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Abstract Aimed at the boundary value problem of composite spherical Bessel equations. Through introducing
similar kernel function in the left (right) region, the similar structure of solution was obtained. By analyzing the
structure of solution, the solution in the left region was assembled by coefficient of left boundary value condition
and similar kernel function in the left region, the solution in the right region was assembled by similar kernel
function in the left (right) region; coefficient of left boundary value condition; left guide functions and coefficient of
joint conditions. Thus a simple method of solving the boundary value problem of composite spherical Bessel
equations is put forward, namely similar construction method; This method provides a way for solving boundary
value problem of composite differential equations.
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1. Introduction

With the rapid development of science and technology,
a lot of edge sciences are produced, and a lot of new-style
differential equations are appeared; differential equation is
also extending in chemistry and biology at the same time,
and a lot of reaction diffusion equations are appeared;
differential equation is also widely used in materials
science [1,2], especially the composite material is widely
used in industrial area, and some mathematical models of
the composite material can be summed up in solving
boundary value problem of composite differential
equations, and which plays an important role in practical

application.
In spherical coordinate system, Spherical Bessel
equation is ordinary differential equation of radial

component which is obtained by using the method of
separation of variables to solve Laplace equation [3], it is
common in well potential problem of the spherical square
[4], its solution is called spherical Bessel function, and it
is used to solve definite solution problem of heat
conduction for spherically symmetric object [5,6],
therefore solving the boundary value problem of spherical
Bessel equation is of significant.

About the research of solution structure for the
boundary value problem of differential equation, in 2004,
similar construction theory of solution was put forward in
reference [7], namely expression of solution for the
boundary value problem of differential equation has the

similar structure, in other words, it is expressed by the
form of continued fraction, and this theory was
demonstrated in many references [8-14]. Such as
boundary value problem of homogeneous linear
differential equations of second order; boundary value
problem of Euler hyper-geometric equation and so on.

This paper studied the following the boundary value
problem of composite spherical Bessel equations:

X’z +2xzi+[x2 -y (my +1)J 71 =0(a<x<c)
X%z, +2xz, +[x2 —-ny(n, +1)J 7, =0(c<x<b)

[Mz+(1+MN)z | =E (1)

Z1|x:c =1z, |x:c Zill|x:c = ﬂzlz |x:c

[P22+Qz'2} X =0

X=

Where:
n(i=12) is positive constant including zero, and

E =0, P2+Q2¢O,O<a<c<b.

Aimed at the boundary value problem (1), in part one,
three lemmas are given; in part two, similar structure
theorem of solution is demonstrated, similar kernel
function in the left and right region is introduced, and two
corollaries are obtained; in part three, the concrete step of
similar construction method is given; finally, superiority
of similar construction method is illuminated by giving a
example.

a,b,c,E,M,N,P,Q, A,z are real constant,
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2. Preliminary Knowledge
Lemma 1. [15] spherical Bessel equation

x2y"+2xy'+[x2—n(n+1)Jy:O 2

. . 1
can be converted into the normal Bessel equation of n +§
order, namely

2 4% dé 1|, _
X dTJFX&J{X ( +§j jlf—o (3)

Proof; x2y"+2xy'+[x2—n(n+l)Jy:0 is converted
2 d%¢ | dg

2 1) _0
W-}-X&-{- X" — n+§ 5—

by variable substitution y = ,215
X

Lemma 2. the general solution of spherical Bessel
equation is

y=E{QYn+%(x)+C2Jn+§(X)} (4)

Where: C;, C, are any constant, Jn+% ()Yn%() are

into the equation x

. . 1
first and second class Bessel function of n+§ order

respective.
Proof: Because the general solution [16] of the normal
Bessel equation (3) is

§=C1Yn+%(x)+C23n+;(X)-

2

o e yoreg] o

obtained by variable substitution y = %2595
X

Lemma 3. function of two variables is structured,
namely

(03N Tn (M) ®

Where: m,n are constant, J,(-),Y,(-) are first and

second Bessel function of v order respective.
Therefore the following formula is easily obtained:

Ymn (X’ y) :Ym

%'//v,v(xv y) :§l//v,v(x7 Y)_'//v+1,v(x7 y) (6)

%‘/’v,v(x’ y):%‘/’v,v(x’ y)_‘//v,v+1(x’ y) W)
2 2
@V/v,v (X' y) = ay_axl//v,v (X’ y)

2

\" Vv Vv
:_y'//vv( y)_;'/’v,w—l(xv y)_;‘//vﬂ,v(X’ y,t) ®)

HWyivel (X, y)

Proof: According to the differential property of Bessel
function [16]:

%Jv(t) =%JV ()= (1),
%Y\, ()= 1% (1)~ Yeu (1),

We can obtain

aﬁ,,,vv :_[Y =3, ()% (¥)]
:[%n(x)—m(x)}av<y>—[§Jv(x>—Jv+1<x>}Yv<v)

\Y
= ;‘/’v,v (X, y)_‘//v+1,v (X, Y)

By a similar way, (7) and (8) can be demonstrated.
The guide functions are structured by two linearly

. . T T
independent solutions f—Y X), !—J x) of
P 2X ni+%( ) 2X ni+%( )

spherical Bessel equation, namely

¢a,o<x.§>=[ U ERNE
MC CAAC I

2\ x¢ ”i+§,ni+% (X,é)

7 [1]n (10)
:EE{Y"”W;W;(X"f)“”nuzynﬁ;“"f)}
i 0 i
¢01(X'§)=%¢00(x,§)
1 (11)
V4 ni
:E\E ?‘/jni‘*;vni*'%(X,ét)_l//ni+%,ni+g(x’é:):|
i 62 i
ﬂl(x’f):@%,o(x’ )2%%0( £)
m2 [1 1
27 gx_gwniﬁ—%,nﬁ%(x’é)
ﬂ'ni 1 1
2 _fxl//”ﬁz"l (Xf) (12)

ﬂ'ﬂ
FCE n,+ N+ '5)
+_E n,+ N+ g(X,f)

Where: i=1,2.

3. The Main Theorem and its Proof

Theorem If the boundary value problem (1) of
composite spherical Bessel equations has unique solution,
its solution in the left region (a<x<c) is
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1 1
3 =E- : p(x)  (13)
M4 L N+p(a)
N +¢(a)
its solution in the right region (c <x<b) is
1 1
22 = E .
Mi_ Lt N+op(a)
N +o(a) (14)
#1(c.c) o

340 (0) e (a,0)— gy (arc)

Where: ¢(x) is called similar kernel function in the
left region, namely

A9 ()1 (x,c)—
¢(X): * 1
Ap (c)da(ac)—
¢ (x) is called similar kernel function in the right
region, namely

- :P¢&0(X.b)+Q¢(§1(X’b)
7 )= (c.b)+ Qe (o)

Proof: According to lemma 2, the general solution of
the definite solution equation for the boundary value
problem (1) is

zi(x)zcil\/gYnﬁ%(xHCiz\/g% %( ).(i=1,2)(17)

Where: C!,C2 (i=1,2) are any constant; when i =1, it
indicates left region (a<x<c); when i=2, it indicates
right region (c < x<b).

Taking the derivative of z; (x), namely

' d
Z; (x):&{cil 2—’§(Yni+%(x)+ci2 2)(Jn +%(x)}

- \Ex_gni {C}YW% (x)+C23 4 (X)}
_\/;{clv 2(X)+Ci23ni+g(x)}

The following formulas are obtained by putting the
formula (17) plug into the boundary condition of the
boundary value problem (1).

_[M E +(1+ MN )Eagnlen“% (a)
o) (2Y )
_[M \/g+(1+ MN)\/%a_gnljJnﬁ% (a)
o) (2o

#¢é,o (x.c)
ﬂ¢11.0 (ac)

(a<x<c)(15)

(c<x<b) (16)

Cl1 +
(18)

Cl=E

¢ me
(19)
T 1 T 2
A fE s ©ck-A[E 00 =0
_3 P 1
et -, g
+ \Fc_gnlJ (c)—FJ (c)|cf -
ned (972673 ()|
(20)

T
2571 (0)+ Q5D Y, 1 (0)
C%+
T
et @)
o —
PF 1 (0)+Q 20 nd,,.1(0)
C2-=0
_Q b n2+ 3(0)

Because the boundary value problem (1) has unique

solution, determinant A of coefficients C},C2,C3,C2

for equations (18)-(21) is not equal to zero, according to
formulas (9)-(12), we can obtain

A= 2| Pg3o(c.b)+Qddy (c.b) |
M (ac)+(1+MN) gy (a,c)]
—ﬂ[F%Z,o (c.b)+ Qe (C’b)J
Mg o(a.c)+(1+MN) gy (ac)]

and then according to grammer rule, we can obtain value
of coefficients Cl,C2,C3,C5, namely

2[Pd (e.0)+ Qs (c.0)|
clle o

A { %[?Jnﬁ%(c)”mg(c)ﬂ (23)

[ P (e0) +Qf (e0) | 522

AP0 (c.0)+ Qs (c.0)]
c? _—E \F %Ynﬁ%(c)
2c —Yn1+§(C) (24)
2

_ﬂ[wjfo (c,b)+Qgi (c, b)]\/%Ynﬁ% (c)}

(22)
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#1(cc)  (25)

-E
Ci=— n—zYn2+;(b)

A +Q\/%_by

By putting the formula (23)-(26) plug into the formula
(17) and using the similar kernel function in the left and
right region (15);(16), the solution in the left and right
region of boundary value problem (1) is obtained, namely
(13);(14).

According to the theorem, it is easy to obtain the
following corollary.

Corollary 1. If right boundary value condition of the

boundary value problem (1) is z,(b)=0 , namely
Q=0, P=0, the corresponding similar kernel function
in the right region is

#a(cc) (26)

2 (P)

.o #ho(xb)
@ (x)_z—.
#o(c.b)

Corollary 2. If right boundary value condition of the
boundary value problem (1) is z, (b)=0, namely
P=0,Q =0, the corresponding similar kernel function in
the right region is

¢§,1(X'b)

7 )= e (e

4. Step of Similar Construction Method

According to above the solving process for the
boundary value problem (1), by analysis and summary, it
is easy to obtain concrete step of similar construction
method, which solving the boundary value (1).

Step 1. The function of two variables (5) is constructed,
and then the guide functions (9)-(12) are constructed by
using the two linearly independent solutions

T T . ..
\EYW%(X)\\/;JW%(X)O:1\2) of the definite

solution equation for the boundary value problem (1).
Step 2. According to the guide functions in the right

region ¢fo(x,&)s 51 (%.&) #o(x&)s ¢4 (x&) and
the coefficients P. Q of the right boundary value

condition [Pzz +Qz'2] A =0, the similar kernel function
X=|

in the right region (p*(x) is assembled by using the

formula (16); According to the guide functions in the left
region

do(%E)s (X&) do(%E)s da(x.€) ¢ (c)
and the coefficients A. x of the connective condition
2| vee = A% | xe » 2| xee = H25 | xee + the similar kernel
function in the left region ¢(x) is assembled by using

the formula (15).

Step 3. According to the coefficients E. M. N of the
left boundary value condition
[Mz+(1+MN)z | =E and o(x). ¢(a) , the

X=a
solution in the left region of the boundary value problem
(1) is assembled by using the formula (13); According to
the coefficients E. M. N of the left boundary value

condition [le+(1+MN)zﬂ =E and ¢p(a), the

X=a
guide functions in the left region

B2 (%) do(xE)~ da(x.&), the coefficients 4.
of joint conditions z|y_¢ =A% |xc 2| xec = 425 | ke

and the similar kernel function in the right region (p*(x),

the solution in the right region is assembled by using the
formula (14) for the boundary value problem (1).

5. Example

The following boundary value problem is solved by
using the above step of similar construction method.

X%z +2xz, +(x2 —2)21 =0(1< x<10)
X%z, +2xz, +(x2 —6)22 =0(10< x < 20)

(21+22i)X=1 =1 @7

Zl|x:10 =1 |x:10

Zi'x:lo = Z'2 |x:10

(22 +z'2))(:20 =0
Where: In this case
a=1,b=20,c=100M =N=E=P=Q=A4A=pxu=1,
n=Ln,=2.

Step 1. The function of two variables and guide
functions are constructed, namely

V/Q%(X,f):Y%(X)J%@)—J%(X)Y%(f) and
‘/’g,g(xvf):Yg(X)J%(f)—J%(X)Yg(f) are  called

>
function of two variables, the following functions are
called guide function.
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T |1
:E\E"’ié(x’gy)’
#o(x.&)= §¢é (x.¢)
:% X—lf{%y/gg(X,f) l/’g%(x 5)}
on(xlg):a%%o(x,f)
T |1
:E\E{%'@S(X §)-vrs(x é)}
¢%,1(X'5)=%¢&0(X’5)
_7 1.
5l trapcrggeo)
#a(08)= 5o (1.0)
T |1
:E\E[gwgg(x,é) ng(xé)}
1 * 4 * 4
A1 (€)= 5570 (08) = 550 (%)

2 o _ 9
#1(x8) =2z ho (X8 =7 ho(x.8)
11
e g9

Step 2. The similar kernel functions are constructed,

2 2
namely ¢*(x) - ¢010(X’ 20)+¢011(X, 20) i<

2 called
#20 (10,20)+ ¢ (10, 20)

similar kernel function in the right region of the boundary
value problem (27).

(1) #1001 (%10) o (x10)
#" (10) 41 (110) - (L10)
kernel in the left region of the boundary value problem (27)
(1) = £ 100 (110) - (L10)
#" (10)d1 (110) - (110)

is called similar

Step 3. The solution is constructed, namely
1 1 .
2, = : (X 1<x<10) is called
1+ (p(l)

solution in the left region of the boundary value problem
27).
1 1
N 1 1+ (p(l)
1+(1) is
¢51(10,10)
¢ (10)¢, (110)— 40 (110)
called solution in the right region of the boundary value
problem (27).
According to the concrete step of similar construction
method, the changing curve of the solution in the

designated area is drawn by using Matlab for the
boundary value problem (27), namely figure 1

22:

¢ (x),(10 < x < 20)

0.25 -

E=M=N=P=Q=1 z1Z X AR

02F — =2 B XA
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A
0 s 0
e Cem e
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-0.1F
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Figure 1. Curve of solution to the boundary value problem (27)

6. Conclusion

(1) Aimed at the solution (13) and (14) of the boundary
value problem (1), it is expressed by continued fraction in
form, namely similar structure.

(2) For solving process of the boundary value problem
(1), similar construction method that is put forward can
solve its solution, and this method is simple and effective,
the step of this method plays an important role in drawing
the changing curve of solution of the corresponding
boundary value problem for men of mathematics.

(3) For the boundary value problem (1), when the
coefficient of right boundary value condition changes, it is
merely changing similar kernel function, but expression
form of the solution is not changing.

(4) Observing the formula (13) and (14), the following
relational expression is obtained, namely

E

[zl(x)+ Nzi(x)l(:é1 = |\/|+—1 .

N +(p(a)
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