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Symbolic Encoding and Abstraction in Multiplication and Division

It is importantfor any teachetto realisethat an apparentlysimple mathematicastatemensuch
as 3 x 2 = 6 hasa multiplicity of meaningsFor a start,the number3 in the statementould
meanmanythings,for example,3 objects(toy carsor multilink cubesor shellsetc.),3 groups
of objects,a positionon a numberline or simply an abstracthumber.The sameis true of the
numbers2 and 6 in this statementThus, the numbersin the statementre generalisation®f
many different types of 3s, 2s and 6s found in different contexts.

In addition,the completestatemenB x 2 =6 itself is a generalisationwhich canrepresentnany
different situations.

e.g. John earns £3 each day for 2 days and so earns £6 in total;
A rectangle with dimensions 3cm and 2cm has an area ¢f 6cm

A piece of elastic 3cm long is stretched until it has doubled in length to become 6cm
long.

Thus, to young childrenthe statemenB x 2 = 6 often haslittle meaningwhen no contextis

given. A similar argumentappliesto simple division statements.Consequently,all early
multiplication anddivision work shouldbe doneby meansof practicaltasksinvolving children
themselves'real’ objectsor mathematicabpparatusn which the contextis entirely apparent.
Similarly, recordingof multiplication anddivision work shouldalso,for the mostpart, contain
some representatiorof the operationsattempted.This can be in the form of the objects
themselves or in pictorial form.

Moreover, the multiplication symbol, x, and the division symbol, +, also both have a
multiplicity of meanings.This canbe seenin the conceptualktructuresfor multiplication and
division which follow. The manipulative actions undertakenby a child using real or
mathematicabbjects,andwhich arerepresentethy the 3 x 2 = 6 multiplication statementyary
accordingto contextof the task. The outcomesof thesepotentially different physicalprocesses
resultingfrom multiplying 3 x 2 in different contextscanall be representedby the number6
and so mathematiciangan usethe statemenB x 2 = 6 to represenimany different types of
multiplication. This efficiency and economy of expressionis one of the attractions of
mathematics.However, for young children, the representationof very different physical
manipulationf objectsby the samesetof mathematicatymbols(3 x 2 = 6) is oftenconfusing
becausef the high degreeof generalisatiorandabstractiorinvolved. Therefore mathematical
symbolsat this early stageshouldonly be usedalongsideotherforms of representatiosuchas
picturesor actualobjects.A similar complexityappliesto division which alsohasa multiplicity
of meanings which are dependent upon context.

The different conceptuaktructuresof multiplication and division that childrenwill encounter
areexplainedon the following pagesNote thatthe modelof multiplication or division adopted
for a calculation depends on the context and phrasing of the question asked.
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Conceptual Structures for Multiplication

1. Repeated Addition

This is the first multiplication structure to which children should be introduced. It builds
upon the already established understanding children have about addition but extends this
from adding the contents of a grouping to adding the contents of one group and then using
this to add the contents of several equally-sized groups. For understanding this
multiplication structure, prior experience of equal groupings and of addition is important.

Some examples of this type of multiplication are:

With Objects

3+3+3+3=3x4
(3 multiplied 4 times)

On a Number Line
2+2+2=2x3=6

+2 +2 +2

I I I I I I I I
0 1 2 3 4 S) 6 7

Or with Number Rods (e.g. Cuisenaire)
2+2+2=2x3=6

2. Describing a Rectangular Array

This is likely to be the secondmultiplication structureto which children are introduced
formally. It becomesisefulwhenthe commutativdaw for multiplication(i.e.ax b =b x a)
is encounteredgincethis providesa visual representatiof this law. It is alsoencountered
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when the formula for the area of a rectangle (Area = length x breadth) is derived.
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Some possible examples of this are:

8x3

X
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3 x4

3. Scaling

This is probably the hardestmultiplication structuresince it cannot be understoodby
countingthoughit is frequentlyusedin everydaylife in the contextof comparingquantities
or measurements and in calculations of the cost of multiple purchases, for example.

Some examples of this are:

Multiplying I[I\)/Iultiplyi?g
by a scale y a scale 5
acm| A l 8cm . C cm
factor of 2 B factor of 0.25
B is twice the height C is 0.25 times as high
of A. as B.

Note thatthe resultof sucha scalingoperationmay resultin a reductionin the quantity or
measurement if the scale factor is less than 1.

This multiplication structure also includes the idearafe’.
For example:

* the cost of 5 bars of chocolate @ 30p each is calculated as 30p x 5 = £1.50;

« if eachtin of paintwill cover7m? of wall spacethe amountof wall spacewhich
can be covered using 10 tins of paint is calculated d<7kd = 70rA.
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Conceptual Structures for Division

1. Equal Sharing
8 + 4 is interpreted as ‘Share 8 equally between 4 groups’ i.e. how
many in each group?

%X%x

%X%x

The image here is of partitioning the set of 8 into 4 (equal) new sets.

It is importantthatchildrenaremadeawarethatit is not alwaysappropriatenor is it always
possibleto interpretdivision as equalsharing.For example,8 +~ 0-2 or 8 + 4 bothbecome
nonsenséd interpretedasequalsharingbecause¢he numberof groupsinto which itemsare
sharedwould not be a whole number. Thus,in equalsharingsituations,the divisor must
be a whole number and less than the dividend and, consequentlythe quotientwill be
smaller than the dividend.

2. Repeated Subtraction (or Equal Grouping)

This involves repeatedlysubtractingthe divisor from the dividend until either there is
nothing left or the remainderis too small an amountfrom which to subtractthe divisor
again. It should be obvious that prior experienceof subtractionis a prerequisitefor
understanding this structure.

8 + 4 is interpreted as ‘How many sets of 4 can be subtracted from
the original set of 87’ or as ‘How many sets of 4 can be made from
the original set of 87",

With Objects

EZ 3 AR

2 sets of 4 can be subtracted so 8 + 4 = 2.

Multiplication & Division 6 © 2001 Andrew Harris



On a Number Line

-4 -4
I I I | I I I I |
0 1 2 3 4 5 6 7 8

2 subtractive ‘jumps’ of 4 are possible so 8 + 4 = 2.

Here,aswith equalsharing,the divisor mustbe smallerthanthe dividendbut in this case
the divisor doesnot haveto be a whole number.In consequencehe quotientobtainedmay
be larger than the dividend.

Repeatedsubtractionis the inverse of the repeatedaddition model for multiplication.
Sometimesquestionsof this type are solved by using the inverseof this structurethus
makingthe questioninto a multiplication structurei.e. ‘how manysetsof 4 aretherein the
original set of 87" or 4 x, = 8.

The repeatedsubtractionstructureis the basisof manyinformal algorithms(methods)and
of the standard short and long division algorithms.

3. Ratio

Thisis acomparisorof the scaleof two quantitiesor measuremenis which the quotientis
regardedas a scalefactor. Children often find this structuredifficult to understandand
frequently confuse it with comparison by (subtractive) difference.

8 + 4 is interpreted as ‘How many times more (or less) is 8 than 47’
YR
A %X {X compared with %ﬁ%&
340 APXEYS
G
A is 2 times larger than B (because 8 + 4 = 2).

This canalsobe written astheratio8 : 4 = 2 : 1 or asafractionalratio & = 2 = 2 (the scale
factor). Comparethis division structurewith the comparativestructuredor fractions.This
is the inverse of the scaling structure for multiplication.

The Relationship between Multiplication and Division

Since multiplication and subtractionare inverse operations (i.e. one is the mathematical
‘opposite’ of the other)they shouldbe taughtalongsideeachotherratherthanastwo separate
entities.It is importantthatchildrenaretaughtto appreciateandmakeuseof this mathematical
relationship when developing and using mental calculation strategies.
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Progression in Teaching Multiplication and Division

General Summary of Progression
The National Numeracy Strategy recommendsthat teachers observe the following
progression in teaching calculation strategies for multiplication and division:

1 Mental counting and counting objects (Years 2 and 3);

2 Early stagesof mental calculationand learning number facts (with recording)
(Years 2 and 3);

3 Working with larger numbers and informal jottings (Years 2, 3 and 4);

4 Non-standardexpandedwritten methods, beginning in Year 4, first whole
numbers;

5 Standardwritten methoddor whole numberghenfor decimals(beginningin Year
4 and extending through to Year 6);

6 Use of calculators (beginning in Year 5).

This summaryof the required progressionin learning for multiplication and division is
outlined in more detail below.

Prior Experience Required for Learning about Multiplication & Division

The National NumeracyStrategy’s‘Framework for TeachingMathematics’recommends
the introduction of multiplication and division in Year 2 of the primary school. It is
important, however,that, before multiplication and division are taughtformally, children
should be familiar with the following experiences and skills.

Children should:

1 Be able to count securely;
2 Understand basic addition and subtraction;
3 Be able to form groupings of the same size

» without ‘remainders’
* with ‘remainders’.

Progression in Multiplication

Moving from unitary counting to counting in multiples;

The notion of repeated addition (including number line modelling) and doubling;
Introduction of x symbol and associated language;

Beginning the mastery of multiplication facts;

Simplescaling(by whole numberscalefactors)in the contextof measuremerdr
money;

Multiplication as an rectangular array;

The commutative law for multiplication;

Deriving new multiplication facts from known facts;
Factors, multiples, products

10 The associative law for multiplication;

11 Multiplying by powers of 10 (1, 10, 100, 1000 etc.);
12 The distributive law for multiplication;

a b~ wdN -

O 00 N O
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13 Multiplying by multiples of powers of 10 (e.g. 30, 500);

14 Informal written methods (using partitioning);

15 Expanded Standard algorithm;

16 Contraction to Standard algorithm for multiplication by a single digit number;
17 Square numbers and simple indices;

18 Long multiplication by informal and then standard methods;

19 Multiplication of decimals by a single-digit number.

20 Prime and rectangular numbers

Progression in Division

The notion of ‘fairness’ and its application in equal sharing;
Refining equal sharing strategies;

Halving (including odd and even numbers as a by-product)
Division by repeated subtraction (including number line modelling);
Introduction of + symbol and associated language;

Deriving division factsfrom multiplication facts(usingdivision asthe inverseof
multiplication);

7 Informal written methods using repeated subtraction of the divisor;

8 Whole number remainders;

9 Dividing multiples of powers of 10 by powers of ten;

10 Informal written methods (using repeated subtraction of multiples of the divisor);
11 Expanded standard algorithm for short division;

12 Contraction to standard short division algorithm;

13 Fractional and decimal remainders;

14 Long division by informal methods(involving repeatedsubtractionof multiples
of the divisor);

15 Expanded long division algorithm;
16 Standard long division algorithm;
17 Division of decimals by a single-digit number.

o0k WN PR

Childrenshouldbe given opportunitiesto explorethe operationsof multiplication anddivision
for both discrete objects (real and mathematical)and continuous quantities (such as
measurements).

Establishing Initial Understanding of Multiplication
From Unitary Counting to Counting Multiples

Children will have been usedto counting in ones. The first stagein learning about
multiplicationis to extendchildren’s countingstrategiesso that they cancountin intervals
other than one.

Initially, this is done by using standardcounting in 1s but with an emphasisgiven to
multiples of a given number:

123456789 10..

The emphasisethultiplescanbe markedin variouswaysasonewould the rhythmicbeatin
musice.g.clapping,useof a drum,whisperingtheintermediatenumbersetc. Childrenoften
can be seenmarking the multiple numbersby physical movementssuch as nodding the
head, using fingers repeatedly to count from one multiple number to the next.
Multiplication & Division 9 © 2001 Andrew Harris



However, to mastersuch counting is more complicatedthan it may first appear.Julia
Anghileri (1997) suggeststhat such counting involves three concurrent counting
sequences

Objects: @ee @ee® ©®ee @©@e0

Verbal Count: 123 456 789 10112 ...
Physical (e.g. fingers) or

Internal Count : 123 123 123 12 3 ...
Tally: 1 2 3 4

adapted from p. 45-46, ‘Teaching and Learning Early Number’, Ed. lan Thompson
(1997), OUP

Whencountingobjects,the physicalor internalcountconstitutesa countingof the
elementsof eachset while the tally keepstrack of how many sets have been
counted. If countingwithout objects,the physicalor internal countmonitorsthe
progresstowardsthe next multiple whereasthe tally is a record of how many
multiplesof the chosemnumberhavebeenencountered.Clearly, keepingtrack of
all three counts at the same time is much more complex than ordinary counting.

Eventually,the intermediatenumbersbetweenthe multiples can be droppedfrom
the sequenceleaving a count basedon multiples of the given number only.
Developmentof this type of counting should continuethroughoutthe remaining
primary school years by extending this as follows:

e counting backwards as well as forwards

» starting from numbers other than zero

* increasingthe size of the multiple from single-digitnumbersto multi-
digit numbers e.g. counting in 100s, 25s etc.

 counting in multiples of a fractione.g. 8.2, &, 3, 3}, ...

* counting in multiples of a decimal e.g. £1-99, £3-98, £5-97, £7-96, ...

Introducing Repeated Addition

The idea of repeatedaddition is essentiallyan extensionof the counting in multiples
outlinedabove,namely,the recognitionthatif setsof objectsareequalin numericalvalue,
they can be more efficiently countedby counting the numberof objectsin one setand
repeatedly adding this number to find the total value of all the sets.
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Initial awarenes®f the idea of repeatedaddition should be developedthroughexamples
where such multiples occur naturally e.g.

for 2s: pairs of hands, feet, ears, eyes, pockets, shoes, bicycle wheels, Noah’s Ark

animals, butterfly wings
for 3s: place settings of knife, fork and spoon, clover leaves
for 4s: wheels on cars, lorries etc.
for 5s: digits on hands or feet
for 6s: insects’ feet
for 8s: spiders’ feet
for 10s: digits on both hands or both feet.

Gradually,the scopeof suchactivitiesshouldbe broadenedo includerepeatedaddition of
groupsof naturalobjects(suchas pebblessshellsetc.) and mathematicabbjects(suchas
counters,cubes,beads)where specific multiples do not naturally occur. When grouping
someobjectsit often helpsto provide the child with somekind of equipmentto mark the
boundaryof a group, e.g.a hoop or a place mat, so that the contentsof different groups
remain separateand to emphasisehe two levels of counting: counting the contentsof a
group and counting the number of groups.

At this stageany written notationis still thatof addition, not multiplication . Sowe might
record a typical activity as follows:

Pairs of Hands

it |

and so on .J.

However, early multiplication language such as ‘pairs of’, ‘sets/groups/lots of’ etc. should

be used.

Typical activities include:

* threading beads on strings

3+3+3=9
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* building multilink/unifix trains
[ 2+2+2+2=8

« circling a number repeated motifs on a wrapping paper motif and then using this
as a way of calculating how many motifs are on the wrapping paper

Having establishedepeatedaddition with objects,we canbeginthe processof abstraction
of this idea. The repeatedaddition idea can be appliedto repeatechumberrods (suchas
Cuisenaire) on a number track or number line:

2+2+2=6

2 2 2

I I I I I I I I
0 1 2 3 4 5 6 7

A further layer of abstractioncan be appliedby counting‘jumps’ along the numberline
instead:

2+2+2=6
+2 +2 +2

I/—_I\I/—_I\I/_—I\I I
0 1 2 3 4 5 6 7

It is importantto notethatfor a number line we areusingjumps of 2 intervals (between
numbers)and not jumps of 2 numbers. This avoidsthe commonerror of countingthe
starting number.
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A final degreeof abstractioris obtainedon omissionof the numbersbetweerthe multiples.
For example recordingthe multiples patternobtainedby repeatedadditionin the number
snake:

Such repeatedaddition patternscan be generatedby using the constantfunction on a
calculator. The pattern above would be obtained by entering

+ N+ s J=Q=0=]

Eachtime the B key is pressedanother5 is addedto the total thus generatingthe
repeated addition pattern: 5=5

5+5=10

5+5+5=15

5+5+5+5=20etc.
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Introducing the x Symbol
The recording of multiplication using repeated addition notation of the form2 +2 + 2 + ...

is long-winded.Alternative ways of recordingcanthusbe sought.Somecommonintermediate
recording methods are:

3setsof2=6
A 3lotsof2=6
g 3(2) _ 6

It is worth checkingwhich, if any, of theserecordingmethodsare usedin your school(e.g.in
schoolmathematicschemeor in publishedschemespeforeintroducingtheseto childrensoas
to avoid confusion.

The x symbol is variously interpreted by children (and teachers!). For example,
3 x 4 is often interpreted by children as one of the following:

3 multiplied by 4
3times 4

3 fours

3by4

4 by 3

4 threes

3 lots of 4

4 |ots of 3

3 'timesed' by 4

Theseinterpretationsare not all equivalent.ln consequenceshildrenare often confusedabout
how to interpretthe x symbol, particularly when they are askedto use apparatugo modela
multiplication task suchas 3 x 4 = . The confusionis aboutwhich of the two numbers
describeghe cardinalvalue of the set(the numericalvalue of its contents)andwhich refersto

the number of sets i.e. Should there be 3 or 4 sets? Should there be 3 or 4 objects in a set?

Essentially, all of the ‘possible’ interpretations listed above fall into one of two categories:
(a) a set of 4 elements replicated 3 times

The interpretation8 times 4 3 lots of 4 3 fours and4 by 3all result in the above type of
representation consisting of 3 sets, each of 4 objects.
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(b) a set of 3 elements replicated 4 times

The interpretations3 multiplied by 4, 4 threes 3 by 4, 4 lots of 3 and 3 ‘timesed by’ 4 all
result in a representation of 4 sets each containing 3 objects.

Strictly speakingthe x symbol hasonly one correct interpretation, namely, ‘multiplied by’
and so representation(b) above is the correct representationof 3 x 4. The x4 is the
multiplicative operation which is performed on the set of 3.

Unfortunately,parents,children and teachersare often inconsistentin their interpretationsof
multiplication tasksof the form 3 x 4 = | adoptingdifferent representationand different
vocabularyon different occasions. Even somelong-servingteachersare often unawarethat
they are causingmajor confusionbecausethey are not consistentin their representatiorof
multiplicationtasksandin their useof mathematicalanguagevhenreadingor describingsuch
tasks.

This s partly becausef the useof theincorrectterm‘times’ asa substitutetermfor the correct
term ‘multiplied by’ (thesetermsimply different representationsand partly becausemost
adults know the commutativelaw for multiplication (and subconsciouslyuse it without
realisingthattheyaredoing so)whereashildrenat this stagedo not possesshis knowledge. It
should be obvious from this that the confusionexperiencedoy children tendsto lessenon
introductionof the commutativdaw for multiplication (in this case 3 x 4 = 4 x 3). Equally,the
need for consistency of interpretation on the part of the teacher is apparent.

Becauseof the potentialfor the confusiondescribedabove,somepublishedschemesandsome
teachersavoid the introduction of the x symbol until after the commutativelaw has been
mastered,preferring instead to persist with the bracketsnotation 4(3). Again, it may be
advisableto checkthe publishedschemesnd/ormathematicschemeof work in operationin a
particularschoolbeforedecidingwhat approacho takewith any particularclassof childrenin
this regard.

Establishing Initial Understanding of Division

Fairness and Equal Sharing

For Discrete Objects

This is basedon the notion of ‘fairness’ with which children are usually alreadyfamiliar
beforedivision is first encounteredn a formal sense. Experiencedrom home and from
schoolcontexts(otherthanformal mathematics)suchas playgroundgames often involve
this notion. It is also quite likely that the ideaof equalsharingmay be informally known
from everyday activities such as sharing sweets, food or toys.

Initially, teacher-providedsharing activities are probably best limited to equal sharings
which do not resultin a remainder.The earliestequal sharingstrategyadoptedby most
childrenis that of distributing objectsto people or groups one at a time in a cyclical
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fashionuntil all the objectsareexhaustedlt is usuallyof assistancéo the child if somekind
of boundaryis markedfor eachgroup (e.g.a placemat or a closedloop of string) within
which the child placesthe distributedobjects.This emphasiseshe individual groupsand
avoidserrorswhich may occurif the child distributesobjectsin a mannerthatleaveshim or
her unsure as to which group particular objects have been assigned.

This early equal sharingstrategyis not as straightforwardas it may appearbecause the
child hasto keeptrack of the orderof the cycle of distributionaswell asdecidingif there
areenoughleft attheendof eachcyclein orderto distributeanotherobjectto eachgroupor
person.Thereis alsoa subtledifferencebetweenmathematicakqualsharing’and‘real-life
equalsharing’in thatin real-life situationsthe child itself is usuallyoneof the recipientsin
the distribution process (e.g. when sharing sweets or crisps with friends) but in
mathematicaltasks the child is usually merely the distributor and not a recipient (e.qg.
sharing 10 marbles between 2 bags).

This initial ‘one atatime’ equalsharingstrategycanbe refinedso thatthe child distributes
morethanoneitem at a time by decidingat the end of eachcycle thatthis is both possible
andfaster. A further refinementmight be to roughly shareout the objectsandthenadjust
afterwards by inspection until all groups or people have the same.

Typical activities include:

 sharing spots between two parts of a ladybird:

N\A N\A

6 spots shared between 8 spots shared between
two ladybird wings two ladybird wings

» forming teams on the playground or in P.E. to play games
putting pennies into purses:
Q

9 pennies shared between 3 purses

* sharing toy animal between fields;
 sharing coloured pencils between pots.
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For Continuous Quantities

Theideaof equalsharingshouldbe appliedto continuousquantitiesaswell. In suchcases,
the equal sharing proceduremay be physically different. Possiblestrategiesthat can be
taught include equal sharing by:

« folding (e.g. to divide up paper or cloth);

* measuring (e.g. dividing a piece of plasticine by weighing)

» direct comparison(e.g. pouring water from one containerto anotheridentical
container until the height of the water level in each is the same).

Note the close links here with finding simple fractions of quantities.

Introducing Repeated Subtraction

It is usually consideredsensibleto begin teaching repeatedaddition before repeated
subtraction.Repeatedsubtractionis the inverseof the multiplicative structureknown as
repeatedhddition.Consequentlythe sameideasshouldbe taughtasfor repeatedubtraction
but making appropriate adjustments for the inverse (mathematically opposite) aspects.

So,initial work focuseson countingbackwardginsteadof forwards)in 1semphasisinghe
multiple numbersas describedn the earlier section‘From Unitary Countingto Counting
Multiples’ until the interveningnumberscan be droppedfrom the countingsequenceThe
same complexitiesapply but with the addedfactor of counting backwards(instead of
forwards) with which most children are less confident.

As describedearlier for repeatedaddition, children should be introducedto practical
repeatedsubtractionexampleswhere multiples occur naturally. The child startswith a
collectionof suchobjectsandrepeatedlysubtractghe given numberwhile keepingtrack of
how many of the multiple has been removed from the original group.

The cardinal value of the original set is 8.

2 hands subtracted:
8-2=6.
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2 more hands subtracted:
8-2-2=4

WW ww 2 more hands
subtracted:
8-2-2-2=2

@V\VW WW 2 more hands
subtracted:
8§-2-2-2-2=0.

4 pairs of hands are subtracted

Just as for repeated addition, activities should be broadened to include repeated subtraction
of groups of natural objects (such as pebbles, shells etc.) and mathematical objects (such as
counters, cubes, beads) where specific multiples do not naturally occur.

Having established the idea with actual objects, the process of abstraction towards using a
number line with no objects can then begin.
-4 -4

I I I I I I | | |
0 1 2 3 4 ) 6 7 8

Repeated Subtraction on a Number line: 8 -4 - 4

Introducing the + Symbol

The + symbol is used to represent any of the possible division structures. Thus, the division
structure to be adopted depends on contextual information (if this is supplied).

The division symbol, +, is often interpreted differently by children (and also by teachers). Just
as for the x symbol, there is often a lack of consistency in the interpretation of the + symbol.
For example,

6 + 3 is often interpreted as one of the following:
6 shared between 3
6 shared by 3

6 shared into 3s
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6 shared into 3 groups

6 divided by 3

6 divided into 3s

6 divided into 3 groups

How many times does 3 ‘go into’ 67
How many 3s in 67

Thesenterpretationsarenot equivalentln fact, theyeachfall into oneof two categoriegachof

which hasa different physicalrepresentation Eventhoughthe wording is similar, the division
processis visually different; one of them involves equal sharingand the otherimplies equal
grouping or repeated subtraction.

However,becausechildren, and often teachersfail to perceivethe distinction betweenthese

two categorieschildren often experienceconfusionwhen trying to decide how to tackle a
divisiontaskof theform 6 + 3 = ,. In asimilarway to the confusionfor multiplication outlined
earlier,the confusionarisesbecausef uncertaintyaboutwhetherthe divisor numbershouldbe
assigned to the number of sets resulting from the division or the number of objects in each set.

(a) The Divisor as the number of sets

The physicalrepresentationf this categoryof interpretatiorof 6 + 3 is
asshownin the pictureopposite.The following interpretationof 6 + 3
result in this physical representation:

6 divided into 3;

6 shared by 3;

6 divided by 3;

6 shared between 3;

6 shared into 3 groups;
6 divided into 3 groups.

(The equal sharing structure)
(b) The Divisor as the content of each set
Thephysicalrepresentationf this categoryof interpretatiorof 6 + 3 is

asshownin the pictureopposite Thefollowing interpretation®of 6 + 3
result in this physical representation:

6 shared into 3s;

6 divided into 3s;

How many 3s in 6?

How many times does 3 ‘go into’ 6?

(The equal grouping or repeated subtraction structure)
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[Note that some interpretations (e.g. shared between) only apply in limited circumstances.
e.g. ‘0.4 shared between 0.2’ has no meaning.]

When one notesthe similarity betweenthe expressionst divided into 3' and‘6 divided into
3s’, for example,it is probablyunsurprisingthat the languageassociatedvith division causes
many difficulties for children.Add to this the differencein physicalrepresentatiomndthat ‘6
divided into 3’ implies equal sharingwhile ‘6 divided into 3s’ implies equal grouping or
repeatedsubtractionandit becomesapparenthatthe potentialfor confusionis enormousThe
situationmay be exacerbatety useof somepublishedschemegandsometeachers!which do
not alwaysrecognisghesesubtletiesn meaningandsointerchangghesetermsasif theywere
sSynonymous.

Learning Basic Multiplication and Division Facts

The initial emphasigs on progressingrom relianceon counting, which rapidly becomesan
inefficient strategyfor calculation,to knowledge(i.e. instantrecall) of certainfrequentlyused
numberfacts which will be of greatassistancen hardercalculationsat a later stagein the
learningprocesslt is importantthat children are given opportunitiesto usea wide variety of
equipmentin learningthesebasic numberfacts. This enablesthe teacherto provide learning
opportunitiesof the samenumber facts in different contexts This also allows the child to
understandeventually)that3 x 4 = 12 is true whetherhe/shes usingmultilink cubes pebbles
or spotson a domino. In this way, the child learnsto discardall irrelevantfeaturesof the
equipmentbeing used(e.g. colour, shape)and beginsto recogniseover a period of time the
relevantfeaturewhich is commonto all the apparatusised(in this case the numberof cubes,
pebblesor spots)thus abstracting the numberfact 3 x 4 = 12 from the rangeof contexts
experienced.

Mastery of suchfactsis importantsince later multi-digit numbercalculationsbecomemuch
easierf childrenaresecuren their knowledgeof basicmultiplication anddivision facts. Thus,
within the NationalNumeracyStrategygreatemphasiss placedon childrenlearningsuchfacts
so asto be ableto:

* recall them at need;

* use these known facts to derive new facts;

 appreciate the relationship between multiplication and division;

* build a repertoire of mental strategies for doing calculations;

» approximate calculations to determine whether answers obtained are reasonable;

 solve word problems involving multiplication and division.

In particular, children should, initially, be expected to master:

» doublingcommonly-encounteredumberde.g.numbersl - 20, multiplesof 5, of 10,
of 50, of 100 etc.);

 halving commonly-encounteredumbers(e.g. evennumbersup to 20, multiples of
10, of 100 etc.);

» multiplication facts for 2s, 5s and 10s up to 2 x 10, 5 x 10 and 10 x 10 respectively;
* the corresponding division facts;

» multiplication of single-digit numbers by 10;

« division of two-digit multiples of 10 by 10.
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The National Numeracy Strategy gives examplesin The Framework for Teaching
MathematicgSection5, page53) of thosemultiplication and division facts which childrenin
Years 2 and 3 should be able to recall rapidly.

As children becomeconfidentwith theseknown facts the rangeof recallablefacts shouldbe
expanded to include:

« all remaining multiplication facts up to 10 x 10, including x 0 and x 1 facts;

the corresponding division facts;

doubles of all numbers from 1 - 100 and the corresponding halves;

doubles of multiples of 10 up to 1000 and the corresponding halves;

doubles of multiples of 100 up to 10 000 and the corresponding halves;
doubles of two-digit numbers including decimals and the corresponding halves.

The National Numeracy Strategy gives examplesin The Framework for Teaching
MathematicqSection6, pagess8-59) of thosemultiplication anddivision factswhich children
in Years 4, 5 and 6 should be able to recall rapidly.

Teaching Strategies for Doubling and Halving

At first, theideaof doublingdevelopsirom learningsimpleadditionfactssuchas3 + 3,9 + 9
etc.. As the numbersto be doubledbecomebigger, alternativestrategiesare requiredwhich
makeuseof the ideaof partitioningnumbersinto multiples of powersof ten (developedvhen
learningaboutplacevalue). For example the number32 is partitionedas 30 + 2. Developing
these more advanced strategies should be considered as a two-stage process in learning:

» doubles facts which do not involve ‘crossing tens boundaries’

e.g. double 32 = double (30 + 2) (partitioning 32 as 30 + 2)
= double 30 + double 2
=60+4 (the 4 is less than 10 so no tens

boundary is crossed)
= 64.
» doubles facts which do require ‘crossing tens boundaries’

e.g. double 36 = double (30 + 6) (partitioning 36 as 30 + 6)
= double 30 + double 6
=60+ 12 (the 12 is more than ten so the total

will exceed the 60s numbers and
cross the 70 boundary)

=60+10+2 (either perceived as partitioning 12
or as ‘carrying the ten’
from the 12)

=70+ 2.

The same patrtitioning strategy can be applied for doubling numbers with more than two digits.

Halving developsfrom the Partitioning subtractionstructure (see Addition and Subtraction
Booklet). Number cubes such as multilink or unifix are suitable for this purpose:
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] \ Splitting 6 cubes into 3 cubes and 3 cubes

l |

From this idea, children canbe introducedto odd and evennumbers (asa by-product),even
numberseingdefinedasthosenumbersvhich canbe split into 2 equalwhole-numbeamounts
and odd numbers as those which cannot.

Effectively, halving of numbers less than 20 can be seen as the inverse of doubling:
e.g. 18 =9 + 9 (splitting the 18 using knowledge of facts such as 9 + 9 = 18).

For halving larger even numbers, partitioning into multiples of powers of ten is required.

e.g. half of 42 = half of (40 + 2) (partitioning 42 as 40 + 2)
= half of 40 + half of 2
=20+1 (using knowledge of 40 = 20 + 20
and2=1+1)
=21.

Strategies for Teaching Multiplication Facts up to 10 x 10
It is usual to teach multiplication facts/tables in the following order:
2%, 10x and then 5x tables
3x and 4x tables
6x, 8x and 9x tables
7x table.

It is generallyacceptedhatthe teachingof multiplication tablesbeginswith children building
representation®f facts using concreteapparatus.The subsequenintroduction of pictorial
representation®f multiplication tablesincreasesthe degreeof abstractionwith the use of
symbolsonly being the final stagein the abstractionprocess(comparethis with J. Bruner’s
three Modes of Learning: Enactive, Iconic and Symbolic).

1. Use of Mathematical Apparatus to Build Multiplication Facts

It is commonfor childrento be askedto useapparatusuchasnumberrodsor numbercubesto
build concrete representations of multiplication tables.

1 two or 2x1 2

2twos or 2%x2 2 2

3twos or 2%x3 2 2 2

4 twos or 2x%x4 2 2 2 2

5twos or 2x5

e 2 2 2 2 2

Using Cuisenaire Rods to Build the Table of 2s
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Using Unifix or Multilink Cubes
to Build the Table of 2s

2x1 2x2 2x3 2x4 2x5 .. etc

A distinctionshouldbe madebetweerthetable of twos andthetwo timestable. Thefirst is the
collectionof setswith a cardinalvalueof two (i.e. setsof 2) whereaghelatteris concernedvith
the total of two sets The representationshown above are for the table of twos. the
corresponding representations for the two times table are as follows:

2 ones or 1x2 111

2twos or 2x2 2 2

2 threes or 3x2 3 3

2 fours or 4% 2 4 4

2 fives or 5x2 5 5
.. etc.

Using Cuisenaire Rods to Build the Two Times Table
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Using Unifix or Multilink to
Build the Two Times Table

1x2 2x2 3x2 4x2 5x2 .. etc.

2. Using Pictorial Representations

Similar representation® thoseabovecanbe achievedby colouringsquaren squaredpaper.
The placingof numberrodsalongsidenumberlines andthe abstractiorof this (showingjumps
along a number line) are also common tasks for children.

3. Using Relationships between Multiplication Tables

Certainmultiplication tablescanbe obtainedfrom othermultiplication tablesby doubling. For
example the 4x tablecanbe obtainedby doublingthe 2x table,the 6x tablecanbe derivedby
doubling the 3x table etc. :

3x table doubling the 3x table 6x table
1x3=3 1 x double 3 = double 3 1x6=6
2x3=6 2 x double 3 = double 6 2x6=12
3x3=9 3 x double 3 = double 9 3x6=18
4x3=12 4 x double 3 = double 12 4 x 6 = 24 etc.

Correspondingelementsof different multiplication tablescan also be addedor subtractedo
produceother multiplication tables.For example the 7x table may be obtainedby addingthe
corresponding elements of the 5x and 2x tables because
7=5+2andsonx7=nx(5+2)=(nx5)+(nx2),where nis any number:

5x table 2x table 7% table
1x5=5 1x2=2 1x7=5+2=7
2x5=10 2x2=4 2x7=10+4=14
3x5=15 3x2=6 3x7=15+6=21
4x5=20 4x2=8 4 x7=20+8=28etc.
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This works by making use of tlastributive law for multiplication

4. The Construction, from Known Facts, of Multiplication Tables

It is possibleto help pupils to ‘construct’ a numberline representatiorof any multiplication
tableusinga countingstick markedin 10 divisions. The variouselementsof the multiplication
table can be derived from thosefacts alreadyknown (usually by doubling or halving or by
addingor subtractingmultiples). For example,the 6 x table could be built up with pupils as
follows:

1

Label the left end of the counting stick with O (from knowing that multiplying any
number by zero gives an answer of zero so 0 x 6 = 0):

Using knowledge that multiplying any number by 1 does not alter the value of the
number (so 1 x 6 = 6), label the next division with the number 6:

¥

et Tt 1 1 1 1 1 1| | |
0O 6

Double 6 to obtain 2 x 6 = 12:

0 6 12

Use knowledge of multiples of 10 (e.g. from counting in tens) to calculate
10 x 6 = 60:

et Tt 1 1 1 1 1 1| | |
0O 6 12 60

Obtain the value of 5 x 6 by halving the value of 10 x 6:

+

et Tt 1 1 1 1 1 1| | |
0O 6 12 30 60

Obtain the value of 4 x 6 by either doubling the value of 2 x 6 or subtracting 6 from
the value of 5 x 6:

0O 6 12 24 30 60
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7 Obtain the value of 8 x 6 by doubling the value of 4 x 6:

+

e+t 1 1 1 1 1 1 1 |
0O 6 12 24 30 48 60

8 Find the value of 9 x 6 by subtracting 6 from the value of 10 x 6:

4

e+t 1 1 1 1 1 1 1 |
0O 6 12 24 30 48 54 60

9 Find the value of 6 x 6 by adding 6 to the value of 5 x 6:

+

e+t 1 1 1 1 1 1 1 |
0 6 12 24 30 36 48 54 60

10 Calculate the value of 3 x 6 by either halving the value of 6 x 6 or adding 6 to the
value of 2 x 6:

+

e+t 1 1 1 1 1 1 1 |
0O 6 12 18 24 30 36 48 54 60

11 Finally, obtain the value of 7 x 6 by either adding 6 to the value of 6 x 6 or by
subtracting 6 from the value of 8 x 6:

+

e+t 1 1 1 1 1 1 1 |
O 6 12 18 24 30 36 42 48 54 60
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5. Using Number Squares, Number Lines and Number Tracks

The 100squares frequentlyusedasa meango exploremultiplicationfacts.lIt is quite common
for childrento be askedto mark all the numbersfrom a specifiedmultiplication tableandlook
for patterns:

1| 2| 3, 4| 5/ 6, 7| 8| 9|10 1| 2| 3| 4| 5| 6| 7| 8| 9|10
11112|13|14| 15| 16|17 (18| 19| 20 11/12|13|14|15|16|17|18| 19|20
21122|23|24|25|26|27|28| 29|30 2122|2324 |25|26|27|28|29|30
31|32|33|34|35|36|37|38|39|40 31132|33|34|35(36|37(38|39]|40
41|42 |43| 44| 45| 46|47 | 48| 49|50 41| 42|43 |44 |45| 46| 47| 48| 49| 50
51|52|53|54|55|56|57|58|59|60 51|52|53|54|55|56|57|58|59|60
61 62|63|64|65|66|67|68| 69|70 61]62|63|64|65|66|67|68|69|70
71|72|73|74|75|76|77|78| 79| 80 71|72 73|74|75|76|77|78|79|80
81|82|83|84|85|86|87|88|89|90 81 82|83|84|85|/86|87(88|89|90
91]92|93|94|95| 96|97 |98 99|100 91192|93|94|95|96| 97|98 99100
The 5x table pattern The 9x table pattern

Children should be askedto explain why the patternsappear (and thereby explain the
mathematicof the pattern).For example the 9x table patterncanbe explainedby considering
adding9 repeatedlyasadding(10 - 1) repeatedlyOn the 100 squareadding10 andsubtracting
1 resultsin moving down a row and back 1 square.So, doing this repeatedlyproducesa
diagonal pattern.

It is also worth asking children to predict what would happéen
to the pattern for a given multiplication table if the numberjof1| 2| 3| 4| 5| 6
squares in each row of the 100 square is changed. So, for
example, if using rows of 6 numbers the beginnings of the 71 8| 9/10111|12
6x table would produce a different pattern to that obtained o

a normal 100 square. fé 14115]16|17/18

6. End Digit Patterns

For many multiplication tables,the end digits of the multiplesform a repeatingpattern.These
can be represented as a cyclical arrangement. For example:

5
2x table 3x table 4x table
end digit pattern end digit pattern  end digit pattern
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7. Finger Multiplication
The digits of both hands can be used as a means of practising the 9x table. For example,
to show 3 x 9 fold down the 3rd digit from the left.

7 ones

2 tens /-

3x9=2tens+ 7 o0ones =27

Thenumberof digits to theleft of thefoldeddigit indicatethe numberof tenswhile the number
of digits to the right of the folded digit indicate the number of units or ones.

8. Using the Commutative Law

The commutativelaw for multiplication statesthata b = b a, wherea and b are two
numbers. So, for example, 4 x 3 =3 x4 =12.

Learningthe commutativdaw for multiplication (childrendo not needto know the nameof this
law but do needto learnthatinterchanginghe numberson eitherside of the multiplicationsign
doesnot affectthe outcomeyeduceshe numberof factswhich childrenneedto learnby almost
half andbecausef this it is recommendedhatthe commutativelaw be introducedassoonas
children becomecomfortablewith the meaningof the multiplication sign and have learned
some of the easier multiplication facts. The commutative law can be introduced using
Cuisenaire rods:

4 %3 3x4
The argumenthereis eitherthat3 x 4 and4 x 3 show ‘the sameamountof wood’ andso are
equalor thattheyarebothequalto 12 unit cubes A similar argumentanbe usedwith squared
paper or rectangular arrays of counters.

The commutative law can also be demonstrated using a number line with Cuisenaire rods:
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or just using jumps on a number line:
4x3

e T~ L TS
012 3 45 6 7 8 910111213

3x4

It can also be demonstrated and explored using an equaliser balance:

[

109 8§ 765 4 zm%%?@?
4 x3

e 7591

3 x4

The commutative law is the reason behind the symmetry of the multiplication square:

\\><\012345678910
0 olojo|o|o|lo|0|0|0O|O
2|!3/4|5/6|7|8|9]|10
N4 |6 | 8(10(12(14(16(18(20
619 12/15/18]21/24(27|30
8 [12]16]20|24|28|32|36(40
10/15|20[25|30|35(40(45|50
12118124/30/36|42|48|54(60
14|21|28|35|42/49/56|63|70
16/24|32|40|48|56|64| 72|80
18/27|36/45|54/63| 72/ 8190
20/30/40/5060| 708090100

/
r
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The commutative law is often used to make mental calculations easier.
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Links between Multiplication and Division Facts

It is importantto emphasisewherevemossible the inverserelationshipbetweermultiplication
and division and thus the links between correspondingmultiplication and division facts.
Children should be shown how to derive the remaining membersof a related set of
multiplication and division facts given only one of them. For example,

2x5=10

5x2=10

10+2=5

10+5=2
form sucha setof relatednumberfacts. The ability to derivethe remainingfactsin the setis
very helpful in learningnumberfactssincethe setof numberfactscanbe learntasa setrather
thanas 4 separateiumberfacts. Thus, whenlearningmultiplication tableschildren shouldbe
expected to recall (or quickly derive) them in any of the four configurations shown above.

Factors and Multiples

Whensomeof the easiemultiplication facts havebeenlearntchildrenshouldbe introducedto
someadditionalmathematical’ocabularyrelatedto multiplication anddivision. Definitions of
these follow:

A numberis a factor of anothernumberif it will divide into the otherexactly (i.e. without a
remainder) e.g. 7 is a factor of 21 because 7 will divide into 21 exactly 3 times.

A numberis a multiple of anothemumberif it canbe madeby multiplying the seconchumber
by any other number e.g. 21 is a multiple of 7 because 7 x 3 = 21.

Theterms'factor’ and‘multiple’ are,in effect,oppositewaysof sayingthe samethinge.q.7 is
a factor of 21 and 21 is a multiple of 7.

Finding Different Pairs of Factors of a Number

Breakinga multilink rod into equal-sizedpiecesin different waysis one way to explorethe
variousfactorsof a particularnumber.So, for example,a 12-rod shouldproducethe following
pairs of factors of 12:

L 1 1 N 1 1 O R -

[ [ [ [ 3x4
[ [ [ 4x3

|: 6 %2

|: 12 x 1

The multiplication squareprovidesanothermeansof exploringthe factorsof a given number.
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For example,to find some of the factors of 20 a child can find all the locationsin the
multiplication square in which the number 20 appears.

x 012345678910
o|o[o|o[o]o]o]o]o]0
2[3]4][5/6|7|8]9]10
416 |8(10/12|14|16]18[20
6|9 |12|15[18[21[24|27|30
8
10

12(16|20/24|28|32| 36|40
15]2025/30|35(40|45|50
12|18|24|30(36|42|48|54/60
14/21|28|35|42|49|56| 63|70
16|24|32/40|48|56/64| 72|80
18|27|36|45|54(63| 72/ 81/90
20/30|40]50| 60| 70/80] 90100

By readingthe numbersat the beginningsof the rows and columnsin which the number20
appears some of the factors of 20 ( 2, 4, 5 and 10) can be identified.
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Knowledgeof factorsof numberscanoften makea multiplication calculationmuch easierand

therebyallowing a mentalcalculationto be performedinsteadof a pencilandpapercalculation.
For example,16 x 14 canbe calculatedas16 x 2 x 7 or evenas14 x 2 x 2 x 2 x 2 (repeated
doubling).

Divisibility Rules
In orderto decideif anumberis a multiple of a smallernumberit is often helpful to know some
simple divisibility tests. Some common divisibility tests are listed below:

An integer is divisible:

by 2< it ends in an even digit (0, 2, 4, 6 or 8);

by 3< the sum of its digits is divisible by 3
[e.g. 345 has a digit sum of 3 + 4 + 5 =12 and the digit sum of 12 is 1 + 2 = 3 which
is divisible by 3J;

by 4 < the number formed by the final two digits is divisible by 4
[e.g. for the number 1296 the final two digits are 96 and 96 is divisible by 4];

by 5< the final digit is O or 5;

by 6 < the final digit is even and the digit sum is divisible by 3;

by 8 = the number formed by the final 3 digits is divisible by 8;

by 9< the digit sum is divisible by 9;

by 10< the final digit is O;

by 11< the difference between the sums of alternating digits is divisible by 11

[e.q. for72479: difference ={+4 +9) - (2 + 7) = 20 - 9 = 11 which is divisible by 11]

Children shouldbe expectedto becomefamiliar with thesetowardsthe end of Key Stage2.
Someof the more simple onescan be introducedmuch earlierasa meansof helping children
remembemultiplicationfacts. Theabovetestscanbe extendedo form otherusefuldivisibility
tests for larger divisors as shown below.
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e.g.An integer is divisible:
by 20< the number formed by the final two digits is divisible by 20
[i.e. it ends in 00, 20, 40, 60 or 80];

by 25< the number formed by the final two digits is divisible by 25
[i.e. it ends in 00, 25, 50 or 75];

by 30< the final digit is 0 and the digit sum is divisible by 3;
by 40< the final digit is 0 and the number formed by the H and T digits is divisible by 4;

by 50< the number formed by the final two digits is divisible by 50;
[i.e. it ends in 00 or 50];

by 100< the final two digits are 00;

by 125< the number formed by the final three digits is divisible by 125
[i.e. it ends in 000, 125, 250, 375, 500, 625, 750, or 875].

Thesetests of divisibility can also be used as a method of checking some multiplication
calculations (see Year 6 examples in NNS Section 6 page 73).
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Teaching Mental Calculation Strategies for
Multiplication and Division

Oncesomebasicmultiplication anddivision factsare known childrenshouldbe encouragedo
work out more complexfactsfrom thosewhich they alreadyknow. In this way, the numberof
known facts that children can instantly recall will gradually increase.

However,in orderto derive new facts from known facts childrenwill needto be awareof a
rangeof possiblestrategiesfor making use of what they alreadyknow. While somemore
mathematically-ablehildrenwill developtheir own strategiesvithoutinput from theteacherit
is importantto notethat, for manychildren,suchmentalstrategiesmustbe taughtexplicitly; it
is not adequatemerely to ‘do some mental mathematics’and hope that all children will
recognisethe strategiesinvolved. Consequentlythe teachermust be pro-activein order to
ensurethat children acquirethe necessarynderstandingf, and familiarity with, appropriate
strategies.lt is importantthatthe child should be taught mental calculation methods prior
to those for written calculation.

Someways of teachingmentalstrategiesare listed below. Using a mixture of thesemethods
over a period of time shouldenablechildren to acquirethe ability to use successfullythose
strategies which are taught.

Teachers can:

» explain to the childrehowto do something;

» use a child’s error or a less efficient strategy as the starting point for a
demonstration of a better strategy;

» encourage children to improve on their strategies;
« talk with the children about choosing strategies and the merits of each;

» show the children how to use something they already know in developing a
new strategy;

 provide the children with a ‘prompt’ (a way of learning and then remembering
a strategy or number fact);

* use apparatus to model a strategy;
» support the initial development of a strategy with rough jottings;
* build mental visualisation of a strategy.

The mental/oralstarterandthe plenarysectionsof daily mathematicdessonsaregoodtimesto
discussandteachmentalstrategiesvith thewholeclass. In thisway childrenwill encountethe
calculation methods used by other children as well as their own and those of their teacher.
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Characteristics of mental multiplication and division strategies

In order for childrento achievesuccessn mental multiplication and division tasksthey will
increasinglyneedfamiliarity with aspect®f placevalue. In particular,it is crucialthatchildren
understandand are able to, partition numbersinto their constituentparts by recognisingthe
value of the digits within the numbers, thus

36 =30+ 6; 147 = 100 + 40 + 7 and, at later stages, 5-:23=5+0-2 + 0-03.
For further information on how to teach partitioning seePlaee ValueBooklet.

They will alsoneedto be familiar with how to multiply and divide by powersof ten and by
multiples of powers of ten. The relationship betweenmultiplication and division is also
important (not least for checking answers).

It shouldbe notedthat,in generalmentalmethodsoften differ from pencil-and-papemethods.
Many mental methods involve:

» working from left to right (startingwith the mostsignificantdigits) whereasstandard
written methodsoften work from right to left (starting with the least significant
digits);

» rememberinghe placevalue of eachof the digits so that 83 is thoughtof as80 + 3.
In traditionalwritten methods83 is often (thoughwrongly) thoughtof as‘an 8 anda
3.

+ tackling an easiercalculationandthen adjustingthe answerappropriately the which
rarely occurs in written standard methods.

In a similar vein, it shouldalsobe notedthat mostcalculationscanbe performedby morethan
one method. The methodadoptedby a child will dependon the particularnumbersinvolved
and the strategieswith which the child is familiar and ‘comfortable’. Different children will
inevitably adoptdifferentmethods. Children,whencalculatingmentally,shouldbe taughtto be
selective about the strategies they employ.

Any strategy used should be:

» understood by the child
* reliable - the child can apply the strategy accurately and consistently

and, preferably,
« efficient.

The National Numeracy Strategy's Framework for Teaching Mathematics lists many
examplesof mentalstrategiesor multiplicationanddivision in Section5 pages55- 57 (Years
2 - 3) and Section 6 pages 60 - 65 (Years 4 - 6)
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Common Mental Strategies for Multiplication and Division

1 Rearranging Numbers (using the commutative law)
e.g. 9 x5 may be more easily calculated as 5 x 9 because the 5x table is more
familiar than the 9x table.

2 Rearranging Operations (using the associative law)
e.g. changing the order of operations when multiplying
so (16 x 2) x 5, for example, is more easily tackled as 16 x (2 x 5).

3 Using Repeated Operations
e.g. finding 128 + 8 by dividing by 2 three times
or multiplying by 16 by doubling four times.

4 Compensation/Adjustment (using distributive law for multiplication)
e.g. calculating 12 x 7 by working out 12 x 5 and then adding 24

5 Using Doubling and Halving together
e.g. calculating 15 x 6 as 30 x 3 (doubling the 15 and halving the 6)
or to multiply by 50, multiply by 100 and halve the answer obtained

6 Partitioning into Multiples of Powersof Tenfollowed by useof the Distributive Law
for Multiplication
eg. 27x6=(20+7)x6 =(20 % 6) + (7 x 6)
or 27 x19= 27 %x (20— 1) = (27 x 20) — (27 x 1)

7 Using Inverse Relationships
e.g. calculating 100 + 5 by knowing that 20 x 5 = 100 and that multiplication and
division are inverse operations.

8 Splitting numbers into factors
eg. 25x32=5x5x4x8=5x4x5x8=20x40=800
or calculating 324 + 18 by calculating 324 + 3 = 108 and then 108 + 6 = 18.

9 MovingAll Digits in a Numberto the Left or Rightto Multiply or Divide by Powersof
Ten
eg. 32x20=32x2x10=64x10=640
or 643 + 100 = 6-43
This strategy is a particularly powerful strategy for both mental and written
calculations. Oncepupils havethe ability to multiply by 10, 100,1000etc.they can
use known multiplication tables facts to derive harder facts.

e.g. knowing 7 x 5 = 35 we can derive:

70x 5= 350
7x 50= 350
70x 50= 3500
7x500= 3500
700x 5= 3500
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70 x 500 = 35000
700 x 50 = 35000
700 x 500 = 350000

The ability to derive harderfacts like theseis one of the foundationsof long
multiplication.

This strategy can be extended to decimals also:

0-7x5 =35

0-7 x0-5=0-35 etc.
It is importantthat pupils shouldbe taughtthat to multiply by powersof ten (10,
100, 1000 etc.) by moving all the digits in the numberto be multiplied the
appropriatenumberof placesto the left rather than the fallacious strategiesof
‘adding a zero’ or ‘moving the decimal point’. Similarly, to divide by powersof
10 all of thedigits in the numberto be multiplied shouldbe movedthe appropriate
number of places to the right.

The National Numeracy Strategyrecommendghat the focus should be on mental methods,
supporteddy informal jottings wherenecessaryp to theendof Year 3. Whenwritten methods
are introduced, mental skills should continueto be kept sharp and further developed.Any

calculationshouldbe done mentally if at all possible.Failing this, a written methodmay be

adopted.
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Using Recording to assist Mental Calculation

Children can:

 jot down numbers part-way to the answer;

» useboxesdrawnon squaredpaper,Cuisenairaods,or Dienes’blocksasa modelfor
the calculation:

e.g.for24 x 3
10 10
10 10
10 10

which can later be abbreviated to:

20 4
20 4
20 4
e.g. for 26 x 35
35
10 35 x10 350
10 35 x 10 350
2 35x2 70
2 35x%x2 70
2 35x2 + 70
910

* read number sentences (equations) and record answers in a box,
e.g. 5 x[ ]=45;

» record and explain mental steps using numbers and symbols,
e.g.for 27 x 18, calculatedasa two-stageprocessn which theresultsof intermediate
steps are recorded so as to reduce the number of items to be remembered:

27 x 20 = 540
27 x2 =54
o) 27 x 18 = 540 - 54 = 486.
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Remainders and Rounding when Dividing

Remainders
35 + 8 = 4 plus a remainder. This remainder can be written as a:

* Whole Number: 35+8=4r3 (expected in Year 4)
* Fraction: 35 +8 =4 (expected from Year 5 onwards)
* Decimal: 35 + 8 =4.375 (expected from Year 5 onwards)

Remainders need to be interpreted according to the context of the division question.

For example:

» ‘Share 35 sweets equally between 8 people.’
4 sweetsachanda whole-numberemaindenof 3 makessensen this context(but 43
and 4.375 do not).

* ‘Divide a 35m plank into 8 equal pieces.’
43m and 4.375m both make sense in this context (but 4 r3 does not).

We can summarizethis by statingthat when the contextis aboutsharingthen only a whole
numberremaindelis suitablebut in othercontexts fractionalor decimalremaindershouldbe
chosen rather than than a whole-number remainder.

Rounding

In manycontextsit is necessaryo consideroundingup or roundingdownthe answerobtained.
It is the contextwhich mustbe usedto decidewhetherroundingis necessargand,if so,in which
direction (up or down). For example:

* ‘How many tables, each seating 8 people, are needed for 35 people?’
35 + 8 =4.375 so 5 tables will be needed (rounding up).

* ‘How many items costing 8p can be bought with 35p?’
35p + 8 = 4.375p so 4 items can be bought (rounding down).

Thereare examplesof the NNS expectationgor dealingwith remaindersand roundingup or
down onpages 56 — 57 of Section 6 of the NNS ‘Framework for Teaching Mathematics’
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Developing Written Algorithms (Methods)
for Multiplication and Division

Ultimately, the aim, asfar aswritten methodsare concernedshouldbe to ensurethatasmany
children as possiblecan, by the age of 11, carry out a standardwritten method for both
multiplication anddivision. The key principlesto considerwhen guiding childrenthroughthis
developmental process are:

» Ensurethatrecallablefacts (2%, 3%, 4x, 5x and 10x multiplication facts at least)are
establishedirst so childrencanconcentraten a written methodwithout revertingto
first principles.

 Children should know the outcome of multiplying by 0 and by 1 and of dividing by 1.

* Remembethat childrenmustunderstangartitioningandthe ideaof ‘zero asa place
holder’ from place value work before beginning formal written methods.

» Ensure that children understand how to multiply mentally by 10, 100, 1000 etc..

» Oncewritten methodsareintroduced ensurehatchildrencontinueto look out for and
recognise the special cases that can be done mentally.

» Caterfor childrenwho progressat differentrates;somemay graspa standaradmethod
readily while others may never do so without considerable help.

* Recognisethat children tend to forget a standard method if they have no
understanding of what they are doing.

» Ensurethat those written methodsto be taught are derived clearly from mental
methods which are already established.

* Introduceexpandedormatsfor written algorithmsandgraduallyrefine/contracthese
into the more compact standard format.

» For division, tackle exampleswithout remaindersbefore examplesthat do involve
remainders.

» Eventually extend written methodsdevelopedfor whole numbersto calculations
involving decimals.
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Progression in Written Methods for
Multiplication

The Distributive Law

All written methodsfor multiplying two-digit (or larger) numbersrely on the use of the
distributive law for multiplication over addition which statesthat the outcome of a
multiplication is unchangedf the multiplication is appliedto a partitionednumberinsteadof
the original number.

For example, 23 x 5 can be calculated as (20 + 3) x 5 = (20 x 5) + (3 x 5).

In general terms, the distributive law for multiplication over addition can be written
algebraically as:

(@+b)xc=(axc)+(bxc) forany numbers a, b and c.

Multiplying by Multiples of Powers of Ten

All written methodsfor multiplication also rely on pupils’ ability to multiply mentally by
multiples of powers of ten (see earlier section about common mental strategies).

Written Methods for Multiplication

The NationalNumeracyStrategyrecommendshe following progressiorof methodsThey can
be found on pages66 - 67 of Section6 of the NNS ‘Frameworkfor TeachingMathematics'.
Note that, for all of thesemethods,children shouldbe taughtto approximateanswersbefore
calculating.

1. Grid method
This relies on partitioning numbersinto multiples of powersof ten. Eachof the multiples of
powersof tenarethenmultiplied by the multiplier andthe numbersobtainedareaddedtogether.

For TU x U (Year 4)
e.g.27 x4

20 7
4| 80 28| 80+ 28 =108

This canbe modelledusing Dienes’ blocks or Cuisenairg(asan aid until an understandingf
the method has been developed) as shown below:
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For HTU x U (Year 5)

e.g.127 x4

20
80

100
4] 400

400 + 80 + 28 = 508

28

For TU x TU (Year 5)

e.g. 27 x 41

v

20
800 |[280| 1080

+ 27
1107

-

20

40

1
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ThHTU x U (Year 6)

e.qg. 4127 x4

20
80

4000 100
41 16000( 400

28 | 16000 + 400 + 80 + 28 = 16508

HTU x TU (Year 6)
e.g. 127 x 41

20

100

C
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The multi-digit number is partitioned and, starting with the most significant digit in the
partitionednumber,eachdigit is multiplied by the multiplier. The expandedormatavoidsthe

needfor carryingandthe partialanswersare equivalentto thosewhich would be enteredn the
grid if using the grid methodabove.The expandedstandardmethodcan be modelledusing

Dienes’ blocks if necessary in a similar manner to that for the grid method.

300 (100 x 3)
60 (20 x 3)
(4% 3)

x 3
6000 (2000 x 3)

12
6372

ThHTU x U (Year 6)

2124

(100 x 3)

60 (20 x 3)
12 (4% 3)

4
x 3
300
372

HTU x U (Year 5)
2

1

(20 x 3)
12 (4 x 3)

24
x 3
72

TU x U (Year 4)
60
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3. Standard Method for Short Multiplication

The multi-digit numberis partitionedand multiplying beginswith the leastsignificantdigit of
the multi-digit number. Carrying may be necessary with the standard method.

TU x U (Year 4) HTU x U (Year 5) ThHTU x U (Year 6)
24 124 2124
x 3 x 3 x 3
72 372 6372
1 1 1

4. Long Multiplication
The multiplier is partitioned, and partial answers obtained which are then added.

TU x TU (Year 5) HTU x TU (Year 6)
24 124
x 35 ﬁ
720 (24 x 30) 3720 Eﬁj . 2()))
120 (24 x 5) 620

840 4340

5. Multiplication of Decimals

Decimal pointsin the partial answersshouldbe aligned one underthe otherto help ensurea
correct answer is obtained.

U-t x U (Year 5) U-th x U (Year 6)
5.8 >-82
X 3 _x 3
50 (5.0 x 3) 15.00 (5.00 x 3)
24 (08 3) 2.40 (0.80 x 3)
== 0.06 (0.02 x 3)
17.4

17.46

Thereareexamplesof the NNS expectationgor written multiplication calculationson pages66
- 67 of Section 6 of the NNS ‘Framework for Teaching Mathematics’
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Progression in Written Methods for Division
There are 3 standard methods of writing division operations:

©« 6+3=2
.« 3)6
° %:2

Be awarethat childrenoftenfind the varioussymbolicnotationsusedfor confusingbecausef
the different locations of the numbersinvolved. In particular, the first and secondof the
notationsaboveare particularly confusingbecausehe divisor and dividend are written in the
opposite order.

Written division methodsuserepeatedsubtractionastheir basis.As for written multiplication
methods the progressiorbeginswith informal written methodswhich thenform the basisof
expandedstandardmethodswhich can be then contractedto the traditional, more efficient
standard method.

1. Subtracting the Divisor Repeatedly

This is aninformal methodwhich canbe modelledby countingequal,backwardjumpsalonga
number line or by using countersor Dienes’ blocks (decomposingwhere necessary)and
counting the number of times the divisor can be subtracted.

eg.14+3
14 Quotient is
=3 number of 3s
11 suptracted
-3 plus the
8 remainder
-3
S s014+3=4r2
-3
2
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2. Subtracting Multiples of the Divisor

(Year 4: TU = U, Year 5: HTU + U, Year 6: HTU + TU)
Insteadof repeatedlysubtractingthe divisor (as above),the processis now speededup by
subtractingknownmultiplesof thedivisor. Again, this canbe modelledby usingDienes’blocks
to representhe dividend and subtractingmultiples of the divisor from it (decomposingvhere

necessary).
e.g.674+3
674
- 300 100 groups of 3
~ 374
- 300 100 groups of 3
~ 74
- 60 20 groups of 3
14
- 12 4 groups of 3
2 £4 groups of 3

and remainder of 2

3. Expanded Short Division
(Year 4: TU+ U, Year 5: HTU + U)

This still usesthe ‘repeatedsubtractionof multiples of

e.g. 1795 = 56
1795
- 560
1235
560

675
260
115
_-56
59
56
3

expanded form of the layout for the standard method.

e.g.674+3
224 r2
3)674
-600 (3 x 200)
74
-60 (3 x 20)
14
-12 (3x 4)
2

Multiplication & Division
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(56 x 10)
(56 x 10)
(56 x 10)
(56 x 1)

(56 x 1)

the divisor’ idea but now usesan
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4. Standard Short Division

The above processcould be contractedto producethe traditional, more efficient algorithm
althoughthis is not expectedn the NNS ‘Frameworkfor TeachingMathematics’.The method
for modelling this with Dienes’ blocks is shown alongside the process.

e.g.73+3

Share 7 tens between 3 groups 2 tens in each tens ones
group and 1 ten left over. N e e B
2 [l | ] |
s HiH T
tens ones
T e o oo0oao
Exchange 1 ten for 10 ones. ] NN H A
|l I i SN S R
2 ] HH H ]
3)7 13 ] o I
Share 13 ones between 3 groups 4 ones in each
group and 1 left over. ons .
24711 4 Of ‘OO |00 o
3)7 13 e 2.8 o
-HH HHE [0 OO
H | 0 O: ik
AN O

Multiplication & Division 46 © 2001 Andrew Harris



5. Long Division
(Year 6: HTU + TU)
Long division also usesthe idea of repeatedlysubtractingmultiples of the divisor from the
dividend. The difficulties in long division are usually in deciding what number should be
subtracted.
e.g. 835 + 26
_32r3
26)8 35
780 (26 x 30)
55
52  (26x%2)
3

Deciding which multiple of the divisor to subtractat eachstageis a processof trial and
improvemento someextent. In the exampleabove the dividendis 836 so we cannotsubtract
26 lots of a hundredsnumber (100, 200, 300, 400 ... etc.) becausehis would be too big to

subtractfrom 835. So, insteadwe investigatesubtracting26 lots of a tensnumber(10, 20, 30,

40 ...etc.).By trial and improvementwe find that the largesttensnumberwe canuseis 30

becauser80 (= 26 x 30) canbe subtractedrom 835 but 1040 (= 26 x 40) is too much. This

processs repeatedt the secondsubtractionstagebut using26 lots of aunitsnumber. Here the
largestunits numberwhich canbe usedis 2 becausé?2 (= 26 x 2) but 78 (= 26 x 3) is too big.

So052 (= 26 x 2) is subtractedrom 55, the amountremainingfrom the first subtractionstage.
Thesecondsubtractioneaves3 to divide but no multiple of 26 is smallenoughto subtractfrom

3 so this is the remainder.

6. Short Division for Decimals

(Year 6: TU-t = U)

This is identicalto the methoddescribedabovefor ExpandedShortDivision with the proviso
that decimal points should, throughout, be aligned under each other.

e.g.67-4+2

33.7

@67.4

-60.0 (30 x 2)
7.4
-6.0 (3% 2)
1.4
-1.4 (0.7 x 2)
0.0

Thereareexamplesf the NNS expectationgor written division calculationson pages68 - 69
of Section 6 of the NNS ‘Framework for Teaching Mathematics’
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Errors and Misconceptions in Multiplication and Division
Calculations

Diagnosing Difficulties: General Points

Difficulties with calculationscan occur for a numberof reasonslincorrectresponsesnay be
owing to:

» computational error/careless mistake
The child usesthe correct operationand procedurebut incorrectly recalls a basic
number fact(s).

* misconceptions
The child has not graspedthe conceptof the operationbeing used (addition or
subtraction)or, in the caseof formal, vertically-writtenalgorithms fails to understand
aspects of place value required in order to understand the algorithm being attempted.

* lack of understanding of relevant vocabulary
The child misinterprets the language used in the question or task.

e wrong operation
The child uses the wrong operation for the question.

 defective procedure or method
The correctoperationis chosenand numberfactsarerecalledcorrectly but thereare
errors in the use of the procedure (algorithm) adopted.

» over-generalisation
the child haslearneda pattern,‘rule’, or methodandthenhasappliedit to situations
whereit is not appropriate(hencethe importanceof real understandingnd not just
mechanical learning of a procedure).
e.g. the child, having beenintroducedto decompositionin subtractionof two-digit
numbers, then uses decompositionin every subtraction calculation even when
decomposition is not necessary.

» under-generalisation
The child hasencounterednsufficientexamplesor examplesvhich haveinsufficient
variation.A sufficiencyof both examplesandof variationin exampleds requiredin
orderfor the child to be ableto abstractthe conceptuabr proceduralunderstanding
requiredand so, without this sufficiency, the child may generaliseon the basisof
inadequate knowledge or experience.

* random response
There is no discernible relationship between the question and the response given.

(adapted from ‘Guide for Your Professional Development Book 2, NNS)

It is importantto distinguishbetweendifferentkinds of difficulties experiencedy children(as
evidencedn their work) sincethe help offeredto addressuchdifficulties mustbe appropriate
otherwisethe difficulties will persist(and possiblyworsen). The NationalNumeracyStrategy
guidance materials offer the following general points about diagnosing errors and
misconceptions:

» Children'serrorsare often dueto misconception®r misunderstoodules, ratherthan
careless slips.

It is importantto diagnoseeach misconceptionratherthan simply to re-teachthe
method.
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* To make the diagnosis, ask the child to explain how they worked out the answer ...

... then deal with the misconceptionhelping the child to use anothermethodor a
simpler approachthat she or he is confidentwith (e.g. an expandedayout for a
written calculation).

(from ‘Guide for Your Professional Development Book 3’, NNS)

The plenary of the daily mathematicslessonis often a good time to addresscommon
misconceptionsinderrorsbecausaheremay be severalchildrenwho havethe samedifficulty.
Thatsaid, it is incumbentuponthe teacherto teachconceptsand strategiesn wayswhich will
pre-empt or avoid misconceptions and errors developing.

The exampleson the following pagesindicatecommonmisconceptiongnd errorsin addition
and subtractioncalculationsinvolving two-digit numbers. Many of the difficulties illustrated
stem from:

* poor understanding of place value, or

» possessing mechanicaknowledgeof the algorithm involved but not a conceptual
understandingof the processesnvolved (e.g. carrying, exchange decomposition),
or

» poor understanding about when an algorithm is applicable and when it is not.
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Common Errors and Misconceptions in Multiplication

A:3x0=3 Confusion between x and +
0x3=3
B: 36 Adding instead of multiplying
x 3
39
C: 36 Carrying digit inserted in answer:
x 3 does not know that 18 = 1 ten + 8 units
918 (place value difficulty)
1
D: 36 Forgetting to add the carrying digit
x3
98
1
E: 36 Addition of tens column including carrying digit
x3 (confusion with addition algorithm).
48
1
F: 36 Multiplication of the tens digit with the carrying
x 3 digit (working down column as in + and -
38 algorithm)
1
G:36 Failure to create a hundreds column
x3 (place value problem)
08
1
H: 30 from 0 x 3 =3 (as in A above)
x3
93
I 51 ‘5x4=20and 20 is 2 tens so 2 goes in Tens
x 4 column’
24

= Incorrect positioning of the tens
multiplication (place value problem)

<
o N N |x
‘b‘ldoooo\l ‘
oo vl N
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N: 32 x 10 = 320

UxU:2x6=12

TxT:7x3=21

then add - confusion with + and — algorithms
in which one works downwards only (unaware
of the need to also multiply diagonally)

= Carrying digits inserted at
< the intermediate stages
(place value problem)

Adding instead of multiplying

Failure to appreciate that x (and +) by powers of ‘you just add ten
results in digits moving from one column to a zero’ another (place value
problem). Note that the answer is correct in this case but the method is
incorrect.

0O: 3-:2 x 10 = 3-20ncorrect method is as in N above (but this time the answer is also

wrong).

P:1-09 x 10 =10-090 Variant of N and M using the incorrect ‘add 0’ method of

multiplying by 10

Common Division Errors and Misconceptions

A:18+3=15 Confusion between + and —.
B: 5+1= ‘You can't share between one'.
C. 3+12=4 Read as ‘3 divided into 12’ or ‘3 goes into 12’.
D: 5+5=0 Either confusion with — or with 5 x 0 = 0.
E: 4+0= Either confusion between + and — or failure to recognise that + by
0 is impossible ('If | don't share any | still have 4 left’).
F:0+3=3 ‘0 goes into 3 three times’ (i.e. 3 left).
G: 22 Forgetting to carry over
2)54 to the next digit.
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H: 42
3)27
I: 160r2

coo

3)582

J 35
7246

K: 24

coo

2)408

L. 33
3)909

M: oiOr 7

13)547
52

N: 3r2
18542
54

002

O: °$’>°2r6

15496
46
36

30

P: 37r11
14527
42
107
98

11

Multiplication & Division

Starting with units instead of tens.

As for type G but with a
remainder.

Forgetting the remainder or not
knowing what to do with this.

Starting with units and failing to
put O in answer (so losing place value).

Doesn't recognise the need tpreserve

place value in the answer or doesn't know how to do 0 + 3.

Forgetting to do the subtraction.

‘Can't do 2 + 18’ (losing the 0 inthe answer).

Multiplication error: 15 x 3 « 46

Subtraction error: 7 -8 « 1
Check understanding ofsubtraction of 2-digit numbers.
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Square, Prime and Rectangular Number

92)

Square Numbers

Squarenumbersarenumberswhich canbe producedoy multiplying a numberby itself e.g.4 is
a squarenumber because4 = 2 x 2. The squareof a numberis the result obtained by
multiplying it by itself e.g. the squareof 4 = 42 = 4 x 4 = 16. The nomenclaturas best
explainedby showing how the numbersrelate to squarearraysof increasingdimensionsas
shown below.

16

1x1 2x2 3%x3 4 x 4

The square numbers appear on the diagonal (and line of symmetry) of the multiplication square.
Prime Numbers and Rectangular Numbers

Oneway to introduceprime andrectangulanumberds to askchildrento eachtakea handfulof
multilink cubesandtry to createa ‘flat’ (i.e. 1 cubethick) rectangulartiie or array. Those
numbersof cubeswhich cantogetherform at leastonerectangulatile (excludinga singlerow

of cubes)are called rectangulamumbersand thus we can define a rectangular number as

beinga numberwith morethantwo different positive whole numberfactors. For example the
number6 is rectangulabecausét hasfactorsl, 2, 3 and6 andcanform rectangulaarrays2 x

3 and 1 x 6. Rectangular numbers are sometimes also catfgubsite numbers

In contrast,thosenumbersof cubesfor which only a single row of cubescan be formed are
prime numbers.Thus,a prime number is a numberwhich hasexactlytwo different positive
whole numberfactors.For example,2, 3 and7 areprime numbers. Note that 1 is not a prime
number (it hasonly 1 different positive whole numberfactor - the numberl). Thereis no
known patternwhich fully describeghe prime numbersthoughit is worth rememberinghat 2
is the only evenprime numberandthatall prime numbersexcept2 and3 areonemoreor less
than a multiple of 6.

The Sieve of Eratostheness a commonKey Stage?2 activity involving prime numbers.The
activity usesa standarchundredsquareand involves crossingout all the numberswhich have
morethan 2 factors.The remainingnumbersafter completingthe crossingout processare, of
course, the prime numbers up to 100.

Any numbercanbe written asa unique productof prime factors;this is known asthe prime
factorisation of anumber. The primefactorisationof any numbercanbefoundby a processof
repeatedlydividing the numberby prime numbersuntil the numberl is reachedFor example,
the prime factorisation of 60 can be found as follows:
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Start with the smallest prime number 2 as the divisor

60+2=30 we can still divide exactly by 2 so ....

30+2=15 we cannot continue to divide exactly by 2 so try the next prime number 3 ...
15+3=5 we cannot continue to divide exactly by 3 so try the next prime number 5 ...
5+5=1 we have reached 1 so the process stops.

Looking backwe canseethatwe divided 60 by 2, thenby 2 again,thenby 3 andfinally by 5.
This meanghatthe primefactorsof 60 are2, 2, 3 and5. Sowe canwrite 60=2x 2 x 3 x 5or
60 = 2 x 3 x 5. This is known as the prime factorisation of 60.
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Glossary of Mathematical Terms associated
with Multiplication and Division

Inverse Operation

Theoperationwhich is ‘opposite’ mathematicallyto thatbeingconsideredThus,division is the
inverse of multiplication and vice versa.

Commutative Law

The commutativelaw appliesto multiplication but not to division. It statesthat, for any
multiplication statement, the numbers to be added may be interchanged around the
multiplication sign without altering the product of the two numbers:

eg. 3x2=2x3
but 4+2«2+4

Associative Law

The associativdaw appliesto multiplication but not to division. It statesthat multiplication
operations may be interchangedwithout altering the outcome. In the examplebelow, the
operation in the brackets are performed before those outside the brackets.

eg. 3x(2x4)=(3x2)x4
but 6+(4+2)«(6+4)+2
Distributive Law

The distributive law appliesto multiplication over addition or subtraction.It statesthat a
multiplication operation may be applied to a number which has been partitioned without
alteringthe outcome. In the examplebelow, the operationin the bracketsare performedbefore
those outside the brackets.

eg. 3x(2+4)=(3x2)+(3x4) (over addition)
3x(4-2)=(3x4)-(3x2) (over subtraction)

Terms associated with Multiplication and Division Operations

3 x2=26
/ [ "\
multiplicand product
multiplier
6 -2 =23
/ N\
dividend [ qguotient
divisor
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