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Designing of Wavelets in

Spiral Addressing Model on a Hexagonal Grid

Fayas A

Abstract- Image processing in hexagonal grid is very much
advantageous than in the conventional rectangular grid. The
advantages include higher angular resolution, consistent
connectivity and higher sampling efficiency. A wide class of
operations on images can be performed directly in the wavelet
domain by operating on its coefficients of the images. Operating
in wavelet domain enables to operate on different resolutions,
manipulate features at different scales and localize the operation
in both spatial and frequency domains. A new method of
designing hexagonal wavelets using lifting scheme in the spiral
addressing scheme is proposed in thisthesis. It is computationally
efficient because they are not based on Fourier transforms, and
could be performed in place.
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I INTRODUCTION

Many resampling techniques were proposed like brieK,
quincunx sampling, least squares approximationpbfiss,
etc [3]. Using wavelets an image can be decompogeda
multiresolution hierarchy of localized informatiomt
different spatial frequencies. Operating in the elat/
domain enables one to perform various operations
progressively in a coarse-to-fine fashion, operate
different resolutions, manipulate features at déffe scales,
trade off accuracy for speed, and localize the afpmr in
both the spatial and the frequency domains. Lifsageme
[5],[6],[7] is a simple and efficient technique fitre creation

of wavelets. It is computationally efficient becaubkey are
not based on Fourier transforms and could be catledlin-
place. In this work, the first part deals with lasiof
hexagonal image processing followed by the spiral
addressing scheme. Then it covers the construotibn

Image processing uses a rectangular grid for imad¢édvelets using lifting scheme. We propose one nethad
representation and processing. Hexagonal grid is &hdesigning hexagonal wavelets using lifting sceémthe

alternative pixel tessellation scheme besides
conventional square grid for sampling and représgnt
images. Using hexagonal grids to represent digitalges

trepiral addressing scheme.

Il HEXAGONAL SAMPLING SCHEME

have been studied for more than 40 years. IncreasAdligital imagea[m, n] described in a 2-D discrete space is
processing capabilities of graphic devices and necederived from an analog image(x, y) in a 2D continuous
improvements in CCD technology have made hexagonsthace through aamplingprocess that is frequently referred

sampling attractive for practical applications. G@omous
studies in this field brought new interests to ttopic. A

to as digitization. The 2D continuous image(x, y) is
divided intoN rowsand M columns The intersection of a

hexagonal coordinate system is simply a system lwhicow and a column is termedpaxel. The value assigned to

replaces the common square lattice and descriledstiges
in favor of a hexagonal lattice. From the perspectdf
computer vision,
resembles the layout of photo-receptors in the muratna.
Research suggests that the simulation of at |leasé ©f the
capabilities possessed by human eye and the vis
processing areas of the brain can be easily ex¢andahe
images that are laid out on a hexagonal latticeagiag on

a hexagonal lattice is a promising solution whics fbeen
proved to have better efficiency and less aliagitig Its
computational power for intelligent vision pushesward
the image processing field. Many reports describing
advantages of using such a grid type are foundhi t
literature. The major advantages are higher degrke
circular symmetry, uniform connectivity, greatergatar
resolution, lesser storage and reduction in contiputefor
image processing operations. Mersereau [2] has rstibat
for circularly band limited signals, 13.4% fewenmgading
points are required with the hexagonal grid to t@mthe
equal information with the rectangular grid.

Manuscript Received on December 2014.

Fayas A Taif University College and IT Taif, Makkah 21974uli
Arabia.

55

the integer coordinatesn[ n] with { m=0,1,2,...M-1 } and
{ n=0,1,2,...N-1} is a [m, n]. Following are the various

hexagonal coordinate system djosetessellation schemes used for the digitizatiorhefitnage.

2.1 Three possible regular tessellation schemes

qure exist only three possible regular tessehasichemes

tile a plane without overlapping among the sa®@nd
gaps between them, namely the tessellation witladenxs,
with squares, and with regular triangles (Fig.lhyAother
types of spatial tessellation will result in eithenequal
distance between neighboring pixels, or introduapsgor
overlaps among samples.

Fig. 1 Three schemes of regular tessellation
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22 Efficient Sampling Scheme

An insufficient sampling rate can always
unwanted effects in the reconstructed signal, referas
aliasing. Middleton [8] investigated sampling and
reconstructing wave number limited multi-dimensiona
functions of signals. They concluded that the megtéar
lattice is not the most efficient sampling lattiedich uses

minimum number of sampling points to achieve exac
conclusion was obtained by

reconstruction.A similar
Mersereau [2] and Vitulli [5], who showed that feignals
which are band-limited over a circular region inuRer
space, 13.4% fewer sampling points are requireth tie
hexagonal grid to maintain equal high frequency gena
information with the rectangular grid, thus lessratie and
less computation time are required. An examplthas in
image coding application, one may expect that thaing
efficiency can be increased by using the hexagsaalpling
scheme. On the hexagonal grid, digitization displayetter
connectivity and is perceived as being approximatgd
small poly lines, whereas on the square grid, idafion is
still perceived as being approximated by pixelsctBa
perception of single pixels disturbs the impressioh
continuity of the discretized line. This is duethe fact that
in the square grid neighbors of a pixel are notgdball at
the same distance. Moreover, two diagonal neighipotise
square grid have only one point in common, wheteas
horizontal or vertical neighbors of the square gedd all
the neighbors of a pixel in the hexagonal grid, ehane
segment in common with their neighbor.

M. SPIRAL ADDRESSING SYSTEM

Middleton and Sivaswamy [8] proposed a one-dimeraio
addressing system, as well as two operations basdtiis

addressing system, for hexagonal structure. Tteteny is

called as Spiral Architecture (Fig.2). Spiral Ateliture

(SA) is inspired from anatomical consideration die t
primate's vision system.

Fig. 2 Spiral addressing

The address in the spiral architecture grows froendentre
of image in powers of seven along a spiral likeveuiThis
addressing scheme combined with two mathematic
operations, spiral addition and spiral multiplioatiis the
base of Spiral Architecture. The spiral additiord apiral
multiplication correspond to image translation anthge
rotation respectively. Middleton and Sivaswamy E§o
proposed a single-index system for pixel addresdigg
modifying the Generalized Balanced Ternary systas,
shown in Fig.3.
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Fig. 3 (a) Hexagonal image structure with indicesh)
Balanced ternary addition
Neighborhood operations are often used in image
processing. Finding the neighbor in a hexagonalgana
makes use of the spiral addition operation [8]alseven-
pixel cluster, the neighborhood relation can besieined
by spiral addition as follows.
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(a) Neighborhood relationship (b) An example of ngihborhood
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Fig. 4 Neighborhood relationship with spiral
architecture

Let the spiral address of the central pixel, asshin Fig.
4(a), be denoted by a, Then the spiral addreds okighbor
pixel can be described by spiral addition denotgd bwith
a certain number of displacements, as shown in &i@).
An example is given in Fig. 4(b). For the whole geathe
spiral rotation direction is as shown in Fig. 5earan find
out the spiral address of any hexagonal pixel wéhtre on
a certain hexagonal pixel whose spiral addresadsvk.
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The Spiral Architecture has some distinguishingtuie=s 2) Computing the wavelet coefficients as the failuo
compared to the square image processing. The opeedict one subset based on the other (high pass),
dimensional addressing scheme leads to an effistenage 3) Computing the scaling function coefficients kydating
and the placement of the origin at the centre efithage the remaining subset (low pass).
S|mp||f|es geometric transformations of a given fg‘aa Any discrete wavelet transform can be factored Ilftmg
Hexagonally sampled image allows non-traditiona$teps [9], thus allowing in-place computation af thavelet
neighborhoods with consistent boundary connectivitjransforms, faster computation, asymptotically g the
which is useful for many computer vision applicato complexity by a factor of four and constructionvedvelet
transforms that map integers to integers [10].

V. WAVELETS
Wavelets were developed independently in the fiedfis V. CONSTRUCTION OF WAVELETS USING

mathematics, quantum physics, electrical engingeand LIFTING METHOD

seismic geology. Interchanges between these fisloi;ig We present the construction of wavelets on a hexaigo
the last ten years have led to many new waveldtcapions lattice based on the method of lifting which is efficient
such as image compression, human vision, radath eayvay to compute wavelets[11]. In contrast to Laif&][the
quake prediction and various other image processiftgx@gonal wavelet thus derived does not use a éuri
operations. The transform is computed at variogations ~transform method. Lifting scheme here explainedased
of the signal and for various scales of the wavdlethe ©On the spiral addressing scheme which is implendeote
process is done in a smooth and continuous faghienif the HIP framework explained in [8]. Construction thie
scale and position is varied very smoothly) ther thwavelet is performed in three phases: splittingdmting,
transform is called Continuous Wavelet Transformv(g.  and updating. Splitting partitions the data int@ tsubsets A
If the scale and position are changed in discregpss the and B. Predicting computes wavelet coefficienté atsing
transform is called Discrete Wavelet Transform (DWT  the points in B. Updating changes the points im Bnder to

Mathematically, a wavelet can be denoted as preserve the mean value. All, these operations@mputed
in-place and reversing them can produce the inverse
Y- (1) :iw ﬂ transform. A complete wavelet transform of a hexajo
' /| a| a 1) image requires repeated application of the spijftin

b — Location parameter predicting, and updating steps. These are now ibestria

a— scaling parameter  the first case for a two layer HIP imaBQ() , X0G 2 and
a general case.
For the function to be a wavelet, it should be timgted. g1 Firg case

For a given scaling parameter, we translate the Wavel_et Initially, the lifting scheme partitions the datata even and

by varying the parameteb”. Design of wavelets is done in . : . .
. . ) odd pairs corresponding to up sampling and dowrpiam
two methods. One is the filter bank method whichsuthe the data by a factor of 2. Specifically for an ira a

filters, analysis and synthesis filter banks areldther is the square lattice this corresponds to a partitioningeme

lifting scheme method. Here we consider the liftmgthod based upon the 4-neighbours of a point. Howeves tduhe

and how it is used to construct wavelets in sgidiressing . g .
o . ) topology of the hexagonal lattice this is not negllausible.
scheme. The lifting scheme [5] is a method for turesing In fact the 3 symmetric axes make it impossiblgitovide

wavelets in the spatial domain. It consists ofetsteps: such a partiioning using any of the 6-neighboufsao

1) Splitting the data into two subsets, hexagonal point. Thus, the method illustrated ig. Bi(a) is
performed.

Fig. 6 Partitioning of the hexagonal image usingfting
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The green points ({0, 15... 66}), collectively dendtas A, are analogous to up sampling, while the red pait, 2

65}), denoted as B are analogous to down sampling. Using the folfmpnset operation :

S(X) ={x,x+15 x+ 26, x+ 31, x+42,x+53 x + 64}

)

Here '+, is the addition operation defined in ttwntext of the HIP framework. The set of pointsAg can thus be defined

recursively as follows:

Ao = Sn(O) = Sn—l(O)U Sn—1(15)U

B, can be defined simply as’G A,. The next step in lifting
is to predict the values at addresses givenjnu&ing the

Sh-1(64) ®

Here, g is the nearest neighborsAin to pointb; ¢ By. In
this case it corresponds tbi£1, b+3, b+5} or {b;+2, bi+4,

nearest neighbors in BThis can be performed using ab;+6} depending on the value gf b

linear interpolation. Thus for a given member i lbeled
g the prediction step is :

h(ai) = h(a:) —% Z h(g)

gONg
(4)
Here, g are the nearest neighbors gn B point g, Ag. In
this case it corresponds to

NP ={a+1-,a +6}
The values foh (a) are omputed in-place. Once

this has been computed the valueBjncan be updated to
preserve the image mean, via

2. h(g)

gONg:

—h(b) + 1
(b) =h(b) +

(5)
Co=SM=S-.MUS-.@6)U

We can notice the change of origin. The set of eskls
corresponding to the low frequency image data fdeé as
Dy = By — Co. The predicted values of can be computed as
a linear interpolation, thus:

h(c) =h(e)-= 3 h(g)

3gDNE

oooooo

@)

Here, g are the nearest neighbors in B pointci e Cy, In
this case it i ¢;+1, G+3, g+5}. Similarly we can compute

the updating step as follows:
> h(g)

gONgG

—h(d)+ 1
h(d) =h(d) +

Here, g are the nearest neighbors in @ pointd, ¢ Dy In
this case it i4d;+2, d+4, d+6}.
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In the normal lifting scheme the steps just desctilwould
be reapplied repeatedly to the remaining low freqyeparts

of the image (B. However, examination of Fig.6(a) shows
that the remaining points do not have the samelagpoas
the original. In fact, it looks like a group of tegonal rings.
For this reason we have to reexamine the splitting,
predicting, and updating steps. As each hexagoimg r
consists of 6 points it is possible to just sptie tspace in
half but again due to topological constraints s possible
to choose odd and even points. The specific pamtits
illustrated in Fig. 6(b). The cyan poifs 3,... 60),
denoted by g are the high frequency points and the
magenta points (2, 4,...,65), denoted by &e the low
frequency points. As the spacing between point&gris
equivalent to that in 4 the points can be recursively
defined:

US-.(63 ©)

D C
Notice the similarity between the two se%C and Nd
and the one employed in the update step fofTBis implies
that the update step fo Bhus requires just prior knowledge

of the neighbors for £and Oy to compute.
5.2 General case

At the end of the first iteration of the lifting guedure we
have computed the high frequency values correspgniadi
A0 and CO are left with set DO from which to congnthe
process. There are many possibilities but the only
requirement is that it should be simple to apply.
Examinations of Fig. 6(c), which are the pointid, show
two features. Firstly, the original origin is nonfger in the
data set so a shift is required. Secondly, theusadf the
hexagonal ring has expanded §$ and rotated by 300.
Fortunately, due to the vector nature of HIP adgksghe
shift can just be accommodated by an addition @& th
address to the origin and the rotation and@cadiang be
accommodated by a multiplication. There are manidva
possibilities that can be used but for the workspreed here
an offset of 2 and a scaling of 15 were chosen.
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Using these ideas the general case can be defiVisl.is The neighborhoods are also changed to include fiaesars
achieved by rewriting the cases for the first casel as follows:

introducing an origin shift, ‘o’, and a transforncat, ‘r’,

defined as: N2 ={a +1r_,---,a +6r,}

OOZO, On:150n—1+2
Ny ={b +1r,,b +3r,,b +5r,}, b OD,

n {b +2r,.b +4r,.b +6r,}, b OC,
r=1115
SN
1= c _{bl +1rm'b|+3rm'b|+5rm}
Using these, steps previously outlined can be ieeef By c _
redefining the partitioning operation to be Ng ={b +2r,b +4r.b +6r.} (13)

Sm(Y) ={y, y+15m; """ ’ y+64m} (10) Equations given in the prediction and updatingieactan
now be applied directly to compute the wavelet. THverse

where Y = X+ On, wavelet uses the same sets of addresses thougfytiseare
swapped in the prediction and updating steps.

The first splitting is:
VI. IMPLEMENTATION

— Sm In this approach we use the Hexagonal Image Primcess
A\n — ~n (Om) (HIP) framework which is implemented in Python laage.

Using this, image can be resampled into hexagasiabithe
— A _ _ spiral addressing scheme. Construction of wavalstag
Bm =G A‘n’ m=0 1) the lifting scheme is done in this framework. Inisth
_ framework number of layers required to represeninayge
D,.,— A, else

log(M) +log(N
with M x N size is approximately g(M) g(N) .
The second splitting is : log7

C,=S"(o,+1

D.=B -C. 5

(a) original image (@layer (c) 3-layer d)4-layer (e) 5-layer

Fig 7 Hexagonal sampling of flower. jpg image in HP framework

Original size of the image is 128 x 128. So the benof VL. CONCLUSION

!aygrs rek?uwed to display this image fully in Hiimework The possibility of constructing wavelets on spadtressing

'S given by scheme using lifting method was studied extensiv@igce
_log128+log128 _ 4214 _ _ there is no dedicated hardware available for hexalgo
- log7 - 0845_ 4987=5. based image capture and display, conversion hke ttone

from square to hexagonal image before hexagonaebas
image processing. The difference will be clear oifilyve
have hexagonal based image capture and displagnsyst
The use of these wavelets can be extended to mettgrip

e
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recognition operations like object recognition and
segmentation. The properties of the hexagonal wetelre
to be studied extensively in order to apply it to
multiresolution image processing operations.
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