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Prefixes.

Basic Units.

APPENDIX A
UNITS OF MEASUREMENT

The following units, abbreviations and prefixes are from the

Systeme International d’Unites

(designated SI in all Languages.)

Abreviations

Prefix Multiplication factor Symbol
tera 1012 T
giga 109 G
mega 10° M
kilo 103 K
hecto 102 h
deka 10 da
deci 107! d
centi 1072 C
milli 1073 m
micro 10-° I
nano 1079 n
pico 10~12 p

Basic units of measurement

Unit Name Symbol
Length meter m
Mass kilogram kg
Time second s
Electric current ampere A
Temperature degree Kelvin °K
Luminous intensity candela cd

Supplementary units
Unit Name Symbol
Plane angle radian rad
Solid angle steradian ST
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DERIVED UNITS

Name Units Symbol
Area square meter m?
Volume cubic meter m?
Frequency hertz Hz (s 1)
Density kilogram per cubic meter kg/m3
Velocity meter per second m/s
Angular velocity radian per second rad/s
Acceleration meter per second squared m/s?
Angular acceleration radian per second squared rad/s?
Force newton (kg - m/s?)
Pressure newton per square meter N/ m?
Kinematic viscosity square meter per second m? /s
Dynamic viscosity newton second per square meter N -s/m?
Work, energy, quantity of heat joule J (N-m)
Power watt W (J/s)
Electric charge coulomb C (A-s)
Voltage, Potential difference volt vV (W/A)
Electromotive force volt VvV (W/A)
Electric force field volt per meter V/m
Electric resistance ohm Q (V/A)
Electric capacitance farad F (A-s/V)
Magnetic flux weber Wb (V-5s)
Inductance henry H (V-s/A)
Magnetic flux density tesla T (Wb/m?)
Magnetic field strength ampere per meter A/m
Magnetomotive force ampere A

Physical constants.

4 arctanl = 7 = 3.14159 26535 89793 23846 2643 . . .

n—oo

Euler’s constant v = 0.57721 56649 0153286060 6512 . ..

1 n
lim (1 + —) = e = 2.71828 18284 59045 23536 0287 ...
n

. 1 1 1
y=lm (1+-+-+4+:--+ ——logn
2 n

3

n—oo

speed of light in vacuum = 2.997925(10)%m s~ !

electron charge = 1.60210(10)~*°C

Avogadro’s constant = 6.02252(10)%3 mol ~*

Plank’s constant = 6.6256(10) 34 J s

Universal gas constant

Boltzmann constant = 1.38054(10)723 J K ~!

Stefan-Boltzmann constant = 5.6697(10) W m =2 K ~*

Gravitational constant = 6.67(10) " N m?kg—2

=83143JK 'mol ' =83143JKg ' K~!




APPENDIX B
CHRISTOFFEL SYMBOLS OF SECOND KIND

1. Cylindrical coordinates (r ¢, z) = (¢!, 22, 2%)

r=rcosf r>0 hi=1
y=rsinfd 0<6<27 hy =71
z=z —00 <2z <00 hs =1

The coordinate curves are formed by the intersection of the coordinate surfaces

22 492 =12, Cylinders
y/x = tand Planes
z = Constant Planes.

tap = Lo

9. Spherical coordinates (p,0,0) = (21,22, 2°)

x =psinfcosp p>0 hi =1
y=psinfsing 0<0<7 ho=p
z = pcosb 0<op<2m hs = psinf

The coordinate curves are formed by the intersection of the coordinate surfaces

2?2+ y? 422 =p? Spheres
2?2 +y? =tan’0z Cones

y=x tan¢ Planes.

G ()
T RN
AR R R

D= =
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1 .2

3. Parabolic cylindrical coordinates (€,m,2) = (

at,x?, a?)
z=£n —00 << o0
y=%(§2—772) —00 < 2z < 00
z=2z n>0

AN
NG
hs =1

The coordinate curves are formed by the intersection of the coordinate surfaces

o? = =26y — %)

§2
2
2
n
® =20 (y + 7)

z = Constant Planes.

1l_ ¢ 1

11f  &+4n2 22

21__m 11 (1

22 2492 12f |21

21 - 2 N

11 242 21 |12
4. Parabolic coordinates (& n, ¢) = (21,22, 2°)

x = &ncos o £>0

y = &nsing n>0

z=%(§2—772) 0<o¢<2m

Parabolic cylinders

Parabolic cylinders

}: -
&+
}: n
SRk
}: §
SRk
m=VETP
ha =& + 17

hs =¢&n

The coordinate curves are formed by the intersection of the coordinate surfaces

2?4 y? = 262 (2 — %) Paraboloids
22 +y? =27 (2 + 77_22) Paraboloids
y=x tan¢ Planes.
{1}_ 3 1 =7
LT E (o)~
{2}_ n Iy _ (11 _ 7
22 242 {21}{21}§2+n2
{1}_ —¢ 21 _[2\_ ¢
22 242 {21}_{12}_£2+n2
{2}_ —n 31 _[3 1
11 &2+n2 {32}_{23}_5
2 —n&? 31 3 1
S O S PO
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5. Elliptic cylindrical coordinates (&, 2) = (z', 22, 23)

x =coshécosn €>0 hlzy/sinhzf—l—sinQn
y=sinh&sinn 0<n <27 hy = /sinh2§—|—sin277

zZ=Zz —o0o<z< X h3:1

The coordinate curves are formed by the intersection of the coordinate surfaces

22 y?
+ =1 Elliptic cylinders
cosh?¢  sinh? ¢ P Y
22 y?
- =1 Hyperbolic cylinders
cos?n  sin?n
z = Constant Planes.
{ 1 }_ sinh £ cosh ¢ { 2 }_ sinncosn
11 sinh?¢ +sin®y 22 sinh? € + sin®n
{ 1 }_ —sinh £ cosh & { 2 }_ —sinncosn
22 sinh%¢ +sin?p 11 sinh? € + sinn
{1}_{1}_ sinn cosn {2}_{2}_ sinh € cosh ¢
12f 121)  sinh?*¢ +siny 12f 121)  sinh®¢ +siny
6. Elliptic coordinates (¢ ), ¢) = (a*, 22, 2%)
2 _ 2
hy— SN
z=+(1-n?)(>—-1)cosgp 1<E< 0 £2 -1
y= VI D@ - Tsing —1<n<1 e
2 =
L=y 0<¢<2m 1—n?

hs =/ (1 =1?)(&* = 1)

The coordinate curves are formed by the intersection of the coordinate surfaces

LA Prolate ellipsoid

=1 Two-sheeted hyperboloid

y =x tan¢ Planes

& ¢ {2}:(—1+€2)n(1—n2)
33 £2 — 2
n
_52_7’2

{i1)

() -rteets L)

{212} S 55751 éf—)n% {221} T : 7
{s) {o1)

{i1) {2)

n(1—7n%)




7. Bipolar coordinates (u,v,2) = (¢!, 22, 23)

asinhv 2 _ ;2
r=—"""—, 0<u<2m hi = h;
coshv — cosu 9
asiny h2 a
2 2

= —00 < v < 00

(coshv — cosu)2
coshv — cosu’ coshv — cosu)

2 __
2=z — 0 <z <00 h3 =1

The coordinate curves are formed by the intersection of the coordinate surfaces

2

(x —acothv)? +y* = .a—z Cylinders
sinh” v
2 2 a? :
2"+ (y —acotu)” = —5— Cylinders
sin” u
z = Constant Planes.
1] sinu 2] _ sinh v
11)  cosu — coshv 11  —cosu+ coshv
2] sinh v 1) sinh v
22 cosu— coshw 12  cosu — coshv
1 - sinu 2 - sinu
22 —cosu+ coshv 21  cosu — coshwv

g. Conical coordinates (u,v,w) = (2}, 22, 2%)

uvw

x:—b, ¥>vi>a®>w?, u>0 h%:l
a
u [ —a®)(u? — a?) 2 u?(v? — w?)
~a a2 _ b2 27 (02— a?)(b? —v2)
v (02 = 02)(w? — b2 B2 u?(v? — w?)
2= Z 72 3 (w2 _ a2)(w2 _ b2)

The coordinate curves are formed by the intersection of the coordinate surfaces

2249?4222 =2 Spheres
2 2 2
x Yy z
v 2 — g2 + 02— b2 0 Cones
2 2 2
x z
— 4+ Y + =0, Cones.

2 v v v

B i w (—a2 + w2) (—62 + w2)
202 —a24 02 02— w2

7 =) (= + %) (7 =07

22
3

w w w
v2 —w?  —a?4+w? b+ w?

| {2}
1} u(@*—w?) {Q}w
22} (02 — v2) (—a2 + v2) {23} v2 — w2
| b1}
| o)

w
w

1 B U (v2 — w2)
(—a? + w?) (=b* + w?)
v (b2 - v2) (—a2 + v2)
(0 —w?) (@ + ) (-7 + )

w
w

2
33

— — = = A
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9. Prolate spheroidal coordinates (u,v,¢) = (z!, 22, 23)

2 = asinhusinvcos¢, u >0 h? = h3
o . . . 2 2/ 2 . 2
y =asinhusinvsing, 0<v<w hs = a*(sinh” u + sin® v)
_ 2 212 .2
z=acoshucosv, 0<¢ <27 h3 = a”sinh” usin” v

The coordinate curves are formed by the intersection of the coordinate surfaces

22 Y2 52
=1 Prolate ellipsoid
(asinhu)?  asinhu)?  acoshu)? ’ rolate cTIpsoIds
2 2 2
x Y z .
(acos0)? — (asinv)? — (acosv)? =1, Two-sheeted hyperpoloid
y =z tan ¢, Planes.

. . .12
cosh u sinh u cos v sin vsinh” u

} sin? v + sinh® u { } sin? v + sinh? u
cosvsin v cosvsinw
} sin? v 4 sinh® u { } sin? v + sinh® u
1 cosh u sinh u 2 cosh u sinh u
} ~ sin?v + sinh® u { } sin v + sinh? u

sin? v cosh wsinh u coshu

R ) .
sin v + sinh? u sinh u

Ccos v sinv Ccos v

. . 2 .
sin v + sinh? u sinwv

x = a cosh cosncos ¢, £E>0 h? = h3
y = acosh £ cosn sin ¢, —g <n< g h% = a?(sinh? € + sin® )
z = asinhsiny, 0<op<2m h3 = a? cosh? € cos? n
The coordinate curves are formed by the intersection of the coordinate surfaces
22 y? 52
=1, Oblate ellipsoid
(acosh§)? + (acosh§)? + (asinh¢)? ave CHIpsoIes
22 y? 52
- =1 One-sheet h boloid
(acosn)?  (acosn)? (asinn)? ’ HETSRECT AyPerboiores
y = x tan ¢, Planes.
{ 1 } ~ cosh{sinh¢ 2 | _ cosysin ncosh? &
11 sin? ) + sinh? ¢ 33)  sin?n+sinh®¢
{ 2 }_ cosnsinng 1) cosysing
22 sin” 7 + sinh® ¢ 12)  sin?n+ sinh?¢
{ 1 } _ cosh ¢sinh & 2 1 cosh¢sinh¢
22 sin? 7 + sinh? ¢ 21 sin?n+ sinh?¢
{ 1 } B cos? 1) cosh € sinh & 3 sinh &
33 sin? ) + sinh? ¢ 31f  cosh¢
{ 2 }__ cosmsing 31 _ sinp
11 sin®n+ sinh?¢ 32  cosn
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11. Toroidal coordinates (u,v,¢) = (2,22, 23)

asinh v cos ¢

)
coshv — cosu
asinhwvsin ¢

coshv — cosu’
asinu

coshv — cosu’

x2+y2+(z—

(\/a:Q—l—yQ —a

sinu
cosu — coshv

sinh v
cosu — coshv

sin usinh v?

sinh v

a Ccosu

—cosu + coshv

(4
(4
{212}_%
(4

(2]

—cosu + coshv

0<u<?2mr h%:hg
h2 = e
—00 < v < 00 (coshv — cosu)?
9 a?sinh? v
0<¢<2r h3:m

The coordinate curves are formed by the intersection of the coordinate surfaces

2 a?
) = —5, Spheres
sin® u
2= %, Tores
sinh” v
y = x tan ¢, planes
2 | sinhwv(cosucoshv —1)
{33} T cosu — coshv
1 sinh v
{12} " cosu — cosho
2 sinu
{21} " cosu — cosho
3 sinu
{31} ~ cosu — coshv
3 cosucoshv —1
{32} ~ cosusinhv — coshvsinhv
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12. Confocal ellipsoidal coordinates (u,v,w) = (a', 22, 2°)

(a® — u)(a® — v)(a® — w)
o -3 u<c®<b?<a®

s _ (02— ) (B —0)(4? —w)
N CETDICEr
2 (@)@ ) —u)

_ 2 2 2
z° = @ - -t cC<b*<v<a

A <v<b?<a?

2
i 4(a? —u)(b? — u)(c® —u)
12 (v—u)(v—w)
27 4(a? — ) (b2 — v)(c® —v)
v (w = w)(w—0)
57 4(a? — w) (b2 — w)(c® —w)
{1 }: 1 n 1 n 1 n 1 n 1
11 2(a2—u) 2B —u) 2(*-u) 2u-—-v) 2(u-—w)
{2 }_ 1 n 1 + 1 n 1 n 1
22 2(a2—v) 20 —-v) 2(c2-v) 2(—u+v) 2(v-—w)
31 1 1 1 1 1
{33} @—w) "2 —w) 2@ —w)  2(—utw)  2(-vtw)

2
(a? —u) (b —u) (2 —u) (v—w)
2(a?—v) (b —v)(c2—v)(u—v)(u—w)
(a? —u) (b —u) (2 —u) (—v +w)
2 (u—v)(a® —w) (b? —w) (2 —w)(u—w)

{22}
os)
ISR S CET[(EES) [ U
Los)
i)
122}

(a? —=v) (b* —v) (2 =) (—u+w)
2(—u+v)(a? —w) (H? —w) (2 —w)(v—w)
(u—v) (a® —w) (b* —w) (¢ —w)

2@ —u)(®—u)(®—u)(-ut+w)(—v+w)
(—u+v) (a® —w) (b* —w) (¢ —w)
2(a?—v) (b —=v) (2 —v)(—u+w)(—v+w)

112
s
2(a?—u) (b —u) (2 —u)(—u+v)(v—w) {21} 2(—u+wv)
{21
1)
{2
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APPENDIX C
VECTOR IDENTITIES

The following identities assume that E,g,é,ﬁ are differentiable vector functions of position while

f, f1, fo are differentiable scalar functions of position.

1 A-(BxC)=B-(CxA)=C-(AxB)
2 Ax(BxC)=B(A-C)-C(A-B)
3 (Ax B)-(CxD)=(A-C)B-D)— (A-D)B-C)
4 Ax(BxC)+Bx(CxA)+Cx(AxB)=0
5 (Ax B)x (C xD)=B(A-CxD)—AB-C x D)

=C(A-BxC)—D(A-BxC)
6 (Ax B)-(BxC)x (CxA)=(A-BxC)?
7 V(fi+f2)=Vfi+Vfe
8 V- (A+B)=V-A+V.B
9 Vx(A+B)=VxA+VxB
10. V(fA) = (Vf)- A+ [V-A
11. V(fife) = iV + f2Vfi
12. V x (fA) =)Vf) x A+ f(V x A)
13. V- (AxB)=B-(VxA) —A-(VxB)
14. (/PV)/T—V(@)—/YX(VXZ)
15. | V(A-B)=(B-V)A+(A-V)B+ B x (VxA)+Ax (VxB)
16. Vx(AxB)=(B-V)A-B(V-A)—(A-V)B+A(V-B)
17. V- (Vf)=V2f
18. Vx(Vf)=0
19. V- (VxA)=0

-, -, —

20. Vx(VxA)=V(V-A4) VA




