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Abstract

In this paper, we introduce a new class of monotone operators — (H(-, -), 7)- monotone operators, which generalize many
existing monotone operators. The resolvent operator associated with an (H(, -), 7)- monotone operator is defined and
its Lipschitz continuity is presented. As an application, we also consider a new generalized mixed variational inclusion
involving (H(-, -), n)-monotone operators and construct a new algorithm for solving the generalized mixed variational in-
clusion. Under some suitable conditions, we prove the convergence of the iterative sequences generated by the algorithm.
These results improve and generalize many corresponding results in recently literatures.
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1. Introduction

The resolvent operator method is an important and useful tool to study approximation solvability of nonlinear varia-
tional inequalities and variational inclusions, which are providing mathematical models to some problems arising in
optimization and control, economics and engineering science. In order to study various variational inequalities and varia-
tional inclusions, Ding(2000), Huang and Fang (2003), Fang and Huang (2003), Fang et al.(2005), Verma (2006), Zhang
(2007), Sun et al.(2008), Xia and Huang (2007), Feng and Ding (2009) and He et al.(2008) have introduced the con-
cepts of n-subdifferential operators, maximal n-monotone operators, H-monotone operators, (H, 7)-monotone operators,
A-monotone operators, (A, 77)-monotone operators, G-n-monotone operators, M-monotone operators in Hilbert spaces,
H-monotone operators, A-monotone operators and H-n-monotone operators in Banach spaces and their resolvent oper-
ators, respectively. Further, by using the resolvent operator technique, a number of nonlinear variational inclusions and
many systems of variational inequalities and variational inclusions have been studied by some authors in recent years (for
example Lan (2007), Ding and Feng (2008), Peng and Zhu (2007), Zeng (2007), Ding and Wang (2009)).

Motivated and inspired by the above works, we introduce a new class of monotone operators: (H(:,-),n)- monotone
operators, which provide a unifying framework for maximal monotone operators, n-subdifferential operators, maximal 7-
monotone operators, H-monotone operators, (H, n7)-monotone operators, A-monotone mappings, (A, 17)-monotone opera-
tors, G-n-monotone operators, M-monotone operators, H-monotone operators, A-monotone operators and H-n-monotone
operators. The resolvent operator associated with an (H(-, -), 17)- monotone operator is defined and its Lipschitz continuity
is presented. We also consider a new generalized mixed variational inclusion involving (H(:, -), 7)-monotone operators
and construct a new algorithm for solving the generalized mixed variational inclusion. Under some suitable conditions,
we prove the convergence of iterative sequences generated by the algorithm. These results improve and generalize many
known corresponding results.

2. Preliminaries

Let E be a real Banach space with dual space E*, and the norm and the dual pair between E and E* are denoted by || - ||
and (-, -) respectively. CB(E) denotes the family of all bounded closed subsets of E. The Hausdorff metric on CB(E) is
defined by

xeA Y€

H(A, B) = max({sup inf ||x — y||, supinf ||x — y||}, ¥ A, B € CB(E).
B yeB x€eA

The normalized duality mapping J : E — 2F" on E is defined by

J) ={f" € E™ e f7) = 1ML LI = il . Y x € E.

If E = H is a Hilbert space, then J is the identity mapping on H.
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Lemma 2.1 (Petryshyn(1970)) Let E be a real Banach space and J : E — 2£" be the normalized duality mapping. Then
forall x,y € E,

o +y IP<llx [P +2¢y, jlx+y), ¥ j(x+y) € J(x+y).
Definition 2.1 LetA,B: E > E, T : E > E*, H: EXE — E*andn : E X E — E be five single-valued mappings.
(1) T is said to be n-monotone if (T'(x) — T(y), n(x,y)) > 0;
(2) T is said to be strictly n-monotone if 7" is p-monotone and
(T'(x)=Ty),nx, ) =0
if and only if x = y;
(3) H(A,") is said to be a-strongly n-monotone with respect to A if there exists a constant & > 0 such that
<H(A-x’ M) - H(Ay’ I/l), U(X,)’» za ” X=y ”27 v Xy, u € Ea
(4) H(., B) is said to be S-relaxed n-monotone with respect to B if there exists a constant 5 > 0 such that
<H(u, B.X) - H(M9 By)s 77(%)’))) > _ﬁ ” X _y ”29 \7, X,y, ue E’
(5) H(.,-) is said to be A-Lipschitz continuous with respect to A if there exists a constant 4 > 0 such that
Il HAx,u) - HAy,w) [I< Al x=yll,  Yxyu€ckE;
(6) T is said to be e-Lipschitz continuous if there exists a constant € > 0 such that
ITx)-Ty lI<ellx—yll, YxyekE;
(7) n1is said to be 7-Lipschitz continuous if there exists a constant 7 > 0 such that

InCGey)listllx=yll, YxyekE.

Remark 2.1 If E = H is an Hilbert space, n(x,y) = x—y, VY x,y € E, then (3) and (4) of Definition 2.1 reduce to (i) and
(i1) of Definition 1.2, respectively(Sun et al.(2008)).

Definition 2.2 (Lou et al.(2008)) Let M : E — 2F" be a multi-valued mapping, H : E — E* andn : EX E — E be
single-valued mappings. M is said to be

(1) monotone if (x —y,u—v)>0, Yu,ve E,x € M(u),y € M(v);
(2) p-monotone if (x —y,n(u,v)) >0, Yu,ve E,x € M(u),y € M(v);
(3) strictly n-monotone if M is -monotone and equality holds if and only if x = y;

(4) r-strongly p-monotone if there exists a constant r > 0 such that
X =y, puv)y>rllu=v|? YuvekE xeMu),yeM©v);
(5) m-relaxed p-monotone if there exists a constant m > 0 such that
x=y,qu,v)y>-m|lu-vI|?* YuveE xeMu),yeMy;,

(6) maximal monotone, if M is monotone and has no a proper monotone extension in E, i.e., for all u,vy € E, x € M(u),
(x = yo,u —vp) > 0 implies yg € M(vp);

when E is a reflexive Banach space, M is maximal monotone if and only if M is monotone and (J + AM)E = E* for all
A1>0;

(7) maximal -monotone, if M is p-monotone and has no a proper n-monotone extension in £, when E is a reflexive
Banach space, M is maximal n-monotone if and only if M is -monotone and (J + AM)E = E* for all 4 > 0;

(8) H-monotone, if M is monotone and (H + AM)E = E* for all 1 > 0;
(9) (H, n)-monotone, if M is p-monotone and (H + AM)E = E* for all 1 > 0O;
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(10) H-n-monotone, if M is m-n-relaxed monotone and (H + AM)E = E* for all 1 > 0.

Definition 2.3 Let T : E — E be a single-valued mapping. T is said to be o-strongly accretive, if there exists a constant
60> 0and j(x —y) € J(x —y) such that

(T(X) =T, jx—=y)=6llx—y |’ ¥YxyeE.

3. (H(-,-), n)-monotone operators

In this section, we shall introduce a new class of monotone operators — (H(-, -), 17)-monotone operators and discuss some
properties of this class of operators

Definition 3.1 Let H : EXE — E,n: EXE — E, A,B : E — E be four single-valued mappings. Then the
set-valued mapping M : E — 2F is said to be (H(-,-), n)-monotone with respect to mappings A and B (or simply
(H(-,-), n)-monotone in the sequel), if M is m-relaxed -monotone and (H(A, B) + pM)(E) = E* for all p > 0.

Remark 3.1 (1) If H(Au, Bu) = Au, Y u € E, then Definition 3.1 reduces to the definition of H — n-monotone operators
(Lou et al.(2008)). Hence, the class of (H(:,-), n)-monotone operators in Banach spaces provides a unifying framework
for the classes of n-subdifferential operators, maximal monotone operators, maximal 7-monotone operators, H-monotone
operators, (H,n)-monotone operators, G-n-monotone operators, A-monotone operators and (A, 77)-monotone operators
in Hilbert spaces and H-n-monotone operators, H-monotone operators, A-monotone operators in Banach spaces. We
emphasize that an (H(-, -), 7)-monotone operator in Banach spaces maps from E to E*.

(2) If E = H is a Hilbert space, m = 0 and n(x,y) = x —y, Y x,y € H, then Definition 3.1 reduces to the definition of
M-monotone operators (Sun et al. (2008)).

Theorem 3.1 Let A,B: E - E,n: EXE — Eand H : EX E — E* be single-valued mappings and H(A, B) be
a-strongly -monotone with respect to A, S-relaxed n-monotone with respect to Band @ > 8. Let M : E — 2 be
an (H(:,-),n)-monotone operator with respect to A and B. If {(x — y,n(u,v)) > 0 holds for all (v,y) € Graph(M), where
Graph(M) = {(a,b) € E X E : b € M(a)}, then (u, x) € Graph(M).

Proof Since M is (H(:, -), 7)-monotone with respect to A and B, we know that (H(A, B) + pM)(E) = E* holds for all p > 0
and so there exists (u1, x;) € Graph(M) such that

H(Au, Bu) + px = H(Auy, Buy) + px;.
Since H(A, B) is a-strongly n-monotone with respect to A, S-relaxed monotone with respect to B and a > 8, we have

< plx = x,n(u, ur))

= —(H(Au, Bu) — H(Auy, Buy), n(u, uy))

—(H(Au, Bu) — H(Auy, Bu),n(u,u;)) — (H(Au,, Bu) — H(Au,, Buy), n(u, u))
~(@=p) lu—u [P<0.

IN

This implies that u = u; and x = x;. Thus (&, x) = (u1, x;) € Graph(M). This completes the proof. O

Theorem 3.2 Let A,B: E - E,n: EXE — Eand H : E X E — E* be single-valued mappings and H(A, B) be
a-strongly n-monotone with respect to A, -relaxed n-monotone with respect to Band @ > 8. Let M : E — 2F" be an
(H(-,-), n)-monotone operator with respect to A and B. Then the operator (H(A, B)+pM)~" is single-valued for 0 < p < ﬁ,
where r = @ — 5.

Proof. For any given u* € E, let V u,v € (H(A, B) + pM)~'(u*). It follows that

—H(Au, Bu) + u* € pM(u) and — H(Av,Bv) + u* € pM(v).

Since M : E — 2F is an (H(-, ), n)-monotone operator with respect to A and B and H(A, B) is a-strongly -monotone
with respect to A, S-relaxed p-monotone with respect to B and a > 3, we have
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“llu=vIP S (=Hu B+ ) = (HAY, B9 ). )
_ —%(H(Au, Bu) — H(Av, Bv), (u, v))
— %(H(Au, Bu) — H(Av, Bu), n(u, v))
- é(H(Av, Bu) — H(Av, Bv), n(u,v))
< —%(a—mnu—an:—/f||u—v||2.

This show that
2 2
mpllu=vizrlflu-v]|".

r

If u # v, then p > é contradicts with 0 < p < . Thus u = v, that is, (H(A, B) + pm)~! is singe-valued. The proof is
completed. O

Remark 3.2 Theorem 3.1 and Theorem 3.2 improve the similar conclusions (see Sun et al.(2008), Huang and Fang (2003),
Zhang (2007), Feng and Ding (2009)).

Base on Theorem 3.2, we can define the generalized resolvent operator RZZ]‘)p associated with an (H(:, -), 7)-monotone
mapping M as follows.

Definition 3.2 LetA,B: E - E,n: EXE — Eand H : E X E — E* be single-valued mappings and H(A, B) be
a-strongly n7-monotone with respect to A, -relaxed n-monotone with respect to Band a > 8. Let M : E — 2F" be an
(H(-, ), n)-monotone operator with respect to A and B. Then the general resolvent operator RZZ]‘)F) : E — E is defined by

H( )p(u) = (H(A,B) + pM)~ (u) Yuck.

Remark 3.3 The general resolvent operators associated with (H(-, ), 7)-monotone operators include as special cases the
corresponding resolvent operators associated with maximal monotone operators (Zeidler (1985)), n-subdifferential oper-
ators, maximal 7-monotone operators, H-monotone operators, (H, 7)-monotone operators, A-monotone mappings, (A, 17)-
monotone operators, G--monotone operators, M-monotone operators, H-monotone operators, A-monotone operators and
H-n-monotone operators, respectively.

Theorem 3.3 LetA,B: E — E, H: E X E — E” be single-valued mappings,  : E X E — E be 7-Lipschitz contin-
uous and H(A, B) be a-strongly n-monotone with respect to A, S-relaxed n-monotone with respect to B and @ > . Let
M : E - 2E* be an (H( -), n)-monotone operator with respect to A and B. Then the resolvent operator RAHIEY_)’[) :E—> E
-, Where r = @ — §3, that is,

”RH( )p(u)_ H( )p(V)”— — mllu—vII,Vu,veE.

Proof Let u,v € H be any given points, it follows from (3.2) that

H( )p(“) (H(A,B) + pM) ™' ()

and

H( )P (v) = (H(A,B) + pM)™~ (v)

This implies that
1
= HOARY 0, BRY 0) € MRy (o)

) € MR (v)).

(). BRY e

! —(v — HARM"
P

H()p H()p

For the sake of brevity, let z; = RZZ].)/)(“) and 7o = RZE.U_”)(V).
Since M is m-relaxed p-monotone, we get
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IA

1
~m |z -z I /—)<u — H(Azi1, Bz1) — (v — H(Az2, B22)), (21, 22))

1
= ;(u —v—(H(Az, Bz1) — H(Az, B22)),n(21,22)).

From the above inequality and the conditions in the Theorem 3.3, we have

Tlu=vi-Nlzi—z2ll = Nu=vIl-lIn@,z2) 12 u-v,1nz1,22))
> (H(Azy,Bz)) — H(Azp, B22),11(z1,22)) — pm || z1 — 22 |I?
>  (H(Azi, Bz1) — H(Az, Bz1), n(z1,22))

+(H(Azy, Bzy) — H(Az2, B22), (21, 22)) —pm || 21 — 22 |IP
> (@-B-pm)llzi—nlP=-pm)lzi -2 .

Hence

M, M,
IR ()= RI ) Il lu—=vI,YuveE.

r—pm
This completes the proof. O
4. An application for solving a generalized mixed variational inclusion

In this section, we shall study a new generalized mixed variational inclusion involving (H(:, -), 7)-monotone operators in
Banach spaces and construct an iterative algorithm for approximating the solution of this variational inclusion by using
the resolvent operator technique.

Throughout the rest of the paper, unless otherwise stated, let E be a real Banach space with the dual space E* and the
norm || - ||, (-, -) be the dual pair between E and E*, CB(E) be the family of all bounded closed subsets of E, J : E — 2F
be the normalized duality mapping on E defined by

JO={f e Ex O =1 Mx A=l xlly, YxeE
and J* : E* — E™ be the normalized duality mapping on E* defined by

SO ={feE" (L m=IlyllfI NfI=lyll} YyeE,

where E** is a dual space of E*.

We observe that E = H is a Hilbert space, then J and J* are the identity mappings on H. In the sequel, j and j* denote a
selection of J and J*, respectively.

LetG: E — CB(E),S : E— CB(E)and T : E — CB(E) be set-valued mappings, andlet N : EXE — E*, p,g: E — E,
AB:E—>E H:EXE — E*,n: EXE — Eand F : ExXEXE — E* be single-valued mappings. Let M : ExE — 2
be a set-valued mapping such that for each fixed z € G(E), M(-,z) : E — 2F is an (H(-, ), 7)-monotone operator with
respect to A and B and (g — p)(E) ( dom(M(-, z)) # 0. We consider the following generalized mixed variational inclusion:
for given w € E* findu € E, x € S(u), y € T(u) and z € G(u) such that

w € F(u,u,z) + N(x,y) + M((g — p)(u),2) (D

Special cases

(DIfF =p=w=0and E = His a Hilbert space, then the problem (1) reduces to a generalized mixed quasi-variational-
like inclusion with (H(-, -), 7)-monotone operators in a Hilbert space: find u € E, x € S(u), y € T(u) and z € G(u) such
that

0 € N(x,y) + M(g(u), 2). 2)

If M is H-monotone in the first argument, then the problem (2) was introduced and studied by Zeng (2007).

From Definition 3.2, we can obtain the following conclusion.

Published by Canadian Center of Science and Education 51



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 2, No. 3; August 2010

Lemmad4.1letE, w, F,N,T,S, p, g, H,n, G and M be same as in the problem (1). Then (u, x, y, z) is a solution of the
problem (1) if and only if (u, x,y, z,) satisfies the following relation

(g — p)(w) = Ry "5 (H(A((g — p)(w)), B(g = p)(W)) + pw — pN(x, ) = pF (i1, u, 2)). 3)

where u € E, x € S(u), y € T(v), z € G(u) Rfj(';j;j’p:(H(A, B) + pM(-,2))"" and p > 0 are constants.

Remark 4.1 The equality (3) can be written as
z= H(A((g — p)w)), B(g — p)W))) + pw — pN(x,y) — pF(u,u,z), (g - p)u) = R’:,’g?.),,,(z),

where w € E™ is any given element and p > 0 is a constant. By Nadler (1969), we know that this formulation enables us
to suggest the following iterative algorithm.

Algorithm 4.1 Step 1. For given w € E* and p > 0, choose uy € E, x € S(up), y € T(vo) and z € G(u).
Step 2. Let

(8 = P)atner) = Ry > (H(A(g = p) (), BAE = p)(tta))) + pw = pN (X, Y) = pF (U, ty, 20)) + €4 €
Step 3. Choose x,,+1 € S (U41), Yn+1 € T(Ups1) and 7,41 € G(up,41) such that

| Xt = X 1< (1 + S)VHS (41), S (1)),

n+1

1yt =y 1< (U ST ), T ), (5)
znet = 2 1< (1 + ) HG (o). Glut))-

Step 4. Choose errors {e,} C E to take into account a possible inexact computation such that
Dlllej—ejrllm < oo, Y € (0, 1).1im, e, = 0. (6)
j=1

Step 5. If x41 € S (Upt1), Yur1 € T(vus1) and 2,41 € G(vyy1) satisfy (5) to sufficient accuracy, stop; otherwise, setn := n+1
and return to Step 2.

Definition 4.1 A set-valued mapping A : E — CB(E) is said to be H -Lipschitz continuous if there exists a constant £ > 0
such that _
HAMX),A) < Ll x-yll, Yx,yeE.

Definition 4.2 Let F : E X E X E — E™ be a single-valued mapping. F is said to be

(1) &1-Lipschitz continuous in the first argument if there exists some constant & > 0 such that

|| F(ula'v')_F(Vlv'a') ”S {.:1 ” up—nv ”9 vul’ V] € Ey

(2) é>-Lipschitz continuous in the second argument if there exists some constant & > 0 such that

| FCouz, ) = FCova, ) IS E lua —vo I, Y up,va € E;

(3) &3-Lipschitz continuous in the third argument if there exists some constant &3 > 0 such that
HFC, o uz) = FCov3) IS & llus —vs ll, Yus,vs €E.

Definition 4.3 Let N : E X E;, — E* be a single-valued mapping. N is said to be

(1) a-Lipschitz in the first argument if there exists some constant @ > 0 such that

I Nui, V)= N, VY@ lluy —upll, Yuy,up € E, vV €E;

(2) B-Lipschitz in the second argument if there exists some constant 8 > 0 such that

| N@' vi) = N@' v) ISBIvi—=vall, Yvi,va€E, u' €E.

Theorem4.11etG : E —» CB(E),S : E —» CB(E)and T : E — CB(E) be set-valued mappings, and let N : EXE — E*,
AB,p,g: E—->E H:EXE —>E.,n:EXE — E,and F : EXE X E — E* be single-valued mappings. Let

52 ISSN 1916-9795 E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 2, No. 3; August 2010

M : E x E — 2F be a set-valued mapping such that for each fixed z € G(E), M(-,z) : E — 2F" is an (H(-, -), 77)-monotone
mapping with respect to A and B, and (g — p)(E) () dom(M(-,z)) # 0. Furthermore, suppose the following conditions are
satisfied:

(i) H(A, B) is a-strongly n-monotone with respect to A, S-relaxed p-monotone with respect to B and @ > 3, and € -
Lipschitz continuous with respect to A and e-Lipschitz continuous with respect to B;

(ii) S, T and G are ﬁ—Lipschitz continuous with constants [y, [, and /3, respectively;

(iii) 7 : EX E — E is t-Lipschitz continuous and N is @-Lipschitz continuous in the first argument and S-Lipschitz
continuous in the second argument;

(iv) g — p is s-Lipschitz continuous, and g — p — I is ¢-strongly accretive, where I denotes the identity mapping on E;
(v) F is &;-Lipschitz continuous in the j-th argument for j = 1,2, 3;

In addition, if there are constants p > 0 such that

H(-,"), H(-,"), _ _ "
I Ry o) = Ry Sl s pllz =21l V() € EXE,ue E, (7)

and there exist constants 0 < p < # where r = @ — 8, such that

T \/(61 +€)2s% + 2pal (€ + &)s + pal) + Tp(Bly + & + & + &3l3) + uls < (r — pm) 26 + 1 3
Then the iterative sequences {u,}, {x,}, {y,} and {z,} generated by Algorithm 4.1 converge strongly to «*, x*, y* and 7",
respectively, and (u*, x*, y*, z") is a solution of the problem (1).
Proof Since g — p — I is ¢-strongly monotone, by Lemma 2.1, we have the following estimate:
” Up+2 — Upy ”2

=l (g = P)(Wns2) = (€ = P)Uns1) + Ups2 — Upy
— (g = P)Uns2) = (g = P) ) I?

) )
<l (¢ = P)un+2) = (g = P)uns1) |l
=228 — p— D(up+2) = (8 = p = D(ns1), j(tnsz — ps1))
<l (8 = P)tn2) = (& = P)ttnsr) 1P =26 || thnsz =ty I,
which implies that
Il tnso = e lI< S Il (g = P)uns2) = (€ = P)utns) Il - (10)

Vst 1
Now, by using (4), (7) and Theorem 3.3, we have
I (¢ = P)tn+2) — (8 = p)un+1) l
=I| Ry 2" | (HA(R = p)atas1)), BAG = P)ttns1))) + pw = PN Const, Y1)
= PF i1, V1> Zen)) + €nst = (Rye? (H(A((g = p)(ua)), B = p)(u4,))
+ pw = pN(xp, yn) = PF (U, Vs 20)) + €n) |l
<I| Ry 2" | (HAR = p)atas1)), BAZ = P)ttns))) + p = PN Gt Y1)
= PF1 (i1, Vi1, 2us1)) = Ryt 2" (H(A((E = P)tn)), B = P)(un)))
+ pw = PN (X, yn) = PF (U, Vi 20)) | + [l €ne1 — el
<I| Ry 2" | (HAR = p)atas1)), BAG = P)ttns))) + pw = PN Gt Y1)
= PF (1, Vas Ze1)) = Ry (H(A(( = p)(un)), B(g = p) () o
+ pw = PN (X, Y) = PF (1, v 2)) |
+ 1| Ry 2" CHA = p)(ua)), BAZ = p)(tt)) + pe = pN (X, ) = pF (i, Vs 20))
— Ry (H(A((g = p)(un)), B(g = p)(ttn))) + pw = pN(x, y)
— PF ., vin za) |1 + [l €1 — e |

[l (H(A((g = p)(un+1)), B((g = P)utn+1))) — H(A((g — p)(un)), B((g — p)(un)))

IA

T
r—pm
= P(N(Xp15 Yns1) = Ny Yne 1)) [ 0 | FUtpa15 Vis1s Zne1) = F(ttn, v, 20) |l
+ P I N, Y1) = NCow, y) 11+ 11 €t — en ||+ 1l Zper — 2o Il
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Since g — p and H(-, -) are Lipschitz continuous, by using Lemma 2.1, we obtain

| H(A((g = p)uns1)). BAg = P)ttns1))) — HA((Z = p)(uy)), BU(g = p)(up)))
= PN (X1, Yne1) = N Y1) |17

<l H(A((g = P)(tas1)). BAg = P)(tne1))) — H(A((g — p)un)), B((g — p)ua)) IP
= 20(N (X1, Yn+1) = N(Xp, Yns1)s
Ji(HA((g = P)ttne1), BU(g = p)utns1))) — H(A((g = p)un)), BAg = P)(un)))
= PN Gnets Y1) = NCn, Y1)

(12)
<|l HAA((g = p)(tns1)), BA(g — P)uns1))) — H(A((g — p)un)), B(g — p)(un))) I
+ 20 || N5 Yur1) = N(xps Yar1) I
[l H(A((g = p)(uns1), B(g = p)(Uns1))) — H(A((g — p)(un)), B((g — p)(u))) ||
+p ” N(xn+1,yn+1) - N(Xm)’n+1) ”]
< (e + &)’ || s =t [P +20 | NGt Yns1) = Ns Y1) |l
[(e1 + @)s || ns1 — tty || +o Il NCxps15 Ynr1) = N(Xs Yar1) ]
Now, by Algorithm 4.1, and conditions (ii)-(iii) and (v), we get
| NXur15 Yas1) = Ny Yo 1) IS @ || X1 — X |
< a(l L A S < a(l l (13
= a( + n+ 1) ( (un+l)’ (un)) = (Z( + n+ 1) 1 ” Up+1 — Uy ”»
” N(xmyn+l) - N(-xmyn) ”SB ” Yn+1l — Vn ”
< B+ — AT T <B1 I (1
<pd+ m) (T (ns1), T(up)) < (1 + . 1)2 |ttt — up |,
1 -
Il Zor1 — 2o I (1 + m)H(G(’/‘nH), G(uy)) < (1 + o 1)13 I ttnr — w |, (15)

| F(upi1, ns1, Zne1) — Fuy, unsZn) |
< fl ” Upy1 — Uy ” +§2 ” Upy1 — Uy ” +§3 ” Zn+1 — Zn ” (16)

<E+E+AH+ VL) || ey —uy ||

n+1

From (12) and (13), we get

I H(A((g = p)(WUn+1)), B((g — p)(unr1))) — H(A((g — p)(un)), B((g — p)(un)))
= P(N(Xps1, Y1) — N(Xpy Yis1)) ||2 (17)

1 1
< (e + &)*s* + 2pa(l + —) (1 + &)s + pa(l + —)D] || thyrr — un |I* .
n+1 n+1
By (11)-(17), we obtain

Il (& = P)ttni2) = (8 = P)utp11) ||

. _Tpm Ul (H(A((g = p)un+1)), B(g = P)(un+1))) = H(A((g = p)(un)), B((g = p)(un)))

_p(N(xn+layn+1) - N(xn’yn+l)) ” +p ” F(un+lavn+laZn+l) - F(una Vn, Zn) ”
+p ” N(xmyn+l) - N(xnsyn) ||]+ ” €n+l — €p ” +u ” Zn+1 — Zn ”

<

(18)
1 1
<[— \/(El +&)?s? + 2pa(l + —)i((e + &)s + pa(l + )
r—pm n+1 n+1
T _ 1 1 1
+ r_';m(ﬂ(l + 1)lz +&+E+(+ — 1)5313)+u(1 o 1)13] | st — ||

+1l e —enll.
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Hence
” Un42 — Upyl ”
1
< ﬁ Il (g = P)(uns2) — (8 = P)utns1) |l
<; \/(+)22+2 (1+ 1)l((+)+‘(1+ 1)l)
= m r—pm €] €)°s pa 1 1&g €)S8 + pa 1 1 (19)
1
Ba + o +&+&+(1+ )&3l) + (1 + W1 | w1 — uy |l
r om +1 n+1 n+1
1 1
+——— e —en IS A, Upi1 — Uy || +——= || ens1 —€u |l
WII +1 I +1 1l s I mll +1 I

where A_,H] = ﬁ[r_;m \/(61 + )25 + 2pa(1 + ) () + &)s + pa(l + =51
+ o B+ b + &+ &+ (L4 pésly) + udl + )]

Let
= \/ZiT —:)m \/(fl + 52)252 + 2pc_¥ll((el + EQ)S +p(_lll)
+ s (Bh + & + & + &b) + pls] and y = W Then we know A, — A asn — oo.

By (8), we know that 0 < A < 1 and hence there exist np > 0 and Ay € (0, 1) such that A,,; < Ay for all n > ny.
Therefore, by (19) we have

” Up+2 — Upt “S AO ” Upt1 — Up “ +y “ €n+l — €p ”, Vn > no. (20)
(20) implies that
n—ngpy
— i—1
Il ttner = e IS NG Wty =ty 14y D A iy, 1)

J=1

where 1,11 =|| e,+1 — e, || for all n > ny. Hence, for any m > n > ngy, we have

m—1

1t = 14y “SZ ltger = e |
1
N ke k Tk=(j- b
< D UAS Mttt =t I +yZA [Z AT
k=n Jj
Since Z‘;Zl lej—ejll @/ < 00, Yo € (0,1)and 0 < yo < 1, it follows that || u,, — u, ||— 0 asn — oo, and so u,

is a Cauchy sequence in E. Thus, there exists u* € E such that u, — u* as n — co. By Algorithm 4.1 and the Lipschitz
continuity of S, 7" and G, we get

” Xn+1 — Xn ”S (1 + ,H])H(S(un-%—l) S(un)) < (1 + n+1 )ll ” Upy1 — Uy ”s
” Y+l = Yn ”S (] + n+1 )H(T(MI‘H-[) T(un)) < (] + n+1 )12 ” Vn+l = Vn ”’ (22)
I Znst = 20 11 (14 A HG 1), Gun)) < (1 00 | thyat =y I,

It follows that {x,}, {y,} and {z,} are all Cauchy sequence. Thus, there exist x;, y;, 21, X2, ¥» and z, such that x, — x*,
v, — ¥, and z, — z*, as n — co. Next, we will show that x* € §(u*). Noting x,, € S (u,), we have

d(x", S ")) <[l x* = x, || +d(x,, S "))
<l X = x| +HS (), S (u))

X" =x, I +h luy —u” |l= 0 (n — o0).

Since S (u) is closed, it implies x* € S («*). Similarly, one can show that y* € T(u*) and z* € G(u*).
By the condition (7), Theorem 3.3 and the continuity of all mappings, letting n — oo in (4), we obtain

(g = p)(u’) = Ry (H(A((g = p)(u)), B(g = p)(u)) + pw = pN(x'", y*) = pF (u" ", 2°)). (23)

where u* € E, x* € S(u*), y* € T(V"), 2* € G(u*) RH( )'7 ,=(H(A, B) + pM(-,2"))" ""and p > 0 are constants.
By Lemma 4.1, (u*, x*, y*, z") is a solution of the problem (1). This completes the proof. O
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Remark 4.1 By Algorithm 4.1 and Theorem 4.1, it is easy to obtain the convergence results for iterative algorithms for
special cases of the problem (1), We omit them here. We emphasize that the existence result and algorithm of solutions
for the problem (1) are given in general Banach spaces without uniform smoothness and the set-valued mappings that may
not be monotone or accretive.
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