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Abstract—We investigate collaborative optimization in a the performance of the consensus-based multi-agent subgra-
multi-agent setting, when the agents execute in a distributed dient method proposed in [7], for the case of a constant
manner using local information, while the communication stepsize, as measured by two metrics: rate of convergence

topology used to exchange messages and information is modeled . i .
by a graph-valued random process, independent of other and guaranteed region of convergence, evaluated via their

time instances. Specifically, we study the performance of the €Xpected values. Random graphs are suitable models for
consensus-based multi-agent subgradient method, for the case networks that change with time due to link failures, packet

of a constant stepsize, as measured by two metrics: rate of drops, node failures, etc. An analysis of the multi-agent
convergence and guaranteed region of convergence, evaluatedsubgradient method under random communication topology

via their expected values. Under a strong convexity type of . .
assumption, we provide upper bounds on the performance IS addressed in [8]. The authors assume that the consensus

metrics, which explicitly depend on the probability distribution ~ Weights are lower bounded by some positive scalar and give
of the random graph and on the agents’ estimates of the optimal upper bounds on the performance metrics as functions of this

solution. This provides a guide for tuning the parameters of scalar and other parameters of the problems. More precisely,
the communication protocol such that good performance of the the authors give upper bounds on the distance between
multi-agent subgradient method is ensured. . . . . .
the cost function and the optimal solution (in expectation),
I. INTRODUCTION where the cost is expressed as a function of the (weighted)

Multi-agent distributed optimization problems appear natimé average of the optimal decision vector's estimate.
is paper, our main goal is the provide upper bounds on

urally in many distributed processing problems (such a : A hich licitly d d h
network resource allocation), where the optimization codi® performance metrlcs, which explicitly epend on the
is a convex function which is not necessarily separable. Rmbab'“ty distribution of the random grapiwe f_|rst derive
distributed subgradient method for multi-agent optimizatio' YPP€r bound on how close the cost function, evaluated

of a sum of convex functions was proposed in [7], wherét the est|mat_e, gets to the optlmal solution. Next, under a
>gtrong convexity type of assumption, we focus on the squared

each agent has only local knowledge of the optimization. ; : -
cost, i.e. knows only one term of the sum. The agents e listance between the estimate of the optimal decision and

change information according to a communication topologﬁor_ne minimizer. We provide an upper bound for th.|s metric,

modeled as an undirected, time varying graph, which defind¢hich will give us the rate of convergence of the estimate to a
the communication neighborhoods of the agents. The age/didaranteed neighborhood of the optimum. The performance
maintainestimatesf the optimal decision vector, which are metrics are evaluated via their expected values. The explicit

updated in two stages. The first stage consists of a consend§9endence on the graph's probability distribution allows us

step among the estimate of an agent and its neighbors. In ltrq)edetermlne the optimal probability distributions that would

second stage, the result of the consensus step is update(ff"'i}?urhe the ll)est guarantee_d lllJpperhboundsl on the metlr(|cs. This
the direction of a subgradient of the local knowledge of thé,dre]a ash relevance especially |n|t € v;/]we €ss ne(tjwor S case,
optimization cost. Another multi-agent subgradient metholyN€r€ the communication topology has a random nature
was proposed in [5], where the communication topology ignth a pr_oba}blhty distribution (partially) determined by thg
assumed time invariant and where the order of the two Stag%gmmunlcatlon protocol pargmeters. As example of pQSS|bIe
mentioned above is inverted. applications of our results, in [10] we address two simple
In this note we investigate the collaborative optimizatior?Cenarlos where the goal is to tune the commumcaﬂop
problem in a multi-agent setting, when the agents execuPéOtOCOl parameters such that_ the performance _of the mult_l-
in a distributed manner using local information, while the?9ent subgradient method is improved. In the first scenario

communication topology used to exchange messages afid glt_)n&der l:hat the agents useha rar;]domlze chem§ for
information is modeled by a graph-valued random procesgpa liNg pac et transm|SS|0ns, where the agents eciae to
t like a transmitter or a receiver with some probability.
his probability will play the role of the protocol parameter.
This material is based upon work supported by the US Air Forfie® In the second scenario, we assume that the transmissions
of Scientific Research MURI award FA9550-09-1-0538 __happen according to a pre-established order (TDMA based
lon Matei and John S. Baras are with the Department of Electrical . .
rotocol) but they areftected by interferences. In this case,

Engineering and Institute for Systems Research, University of Marylancp O ; >
College Park, USAjmatei@umd.edu, baras@umd.edu the power allocated for transmissions is going to play the

independent of other time instances. Specifically, we stu



role of protocol parameters. Both scenarios are applied onby the union of graphs corresponding to the matriéges
small world type of communication topology. i=1....m ie. U Gj, whereG; is induced byA.
Notations: Let X be a subset oR" and lety be a point
in R". Using an abuse of notation, ljy— X|| we understand
the distance from the point to the setX, i.e. |ly—X|| =
Minyex |ly — Xl|I, where||-|| is the standard two norm. The task of theN agents consists in minimizing a convex
Let f :R" — R be a convex function. We denote By(x) function f : R" — R. The functionf is expressed as a sum
the subdiferential of f at x, i.e. the set of all subgradients of N functions, i.e.
of f atx

N
of() ={deR"f(y) > f(x)+d'(y-X), VyeR". (1) f(x) = Z fi(%), ®3)
i-1

Let & > 0 be a nonnegative real number. We denotéfiy(x)
thee-subditerential off atx, i.e. the set of alk-subgradients where fj : R" — R are convex. Formally expressed, the
of f atx agents want to cooperatively solve the following optimization

910 = [d e R F(Y) = f()+d(y=X) &, VWeR". (2) problem

B. Optimization model

N
We will denote by LEM and SLEM the largest and second )[Qﬂi{gz fi(%). (4)
largest eigenvalue of a stochastic matrix, respectively. We i=1

will use MASM for multi-agent subgradient method and pm

I . f'I'he fundamental assumption is that each agehas access
for probability mass function.

Paper structure Section Il contains the problem formula—only o the functionf;. Let f* denote the optimal value of
b b f and let X* denote the set of optimizers df, i.e. X* =

tion. More precisely presents in details the commumcatlo,:)I(e RMF(X) = ). Let x(k) € R" designate thestimate of

and optimization models assumed in this note. In Sectlothe optimal decision vectoof (4), maintained by agerit

lll, we introduce a set of preliminary results, which mainly_, . .
L L ..~ at timek. The agents exchange estimates among themselves
consist in providing upper bounds for a number a quantities . Y -
. o - . ._according to the communication topology described by the
of interest. By combining the preliminary results, in Section
) random graplG(k).

IV we give upper bounds for the expected values of two A din 171 th d hei . .
performance metrics: the distance between the cost function S proposedin [7], the agents up ate their estimates using
modified incremental subgradient method. Compared to

evaluated at the estimate and the optimal solution and t tandard subaradient method. the local estimdle i
(squared) distance between the estimate and some minimizgf Standard subgradient method, the local es Imle is

Due to space limitation some of the proofs of our resultge'bIaced by a convex combinationx(k) with the estimates

are omitted. The missing proofs can be found in referenégceived from the neighbors:

[10].

Il. PROBLEM FORMULATION

N
Xi(k+1)= Za;,—(k)x,— (k) — a(K)di(k), )
=1

A. Communication model

Consider a network oN agents, indexed by=1,...,N. where &;j(K) is the {,j)" entry of a stochastic random
The communication topology is time varying and is modele#natrix A(k) which corresponds to the communication graph
by a random grapis(k), whose edges correspond to commuG(K). The matriceA(k) form an i.i.d random process taking
nication links among agents. Given a positive inteiferthe ~ values in a finite set of symmetric stochastic matrices with
graphG(k) takes values in a finite s@ = {G1,G,...,Gy].  Positive diagonal entriest = {A/};, whereA is a stochastic
The underlying random process @(k) is assumed i.i.d. matrix corresponding to the grag® € G, fori=1,....M.
with probability distribution Pr(G(k) = G;j) = pi, Yk > 0, The probability distribution ofA(K) is inherited fromG(k),
where ¥ M. pi = 1. Throughout this note, we will consider i-€. Pr(A(k) = A)) = Pr(G(k) = Gi) = pi. The real valued
only bidirectional communication topologies, i.6(k) is scalare(K) is the stepsize, while the vectak(k) € R" is
undirected. a subgradient of; at xi(k), i.e. di(k) € afi (xi(K)).

Assumption 2.1{Connectivity assumption) The graph re- Assumption 2.2(Subgradient Boundedness and Constant
sulting from the union of graphs ig, i.e. Ui'ilGi' is Stepsize) The subgradients of functiinat any point are

connected. bounded, i.e. there exists a scajasuch that
Let G be a graph of ordeN and letAe RN be a row _
stochastic matrix, with positive diagonal entries. We say that Idll < ¢, ¥d € 8fi(X), YxeR", i=1,...,N,

the matrixA, correspondgo the graphG or the graphG is

inducedby A if any non-zero entryifj) of A implies a link and the stepsize(k) is assumed constant and known by all
from j to i in G and vice-versa. Consider a matrix produc@gents, i.ea(k) =, Vk> 0.

of stochastic matrices of length, [T, Ai. We say that the ~ Assumption 2.3(Existence of an Optimal Solution) The
graph induced by the aforementioned matrix product, is givesptimal solution seX* is nonempty.



Ill. PreLiMINARY RESuLTS Remark 3.1:The transition matrixd(k, s) of the stochastic

In this section we lay the ground for our main results idinear equation (10) can also be represented as
Section IV. The preliminary results introduced here revolve s
around the idea of providing upper-bounds on a number of Dk, 9) = HA(k— i)]@l -J (12)
guantities of interest. The first quantity is represented by the i=1
distance betweeq an estimate of the Op“m"’?' d?C'S'On gnd Rered = (%]l]l’ ®l. This comes from the fact that for any
average of all estimates. The second quantity is described Vi1 0

: X ,2,...,5—1} we have that

the distance between the average of the estimates and the sek

of optimizers. Ak-NI-NAK-1-1)®1-J)=
We introduce theaverage vector of estimates of the =Ak-NAKk-i-1)eI-J.
optimal decision vector, denoted k) and defined by Remark 3.2:(On the first and second moments of the
1N transition matrix®(k, s)) Let m be a positive integer and con-
x(k) £ = Z xi (K). (6) sider the transition matrisp(k+m k) = W(k+m-1)...W(K),
N i=1 generated by a sequence of lengilof random graphs, i.e.
The dynamic equation for the average vector can be deriv&fK)..-G(k+m—1), for somek > 0. The random matrix
from (5) and takes the form d(k+mk) takes values of the fornWi,Wi,---W_, with
(k) ije{l,2,...,M}yandj=1,...,m The norm of a particular
X(k+ 1) = x(k) — ——=h(k), (7) realization of®(k+mKk) is given by the LEM of the matrix
N productW,, W, --- Wi, or the SLEM ofA A, --- A, denoted
whereh(k) = £}, di(K). henceforth byli, _iy,. Let pi,..i, = [1]L; pi; be the probability

We introduce also thdeviationof the local estimates(k)  of the sequence of graphs;,...Gi,, that appear during
from the average estimatgk), which is denoted by;(k) and the time interval k.k+ m]. Let I, be the set of sequences
defined by of indices of lengthm for which the union of the graphs

Y £ v (1 . with the respective indices produces a connected graph, i.e.
2(k) = %)= x(k), i=1....N. (8) Im = {i1i2...imIU'J-“:1Gij = connectefl Using the previous
Let us define theaggregatevectors of estimates, averagenotations, the first and second moments of the norm of

estimates, deviations and subgradients, respectively: ®(k+m,k) can be expressed as
X(K)' £ [xa(K)’, Xa(K)',.... xn (k)] € RN, E[llo(k+mK)Il] = 7m, (13)
() £ [X(K), XK., X(k)'] € RN, Efllok+mKk)I’] = pm, (14)
2K £ [21(K)', z2(KY ..., 2n(K)] € RN wherenm = 3y, Pidj + 1= Zjai, Pj @ndpm = Tjer,, Pjd? +
and 1- e, Pj- The integerj was used as an index for the
d(k)/ A [dl(k),dz(k),,dN(k)’] c RNn. elements of the sdty.

The above formulas follow from results introduced in [4],
From (6) we note that the aggregate vector of averageemma 1, orin [15], Lemma 3.9, which state that for any se-
estimates can be expressed as quence of indices, ...ime 1™, the matrix producty, --- A,
%09 = Ix(K) is ergodic, and thereforg; < 1, for j € I(M. Conversely,
’ if j¢1™, thenij=1. We also note thal,m pj is the
whereJ = %11]1’@ I, with | the identity matrix inR™" and probability of having a connected graph over a time interval
1 the vector of all ones iRN. Consequently, the aggregateof length m. Due to Assumption 2.1, for ficiently large

vector of deviations can be written as values ofm, the setl™ is nonempty. In fact fom> M,

1M is always non-empty. In general for large valuesmof

2(K) = (1 = I)x(K). ©) may be dificult to compute all eigenvalug, j € 1™M. We

The next Proposition characterize the dynamics of thean omit the necessity of computing the eigenvaliigsand
vector z(k). this way decrease the computational burden, by using the

Proposition 3.1: The dynamic equation of the aggregatdollowing upper bounds onm andom
vector of deviations is given by

m < AmPm+ 1= P, (15)
z(k+1) = W(K)z(k) - a(K)(I - J)d(k), 2(0)=20,  (10)
pm= }‘?npm +1-Ppy (16)
whereW(K) = (A(k) - £11’)®1, with solution _ .
whereim = maXe,, 4j and py, = ¥ jei, Pj is the probability
k1 to have a connected graph over a time interval of lemgth

z(k) = ‘D(k,O)Z(O)—Z:CY(S)CD(KS+ 1)d(s),  (11) For notational simplicity, in what follows we will omit the
s=0 index m when referring to the scalarg, and pon,.
where ®(k,s) is the transition matrix of (10) defined by Throughout this note we will use the symbats  and
Dk, s) = W(k—1)W(k-2)---W(s), with d(k,k) =1. p in the sense defined within the Remark 3.2. Moreover,



the value ofm is chosen such thdf™ is nonempty. The IV. M AN Resurt - CONVERGENCE ANALYSIS

existence of such a value is guaranteed by Assumption 2.1.p the following we provide upper bounds for three perfor-
The next Proposition gives upper bounds on the expectegance metrics of the MASM. First, we give an estimate on

value of the norm and the squared norm of the transitioghe radius of a neighborhood around the optimal valfied

matrix (K, s). where the cost functiofi, evaluated at the estimasg(k), is
Proposition 3.2:Letr < s<k be three nonnegative integer guaranteed to converge. Second, we focus on the (squared)

values. Letm be a positive integer, such that the $&9 gistance between the estimag¢k) and the set of optimizers

is non-empty. Then, the fO”OWing inequalities invoIving thex*_ Under a Strong COﬂVGXiW type of assumption’ we give

transition matrix®(k, s) of (10), hold an estimate of the radius of a neighborhood around the zero
|fs] point, where this metric is guaranteed to converge. We also
Ellok, 9l <nt ™, (17) provide an upper bound for the rate of convergence to the
s aforementioned neighborhood.
Ello(k 917 <pl 7, (18) Corollary 4.1: Let Assumptions 2.1, 2.2 and 2.3 hold and
sl e let {xi(kK)}k=0 be a sequence generated by the iteration (5),
Eflo(k. NPk 91 < pl T L), (19) i=1...N. Then
wheren andp are defined in Remark 3.2. Iirk‘ninf E[f(x(K)] < f* + \/Na¢21£(N+2)+a7¢2 (25)

The following lemma gives upper bounds on the first and

the second moments of the distance between the estimate Proof: Using the subgradient definition we have

xi(K) and the average of the estimateg)~ fi(x(K)) = fi(xi(K)) + di(K)’ (x(k) - i (K)) >
Lemma 3.1:Under Assumption 2.2, for the sequences > fi(x (k) = [l (K)lll1z (K)II,
{xi(K}=0, 1 =1,...,N generated by (5) with a constantor
stepsizer, the following inequalities hold _ ,
P 9 e fi((K) < G + iz (K, for all i=1,....N.
E[11x (K) — X(K)|[] gﬁx/ﬁn[%J + mricp\/ﬁ (20) Summing over ali, we get
-n
) f(x(k)) < F(x(K) + Nellz(K)I.
El% (k) - XKIZ] < Ng2ol )+ Na2g?(1+ 22 ) 1+ By the results of Lemma 3.1, the following inequality holds
k;ml +1 k;ml +1
+2Naﬁ¢pm‘%, lminf ELf(x ()] < liminf E[f(<0)] +N x/ﬁa&%.

o (21) "(26)
wheren, p ar?dm are defined in Remark 3-2-. _ Let x* € X* be an optimal point off. By (7), where we use
The following result allows us to interpret iteration (7) asy constant stepsize, we obtain

an e-subgradient (withe being a random process). 2o R 2
Lemma 3.2:The vectord;(k) is an e(k)-subditerential of Xk +1) = X1 = [IX(K) ~ X" = GhO(K)II® =

TRV %12 @ ’ 5 2 2
fi at X(K), i.e. di(k) € dego Fi(X(K)) and XN, di (K) is anNe(k)- = [1X(K) — X" = 2 hO(K))" (x(K) - X*) + 2%
subdiTerential of f at x(k), i.e. Zi'\ildi(k) € dnew F(X(K), for  and since, by Lemma 3.2(x(k)) is a Ne(k)-subditerential
any k>0, where of f at x(k), we have
S I%Ck-+ 1) = X2 < %K) = X117 = 2a(F (X(K)) — ) + 2a8(K) + @,
€)= 26 WNIO( )l + 200” VN [0k s+ DI (22)
0
Under a strong convexity type of asszsumption farthe next IX(k+ 1) — X*|12 < |X(0) — X*|12 - zazl;é(f(g(s)) — )+
result gives an upper bound on the second moment of the +2a Y52 o(9) + ka2y?
; — s=0 :
distance between the average vecifk) and the set of )
optimizers off. Since|lx(k+1)-x1<=0
Lemma 3.3:Let {x(K)}k=0 be a sequence of vectors gener- k-1 B k-1
ated by iteration (7). Also, assume that Assumptions 2.2 and ZaZ(f(Y(s)) — f*) <|IX(0) - x| + ZQZS(S) +ka?p?,
2.3 hold and that there exists a positive scalauch that s=0 s=0
or
fO) = 7 > plIx—X"|I. (23) k-1 k-1
g ) 2 2
Then, the following inequality holds ZQ;(E“()«S))] ) <IXO-xI +20;)E[8(S)]+ka e
M . . .
E[IXK) — X*112] < IX(0) = X*12yX + Mffg;mn[mh By Proposition 3.1 and Lemma 3.1, we obtain the following
22 (24) upper bound for the expected value eg§).
50 (4N 1),

s-1
E[€(9)] < 208 VNE]||O(s,0)[[] + 22¢% VN > E[J|O(s 1 +1)|]] <
wherey = 1—2% and n; is defined in Remark 3.2. [()] = 248 like(= Ol i ; Lt ]



2
< 208 VN3] 4 Zaﬁﬂ“

>

which in turn leads to

k-1
> Ele(9] < 268 VN—— + k2ag? VN .
s=0 1-n 1-n

Using the fact that

.....

we get

atpz

liminf E[f(X(K)] - F* < 20¢? VN + 2~
k—o0 1—77 2

Inequality (25) follows by combining (26) and (27). =
The next result shows that under a strong convexity

(27)

By inequality (21) we have

k k
EflIx (k) — X(K)II] < agp™ +anm + ag,

wherea;, ap andag are some positive scalars derived from
the right-hand side of (21). By noting that> p, we can
further write

EfIxi(K) - XK)I2] < Fap + &,

whered; and &, are some positive scalars.
By inequality (24), we obtain

(30)

k
ELIX(K) — X*[17] < byy®+ bonm + bg,

wherebs, by and bz are some positive scalars derived from
the right-hand side of (24). We can further write

ELIIXK) — X*I1?] < By maxty, nm <+ by, (31)

type of assumption, the convergence rate of the MASM, in . .

expectation sense, is linear for afficiently small constant whereb; andb, are some positive scalars. Using the nota-
stepsize. It also shows that only convergence (in expectatitinpnsc; = maxas, b1} andc; = maxap, by}, by (29), (30) and
sense) to a neighborhood can be guaranteed; a neighborhd@d,), we obtain

however, that can be made arbitrarily small.

Corollary 4.2: Let Assumptions 2.1, 2.2 and 2.3 hold and

let 4 be a positive scalar such that

f(X) = f* > pllx—X*|1%, ¥xeR".

(28)

1
ELlIxi (k) — X*|1%] < 4cLmaxy,nm}¥+4cy,

which shows the1 R-linear convergence, with the R-factor
given by maxy,nm}. [ ]

Then, the sequencg(K)lk=0, generated by iteration (20) A. Discussion of the results

with the stepsizea < % converges, in expectation, (at

We obtained upper bounds on three performance met-

least) R-linearly to a guaranteed nelghborr;ood around SOEs relevant to the MASM: the distance between the cost

optimizer of f. The R-factor equals m&x nm}, wherey =
1- 2% and the radius of the neighborhood equals

A+B+\/A_B

where

2.2
= ﬂ(4mm +1)’
1-y\ 1-7
2 9 2m\ m
B = Na“yp 1+1— 1o
-n)1l-p
Proof: By the triangle inequality we have

11 (K) = X711 < 11 (k) = XCR)Il + [1X(k) — X711,
or
113 (K) = X112 < 1% (K) = X1 + 2l1x(K) = X(RINIXK) = X1+
HIX(k) = X1
or

ELlIxi (K) — X*[17] < E[lIxi (k) — X(k)II?]+
+2E[[1%(K) — X(K)III1X(K) = X*[[] + E[l1%(K) — X*|[%].

By the Cauchy-Schwarz inequality for the expectation oper-

ator, we get

Ef ()~ X117] < Eflx(k) ~ XWI] + 2E[lIxi(K) - X121 2-
“E[IIX(K) — X712 + E[JIX(k) — X*|I].

function evaluated at the estimate and the optimal solution
(Corollary 4.1), the distance between the estimate of the
decision vector and the set of optimizers and the rate of
convergence to some neighborhood around an optimizer of
f (Corollary 4.2). The three upper bounds are functions
of three quantities which depend on the scalaxsy and

o, i.e. 1qu 1—r_”p and nnlw, which show the dependence of
the performance metrics on the pmf @f(k) and on the
corresponding random matriA(k). The scalarsy and p
represent the first and second moments of the SLEM of
the random matrixA(k+ 1)...A(k+ m), corresponding to

a random graph formed over a time interval of length
respectively. We notice from our results that the performance
of the MASM is improved by makingl_ﬂn, 1—Tp and nn% as
small as possible, i.e. by optimizing these quantities having
as decision variables and the pmf ofG(k). Since the three
guantities are not necessarily optimized by the same values
of the decision variables, we have in fact a multi-criteria

optimization problem:

. 1
mlnmpi {%’ %,r]m}
subject to: m>1

SMpi=1 p>0

(32)

The scalarn% relates to the rate of convergence of the

(29) . e
The guaranteed radius of the neighborhood around sorflistance between the estimate of the decision vector and
optimizer of f follows by inequalities (21) and (24) and bythe set of optimizers. Note that, unless it helps the other

. . 1
taking the limit ask goes to infinity of the above inequality. two quantities 17, and 1=, making nm too small, may



not necessarily result in an improvement of the rate of
convergence since the latter is given by the marxr%}.

The solution to the above problem is a set of Pareto points,
i.e. solution points for which improvement in one objective
can only occur with the worsening of at least one other
objective.

We note that for each fixed value of the three quantities »
are minimized if the scalarg and p are minimized as
functions of the pmf of the random graph. In fact, we can
focus only on minimizing, since for every fixedn, r is an
upper bound om and in fact both quantities are minimized
by the same pmf. Therefore, in problem (32), we have to
find an appropriate value ah such that a Pareto solution is
obtained, which has a corresponding optimal pmf. Depending
on the communication model used, the pmf of the random
graph can be a quantity dependent on a set of parameters of
the communication protocol (transmission power, probability
of collisions, etc). Having amptimal pmf allow us to tune
these parameters such that the performance of the MASM is
improved. 7

In what follows we provide a simple example where we
show how the optimal probability distribution, 1%, and 77"%
evolve as functions ofn.

Example 4.1:Let G(k) be random graph taking values in

the selg = {G1, G2}, with probabilityp and 1- p, respectively. 02; 1 7 3 I P 1t
The graph$5; andG; are shown in Figure 1. Also, l&(k) ™
be a (stochastic) random matrix , correspondingGik), (b)
taking value in the sefl = {A1, A2}, with
i1 oo 10 0 O
A_gi;o W |01 00
1= 0 jl: % ol 2=1' 0 0 % %
0 0 0 1 00 5 %
132 4 5] g 1‘0 12 14
4 4 3 ™
G, G, (©
0955
Fig. 1. The sample space of the random gr&i(k) 0oeg

0945

0.94

Figure 2(a) shows the optimal probabilify that min-
imizes n for different values oim. Figure 2(b) shows the
optimizedn (computed atp*) as a function ofm. Figures
2(c) and 2(d) show the evolution of thmtimizedrmn and

0935
1

Hw 093}

09251

n92r

TI% as functions ofm, from where we notice that a Pareto ors|
solution is obtained fom=5 andp* = 0.582. ol
In order to obtain the solution of problem (32), we need 0.905 o)
to compute the probability of all possible sequences of
length m produced byG(k), together with the SLEM of (d)

their corresponding stochastic matrices. T_hls task, for _Iarq_flzg. 2. (a) Optimalp as a function of (b) Optimizeds as a function of
values ofm andM maY p“?VG to be numer"?a”y expensive. (c) Optimized {- as a function ofm; (d) Optimizedn% as a function
We can somewhat simplify the computational burden by m !

using instead the bounds op and p introduced in (15)

and (16), respectively. Note that every result concerning



the performance metrics still holds. In this case, for each

value of m, the upper bound o is minimized, whenp,, 05
is maximized, which can be interpreted as having to choose
a pmf that maximizes the probability of connectivity of a nar

random graph obtained over a time interval of lengthin
our example, the probability that the unionrafconsecutive
graphs produced b¥y5(k) results in a connected graph is o 0
Pm=1-p"-(1-p)™. We note thaip,; =0, since no single
graph inG is connected. For every fixed value of p,, is
maximized forp = % Given thatA(k) takes value#\; and
Ao with uniform distribution, the bounds on the curves of
the quantities;, TI”% and 1Tmn are given in Figure 3. We note 05,

IR 3

0ar

0sr

that form= 3, both bounds om% and 1 are minimized.
Even in the case where we try to minimize the bound
on n, it may be very dficult to compute the expression for
P, for large values o (the setgG may allow for a large
number of possible unions of graphs producing connected
graphs). Another way to simplify even more our problem, is
to (intelligently) fix a value form and to try to maximize
P, having as decision variable the pmf. We note that
should be chosen such that, within a time interval of length
m, a connected graph can be obtained. Also, a very large
value form should be avoided, sincﬁj‘—,7 is lower bounded
by m. Although in general the uniform distribution is not
necessarily minimizing;, it becomes the optimizer under
some particular assumptions, stated in what follows. &et
be such that a connected graph is possible to be obtained
only over a time interval of lengtiM (i.e. in order to form
a connected graph, all graphs ¢ must appear within a
sequence of lengtM). ChooseM as value fom. It follows
that p,, can be expressed as:

M
P =m! 1_[ pi.
i=1

We can immediately observe thgt, is maximized for the
uniform distribution, i.e.p = X, for i=1,...,M.

V. CONCLUSIONS % s £ g 0 2 1

In this note we studied a multi-agent subgradient method ©
under random communication topology. Under an i.i.d. as-
sumption on the random process governing the evolution of
the topology we derived upper bounds on three performance
metrics related to the MASM. The first metric is given by
the radius of the neighborhood around the optimal solution
where the cost function evaluated at an estimate converges.
The second and the third metrics are represented by the
radius of a neighborhood around the zero point where the
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0.965 -

0.96 -
0.9585 -

distance between an estimate and the set of optimizers is g5

guaranteed to converge and the rate of convergence to this s |

neighborhood, respectively. All the aforementioned perfor- nog ‘ ‘ . .

mance measures were expressed in terms of the probability ’ ! ° -
distribution of the random communication topology. This (d)

is particulary useful when the distributed optimization is_ . ) o
. . . .. Fig. 3. (a) Optimalp as a function ofm; (b) Optimized bound om

performed over wireless networks, since the communicatiofl’; function ofm ; (c) Optimized bound on™ as a function ofm: (d)

. . ape . A ! —n !

pro_tocol parameters, which determine .the probgblllty dIStl‘IOptimized bound om# as a function ofm

bution of the random graph, can be tailored to improve the

performance of the MASM.
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