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ABSTRACT. We construct examples of potentials V(z) satisfying |V (z)| < }ffz,

where the function h(x) is growing arbitrarily slowly, such that the correspond-
ing Schrodinger operator has imbedded singular continuous spectrum. This solves
one of the fifteen “twenty-first century” problems for Schrédinger operators posed
by Barry Simon in [24]. The construction also provides the first example of a
Schrédinger operator for which Moller wave operators exist but are not asymptoti-
cally complete due to the presence of singular continuous spectrum. We also prove
that if |V (z)| < H%’ the singular continuous spectrum is empty. Therefore our
result is sharp.

1. INTRODUCTION

Let Hy denote one-dimensional Schrodinger operator defined on the half-axis by
differential expression

(1.1) Hy = —w‘i‘v(@

and some self-adjoint boundary condition at zero. The operator (1.1) describes a
charged particle, such as an electron, in electric field V(z). When V(z) is decaying
quickly, one expects the spectral and dynamical properties of Hy to remain close to
those of free operator Hy. Recall that with the operator (1.1) one can associate in
a canonical way a spectral measure p (see, for example, [6, 2]) which contains much
information about the quantum system. The classical result in this direction, going
back to the beginning of the century, is that if V € L!, the spectral measure on the
positive semi-axis remains purely absolutely continuous. In one dimension, absolutely
continuous spectrum corresponds to the ballistic rate of propagation of the particle.
A natural question to ask is what are the critical rates of decay at which some changes
in the spectral and dynamical properties of Hy may happen. As far as V(x) has any
decay at all, the essential spectrum coincides with [0,00), but the quality of the
spectrum and dynamics may change. In 1928 Wigner and von Neumann [27] showed

that there exist potentials V' (z) satisfying |V (z)| < m%l such that Hy has positive
imbedded eigenvalue £ = 1. This is a purely quantum resonance phenomenon,

since V' can be chosen arbitrarily small and bound state originates from long range
correlations in the potential rather than usual confining effect. Naboko [17] and
Simon [25] provided constructions which show that much more drastic changes are
possible if potential decays arbitrarily slower than Coulomb. Namely, for any positive
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function h(z) which grows at infinity, there exist potentials V' such that |V (x)| < %
and Hy has a dense set of positive eigenvalues. Due to some recent results [3, 21], it is
known that the absolutely continuous spectrum on the positive semi-axis is preserved
for |V (z)| < C(1 + 2)7%/27¢ and in fact for V € L? [8]. More precisely, for such
potentials the absolutely continuous part of the spectral measure, u?°, gives positive
weight to any subset of (0, 00) of positive Lebesgue measure. Therefore, Naboko and
Simon examples have dense point spectrum imbedded into the absolutely continuous
spectrum.

In [24], Simon has posed fifteen problems on Schrédinger operators, one of which
asks whether Schrodinger operators with potentials satisfying |V (z)| < C(1+|xz|)~1/?~¢
can also have imbedded singular continuous spectrum. Remling [21] proved that if
V(z) = o(1/x), then the singular continuous spectrum is empty. Remling [22] and
Christ-Kiselev [4] provided estimates on the dimension of the support of the possi-
ble singular component of the measure for |V (x)| < C(1 4 z)~®. Remling [23] and
Kriecherbauer-Remling [13] constructed power-decaying potentials which have de-
caying solutions on the sets of Hausdorff dimension exactly as predicted by [22, 4].
However these constructions are not sufficient to infer the presence of the singular
continuous component. The problem of controlling singular continuous spectrum is
difficult since one has to study a set of energies which is uncountable but has Lebesgue
measure zero. Because of that, in most known situations, the existence of singular
continuous spectrum is proven “not by what it is, but by what it is not”: by elimi-
nation of possibilities to have absolutely continuous or point spectrum. For instance,
see the classical example of Pearson [18] or genericity of singular continuous spectrum
results of Simon [26]. However, when singular continuous spectrum is imbedded, such
path is obviously ruled out. We notice that the fact that potentials leading to op-
erators with imbedded singular continuous spectrum exist follows from the inverse
spectral theory (see, e.g. [15, 16]). This classical result has been recently improved
by Denisov [9] to give existence of potentials leading to imbedded singular continuous
spectrum in the L? class. Killip and Simon [11] have subsequently proved a beautiful
theorem establishing necessary and sufficient conditions for a measure to be a spec-
tral measure of a free Jacobi matrix with [? perturbation. However these interesting
results do not seem promising in terms of obtaining results for power decaying po-
tentials. The situation is somewhat parallel to Fourier transforms of measures, where
it is easier to relate continuity properties of the measure to the average decay of the
Fourier transform, but results and examples regarding pointwise decay are harder
to obtain. To the best of our knowledge, up until now there were no constructive
examples of Schrodinger operators with imbedded singular continuous spectrum in
any setting.

There is an additional point of view on the problem of imbedded singular continu-
ous spectrum for potentials which decay faster than L? which in our opinion makes
the question even more interesting. Recall the definition of wave operators

(1.2) Qif=s— tlim etHvigttot ¢
Foo

where the limit is taken in the strong L? sense. Existence of wave operators implies
that the absolutely continuous spectrum of Hy fills the whole positive semi-axis, and
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provides much more precise information about long-time perturbed dynamics. The
wave operators are called asymptotically complete (see, e.g. [20]) if the range of Q4
coincides with the orthogonal complement of the subspace spanned by eigenvectors of
the operator Hy . An alternative equivalent characterization is that the range of the
wave operators is equal to the absolutely continuous subspace H,.(Hy ) of the oper-
ator Hy, and that the singular continuous spectrum oy (Hy ) is empty. The intuitive
meaning of asymptotic completeness is that the dynamics of the perturbed operator
can be divided into two well-understood parts: scattering states travelling to infinity
in a way similar to the free evolution, and bound states which remain confined in
a certain sense for all times. On the other hand, the singular continuous spectrum
is less understood, and corresponds to an intermediate situation: states which do
not remain bounded in time, but travel slower, may exhibit recurrent phenomena
and do not look like scattering states (see, for example, [14] and discussion in [5] for
more detailed explanation and further references). A significant effort in quantum
mechanical scattering theory was devoted to proving asymptotic completeness, and
thus absence of singular continuous spectrum, in a wide variety of situations (see,
e.g. [7] for a review of some examples). However, to the best of our knowledge,
there were no examples of Schrodinger operators for which wave operators exist but
are not asymptotically complete due to the presence of singular continuous spec-
trum. In the problem that we consider, a classical result is the existence of wave
operators for V' € L, and in this class wave operators are also asymptotically com-
plete. However recently in [5], the existence of (modified) wave operators for V' € L,
p < 2 was established. Moreover, usual Méller wave operators (1.2) exist if the limit
lim, .o [ V(y) dy exists. Therefore, an example of (conditionally integrable) poten-
tial in LP, p < 2 with imbedded singular continuous spectrum would also provide
the first known example of a Schrodinger operator for which wave operators exist
but fail to be asymptotically complete due to the presence of the singular continuous
spectrum.
Our main goal in this paper is to prove the following

Theorem 1.1. Given any positive function h(x) tending to infinity as x grows, there
exist potentials V(z) such that |V (z)| < ™2 and the operator Hy has non-empty

1+z
singular continuous spectrum.

It is easy to see that without loss of generality one can assume that h(x) is mono-
tone. For the rest of the paper, we are going to operate under this assumption,
which is convenient for technical reasons. We are going to provide a fairly explicit
construction of such potentials. As a corollary of such construction we are also going
to prove

Theorem 1.2. Given any positive function h(z) tending to infinity as x grows, there

exist potentials V (x) such that |V (x)| < %, and the wave operators for the operator

Hy exist but are not asymptotically complete.

Our examples can be easily generalized to any dimension by looking at spherically
symmetric potentials.
Finally, we will prove
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Theorem 1.3. Suppose that the potential V (x) satisfies |V (x)| < B(1+z)~'. Then
the singular continuous spectrum of the operator Hy is empty.

This result shows that our construction is sharp. For potentials decaying at the
Coulomb rate, the (modified) wave operators are necessarily asymptotically com-
plete. The best previously known result in this direction is that singular continuous
spectrum is absent if V(z) = o(1/x) [21].

Let us outline briefly the idea of construction leading to Theorem 1.1. Controlling
singular continuous spectrum is hard because unlike point spectrum, one has to con-
trol in a certain sense an uncountable set of energies, and there is no simple criteria
(like L?) for what behavior of solutions implies existence of singular continuous com-
ponent. It turns out that one can reduce matters to keeping track on each step of
only finite number of energies, but the price one has to pay is having to control rather
precisely norms of the solutions at these energies. The control has to be much more
precise than in constructions of Naboko and Simon. At the heart of the construction
is a lemma which allows instead of one imbedded eigenvalue in Wigner-von Neumann-
type construction to get two, each having an eigenfunction (normalized at the origin)
with the L? norm squared exactly twice the L? norm squared of the eigenfunction in
a usual Wigner-von Neumann construction in a certain asymptotic regime. The L?
norm squared of the eigenfunction is the inverse of the point weight the measure p
assigns to a given eigenvalue. Thus the lemma will allow to “spread out” evenly the
weight of one point mass to two nearby points. This allows to carry out Cantor-like
construction, building a sequence of potentials which have point measure components
approximating singular continuous measure. In the limit, one gets the result.

The methods of this paper can be generalized to the discrete Schrodinger operators,
by using the discrete analog of the Priifer transform (see, e.g. [12]). The results are
parallel to the continuous case. We plan to address these applications elsewhere.

2. A SPLITTING LEMMA

For the rest of the paper, let us fix for simplicity some boundary condition at the
origin, for example Dirichlet. Let us denote by p the spectral measure corresponding
to this boundary condition. Throughout the paper, we are going to use notation C
for universal constants (not necessarily the same), more precisely, for the constants
which do not depend in any way on the step of the inductive construction. A starting
point is the following elementary observation.

Lemma 2.1. Let E be an eigenvalue of Hy, and u(x, E) be the corresponding eigen-
function normalized by the condition u'(0, E) = 1. Then p(E) = ||u(x, E)||Z§(R+).

Proof. Denote v(x, E') the solution satisfying orthogonal boundary condition v(z, E) =
1, v'(x, E) = 0. Recall that the Weyl m-function is defined for z € C\ R as a unique
complex number m(z) such that v(x, z) + m(z)u(z,z) € L? (assuming we are in the
limit point case). We have (see e.g. [6], Chapter 9, Section 3)

1) ) = miea) = [ (2 - 2 ) duto

t—z t—2




SINGULAR CONTINUOUS SPECTRUM 5

where zj is some fixed complex number. From (2.1) it follows that
u(E) = lirré elm(E + ie)| = lir%elm m(E + ie).
On the other hand,
Im m(E + i€) = €||v(x, E + i€) + m(E + ie)u(z, B + ie)||2L2(R+)

(see, e.g. [6]). Multiplying both sides of the above equality by € and passing to the
limit € — 0, we get

WE) = p(E)*|u(z, B)|[7:,
which is exactly the claim of the lemma. U

Given the energy E = k2, it will be convenient to introduce Priifer variables R and
0, R?> = (v')? + k*u® and 0 = tan"!(ku/u’). Then it is easy to see that

(2.2) (log R(z, k)?) = %V(:p) sin 26(z, k)

(2.3) Oz, k) = k — %V(m)(sin 6)°.

There are three essential ideas which play important role in the result: the Splitting
Lemma, a relation between L? norm of R and derivative of the Priifer angle 6 in
energy, and separation of scales, which allows to control errors effectively. The main
new ingredient is the Splitting Lemma, which reduces to the study of a certain system
of nonlinear differential equations. The purpose of this section is to prove the this
first key lemma which is at the heart of construction. To clarify its meaning, let us
formulate first a simplified version of this result. Fix an arbitrary positive energy kg
(we are going to work with values of quasimomentum k throughout the paper, but
still call those “energies” for simplicity). Fix a parameter g, which we think of as
large. Define § = exp(¢®/*). Fix another parameter, f, which we think of as small.
(It is useful to keep in mind that in the actual construction, we will be able to choose
g as large as we want and then after that to choose f as small as we want). Let
0k = g~ f, and denote ki, ko, ko > ki, the ends of the interval of length dk centered
at ko. Denote 6;(x) = 0(z, k;) and 60 = 6, — 0. Furthermore, define a small angle «
by a condition fsina = dk. We are going to use notation

g = min{z : 66(z) = [}.
Define a potential V(x) on [0,00) by

—2fkosin(6; + 62), 0<z<x,_4
(2.4) V(z) =< 2fkosin(6; + 6), Toa <ax< flg
—min (6k, L) 5 (sin26; + sin26,), = > f~lg.

The definition of V' involves the Priifer angles #;, and 6; in their turn depend on
V' through (2.3). This ambiguity is easily resolved, however, by substituting the
expression (2.4) for V' into (2.3) and solving the resulting nonlinear system for 6;. It
is not difficult to see from (2.3) that this resulting system has unique piecewise smooth
global solution by standard ODE existence and uniqueness theorem. The functions
0;(x) are smooth apart from three points where V' is not smooth, and where 6. (or
07) may jump. We can then define V' in terms of these 6; by (2.4) recipe, and then
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solutions of (2.3) will coincide with 6; by uniqueness. For the rest of the paper, we
are going to consider on each step V' defined in terms of Priifer angles at a finite
number of energies without further explanation. We are going to ignore for now the
issue whether V is well-defined in a sense that x,_, < f~'g; this will be verified later
for all g large enough. We notice that the constant f in (2.4) can be replaced by an
appropriate slowly varying function with no difference for the result. We choose a
particular representation (2.4) to simplify technicalities. Then we have

Lemma 2.2. Assume that g is sufficiently large, and [ is sufficiently small. Then
for a potential V (x) given by (2.4), both ki and ko are eigenvalues. Moreover,

(2 | R, ki)llZ@ey = 2 (14 O(fe?, §7/%9))
provided that R(x,k;) are normalized by a condition R(0,k;) =1, =1,2.

We are not going to prove Lemma 2.2, but directly a more advanced version which
is going to be needed in the construction. The difference is that we will need to
handle not just a pair of eigenvalues, but 2"~ ! pairs of eigenvalues on the nth step
simultaneously. However, we are going to use this more transparent formulation to
make a few clarifying remarks. First of all, observe that |V (z)| < h(x)/(x + 1)
provided that f is sufficiently small. Indeed, we basically need to ensure that

2kof < h(f'g)/(f g+ 1),

or 2ko(g+ f) < h(f~1g). This clearly holds if for fixed g we take f sufficiently small.
Next, consider a Wigner-von Neumann-type potential V(x) defined by

Volr) = —2ko f sin 260,, 0<z< flg
0= —min (6k, L) 2 sin26,, x> f~'g.

It is fairly straightforward to check using (2.2), (2.3) that Vj leads to an eigenvalue
at ko with ||R(z, k0)||%2(R+) =11+ O(fg,e™9)). Thus Lemma 2.2 provides a way,
using potential satisfying the same upper bound as Vj, to split the eigenvalue kg
into two nearby eigenvalues with equal weights without loss of the total weight (in
the asymptotic regime). The construction is not trivial: for example, taking V =
%(Vl + V3), where V; is given by the same expression as Vj at k;, leads to a loss of
a constant factor in the total mass of two eigenvalues and thus does not work for
the Splitting Lemma. Moreover, one cannot hope for a coefficient smaller than 2 in
front of f~! in (2.5). As the construction below will show, that would have led by
splitting to spectral measures giving arbitrary large weight to a fixed finite interval.
But the spectral measure p is well known to satisfy [ 1d J’:‘(;)Q < C; with C' uniform for
uniformly bounded V. Therefore, the factor 2 in the Splitting Lemma is optimal.
After these preliminary remarks, let us consider the general case. On the nth step
of our construction, we are going to look at 2" energies k](-n), j=1,...2" ordered in
increasing order. We are going to assume that for every n, all these energies lie in a
fixed compact interval away from zero; moreover, we are going to assume that
(2.6) 2max |k — k07| < min(k{"”)

J

for every j, n. This assumption is made for technical convenience and will be easy
to satisfy on each step of the inductive construction. We denote 9§”) = 0(z, kj(»")),
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Rj('n) = R(z, k§n))7 5/€](-n) = ké’j) _nfkljé?)_l’ and 59](- = 92; 92?) .- Then V(™(2) is going
to be defined by V™ (z) = 322 V-(n)(m), where

J=1 "J
(2.7)
—2f(") sm(ﬁgj L+ 92J ) 0<z< iﬂyi_a(m
) j
‘/;(n) (ZE) _ 2f(n (n— 1) S111<9 L+ Q )’ JZ;:LQ(”) <z< (f](”))—lgn

(n—=1)

—min (511: 72z) k'4 (steg] 1 +sm292j ), x> (") 1g,.
Here a ) is defined by f sma = 5k: and

xgﬁ) = min{z : (Wj )(z) = B}
Notice that the value of g, is going to be the same for all j. Also, as before, we will
denote g, = exp(g;g’/ 4). The parameters g,, f;”) and 5k’§”) are to be chosen on the

(n—1)

nth step of construction. The energies k;j" are given (from the previous step). On

the nth step, each k:;n_l) splits into two eigenvalues ké?ll, ké? ; that is, the interval
(ké?)_l,k:é?)) is centered at k§”_1) and has length 5k§n). Throughout the paper, we
will assume the relationship f; ) = gnék(n) In the actual construction, V(")( ) will
be given by (2.7) only to the right of some value of z = z,, and R(xn, : ) # 1.
However in this section we will consider V™) (x) defined by (2.7) on [0,00) and we

will assume that R(0,k) = 1 and 9](-n)(07 k) = 0 for all k. Let us introduce one more
parameter that we need, a,, = minmx\kj(.”*l) - k](-fhl)\ (essentially, in the construction

process we will have a,, = minj(ékj(.nfl))). To keep notation compact, henceforth in
this section we are going to omit the index “n” for most variables, including V' (but
with an exception of k’s, where members of two different steps participate explicitly
in a construction).

Lemma 2.3 (Splitting Lemma). Let V(z) be given by (2.7), and assume that

2n71

n— 1 1
(2.8) 4ijk§ Y < 0 g>>1, 2'ga? Y fi<<1, O0kj< —

a,
, 12
]:1

forj=1,....2"7Y Then for anyl=1,..., 2"}

on— 1
(2.9) IR, k5 gy sy = 2,7 (1 e (Qneg Z N >> 7

where 1 =1, 2.

Remark. The condition g >> 1 means that g needs to be greater than some universal
constant, the value of which can be derived from the proof. The same interpretation
applies to the other condition in (2.8) involving “<<”. Notice also that the fourth
condition basically follows from the first two and dk; = g~'f;, but we state it sepa-
rately for convenience.



8 ALEXANDER KISELEV

We are going to fix [ = 1, ¢+ = 1 and prove the result for this case; other [,
are treated in exactly the same way. Write V = V; + W, where V} = Vl(n) and W
is the rest of the potential. Direct substitution of (2.7) into (2.2), (2.3) and some
trigonometry leads to the following equations valid for x < f; 'g :

N W(z) .
(2.10)  (log R*(x,ky") = — o) fi(z)(cos d6; — cos(6 + 361)) + 0 sin 26,
1 1
, V(z)
(21105(91) = (5]{}1 1-— W(l -+ cos 202) +
2k ki

(n—1) ~
T <—k/i;<"> Fi(@) (1 — cos2(61 + 62)) — V%) sin(6: + 02)> sin 001
1

1

here fl(x) = +f; with a change from + to — at © = x; ;_,,. For the rest of this
section, we are also going to omit the index “1” in z; g and write simply zg for z

such that 06 (xg) = f.

Remark. Equations (2.10) and (2.11) are fairly complicated, but not all terms are
of equal importance. At the heart of the matter is the following simpler nonlinear
dynamical system:

(2.12) (log R?) = — f1(x) cos 66,
(591)/ = 51{'1 + fl (I) sin 5(91

In some sense, we will show that the rest of terms in (2.10), (2.11) produce only
small corrections to the behavior of this system. It is quite instructive (and techni-
cally simple) to prove a version of the Splitting Lemma for the system (2.12), but to
save the space, we are going to treat directly the system (2.10), (2.11).

From (2.11) and 06,(0) = 0, we can write
(2.13) 30 = by [ e OV () .
0

where

(n—1)
@11 gy ="4

k"

sin 591

(fl(y)(l —cos2(6, +6s)) — Z(/n—@l)) sin(6; + 92)> 56,

1
We need the following technical lemma

Lemma 2.4. Under the assumptions of the Splitting Lemma, we have for y < x <
fi'g

(2.15) [etsrds = [ it T3 a1+ 066k) + OGE,)

where &, = 2"(3; f;)ga™>.
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Proof. Let us consider one of the terms entering into &,

[ sin 66,

(2.16) /V( )sin(f; + Oy) ——— 50, ds,

Y

where 2 < j < 277! is arbitrary. Recall that Vj(s) = f;(s)sin(fy;_1 + 6y;) for
z < (fj)"'g, where f; = £ f; with only at most one jump (we do not assume apri-
ori that z;._o, < (f;)"'g, but will show this below) For = > (f;)7'g, Vi(s) =

£5(5)(sin(2625-1) + sin(205)), where | fi(s)] < (k""" g)/2s, | fj(s)| < (k""" g)/(25?).
Notice that by assumption (2.8) we have

, a
(217) [(B2j-1 1025 =01 =02)] = 5, |(20051 =01 =62)'| = 5, |(202,—61—65)'] =

l\JIQ

a
2’
Substituting the expression for V; into (2.16) and using formula for the product of
sines, we reduce matters to estimation of the integrals of type

[ sin 66
Ii(x,y) = /fj cos(204; £ (01 + 62)) 50 L ds.
1
Consider the “—” case, and integrate by parts integrating

c0s(209; — (01 + 62)) (205 — (61 + 02))'.
Observing that |9;»’(s)| < C(V(s)| 4+ |V'(s)]) for any 7, |(061)'(s)| < C(|V(s)| + dk1)
and using the inequality (2.17) for the derivative of the argument of cosine, we obtain
Lol <00 (£ [ (1] BEIVE) 6k + IV Vs)ha)ds |,
Yy
where C' is a universal constant. The discontinuities of f] are taken into account in

off-integral term. Since |V (s)],|V'(s)| < C X, |fi(s)], 0ky < f1 and a < C, we arrive
at a bound valid for all y < = < f 'g

Lo <0 (ot s a (16X 1)
Y l

The estimate on I, is similar, but involves a constant independent of n instead of
a (arising from the minimal possible size of k;](")) The contribution of the term

fi(s) cos(2(6; 4 65)) in (2.14) is bounded similarly to I,. Summing up all bounds, we
obtain at most

(2.18) C ijal—l—aQ/(Z\fj(s)\) ds

We can compute explicitly that || f;]|2, < 2f;9, and therefore the total bound does
not exceed Ca™?2"(3"; f;)g. Notice that the first term in (2.18) is included into this
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error since a is less than a fixed constant and g > 1. This is exactly the error term
in (2.15); the origin of the main term is clear. O

Remark. The error O(0k;) in the main term of (2.15) gives after integration O(gok,) =
O(g'gf1) which can also be subsumed into &,.

Next we show that, provided that the error terms in (2.15) are small, we have
Tr_o, < fi'g, and thus our potential is well defined.

Lemma 2.5. For sufficiently large g and for sufficiently small &, we have
(2.19) T o, < mfr 10g(29)(1 + CE).

Remark. Similarly to Lemma 2.3, by sufficiently large (or small) we mean that there
exist universal constants such that if the value of g (respectively &,) exceeds (is less
than) these constants, the result holds.

Proof. Let us first estimate from above z./5. On the interval [0,z /2] we have
2/ < (sindby)/06; < 1.

Thus, according to (2.13), Lemma 2.4 and the remark after its proof, we have

Tok;

2/

for z < (f1)"'g and such that §6; € [0,7/2]. Tt is clear from (2.20) that if g is large
enough, then 2./, < frtg. Indeed, recall that 0k, /f; = e=9"" It fitg were less than
Tr/2, (2.20) would imply that

(2.20) 80, (z) > el (1 — 72N (1 = CE,)

([t 2 8T (1) (1 CEy)

an obvious contradiction for g large enough and sufficiently small &,,. Moreover, pro-
vided that &, is small, we can estimate (assuming also x/3 > 7( f1) tlog?2, or else
we have a nice upper bound)

exh#2 <25 (14 CE,).
From this inequality it is easy to see that

(2.21) a2 < 577 10g(29)(1 + CE,).

Imagine for a moment that fl(x) = f1 for x < z,. Notice that under a change of
variables 00, = 7 — 001, T = x, — x the equation (2.11) transforms into the equation
for 00, of the same form as (2.11), with the same initial condition and same estimates
available. In particular, the point Z,/, such that 00, (T, /2) = /2 satisfies the same
bound as x/. But 00,(z) = ® — 001 (zx — ), and thus Trjp = Tpx — Tppp. But
Tr—a, < T, and the above observation together with (2.21) finishes the proof of the
lemma. U

Next, we prove the following essential
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Lemma 2.6 (Small Angle Lemma). Let v be a small angle, in particular such that
v < g~'. Denote x., the smallest value of x where 66,(x) = ~y. Then

ok
2.22 Rz, k™2 = — 21 (11012, E,)).
( ) (‘x'ﬁ 1 ) 7f1+6k1( + (’79,5>)
Moreover,
(n)y12 _ g1 1 2
(2.23) | R(, ky )||L2(0,x7) = /i 14 11 gt (1 + O(y 975n>) .

Proof. Notice that on [0,z,], we have (sindb;)/d6; = 1 + O(7?). Observe that by
Lemma 2.5 we have that z, < f;'g. By (2.13), Lemma 2.4 and the definition of
potential we have that

Ly

5k, / N1 @D IH0GN0E (1 4 O(|V (y)]) dy = 7.
0
Thus, we obtain

(2.24) el (1 — e 716k (1 + O(Eny v2g)) = .

We included the O(|V (y)|) error into &,, since we can assume freely that a < 1 and
g > 1. Thus

(2.25) el = (g—gl + 1) (14+0(g.&n)) -
1

Now in the equation (2.10) for the amplitude, we have for z < f; 'g
(2.26) log(R(z, k{™)?) = —/fl(y) cos 6601 (y) dy + O(&,),
0

by an estimate directly analogous to the estimates of Lemma 2.4 (but easier). There-
fore, for x <z, we have

(2.27) R(z, kM) = e 17 (1 + O(+2g,E)).

The first statement of the Lemma, estimate (2.22), follows directly from (2.27) and
(2.25). Also, the L? norm of R(z, k™) on [0, 2] satisfies

, I L1
IR (x, kS ))H%Q(OJ»Y) = i (1=e7 ") (14+0(%g,€0)) = fi 1w(1+0(72975n))-

In the last step we used (2.22) and the fact that dk; = g~ f;. O

Next we need a lemma describing the solution of (2.10), (2.11) on the interval

[0,Zr—q,]. Let R(z, k@), 86y solve (2.10), (2.11) and assume that R(z), 60, (x) solve
a variant of a system (2.12)

(2.28) (log R*(x)) = —fcosdb(z)
(2.29) (001(x)) = Oky + fisinoby(z)

for all 2. Assume furthermore that the initial conditions for R, 66, at x = 0 are the
same as for R, 66. Then the following lemma holds.
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Lemma 2.7. For every © < x,_q,, we have

(2.30) 1061 (2) — 061 ()] < Cg '€,
(2.31) R (x) /R (2, kK") = 1+ O(E,),
where £, = 2"eJa > > i

Proof. Denote 60*(x) = 00y (z) — 664 (z). From (2.11), (2.29) it follows that for z <
fi'g

sin 60, — sin 66,

00*

(067)(z) = SkO(|V(2)]) + fi 60" +

<f1 COS 2(&1 + 92) -+ M];(nf) Siﬂ(@l + 82)) sin (501

1

Therefore,
(2.32)
* [y n(s)ds Wi(z) . _
00" (z) = [ elv” SkiO(|V(y)]) + | ficos2(6y + 6,) + — sin(6; + 0,) | sinéé; |,
0 k1
where -
n(s) = 2, sl?e* cos(661 + 5~91).

Now all oscillatory terms in (2.32) (that is, all terms except the dk;O(|V|) term) are
estimated by integration by parts similarly to Lemma 2.4. For example, for any of
the 2"~ — 1 terms entering into W (y), we have for z < z,_,,

(2.33) /efyz M) dsy7 () sin(6y + 6,) dy| <
0

ca' {5+ [ (1FW1+m@IH|+ E@IOWVE] + VD) dy|

where
. _fj7 0 S z S xj,ﬂ'faj .
(2.34) Hiy) =23 Jis Tjm-a; ST < (f5) 79

n—1
—min(0k;, %)k§4 >, x> (fj) g
Lemma 2.5 was used to estimate the exponential by g. We make a convention
that the derivative f]’(y) does not involve § functions from the two jumps of f;;
those jumps contribute to the first, off-integral term in the estimate. Notice that
In(@)], [V (2)],[V'(z)| < C 3, fi(x), where C is a universal constant. Thus the total
bound in (2.33) does not exceed

Cag | £+ a0 / F) Y Fi) dy
0 l
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The term ficos2(6; + 63) is estimated similarly (but gives smaller error), while
the term 0k10(|V (y)|) integrated over [0, x,_q,] with the exponential gives at most
(f1) " Yo0k1g Zj f; by Lemma 2.5. Summing together all errors we obtain

o) 2
60| < Cg[a> A +/ (Z f) dy |,
1 0 j
which leads to
(2.35) 66" ()| < C2"Gga™> > f;
J

for x < z,_,,. This proves (2.30), since €9 > Cg(g*) for some universal C' and all g.
By (2.10), (2.28) and an argument parallel to Lemma 2.4,

log R?(z, k\™) — log R?(x /f1 cos 68, — cos 66, ) dy + O(E,).

Using (2.30) and Lemma 2.5 we obtain for o < z,_,,
(2.36) Rz, k") /R*(z) = 1+ O(E,),

which finishes the proof (we used that evidently &, < &, and so the former error is
absorbed by the latter). Also on the last step we generously exchanged §—! for g*/4
to arrive at an error in (2.36). O

Now we are ready to proceed with the proof of Lemma 2.3.

Proof of the Splitting Lemma. The structure of the eigenfunctions obtained in Split-
ting Lemma is illustrated by Figure 1.

1. Consider first the interval [0, 2,/]. The estimate for the norm of R(z, k{")) on
the interval [0, z.,] for some small v is provided by Lemma 2.6. By (2.22) and (2.26),

the norm on the interval [z,,2,/] does not exceed (”’f1 + 1)z 0(1 4+ O(v2g, En)).

Choosing v = §~'/2, for example, and using the bound (2.21) on /2, we find that
1R, ) ot e = F1OG26%4, E2).

Thus, altogether,

(2.37) | R, k) e, ) = f (L4 O(Ens571%9))-

2. Next, we estimate norm on [Z,/2, Zz—_q,|. Consider an auxiliary simplified system
(2.28), (2.29) of Lemma 2.7. By (2.30), we have

001 (2rs0) = /2 + O(G7E,), 001(Tr0y) =7 — a1 +O(57E,).

Denote #3 = min{z|06; (z) = B}. Notice that the system (2.28), (2.29) is symmetric
in a sense that for z < 7,

00, (x) =7 — 001 (ir — x) and R*(x) = R*(Z, — x).

7r/2}
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Observe also that a; = g7 ' (1 4+ O(§~?2)). Thus the norm

(2.38) 1122, Rl Zg,

crtnar] = | L(14+0(En)) Fr/2010(En) ]

By identical arguments, Lemma 2.5 and Lemma 2.6 (Small Angle Lemma) apply
to the system (2.28), (2.29) (with the only difference that the conclusion does not
involve the error &, coming from oscillatory terms which are absent in the simplified
system). Therefore, the considerations close to the first part of the proof above apply
to the norm of R and give

(2:39) 1R300 oe) = 7 (1 0 2)).

By (2.23) of Lemma 2.6, we also have

_ 1 __—
(2.40) 1Rl z2r0.2, =5/ (14 0(E,57%9)).

L(+0E] T
Therefore, the norm in (2.38) is equal to 1 £, (1+0(&,, §7/%g)). Now by the estimate
(2.31) of Lemma 2.7 we have

n L. 5o
(2.41) | R ) Fope, oy o) = 51 (L O, 5729)).

In addition, by Lemma 2.6 and symmetry

. ~ 1 5 .
R2($7r7041) = RQ(xal(1+O(S~n))) - 5(1 +O0(&n, g 29))'

By Lemma 2.7, this implies
n 1 5
(2.42) R(tray k") = 5(1+ 0, 57%9)).

3. Next step is the consideration of [1;_4,, f; 'g] interval. On this interval, in
the idealized system (2.12) the angle 660, stays constant, and since it is very close
to m, this allows for a consistent decay in R equation. The main goal therefore is
to control the additional perturbation terms, which are either small or oscillating.

Define 60, = (7 — ay) — 66, then

k"

(66,) = =6k (14+O(|V (x)]))+sin (60, +a;) <f1(1 —cos2(6; + 6;)) + Wiz) sin(6, + 92)> :

Using the relationship dk; = f; sinay, we arrive at

((5@1)' = (fl(l — COS 2(91 + 92)) -+ M;Y((nx)) sin(91 -+ (92)> X

1

sin 66 . cosdf; — 1\ —
X (cos o i Ly snlalT) 060, —

1 1

W
(2.43) 0k O(|V(2)]) + frsinan cos 2(6) + 62) — _kg
1

sin ay sin(6y + 6),
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R°(x.K)

-1
Norm ~ f 1

FIGURE 1. The structure of the eigenfunction at k£ = kE"Q) The error
terms are not pictured and lead to small oscillations around the main
value.

with the initial data 66;(2;_,,) = 0. Denote ((x) the expression in front of 66, in
(2.43). The solution to (2.43) can be written in the following form:
(2.44)

801 (z) = 6k, / oJy C(s)ds (O(\V(y)D —cos2(01 + 6;) — ;kagl)) sin(6, + 92)> dy.

1M

Tr—aq

Notice that for x; o, <y <z < (f1) g,

(2.45) /C(s) ds = fl/ (51151;91 cosaq + C()S(;e*l_l sin oq) ds+ O(&,)

1 91

by the same argument as in the proof of Lemma 2.4. Therefore, since a; ~ g1,

(2.46) ely S ds < N1 4 O(57g, &)

for # < (f1)~'g. All oscillatory terms in (2.44) (that is, all terms except the O(|V])
term) are estimated by integration by parts similarly to Lemma 2.4 and Lemma 2.7.
For example, for any of the 27! — 1 terms entering into W (y), we have for z, o, <
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z< fi'y
(2.47) / elv €O AV (y) sin(6y + 6,) dy| <
Ca™'e? | fj+ / (\Ji’-(y)H I+ HWIO(V ()] + \V’(y)\)a”) dy |,

where f] is given by (2.34) as before. Similarly to the computation in Lemma 2.7,
the total bound in (2.47) is

cer | ot wa® [ G Y A dy
Tr—ay !
The term dky cos 2(0; + 02) is estimated similarly (but gives smaller error), while the

term 6k10(|V (y)|) integrated over [x,_q,, fi 'g] with the exponential gives at most
(f1) " L0kie? > ; /- Summing together all errors we obtain

(2.48) |60(x)| < C2"G " gefa> ) ;.
J

Now notice that

k(n_l) B

;(n) fi(—cos(06; + ay) — cos(b + 36)) + W(nx) sin 260z, k™).
1

(n)y2yr _
(log R(x, k{)?) = oo
1

Using (2.42) and estimates parallel to the ones considered in Lemma 2.4 we find for
Tray <& < (f1)7'g that

1 .
R2($7 k%n)) = §€_f1(x_x7r7al) <1 + O(gnvgg_l)> ’

where as before &, = 2"e¢9q 2 > i1 (we are being generous here, replacing P E, +

&, by Efn) We also absorbed the error £, coming from estimates of oscillatory integrals
parallel to Lemma 2.4 into &,. In particular,

n L, S
(2.49) IR K)o i) = 5 (14 O g5 7™h)
and, given the upper bound on z,_,, of Lemma 2.5,
(2.50) R(f'g. i) < e 92(14 C€a+57'9)).

4. Finally, we consider the solution on [f; g, 00). Here,

(n—1)

Vi(z) = —min ((5k1, %) k14 (sin 260 + sin 26,).
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Equations for §¢; and R(x k’i")) can be written in the following form:

(n—1)
(log R (a, Iy")' = ==

min (5k1, 2gx> (14 cos 206y — cos46; — cos2(6y + 63)) +

sin 260,
k™

- gk™

(2.51) +

(n—1)

g 1— 3 i : _
(561) = 8ha(1+ O(3F)) + -2y (cwﬁ, 2x> sin 2061 (1 — cos 2(61 + 62)) +

1
W
(2.52) +%

First of all, any contribution to the solution R of the equation (2.51) coming from
the last term involving W or two last summands in brackets in the first term is of
the order O(&,) by the same estimates as before (in Lemma 2.4). Therefore,

(cos 205 — cos 26).

R(x, k{”))Q B e—émin(ékl,%)f;l,lg(l—&-cos%el)dy(l—i—O(ékl))
R(f{g.k{")?

Furthermore, same estimates show that for any = > f; g,

(2.53) (1+O(E)).

(2.54) / W (y)(cos 20y — cos26,) dy = O(E,)
filg
as well. Consider a sequence of points y,, where y; = f; g, and

Yn = min{y : 061 (y) = 7n + 561 (y1)}.

According to (2.52), (2.54) and (2.6), we have y, — y,_1 < (27 + O(&,))(0k1) !, and
in each (y,_1,yn) there is an interval I,, of length at least (7/4+O(&,))(0k;)~! where
cos 206, > 0. Let us assume for simplicity that the error terms in the above estimates
do not consume more than half of the principal terms. Then from (2.51) we see that

n (ym yn+1)

(2.55) R(y, k") < CR(y, ki) =0,
where
1 . q . g
2. b, = — ki, L) de > 9 .
(2.56) 16/mln( 1 2x> x C’m1n< gg_1—|—37m)
I

Taking into account (2.50) and the estimates on b, y,, we have

(2.57) IR(y, k! , < Ce 9/226 =1 (5K )~

Rl

Recall that 6k, = f; 'e? % Provided that g is large enough so that the sum in (2.57)
is finite, we can write

(2.58) | Ry K)oty = S OLe70).
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Combining the estimates (2.37), (2.41), (2.49) and (2.58), we get the Splitting
Lemma. O

3. A CoONTINUITY LEMMA

In this section, we prove an auxiliary technical lemma that we are going to need in
the construction. The estimates here are fairly straightforward, if technical. More-
over, we choose simplicity over sophistication and prove a version of the result which
is sufficient for the application we have in mind. With more extensive technical effort,
the estimates in this section can be significantly improved.

Assume that the potential V(™ (z) is given on an interval (z,,00) by V™ (z) =

22" 1 V(n (x), where similarly to (2.7) we have
(3.1)
—2f Y sin(057) | + 657), m<x<al” e
n)y.(n—1 n n)\—
Vj(n)(x) _ Zf; (. )sm(HQJ 1+ 0 ), :Uji_a(_m <z<uz,+ (fj( )) L
’ J

(n—1)

—min <5k , 296) 5 ~L—(sin 20§] | + sin 202j )y T > T, + (f](”))*lgn.

It is assumed that 68571) () < m/2; z" () 1s then defined as a minimal value
Jim—ay

of x > =z, where (59;") (x) reaches m — a§"). We adopt this definition in order to
avoid making too many assumptions on what happens for x < x,, although in the
construction process that appears in the following sections it is straightforward to
check that 59](_71) (z) does not reach m — ag-n) for x < x,. Similarly, in the actual

construction we will always have x, << ( fj(n))_lgn. As usual, 5kj(-n) = g} f](n). For

simplicity, we are also going to assume that
n 1 : n
(3.2) IV ey < ming {(k")%).

We also suppose that the condition (2.8) of the Splitting Lemma holds:

1
(n) n (n) (n)
(3.3) 4 E f k ) < an, gn >>1, 2"ga, E f << 1, 0k;7 < Ean

for all j. The potential V™ (x) on (0,,) comes from the previous steps, but for
now we make no more specific assumptions about it. Recall our notation a,,; =

minj,j/\k](.”) — k](-m. Let &, be such that for any x > Z,,
() L min { (k™
(3.4) VO w)| < Lamin {(K")

Also, take &, > g,max;{( f;"))_l} for convenience.

Lemma 3.1. Assume that V™ (z) is given by (3.1) for x > x,. Then

(n)

ol (n) T ﬁ(kj )
. — . > P —
(3:5) e ki) 2 ”(:cn)



SINGULAR CONTINUOUS SPECTRUM 19

k(” >

for any x > 2&,,. Here 3(k) = 55— Moreover, if k is such that

. 1
(3.6) [k = k5] < Jania,
then

(3.7) gZ(x k) < D, (1 + (%)ﬁ(k))

for any x. Here D, P, are positive constants defined only in terms of V™ (z) for
x S Tny Tn, {f](n)}a Ant1 and 9n-

Proof. 1t is clear that the value of z,, depends only on z,,, f;n), an+1 and g,, and can
be easily estimated in terms of these quantities:

7 < Cmax (29,0, 20+ gamasy (/) )}
Notice that from (2.3) it follows that

(gi(x k:)) =1+ k‘QV( x)(sin O(z, k))? — %V(m) sin 260(x, k) <gZ(x k))

Along with the boundary condition 22(0, k) = 0 (which follows from the fact that we
consider solutions satisfying fixed boundary condition for all k) this implies in our
setting

T

o0 —1 @y (n)(s)sin s s 1 n :
(3.8) ok —(z, k) = / By VIV (s)sin(20(sk)) d (1 + EV( )(y)(smﬁ)Q) dy.

For any k satisfying the assumption (3.6) of the lemma we have for z,, < y < x by
an estimate parallel to that in Lemma 2.4 and using (3.4) and (3.3)
(3.9)

K" Vg, [ cos(20(s, k) — 260"
/ V) (y) sin 20(y, k) dy = ——— / OSSR =20, ) 4 oo nﬂgan”)

S

Y Y

Equations (3.8), (3.9) together imply a very rough estimate

i CeC2 ant10n Y, 7 /eﬁ(k) log(@/y) gy

Tn

1 (n)(
gZ(l’ k) < Ciue kgw ol

where C' is a universal constant. Similarly,
x

%(1‘71{;‘5“)) 2 Ole_CQHGEilgn Zj f](n) /eﬁ(k§n>)log(a:/y) dy

[ x 2 \"® g
/ RO L T i A R
Bk —1 \ \Z, Z

Tn

Notice that



20 ALEXANDER KISELEV

The parameter (k) is large because of g, and we can assume for simplicity 5(k) > 2

for all k of interest (lying in a compact set where all k](-") lie). Then we get the result
of the lemma. We can take, for example,

(3.10) D. — Ci2et Of VO () dy+02"a, % g0 5, £
. n - n 9

(3.11) P, =C, Ln o= C2"a 310 Y, fj(")'

Now we prove the principal result of this section.

Lemma 3.2 (Continuity Lemma). Choose g1 so that gifl > 2"D, P, '. Then there

exists x!, such that for any x,.1 > x, the following holds. If

(3.12) Ik — k) < 2g,11 (%(ggnﬂ,kﬁ)))_l,
then

(3.13) Rz, k)? = R(z, k)’ (1+ O(3,11"))

and

(3.14) O k) = 2 K1+ O

forall v < xz,y4.

Proof. From (3.5) it follows that 22 (z, k;](”)) — 00 as * — 0o, and thus we can choose
x!, so that for any x,,1 > xz/, the values of k satisfying (3.12) also satisfy (3.6). Then
Lemma 3.1 applies, and thus we have for any x

2 B(k) ~B(k{™
Bk(x”+1’k'> Ty, Ln

Hence, by definition of g, 1, we have

B(k) ~B(kS™)
(3.15) 10z, k) — O, k)| < 27g,14" (1 + (xﬁ) ) (%1) .

J;n
Recall from (2.2) that

V(™) (y) sin 20(y,k) dy— V) (y) sin 20(y,k ™) dy

O%H
Ot—g

1 1
Rz, k)?/R(z, kM) = ¢ o
First of all, we can replace 1/k with 1/ k:j(.n) in the first term in the exponent at the
expense of creating an error factor of size at most

Tn+1
Clk—k™ | [ [V ()] dy
e 0
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for + < x,,41. From (3.12) and a bound (3.5) of Lemma 3.1 it is clear that we can

choose z!, so that this factor does not exceed 1 + O(g;}r{4) Next, we need to bound

(3.16) W IOy, k) — 0(y, k)| dy.

J

Using (3.15), we can estimate the expression (3.16) for # < x,,1 by
Tn+1
Cna—1/a B BB (R) n
(3.17) C2" g g WV ()] dy.
0
The contribution to (3.17) coming from the integral over [0, Z,] can be made O(g;ifl)
by the choice of z,. Using an inequality |V (y)| < C2"B(k)y~! for y > Z,, we

estimate the remaining part of (3.17) by C'gn+1 (Zpg1 [ Fn)P 0~ 85™) Notice that from
the definition of #(k), we have

n 10 (OO a7
(318)  1B(k) = B < Caulk — 57| < Cgag i (@y >>) '

By (3.5) of Lemma 3.1 and the definition of g,1, the right hand side in (3.18) does
not exceed C(xn+1/in)_ﬁ(k§'n>). Thus,

k)—B(k™ n
(3.19) (x7+1) e < ecﬂog(xnﬂ/fcn))(mnﬂ/aznfﬂ(k; >),
ITL

which is bounded by some fixed universal constant. Combining the estimates, we see
that if we choose ], to satisfy all of the above requirements, then (3.13) holds for
any & < T,41, provided that x, 1 > /.

Notice also that from (3.15) and (3.19), it follows that for € (0, z,+1) we have
0(z, k) — 0(z, k") < Cg 14" Thus (3.14) follows from (3.13) and (3.8), which can
also be written as

(3.20) gZ(x k) = Riz, k)~ / R(y, k)? (1+ SV )(ma)?) dy.

0
We used (3.2) in the last estimate. O

x

Equation (3.20) provides relation between the derivative of the Priifer angle and
amplitude which is going to be important for the construction. We remark that a
similar formula appeared in a work by Carmona [1], but the angle and amplitude are
defined slightly differently in [1] and the resulting relationship is not as convenient
for our purpose.

4. A BRICK OF CONSTRUCTION

Our goal is to organize a Cantor-like process, splitting each eigenvalue we have on
the nth step into two on the (n + 1)th step. To do this we need to see how norm
splitting works in a more general setting than Splitting Lemma, which starts at the



22 ALEXANDER KISELEV

origin. The needed estimates are provided by the following lemma, which helps to
connect different steps.
Assume that for some j, we have for k satisfying

W gtz (0 o)
o= 1 < 23,17 (G oK)

the bounds of Continuity Lemma:

(4.1) R(z,k)* = R(z, k)2 (1 + O(3,21Y))
and

00 00 n L
(42) p (@ k) = 5 (@ )1+ 01 Y)
for all z < 1. Set

n 1y (00 o\

(43) 1Y =l ( op e B )>)

n 12 (06 o)
(4.4 o) =g, (G ))

and let k;gﬂ) k§?+11 be the ends of the interval of size 5k§n+1) centered at k:](-”). For
T > Tp41, define potential V™" (z) to be given by (3.1) with n + 1 replacing n.
We are going to assume also that the conditions (3.3) of the Splitting Lemma are

satisfied (with n replaced by n+ 1 in our current situation). Define a parameter Agn)
by

n 00 n n
(4.5) A = o (@nin, KR (@, k)P

J

We have

Lemma 4.1 (Connection Lemma). Under the above assumptions, k:2]+11) and ké?H)

are eigenvalues of Hy vy, and the norms of the corresponding eigenfunctions on
(Tp41,00) satisfy

(n 1 1/4
(4.6) IR k5 D22 00 = 457 (L4 O, 301)).
Proof. To simplify notation, let us assume without loss of generality that 7 = 1.

According to our assumptions, 66" (an) = gnif(l + O(g,;%l)). If 59§"+1)(xn+1)
were zero, we would be exactly in a situation of the Splitting Lemma construction,
and would have two eigenfunctions of norm ~ 2(f; (N1 R (201 ,k] )2, We have to
take into account the fact that on the interval where 66" (z) € [0,06" " (2,11)] &
significant decay takes place in the Splitting Lemma, and we lose this decay in our
situation.

Consider an auxiliary problem for R, 60 satisfying same equations (2.10), (2.11) as

R(z, k™™, 56" but with v ) given by (2.7) with n + 1 instead of n. In other
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words, consider the case of (n + 1)st step potential starting right away at the origin.
The Small Angle and Splitting Lemmas imply that

) n+1 n+1)\— —1/2
(A7) AR@ " ey, e = )+ O, 0ty gus).

But the same estimates as in these Lemmas apply to R(z, k§n+1)), 06, on (2,41, 00),
by identical arguments. The only adjustment we need to make is by a factor

R(xn—i-h k§n+1))2/ﬁ($591($n+1)7 k§n+1))2'
By Lemma 2.6 (Small Angle Lemma),
(4.8)

- ( +1) ) 5k§n+1)
R(xs0,(s1) k7)) =
1(znt1) M1 50§n+1)(xn+1)fl(n+l) N 6k§n+1)

According to (4.7), (4.8) we have
(4.9)

(n  R(zpn, B2 (067 () Y
HR(.I', +1 )HLQ(anrl o) — J(ri+1)1 5]{,‘ 7:,_1 +1 <1 + O(gn+1 gn-‘tl-{4)> :
1 1

) (1+O(Eps1, i1 Gnt)) -

We utilized assumption (4.1) in the error estimate, and also used g;il Gnt1 < C g;j{“.

Because of the assumption (4.2), we have

50(“4-1)(1_” 1) a0 n ~—1/4
(4.10) o = g k(4 0(G,10),
|
The term (") 1 R(zp 1, K™)2 = A( Mg, 1%, and hence contributes a correction of

higher order. Thus by definition of Ajn) and (4.10), (4.9) leads exactly to (4.6). O

The usefulness of Lemma 4.1 becomes clear if one looks at (3.20), which in partic-
ular implies

00
ok

Thus in the asymptotic regime where V' is small, one can expect, informally,

00 _
S k) ~ R k) 2R, ) 0.

and the role of A is played by ||R(z, k;)||L2(0m Lemma 4.1 allows to get two eigen-

(@, k) = R, k) 1Ry, k)| 200y (1 + O(IV [[2)).

values with the norm on (z,00) same as A = || R(x, k)||%2(0 - This will provide the
mechanism for norm doubling in the asymptotic regime which is crucial for the con-
struction.

5. THE CONSTRUCTION

Now we are ready to provide a precise description of the construction of our po-

tential V(x). In the beginning, we take a potential given by (2 7), like in Splitting

Lemma with n = 1. Start by choosing 61{:1 , Ky ), g1 and f . The precise choice

of the parameters on the first step of construction is not so important, but we are
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going to keep it similar to the subsequent steps. To satisfy (2.6) we choose kio) suffi-
ciently large and (5k§1) small compared to k ). We take g1 large, impose a relationship
(5k5§1) =g;" fl(l) and take e f; () small. The smallness of the latter number and (5k

can be achieved by taking f1 sufficiently small while keeping ¢, fixed. In particular,

we take g; large enough and fl(l) small enough for the conditions (3.3) of the Splitting
to be satisfied. The only additional restriction we need to impose on the parameters
comes from the condition |V (z)| < h(x)/(1 + ). By the monotonicity of h and the
definition of potential, the inequality

(Dy—1
20k < MU0,
h T+ ()

implies the needed bound for x > (f(l))’ g1. It can be rewritten as h((fl(l))’lgl) >

2(g1 + fu g ) ) which holds for sufficiently small f1 To simplify consideration for
smaller z, we are going to assume without loss of generality that h(z)/(1 + x) is

(5.1)

decreasing. Then (5.1) also implies the bound for z < ( fl(l))_lgl. The Splitting
Lemma then gives us two eigenvalues at k§12) with corresponding eigenfunctions having
norms (f{)71(1+O0(e 1, 5% g1)).

Let us now describe the induction process. We are going to assume that on the
nth step we have the potential V™ (z), in particular given by (3.1) on (z,,00). We

assume that this potential leads to eigenvalues k;](-"), j =1,...2" and the following
holds:
1. The norms of the corresponding eigenfunctions satisfy for every j

(5.2) IR, k™) 72000 < G127 T+ Br),

=1
where |Er| < (527!, and (2 are fixed constants which do not depend on n, (.
2. The angle derivative in energy satisfies for every j

06

(5-3) prACL

iy < C12"R(a, k™) 2H 1+ Er)
=1

for any .

3. The conditions (3.3) of the Splitting Lemma are satisfied, and |V ™ (z)| < h(z)/(1+
4. We assume that (2.6) holds; this will be nearly automatic because of the rapid
decrease of 5k§n)

Clearly for n = 1 these assumptions are satisfied with x,, = 0 and sufficiently large
C12. C4, in particular, should be taken ~ (fl(l))_1 or larger. The fact that (5.3) is
satisfied for n = 1 follows from (5.2) and (3.20). The structure of the eigenfunctions
that we are constructing is illustrated by Figure 2.

Now let us make an induction step. Choose g, 11 so that g,lléfl > 2"D, P!, where
D,,, P, are given by (3.10), (3.11). We should also make sure that g, is large
enough so that the second condition of (3.3) needed for Splitting and Connection
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R’ (%K)

L2 | oo

T ‘ ’7 T
2 X
P,

I
x (1)
1, m-a 1 X 2

F1GURE 2. The structure of the eigenfunction at k = k{’”. Only the
first two stages are shown. The factor by which the eigenfunction grows

from the splitting point x,, to its top value at J:i"jr_a(n) is ~ (1/2)g.

This can be seen from the argument in Connection Lemma. FEach bump
contains roughly as much norm as everything before it.

Lemmas holds; but this is basically automatic after the first step, since g, is virtually
forced by construction to be an increasing sequence. We require in addition that

9;34 < 027"~ ! (which is again basically automatic). For each j = 1,...,2", choose
00 -1 B o0 -1
ntl) _ 51/2 n ntl)  ~—1/2 n
Y ¢ IR S GO I

where the splitting point x,,1 remains the only parameter of the (n+ 1)st step to be
chosen. Define

(5.5) fop1 = Ca? 2730 D emgnsr,

One condition that we impose on x,,1; is that fj(nH) defined by (5.4) are smaller than

fus1 for every j. This can always be achieved by taking z,.1 large enough because
of (3.5). Notice that such choice ensures that &,,; < €271, Also, the constant
C'is (5.5) is chosen so that the first, third and fourth conditions of (3.3) needed for
Splitting and Connection Lemmas on the (n 4 1)st step hold.

The second condition imposed on z,; is that Lemma 3.2 (Continuity Lemma)

applies, that is, x,.1 > x}, /. is defined in Lemma 3.2, and 616](-") < %anﬂ for all j.
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The third condition comes from the constraint |V ™+ (z)| < h(x)/(1 + z). The
potential V"V on [z,,,,00) is going to be defined by (3.1) with n + 1 instead of n,
so the latter requirement is going to be satisfied if for every 7,

h(Znq1 + (f}nﬂ))*lgnﬂ)
Tpy1+ (fj‘(n+1)>_1gn+1

(5.6) firD < gt

By (3.5) we have
a0 n w00
(gete e == o

(since we assume that g, is large enough). Thus, for large enough z,,; we have

Tpp1 < (f;nﬂ))_lgnﬂ (recall that f;nﬂ) is defined by (5.4)). Then the condition

(5.6) reduces to

2n+29n+1 < h(ni1 + (f](n+1))7lgn+1)'
This can always be achieved by taking x, . sufficiently large while g, is fixed.
By the choice of 51{:](-”“), Tpe1 and Gne1, the result of Lemma 3.2 (Continuity
Lemma) applies to k:J(-nH), and therefore we can use Lemma 4.1 (Connection Lemma).

Together, Continuity and Connection Lemmas show that k](-nﬂ) are eigenvalues with
eigenfunctions satisfying
IR B < 2 [T+ Br) (14 Cgllh + (4 Cat + &)
1=1

Here the first summand in the brackets comes from (0, x,,1) and was estimated by
the induction assumption (5.2) and Continuity Lemma, while the second summand
comes from (x,.1,00) and was estimated using (5.3), Continuity and Connection
Lemmas. Altogether, we obtain

n+1
(5.7) IRz, k)32 < ez [T+ Br),

=1

where Er,,; < 527! and thus satisfies the required bound. Next,

@(ﬂc, FHD) = @($n+l, (”+1))R(xn+1’ k§n+1))2 ] R—(y’ ki)
ok J ok J R(z, kj(n+1))2 2
By induction assumption and Continuity Lemma, the first summand does not exceed
R(z, k{"V)=2Cp2n f[a + Er)(1+Cgiih.
1=1
The second summand, by Connection Lemma, does not exceed
Rl )20, T[4+ Br) (1 + Ol + 5241+ C2' o).

=1
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Therefore, taking into account the above estimates on &, 1, g;i{“ and the choice of
fni1, we get that

80 . . n+1
%(I‘,kj( +1)> — R(I, k§ +1))72012n+1 H(l + ETl);

=1

with E, 1 < (527!, The third component of the induction step was already handled
by the choice of z,,,. The fourth component is easily satisfied, since by inspection
of the argument it is clear that 6krj(-”) decay rapidly in n. In fact we can assume freely
that g, > 2™ (there is no restriction on how large g,, we can choose on each step, only
a bound from below). Since fj(") < 023"~ 9 for any j and (5k](-") is even smaller, we
can clearly arrange for (2.6) to be valid. This concludes the induction step.

Notice that by construction, maxjék‘j(nﬂ) < an §;i{2, and by definition of a,1,

frg1 < 2731 0n (minj5k‘](.n))2. It is easy to see from these relations that for all suffi-
ciently large n,

- 1
(5-8) Z maxj((%](m)) < §minj(5k§n))_

m=n+1

Denote 1 J(n) the intervals with centers at k:j(-n) of size %51{](-”). Then by (5.8), for suffi-

) ) we mean the intervals

ciently large n, 21 j(n are disjoint for different j (where by 27 ](”
centered at k;](-n) twice the size of I J(")) At the same time, all cigenvalues k™ that are
generated from kj(-n) at a later steps and their intervals 1 l(m) lie in I ](") (these are the
eigenvalues k:l(m), =G —-12™"+1,...52™ " for any m > n). For the size of IJ(-n)
we have an estimate |1 ;n)| < Ce " provided that we choose g, > 2" (the estimate is
even stronger, but this will suffice).

Let us summarize our findings.

Theorem 5.1. Applying the construction described above we obtain a sequence of
potentials V™) (x) with the following properties. Each V™ (z) satisfies |V ™ (z)| <
h(z)/(1+ ). If m > n, then V™ (z) = VW (x) for x < x,, where {x,} is a strictly
increasing sequence tending to infinity as n grows. For each n, the operator Hy m)
has 2" eigenvalues kj(.n), j=1,...2" such that for any j

(5.9) / R(z, k) dv < B7'2",

0

where B > 0 is a universal constant independent of n. Moreover, for each /{:J(n) we can

define an interval I;") centered at kj(»") such that |[J(»n)] < Ce " and for any m > n,

all kl(m) withl = (j—1)2™"+1,...52™" belong to I;n). At the same time, intervals
(n) . n L

21,7, 5 =1,...,2" for fized n are disjoint from each other.
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Proof. We have already shown every aspect of the theorem except we have not di-
rectly stated (5.9). However this estimate follows directly from the first induction
assumption, (5.2), since Er; < Cy27% O

6. SINGULAR CONTINUOUS SPECTRUM

In this section we prove Theorem 1.1. We are going to define potential V' (z) by
a condition V(z) = V™ (x) for + < x,. By Theorem 5.1, this defines unambigu-
ously V(x) on all positive semi-axis. We prove the following result, which implies
Theorem 1.1.

Theorem 6.1. The singular continuous spectrum of the operator Hy is nonempty.

Proof. Let us denote the spectral measure of Hy by u, and spectral measures of
Hy,ny by p,. Notice that since V' = vV for x < x, and z, — oo, the operator
Hy, ) converges to Hy in a strong resolvent sense. The strong resolvent convergence
implies weak convergence of wu, to u (see, e.g. [19], Theorem VII.20). Consider
any interval [ ;n)
e
u(QIJ(n)) > B27" for every n and j = 1,...,2". Assume that p does not have singular
continuous component, so that p = p?® + pPP. Take a small number ¢ < B/10, then
there exists a J, such that if |S| < &, u*°(S) < € (we denote here by |S| the Lebesgue
measure of the set S). Choose n; so that for any n > ny,

with n sufficiently large. Then by Theorem 5.1 and Lemma 2.1,

we have p,,(1;"') > B2™" for each m > n. This implies by weak convergence that

2’71
S R1M) < cole™ <6

j=1
Then
(6.1) P (U= (2117)) < e < B/10

for any n > ny. Let pP? = 377 pé(x — x;). Pick N so that 7°\ p < €. Choose

no so that 2" > N.. Then for any n > ny, there are at least 2" — 2" intervals 21 ](”)
which do not contain any of the x; with [ < N.. Denote the set of such intervals @,,.
Then we have

(6.2) PP (Ujeq, (21")) < € < B/10
for any n > ns. At the same time, by Theorem 5.1, we have
n(Ujeq. (21]")) = B2

if n > ny. For n > max(ny, ns), this gives us a contradiction with (6.1), (6.2) and our
assumption on the absence of singular continuous component. O

Theorem 1.1 follows from Theorem 6.1 immediately since from Theorem 5.1 we

know that |V (x)| < h(x)/(1 + x).
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7. ASYMPTOTIC INCOMPLETENESS OF WAVE OPERATORS

In [5], it was proved that the Méller wave operators exist if V' € LP, p < 2, and in
addition lim,_, fox V (s) ds exists. Therefore, to prove Theorem 1.2, we only need to
show that the potential V' (z), constructed in the previous sections, can be chosen to
be conditionally integrable.

Proof of Theorem 1.2. Consider one of the components of V™ (z), say Vj(n) (x), on
(2, 00). Simple integration by parts similar to Lemma 2.4 shows that for any x,

xT

(n) (n) #(n) n
/vj (ydy| < C | f +/fj WV ) dy,

Tn

£(n)

where similarly to what we had before in (2.34), f;" is given by
_f](n)a Ty << x;ﬁ_a(n)
), N (n) (n) << (n)y—1
fj (y)* fj ) xjﬂfa(‘n)—x—xn"f'(fj ) 9n
’ J
—min(0k{" g—")k;nfl) T > a, + (i)
J 02/ 4 0 n J Yn-

Since we also have [V (y)| < C'Y i f;")(y), a simple computation gives that

T

/ VO (y)dy| < 027, S fi

Tn J

for any @ > x,. According to our choice of parameters in the construction, in par-
ticular f,, the bound on the right hand side does not exceed C'27". Summing up the
contributions from (z,,, x,41) for different n, we get the result. O

8. ABSENCE OF SINGULAR CONTINUOUS SPECTRUM FOR THE COULOMB RATE
OF DECAY

Our goal in this section is to prove Theorem 1.3. We will need two useful general
facts. First, denote u") the spectral measure corresponding to the operator with
potential V'(x)x/o,r;(x). Then
du®) 2k?

(k) = .
dx TR2(L, k)
We refer to [18] for this relation. Secondly, assume that V; and V, are bounded,

Vi(2)], [Va(z)| < B, and Vi(z) = Va(z) for 0 < 2 < L. Denote p; o the spectral
measures of Hy, , respectively. Fix some compact interval I and arbitrary M,o > 0.

(8.1)

Then for any € > L*H%, we have
(8.2) 1 (E — ¢, E+¢) ZMQ(E—;E+§)—C(I,U,B,M)EM.

We refer to the Appendix 2 of [10] for the proof.
Next, we prove



30 ALEXANDER KISELEV

Lemma 8.1. Assume that the function G(z) satisfies |G'(x)| < %. Then

L
(8.3) / sin(okz + G(x)) dz| < Cylog(6k)™ + Cs.
1+
0

The constants C1 o depend only on the constant B in the bound for the function G(x).

Proof. 1t is sufficient to estimate fOL exp(idkx + G(z))(1+x)~ dz. Introduce H(x) =
[ exp(idky)(1 +y)~ " dy. Note that

x4 (5k) 1 k)1
|H(:c)|§2/ y_ldy:QIOg(1+7T(5 ) )

x
Now,
m(5k)~1 . ‘
/ exp(zélk‘:;G(x)) dr| < log(m(6k)™h).
0
On the other hand,
L ' . L
[ e ) - ) expliGa) gy — [ @G ) expliGa) do) <
m(5k)~1 m(5k)~1
r 1
4log?2 + 2B / ”(5?_ dr < 4log2 + 2B.
m(5k)~1 !
Combining the estimates we get the required result. O

Let us now proceed to the first key observation: a certain forbidden scenario in
terms of the growth of the Priifer amplitude at a set of energies. For the rest of this
section, we fix some 3 < 1, M > 1 and ¢ > 0. Given an energy scale €, we will always
relate to it the length scale L = e~ 177,

We will consider energies in a fixed compact interval I = [a,b], a > 0. Choose a
sufficiently small € > 0 (it will be clear from the estimates what is meant by this; how
small will only depend on the constant B in the bound on V, I, § and o). Consider
N resonant energies k; € I such that the following two conditions are satisfied. First,
for each k; we have

a(l — )

1 —1
100 8¢ -

L
(8.4) / )sin20(x, k;) dx| >
0

where as usual L = e 177, Second, we demand that
(8.5) ming, [k, — Ky | > €N,

so that the resonant energies are sufficiently separated. We are going to show that
in this case there is an upper bound on how large N can be, which depends only on

B, I, and o.
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Proposition 8.2. Assume that the potential V() satisfies |V (z)] < B(1 + z)~'.
There exists €(B,I,0,3) > 0 such that for any 0 < € < €, there can be no more than

N(B,I,0,0) energies in I for which (8.4) and (8.5) hold.

Proof. Let us introduce
asin(26(a, k)
e = AN
which we think of as vectors in the Hilbert space H = L*([0, L], (1 + x)dzx). The
normalization constants A; are chosen so that the vectors have norm one. Note that
by Lemma 8.1

?

L
sin(26(x, k;))? 1
- - S — — <
/ e dx 2logL < C(I,B),

0
and so A7 = H%loge ™! 4+ O(1) (we denote by O expressions which are bounded by
constants depending only on B, I, o, 3). Notice that (8.4) can be interpreted as

2 a*(1 — ()
(8.6) IV, ej>H| > m

Moreover, by Lemma 8.1, (2.3) and separation assumption, the vectors e; are almost
orthogonal in the following sense:

loge ' +0O(1).

(8.7 fev,eshnd < ——CL BN+ O((log ™))

Now, by Lemma 4.4 of [12], if we have N vectors e; satisfying a = Nsup,;|{e;, €;)x| <
1, then for any vector g

N
(8.8) Y Hgsennl < (1+ o)yl

j=1
Assume that NV is large enough so that 1J%UC([ ,BYN7! < 1/2, and ¢ is sufficiently
small so that the second term on the right hand side of (8.7) multiplied by N is
also smaller that 1/2. Then Lemma 4.4 of [12] is applicable. Finally, note that
VI3, < (1+0)B*loget. Combining (8.6), (8.7) and (8.8), we obtain

(P00
10000(1 + o)
But if € is chosen sufficiently small, the above inequality implies

()

loge™ ' + O(l)) <2(1+0)B%loge .

Thus, if € is sufficiently small, we get

cun (220}

+ 0o

4
Ngmax{l

We are ready to give the proof of Theorem 1.3.
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Proof. Assume that the singular continuous spectrum is not empty. Fix an interval
I = [a,b], a > 0, such that the singular continuous part of the spectral measure gives
a non-zero weight to it: pg.(I) = 09 > 0. Fix a small number ¢, > 0 to be deter-
mined later. At this point, we place two demands on €. First, ¢y < é(B, 1, 3,0) of
Proposition 8.2. Second, fix some sufficiently large N, in particular N > N (B,I,5,0)
appearing in Proposition 8.2. We ask that p.(J) < %(SON_?’ for any interval J C [
such that |J| < 6(])\,72. We say that an interval J C I belongs to the scale m if
|J| = €m = €. We call an interval J of scale m singular if p..(J) > €. We call two
intervals of the scale m separated if the distance between their centers exceeds 2eN .

Lemma 8.3. There can be no more than N separated singular intervals at each scale.

Proof. Assume that Jl(m), [ =1,...,N are separated singular intervals of scale m.

Take as usual L,, = ¢, and denote the spectral measure corresponding to potential

being cut off at L,, by p,,. Denote by 2Jl(m) the interval with the same center as Jl(m)
but twice its size. Then by (8.2) we have

(8.9) Hn(20™) 2 p(J™) = Cell > e

DN | —

provided ¢, is small enough. Combining (8.9) and (8.1), we see that there exist kl(m) €

2J™ such that R2(L,,, k™) > ﬁeﬁ{l. It is clear from (2.2) that this implies (8.4)

at kl(m) provided ¢y is small enough. Moreover, by separation assumption \kl(lm) -
kl(zm)\ > eﬁ_z for any [y # l5. By our choice of ¢, we can apply Proposition 8.2 and

get a contradiction since N > N. Notice that we actually proved a stronger fact that
the number of separated singular intervals cannot exceed N of Proposition 8.2. [

Now we complete the proof of the main theorem. Define the set .S, as a union of
all singular intervals J at scale m. It is easy to see that the set S,, can be covered
by at most 8N intervals of size 6%72, or else we will be able to find more than N
separated singular intervals at scale m. The second condition we imposed on size of

€o ensures that for any m, p.c(Sn,) < $N~26. Consider m > N2. The set S,, can be
covered by no more than 8 N intervals Jl(m) of size eV . Denote 1 the integer part

of mN~2, m = [mN~2]. Then any interval Jl(m) satisfying MSC(Jl(m)) > ¢ already
belongs to Sy,. Therefore, for any m > N2, we have

Msc(Sm \ Ul<mSl) < 8N€§1

Combining the bounds we have yields
(8.10) fse(USS ) < 15 + i N3 < 15 + 16N?¢
. sc\Ym=1Ym) = 4 0 Pt 0o = 4 0 0-

Now we impose the final requirement on €y, making sure that ¢, < 64%50. Then

(8.10) implies frse(Use_1Sm) < 500. On the other hand, it is known that /i, can only
be zero-dimensional for potentials satisfying our decay assumption [22, 4]. Thus, ps.
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is supported on a set S such that for any k£ € S and any o > 0

. wu(k — 0,k +9)
D%ug.(k) = limsu =00
fisc(K) A

In particular, S C U;S_,S,,. But this gives a contradiction, via

1
50 = Msc(S) = Hsc (U$:1 m) S 550
OJ
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