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Abstract

In this paper, we introduce the linear boundary value problem for k-regular function, and give an unique solution for this
problem by integral equation method and fixed-point theorem.
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1. Introduction

The boundary value problem is one of the important aspects in Clifford analysis. This problem on bounded domains
has seen great achievements. [Wen, 1991; Huang, 1996; Zhang et al., 2001] have discussed Riemann-Hilbert boundary
value problems of regular function on bounded domains. [Li, 2007] characterized boundary value problems of k- regular
functions. In this paper, we introduce the /inear boundary value problem of k-regular function, and give an unique solution
to this problem by integral equation method and fixed-point theorem.

Let n be a positive integer, and {e, ej, - - - , e,} be basis for the Euclidean space R"*!. We denote by A the 2" dimensional
real Clifford algebra, which is generated by R"*!; denote the basis of A by e, = oy an, .y A = a1, @, ,apt C
{1,2,---,n}, 1 <@ <@ <--- <a, < n Inparticular, if A = 0, e; = eyp. So, for an arbitrary u € A, we have

u =y ,uses with uy € R. In A, we have

ei2 =-1,eiej=—eje;fori # j,i,j=1,2,--- ,n,

that is so-called combinative and incommutable multiplication rule of Clifford algebra. For u € A, we write u* =

|Al(AI-1 ’ 1Al . . . . .

-1)"2 )uAeA, u = —1)7 uges and |u| for its module, where |A| is the cardinality of the index set A. Define
A A y
. . . - |AJ(jA]-1

[u> = lual?; @ its conjugate with & = (u*)’, where u* = s >uAeA, and i’ = —DMlyyeq. Foru, v e A, we

A jug A A
have

[+ v] < Jul + V], luv] < 2" ulv].

Let D be aregion in R"*!. For a differentiable function f : D — A with f(x) = X, fa(x)ea, we say f is a regular function

if
_ n é)f B af
3f=;eia—xi=;;eiel46_)::0’

and a k-regular function if 6*f = 0, where the operator d = 2720 %e . Let Q C R™! be an unbounded domain with

smooth oriented Liapunove boundary 0Q, and Q°, the complementary set of {2 containing a non-empty open set. We
denote the bounded Holder continuous function on 9 in order of B(0 < 8 < 1) by H(0Q, B). For f € H(0Q, ), we define
its norm by

17l = sup £)] + sup @) = fe)l

n#, M — B
Then H(0L, || - |lg) is a Banach space. And for f, g € H(0€, || - ||3), we have

I+ glls < 11f1ls + ligllg. 17glls < 2”11 fllglIglls-

2. Main Result

In what follows, we denote by Q a non-empty connected open set in R"*! with smooth oriented Liapunove boundary 0Q,
and by w, the area of unit ball in R"*!. We first give the linear boundary value problem for k-regular function.

Definition 2.1. Let A(¢), B(1), gi(t) € HOQ, B), | <1< k. Write Q* = Q, Q™ = R™\Q with Q = Q U 9Q. If there exists
some function ¢ such that
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1) ¢ is a k-regular function on Q*;

2)

PTAQ) + ¢~ ([)B() = g1(D)
APt (NA(D) + 0¢~(DB(1) = g2(1)

et (A(t) + 8¢~ (DB() = gu(t)

(D

Then we say ¢ is a solution to the linear boundary problem. And this problem is also called linear boundary problem for

k-regular function.
The following lemmas are borrowed from [Li, 2007]:
Lemma 2.1. Let f(x) be a k-regular function on Q. Then we have

k=1

1
FO) = D i ful),

m=0 """

where f,,,m =0,1,---,k — 1 are regular functions defined on Q.
Lemma 2.2 Here we give Plemelj equation for regular function:

. 1 1 T—X
O =E50m + — f = m(T)p(7)d, .
2 Wa Jaq T — x|"*

where m(u) is the unit vector in 6Q’s normal direction, and ¢; € H(0Q,5), j = 0,1, --
on R™1\9Q.

The following lemma is borrowed from [Xu et al., 2008]

Lemma 2.3. Let ¢ € H(0Q, ). Define a operator K on H(0Q, ) by

1 prp——
(K)o = - f T e,

n JoQ |T - x|n
for x € 9Q. Then there exists some C > 0 such that ||K - || < C|| - || on H(0Q, ).
Theorem 2.1. Let A(?), B(t), g/(t), (1 <1 <k) e HOQ,PB). If

1
= 2"[(5 +C)(IIA + Bl + 111 - Blll € (0, 1),
g1lls < M(1 =),
where C is in Lemma 2.3, then the solution of the m-th equation in (1) is given by

k=1

1
0(0) = )~ du(x)

m=0 """

with

O = if T m("')‘ﬁm(‘r)dsr

Wi Joa [T — "
form=0,2,---,k-1.
Proof. Substituting (2) into (1), we have

b &y 81
T : A+T . B= .

by b 8k-1

¢]-:—1 ¢1;—1 8>
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3)

,k—1. Then ¢ is a regular function

“4)

(&)

(6)
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where
0 0 0 1
0 1 x ) (k—lz)lx]Yz
T =
I x 21')‘1 " (k—ll)!xli_l
We rewrite (6) as
¢y A ¢, B g g 8
: N : S : with : . : i
b, A ¢, B g 8-t 8k-1
¢Z_1 A ¢/-:_1 B g],( g; 8k
which is equivalent to
PoA+ ¢y B =g
PiA+ ¢ B =g,
) (7
¢Z_1A + ¢];_]B = g’
herein ¢,, is a regular function given by
1 T—X
m = — m(T)gm(T)ds, (8)
Wn Jog 1T — xI"

form = 0,--- ,k — 1. Next, to finish the proof, we only need to prove that ¢, (0 < m < k — 1) given by (8) are solutions
to (7). By substituting (3) into (7), we have

1 1 )
(E‘pm+K‘;0m)A+(_§)‘pm+K‘me=gm+l m=0,~-- ,k— 1. (9)
Write
1 ,
Lo, = (i‘pm + Kgu)(A+ B) + (1l = B) = g1

then (9) can be rewritten as Lo, = ¢,,. Let T = {plp € H(OQ, B), ll¢lls < M}. Then T is a closed subspace of H(9C, B).
Since

1
ILenlls = (5 bm + K¢m)(A + B) + (1 = B)pm — Sl

IA

1
2[5 + OUA + BID + 11T = Billlmll + &l

gl + 1171
M, (10)

INA

IA

FisamaponT. For ¢,,¢, €T, we have

1Ly, = Loyl < Llldy, — drylls

with 0 < ¢ < 1, and thus L is a compression map on 7. So, there is an unique fixed ¢,, such that Ly,, = ¢,, by fixed point
theorem, which implies that

b = f LISEIE S

Wn Jag 1T — I
is unique solution for the m-th equation in (7). This gives the proof.
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