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Abstract

In this paper, we present a modified regularized Newton method for minimizing a nonconvex function whose
Hessian matrix may be singular. We show that if the gradient and Hessian of the objective function are Lipschitz
continuous, then the method has a global convergence property. Under the local error bound condition which is
weaker than nonsingularity, the method has cubic convergence.
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1. Introduction

We consider the unconstrained optimization problem

min f(x), )

XER"

where f : R* — R is twice continuously differentiable, whose gradient V f and Hessian V2 f are denoted by g(x)
and H(x) respectively. Throughout this paper, we assume that the solution set of (1) is nonempty and denoted by
X, and in all cases ||-|| refers to the 2-norm.

It is well known that f(x) is convex if and only if H(x) is symmetric positive semidefinite for all x € R". Moreover,
if f(x) is convex, then x € X if and only if x is a solution of the system of nonlinear equations

g(x) =0 2

Hence, we could get the minimizer of f(x) by solving (2) (C.T.Kelley, 1999, W. Sun, 2006, W. Zhou, 2008). The
Newton method is one of a efficient solution method. At every iteration, it computes the trial step

dy = —H;'g. 3)

where g, = g(xx) and H, = H(xy). As we know, if Hy, is Lipschitz continuous and nonsingular at the solution, then
the Newton method has quadratic convergence. However, this method has an obvious disadvantage when the Hj, is
singular or near singular.

To overcome the difficulty caused by the possible singularity of Hy, (D. Sun, 1999) proposed a regularized Newton
method, where the trial step is the solution of the linear equations

(Hi + ul)d = =g, “4)
where [ is the identity matrix. w4 is a positive parameter which is updated from iteration to iteration.

Now we need to consider another question, “how to choose the modified regularized parameter 1? ~ which will
play important roles not only in theoretical analysis but also in numerical experiments. Yamashita and Fukushima
(D. H. Li, 2004) chose ;. = ||gk||2 and showed that the regularized Newton method has quadratic convergence
under the local error bound condition which is weaker than nonsingularity. Fan and Yuan (J. Y. Fan, 2005) took
e = || gkll‘S with § € [1, 2] and showed that the Levenberg-Marqularity method preserves the quadratic convergence
under the same conditions. Numerical results (J. Y. Fan, 2009, Jinyan Fan, 2014) show that the choice of w; = ||F||
performs more stable and preferable.
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In most past studies (N. Yamashita, 2001, Polyak, 2009, J. Y. Fan, 2009, Jinyan Fan, 2014) for the regularized
Newton method, the convergence properties have been discussed only when f is convex. In this paper, we propose
a modified Newton method for (1) whose objective function f is nonconvex, which is mainly motivated in (Dong-
huili, 2004). Dong-Huili, Masao Fukushima, Liqun Qi and Nobuo Yamashita have proposed that regularized
Newton and inexact Newton methods are possible extended to nonconvex minimization problems (Dong-huiLi,
2004). They chose Ay to satisfy

Ay = max(Cllgell, =241 (Hy)), )

where C > 0 is a constant and A;(H}) is the minimum eigenvalue of H;. Based on the better performance of the
modified regularized method with Ay = max(0, —Anin(Hy)), we will consider the choice of

Ay = max(0, —Amin(Hx)), (6)
in this paper.

We extend the regularized Newton method (4) to the unconstrained nonconvex optimization. At the k-th iteration
of the modified regularized Newton method , we set regularized parameter py, as (g = @ Ag + ||gkll, where a; > 1.
From the definition of Ay, the matrix Hy + @Ayl is positive semidefinite even if f is nonconvex. Therefore, if
llgrll # O, then Hy + wil = Hy + a1 Al + ||gill I > O, we can use regularized Newton method to solve the problem
of (1).

The main scheme of the modified regularized Newton method for unconstrained nonconvex optimization is given
as follows. At every iteration, it solves the linear equations

(Hy + uD)d = —gy (7
to obtain the Newton step dy, where ; = 1Ay + Ax ||gkll, and then solves the linear equations

(Hi + peDd = =g (yi) with yi = Xy + di ®)

to obtain the approximate Newton step dy.

The paper is organized as follows. In section 2, we present a new modified regularized Newton algorithm by using
trust region technique, then prove the global convergence. In section 3, we study the convergence rate of the
algorithm and obtain the cubic convergence under the local error bound condition. Finally, we conclude the paper
in section 4.

2. The Algorithm and Global Convergence

First, we give the modified regularized Newton algorithm.
Define the actual reduction of f(x) at the k-th iteration as

Aredy = f(x) — f(xi + di + dy). 9)

Note that the Newton step dj, is the minimizer of the problem:
min ldTH d+gld+ lu >
derr 27 TKE T ORE T QPRI

If we let
At = Ndill = ||-(Hy + D)™ g

then dj, is also a solution of the trust region problem

. _ 1 T
21;}?13‘,0(51)— 2d Hid + g, d,

s.t|ldll £ Ay
By the famous result given by Powell in (M.J.D.Powell, 1975), we know that

1 . llgxll
¢(0) = ¢(d) 2 7 ligell min {”dk” , m} . (10)

8
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Similar to dj, dj is not only the minimizer of the problem
min ldTH d+gy)Td+ ly Ild|I?
dern 2 K g 2P
but also the solution of the following trust region problem

1
min¢ (d) = 5d" Hid + g(y)" d,
s.t.||d|| £ Ak,g,
where _
Ara = “dkH = ||-Hi + )™ g )|

Therefore we also have

o . [1=1 g ool
$(0) — ¢(di) > E”g()’k)”mm{Hdk‘ " IH }

Y

Based on the inequalities (10) and (11), it is reasonable for us to define the new predicted reduction as

Pred, = 90(0)—90(dk)+¢(0)_¢(;1;‘)’

which satisfies

1 . llgll 1 =
Pred; > > llgill min {udku g | 2 e owllming ]
The ratio of the actual reduction to the predicted reduction
Aredk
= —:-,
KT Py edj,

12)

13)

(14)

plays a key role in deciding whether to accept the trial step and how to adjust the regularized parameter.

The regularized Newton algorithm with correction for unconstrained nonconvex optimization problems is stated as

follows.

Algorithm 2.1

Step 1. Given xg € R", € >0, Ag>m >0, 0<cp<c; < <1, 0<p;<1<py, a1 21, k:=0.

Step 2. If ||gx|| < &, then stop. Otherwise go to step 3.
Step 3. Compute Ay = max (0, —=Amin (Hx)), vk = A llgell-

Solve

(Hk + a/lAkI + Vk[)d = —gk.
to obtain dj.
Set

Yk = Xk +dk.

Solve
(Hy + aiAd +vi)d = =g (i),
to obtain c?;; .

Set _
Sk = di + dj.

Aredk
Pr de .

Step 4. Compute ry, =

Set
Xi + Sk, if e = co,
X+l = .
Xk, otherwise.

5)

(16)

a7
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Step 5. Update Ay as

P2k if e <cy,
Akr1 =3 A, if re € [e1, 2], (18)
max {p1dg,m}, if ry > co.

Set k := k + 1 and go step 2.

Before discussing the global convergence of the algorithm above, we make the following assumption.

Assumption 2.1 g(x) and H(x) are both Lipschitz continuous, that is, there exists a constant L; > 0, L, > 0 such
that

g —g Il <Lilly—xl, ¥x,y € R (19)
and
lH () — H @l < Lally — l, YVx,y € R". (20)
It follows from (20) that
llg () — g (x) — H(x) (y = Il < Lolly — xI>, Vx.y € R". 2D

The following lemma given below shows the relationship between the positive semidefinite matrix and symmetric
positive semidefinite matrix.

Lemma 2.1 A real-valued matrix is positive semidefinite if and only if (A + AT) /2 is positive semidefinite.
Proof. See (W. Sun, 2006). m]
Next, we give the bounds of a positive definite matrix and its inverse.
Lemma 2.2 Suppose A is symmetric positive semidefinite. Then,
A +olll =2 ¢

and
la +en <™
hold for any ¢ > 0.

Proof. See (JinyanFan, 2014). m]

Theorem 2.1 Under the conditions of Assumption 2.1, if f is bounded below, then Algorithm 2.1 terminates in
finite iterations or satisfies
klim inf ||g«|l = 0. (22)

Proof. The proof is similar to (Weijun Zhou, 2013). We prove by contradiction. If the theorem is not true, then
there exists a positive T and an integer k such that

llgll = 7, Yk > k. (23)
Without loss of generality, we can suppose% = 1. Set T = {k|xy # Xx+1}. Then

{1,2,--} = T U {klxg = xpi1} -
Now we will analysis in two cases whether T is finite or not.
Case (1): T is finite. Then there exists an integer k; such that
Xk = Xk+1 = X422 = =70 -

By (17), we have
ry < Co, Vk > kl.

10
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Therefore by (18) and (23), we deduce
A = 00, Vi — oo, (24)

Since xp1 = xx, Yk > ki, we get from (15) and (24) that

lldill = ||-(Hi + a1 Al + A llgell D' ge|| — 0. (25)
From (16), we obtain
HJkH = ||-(Hx + a1 Al + A llgel D' g G|
< ||(Hy + a1 A + A llgell D" (g G) = gk — Hied)||
+||(He + er A + A ligell D7 ge| + || (Hi + a Al + Ay llgll D™ Hyde| (26)

1
< Lo —ldil? + 2 |||
llgll

<1 lldll,
where 7y is a positive constant.

It follows from (9) and (12) that

[Ared; - Predy| = |f(xi) = fxk + dic+ di) = ($.1(0) = i1 (i) + $i2(0) = ()

— l~7 ~ —
<UfOx +d) — fOr) — Edk Hydy — g(v)" di
1, , 27
+ 'f(yk) EACE Edk Hidy — gi' di
2
< o(lldell?) + o(”dk” )
Moreover, from (13), (23), (19) and (25), we have
Pred, > ~min {Idell, =} > Sz (28)
rek_zrmln k,Ll _27' kIl »
for sufficiently large k.
Duo to (27) and (28), we get
Ared), — Pred,
e =1 = |—————
Pr edk
< FO0) = fOu + di + di) = (95.1(0) = b1 (di) + Br2(0) — Bpa(dr))
Yrmin {Idil, £ 29

o(lalR) + o] )
il

which implies that r, — 1. Hence, there exists positive constant 7y, such that 4; < y,, holds for all large k, which
contradicts to (24).

Case (2): T is infinite. Then we have from (13) and (23) that

-0,

00 > f(x1) = lim inf f(x) = D (f(x) = flxis)
i=1

= 2 () = [ 2 ) coPred

keT keT

(30)
o | 1 [~ 2 GOl
>3¢5 ||mm{||d||,—}+—|| )IImln{d :
; 0(2 & Al e+ 2 e O |-z
T . T
> 0 — —
> " o min {udkn, Ll},
keT

11
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which implies that
lim d; =0. 31

k—oo keT
The above equality together with the updating rule of (18) means
Vi — 0. (32)
Similar to (26), it follows from (31) and (32) that
|| < s el vk e T

for some positive constant y3. Then we have

lsell = [[dic+ di|| < (1 + 3 Nl VK e T,

D lisell < oo,

This equality together with (30) yields

keT
which implies that
X — x". (33)
It follows from (15), (33), (32) and (26) that
d, — 0, dp — 0. (34)

Since (Hy + a1 Al + A |lgkll I) d = —gi from (15), we have from (23), (19) and (34) that

|| Hil a1 Al L @1 1Al
1< 0 ]+ = il + g gl < == Nl + ———= il + A il
gl gl T T
which means
Ay — oo, (35)
By the same analysis as (29) we know that
e — 1. (36)

Hence, there exists a positive constant y4 > m such that 4; < y4 holds for all sufficiently large k, which gives a
contradiction to (35). The proof is completed. O

3. Local Convergence of Algorithm 2.1

In this section, we show that the sequence generated by Algorithm 2.1 converges to some solution of (1) cubically.
To study the local convergence properties of Algorithm 2.1, we make the following assumptions.

Assumption 3.1
(a) The sequence {x;} generated by Algorithm 2.1 converges to x* € X and lies in some neighbourhood of x*.

(D) |lg(x)|| provides a local error bound on some N (x*, b;) for (2), that is, there exist constant 5; > 0and 0 < b} < 1
such that
lle(oll = Bidist (x,X) Vx e N(x",by) = {xlllx - x"[| < by}. (37)

(c) The Hessian H(x) is Lipschitz continuous on N (x*, b;) , i.e., there exists a positive constant L, such that

IHG) = H@I < Lilly—xll Vx,y € N(x",by). (38)

Note that, if H(x) is nonsingular at a solution, then ||g(x)|| provides a local error bound on its neighbourhood.
However, the converse is not necessarily true, for examples please refer to (N.Yamashita, 2001, Dong-huiLi, 2004).
Hence, the local error bound condition is weaker than nonsingularity.

By Assumption 3.1 (c), we know

g = g(x) = Hx)(y = 0l < Lilly - %P Vx,y € N(x",by) (39)
12
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and there exists a constant lz > (0, such that
llg) = gl < Lo [ly — x| Yx,y € N(x*, by). (40)
In the following, we denote X; the vector in the solution set X that satisfies
Xk — xill = dist (xx, X) .
The following lemma gives the relationship between the trial step s; and the distance from x; to the solution set.
Lemma 3.1 Under the condition of Assumption 3.1, for all sufficiently large k, we have

llsell < O (dist (xi, X)) (41)

Proof. Since x;, — x* € X, we get
X% = xill = dist (xx, X) < [lxx = x| — 0.

Due to (37), we have
Vi = A llgkll = mBdist(xy, X) = mBy [[xx — xill .

From (15), we get
lldill = ||(Hic + a1 Al +viD) ™ gu|
< ||(Hi + er Al + vi)™ (8 ) — gk — Hi Gic = x0)|
+ || (Hy + a1 Al + i)™ He G — x| (42)
< Lyvi 1% = xell” + [ = xll
< O (I — xll) -

Since y; = x + dy, then y; — x*, which means y, € N (x*, b;) for sufficiently large k.
From (16), we get

”JkH = ||(Hk + a1 Al +viD)™ g )|
< ||CHi + a1 A + vi) ™ (8 ) — gk — Hid)||
+ ||(Hi + ar A + i)™ i | + || (i + 1 Ard + viD) ™ Hidi| (43)
< Liv ldel + 2 lldil
< O (% — xll) -

Combining (42) and (43), we obtain

lsell = || + || < el + [| | < © 1% = el (44)

3.1 The Boundedness of Ay and Ay
In the following, we will show A; and A, are bounded above, which will play a key role in the next subsection.
Lemma 3.2 Under the condition of Assumption 3.1, then there exists a positive constant 7 > m such that

A <T

holds for all sufficiently large k.

Proof. From (10), (37) and (40), we have

1 .
#(0) — ¢(d) > 5 ||gk||m1n{||dk|| el }

A
561 I ‘ N 45
Z5'81“xk_xk”mm{”dkH,W} (45)

2
2 B2 |Ixic = x|l min {{|dill 13 — xel[}

13
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for some constant 3;.
Then from (13), (27), (42), (43) and (45), we get

Ared), — Pred,
Pred,,

o(1alR) + o] )

6k — Xl min {{ldell , [k — xell}

e = 1] =

E]

which implies that 7, — 1. Therefore there exists a constant 7 > m such that 4; < T holds for all sufficiently large

k. The proof is completed.

Lemma 3.3 Suppose Assumption 3.1 hold. If x;, € N(x*, b;/2), then

Ak < Lidist(x, X).

Proof. Using a method similar to the proof of (Kenji Ueda, 2010), we get the expected result.

3.2 Cubic Convergence of Algorithm 2.1

Lemma 3.4 Suppose Assumption 3.1 hold, then we have
dist(xe1,X) < O(dist(xi, X)?).
Proof. From (37) and (40), we have

mpB % — xill < vie = Allgell = A llge — g @oll < TLy I — xill.

Which shows that ||x; — x¢|| is equivalent to vy.
From the local error bound condition, (39), (16) and (38), we have

BT = xl < lg Gl = g (e + &)
< Jle (v + d) - g 00 = H @0 || + ||g 00 + H 60 |
< Gl « ] » wuses o ]
< O(1I% - xl).

Note that since

2% = xill < Pt — xell < [Pt — xeatll + skl

we may deduce from (48) that

[Pk = xill < 2 [l

for all sufficiently large k. Combining this inequality with (44) and (48), we obtain that

lseaall = O (llsell?)

which indicates that {x;} converges quadratically to x*,namely,

2 %12
e = 27l = O (Il = x"IF).

]

(46)

(47)

(48)

(49)

(50)

61V

To obtain faster convergence of the modified regularized Newton method, we need to estimate HCZ{H more accurately.
We will use the SVD technique to derive the local convergence rate of Algorithm 2.1. Since H(x") is symmetric,

there is an orthogonal matrix (V/,, V',) such that

14
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H(x") = (Vk,l,Vk’z)( 6’1 0 )( Vii ): VaZaVil,

where X} | is a diagonal matrix. Moreover, we can suppose that H(x) has the following decomposition

% 0 )( Via !

H(x) = Vi1, Vk,z)( 0 S VioT ) = ViiZiaVia T + VioZia Vi,

where rank (Z;,1) = rank (ZZ 1) and X, converges to zero as x — x*. In the following, we neglect the subscription
kinZ;; and Vi; (i = 1,2), and write H(x;) as

H(xy) = V121V1T + VzZzVZT.
Lemma 3.5 (W. Sun, 20006). If the sequence {x;} converges superlinearly to x*, then

11 — il _
koo || — x*||

Proof. See (W. Sun, 2006). m]

Therefore we have from Lemma3.5, (50), (51) and (44) that there exists two positive constants 83 and 54 such that
[l = X711 < B3 [lskll < Ba llxk — xell < Ballxe — X711, (52)

which means that ||x; — x*|| is equivalent to ||x; — xi|| .

By the theory of matrix perturbation (G.W.Stewart, 1990) and (38), we have

=1 = =5[] + 1Z2ll < 1H — H O < Lyl = 71l

Combining this inequality with (52), we get

[Z1 = =i < Li % = xell, 1Zall < Lyl — xell

Lemma 3.6 Suppose Assumption 3.1 hold, then we have
llg Gl < O (1% = %),
U207 g G)]| < O (1% = xll?).-
Proof. From lemma 3.3, (15), (42) and (47), we have

llgx + Hidill = (a1 A+ i) lidell < O (1% = xlI) (53)

Similarly, we know
s 00 + Hidi|| = @A+ v0) || < 0 (1 - wlP). (54)

Then we get from (39), (42) and (53) that

llg Gl = llg Cxx + dir) — g — Hidill + gk + Hidlill

55
< O(I%% = xilP’). 2

From the local error bound condition and (55), we have

1 = yell < B g Gl < O (I — xell).
15
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Set 17; = U, UIT and Ei; = —I’:I;Jrg (¥k), then El; is the least square solution of min ”g () + f];d” . Therefore we
have

20T g G| = ||g 00 + Fide]| < |l 00 + Fic G - )|
< llg () + H () G = yoll + ||(Fi = H ) G = 0
< llg (0 + H (50 G = 30ll + K (30 = He) G = o)l

— (56)
+ ”(Hk - Hk) O - )’k)H
< Lillyx =yl + Ly il 7% = yell + 1211 5% = il
< O (| = xlP’).
]
Lemma 3.7 Suppose Assumption 3.1 hold, then we have
| < 0 (1 = xa?). (57)
Proof. From (16), we have
di = —(Hy + ey Al +vi) ™' g () (58)

= -U(Z) + D) U g ) = Un(Za + i)' US g (1) -

ince x; — x*, then X; — X% and hence X7' is uniformly bounded, that is, there exists a constant 85 such tha
S *, then X7 and h 21] formly bounded, that is, th t tant h that

=3 < 8s. (59)
Then from (58), (59) and lemma 3.6, we obtain

] < el o T ol + i o0Tg ool
< Bsllg Gl + i |U2U7 g G| 60)
< O(II%% — xlf’).

]

Theorem 3.1 Suppose Assumption 3.1 hold, the sequence generated by Algorithm 2.1 converges to some solution
of (1) cubically.

Proof. Tt follows from (37), we get

1 It = eall < llg eIl = g (v + )|

<[l (e + ) - g 00 - H OO || + s 00 + HOw &

SEJa[ + e oo + 1] + o on -0

SBJaf + 2w+ e+l

< O (1% = ).
From Lemma 3.1, (49) and (61), we finally have

lsietll = O (1Isell) . (62)

which indicates that {x;} converges to x* cubically, i.e., |[xe1 — x|l = O (||xk - x*||3). The proof is completed. O

16
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4. Concluding Remarks

In this paper, we propose a modified regularized Newton method with correction for unconstrained nonconvex
optimization. Furthermore, we have proved that the modified regularized Newton method has a global convergence
and a local cubic convergence under some appropriate conditions.
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