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Abstract
We establish necessary conditions, in the form of the positivity of Pick-matrices, for the existence of
a solution to the spectral Nevanlinna-Pick problem:
Let k and n be natural numbers. Choose n distinct points z; in the open unit disc, D, and n matrices
W, in My (C), the space of complex k x k matrices. Does there exist an analytic function ¢ : D — M (C)

such that

forj=1,....,n and

for all z € D?
We approach this problem from an operator theoretic perspective. We restate the problem as an

interpolation problem on the symmetrized polydisc ',
Tr = {(c1(2),...,c1(2)) | ze D} c C*

where ¢;(z) is the jt elementary symmetric polynomial in the components of z. We establish necessary
conditions for a k-tuple of commuting operators to have I'y, as a complete spectral set. We then derive
necessary conditions for the existence of a solution ¢ of the spectral Nevanlinna-Pick problem.

The final chapter of this thesis gives an application of our results to complex geometry. We establish

an upper bound for the Caratheodory distance on int I'g.



Chapter 1

Interpolation Problems

This thesis is concerned with establishing necessary conditions for the existence of a solution to the
spectral Nevanlinna-Pick problem. In the sections of this chapter which follow, we define a number
of interpolation problems beginning with the classical Nevanlinna-Pick problem. After presenting a full
solution to this classical mathematical problem, we give a brief summary of some results in linear systems
theory. These results demonstrate how the classical Nevanlinna-Pick problem arises as a consequence of
robust control theory. We then slightly alter the robust stabilization problem and show that this alteration
gives rise to the spectral Nevanlinna-Pick problem. Chapter 1 is completed with the introduction of a
new interpolation problem which is closely related to both versions of the Nevanlinna-Pick problem.
Although the problems discussed all have relationships with linear systems and control theory, they are
interesting mathematical problems in their own right. The engineering motivation presented in Section
1.2 is not essential to the work which follows but allows the reader a brief insight into the applications
of our results.

Chapter 2 begins by converting function theoretic interpolation problems into problems concerning
the properties of operators on a Hilbert space. Throughout Chapter 2 we are concerned with finding a
particular class of polynomials. Although the exact form of the polynomials is unknown to us, we are
aware of various properties they must possess. We use these properties to help us define a suitable class
of polynomials.

In Chapter 3 we define a class of polynomials based on the results of Chapter 2. We present a
number of technical results which allow us to represent this class of polynomials in various forms. This is
followed, in Chapter 4, by a proof that certain polynomial pencils which arise as part of a representation

in Chapter 3 are non-zero over the polydisc. Although this proof, like the results in the chapter which



precedes it, is rather detailed, the resultant simplifications in Chapters 5, 6 and 7 are essential.

The proof of our first necessary condition for the existence of a solution to the spectral Nevanlinna-
Pick problem is given in Chapter 5. The actual statement of this necessary condition is presented in
operator theoretic terms, but in keeping with the classical motivation for the problem we also present
the result in the form of a Pick-matrix. Chapter 5 concludes with a simple example demonstrating the
use of the new necessary condition.

Chapter 6 contains the second of our necessary conditions. The results needed to prove this more
refined condition are easy extensions of results in the preceding chapters. The main results of Chapter 5
can all be given as special cases of the results in Chapter 6. Although the results of Chapter 6 do bear
much similarity to those of Chapter 5, they are presented in full for completeness.

The mathematical part of this thesis is concluded with a new result in complex geometry. In Chapter
7 we prove an upper bound for the Caratheodory distance on a certain domain in C*. This proof
relies heavily on the theory developed in earlier chapters in connection with the necessary conditions for
the existence of a solution to the spectral Nevanlinna-Pick problem. It also serves to demonstrate the
consequences of our results.

The thesis concludes in Chapter 8 with a brief discussion of possible future avenues of research. We
also discuss the connections between our work and other results in the area.

What remains of this chapter is devoted to introducing three interpolation problems. The first of
these, the classical Nevanlinna-Pick problem, is to construct an analytic function on the disc subject to
a number of interpolation conditions and a condition concerning its supremum. The Nevanlinna-Pick
problem is well studied and has an elegant solution (Corollary 1.1.3). We present a full proof of this
solution in Section 1.1.

Although the Nevanlinna-Pick problem resides in the realms of function theory and pure mathematics,
it has far reaching applications. In Section 1.2 we introduce some of the fundamentals of linear systems
theory. The small section of this chapter which is devoted to linear systems is far from a complete study
of even the most basic concepts of that subject. The inclusion of the topic is meant only to act as
motivation and we hope it will help the reader place the Nevalinna-Pick problem in a wider context.
With this aim in mind, we present a simplified demonstration of the importance of the Nevanlinna-Pick
problem to a specific control engineering problem. Section 1.2 concludes by investigating how a change in
the formulation of the control engineering problem gives rise to a variant of the Nevanlinna-Pick problem.

The variant of the Nevanlinna-Pick problem of interest to us is known as the Spectral Nevanlinna-Pick
problem. This is introduced in Section 1.3. As one might suspect from its title, the Spectral Nevanlinna-

Pick problem (which we now refer to as the Main Problem) is very similar to the classic Nevanlinna-Pick



problem. Unfortunately, as yet, no solution of it is known. The aim of this work is to find necessary
conditions for the existence of a solution to the Main Problem.

In Section 1.3 we introduce the I'y, problem. This is an interpolation problem which is closely related
to the Main Problem. Section 1.3 is concluded with the definition of a polynomial which will be of great

interest to us throughout our work.

1.1 The Nevanlinna-Pick Problem

The Main Problem studied below is a variant of the classical Nevanlinna-Pick problem, which was first
solved by Pick [34] early this century. The classical version of the problem can be stated thus.

Nevanlinna-Pick Problem Pick 2n points {z;}7,{\;}T in D such that the z; are distinct. Does
there exist an analytic function ¢ : D — C such that ¢(z;) = A; for j =1,...,n and |¢p(z)| < 1 for all
zeD?

Below we present a solution to this problem in keeping with the methods and philosophies used
throughout this work. We hope that the reader will find this solution both illuminating and motivating.
First, we require some terminology.

Following convention, we shall let H? denote the Hardy space of analytic functions in D which have

square summable Taylor coefficients. That is,

oo oo
H? = {Zanz" |Z lan|? < oo}
n=0 n=0

For a full account of Hardy spaces see [31]. It is well known that H? has a reproducing kernel, the Szegd
kernel, which is defined by
K(\z2) =

D. 1.1
1- Xz Az € (L.1)

Fixing z, we see that this kernel gives rise to a function in H?, namely K,(-) = K (-,z). When the z; are
distinct, the functions K., are linearly independent (see, for example, [33]). The kernel is referred to as

‘reproducing’ because the function K, has the following property. For all h € H? and all z € D we have
(h, K.)gz = h(z).

For any 21,...,2, € D and Aq,..., A, € C we define the corresponding space M and model operator

Tr. . K. doh, - M — M as follows:

zZn

M =Span{K,,,...,K, } and Tk, Ko dae i Ky = N K (1.2)



Thus TKzl,...,K M, A, is the operator with matrix

zZn

B 0]
0
0
I 0o ... 0 )\’7 .
with respect to the basis K,,..., K., of M. Clearly, two such operators commute.

Definition 1 The backward shift operator S* on H? is given by
. 1
(5°H)(z) = S (f(2) = f(0)
for all z € D.

Lemma 1.1.1 Let z; € D fori=1,...,n. Define K,, and M by (1.2). Then M is invariant under the

action of S*. Furthermore, S*|M commutes with T, . K. x;,. A,

Proof. Consider K., a basis element of M. We have, for all A € D,

SR = 30 - K0 = 5 (125 1) = 3 (125) = o0

It follows that S*|M = Tk. .. K., =,z The result then holds.
|

The properties of S* and its relationship to M described above allow us to prove the following theorem.

Definition 2 For ¢ € H> define the multiplication operator My on H? by
Mph(A) = d(A)h(A)
for all h € H? and all A\ € D.

Theorem 1.1.2 Letz; € D and A\; € C forj =1,...,n. There exists a bounded function ¢ : D — C such
that |llc <1 and ¢(z;) = Aj for j =1,...,n if and only if the model operator T =Ty K. \...A.

18 a contraction.

Proof. For h € H? and ¢ € H* consider the inner product

<M¢*Kzah> = <K2:7M¢>h> = <Kz7¢h> = ((bh)(z)

P(2)h(z) = p(2)(Kz, h) = (9(2) K-, h). (1.3)



That is
My K, = ¢(2)K, (1.4)
for all z € D.

Suppose a function ¢ : D — C exists such that ||¢|| < 1 and ¢(z;) = A; for j = 1,...,k. Choose a
basis element K., of M and consider the operator M}, which has norm at most one. It follows from (1.4)
that M7 K., is equal to )Tszj, which in turn is equal to TK,, by definition. Thus, T" and M} coincide
on every basis element of M and are therefore equal on the whole of M C H?. That is, T = M ;|M
where [[Mj|| <1, and hence || T[] < 1.

Conversely, suppose that T = TKzl,...,K A1,....A, 1 a contraction. By Lemma 1.1.1, T" commutes

with S*|M (i.e. the backward shift restricted to M). The minimal co-isometric dilation of S*|M is S*
on H?, and by the Commutant Lifting Theorem (see [26]) it follows that T is the restriction to M of
an operator M, which commutes with the backward shift and is a contraction. It is a well known fact

that those operators which commute with the unilateral shift are exactly the multiplication operators

My, where ¢ € H* (see, for example, [29]). It follows that M = M for some ¢ € H*. For j=1,....k

we have
NK., =TK,, = (MjIM)K.,. (1.5)
Hence,
NE., = (MjIM)K., = MJK., = ¢(2) K-,
for j =1,...,k. Moreover |M|| <1, so we have

[Dlloc = [[ M| = [[M*]| < 1.

The result follows.



We have now shown that the existence of a solution to the classical Nevanlinna-Pick problem is equivalent
to a certain operator being a contraction. This result is essentially the result of Pick [34], which is

presented in its more familiar form below.

Corollary 1.1.3 Let z; € D and A\; € C for j =1,...,n. There exists a bounded function ¢ : D — C
such that ||¢lloe < 1 and ¢(z;) = A; for j=1,...,n if and only if

1—in " -
L=zzj |00

Proof. Theorem 1.1.2 states that the existence of an interpolating function satisfying the conditions

of the result is equivalent to the operator T' = Tk K. :\1,..,A, being a contraction. Clearly, T is a

z1s B zn

contraction if and only if

1-T7T*T > 0.
That is, T' is a contraction if and only if

[<(1 - T*T)KZ'L?KZ] >}n >0,

ij=1 =

which is the same as

> 0.

(K. Kop) = (TKL,TE)] >
By the reproducing property of K,, discussed above, and the definition of 7', we see that this holds if
and only if

(K= (2) = MNEL ()], 2 0,
or, equivalently, if and only if

1 — 1 7" 1—AN1"
—— — /\j/\i] = {JZ:| > 0.
1-— ZjZi 1-— ZjZ 1— Zj%; ij=1

4,j=1

Pick’s Theorem is an elegant, self contained piece of pure mathematics. However, the Nevanlinna-Pick
problem is much more than that. It arises in certain engineering disciplines as an important tool in the

solution of difficult problems. In the next section we present a discussion of one of these applications.

1.2 Linear Systems

In this section we introduce the reader to a small number of simple concepts in linear systems theory.

We demonstrate why control engineers may be interested in the Nevanlinna-Pick problem as a tool to



Figure 1.1: A feedback control block diagram

help them solve difficult physical problems. The fields of linear systems theory and control theory are
far too large for us to present any more than a cursory introduction. For a more complete study of the
kind of control problems related to Nevanlinna-Pick, we recommend the easily readable book by Doyle,
Francis and Tannenbaum [23].

Throughout this section, all linear systems are assumed to be finite dimensional. Our attention will
centre on closed loop feedback systems, that is, systems which can be represented as in Figure 1.1. In
Figure 1.1, G represents the plant and C represents a controller. Essentially, we think of the plant as
performing the primary role of the system while the controller ensures that it behaves correctly. From
a mathematical viewpoint, in the linear case, the plant and the controller can be seen as multiplication
operators (via the Laplace transform, see [23]). Normally, no distinction is drawn between the actual
plant/controller and the multiplication operator it induces. In the case where u is a p-dimensional vector
input and y is an r-dimensional vector output, the plant G and the controller C will be r x p and p X r
matrices respectively. Clearly, if © and y are scalar functions, then so are G and C. The case where
everything is scalar is described as SISO (single input, single output).

In the simple block diagram Figure 1.2, we see that the input « and output y satisfy y(s) = G(s)u(s).
Here u,y and G are the Laplace transforms of the input, output and plant, which in turn are functions
of time. Analysis of models of linear systems based on the use of the Laplace transform is described as
frequency domain analysis. The (possibly matricial) multiplication operators induced by the boxes in

the relevant diagram are known as transfer functions.
Definition 3 A system is stable if its transfer function is bounded and analytic in the right half-plane.

Therefore the system given in Figure 1.2 is stable if and only if, for some M € R, we have |G(s)| < M
for all s € C with Res > 0.

The system in Figure 1.1 is meant to represent a (simple) physical system and because of this we often
ask for it to satisfy more stringent conditions than those of Definition 3. We say a system is internally
stable if the transfer function between each input and each branch of the system is stable. This stronger
notion of stability is necessary because systems which appear to have a stable transfer function can still
have internal instabilities.

Clearly the system in Figure 1.2 is internally stable if and only if it is stable. The system in Figure

1.1 is internally stable if and only if each of the transfer functions

(I+GOo)™, (I+Go)'a, C(I+Go)™t, C(I+Go)'a



Figure 1.2: A simple block diagram

are stable.

It would obviously be of great interest to know which controllers C' stabilize the system in Figure 1.1
for a given GG. Below, we present a parameterization of all such solutions for a wide class of G.

To simplify the problem of parameterizing all controllers which stabilize the system in Figure 1.1, we
shall assume that G is rational and therefore has a co-prime factorization. That is, there exist stable

matrices M, N, X and Y such that X and Y are proper, real rational, and
G=NM"" and YN+XM=1.

Youla proved the following result, a full proof of which can be found in [27, Chapter 4]. A simpler proof

in the scalar case can be found in [33].

Theorem 1.2.1 Let G be a rational plant with co-prime factorisation G = NM ™1 as above. Then C' is

a rational controller which internally stabilizes the system given in Figure 1.1 if and only if
C=Y+MQ)(X—-NQ)™!
for some stable, proper, real rational function Q for which (X — NQ)~' ewists.

Thus, in the scalar case, if G = % then C produces an internally stable system in Figure 1.1 if and only
if
Y+ MQ

C*X—NQ

for some Q € H* with X — NQ # 0.

Observe that in the case of an internally stable single-input, single-output (SISO) system we have:

c  Y+MQ 1
1+GC_X7NQLPEY+MQ
M X - NQ
Y4+ MQ M(X — NQ)
T X - NQM(X -NQ)+ N(Y + MQ)

M
'4Y+M®NY+MX

= M(Y + MQ).

It was mentioned above that the Nevanlinna-Pick problem arises as a consequence of robust stabi-
lization. The problem of robust stabilization asks if it is possible to construct a controller which not only

stabilizes the feedback system of Figure 1.1, but also stabilizes all other such systems whose plants are

10



‘close’ to G. We donote the right halfplane by C,, and donote the system in Figure 1.1 by (G,C). The

following result is taken from [33].

Theorem 1.2.2 Let (G,C) be an internally stable SISO feedback system over A(C.) and suppose that
C
— | =
I+GC|
Then C' stabilizes G + A for all A € A(C4) with

1
[Afloe < =
3

Suppose we seek a controller C' which would stabilize the SISO system (G + A, C) whenever ||Allo < 1.
Suppose further that G is a real rational function. Clearly, by Theorem 1.2.2, it will suffice to find @

such that

def
H — M (B + MQ) oo = [ ME + M?Q|loe |71 — ToQl| < 1.

I+GC

By changing variables under the transform z = (1 — s)/(1 + s) we can work with functions over D

I

rather than C,. Now if ¢ = Ty — T5Q we have ¢ — T} = —T5Q. Thus, ¢(z) = Ty(z) for all z € D with
T5(z) = 0.

Conversely, if ¢ does interpolate T; at each of the zeros of Ty then (17 — ¢) /T is analytic and bounded
in D and as such defines a suitable candidate for Q.

Therefore, our task is to construct a function ¢ on D such that ||¢||cc < 1 and ¢(z;) = w; for all z;
satisfying T5(z;) = 0 where w; = T1(z;). This is clearly the classical Nevanlinna-Pick problem discussed
above. It follows that the Nevanlinna-Pick problem is exactly the same as the robust stabilization
problem.

Suppose now that we have a slightly different robust stabilization problem. What happens if we know
a little about the perturbation A? Doyle [21] was the first to consider such structured robust stabilization
problems. Doyle’s approach is based on the introduction of the structured singular value. The structured
singular value is defined relative to an underlying structure of operators which represent the permissible

forms of the perturbation A. The definition of u given here is taken from [25].

Definition 4 Suppose H is a Hilbert space and R is a subalgebra of L(H) which contains the identity.

For A € L(H) define
1

nf{|T] [T €R, 1€ o(TA)}

pr(A) =

Although p is defined for operators on infinite dimensional Hilbert space, Doyle only defined it in a finite
setting which is more in keeping with the name structured singular value. We denote the largest singular

value of A by 6(A).

11



Figure 1.3: A Robust Stabilization Problem

We consider a closed loop feedback system which is to be stablized, and then remain stable after the
addition of a perturbation A. Diagramatically, we wish to stabilize the system in Figure 1.3 where G
represents the system in Figure 1.1. As before, we shall assume that G is a real rational (matrix) function.
We seck a controller C to stabilize G in such a way that it will remain stable under the perturbation A.

A result of Doyle’s [22, Theorem RSS]| states that the system in Figure 1.3 is stable for all A of
suitable form R with g(A) < 1 if and only if

def =
= sup ur(G(s)) <1.
seCy

1G]l

If we take the underlying space of matrices R to be scalar functions (times a suitably sized identity)

then pgr(G(s)) will equal the spectral radius of G(s) which we denote by r(G(s)). It follows (with this

choice of R) that the system in Figure 1.3 is stable if and only if 7(G(s)) < 1 for all s € C;. We

obviously require G to be stable under a zero perturbation and we can achieve this by using the Youla
parametrization for C'. Our task is now to choose the free parameter @) in the Youla parameterization
of C'in such a way that r(G(s)) <1 for all s € C,.

Francis [27, Section 4.3, Theorem 1] shows that when C' is chosen via the Youla parameterization,
there exist matrices T;, T and T such that G = Ty — T>QTs. As before, we may choose to work with
D rather than C,. Thus far we have shown that the system in Figure 1.3 is stable if and only if we can
choose a stable, rational, bounded @ such that r(T1(z) — T2(2)Q(2)T5(z)) < 1 for all z € D. Clearly,
G — Ty = —ToQTs. Now if z is a vector with the property T5(2)Q(2)T3(z)z = 0 for some z € D, then
G(z)z = Ti(2)z. In other words, the system in Figure 1.3 is stable only if we can construct a stable
function G such that sup,.p G(s) < 1 and G(2)x = Ty(z)x for all z and z such that T3(z)z = 0, with
a like condition involving points z and vectors y such that y*T5(z) = 0. This problem is known as the
tangential spectral Nevanlinna-Pick problem. Clearly, a special case of the tangential spectral Nevanlinna-
Pick problem is the spectral Nevanlinna-Pick problem in which occurs when 75 and T35 happen to be
scalar functions.

The spectral Nevanlinna-Pick problem is the most difficult case of the tangential spectral Nevanlinna-

Pick problem (see [14]). It is also the subject of this work.

12



1.3 The Spectral Nevanlinna-Pick Problem

We shall study the following interpolation problem and derive a necessary condition for the existence of
a solution. Let M (C) denote the space of k x k matrices with complex entries.
Main Problem Let k and n be natural numbers. Choose n distinct points z; in D and n matrices W

in Mg (C). Does there exist an analytic function ¢ : D — My (C) such that
¢(2j) = W;

forj=1,....n and
o(¢(z)) CD

for all z € D?

To simplify the statement of the problem we shall introduce the following sets. Let ¥; denote the set
of complex k x k matrices whose spectra are contained in the closed unit disc. For z = (zy,...,2,) € C*
let c;(z) represent the t** elementary symmetric polynomial in the components of z. That is, for each

z € CF let

c(z) = Z Zpy 2y

1<r << <k

For completeness, define ¢y(z) =1 and ¢.(z) = 0 for r > k.

Let T be the region of C* defined as follows:
—k
' ={(c1(2),....,cx(2)) | z €D}

Define the mapping 7 : C¥ — C* by

m(z) = (c1(2),...,ck(2)).

Notice that if A is a complex k x k matrix with eigenvalues A1, ..., Ay (repeated according to multiplic-
ity), then A € ¥ if and only if (c1(A1,..., Ak), ..., ck(A1,.. ., Ag)) € I'y. Motivated by this observation

we extend the definition of ¢; to enable it to take matricial arguments.

Definition 5 For a matriz W € My (C) we define c;(W) as the coefficient of (—1)*A\¥=7 in the polyno-
mial det(AI, — W). Define a(W) as (c1(W),...,c(W)).

Observe that ¢;(W) is a polynomial in the entries of W and is the jt" elementary symmetric polynomial
in the eigenvalues of W. The function a is a polynomial function in the entries of W;, and as such is

analytic.

13



We can now show that each target value in ¥ of the Main Problem gives rise to a corresponding
point in I'y. If ¢ : D — X is an analytic function which satisfies the conditions of the Main Problem,
then the function

aogp:D—TYy

is analytic because it is the composition of two analytic functions, and furthermore maps points in D to
points in I'y. Thus, the existence of a solution to the Main Problem implies the existence of an analytic
T'k-valued function on the disc. In other words, the existence of an analytic interpolating function from
the disc into I'y is a necessary condition for the existence of an interpolating function from the disc
into ¥k. In the (generic) case, when W1, ..., W} are non-derogatory (i.e. when their characteristic and
minimal polynomials are the same), the ¥, and T'j, problems are equivalent (see discussion in Chapter 8).
We therefore seek a necessary condition for the existence of a solution to the following problem, which

in turn will provide a necessary condition for the existence of a solution to the Main Problem.

I'y, Problem Given n distinct points z; in D and n points y; in I'y, does there exist an analytic function

¢ : D — Ty such that ¢(z;) = forj=1,...,n?

Throughout this work, the reader may assume k > 1. We show that a necessary condition for the
existence of a solution to the I'p problem can be expressed in terms of the positivity of a particular

operator polynomial. For k£ € N introduce the polynomial Py given by

k
Pr(xo,. o, Tk Y0y« - -y Yk) = Z (1) (k — (r + 8))ysz,- (1.6)

r,5=0
Similar polynomials arise throughout this work in subtly different contexts although they can all be

represented in terms of P;. The following result is simply a matter of re-arranging this polynomial.

Lemma 1.3.1 The following identity holds:

Pr(zo, ..., k390, -, Yk) = % [Ax(y)Ax(z) — Bi(y) Br(2)]

where
k
Ar(y) =D (=1 (k = s)ys
s=0
and
k
Bi(y) = > _(—1)"sys.
s=0

14



Proof.

k
Pe(0, -, ki Yo, - yk) = Y (1) (k= (r + 5))a0ys
7r,5=0
b 1
= D0 (UL ()R
r,5=0
k 1
= Z (—l)T'”%(lf2 —(r+s8)k +rs—rs)r.ys
r,5=0
k 1
=> (—1)T+s%((/f —7r)(k—s) —rs)z,ys
r,5=0
k 1 k 1
= Z (—1)”8%(143 —r)(k — 8)T,ys — Z (fl)THErsxrys
7r,5=0 7r,5=0
] k k
- E ( Z (*l)rJrs(k - T)(k - S)ITyS - Z (l)rJrsTsxrys)
r,s=0 r,s=0
WA k
-1 (Z(—lﬂk - >y> <Z(—1)’”(k - r>:c,«>
s=0 r=0
A k
- (Z(—wsys) (—1)’mr>
s=0 r=0

Thus, for example,

1
Py (o, 21,22, Y0, Y1, Y2) = 5[(2210 —41)(220 — w1) — (—y1 + 2y2) (=71 + 222)]

This polynomial, in a number of different guises, will be of great interest to us while we study the I'y
problem for given k € N. Indeed, it is essentially the polynomial which we use to express our necessary

condition for the existence of a solution to the 'y problem.

15



Chapter 2

Hereditary Polynomials

2.1 Model Operators and Complete Spectral Sets

We begin this chapter by recalling some definitions from the Introduction. We then prove a result
which is analogous to Theorem 1.1.2 in the sense that it interprets an interpolation problem in terms
of the properties of a set of operators. In Chapter 1 we demonstrated how such a condition gives
rise to a solution to the classical Nevanlinna-Pick Problem. The derivation of this solution relied on
the hereditary polynomial f(z,y) = 1 — yz. We used the fact that an operator T is a contraction if
and only if f(T,7*) = 1 — T*T is positive semi-definite. The later part of this chapter contains the
derivation of an hereditary polynomial which will be used in a similar way to f. Namely, we derive an
hereditary polynomial g with the property that a k-tuple of operators 77, ..., T} is a ['y-contraction only
it g(Th, ..., Ty, I5, .. ., T¥) > 0. In the chapters which follow, we show that the polynomial derived here
does indeed possess the desired properties and therefore gives rise to a partial solution to the I'y, problem.

As in Chapter 1 we denote by H? the Hardy space of analytic functions on D which have square
summable Taylor coefficients and by K its reproducing kernel (see equation (1.1)). The reader will recall
that for any (21,..., 20, A1,...,A\n) € D¥ x C* with z; # z;, we defined the space M and the operator
Tk, . . K. M., DY

z190 Zn

M= Span{KZl S 7Kzn} and TKZI,_“7Kz”;)\1,_“7)\nsz = Xszj-
We have seen how operators of this type can be used to provide a full solution to the Main Problem
when k = 1 (Chapter 1). More recently, however, they have been used by Agler and Young [6] to establish

a necessary condition for the existence of a solution to the Main Problem when k = 2. The rest of this

chapter is devoted to showing how the methods of [6] can be extended to give a necessary condition for
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the existence of a solution to the Main Problem for general k. First we require a definition.

Definition 6 For any p x ¢ matricial polynomial h in k variables
h(zy, ...,z = [ Z Qi gy 1L ~:ck7"‘1
T1y--3Tk

we denote by hY the conjugate polynomial

hv(l'l, e ,xk) = l Z ai,j_,m...rkxlﬁ s Ikrk] = h(fl, e ,.T_k).
T1yeesTk .

For any function ¢ analytic in a neighbourhood of each )\7, j=1,...,n we define

O(Tr., oK inasnn) = Tr KL 6V (M) Y (An)-
For j =1,...,n let z; be distinct points in D and define
M = Span{K,,,..., K, }.
Pick n points (i, ..., cx™M), ..., (1™, ..., ™) €T} and let

C; = Ty, e e (D ey () fori=1,...,k. (2.1)

These operators are diagonal with respect to the basis K, ,..., K, and thus they commute. Commuta-
tivity can also be proven by considering two such model operators, C;. and C}, acting on a basis element

of M:

CrCthj = Crct(j)sz = Cr(j)Ct(j)sz = Ct(j)CT(j)sz = CtC,,«(j)KZJ = CtOerj.

The initial information in the I'y, problem has now been encoded in a k-tuple of commuting operators on
a subspace of H?.

Next we define the joint spectrum of a k-tuple of operators in keeping with the definition in [6]. This
definition is different from that used by Arveson in [9]; it is the simplest of many forms of joint spectrum

(see, for example, [24, Chapter 2]), but is sufficient for our purpose.

Definition 7 Let Xq,..., X, be operators on a Hilbert space and let A be the x-algebra generated by
these operators. We define o(Xy,...,Xg), the joint spectrum of X1,..., Xk, by

o(X1,...,Xp) ={\€C" | 3 a proper ideal I C A with \; —X; €1 forj=1,...,k}.

Definition 8 A set E C C* is said to be a complete spectral set for a k-tuple of commuting operators
(X1,...,Xk) on a Hilbert space H if
o(X1,...,Xx) CE
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and if, for any ¢ x p matriz-valued function h of k variables which is analytic on E, we have:

(X1, s Xl gorv ey < P [[R(2)I]- (2.2)

The requirement that h be an analytic function in the above definition can be replaced by a more
managable alternative when E = I';. Below we show that it is sufficient to consider only polynomial

functions h. To prove this result we need the following definition and a classical result.

Definition 9 Let Sy, represent the group of permutations on the symbols 1,...,k and let Sty (1) be the
subgroup of Sy comprising those permutations which leave the symbol 1 unaltered. Let Sty (1)2 denote the
set of elements of Sty(1) which have order 2. Suppose o € Sy,. For A\ € D write A\ = (A\1,..., \p) and
define \? as

A7 = (Ao(1)s s Ao(k))-

Thus, for example, if &k = 3 and (12) denotes the element of S5 which interchanges the first and second
symbols, then (A1, Ao, A3)1?) = (X2, A1, A3). A proof of the following classical Lemma may be found in
[37].

Lemma 2.1.1 Let f be a symmetric polynomial in indeterminates x1,...,x. Then there exists a poly-

nomial p such that

fQ@r, .. ze) = pla(@, . 2k), ek, -0 2k)).

With this result we may prove the following Lemma which allows us to replace the analytic matrix

functions in (2.2) with polynomial matricial functions.

Lemma 2.1.2 The space of polynomial functions on 'y is dense in the space of analytic functions on

T'g.

Proof. If f is an analytic function on I'y then f o 7w is an analytic function on ﬁk. The set DF is a
Reinhardt domain (see [28]) and so f o w can be uniformly approximated by a polynomial function on
the closed polydisc. Let € > 0. Choose a polynomial function p on the polydisc such that

sup |f(m(2)) —p(2)| <e.

z€Dk

For z € D* let
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Then, for all z € D* we have,

RIf(r(2) = a(z)] = [k f(n(2) = D p(z%)

€Sk

= | > [f(x(2)) = p(z")]
€Sk

< S 1f(r(2) = p()
oc€Sk

=Y If (=) = p(z7)]
o€Sk

< ekl

It follows that ¢ is a symmetric polynomial function on the polydisc which approximates f o w. By

Lemma 2.1.1 there exists a polynomial m such that
q(z) =m(ci1(z),...,c(z)) =mom(z)
for all z € D*. Let v € I'y. By definition of I'y, v = m(2) for some z in D". Therefore,
lf(y) =m()] = [f(7(2)) = m(x(2))| = [f(7(2)) — q(z)] <e.

Hence, the polynomial function induced by m on I'y uniformly approximates the analytic function f.
|

Theorem 2.1.3 If there exists a function ¢ : D — Ty which is analytic and has the property that
o(z) = (1D, ... e, D) for j = 1,...,n, then Ty is a complete spectral set for the commuting k-tuple

of operators (C1,...,C) defined by (2.1).

Proof. Lemma 2.1.2 states that it will suffice to consider only matricial polynomial functions h on T'k.

Consider the scalar polynomial case. Let h be a polynomial in k variables given by
h’(xh s 7Ik) = Z ai,j,r1~~~rk171n - l‘krk_
T15.-3Tk

Observe that, for 1 < j < n, we have

T Tk
hChyo COKL, = Y apn, G GV K,
Tlseey Tk
T1 Tk
= Z arl---rkcl(j) Ck(J) sz
T1y.-3Tk

= h%V(Tk., . K.z Koy
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Hence, if h = [h;;] is a p X ¢ matrix polynomial and z € {z1,...,2,} then

0

: hi;(Ch,...,Cp) K, hijod"(Tk., K. iz, ) K
h(Cla"'ack) K.| = =

: hp;i(Ch, ..., Ck) K, hp; ova(TKzl,..-,Kznm,...,zn)Kz

0

0
=ho QSV(TKZI,_4,7Kzn;21,---,zn) KZ
0
Thus

h(Cl, ey Ck) = h (¢] ¢V(TK217,..,Kzn;z1,...,zn)-

By von Neumann’s inequality [36, Proposition 8.3], since Tk.,,..K., 1,2 is the contraction S*|M,

Zn

[R(C1,.., Ci)ll = ho 6" (Tk., ...k, 52120
< sup||ho ¢* (2)]|
= sup [R(I-
That is, I'y, is a complete spectral set for (Ci,...,C) as required.
|
The model operators introduced in (2.1) have now provided a necessary condition for the existence
of a solution to the I'y problem. Namely, in the notation of that problem, if an interpolating function
exists which maps the z; to the v;, then I'y is a complete spectral set for the model operators associated

with z; and «;. This naturally raises the question as to which k-tuples of commuting operators have I'j,

as a complete spectral set. This is the topic of the next three sections.

2.2 Properties of Polynomials

We shall consider a class of polynomials in 2k arguments known as hereditary polynomials. They will
play a major role in establishing a necessary condition for k-tuples of commuting contractions to have

T'x as a complete spectral set. First some definitions.

Definition 10 Polynomial functions on C* x CF of the form

— T T Tk+4+1 T2k
g\ z) = E Qpyoorg, 210 50 2 B AT A2R
T

1ye-T2k

where X\ = (Ai,..., ),z = (21,...,2r) € CF, are said to be hereditary polynomials.
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If g(\, 2) is such a polynomial, then we may define g(7y,...,T, 11", ..., T}") for a k-tuple of com-

muting operators on a Hilbert space H as
9o, T T T = D gy, T TR TR
1y T2k

For convenience, we shall abbreviate the operator polynomial g(74,..., T, 71", ..., Tx™) to g(T1, ..., Tk)
and g(z1,..., 2k, 21,...,2%) to g(x1,...,x) whenever suitable.

Note that although the T); commute with one another, 77" need not commute with 7;. The polynomials
are said to be hereditary because if g(T1,... T, 71", ... T™) > 0 on a Hilbert space H, and fj is the
compression of T; to an invariant subspace of H then g(’f’l, . Tk,fl*, o Tk*) > 0. Next we consider

some properties of general polynomials.
Definition 11 An hereditary polynomial g is said to be weakly symmetric if
9\, z) = g(A7,27)
for all o € Sk, A,z € C* and doubly symmetric if
9\, 2) = g(A7, 2) = g(A, 27)
for all o € Sy, \,z € CF.
Note that all doubly symmetric polynomials are weakly symmetric.

Definition 12 Let X be a set. A function g : X x X — C is said to be positive semi-definite if, for any

neN and x1,...x, € X, we have

[g($ia xj)]Zj:1 > 0.

2.3 Hereditary Polynomial Representations

Take h to be a scalar-valued polynomial on C* such that ||(h o 7)(T1,...,Tx)|| < 1 for all k-tuples of
commuting contractions (71, ...,T)). We may define an hereditary polynomial g : D* x D* — C which

is positive on all k-tuples of commuting contractions by

g\ 2) =1—hon()hon(\). (2.3)

It is easy to observe that g is doubly symmetric.

Recall a version of a theorem by Agler [1], which we will refine for our own use.
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Theorem 2.3.1 Let f be a polynomial function defined on D* x DF. Then
f(Ty, ... T, T, ..., T™) > 0 for all k-tuples of commuting contractions (T4, ..., Ty) if and only if there

exist k Hilbert spaces Hi, ..., Hi and k holomorphic functions fi,... fr such that f. : DF — H, and
k

FON2) =D (1= Az fr(2)" fr(N)

r=1

for all \,z € D*.

This result holds for all holomorphic functions f on D* x D* for which f(T7,...,T}) is defined, but the
stated version is sufficient for our purpose. Since the hereditary polynomials of interest, namely those of

the form (2.3), are weakly symmetric, we may extend Agler’s theorem in the following way:

Theorem 2.3.2 Let f be a weakly symmetric hereditary polynomial on C* x Ck. Then f is positive on
all k-tuples of commuting contractions if and only if there exists a positive semi-definite function ® on

DF x D* such that i

FON2) =D (1= Az) BN, 2)

r=1

for all \,z € D* and for any choice of v1,...,vx € Sk such that v,.(1) =7 forr=1,... k.

Proof. (=) Let f be positive on k-tuples of commuting contractions. By Theorem 2.3.1, there exist k

Hilbert spaces Hy, ..., Hy and k H,-valued functions f, such that
k

FON2) =D (1= Az fr(2)" £ (V)

r=1

for all A,z € D*. For r = 1,...,k let a, be the positive semidefinite function defined on D* x D¥ by
ar(X\, z) = fr(2)* fr(A). Then

k

Z (1=Xzr)ar () 2)

for all A,z € D*. For t = 1,...,k define b, : Dkka—Mbe
1 [eg (o8
bt(A,z) = Z ﬁaa_l(t)(A y 2 )
o€Sk

Clearly each b, is positive semi-definite. Pick r € {1,...,k} and 7 € Sy such that 7(1) =r. Let v = 70.
Consider by (A7, 27):

1
W) = Y )

g€Sk

1 TO _TO
= Z Haafl‘rfl(r)()‘ y % )

o€Sk

1 v 174
= > w1 (A, 2Y)

veSk
= by(\2).
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Let ®(\, z) = b1(A, 2), so that b,.(), z) = ®(N\, 2”) whenever v € S, satisfies v(1) = r.
Since f is weakly symmetric,

k

?) :% S £, 5) :% S 3= Ao o) (A7, 7).
€Sy oceSy j=1
Changing variables under the substitution o(j) = ¢ this can be rewritten as
k
fA2) = Zl_)\tzt Zk' o-1(t)(A7,27)

€Sk

Mw i

(1 — )\tZt)bt()\ Z)

t=1
For any choice of vq,...,v; € Sy such that v;(1) = j, we may substitute ® defined above to conclude
k
FON2) =D (1= Az) BN, 2)
r=1

as required.
(<) Suppose there exists a positive semi-definite function ® such that

k

FON2) =D (1= Az) BN, 2)

r=1
for all \, Z € D* and for any choice of v1,..., v, € Sy, such that v, (1) =rforr=1,... k. Forr=1,...,k
define a, (A, z) = ®(A", z""). Since ® is positive semi-definite, so is a, for » = 1,...,k. That is, there
exist k positive semi-definite functions a, such that

k

fON2) =D (1= Az)ar(A 2)

r=1

for all A, z € D¥. Theorem 2.3.1 then shows that f is positive on k-tuples of commuting contractions.
|

Denote by v the cycle of order k in Sy which maps k to 1 and t tot+ 1 for t < k, i.e. v=(123...k).

Then the above result gives:

Corollary 2.3.3 Let f be a weakly symmetric hereditary polynomial on C* x Ck. If f is positive on
k-tuples of commuting contractions then there exists a positive semi-definite function ® on DF x DF such

that
k t—1 t—1
Z 1 — )\tzt ’Y' ,ZFY )
t=1

for all \,z € D*.

Proof. Tt is clear that v'=1(1) = ¢, and so we may apply Theorem 2.3.2.
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Recall a classic theorem of E.H. Moore and N. Aronszajn (for a proof see [7]).

Theorem 2.3.4 If ¥ is a positive semi-definite function on DF x DF then there exists a Hilbert space €

with inner product {-,-) and an €-valued function H on D* such that
(A 2) = (H(X), H(2))
for all \, Z € D*.

Denote by ® the positive definite function formed by applying Corollary 2.3.3 to the function g defined
in (2.3) so that,

k
g\ z) =Y (- nz)e ).
t=1
Let C be the Hilbert space with inner product (-, -) which is formed by applying Theorem 2.3.4 to ® and

let F' be the corresponding C-valued function. We may now write g as
t—1 t—1

k
g\ 2) =Y (1= Nz )(F(\ ), F(z" ) (2.4)

t=1

for all ),z € DF.

2.4 Finding the Polynomial

In this section we utilise the results of the previous section to study the properties of polynomials of the

form (2.3). Our aim is to derive a representation formula for these polynomials.

Lemma 2.4.1 Let g be the polynomial in 2k indeterminates defined in (2.3) and let F : DF — C be as

n (2.4). For every o € Sty(1) there exists a corresponding unitary operator U, : C — C such that
U,F(\) = F(\7)

for all X € D*. Furthermore, the mapping o — U, is an anti-representation of Sty (1).
Proof. Theorem 2.3.2 implies that the function ® has the property that (A7, 27) = ®(A\", 27) whenever
0(1) = 7(1) and in particular, if o € Stx(1) we have

<F()‘)>F(Z)> = (I)()‘vz) = q)(AU?ZG) = <F()‘a)7F('z0)>
for all A,z € D*. Tt follows that there exists an isometry U, mapping F()\) to F()\?) for all A € D*.
However, since the linear span of {F()\) | A € D*} may be assumed dense in C, we see that U, is a unitary

operator satisfying

U, F(\) = F(\°)
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for all A € DF. Clearly, every element of Sty (1) gives rise to a unitary operator in this manner. If o and
7 are elements of Sty (1) then their product o7 is also an element of Sti(1). The three unitaries which

are associated with these elements are related as indicated by the following equality:
U FIN) = F(\7) =U, F(\°) =U, U, F()\)

for all A € D¥. That is U,, = U,U, and o ~— U, is an anti-representation of Sty (1). =

Lemma 2.4.2 If o € Stg(1)2 then the corresponding unitary operator U, is self-adjoint. Moreover, if C

is one dimensional, then U, is the identity operator.
Proof. Suppose o € Stg(1)s. Then
U,2F(\) = U,U,F(\) = U,F(\°) = F(\" ) = F()\)

for all A € DF. Tt follows that U, is self-adjoint. This completes the proof of the first statement.
Suppose the space C corresponding to the hereditary polynomial g is one dimensional. Then U, = £1
for all o € Sty (1)2. Consider the case where U, = —I for some o in Stx(1)2 and define the diagonal of
DF by
D={\eDF])\ = =\ )
By assumption, for all A € D*, we have

—F(\) = U,F(\) = F(\%).

Therefore F'(A) = 0 for all A € D. By Equation (2.4),
k

902 = 2= Nz)EN)PE).

j=1
Hence, g(), z) = 0 whenever \ or z is in D. Fix A € D. Then, for all z € D¥,

0=g(\z) =1-hon(z)hom(N).
Thus, for any z € DF,
W = (homw(N\)~L
Since A is fixed, the right hand side of this equation is constant, thus h o 7(z) is constant on D* and
h is constant on I'y. This contradicts the choice of h as any scalar valued polynomial on I'y such that
|[hom(Ty, ..., Tk)|| <1 for all k-tuples of commuting contractions (77, ..., Ty). This contradiction implies
U, #—1.

Thus, whenever C is one dimensional U, is the identity for all o € Sty (1)a. =

The following corollary extends Lemma 2.4.2. We show that, in the case where C is one dimensional,

U, =1 for all 7 € Sty(1), not just Stx(1)2.
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Corollary 2.4.3 Let g, F,C be as in (2.4) and suppose that C is one dimensional. Then for every

T € Sti(1), the corresponding unitary U, is the identity, and hence,
F(\T) = F(\).

Proof. Let dimC = 1. Lemma 2.4.2 states that U, = I whenever o € Sty (1)s. It is trivial to show that
every element of Sty (1) can be written as a product of elements in St;(1)2. Pick an element 7 € Sty (1)

and suppose that 7 = o7 - - - 05 is a factorisation of 7 over Stg(1)2. For every A € D* we have:
F\")=F\v 7)) =U, F(\°v 7 ) =...=U,_ ---Us F(A\) = I°F(\) = F()\).

That is, for every element 7 in Stg(1), the associated matrix U, is the identity.
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Lemma 2.4.4 Let C be one dimensional. Choose t € {1,...,k} and pick o € Sy, such that o(1) = t.
Then

t—1

FOO'y = F(\7). (2.5)

Proof. Let 7 € Stj(1). It was shown in Corollary 2.4.3 that F(A\") = F(A). Replacing A with A in

this equation we have,

for all A € D¥ and all 7 € St(1). It is easy to show that
(Y lr | reStp(1)y ={o | 0 € Sk, o(1) =t}

and hence for any A € D¥ we have

whenever o(1) = t.

Lemma 2.4.5 Let C be one dimensional. There exists an o € T such that

(1—aX)FN") = (1 — adg1) F(N) (2.6)
for all N € D* andt =1,...,k — 1. Furthermore the function S : D* — C defined by
S(A) =1 —aX)F(N)

is symmetric on DF under the action of Sj.

Proof. Denote by (12) the element of S which exchanges the first two symbols and recall that the

polynomial g, defined in (2.3), is doubly symmetric. By definition of double symmetry we have
g\ 2) = g\, 2).
Using (2.4) and (2.5) we can expand this equality to see that

(I=Xz2)(F(A), F(2)) + (1= 22)(FQ\7), F(z))
k

+ Zufmj)( FON' 7Y, F(2"

j—1

)
= (1 — /\221)<F()\(12)), F(Z)> + )\122)< ()‘(12)7) ( )>

—NE)ENTT),FET).

_|_
M*G
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Cancel common terms and apply (2.5) once more to see

(1= M2 (F(A), F(2)) + (1 = AaZ)(F(A), F(27))

(1 =22 (FOU), F(2)) + (1 = Mz)(F(A7), F(27))

(1= 2221)(F(A7), F(2)) + (1 = M2)(F(A), F(27)).
Equate the first and last of these expressions and re-factorize as follows:
(F(\) = FOV), F(2) — F(=7)) = (F(\) = aF(\), 21 F(2) — F (7).
Consequently, since dimC = 1, there exists an « € T such that
GF(\) = FO) = MF(\) = \aF(\)

for all A € D*. Equivalently,
(I —aM)F(A) =(1—aX)F\)

for all A € D*. Replacing A by A\ gives, for t = 1,.. .k,
(1—aX)FA" ) = (1 — ad)) FN)

for all A € D*. That is (2.6) holds. This completes the proof of the first part of the result. Let S be as
defined in the statement of the result. Pick any o € Sy and let t = o(1). Then, by virtue of (2.5) and
(2.6),

SO = (1—a\)F(\)

= (1—a\)FN' )

Hence S has the required property.
|

Lemma 2.4.6 Let C be one dimensional. For a and S as in Lemma 2.4.5, the hereditary polynomial g

defined in (2.3) can be expressed in the form

9\ 2) = ¥(2)p(X, 2)p(A) (2.7)
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for all \, z € D* where

k
=> ( =Xz [0 -azm)a - o&\i)) (2.8)

Jj=1 i#]
and
k
v = SN[ —ar)™

Proof. Lemma 2.4.5 allows us to re-write F'(A) in terms of the symmetric function S,

__SW
F(\) = o
Substituting this into (2.4) yields
k
N _ S(N)S(2)
g(A,Z)—Z(l /\jZ])(l—Oz)\j) 1—@27]‘)

j=1

[ &
=5(2) Z (1—az)( )\lzja)\j)] S

| 7=1

k
=9(2) Z ((1 x5 [Ja-az) - aAi))] (A

i#]
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We have now reached the end of a chain of arguments which will give rise to a necessary condition
for the existence of a solution to the Main Problem described in the introduction. We have shown that
the existence of an interpolating function which satisfies the constraints of the main problem implies
the existence of a solution to the I'y problem. We then went on to show that the existence of such a
function implies that 'y is a complete spectral set for the commuting k-tuple of operators C4,...,Ck. In
particular, if h is a polynomial in k indeterminates which is bounded by 1 on Ty then A(Ch,...,Cy) is a
contraction. We then considered those polynomials, h, which give rise to a contraction for all commuting
k-tuples of contractions and defined the functions g = 1 — h o w(2)h o w(\). These functions are positive
on contractions. The results of this section show that each g which is “atomic” in the sense that the
corresponding Hilbert space C is one dimensional, has a representation of the form (2.7). Finally, if g is
of the form (2.7) and is positive on I'y then the polynomial p defined in (2.8) must also be positive on
.

In Chapter 3 we shall consider a more general class of polynomials. In Chapter 5 we will show that
these more general polynomials give rise to a necessary condition for the existence of a solution to the

interpolation problems described in the introduction.
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Chapter 3

Elementary Symmetric Polynomials

The aim of this chapter is to introduce a class of polynomials motivated by those at the end of Chapter
2. We show that polynomials in this class have a number of possible representations. The results of this
chapter are rather technical but they are essential for the work which follows. Both of the representations
which are proved in this chapter are used in the proof of the main result of Chapter 5, Theorem 5.1.5.

Many of the proofs in Chapters 6 and 7 are also simplified by the results in this chapter.

3.1 Definitions and Preliminaries

In this section we shall generalise the polynomial p, introduced at the end of Chapter 2 (see (2.8)), to
define a wider class of doubly symmetric polynomials. We also introduce a differential operator which

will be used to help simplify the forms of various polynomial representations.

Definition 13 For k € N and o € C we define the polynomial py o in 2k variables by

k
Pra(V2) =Y | (1= laPX5) [J( - az)(1 - aN) | . (3.1)

j=1 i#j

When || = 1 we see that py o coincides with the polynomial p in (2.8) .

Definition 14 For r and s satisfying 1 <r,s < k define the partial differential operator D, s as

6r+s

D, = - —.
T 0 - 0N0Z - 07

(3.2)

The operators Dy s and D, o are defined as the corresponding differential operators where differentiation

is carried out only with respect to the components of either zZ or \.
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By a multi-index m we mean a k-tuple of non-negative integers (mq,...,my) and for such a multi-

index, we define

AT = AT A

for all A € C*. We shall refer to a multi-index m as binary if the components of m only take the values

zero and one. We define the following sets:

G={(my,...,my) EN* | i>j=m <my}
B={(mi,...,my) € NF |m; € {0,1}, i > j = m; <my}

={(0,...,0),(1,0,...,0),...,(1,..., D}

Let 6 : {0,1,...,k} — B be the bijection which maps r to the element of B whose first r terms equal

one, and all the rest equal to zero.

Definition 15 Given a polynomial p in n indeterminates,

N

— Til Tin

p(x1, ..., x,) = g cixzyt -yt
=1

define the leading power of p to be

max {r;;}.
7,7
Ci;éo

Recall that c,.()\) represents the r‘" elementary symmetric polynomial in the k co-ordinates of \. That
is, ¢,(A) is the sum of all monomials which can be formed by multiplying r distinct co-ordinates of A
together.

Lemma 2.1.1 can be extended to doubly symmetric polynomials in the following way.

Lemma 3.1.1 Every doubly symmetric polynomial in the indeterminates A and Z can be expressed as a
polynomial in the elementary symmetric polynomials of the components of A and z. That is, if g(\, Z) is

doubly symmetric then there exists a polynomial p such that

q(N 2) =pler(A), ..o, ece(N), e (Z), ..., ci(Z)) (3.3)

Proof. Let ¢ be a doubly symmetric polynomial in the indeterminates A and z. Then

)= T et

m,neNk
= g zm g Crn A"
meNF neNk
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Since ¢ is invariant under any permutation of Z it follows that the coefficients of 2 and 2™ are equal
for all o € S,. Note that every m € N* is of the form w? for some o € Sj, and some w € G. Thus, terms

may be grouped as follows

q(\, z) = Z (Z zma> Z A"

meg \o€Sy neNk
= E g clmn< E zZm ))\".
neNk meg o€Sk

The coefficient ¢},,,, may differ from the coefficient ¢, since some terms are invariant under the action

n
of Sj. For example ALY = X(LLD? for all ¢ € S. The polynomial ¢ is symmetric in A so using the
same argument as above we have
09- (X ) (X ),
m,neg oc€Sk oc€Sk
Applying Lemma 2.1.1 to the symmetric polynomials on the right hand side of this expression we infer
that there exist polynomials p,, and ¢, such that
aq\2) = D dhpm(ci(2),. ., cr(2)an(ci(V), .. er(N).
m,neg
Let A = (c1(N),...,cx(N) and Z = (¢1(2), ... cx(2)). Then the required polynomial p can be taken to be

m,neg

The polynomial defined in (3.1) is doubly symmetric in A and Z so we may write it as a polynomial in
the elementary symmetric polynomials of A and z. However, py, o is such that it may be expressed in two

simpler forms. A number of results are required to prove this fact.

3.2 Doubly Symmetric Polynomials

We shall say that an hereditary polynomial h contains Z™\™ if

h(N2) = > @ N

i,jENF

and ¢, # 0.
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Lemma 3.2.1 Fiz k € N. Let m and n be elements of B and let X\ and Z be k-tuples of indeterminates.
Then a (not unique) doubly symmetric polynomial of elementary symmetric polynomials with fewest terms

which contains A"Z"™ is co-1(n)(N)Co—1(m)(Z).

Proof. Let 67'(n) = r and #=1(m) = s. Then A"2z™ is the product of r coefficients of A\ with s
k

r

coefficients of z. The elementary symmetric polynomial ¢,(\) has () terms, so the product ¢,(\)cs(Z)
has (:f) (’;) terms. Clearly, this polynomial contains A"Z™ since it contains all products of r coefficients
of A\ with s coeflicients of Z.

Now, every doubly symmetric polynomial which contains A"Z™ also contains every term of the form
Xz where 0,7 € Sj. In other words it must contain every product of r coefficients of A with s
coefficients of z. Since there are (’;) ways of choosing r coefficients of A and (lz) ways of choosing s
coefficients of Z, it follows that there are (¥)(¥) such products. Thus any polynomial which is doubly

symmetric and contains the term A"Z™ must have at least (f) (’;) terms. Since ¢,(\)cs(Z) has this many

terms, it is clearly a doubly symmetric polynomial containing A"z with the fewest possible terms.
|

Lemma 3.2.2 Let q be a doubly symmetric polynomial with leading power at most 1. Then q can be

written in the following form:

k
g\ 2) = ) braer(Ves(2). (3.4)

r,5=0

Furthermore the coefficients b.s can be evaluated as follows:
brs = Dr,sQ(Aa Z)‘)\=2=0~ (35)

Proof. 1f the leading power of ¢ is zero, then the result is trivial. More generally the polynomial q is of

the form

g\ z) = Z Apm A" Z™

n,meNk
for all A,z € C*. Pick any two multi-indices m and n in N* and consider the coefficient of the monomial
A"z™ in g(\, Z). Since ¢(), ) is doubly symmetric, the coefficient of \"z™ is equal to that of A" 2" for
every o and 7 in Si. That is @nm = anom- for all n and m in N¥ and all ¢ and 7 in S. It is obvious
that every m in N¥ is the image of an element of G under an element of Sj,. Now rewrite the formula for
q(A, Z) grouping terms with equal coefficients together, and possibly altering the coeffiecient ap, to a,,,,

to take into account terms whose multiindices are invariant under certain elements of Sy:

g\ z) = Z a’/nm Z ATz

n,meg 0,TESK
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Clearly, the polynomial

Z )\na ZmT

o,TESk
is doubly symmetric— indeed it is a doubly symmetric polynomial with the fewest possible terms which

contains the term A"z™. Thus we may apply Lemma 3.1.1 and write it in the form given in (3.3). We

have

q(\, 2) = Z armPrm(c1(N), ..., ck(N), c1(2), ... ck(2)).

n,meg
Thus, the coefficient of any monomial A"Z™ in ¢(A,Z) is equal to that of the polynomial p,,— a

polynomial of the elementary symmetric polynomials in A and z with the fewest terms which contains
Az
Now, since ¢ has leading power no greater than one, it follows that the coefficient of Az is zero

unless both n and m are binary. Therefore,

qN2) = D ahPam(ci(N), . en(N), 1 (2), ... r(2)).

n,meB

By virtue of Lemma 3.2.1, whenever n,m € B we have
Pnm = cefl(n)(/\)cﬁfl(m)(z)

so we may make the substitutions n = 6(r) and m = 6(s) which give
k
g\ 2) = D agagser(MNes(2).

r,s=0

Finally we may relabel the constants ag(,)9(s) as brs to see that the first part of the result holds. Further-
more, we know that the coefficient of Ay -+ .21 -+ Z; in ¢q(\, 2) is equal to the coefficient of ¢,.(\)cs(Z)
since this is a doubly symmetric polynomial with the fewest possible terms which contains the given

term. That is, b, is equal to the coefficient of Ay --- .21 - -+ Z5 in g(A, 2). Clearly, this is given by
Dr,sq(>\» 2)|)\:E:0

and hence the result holds.
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The simplification of the polynomial py,  defined in (3.1) requires another lemma.

Lemma 3.2.3 Let r and s be integers such that 0 <r,s < k. Then

k k
D, H(l —a);) H —az) ) tsa"as H (1—aX\) H (1-az).
i=1 =1 i=r+1 =s+1
Proof. Pick r and s such that 0 < r,s < k, then
k k
D[]0 =) JJ(1 - az)
i=1 =1
ors k k

= (1—

DNy --- OOz - 02, 1;[ E az)

r k k

:H Hale—o’zzﬁ H (1—a\) H(l—azg)

i=1 i=r l=s+1

r s k k

[T IJ-a) I] @~y I] 1 -02)

i=1 =1 i=r+1 l=s+1

k k
~(—a)"(=a)* J[ 1 —ar) J] (1 —a2)
i=r+1 l=s+1
k
nrtea"a’ H (1—a\) H (1—az)
1=r+1 l=s+1

3.3 Two Representations of the Polynomial p; ,

In this Section we represent the polynomial py o defined in (3.1) in two simple forms. The first repre-
sentation depends on the results of the previous Section and a heavy dose of basic differentiation. The
second representation of py . follows from Lemma 1.3.1 and the similarity of the first representation to

the polynomial Py, which was defined in (1.6).

Theorem 3.3.1 Let py o be defined as in (3.1) Then
Pra(X2) = D) (1) a"a (k= (r + 5))er(N)es(2).

Proof. Since the leading power of py (A, Z) is one, we may apply Lemma 3.2.2 and write py o as

pkoz)\z stcr

r,5=0
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The same result shows that it will suffice to prove
Dr,spk,a()‘v 2)|)\:2:0 = (_1)T+Sards(k - (T + S))

for all ;s € {0, ..., k}. Without loss of generality we may assume that r < s.

Consider D, spk.a (A, 2),

k E
Dy spra(M\Z) = Dy (1= lol?x5) [J(1 - az)(1 - ax)
j=1 i=1
i#j
T k
=D Y | (@ faPyz) [[0 - az)( - a)
j=1 i=1
i#]
s k
+ D, (1= lalXz) [ - az)(d - ax)
j=r+1 i=1
i#£]
k k
+ D, (1= lalXz) [J( - az)(d - ax)
j=s+1 i=1
i#]
We now calculate the second component of this expression,
s k
D, s (1— |a|2Aj2j) H(l—@ii)(l—aAi)
j=r+l i=1
i#]
S o 8r+sfl k
= — (1 —|a*)\;z; 1—az)(1—a\
j;l e IR WOy W, ENRY, ENY NN, =1 E( o)1~ o)
i#]
By virtue of Lemma 3.2.3,
s k
Dy (1= lol?xz) [ —az)(1 - ax)
Jj=r+1 i=1
i#]
s k k
= Y |[—eya-1)tTlaraTt T —el) J] 1 -a2)
j=r+1 i=r+1 l=s+1
i#]
s k k
= Y [ NEDTete T a-an) [ - az)
Jj=r+1 i=r+1 I=s+1

i#]
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Using an identical method on each of the remaining components of the sum, we have

r k
Dy spra(X2) =) ( nrtsa’al H (1—a\) H (1-— ozzl))

j=1 i=r+1 =s+1
s k k
+ > [y arttas [T a—an) J] 1-az)
j=r+1 i=r+1 l=s+1
i
k k
+ >0 [ a=lePN5) (- era H 1—ax) [] 1-aa)
j=s+1 i=r+1 l=s+1
i#j I#]
Therefore,
Dy spka(N Z)acz—0 = —r(=1)"Ta"a* + 0+ (k —s)(—1)"""a"a*

= (=) (k- (r+s))a"a.

Hence the result holds.

The simplification of py ., may be carried a little further by virtue of the observation
a"cr.(A) = . (aN).

Corollary 3.3.2 Let pi o be defined as in (3.1). Then

k
Pra(M2) = Y (1) (k = (r+s))er (aN)e, (@2).
r,s=0

This completes our initial aim of finding an alternative representation of py . Notice, in terms of the
polynomial Py, defined in (1.6) we have shown,

Pk.a(A Z) = Pr(co(aN), ..., ci(al); co(@z),. .., cp(a@z)). (3.6)
We now establish a second representation for pj, o using Lemma 1.3.1.

Theorem 3.3.3 The polynomial py o(\, Z) can be expressed as

pk,a()\a 5) {Ak oc( )Ak a(/\) By, oc( )Bk a(/\)

for all \,z € C* where
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and

k

By o(N) = Z(—l)rrcT(a)\).

r=0
Proof. By Corollary 3.3.2, equation (3.6) and Lemma 1.3.1 we have,

k
Pra(\2) = D (=10 (k = (r + 5))er (aN)e, (@2)

r,5=0

= Pr(co(aN),. .., cp(aN);co(az),...,cp(az))

= % [Ar(co(@z),. .., cp(az))Ar(co(ar),. .., cx(al))]
— Bk(Co(di), cey ck(ai))Bk(co(a)\), e 7Ck(04)\))

= % Apa(2)Ara(N) —WBM(A)]

The polynomials Ay, and By, play a vital role in Chapters 5 and 6. In Chapter 4 we study the

properties of Ay, 4.
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Chapter 4

Ay o has no Zeros in the Polydisc

In Theorem 3.3.3 we introduced two one-parameter pencils of polynomials of degree k in k variables.
These polynomials were denoted by Ay, and By, where the parameter a ranges over D. We are
particularly interested in the behaviour of these pencils on the k-dimensional polydisc. This chapter
contains the proof of the most important of their characteristics, namely that Aj , has no zeros in the
polydisc. Formally, we show that for K € N,a € D we have Ay, ,(\) # 0 for all A € D*.

The cases k = 1 and k = 2 are trivial (see Theorem 4.1.1) and although the case k = 3 is more
complicated (Theorem 4.1.2), it fails to contain all the germs of generality. One must wait until k = 4
(Theorem 4.1.6) before the whole picture unfolds and for this reason the proofs of these special cases are
presented as a prelude to the full result (Theorem 4.2.2).

The difficult calculations of this chapter are essential to the proofs of the main results in Chapters
5,6 and 7. A key step in the proofs of the main results of Chapters 5 and 6 will be to show that if a
certain hereditary polynomial is applied to a specific k-tuple of commuting operators and the resulting
operator is positive semi-definite then the same hereditary polynomial applied to certain compressions
of the k-tuple of operators will also yield a positive semi-definite operator. In general this is not true
and it only holds because the operators and hereditary polynomial in question are of a special form.
The results proved here will enable us to show that the polynomial under investigation is indeed of that
special form. We do this by showing that Aj , has no zeros in the polydisc; this will allow us to show

that Ay o(T') is invertible for a certain k-tuple of commuting operators 7'
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4.1 Special Cases
Theorem 4.1.1 Let a« € D. Then

A14(2)#0 and Az a(X) #0
for all z € D and all X € D?.

Proof. The polynomial A; , is identically 1. For k = 2 pick A = (A1, A2) € D% We have

2

Aza(N) =) (=1)7(2 = r)er(a))

r=0
=2—ci(aN)
=2—a(A; + N2)
#0

since |a(A1 + A2)| < o] + |ade| < 2.
|

The next result demonstrates the increasing complexity as k increases and provides the first indications

of the method for a general proof.

Theorem 4.1.2 Let o« € D. Then
Aso(z) #0

for all z € D3.

Proof. We shall argue by contradiction. Suppose there exists a € D and z = (21, 22, 23) € D? such that
Asz.0(2) =0. Let A = (A1, A2, A3) = (az1, aza, az3) € D3, Then

=3 - 2()\1 + Ao + )\3) + ()\1)\2 + Aoz + )\3)\1)

=3-2(M\ + )\2) + Ay — )\3(2 — ()\1 + )\2)).

Therefore
3—2(A14+X2) + A1
A3 = . 4.1
3 2= (A1 + A2) (4.1)
Define F3: D — C by
-2\ —2(2—=AX
F3(z) = 12 U,

2 — )\1 —Z
Theorem 4.1.1 shows that F3 is analytic on D. By (4.1) we have A3 = F3(\2). We shall derive a

contradiction by showing F5(D) ND = @. Clearly F5 is a linear fractional transformation and as such
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will map the disc to some other disc in C. Call the centre of this new disc ¢. The pre-image of a point -y

under F3 will be denoted F; *(7). By inspection we have
Fyt(00) =2 — A

Since conjugacy is preserved by linear fractional transformations we have

1
=i

Fy (o)
Therefore ¢, the centre of the image of D under F3 equals

Fg( . ):32/\1(2_31)(2/\1)

2—-\ 2—/\1—ﬁ
_B=220)2-M) - (2-N)
2= NP1
A= 2)+2-M)]2- M) - (2- M)
2-M2-1
CR-MPHA M) -A) -1 (1)
2 \[2—1
CR=MPHOA-M)E2-A D) -1
N 12— M2 -1
=M -NP -1
N 12— M2 -1
11— A\)?
=14 —
TRoaE—1

We may therefore conclude that F3(D) is a circle centred at a ¢ € R such that ¢ > 1. Notice also that
F3(1) = 1 so the point 1 lies on the boundary of F3(D). It follows that F3(D)ND = @ which contradicts

(4.1).
|

For a proof of the next special case, and indeed the general result, it is convenient to extend the definition

of elementary symmetric polynomials given in Chapter 1.

Definition 16 Define o7, the v partial elementary symmetric polynomial on k indeterminates by

n _ o, A) ifk>n>r>0
JT()\I""’A’“)_{ 0 otherwise.

When no ambiguity can arise, we omit the argument and write o).
Notice that o' (A1,...A\g) = 0 (A1, ..., A1) whenever k,l > n > r. For example
03(A1, A2, A3, A1, As, Ag) = At doAs + A dods + A AsAs 4+ Aadsds = 05(A1, Az, As, Ag).

Also a¥(A1,... M) = ¢r(A1,... \r). With this definition, we can state a recursive formula for partial

elementary symmetric polynomials.
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Lemma 4.1.3 Let k,n,r be integers such that k > n >r. Then

"Ny M) = 0" O M) F AT (A ). (4.2)

Proof. The result is trivial unless kK > n > r > 0 so we shall consider only this case. The poly-
nomial 0?7 1(\1,...,\x) contains every product of r indeterminates from (\i,...,A,_1). That is, it
contains every possible product of r terms from (Ay,...,\,) which does not contain \,. Similarly,
o™ (A1, ..., M) is the sum of every possible product of 7 — 1 indetermines from (Ay, ..., \,_1) which im-
plies that A\,0” ' (A1,...,\) is the sum of every possible product of r of the indeterminates (A1, ..., \,)
which contains A,. The RHS of (4.2) is therefore the sum of all possible products of r indeterminates
from (A1,...,A,) which either contain, or do not contain the term A,,. Therefore, it is the sum of all
possible products of r of the indetermintes (A1, ..., A,,) which by definition is equal to (A1, ..., Ak).
|

We also need to extend the definition of the polynomial Ay 4.

Definition 17 Let k,n € N and o € D. Define

k

FaN) =D (=1)"(k =)oy (aN).
r=0
Notice that Ak o(X) = A’,z}a (N).
Lemma 4.1.4 The following identity holds

oV = A7) — ad ApT] ().

Proof. Using Lemma 4.1.3 we have

M=

r=0
k
=Y (1) (k=) (o7 (@) + adop T ()
r=0
k
= AP ) = Y ()TN E = 1= (r = 1)o7 ()
r=0
k—1
= AL —ad Y (F1)5(k—1—15))or (a))
s=0
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Lemma 4.1.5 Let o € D, k € N. The following are equivalent:

(a)  Apa(N) #0 for all X € D,

(b) AR (V) —2A{Z L(A) #0 for all z € DA e DF
A )
ATV

)

> 1 for all A € DF1,

() AP = 1AL WP >0 for all X e DFTY

k—1,a

Proof. (a) < (b) follows trivially from Lemma 4.1.4 once we observe that AZ:ia()\) is independent of
An.-

(b) < (c) Suppose (b) does not hold, then there exists a 2 € D and a A € D*~! such that
Aat V) = 2471 (V) = 0.

Equivalently, z € D may be expressed as

It follows, since |z| < 1 that (c) is false if and only if (b) is false. This completes the proof of (b) < (c).
(c) < (d) Suppose (c) holds, then for all A € DF~1

which is equivalent to,
k—1 k—1
[Aka W= 1A (V)]
or alternatively,

AR P > 1A (VP

We may now prove the final special case of the main result of this section. The proof relies heavily on

previous results.

Theorem 4.1.6 For all « € D, z € D* we have

A4,a (Z) 7é 0.
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Proof. We shall argue by contradiction. Suppose there exists o € D and 2z € D?* such that 0 = Ay 4(2).
Let A = az. Then

0= A4)a(2)

— 4 - 304 + 20500 — o2 (),
and so, by Lemma 4.1.3,

0=4-— 3(0% + )\405’) + 2(03 + /\40f) - (O'g + )\4ag’)

=430} +2c5 — 03 — M\i(3 —20% + 03).

Therefore,

4 —30% +2¢3 — o3
- 3—20% + 03
_4—3(0f + A3) +2(03 + A307) — 03
3 -2(07 + A3) + (03 + N\30%)

4 —30% + 203 — X\3(3 —20% + 03)
T 3-202+ 02— Xs(2-0d)

= Fy(A3) (44)

(4.3)

where F': D — C is defined by

_ 4—307 4203 — (3 — 207 + 03)

F,
1() 3—20%+ 02 —x(2—0?)

The denominator of this linear fractional transformation can be written as
2 2
A3 o (2) — A5, (2)

which is non-zero by Theorem 4.1.2 and Lemma 4.1.5. Thus, F} is an analytic linear fractional transfor-
mation on the disc, and Fy (D) is a disc. Let ¢ represent the centre of Fy(ID) and write the pre-image of

v under Fy as F; ' (7). By inspection,

3 — 202 + o2
Pl _ 1 2
4 (OO> 92 _ U%
Therefore, since conjugacy is preserved,
9_52
F471(C) = &

3-202 402
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The centre of Fy(D) is equal to

20?7
F %
3 —20%f + 05

4 —30% + 203 — (2_U%> (3 —20% +03)

3-202+02

3— 202 + 02— <2‘°’f> (2 - o2)

3720’%4’0’%

(4307 +203)(3 — 207 +02) — (2 03)(3 — 20} + 03)
13— 207 + 03> — [2 - of?
(3 =203 +03) + (1 =0} +03)](3 = 20% + 03) — (2— 0})(3 — 20} + 03)
|3—2J% +0%|2 — |2—0%|2
B=207+ 03P+ (1 -0} +03)(3—20% +0}) — (2—0})(3— 207 + 0})
- 3203+ 03— 2 o7

_ 3-20% + 03 + (1 — 0% + 03)[(1 — 0} +03) + (2~ 07)] — (2 — 0})(3 — 207 + 03)

|3 =202 + 022 — |2 — 02|2

3—202 + 032+ 1 -0} + 032+ (1 -0} +03)(2—07) — (2—07)(3— 20} + 03)
N 3203 + 032 — 2 o}
_3-20f+ 032+ |1 —a} + 03> - (2-0})(2—0})

|3 — 202 + 02|2 — |2 — 0|2

3=20f+ 032+ |1 —0f 403> —[2—0F
- 5207+ 32— 2 o7
N 1 — 02 + 03

|3 — 202 + 022 — |2 — 02|2
N 1 —o0? + 03 ‘

|43 (V)2 = 43 (V)2
But |A3 ,(A)[* — |43 ,(A)[? > 0 by Theorem 4.1.2 and Lemma 4.1.5. Thus, ¢ € R and ¢ > 1.

=1

=1

Notice also that

_4—30%—&—205—34—20%—05
- 3—20%—4—0%—2—4—0%

_ 1 — o+ o2

h I—U%Jra%

Fy(1)

=1.

It follows that 1 lies on the boundary of Fy(D) and therefore that DN Fy (D) = @. This contradicts (4.3)

and the result follows.
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4.2 The General Case

A recurring technique in the simplification of the expressions in the above proofs has been the subtraction
or addition of various alternating polynomials, namely polynomials of the form 1 — o? + ¢3. This

observation plays a key role in the general result and gives rise to the following definition and Lemma.

Definition 18 For n < k define,

n k

M, k) = [ = adi) =D (=17 of (@, .. alp).
i=1 r=0
Polynomials of this type will be described as alternating.
Lemma 4.2.1 Fora €D, k >n, and \ € D,

ka(A) = 16 (A) + Aj_1 o (A)-

Proof. By definition we have

k
FaN) =D (1) (k =)oy (aN)
r=0
k k
=Y (=1)"(k=1=r)or (@) + ) _(~1)7o}(aN)
r=0 r=0
k-1 k
=Y (=D (k=1=r)of(aX) + Y (~1)or(a))
r=0 r=0
= Af 1N+ 05N
]
We may now prove the main result of this section.
Theorem 4.2.2 For ke N, a €D,
Ak,a()\) 7é 0 (45)

for all A € D*.

Proof. We shall argue by induction. Theorems 4.1.1, 4.1.2 and 4.1.6 show that the result holds when
k=1,2,3,4. Assume the result holds for £ — 1, namely

Ak-1,a(A) # 0. (4.6)
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By Lemma 4.1.5, this induction hypothesis is equivalent to each of the following.

ARTE (N = 2AFTS (A) # 0 for all 2 € DA € D2, (4.7)
AEZ2 LV = AR 2,02 > 0 for all A € DF2, (45)

We shall prove
Aa(N) £0 (4.9)

by assuming the contrary and arriving at a contradiction.

Accordingly, assume there exists o € D and z € D¥ such that
Akya(z) =0.

Then, by Lemma 4.1.4,

0= A’,z;} () — azkA’,z:},a(z).

Therefore, since Alzj,a(z) # 0 by (4.6),

Allz_al(z)
oz Aﬁ:ia(z)
which implies .
i’i‘fl(z) <1. (4.10)
A1 a(2)

Define Fj, : D — C by

Then

by Lemma 4.1.4,

The inequality (4.10) is therefore equivalent to |Fj(azr—1)| < 1. We shall show this is impossible by
proving Fi(D) ND = . The linear fractional transformation Fj, is analytic on I by the induction
hypothesis (4.7), thus Fj(D) is a disc. Let ¢ represent the centre of ths disc and recall that linear
fractional transformations preserve conjugacy. We denote the pre-image of v under Fj by F}~ 1(7). By

inspection,

) A3 (2)
F (o00) = m
k—2,«
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and so

AP ()
Fl () = (’,: = )> :
Ak 1 a( )
Repeated use of Lemma 4.2.1 shows the centre of the disc Fj(D) is equal to

A} L(2)
i (AZ %m)

E:i@@) — A’;:%,@@)A’;:% o(2)
2 - |

AT LGP @) + A m)] A2 (DAL (2)
AF2 (2))2 — |AF2 (=)
AT LGP 4 )+ AR (2 (2) — AR (2))
AE2 () — [AFZ2 (=)
A2 )P+ () - AR L ()2
- AF=2 (2)2 — |AF 2 (=)
2 (2) 2

AR=2 ()2 — AL 22 ()

=1+

>1

by (4.8).
Since F}, preserves conjugacy, F (1) will lie on the boundary of Fj (D). Now,

Ak—Q(z) Ak 2 ( )

k—1,a
Fih = Aﬁ P () A2 ()
~2(2)
(2)
~2(2)
775 *(z)

=1

It follows that F(D) NI = @ which contradicts (4.10); therefore (4.9) holds. The result follows by the

principle of induction.
|
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Corollary 4.2.3 Let ke N. If a €D and \ € D" ora €D and X € D* then

Ak,a()‘) 7é 0.

Proof. If o and ) satisfy either of the conditions in the statement of the result, then there exists § € D
and ¢ € D¥ such that a\ = $¢. The result then follows by Theorem 4.2.2.

|
After the completion of this Chapter, Dr. Michael White suggested that the results proved above could be
demonstrated more simply by noticing that Ay, , is similar to a derivative with respect to o. He suggests
that one could then employ the Gauss-Lucas Theorem [17, Exercise 4.50] to draw the conclusions given

above.
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Chapter 5

A Necessary Condition for Spectral

Interpolation

5.1 Main Theorem

For each natural number k we shall define a polynomial pi. In terms of this polynomial, we shall give a
necessary condition for the solution of the problem of interpolating into I'y. Recall the definition of Py

given in (1.6):
k

Pe(@os - ki gose ) = 3 (<L) (k = (r + 5))ysr

7r,5=0

Definition 19 Let the hereditary polynomial py be defined as follows:

pk(xla"'amk;yla"wyk) = Pk(Ll’l,---,Ik;l,yl,.--,yk) (51)

By virtue of (3.6), and the fact that cp(z) = 1, we have
Pha(A, A) = Pr(co(a), ..., cp(a));co(@N),. .., cr(@N) = pplci(ad), ..., ci(aN)). (5.2)

This observation plays a key role in the proof of our Main Theorem (Theorem 5.1.5).

The proofs of Lemmas 5.1.3 and 5.1.4 are extensions of the proofs in the case k = 2, which was dealt
with by Agler and Young in [6]. The proofs rely heavily on the following well known theorems. The
first theorem is due to Arveson and the second to Stinespring. Proofs of both results can be found in [8]
where they are labelled Theorems 1.1.1 and 1.2.9. The version of Arveson’s result given below relies on
the remarks immediately preceeding Proposition 1.2.11 of [8]. The original proof of Stinespring’s result

is in [35].
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Theorem 5.1.1 (Arveson’s Extension Theorem)
Let C be a C*-algebra with identity and let A be a linear subspace of C containing the identity. If H is
a Hilbert space and 0 : A — L(H) is a completely contractive linear map then there exists a completely

contractive linear map © : C — L(H) such that § = O|4.

Theorem 5.1.2 (Stinespring’s Theorem) Let C be a C*-algebra with identity, H be a Hilbert space,
and assume © : C — L(H) is a completely positive linear map. Then there exists a Hilbert space K, a
bounded linear map V : H — K and a representation 7 : C — L(K) such that ©(z) = V*r(x)V for all
zeC.

Having recalled the above results, we are in a position to extend the results of Agler and Young.

Recall Definition 7, where we defined the joint spectrum of a k-tuple of commuting operators.

Definition 20 Define the distinguished boundary of I'y, as
bry, = {7(2) | z € TF}.

Definition 21 For X c CF, X compact, A(X) denotes the algebra of continuous functions on X which

are analytic on the interior of X.
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Lemma 5.1.3 Let (X1,...,Xx) be a commuting k-tuple of operators on a Hilbert space H such that
o(X1,...Xk) C Tx. If Ty is a complete spectral set for (Xi,..., X)) then there exist Hilbert spaces
H_,Hy and a k-tuple of commuting normal operators (X1,...,X;) on K “ @& H ® Hy such that
O'(Xh . ,Xk) is contained in the distinguished boundary of T'y and each Xj 1s expressible by an operator

matriz of the form
¢~ o X % 5.3
X, ~ o .
i~ % 53

with respect to the orthogonal decomposition K =H_ & H & H,.

Proof. Suppose that T'y; is a complete spectral set for a commuting k-tuple of operators (Xi, ..., Xk).
That is
(X1, Xi) ey < Sup IR(2)]] (5.4)
zel'y

for all analytic matrix valued functions h.

Let 6 : P, — L(H) be the unital representation of the algebra Py, of polynomials in k variables defined
by 0(h) = h(Xy,...,X%). Inequality (5.4) states that 8 is completely contractive and therefore uniformly
continuous. Hence 6 has a completely contractive extension to A(T'y). The space A(T'x) is embedded in

the C*-algebra C(T*) of continuous functions on the k-torus by
f € AT — forme C(T).

By Theorem 5.1.1, § extends to a completely contractive unital linear mapping © : C(T*) — L(H). By
Theorem 5.1.2, there exists a Hilbert space K and a unital representation ® : C(T*) — £(K) such that
H C K and

O(f) = Pr®(f)ln

for all f € C(T*), where P is the orthogonal projection from K to H. Thus, if f € A(T'x) we have

f(X1, ., Xi) = 0(f) = ©(f) = Pr®(f o m)|n.

Let f; represent the j'" co-ordinate function, i.e. f;(z) =z;, 7=1,...,k. Then for j =1,...,k,
fiom(A) =¢(A)

and
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Observe that the operators X, ..., X}, lie in the commutative *-algebra ®(C/(T*)). The X, are therefore
commuting normal operators with Xi,..., X} as their compressions to H. We may suppose that the
smallest subspace of K which contains H and reduces each X j is K. The joint spectrum of the k-tuple of
elements (c1()),...,cx()\)) in C(T¥) is the range of this k-tuple of functions in T*. The range of these
functions is exactly the distinguished boundary of I'y. Next we may apply the unital representation ®
to deduce that o(X1,..., X;) C bT%.

We shall construct spaces H_ and A which are invariant for each X; and satisfy H_ ¢ N C K and

H=NOSH_. Let

H_={zxeK| f(Xi,...,Xy)x L H for every polynomial f}.

Clearly H_ is invariant for each X;, j = 1,...,k, and H_ L H. Let N' = H_ & H. Then N is also
invariant for each X;. We can prove this by considering any element x € H and showing that, for each
je{l,... k},

X'jx — PHij eH_.

Suppose f is any polynomial in k£ variables; then

Pr{f(Xy,..., Xp)(Xjo — PuX;2)} = Py f(Xe,..., Xp) X2 — (X1, ..., Xp) Py Xz
= F(Xue o X)Xz — f(Xa ., Xp) X
=0.
Thus, X'jx — PHX'jx € H_ and therefore A is invariant for each X; as claimed. Clearly, X; has the

form (5.3) with respect to the decomposition K = H_ & H & N+ so we may take Hy = Nt to see that

the result holds.
[ ]

Lemma 5.1.4 which follows is the key tool in the proof of the Main Theorem of this chapter (Theorem
5.1.5). The results of Chapter 4 are crucial to the proof of Lemma 5.1.4. Without the technical results
of that chapter the simplification which Lemma 5.1.4 permits would not be possible and the proof of

Theorem 5.1.5 would be unattainable.

Lemma 5.1.4 Let (X1,...,Xg) be a commuting k-tuple of operators on a Hilbert space H such that
o(X1,...Xk) CTy. If Tk is a complete spectral set for (Xi,...,Xy) and

prlact(Ar, .oy k), - - ,ozkck(/\l, o Ak)) >0

for |X\jl =1, € D then
pr(aXy, ... 7aka) >0
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for all o € D.

Proof. Define I and Xj as in Lemma 5.1.3. Since the Xj are normal and commute it follows that they

generate a commutative C*-subalgebra A of £(K). The space C(o(X,..., X;)) can be identified with

A by the Gelfand transform. By this transform, X ; can be identified with the jt" coordinate function.

An operator is positive semi-definite if and only if its Gelfand transform is non-negative. Thus, since

o(X1,...,Xg) C b’y and

for all (a, (A1, ...

for all & € D. We wish to show

for all @ € D.

,Ak)) € D x T* it follows that

To simplify the following calculations we define

Note that

i

Ak)) >0

pk(ozcl(/\l,...,/\k),... ,akck()\l,...
pr(aXi,... ,a*Xy) >0
pe(aXy,... ,a"Xy) >0
3 k
A= "(-1)"(k-r)a"X,,
r=0
k
A= (=D)"(k—r)a"X,,
r=0
~ k ~
B = (-D)"ra"X,,
r=0
k
B=) (-1)"ra"X,
r=0
* ok ok 5 x ok %
0 A x|, B~ |0 B =«
0 0 = 0 0 =«

|

(5.5)

(5.6)

(5.7)

with respect to the orthogonal decomposition K = H_ & H ®& H4+. By Lemma 1.3.1, equation (5.5) is

equivalent to,

for all o € D.

k;pk(oz)fl, .
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kX)) = AP A— BB >0
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We next show that A is invertible. Recall O’(X 1,...,Xk) is contained in the distinguished boundary
of I'y.. Thus, for all a € D,

k
o(A) =0 (Z(—nr(k —~ r)ofX})
r=0
k
(=D)"(k—=r)a"c,(N) | A e Tk}
0

T

= |l

C

N
—N—

(—1)"(k — r)er(a)) | A € Dk}

I
o

T

- {Ak,a()\) BYE ﬁ’“}.
Corollary 4.2.3 states that Ay o(A) #0 for alla € D and A € D". Therefore, for a € D,
0¢o(A)
and A is invertible. The inequality in (5.8) is equivalent to
1—-A'B*BA~' >0.

That is,
IBA™Y| < 1.

In view of (5.7), A must be invertible and

Hence
. * * *
BA ! ~ {O BA™! *} .
0 0 *
Thus, BA~! is the compression to H of BA™!, and so
|BA7Y < 1.

It follows in turn that

1— A*1B*BA~! >0,

A*A—-B*B >0,
and so

pr(aXy,. .. ,aka) >0

for a € D and, by continuity, for all & € D. That is, (5.5) implies (5.6).
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We may now prove our Main Theorem. It will lead to a necessary condition for a solution to the

Main Problem to exist.

Theorem 5.1.5 Let (X1,..., X)) be a commuting k-tuple of operators on a Hilbert space H such that
o(X1,...Xk) CTg. If Ty is a complete spectral set for (X1,..., X)) then

k
pr(0Xi, . b X) = 37 (1) — (o s))atal X)X, 2 0
r,s=0

,5=

for all o € D.

Proof. By Lemma 5.1.4 it will suffice to show that
pr(aci(N), ..., afcL(N) >0
for all @ € D and all A € T*. However,
pr(aci(N), ..., a%c(N) = prlci(aN), ..., ci(aN)),
so that
pr(aci(A),. .. 7O‘kck(>‘)) = pk,a()‘v A)

by (5.2). That is, since \; € T,

k
pr(aci(N), ..., a%e(N) = (1 = |a)?) ZH|1—0¢)\i|2
=i

This is non-negative for all @ € D and so the result holds.

5.2 Associated Results

The Main Theorem leads directly to a necessary condition for the existence of an interpolating function

from D to I'y.

Corollary 5.2.1 Letn € N. Choose n distinct points z; in D and n points (0(1]), . ,c,(j)) i L. If there

ezists an analytic function ¢ : D — Ty such that ¢(z;) = (cgj), . (j)) then

pr(aCy,... ,aFCy) >0
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for all « € D, where Cy,...,Cy are the operators defined by

Ci = diag{cgl), e CE")}

on the Hilbert space
M = Span{K,,,..., K, }.

Proof. Suppose such a ¢ exists. Theorem 2.1.3 implies that I'y is a complete spectral set for the
commuting k-tuple of operators (C1,..., C). If this is the case then the given polynomial is positive

semi-definite by an application of Theorem 5.1.5.
|

This result may be converted to a partial solution to the Main Problem with the necessary condition in

the more familiar form of the positivity of Pick matrices.

Corollary 5.2.2 Let n € N. Choose n distinct points z; in D and n matrices W; in My (C). If there
exists an analytic function ¢ : D — My(C) such that ¢(z;) = W; and o(¢(2)) C D for all z € D then, for

every a € D,

k sk — (r 4+ s)e..(aW.:)e. (oW, "
S (=) (k : (_;4)) - (aWj)es(aWs) > 0. (5.9)

i,j=1
Proof. Suppose an analytic function ¢ : D — M(C) is such that ¢(z;) = W; for j = 1,...,n. The
composition of the analytic functions ¢ and a (defined in Definition 5) is also analytic. Let ® : D — Ty,

be defined as

d=aqaog.
That is, ® is an analytic function which maps the point z; in the disk to the point a(W;) = (cgj), e c,(j))
in T'g. It follows from Corollary 5.2.1 that
pr(aCy, ... ,akC'k) >0
for all @ € D, where C} is defined as in (2.1). This is the same as
[(pr(aCy ... ,aka)Kzi,KZjﬂZj:l > 0. (5.10)

for all a € D.
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Now,

=

(pr(aCy, ... ,a"CL)K.,, )
k

Il
T

( (1) (k — (r + s))arasc:cr> K., K>
r,5=0

k
= 3 (1R = (r 4 8))a"a (CIG K., K)

r,s=0
k
= 3 () — (r + 8))en (W) es (AW K, (25)
r,s=0
k
= (1= 27) 7 3D () — (o 9))en (@) es (GW).
7r,5=0

Therefore (5.10) holds for all & € D if and only if (5.9) holds for all a € D.
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In the next section we illustrate a use of this result in the simplest case not studied elsewhere. We

consider the special case of the Main Problem with 2 interpolation points and 3 x 3 target matrices.

5.3 An Illustrative Example

Before we present an example demonstrating the use of the results in the previous section we shall
simplify their statements by introducing some new notation.

Suppose W7 and W5 are 3 x 3 complex matrices. Let
sj=ca(Wj),  bj=c(W;),  pj=cs(Wj). (5.11)

Using this notation we will specialise Corollary 5.2.2 to the relevant result for a two point interpolation

problem whose target values are 3 x 3 matrices.

Corollary 5.3.1 Let Wi and Wy be 3 x 3 complex matrices and suppose z1,z2 € D. Define sj,b;,p;,j =
1,2 as in (5.11). If there exists an analytic function F' : D — Ms(C) such that F(z1) = W1, F(z2) = Wy
and o(F(D)) C D then

3[1 = [a|®p;pi] + 2[a(|o]'pibi — 55) +

a(lal*b;p; — 5)]
+[a?(b; — |af?s;p;) + o (b — |al?sip;) + |

al®(s;j5i — bjbi)] >0
1-— ZiZj -
i,j=1

for all a € D.
Example 1 Let

0 1 0 0 0 O

W1:{001}, sz[l() 0]

0 0 0 0 1 3/4

Does there exist an analytic function F : D — Ms3(C) such that
o(F(D)) cD (5.12)

and

F0)=Wy,  F(3)=Wy? (5.13)

The eigenvalues of W; and Wy are (0,0,0) and (%,0,0) respectively, so that o(W;) C D. In the

notation of (5.11) we have

3
s1=by=p=by=py=0, 52 =7

60



Consider the Pick-type matrix

[21 - |a/|6p]pl] +2[a (| | p]b —55)+ 07(\04 bjpi — 8i)]
a = | Fle? —lals;pi) + a®(bi — |a*sip;) + |af*(s;5i — b;bi)]
¢ 1— 2z
L ij=1
T3 3 — 2as;y
= 13~ 28, 3 — 2(asz + as2) + (@sz)(wss2)
I 1—|zf?
3 3-32a
= |5_ 3, 16(3 — 3Rea + 1¢|al?)
L2 15
Now,
3 x 16 3 3
det M, = T5 — (3 - 3Rea+—|a\) (3-— 2@ a)( —5)
48 9
E_ERe f|a|2—9+9Rea—Z|a\2
3 3
=g = gRea — —|a|2

Therefore det My < 0. It follows that M; is not a positive semi-definite matrix. Corollary 5.3.1 states
that if there exists an analytic function satisfying (5.12) and (5.13) then M, > 0 for all « € D. We may
therefore conclude that no such function exists.

Given the results of this chapter, it is natural to wonder whether the necessary conditions established
are also sufficient. Unfortunately a number of the links in the chain of implications which are used to
prove the above results are only ’one-way’. Agler and Young have succeeded in showing that a number
of these are equivalences in the case k = 2. Sadly, from the point of view of this work, whenever k > 2
it is impossible to use the Commutant Lifting Theorem, which was the main tool of Agler and Young in
the proofs of all of their ‘backwards’ implications. A more detailed discussion of sufficiency and related

issues can be found in Chapter 8 along with relevant references to the work of Agler and Young.
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Chapter 6

A Refined Necessary Condition for

Spectral Interpolation

In Chapter 5 we demonstrated how the technical results of the earlier chapters give rise to a concrete
necessary condition for spectral interpolation. In this chapter we show how the same technical results
give rise to another necessary condition which is (potentially) stronger and only slightly more difficult to
implement. Theorem 5.1.5 can be deduced immediately from the work in this chapter.

The results of Chapter 5 rely on the fact that I'y is a complete spectral set for a certain k-tuple
of operators if an interpolating function satisfying the required conditions is to exist. The work which
follows uses a very similar approach. We show that I x 'y, must be a complete spectral set for a certain
(k + 1)-tuple of operators if a suitable I'y-valued function is to exist and satisfy certain interpolating
conditions.

As one might expect, just as the motivation for the two necessary conditions is similar, so are the
methods of proof. The reader will notice that all of the proofs in this chapter are extensions of the
corresponding results in Chapter 5. For completeness all proofs are given in full.

If D x I is a complete spectral set for a commuting (k + 1)-tuple of operators (A4, C1, ..., Cy) then D
is a complete spectral set for A and T', is a complete spectral set for (C1,...,C%). The converse, however,
does not hold. In [20] Crabb and Davie construct a triple of commuting contractions (71,75,73) and a

symmetric polynomial f bounded by 1 on D3 such that
||f(T17 T27 T3)H > 1

Since the polynomial f is symmetric, there exists a polynomial g which is bounded by 1 on I x 'y such
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that
f(xr, w2, 23) = g(x1, 2 + 3, 223).

Then (T» + T3,15T5) is a complete I's-contraction, but g(77, 7% + T5,75T3) is not a contraction and so

(Ty, Ty + Ty, TyT3) is not a complete D x I'y-contraction.

6.1 Definitions

For each k € N we introduce a polynomial py in 2(k + 1) variables. This polynomial will play a similar

role to that of py in Chapter 5. Let

k k
Pk (T0s -+ TS Y05 - - -5 Yk) = % (Z(—l) (k—r yo?/r) (Z k—r $o$r>

r=0 r=0
A k
% (Z( 1)"rys~ 7> (Z "rag” 7.> . (6.1)
r=0 r=0
Let n,k € N. Suppose we wish to find an analytic function ¢ : D — I'y, such that ¢(z;) = (cgj), ce c,(g))

for j =1,...,n. Define the Hilbert space M with basis K, ,..., K, and the operators Ci,...,Cy as in
Section 2.1. In addition, define A on M such that

A~ diag{#,...,2,} (6.2)

with respect to the basis K,,,..., K, . In Chapter 1 it was shown that the (k + 1)-tuple of operators

A, Cq, ..., Cy commute.

6.2 A New Necessary Condition

Theorem 6.2.1 If there exists a function ¢ : D — Ty which is analytic and has the property that
é(z5) = (cl(j)7 . 7ck(]‘)) forj = 1,...,n, then D x Ty, is a complete spectral set for the commuting

(k + 1)-tuple of operators (A,C4,...,Cy) as defined in (2.1) and (6.2).

Proof. By Lemma 2.1.2 we need only consider matricial polynomial functions h on D x I'y.. Consider the

scalar polynomial case. Let h be a polynomial in k + 1 variables. Observe that, for 1 < j < n, we have

hA,Cry.o C)K = > g APCY OV K,
TQyeeey Tk
= Z Ay, 25 001 ) @) K,
T05--3Tk
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Hence, if h = [h;;] is a p X ¢ matrix polynomial and z € {z1,...,2,} then

0
: hlj(A,Cl,...7Ck)Kz hljo(id X ¢)V(A)KZ
h(A,Ch,...,Ck) | K. | = : = :
: hpj(A,Cl,...,Ck)KZ hpjo(idx ¢)V(A)KZ
0
0
=h"o(idx ¢)(A) |K.
0
Thus
h(A,Cy,...,Ch) = ho (id x ¢)¥ ().

By von Neumann’s inequality, since A is a contraction,

IA(A, C1, ..., Ci)ll = [|AY o (id x $)(A)]]
< sup 1hY o (id x ¢)(2)

< sup [|RY(z,7)]]
DXFk

= sup [[h(z, )]
DXFk

That is, D x I'y is a complete spectral set for (A, Cy,...,Cy).
|

Lemma 6.2.2 Let (Xo,...,X) be a commuting (k + 1)-tuple of operators on a Hilbert space H such
that o(Xo, ..., Xg) C Dx . IfDx Ty is a complete spectral set for (Xo, ..., X},) then there exist Hilbert
spaces H_, H, and a (k + 1)-tuple of commuting normal operators (Xo, ..., Xz) on K “y OHO®H,

such that U(Xo, . Jfk) C T x bI'y, and each Xj 1s expressible by an operator matriz of the form

* * *
X ~ [O j *] (6.3)
0 0 =

with respect to the orthogonal decomposition K =H_ & H & H, .

Proof. Suppose that D x I'y is a complete spectral set for a commuting (k + 1)-tuple of operators
(Xo, ce ,Xk) That is

[A(Xo,- s Xi)lleary < sup  [[h(2)]]- (6.4)
z€DXTy

for all analytic matrix valued functions h.
Let 6 : Pry1 — L(H) be the unital representation of the algebra Py of polynomials in k+1 variables
defined by 6(h) = h(Xy, ..., Xk). Inequality (6.4) states that 6 is completely contractive and therefore
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uniformly continuous. It follows that 6 has a completely contractive, uniformly continuous extension to
A(D x T). The space A(D x I'y) is embedded in the C*-algebra C(T**1) of continuous functions on the
(k 4+ 1)-torus by

feADxTy) — fo(id x 7)€ C(TFM).
By Theorem 5.1.1, @ extends to a completely contractive unital linear mapping © : C(T**1) — L(H).

By Theorem 5.1.2, there exists a Hilbert space K and a unital representation ® : C'(T**!) — £(K) such
that H C K and

O(f) = Pr®(f)ln

for all f € C(T**1), where Py is the orthogonal projection from K to H. Thus, if f € A(D x T'}) we

have
f(Xo,.... Xk) =0(f) = O(f) = Pu®(fom)|n.

Let f; represent the (j + 1) co-ordinate function, i.e. fj(z0,...,2x) = 25,45 = 0,...,k. Then for

(a,)\l,...,)\k)E]D)XDk,

.
1l

fio(id x m)(e, A, . .oy Ae) = { () ﬁ

For j=1,...,k, let

Set Xo = ®(id). Then
Xj = fi(Xo,..., Xg) = 0(f;) = O(fj 0 (id x 7)) = P Xo|n-

Observe that the operators X, ..., X}, lie in the commutative *-algebra ®(C(T**!)). The X; are there-
fore commuting normal operators with Xg,..., Xy as their compressions to H. We may suppose that
the smallest subspace of K which contains H and reduces each Xj is K. The joint spectrum of the
(k + 1)-tuple of elements (a,c1(N),...,ck(N)) in C(TH*1) is the range of this (k + 1)-tuple of functions
in T**!. The range of these functions is exactly T x bI'y. Next we may apply the unital representation
® to deduce that U(XO7 ... ,Xk) C T x bI'y.

We shall construct spaces H_ and A which are invariant for each X; and satisfy H_ C N C K and
H=No&H_. Let

H_={zxeK| f(Xo,...,Xp)x L H for every polynomial f}.

Clearly H_ is invariant for each X;,j = 0,...,k, and H_ L H. Let N = H_ & H. Then N is also

invariant for each X;. We can prove this by considering any element x € ‘H and showing that, for each
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Jj€{0,...,k},
Xj.]? - PHX]'J? ceH_.

Suppose f is any polynomial in k variables, then

Pr{f(Xo, ..., Xp)(Xjz — PuXjz)} = Prf(Xo, o, Xp) Xy — f(Xo, ., Xp) PuXja
= f()(o7 - ,Xk)le‘ — f(Xo, . ,Xk)XjJ?

=0.

Thus, X'jx — PHij € H_ and therefore A is invariant for each X; as claimed. Clearly, X; has the

form (6.3) with respect to the decomposition K = H_ @& H & N+ so we may take Hy = N to see that
the result holds.

|

As in the previous chapter, we now present a result which allows us to verify the positivity of an

operator polynomial by reducing our calculations to the scalar valued case.

Lemma 6.2.3 Let (Xo,...,Xx) be a commuting (k + 1)-tuple of operators on a Hilbert space H such
that o(Xo, ..., Xy) C D x T. Choose a € D. If D x Ty, is a complete spectral set for (Xo, ..., Xs) and

pr(B,act, ... ,afer) >0 (6.5)
forall B €T and (c1,...,cx) € bT'y then
.u“k(X07aX17 s ,Oéka) > 0.

Proof. Define K and X'j as in Lemma 6.2.2. Since the Xj are normal and commute it follows that they
generate a commutative C*-subalgebra A of £(K). The space C((X,..., X)) can be identified with A
by the Gelfand transform. By this transform, X ; can be identified with the (j+ 1)t coordinate function.
Suppose (6.5) holds. An operator is positive semi-definite if and only if its Gelfand transformation is

non-negative, thus on application of an inverse Gelfand transform we have

1k (Xo,a Xy, ..., 0" Xp) > 0. (6.6)
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To simplify the following calculations we introduce the operators:

k
N =3 (=) (k—r)a"Xo X,,
r=0
k
N=)» (-1)"(k—r)a"X;X,,
r=0
k
M= (fl)rrof)goril)zr,
r=0
k
M=) (-1)ra" X, 'X,.
r=0
By the definition of Xj we see that
. x ok % . x % %
NN[() N *] MN[O M *} (6.7)
0 0 = 0 0 =

with respect to the orthogonal decomposition K = H_ @& H ® H.. Using this new notation, (6.6) reads
N*N — M*M > 0. (6.8)

Recall Definition 17 and consider o(N).

k
C {Z(—l)r(k —r)a’Bre,(\) | A€ Tk}

r=0

k
C {Z(—l)’"(k: —1)er(aBN) | A € Dk}
r=0
—k
={Ak,ap(N) | A €D }.
Corollary 4.2.3 implies that 0 ¢ o(N). Tt follows that N is invertible. Rearrange (6.8) to give

1— N*'M*MN~!>o.

Therefore
||J\~4N_1 | <1

Hence, by (6.7), N must be invertible and

Hence
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Thus, M N~ is the compression to H of ]\;IN_l7 and so
|[MN~Y < 1.
That is

1—-N""M*MN~'>0
N*N — M*M >0

e (Xo, X, . ..aka) >0

as required.
|

Lemma 6.2.4 If D x T, is a complete spectral set for (Xo,aX1,...,a*Xy) then it is also a complete

spectral set for (v(Xo),aX1,...,arXy) where v is any automorphism of D.
Proof. If f is an analytic function on D x I';, then so is f, defined by

fulxo, axy,. .., a"xp) = f(v(xo), axy, ..., o zy)
Thus

1f (r(Xo), 0 X1, " Xp)l| = || £ (X0, a X1, ..., 0" Xp)|

IN

sup | fi(2,7)]
DXFk

= sup |f(z,7)]
DXFk

as required.
|

Theorem 6.2.5 IfD x 'y is a complete spectral set for a (k+ 1)-tuple of operators (Xo, ..., Xx) and v

is any automorphism of the disc then
pe(v(Xo),aX1,...,a"Xy) >0 (6.9)
for all o € D.

Proof. Suppose D x T, is a complete spectral set for (Xo, ..., X;). Lemma 6.2.4 states that D x I'; is a

complete spectral set for (v(Xop), ..., Xk), thus it will suffice to show

:u’k(X07O[X1a . .,O[ka) >0
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for all & € D. By Lemma 6.2.3, this will follow if

pk(B,aci(N), ... afer (X)) >0

for all 3 € T, A € T*, and o € D. Recall Theorem 3.3.3 and the definition of py , given in (3.1). For
BeT, A€ Tk and a € D we have

pk (B, aci(N), . .. ,afep (X))

k * ok
= % (Z(—l)r(k - r)ofﬂrcr(A)) (Z(—l)r(k - r)ofgrcT(A))
r=0 r=0
1 (& AL
- = (Z(l)rrarﬁrlrcr()\)> <Z(1)Trofﬂr Lre (A))
r=0 r=0
1 (& AL
= (Z(—nr(k - r)arﬁrcr()\)> (Z(—w(k - r)arﬂrcr()\)>
r=0 r=0
1 K AL
- Eﬁﬁ (Z(—l)rro/"ﬁr_lcr(/\)> <Z(—1)TrozTﬁT_lcr()\)>
1 (& - ok -
=7 (Z(—lm - T)arﬂrcr(k)> (Z(—mk - r>ar5rcr<x>>
r=0 r=0
k *
f% <Z(1)TrarﬂTcr()\)> (Z(nrmwcr(x))
r=0 r=0
= % Ak,ap(N)Ak,ap(A) = Brag(A)Bras(M)]
= Pras(A )
k
=1 —[aB) Y ]I - arl
j=1i#j
> 0.

as required. Hence (6.9) holds.
]

Corollary 6.2.6 If there exists an analytic function ¢ : D — T'y such that ¢(z;) = (cgj), cel, c,(cj)) then
pe(v(A),aCy, ..., a"Cy) >0
for all automorphisms of the disc v, and all o € .

Proof. Theorem 6.2.1 states that if there exists an analytic function ¢ : D — T’y such that ¢(z;) =
(cgj), e 7cgj)) then Dx Ty, is a complete spectral set for the (k+1)-tuple of operators (A, Cy, ..., C). The-

orem 6.2.5 states that if D x 'y, is a complete spectral set for the (k+1)-tuple of operators (A, Cy, ..., C)
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then
i (v(A),aCy, ..., a"Cy) >0

for all automorphisms of the disc v and all o € D.
|

Just as in Chapter 5, this result can be transformed into a necessary condition for the existence of a

solution to a certain Nevanlinna-Pick problem in terms of the positivity of certain Pick matrices.

Corollary 6.2.7 Let n € N. Choose n distinct points z; in D and n matrices W; in My (C). If there
exists an analytic function ¢ : D — My(C) such that ¢(z;) = W; and o(¢(z)) C D for all z € D then

k n
> () e @W)u(z) () (k2 — (r+ )k + rs)(z:) — rslv(z) " e (V)
r,5=0
1-— zﬁzl
i,j=1
is positive semi-definite for every o € D and all automorphisms of the disc v.
Proof. By multiplying out (6.1) we have,
IU/k('/I"(% sy TRYTO, - - 7'fk)
L
=3 Z (=)o i,20° T (k* — (r 4 8)k 4+ rs)zg — rsazfy o, (6.10)
r,s=0

Let a(W;) = (ng)’ e 7cl(j)) and define C; by (2.1). Let A be given by (6.2). By Corollary 6.2.6, if there
exists an analytic function ¢ such that ¢(z;) = W; and o(¢(z)) C D for all z € D then for all @ € D and
all automorphisms v of the disc,

wr(v(A),aCy, ..., a*Cy) > 0. (6.11)
For @ € D and any automorphisms v of the disc, (6.11) is equivalent to

[(ur(v(A),aCh, ..., a*CK,, K.,)] . > 0. (6.12)

ij=1 =
Using the expansion given in (6.10) we see that
E{ue(v(A), aCy,. . ., aka)Kzi,sz>

is equal to

k
< Z (=)@t Crv(A)*Hu(A)* (K% — (r + s)k +rs)v(A) — rslv(A)" " 1a"C K, sz>

7r,5=0
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Using an identical method to Corollary 5.2.2 we see that this is equal to

k

> (1) ac (Wh)v(z)

r,s=0

s—1

which is the same as

s—1
r,s=0

[Z/(Zj)(k2 — (r+8)k +rs)v(z) —rslv(z)" e (W) K, (z5)

S o (“) e @) ) (2 = (r 4 s)h £ ra)u(z) = rslu(a) e (@)

Substituting this last expression into (6.12) and observing that
pe(v(A),aCy, ..., a"Cy) >0
if and only if
kup(v(A),aCy,. .., aka) >0

yields the result.

(6.13)

Corollary 6.2.7 gives us a second necessary condition for the existence of an interpolating function

from D to M (C). This new neccessary condition implies the one proved earlier in Corollary 5.2.2 by

choosing v as the identity. It is not clear however whether the two conditions are equivalent. It is

true that (C1,...,Ck) being a complete I'y-contraction is genuinely weaker than (A, Cy, ..

., Ck) being a

complete D x I';-contraction, and this might lead one to suspect that the resultant necessary conditions

in terms of polynomials would also be different. Whether this suspicion is true remains an open question.

Chapter 8 contains a discussion of the relative strengths of the two necessary conditions we have

presented.
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Chapter 7

The Caratheodory Distance on the

Symmetrized Polydisc

In this chapter we show how the main theorem of Chapter 5 gives rise to an interesting result concerning
the geometry of I'y,. We derive an upper bound for the Caratheodory distance between two points in
I'j. Caratheodory introduced his notion of distance in [18] and [19]. Essentially Caratheodory says that
we can define a distance between two points in some domain by considering all analytic maps from that
domain into the disc and asking how far apart (in the sense of the pseudohyberbolic distance) the images
of the points can be. Parallels can clearly be drawn with the distance of Kobayashi [30] in which the roles
of the disc and the domain are basically reversed. Kobayashi defines the distance between two points
in some domain as the minimum distance between two points in the disc which can be mapped to the
points of interest by an analytic function from the disc to the domain.

The method employed in this chapter is inspired by the work of Agler in [2]. Agler and Young used
similar methods in [3] to find an explicit formula for the Caratheodory distance on I'y. The technical
results we need to achieve the goals of this chapter are presented in Section 7.1 while the derivation of
an upper bound for the Caratheodory distance is contained in Section 7.2.

The upper bound we present is an infimum of a certain function. It is presented here as an infimum
over T. However, without the technical results of Chapter 4 the infimum would have to be taken over

the whole disc.
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7.1 Spectral Sets

The mathematical objects used in Section 7.2 differ slightly from those used in previous chapters. The
main differences occur because we consider spectral sets of operators acting on two dimensional Hilbert
spaces rather than complete spectral sets of operators acting on Hilbert spaces of arbitrary dimension.
We state (without proof) a result of Agler’s which, under special circumstances, will allow us to identify

complete spectral sets with spectral sets.

Definition 22 A set E C C* is said to be a spectral set for a commuting k-tuple of operators (X1, ..., X4)
on some Hilbert space, if 0(X1,...,Xg) C E and if, for all scalar-valued functions f of k variables which

are analytic on E, we have

Hf(Xlaan)” < sup |f(l‘1,,£17k)|
(z1,...,x)EE

Notice that the concept of a spectral set is tautologically weaker than that of a complete spectral set.
Just as we would describe a commuting k-tuple of operators with E as a complete spectral set as a
complete E-contraction we will describe k-tuples of operators with E as a spectral set as E-contractions.
An active area of research in Operator Theory is to establish which sets have the property that they are
a complete spectral set for every k-tuple of operators which have them as a spectral set. The following

result of Agler’s ([2, Proposition 3.5]) solves this problem in a special case of interest to us.

Theorem 7.1.1 Let U be a bounded set in C*. Assume that 21,20 € U, 2, # 2o and o(X1,...,Xk) C
{z1,22}. Then U 1is a spectral set for (Xi,...,Xy) if and only if U is a complete spectral set for
(X1, Xp).

Corollary 7.1.2 If (Xy,..., Xg) is a commuting k-tuple of operators on a two dimensional Hilbert space

then (X1, ..., Xg) is a Tg-contraction if and only if it is a complete I'-contraction.

Proof. The result follows from Theorem 7.1.1 since all reasonable forms of the joint spectrum of a k-tuple
of two dimensional operators are equal to the algebraic joint spectrum of those operators, which is clearly

a two point set.
|

We state the following Theorem without proof since the equivalences hold trivially.

Theorem 7.1.3 Let (X1,...,Xk) be a commuting k-tuple of operators with joint spectrum contained in
intI'y. The following statements are equivalent

(a) Tk is a spectral set for (X1,...,Xk),

(b) int Ty, is a spectral set for (Xi,...,Xg),

() If(X1,...., Xk)|| <1 for all analytic f :int Ty — D.
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7.2 Caratheodory Distance

Let N denote the set of analytic functions F : intT'y, — . The Caratheodory distance Dy on int 'y is

defined as follows. Let z; = (cgl), cee c,(cl)) and zo = (c§2), e ,c,(f)) be distinct points in int I'y. Then

F(z1) = F(2)

Dy (z1,22) = sup tanh ™! .
1-— F(ZQ)F(Zl)

FeN

To simplify notation, we use d(-,-) to represent the pseudohyperbolic distance on the disc. That is, for

A1, Ay €D,

A1 — A

d(M, A2) = ’12 .

1— A2

Thus,
Dy(21,22) = sup tanh™ ' d(F(z1), F(22)).
FeN

We wish to express the Caratheodory distance between z; = (cgl), . ,c,(:)) and z9 = (c§2), e 7022)) in

terms of operators on certain Hilbert spaces. Let H be a two dimensional Hilbert space with inner

product (-, -) and define
U(H) = {u = (u1,us2) | uis a basis of unit vectors for H}.
For u € U(H) define the commuting k-tuple of operators (Cty, ..., Cky) on H by
Ciu ~ diag{cgl) c§»2)} (7.1)
with respect to the basis u. We wish to show
o(Cruy -+, Cru) = {21,202} Cint Tg. (7.2)
We begin by proving z; € 0(Ciy, ..., Cky). We have
cgl) — Cjy, ~ diag{0, cgl) - cf)}
for 5 =1,..., k. Hence,
(" =) ] =0
for j =1,...,k and therefore .
> A = Cj) [(1)} =0
for all A; in the *-algebra generated by (Ciy,...,Cgy). It follows that the identity is not contained in

the ideal generated by c§1) — Cjy for j =1,..., k. Hence this ideal is proper and z; € 6(Ciy, ..., Cky).

Similarly Z9 € O’(Clu, ey Cku)
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Suppose z = (¢1,...,¢x) € {z1,22}. There exist (not necessarily distinct) integers ¢ and j with

0 < 4,7 < k such that
G # cgl), cj # cgg).

Therefore
*

0 c;—cP oo
Ci—Ci N|:O Ci_qg2):|7 Cj—CjuN|:J 0] N .

We can therefore find scalars «, 8 such that
Oz(ci — Ozu) + ﬂ(Cj — Oju) =1.

The ideal generated by ¢; — Cj,, for j =1,...,k is therefore not proper, and z ¢ o(Ciy, ..., Cky). This

completes the proof of (7.2). Finally, we introduce the set U'(H),
UH)={uelU(H) | (Cry,...,Cky) is a Ty contraction}.

As a first step to interpreting the Caratheodory distance in terms of the Hilbert space H we have the

following Lemma which relates the pseudohyperbolic distance on D to U(H).

Lemma 7.2.1 If F € N,u € U(H) then
IE(Crar.. Cr) | < 1 (73)

if and only if
[{ur,uz)[* <1 —d(F(z1), F(22)) (7.4)

Moreover, (7.3) holds with equality if and only if (7.4) holds with equality.

Proof. Consider F(Chy,...,Cky). Clearly,
|1F(Crayy -, Cra)] <1

if and only if
1—F(Cruy -, Crw) " F(Cruy - ., Cry) > 0.

Since u € U(H) this is equivalent to
[{(1 = F(Crus- -, Chu) F(Chus . ., Ca) g ws)]s > 0. (7.5)
With respect to the basis u we have

F(Chus- . Cra) ~ diag{F(c{",...c"), F(c?, ... cP)} = diag{F(z1), F(22)}.
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Thus (7.5) is equivalent to

[<Uj, Ui> - <F(Clu, ey Cku)u]‘, F(Clu, Ceey Cku)uiﬂij:l >0,
which is
1—|F(z)? (1= F(z1)F(22))(u2, u1)
(1 = F(22)F(21))(u1, u2) 1—|F(z)?

> 0.

Taking determinants, we see this is equivalent to

(1= [F(z0)?) (1 = [F(22)*) = (1 = F(21) F(22)) {uz, u1) (1 = F(22) F(21))(u1, uz) > 0.

Thus (7.3) holds if and only if

(1= [F(=)*)A = [F(2)]*)

uq, Uz 2< —
I )| |1 — F(22)F(21)]

=1—d(F(z), F(2))°

This proves the first part of the result. If (7.3) holds with equality then each of the equivalent statements
above will hold with equality. This completes the proof.
|

We can now represent Di(z1, 22) in terms of the Hilbert space H.

Lemma 7.2.2 Let z; = (c(j), .. .,c,(cj)) € int'y for j = 1,2. Suppose H is a two dimensional Hilbert
space and let w € U(H). If, for i = 1,...,k, Ci, is given by (7.1) then Ty is a spectral set for
(Crus - -+, Cru) if and only if

[{(u1,uz)| < sech Dg(z1,23).

Furthermore,

sech Di(z1,22) = sup |{u1,uz)|.
weld’ (H)

Proof. T is a spectral set for (Chy, ..., Cky) if and only if
|1E(Cruy- -, Cru)ll <1

for all analytic functions F' : intI'y — D. By Lemma 7.2.1 it follows that (Ciy,...,Cky) is a Ty

contraction if and only if

[(u1,u2)|* <1 — sup d(F(z1), F(22))*
FeN

=1 — tanh? Dk(Zl, 29)

= sech? Dy, (21, 22).
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This completes the first part of the result.
Since (u1,u2) may be interpreted as the cosine of the acute angle between the two unit vectors uy

and ug and 0 < secha <1 for all z € R it is possible to choose v’ = (u}, u}) € U(H) such that
|(u}, ub)| = sech? Dy (21, 22).
It then follows from above that (Ciy,...,Cky) is a T'gy-contraction. Therefore

sup |(u1,ug)| > sech? Dy(z1, 22).
weld (H)

It is clear from (7.3) however that the opposite inequality holds and we may therefore conclude that

sup  |(u1,usz)| = sech? Dy(z1, 22)
weU’(H)

as required.
|

Recall the definition of Py, in (1.6). For w € T and « = (x1,...,2%), ¥ = (Y1, .- ., Yx) define the hereditary
polynomial v ., by

Vew(2,y) = Pe(l,waxy, . .. L whag: 1, wy1,... ,Jyk).

In Theorem 7.2.5 we prove a specialisation of Theorem 5.1.5. The specialisation relies on the properties

of vy, given in the following Lemma.
Lemma 7.2.3 Ifw €T and x,y € int 'y then
Vgw(x,T) >0,

and

Vw(z,7) # 0.

Proof. Since z € int 'y, there exists A = (A1,...,A\;) € D such that = (¢1(A), ..., cx(N)). Thus,

Vkw(2,T) = Pr(1,wer(N), ... ,wkck()\); 1Lwer(N), ..., wkek(N))

— Pl e1(@N), s en (@A) Ler(@N), ., e (@X)).
Then, by Corollary 3.3.2, we have
Uk (€, T) = Prw(A\A).
That is, by (3.1),

k
vew(@, @) =Y [ (1= NP I =wA? | >0

j=1 i#j
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This completes the proof of the first statement in the result. If y € int 'y then there exists § € D such
that y = (¢1(9),...,cx(d)). By Theorem 3.3.3,

_ 1 1
Uk (@, %) = 2 Ak WI” = 21Bro(W)*,

Furthermore, by Corollary 4.2.3 we have Ay ,(A) # 0. Thus vy, (z,Z) > 0 if and only if

Byj.w(N) ‘
1> : . 7.6
‘Ak,w(A) ( )
Again by Theorem 3.3.3, we have
kg w(2,7) = Akw(0) Ak,w(N) — Brw(9)Brw(N).
Therefore v, (x,7) = 0 if and only if
Ak (0)Akw(N) — Biw(0)Biw(A) = 0.
That is, if and only if
Biw(6) Brw(N)
1- =0
Ak:,w (5) Ak,w(A)
which contradicts (7.6). Thus v ., (x,7) # 0.
]
Lemma 7.2.4 Let (Xy,...,Xy) be a k-tuple of commuting operators on a two dimensional Hilbert space
such that 0(Xy,...,X) CintTy. Then
pr(wX1,. .., W Xg) >0 (7.7)

for allw € T if and only if
pk(OéXl,...,Oéka) 20

for all a € D.

Proof. (<) This follows immediately by taking radial limits.
(=) Suppose (7.7) holds. Then
A*A, — B B, >0

for all w € T, where

(=D)"(k —rw"X,,

BN
€
|
i
- 1~

S5
3
Il

(-1)"rw" X,

ﬁ
Il
o
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Now, A, is invertible since by Corollary 4.2.3 its spectrum does not contain the point zero. Therefore
(7.7) implies
1B, AZY <1

for all w € T. However, Corollary 4.2.3 also tells us that A, is invertible for all & € D and hence the map

a — Ba AL
is analytic. By the maximum modulus principle,

[BaAGt <1 (7.8)
for all & € D. Inequality (7.8) is equivalent to

AtA,—ByB, >0
for all @ € D, and hence to
pr(aXy, ... ,aka) >0

for all € D.
[ |

Theorem 7.2.5 Suppose H is a two dimensional Hilbert space. Let (X1,...,X) be a k-tuple of com-
muting operators on H such that o(Xy,...,Xy) CintT. Then Ty is a spectral set for (X1, ..., Xg) only
if

pr(WX1, ..., X)) >0

for allw e T.

Proof. Theorem 7.1.2 states that Ty is a spectral set for (Xi,...,Xy) if and only if it is a complete
spectral set for (Xi,...,Xg). Theorem 5.1.5 states that Iy is a complete spectral set for (Xi,..., Xx)
only if

pr(aXy, ... ,aka) >0

for all o« € D. The result then follows from Lemma 7.2.4.
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The above specialisation of Theorem 5.1.5 gives rise to the following inequality, which we use to establish

an upper bound for the Caratheodory distance on int I'g.

Lemma 7.2.6 Let H be a two dimensional Hilbert space and let u = (ui,uz) € U(H). Suppose z; =
(cgj), ... 7c,(j)) €intTy for j =1,2. Fori=1,...,k, let Cy, be defined by (7.1). If Ty is a spectral set

for (Cruy- -, Cry) then
(1, ua)|? < inf V(215 21) Uk w (22, 22)
’ T weT |Vkw (21, 22)]?

Proof. If Ty, is a spectral set for (Cy, ..., Cry) then by Theorem 7.2.5,

pk(wclua s ;wkcku) >0
for all w € T. This is equivalent to

2
[< Pr(WChy, - - - ’chku)uja Ui >]i,j:1 20

for all w € T. This in turn is equivalent to the matrix
_ 2
[< Pr(1,wChu; - ., Chy; 1, @O, - -, WECE Uy, us >} -
i,j=
being positive semi-definite for all w € T, which is to say,
2

[< Pk(l,wcgj), ... ,wkc,(cj); 1,wer (i), ... ,wkcgj))uj,ui >} . >0
i,j=
for all w € T. Equivalently,
Uk (21, 71) Uk (22, 21) (ug, ur) | o 0
Vkw(21, 22) (U1, ug) Vk,w (22, 22) -

for all w € T. This last inequality is equivalent to
vk,w(zlva)vk,w('z%@) - |Uk,w(z2aZ)|2|<u27ul>|2 > 0

for all w € T. By Lemma 7.2.3, for all w € T,

vk,w(zlvz)vk,W(22772)
Uk 0 (22, Z1) |2

[(ur, uz)? <

Therefore

2 . Uk,w(zlaZ)rUk,w(ZQag)
up, ug)|* < inf —
|< ’ >| weT |vk,w(22,zl)|2
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We are now in a position to establish an upper bound for the Caratheodory distance between two points

in int ['g.

Theorem 7.2.7 Let z1,2z9 € intI'y. Then

sech? Dy(z1, 22) < inf vk’w(zl’zl)vkﬁ(zj’ZQ)
weT [V w (22, 27)]

Proof. Applying Lemmas 7.2.2 and 7.2.6 in turn we have

sech? Dy (21, z2) = sup{|(u1,uz)|? : uwelU'(H)}

< 2 . 2 < ka,w<zla5)vk,w<32a5)
<sup {[{unun)? 5 [fun, )l < jnf P el

< inf Uk,w(ZhZT)Ukﬁ(ZQQ,ZT)
weT [V, (21, 22)]
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Chapter 8

Areas of Further Study

This thesis has touched on a number of different mathematical and engineering areas, including interpo-
lation theory, operator theory, Hilbert spaces, complex geometry, linear systems and control engineering.
The Main Problem of this thesis is studied in one form or another by specialists in most of these dis-
ciplines. It is beyond the scope of this work to place accurately our results alongside those of our
colleagues in different fields, or even to speculate on how future approaches to these problems should be
made. Instead, we content ourselves by discussing some questions which we believe arise naturally as a
consequence of our work.

We draw comparisons mainly with the work of Agler and Young, not because they are the only
authors to have dealt with the problem, but because it is their approach which we adopted to derive our
results. If the reader is interested in seeing a different approach to spectral interpolation problems, then
we recommend the series of papers by Bercovici, Foias and Tannenbaum [10, 11, 12, 14, 15]. The third
of these contains a number of illuminating examples.

A more general introduction to interpolation problems (including their applications) can be found in
[33], while [27] is an excellent introduction to the wealth of control engineering literature.

It seems that a natural question to ask, when presented with two necessary conditions for the existence
of a solution to the spectral Nevanlinna-Pick problem, is whether either, or both, of these conditions is
sufficient. I do not know the answer to this question.

In [6] Agler and Young proved that I's is a complete spectral set for the commuting pair of operators
(C1, Cs) if and only if

p2(aCy,aCs) >0 (8.1)

for all « € D. Furthermore, the same paper contains a realisation formula for all hereditary polynomials
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which are positive on I's-contractions. This means, when k& = 2, we can use the realisation formula
to verify whether any particular pair of commuting contractions will satisfy (8.1). Unfortunately, for
general k, it is impossible to employ the methods of Agler and Young to establish an equivalent result.
The realisation formula for hereditary polynomials which are positive on I's-contractions relies on the
fact that a certain Hilbert space can be assumed to be one dimensional. Since we were unable to justify
such an assumption, we were unable to present a realisation formula for hereditary polynomials which
are positive on I'p-contractions. Another difference between this work and that of Agler and Young is
that the inequality in (8.1) is sufficient (as well as necessary) for (Cy,C3) to be a I's-contraction. We
prove the necessity of (8.1) for general k in Chapter 5. Agler and Young’s proof of sufficiency relies on an
application of the Commutant Lifting Theorem, which cannot be applied to more than two commuting
contractions. It is therefore impossible to apply Agler and Young’s methods in the case of arbitrary k. Of
course, just because the same method of proof cannot be employed, it does not follow that an equivalent
result is not true for arbitrary k. Indeed, I have been unable to produce a counter-example to such a
claim.

The fact that (8.1) is equivalent to (C7,C3) being a I's-contraction also allowed Agler and Young
[3] to give an exact formula for the Caratheodory distance on intI';. The formula they present takes
exactly the same form as the upper bound for the Caratheodory distance we present in Chapter 7. The
additional information given by an exact formula for the Caratheodory distance enabled Agler and Young
to produce Caratheodory extremal functions for I's.

Even if one were able to establish that the k-dimensional equivalent of the operator inequality (8.1) is
sufficient for a k-tuple of operators to be a I'y-contraction, one would still lack a full sufficient condition
for spectral interpolation. The argument presented in Chapter 1 to reduce spectral interpolation to I'y
interpolation fails to prove the equivalence of the two problems. An identical obstacle faced Agler and
Young in their treatment of the two dimensional case. In [5] they were able to show that the two types of
interpolation problem are equivalent whenever all or none of the target matrices are scalar multiples of
the identity. If the target matrices fail to satisfy this condition, then it has been shown that the spectral
Nevanlinna-Pick problem is equivalent to a I'y, interpolation problem with a condition on the derivative
of the interpolating function. It would appear that one could begin to approach the question of whether
T’k interpolation is equivalent to k x k spectral interpolation in the same way. Namely, one could base an
analysis on a suitable generalization of scalar matrices. The work of Agler and Young suggests that the
correct generalization would be to consider whether the target matrices are derogatory. That is, whether
the target matrices have the property that their minimal and characteristic polynomials coincide. In the

case of 2 x 2 matrices, derogatory and scalar are synonymous.
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Simplifying the I’y problem by considering only two interpolation points yielded success, in terms
of a sufficiency result, in the two dimensional case in [4]. Here, Agler and Young were able to prove a
Schwarz Lemma for I's. That is, they were able to show that the condition in (8.1) is equivalent to the
existence of a solution to the I's interpolation problem in the case of two interpolation points when one of
the target points is (0,0). The resultant Pick-matrix form of this result is very much in keeping with the
classical Schwarz Lemma, and it serves to demonstrate the increasing difficulty one faces in considering
higher dimensional versions of the problem. A Schwarz Lemma of this type seems to be an achievable
target for k > 2. The results of this thesis provide the necessary condition part of such a result. I believe
that a Schwarz Lemma for k > 2 would present the greatest chance of success if one were to attempt to
extend the various results of Agler and Young from the two dimensional case.

Until now we have been concerned with the sufficiency of the necessary conditions for spectral in-
terpolation presented in Chapters 5 and 6. At this point however, it is not even clear whether these
different conditions are equivalent to one another. It is easy to see that the necessary condition given
in Chapter 5 is a special case of the condition in Chapter 6. Whether the opposite implication holds is
an open question. As discussed in Chapter 6, the condition presented there is derived from the fact that
D x Iy, is a complete spectral set for a (k + 1)-tuple of operators, whereas the necessary condition in
Chapter 5 is based on the genuinely weaker fact that 'y is a complete spectral set for a certain k-tuple
of operators. Although there is a real difference between the two underlying spectral set conditions,
it is unclear whether this difference remains when the dust has cleared and we are presented with the
two necessary conditions for spectral interpolation in Pick-matrix form. The question of whether the
two necessary conditions presented in this thesis are equivalent is open even in the case k = 2. Having
attempted in vain to construct a number of examples which would show that the conditions are different,
I would not like to guess whether they are or not. Agler and Young are currently pursuing research in
this area.

A series of papers by Bercovici et al. has examined the spectral Nevanlinna-Pick problem from
a different, but still operator theoretic, perspective. In [12] these authors prove a spectral commutant
lifting theorem. They then apply this theorem to the spectral Nevanlinna-Pick problem in much the same
way as one would use the classical Commutant Lifting Theorem to prove Pick’s theorem (Corollary 1.1.3).
The solution to the spectral Nevanlinna-Pick theorem which results from this approach is complete in the
sense that the condition given is both necessary and sufficient. However, the condition which Bercovici et
al. show to be equivalent to the existence of a solution to the spectral Nevanlinna-Pick problem is rather
difficult to apply in general. They, like us, construct a Hilbert Space H and an operator A from the

interpolation information. Their theorem states that there exists a solution to the spectral Nevanlinna-
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Pick problem if and only if there exists an invertible operator M which commutes with the shift operator
(compressed to H) such that ||[MAM~1|| < 1. The paper concludes with a section consisting of various
examples which demonstrate the subtlety of the spectral Nevanlinna-Pick problem. Included in this
section is an example in which each of the target matrices is diagonal, there is a solution, but no diagonal
interpolating function exists. Another example illustrates the difference between spectral and classical
Nevanlinna-Pick interpolation: it shows that a solution to the spectral version of the problem can have
arbirarily large norm.

Bercovici, Foias and Tannenbaum extended the results of [12] in [14] where they considered the
tangential spectral Nevanlinna-Pick problem. The method employed in this paper is very similar to that
of their previous work. The paper [14] includes an algorithm for constructing optimal solutions (in the
sense that their spectral radius is as small as possible) to the tangential version of the problem- a theme
which is continued in [13], where the authors describe a property of an optimal solution to the spectral
Nevanlinna-Pick problem. They summarise their result by saying that optimal solutions to the spectral
Nevanlinna-Pick problem are spectral analogues of inner functions which appear as optimal solutions in
dilation theory.

The condition which Bercovici et al. prove equivalent to the existence of a solution to the spectral
Nevanlinna-Pick problem is closely related to the structured singular value- or more precisely, an upper
bound for the structured singular value. The link between these two concepts is examined further in [15]
in which the spectral commutant lifting theorm of [12] is used to prove that the structured singular value
is equal to its upper bound under certain conditions. The method of dealing with robust stabilization
problems via an upper bound for the structured singular value, rather than the quantity itself, is common
amongst engineers.

Doyle and Packard published a comprehensive paper [32] in which they discussed various methods of
calculating bounds for the sturctured singular value whilst in [16], Braatz et al. demonstrated why so
much effort is expended in dealing with bounds for y when they showed that in many cases the exact
calculation of p is NP-hard. They politely suggest that attempting to calculate p directly is therefore
futile. A more recent, and more operator theoretic study of the structured singular value was undertaken
by Feintuch and Markus [25]. These authors again focus on the closeness of upper bounds for u, but do
so in the more general setting of infinite dimensional Hilbert space.

Whether one is interested in robust stablisation, or spectral interpolation there are a wealth of different
approaches currently being pursued. I hope the results of this work will make a significant contribution

to the field by throwing light on a hard, concrete special case.
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