COMMON CORE-ALIGNED TASK

Mathematics p'A ’

GRADE © MATH: RATIO REASONING

UNIT OVERVIEW

This three week unit introduces and develops concepts around ratios. Students learn to use
ratios in their reasoning, and they use the language of ratios and rates to describe relationships
and solve a wide variety of problems.

Task Details

Task Name: Mixed Paint, Jolly Ranchers and Lemonheads, Photo Copies, and Boxed Oranges
Grade: 6

Subject: Mathematics

Depth of Knowledge: 2

Task Description: The sequence of tasks asks students to use their understandings of ratios,
rates, and ratio reasoning to solve mathematical problems.

Standards:

6.RP.1 Understand the concept of a ratio and use ratio language to describe a ratio relationship
between two quantities.

6.RP.2 Understand the concept of unit rate a/b associated with a ratio a:b with b#0, and use rate
language in the context of a ratio relationship.

6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning
about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations.

6.RP.3a Make tables of equivalent ratios relating quantities with whole-number measurements, find
missing values in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare
ratios.

6.RP.3b Solve unit rate problems including those involving unit pricing and constant speed.

Standards for Mathematical Practice:

MP.1 Make sense of problems and persevere in solving them.

MP.2 Reason abstractly and quantitatively.

MP.3 Construct viable arguments and critique the reasoning of others.
MP.4 Model with mathematics.

MP.6 Attend to precision.

MP.7 Look for and make use of structure.

MP.8 Look for and express regularity in repeated reasoning.

Materials Needed:

The Best Deal Lesson Outline and Task

Piano Task

IMPACT MATHEMATICS, COURSE 1, ©GLENCOE McGRAW-HILL
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The task and instructional supports in the following pages are designed to help educators understand and
implement tasks that are embedded in Common Core-aligned curricula. While the focus for the 2011-2012
Instructional Expectations is on engaging students in Common Core-aligned culminating tasks, it is imperative
that the tasks are embedded in units of study that are also aligned to the new standards. Rather than asking
teachers to introduce a task into the semester without context, this work is intended to encourage analysis of
student and teacher work to understand what alignment looks like. We have learned through this year’s
Common Core pilots that beginning with rigorous assessments drives significant shifts in curriculum and
pedagogy. Universal Design for Learning (UDL) support is included to ensure multiple entry points for all
learners, including students with disabilities and English language learners.
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Assessment 1
Grade 6

instituse for * learning

1. Mixed Paint

Mark was mixing blue paint and yellow paint in the ratio of 2.3 to make green paint. He wants to
make 45 liters of green paint. He began to make a table to help him think about the problem, but is

unsure of what to do next.

Liters of Liters of
Blue Paint | Yellow Paint

Liters of
Green Paint

2 3

— 4 6

10

a. Explain in words how to continue to place values into the table.

b. Write an explanation in words to Mark about how he can use his table to find how many liters of
Hue paint and how many liters of yellow paint will he need to make 45 liters of green paint.
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Acsesoment 1 natilute fo0 Blgarning
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i

el 2. Jolly Ranchers and Lemonheads
k

The candy jar below confains Jolly Ranchers (the reciangles) and Lemonheads (the circles).
Answer each of the following guesficns:

a What is the ratic of Jolly Ranchers {the rectangles) to Lemonheads (the circles)?

b. Suppose you have a larger jar of Jolly Ranchers and Lemonheads in which the ratio of the two
candies is equivalent to the rafio in this jar. How mamy Jolly Ranchers and Lemonheads might
be in the jar? Use mathematical reasoning to jusfify your response.

2. Suppose you have a new candy jar with the same ratio of Jolly Ranchers to Lemonheads as
shown abowe, but it contains 100 Jolly Ranchers. How many Lemonheads are in the jar? Use

mathemafical reasoning fo ustfy your response.

[Aiptie] i Smith, Sived, S, Bodlon Henfingien L Hien (2009, 2. 29|
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Assessment 1 natlilute 1o Blaarning
Grade &

3. Photo Copies

Kafie and Jacob are enlarging pictures for the school yearbook on the photocopier. The ratio of the
width fo the lengéh of the enlarged photo will be the same as the ratio of the width fo the length of
the original phoio.

One of the photlographs that they want o enlarge is a 3" x 4" pholo. Hatie says that she can
enlarge the photo to 8 x 127, but Jacob disagrees. He says it will b= 117 x 12°. Who is comect?
Explain your reasoning in wonds.

3
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4. Boxed Oranges
A local store selis oranges. at a price of & for 33000,
a. Abbey wants io send 24 cranges to her grandmother. How much will Abbey spend if she buys
the oranges at the local siore? Explain your reasoning in words.

=
-'-r.'\'
L

b. Abbey decides she does not have encugh money to buy 24 cranges. She can buy only 15
oranges. How much do 15 oranges cost? Explain your reasoning in wonds.

B3 Uinksaslly of Pikbungh 8
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Sixth Grade Task

institute for > learning

Scoring Guide

1. Mixed Paint

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make green paint. He wants to make 45
liters of green paint. He began to make a table to help him think about the problem, but is unsure of what to

do next.
Liters of Liters of Liters of
Blue Paint | Yellow paint | Green paint
2 3 5
4 6 10

a. Explain in words how to continue placing values into the table.

b. Write an explanation in words to Mark about how he can use his table to find how many liters of blue
paint and how many liters of yellow paint he will need to make 45 liters of green paint.

Sixth Grade CCSS for Mathematical Content

Understand ratio concepts and use ratio reasoning to solve problems.
6.RP.1 Understand the concept of a ratio and use ratio language to describe a ratio relationship

between two quantities.
6.RP.3

Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning

about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations.

6.RP.3a Make tables of equivalent ratios relating quantities with whole-number measurements, find
missing values in the tables, and plot the pairs of values on the coordinate plane. Use tables to

compare ratios.

The CCSS for Mathematical Practice

Reason abstractly and quantitatively

Model with mathematics
Attend to precision
Look for and make use of structure

©ONOoO~ODN=
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Make sense of problems and persevere in solving them

Construct viable arguments and critique the reasoning of others

Look for and express regularity in repeated reasoning



Sixth Grade Task institute forr‘ learning

Three-Point Score

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Minor omissions may exist, but do not detract from the correctness of the response. Minor
arithmetic errors may be present, but no errors of reasoning appear.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and
advanced towards a correct solution.

Mathematical Practices Evidence-Based Traits: Mathematical Content

Construct viable arguments and
critique the reasoning of others:

Response indicates an understanding of the multiplicative
relationship among part, part and whole.

Provides a logical argument that makes
clear that the table must be extended in
a multiplicative way, possibly indicating
‘doubling’ or ‘tripling’ or ‘going up by the
2, 3 and 5 tables.’

a. Correctly explains that values can be added to the table
by multiplying each entry by the same number (i.e.,
part, part and whole).

Reason abstractly and quantitatively:
Correctly abstracts the 2:3 ratio as part-
part from the context, and recognizes the
5 as representing the “whole” or amount
of green paint. Works accurately within
the table to reach 45 green liters, then b.
accurately states the need for 18 blue
liters and 27 yellow liters of paint.
Construct viable arguments and
critique the reasoning of others:

Response indicates an understanding of the need to attend
to the multiplicative relationship among part, part and whole.

Correctly explains to Mark that values can be added to the
table in any of the following ways:

Extending the table, adding values to it in a 2-3-5
pattern until the ‘whole’ (green) column reaches 45,
signifying 18 blue liters and 27 yellow liters yield 45
liters of green paint. OR

c. Extending the table by multiplying entries in a trial-and

error pattern until the ‘green’ column reaches 45,
Provides a logical argument that the signifying 45 liters of green paint. OR
entries in the table must be extended in
some multiplicative fashion until the
number of liters of green paint reaches
45.

Model with mathematics: Possibly

d. Extending the table by noting that, since 2-3-5 is a
member of the table and 45 is 9 times 5, then 2 and 3
must also be multiplied by 9, suggesting 18 blue liters
and 27 yellow liters yield 45 liters of green paint. (May
do a similar process when the green paint reaches 15,

writes number sentences describing the
reasoning used, e.g., 2 x 9 =18, etc.

Attend to precision: Correctly extends
the table and labels the final result as 18
blue liters and 27 yellow liters; possibly
also notes 45 liters of green paint.

Look for and make use of structure:
Possibly uses the multiplicative structure
of ratios to scale up to 45 (see d and e to
right).

© 2011 University of Pittsburgh

i.e., multiply each entry by 3.)

Extending the table by noting, e.g., that the 2-3-5
pattern can be multiplied by 8, yielding 16-24-40 and
then adding 2-3-5 to obtain 18-27-45 or the 2-3-5
pattern can be multiplied by 10, yielding 20-30-50 and
then subtracting 2-3-5 to obtain 18-27-45 (or any
accurate combination of  multiplication and
addition/subtraction).

10




Sixth Grade Task institute forr learning

Look for and express regularity in
repeated reasoning: Possibly uses the
multiplicative structure of ratios as a
shortcut to scale up to 45 quickly (see d
and e to right).

Liters of Liters of Liters of
Blue Paint | Yellow paint | Green paint

2 3 5

4 6 10
20 | 3o | 50
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Sixth Grade Task

Two-Point Score

institute forr‘ learning

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Some of the necessary connections between the context and the table may be missing.

advanced towards a correct solution.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Construct viable arguments and
critique the reasoning of others:

Provides an argument that attempts to
say that the table must be extended in a
multiplicative way, but fails to use explicit
language like ‘doubling’ or ‘tripling’ or
‘going up by the 2, 3 and 5 tables.’

Response indicates an understanding of the multiplicative
relationship among part, part and whole.

a. Attempts to explain that values can be added to the table
by multiplying each entry by the same number (i.e., part,
part and whole).

Reason abstractly and quantitatively:
Correctly abstracts the 2:3 ratio from the
context. Works multiplicatively within the
table, but fails to recognize how to use
the 45 in the table.

Construct viable arguments and
critique the reasoning of others:

Argues that the entries in the table must
be extended in some multiplicative
fashion.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g., 2x 9 =18, etc.

Attend to precision: Extends the table
and labels the final result as blue liters,
yellow liters; possibly also notes number
of liters of green paint.

Look for and make use of structure:
Possibly uses the multiplicative structure
of ratios to scale up to some number
(see d and e to right).

Look for and express regularity in
repeated reasoning: Possibly uses the
multiplicative structure of ratios as a
shortcut to scale up to some number
quickly (see d and e to right).

Response indicates an understanding of the need to attend
to the multiplicative relationship among part, part and whole:
any of the 3-point strategies for building the table may be
used, but response does not "abstract and reason
quantitatively" with the 45, i.e., does not use it appropriately
in the problem.

Attempts to explain to Mark that values can be added to the
table in any of the following ways:

b. Extending the table, adding values to it in a 2-3-5
pattern, but failing to end when the ‘whole’ column
reaches 45; stopping at a ‘good’ place to stop, possibly
where space runs out or yellow paint reaches 45 liters.
OR

c. Extending the table, multiplying entries in a trial-and
error pattern, but failing to end when the ‘whole’ column
reaches 45, OR

d. Extending the table by noting that, since 2-3-5 is a
member of the table, then any multiple of these numbers
will work, e.g., 20-30-50, but failing to end when the
‘whole’ column reaches 45.

e. Extending the table by noting that any accurate
combination of multiplication and addition will work, but
failing to end when the ‘whole’ column reaches 45.

© 2011 University of Pittsburgh
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institute forr learning
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Sixth Grade Task institute forr‘ learning

One-Point Score:

The response accomplishes some of the prompted purposes and communicates the student's
mathematical understanding. The student's strategy and execution meet only a few of the content
demands of the task. The necessary connections between the context and the table are missing.

Make sense of problems and persevere in solving them.

in the text.

Work is missing representations of the problem or understanding of the constraints of the problem given

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Construct viable arguments and
critique the reasoning of others:

Provides an argument that the table
must be extended additively.

Response lacks an understanding of the multiplicative
relationship among part, part and whole.

a. Attempts to explain that values can be added to the
table by repeatedly adding 2, 3 and 5.

Reason abstractly and quantitatively:
Correctly abstracts the 2:3 ratio from the
context. Works additively within the
table, and/or fails to recognize how to
use the 45 in the table.

Construct viable arguments and
critique the reasoning of others:

Argues that the entries in the table must
be extended in some additive fashion.
Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g., 2 +2 + 2 =6, etc.
Attend to precision: Extends the table
accurately; may or may not label the final
result as blue liters, yellow liters, green
liters.

Look for and make use of structure:
Fails to use the multiplicative structure of
ratios to scale up to some number.

Look for and express regularity in
repeated reasoning: Fails to use the
multiplicative structure of ratios as a
shortcut to scale up to some number
quickly.

Response indicates an understanding of the need to extend
the table, but fails to recognize the multiplicative
relationship, and/or fails to cope with the role of the 45 in the
problem.

Attempts to explain to Mark that values can be added to the
table in any of the following ways:

b. Extending the table additively in a 2-3-5 pattern,
possibly failing to end when the ‘whole’ column reaches
45, stopping at a ‘good’ place to stop, possibly where
space runs out or yellow paint reaches 45 liters. OR

c. Extending the table additively in a 2-3-5 pattern, but
extending two or all three columns to 45 or more liters
of paint.

d. Using language suggesting multiplication or
proportions, but failing to indicate how this can be
accomplished (accompanied by an additive explanation
for part a).

© 2011 University of Pittsburgh
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Sixth Grade Task institute for r learning

Scoring Guide

2. Jolly Ranchers and Lemonheads

The candy jar contains Jolly Ranchers (the rectangles) and Lemonheads (the circles). Answer each of the
following questions:

a. What is the ratio of Jolly Ranchers (the rectangle) to Lemonheads (the circles)?

b. Suppose you have a larger jar of Jolly Ranchers and Lemonheads in which the ratio of the two candies is
equivalent to the ratio in this jar. How many Jolly Ranchers and Lemonheads might be in the jar? Use
mathematical reasoning to justify your response.

c. Suppose you have a new candy jar with the same ratio of Jolly Ranchers to Lemonheads as shown

above, but it contains 100 Jolly Ranchers. How many Lemonheads are in the jar? Use mathematical
reasoning to justify your response.

(Adapted from Smith, Silver, Stein, Boston Henningsen & Hillen (2005, p. 26)

Sixth Grade CCSS for Mathematical Content
Understand ratio concepts and use ratio reasoning to solve problems.

6.RP.1  Understand the concept of a ratio and use ratio language to describe a ratio relationship between
two quantities.

6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning

about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations.

6.RP.3  Make tables of equivalent ratios relating quantities with whole-number measurements, find missing
values in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare
ratios.

The CCSS for Mathematical Practice
1. Make sense of problems and persevere in solving them

Reason abstractly and quantitatively

Construct viable arguments and critique the reasoning of others
Model with mathematics

Attend to precision

Look for and make use of structure

Look for and express regularity in repeated reasoning

© N A~ OD
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Sixth Grade Task institute forr‘ learning

Three-Point Score

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Minor omissions may exist, but do not detract from the correctness of the response. Minor
arithmetic errors may be present, but no errors of reasoning appear.

advanced towards a correct solution.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts the 5:13 ratio from
the context.

Look for and express regularity in
repeated reasoning: Possibly
maintains oversight of the problem and
attends to detail by noting that 5 + 13 =
18 and there are 18 candies in the jar.

Task Part a

Response indicates an understanding of the concept of
ratio.

a. Correctly notes the ratio of 5 JR:13 L.

Reason abstractly and quantitatively:
Correctly abstracts the 5:13 ratio from
the context. Quantitatively scales up
appropriately to some other number in
part b, and to 100 Jolly Ranchers in part
c. Correctly interprets the results as the
number of Jolly Ranchers and/or
Lemonheads.

Construct viable arguments and
critique the reasoning of others:
Provides a logical argument that makes
clear that the ratio must be handled in a
multiplicative fashion, possibly indicating
‘doubling’ or ‘tripling’ or multiplying by 20
for part b.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g., 5x 6 =30, and 13
X 6 =78, etc. or writes equivalent
fractions or a proportion.

Attend to precision: Correctly
multiplies, scales up, creates equivalent
fractions, etc. and appropriately labels
the final results as Jolly Ranchers and/or
Lemonheads.

© 2011 University of Pittsburgh

Task Parts b and ¢

Response indicates ability to use ratio and rate reasoning to
solve real-world and mathematical problems; response
demonstrates an understanding of the multiplicative structure
in a ratio.

Correctly scales the 5:13 ratio in any of the following ways
(e.g., scaling by a multiple of 10 and indicating there are 50
Jolly Ranchers and 130 Lemonheads in the jar.

a. Scaling up the 5:13 ratio in tabular form.
Multiplying 5 and 13 by the same number.
Scaling up the 5:13 ratio in fraction form

a o o

Using a proportion or proportional reasoning (e.g.,
5/JR _ x 5JR _ 50

130 X

Response indicates ability to use ratio and rate reasoning to
solve real-world and mathematical problems; response
demonstrates an understanding of the multiplicative structure
in a ratio.

Correctly scales the 5:13 ratio to 100 Jolly Ranchers in any
of the following ways

e. Multiplying 5 and 13 by 20, since 5 x 20 = 100.

f. Scaling up the 5:13 ratio in fraction form, e.g.,
5JR _ 10 JR

13L 261

until the number of Jolly Ranchers

17



Look for and make use of structure:

Uses the multiplicative structure of ratios,

equivalent fractions, and/or proportions,
tables or multiplication statements to
scale up.

Look for and express regularity in
repeated reasoning: Uses the
multiplicative structure of ratios,
equivalent fractions, and/or proportions,
tables or multiplication statements as a
shortcut to scale up directly to the target
value, e.g., 10: 26 = (10 x 2): (26 x 2)

= 513

ey Lemonheads
Ranchers

b.

gk}’&\\@r Q Q)

institute for ( learning

equals 100.
Using a proportion or proportional reasoning (e.g., or

5JR _ 100

13L «x
Scaling up the 5:13 ratio in tabular form until the
number of Jolly Ranchers equals 100.

Possibly drawing a picture of several sets of 5
rectangles and 10 circles, until switching to one of the
multiplicative strategies above or until the number of
rectangles equals 100.
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Sixth Grade Task institute forr‘ learning

Two-Point Score

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of the
task. Some of the necessary connections between the context and the ratio may be missing.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and
advanced towards a correct solution, but indicates a struggle to interpret parts of the context correctly.

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts the 5:13 ratio from
the context.

Look for and express regularity in
repeated reasoning: Possibly maintains
oversight of the problem and attending to
detail by noting that 5 + 13 = 18 and
there are 18 candies in the jar.

Task Part a
Response indicates an understanding of the concept of ratio.
a. Correctly notes the ratio of 5:13.

Reason abstractly and quantitatively:
Correctly abstracts the 5:13 ratio from
the context. Quantitatively scales up
appropriately to some other number in
part b, but fails to recognize the
significance of the results in the context
of the problem and/or quantitatively
scales up in part c, but fails to
appropriately interpret the meaning of
the 100 in the context.

Construct viable arguments and
critique the reasoning of others:
Provides a logical argument that makes
clear that the ratio must be handled in a
multiplicative fashion, possibly indicating
‘doubling’ or ‘tripling’ or multiplying the
number of both Jolly Ranchers with
Lemonheads by the same number.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g., 5x 6 =30, and 13
X 6 =78, etc. or writes equivalent
fractions or a proportion.

© 2011 University of Pittsburgh

Task Parts b and ¢

Response indicates an understanding of the multiplicative
structure in a ratio: any of the 3-point strategies for scaling the
5:13 ratio may be used, but response does not recognize the
significance of the results in the context of the problem, e.g.,
switches Jolly Ranchers with Lemonheads or does not return
to the context to explain the solution.

Correctly scales the 5:13 ratio in any of the following ways,
but fails to recognize the significance of the results in the
context of the problem

a. Scaling up the 5:13 ratio in tabular form.
Multiplying 5 and 13 by the same number.
Scaling up the 5:13 ratio in fraction form

a o T

Using a proportion or proportional reasoning.

Response indicates an understanding of the multiplicative
structure in a ratio: any of the 3-point strategies for scaling the
5:13 ratio may be used, but response does not "abstract and
reason quantitatively" with the 100, i.e., does not use it
appropriately in the problem.

19




Attend to precision: Correctly
multiplies, scales up, creates equivalent
fractions, etc. but fails to appropriately
label the final results as Jolly Ranchers
and/or Lemonheads.

Look for and make use of structure:
Uses the multiplicative structure of ratios,
equivalent fractions, and/or proportions,
tables or multiplication statements to
scale up.

Look for and express regularity in
repeated reasoning: Uses the
multiplicative structure of ratios,
equivalent fractions, and/or proportions,
tables or multiplication statements as a
shortcut to scale up directly to the target
value, e.g., 10: 26 = (10 x 2): (26 x 2)

b. S/’\ ‘z\\f'j.af:. 3— .
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institute for ( learning

Scales the 5:13 ratio in any of the following ways, but fails to
recognize that the 5 must be scaled up to 100 or fails to scale
to 100 appropriately.

e.

f.

Multiplying 5 and 13 by the same number.

Scaling up the 5:13 ratio in fraction form or by using a
proportion.

Scaling up the 5:13 ratio in tabular form; stopping at a
‘good’ place to stop, possibly where space runs out

Possibly drawing a picture of several sets of 5 rectangles
and 10 circles, until switching to one of the multiplicative
strategies above.
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Sixth Grade Task

One-Point Score:
The response accomplishes some of

institute forr‘ learning

the prompted purposes and communicates the student's

mathematical understanding. The student's strategy and execution meet only a few of the content
demands of the task. The necessary connections between the context and the ratio are missing.

Make sense of problems and persevere

in the context.

in solving them.

Work is missing representations of the problem or understanding of the constraints of the problem given

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
May fail to abstract the 5:13 ratio from
the context.

Look for and express regularity in
repeated reasoning: Possibly
maintains oversight of the problem and
attending to detail by noting that 5 + 13 =
18 and there are 18 candies in the jar.

Task Part a

Response indicates some understanding of ratio, but not the
part-to-part nature of this relationship.

a. Notes a ratio of 5:18, or 13:5 or 18:5, etc.

Reason abstractly and quantitatively:
Abstracts the 5:13 ratio from the context,
but works additively and fails to
recognize the significance of the results
in the context of the problem and/or fails
to appropriately interpret the meaning of
the 100 in the context.

Construct viable arguments and
critique the reasoning of others:
Argues that ratio must be tended to in
some additive fashion.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g., 5 + 95 =100, and
13 + 95 = 108, etc. or attempts to write
equivalent fractions, but uses addition
rather than multiplication.

Attend to precision: /ncorrectly adds,
creates non-equivalent fractions with
addition, etc. and fails to appropriately
label the final results as Jolly Ranchers
and/or Lemonheads.

Task Parts b and ¢

Response indicates an attempt to work with ratio, but fails to
recognize the multiplicative relationship, typically by reverting
to addition, and/or fails to cope with the constraints of the
problem.

Attempts to reason in any of the following ways:

b. ‘Scaling up’ the 5:13 ratio in tabular form using addition,

not multiplication.
Adding the same number to 5 and 13.

‘Scaling up’ the 5:13 ratio in fraction form using addition,
not multiplication.

Response indicates an attempt to work with ratio, but fails to
recognize the multiplicative relationship, typically by reverting
to addition, and/or fails to cope with the constraints of the
problem.

Attempts to reason in any of the following ways:

e. Adding 95to 5 and 13, since 5 + 95 = 100.

f. ‘Scaling up’ the 5:13 ratio to 100 Jolly Ranchers in
tabular form using addition, not multiplication.

g. ‘Scaling up’ the 5:13 ratio in tabular form using addition;
stopping at a ‘good’ place to stop, possibly where space
runs out.

h. Possibly drawing a picture of several sets of 5 rectangles

© 2011 University of Pittsburgh
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Sixth Grade Task institute for > learning

Look for and make use of structure: and 1 3 circles, until switching to one of the additive
Fails to use the multiplicative structure of strategies above.
ratios to scale up to some number
Look for and express regularity in
repeated reasoning: Fails to use the
multiplicative structure of ratios as a
shortcut to scale up to some number

quickly.
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Sixth Grade Task institute for > learning

Scoring Guide

3. Photo Copies

Katie and Jacob are enlarging pictures for the school yearbook on the photocopier. The ratio of the width to
the length of the enlarged photo will be the same as the ratio of the width to the length of the original photo.

One of the photographs that they want to enlarge is a 3” x 4” photo. Katie says that she can enlarge the
photo to 9” x 127, but Jacob disagrees. He says it will be 11” x 12”. Who is correct? Explain your reasoning

in words.
& '>/\
z
37 /

4’7

Sixth Grade CCSS for Mathematical Content

Understand ratio concepts and use ratio reasoning to solve problems.

6.RP.1 Understand the concept of a ratio and use ratio language to describe a ratio relationship
between two quantities.

6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by

reasoning about tables of equivalent ratios, tape diagrams, double number line diagrams,
or equations.

6.RP.3a Make tables of equivalent ratios relating quantities with whole-number measurements, find
missing values in the tables, and plot the pairs of values on the coordinate plane. Use
tables to compare ratios.

The CCSS for Mathematical Practice

Make sense of problems and persevere in solving them
Reason abstractly and quantitatively

Construct viable arguments and critique the reasoning of others
Model with mathematics

Attend to precision

Look for and make use of structure

NoOo~wh=
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Sixth Grade Task

Three-Point Score

institute forr‘ learning

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Minor omissions may exist, but do not detract from the correctness of the response. Minor
arithmetic errors may be present, but no errors of reasoning appear.

advanced towards a correct solution.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts the 3:4 ratio from the
context. Works accurately with a table, a
ratio, multiplication or proportion
statements, then accurately notes that
the 9” x 12"photo is the enlargement.
Construct viable arguments and
critique the reasoning of others:

Provides the logical argument that only
Katie’s method is the enlargement;
backs up the argument by clearly
explaining the multiplicative strategy
used to test and respond, e.g., scaling,
multiplication, proportion, etc.

Model with mathematics: Possibly
models with a table or writes number
sentences describing the reasoning
used,e.g.,9=3x30r(3x3)(4x3)=
34, etc.

Attend to precision: Correctly extends
the table, multiplies, uses ratios or
proportions; labels the final result as 9
inches and 12 inches

Look for and make use of structure:
Uses the multiplicative structure of ratios,
equivalent fractions, and/or proportions
to scale up.

Response indicates an understanding of the concept of a
ratio and the ability to use ratio and rate reasoning to solve
real-world and mathematical problems.

Argues that Katie has used a multiplicative method to
determine the enlargement of the photo is 9” x 127, and/or
Jacob has used an additive method to determine the
enlargement of the photo is 11” x 12.” accompanied by one of
the following pieces of evidence:

a.

Scaling up the 3:4 ratio in tabular form until the 9:12 ratio
is reached.

Multiplying 3 x3=9and4x3 =12, or(3x3):(4x3) =
3:4; therefore, the 9” x 12"photo is the enlargement,
3" 6"

Scaling up the 3:4 ratio in fraction form, e.g.,

until the E ratio is reached.

4!1 8"

Recognizing that both Katie and Jacob claim the length

is 12”; then wusing a proportion or proportional
. 3" x 3" 4"
reasoning. — = —— of — = —
4 12 x 12

Possibly reasoning that Jacob’s method is additive by
indicating 3 + 8 = 11 and 4 + 8 = 12 while Katie’s method
is multiplicative by indicating, e.g., 3 x3=9and 3 x4 =
12.

Possibly reasoning that Jacob’s method is additive by
indicating 3 + 1 = 4 and 11 + 1 = 12, while Katie’'s
method is multiplicative

© 2011 University of Pittsburgh
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Sixth Grade Task

Two-Point Score

institute forr‘ learning

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Some of the necessary connections between the context and the table may be missing.

advanced towards a correct solution.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts a ratio from the
context. Works multiplicatively, but fails
to use the quantities appropriately.

Construct viable arguments and
critique the reasoning of others:

Provides a logical argument that both
length and width in an enlargement must
be tended to multiplicatively. Fails to
note that only Katie’s method is
multiplicative.

Model with mathematics: Possibly
writes number sentences describing the
4" _ 16"

, ? - ﬁ’ etc.

reasoning used, e.g.

Attend to precision: Correctly extends
a table, multiplies, or uses ratios or
proportions; labels the final result as
inches.

Look for and make use of structure:
Possibly uses the multiplicative structure
of ratios to scale up to some number
(see c - e to right).

Look for and express regularity in
repeated reasoning: Possibly uses the
multiplicative structure of ratios as a
shortcut to scale up to some number
quickly, e.g., in a table or number
sentence.

Response indicates an understanding of the concept of a
ratio and the ability to use ratio and rate reasoning to solve
real-world and mathematical problems; any of the 3-point
strategies for solving the problem may be used, but response
does not carefully "abstract and reason quantitatively", i.e.,
does not use the quantities appropriately.

a. Scaling up the 3:4 ratio in tabular form but failing to stop
at the 9:12 ratio.

b. Reversing the numbers and working with a 4: 3 ratio in
tabular form, stopping when the 3 scales to 12.
Concluding neither person has determined the correct
enlargement

c. Reversing the 3: 4 ratio; using a 4: 3 ratio and attempting
toscaleup4to9, 11,0r12,e.9.,4x25=9andis 3 x
2.5 =7.5 while 4 x 275 =11 and 3 x 2.75 =8.25;
therefore, neither person has determined the correct
enlargement.

d. Scaling up the 4:3 ratio in fraction form or by using
proportions and deciding neither person has determined
4" 16"
the correct enlargement, e.g., — = —.
3 12
e. Possibly reasoning that Jacob’s method is additive by
indicating 3 + 8 = 11 and 4 + 8 = 12 but failing to check
and note that Katie’s method is multiplicative in any way.

f. Possibly reasoning that Jacob’s method is additive by
indicating 3 + 1 =4 and 11 + 1 = 12, but failing to check
and note that Katie’s method is multiplicative in any way.

© 2011 University of Pittsburgh
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Sixth Grade Task institute forr‘ learning

One-Point Score:

The response accomplishes some of the prompted purposes and communicates the student's
mathematical understanding. The student's strategy and execution meet only a few of the content
demands of the task. The necessary connections between the context and a multiplicative structure are
missing.

Make sense of problems and persevere in solving them.
Work is missing representations of the problem or understanding of the constraints of the problem given
in the text.

Mathematical Practices Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts a ratio from the

Response indicates a lack of ability to use ratio and rate
reasoning to solve real-world and mathematical problems,
context. Works multiplicatively, but fails | possibly because of a misunderstanding of the multiplicative
to use the quantities appropriately. relationship between lengths and widths when enlarging a
------------------------------------------------------- picture or a failure to use the quantities appropriately.

Construct viable arguments and a. Creating and extending a table, but failing to recognize

critique the reasoning of others:
Argues improperly that Jacob’s additive
method produces the enlargement while
Katie’s does not.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g.,3+8=11and 4 +
8 =12, etc.

Attend to precision: Extends the table
accurately, but incorrectly uses a 4: 3
ratio and may or may not label the
quantities as inches.

Look for and make use of structure:
Fails to use the multiplicative structure of
ratios to scale up to some number.

Look for and express regularity in
repeated reasoning: Fails to use the
multiplicative structure of ratios as a
shortcut to scale up to some number
quickly.

the multiplicative relationship, and/or failing to cope with
the role of the dimensions of the enlargement in the
problem.

Extending the table additively in a 3: 4 or 4. 3 pattern,
but stopping at a ‘good’ place to stop, possibly where
space runs out.

Possibly reasoning that Jacob’s method is correct by
indicating 3 + 8 = 11 and 4 + 8 = 12 but Katie’s method
is not, since 3+ 8 # 9.

Possibly reasoning that Jacob’s method is correct by
indicating that, since width + 1 = length (3 + 1 =4) in the
smaller photo, the same must be true in the larger photo.
Jacob’s method works, since 11 + 1 = 12 but Katie’s
method does not, since 9+ 1 # 11

© 2011 University of Pittsburgh
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Sixth Grade Task

A local store sells oranges at a price of 6 for $9.00.

a. Abbey wants to send 24 oranges to her grandmother.
oranges at the local store? Explain your reasoning in words.

Scoring Guide

4. Boxed Oranges

institute for > learning

:Q“‘\
P

»

How much will Abbey spend if she buys the

b. Abbey decides she does not have enough money to buy 24 oranges. She can only buy15 oranges.

How much do 15 oranges cost? Explain your reasoning in words.

Sixth Grade CCSS for Mathematical Content
Understand ratio concepts and use ratio reasoning to solve problems.

6.RP.1 Understand the concept of a ratio and use ratio language to describe a ratio relationship between

two quantities.

6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b # 0, and use rate

language in the context of a ratio relationship.

6.RP.3

Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning

about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations.

6.RP.3a  Make tables of equivalent ratios relating quantities with whole-number measurements, find missing
values in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare

ratios.

6.RP.3b  Solve unit rate problems including those involving unit pricing and constant speed.

The CCSS for Mathematical Practice
1. Make sense of problems and persevere in solving them

Reason abstractly and quantitatively
Construct viable arguments and critique the reasoning of others
Model with mathematics

Attend to precision

© NOoO MDD
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Look for and make use of structure
Look for and express regularity in repeated reasoning



Sixth Grade Task

Three-Point Score

institute forr‘ learning

The response accomplishes the prompted purposes and effectively communicates the student's
mathematical understanding. The student's strategy and execution meet the content (including concepts,
technique, representations, and connections), thinking processes and qualitative demands of all parts of
the task. Minor omissions may exist, but do not detract from the correctness of the response. Minor

arithmetic errors may be present, but no errors of reasoning appear.

The student clearly grasps the

connection between ratio and the context given in the task.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and

advanced towards a correct solution.

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and
quantitatively: Correctly abstracts
the 6 oranges : $9 ratio from the
context; creates a representation
for parts a and b, solves the
problem and correctly notes the
meaning of the results in the
context of the problem.

Construct viable arguments and
critique the reasoning of others:
Provides an explanation noting
that, for each group of 6 oranges,
$9 must be spent; clearly
explaining the strategy used
(diagram, unit rate, table, ratio and
possibly proportion) for each part
of the problem.

Model with mathematics:
Possibly writes number sentences
describing the reasoning used,
€eg.,6x25=15and9x25=
22.50, etc. or writes equivalent
fractions or a proportion.

Attend to precision: Correctly
multiplies, scales up, creates
equivalent fractions, etc. and
appropriately labels the final results
as oranges and/or dollars.

Response indicates an understanding of the concept of ratio by
correctly noting the ratio of 6 oranges to $9.00 using pictures, tables
or ratio notation.

Response indicates an understanding of the multiplicative structure
in a ratio.

Correctly scales the 6 oranges to $9.00 ratio in any of the following
ways:

a. Possibly drawing a diagram of several sets of 6 oranges at $9
for each set, until four sets of oranges are drawn (24 oranges)
and four sets of $9 are formed. Possibly pairing each orange
with one dollar, then splitting the $3 into 6 groups of $0.50
(perhaps drawing coins) to determine each orange costs $1.50
(unit rate); then multiplying $1.50 X 24.

Dividing $9.00 by 6 to arrive at the unit rate of $1.50 per 1
orange; then multiplying $1.50 X 24.

c. Scaling up the 6:9 ratio in tabular form until a total of 24
oranges is reached.

d. Scali the 6:9 ratio in fraction f SOk — LZOR

. Scaling up the 6:9 ratio in fraction form, e.g., S0 <18

until the number of oranges equals 24.

e. Multiplying 6 and 9 by 4, since 6 x4 = 24.
. . . ) 60R 24
f. Using a proportion or proportional reasoning (e.g., $—9 = =
6 OR $9
or ==—)
24 OR x

Response indicates an understanding of the multiplicative structure
in a ratio.

Correctly scales the 6 oranges to $9.00 ratio in any of the following
ways:

© 2011 University of Pittsburgh
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Look for and make use of
structure: Uses the multiplicative
structure of ratios, equivalent
fractions, and/or proportions to
scale up (seeb—-fand h—1to

institute for ( learning

Possibly drawing a diagram of several sets of 6 oranges at $9
for each set, noting that three sets contain more than 15
oranges, then halving the third set of oranges and the $9.00.
Possibly pairing each orange with one dollar, then splitting the
$3 into 6 groups of $0.50 (perhaps drawing coins) to determine
each orange costs $1.50 (unit rate); then multiplying $1.50 X

right). 15.
h. Dividing $9.00 by 6 to arrive at the unit rate of $1.50 per 1
orange; then multiplying $1.50 X 15.

i. Scaling up the 6:9 ratio in tabular form until reaching 18, then
noting the need to halve 6 oranges and $9.00, either adding 3
to 12 or subtracting 3 from 18, until a total of 15 oranges is
reached; possibly using the results from the diagram in part a

Look for and express regularity
and adding or subtracting appropriately.

in repeated reasoning: Uses the

same structure of ratios, equivalent j. Scaling down and up the 6:9 ratio in fraction form, e.g.,
fractions, and/or proportions in 6 OR 2 OR

both parts of the problem; possibly 5o - 33 until the number of oranges equals 15, possibly

) . . . $3
uses information gained in part a to using similar strategies as noted above.
shortcut decision-making in part b

(e.g., see g to the right). k. Multiplying 9 by 2.5, since 6 x 2.5 = 15.

. . . . 6 OR 15
I.  Using a proportion or proportional reasoning (e.g., BT ==
6 OR $9
or =—)
15 OR x
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Sixth Grade Task

Two-Point Score

institute forr‘ learning

The response accomplishes the prompted purposes and effectively communicates the student's

mathematical understanding.

The student's strategy and execution meet the content (including

concepts, technique, representations, and connections), thinking processes and qualitative demands
of all parts of the task. Some of the necessary connections between the context and the ratio may be

missing.

Make sense of problems and persevere in solving them.
Work includes representations of the problem indicating the student made sense of the problem and
advanced towards a correct solution, but indicates a struggle to interpret parts of the context correctly.

Mathematical Practices

Evidence-Based Traits: Mathematical Content

Reason abstractly and quantitatively:
Correctly abstracts the 6 oranges : $9
ratio from the context; creates a
representation for parts a and b.
Quantitatively scales up appropriately to
some other number, but fails to
recognize the significance of the results
in the context of the problem and/or fails
to appropriately scale to 24 or to find a
mechanism to scale to 15.

Construct viable arguments and
critique the reasoning of others:
Provides a logical argument that makes
clear that the ratio must be handled in a
multiplicative fashion, possibly indicating
‘doubling’ or ‘tripling’ or multiplying both
the number of oranges and cost by the
same number.

Model with mathematics: Possibly
writes number sentences describing the
reasoning used, e.g.,6 x2.5=15and 9
X 2.5 =22.50, etc. or writes equivalent
fractions or a proportion.

Attend to precision: Correctly
multiplies, scales up, creates equivalent
fractions, etc. but fails to appropriately
label the final results as oranges and/or
dollars

Look for and make use of structure:
Uses the multiplicative structure of ratios
equivalent fractions, and/or proportions
to scale up (see ¢, d, g and h to right).

© 2011 University of Pittsburgh

Response indicates an understanding of the multiplicative
structure in a ratio: any of the 3-point strategies for scaling
the 6: 9 ratio may be used, but response does not
"abstract and reason quantitatively" with the 24 OR the
15, i.e., does not use one or the other appropriately in the
problem.

Correctly scales the 6: 9 ratio in any of the following ways,
but fails to recognize that the 6 must be scaled up to 24:

a. Possibly drawing a diagram of several sets of 6
oranges at $9 each set, but failing to stop at 24
oranges.

b. Dividing $9.00 by 6 to arrive at the unit rate of $1.50
per 1 orange, but failing to multiply the price per
orange by 24.

c. Scaling up the 6:9 ratio in tabular form, in fraction
form, or by using a proportion, but failing to stop at 24
oranges.

d. Multiplying 6 and 9 by the same number, but not by
4.

Correctly scales the 6: 9 ratio in any of the following ways,
but fails to recognize that the 6 must be scaled up to 15 or
fails to find a mechanism for scaling to 15.

e. Possibly drawing a diagram of several sets of 6
oranges at $9 each set; possibly approximating a
cost between $18 and $ 27.

f. Scaling up the 6:9 ratio in tabular form, in fraction
form, or by using a proportion, but failing to recognize
the need to consider half of a set and half of the cost;
possibly approximating a cost between $18 and $ 27.

g. Multiplying 6 and 9 by the same number, but not by
2.5.

33
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Look for and express regularity in
repeated reasoning: Uses the same
structure of ratios, equivalent fractions,
and/or proportions in both parts of the
problem; possibly attempts to use
information gained in part a to shortcut
decision-making in part b (e.g., notes 12
oranges cost $18 and 18 oranges cost
$27, then possibly approximating a cost
between $18 and $ 27.
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Sixth Grade Task institute forr‘ learning

One-Point Score:

The response accomplishes some of the prompted purposes and communicates the student's
mathematical understanding. The student's strategy and execution meet only a few of the content
demands of the task. The necessary connections between the context and the ratio are missing.

Make sense of problems and persevere in solving them.
Work is missing representations of the problem or understanding of the constraints of the problem
given in the context.

Mathematical Practices Evidence-Based Traits: Mathematical Content
Reason abstractly and quantitatively: Response indicates some understanding of ratio, but
May fail to abstract the 6: 9 ratio from the not the rate nature of this relationship, e.g., by noting
context or abstracts the 6: 9 ratio from the a ratio of 6:15.

context, but works additively and fails to
recognize the significance of the results in
the context of the problem and/or fails to
appropriately interpret the meaning of the 24
and 15 in the context.

Construct viable arguments and critique | Attempts to reason in any of the following ways:
the reasoning of others: Argues that the a. Adding 18 to 6 and 9, since 6 + 18 = 24 or

Response indicates an attempt to work with ratio, but
fails to recognize the multiplicative relationship,
typically by reverting to addition, and/or fails to cope
with the constraints of the problem.

situation must be tended to in some additive ) adding 9 to 6 and 9, since 6 + 9 = 15

fashion. ' '
____________________________________________________________ b. ‘Scaling up’the 6: 9 ratio to $24 and $15 in

Model with mathematics: Possibly writes tabular form using addition, not multiplication.

number sentences describing the reasoning | ¢ ‘Scaling up’ the 6: 9 ratio in tabular form using

used, e.g., 6 + 18 =24, and 9 + 18 = 27, efc. addition; stopping at a ‘good’ place to stop,

or attempts to write equivalent fractions, but possibly where space runs out

uses addition rather than multiplication.

d. Possibly drawing a diagram of several sets of 6
oranges at $9 each set, until switching to one of

Attend to precision: Incorrectly adds, the additive strategies above, particularly in part

creates un-equivalent fractions with addition, b.

etc. and fails to appropriately label the final

results as oranges and/or dollars.

Look for and make use of structure: Fails
to use the multiplicative structure of ratios to
scale up to some number

Look for and express regularity in
repeated reasoning: Fails to use the
multiplicative structure of ratios; uses
different strategies in parts a and b or fails to
use information gained in part a to shortcut
decision-making in part b.

© 2011 University of Pittsburgh 6
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COMMON CORE-ALIGNED TASK
WITH INSTRUCTIONAL SUPPORTS

1
Mathematics

GRADE 6 MATH: RATIO REASONING
ANNOTATED STUDENT WORK

This section contains annotated student work at a range of score points. The student work shows
examples of student understandings and misunderstandings of the task.

i Department of
Education
Dannis M. Walcolf. Chancedior
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Score Point 2

The student extends the table and clearly explains the patterns that can be followed to add more values to the

table. S/he identifies that there is a ratio between the liters of blue and yellow paint. The student provides a
limited explanation in part b but does clearly indicate the information in the table. The student recognizes the
structure of the relationship between the blue and yellow paint and is able to extend the relationship/pattern.

institute for “iiearniy

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make green paint. He wants to
make 45 liters of green paint. He began to make a table to help him think about the prablem, but is
unsure of what to do next.

Liters of Liters of Liters of
Blue Paint | Yellow Paint | Green Paint
2 3 5 .
4 - 6 . e 10 H
6 |.a ] ‘5. \.
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a. Explain in words how to continue to place ualués nto the table.
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b. Write an explanation in words to Mark about how he can use his table to find how many liters of
blue paint and how many liters of yellow paint will he need to make 45 liters of green paint.
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Student extends the
table of equivalent
ratios. (6.RP.3a)

Student shows understanding
of the concept of a ratio and
is able to show this in the
table, as well as in the
explanation for part a.
(6.RP.1, 6.RP.3a)

Student explanation in
part b does not fulfill
the requirement of
constructing a viable
argument. (MP.3)




Score Point 2

The student correctly extends the table of values until there are 45 liters of green paint and explains that
extending the pattern requires adding down. The student doesn’t attend to precise language in the explanation,
indicating that “you have to add the numbers going down,” in the explanation of how to continue the values in
the table. The student identifies the number of liters of yellow and blue paint required to make 45 liters of green
paint.

institute for "+ learning

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make green paint. He wants to
make 45 liters of green paint. He began to make a table to help him think about the problem, but is
unsure of what to do next.

Liersof | Liters of Liters of
Blue Paint | Yellow Paint | Green Paint
2 3 5 - Student correctly
6 10 extends table of

g ' cl v / equivalent ratios.
et o (6.RP.3a)

o
M 2!
a. Explain in words how to conllnue to place values into the lable. )
\,? }\J\ VnJ..: \ 0 < W tre Dumders : Student does not
G \H <€— attend to precision
_ or use ratio
language in

explanation for part
a. (6.RP.1, MP.6)

b. Write an explanation in words to Mark about how he can use his table to find how many liters of
blue paint and how many liters of yellow paint will he need to make 45 liters of green paint.

You Wil vaye { s add dy Y s iy

yo i tc }1\( \ € { el You Ty

al 1‘ 2 a\l X‘\C’ V‘v Jl / Yo 27 O - ) ‘: X
O e way b [ ; T

Explanation in part b uses ratio
and rate reasoning through
tables of equivalent ratios.
(6.RP.3)
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Score Point 1

The student correctly identifies a pattern to continue the values in the column for blue paint. The student writes
an incomplete explanation of how to find the number of liters of blue and yellow paint required to make 45 liters
of green paint. While the student does provide a method for solving the problem, namely extending the table

using the pattern until you get to 45 liters of green paint, s/he does not actually solve the problem.

institute for > Iearning'

1. Mimed Paiot

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make groen paint. He wants to
make 45 liters of green paint. He began to make a table to help him think about the problem, but is
unsure of what to do next.

Liters of Liters of Liters of
Blue Paint | Yellow Paint | Green Painl

2 3 5

4 6 10

My

a. Explain inwords how to continue to place values into the table. Fﬁ-"‘u C‘ b l s

( .
pe—int MUMge Up
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/

b. Write an explanation in words to Mark about how he can use his table to find how many liters of
blue paint and how many liters of yellow paint will he need to make 45 liters of green paint.
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Student does not
demonstrate complete
understanding of the
concept of ratio, only
notes the increase in
blue paint. Student also
does not sufficiently use
ratio language in
explanations (6.RP.1).

—_ makes some

While the student

sense of the
problem, s/he
does not
persevere in
solving it. (MP.1)




Score Point 3

The student identifies the correct ratio of Jolly Ranchers to Lemonheads in part a. The student provides a
correct answer (including notation for doubling the number of each candy) for part b. The student correctly
scales the number of Lemonheads when there are 100 Jolly Ranchers using multiplication (multiplying each
part of the original ratio in part a by twenty). The work demonstrates a correct process for finding the scaling
factor (dividing 100 by 5) and using the resulting quotient as a multiplicative scaling factor for the number of
Lemonheads.

institute for learning -

The candy jar below contains Jolly Ranchers (the rectangles) and Lemonheads (the circles).
Answer each of the following questions:

'_gb = l i?.a\r\f}or\
Q 13.5‘(3{ \\‘ :
Student demonstrates
understanding of the
a. What is the ratio of Jolly Ranchers {the rectangles) to Lemonheads (the circles)? / COI"ICGp to f ratio.
EDQOH\f . (6.RP.1)

Suppose you have a larger jar of Jolly Ranchers and Lemonheads in which the ratio of the two
candies is equivalent to the ratio in this jar. How many Jolly Ranchers and Lemonheads might
be in the jar? ‘Use mathematical reasoning to justify your response.

=

‘f‘g 1= 1*—"%,; %2 = ~--19¢JE’,U_‘{ r'ﬂnoMS
26 N )

,__QQfomO;\ Reads

¢. Suppose you have a new candy jar with the same rétio of Jolly Ranchers to Lemonheads as Student adequately uses

shown above, but it contains 100 Jolly Ranchers. How many Lemonheads are in the jar? Use ratio and rate reasoning
mathematical reasoning to justify your response. to solve problem S.

\
N | 6RPY

S35 #2-0/_1003dly ranchecs., 6%5“5
12100 Q*C’O Hemen hads - |
N3
'fj% - {Adapted from Smih, Silver, Stein. Boston Henningsen & Hillen (2005, p. 26)
n G QD
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Score Point 2

The student identifies the correct ratio of Jolly Ranchers to Lemonheads in part a. The student provides a
correct answer (double the number of each candy) for part b but does not provide a justification for the answer.
The student correctly identifies the number of Lemonheads when there are 100 Jolly Ranchers using
multiplication (multiplying each part of the ratio in part b by ten). The response scored a Level 2 because there
was limited reasoning used to justify the student’s responses.

institute for "> Jdéarning

The candy jar below contains Jolly Ranchers {the rectangles) and Lemonheads (the circles).
Answer each of the following questions:

Student shows
understanding of

a. What is the ratio of Jolly Ranchers (the rectangles) to Lemonheads (the circles)? / the conce pt of
ratio. (6.RP.1)

I b. Suppose you have a larger jar of Jolly Rarichers and Lemonheads in which the ratio of the two
candies is equivalent to the ratio in this jar. How many Jolly Ranchers and Lemonheads mignt
be in the jar? Use mathemalical reasoning to justify your response.

Student does not
attend to precision

c. Suppose you have a new candy jar with the same ratio of Jolly Ranchers to Femonljeads as by provi din g
shown above, but it contains 100 Jolly Ranchers. How many Lemonheads are in the jar? Use t
mathematical reasoning to justify your response. C(_)rrec answer

/ without

__ LA N justification.
—_ S (MP.6)

(r '.;::f ! L __," sl E - }
{ WAV S O

a
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Score Point 1

The student incorrectly identifies the ratio of Jolly Ranchers to Lemonheads as 5 to 14. The student doubles
the number of Jolly Ranchers and Lemonheads to get an equivalent ratio of 10 to 28, based on the incorrect
answer in part a. S/he doesn’t explain or use mathematical reasoning to justify any of the answers provided.
The student incorrectly scales up the ratio in part c. The student’s work shows a limited understanding of how
to scale ratios.

institute for eg,'r,-,'_'i‘r{g_-'.

The candy jar below contains Jolly Ranchers {the reclangles) and Lemonheads (the circles).
Answer each of the following questions: :

a. What is the ratio of Jolly Ranchers {the rectangles) to Lemonheads {the circles)? Student lacked
_ attention to precision.
€ S/he made a

otk P P S H H
PN rpe i - : computational error in
| H Ler o : part a, which led to

et as incorrect answers in
N - both parts a and b.
b. Suppose you have a larger jar of Jolly Ranchers and Lemonheads in which the ratio of the two (MP.6)
candies is equivalent to the ratio in this jar. How many Jolly Ranchers and Lemonheads might .

be in the jar? Use mathematical reasoning to justify your response.

SN )
_,!“) T Student lacks
i< fo. : _ understanding of
R s X . the concept of
equivalent ratios

c. Suppose you have a new candy jar with the same ratio of Jolly Ranchers to Lemonheads as and proportlonal

shown above, but it contains 100 Jolly Ranchers. How many Lemonheads are in the jar? Use reasoning.
mathematical reasoning to justify your response. / (6.RP.1,3)
Yoyl s
m'i"“ S TR 2 g
F‘ o | o

43




Score Point 3
The student correctly multiplies the dimensions of the original picture by 3 to obtain the correct dimensions of

the enlargement. The student identifies that Katie is correct and explains a process for obtaining an equivalent
ratio (scaling a fractional representation) with a connection to the precise dimensions of the enlargement.

institute for - I_e'_a rning

Katie and Jacob are enlarging pictures for the school ye'an’uook on the photocopier. The ratio of the
width to the length of the enlarged photo will be the same as the ratio of the width to the length of

the original photo.

One.of the photographs that they want to enlarge is a 3" x 4" phato. Katie says that she can
enlarge the photo to 9" x 12", but Jacob disagrees. He says it will be 11" x 12". Who is correct?
Explain your reasoning in words. )

Student uses ratio and
iy rate reasoning to

i solve a real-world

) problem and
constructs a viable
argument. (MP.3)

n'..‘..’_'? XJ} ¢ a -'
En -

Sjﬁ KQI(I{/ 1S Q@{rggj( |
| O/ 10 Wﬁm o L S0 7[%?
beum e, i JOM P 9"""@( [
M‘4 mh@ (W\,( ‘kn’\} %0 Fin

Which one 1% QCLWVOL\GV‘W g(m
will o, o ap it g Y

/A -

& 2011 University of Pittsburgh

—
-

™~

44



Score Point 2

The student sets up two proportions, one for Katie's answer and one for Jacob’s. The student then cross-
multiplies to test for proportionality. The student correctly states that Katie is right but does not explain the
process or his/her reasoning in words.

[
institute for

Sy esiey ety
3, Phpin Soniss

Katie and Jacob are enlarging pictures for the school yearbook on the pholocopier. The ratio of the
width to the length of the enlarged photo will be the same as the ratio of the width to the length of

the original photo. :

One of the photographs that they want to enlarge is a 3" x 4" photo. Katie says that she can
enlarge the photo to 9" x 12", but Jacob disagrees. He says it will be 11" x 12". Who is correct?
Explain your reasoning in words.

%

1 (N

i Student clearly
- demonstrates

understanding of
ratios, but fails to
provide
appropriate
explanation
(6.RP.1, MP.3).
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Score Point 2
This student shares a correct method for scaling up the measurements of the dimensions of the photographs.

The student correctly identifies that multiplying both dimensions by three will result in final picture size that
Katie argues will result. The student does not provide a clear connection between the reason for the operation
(namely, the constant ratio that is stated in the problem) and scaling a fractional representation.

ingtitute for

Pricto Donisg

Katle and Jacob are en!argmg prclures for the school yearbook on the photocopier. ThF‘ rat!o of the .: . -
width to the length of the enlarged photo will be the same as the ratio of the width to the Iength of.
- the onglnaf photo. o

One of the photographs that they want to enlarge is a 3" x 4" photo. Katie says that she can
_ 'enlarga the photo to 9" x 12°, but Jacob disagrees. He says it will be 11" x 12”. Who is Correct‘? S
Explain your reasoning in words . SRR

3”

| .} KQ}‘\-QH | A ?\(ﬁ— L)“CQ--CAUS e '
‘L oo - Fimes ={ and Yy3=12
By ST, A

Student does not
attend to precision by
not specifying units of
measure. (MP.6)

Student demonstrates
understanding of scaling
up, but does not show
understanding of the use
of ratio to solve a real-
world problem. (6.RP.1, 3)

46



Score Point 3

The student correctly connects the multiplicative scaling factor between the number of oranges (noting that, “6
times 4 is 24”), noting that the cost should be multiplied by four. To determine the cost of 15 oranges in part b,

the student halves the cost of 6 oranges (to find that 3 oranges costs $4.50) and then multiplies that number by

5 to get $22.50. The student correctly identifies these processes in the work shown above the information
presented in the problem. The written explanation could be improved by attending to the mathematical

language of the unit (e.g., ratio, multiplication, and scaling).

Azsessment institute for

{rade G
14 1‘}1@11{}} Anges
“j U -

Alocal store sells oranges at a price of 6 for $9. 00

a.' Abbey wants to send 24 oranges to her grandmother. How much will Abbey spend if Shg buys
the oranges at the local store? Explain your reasoning in words.
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b. Abbey decides she does not have enough money to buy 24 oranges. She can buy only 15
oranges. How much do 15 oranges cost? Explain your reasoning in words.
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Student demonstrates
complete
understanding of
using equivalent ratios
and reasoning to solve
real-world problems.
(6.RP.3)

Student demonstrates
ability to
decontextualize
guantities in the
problem to arrive at
correct solution and
articulate meaning.
(MP.2)




Score Point 1

The student provides incorrect answers in both parts of the problem and does not explain reasoning or show
work. The written statements do not provide insight into the process the student used to solve the problem; the

student merely restates the information from the problem.

A, Joged Dranges

A local store sells oranges at a price of 6 for .‘59.00,

. a. Abbey wants to send 24 oranges to.her grandmother.. How much will Abbey spend if she huys

the oranges at the local store? Explain your reasoning in words.

"j;i:f- I Loy g CALFoapl . TC} 21[ E113

b. Abbey decides she does not have enough money to buy 24 oranges.

institute for

She can buy only 15

oranges. How much do 15 oranges cost? Explain your reasoning in words,
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Student
demonstrates lack of
understanding of
ratio and rate
reasoning (6.RP.1).
Does not adequately
make sense of the
problem (MP.1).




COMMON CORE-ALIGNED TASK
WITH INSTRUCTIONAL SUPPORTS

1
Mathematics

GRADE 6§ MATH: RATIOS REASONING

INSTRUCTIONAL SUPPORTS

The Instructional Supports on the following pages include a unit with formative assessments
and suggested learning activities. Teachers may use this unit outline as it is described,
integrate parts of it into a currently existing curriculum unit, or use it as a model or checklist
for a currently existing unit on a different topic.

INSTRUCTIONAL SUPPORTS .....ccociiitiininitnininnensnn s ssssns e sssses sssssssssssesssees 49
UNIT OUTLINE. ...ttt e cs s s sss essnssss s ses s ssssns sssssssssssses 50
INTIAL ASSESSMENT: PIANO TASK ...cccuviiiiniininnnisiniennninnnssnnsiecssnnsnesnssneees 58
LESSON OUTLINE & FORMATIVE ASSESSMENT: THE BEST DEAL.............. 59
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UNIT OVERVIEW

This unit should follow a longer unit that introduces and develops an understanding of
ratio concepts and how to use ratio and rate language to describe relationships.
Specifically, students should be able to recognize and describe ratios and rates by
looking for structure and using precise language. In this unit, students will build on those
skills as they extend their understanding to using ratio and rate reasoning to solve real-
world mathematical problems.

This unit is supported by students’ prior knowledge and study of multiplication and
division (and expected fluency with multi-digit division), fractions (including using
fractions to solve problems, ordering fractions and finding equivalent fractions, and
multiplying fractions by whole numbers), and measurement (i.e., converting
measurements within a system) completed in Grades 3-5 under the Common Core
standards.

Additional opportunities to deepen and apply the knowledge, skills, and understandings
developed in this unit should be provided. Specifically, this unit should be followed by
further study of the application of ratio reasoning to unit conversions and understanding
and using percents to solve problems to ensure full alignment of the curriculum to
6.RP.3, a standard that offers opportunity for in-depth study. Additionally, this year,
students will also explore the connection between ratios and proportional relationships
and expressions and equations, using variables to represent two quantities in a real-
world problem that change in relationship to one another. Students will write an equation
to express a dependent variable in terms of an independent variable using graphs and
tables, and relate these to the equation (6.EE.9).

UNIT LENGTH

The sequence of lessons, tasks, and assessments included in this unit is intended to
take two to three weeks of classroom instruction. This timeline is designed to ensure
sufficient time for deep investigation and opportunities for application and assumes that
ratios and proportional relationships were introduced early in the year.

CoMMON CORE CONTENT STANDARDS

» 6.RP.1 Understand the concept of ratio and use ratio language to describe a
ratio relationship between two quantities.

» 6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical
problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams,
double number line diagrams, or equations.

» 6.RP.3a Make tables of equivalent ratios relating quantities with whole-number
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STANDARDS FOR MATHEMATICAL PRACTICE

VVVVVYVYY

measurements, find missing values in the tables, and plot the pairs of values on
the coordinate plane. Use tables to compare ratios.
» 6.RP.3b Solve unit rate problems including those involving unit pricing and

constant speed.

MP.1 Make sense of problems and persevere in solving them.
MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.

MP.4 Model with mathematics.
MP.6 Attend to precision.

MP.7 Look for and make use of structure.

MP.8 Look for and express regularity in repeated reasoning.

BiG IDEAS/ENDURING UNDERSTANDINGS

ESSENTIAL QUESTIONS

» Reasoning with ratios involves » What is a rate? How are rates
attending to and coordinating two used to make comparisons?
quantities. » What is a unit rate? When is it

» Ratios have a multiplicative appropriate to use unit rates to
relationship. solve mathematical or real-world

?

» In a multiplicative relationship, if problems?
one quantity in a ratio is multiplied » What is the difference between a
or divided by a particular factor, ratio and a rate?
then.th(.e other quantity must be » How can I use tables of equivalent
multiplied by the same factor to . .

R ; ) ratios, tape diagrams, double

maintain proportional reasoning. . o
e number lines, the division

The same multiplicative . :

i . . method, or equations to find and
relationship can be applied to other o
) X ) i compare rates of change?

situations and will result in

quantities that maintain the same

proportional reasoning.

CONTENT SKILLS

» Relationship between fractions and » Apply multiplicative reasoning
ratios to explain the concept of ratio.

» Scaling up and scaling down of » Use ratio language to describe a
ratios ratio relationship between two

» Rates, including unit rates quantities.

» Ratio and rate problems » Distinguish between rate and
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» Proportional reasoning ratio.

» Representations of ratios, including » Apply concepts of rate and ratio.
ratio tables, tape diagrams, double » Make tables of equivalent ratios.
number line diagrams, and » Solve unit rate problems,
equations including those involving unit

» Speed pricing and constant speed.

» Equivalent ratios » Express ratios in different

forms.

» Solve proportions using
equivalent fractions.

» Use tables to compare and scale
ratios.

VocABULARY/KEY TERMS

Ratio, rate, unit rate, equivalent ratios, per, “for every,” “for each,” “for each 1,”
scaling, unit, unit price, multiplicative relationship, ratio table, table, compare,
multiplicative relationship

FORMATIVE ASSESSMENTS AND INSTRUCTIONAL TASKS

P1ANO TASK

This task should be used as a pre-assessment to determine students’ understanding
of ratios and their ability to use ratio language and a variety of tools to represent
ratios, including making tables, finding equivalent ratios, using tape diagrams,
double number lines, or equations. In this task, students are given a picture of a
portion of a keyboard and are asked to identify the ratio of black keys to white keys
(part-part ratio). Using this ratio reasoning, students are then asked to determine
how many black keys appear on a keyboard with 35 white keys. Lastly, students are
asked to determine how many black keys appear on a keyboard with a total of 240
keys (part-to-whole ratio).

THE BEST DEAL

This formative assessment task asks students to compare three ratios to determine
the cheapest price per can of soda. Students are expected to use the concepts of
ratios and unit rates to compare the ratios and justify their answers with
mathematical reasoning. (6.RP.3b)

FINAL PERFORMANCE TASK

Students were asked to complete four problems to assess the standards identified in
this unit. The tasks, Photo Copies, Mixed Paint, Jolly Ranchers and Lemonheads, and
Boxed Oranges, are provided. These tasks collectively assess students’

52




Unit Outline: Grade 6 Math

understanding and ability to
» interpret what problems involving ratios, rates, and proportional
relationships are asking them to find;

» use ratios and rates to solve these problems using a variety of methods,
including making tables, finding equivalent ratios, using tape diagrams,
double number lines, or equations;

» describe ratio relationships between two quantities.

LEARNING PLAN & ACTIVITIES
Unit I Jucti

Students should be introduced to this unit by finding a variety of comparisons that
can be “seen” easily in everyday life, including ratios of boys to girls in a classroom,
vowels to consonants in words, sizes of pictures enlarged on a computer screen or
photocopier, etc. Additional examples that can be introduced include speed
(miles/hour) and concentration (juice concentrate/water). Students should be
expected to use the language of ratios and rates and should be held accountable for
the precise use of that language as they begin to understand these concepts.

Suggested Flow of the Unit

As you develop lessons for this unit, the following sequence of essential questions
and activities should be considered. Also, we suggest connecting your lesson to the
enduring understandings listed above to ensure that students are developing a deep
understanding of these concepts.

Implement Pre-Assessment: Piano Task

Additional Supports:

The multiplicative relationship of ratios can be a source of challenge for
students. Teachers should anticipate this challenge and look for evidence
of misunderstanding in student work. We suggest modeling multiple
strategies and providing opportunities for students to work with these
strategies to help them understand the relationship.

Additional Supports

Model using tools such as tape diagrams, double line diagrams, and/or
tables to help students see the multiplicative relationships between ratios.
Provide time and opportunities for students to engage in guided practice
and hands-on activities that allow students to explore this relationship.
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Unit Outline: Grade 6 Math

EQ: WHAT IS A UNIT RATE? WHEN IS IT APPROPRIATE TO USE UNIT RATES TO SOLVE
MATHEMATICAL OR REAL-WORLD PROBLEMS?

EQ: HOWw CAN I USE TABLES OF EQUIVALENT RATIOS, TAPE DIAGRAM, DOUBLE NUMBER LINES,
THE DIVISION METHOD, OR EQUATIONS TO FIND AND COMPARE RATES OF CHANGE?

Rate: A rate is a comparison of two quantities using different types of
measures.

Additional Supports

Students may find it difficult to understand that rates compare two types
of measurement quantities. It may be helpful to have students discuss
and understand the relationship between the two measurements. Also,
students should be sure to label the different quantities as a strategy to
make sense of the relationship and to reinforce their understanding of
ratio relationships.

Additional Supports

Students may struggle with the concept of measurement if they have not
done work around converting between measurements. Discuss different
types of measurements that are familiar to students.

End of Rate Lessons Activity: Have students extend their understanding of
ratios to rates by giving examples of rates they encounter in the real world.
They should then express these rates using ratio and rate language and by
using tools such as tape diagrams, double line diagrams, and/or tables.

Additional Supports

Design the end of lesson activities so that students are able to write,
discuss, create, or draw to communicate their understanding of the
concepts assessed in each activity.

EQ: WHAT IS A UNIT RATE? WHEN IS IT APPROPRIATE TO USE UNIT RATES TO SOLVE
MATHEMATICAL OR REAL-WORLD PROBLEMS?

EQ: HOW CAN I USE TABLES OF EQUIVALENT RATIOS, TAPE DIAGRAM, DOUBLE NUMBER LINES, THE
DIVISION METHOD, OR EQUATIONS TO FIND AND COMPARE RATES OF CHANGE?

Unit Rate: A unit rate compares a quantity of one measure to a single unit of
another measure.

End of Unit Rates Lesson Activity: Have students revisit their examples of
rates and then convert them into unit rates using ratio and rate language and
each of the following tools: tape diagrams, double line diagrams, equivalent
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Unit Outline: Grade 6 Math

ratios, and the division method.

End of Unit Rates Lesson Activity 2: Have students describe a situation where
it would be helpful /appropriate to know/determine the unit rate.

Additional Supports
Design the end of lesson activities so that students are able to connect

their learning to real-world situations that are authentic and address
common experiences and interests.

Implement Formative Assessment: The Best Deal Task

Additional Supports

Students may make their decisions about the best deal based on
information in the problem other than the unit price (e.g., the wording of
the problem, total cost, or the total number of items). It is important to

have students justify their answers by making the connection to the cost
per unit.

Implement Formative Assessment: Lawn Mowing Task (referenced below)

EQ: WHAT IS THE DIFFERENCE BETWEEN A RATIO AND A RATE?

Rates are special cases of ratios where the quantities being compared have
two different measures. While all rates are ratios, all ratios are not rates.

End of Rate & Unit Rate Lessons Activity: Are all ratios also rates? Use

mathematical reasoning to justify your answer and provide two real-world
situations to support your claim.
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Suggested Lessons

IMPACT MATHEMATICS, COURSE 1, © 2009 GLENCOE MCGRAW-HILL

LESSON DESCRIPTION/UNIT CONTENT ADDRESSED
5.1: Ratios and The series of investigations in this lesson focuses on
Rates recognizing ratios, ordering them, and understanding

equivalent ratios that should have been addressed in a
previous unit. However, in Investigation 4, students also
investigate the concept of unit rates. This lesson is
recommended to take 4 days.

Investigation 1 provides students with a general background
on ratios and provides students with practice identifying and
expressing ratio relationships. (Addresses Assumed Prior
Knowledge)

Investigation 2 delves into comparisons between ratios and
provides opportunities for students to scale ratios.
(Addresses Assumed Prior Knowledge)

Investigation 3 introduces students to ratio tables as a
means to express equivalent ratios and as a tool for scaling
up ratios. (Addresses Assumed Prior Knowledge)

Investigation 4 provides an opportunity for students to apply
their understanding of scaling, rates, and ratios in
mathematical problems involving cost, and more specifically,
unit pricing.

Supplemental Task:
Lawn Mowing
Performance-Based
Assessment, Impact
Mathematics, Course
| Chapter 5 Resource
Masters, pp. 45-47

This assessment task was created by MARS (the
Mathematics Assessment Resource Service), funded by a
grant from the National Science Foundation.

The task asks students to determine unit rates (speed) of two
people mowing lawns and to use those rates to determine the
amount of time it takes each of them to cut a certain area of
lawn.

Suggestions for Instructional Strategies

e C(lass discussions: There should be strong emphasis on mathematical discourse
in the classroom. Students should be held accountable for the use of precise
vocabulary and meanings of numbers, terms, and variables and the quantities
they represent. Time should be provided for students to investigate and discuss
the numerous patterns and relationships among quantities that are related in
ratios, rates, and proportions. This provides teachers with additional
opportunities to assess student understanding.

0 Inaproblem such as The Best Deal, students should discuss the
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Unit Outline: Grade 6 Math

various relationships present in the problem. One of the first
opportunities for discussion would emerge around the equivalence
between the ratios of price per can at Metromarket and ShopStop.
Students should be encouraged to express themselves in
mathematically precise language, describing equivalence or equivalent
ratios. For students who are having difficulty writing explanations
and/or justifications, consider providing them with opportunities for
verbal expression first. Questioning and disagreement provide robust
opportunities for developing “fluency” with student discourse in
mathematics.

0 Questions should be asked to assess and advance students’
understanding of the meaning of the numbers in the ratios they
identify (e.g., What does x represent in this ratio?), the value of and
connection between ratios and unit rates (e.g., How is this ratio
related to this unit rate? How are they similar and different? Why is it
helpful to convert a ratio to a unit rate?) and proportionality (e.g.,
Why is this a proportional relationship? What is the relationship
among quantities in a proportional relationship?).

STUDENTS SHOULD BE REQUIRED TO EXPLAIN AND/OR JUSTIFY THEIR
THINKING IN CLASSROOM DISCUSSIONS. ENCOURAGE STUDENTS TO
ELABORATE ON BRIEF ANSWERS (INCLUDING ONE WORD RESPONSES LIKE:
“FIVE!" “YES,” “NO,” “SOMETIMES,” “MULTIPLY,” ETC.).
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Unit Outline: Grade 6 Math

RESOURCES

YV VVV

A\ 4

Ratio table organizers (copies), two color chips, graph paper, rulers
Impact Mathematics, Chapter 5
Manipulatives and tools appropriate for students to use, if necessary (e.g.,
pattern blocks, blank ratio tables, two-color counters, etc.)
NCTM llluminations

0 Constant Cost per Minute interactive graph (6.2.1)

http://www.nctm.org/standards/content.aspx?id=25092

Leonardo Da Vinci Activity, from The Math Forum @ Drexel University
(http://mathforum.org/alejandre/frisbie/math/leonardo.html)
Elementary and Middle School Mathematics: Teaching Developmentally (5th
Edition), “Chapter 18: Developing Concepts of Ratio and Proportion,” by John
A. Van De Walle ©2004 Pearson Education.
“Ratio Tables” from schools.nyc.gov/inquire provides a research summary
about ratio tables and their use and sample activity using ratio tables to graph
ratios.
“Proportional Reasoning Lesson Study Toolkit” provides resources for
conducting lesson study using lessons on proportional reasoning. It includes
additional tasks and student work that can support the development of
students’ understanding of ratios, rates, and proportional relationships.
(http://www.lessonresearch.net/NSF _TOOLKIT/pr_maintoolkit.pdf)
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PIANO TASK

Piamos and pipe organs contain keyboards, a portion of which is shown below.

a} What is the ratio of black keys io white keys in the picture above?

b} I the pattern shown continues, how many black keys appear on a portable keyboard with 35
white keys?

¢} [f the patterm shown continues, how many black keys appear on a pipe ocrgan with a total of 240

keys?

£ 311 Unieersity of Plitsburgh
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Lesson Outline: The Best Deal

Common Core Learning Standards Addressed:
6.RP.1 Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities.
6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b#0, and use rate language in the context of a ratio relationship.
6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams, double number line
diagrams, or equations.
b. Solve unit rate problems including those involving unit pricing and constant speed.

Lesson Objectives
Students will be able to compare unit rates or ratios involving prices to solve a mathematical problem.

Context

While somewhat simpler than problems that emerge in everyday life, this problem asks students to engage in thinking similar to that required by shoppers searching for
the “best deal.” Consumers are often confronted with problems that involve comparing prices for the same product packaged in different ways (namely, different prices
for difference size packages or different quantities of a product). This problem would be implemented as a means to introduce the concept of unit rate/unit price.
Students already have informal ways of solving the problem, including division. The share component of the lesson should highlight the relationships between the
aggregate price, the ratio of price to quantity, and the unit price.

Set-up of the Lesson

The lesson should be set up with a brief description of the problem (e.g., “I went to the market over the weekend, and I couldn’t decide where to buy soda for my party”).
In this way, students are engaged, and opportunities arise for students to ask questions that might support their engagement with the task. Be careful not to provide
answers or guidance that reduce the cognitive demand of the task.

Sample Questions to Support/Deepen Engagement with the Task

To assess student thinking:
e  Whatare you comparing?
How did you determine the price of a single can?
Can you explain your process in words?
Did you notice anything when you first looked at the prices?
Would a calculator help you solve this problem?
What is the problem asking? What information do you have?

To help students engage more deeply with the mathematics of the problem:
e  Whatis the relationship between the price per can and the number of cans you can buy per dollar?
e How else can you represent the price per can?
e How many cans of soda can you buy at each store with $10? How do you know?
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WHICH STORE GIVES YOU THE BEST DEAL?

Metromarket

18 cans of soda for $9

Wal-Town

10 cans of soda for $7.50

ShopStop

14 cans of soda for $7.00

Show yourworkin the space provided, and justify your answerin words.

Show your work.

Justify your answer using mathematical reasoning.

This problem asks students to compare three ratios of price to cans. Students
can solve the problem by:

e comparing ratios of price to cans:

——and

e comparing among the ratios of cans to price

e comparing various representations of the ratio (e.g., , $9:18 can,

$9 to 18 cans, etc.
e completing a ratio table that enables them to compare the price for a
certain number of cans

Cans Metromarket Wal-Town ShopStop
10 ? $7.50 ?
14 ? ? $7.00
18 $9 ? ?
140 ? $105.00 $70.00
180 $90 $135.00 ?
630 $315 $472.50 $315.00

Students are expected to use mathematical reasoning to justify their answer.

Responses should reflect the processes used and the reasons for the

processes. Possible responses can include:

e an explanation of the unit rate (price per can) and a comparison of the unit
rates of the three stores

e acomparison of the two stores’ prices per can iteratively or as is done in the
ratio table

As students are solving the problem, carefully select certain solution methods
for presentation to the whole class. These methods should model the same
underlying concepts and quantities in different ways and should provide
opportunities for students to think and talk further about the task.

Conclude the activity by eliciting information about the unit rate from
students to develop a shared definition with a link to a concrete example and
shared experience.
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FORMATIVE TASK: The Best Deal

WHICH STORE GIVES YOU THE BEST DEAL?

Metromarket Wal-Town ShopStop
18 cans of soda for $9 10 cans of soda for $7.50 14 cans of soda for $7.00

Show your work in the space provided, and justify your answer in words.

Show your work.

Justify your answer using mathematical resasoning.
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