MATRIX MULTIPLICATION IS DETERMINED
BY ORTHOGONALITY AND TRACE
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ABSTRACT. Any associative bilinear multiplication on the set of n-by-n ma-
trices over some field of characteristic not two, that makes the same vectors
orthogonal and has the same trace as ordinary matrix multiplication, must be
ordinary matrix multiplication or its opposite.

1. INTRODUCTION

Matrix multiplication is the fundamental operation of linear algebra, modelling
composition of linear maps in terms of coordinates. This article characterises matrix
multiplication simply in terms of orthogonality and trace, in the following way.
Suppose there were another way to combine two matrices =,y € M,, into a new
one = xy € M,,, that resembles composition of linear maps in the sense that it is
associative, bilinear, and respects the identity matrix:

(A) “Associativity”: = (y*z) = (x*y)xz for all z,y,z € My;

(B) “Bilinearity”: (Ax)*xy=XMNzxy) =xz*x(\y), (x+y)*xz=(z*xz)+ (y*2z),
and zx (y + 2) = (z *y) + (z x 2) for scalars A and z,y, 2 € M,;
(I) “Identity”: xx1 =z for all x € M,,, where 1 € M, is the identity matrix.
To these basic requirements we add two properties that, at first sight, do not fix
much information about x x y. First, we require = * y to have the same trace as
ordinary matrix multiplication zy:

(T) “Trace”: Tr(zxy) = Tr(zy) for all z,y € M,,.

Second, we require that x makes the same vectors orthogonal as ordinary matrix
multiplication. Formulated algebraically:

(O) “Orthogonality”: xxy =0 when zy = yx =0, zz =z, and yy = vy,

for x,y € M, that have rank one.
These assumptions already imply that x * y must equal the ordinary matrix mul-

tiplication, or its opposite, after all. That is, we will prove the following theorem,
for any scalar field F of characteristic not two.

Theorem 1. A function x: M,, x M,, — M, satisfies (A), (B), (1), (T) and (O)
if and only if either x xy = xy for all x,y € M,,, or xxy = yx for all z,y € M, .

This fits in the recent programme of results surrounding linear preserver prob-
lems, i.e. linear maps that preserve zero products, commutativity, etc. [4, 6, 1, 7].
Indeed, we will rely on one of those results [1]. Our original motivation came
from quantum theory, where the above properties arise as desiderata for a possible
noncommutative extension of Bayesian inference [5, 3].
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2. THE MAIN RESULT

Proposition 2. A map x: M,, x M,, = M,, meets (B), (I), and (O) if and only if

(1) rxy =ay+g(zy — yx)
for some linear map g: M,, — M,, and all x,y € M,,.

Proof. Assume (B), (I) and (O). Then [1, Theorem 2.2] applies, giving linear maps
fyg: M, = M, with zxy = f(zy)+g(yz). Furthermore, x = xx1 = f(x1)+g(1x),
and so f(z) =z — g(z). Therefore x xy = f(xy) + g(yz) = zy + g(yxr — xy). Taking
the negative of g now gives (1).

If % is of the form (1), then it is easy to show that (B), (I), and (O) hold. O

Lemma 3. Suppose x satisfies (B), (I), and (O). Then (T) holds if and only if g

sends traceless matrices to traceless matrices.

Proof. Property (T) is equivalent to Tr(g(xy — yx)) = 0 for all x,y € M,,. But
matrices of the form xy — yx are precisely those with trace zero [2]. (Il

Write e;; for the standard matrix units, so that e;jer; = djre;. Because of
bilinearity, property (A) holds precisely when it holds for z = eqp, ¥ = €ca, 2 = €cy
for all a,b,c,d,e, f € {1,...,n}. Via Proposition 2, property (A) comes down to

- 6d66afg(ecb) + 5de€ab * g(ecf) - 6cf€ab * g(eed)
= - 5¢1f5bcg(eed) + 5bcg(ead) * €Cef — 5adg(ecb) * Cef

(2)

for all a,b,c,d, e, f € {1,...,n}. We will use this formula very often below.
By linearity of g, we may write g(e;;) = 22,1:1 Ghiijeir for entries Gy i € F.
By convention, we will write g(ij)w for G ij, and g(i4 — jj) ki for Griii — Gri jj-

Lemma 4. For distinct i,7,k,1 € {1,...,n}:
(3) 9(ij)k =0,
(4) g(ii — jj)r = 0.

For distinct i,j,k € {1,...,n}:

(5) 9(2j)jk = 0,
(6) 9(ij)kj =0,
(7) 9(ij)ix = 0,
(8) 9(ij)ki = 0,
(9) 9(ig)kr = 0,
(10) g(it — jj)kk = 0,
(11) g(ii — jj)i =0,
(12) g(ii — jj)ki =0,
(13) g(ii — jj)k; =0,
(14) g(ii = jj)jx = 0.
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For distinct i, € {1,...,n}:

(15) 9(ij)55 =0,
(16) 9(ij)ii =0,
(17) 9(ij)ij =0,
(18) g(ii —jj)ij =0,
(19) g(ii — jj)ji = 0.

Proof. All these equations are derived following the same pattern. Let i, 7, k,[ be
distinct. Taking a = k, b =1, ¢ =i, and d = e = f = j in (2) results in
ert * g(e;j) = 0. Taking the trace of both sides and using property (T) now shows
9(ij)m = Tr(g(eij)en) = Tr(emg(ei;)) = Tr(ew * g(eij)) = 0, establishing (3).
Similarly, taking a = k, b =1, ¢ = f =4, and d = e = j in (2) results in
ert * g(ei; —ej;) = 0, from which (4) follows by taking the trace of both sides.
For (5)—(19) we simply list the appropriate choice of indices:

(5): c=d=e=i,a=f=j,b=k;

(6): c=d=e=i,b=f=j,a=k;
(7M):a=c=i,d=e=f=jb=k;
8):a=f=i,d=j,b=c=e=k;

(9): c=d=e=1i, f=j,a=b=k;

(10): c=f=i,d=e=j,a=b=k;

(11): a=c=f=i,d=e=j,b=k;

(12): b=c=f=i,d=e=j,a=k; use (5);
(13): c=f=i,b=d=e=j,a=k;

(14): c=f=i,a=d=e=j, b=k; use (8);
(15): c=d=e=i,a=b=f=4j;

(16): a=b=c=4,d=e= f = j; use (15);
(17): a=c=i,b=d=e=f=14j;

(18): a=c=f=i,b=d=e=14j;

(19): b=c=f=i,a=d=e=3. O

Lemma 5. There is A € {0, —1} with g(ii — jj)iu = —g(ii — jj);; = g(ij)ji = X for
distinct i, € {1,...,n}. Moreover, there is z € M,, with g(ii) = Ae;; + z for all i.

Proof. For any k,l € {1,...,n}, the entry g(ij)x; can only be nonzero when k = j
and [ =1 by (3), (5)-(9) and (15)—(17). Let X;; € F be that entry: g(ij) = Aijes;.

Takingb=c=e = f=iand a =d = j in (2) leads to g(ii — jj)i = 9(ij) ;s
Similarly, a =d =i and b=c=e = f = j lead to g(jj — 4i);; = g(ji);;. Next,
b=c=d=e=1and a= f=jshow that g(ij);; = g(ji)ij. Therefore

g(ii — 37)ii = 9(15) i = Nijs 9(ii = jj)i; = —9(i5)ji = —Aij-

Combining this with (4), (10)—(14), (18) and (19) shows g(ii — jj) = Ai; (e — e;;).

We may write g(it) = A\e;; + 2 for \; € F, and z; € M, linearly independent
from €44 - Then )\ij(eii —ejj) = g(ll—j]) = )\ieii —)\jejj + (Zi —Zj). It follows that Zi
does not depend on 7, and we simply write z instead. Similarly, A\;; = A\; = A; does
not depend on ¢ or j, and we may simply write A for \;;. Hence g(ii) = ey + 2.

It follows from the choice of indices for (18) that g(ij) = e;; » g(i¢ — jj), and so

9(ij) = Neij * (eii — €5;5) = M(—g(ij) — ei; — 9(ij)) = —2Ag(if) — Aeij.

Hence (1 +2X)g(ij) = —Ae;;. But g(ij) = Ae;; by definition, so A € {0,—1}. O
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Proof of Theorem 1. Lemma 5 gives A € {0, —1} and z € M,, with g(ii) = Ae;; + 2.
Let z € M, say z = Z?jzl Xijei; for x;; € F. It follows from Lemma 4 that

g9(@) = xijglis) = Zxﬁg(ii) + ) xiig(i)

ij=1 i

n
= Z(/\Xiieii + Xiiz) + Z AXij€ij
=1

]
=A Z Xij€ij + ZXz‘iZ
ig=1 i=1
= Az + Tr(x)z.
Therefore z xy = xy + A(zy — yx). O

Remark 6. The restriction of the base field F to characteristic not two is necessary.
For example, if F = Zs, then

(20) a BN (S m) _ (aC+n BC+en

v € 0 af+v [O+el
satisfies (A), (B), (I), (O), and (T), but differs from matrix multiplication or its
opposite. In fact, apart from g = 0, 1, this is the only one of the form (1), for e.g.

a B\ _(a B
Iy )7 \y a)-
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