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Abstract In the present paper the optimal quadrature formula for approximate evaluation of Fourier coefficients

1 .
jo e?™*p(x)dx is constructed for functions of the space |_(21>[o,1]. At the same time the explicit formulas for

optimal coefficients, which are very useful in applications, are obtained. The obtained formula is exact for constant.
In particular, as consequences of the main result the new optimal quadrature formulas for approximate evaluation of

. 1 1. .
integrals Io cos 2zwX p(x)dx and jo sin 2zwX @(x)dx are obtained. Furthermore, the order of convergence of the

constructed optimal quadrature formula is studied.
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1. Introduction

Computation of integrals of strongly oscillating functions
is one of the more important problems of numerical
analysis, because such integrals are encountered in
applications in many branches of mathematics as well as
in other science such as quantum physics, flow mechanics
and electromagnetism. Main examples of strongly oscillating
integrands are encountered in different transformation, for
example, the Fourier transformation and Fourier-Bessel
transformation. Standard methods of numerical integration
frequently require more computational works and they
cannot be successfully applied.

The earliest formulas for numerical integration of
rapidly oscillatory functions were given by Filon [3] in
1928. The Filon’s approach for Fourier integrals

I[f:] =j:ei“’Xf(x)dx,

is based on piecewise approximation of f(x) by arcs of

the parabola on the integration interval. Then finite
integrals on the subintervals are exactly integrated. The
Filon’s approach was modified by many mathematicians
and for integrals with different type highly oscillating
functions many special effective methods such as Filon-
type method, Clenshaw-Curtis-Filon type method, Levin
type methods, modifed Clenshaw-Curtis method, generalized
quadrature rule, Gauss-Laguerre quadrature are worked
out (see, for example, [2,4,5,6,8,9,10,14,16,21], for more
review see, for instance, [7,11,13] and references therein).

In [12] the authors studied approximate computation of
univariate oscillatory integrals (Fourier coefficients) for

the standard Sobolev spaces H® of periodic and non-
periodic functions with an arbitrary integer s>1. They
found matching lower and upper bounds on the minimal
worst case error of algorithms that use n function or
derivative values. They also found sharp bounds on the
information complexity which is the minimal n for which
the absolute or normalized error is at most & .

In the work [18] the weight lattice optimal cubature

formulas in the periodic Sobolev's space L(Zm) () were

constructed. In particular, from the result of the work [18],
in univariate case when the weight is the function
exp(oix) (where xe[0,27] and o is an integer), the
Babuska's optimal quadrature formula for Fourier
coefficients [1] was obtained.

The present work is also devoted to one of such
methods, i.e. to construction of optimal quadrature
formulas in the sense of Sard for approximate calculation
of Fourier integrals.

We consider the following quadrature formula

_ N
J';ez”'“’xgo(X)dX ~ z Cso(hB), (1)
B=0

here C, are coefficients, h=1/N, i?=-1, NeN ,
weZ, w#0, 5(x) is Dirac’s delta function, gp;(x) is
the indicator of the interval [0,1]. Functions ¢ belong to

the space L(zl) [0,1], where
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L(Zl) [0,1]={¢:[0,1] > C, ¢ is abs. cont. and
¢'eLL[01]}

is the Sobolev space of complex valued functions and the
inner product in this space is defined by the equality

1
{p.v) = [0y ()X, @
0

where ; is the conjugate function to the function  and
the norm of the function ¢ is correspondingly defined by
the formula

lo1 0. (g.002.

1
and [¢'(x)p'(X)dx <.
0
The following difference

) N
(4.0) = [ e p(x)dx~ 3. Cy(nf) =
=0

(3
= [~ 1x)p(x)x
is said to be the error of the formula (1), where
. N
£(x) = ez”'“’xgloyl](x)—ZCﬂ(S(x—hﬂ) (4)
B=0

is the error functional of the formula (1).
Since the space L(Zl) [0,1] is a Hilbert space, then by the
Cauchy-Schwarz inequality

(@ E H(p‘L(Zl) [0,1]“.“4 L(zl)*[O,l]H, &)

where L(Zl)*[O,l] is the conjugate space of the space

L9[0,1.

Since the difference (3) is estimated with the help of the
norm of the error functional

HE‘L(Zl)*[O,l]H = s (o). ®)

e

Therefore, the estimation of the error of the quadrature
formula (1) over functions of the space L(zl) [0,1] is
reduced to finding the norm (6) of the error functional ¢
in the conjugate space L(21>*[o,1]. Clearly the norm of the
error functional depends on coefficientsC ;. The problem

of finding the minimum of the norm of the error functional
¢ by coefficients C, when the nodes are fixed (in our

case the distances between neighbor nodes of the formula
(1) are equal, ie. x;=hg, #=01..,N,h=1/N) is
called Sard’s problem and the obtained formula is called
the optimal quadrature formula in the sense of Sard. This
problem was first investigated by Sard [15] which
corresponds to the case w =0 of the quadrature formula

D).

The main aim of the present work is to solve the Sard
problem for the quadrature formula of the form (1) in the

space L(zl)[o,l] using the Sobolev method for @ =0, i.e.
to find the coefficients C,, that satisfy the following
equality

o 1*
s

_ gg H/ | L(Zl)*”. (7)

Thus in order to construct optimal quadrature formulas
of the form (1) in the sense of Sard we need to solve the
following problems

Problem 1. Find the norm of the error functional ¢ of

the quadrature formulas of the form (1) in the space L(zl)*.
Problem 2. Find the coefficients C, that satisfy

equality (7).

The paper is organized as follows: in Section 2 the
extremal function of the quadrature formula (1) is found
and with the help of this function the representation of the
norm of the error functional is obtained. In Section 3,
using Lagrange method, the system of linear equations for
the optimal coefficients is obtained and the existence and
uniqueness of the solution of this system is discussed. In
Section 4 we give the method for solution of this system
which allows to get the explicit formulas for optimal
coefficients and we obtain the explicit formulas for the
optimal coefficients that are very useful in applications.
Finally, in Section 5 we calculate the norm of the optimal
error functional.

2. Extremal Function and the Norm of the
Error Functional

In this section we solve Problem 1. To evaluate the
norm of the error functional ¢ in L(Zl)* space we use

extremal function of the quadrature formula (1). The
function y, is called the extremal for the given functional

¢ (see [19]) if the following holds
(v )=l ®)

Since the space L(zl)[O,l] is a Hilbert space, then the

extremal function y, in this space is found with the help
of Riesz theorem. Then for the functional ¢ and for any
function ¢ of the space |_(21>[o,1] there exists a unique

function y, of the space L(21)[0,1] for which the following
holds

(L) =(pw1), )
where (p,i,) is the inner product defined in the space
L(Zl)[o,l]. Since the error functional ¢ defined on the

space L(zl)[o,l] , then from equality (9) we get the

following condition which means exactness of the
quadrature formula (1) on constant term, i.e.

(¢,1)=0. (10)
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It follows that the extremal function y, is a solution of
the following boundary problem

v "(X)=~((X),

(e () =0

From S.L.Sobolev result [19,20] about extremal

function of quadrature formulas, in particular when m=1,
we get the following result.

Theorem 1. The solution of the boundary problem (11) is
the extremal function y, and has the form:

(11

Wi (X) = —((X)*G(x) +d,
where

| x|

G(X) = (12

and d is a complex number.

Recall that * is the convolution and the convolution of
two functions is defined by the formula

0

P00 *y () = [ p(x=y)w(y)dy = [ e(y)y (x—y)dy.

Taking into account the definition of convolution and
equality (4) we calculate the convolution ¢(x) *G(x), i.e.

0

()*G(x) = [ £(y)G(x~y)dy =

—00

. N _
e 2" VG (x—y)dy— Y. CsG(x—hp),
B=0

O

where / and C,; are conjugate to ¢ and Cg ,

respectively.
Then keeping in mind (9), (10) and (12) we have

0

||f||2 =(ty,)= f LX)y, (X)dx =
= [ O *G(x))dx =

. \ (13)
=— j (8[0’1](X)62”iwx - Z Cﬁ5(x— hﬂ)]x
p=0

—0

1 ) N
x[jez”'wye(x— y)dy— > CpG(x— hﬂ)]dx.

0 =0

Further, simplifying the last equality we get

N N _
Jef {Z >, Ghp—ty)-
p=0y=0
1
B ZN:J’(EﬂeZHi(oX +Cﬂe—27ria)x)G(x_hﬁ)dX+ (14)
=0p

11
+J‘je27riwxe—27ziwyG(x _ y)dXdy .
00

We show that the right hand side of (13) is real.

Really, let
C,=Cj +iCy, (15)
where CE and Cb are real.
Using Euler’s formula e>*'“* = cos 27zawX + i Sin 27zwX
we get the following equalities

N N _
> 2.C4C,G(hp-hy) =

=0 7=0

N N
= Y (chcf +cpe) ehp—hy),

0y=0
Cﬂebﬂa}x +Cﬂe—2/rla)x —

= ZC; oS 27zwX + 2C g sin 27X,

O —

1
J'e?_zria)xe—ZfriwyG (X _ y)dxdy _
0

cos(27a(x —y) ) G(x — y)dxdy.

O t—yr
O —

Keeping in mind the last three equalities, from (14) for
the norm of the error functional we have

N N
0 =—| > > (chcf +cic))athp—hy)
B=0y=0

N 1
-2y c;jcoszmx.e(x—hﬁ)dx—
/oo (16)

N 1
-2y CHsin 270X -G(X—hB)dx +
B=0 0

11
+”cos(27m)(x— y))G(x—y)dxdy |.
00

And from (10), keeping in mind (15), we have the
following equalities

N 1 N 1
> C; = IcosZmoxdx =0, Y C/'i = jsin 27zwxdx = 0. (17)

B=0 0 p=0 0

Therefore, Problem 1 is solved.

3. Linear System for Optimal Coefficients

Here we solve Problem 2. To find the minimum of the
expression (16) under the condition (17) we apply
Lagrange method of undetermined coefficients. Consider
the function

w(Cc§,...cR.C....Ch dR d ) = | +

1 N
+2dR[_[00527m)xdx—Z C§J+ (18)
0 p=0

1 N
+2d! [J'sin 27Z'a)XdX—z CbJ

0 B=0
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Equating partial derivatives of the function (18) by
Cj.Cp A=0,1...N and by d*,d" we get the following
system of linear equations

N
> clGhp-hy)+dR =
=0

1
:JCOSZHU)X-G(X—h,B)dX, (19)
0

£=01..N,

N
> CiG(hp-hy)+d' =
y=0

1
= [ sin 27wx-G(x—hp)dx, (20)
0
p=01..N,
N
> cyR =0, (21)
=0
N
>.c, =0 (22)
7=0

Multiplying (20) and (22) by i and adding to (19) and
(21), respectively, using denotations (15) and
d=d® +id"', for the coefficients of the optimal

quadrature formulas of the form (1) we get the following
system of linear equations

N
Y. C,G(hp-hy)+d =
=0

V4
1
= [e¥X.G(x~hp)dx, (23)
0
A=01..N,
N
>.C, =0 (24)
y=0

Existence and uniqueness of the solution of system
(23)-(24) are proved in [12,13], i.e. the square of the norm
(14) of the error functional ¢, being multidimensional
quadratic function of the coefficients C,, has a unique

minimum in certain value of C; =Cp.
As it was said in the first section the quadrature formula

(1) with coefficients 6ﬂ (8 =0,1,...,N), corresponding to
this minimum is called the optimal quadrature formula in

the sense of Sard and 6/3 (#=0,1,..,N) are called the

optimal coefficients.
Below, for the purposes of convenience, the optimal

coefficients C4 will be denoted as C.

The method of solution of system (23)-(24)

Here we give the method of solution of system (23)-
(24). In this section we use similar method, suggested by
S.L.Sobolev [19,20] for finding coefficients of optimal

quadrature formulas in the space L(zm)(O,l). Here we

mainly use the concept of functions of discrete argument
and operations on them. Theory of discrete argument
functions is given in [19]. For completeness we give some
definitions about functions of discrete argument from [19].

Definition 1. A function ¢(hg) is called function of

discrete argument if it is defined on some set of integer
values of .

Definition 2. We define the inner product of two
functions ¢(hg) and w(hpg) asthe following number

o= o(hB)-w(hp). (25)
ﬂ:—oo

If the series on the right hand side of equality (25)
converges absolutely.

Definition 3. We define convolution of two functions
o(hp) and w(hg) the inner product

o(hB)*y (hB) =[p(hy) -w (hB—hy)] =

= 3 o(h)-whp—hy).

y=—m

Now we return to our problem. Suppose C,; =0 for
P <0and >N . Then, using the above definitions, we
rewrite system (23)-(24) in the convolution form

Cp*G(hp)+d =f(hpB), f=01..,N, (26)

N
>.C, =0 27)
=0

Here

riw - 2xioh -1+ e?Hs

: (28)
(2riw)?

f(hp) =

where the function G(x) is defined by (12).
Problem 3. Find C,; and d which satisfy the system
(26)-(27) for given f(hp).
Further we investigate Problem 3 which is equivalent to
Problem 2 and instead of C, we introduce the functions
v(hB)=C;*G(hp), (29)
u(hp) =v(hp)+d. (30)
In this statement it is necessary to express the
coefficients C, by the function u(hp). For this we have

to construct such operator D(hg) which satisfies the
equality

hD(hB)*G(hg) = 5(hp), (31)
where 5(hﬁ)={f’ ﬁfg i.e. 5(hp) is discrete delta

function.
In the works [17,19] the discrete analogue of the

differential operator d2™ /dx®™ was investigated and in
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the work [17] was constructed. In particular, from the
results of [17] for m =1 we get the following theorems.
Theorem 2. The discrete analogue of the differential

operator d? / dx? satisfying equality (31) has the form

0 |Bk2
D(hp) = iz 1L, |BEL (32)
™o, B=0.

Theorem 3. The discrete analogue D(hg) of the

differential operator d2/dx? satisfies the following
equalities

1) D(hp)*1=0,

2) D(hp)*(hp) =0,

3) D(hB)*G(hp) = &(hp).

Then taking account (30), (31) and Theorems 2 and 3
for the optimal coefficients we have

Cz =hD(hB)*u(hp). (33)

Thus, if we find u(hg) then optimal coefficients will

be found from (33). To calculate convolution (33) we have
to find the representation of the function u(hg) for all

integer values of S . From (26) we obtain that
uthpg)=f(hpg) for $=0,,2,..,N . Now we find the
representation of u(hg) for g<0and S >N .

since °# =9 for #<0qng A>N , then
C, =D(A)*u(hp) =0, hp 0]

Suppose S <0, then keeping in mind (12) and (27) we
have

N
v(hp) = % >.C,(hy), (34)
=0
Similarly, for g <N

N
v(hp) = —% >.C,(hy), (35)
y=0
Then, from (30) taking into account (34) and (35), we get
N
%;}C},(hy)+d, B <0,
u(hp) =4 f(hp),

1 N
-=> C,(hy)+d, B=N.
25

0<B<N,

where f(hg) is defined by (28).
We denote

N N
d*:d%ch(hy), d+=d—%ZC7(hy). (36)
y=0 y=0

Then taking account of the last representation of the
function u(hg), we get the following problem which is

equivalent to Problem 3.
Problem 4. Find the solution of the equation

D(hp)*u(hp) =0 for

having the form

hg ¢[0,1] (37)

d-, B <0,
u(hpB) =4 f(hp), 0<B<N, (38)
d”, B=N.

Clearly that Problem 4 is equivalent to Problem 3 and

Problem 2 respectively. Here d~ and d™ are unknowns.
These unknowns can be found from (37). For f=-1 and

B =N+1 from (37) we get the following system

D(h)- (u(-2h) +u(0))+ D(0)-u(~h) =0,
D(h)- (u(Nh) +u(Nh+2h))+D(0)-u(Nh+h) =0.

Hence using (32) and (38), we have

d‘:i_, d*:—i_. (39)
Ariow Ariw
Then
d=1(d++d—)=o, (40)
2

N 1
Z Cy (hy) = 2—
20 miw

So that for u(hg) from (38), taking into account (39), we
have

1
o =0
uhp)=<f(p), 0<P<N, (41)
-1
o PN

where f (hf3) is defined by equality (28).

Now, using the last equality from (33) can be calculated
optimal coefficients.

4. Coefficients of the Optimal Quadrature
Formulas (1)

For the coefficients of the optimal quadrature formulas
of the form (1) the following theorem holds.

Theorem 4. Coefficients of the optimal quadrature
formulas of the form (1) in the sense of Sard when

 # 0in the space L(Zl) [0,1] have the form

& _ &M _1-27ioh
h(27iw)?
é _ 2(cos 2zwh -1) . g27iohp
h(27i®)?
B=12,...N-1
é _ e =27 _q 4 2 7iwh .
h(27iw)?

(42)
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Proof. Let f#=0,1,...,N, then from (33) we get
Cpp =hD(hB)*u(hp) =
=hD(h)-(u(hg+h)+u(hp—h))+hD(0) -u(hp).

Now using equalities (32) and (41), from the last
equality for £=0,1,..,N we correspondingly get the

explicit formulas for the coefficients C g, which are given

in the statement of the theorem.
Theorem 4 is proved.

Note that the formulas for the optimal coefficients Cy

are decomposed into two parts — real and imaginary parts.
Therefore from Theorem 4 we get the following.

Corollary 1. The coefficients of the optimal quadrature
formulas of the form

N o
1
jo €0s 27X @(X)dX = /;OCE¢(hﬁ),

in the sense of Sard when @ = 0 in the space |_(21>[o,1] of
real valued function have the form

R 1-cos2zwh

CO = [}
472 w%h
R 2(1—cos27wh)
CR - 82082 s 70h B,
s a202h (43)
B=12,..N-1
R 1-cos2zwh
Cn="5 32—
4w h

Corollary 2. The coefficients of the optimal quadrature
formulas of the form

N o
1.
josm 27X p(X)dx = ﬁz_jo Cpop(hp),

in the sense of Sard when w =0 in the space L(zl)[O,l] of
real valued functions have the form

°| _ 2zwh —sin 2zwh

Cy =
20°h
Ch = 2(1=cos2zwh) or 22”“’“) sin 27wh B, (40)
dz“wh
£=12,.,N-1,
CII\I _sin 27zwh — 2wh

472 0°h

5. The Norm of the Optimal Error
Functional
In this section we investigate order of convergence of

the constructed optimal quadrature formula of the form (1)
with the coefficients which are presented in Theorem 4.

It is known that the absolute value of the error of the
optimal quadrature formula (1) with coefficients (42) is
estimated using the Cauchy-Schwarz inequality as follows

I(9)| < Hq)‘L(Zl) [0,1]”. Z‘L(Zl)*[o,l] ,

where functions ¢ belong to the space L(zl)[O,l]. This

means that in order to find upper bound of the error of the
constructed optimal quadrature formula we should

calculate

E‘L(zl)*[o,l] .

The following hold.
Theorem 5. The square of the norm of the error
functional (2) of the optimal quadrature formula (1) on

the space L(zl)[O,l] has the forms

2
/] L(Zl)* _ 1 . 1- 2(1—cos 27;a)h) (45)
(27w) (27wh)
and
° ? 1 1
U = =h? - z20%h*
12 90 (46)

FREE N A +0(hd).
1260

Proof. We rewrite the equality (16) in the following form

N
Ihﬁ hy |
2 N e Z
R| 7=0
/) =— OCﬁ R )
p= ICOSZﬁwXMd
0

N R |x=hp|
+ Z C, J'cos Zﬁwadx
y=0 0

gg Ihﬁ hy |

N o
|| 7r=0
- Zocﬂ )
p= Jsm erwx—ld
0

+ Z Cyj3|n 2ﬂwxﬂdx
y=0 0

- J _[ cos(2za(x - Y)) [x=yl dxdy.
00 2

Taking into account (40) we get that dR=d' =0.
Then from (19) and (20) we have

ZCRHWZ hy | jcosZ;rwdex 0
y=0

and
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N hg_hy| L _
yc! M‘IS"‘ 22x X MBlyy o,
par 2 2

respectively. Keeping in mind the last two equalities we
obtain

LAY | x=hg]
= ZCRICOSZEwXTdX

o

¢ 4

y=0 0

N °1 _
+Y CyI J'sin 27m)xlx—2hﬁ|dx
y=0 0

11
- ”cos(Z;m;(x - y))M dxdy.
00 2

Hence calculating the definite integrals and using (43)
and (44), after some simplifications we get (45). Finally,
expanding the expression (45) in a series in powers of h
we have (46). Theorem 5 is proved.

Remark. Order of convergence of the constructed
optimal quadrature formula (1) with coefficients (42) is
O(h).

6. Conclusion

Thus in the present work we have constructed the
optimal quadrature formula for approximate calculation of

27iwx

the Fourier coefficients .f;e @(x)dx of functions from

the Sobolev space |_(21>[o,1]. And we have obtained the

explicit formulas for the optimal coefficients which are
very useful in applications. The obtained quadrature
formula is exact for the constant term. In particular, as a
corollary from the main result the optimal quadrature
formulas for approximate calculation of integrals

.[;cosha)xw(x)dx u f;sin 2nwX@(x)dx have been

obtained. Furthermore, we have studied the order of
convergence of our optimal quadrature formula.
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