T, for all zg € Xy, and for all t € F(tg)

Ulito,5) = o) = fro (w0, u) () = fio (2o, ') ().

We stress that the difference between the notions of causality and strict causality is only
on the constraint on u. In the former case u and u’ have to be identical for all ¢ € [to, ],
in the latter for all ¢ € [to, ).

1.3.3 The notion of state

The crucial point in the definition of abstract system by means of a relation is the fact
that, in the relation S, to any given input signal we can associate several output signals.
To single out one output signal it is thus necessary to specify, besides the input function,
further information. This infomation is associated to the notion of state.

To understand this notion, recall that we have associated, via the process of parameteri-
zation, to each relation Sy, a function which associates to an input signal and a parameter
xo € Xy, a single output signal. The parameter xp may be therefore regarded as the
additional piece of information needed to specify the output signal in a unique way. How-
ever, to give a formal and precise, hence useful, definition, we have to make sure that the
parameterizations performed at each time instant be related in some way, i.e. they cannot
be independent but must satisfy a so-called consistency condition.

This consistency property will be discussed in the framework of causal systems.

To begin with, note that the set X;,, associated with the parameterization Sy,, may be
different from the set X , associated with the parameterization S;, and so on for all
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t € T. It is therefore convenient to define a unique set X such that all sets X7, with t € T,
are subsets of X. Consider now an element zy € X, thought of as an element of X;,, which
is the set of parameters associated to the parameterization of S;,, and a second element
x1 € X, thought of as an element of X, , which is the set of parameters associated to the
parameterization of S, with t; > to. If the system is causal there should be a relation
between x1 and z.

In particular, if we assume that o depends only upon the input values for ¢ < ty and x1
depends only upon the input values for ¢ < ¢1, then, recalling that ¢; > ¢y , it is natural
to assume that x; depends upon the input values for t € [tg, 1) and upon xg, and this can
be written as

Iy = (b(th th Zo, u[to,tl))
for some function ¢°.

The discussion above can be extended to any pair of elements in X, hence it is possible to
define the function ¢ for all pairs of elements of X, for all pairs {t¢,¢1} such that ¢ty < ¢1,
and once ty is fixed to all u € DSy, .

Finally, for any ¢; > tg the output is computed as

y(t1) = fio(To, Uy 1)) (t1)-

Setting ty = t1 in the above relation allows to obtain the relation

y(t1) = n(t1, z1,u(t)),

which shows that the output at time ¢; depends (only) upon ¢y, the parameter z; (which
represents the memory of the system) and the value of the input signal at time ¢;.

We conclude this discussion noting that, to a causal system, we have associated a space of
parameters and two functions which provide an alternative representation of input-output
pairs. In fact, for all t; > tg, we have

y(tl) = n(th ¢(t17 th Zo, u[to,fq)? U(tl))

and this yields, varying z¢ in X and u in DS}, all input-output pairs in Sy, .

This representation is characterized by the appearance, a-side the input and output signals,
of an auxiliary quantity which takes values in the space X. The role of this quantity is
to summarize the effect of past input values, hence to render unique the determination of
the present and future output. This quantity is denominated state, or state variable, and
the space X is denominated state space.

1.3.4 Definition of state

In the previous section we have informally introduced the notion of state, and we have
highlighted its main properties. We now provide a formal definition of state.

> With an alternative convention we could have obtained z; = (t1,t0, To, Ufeg,])-
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Definition 1.4 Given a system S and a space of input functions U. A set X is a state
space for the system S if there exist two functions

p:TXxXTxXxU—X

nN:TxXxU-—-Y

such that the following conditions hold.

ForalltyeT,ueld and vg € X

{(uo, yo) € UF) 5 YWD iq(t) = u(t), yo(t) = n(t, d(t, to, To, wprg 1y u(t))} = Sty

(Causality) For allty € T, for allt >ty and for all xg € X

e 1) = Ut 1) = Ot to, Lo, uljge1) = O, to, 2o, u' |1 1))

(Consistency) For allt € T, and for allu € U

qb(t) t7 zo, ’LL) = Zp-

(Separation)® For all ty € T, for all t > tg, for all zg € X and for all u € U
t> tl > tO = ¢(t7 th xo, u[to,t)) = ¢(t7 tla ¢(t17 t07 Zo, u[to,t1))7 u[tl,t))’

The function ¢ is called state transition function, and the function n output transfor-
mation. The triple {X,¢,n} is called state space representation, or input-state-output
representation, of S.

Remark. In what follows, and to simplify the equations, we use the notation ¢(t,tg, xg, u)
in place of ¢(t,to, 7o, Upy 1) )- o

Remark. For the special class of systems in which U, Y and X are composed of a finite
number of elements, for examples all digital electronics systems, the above definition is
equivalent to the definition of a Mealy-type finite state machine. To obtain the definition
of a Moore-type finite state machine it is necessary to alter the definition of state, requiring
that the state represent the effect of all past and current input values (see Footnote 5). ¢

At this stage, one may wonder if the given definition of state space representation is
sufficiently general to develop a systematic theory. To this end, we need to address the
issues of existence, and then of unicity of state space representations. While a complete
treatment of such topics is outside the scope of these notes, we give a few important results
and facts.

5This property is sometimes called semigroup property.
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Theorem 1.1 Given a system S and a space of input functions’ U. The system has a
state space representation if and only if it is causal.

The above statement implies that, under mild technical assumptions, a causal system
admits at least one state space representation. However, such representation need not be
unique. In fact, given a system S and a state space representation {X, ¢,n} it is possible
to obtain other state space representations, for example by means of one of the following
procedures.

e (State space transformation) Consider a system S, with state space representation
{X,¢,n}. Let v : X — Z be an invertible map, i.e. there exists = : Z — X
such that z = (v "!(2)) and = = "' ((x)), for all z € Z and = € X. Define the
function

b, TXTXZXU—Z

such that
¢z(t7 lo, 2, u[to,t)) = ¢(¢(t7 lo, ¢_1(Z), u[to,t))

and the function
N T'xZxU—=Y

such that
na(t, 2, u) = n(t, Y~ (2),w).

Then {Z,¢.,n.} is a state space representation of S.

o (State augmentation) Consider a system S, with state space representation {X, ¢,7}.
Let X, = X x X, where X is a non-empty set,

[z

for some function
¢ T xTx X, xU— X,

and 7, : T X T x Xy x U — Y is such that n, —n = 0. Then {X,, ¢q,n,} is a state
space representation of S.

We conclude that if a system S admits a state space representation, it admits an infinite
number of representations. Thus, it makes sense to distinguish between the various rep-
resentations of a system, and to determine (if possible) a representation which is more
convenient, or adequate, for a certain goal. To this end, we conclude this section intro-
ducing a few new concepts, which will be useful in the study a state space representations
of particular classes of systems.

"To be precise, we should assume that the space U be complete, i.e. that it is closed with respect to
concatenation and that, for allt € T, {u(t) e U : uelU} =U.
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Definition 1.5 (Equivalent representations) Tuwo state space representations {X, ¢,n}
and {X',¢',1'} of a system S are equivalent if

e for allty € T and for all xy € X there exists xy, € X' such that for all u € U and
t>to
n(ta ¢(t7 to, xo, ’LL), u(t)) = n/(ta ¢/(t7 to, 33‘6, ’LL), u(t));

e for allty € T and for all xy, € X' there exists xg € X such that for all u € U and
t>to
n/(tv ¢/(t7 tOv :Eé]v ’LL), u(t)) = 77(75, qb(t) t07 Zo, ’LL), u(t))

Definition 1.6 (Equivalent states) Consider a system S and a state space representa-
tion {X,¢,n}. Two elements x, and xp of X are equivalent at ty if for all u € U and for
all t > tg

n(t, ¢t to, Ta, w), u(t)) = n(t, o(t, to, xp, ), u(t)).

Remark. Equivalent states are sometimes referred to as non-distinguishable states, because
it is not possible to distingh between them by measurements of the output. o

Definition 1.7 (Reduced state space) Consider a system S and a state space repre-
sentation {X,¢,n}. The state space X is said to be reduced at to if there are no pairs of
states equivalent at to. If X is reduced at to the representation {X, ¢,n} is said reduced at
to.

Remark. A state space can be reduced at some time ¢y but not reduced at some other time
t1. It is possible to give a notion of reduction independent of time requiring that X be
reduced at least at one time instant. o

1.3.5 Classification

The notion of system introduced is very general. In applications, it is often possible to
consider special classes of systems, i.e. to restrict our interest to systems with special
properties. To clarify this issue we introduce a classification of systems on the basis of
some of the key ingredients discussed.

Definition 1.8 A system S is a continuous-time system if T = IR. A system S is a
discrete-time system if T = Z.

Remark. There is a class of system, increasingly studied and used in applications, in
which for some state variables T' = IR and for some other state variables T' = Z, i.e.
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some variables vary continuously with time, and other variables vary only at discrete time
instants. This is the case in systems where a physical component, for example a robot,
is connected with a supervisor, for example a machine that decides which operation the
robot has to perform. These systems are denominated hybrid systems. o

Definition 1.9 A system S is said time-invariant if for all tg € T and for all & such that
to+0eT
(uo(t),y0(t)) € Sty = (uo(t —6),yo(t —0)) € Sty+s-

Definition 1.10 A state space representation is said time-invariant if for all to € T, all
o€ X, alluecl and allt €T

(ﬁ(t,to,xo,U) = (b(t — to, 07x07u) U(t7$7u(t)) = U(tal’au(’f))'

Remark. For a time-invariant representation we can always select tg = 0. o

Definition 1.11 A system S is said linear if X, U and Y are linear spaces and if, for
all to € T, Sy, ts a linear subspace of UF(to) 5 YF(t) A system S which is not linear is
called monlinear.

Definition 1.12 A state space representation is linear if

o the sets U, Y and X are linear spaces;
o the set U is a linear subspace of UT';
o forallty € T andt € T such that t > ty the function ¢ is linear on X X U;

e for allt € T the function n is linear on X x U.

Definition 1.13 A state space representation is a finite state representation if the sets
U,Y and X have a finite number of elements.

Definition 1.14 A state space representation is a finite-dimensional representation if the
sets U, Y and X are linear, finite-dimensional, spaces.

1.3.6 Generating functions

In this section we show that, under certain regularity assumptions, it is possible to obtain
an alternative description of a system. To begin with, consider discrete-time systems and
rewrite the state transition function for ¢t — ¢ty = 1, i.e.

ot +1) = ot + 1,t,2(t), up 1)) = ot + 1, ¢, 2(t),u(t)).
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This equation shows that for a discrete-time system the value of the state at time ¢ + 1
depends upon t, z(t) and u(t). We can therefore write

w(t +1) = [t z(t), u(t),

where the function f is called generating function, or one-step state update function.
Note that, from the function f it is possible to reconstruct (uniquely) the state transition
function ¢. Thus, the triple {X, f,n} can be regarded as the state space representation of
a discrete-time system.

It is now natural to wonder if a similar representation can be obtained for continuous-time
systems. To this end, consider the generating function of a discrete-time system and note
that (if X is a linear space)

et +1) —a(t) = ft,x(t), u(t)) —x(t),

which shows that the variation of the state in a time unit is a function of ¢, z(t) and u(t).

This means that, for continuous-time systems, we are looking at the class of systems for
which the rate of change of the state xz(¢) can be written as a function of ¢, z(¢) and
u(t). These systems have special importance in applications, where they arise naturally
whenever first principles are used to derive their representation (see some of the examples
in Section 1.2).

Motivated by these considerations we say that the state space representation {X, ¢,n} is
regular, or differentiable, if there exists a function f: IR x X x U — X such that, for any
to, for any xg € X and for any u € U the function ¢(¢,to,xo,u) is, for all ¢t € F(ty) the
(unique) solution of the differential equation

do(t, to, xo,u)

dt = f(t7 ¢(t,t0,$0,u),u(t)), (115)

with the initial condition
é(to, to, o, u) = wo.

Note that equation (1.15) can be rewritten as

dz(t)

i) = 2 = 10,2 (1), u(t).

We conclude noting that a regular representation {X, ¢,n} can be alternatively described
by the triple {X, f,n}.

Remark. A state space representation {X, f,n} is time-invariant in f does not depend
explicitely on ¢ and 7 is as in Definition 1.10. o



22 CHAPTER 1. INTRODUCTION

1.4 Examples revisited

We conclude this chapter by revisiting the examples discussed in Section 1.2 in terms of
the concepts, and notions introduced.

e The system (1.1) is a discrete-time, time-invariant, linear, finite-dimensional system
without input. To obtain a state space representation {X, f,n} consider the state
variables 21 = F},_9 and z9 = F,,_1 and note that

X = {(:El,lltg) S ]R2}

0=,

xr1 + X2

and n(z) = x1 + x2.

e The system (1.2) is a continuous-time, nonlinear, time-invariant, finite dimensional
system, with input I € IRT, and state (z,y) € IRT x IR", described by a generating
function. For such a system we have not defined an output transformation.

e The system (1.3) is a discrete-time, nonlinear, finite-dimensional system, with input
u € IRT, state (z1,79,73) € IRT x IRT x IRY, and output y € IRT, described by
means of a generating function. The system is nonlinear because the input, state
and output spaces are not linear spaces.

e The system (1.4) is a continuous-time, nonlinear, time-invariant, finite-dimensional
system with input u € [—tandys, tan dps] and state (los, Dos, os) € IR X (—m, 7] X
(—m, 7|, and described by means of a generating function. For such a system we
have not defined an output transformation.

e The system (1.4) is a continuous-time, nonlinear, time-invariant, finite-dimensional
system, without input, and with state (x,y,2) € IR?, described by means of a gen-
erating function. For such a system we have not defined an output transformation.

e The system (1.5)-(1.6) is a continuous-time, nonlinear, finite-dimensional system,
without input, with state (x1,72,23) € IR?, and output y € IR?, described by a
generating function. The system is nonlinear because the output transformation is
not linear.

e The system (1.7) is a continuous-time, nonlinear, time-invariant, finite-dimensional
system, with input T € IRT, and state (w,v) € IR?, described by a generating
function. The output variable can be selected as the longitudinal slip A € [—1, 1].

e The system (1.8) is a continuous-time, linear, time-invariant, finite-dimensional sys-
tem, without input, and with state (x1,---,x,) € IR", described by a generating
function. For such a system we have not defined an output transformation.

The system (1.9) is a continuous-time, time-invariant, infinite-dimensional, linear
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system without input of with state the set of all functions z(y,t) defined and twice
differentiable in [0, L] x IR. For such a system we have not defined an output trans-
formation.

e The system (1.10) (resp. (1.11)) is a continuous- (resp. discrete-) time, time-invariant,
nonlinear (in general), finite-dimensional system, with state z € X and without
input. For such a system we have not defined an output transformation.

e The system (1.12) is a discrete-time, linear, time-invariant, finite-dimensional sys-
tem, without input, and with state 2 € IR"V. For such a system the output transfor-
mation can be regarded as the identity map.
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2.1 Introduction

In Chapter 1 we have seen that, under some regularity conditions, continuous- and discrete-
time causal systems, with state space X, can be described by means of a generating
function and an output transformation, namely

&= f(tz,u) y =n(t,z,u) (2.1)
and!
xt = f(t,z,u) y =n(t,x,u), (2.2)

where all signals have to be understood as evaluated at time ¢, and t € IR if the system is
continuous-time, whereas t € Z if the system is discrete-time. In what follows, whenever
convenient and for compactness, we also use the notation

ox = f(t,z,u) y =n(t,z,u), (2.3)

where oz stands for & if the system is continuous-time, and oz stands for 2™ if the system
is discrete-time.

2.2 Existence and unicity of solutions

The simplest question that can be posed in the study of the equations (2.1) and (2.2) is
the following.

Given an initial time ¢y, an initial value of the state x(t9) = z¢ and an input signal
uw e UF) s it possible to obtain a solution of the equation (2.3)7 By a solution we mean
a function z(t), defined for all ¢ > ty, and such that

U‘T(t) = f(tvx(t)7u(t))

for all?> t € F(tg), or for all t € [tg, ), for some > t.

'To simplify notation we replace z(t + 1) with ¥ and z(t) with z.

It is enough to require that the equality holds for almost all ¢, i.e. the condition may be violated
for some t € Ts C T, provided that Ts has zero Lebesgue measure. To illustrate this point consider the
differential equation

& = —sign(z), (2.4)

where the signum function is defined as

1 ifz>0
sign(z) = 0 ifz=0

1 ifz>0.

For a given z(0) > 0 we have

| z(0)—t for t < z(0)
=(t) = { 0 for t > x(0),

which shows that equation (2.4) does not hold for all ¢, in fact () is not differentiable at ¢ = x(0).
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The answer to this question is trivial in the case of discrete-time systems, provided the
state space X coincides with IR"™ and the generating function is continuous. In fact, if the
function f is continuous and the input signal wu(¢) is bounded for all finite t € T, then
equation (2.2) describes a continuous mapping from 7' x IR™ x U to IR™, hence the solution
x(t) is unique and it is such that z(¢) C X = IR"™ for all finite t > t.

Note however that, if the function f is not continuous, or if the state space X is not IR",
then solutions of the equation (2.2) may not be defined for all ¢ > .

In the case of continuous-time systems the situation is much more involved, and continuity
of f is not enough to guarantee existence and uniqueness of solutions of equation (2.1).
To understand the issues involved in this problem we start considering two examples.

Example 2.1 Consider the nonlinear system, without input, described by
i = a3, (2.5)

with © € IR, and the initial condition x(0) = xy. A simple integration by parts yields

T
J1— 222t

which shows that if xy # 0 then z(t) is defined only for

x(t) =

1

tel0,—
2x(2)

).

This situation is often referred to as the existence of a finite escape time for the solutions
of the differential equation. Note that the time of escape depends upon the initial condition.

Example 2.2 Consider the nonlinear system, without input, described by
i =az'/3, (2.6)

with x € IR, and the initial condition x(0) = 0. Clearly z(t) = 0 is a solution of the
differential equation for the given initial condition. However

0= (3)’

1s also a solution of the differential equation for the given initial condition.

Remark. The finite escape time phenomenon is not only a mathematical curiosity, but
it may naturally arise in applications. For example, consider a mass m, sliding without
friction along a line, and acted upon by an external force F. Let x be the position of the
mass, and assume that the mass is constrained to stay in the set I = (—1,1), to avoid
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contacts with hard physical constraints (this may be the case in a car suspension). By
Newton’s law, the differential equation of the mass is

mi = F,

which holds provided x € I. The differential equation can be rewritten in state space rep-
resentation (see Example 2.8 for a general discussion on high order differential/difference

equations) as
. . F
Ty = X2 L2 = —,
m
where 21 = z € [-1,1] and z9 = &. To take into account the presence of the constraints

we can define a new variable
z=1(x) = —log(l —z) + log(1l + x)

and note that the function i) maps the interval [—1,1] into IR. Note now that the system
can be rewritten as
(e* 4+ 1)? ) F
=1 Tg = —.
2e* m
Suppose that F' = 0 for all ¢, that 21(0) = 0 and that z2(0) # 0. Then x2(t) = x2(0) for
all t and

1+ 22(0)t
t) =log ——=
2t) =log 70
which shows that z(t) has finite escape time at ¢ = m. This is the mathematical

description of the obvious fact that the mass, with a nonzero initial velocity, and without
any external action, hits one of the constraints in finite time, i.e. at the time of escape
of z(t). Note that, even in the presence of a nonzero force, the problem of determining
F to avoid hitting the constraints, i.e. to avoid the occurence of finite escape time, is
non-trivial. o

Example 2.3 Consider the Euler approximate models of systems (2.5) and (2.6), with
sampling time T, namely
et =z + 723
and
et =+ rzt/3,

Note that these systems do mot present the finite escape time phenomenon, neither the
existence of multiple solutions. This shows that the numerical integration of nonlinear
continuous-time systems may be very difficult and requires, in general, the use of dedicated
algorithms.

From the above examples we infer that the issues of existence and unicity of solutions for
continuous-time systems may be very delicate. It is possible to show that if the function
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f is continuous then, for any xg, the differential equation (2.1) has at least one solution,
defined for all ¢ > t( and such that ¢ —t( is sufficiently small (local existence). The critical
issue is therefore the existence of trajectories for ¢ — oo (global existence). It is very hard
to characterize such a property, and we therefore discuss only sufficient conditions.

Theorem 2.1 (Existence of solutions for Lipschitz differential equations) Consi-
der the differential equation

i = f(t ), (2.7)

with x € IR"™, and the initial condition x(ty) = x¢. Suppose that f is piecewise continuous
in t and it is such that the (global) Lipschitz condition

1t 2) = Fty)| < Lilz =yl

holds for all x € IR"™ and y € IR", and for some constant L > 0. Then for any xq the
differential equation (2.7) has a unique solution defined for all t > ty.

As a direct consequence of the above statement we have the following result.

Corollary 2.1 (Existence of solutions for linear differential equations) Consider
the differential equation
= Aty + g(t),

with x € IR™, and the initial condition x(ty) = xo. Assume that A(t) and g(t) are piecewise
continuous. Then for any xg € IR"™ the differential equation has a unique solution defined
for all t > tg.

The Lipschitz condition of Theorem 2.1 is very restrictive, and there are several differential
equations for which it does not hold, but which have unique solutions defined for all
t > to. Note that existence conditions for non-Lipschitz differential equations may be very
involved. We thus restrict our discussion to a simple sufficient condition which is however
very important in applications.

Theorem 2.2 Consider the differential equation (2.7), with x € IR"™, and the initial con-
dition x(to) = wg. Suppose that f is piecewise continuous in t and it is differentiable® in
x. Suppose, in addition, that there exists a compact set W such that, for all xqg € W, the
solutions of the differential equation remain in W for all t > tg. Then for any xg € W
the differential equation (2.7) has a unique solution defined for all t > tg.

Example 2.4 Consider the differential equation

i=alt)r — 23+ u,

3Locally Lipschitz is enough.
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with € IR, a(t) continuous and such that |a(t)| <1, and u € [—1,1]. We now show that
for any xoy € IR the differential equation admits a unique solutions for all t > ty. Note
first that, for any fized T > 2,

r>r=>12<0 r<—x=x>0.

This implies that, for all xy € [, ], the corresponding solution x(t) is such that x(t) €
[—,Z|, for allt > ty. Hence, by Theorem 2.2 we infer that, for any xoy € IR the differential
equation has a unique solution for all t > tg.

2.3 Trajectory, motion and equilibrium

We now consider again a system described by means of an input-state-output representa-
tion {X, ¢,n} and define a few typical dynamic behaviours of the system.

Definition 2.1 (Trajectory) Consider a system {X,¢,n}. A trajectory is the set
T={zeX : x=0¢(tto,xo,u)} CX,

i.e. is the set of points in X reached by the state x(t), for t > tg, and for a specific initial
state o and input signal u.

Definition 2.2 (Motion) Consider a system {X,¢,n}. A motion is the set
M=A{(t,z(t)) e T x X : te F(ty), z(t) = &(t, to,z0,u)} CT x X,

i.e. is the set of points in T x X taken by the pairs (t,x(t)), for t > to, and for a specific
iniatial state xy and input signal u.

The main differences between a trajectory and a motion are that they leave in different
spaces, and the motion is parameterized by ¢, whereas the trajectory does not contain
any information on ¢. This means that the trajectory provides solely information on the
points of the state space X visited by the system during his evolution, whereas the motion
specifies in addition when each point has been visited. Note, however, that the (natural)
projection of a motion along T yields a trajectory.

Figure 2.1 gives an example of a motion, and of the corresponding trajectory, for a
continuous-time system, with X = IR? and ¢y = 0.

Definition 2.3 (Equilibrium) Consider a system {X, ¢,n}. Assume the input u is con-
stant, i.e. u(t) = ug for all t and for some constant uy. A state x is an equilibrium of
the system associated to the input ug if

Ze = P(t, 10, Te, Uo),

for all t > tg, i.e. an equilibrium is a trajectory composed of a single point.
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10

Figure 2.1: A motion (dashed line) and the corresponding trajectory (solid line).

If the system { X, ¢, n} possesses a generating function, hence can be described by means of
the triple {X, f,n}, then the computation of equilibria requires the solution of the system
of equations

0= f(t7x67u0)7

for continuous-time systems, and of the systems of equations

Te = f(t7x67u0)7

for discrete-time systems.

2.3.1 Linear systems

In this section we discuss the notions introduced for the special class of linear, time-
invariant, finite-dimensional systems, i.e. systems described by equations of the form

ox = Az + Bu y = Cz + Du, (2.8)

with € X = R", u(t) € R™, y(t) € R and A € R™*", B € R™™, C' € IRP*", and
D € RP*™.
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Proposition 2.1 (Equilibria of linear systems) Consider a linear, time-invariant, sys-
tem
ox = Ax + Bu,

with x € IR™ and u(t) € IR™. The set of equilibria is a linear subspace*. Moreover, the
following hold.

e For u(t) =ug =0, the origin is always an equilibrium.

e For continuous-time systems, if A is invertible, for any ug there is a unique equilib-
rium x, = —A ' Bug. If A is not invertible the system has either infinitely many
equilibria (spanning a linear subspace) or it has no equilibria.

o For discrete-time systems, if I — A is invertible, for any ug there is a unique equilib-
rium xo = (I — A)~'Bug. If I — A is not invertible the system has either infinitely
many equilibria (spanning a linear subspace) or it has no equilibria.

Proposition 2.2 (Trajectories of linear, continuous-time, systems) Consider the
continuous-time, time-invariant, linear system

i = Ax + Bu y = Cx + Du,

with x € X = IR™, u(t) € R™, y(t) € IRP and the initial condition® x(0) = xo. Then®

t
2(t) = eAag + / A7) By(7)dr (2.9)
JO

4This property holds also for general linear systems, i.e. not necessarily time-invariant.
SWithout loss of generality we set to = 0.

6 Given a (square) matrix F, the matrix exponential ¢’

is formally defined as

(Fy? , (F)’

Ft
e =1+ Ft+ o1 3

The matrix exponential has the following properties, which can be derived from its definition.

e For every t; and to, eft1ef2 = eF'(1tt2),

o FteFt = oFteFt — ((F+EL i 5nq only FF = FF, ie. if and only if F' and F commute.

o ()t =¢"Fand () = et

e If v is an eigenvector of F with eigenvalue A then v is also an eigenvector of e with eigenvalue e
° %eFt:FeFt:eFtF.

o T et = e(TilFT)t.

At

e If F is diagonal, i.e. F = diag(A1,)2,---,\s) then e’ is also diagonal and ef* =
diag(e*?, e*2t, ... ernt).
Finally,

T my

=D Rax (15?1)! <

i=1 k=1

for some m; > 1 (see Footnote 9), where r is the number of distinct eigenvalues of F.
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and .
y(t) = CeMag + / Ce7) Bu(r)dr + Dul(t). (2.10)
0

Proof. To begin with consider the differential equation #(t) = Bu(t), with 2(0) = xo and
note that, by a simple integration,

(t) = z0 + / Bu(r)dr.
Consider now the variable

and note that 2(0) = x(0), x(t) = eA*2(t) and
¢ =e Bu.
Hence

t
z(t) = zp + /G_ATBU(T)dT,
0

from which we obtain directly equation (2.9). Equation (2.10) is trivially obtained replac-
ing z(t) in the output transformation. <

Example 2.5 Let F\ € IR"™" be defined as

{ A1 o --- 0 -I
0 A 1 --- 0
Fy = Lo
0 0 A1
0 0 A
then ) .
r t tn—
Lt 5 =11 1
n—2
0 1 ¢ (;_2),
OV ‘
0 0 1 t
L0 0 1]

To establish the claim note that F = A + Fy and that I and Fy commutes, hence

Fxt _ (AI+F0)t _ At Fot

€ )
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where, by definition of the matriz exponential,

tz tnfl
( Lt 3 (n—1)! 1
tn72
0 1 t =]
eFot — .
0 0 1 t
oo |
Example 2.6 Let
A w
= { —w A }
then ‘
oAt { cos wt sinwt } ‘
—sinwt coswt

To establish the claim note that F) = A + Fy, and that I and Fy commutes, hence

At — (AI+Fo)t _ M Fot

where, by definition of the matriz exponential, and recalling the series expansions of sin wt
and coswt,

coswt sinwt
—sinwt coswt

eF()t —

Example 2.7 Consider a continuous-time, time-invariant, linear system with © € IR?,
u(t) € IR and y(t) € IR. Suppose that x(0) = [1,1], that u(t) =0 for all t, and that

A:{ ! 1} c=[10].

-2 -3
Note that )
s, 1110 2 1]
A=L AL_{—l 2|0 -2/ -1 -1
hence

et = G(LilAL)t =Lt { ¢’ 921‘, } L=c¢e"' { 2 1 } + e 2 { -l } .

0 e -2 -1 2 2
Therefore
—2¢72t 4 37t
ﬂj‘(t) = |: 46—2t _ 3e—t
and y(t) = —2e~2 4+ 3e~!. Note that, the state and the output are linear combinations of

exponential functions with exponents given by t times the eigenvalues of A.
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Remark. Continuous-time systems are reversible, i.e. the knowledge of x(t) and of the input
in the interval [0,¢) allows to compute z¢. In fact, from equation (2.9) we obtain

t
xo = e Aa(t) —/ e~ A" Bu(r)dr.
0

Proposition 2.3 (Trajectories of linear, discrete-time, systems) Consider the di-
screte-time, time-invariant, linear system

x(k+1) = Az(k) + Bu(k) y(k) = Cx(k) + Du(k),

with x € X = IR", u(k) € R™, y(k) € IRP and the initial condition x(0) = xo. Then

k—1
a(k) = APz + Y AF1 Bu(i) (2.11)
=0
and
k—1 '
y(k) = CAYzg+ > CA* 1" Bu(i) + Du(k). (2.12)
=0

Proof. Using the state space representation of the system we have that

z(1) = Az -+ Bu(0)
r(2) = Ax(1)+ Bu(l) = A%z¢ + ABu(0) + Bu(1)

r(3) = Ax(2) + Bu(2) = A3z¢ + A2Bu(0) + ABu(1) + Bu(2)

from which we obtain the expression of (k). Finally, y(k) is obtained replacing x(k) in
the output transformation. N

Remark. The expression of z(k) can be rewritten as

[ u(k —1) -|
u(k — 2
a(k)=Axg+ | B AB ... AFB ] ( , )
u(0)
This expression highlights the role of the matrix [B, AB, -, Ak_lB] in the computation

of x(k). o
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Remark. If the matrix A is invertible then the system is reversible, i.e. the knowledge of
x(k) and of the input sequence in the interval [0, k) allows to compute zy. In fact, from
equation (2.11) we obtain

k—1
zo = A" z(k) — > A7 Bu(i).
=0

Remark. Reversibility of continuous-time systems does not require any assumption on the
matrix A. This is because, for any A, the matrix e is invertible for any t. o

Remark. The matrices C A" B, known as Markov parameters, appearing in equation (2.12)
have a simple and interesting interpretation for single-input single-output discrete-time
systems. Suppose that x(0) = 0, that «(0) = 1 and that u(i) = 0 for i« > 1. Then

y(0)=D y(1)=CB  y(2)=CAB .-  y(h)=CA"'B,

i.e. the output yields directly information on the matrices A, B, C and D. The problem
of determining such matrices, hence a state space representation for the system, from the
above output sequence is the so-called realization problem. o

It is interesting to interprete the results of the Propositions 2.2 and 2.3 in the light of
the general discussion in Chapter 1. Equations (2.9) and (2.11) show that the state of
the system at time t is the linear combination of two contributions, the former depends
only upon the initial condition xg, and is denoted free response of the state of the system,
the latter depends only upon the input signal v and is denoted forced response of the
state of the system. Note that the initial condition and the input can be regarded as two
independent causes acting on the system, hence equations (2.9) and (2.11) show that the
principle of superposition holds for such systems.

Analogously, equations (2.10) and (2.12) show that the output of the system at time ¢
is the linear combination of two contributions, the former depends only upon the initial
condition zg, and is denoted free response of the output of the system, the latter depends
only upon the input signal u and is denoted forced response of the output of the system.

Finally, note that equations (2.9) and (2.10) ((2.11) and (2.12), resp.) yield directly the
functions ¢ and n of a state space representation of the system.

Remark. Consider the continuous-time, time-invariant, linear system
& = Az + Bu y=Cx

with + € X = IR", u(t) € IR™ and y(t) € IRP. Suppose the system is between a zero-
order hold and a sampler with sampling period 7', i.e. the input is constant over each
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time interval [kT, (k + 1)T'), for k > 0, and the output is measured at t = kT, for k > 0.
The system viewed from outside the zero-order hold and the sampler is a discrete-time,
time-invariant, linear system. To obtain a state space representation of this discrete-time
system let z = z(kT), up = u(kT) and yr = y(kT). Integrating the above differential
equation for ¢ € [kT, (k 4+ 1)T) yields (recall equation (2.9))

T
Tht1 = eATa:k + / A7) Bdr ur = Agxi + Baug,
0

whereas the output transformation is given by y, = Cxy. These equations provide a state
space representation of the discrete-time system seen from outside the zero-order hold
and the sampler. Note that, unlike the approximate discrete-time models described in
Section 1.2.9, the obtained discrete-time model is exact, i.e. under the stated operating
conditions xy = z(kT), for all k > 0. o

Example 2.8 (Input/output models) Linear, time-invariant, systems can be also de-
scribed by means of high-order differential or difference equations involving only the ex-
ternal signals, i.e. the input and the output. Consider for simplicity single-input single
output-systems and the equation’

0"y 4 an 10"y + -+ ajoy + agy = bp_10™" tu + - - + biou + byu, (2.15)

where the a; and b; are constant coefficients. We now show that this equation defines a
linear, time-invariant, system as discussed in Chapter 1. To this end we derive a state
space representation with a generating function by means of the following procedure (known
as realization).

Assume, for simplicity, that b,_1 = b,_o="---=by =0 and that by # 0. Letxz € X = IR",
and define
Ti=y  Ta=0y o T =0y x, =o'y
Note that
[ ] -
o) €3
OTp—1 T,
oTy —QoT1 — Q1T — *++ — Ap_1Tn + bou

"The operator o is such that

) a(t) 1=0
c'a(t) = 4 . (2.13)
preded(d) 1>1
for continuous-time systems, and such that
. a(t) i=0
c'a(t) = (2.14)
a(t+1) i>1

for discrete-time systems. To simplify notation we write « instead of 6%« and oo instead of olcv.
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hence 0 . 0 0
|0 : Y
or = : : : T+ ol u,
0 o - 0 1 0
—ap —aj -+ —Qp—1 —ay bo
and

y=1[1,0,---,0]z.
The above equations provide the state space representation of the system defined by equation

(2.15), under the considered simplifying assumptions. Note that, a similar procedure can
be used in the general case, i.e. in the case of nonzero b;’s.

2.4 Linearization

Linear systems can be often used to approximate the behaviour of nonlinear systems
around given operating conditions. The procedure that allows to associate a linear system
to a nonlinear system together with one of its operating conditions is called linearization.

The advantage in using a linear system to approximate a nonlinear system resides clearly
in the fact that linear systems are simpler to study, and it is possible to assess several
of their properties with simple tests. In addition, it is also often possible to determine
local properties of the original nonlinear system, i.e. properties around a certain operating
condition, by properties of the linearization.

The process of linearization is performed on a nonlinear system and for a specific initial
condition and input signal, i.e. it is assumed that a system, described by equations of the
form (2.3), an initial (nominal) state z(tg) = zp and a (nominal) input function uy are
assigned.

Suppose, in addition, that the motion of the system, for the given initial state and input

signal, is well-defined for all ¢t > to. Let xn(t) be such that zx(t9) = o and, for t > ¢,
OTN = f(t,Z'N,UN),

and let

xn(t) and yn(t) are referred to as the nominal state and the nominal output trajectories.

Consider now a perturbed initial condition and a perturbed input signal, i.e. assume that
the system (2.3) has been initialized at time ¢ty with z(tg) = zn(0) + 0,(tp) and that the
input signal is

up = UN + 0y.

Let zp(t) be such that zp(tg) = zn(0) + 0z (to) and, for t > ¢,

orp = f(t7$P7uP)7
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and let
yP(t) = n(ta rp, 'LLP).

xp(t) and yp(t) are referred to as the perturbed state and the perturbed output trajecto-
ries.

Note now that
0:(t) = xp(t) —xn(t)
is such that

05x =0rp — 0N :f(t7xP7uP)_f(t7‘TN7uN) :f(t,xN+5x,UN+6u)—f(t,.Z'N,UN),

and define 6, = yp(t) — yn(t). If the generating function is differentiable, using Taylor
series expansion around zy and uy, we obtain®

00y = f(t,xn+ 0z, un +0y) — f(t,xN,uN)
of(t of(t
— f( TN un) + f(#w@,m,umam + JC(TWWN,W)&W

Olldz]? + [10ull*) = f(t, 2, un)-

If the perturbations ¢,(0) and §, are sufficiently small, and as long as d,(¢) remains small,
it is possible to approximate od, with the linear terms of the Taylor series expansion, i.e.

o, 7 LD (s + BT ) = AR, + B (2.16)
Ox ou
Similarly, if n is differentiable,
52/ = n(t7$P7uP) - U(tnyauN)

= n(t,zn,un) + W(LHJN,UN)% + W(LUCN,UN)&H—

O([162117 + l16ull*) — n(t, 2n, un),

hence d,, can be approximated, provided 4, and d, are small, with the linear terms of the
Taylor series expansion, i.e.
on(t,x, u)

59 ~ or (t7$N7uN)5m +

on(t,z, u)
ou

In summary, we have shown that, under suitable differentiability assumptions, the behav-
iour of a nonlinear system around a nominal operating condition can be approximated

(t, x5, un)dy = C(8)0y + D)8y, (2.17)

8The Jacobian of a funcion g : IR" — IR™ at a point Z is defined as

991 (x) (5) L 9g1(x) (:E)
BEEY Oxp
2 = { 5 Lo }
Oamla) (z) ... Qumle) (g
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considering input, state and output perturbations around the nominal behaviour and such
perturbations are the input, state and output variables of a linear, time-varying system.

We stress, once more, that the approximation makes sense only if §, and ¢, are small.
While it is possible to select d,, small by selecting up close to uy, selecting 0, (ty) small
does not guarantee that ¢, (t) be small for all ¢ > ty. We will see in Section 2.7 that there
is an important practical situation in which a small d,.(¢9) implies that J,(¢) remains small
for all £ > tg.

Remark. If we consider, as nominal operating condition, a constant input and an equilib-
rium point, and if in addition the functions f and 7 do not depend explicitely on time,
then the linearized system is time-invariant, i.e. the matrices A(t), B(t), C(t) and D(t)
have constant entries. o

Example 2.9 Consider the nonlinear, time-invariant, system
T =sinz +u 1y = sin 2z,

with x € IR, u(t) € IR and y(t) € IR, and the nominal operating condition uy = 0 and
xn(0) = 0, yielding xn(t) = 0 and yn(t) = 0 for allt > 0. The linearization of the system
around the given nominal behaviour is given by

. O(sinz +u) Jd(sinz + u) B
e = S (0,000, + = (0,000, = 6 + 4,
an Dsin?2 Dsin2
sin 2z sin 2z

Note that, as discussed above, the linearized system is time-invariant.

Consider again the same system but with operating condition uy = —1 and xn(0) = 7/2,
yielding xn(t) = 7/2 and yn(t) = 0 for all t > 0. The linearized system is now

op =04 Oy = —20,.
Note the (obvious) fact that linearizing a nonlinear system around different operating con-
ditions yields different linearized systems!

Example 2.10 The problem of minimizing a function f : IR™ — IR can be dealt with, if
the function is twice differentiable, considering the sequence of points generated, starting
from some initial guess xg of the minimum, by the so-called Newton’s iteration, namely

2f(x ! T
P10 | 2t

rt = (2.18)

Ox? Oz ().

This is in general a nonlinear, discrete-time system, and any stationary point of the func-
tion f is an equilibrium of this system. Let T be a stationary point of f such that the

matrix 82f( )
), _
Ox? (@)

(2.19)
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is nonsingular. The linearization of system (2.18) around such stationary point is given
by

Ox2

o [M(x)} -1 8,;5050) (z)

=11~ o (Z) |6, =0
Example 2.11 Consider the system
i1 = g(r1w2)T1
To = —2To+ x3 (2.20)
T3 = —w3,

with © = (21, 2,73) € IR3, where g(x172) is a differentiable function such that g(1) = 1.
Consider an initial condition (x1(0),x2(0),23(0)) such that x1(0) # 0, x2(0) = 1/21(0)
and x3(0) = 22(0) and note that the corresponding trajectory is

21(t) = elw1(0)  aa(t) = — o3(t) = ——. (2.21)

The system linearized around this nominal trajectory is described by

boy = (M(etxl(()), ¢ )+1> 5$1+M<et$1(0), ¢! >5m2

8%1 xl(O) 8%2
Opy = —204, + Opy
5:(:3 = _59037

and this is not, in general, time-invariant.

2.5 Lyapunov stability

To study the qualitative behaviour of a system, hence to describe the properties of its
trajectories for all t € T" and for ¢ — oo, we introduce the notion of stability. In addition,
this notion allows to study the behaviour of trajectories close to an equilibrium point or
to a certain motion.

Remark. The notion of stability that we discuss has been introduced in 1882 by the Russian
mathematician A.M. Lyapunov, in its Doctoral Thesis (hence it is often referred to as
Lyapunov stability). There are other notions of stability due for example to Lagrange
(Lagrange stability) or introduced in the past 20 years. Nevertheless, the concept of
Lyapunov stability is the most commonly used in applications. o
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2.5.1 Definition

Consider a system described via a state space representation {X,¢,n} and denote with
x(t) the value of the function ¢(t,%9,x0,0), i.e. the value of the state at time ¢ when
the input is identically zero and x(ty) = xo. Recall that x(t) describes the so-called free
evolution of the system. Suppose that it is possible to define a norm on the space X. (If
X C IR" the Euclidean norm can be defined.)

Definition 2.4 [Lyapunov stability] Consider a system {X, ¢,n} and an equilibrium point
Ze. The equilibrium is stable (in the sense of Lyapunov) if for every e > 0 there ezists a
d =0(e, tg) > 0 such that

[z (to) — x|l <0

implies
[#(t) — zel| <,

for all t > tg.

In stability theory, the quantity z(tg) — = is called initial perturbation, and z(t) =
o(t, to, xo,0) is called perturbed evolution.

Therefore, an equilibrium x. is stable if for any neighborhood of z. (even very small) the
perturbed evolution stays within this neighborhood for all initial perturbations belonging
to a sufficiently small neighborhood of ..

The definition of stability can be interpreted as follows. An equilibrium point x. is stable
if however we select a tolerable deviation e, there exists a (sufficiently small) region with
the equilibrium x. in its interior, such that all initial perturbations in this region give rise
to trajectories which are within the tolerable deviation.

Remark. The constant J is in general a function of ¢g. If it is possible to define a § which
does not depend upon ty, we say that the equilibrium is uniformly stable. Note that if an
equilibrium of a time-invariant system is stable, it is also uniformly stable. o

The property of stability dictates a condition on the free evolution of the system for all
t > tg. Note, however, that in the definition of stability we have not requested that
the perturbed evolution converges, for t — 0o, to x.. This convergence property is very
important in applications, as it allows to characterize the situation in which not only the
perturbed evolution remains close to the unperturbed evolution, but it also converges to
the initial (unperturbed) evolution. To capture this property we introduce a new definition.

Definition 2.5 [Asymptotic stability] Consider a system {X,¢,n} and an equilibrium
point x.. The equilibrium is asymptotically stable if it is stable and if there exists a
constant 0, = 04(€,to) such that

[(to) — el < da
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implies
lim [|z(t) — x| = 0. (2.23)
t—oo

In summary, an equilibrium point is asymptotically stable if it is stable and whenever
the initial perturbation is inside a certain neighborhood of z. the perturbed evolution
converges, as t — 00, to the equilibrium point, which is said to be attractive. From a
physical point of view this means that all sufficiently small initial perturbations give rise to
effects which can be a-priori bounded (stability) and these vanish as t — oo (convergence).

It is important to realize that convergence does not imply stability: it is possible to
have an equilibrium of a system which is not stable (i.e. it is unstable), yet for all initial
perturbations the perturbed evolution converges to the equilibrium.

Remark. To define the notion of uniform asymptotic stability, it is important to understand
the role of ¢y in the convergence property. The existence of the limit in equation (2.23)
implies that, for any x > 0 there is a time t, such that

() = ze| <,

for all t > t,. The value t, is a function of k (consistently with the definition of limit),
but may be also function of ty. Therefore, the convergence property depends upon #g in
two ways: firstly through the constant d, (€, ty) and secondly on the fact that the speed of
convergence of ||xz(t) — x,||, which can be measured by t, — to, depends upon tg. If §, and
t, —to are not function of ¢y then the convergence is uniform. Finally, if the equilibrium is
uniformly stable, and if the convergence property is uniform, the equilibrium is uniformly
asymptotically stable. o

Example 2.12 Consider the discrete-time system

Tp41 = — Tk,

with x € IR. This system has the unique equilibrium x. = 0. Note that, for any initial
condition xg € IR one has

T2i—1 = —X0 T2; = 0,

for all i > 1. This implies that the equilibrium is uniformly stable, but not attractive.

Example 2.13 Consider the discrete-time system

N 20 if |z] <1
€T =
0 if x| > 1,

with x € IR. This system has the unique equilibrium x. = 0. This equilibrium s attractive,
i.e. for any initial condition the trajectories converge to x., but it is not stable.
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Example 2.14 Consider the continuous-time system
T = P(t,x1,20)02 B2 = —(t, 11, 22) 71,

with Y (t,x1,x2) > 0 for all (t,x1,x2). The system has the unique equilibrium x. = 0.
This equilibrium is stable, but not attractive. To see this note that, along the trajectories
of the system,

121 + X2k = 0,

and this implies that, along the trajectories of the system, x3(t) + x3(t) is constant for
everyt €T, i.e.

i (t) +25(t) = 21 (to) + #3(t0)-

Therefore the trajectory of the system with initial state (x1(to), x2(tg)) remains on a circle
of radius x3(to) + x3(to) for all t, hence the condition for stability holds with

d(e, tg) = €.

Finally, because § does not depend upon tg the equilibrium x. = 0 is uniformly stable.

Definition 2.6 [Global asymptotic stability] Consider a system {X, $,n} and an equilib-
rium point x.. The equilibrium is globally asymptotically stable if it is stable and if, for
all z(tg) € X,

lim ||z(t) — z¢|| = 0.
t—o0

Remark. The property of global asymptotic stability is very strong, and it has important
implications on the structure of the underlying state space realization. For example, in
the case of finite-dimensional, time-invariant systems, it implies that X = IR™. This
fact, which is the consequence of a very delicate theorem of J.W. Milnor, is sometimes
informally explained with the sentence “it is not possible to comb the hair on a sphere
without leaving a crown somewhere”. o

Obviously, the property of global asymptotic stability is much stronger than the property
of asymptotic stability (which is often referred to as local asymptotic stability), as it
requires that the effect of all initial perturbations vanishes as t — oo.

If an equilibrium z. is not globally asymptotically stable, it is possible to determine a
region of X, containing x., such that for all initial conditions in this region the free
evolution converges to z.. This region is known as region of attraction of the equilibrium
z.. Note that if x. is globally asymptotically stable then its region of attraction coincides
with X.

The property of asymptotic stability can be strengthened imposing conditions on the
convergence speed of ||z(t) — x.||.
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Definition 2.7 [Exponential stability] Consider a system {X,$,n} and an equilibrium
point x.. The equilibrium is exponentially stable if there exists A > 0 such that for all
€ > 0 there exists a § = 0(e) > 0 such that

[z(to) — xell <6

implies
l(t) — || < ee” 710, (2.24)

for all t > tg.

Remark. The property of exponential stability implies the property of stability and the
property of uniform asymptotic stability. o

Definition 2.8 [Stability of motion] Consider a system {X,¢,n} and a motion
M={(t,z(t) e T x X : t € F(ty), x(t) = o(t, to, xo,u)}.
The motion is stable if for every e > 0 there exists a § = d(e,tg) > 0 such that
|#(to) — @ol| <0

implies
||¢(t,t0,3§‘(t0),’d) - @(t,to,:l?o,’d)“ <€, (225)

for all t > tg.

The notion of stability of motion is substantially similar to the notion of stability of an
equilibrium. The important issue is that the time-parameterization is important, i.e. a
motion is stable if, for small initial perturbations, for any ¢ > tg the perturbed evolution
is close to the non-perturbed evolution. This does not mean that if the perturbed and
un-perturbed trajectories are close then the motion is stable: in fact the trajectories may
be close, but may be followed with different timing, which means that for some t > tg
condition (2.25) may be violated.

Example 2.15 To illustrate, informally, the fact that an unperturbed and a perturbed
trajectory can be close, yet the nominal unperturbed motion is not stable, consider two
identical chemical reactions taking place one in the presence of a catalyst and the other
without catalyst. The two reactions follow the same trajectory, but with a different time
parameterization, i.e one is faster than the other. Then, the distance between the two
motions may be larger than any pre-assigned bound.
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2.5.2 Stability of linear systems

The notion of stability relies on the knowledge of the trajectories of the system. As a
result, even if this notion is very elegant, and useful in applications, it is in general very
hard to assess stability of an equilibrium or of a motion. There are, however, classes
of systems for which it is possible to give stability conditions without relying upon the
knowledge of the trajectories.

Linear systems belong to one such class. Therefore, in this section, we study the stability
of linear systems ad we show that, because of the linear structure, it is possible to assess
the properties of stability and attractivity in a simple way.

To begin with, we recall some properties of linear representations.

Proposition 2.4 Consider a system with a linear state space representation. Then (as-
ymptotic) stability of one motion implies (asymptotic) stability of all motions. In partic-
ular, (asymptotic) stability of any motion implies and is implied by (asymptotic) stability
of the equilibrium z. = 0.

Proof. 1t is enough to prove the second claim. Consider a motion ¢(t,tg, g, u) and note
that, by definition, the motion is stable if for every e > 0 there exists a § = d(e, tg) > 0
such that

[ (to) — ol <6

implies
l6(t, o, z(to), u) — G(t, to, To, u)|| <,

for all ¢ > t3. However, by linearity of the state space representation

¢(t7t07$(t0)7u) - ¢(t7t07$07u) = ¢(t7t07$(t0) - :EO)O)‘

Hence, the motion is stable if and only if the equilibrium z. = 0 is stable. An analogous
argument can be used to prove the asymptotic stability claim. N

The above statement, together with the result in Proposition 2.1, implies the following
important properties.

Proposition 2.5 If the origin of the linear representation of a system is asymptotically
stable, then mecessarily, the origin is the only equilibrium of the system for uw = 0. More-
over, asymptotic stability of the zero equilibrium is always global. Finally, uniform asymp-
totic stability implies exponential stability.

The above discussion shows that the stability properties of a motion (e.g. an equilibrium)
of a linear representation are inherited by all motions of the system. Moreover, for linear
representations local properties are always global properties. This means that, with some
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abuse of terminology, we can refer the stability properties to the linear representation,
for example we say that a linear representation is stable to mean that all its motions
are stable. Note that it does not make sense to say that a nonlinear representation or a
nonlinear system is stable, despite the fact that this terminology is often used!

The stability results discussed in this section apply to general linear representations, in
particular it is not necessary to assume that X = IR", for some n > 1. However, in this
case, i.e. in the case of a finite-dimensional linear representation, it is possible to obtain
very simple stability tests.

To derive such tests, note that, by linearity of ¢ and by the finite dimensionality of
X = IR", we have that

(b(ta t07 Zo, O) = @(t, tO)x()a
where ®(t,tp), defined for all ¢t > t¢, is a square matrix of dimension n x n, known as the
state transition matrix. For finite-dimensional linear representations this matrix plays a
central role in the study of stability properties.
Proposition 2.6 A linear, finite-dimensional, representation is stable if and only if
|®(t,to)|| <k, (2.26)

for all t > tg and for some k > 0 possibly dependent on tg.

Proof. We prove only the sufficient part. For, suppose condition (2.26) holds. Then
[z()]| = [|@(t, to)zoll < Ellzol-

Therefore, for any € > 0 the selection

€
=%
is such that
[zoll <&
implies
()] <e,
for all t > tgy, which is the stability property for the equilibrium z. = 0. N

A similar result, with conceptually similar proof, holds with respect to the property of
asymptotic stability.

Proposition 2.7 A linear, finite-dimensional, representation is asymptotically stable if
and only if
[®(t, )] < &,

for all t > tg, and for some k > 0 possibly dependent on ty, and
tlim @(t,t()) =0.
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We conclude this section noting that the above statements can be further simplified, if
we assume in addition that the linear representation is time-invariant. To develop these
tests, we need the following fact.

Proposition 2.8 The equilibrium xg of a linear, finite-dimensional, time-invariant rep-
resentation is asymptotically stable if and only if it is attractive.

This result implies that for linear, finite-dimensional, time-invariant representations at-
tractivity of the zero equilibrium implies stability of the zero equilibrium. This implies
that stability is a property of the matrix A (see equation (2.8)). Moreover, as the proper-
ties are uniform, attractivity implies uniform asymptotic stability, and hence exponential
stability.

Proposition 2.9 The equilibrium x. = 0 of a linear, finite-dimensional, time-invariant
representation is stable if and only if the following conditions hold.

e In the case of continuous-time systems, the eigenvalues of A with geometric mul-
tiplicity? equal to one have non-positive real part, and the eigenvalues of A with
geometric multiplicity larger than one have negative real part.

e In the case of discrete-time systems, the eigenvalues of A with geometric multiplicity
equal to one have modulo not larger than one, and the eigenvalues of A with geometric
multiplicity larger than one have modulo smaller than one.

Proof. Recall that, for the considered class of representations, stability implies and is
implied by boundedness of the state transition matrix.

For continuous-time systems the state transition matrix, with ¢y = 0, is (see Footnote 6)

At ZT: i o
e = R, e,
i=1k=1 (k 1)'

where m; is the geometric multiplicity of the eigenvalue \;. This matrix is bounded if and
only if the conditions in the statement hold.

9 To define the geometric multiplicity of an eigenvalue we need to recall a few facts. Consider a matrix
A € R™" and a polynomial p(A\). The polynomial p(\) is a zeroing polynomial for A if p(A) = 0.
Note that, by Cayley-Hamilton Theorem, the characteristic polynomial of A is a zeroing polynomial for
A. Among all zeroing polynomials there is a unique monic polynomial pas(A) with smallest degree. This
polynomial is called the minimal polynomial of A. Note that the minimal polynomial of A is a divisor of
the characteristic polynomial of A. If A has r distinct eigenvalues A1, ..., A, then

Par(3) = (A =A™ (A= A)™ - (A =A™,

where the numbers m; denote by definition the geometric multiplicity of A;. This means that the geometric
multiplicity of \; equals the multiplicity of A; as a root of pas(A). Recall, finally, that the multiplicity of
i as a root of the characteristic polynomial is called algebraic multiplicity.
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Similarly, for discrete-time systems, the state transition matrix, for tg = 0 and ¢ > 1, is

T my tk—l
At — Z Z Riki)‘g_k—‘rla
=i k=D
and this is bounded if and only if the conditions in the statement hold. N

Proposition 2.10 The equilibrium x. = 0 of a linear, finite-dimensional, time-invariant
representation is asymptotically stable if and only if the following conditions hold.

e In the case of continuous-time systems, the eigenvalues of A have all negative real
part.

e In the case of discrete-time systems, the eigenvalues of A have all modulo smaller
than one.

Proof. The proof is similar to the one of the previous proposition, once it is noted that,
for the considered class of representations, asymptotic stability implies and is implied by
boundedness and convergence of the state transition matrix. N

We conclude this discussion with an alternative characterization of asymptotic stability,
the proof of which is outside the scope of these lecture notes.

Proposition 2.11 The equilibrium x. = 0 of a linear, finite-dimensional, time-invariant
representation is asymptotically stable if and only if the following conditions hold.

e In the case of continuous-time systems, there exists a positive definite matriz'® P =
P’ such that
A'P+PA<O.

0A square and symmetric matrix P € IR"*" is positive definite, denoted P > 0, if
v Py > 0,

for all nonzero vectors v € IR™. Note that the symmetry condition is without loss of generality. In fact, a
nonsymmetric matrix M is the sum of a symmetric matrix P and an anti-symmetric matrix ). Hence

v My =v"(P+Q)v=1Po.

To test positivity of a symmetric matrix

|'p11 P12 piz - pln-l
P12 p22 P23 - DP2n

p—=| P13 P23 P33 - P3n

Pin P2n P3n e Pnn
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e In the case of discrete-time systems, there exists a positive definite matriz P = P’
such that
A'PA—-P <0.

To complete our discussion we stress that stability properties are associated to the specific
state space representation of the system that we consider. Thus, another state space
representation of the same system may have different stability properties. Nevertheless,
representations related by a change of coordinates with specific properties have the same
stability properties. We discuss this issue with reference to linear representations and
linear change of coordinates. To this end, consider a change of coordinates described by

2(t) = L(t)i(t), (2.27)

with L(t) invertible for all ¢, and note that the state transition matrix of the representation
with state Z is given by
D(t,tg) = L™ (t)®(t,t0)L(to).

As a consequence, the following results hold.

Proposition 2.12 Consider a state space representation of a linear, finite-dimensional
system, and assume it is (asymptotically) stable. Then any representation obtained by
means of a change of variable of the form (2.27) is (asymptotically) stable if and only if

L@ < ka1 ILT @) < ke, (2.28)

for some constants ki1 and ko, and for all t.

Corollary 2.2 Consider a state space representation of a linear, finite-dimensional, time-
invariant system, and assume it is (asymptotically) stable. Then any representation ob-
tained by means of a change of variable of the form (2.27) with L(t) constant and invertible
is (asymptotically) stable.

Proof. Tt is enough to note that if L(t) is constant and invertible then condition (2.28)
holds. N

Example 2.16 To show the importance of the bounds (2.28) consider the system described
by
T = -,

we could use the Sylvester test, which states that P = P’ > 0 if and only if

P11 P12 P11 P12 P13
p11 >0 P12 D22 >0 pi2 p22 p23 | >0 oo detP > 0.
P13 P23 P33

Note finally, that a matrix P is negative definite, denoted P < 0 is —P > 0.
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with x € IR, which is asymptotically stable, and the change of coordinates
2(t) = ex(t).

Note that, for a # 0, this change of coordinates is such that conditions (2.28) do not hold.
The state space representation with the state variable I is given by

&= (a—1),

and its stability depends upon the value of !

2.6 Coordinates transformations

Because of the importance that it has in the forthcoming chapters, we elaborate on the
operation of coordinates transformation. This operation is often used to simplify the state
space representation of a given system or to highlight some specific property.

Consider a continuous-time, finite-dimensional, linear system described by the equations
&= A(t)z + B(t)u y=C(t)x+ D(t)u,
with x € X = IR", u(t) € IR™, y(t) € IRP, and the change of coordinates
x(t) = L(t)z(t), (2.29)

with L(t) invertible for all t. The state space representation in the new coordinates is
given by

A -1 r—1

&= [L7'0)(A®M)e + B(t)u) + L7 (x| _, 0
= (L) TA®)L(t) + L7 () L(t)2 + L (1) B(t)u,

and
y=CL(t)Z + D(t)u.

Similarly, for a a discrete-time, finite-dimensional, linear system described by the equations
7 = A(t)z + B(t)u y = C(t)x + D(t)u,
with z € X = R", u(t) € IR™, y(t) € IRP, and the change of coordinates
2(t) = L(t)i(0),

with L(t) invertible for all ¢, the state space representation in the new coordinates is given
by
T =LYt + 1)A@)L(t)E + LY (t + 1) B(t)u,

and
y=CL(t)Z 4+ D(t)u.
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In the case of time-invariant systems, we focus on time-invariant coordinates transforma-
tions, i.e. x = L&, with L invertible. The transformed system is described by

ot =L YALé + L™ 'Bu y = CL& + Du.

The matrices A and L' AL have the same eigenvalues, and the same characteristic and
minimal polynomials, and they are said to be similar.

Motivated by this discussion we introduce the following definition.

Definition 2.9 (Algebraic equivalent systems) The state space representations
or = Ax + Bu y=Cz+ Du

with x € IR"™, u(t) € R™, y(t) € IRP, and
o& = A& + Bi §=Ci+ Di

with & € R™, u(t) € IR™, y(t) € IRP, are algebraically equivalent if there exists a nonsin-
gular matriz L such that

A

A=L"1AL B=L"'B C=CL D=D.

Note that, for algebraically equivalent representations, one has
CA'B=CA'B

and A
CeB = Ce'B.

Example 2.17 (Lyapunov transformation) Consider a system, without input, descri-
bed by

i = A(t)z, (2.30)

with x € IR", and A(t) periodic of period T, i.e. A(t +T) = A(t), for all t € R. A
coordinates transformation x(t) = L(t)z(t), with L(t) periodic of period T, differentiable,
bounded and nonsingular for every t, and with bounded inverse, is called a Lyapunov
transformation if the matrix

A=L7Yt)A@)L(t) + L7 (t)L(t)

has constant entries. Note that in general, for a given periodic matriz A(t) it is not
possible to decide on the existence of a Lyapunov transformation. However, if such a
transformation does exist, then it is possible to decide stability of the system (2.30) by
computing the eigenvalues of A.
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2.7 Stability in the first approximation

In Section 2.4 we have seen that it is possible to approximatly describe a nonlinear system
around a given operating condition by means of a linear system. This approximation
makes sense only if the deviation variables 6, and &, are small for all ¢, i.e. only if §, is
selected sufficiently small and if a sort of stability property holds for d,.

In this section we clarify this issue. In particular we show that, in several cases of practical
interest, from properties of the linearized model it is possible to infer properties of the
nominal motion of the nonlinear system.

Proposition 2.13 Consider a nonlinear, time-invariant, system

ox = f(x),
with x € X. Let x, be an equilibrum of the system and let
00y = Ady

be the corresponding linearized system.

e In the case of continuous-time systems, if A is non-singular then the equilibrium x.
is isolated.

e In the case of discrete-time systems, if A— I is non-singular then the equilibrium x.
1s 1solated.

Remark. An equilibrum of a nonlinear system may be isolated even if the matrix A, or
A — I, which describes the linearized system around the equilibrium is singular. For
example, consider the discrete-time system

xf:m%—az% szm%—:p‘z’,
and the equilibrium (x1,z2) = (0,0). Note that this is the unique equilibrium of the
system. Nevertheles, the matrix A of the linearized system around the equilibrium is
equal to the identity, hence A — I is identically equal to zero, hence it is singular. o

The result in Proposition 2.13 is important because only isolated equilibria may be as-
ymptotically stable, hence it provides a necessary condition for asymptotic stability of the
equilibrium of the nonlinear system. Sufficient conditions can be also developed, as given
in the following statement.

Proposition 2.14 Consider a nonlinear, time-invariant, system
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with x € X. Let x, be an equilibrum of the system and let
00, = Ady
be the corresponding linearized system.

o Asymptotic stability of the linearized system implies (local) asymptotic stability of
the equilibrium x = x. of the nonlinear system.

e In the case of continuous-time systems, if the linearized system is unstable because
the matriz A has eigenvalues with positive real part then the equilibrium r = x. of
the nonlinear system is unstable.

e In the case of discrete-time systems, if the linearized system is unstable because the
matriz A has eigenvalues with modulo larger than one then the equilibrium r = x.
of the monlinear system is unstable.

The second and third claims cannot be relaxed replacing the fact that one eigenvalue has
positive real part, in the case of continuous-time systems, or modulo larger than one, in
the case of discrete-time systems, with the property that the linearized system is unstable,
as illustrated in the following example.

Example 2.18 Consider the system

T = T2 i = —af,

with © = (x1,72) € IR?. The origin is an equilibrium of the system, and the linearized
system around such an equilibrium is

: 01

5m = { 00 } 5(27
hence it is unstable. However, the zero equilibrium of the nonlinear system is stable. To
prove this note that

xi’:’vl + xox9 = 0,

hence . )
Iy (t) T (t)

4 2

is constant along all trajectories of the system. As a results, using similar arguments as
those in Example 2.14, we conclude stability of the equilibrium.

Example 2.19 Consider the Newton iteration discussed in FExample 2.10. Therein, it
has been shown that the system linearized around any stationary point such that condition
(2.19) holds is

5 =0,

xT
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hence the stationary point, which is an equilibrium of the monlinear system, is locally
asymptotically stable. This property justifies the fast convergence rate of Newton’s method
whenever initialized close to a stationary point, provided the Hessian matriz of the function
be nonsingular at the point.

Example 2.20 Proposition 2.14 holds also for non-time-invariant systems. For example,
consider the system in Example 2.11. Suppose that, for all t € IR,

2olries) (etm(o)a ;g;) +1 o (et“(o)’ ;—E‘;»

are bounded and

Og(z1x2) [ 4 et
o <e xl(O),xl(O) +1<—-e<0,

for some constant € > 0. Then, by direct integration of the linear differential equations,
it is possible to conclude that the system (2.22) is asymptotically stable. This, in turn,
implies that the motion associated to the trajectory (2.21) is locally asymptotically stable.

Example 2.21 Newton’s iteration

_l’_

o [of@), 17 of(@)
et =T s (:17)} W($>

is nmot well-defined, hence not applicable, for all x such that the matriz

O f(x)
Ox? (az)}

is singular. To avoid this difficulty it is sometimes modified into

2 f(x 2f(x ! T
x+:x_det<aaj;(2)(w)> 85;(2)(96)} "

(z). (2.31)

This modification, known as discrete Branin method, is well-defined for all x. However, it
has the disadvantage that there are equilibria of the system (2.31) which are not stationary
points of the function f. (These points are called extraneous singularities). Moreover, the
system linearized around a stationary point x. of f is given by

5t = (1 — det <826";(f) (xe)>> 8,

hence it is not possible to claim anything on the local stability of the equilibrium x..
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3.1 Introduction

In this chapter we focus on linear, time-invariant, systems, namely systems described by
equations of the form

ox = Az + Bu y = Cz + Du, (3.1)

with z € X = R", u(t) € R™, y(t) € RP and A, B, C, and D matrices of appropriate
dimensions and with constant entries.

For such a class of systems we study the input-to-state and state-to-output interactions,
which are characterized by means of the so-called structural properties: reachability and
controllability, observability and reconstructability, respectively.

These properties allow to quantify and describe in a precise way the effect of input signals
on the state of the system and the ability to reconstruct the state of the system by
means of measurements of the output variable. These properties are naturally defined in
terms of properties of the trajectories of the system. However, because of linearity and
time-invariance, it is possible to characterize such properties in terms of properties of the
matrices arising in the state space representation.

3.2 Reachability and controllability

When studying the input-to-state interaction we can take two different points of view. In
the former, we assume that the initial state of the system, i.e. the state of the system at
time ¢t = 0, is fixed and we consider the problem of determining the states of the system
that can be reached applying a certain input signal over a given period of time. In this
case we study the so-called reachability property. In the latter, we assume that the final
state of the system, at some time 7', is fixed and we aim at determining all initial states
that can be steered, by means of a certain input signal, to the selected final state. In this
case we study the so-called controllability property.

In the study of reachability and controllability, whenever the input signal that drives a
certain initial state to a certain final state is not unique, we could impose constraints on
such an input signal, e.g. we could consider the input signal with minimum energy, or with
minimum amplitude, or the input signal which achieves the transfer in minimum time. If
no constraint is imposed all input signals achieving the considered trasfer are equivalent.

For linear systems the properties of reachability and controllability are referred to the state
x = 0, hence we say that a state is reachable to mean that it is reachable from z = 0 and
that a state is controllable to mean that it is controllable to x = 0. Note moreover that,
because these properties are used to describe the input-to-state interaction they, trivially,
depend only upon properties of the matrices A and B.
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3.2.1 Reachability of discrete-time systems

Consider a linear, time-invariant, discrete-time, system. Let 2(0) = 0 and consider an

input sequence u(0), u(1), u(2), ---, u(k — 1). The state reached at t = k is given by
[ u(k —1) -|
z(k)=[ B AB ... AF'B] u(k'_m
u(O)

This implies that the set of states that can be reached at ¢t = k is a linear space, i.e. it is
the subspace R spanned by all linear combinations of the columns of the matrix

R,=[B AB .- AIB],

ie.

Rk = ImRk

The set Ry is a vector space, denoted as the reachable subspace in k steps. If Ry = X,
i.e. rankR) = n, then all states of the system are reachable in (at most) k steps and the
system is said to be reachable in k steps.

As k varies, we have a sequence of subspaces, namely
R17 R27 T Rka (32)

This sequence of subspaces is such that the following properties hold.

Proposition 3.1 The sequence of subspaces (3.2) is such that
RiCRaC---CRpC -
Moreover, if for some k, Ry = Ry, then, for all k > k, Ry = Ri. Finally,

ngR2g”’an:Rn+l'

Proof. To prove the first claim note that if a state Z is reached from zero in k steps, using

the input sequence u(0), u(1), - -+, u(k — 1), then the same state is also reached from zero
in k + 1 steps, using the input sequence 0, u(0), u(1), ---, u(k — 1), hence, for all k£ > 1,
Ri € Ri41-

To prove the second claim it is enough to show that
Ri = Rig1 = Rig1 = Riga (3.3)

or, equivalently that if Ry = Ry, then any Z € Ry, belongs also to Ry, ;. For, let
T be an element of Ry 5. This means that there is an input sequence which steers the
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state of the system from z(0) = 0 to Z in k + 2 steps. Consider now the state reached
after k+ 1 steps, using the same input sequence, which we denote with . By assumption,
T € Rgy1 = Ry, hence there is an input sequence which steers the state of the system
from z(0) = 0 to Z, in k steps. However, by definition of Z it is possible to steer & to T
in one step, hence there is an input sequence which steers 2(0) = 0 to Z, in k + 1 steps,
which proves the claim.

To prove the third claim note that if, for some k& < n, Ry = Ri41 then the claim follows
from equation (3.3). Suppose now that, for all k, the dimension of Ry is strictly larger
than the dimension of Ry. This implies that the sequence

dim Ry,

is strickly increasing at each step. However, this sequence is bounded (from above) by n,
and this proves the claim. N

Definition 3.1 Consider the discrete-time system (3.1). The subspace R = R, is the
reachability subspace of the system.

The matrix R = R,, is the reachability matrix of the system.
The system is said to be reachable if R = X = IR".

Remark. By definition,
R =ImR,

hence the discrete-time system (3.1) is reachable if and only if
rankR = n. (3.4)

Equation (3.4) is known as Kalman reachability rank condition, and was derived by
R.E. Kalman in the 60’s. o

Remark. From the above discussion it is obvious that, in a n-dimensional, linear, discrete-
time system, if a state Z is reachable, then it is reachable in at most n steps. This does
not mean that n steps are necessarily required, i.e. the state T could be reached in less
than n steps. In a reachable system, the smallest integer £* such that

rankRp« = n

is called the reachability index of the system. Note that, for single-input reachable systems,
necessarily, k* = n. o
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Example 3.1 Consider a discrete-time system with x € IR3,

R M
oot T
Then [

R1 = spanB Rngg—R—span{ J
11

Hence the system is not reachable, and its reachable subspace has dimension two.

Example 3.2 Consider a discrete-time system with x € IR®,

[0 10] [a]

Clooe] AT
Then
o o]
R = spanB Ro=span | B =~ Rg=span| B v 0 |.
M OJ [7 0 OJ

As a result, the system is reachable if and only if v # 0. Moreover, if v = 0 and 3 # 0,
the system is not reachable and the reachable subspace has dimension two. Finally, if
v =0 =0 and o # 0, the system is not reachable and the reachable subspace has dimension
one.

The reachability subspace R has the following important property, the proof of which is
a simple consequence of the definition of the subspace.

Proposition 3.2 The reachability subspace contains the subspace spanB, i.e.
spanB C R,

and it is A-invariant, i.e.
AR CR.

We conclude this section noting that algebraically equivalent systems have the same reach-
ability properties. In particular, consider two algebraically equivalent systems, with state
x and &, respectively. Let L be the coordinates transformation matrix, as given in equa-
tion (2.29), Ry and Ry, the reachability subspaces, and R and R the reachability matrices,
respectively. Then
ﬁ,k = L_l’Rk,
hence
R=L7'R,

and one of the two systems is reachable if and only if the other is.
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3.2.2 Controllability of discrete-time systems

The results established for the reachability property can be easily exploited to characterize

the controllability property. In fact, for a linear, time-invariant, discrete-time system, a

state x* is controllable (to zero) in k steps if there exists an input sequence u(0), u(1),
-+, u(k — 1) that drives the state from x(0) = z* to z(k) = 0, i.e.

u(k —1)
0=A"*+[B AB .- AF1B] u(k:_Z) :
u(0)

or equivalently

—Afg*=[ B AB ... AMIB]

This last equation implies that z* is controllable if the state —A*z* is reachable in k steps,
hence if

—Akz* e Ry, (3.5)
It is easy to see that the set of all * such that equation (3.5) holds is a vector space,
denoted by Ci, and called the controllability subspace in k steps.

A linear, discrete-time, system is controllable in & steps if

ImA* C R,.

Example 3.3 Consider the system in FExample 3.1. The system is controllable in two
steps. In fact

A’ =AeRy=R.

Example 3.4 Consider the system in FExample 3.2. The system is controllable in three
steps mo matter the values of «, 3, and . Note in fact that A3 = 0. The system is
controllable in two steps if v =0 and o # 0 or B # 0. Finally, it is controllable in one

step if v =10, and af # 0.

Similarly to the reachability subspaces, as k varies we have a sequence of controllability
subspaces, namely

Cla 627 Tty Ck7 Tt (36)

This sequence of subspaces is such that the following properties hold.
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Proposition 3.3 The sequence of subspaces (3.6) is such that
C1CCCCCCoee.
Moreover, if for some k, C, = Cry1, then, for all k > k, C,, = Ci. Finally,

ClgCZQ”’gCn:Cn—i-l'

Proof. The proof of this statement is similar to the one of Proposition 3.1. We simply
remark that, if a state is controllable in k steps, using the input sequence u(0), u(1), - - -,
u(k — 1), then the same state is also controllable in k£ + 1 steps, using the input sequence
u(0), u(1), ---, u(k — 1), 0. Q

Definition 3.2 Consider the discrete-time system (3.1). The subspace C = C,, is the
controllability subspace of the system.

The system is said to be controllable if C = X = IR".

The discrete-time system (3.1) is controllable if and only if
ImA" C R. (3.7)

In particular, if A is nilpotent, i.e. A? = 0, for some ¢ < n, then for any B (even B = 0)
the system is controllable. Note that a reachable system is controllable, but the converse
statement does not hold. In particular

RCCCX=IR".

3.2.3 Construction of input signals

The study of the properties of reachability and controllability leads to the following ques-
tion. Is it possible to explicitly construct an input sequence which steers the state of the
system from an initial condition wg, i.e. £(0) = xo, to a final condition z in k steps, i.e.
x(k) = a7

To answer this question, consider the problem of determining an input sequence u(0),
u(1), -+, u(k — 1) such that

Tf— Akl‘o = RkUk—la (3.8)
where
[ u(k —1) -I
u(k —2)
Up_1 = : € RF™.
u(1)
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To solve the problem we have to solve the linear system (3.8) in the unknown Uj_;. This
system has a solution if, and only if|

xy — AFzg € TmRy, (3.9)

which clearly shows the role of the matrices Ry in solving the considered problem. Note
that the input sequence achieving the desired goal may not be unique. In particular,
several solutions can be obtained as the linear combination of a particular solution of
equation (3.9) and a solution of the homogeneous equation

RiUj_1 = 0.

In the special case of a reachable system, it is possible to obtain an explicit expression for
one input sequence solving the considered problem in n steps. To this end, note that by
reachability, rankR,, = n, hence the condition expressed in equation (3.9), with & = n,
holds.

Consider now an input signal defined as
Un—l = R;L’U,

where v has to be determined. Using this definition, and setting k = n, equation (3.8)

becomes
Tf— A"xo = RHR;U,

where the matrix R, R}, is square and invertible. Hence, a control sequence solving the
considered problem in n steps is given by

U,_1 = R;L(RHR;L)_l(xf — A”a:o)

It is possible to show that, among all input sequences steering the state of the system from
xo to xy in n steps the one constructed has minimal norm (energy).

3.2.4 Reachability and controllability of continuous-time systems

The properties of reachability and controllability for linear, time-invariant, continuous-
time systems can be assessed using the same ideas exploited in the case of discrete-time
systems. However, the tools are more involved as the input-state relation is expressed by
means of an integral (see equation (2.9)).

Consider the reachability problem, i.e. the initial state of the system is 2(0) = 0 and we
want to characterize all states & that can be reached in some interval of time ¢, i.e. all
states such that, for some input function wu(t),

t
i:/ A=) Bu(r) dr.
Jo

Note now that, by Cayley-Hamilton Theorem

e = ap(t) I 4+ ar(t)A+ - 4 an_1 ()AL,
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for some scalar functions «;(t). Hence
t -
( / ag(t — m)u(r)dr
Jo

i-:[B AB ... A"—lB] [) ag(t — T)u(r) dr

L /Ot 1 (t — T)u(r) d

This implies that a state Z is reachable only if
z€lm| B AB --- A"'B|=ImR.

We now prove the converse fact, i.e. that if a state is in the image of R then it is reachable.
To this end, define the controllability Gramian

W, = / L AT BRI gy,
0
with ¢ > 0, and note that!

ImR = ImW;. (3.10)

Selecting
u(r) = B'et g,

where [ is a constant vector, yields
T = Wyp. (3.11)

Hence, to assess reachability of the state £ € ImR it is sufficient to show that equation
(3.11) has (at least) one solution . However, this fact holds trivially by condition (3.10).

Remark. Unlike the case of discrete-time systems, where the set of reachable states depends
upon the length of the input sequence, for continuous-time systems if a state is reachable,
then it is reachable in any (possibly small) interval of time. o

Definition 3.3 Consider the continuous-time system (3.1). The subspace R is the reach-
ability subspace of the system.

The matrix R is the reachability matrix of the system.

The system is said to be reachable if R = X = IR".

We summarize the above discussion with a formal statement.

IThe proof of this property is not trivial.
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Proposition 3.4 Consider the continuous-time system (3.1). The following statements
are equivalent.

o The system is reachable.
e rankR = n.

e For all t > 0 the controllability Gramian W; is positive definite.

Remark. If a system is reachable then it is possible to explicitly determine one input signal
which steers the state of the system from z(0) = 0 to any Z in a give time ¢ > 0. In fact,
to determine one such input signal it is sufficient to solve the equation (3.11) which, if the
system is reachable, has the unique solution

/8 = Wt_lfa
i.e. the input signal
u(t) = B'eAIw (3.12)

steers the state of the system from z(0) = 0 to z(t) = z. Similarly to what discussed
in Section 3.2.3, it is possible to prove that, among all input signals steering the state
from 0 to Z in time ¢, the input signal (3.12) is the one with minimum energy. Similar
considerations can be done to determine an input signal steering a nonzero initial state to
a given final state. o

To discuss the property of controllability note that a state z is controllable (to zero) in
time ¢ > 0 if there exists an input signal such that

t
0=eMz + / AT Bu(r) dr.
0

This, however, implies that

etz EeER
hence
Tee MR
This implies that the set of controllable states in time ¢ > 0 is the set
C = e_AtR,

which has the same dimension as R, by invertibility of e~4 for all ¢, and it is contained in
R, by the fact that R is A-invariant, hence it is trivially e~ “*-invariant. As a consequence,
for all t > 0,

C: =R,

which shows that the set C of controllable states does not depend upon ¢ > 0 and that
a continuous-time system is controllable if and only if it is reachable (unlike what hap-
pens for discrete-time systems, for which reachability implies, but it is not implied by,
controllability).
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Example 3.5 Consider the linear electric network in Figure 3.1. Assume Ry > 0, Ry >
0, L >0 and C > 0. The input u is the driving voltage and the output y is the current
supplied.

Figure 3.1: A linear electric network.

Let x1 be the current through L and xo the voltage across C. By Kirchhoff’s laws we have

. Ry 1 N 1 ) 1
1 =——T1 — =22+ =u Ty = =T
1 A 2= oM
and
+ ! U
=x + —u.
Y 1 Ry
Therefore
_R 1 1
e, 0 0
The reachability matriz is
1 R
| T L
e [ 0 ]
LC

hence the system is reachable (and controllable) for any L and C.

Example 3.6 Consider the linear electric network in Figure 3.2. Assume Ry > 0, Ry >
0, L >0 and C > 0. The input u is the driving voltage and the output y is the current

supplied.

Let x1 be the voltage across C' and xo the current through L. By Kirchhoff’s laws we have
. 1 1 . Ry 1
T =———=21 + —=—=Uu To = ——To + —=U

R.C R.C L L

and
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y=i

(@]
—

Figure 3.2: A linear electric network.

The reachability matriz is

o)
o

=
Il
| — |
X
==
Q
|
3
HQH
—_

=
h
[

and
1 1 Ry
detR = — [— -2
¢ RlCL<R1C L)’

hence the system is reachable (and controllable) provided Ry RoC # L.

3.2.5 A canonical form for reachable systems

In this section we focus on single-input systems and we show that the property of reacha-
bility allows to write the system in a special form, known as reachability canonical form.

Consider the system (3.1), with m = 1, and suppose the system is reachable, i.e. the rank
of the reachability matrix is equal to n.

By reachability, there is a (row) vector [ such that
IB=0 IAB=0 IA"2B=0 IA"'B=1. (3.13)
In fact, conditions (3.13) can be rewritten as
IR=[0 0 --- 0 1] (3.14)

hence

is well defined.
The vector [ has the following important property.
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Lemma 3.1 Let !l be as in equation (3.14). Then the square matrix

e

T = :
lAn—2
lAn—l
1s invertible.
Proof. Consider the matrix
[
"
TR = : |[B AB .- A"2B A"lB]
lAn—2
i JA"1
[ IB IAB - A" 2B (A" 1B ]
|AB IA2B ... |A"1B [A"B
[A" 2B A" 1B
i A" 1B

and note that, by conditions (3.13),

{ 0 0 o 0 1 -‘
0 0 -~ 1 IA"B
TR=| : : . .
0 1
1 IA"B
which shows that |det(TR)| = 1, hence T is invertible. N

The matrix T can be used to define a new set of coordinates & such that
Tz ="Tx.

To derive the state space representation of the system in the & coordinates we could use
the general discussion in Section 2.6. However, it is easier to proceeed in an alternative
way. For, consider the auxiliary signal

i’lzll’
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and note that
Ui’l = lAl‘ = :ﬁg,

Ui’i = lAZ:E = i’i+1,
fori=1,--- ,n—1and
0ip = 1A +u=IA"T & + u.

As a result, in the new coordinates & one has

o = A& + B, (3.15)
where
0 1 0 0 0
[0 : ° 0]
Ar = : : . . : BT’ = : )
0 0 o .- 1 0
—Qy —O1 —Gg - —Qp_1 1
and
[ —Qqp —Q1 —Q2 -+ —Qp_1 ] = [A"T L.

Note that for any «;, the system (3.15) is reachable, hence a system described by equation
(3.15) is said to be in reachability canonical form.

The matrix A, is in companion form. It is worth noting that its 