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Preface

This is a MATHEMATICAL HANDBOOK. It has been designed to cover the
main needs of everyone who uses mathematics: mathematicians, physicists, engi-
neers and other professionals. Most of all, it has been written with the students, and
all those who strive to learn, in mind.

The previous objective imposes severe constraints on the material of the book
and its presentation. The subject matter must cover an extremely broad area of math-
ematical knowledge, from elementary to advanced. It must be clear, concise and
reliable. Its presentation must appeal to the user. Its typography, the arrangement of
the material and its coloring should make it attractive to the eye. The use of the book
must be easy and require as little time as possible, conveying the maximum informa-
tion. All of these concerns have been taken into account as much as possible. The
chapters contain well-separated content, from the more simple and basic mathemati-
cal areas to medium and more advanced concepts. The contents and the index help
the user find what he wants. At the same time, the book is kept as small as possible.

This is also a new kind of book, the first in the series of Alive Books®. We live in
the 21st century, and computers and Internet are changing the world. How will these
factors influence the authoring and publishing of scientific books? This book gives a
temporary answer to this question. The MATHEMATICAL HANDBOOK has both
printed and electronic parts linked and working together. The icons of the printed
part A tell the user what related information is contained in the electronic part C and
how to access it. Thus, a book of 340 printed pages offers more than 1000 pages of
expanding mathematical knowledge, while the printed part remains the solid and
unchanged base. This is only the beginning. The MATHEMATICAL HANDBOOK
will continue to be written after its publication and will grow in size!

For this book, I had the privilege of receiving suggestions from my colleagues
E. Economou, N. Kylafis, St. Trachanas, K. Tsiganos and many others. I thank them
very much. In all cases, however, the responsibility for any faults is mine. For all that
has been accomplished, the user will make the final judgment.

Sotirios Persidis
Athens, September 2007

xiii



Structure and Use of the Book

Structure of the book

This is an Alive Book®. It is the first publication of a new and extended concept
of a book and has four parts, A and B in printed form, C and D in electronic form:

Part A is the present book. It contains the main material related to the cover title.
Part B is the smaller accompanying book that contains a summary of Part A.

Part C contains additions, i.e. files that can be obtained using the icon numbers.
Part D contains material in many forms related to the subject in a broader sense.

Use of the book

This Alive Book® is the personal copy of the registered owner and can be used
(in accordance with the limitations stated explicitly in the registration form) as fol-
lows: Part A as a regular book (as any other handbook). Part B as a fast reference to
most essential material. Part C as additional information in software form to more
material, examples, applications, etc. Part D as a source and a guide for the best re-
lated material worldwide.

The icons used in Part A indicate where additional material is available and the
type of addition. The colors indicate the level of difficulty: Green ([Z€) for elemen-
tary level, blue (2% for medium level, red ([Z&Y for advanced level. The three letters
inside each icon indicate the content of the addition as follows:

Application: An application of a theory or a method.

Ca Calculation: Calculation of an integral or an expression.
Example: A specific example of a case or a method.
Extension: More of the same or related material.
Information: General related information.

Proof: Proof of a theorem, a statement or a formula.
Table: Numerical table(s) of data needed in calculations.

he Theory or Theorem: More theory or theorems or rigorous conditions.

== =

X Zoom of a drawing or picture.

Each icon represents an addition and has a naturally assigned, unique four-digit
icon number, made of the three-digit number of the page and the one-digit number

X1V



STRUCTURE AND USE OF THE BOOK XV

expressing the top-down order of the icon on the page. For example, the icons in
page 92 have icon numbers 0921 and 0922, while the icons in page 251 have icon
numbers 2511, 2512, 2513. The icon numbers are used to obtain the correspond-
ing additions. To access an addition, go to www.ifoes.org, click on English and on
Mathematical Handbook and follow the directions. You can also have a permanent
icon on your computer desktop to facilitate the communication with parts C and D.

In part A, the following symbols are also used:

0800606 Different cases or methods explained previously.
P Important points, cases or statements.

Errors

A scientific book is a very complicated work, and errors may escape efforts to
detect and avoid them. Although this book has been checked thoroughly, we have set
up a mechanism for corrections and improvements. To minimize the possibility of
an error, we have assumed that each formula or mathematical statement is correct if
at least one of the following applies:

(a) It is found in or verified by two (usually three or more) independent references.

(b) It is found in or verified by one reference and verified by well known mathemati-
cal software (mainly Mathematica or Maple).

(c) Itis derived by hand in all its details.
In addition to the above, we have set up a mechanism for corrections and im-
provements after the publication:

(a) All errors found after publication are posted immediately on the Internet (part D)
and are readily available to all users.

(b) If you find an error (even an insignificant one), or if you seriously suspect there
is an error, please report it to us by email to mathbook@jifoes.org. We will ex-
amine it immediately. If you are right, you will have helped considerably.

Changes

Important changes or additions made to part A are available to registered users
at www.ifoes.org > English > Mathematical Handbook.

Questions, Proposals

Serious questions and proposals can be submitted by email to mathbook@ifoes.
org. We will try to answer your question or evaluate your proposal, but, please bear
in mind that our time in this world is finite.



Main References

The books and other resources used for writing this handbook exceed 200. Some
of them have been well recognized as the most reliable and authoritative printed ref-
erences of pure and applied mathematical knowledge that humanity has accumulated
in its history. Most of them are works from the last 50 years, a few are older than 50
years and two are more than 100 years old. A comprehensive list of these references
is given in part D. Here, we give only the most widely used collective works:
Abramowitz, M., and Stegun, 1., Handbook of Mathematical Functions, Dover, New

York, 1968.
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1 CONSTANTS

V2 =1.41421 35623 73095 04880 16887 2421 ...
V3 =1.73205 08075 68877 29352 74463 4151 ...

V5 =2.23606 79774 99789 69640 91736 6873 ...

J6 =2.44948 97427 83178 09819 72840 7471 ...

J7 =2.64575 13110 64590 59050 16157 5364 ...

V8 =2.82842 71247 46190 09760 33774 4842 ...

JI0 =3.16227 76601 68379 33199 88935 4443 ...

V2 =1.25992 10498 94873 16476 72106 0728 ...

3 = 1.44224 95703 07408 38232 16383 1078 ...

V2 =1.14869 83549 97035 00679 86269 4678 ...

U3 =1.24573 09396 15517 32596 66803 3664 ...

L(1++/5) = 1.61803 39887 49894 84820 45868 3436 ... [Golden ratio]

7 =3.14159 26535 89793 23846 26433 8328 ...

72 =9.86960 44010 89358 61883 44909 9988 ...

7' =0.31830 98861 83790 67153 77675 26745 ...

\/; =1.77245 38509 05516 02729 81674 8334 ...

e=2.71828 18284 59045 23536 02874 7135 ... [natural base of logaritms]  ([(LL
e?=7.38905 60989 30650 22723 04274 6058 ...

Je =1.64872 12707 00128 14684 86507 8781 ...

e”=23.14069 26327 79269 00572 90863 679 ...

w¢=22.45915 77183 61045 47342 71522 045 ...

e®=15.15426 22414 79264 18976 04302 726 ...



2 CONSTANTS CHAP. 1

y=0.57721 56649 01532 86060 65120 90082 ... [Euler constant]
e’ =1.78107 24179 90197 98523 65041 0311 ...

G =0.91596 55941 77219 01505 46035 14932 ... [Catalan constant]
K =2.6854520010 65306 44530 97148 3548 ... [Khinchin constant]
A =1.28242 71291 00622 63687 53425 6886 ... [Glaisher constant]
u=1.45136 92348 83381 05028 39684 8589 ... [Soldner constant]
log,,2 =0.30102 99956 63981 19521 37388 94724 ...

log,,3 =0.47712 12547 19662 43729 50279 03255 ...
log,,m=0.49714 98726 94133 85435 12682 88291 ...

log,,e = 0.43429 44819 03251 82765 11289 18917 ...

log,2 =1n2 =0.69314 71805 59945 30941 72321 21458 ...

log,3 =1n3 =1.09861 22886 68109 69139 52452 3692 ...

log,10 =1n10 =2.30258 50929 94045 68401 79914 5468 ...

log,m = Inz = 1.14472 98858 49400 17414 34273 5135 ...

log,y = Iny =-0.54953 93129 81644 82233 76617 68803 ...

I = Jr =1.77245 38509 05516 02729 81674 8334 .... [I(x) = gamma function]
I'(Y)=2.67893 85347 07747 63365 56929 4097 ...

F(%) =3.62560 99082 21908 31193 06851 5587 ...
1 radian = 180°/7 = 57.29577 95130 82320 87679 81548 141 ...°
1° = 7/180 radians = 0.01745 32925 19943 29576 92369 07685 ... radians

1.2 Physical Constants Inf

Alpha particle mass m, = 6.6446565 x 107" kg
=4.001506179149 u
Atomic mass m,=1.66053886 x 10" kg
Avogadro number N,=6.0221415 x 10* mol™
Bohr magneton Uy =9.27400949 x10*J T~

=5.788381804 x105 eV T



CHAP. 1

CONSTANTS

Bohr radius

Boltzmann constant

Characteristic impendance of vacuum

Classical electron radius
Compton wavelength
Conductance quantum
Dielectric constant of vacuum
Electron charge to mass quotient

Electron magnetic moment

Electron mass

Faraday constant
Fermi coupling constant

Fine-structure constant

Gravitational constant

Hartree energy

Josephson constant

Magnetic flux quantum

Magnetic susceptibility of vacuum
Molar gas constant

Muon mass

Neutron Compton wavelength

Neutron-electron mass ratio

a,=0.5291772108 x 10" m

k,=1.3806505 x 102 J K
=8.617343 x 107° eV K!

Z,=376.730313461 Q
r,=2.817940325 x 10 m
Ae=12.426310238 x 102 m
G,=7.748091733 x 107 s

&, =8.854187817 x 107> F m™"
e/m,=-1.75882012 x 10" C kg™

1, =—1.0011596521859,
=-9.28476412 x 10724 ] T™!

m,=9.1093826 x 10! kg
=5.4857990945 x 10~* u

F = 96485.3383 C mol™!
G, /(hc)® = 1.16639 x 1075 GeV2

a=1/137.03599911
=7.297352568 x 107

G=6.6742x 10" m* kg' s7*

E,=4.35974417 x 107 J
=27.2113845 eV

K, =483597.879 x 10°Hz V!
®,=2.06783372 x 107> Wb
U =4m x 107 NA™ (exact)

R =28.314472 ] mol™' K™

m,=1.88353140 x 102 kg
=0.1134289264 u

Ao, = 1.3195909067 x 10 m
m,/m, = 1838.6836598



4 CONSTANTS CHAP. 1

Neutron magnetic moment u,=-1.91304273u,
=-0.96623645 x 1026 J T™!

Neutron mass m,=1.67492728 x 10" kg
=1.00866491560 u

Nuclear magneton Uy =5.05078343 x 102" J T
=3.152451259 x 10 eV T

Planck constant h=6.6260693 x 107*J s

=4.13566743 x 10" eV s

h=hl2r=1.05457168 x 107 J s
=6.58211915x 107'% eV s

Planck length [,=1.61624 x 10 m
Planck mass m,=2.17645 x 10~ kg
Planck temperature T,=1.41679 x 102 K
Planck time 1,=539121 x 107* s
Proton charge e=1.60217653 x 107 C
Proton Compton wavelength Aep = 1.3214098555 x 107" m
Proton-electron mass ratio m,/m,=1836.15267261
Proton magnetic moment H,=2.792847351p,
=1.41060671 x 1026 J T
Proton mass m,=1.67262171 x 107" kg
=1.00727646688 u
Rydberg constant R, =10973731.568525 m™'
Speed of light (in vacuum) ¢=299792458 m s (exact)
Stefan-Boltzmann constant 0=5.670400 x 10°* W m2 K™
Thomson cross section 0,=0.665245856 x 107 m?

Wien displacement law constant b=2_T=2.8977685x 10" m K

max
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(x—y)P=x"-2xy+y? (x+y)P=x"+2xy+)*
(x—y)P=x-3x%+30°-)* (x+y) =x+3x%+ 307 +)*
x=p)=xt—4ry + 6 —4xy’ + ' | (x+p) =xt 4y + 667 +4x) + )t

X =y =(x-))(x+y)
X =y =(x =) +xy+y7) X4y = (x+ )7 —xy + %)
Xyt = (= )+ P+ ) Xyt = (2 = V2 xp + ) (2 + V2xp +)7)

(x =)’ =x° = 5x* + 10x}y? — 10x%° + 5xp* —)°

(x+y)’ =x" +5x% + 10xy? + 10x%° + 5% +)°

(x —y)° =x% - 6x°y + 15x%7 — 20x%)° + 15x** — 6x)° +°
(x +)° =x°+ 6x°y + 15xH? + 20x°)° + 15xH* + 6x)° + )0
¥ =1 =(x - )+ 3y + ¥+ x0 + )Y

¥+ =(x+ ) =y + x5 - +)7)

X0 =)= (x = P+ P —xy + Y+ xp + )7

X +xy+ 07+ = (x+ ) +)P)

A+t = -y + ) (P +xp+)P)

¥ +xty + x5+ + 0t 0 = (0 ) —xy + D)+ xp +))
(x+y+2P=x*+)y"+ 2" + 2xp + 2yz+ 2zx

(x+y+zP=x>+y"+2 +3x% + 3x)° + 3y°z + 3yz2 + 32% + 3zx* + 6xyz
x+y+z+wl=x"+y"+22+ W+ 2xp + 2xz + 20w + 2z + 2pw + 2zw

For a positive integer n, we have

x2n _y2n — (xZ _yZ)(XZn—Z + x2n4ly2 + x2n—6y4 4o x2y2n—4 +y2n—2)

\P{xN(2*n)-yN2*n)}, x2-2*x*y*cos(k*n/n)+y"2 [Pro |
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\P{x\(2*n)+y"(2*n)},
2n 2n __
= XM2+2*x*y*cos((2*k+1)*m/(2*n))+y”2 (Pro/

x2n+1 _y2n+l — (x _y)(erI + x2n—ly + x2n—2y2 4. +y2n)

\P{x"(2*n+1)-y*(2*n+1)},
X"2-2%x*y*cos(2¥k*m/(2*n+1))+y”2

x2n+1 +y2n+l — (x +y)(x2n _ x2n—ly + x2n—2y2 .. +y2n)

\P{x"2*n+1)+y"(2*n+1)},
x"2+2%x*y*cos(2*k*n/(2*n+1))+y”2

2.2 Binomial Formula

Forn=1,2,3, ... we have the binomial formula

\S{(x+y)*n}, x*n+tn*x(n-1)*y+(n*(n-1)/(2!))*xN(n-2)*y"2

or \S{(x+y)"n}, x n+(n;1)*x (n-1)*y+(n;2)*xN(n-2)*y"2+...

The binomial coefficients are defined by the relation

(n;k)=n!/(k!*(n-k)!) Ext

where 7 and k are integers with0 <k <n,0!=1and n! =1-2-3-4...n.

Properties of the binomial coefficients

(n;0)=(n;n)=1, (n;1)=(n;n-1)=n

(n:k)=(n;n-k)=(-1)"k*(k-n-1:k)

(n;k+1)=(n-k)*(n:k)/(k+1), (n+1;k), (n+1;k+1)




CHAP. 2 ALGEBRA

(n;0)+(n;1)+(n;2)+...+(n;n)=2"n

(1;0)-(0; D+(0;2)-..+(-1)"n*(n;n)=0

(n;n)+(n+1;n)+H(n+2;n)+...+(m;n)=(m+1;n+1)

(m;n)-(m;n+1)+(m;n+2)-...+(-1) (m+n)*(m;m)=(m-1;n-1)

(n;0)+(n;2)+(n;4)+...=(n;1)+(n;3)+H(n;5)+...=2"(n-1)

(n;0)"2+(n;1)"2+(n;2)"2+...+(n;n)"2=(2*n;n)

(m;0)*(n;p)+(m;1)*(n;p-1)+...+(m;p)*(n;0)=(m+n;p)

1*(n;1)+2*(n;2)+3*(n;3)+...+n*(n;n)=n*2"(n-1)

1*(n;1)-2*(n;2)+3*(n;3)-...+(-1)(n-1)*n*(n;n)=0

Table of binomial coefficients

nk012345
T | 1|1

2 | 1| 2

311 ]3] 3|1

4 | 1| 4 4

5 1 1|5 101051
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2.3 Complex Numbers

If g and b are real numbers, and i=~/—1 is the imaginary unit, then z = a + bi
is a complex number. The complex conjugate of a + bi is a — bi. The real and the
imaginary part of a + bi are Re(z) = a and Im(z) = b, respectively.

Complex plane

The complex number x + yi is represented by a

point P with abscissa x and ordinate y. )
If |=(x"24y"2)"(1/2)| is the length of the vector OP, Complex plane

then the polar form of the complex number is
x +yi=r(cosf + isinf)

where r is the absolute value or magnitude and 0 is
the angle or argument of the complex number.

Fig. 2-1
Simple calculations

(a+bi)+(c+diy=a+c+(b+d)i
(a+bi)y—(c+diy=a—c+(b—d)i
(a + bi)(c + di) = ac — bd + (ad + bc)i

(a+b*i)/(c+d*i)

[ri(cos O, + isinb))][ry(cos 0, + isinb,)] = rr,[cos (0, + 0,) + isin(0, + 6,)]

(r_1*(cosb_1+i*sin® _1))/(r_2*(cosB_2+i*sinf 2))

De Moivre’s theorem
If p is a real number, then
[7(cos@ + isinB)]? = rP(cospl + isinph)

Roots Inf
If n is a positive integer, then the roots of order # of a complex number are
(r*(cosb+i*sin0))N(1/n)=
" (1/m)*(cos((0+2*k*m)/n)+1*sin((60+2*k*r)/n))

where k=0,1,2,3,...,n—1.
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2.4 Powers and Logarithms

Powers

For real numbers a, b, p, ¢ we have the following relations (under the condition
that each term is meaningful and the denominators are different from zero):

ap.aq — aP*‘I’ al’/aq - ap’q,

(a7 =ar,

a’=1 (a=0), a’(-p)=1/a"p |,

(ab)? = a?b?, (a/b)*p=a”p/b"p

(@O (UpF (RO (Up)| | @by (Upa(Up)b(1/p) PExa ]
Logarithms

Let ¢ be a positive number, different than 1. If ¢* = 4 (4 a positive number),
then the exponent x is called logarithm of A with respect to base ¢ and we write
x=log_ A.

If ¢ = 10, we have the decimal logarithms. If ¢ = e = 2.71828..., we have the
natural logarithms and we use In instead of log,,.

log.c*=x log.(4:B) =log A + log B
(log.b)(log,c) =1 log_c(A/B)=log_cA+log cB
log.c=1, log,1=0 log.A? =plog A

Change of base

log cA=log bA/log bc

In4 =1n10-log,,4 = 2.302585...-log,,4
log,,4 = log,,e-In4 =0.434294...-In4
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Complex numbers

e = cosf + isind e=cosf - isinf

sind=(e"(i*0)-e(-i*0))/(2*i) | |cosd=(e(i*0)+e (-i*0))/2

e 0™ — o0 (k = integer, periodicity)

a+ ib=r(cos@+ isinf) = re”

with |[r=(2"2+b"2)(1/2)

, cos@=alr, sind=>b/r

(r*e”(i*0))/(q*e"(i*9)),
(r/q)*e”(i(6-9))

(re®y? =rre?”  (de Moivre’s theorem)

In(re”y=Inr+i0 + 2kni (k= integer)

2.5 Matrices and Determinants

A matrix of order m % n is an array (usually two dimensional)

(re")(ge') = rge"™"?

A=mat(a_(11),a (12),....a_(1n);
a (21),a (22),....,a (2n);

a (ml),a (m2),...,a (mn))

of constant or variable elements a, arranged in m rows and n columns. A square
matrix has m = n. A unit matrix I is a square matrix with a, = J,, where 9, = 1
for i = k and zero otherwise.

Sum of two matrices A= [a,], B = [b,] of the same order m x n
C=A+B=[c,] wherec,=a,+b,

Product of two matrices A= [a,] of order m x n, B=[b,] of order n x r

C=AB=[c,] wherel|c (ik)=\S[j=1,n]a_(ij)*b_(jk)

Two square matrices A and B, both of order n X n, are inverse to each other iff
AB=BA=1.
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The determinant D of a square matrix A = [a,] of order n X n is

D=det(a_(ik))=det(a_(11),a (12),...,a (In);

a_(21),a_(22),....a_(2n);

ceegesegeeagens

a (nl),a (n2),...,a (nn))

where the sum contains all the possible n! terms a,,a,,a;,--a,,, with offy---x an
ordered set of 1, 2, 3, ..., n, and r is the number of interchanges needed to obtain
ofy---x from 123---n.

Forn=2, D=a,a,—aa,

Forn=3, D =a,a,,a5+ ayyay305, + G305 05y = d3,a00,5 — A3y0530y, — A3,y

2.6 Roots of Algebraic Equations

Linear equation (first-degree equation)

ax+b=0

If a # 0, there is one root, | x=-b/a |.

If a=0and b # 0, there is no root.

If a=0and b =0, every number is a root.
Quadratic equation (second-degree equation)

ax*+bx+c=0, az0
Discriminant: D = b? — 4ac

Roots

x=(-b\H(b"2-4*a*c)N(1/2))/(2%a) (Pro |

If a, b, c are real, then:
(1) If D> 0, we have two real and unequal roots.
(i) If D=0, we have two real and equal roots.

(iii) If D < 0, we have two complex conjugate roots.



12 ALGEBRA CHAP. 2

Relations between roots

Sum of roots: Xx_1+x 2=-b/a
Product of roots: x_1*x 2=c/a
Cubic equation (third-degree equation) The

X+ax’+bx+c=0

Let p=(3*b-a"2)/9, q=(9*a*b-27*c-2*a"3)/54

A=(qH(p"3+q"2)"(1/2))(1/3), B=(q-(p"3+q"2)"(1/2))*(1/3)

x_1=A+B-a/3;
x_(2,3)=-(A+B)/2-a/3\+3"(1/2)*(A-B)*1/2

Roots

If a, b, c are real numbers and D = p* + ¢? is the discriminant, then:
(1) If D> 0, one root is real and two roots are complex conjugates.
(ii) If D =0, all the roots are real and at least two are equal.

(ii1) If D < 0, all the roots are real and unequal.

If D <0, the roots can be written

x_1=2*(-p)(1/2)*cos(8/3)-a/3;

h —q/(-p"3)N(1/2
X (2.3)=2*(-p)\(12)*cos(03\tm/3)-a3| TS [cost=a/(p"3)(1/2)

Relations among the roots
X, +x,+xy=—a,
X)X, + X,X5 + X3X, = b,
X, X,Xy = —¢,

where x,, x,, x, are the three roots.
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Quartic equation (fourth-degree equation) The
xt+raxP+bx’+ex+d=0 (i)
Roots
If u is a root of the third degree equation
w — bu* + (ac — 4d)u +4bd — c* —a*d =0 (ii)
then the four roots of (i) are roots of the two second degree equations
2x*+[a+(a*—4b+4u)"*Ix +ute(u®—4d)"? =0 (iii) [Exa |

The value of ¢ is 1 or —1 depending on the choice of the square roots so that
e(a®—4b + 4u)"? (u? — 4d)"? = au — 2c. The calculation is simplified if we use a root
of (i1) which gives real coefficients (if possible) for equations (iii).

Relations among the roots
X, +X,+X;+ X, =—a
XyXy XX + XX, + XXy + XX, + X%, = b
XXX + XXX, + X X0X, + X X5X, = —C
XXX, =d
where x,, x,, X, x, are the four roots.
Systems of linear equations
A system of two linear equations
ayx, +apx, = b,
ay Xy + ayyx, = by

with unknowns x,, x, has solution (roots)

x_1=(b_1*a_(22)-b 2*a (12))/(a_(11)*a_(22)-a_(12)*a_(21)):
x_2=(b_2*a_(11)-b_1*a_(21))/(a_(11)*a_(22)-a_(12)*a_(21))

A system of three linear equations
ayXx, +a;,x, +a;px; = b,
Ay X, + yyXy + Ay = b,

a3 X) + azX, + assxs = by
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with unknowns x,, x,, x; has solution (roots)

x_1=(1/D)*...|, x_2=(1/D)¥|...|, x_3=(1/D)*|..|

with D = det[a,] = a,,ay05; + 150,305, + a130,,035 = Q3105503 = Q350530 — A3305,5.

A system of » linear equations

a, X, +a,x,+--+a,x =b,

with unknowns x,, x,, ..., x,, has solution (roots)

x k=D kD k=1,2,..,n

where D = det[a,] and D, is the determinant obtained from D after replacing the
elements a,;, a,,, ..., a,, of the kth column by b,, b,, ..., b,. The solution exists and

is unique iff D # 0 (linearly independent equations).
Expansion in partial fractions

A rational function of x has the form

R(x)=P(x)/Q(x)

where P(x) and Q(x) are polynomials of x of degrees m amd » respectively, without

common roots.

If m > n, we can divide P(x) by O(x) and write R(x) as a sum of a polynomial and
another rational fraction with m < n. If m < n, R(x) can be written as a sum of terms
of the form 4 (x — x,) ", where x = x, is a root of the denominator Q(x). In this sum,
every (real or complex) root x = x, of multiplicity k contributes terms of the form

A 1/(x-x_0)+A 2/(x-x_0)"2+..+A k/(x-x_0)"k (1)

where 4, are constants. Summing up the contributions of all roots, we have an

expansion of R(x) into a sum of partial fractions.
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Let the coefficients of the polynomials P(x) and Q(x) be real. The complex roots
of O(x) appear in pairs of complex conjugates, a + ib and a — ib, each of multi-
plicity k. The terms that correspond to a pair of complex conjugate roots can be
written in the form

(A_1%xB_1)/((x-a)'2+b"2)HA_2*x+B_2)/(x- )
) 2+b72) 2+ +HA k*x+B k)(x-a)y2+br2rk | D

where all coefficients are real. Thus, every rational function of polynomials with real
coefficients can be expanded in a sum of partial fractions, i.e. a sum of terms of the
forms (i) and (ii).

2.7 Hyperbolic Functions

Definitions
Hyperbolic sine sinhx=(e"x-e"(-x))/2
Hyperbolic cosine coshx=(e"x+e"\(-x))/2
Hyperbolic tangent tanhx=sinhx/coshx
Hyperbolic cotangent | cothx=coshx/sinhx

The hyperbolic secant (sechx = 1/coshx) and the hyperbolic cosecant (cschx =
1/sinh x) are not often used.

The functions sinhx and coshx have period 2zi, while the functions tanhx and
cothx have period zi. Thus, for k£ integer we have

sinh (x + 2kxi) = sinhx cosh (x + 2kni) = coshx
tanh (x + kri) = tanhx coth(x + kzi) = cothx
Identities

sinhx+coshx=1/(coshx-sinhx)

cosh?x — sinh?x = 1

sinhx+coshx=1/(coshx-sinhx)

(sinhx + coshx)” = sinhnx + coshnx
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sinh (—x) = —sinhx cosh(—x) = coshx
tanh (—x) = —tanhx coth(—x) = —cothx
sinh(x/2)=\*((coshx-1)/2)"(1/2)
cosh(x/2)=((coshx+1)/2)(1/2) (Pro |

tanh(x/2)=\+((coshx-1)/(coshx+1))"(1/2)

sinh(2*x)=2*sinhx*coshx=2*tanhx/(1-tanhx"2)

cosh(2*x)=coshx”2+sinhx"2=2*coshx”2-1=(1+tanhx”2)/(1-tanhx"2)

tanh(2*x)=2*tanhx/(1+tanhx"2)

coth(2*x)=(cothx"2+1)/(2*cothx)

sinh3x = 3sinhx + 4sinh’x

cosh3x = 4cosh®x — 3coshx

tanh(3*x)=(3*tanhx-+tanhx"3)/(1+3*tanhx"2)

coth(3*x)=(3*cothx+cothx"3)/(1+3*cothx”2)

sinh4x = 8sinh®*xcoshx + 4sinhxcoshx

cosh4x = 8cosh*x — 8cosh?x + 1

tanh(4*x)=(4*tanhx+4*tanhx"3)/(1+6*tanhx"2+tanhx"4)

coth(4*x)=(1+6*cothx"2+cothx"4)/(4*cothx+4*cothx"3)
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inh2y — 1 _1
sinh“x = 5 cosh2x 5
cosh’x = %costh + %
sinh®x = %sinh3x - %sinhx
cosh®x = Lcosh3x + 3 coshx

4 1
sinh*x = %cosh4x — %costh + %

cosh*x = %cosh4x + %cosh2x + %

sinh(x £ y) = sinhxcoshy £ coshxsinhy

cosh(x £ y) = coshxcoshy + sinhxsinhy

tanh(x\+y)=(tanhx\+tanhy)/(1\+tanhx *tanhy)

coth(x\+y)=(cothx*cothy\+1)/(cothy\+cothx)

sinhx + sinhy =2 sinh%(x +5) cosh%(x -y)
sinhx — sinhy = 2cosh (x + y)sinh £ (x - )
coshx + coshy = 2cosh%(x +) cosh%(x -5)

coshx —coshy =2 sinh%(x +¥) sinh%(x -)

tanhx\+tanhy=sinh(x\+y)/(coshx*coshy)

cothx+cothy=sinh(x+y)/(sinhx*sinhy)

sinh?x — sinh?y = cosh’x — cosh?y = sinh (x + y)sinh (x — y)
sinh?x + cosh?y = cosh’x + sinh?y = cosh (x + y)cosh(x — y)
sinhxsinhy = 5{cosh(x + y) — cosh(x — )}

coshxcoshy = %{cosh(x + ) + cosh(x —y)}

sinhxcoshy = %{sinh(x +y) +sinh(x — y)}
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Graphs
Graph of Graph of
y = sinhx y = coshx
Fig. 2-2 y = sinhx Fig. 2-3 y = coshx
Graph of Graph of
y = tanx »y = cothx
Fig. 2-4 y =tanhx Fig. 2-5 y = cothx

Relations with trigonometric functions

sin(ix) = isinhx cos(ix) = coshx
tan (ix) = itanhx cot(ix) = —icothx
sinh (ix) = isinx cosh(ix) = cosx
tanh (ix) = itanx coth(ix) = —icotx

sinh(x + iy) = sinhxcosy * icoshxsiny

cosh(x £ iy) = coshxcosy * isinhxsiny

tanh(x\+i1*y)=(tanhx\+i*tany)/(1\+i*tanhx*tany)

coth(x\+i*y)=(cothx*coty\+i)/(coty\+i*cothx)
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Inverse hyperbolic functions

If x = sinhy, then the inverse function is denoted by y = sinh™'x. This notation is
similar for the other hyperbolic functions.

According to this notation, the principal branches of the inverse hyperbolic
functions can be expressed in terms of logarithms as follows:

sinh(-1)x=In(x+(x"2+1)"(1/2)), —00 < x <00
cosh(-1)x=In(x+(x"2-1)(1/2))|, x>1
tanh(-1)x=(1/2)*In((1+x)/(1-x)) |, —-1<x<l1
coth(-1)x=(1/2)*In((x+1)/(x-1)) |, x<-1 or x>1

Properties
sinh~!(—x) = —sinh 'x
cosh!(—x) = cosh'x
tanh™'(—x) = —tanh~'x
coth™!(—x) = —coth'x
coth~!x = tanh ™!(1/x)

sinh(-1)x=tanh"(-1)(x/(x"2+1)*(1/2))

cosh(-1)x=sinh(-1)((x"2-1)"(1/2))=tanh”(-1)((x"*2-1)"(1/2)/x)

sinh(-1)x\+sinh/(-1)y=

cosh”(-1)x\+cosh”(-1)y=
(-1) y

tanh(-1)x\tHanh/(-1 )y=tanh (- 1)((x\*+y)/(1\+x*y))




20 ALGEBRA CHAP. 2

Graphs
Graph of Graph of
y = sinh™'x y=cosh™'x
Fig. 2-6 y=sinh 'x Fig. 2-7 y=cosh'x
Graph of
J = tanh-lx Graph of
y=coth™'x
Fig.2-8 y=tanh'x Fig.2-9 y=coth'x

Relations with inverse trigonometric functions

sinh™' x = —isin™' (ix) sin”'x = —isinh™' (ix)
cosh™' x = +icos™'x cos”'x=xicosh™'x PPro
tanh™' x = —itan™! (ix) tan~'x = —itanh™' (ix)

coth!x = icot™ (ix) cot™'x = icoth™ (ix)
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3.1 Definitions

The triangle ABC has a 90° angle at A. The trigonometric numbers of the angle
B are defined as follows:

Sine sinB=b/a
Cosine cosB=c/a Right triangle
Tangent tanB=b/c
Cotangent cotB=c/b Fig. 3-1
Secant secB=a/c
Ext
Cosecant cscB=a/b
Trigonometric circle Trigonometric circle
In a Cartesian system of coordinates (Fig.
3-2), the axes have positive directions from x'
to x and from y’ to y. The circle with centre O
and radius OA4 = 1 is the frigonometric circle.
The trigonometric numbers of the arc 7= AP .
Fig. 3-2

are defined from the coordinates x and y of the
point P as folows:

Sine sint=0P'=y -1 <sint<1
Cosine cost=0P"=x -1 <cost<1
Tangent tant=AQ'=y/x —o0 <tant < +o0
Cotangent cott=BQ"=x/y —o0 < cotr <400

The trigonometric numbers of the arc 7= AP are identical to those of the angle
@ = AOP . The previous definitions are valid for arces (or angles) of any size, smaller
or greater than 90°.

21
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For x in radians, the trigonometric functions y = sinx, y = cosx, y = tanx,

y = cotx have the following graphs:

Graph of y = sinx

Graph of y = tanx

Fig.3-3 y=sinx

Graph of y = cosx

Fig. 3-5 y=tanx

Graph of y = cotx

Fig.3-4 y=cosx

Fig.3-6 y=cotx

dégri:es ra)zlii;ns sinx cosx tanx cotx
0° 0 0 1 0 +00
15 | 712 | 6 -V2)y4 | (V6 +V2)4 | 2-3 | 2+3
30° n/6 172 V32 J3/3 V3
45° /4 J22 22 1 1
60° /3 V32 172 V3 J3/3
75° | 5m/12 | (N6 +\2)4 | (N6 -~2)4 | 2443 | 2-3
90° n/2 1 0 foo 0

For angles in other quadrants, we can use the transformation formulas of Section 3.2.
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3.2 Identities

Basic

sin’x + cos’x = 1

tanx=sinx/cosx

1/cosx"2-tanx"2=1

secx=1/cosx

Transformations

sin(—x) = —sinx

cos(—x) = cosx

sin(m/2\+x)=cosx

cos(m/2\+x)=\-sinx

sin(z + x) = Fsinx

cos(m = x) = —cosx

sin(27 + x) = +sinx

cos (2w + x) = cosx
Sums

sin(x * y) = sinxcosy + cosxsiny

cos(x £ y)=cosxcosy F sinxsiny

cotx=1/tanx=cosx/sinx

1/sinx”2-cotx”2=1

cscx=1/sinx

tan (—x) = —tanx

cot(—x) = —cotx

tan(m/2\+x)=\-cotx

cot(m/2\+x)=\-tanx

tan (7 + x) = ftanx
cot(m = x) = f£cotx
tan (27 *+ x) = ttanx

cot(2x £ x) = xcotx

tan(x\+y)=(tanx\+tany)/(1\-tanx*tany)

cot(x\+y)=(cotx*coty\-1)/(coty\+cotx)
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sinx + siny = 2sin%(x +y)cos%(x -)
sinx — siny = 2c0s%(x +5) sin%(x )
COSX + COSy = ZCOS%(X +y)cos%(x )

COSX — COSy = 2sin%(x +) sin%(y - X)

tanx\+tany=sin(x\ty)/(cosx*cosy) cotx\+coty=sin(y\+x)/(sinx*siny)

sinxsiny = 5lcos(x —y) —cos(x +y)]
COSXCOSY = %[cos (x—y)+cos(x+ )]
sinxcosy = %[sin(x —y) +sin(x + y)]
sin’x — sin’y = sin(x + y)sin(x — y)
cos’x — cos’y = sin(x + y)sin(y — x)
cos’x — sin’y = cos (x + y)cos (x — )
sin(x * iy) = sinxcoshy * icosxsinhy

cos(x + iy) = cosxcoshy F isinxsinhy

tan(x\+i*y)=(tanx\+i*tanhy)(1\-i*tanx*tanhy)

cot(x\+i*y)=(cotx*cothy\-i)(cothy\+i*cotx)

Multiple angles

sin(x/2)=\+((1-cosx)/2)(1/2)

cos(x/2)=\+((1+cosx)/2)"(1/2)

tan(x/2)=(1-cosx)/sinx=sinx/(1+cosx)=\+((1-cosx)/(1+cosx))"(1/2)
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sin2x = 2sinxcosx

cos2x = cos’x — sin’x = 1 — 2sin’x = 2cos’x — 1

sin(2*x)=2*tanx/
(1+tanx”2)
tan(2*x)=2*tanx/(1-
tanx”\2)

sin3x = 3sinx — 4sin’x

tan(3*x)=(3*tanx-
tanx”3)/(1-3*tanx”2)

sindx = 4sin xcosx — 8sin’xcosx

tan(4*x)=(4*tanx-4*tanx”3)/(1-
6*tanx”2+tanx”4)

sin5x = Ssinx — 20sin’x + 16sin’x

cos(2*x)=(1-
tanx”2)/(1+tanx”"2)

cos3x =4cos’x — 3cosx

cos4x = 8cos*x — 8cos’x + 1

cos5x = 16cos’x — 20cos’x + 5Scosx

10*tanx"2+5*tanx"\4)

tan(5*x)=(5*tanx-10*tanx"3+tanx”"5)/(1-

\S{sin(n*x)}

\S{cos(n*x)}

Powers

sin’x

_1
> cos2x

sin’x

2. 1,1
cos x—2+200s2x

1
2
= 3sinx — Lsin3x cos’x = 3cosx + Lcos3x
4 4 4 4
4y 3 1 1 4._3 .1 1
sin"x =3 2cos2x+ 8cos4x cos'x =g + 20052x+ 8cos4x
s5._ 5. 5 . 1 .
SIN°X = 2SINX — T sin3x + 16 sinSx
Cos’x = 2cosx + == oS 3x + - cos5x
8 16 16
i6._ 5 15 3 _ 1L
sin’x = 7 — 3 cos2x + 16cos4x T cos bx
cosx = 2 + L cos2x + 3 cosdx + L cosbx

16 32 16
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\S{sinx*(2*n+1)}

\S{cosx(2*n+1)}

\S{sinx"(2*n)}

\S{cosx(2*n)}

Inequalities

sinx\<x\<tanx:0\<x\<m/2

2/m<sinx/X:-m/2<x<m/2

cosx\<sinx/x\<1:0\<x\<r

T<sin(m*x)/(x*(1-x))\<4:0<x<1

3.3 Inverse Trigonometric Functions

If x = siny, then the inverse function is denoted as y = sin"'x. Similar notation
is used for the other trigonometric functions. The principal branches of the inverse
trigonometric functions sin”'x, cos™'x, tan'x, cot™'x have values in the following
intervals:

/2 <sin'x <7/2 0<cos'x<m
—/2 < tan"'x < /2 O<cot'x<m
Properties [ Pro |
sin”!(—x) = —sin”'x cos!(=x) =7 —cos'x
tan™'(—x) = —tan"'x cot!(—x) =z —cot”'x
sin'x + cos'x = /2 tan"'x + cot 'x = /2
tan"'x + tan"'(1/x) = /2 for x>0 tan"'x + tan"'(1/x) = —7/2 forx <0

cot'x = tan"'(1/x) forx>0 cot”'x —tan”'(1/x) =7 forx <0
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Graphs
Graph of y =sin"'x Graph of y = cos'x
Fig.3-7 y=sin"'x Fig. 3-8 y=cos'x
Graph of y =tan'x Graph of y = cot™'x
Fig.3-9 y=tan'x Fig.3-10 y=cot'x

3.4 Plane Triangle

In a triangle with sides a, b, ¢ and angles 4, B, C the following relations hold:

la—bl<c<a+b, A+B+C=180°

Law of sines

a/sinA=b/sinB=c/sinC

Plane triangle

Law of cosines

=a’*+b*-2abcosC etc.

Law of tangents Fig. 3-11

(a-b)/(at+b)=tan((A-

B)2)tan((A+B)2) |

Projection formula

c=acosB +bcosAd etc.



28 TRIGONOMETRY CHAP. 3

Formulas with perimeter 2s =a+ b + ¢

sin(A/2)=((s-b)*(s- cos(A/2)=(s*(s-
c)/(b*c))™N(1/2) a)/(b*c))"(1/2)

sinA=(2/(b*c))(s*(s-a)*(s-b)*(s-c))"(1/2) etc.

Radius of circum- o Radius of in- - .
scribed circle r=a/(2*sinA) scribed circle p=(s-a)*tan(A/2)
Area E= %bc sinA [ Ext |

3.5 Spherical Triangle

In every spherical triangle, the sides a, b, ¢ (arcs of maximum circles) and the
angles 4, B, C (dihedral angles) are connected by the following relations:

Law of sines

sina/sinA=sinb/sinB=sinc/sinC

Law of cosines , )
S Spherical triangle
cosa = cosbcosc + sinbsinccos A4

cosAd = —cosBcosC + sinBsinCcosa  etc.

Law of tangents

tan((A+B)/2)/tan((A-B)/2) et Fig. 3-12
=tan((a+b)/2)/tan((a-b)/2)

Formulas with2s=a+b+cand2S=4+B+ C

sinA=2(sins*sin(s-a)*sin(s-b)*(s-c))(1/2)/
(sinb*sinc)

sina=2(-cosS*cos(S-A)*cos(S-B)*cos(S-
C)H™(1/2)/(sinB*sinC)

sin(A/2)=(sin(s-b)*sin(s- cos(A/2)=(sins*sin(s-
¢)/(sinb*sinc))™(1/2) a)/(sinb*sinc))™(1/2)

sin(a/2)=(-cosS*cos(S-A)/ cos(a/2)=(cos(S-B)*cos(S- ete
(sinB*sinC))"(1/2) C)/(sinB*sinC))"(1/2) ’
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Triangle

Side b*=a’ + ¢* + 2a(BD)
(+if 0> 90°, — if 8 <90°)

Perimeter II=2s=a+b+c

h_a=(2/a)(s*(s-a)*(s-b)*(s-
o)N(1/2)

Plane triangle

Height

Median p_an2=(b"2+c"2)/2-a"2/4

Fig. 4-1
Bisector (inner) |d_a=2(b*c*s*(s-a))"(1/2)/(b+c)

Bisector (outer) D _a=2*(b*c*(s-b)*(s-c))*(1/2)/|b-c|

Area E=a*h_a/2=a*c*sin0/2=(s*(s-a)*(s-b)*(s-¢))"(1/2)

p=(1/s)*(s*(s-a)*(s-b)*(s-c))"(1/2)
=(1/h_at1/h b+1/h c)*(-1)

Radius of inscribed circle

Radius of circumscribed circle R=(1/4)*a*b*c/(s*(s-a)*(s-b)*(s-¢))(1/2)

Right triangle For =90°, bh?=a’+c* (Pythagorean theorem)

Inscribed circle Clrcumscrlbed Similar triangles
circle
Fig. 4-2 Fig. 4-3 Fig. 4-4
Similar triangles (Fig. 4-4)
A=4" B=B'" C=C(' AB/A'B'=BC/B'C'=CA/C'A’

29
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Rectangle
Perimeter II=2a+2b Rectangle
Area E=ab Fig, 4-5
Parallelogram
Perimeter II=2a+2b Parallelogram
Area E=ah=absinf Fig. 4-6
Trapezoid
. _ o/ s .
Perimeter [T=a+b+h*(1/sin6+1/sin) Trapezoid
Area E=1Lh(a+b)
Quadrilateral [T Fig. 4-7
We have BD =p, AC=q, A+ B+ C+ D =360°.
Perimeter [I=2s=a+b+c+d
Area '
E=(1/2)*q*(h_B+h_D)=(1/2)*p*q*sin6 Quadrilateral
=(1/4)y*(b"2+d"2-a"2-c"2)*tand
=(1/4)*(4*p"2*q"2-(b"2+d"2-a"2-c"2)"2)"(1/2),
(s-a)*(s-b)*(s-c)*(s-d) Fig. 4-8
Regular polygon  ([Z03
Central angle 0=2*n/n
Perimeter Il =na Regular
polygon
Apothem A=(a/2)cot(mt/n)
Area E=(1/4)*n*a’2*cot(n/n) Fig. 4-9

where n is the number of the sides, a is the length of each side and / is the apothem.
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Regular polygon inscribed in a circle

Central angle
Side

Apothem

0=2*n/n

a=2*R*sin(m/n)

A=(R"2-a72/4)(1/2)=R*cos(m/n)

Perimeter

[I1=2*n*R*sin(n/n)

Area

E=(1/2)*n*R"2*sin(2*n/n)

Regular
polygon
inscribed
in a circle

Fig. 4-10

where # is the number of the sides and R is the radius of the circumscribed circle.

Regular polygons inscribed in a circle of radius R

Polygon Side Apothem Area
n=3 V3R 1R V3R
n=4 V2 R 1V2R 2R?
n=>5 1J10-2v5 R N6+2V5R | 3V10+2V5 R
n=6 R 1R 2 AR
n=8 V2-V2 R IJ2+V2 R 2V2 R
n=10 L(5-1R Wio+2v5Rr | 2Vi0-25 R
n=12 V2-V3 R 1243 R 3R?
Regular polygon circumscribed on a circle
Central angle 0=2*n/n Regular
polygon
Perimeter [1=2*n*r*tan(n/n) c1rcums§r1bed
on a circle
Areca E=n*r"2*tan(n/n)
Fig. 4-11

where #n is the number of sides and r is the radius of the circle.
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Circle
Diamet d=2
iameter r Circle
Perimeter I1=2nr
Area E=nr
where r is the radius of the circle. Fig. 4-12
Sector of a circle
Length of arc s =r6 Sector
of a circle
Area E= %rzﬁ [0 in radians]
where 7 is the radius of the circle and 0 is the angle of the sector. .
Fig. 4-13
Segment of a circle
Length of chord 4B 1=2*r*sin(0/2)
Segment
Area of shaded segment E= %ﬁ(e —sind) of a circle
where r is the radius of the circle.
Ellipse Fig. 4-14
Perimeter
TT=4*a*®\I[0,0,7/2] {(1-k"2*sinB"2)"(1/2)}
\~*(2*(a™2+b™2)N(1/2) :
Area E =mnab Ellipse
where |k=(1/a)*(a"2-b"2)"(1/2)|.
Fig. 4-15
Segment of a parabola
With AB = 2a, KM = b, the length of the arc AMB
(symmetric with respect to the axis KM) is Segment

(AMB)=(a"2+4*b"2)(1/2)+(a"2/
(2%b))*In((2¥b+(a 2+4*b"2)7(1/2))/a)

Area between AKB and AMB E = %ab

of a parabola

Fig. 4-16



CHAP. 4 GEOMETRY

33

4.2 Solid Geometry

Rectangular parallelepiped

Area of the surface E=2(ab+ ac + bc)

Volume V =abc

where a, b, and c are the length, the width and the height
of the parallelepiped, respectively.

Parallelepiped

Height h=csing

V =Ah= abcsinfsing

where A is the area of the horizontal cross-section of
the parallelepiped.

Volume

Prism

Height h=dsinf
Volume V=A4h

where 4 is the area of the base.
Pyramid

Height h=dsinf
V="14n

where 4 is the area of the base.

Volume

If the base is a triangle, then
V=+4h={abdsinfsing

Frustum from a pyramid or cone

Cutting a pyramid or a cone by a plane parallel
to the base and throwing away the upper part gives a
frustum (Fig. 4-21). Its volume is

V=(1/3)*h*(A_1+(A_1*A_2)\(1/2)+A_2)

where £ is the height and 4, 4, are the areas of the bases.

For a cone frustum 4, = zr %, 4, = nr,” and

V= %nh(rlz +rr,+ 1,7

Rectangular
parallelepiped

Fig. 4-17

Parallelepiped

Fig 4-18

Prism

Fig. 4-19

Pyramid

Fig. 4-20

Frustum
from a pyramid
or cone

Fig. 4-21
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Regular polyhedra

There are five regular convex polyhedra (Platonic solids), given in Fig. 4-22:
the tetrahedron, the hexahedron (or cube), the octahedron, the dodecahedron and
the icosahedron. Each has identical faces (regular convex polygons) of side length a
(the edge of the polyhedron).

Regular polyhedra

Fig. 4-22

Each of the above polyhedra can be constructed from the following plane figures,
cut and bent appropriately.

Plane figures for construction of regular polyhedra

Fig. 4-23

The table that follows gives the radius R of the circumscribed sphere, the total
surface area £ and the volume J of each regular polyhedron in terms of its edge a.
The radius of the inscribed sphere is always p = 3V/E.

Regular polyhedra inscribed in a sphere of radius R

Polyhedron Radius R Surface area £ Volume V'
Tetrahedron (4 equi- 1 5 1 5
lateral triangles) 4 Véa V3a 12 V2a
Hexahedron or cube 134 642 7
(6 equal squares) 2
Octahedrop (8 equi- NP N 1735
lateral triangles) 2 3
Dodecahedron (12 | > | .
regular pentagons) | #(1+ V5)V3a | 35(5+245)a? | L(15+75)a
Icosahedron (20 | e T ) 5 5
equilateral triangles) | 4 25+5) a 5V3a 12 (B +5)a
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Right circular cone

Height h=1*sinf=(1"2-1"2)"(1/2)
Area of conical surface ‘ E=m*r*l=n*r*("2+h"2)"(1/2) ‘
Volume V= %mﬂh

where 7 is the radius of the base and # is the height of the cone.

Right circular cylinder

Area of cylindrical surface E =2arh

Volume V=mr’h

where 7 is the radius and 4 is the height of the cylinder.

Circular cylinder (oblique)

Height h = Isinf

Area of cylindrical surface E=2*m*r*|=2*n*r*h/sin6

Volume V = mr*h = wr’lsind

where 7 is the radius of the base, / is the height and / is
the generator of the cylinder.

Frustum of a right cone

Height h=T*sin6=(1"2-(a-b)"2)(1/2)

Area of conical surface
E=n(a+b)*l=n*(a+b)*("2+(a-b)"2)"(1/2)

Volume V=Laha+ab+ b

where a, b are the radii of the bases and # is the height.

Sphere
Area of spherical surface  E = 4712

Volume V= % pr

Right
circular
cone

Fig 4-24

Right
circular
cylinder

Fig. 4-25
Circular

cylinder
(oblique)

Fig. 4-26

Frustum
of a right
cone

Fig. 4-27

Sphere

Fig. 4-28



36 GEOMETRY

CHAP. 4

Spherical segment or zone
a*=r*-d* b =r*-(d+h)’
E=2nrh

Volume of spherical segment V' = %nh (Ba*+3b%+ h?)

where r is the radius of the sphere, 7 = 4B, and d = AK.
Both bases are on the same side of the center.

Radii of bases

Area of the spherical zone

Spherical triangle

Area of the triangle ABC ~ E=(A4+ B+ C— n)r?

where r is the radius of the sphere and A, B, C are the
angles of the spherical triangle.

Ellipsoid

Volume V= % wabc

where a, b, ¢ are the semi-axes of the ellipsoid.
Ifa=5b>c, then

Ellipticity e=(1-c"2/a"2)(1/2)

E=2*m*a’2-+(mw*c 2/
&)*In((1+&)/(1-¢))

Area of surface

Ifa=5b<c,then

e=(1-a"2/c"2)\(1/2)

E=2*n*a’2+2*m*(a*c*/
g)sin™(-1)e

Ellipticity

Area of surface

Paraboloid of revolution

E=(n*a’4/(6*b"2))*((4*b"2/

Area of curved surface a"2+1)N(3/2)-1)

Volume V= % wa’h
Torus

Area of surface  E = °(b* — %)
Volume V=1m(a+b)(b-a)

where a and b are the internal and external radii, respectively.

Spherical segment

or zonc

Fig. 4-29

Spherical
triangle

Fig. 4-30

Ellipsoid

Fig. 4-31

Paraboloid
of revolution

Fig. 4-32

Torus

Fig. 4-33
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5.1 In Two Dimensions

Systems of coordinates

To determine the position, the shape and the movement of the bodies in a
Euclidean space (i.e. a flat space with positive distance between two points) we
use systems of coordinates, that is, axes or curves appropriately numbered. In two
dimensions, a rectangular Cartesian system of coordinates xOy is presented in Fig.
5-1. The position of the point P, is given by the abscissa x, and the ordinate y,, which
are defined by the perpendiculars to the axes.

Points
Distance between two points .
Distance
The length of the straight line segment P, P, is
d=((x_2-x_1Y"2+(y_2-y_1Y"2)/(112) |
(x,, y,) = Cartesian coordinates of point P, Fig. 5-1

(xx,, y,) = Cartesian coordinates of point P,

Area of a triangle

If A(x,, y,), B(x,, y,), C(x;, y;) are the vertices of Area of a triangle

a triangle, its area is equal to the absolute value of
the determinant

Fig. 5-2
(1/72)*det(1,1,1;x_1,x 2,x 3;y 1,y 2,y 3)

Straight line

Line from two points [ Exa ]

If a straight line passes through two points P,(x,, y,) and P,(x,, y,), then every
point P(x, y) of the line satisfies the equation

(y-y_D/y_2-y_D=(x-x_D/(x_2-x_1),
det(x,y,I;x 1,y 1,I;x 2,y 2.1)

37
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The slope of the straight line is (Fig. 5-1)

m=(y_2-y_1)/(x_2-x_1)=tan6

The line intersects the y axis at a point with ordinate (Fig. 5-3)

b=y 1-m*x_1=(x 2*y 1-x 1*y 2)/(x 2-x_1)

The equation of the line is also written as Straight line
Y=y =mx—x)
or y=mx+b
Fig. 5-3
or x/aty/b=1

where a is the abscissa of the intersection with the x axis.

Normal form of the equation of a line (Fig. 5-3)
XCosS@ + ysing =p

where p is the distance from the origin O to the line and ¢ is the angle of the
perpendicular to the line with the positive semi-axis x.

General form of the equation of a line

Ax+By+C=0

Distance of a point from a line

IA*x_1+B*y 1+C|/(A*2+B*2)7(1/2)

(xx;, y,) = Cartesian coordinates of the point

Angle between two lines

If m, and m, are the slopes of two lines, then the tangent of their angle is

tany=(m_2-m_1)/(m_1*m 2+1)

The lines are parallel or coincident, only if m, = m,.

The lines are perpendicular, if and only if m, = —1/m,.
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Transformations of coordinates

The coordinates of one point in two systems of
coordinates are interconnected by relations called
transformations.

Translation

x=x'tx_0; x'=x-x_0;
or -
y=y'ty_0 y=y-y_0

(x, ¥) = coordinates with respect to the system xOy

(x', y") = coordinates with respect to the system x'O"’

(xg> ¥) = coordinates of O’ with respect to xOy

Rotation
X=X'*cosQ-y'*sin;
y=x"*sinp+y'*cos¢
X'=x*cosp+y*sine;
or .
y'=-x*sinp+y*cose

@ = angle of rotation

Translation and rotation

x=x"*cos@-y'*sinp+x_0;

y=x"*sinp+y'*cosp+y 0

x'=(x-x_0)*cose-(y-y_0)*sine;
or

y'=-(x-x_0)*sing+(y-y_0)*cos¢p

(9> ) = coordinates of O’ with respect to xOy

Polar coordinates

x=p*cosy; p=(x"2+y"2)"(1/2);
y=p*sin@ or o=tan”(-1)(x/y)

(x, y) = Cartesian coordinates

(p, @) = polar coordinates

Translation

Fig. 5-4

Rotation

Fig. 5-5

Translation
and rotation

Fig. 5-6

Polar coordinates

Fig. 5-7
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Plane curves

In general, an equation of the form f(x, y) = 0 represents a curve on the plane
xy. A curve can be given in a parametric form with two equations x = x(¢), y = y(¢),
where ¢ is a parameter. A straight line is the simplest form of curve, since f(x, y)
is linear with respect to x and y. If f(x, y) is a second-degree polynomial, we have
a conic section (circle, ellipse, hyperbola or parabola).

Circle
(x - xo)2 +( _yo)2 =R

(>4, ¥,) = Cartesian coordinates of the center

R = radius of the circle Circle
Conic sections
Let |e=PO/PK| be the ratio of the distances of a point P Fig. 5-8

from a point O and a line A4’, respectively. The geometric
locus of the points P, for which ¢ = constant, is a conic
section (like a section of a cone by a plane) with equation

r=e¢*d/(1-g*cos0) [ Exa )

There are three cases: (1) If ¢ < 1, we have an ellipse. ) )
(2) If ¢ = 1, we have a parabola. (3) If ¢ > 1, we have Conic sections
a hyperbola. The constant ¢ is called eccentricity, while

AA'1s called the directrix.

In Cartesian coordinates the general quadratic equation

for a conic section and some degenerate special cases is Fig. 5-9
Ax*+Bxy+ Cy*+Dx+ Ey+ F=0
Ellipse

The ellipse with a major axis 2a and a minor
axis 2b, parallel to the coordinate axes Ox and Oy
respectively, has equation Ellipse

(x-x_0)"2/a"2+(y-y_0)"2/b"2=1

where (x,, y,) are the coordinates of the center K of
the ellipse. In Fig. 5-10 we have Fig. 5-10
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AB =2a

CD=2b Ellipse
’KF=KF’=(aA2—bA2)A( 1/2)‘ in polar coordinates
PF + PF'=2a (P is any point of the ellipse)

¢ = eccentricity| (a"2-b"2)"(1/2)/a Fig. 5-11

In polar coordinates, if the origin O coincides with one of the foci, we have
Fig. 5-11, and with p = a(1 — &%) = b*/a, the equation for the ellipse becomes

r=p/(1-g*cosb), r'=p/(1+e*cosd") [ Pro ]

Hyperbola

The hyperbola with a major axis 2a and a minor
axis 2b, parallel to the coordinate axes Ox and Oy
respectively, has equation

Hyperbola
(x-x_0)"2/a"2-(y-y_0)"2/b"2=1

where (x,, y,) are the coordinates of the center K of
the hyperbola. In Fig. 5-12 we have

AB=2a Fig. 5-12
[KF=KF'=(a"2+b"2)(1/2)]

|PF — PF'| = 2a
(P is any point of the hyperbola)

& = eccentricity| (a"2+b"2)"(1/2)/a ' Hyperbolg
in polar coordinates

tanp=b/a

In polar coordinates, if the origin O coincides
with one of the foci, we have Fig. 5-13. With p =
a(e*— 1) = b*/a, the equation for the right branch of
the hyperbola becomes

Fig. 5-13

r=p/(g*cosb-1), r'=p/(1-g*cosb") [Pro ]
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Parabola
The parabola with its axis of symmetry parallel
to Ox (Fig. 5-14) has equation
O =) = 4a(x — x,), Parabola
where (x,, y,) are the coordinates of 4 and AF = a.
If F coincides with O, then the parabola (Fig.
5-15) has equation
Fig. 5-14
r=2%*a/(1-cos0)
The equation
=ax’ + bx + >0
ymarmorre amh Parabola
represents a parabola (Fig. 5-16) with coordinates in polar
of the lowest point coordinates
x_m=-b/(2*a) Lowest point
y_m=(4*a*c-b"2)/(4*a) of a parabola Fig. 5-15
Fig. 5-16
Summary of conic sections (with x, =y, = 0)
Ellipse Hyperbola Parabola
. X"2/ar2+y"2/ xX"2/ar2-y"2/ 5
Equation br=1 br=] y-=4px
. e=(1-b"2/ e=(1+b"2/ _
Eccentricity P 2)N(1/2) A 2)N(1/2) e=1
Foci (—ae, 0)  (ae, 0) | (—ae,0) (ae, 0) (», 0)
Directrix x=-ale x=ale | x=—ale x=ale X=-p
Latus rectum (LM) 2b%a 2b%a 4p
Equation in polar 2=b"2/(1- "2=-b"2/(1- =4*p*cos0/(1-
coordinates €"2*c0s0"2) €"2*c0s0"2) c0s0"2)
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Cubic parabola (Fig. 5-17)

Equation
y=xlx+a) Cubic Semi-cubic
Semi-cubic parabola (Fig. 5-18) parabola parabola
Equation
y= ax3/2
Cissoid of Diocles (Fig. 5-19)
Point Q moves along QQ' (tangent Fig. 5-17 Fig. 5-18
of the circle and perpendicular to the
axis Ox) and we have OP = RQ. Point
P describes the curve.
Equations
y " 2=x"3/(d-x)
Cissoid
or r=dsinftand of Diocles Strophoid
Strophoid (Fig. 5-20)
Equation
x® +x(a® +y?) =2a(x* +y?)
Folium of Descartes (Fig. 5-21) Fig. 5-19 Fig. 5-20
Equations
x®+y°=3axy
or x=3*a*t/(1+t"3)
y=3*a*t"2/(1+t"3)
Asymptote  x+y+a=0 Folium Trisectrix
Area E=(32)d of Descartes
Trisectrix (Fig. 5-22)
Equation
Fig. 5-21 Fig. 5-22

yA2=x"2*(3*a+x)/(a-x)
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Witch of Agnesi (Fig. 5-23)
Point 4 moves along the line y = d. B is the

intersection of OA4 with the constant circle of center Witch of Agnesi
(0, d/2) and diameter d. P is the intersection of the
lines drawn from A4 and B and parallel to the axes. Fig. 5-23

Equations

@3/xraedry or | L deo
- X .
Y y=d*sin@"2 Ovals of Cassini

where .
Ovals of Cassini (Fig. 5-24) Fig. 5-24a

The distances of P from two fixed points have .
a fixed product 5. Ovals of Cassini

Equation Fig. 5-24b

x*+y*+ar)?—4da*x*=>b*
If a < b, we have Fig. 5-24a. If a > b, we have
Fig. 5-24b. Lemniscate of Bernoulli

Lemniscate of Bernoulli (Fig. 5-25)

Equation .
Fig. 5-25
(*+y*)?=a*x*—y*) or r’=a’cos20.
Area (total) E=a’
Conhoid of Nicomide (Fig. 5-26) Conhoid of
Equation Nicomide
(2 +yH)(x—a)?*=b*x* or |r=a/cosb+b
Limacons of Pascal (Fig. 5-27) Fig. 5-26
Point 4 moves on a constant circle of
diameter d. On the line connecting 4 with the
origin, we take two points P and P’ with P4 =
P'A = b < 2d. These points describe the curve. Limacons of Pascal

Equation r=5b+dcos6

If d < b, we have Fig. 5-27a. If b < d, we
have Fig. 5-27b. Fig. 5-27a Fig.5-27b
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Cardioid (Fig. 5-28)

The circle (B, a) rolls on the outside of the
constant circle (4, a). The point P describes the
curve.

Equation

(x*+y? = 2ax)* =4a’*(x* + y?)

or r=2a(l + cosf)
Length (total) = 16a
Area E = 6ra’®

Astroid (Fig. 5-29)

The small circle of radius a/4 rolls inside the
large circle with radius a. The point P describes the
curve.

Equations
2/3 2/3 2/3 X:a*COS(PA3;
xF+yP=a or y=a*sing’3
Lenght (total) = 6a
Area E =3 na®

8
Three-leaved rose (Fig. 5-30)
Equation
r=acos36
In general, if » is odd, then
r=acosnf
has 7 leaves.
Four-leaved rose (Fig. 5-31)
Equation
r=acos26
In general, if » is even, then

r=acosnb

has 2n leaves.

Cardioid

Fig. 5-28

Astroid

Fig. 5-29

Three-leaved rose

Fig. 5-30

Four-leaved rose

Fig. 5-31
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Epicycloid (Fig. 5-32)

A small circle rolls on the outside of a large
circle. Point P is fixed with respect to the small
circle at a distance ¢ from its center and describes
the curve.

Equations (in Fig. 5-32, b =c¢)

x=(atb)*cos@-c*cos((at+b)*¢/b);
y=(atb)*sin@-c*sin((atb)*¢/b)

Hypocycloid (Fig. 5-33)

A small circle rolls in the inside of a large
circle. Point P is fixed with respect to the small
circle at a distance ¢ from its center and describes
the curve.

Equations (in Fig. 5-33, b =¢)

x=(a-b)*cosp+c*cos((a-b)*¢/b);
y=(a-b)*sinp-c*sin((a-b)*/b)

Cycloid (Fig. 5-34)

The circle (K, a) rolls on the axis Ox. Point P
is fixed on the circle and describes the curve.

Equations

x=a(p —sing), y=a(l —cosgp)

OA =2ma, length of arc OPA = 8a,

area of a segment E = 37a’
Trochoid (Fig. 5-35)

A circle of radius a rolls on the axis Ox. Point

P is fixed with respect to the circle at a distance b
from its center and describes the curve.

Equations
x=ap—bsing, y=a—bcosyp
In Fig. 5-35a, b <a. In Fig. 5-35b, b > a. For
b = a, we obtain the cycloid of Fig. 5-34.

Epicycloid

Fig. 5-32

Hypocycloid

Fig. 5-33

Cycloid

Fig. 5-34

Trochoid

Fig. 5-35a

Trochoid

Fig. 5-35b
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Spirals (Fig. 5-36)
Linear (of Archimedes) Parabolic Logarithmic

Equation 7= a6 Equation 72 =4p0

Linear Parabolic
spiral spiral
Fig. 5-36a Fig. 5-36b

Involute of a circle (Fig. 5-37)

P is the end point of a string which is wound
around a circle of a radius a. The string unwinds
and P describes the curve.

Equations
x =a(cosp + gsing)
y=a(sing — pcosy)
Length of the arc
Catenary (Fig. 5-38)

2
s=%ago

This is the shape that a chain of uniform density
obtains, when suspended from two points 4 and B.

Equation

y=(a/2)*(e"(x/a)+e"\(-x/a))

Length from —x to x
Tractrix (Fig. 5-39)
The curve starts from the point 4(0, a). The

tangent at any point P intersects the axis Ox at B.
The length PB remains constant and equal to a.

s = 2asinh(x/a)

Equations

x=a*(cosq+In(tan(¢/2)));

y=a*sing

Equation r=ae"

Logarithmic
spiral

Fig. 5-36¢

Involute of a circle

Fig. 5-37

Catenary

Fig. 5-38

Tractrix

Fig. 5-39
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5.2 In Three Dimensions

Systems of coordinates

In the three dimensional Euclidean space,
we use systems of coordinates with three co-

ordinates. Cartesian
The Cartesian coordinates x, y, z are mea- coordinates

sured from the origin O along the three rec-

tangular axes Ox, Oy, Oz. A point P, is repre-

sented by three numbers (x,, y,, z,), which de-

fine three coordinate planes x = x,, y = y,, z = z,. Fig. 5-40

In the directions of the axes Ox, Oy, Oz we define the base unit vectors i, j, K,
respectively. Every point corresponds to a position vector

r =xi+yj+zk

The length or magnitude of the vector r is denoted by |r| or » and is

r=[ri=(x 24y 2427 2)7(1/2)

In general, the position of a point in space can be determined by three curvi-
linear coordinates, u, v, w, which are related to x, y, z and are measured along
three coordinate curves [defined as intersections of the three coordinate surfaces
u = u, (fixed), v = v, (fixed), w = w, (fixed)]. In each case, the system of coordinates
is chosen so that the description of the physical system is simplified. The most
frequently used coordinates (after the Cartesian) are the cylindric and the spherical
coordinates. The Cartesian coordinates x, y, z, the cylindrical coordinates p, z and the
spherical coordinate » measure distance and have dimensions of length (we assume
that a unit of length has been adopted). The remaining coordinates 6 and ¢ measure
angles, are dimensionless and are expressed in degrees or radians.

Cylindrical coordinates (Fig. 5-41)

x=p*cosp p=(x"2+y"2)(1/2) lindrical
. Cylindrica
=k or =tan”(-1)(y/ ;
y=p*sing p=tan”(-1)(y/x) coordinates
7=7 =z

(x, y, z) = Cartesian coordinates
(p, @, z) = cylindrical coordinates Fig. 5-41
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Spherical coordinates (Fig. 5-42)

x=r*sinf*cos
y=r*sinf*sine

z=r*cos0

r=(x"2+y"2+z"2)(1/2)
or |fB=cos(-1)(z/(x"2+y"2+z"2)"(1/2))
o=tan”(-1)(y/x)

(x, y, z) = Cartesian coordinates
(r, 0, p) = spherical coordinates

Points

Distance between two points (Fig. 5-43)

d=r 2-r 1]=((x 2-x_1)"2H(y 2-y_
D2+(z_2-z_1)"2)(1/2)

(x;, v;, z;) = Cartesian coordinates of the
point P, (i =1, 2).

Distance of a point from a plane

d=|A*x_0+B*y 0+C*z 0+DJ/
(AM24+B2+C 2)N(1/2)

Spherical
coordinates

Fig. 5-42

Distance

Fig. 5-43

where P(x,, y,, z,) 1s the point and 4x + By + Cz + D = 0 is the plane.

Straight line

Equations of line that passes from two points P (x,, y,, z,) and Py(x,, ,, z,)

(x-x_D/(x 2-x_D)=(y-y_D/(y_2-y 1)=(z-z_1)/(z_2-z_1)

The direction cosines are

I=cosa=(x_2-x_1)/d, m=cosp=(y_2-y_1)/d, n=cosy=(z_2-z 1)/d
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where a, f, y are the angles of the line PP, with the positive semi-axes x, y, z and
d is the length of the line segment P,P,. We have

cos’a+cos’f+cos’y=1 or DPP+m*+n’=1

The equations of a line are also written as

(x-x_1)/1I=(y-y_1))m=(z-z_1)n| or x=x,+It, y=y +mt, z=z +nt

where 7 is a parameter.

With vectors, the equations of a line are written as

r=r +x(r,-r) or r=r +ia where a= 2-r 1)/|r 2-r I

and «, A are parameters.

Line from a point and parallel to a vector

(x-x_0)/X=(y-y _0)/Y=(z-z 0)/Z| or r=r,+vt

where r, = (x,, ), z,) is the point and v = (X, Y, Z) is the parallel vector.

Line from a point and perpendicular to a plane

(x-x_0)/A=(y-y_0)/B=(z-z_0)/C| or x=x,+At, y=y,+Bt, z=z,+ Ct

where (x,, ¥, z,) 1s the point and Ax + By + Cz + D = 0 is the plane.
Angle between two lines

For the angle y between two lines with direction cosines /|, m,, n, and [, m,, n,,
we have
cosy = [,l, + mm, + nn,
If the parametric equations of the lines are r =r, + 4,a,, r =, + 4,a,, then (a*b
is the internal product of two vectors)

cosy=a_1\*a 2/(Ja_l|ja_2|)

Distance from a point to a line

d' 0=(|r_0-r_1]"2-((r_0-r_1)\*v_0)"2)(1/2)

where r, is the given point, r, is any point of the line and v,, is a unit vector along
the line.
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Plane
General equation

Ax+By+Cz+D=0 or Ar+D=0,
The vector A = (4, B, C) is perpendicular to the plane.

Plane from three points

det[x-x_1,y-y 1,z-z 1;
x 2-x Ly 2-y 1,z 2-z 1; or [(r-r)(r-r)(r-r)]=0
x 3-x L,y 3-y 1,z 3-z 1]=0

where (x;,,,z,),i=1,2, 3, are the coordinates of the three points and [abc] the triple
mixed product of three vectors.

Plane from the intersects with the axes (Fig. 5-44)

x/aty/b+z/c=1

Plane from the intersects
Regular form of the equation of a plane with the axes

xcosa + ycosf +zcosy=d

where d is the distance of O from the plane and
a, B, y are the angles of the normal OP with the

positive axes Ox, Oy, Oz. Fig. 5-44

Transformations of coordinates

The coordinate transformations that follow are all /inear. Thus, any »n degree
polynomial of x, y, z remains an » degree polynomial of x', y’, z' after the trans-
formation.

Translation
x=x+x 0 x=x-x 0 .
- ' - Translation
y=y'+ty_0 or y=y-y_0
7=7'+z 0 z=z-z 0
(x, ¥, z) = coordinates with respect to the system O
Fig. 5-45

(x, y', z") = coordinates with respect to the system O’
(9> Vo> 2,) = coordinates of point O’ with respect to the system O
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Rotation

x=1_1*x'+]_2*y'+] 3*7'
y=m_1*x+m 2*y'+m 3*Z7'
z=n_1*x'+n 2*y'+n 3*7' Rotation

x'=l 1*x+m_1*y+n_ 1%z

or y'=l 2*x+m 2*y+n 2%z

z'=l 3*x+m 3*y+n 3*z Fig. 5-46

where (/,, m,, n,), (1,, m,, n,), (I;, m,, n;) are the direction cosines of the axes Ox', Oy’,
Oz' with respect to the system O.

Translation and rotation

x=1_1*x'+] 2%yl 3*z+x 0
y=m_1*x+tm 2*y'+m 3*z'ty 0
z=n_1*x+tn_2*y'+n 3*z'+z 0

Translation and rotation

x'=1_1*(x-x_0)+m_1*(y-y_0)+n_1*(z-z_0)
or| y'=l 2*(x-x_0)+m_2*(y-y 0)+tn_2*(z-z 0)
z'=l 3*(x-x_0)+m_3*(y-y_0)+n_3*(z-z_0) Fig. 5-47

(9> ¥o» 2,) = coordinates of the point O' with respect to the system O.
Consecutive transformations

Two or more linear transformations (translations, rotations or combination of
those) are equivalent to an appropriate linear transformation.

Surfaces

Sphere (Fig. 5-48)

Equation of the surface in Cartesian co-
ordinates

(x - xo)2 +( _y0)2 +(z- Zo)2 =K
(9> Vs 2,) = center of the sphere

Sphere

R =radius of the sphere

Each section with plane whose distance Fig. 5-48

from the center is smaller than R, is a circle.
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Ellipsoid (Fig. 5-49)

Equation of the surface

(x-X_0)"2/a"2+(y-y_0)"2/b"2+(z-z_0)"2/c"2=1

(X5 Y, Z9) = center

a, b, ¢ = semi-axes

Each real section with a plane is a closed curve
of second degree. Hence, it is an ellipse (the circle
is a special case).
Elliptic cylinder (Fig. 5-50)

For an elliptic cylinder parallel to the axis Oz,
the equation of the surface is

x"2/a"2+y"2/b"2=1

where a, b are the semi-axes of the horizontal cross-
section.

Every cross section with a plane non-parallel to
the z axis is an ellipse (the circle is a special case).

Elliptic cone (Fig. 5-51)

For an elliptic cone with axis parallel to the axis
Oz, the equation of the surface is

x"2/a"2+y"2/b"2-2"2/c"2=0

A cross section with a plane is an ellipse (if it
is a closed curve), a hyperbola (if it has two open
parts) or a parabola (if it is has one open part).

Hyperboloid of one sheet (Fig. 5-52)

Equation of surface

x"2/a"2+y"2/b"2-2"2/c"2=1

The horizontal cross sections are ellipses. The
vertical cross sections are hyperbolas.

Ellipsoid

Fig. 5-49

Elliptic cylinder

Fig. 5-50

Elliptic cone

Fig. 5-51

Hyperboloid
of one sheet

Fig. 5-52
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Hyperboloid of two sheets (Fig. 5-53)

Equation of surface

z"2/c"2-x"2/a"2-y"2/b"2=1

The horizontal cross sections for |z| > ¢ are
ellipses. The vertical cross sections (with a plane of
the form Ax + By + C = 0) are hyperbolas.

Elliptic paraboloid (Fig. 5-54)

Equation of surface

X212 24y 2 /b 2-7/c=0

The cross sections with a plane (horizontal with
z > 0 or oblique) are ellipses. The vertical sections
(with a plane of the form Ax + By + C = 0) are
parabolas.

Hyperbolic paraboloid (Fig. 5-55)

Equation of surface

x2/ar2-y"2/b"2-z/c=0

The cross sections with a plane are hyper-
bolas, ifthey have two segments (e.g. horizontal
cross sections with z = fixed) or parabolas,
if they have one segment (e.g. vertical cross
sections with x = const. or y = const.).

Hyperboloid
of two sheets

Fig. 5-53

Elliptic

paraboloid

Fig. 5-54

Hyperbolic paraboloid

Fig. 5-55



6 DERIVATIVES

Functions

In general, with the term function we signify a mapping (correspondence as
specified by a rule) from a set D to a set R, so that each element of D corresponds to
only one element of R. The sets D and R are called domain of definition and range,
respectively, and constitute an integral part of the function’s definition. D and R
are usually sets of numbers (e.g. the set of positive integers, a straight line segment
or a two dimensional domain). A function is symbolised as /: X — Y or simply as
v =f(x), where the independent variable x can represent one or more real or complex
variables, with y being the corresponding value of the dependent variable. The value
of x is mapped to a unique value of y. The

Limits

A function y = f(x) of an independent variable x has a limit L (or tends to L)
when x tends to x,, if for any positive number ¢ there is a positive number J such that
0 <|x —x,| <o implies | f(x) — L| < &. Note that this definition does not assume the

existence of f(x,). In general, the limit is denoted by | lim[x,x 0]{f(x)}=L .

The definition is also valid for x,, = oo or —oo, if for any positive number ¢ there is
a number M such that x > M implies | f(x) — L| <e.

A function y = f(x) has a limit or tends to o (or —0) when x tends to x,, if for
any positive (or negative) number M there is a number J such that 0 < |x — x,| <

implies f(x) > M (or f(x) < M).

Properties of limits

lim[x,x_0]{f(x)+g(x)}
lim[x,x_0]{a*f(x)}

lim[x,x_07¢f(x)*g(x)}

lim[x,x_0]{f(x)/g(x)}

55
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Important limits

lim[n,\o] {(1+1/n)*n}=lim[x,0] {(1+x)"(1/x)}=e

lim[x,0]{(¢"x-1)/x}=Inc,  lim[x,0]{x"x}=1

lim[x,0]{x"a*Inx }=lim[x,\o] {x"(-a)*Inx } =lim[x,\o] {x"a*e"(-x) } =0

lim[x,x_0]{sinx/x}=lim[x,0]{tanx/x }=lim[ {sinhx/x }=lim[x,0](tanhx/x}=1| (T2

Indeterminate forms

Sometimes, the calculation of limits leads to expressions without precise mean-
ing, such as 0/0, oo/o0, 0-00, 0°, 0’ 1%, oo — o0, Such an expression can be reduced
to 0/0 (by division or using logarithms) and calculated with the following L Hopital
rule:

Let the functions f(x) and g(x) be differentiable on an open interval (a, b) that
includes x, and f(x,) = g(x,) = 0, but g'(x) # 0 at every point of (a, b) except perhaps
at x,. Then

lim[x,x_0]{f(x)/g(x)}=lim[x,x_O0]{f'(x)/g'(x)}

with the assumption that the derivatives and the limit at the right hand side exist. The
same rule applies for unilateral limits, for x, — oo and for f(x) — oo, g(x) — co.

Derivatives

If y = f(x), the derivative of y or f(x) with respect to x at a point (x, y) is defined
by the relation

y'=lim[h,0]{(f(x+h)-f(x))/h}
=lim[Ax,0] {(f(x+Ax)-f(x))/Ax)}

e Tangent
where 7 = Ax. The derivative is also denoted as f'(x), at a point
dyldx or df/dx. of a curve

The derivative of a function y = f(x) at a point
x = x, equals the tangent of the angle ¢ that is formed
by the tangent line at this point and the x axis, i.e. )’

= tang. Fig. 6-1
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From this property and the definition, it is clear that y" expresses essentially the
rate of change of y at the point x = x,,.

6.2 General Rules of Differentiation

In the following formulas, (a) u, o, w are functions of x, (b) ¢, n are constants,
(c) e =2.71828... is the base of natural logarithms, (d) Inu is the natural logarithm
of u (where u > 0) and all the angles are in radians.

> (d/dx){c}=0

P |(d/dx){c*x}=c

»|(d/dx){x n}=n*x"\(n-1)| [ isinteger or real] | (d/dx){x"(1/2}, (d/dx){1/x}

b (d/dx) fudvwiE )

(d/dx) {c*ul=c*(d/dx) {u}

| (d/dx) {u*v=u*(d/dx) {v}+v*(d/dx) {u}

(d/dx){u*v*w}

| (d/dx) {w/vi=(v¥(d/dx) {u}-u*(d/dx) {v} VA2

| (d/dx) {u n}=n*u"(n-1)*(d/dx) {u}

p| (d/dx){y}=(d/du){y}*(d/dx){u} [derivative of composite function]

(d/dy) {xj=1/(d/dx){y},

(d/dy) 2 {x} =(d/dx)"2 {y (d/dx) [y} )3 [derivative of inverse function]




58 DERIVATIVES CHAP. 6

> (d/dx)({(;/ﬁ;(?i;lt) i if the function is given in parametric form x = x(¢), y = y(¢)

(d/dx) {y}=-(\d/\

> ax) (F1/(dAdy) {F}

if the function y = f(x) is given in complex form F(x, y) =0

(d/dx){uv}=(d/dx){e(v¥Inu)}=e(v*Inu)*(d/dx) {v*Inu}

Second derivative (d/dx){(d/dx){y} }=(d/dx)"2{y}

Third derivative (d/dx){(d/dx)"2{y} }=(d/dx)"3{y}

Derivative of order n  |(d/dx){(d/dx)"(n-1){y} }=(d/dx)"n{y}

(d/dx)"n{x"a}=a*(a-1)*...*(a-n+1)*x"(a-n)

6.3 Derivatives of Elementary Functions

Trigonometric functions
P | (d/dx){sinx}=cosx (d/dx)*n{sinx }=sin(x+n*m/2)
P | (d/dx){cosx}=-sinx (d/dx)*n{cosx}=cos(x+n*m/2)

P | (d/dx){tanx }=1/cosx”2

P | (d/dx){cotx}=-1/sinx"2

(d/dx) {sin(-1)x}=1/(1-x*2)(1/2)
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b (d/dx) feos (- 1)x b =-1/(1-x2)"(1/2)

> (d/dx){tan(-1)x}=1/(1+x"2)

p| (d/dx){cot"(-1)x}=-1/(1+x"2)

[sin”'x, cos™'x, tan"'x, cot 'x represent the principal branches.]

Exponential and logarithmic functions

> (d/dx){e"x}=ex

P | (d/dx){log cx}=log ce/x

p| (d/dx){c"x}=c"x*Inc

| (d/dx) {Inx}=1/x

(d/dx)*n {Inx}=(-1)"(n-1)*(n-1)!/x"n

Hyperbolic functions

» | (d/dx){sinhx}=coshx

» | (d/dx){coshx }=sinhx

p| (d/dx){tanhx}=1/coshx”2

p| (d/dx){cothx}=-1/sinhx"2
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b (d/dx) {sinh(-1)x} =1/(x*2+1)(1/2)

b (d/dx) {cosh (- 1)x}=1/(x"2-1)(1/2)

P | (d/dx) {tanh™(-1)x}=1/(1-x"2)

b | (d/dx) {coth(-1)x}=1/(1-x*2)

[sinh~'x, cosh™'x, tanh~'x, coth™'x represent the principal branches.]

6.4 Partial Derivatives

If f(x, y) is a function of the independent variables x and y, the partial derivative
of f(x, y) with respect to x is defined by the relation

\dfAdx=(\d\dx) {}=lim[Ax,0]{(f(x+AX,y)-f(x,y))/(AX)}| with y = constant

Similarly, the partial derivative of f(x, y) with respect to y is defined by the relation

\dfAdy=(\dAdy) {fi=lim[Ay,0]{ (F(x,y+Ay)-fx.y))(Ay)} | with x = constant

Partial derivatives of higher order can be defined as follows:

(\dAdx)"2 {F =(\dAdx) {(\dAdX) {£} ], ....

(\dAdx) {(\dA

The two previous relations dy)(F1} and (\d7dy){(\dA

dx){f}}
result, if the function and the partial derivatives are continuous. In this case, the order
of differentiation is of no importance. In general, the partial derivative with respect
to an independent variable is calculated with a simple differentiation with respect to
that variable, while regarding the other independent variables as constants.

give the same

Often we use the following abbreviations for the partial derivatives:

£ x=(\d\dx){f}, £ y=(dAdy){f}, ...
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Rules of differentiation

In general, for the calculation of the partial derivatives, we apply the differentia-
tion rules of the Section 6.2. Additionaly, we distinguish the following cases:

Ify=f(u,v, ..., w), where u, v, ..., are functions of only one independent variable
x, then

(\dAdx) {Fr=(df\du)*(du/dx)+OdEAdv)*(dv/dx) ... +(d N dw)*(dw/dx)

Ify=f(u, v, ..., w), where u, v, ... , are functions of the independent variables x,,
Xy, .. » X, then

s Mpo

(dAdx_K){fi=(dfAdu)(dwdx_K)HOdEdv)*(dv/dx_K)+..+(df\dw)*(dwidx k)| fork=1,2, ..., n

6.5 Differentials

If y = f(x) is a function, for an increase of the independent variable by Ax, the
dependent variable increases by Ay = f(x + Ax) — f(x). We define

Differential of x: dx =Ax
Difterential of y: dy =f"'(x)dx

We have |Ay/Ax=(f(x+Ax)-f(x))/Ax=f"(x)+e=(dy/dx)+¢|, where ¢ — 0, as Ax — 0.

Thus Ay =f'(x) Ax + e Ax.
dutvtw--)=dutdotdw--

d(uv) = udv + vdu

d(u/v)=(v*du-u*dv)/v 2

du") = nu""'du
d(sinu) = cosudu
d(cosu) =—sinudu

For a function f(x, y) of two independent variables, the differential is defined by
the relation

> df=(\dfAdx)*dx+(\dfAdy)*dy

where dx = Ax and dy = Ay. Extention to multivariable functions takes place easily.
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6.6 Maxima and Minima

Definitions

Let a function f(x) be defined on an interval (a, b) or [a, b] and x = x, an interior
point of (a, b). The function f(x) has a relative maximum at x = x,, if f (x) < f(x,) for
every x in some open interval (x,, x,) with a <x, <x, <x, <b.

Similarly, f(x) has a relative (or local) minimum at x = x,, if f (x) > f (x,) for every
x in some open interval (x,, x,) with a <x, <x, <x, <b.

If f(x) <f(xy) orf(x)>f(x,) for all x in (a, b) or [a, b] then f(x) has an absolute
maximum or an absolute minimum at x = x,,.

Conditions for maxima and minima

Let f(x) have f'(x,) = 0 [x = x, is then called a stationary point] and f"(x,) be
continuous on (x,, x,) with a <x, <x, <x, <b. If f"(x,) <0, then f(x) has a relative
maximum at x = x,. If /"(x,) > 0, then f(x) has a relative minimum at x = x,,.

Generally, let /(x) have continuous derivatives on (x,, x,) with

fxg)=f"(xp) = =f"Dx)=0, fx)#£0, n>1
Then the following hold:
(1) If nis even and f (x,) <0, f(x) has a relative maximum at x = x,,.
(2) If nis even and f (x,) > 0, f(x) has a relative minimum at x = x,,.
(3) If nis odd, f(x) has a point of inflection at x = x,,. (Exa |

Two independent variables

Let f(x, y) be a function of two independent variables x and y, defined on a
two dimensional region D, with continuous partial derivatives of first and second
order f,, ];, Socs fvy, fxy. At an interior point (x,, ,), the function f(x, y) has a relative
maximum, if f (x, y) < f(x,, y,) for every point (x, y) in some open disk with a center
at (x,, y,)- Similarly, 7(x, ) has a relative minimum, if f(x, y) > f(x,, y,)-

For the point (x,, y,) that satisfies the equations /= f, = 0 the following hold:

() If £, f,, — £,> > 0and £, <0, f(x, y) has a relative maximum at (x,, y,).

(2) If £ f,,—f,,) > 0and £, >0, f(x,) has a relative minimum at (x,, y,).

(€ bl Xyz <0, f(x,y) has a saddle point at (x,, y,) [ f(x, y) increases or

decreases as we move away from (x,, y,) depending on the direction].

(4) If £, f,, — 1., = 0, then no conclusion is possible from these properties.
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A function f(x) has an indefinite integral (or antiderivative)

FOOAX]{f(x)}

in the interval (a, b) if and only if there is a function F(x) such that the derivative
F'(x) exists and F'(x) = f(x). The function f(x) is the infegrand and x is the integration
variable. 1If F(x) is an indefinite integral of f(x), then each function of the form
F(x) + ¢, where c is an arbitrary constant, is also an indefinite integral of f(x).

Since F'(x) = f(x), we can have the identity relation

F(x)2\I[x]{F'(x)}=\[[x] {dF/dx} =\[[F] {1}

7.2 General Rules

> MIXIE'(x)§=f(x)

P \[x]{a*f (x)}=a*\[[x]{f(x)}

P N\[x]{u\v =[x [{u P\ x]{v}

> \[[v]{u}=u*v-\[[u]{v}

Integration

by
parts

> X' (0)*g(x)=f(x)*g()-\I[X] {H(x) *g' (%)}

MIxHEA(()*g = ((n-D)*g-f((n-2))*g+... +(-1) "\ [x] {fg"((n))}

MIx]{(u*v-u*v")/v*2}=u/v

\M[x]{(u"*v-u*v")/(u*v)}=In(u/v)

63
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\[x]{f(a*x)}=(1/a)*\[[u] {f(u)} where u = ax

> MIx]{g(fx))}=\[[u] {g(w)*(dx/du)} | ~ where u =/(x)

7.3 Calculation Methods for Indefinite Integrals

In practice, an integral can be simplified by changing the integration variable or
the integrand.

If the integration variable x appears only within a specific expression u in the
integrand, then we try u as a new integration variable. Thus, we have the following

relations:

M[x]{f(a*x+b)}=(1/a)*\I[u] {f(u)} withu=ax+b
\I[X] {((@%xHb)N(1/2)) Y =(2/a)\I[u] {u*f(u)} with [u=(a*x+b)(1/2)
X (@ b)Y (1)) =(n/a) \[u] {u(n-1)*f(u)} with [u=(a*x+b)"(1/n)
\ f(((a*x+b)/(c*x+d))"(1/n)) }=n*(a*d-b*c)*\ .
fx)t (((?[u’if()ugiu’i?n_)l)) /((szli_;fza} 2 with u=((a*xHb) (¢*x+0) (1/n)

If the integrand depends only on an expression of the form (a® + x*)'"%, then we
try a trigonometric function of x.

M[x]{f((a"2-x"2)(1/2))} with x = asinu

\[x] LR 2+a2)7(1/2))} with x = atanu

If the integrand depends only on an expression of the form (x* + a*)'?, then we
try a hyperbolic function of x.

\[x]{f((x*2-a"2)"(1/2))} with x = acoshu

\M[x{f((x"2+a"2)(1/2))} with x = asinhu
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If the integrand contains only e® or Inx or sin'x, etc., we use this expression
as a new integration variable. Thus

\[[x]{f(e"(a*x))}=(1/a\[[u] {f(u)/u}| withu=e*

\[x] {f(Inx)  =\I[u] { fu)*eu} with u = Inx

M[x]{f(sin”(-1)(x/a)) }=a*\I[u] {f(u)*cosu} with [u=sin”(-1)(x/a)

(similarly for other inverse trigonometric functions)

If the integrand contains only sinx and cosx, we use tan(x/2) as a new integration
variable.

\[x]{f(sinx,cosx) =2 \[[u] {f2*w/(1+u"2),(1-u"2)/(1+u"2))/(1+u"2)} with |u=tan(x/2)

Similarly, if the integrand contains only sinhx and coshx, we use tanh(x/2) as a
new integration variable.

\I[x] {f(sinhx,coshx) =24\ 0[u] {f2*u/(1-w2), (14w 2)(1-w2))/(1-w2)} | with |u=tanh(x/2)

If f(x) is an rational function of x (i.e. the ratio of two polynomials), it can
be expressed as a sum of a polynomial of x and terms of the form [ses See. 2.6,
Expansion in partial fractions]

c/(x-a)"k, (c*x+d)/(x"2+a*x+b)"m

Then the indefinite integral can be calculated as the sum of the integrals of those
terms.

If £ (x) contains x in an expression of the form x”(ax” + b)” we try the following
replacements: If (m + 1)/n = integer, we set # = x" and we continue with integration
by parts or we set au + b = w. If (m + 1)/n + p = integer, we set u = x™ and we
continue with integration by parts or we set a + bu = w. If p = integer, we expand
(ax™ + b)? and we obtain a sum of powers of x as integrand.

If £(x) contains the expression (ax? + bx + )" with b* — 4ac # 0, we try the
replacement u = (2ax + b)/|b* — 4ac|"”.
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7.4 Basic Integrals » Most important.

To calculate these integrals:
> \[x]{a; ° O Use derivatives of Sec. 6.3.
® Write integrand as sum.

(1) © Integrate by parts.
> \[x]{x"n}, xA(n+1), Infx| e oy p

® Use multiples of x.

P \I[x]{sinx}, cosx P P \[[x]{cosx}, sinx o
> \[x]{1/sinx"2}, > M[x]{1/cosx”2},
cotx (1) tanx 0
B \[x]{cotx}, .
\[[x]{tanx}, In|cosx| | (set u = cosx) Infsin| (set u = sinx)
M[x]{sinx"2}, sin(2*x), sinx*cosx o
\[[x]{cosx"2}, sin(2*x), sinx*cosx o
\[x]{tanx”"2}, tanx-x \M[x]{cotx"2}, -cotx-x
(2] (2]
P \I[x]{e"x} P
> \[[x]{a"x} 0
> \I[Xlizi;‘)?"}’ o > ] feoshy}, sinhx |
M[x]{1/sinhx"2}, > \[[x]{1/coshx"2},
cothx o tanhx (1)
\I[l’l‘l](iz’;i’;}’ (set u = coshx) \[[x]{cothx}, In|sinhx|| (set # = sinhx)
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\[x]{sinhx"2}, sinh(2*x), sinhx*coshx

\[x]{coshx”2}, sinh(2*x), sinhx*coshx

\[[x]{tanhx"2}, x-tanhx

\[[x]{cothx"2}, x-cothx

>

>

>

MIx]{1/(x*2+1)},
tanh"(-Dx @

M[x]{1/(x*2-1)}, coth™(-1)x, In((x-1)/(x+1))

00

\[x]{1/(1-x2)}, tanh*(-1)x, In((1+x)/(1-x))

00

MIx]{1/(1-x2)N(1/2)},
sinh(-1)x

MIx]{1/(x*2+1)(1/2)}, sinh™(-1)x,

In(x+Hx 2+1)(1/2))

o

MIx]{1/(x*2-1)"(1/2)}, cosh™(-1)x,

In(x+(x 2-1)(1/2))

o

MIx]{ 1/ (x*(x™2-1)M(1/2))},
cos™(-1)(1/[x])

\[X]{/(x*(xA2+1)N(172)),

In((1+(x 2+ 1)N(1/2))/]x])

\[X]{1/x*(1-xA2)N(1/2))),

In((1+(1-x2)(1/2))/|x])

(setx =

(set u = 1/cosx)

tanu)

(set u = cosx)
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7.5 Various Integrals

i +
With ax+5 To calculate these integrals:
O Setu=ax+b.
\[[x]{(a*x+b) n}, (a*x+b) (n+1), ® Expand in partial fractions.
In(a*x+b) © Integrate by parts.
o The argument of every loga-
rithm is assumed to be positive,
« « otherwise the absolute value of
MIx}{x/(a*x+b)}, In(a*x+b) o the argument should be taken.
\[[x]{x"2/(a*x+b)}, In(a*x+b)
\M[x]{x"3/(a*x+b)}, In(a*x+b)
(1]
M[x]{1/(x*(a*x+b))},
In(x/(a*x+b)) )
M[x]{1/(x"2*(a*x+Db))},
In((a*x+b)/x) )

\[X]{1/(xA3*(a*x+b))}, In(x/(a*x+b)) o

M[x]{x/(a*x+b)"2}, In(a*x+b)

o

\[x]{x"2/(a*x+b)"2}, In(a*x-+b)

\I[X] {x73/(a*x+b)"21, In(a*x+b)

\I[x]{ 1/(x*(a*x+b)"2)}, In(x/(a*x+b))
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\[X]{1/(xA2*(a*x+b)"2)}, In((a*x+b)/x)

e
\I[x]{1/(x"3*(a*x+b)"2)}, In(x/(a*x+b)) o
\I[x] {x/(a*x+b)"3}, 1/(a*x+b)"2 o
\I[x]{x"2/(a*x+b)"3}, 1/(a*x+b)"2, In(a*x-+b) o
\I[x] {x"3/(a*x+b)"3}, 1/(a*x+b)"2, In(a*x+b) o

\I[x]{1/(x*(@*x+b)"3))}, 1/(a*x+b)*2, In((a*x+b)/x)

12}

\[x]{ /(x"2%(a*x+b)"3))}, 1/(a*x+b)"2, In((a*x+b)/x)

\[X]{ /(3% (a*x+b)3))}, 1/(a*x+b)"2, In((a*x+b)/x)

\[[x]{x*(a*xtb)"n}, (a*x+b)(n+2), (a*x+b) (n+1)

o

\I[x]{x n/(a*x+b)}, xn, x"\(n-1), In(a*x+b) [ Pro]

\[x]{x"2*(@*x+b) n}, (a*x+b) (n+1), (a*x+b) (n+2), (a*x+b) (n+3)

\M[x]{x "m*(a*x+b)"n},
xMm+1)*(a*x+b) n, \[[x] {x"'m*(a*x+b)"(n-1)},
x*m*(a*x+b) (n+1), \[[x] {x(m-1)*(a*x+b)"n},

xMm+1)*(a*x+b) (n+1), \[x] {x"m*(a*x+b) (n+1)}
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With roots

\[x]{(a*x+b)(1/2)},
(a*x+b)"(3/2) 06

\[x] {x*(a*x+b)(1/2)}, (a*x+b)N(3/2)

00

O Setu=ax+b.
® Set u = (ax + b)'".
© Integrate by parts.

0 See 29

\[X]{xA2*(@*x+b)N(1/2)}, (a*x+b) (3/2)

00

\[x]{x"3*@*x+b) (1/2)}, (a*x+b) (3/2)

00

\I[x]{(a*x+b) (1/2)/x},
\I[X]{ 1/(x*(a*x+b)A(1/2)))

o

M[x]{(a*x+b)N(1/2)/x"2},
M[x]{1/(x*(a*x+b)"(1/2))}

00

\[x]{(a*x+b)(1/2)/x"3},
\I[X]{ 1/(x*(@*x+b)A(1/2))}

\I[x]{1/(a*x+b)(1/2)}

00

\I[x]{x/(@*x+b)N(1/2)}

00

\I[X]{xA2/(a*x+b)N(1/2)}

00

00

\[X]{x"3/(a*x+b)(1/2)}

00

\[x]{1/(x*(a*x+b)N(1/2)},
In(((a*x+b)(1/2)-b7(1/2))((@*x+b) (1/2)+b7(1/2))),
tan"(-1)(((a*x+b)/(-b))"(1/2))
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\[x]{1/(xA2*(@*x+bYN(1/2))},

\I[X]{ 1/(x*(@*x+b)N(1/2)} o
\[X]{1/(x*3*(a*x b)Y (1/2))1,
\[XT4 1/(x*(@*x+b)(1/2)} o
\[X]{xn*@*x+b) (1/2))}, (a*x+b)(3/2) (2]

\[x]{xA(n-1)*(a*x+b)(1/2)}

\[x]{(a*x+b)(1/2)/x"n}, (a*x+b) (3/2) o
\I[x] { 1/(x (n-1)*(a*x+b)N(1/2))},
\[x]{(@*x+b)(1/2)/x (n-1)}
(2)

\[x]{xn/(@*x+b)N(1/2)},
X n*(a*x+b)(1/2) o
\[x]{x A (n-1)/(*x+b)N(1/2)},

\I[x]{ 1/(x"n*(a*x+b)N(1/2))},
\[x]{ 1/(x (n-1)*(a*x+b)N(1/2))}, o

\[x] {x/(a*x+b) (3/2)},
1/(a*x+b)(1/2) e

\I[x]{ /(x*(a*x+b)"(3/2))},
\I[x] { 1/(x*(a*x+b)(1/2))} e

\[x]{(@*x+b)*(n/2)5,
(a*x+b)\(n+2)/2) 00

\M[x]{x*(a*x+b)"(n/2)},
(a*x+b)"((nt+4)/2), (a*x+b)"((n+2)/2) 00
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\[X]{x"2*(a*x+b) (1n/2)}, (a*x+b) (n+6)/2),

(a*x+b)(n+4)/2), (a*x+b)(n+2)/2) 06

\[x]{(a*x+b)*n/2)/x}, (a*x+b)N(n/2),
\[x]{(a*xtb) ((n-2)/2)}

\I[x]{(a*x+b)\(n/2)/x"2}, (a*x+b)N(n+2)/2),
\I[x]{(a*x+b) (n/2)/x ]}

\[X]{1/(x*(@*x+b)y (n/2))},
\I[x] { 1/(x*(a*x+b)(n-2)/2))}

\[X]{1/(x"2*(@*x+b)\(n/2))},
\[x]{ 1/(x*(a*x+b) (0/2))}

With ax + b and cx +d

\I[x]{(a*x+b)/(c*x+d)},
In(c*x+d) o

© Expand in partial fractions.
@ Integrate by parts.
Restriction: ad — bc # 0

A[xJ{/((@*x+b)*(c*x+d))5
In((a*x+b)/(c*x+d)) )

\[x]{x/((a*x+b)*(c*x+d))},
In(a*x+b), In(c*x+d)

\[x]{1/((a*x+b)"2*(c*x+d))},
In((a*x+b)/(c*x+d))

\[[x]{x/((a*x+b)"2*(c*x+d))},
In((a*x+b)/(c*x+d))

M[x]{x"2/((a*x+b)"2*(c*x+d))},

In(a*x+b), In(c*x+d)

\[x]{(a*x+b) m*(c*x+d)"n},
\[x]{(a*x+b) m*(c*x+d)"(n-1)} )
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\[x]{ 1/((a*x+b) m*(c*x+d) n)?,
\I[x]{ 1/((a*x+b) m*(c*x+d) (n-1))}

(2}
\[x]{(a*x+b) m/(c*x+d)"n)}, 2]
\[x]{(a*x+b) m/(c*x+d)N(n-1)},
\[x]{(a*x+b)(m-1)/(c*x+d)" n}, (2}
\[x]{(a*x+b) (m-1)/(c*x+d) (n-1)}
(2]

With roots

\[x]{(c*x+d)/(a*x+b)(1/2)}

O Setu=ax+b.
® Set u = (ax + b)'"”.

00 © Integrate by parts.
\[x] {(c¥x+d)*(a*x+b)(1/2)},
(a*xtb)"(3/2) 00
\[X] {1/ xrd)*(@*x+b)A(1/2)}, e
tan™(-1)((c"2*(a*x+b)/K)(1/2))
(2]
(2]
\[x] {(a*x+b)A(1/2)/(c*x+d)},
tan™(-1)((c"2*(a*x+b)/K)N(1/2))
(2]

M[x]{1/((a*x+b)*(c*x+d))(1/2)},
In((a*c*(a*x+b))N(1/2)+a*(c*x+d)(1/2))
tan™(-1)(((-c*(a*x+tb))/(a*(c*x+d)))(1/2))
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\[x]{x/((@*x+b)*(c*x+d))(1/2)},
\I[x]{ 1/((a*x+b)*(c*x+d))N(1/2)}

\I[x]{((a*x+b)*(c*x+d)) (1/2)},
\[x]{ 1/((a*x+b)*(c*x+d))N(1/2)}

M[x]{((c*x+d)/(a*x+b))(1/2)},
((@*x+b)*(c*x+d))N(1/2), \[x]{1/((a*x+b)*(c*x+d))(1/2)}

\I[x]{ 1/((a*x+b)*(c*x+d)"3)N(1/2)},
(a*x+b)N(1/2)/(c*x+d)(1/2) )

\[x]{(c*x+d) n*(a*x+b) (1/2)}, \
\I[x] {(c*x+d) n/(a*x+b)(1/2)}

\[[x]{1/((c*x+d) n*(a*x+b)N(1/2))}, (a*x+b) (1/2)/(c*x+d) (n-1),
\[X]{1/((c*x+d) (n-1)*(@*x-+b)(1/2))}

\[x]{(c*x+d) n/(a*x+b)(1/2)},
\I[X] {(c*x+d) (n-1)/(a*x+b)(1/2)}

\I[x]{(a*x+b) (172)/(c*x+d) )}, (a*x+b) (1/2)/(c*x+d) (n-1),
\I[X]{ 1/((c*x+d) n-1)*(@*x+b)(1/2))} o )

st 2 2
L e O Setu=x*+a>

\I[x]{1/(x 2+a"2)}, ® Expand in fractions.
tan”(-1)(x/a) 3) © Setx = atanu.

M[x{x/(x"2+a"2)},
In(x"2+a”"2) 1)
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M[x]{x"2/(x"2+a"2)},
tan”(-1)(x/a) )
\[x]{x"3/(x"2+a"2)},
In(x"2+a"2) 00

\[x]{ 1/(x*(x*2+a"2))},

In(x*2/(x2+a"2)) 00

\[x]{1/(xA2%(x*2+a"2))},

tan™(-1)(x/a)

2]

MIX/(x3*(x"2+a"2)) },

In(x"2/(x"2+a"2)) 00

MIX]{1/((c*x+d)*(x2+a”2))},
In(c*x+d), In(x*2+a"2), tan”(-1)(x/a)

\[x]{1/(x"2+a"2)"2},
X/(x"2+a"2), tan"\(-1)(x/a) ©

M[x]{x/(x"2+a"2)"2},
1/(x"2+a"2)

\[X]{x"2/(x"2+a72)"2},

x/(x"2+a”2), tan”(-1)(x/a) 2Y3)

MIx]{x"3/(x"2+a"2)"2},

1/(x"2+a”2), In(x"2+a"2) 00

MIXH/(x*(x"2+a"2)"2)

1/(x"2+a"2), In(x"2/(x"2+a"2)) 00

\[X]{ /(2% (x"2+a"2)"2)},

x/(x"2+a"2), tan™(-1)(x/a) 2Y3)

] {H(xA3* ("2 +a"2) 2)),
1/(x"2+a"2), In(x"2/(x2+a"2))

00
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M[x]{1/(x"2+a"2)"3},

X/(x*2+a"2)"2, x/(x*2+a"2), tan(-1)(x/a)

3]

M[x]{x/(x"2+a"2)"3},
1/(x"2+a™2)"2 00

\[x]{x 2/(x"2+a"2)"3 1,

X/(x"2+a"2)"2, x/(x*2+a"2), tan(-1)(x/a)

\[X]{x"3/(x*2+a"2) 3},
1/(x*2+a"2)"2, 1/(x"2+a"2)

00

2] 3]

M[x{1/(x*(x"2+a"2)"3)},

1/(x 2+a72)"2, 1/(x*2+a"2), In(x*2/(x"2+2a"2))

00

MIXJ{1/(x"2*(x"2+a”2)"3)},
X/(x"2+a"2)"2, x/(x"2+a"2), tan™(-1)(x/a)

123

\[X]{ 1/(xA3%(xA2+a"2)"3)},

1/(x"2+a"2)"2, 1/(x"2+a"2), In(x"2/(x"2+a"2)) 00

M[x]{x m/(x"2+a"2)},
\[x]{xN(m-2)/(x"2+a"2)}

\[x]{1/(x"2+a"2)"n},

X/(x*2+2"2)"(n-1), \[x] { 1/(x"2+a"2)(n-1)}

\[x]{x/(x"2+a"2)"n},
1/(x"2+a"2)N(n-1)

MIx]{1/(x*(x"2+a"2)"n)},

1/(x"2+a"2)Mn-1), \[x]{1/(x*(x"2+a"2)N(n-1))}

\[x]{x m/(x2+a"2)"n},

*N(m-1)/(x"2+a”2)(n-1), \[[x] {x(m-2)/(x2+a"2)"n}

MIx]{1/(x " m*(x*2+a"2)" n)},
1/(xNm-1)*(x"2+a"2)N(n-1)), \[[x]{ 1/(x(m-2)*(x"2+a"2)"n)}
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With roots
O Setu=x%+a>

® Set x = atanu.

\[x]{(x"2+a"2)7(1/2)},
In(x-+H(x"2+a"2)7(1/2)) o

® Use reduction relation.

\I[x] {x*(x"2+a"2) (1/2)!,
(2+°2'32) o

\[x]{x 2% (x"2+a”2)(1/2)1,
(x"2+a"2)(3/2), In(x*+H(x"2+a*2)"(1/2)) e

M[XJ{(xM2+a"2)N(1/2)/x},
In((a+(x"2+a”2)(1/2))/|x|) )

\I[x]{(x"2+a"2)N(1/2)/x2},
In(xH(x"2+2*2)"(1/2)) 06

\I[x]{1/(x"2+a"2)N(1/2)},
In(x+(x"2+a"2)\(1/2)), sinh*(-1)(x/a) g

\[x]{x/(x"2+a"2)"(1/2)}

\[x]{x 2/(x"2+a”2)N(1/2)1,
In(x-H(x"2+2*2)"(1/2))

\I[x]{ /(x*(x 2+ 2)N(1/2))},
In((a+(x"2+a"2)(1/2))/|x])

\I[X] {1/ 2% (x2+a2)N(1/2))},
(x*2+2"2) (1/2))/x

(3]

\[X]{(x"2+2"2)7(3/2)}, (x*2+a”2)(1/2), In(x-+H(x"2+a*2)7(1/2))

\I[x] {x*(x"2+2"2) (3/2)},
(x"2+a”2)(5/2) P

\[X]{xA2%(x"2+a”2)N(3/2))}, (x*2+a"2)N(1/2)/x, In(x+(x 2+a*2)"(1/2)) T
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MIx]{(x"2+a"2)"(3/2)/x}, (x"2+a"2)"(1/2), In((a+(x"2+a"2)(1/2))/x)

\[X]{(x"2+a72)N(3/2)/x"2}, (x2+2”2)7(1/2), In(x+(x 2+a2)(1/2))

\[x]{1/(x*2+a"2) (3/2)},
(x"2+a"2)7(1/2) ®

\I[x]{x/(x"2+2"2)(3/2)},
Vx2+2)N12) g

MIx]{x"2/(x"2+a"2)(3/2)}, (x*2+a"2)"(1/2),
In(x+(x"2+a*2)"(1/2))

(3]

\[X]{ /(¥ (xA2+a72) A (3/2))}, 1/(xA2+a”2)7(1/2),
In((a+(x"2+a*2)"(1/2))/x)

\[x]{1/(x"2%(x"2+a"2)N(3/2))
X/(x"2+a"2)(1/2)

©
\[X]{xA M+ D*(x 2+ 2)N(1/2)}, (x*2+a”2)7(3/2), \
\[[X]{xA(n-1)*(x 2+ 2)N(1/2)}

MIx]{(x*2+a”2)M(1/2)/x n+1)}, (x*2+a"2)"(3/2),
MIx]{(x*2+a”2)M(1/2)/x (n-1)}

MX]{(xMn+1)/(x*2+a”2)N(1/2)}, x n* (x2+a”2)"(1/2),
\[x]{xNn-1)/(x"2+a"2)"(1/2)} >

MIx]{ 1/(xMn+1)*(x 2+a"2)™N(1/2)) }, (x*2+a”2)"(1/2)/x n,
MIx]{1/(xMn-1)*(x*2+a"2)(1/2))}

MIx]{xN(n+1)*(x 2+a72)"(3/2)}, x n*(x2+a"2)N(5/2),
[ {xNn-1)*(x"2+a"2)(3/2)}

\[x]{(x2+a"2)N(3/2)/x \(n-1)}

\[x]{(x"2+a"2)N(3/2)/x N (n+1) ), (x*2+a2)N(5/2)/x n, )




CHAP. 7 INDEFINITE INTEGRALS 79

\[x]{x Mn+1)/(x*2+a"2)"(3/2)}, x n/(x2+a"2)"(1/2),
M[x]{x (n-1)/(x"2+a"2)"(3/2)}

\M[x{ 1/(x M+ 1)*(x 2+a"2)"(3/2))}, T/ (x n*(x 2+a"2)"(1/2),
\[[x]{1/(xN(n-1)*(x"2+a"2)N(3/2)}
\[x]{x/(x"2+a"2)N(2*n+1)/2))},
(x"2+a"2)((2*n-1)/2) o
\[x{x"3/(x"2+a"2)N(2*n+1)/2))}, (x2+a”2)N((2*n-3)/2),
(x"2+a"2)((2*n-1)/2) P
\[x]{x*(x"2+a"2)((2*n+1)/2))},
(x"2+a"2)M(2*n+3)/2) 1)
M[xH{x"3*(x"2+a"2)((2*n+1)/2))}, (x"2+a"2)"((2*n+3)/2),
(x"2+a"2)"((2*n+5)/2) 0o
With x? - a?
O Setu=x*-a*.
® Expand in fractions.
\[[x]{1/(x"2-a"2)}, @O © Set x = asinf or x = a/cosb.
In|(x-a)/(x+a)], O Integrate by parts.

coth™(-1)(x/a),
tanh”(-1)(x/a)

\I[x] {x/(x"2-2"2)},
In[x2-a"2)| Py

\[x]{x"2/(x"2-a"2)},
In|(x-a)/(x+a)| Y3

\I[x]{ 1/(x*(x"2-2"2))},
In|(x"2-2°2)/x"2)||

(23]

M[xJ{1/(x"2*(x"2-a"2))},
In|(x-a)/(x+a))|| (>15)
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\[x]{1/(x"2-a"2)"2},
In|(x-a)/(x+a)|| Y3

\[x]{x/(x"2-272)"2}

o

\[x]{x"2/(x*2-a"2)"2}, In|(x-a)/(x+a)]

12 3)

\[X]{ 1/(x*(xA2-a2)"2)}, Injx"2/(x*2-a"2)|

(2] 3)

M[xJ{1/(x"2*(x"2-a"2)"2)}, In|(x-a)/(x+a))

2] 3]

\[x]{1/(x"2-a"2)"n)}, x/(x*2-a"2)(n-1),
M[x]{1/(x"2-a"2)"(n-1)} o

\[x] {x/(x"2-2"2) n)},
1/(x*2-a"2)"(n-1) o

MIxJ{1/(x*(x*2-a"2)n+1))}, 1/(x"2-a"2)"n,
MIx]{1/(x*(x*2-a"2)"n)} o

\[X]{(x m*(x*2-a"2) (1)}, xA(m+1)*(x"2-a"2) (n+1),
\[x]{x m*(x"2-a"2)n} o

\I[x]{x m/(x"2-a"2) (n+1)}, x(m-1)/(x"2-a"2)" n,
M[x]{xM(m-2)/(x*2-a"2)" n} L)

\I[x]{(x"2-2"2) \(n+1)/x m)}, (x*2-a"2) (n+1)/x (m-1),
\[X]{(x2-22) n/x"m)} o

M[x{1/(x m*(x*2-a"2)N(n+1))}, 1/(x (m-1)*(x"2-a"2)"n,
M[x]{1/(x*m*(x"*2-a"2)"n)} (4)

Mx{1/(xMNm+1)*(x"2-a"2)"n)}, 1/(x "m*(x"2-a"2)"(n-1),
M[x]{1/(x (m-1)*(x"2-a"2)"n) } [4)
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With roots of x* - a? (x*> a?) O Setu=x2—a?
\[X]{(x"2-a"2)7(1/2)}, x*(x"2-a72)7(1/2), @ Set x = a/cosu.
In|x+(x"2-a"2)N(1/2)| 0 © Integrate by parts.

M[x]{x*(x"2-a"2)(1/2)},
(x"2-a”"2)(3/2)

\I[x]{x"2%(x"2-a"2)N(1/2)}, x*(x"2-a"2)(3/2),
X*(x2-2"2)(1/2), Injx+H(x"2-a"2)(1/2)| o

\I[x]{(x"2-2"2)"(1/2)/x}, cos™(-D)]a/x]

\[x]{(x"2-2"2)7(1/2)/x"2},
Infx+(x*2-a"2)(1/2)| o

MIx]{1/(x"2-a"2)M(1/2)},
In|x+(x"2-a"2)"(1/2)

(2]

M[x]{x/(x"2-a"2)"(1/2)}

\[X]{xA2/(xA2-a"2)N(1/2)},
X*(x"2-0°2)7(1/2), Infx+(x"2-0°2)(112)] |

MIX]{1/(x*(x"2-a"2)N(1/2))},
cos™(-1)|a/x]

2]

\[X]{ 1/(xA2%(xA2-a"2)7(1/2))},

(x*2-a"2)\(1/2)/x

2]

\[X]{(x"2-2"2)7(3/2)}, x*(x"2-2"2)N(3/2), x*(x"2-a"2)(1/2),
In[x+(x"2-2"2)"(1/2)| ®

M[x]{x*(x"2-a"2)(3/2)},
(x"2-a"2)\(5/2)

o

\[x

(x"2-a"2)"(1/2), In|x+(x"2-a"2)"(1/2)|

X" 2*(x"2-a”2)"(3/2)},
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\[x]{(x"2-2"2)(3/2)/x},
(x"2-2"2)"(1/2), cos™(-1)[a/x| e

\[X]{(x"2-2"2)N(3/2)/x"2}, x*(x2-2"2)(1/2), Inx-+(a*2-a"2)"(1/2)|

M[x]{1/(x"2-a"2)N3/2)},
x/(x"2-a"2)(1/2)

\I[x] {x/(x2-2"2)(3/2)},
1/(x*2-a"2)"(1/2)

o

\[X]{xA2/(x2-a"2)(3/2)}

Inx+(x2-a"2)(1/2)| o

, xX/(x"2-a”2)7(1/2),

\[x]{ 1/(x*(x"2-a"2)\(3/2))},
1/(x"2-a"2)"(1/2), cos(-1)|a/x| )

MIx]{ 1/(x"2*(x"2-a"2)(3/2))},
(x"2-a™"2)™N1/2)/x, x/(x2-a"2)N(1/2) )

\I[x] (x*(x*2-a"2)N(2*n+1)/2)},
(x"2-a"2)N(2*n+3)/2) P

\[x]{x 3*(x"2-a"2)N(2*n+1)12)},
(x"2-2"2)N(2*n+5)/2), (x*2-a"2)((2*n+3)/2) 0

M[x]{x/(x"2-a"2)N(2*n+1)/2)},
(x"2-a"2)N((2*n-

1)2) °

\[X]{x"3/(x"2-a"2)N(2*n+1)/2) 1,
1(x"2-a2)N(2*n-1)/2), 1/(x"2-a"2)"((2*n-3)/2) o

\[x]{xA(n+D)*(x"2-a"2)7(1/2)1,
XAN*(x2-2"2)N(3/2), \[[x] &x (- 1)*(x2-a"2)(112)}  |@

\[x]{xA(n+D/(x2-a"2)N(1/2)1,
X n*(x°2-a"2)M(1/2), \I[X] {x\(0-1)/(x"2-2"2)7(1/2)} |gy
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\[x] XA+ 1) *(x"2-2"2)7(3/2)1,
XAN*(x2-272)7(5/2), \[[x] {x (n-1)*(x*2-2"2)"(3/2)} o

\I[x]{x A+ 1)/(x2-272)(3/2)},
X /(" 2-2"2)7(1/2), M[X] {x (- 1)*(x"2-2°2)"(3/2)} g

With roots of a* -x* (a®>x?)

O Setu=ad*—x%

\[[x]{(a"2-x"2)7(1/2)},
X*H(@2-x2)7N(1/2), sin(-D)(x/a) @ © Integrate by parts.

® Set x = gsinu.

\[x]{x*(@"2-x"2)N(1/2)},
(2"2-x"2)(3/2)

o

M[X]{x"2*(a"2-x"2)(1/2)},
x*(ar2-x"2)N(3/2), x*(a"2-x"2)"(1/2), sin(-1)(x/a) 0

M[x]{(a"2-x"2)"(1/2)/x},
(a"2-x"2)"(1/2), In|[(a+(a"2-x"2)N(1/2))/X| |@

\[x]{(a"2-x"2)7(1/2)/x"2},
(@ 2-x"2)N(12)/x, sin(-1)(x/a) g

M[x]{1/(a"2-x"2)N(1/2)},

sin(-1)(x/a) 0

\M[x]{x/(a"2-x"2)(1/2)}

M[x]{x"2/(a"2-x"2)"(1/2)},
x*(@"2-x"2)N(1/2), sin"(-1)(x/a)  |g

MIx]{1/(x*(@*2-x"2)"(1/2))},
In|(a+(a"2-x"2)"(1/2))/x]

2]

\[X]{1/(xA2%(a”2-x"2)N(1/2))},

(a7 2-x"2)"(1/2)/x
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\[[x]{(a"2-x"2)"(3/2)},
X*(@"2-x"2)(3/2), x*(a"2-x"2)"(1/2), sin*(-1)(x/a)

M[x]{x*(a”2-x"2)"(3/2)},
(an2-x"2)\(5/2) )

12}

\[X]{xA2%(a72-x"2)N(3/2)}, x*(a”2-x"2)(5/2), x*(a”2-x"2)(1/2), sin(-1)(x/a)

(2]

\I[x]{(a"2-x"2)"(3/2)/x}, (a"2-x"2)N(1/2), In|(a+(a"2-x"2)"(1/2))/x]

M[x]{(@*2-x"2)N(3/2)/x"2}, x*(a"2-x"2)"(1/2), sin™(-1)(x/a)

\[x]{1/(a"2-x"2)"(3/2)},
x/(a"2-x"2)"(1/2) )

\[X]{x/(2"2-x"2) (3/2)},
@2x'2DN12) g

M[x]{x"2/(a"2-x"2)(3/2)},
x/(a"2-x"2)"(1/2), sin(-1)((x/a) o

MIx]{1/(x*(@"2-x2)"(3/2))}, 1/(a"2-x"2)(1/2),
In|(a+(a"2-x"2)(1/2))/x|

\[x]{ 1/(x"2%(@"2-x"2)"(3/2))},
(@ 2" DN12)/x, x/(@"2x"2)N(112) g

\I[x] {x*(@"2-x"2)N(2*n+1)/12))},
(2°2-x"2)\(2*n+3)/2) o

\[x]{x"3* @ 2-x"2)N(2*n+1)/2))},
(" 2-X"2)N((2*n+5)/2), (a”2-x"2)N(2*n+3)/2)

\I[x]{x/(2"2-x"2)N(2*n+1)/2)},
1/(@"2-x"2)"((2*n-1)/2) °
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\[X]{xA3/(@"2-x"2)N(2*n+1)/2)},

1@ 2-x"2)N((2*n-3)/2), 1/(a"2-x"2)"((2*n-1)/2) Py

\[X] XA+ D) *@ 2 2)N(1/2)1,
X *(2"2-x2)7(3/2), \[[x] {x (n-1)*(a"2-x"2)(1/2)}

(3]

\[X]{xA (1)@ 2-x"2)7(1/2)1,
X (@"2-x72)"(1/2), M[x]{x"(n-1)/(2"2-x"2)\(12)} /g

\[X]{xA(n+1)*(@°2-x"2)(3/2)},

X n*(a"2-x"2)7(5/2), \[[x] {x (n-1)*(a"2-x"2)(3/2)} o

M[x]{x(n+1)/(a"2-x"2)"(3/2)},

x n/(a"2-x"2)"(1/2), \I[x] {x(n-1)/(a"2-x"2)"(3/2)}

With ax” + b

\[x]{1/(a*x"2+b)}, tan’(-1)(x*(a/b)*(1/2)),
In((b-+x*(-a*b)(1/2))/(b-x*(-a*b)(1/2)))

12}

3]

O Setu=ax®+b.
® Expand in fractions.

© Integrate by parts.

\I[x]{1/(a*x"3+b)}, In((x M) 2/(X"2-WFx+A12)),

tan"(-1)((2*x-M)/(A*37(1/2)))

M[x]{x/(a*x"3+b)}, In((x+A)"2/(x"2-L*x+A12)),
tan™(-1)((2*x-A)/(A*37(1/2)))

M[x]{x"2/(a*x"3+b)},
In(a*x"3+b)

\[[x] {x*3/(a*x"3+b)?,
\[[x] { 1/(a*x"3+b)}

2]

\I[x]{1/(a*x"3+b) 2},
\[[x] { 1/(a*x"3+b)}
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M[x]{x/(a*x"3+b)"2},
M[x] {x/(a*x"3+b)} r3)
M[x]{x"2/(a*x"3+b)"2,
1/(a*x"3+b)} P
M[x]{x"3/(a*x"3+b)"2},
M[x]{1/(a*x"3+b)} ©
MIx]{1/(x*(a*x"3+b)"2)},
In(x"3/(a*x"3+b)) o
MIx]{1/(x"2*(a*x"3+Db))}, \
I[x]{x/(a*x"3+b)} )
MIxJ{1/(x"3*(a*x"3+b))}, \[[x]{1/
(a*x"3+b)} 0o
\[[x]{1/(x*(a*x"3+b)"2)}, 1/(a*x"3+b),
In(x"3/(a*x"3+b)) 1Y)
\[x]{x n/(a*x"3+b) "m)}, x(n+1)/(a*x"3+b)(m-1),
\[x]{x n/(a*x"3+b) (m-1)}, x"(n-2)/(a*x"3+b) (m-1),
M[x]{x"(n-3)/(a*x"3+b) "m}

\I[x]{1/(x n*(@*x*3+b)y m)}, 1/(x"(n-1)*(a*x3+b)(m-1)),
\[x]{ 1/(x n*(a*x"3+b)\(m-1))},
1/(xA(n-1)*(a*x"3+b) (m-1)), \I[[x] { 1/(x"(n-3)*(a*x"3+b)"m)}

\[x]{x *n*(a*x"k+b)"m)}, x*(n-k+1)*(a*x"k+b)*(m+1)),
\[x]{xN(n-k)*(a*x"k+b) m},
xM(n+1)*(a*x k+b)N(m+1), \[[x]{x (nt+k)*(a*x"k+b) m},
xN(n+1)*(a*x k+b) m, \[[x] {x"n*(a*x"k+b) (m-1)}
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i + bx +
With ax? + bx + ¢ O Setu =x + b/(2a).

In the following we have set R = ax* + bx + c. ® Expand in fractions.
If »* = 4ac, then R = a(x + b/2a)* and it may be | @ Use reduction relations.
preferable to reduce the integral to a simpler one,
before the calculation. The same is true for other
special cases, where one of a, b, ¢ is zero.

\[x]{1/R}, tan(-1)((2*a*x+b)/(4*a*c-b"2)"(1/2)),
In|(2*a*x+b-(b"2-4*a*c)"(1/2))/(2*a*x+b+(b"2-4*a*c)N(1/2))], 9o ®
In|(x-x_1)/(x-x_2)|

\[x]{x/R}, In|R|, \I[x]{1/R} o

\[x]{x 2/R}, In|R|, \I[x]{1/R}

\[x]{ /(x*R)},
In(x*2/R), \I[x]{I/R} g

\[x]{1/(x"2*R)}, In(|R)/x"2), \I[x]{1/R
[XI{V/(x*2*R);, In([R|/x"2), \[[x]{ }ee

\I[x]{1/R"2}, (2*a*x+b)/R, \[[x]{I/R}

\[x] {x/RA2}, (b*x+2%c)/R, \[x] { 1/R}

\[x]{x 2/R"2}, ((b*2-2*a*c)*x+b*C)/R,
\[x]{1/(x*R"2)}, (2*a*c-b 2-a*b*x)/R,
In(x*2/|R), \[[x] {1/R} 0
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\[X]{1/(xA2*R"2)}, (b*x+c)/(x*R), (2*a*x+b)/R,
In(x*2/[R]), \[x]{1/R} 0

\[x]{x /R Y, \M[X]{xA(n-2)/R}, \I[x] {x (n-1)/R}

\[X]{1/(x n*R) L, \[x]{ 1/(xA(n-2)*R)},
\[x]{1/(x (n-1)*R)} e

\[x]{1/R"m}, (2*a*x+b)/R"(m-1),
\I[x]{ 1/RA(m-1)}

\[x]{x"n/R"m}, x(n-1)/R"(m-1),
\[x]{x(n-2)/R"m}, \[[x]{x(n-1)/R"m}

M[x]{1/(x*n*R"m)},1/(x*(n-1)*R*(m-1)),
MIx]{1/(x (n-2)*R m) }, \I[x]{1/(x(n-1)*R" m)}

i +bx +
With roots of ax* + bx + ¢ 0 Setu=x+ b/(2a).
We have set R = ax” + bx + ¢. If b* = 4ac or one of ® Expand in fractions.
a, b, c is equal to zero, it may be preferable to reduce © Integrate by parts.
the integral to a simpler one, before the calculation. © See

We always assume that R > 0 under a square root.

\[[X]{1/RA(1/2)}, Inj2*an(1/2)*RA(1/2)+2%a*x-+b),
sinh(-1)((2*a*x+b)/(4*a*c-b 2)7(112)),
sin(-1)((2*a*x+b)/(b"2-4*a*c)"(1/2))

\[X]{x/RA(1/2)}, RA(1/2),
UXI{IRNI2)} g0

\I[x]{x"2/RN(1/2)},
(2*a*x-3*b)*RA(1/2), I[X[{I/RY(112)} @@
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\[x]{T/(X*RA1/2))}, Inj(2%cA(1/2)*RA(1/2)+b*x+2%c)/x],

sinh (- 1)((b*x+2*c)/(|x[*(4*a*c-b"2)"(1/2))),
sin(-1)((b*x+2*c)/(Jx[*(b"2-4*a*c)(1/2)))

\[X]{1/(xA2*RA(1/2))1,
RA(1/2)/x, IIXT{1/(x*RA(112)} g

M[x{RA(1/2)},
(2*a*x+b)*RA(1/2), \I[x]{ I/RA(1/2)}

00

\I[x]{x*RA(1/2)}, RA(3/2),
(2*a*x+b)*RA(1/2), \I[x] { 1/RA(1/2)}

1214

\[x]{x"2*RA(1/2)}, RA(1/2),

RA(3/2), RA(1/2),

\[[x]{1/RA(1/2)}

\[X]{RA(172)/x ), RA(1/2),

1[X]{/RA1/2)} X FRN12) o 0

\[X]{RA(1/2)/x"2}, RA(1/2)/x,
\[X]{1/RACL/2)E, \M[X] { /(X*RA(1/2))}

\I[x]{1/RA3/2)},
(4*a*x12*b)RN(112) |g o

\[X]{x/RA(3/2)1,
(2*b*x+4*e)/RN(112) g

\[X]{xA2/RA(3/2)Y, 1/RA(1/2),
\[x]{1/RA(1/2)}

\[x]{ /(X*RAB3/2))E, RA(1/2),
\[X]{ /(x*RA(1/2))}

3]

(214)

1214)

(214
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\I[X]{1/(x 2*¥RA(3/2))}, 1/(x*RA(1/2)),
\I[X]{1/RA3/2) 3, \[X]{ /(x*RA(1/2))

3]

\[XJ{RA((2*n+1)/2)}, (2*a*x+b)*RA((2*n+1)/2),

\[X]{RA((2*n-1)/2)}

\[X]{X*RA((2*n+1)/2)}, RA(2*n+3)/2),
\I[X]{RA((2*n+1)/2)} e

\[x]{RA((2*n+1)/2)/x}, RA((2*n+1)/2),
\[x]{RA2*n-1)/2)}, \I[X]{RA(2*n-1)2)/x} @

\[[x]{ I/RA((2*n+1)/2)}, I/RA((2*n-1)/2),
\[[x]{1/RN2*n-1)/2)}

\[X]{E/RA(2*n+1)/2)}, RA(2*n-1)2),
\[[x] {1/RA(2*n+1)/2)} o

\[x]{/(FRA((2*n+1)/2)}, I/RA(2*n-1)/2),
\[x]{ I/RAN2*n-1)/2)}, \[[x] { 1/RAN(2*n+1)/2)}

2]

MIx]{RMx+1)}, (2*a*x+b)*RM(xk+1), \[x]{R"«}

(x real)

With x* + &® (see also ax” + b)

\[x]{1/(x"3+a73)}, In((x+a) 2/(x"2-a*x-+a’2)),
tan’\(-1)((2*x-a)/a*3°(1/2)) o

O Setu=x*+d’.
® Expand in fractions.
© Use reduction relation.

M[x]{x/(x"3+a"3)}, In((x+a)"2/(x"2-a*x+a"2)),
tan”(-1)((2*x-a)/a*3"(1/2)) o

\[x]{x"2/(x*3+a"3)},
In|x"3+a”3| o

MIx]{x"3/(x*3+a"3)}, In((x+a)"2)/(x"2-a*x+a"2)),
tan™(-1)((2*x-a)/(a*37(1/2))) )

MIXJ{T/(x*(x"3+a”3))},
Inx*3/(x3+a"3)| 0
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\[X]{/(x2*(x*3+a73))}, In((x"2-a*x+a2)/(x+a)2),
tan’\(-1)((2*x-a)/(a*37(1/2)))

\[x]{1/(xA3%(x 3+a"3))}, In((x"2-a*x+a2)/(x+a)"2),
tan’\(-1)((2*x-a)/(a*37(1/2)))

MIx]{1/(x*3+a"3)"2}, x/(x*3+a3), In((x"2-a*x+a"2)/(x+a)"2),

tan”\(-1)((2*x-a)/(a*37(1/2)))

\[X]{x/(x"3+a"3)72}, x72/(x*3+a3), In((x"2-a*x+a"2)/(x+a)"2),

tan™(-1)((2*x-a)/(a*3"(1/2)))

\[X]{xA2/(x3+a73) 21,
1/(x"3+a3) 0

\[x]{x"3/(x"3+a”3) 2}, x/(x"3+a3), In((x"2-a*x+a2)/(x+a)"2),

tan™(-1)((2*x-a)/(a*37(1/2)))

\[x] /(e (x"3+a73)2)Y, 1/(x 3+ar3),
In[x"3/(x"3+a"3)| 0

M[x{1/(x"2*(x3+a”3)"2) }, x 2/(x"3+a"3),
In((x"2-a*x+a"2)/(x+a)"2), tan(-1)((2*x-a)/(a*3"(1/2)))

2]
2]
©
(3]
2]
2]

MIx]{1/(x"3*(x3+a”3)"2) ), x/(x"3+a”3), In((x"2-a*x+a"2)/(x+a)"2),

tan™(-1)((2*x-a)/(a*3"(1/2))) 0
\[X]{x n/(x 3+a"3) 2},
\[[x]{x"(n-3)/(x"3+a"3)} @
\[x]{ 1/(x n*(x"3+a3)"2)},
Mx{1/(x"(n-3)*(x"3+a"3))} ®
M[x]{x n/(x*3+a"3) m}, x(n-2)/(x"3+a"3)(m-1), e
\[x]{x (n-3)/(x*3+a"3) m}, xN(n+1)/(x*3+a*3)N(m-1),

M[x]{x n/(x*3+a"3)(m-1)}
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With x* £ a* (see also ax® + b)

\[x]{1/(x 4+a”4)}, tan’(-1)(a*x*27(1/2)/(x2-a"2)),
In((x2-+a*x*27(1/2)+a"2)/(x2-a*x*2/(1/2)+a"2))

\[x]{1/(x"4-a"4)}, In|(x-a)/(x+a)],
tan”(-1)(x/a) )

\[x]{x/(x4+a"4)},
tan’(-D)(x"2/a"2) |

\[x] {x/(x"4-a"4)},
In|(x"2-a"2)/(x"2+a"2)| 9@

O Set u =x?
or u=x"

® Expand
in fractions.

M[x]{x"2/(x*4+a"4)}, In((x"2-a*x*27(1/2)+a"2)/
(x"2+a*x*27(1/2)+a”2)), tan”(-1)(a*x*2(1/2)/(x"2-a"2))

\[[x]{x"2/(x"4-a"4)}, In|(x-a)/(x+a)],
tan”(-1)(x/a) o

M[x]{x"3/(x"4\+a"4)}, Injx 4\ +a"4|

\I[x]{ /(x*(x M\ +and))},
In[x"4/(x4\+a’4)| 0

\[x]{ 1/(x"2%(x +ard)) ), In((x*2-a*x*2°(1/2)+a"2)/
(x"2+a*x*27(1/2)+a2)), tan’\(-1)(a*x*27(1/2)/(x/2-a"2))

\[x]{1/(x"2*(x"4-a"4))},
In|(x-a)/(x+a)|, tan"(-1)(x/a) 2}
\[x]{ 1/(x"3*(x 4\ +a™d))},
tan™(-1)(x"2/a"2) o

M[x]{1/(x"3*(x"4-a"4))},
In|(x"2-a"2)/(x2+a"2) 00

\[X]{xAn/(x M\ ) m) L, xA (] )/(xM\Fa ) (m-1),
\I[x] {x n/(x M\ +a )N (m-1)}
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With x"+a” (see also ax* + b)

\[x]{1/(x*(x*n\+a"n))},
Inx*n/(x n\+a"n)|

M[x]{x*(n-1)/(x"n\+a’n)},

In|x”n\+a’n| 1

\[x]{x "m/(x(2*n)-a"(2*n))},
\[x]{x"m/(x"*n-a"n)}, \[[x]{x"m/(x"n+a"n)} |®

O Setu=x"+a".
® Expand in fractions.

\M[x]{x m/(x*n\+a”n)"s}, \[[x] {x(m-n)/(x"n\+a"n)"(s-1)},
\[x]{x(m-n)/(x n\+a n)"s}

2]

MIx]{1/(x m*(x n\+a”n)"s) }, \[x]{ /(X m*(x*n\+a"n)"(s-1))},
M[x]{ 1/(x(m-n)*(x"n\+a”n)"s)}

\[x]{ 1/(x*(x nta”n)(1/2))},
In|((x*n+a”n)"(1/2)-a™(n/2))/((x n+a”n)*(1/2)+a”(n/2))|

\[X]{1/(x*(x n-a”n)~(1/2))}, cos(-1)((a/x) (n/2))

With sinax

\[x]{sin(a*x+b)}, cos(a*x+b)

\[x]{x*sin(a*x)}, x*cos(a*x)

M[x]{x"2*sin(a*x)}, x*sin(a*x), cos(a*x)

O Integrate by parts.

® Expand in powers of x.
© Set u = tan (ax/2).

® Use multiples of ax.

© Write integrand as sum.

\[x]{x"3*sin(a*x)}, cos(a*x)

\[x]{sin(a*x)/x}, \S{Si(a*x)}
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\[x]{sin(a*x)/x"2},

\[[x]{cos(a*x)/x} 1)
\[x]{sin(a*x)/x"3},

sin(a*x)/x"2, cos(a*x)/x, \[[x]{sin(a*x)/x} |@

\[[x]{1/sin(a*x)}, Intan(a*x/2)|, cos(a*x)

\[[x]{x/sin(a*x)}, B_(2*k)

2]

(0 <|ax| <=, B,=Bernoulli numbers)

\[x]{x"2/sin(a*x)}, B_(2*k)

\M[x]{1/(x*sin(a*x))}, B (2*k)

\[x]{sin(a*x)"2}, sin(2*a*x),
sin(a*x)*cos(a*x) 00

\[[x]{x*sin(a*x)"2}, x*sin(2*a*x),
cos(2*a*x) 00

\[x]{x"2*sin(a*x)"2}, sin(2*a*x), x*cos(2*a*x)

\[x]{x"3*sin(a*x)"2}, sin(2*a*x), cos(2*a*x)

\[x]{sin(a*x)"2/x}, Inja*x], \[[x] {cos(2*a*x)/x}

00

00

\[[x]{sin(a*x)"3}, cos(a*x)"3, cos(3*a*x)

\[x]{x*sin(a*x)"3}, x*cos(3*a*x), sin(3*a*x),
x*cos(a*x)

o

\[[x] {sin(a*x)"4}, sin(2*a*x), sin(4*a*x)
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\[x]{1/sin(a*x)"2},
cot(a*x) 3)

\[x]{x/sin(a*x)"2}, x*cot(a*x),
In|sin(a*x)| o

\[[x]{1/sin(a*x)"3},
cos(a*x)/sin(a*x)"2, Injtan(a*x/2)| |@

\[x]{x/sin(a*x)"3}, x*cos(a*x)/sin(a*x)"2,
\[x]{x/sin(a*x)} 0

\[[x]{sin(a*x)*sin(b*x)}, sin((a-b)*x), sin((a+b)*x)

\[[x]{sin(a*x+b)*sin(c*x+d)}, sin((a-c)*x+b-d), sin((at+c)*x+b+d)

\[x]{sin(a*x)*sin(b*x)*sin(c*x)}, cos((a+b+c)*x),
cos((b+c-a)*x), cos(a-b+c)*x), cos(atb-c)*x)

\[x]{1/(1\+sin(a*x))},
tan(a*x/2\-n/4) e

M[x]{x/(1\+sin(a*x))}, tan(n/4\-a*x/2), In|sin(/4\+a*x/2)|

\[[x]{1/(1\+sin(a*x)*2)}, tan(m/4\-a*x/2)"3

\[x]{1/(b+c*sin(a*x))}, tan(a*x/2),
tan”(-1)((b*tan(a*x/2)+c)/(b"2-c"2)"(1/2)),
In|(b*tan(a*x/2)+c-(c"2-b"2)(1/2))/(b*tan(a*x/2)+c+(c 2-b"2)(1/2))|
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\[x]{sin(a*x)/(b+c*sin(a*x))},
\[x]{1/(b+c*sin(a*x))} 6

\M[x]{1/(b+c*sin(a*x))*2}, cos(a*x)/(b+c*sin(a*x)),

\[x]{1/(b+c*sin(a*x))}

\[x]{1/(b"2+c"2*sin(a*x)"2)},
tan™(-1)((b"2+c"2)"(1/2)*tan(a*x)/b)

60

\[x]{ 1/(b"2-c"2*sin(a*x)*2)},
tan/(-1)((b*2-c"2)(1/2)*tan(a*x)/b),

In|((c*2-b"2)7(1/2)*tan(a*x)+b)/((c"2-b*2)"(1/2)*tan(a*x)-b)|

00

\[x]{x*sin(x"2)}, cos(x"2)

M[x]{x"3*sin(x"2)}, x*2*cos(x2)

\[x]{sin(a*x)"n}, sin(a*x)"(n-1)*cos(a*x),

\[x]{sin(a*x)"(n-2)} ')

\[x]{sinx(2*n)}, (2*n;k)

\[x]{sinx (2*n+1)}, (2*n+1:k)

\[x]{sin(2*n*x)/sinx }

M[x]{sin((2*n+1)*x)/sinx }

\[x]{x"n*sin(a*x)}, x*n*cos(a*x),

x*(n-1)*sin(a*x), \I[[x]{x"(n-2)*sin(a*x) }
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\[[x]{sin(a*x)/x"n}, sin(a*x)/x"(n-1),
\[[x]{cos(a*x)/x(n-1)}, o

\[x]{1/sin(a*x)"n}, cos(a*x)/sin(a*x)"(n-1),
\[x]{1/sin(a*x)"(n-2)} (1)

\[[x]{x/sin(a*x)"n}, x*cos(a*x)/sin(a*x)"(n-1),
1/sin(a*x)"(n-2), \[[x] {x/sin(a*x)"(n-2)}

o

With roots (K = |(1-k"2*sinx"2)"(1/2)))

\I[x] {sinx/(1+k 2*sinx"2)(1/2)},
sin®(-1)(k*cosx/(1+k"2)7(1/2)) g

O Set u = cosax.

M[x]{1/(sinx*(1+k"2*sinx"2)"(1/2))},
In(((1+k"2*sinx"2)"(1/2)-cosx)/((1+k"2*sinx"2)"(1/2)+cosX)) o

\I[x] {sinx*(1+k"2*sinx"2)N(1/2)},
cosx*(1+k"2*sinx"2)"(1/2), sin(-1)(k*cosx/(1+k"2)"(1/2)) 0
\[x]{K*sinx},
K*cosx, In(K+k*cosx) (1)
M[x]{sinx/K},
In(K+k*cosx) o
\[[x]{K/sinx},
In((K-cosx)/(K+cosx)), In(K+k*cosx)) @
\[x]{1/(K*sinx)},
In((K-cosx)/(K+cosx)) @

\[x]{sinx/K"3},
cosx/K o

\[x]{sinx/(a"2*sinx"2-1)"(1/2)},
sin™(-1)(a*cosx/(a"2-1)"(1/2)) o

\I[[x]{1/(sinx*(a"2*sinx"2-1)"(1/2)},
tan”(-1)(cosx/(a"2*sinx"2-1)"(1/2)) o
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With cosax

\[[x]{cos(a*x+b)},
sin(a*x+b)

\[x]{x*cos(a*x)}, cos(a*x),
x*(sin(a*x) (1)

\[x]{x"2*cos(a*x)}, x*cos(a*x), sin(a*x)

O Integrate by parts.

® Expand in powers of x.
© Set u = tan (ax/2).

® Use multiples of ax.

© Write integrand as sum.

\[x]{x"3*cos(a*x)}, cos(a*x), sin(a*x)

\[[x]{cos(a*x)/x}, InjJa*x|

\[x]{cos(a*x)/x"2}, cos(a*x)/x,
\[[x]{sin(a*x)/x} 0

\[x]{cos(a*x)/x"3}, cos(a*x)/x"2, sin(a*x)/x,

\[x]{cos(a*x)/x}

\[x]{1/cos(a*x)}, Intan(a*x/2+n/4)|, In|(1+sin(a*x))/(1-sin(a*x))|

\I[x]{x/cos(a*x)}, E_(2*k)

2]

(|x| <m/2, E, = Euler numbers)

\[x]{x"2/cos(a*x)}, E (2*k)

2]

\[x]{1l/(x*cos(a*x))}, Inja*x|, E_(2*k)

\[x]{cos(a*x)"2}, sin(2*a*x),
sin(a*x)*cos(a*x)

\[[x]{x*cos(a*x)"2}, x*sin(2*a*x),
cos(2*a*x) 00

00
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M[x]{x"2*cos(a*x)"2}, sin(2*a*x), x*cos(2*a*x)

00
\[x]{x"3*cos(a*x)"2}, sin(2*a*x), cos(2*a*x)
00
\[x]{cos(a*x)"2/x}, In|a*x],
\[[x]{cos(2*a*x)/x} (4)

\[[x]{cos(a*x)"3}, sin(a*x)"3, sin(3*a*x) o
M[x]{x*cos(a*x)"3}, x*sin(3*a*x), cos(3*a*x),

x*sin(a*x), cos(a*x) o

\[x]{cos(a*x)"4}, sin(2*a*x),
sin(4*a*x) 4]

\[x]{1/cos(a*x)"2},
tan(a*x) 3)

\M[x]{x/cos(a*x)"2}, x*tan(a*x),
In|cos(a*x)| o

\[x]{1/cos(a*x)"3}, sin(a*x)/cos(a*x)"2,
In|tan(m/4+a*x/2)| 3}

\[x]{x/cos(a*x)"3}, x*sin(a*x)/cos(a*x)"2,
\[x]{x/cos(a*x)} 0

\[[x]{cos(a*x)*cos(b*x)}, sin((a-b)*x),
sin((a+b)*x) )

\[[x]{cos(a*x+b)*cos(c*x+d)}, sin((a-c)*x+b-d), sin((a+c)*x+b+d)

\[[x]{cos(a*x)*cos(b*x)*cos(c*x)},

sin((at+b+c)*x), sin((b+c-a)*x), sin((atc-b)x), sin((a+b-c)*x)
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M[x]{1/(1-cos(a*x))},
cot(a*x/2) ©

\[x]{x/(1-cos(a*x))}, x*cot(a*x/2),
In|sin(a*x/2)| 1)

\[x]{1/(1+cos(a*x))},
tan(a*x/2) 3}

\[[x]{x/(1+cos(a*x))}, x*tan(a*x/2),
In|cos(a*x/2)| 0

M[x]{1/(1-cos(a*x))"2}, cot(a*x/2)"3

M[x]{1/(1+cos(a*x))"2}, tan(a*x/2)"3

\[[x]{1/(b+c*cos(a*x))},
tan™(-1)((b-c)*tan(a*x/2)/(b"2-c"2)"(1/2)),
In|(tan(a*x/2)+(c"2-b"2)"(1/2)/(c-b))/(tan(a*x/2)-(c"2-b"2)"(1/2)/(c-b))|

\[x]{cos(a*x)/(b+c*cos(a*x))},
\[x]{1/(b+c*cos(a*x))} e

\[x]{1/(b+c*cos(a*x))"2}, sin(a*x)/(b+c*cos(a*x)),
\[x]{1/(b+c*cos(a*x))}

\[x]{1/(b"2+c 2% cos(a*x)"2)1,
tan"(-1)(b*tan(a*x)/(b"2+c"2)(12)) @@

\M[x]{1/(b"2-c"2*cos(a*x)"2)}, tan”(-1)(b*tan(a*x)/(b"2-c"2)"(1/2)),
In|(b*tan(a*x)-(c"2-b"2)"(1/2))/(b*tan(a*x)+(c"2-b"2)"(1/2))|

(314

60
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M[x]{1/(1-2*b*cos(a*x)+b"2)},

tan”(-1)((1+b)*tan(a*x/2)/(1-b)) 3)

\I[x]{cos(a*x)/(1-2*b*cos(a*x)+b"2)},
tan”(-1)((1+b)*tan(a*x/2)/(1-b)) ©

\[x]{x*cos(x"2)}, sin(x"2)

M[x]{x"3*cos(x2)}, x *sin(x"2), cos(x2)

\I[x]{cos(a*x)"n}, sin(a*x)*cos(a*x)"(n-1),
\[[x]{cos(a*x)"(n-2)} 0

\[[x]{cosx(2*n)}, (2*n:k), sin((2*n-2*k)*x)

\[x]{cosx*(2*n+1)},
(2*n+1:k), sin((2*n-2*k+1)*x)

\[x]{cos(2*n*x)/cosx)},
sin((2*k-1)*x), In|tan(x/2+m1/4)|

M[x]{cos((2*n+1)*x)/cosx)}, sin(2*¥k*X)

\[[x]{x n*cos(a*x)}, x*n*sin(a*x), x"(n-1)*cos(a*x), (1]

\[x]{x"\(n-2)*cos(a*x)}, sin(a*x-+k*m/2)

\[x]{cos(a*x)/x"n}, cos(a*x)/x"(n-1),
\[x]{sin(a*x)/x(n-1)} 0

\M[x]{1/cos(a*x)"n}, sin(a*x)/cos(a*x)N(n-1),
M[x]{1/cos(a*x)"(n-2)} (1)

\[[x]{x/cos(a*x)"n}, x*sin(a*x)/cos(a*x)" (n-1),
1/cos(a*x)"(n-2), \I[x]{x/cos(a*x)"(n-2)} 0
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With sinax and cosax — -
© Set u = sinax or u = cosax.
\[x]{sin(a*x)*cos(a*x)}, sin(a*x)"2, ® Set u = tan (ax/2).
1-cos(2*a*x) 00 © Integrate by parts.
\I[x]{sin(a*x+b)*cos(a*x)}, x*sinb, O Write integrand as sum.
cos(2*a*x+b) o | © Use multiples of ax.

\[[x]{sin(a*x)*cos(b*x)}, cos((a-b)x), cos((a+b)*x)

\[x]{sin(a*x+b)*cos(c*x+d)}, cos((atc)x+b+d), cos((a-c)*x+b-d)
o
\[x]{sin(a*x)*cos(b*x)*cos(c*x)},
cos((b+c-a)*x), cos((atc-b)*x), cos((at+b-c)*x), cos((atb+c)*x) @
\[x]{cos(a*x)*sin(b*x)*sin(c*x)},
sin((atb-c)*x), sin((a+c-b)*x), sin((b+c-a)*x), sin((a+b+c)*x) °

\[[x]{sin(a*x)"*n*cos(a*x)},
sin(a*x)"(n+1) 0

\[[x]{sin(a*x)*cos(a*x)"n},
cos(a*x)N(n+1) o

\[x]{sin(a*x)"2*cos(a*x)"2},
sin(4*a*x) (4Y5)

\[x]{sin(a*x)/cos(a*x)},

In|cos(a*x)| (1)

\[x]{cos(a*x)/sin(a*x)},
In|sin(a*x)| 1

\[[x]{sin(a*x)"2/cos(a*x)}, sin(a*x),
Injtan(a*x/2+m/4)| (Y2

\[x]{sin(a*x)/cos(a*x)"2},
1/cos(a*x) 0
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\[[x]{cos(a*x)"2/sin(a*x)},
cos(a*x), Injtan(a*x/2)|

\I[x]{cos(a*x)/sin(a*x)"2},
1/sin(a*x) (1)

M[x]{1/(sin(a*x)*cos(a*x))},
Injtan(a*x)| 00

12]4)

\[x]{1/(sin(a*x)"2*cos(a*x))},
Injtan(a*x/2+m/4)|, 1/sin(a*x)

00

\[x]{1/(sin(a*x)*cos(a*x)"2)}
Injtan(a*x/2)|, 1/cos(a*x)

b

00

\[x]{1/(sin(a*x)"2*cos(a*x)"2)}, cot(2*a*x),

tan(a*x), cot(a*x)

06

\[[x]{sin(a*x)/(b+c*cos(a*x))},
In[b+c*cos(a*x)|

\I[x]{cos(a*x)/(b+c*sin(a*x))},
In|b+c*sin(a*x)|

o

\[x]{sin(a*x)/(b+c*cos(a*x))"n},

1/(b+c*cos(a*x)) (n-1)

\[[x]{cos(a*x)/(b+c*sin(a*x)) n},

1/(b+c*sin(a*x)) (n-1)

\[x]{1/(sin(a*x)\+cos(a*x))},
In|tan(a*x/2\+1/8)|

(2]

\[[x]{sin(a*x)/(sin(a*x)\+cos(a*x))},

In|sin(a*x)\+cos(a*x)|

1214

\[[x]{cos(a*x)/(sin(a*x)\+cos(a*x))},

In|sin(a*x)\+cos(a*x)

12]4)

M[x]{1/(sin(a*x)\+tcos(a*x))"2},
tan(a*x\-n/4)
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\[[x]{1/(b*sin(a*x)+c*cos(a*x))},

Injtan((a*x+tan"(-1)(c/b))/2)| (2]
\[x]{sin(a*x)/(b*sin(a*x)+c*cos(a*x))},

In[b*sin(a*x)+c*cos(a*x)| (2]
\[[x]{cos(a*x)/(b*sin(a*x)+c*cos(a*x))},

In[b*sin(a*x)+c*cos(a*x)| (2]

\[x]{1/(b*sin(a*x)+c*cos(a*x))"2},

(c*sin(a*x)-b*cos(a*x))/(b*sin(a*x)+c*cos(a*x)) |@

\[[x]{1/(b"2*sin(a*x)"2+c"2*cos(a*x)"2)},
tan”(-1)(b*tan(a*x)/c) e

M[x]{1/(b"2*sin(a*x)"2-c"2*cos(a*x)"2)},
In|(b*tan(a*x)-c)/(b*tan(a*x)+c)| e

M[x]{1/(cos(a*x)*(1\+sin(a*x)))},
1/(1\+sin(a*x)), In|tan(a*x/2+mw/4)| 00

\[[x]{1/(sin(a*x)*(1\+cos(a*x)))},
1/(1\+cos(a*x)), Intan(a*x/2)| 00

M[x]{1/(1+sin(a*x)+cos(a*x))},
In|1+tan(a*x/2)| 2]

\[x]{1/(1+sin(a*x)-cos(a*x))},
In|tan(a*x/2)/(1+tan(a*x/2))|

\[x]{1/(b*sin(a*x)+c*cos(a*x)+d)},
tan(a*x/2)
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\[[x]{cos(2*n*x)/sinx},
cos((2*k-1)*x), In|tan(x/2)|

\[[x]{cos((2*n+1)*x)/sinx},
cos(2*k*x), In|sinx|

\[x]{sin(2*n*x)/cosx}, cos((2*k-1)*x)

\[x]{sin((2*n+1)*x)/cosx}, cos(2*k*x), In|cosx]

\[[x]{sinx(2*n)/cosx}, sinx(2*k-1),
In|tan(x/2+n/4)|

\[x]{sinx(2*n+1)/cosx},
sinx(2*k), In|cosx|

M[x]{cosx(2*n)/sinx},
cosx(2*k-1), In[tan(x/2)|

\[[x]{cosx(2*n+1)/sinx},
cosxN(2*k), In|sinx|

\[x]{sin(a*x)"m*cos(a*x)"n}, sin(a*x)"(m-1)*cos(a*x)"(n+1),
\[x]{sin(a*x)"(m-2)*cos(a*x)"n}, sin(a*x)(m+1)*cos(a*x)"(n-1),
\[x]{sin(a*x) m*cos(a*x)N(n-2)}

\[[x]{sin(a*x)"m/cos(a*x)"n},
sin(a*x)"(m-1)/cos(a*x)"(n-1), \[[x]{sin(a*x)"(m-2)/cos(a*x)"n},
sin(a*x)N(m+1)/cos(a*x)N(n-1), \[[x]{sin(a*x)"m/cos(a*x) (n-2)},

sin(a*x)"(m-1)/cos(a*x)"(n-1), \[[x]{sin(a*x)"(m-2)/cos(a*x)"(n-2)}
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\[[x]{cos(a*x)*m/sin(a*x)"n},
cos(a*x)(m-1)/sin(a*x)"(n-1), \I[x] {cos(a*x)"(m-2)/sin(a*x)"n},
cos(a*x)N(m+1)/sin(a*x)"(n-1), \I[[x]{cos(a*x) m/sin(a*x)"(n-2)},

cos(a*x)N(m-1)/sin(a*x)(n-1), \[[x]{cos(a*x)"(m-2)/sin(a*x)"(n-2)}

M[x]{1/(sinx(2*n)*cosx)},
sinx(2*n-2*k+1), Injtan(x/2+n/4)|

M[x]{1/(sinx(2*n+1)*cosx)},
sinx(2*n-2*k+2), In|tanx|

M[x]{1/(sinx*cosx(2*n))},
cosx”(2*n-2*k+1), In|tan(x/2)|

\[x]{1/(sinx*cosx(2*n+1))},
cosx(2*n-2*k+2), Injtanx]

\[x]{1/(sin(a*x)"m*cos(a*x)"n)},
1/(sin(a*x)"(m-1)*cos(a*x)"(n-1)), \I[x]{1/(sin(a*x)"m*cos(a*x)"(n-2)),
1/(sin(a*x)"(m-1)*cos(a*x)"(n-1)), \[[x]{1/(sin(a*x)"(m-2)*cos(a*x)"n)

3]

With roots (K = | (1-k*2*sinx"2)"(1/2)))

O Set u = sinax.

M[x]{K*cosx}, K*sinx, sin”(-1)(k*sinx)

M[x]{K/cosx}, In((K+(1-k"2)"(1/2)*sinx)/(K-(1-k"2)"(1/2)*sinx)),
sin™(-1)(k*sinx) o

\[x]{K*sinx*cosx}, K3

\[x]{K/(sinx*cosx)}, In((1-K)/(1+K)),
In((K+(1-k"2)(1/2))/(K-(1-k"2)"(1/2))) 1)
\[[x]{K*sinx/cosx)},
In((K+(1-K"2)"N(1/2))/(K-(1-k"2)~(1/2))) @
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\[[x]{K*cosx/sinx)},
In((1-K)/(1+K)) (1]
\[x]{cosx/K}, tan"(-1)(k*sinx/K),

sin™(-1)(k*sinx) (1]
M[x]{1/(K*cosx)},
In((K-(1-k"2)"(1/2)*sinx)/(K+(1-k"2)"(1/2)*sinx)) |@
\[[x]{sinx*cosx/K}, K o

\[x]{1/(K*sinx*cosx)}, In((1-K)/(1+K))
In((K+(1-k"2)"(1/2))/(K-(1-k*2)"(1/2))) o

\[[x]{sinx/(K*cosx)},
In((K+(1-k"2)"(1/2))/(K-(1-k"2)"(1/2))) @

\[[x]{cosx/(K*sinx)},
In((1-K)/(14K)) @

\[[x]{cosx/K"3},
sinx/K o

\[x]{sinx*cosx/K"3},
1/K 1)

\[x]{cosx*(1+k"2*sinx"2)"*(1/2)},

sinx*(1+k"2*sinx"2)(1/2), In(k*sinx+(1+k"2*sinx"2)"(1/2)) (1)

\[x]{cosx/(1+k"2*sinx"2)(1/2)},
In(k*sinx+(1+k"2*sinx"2)"(1/2)) 1)

\[[x]{ 1/(cosx*(1+k 2*sinx 2)N(1/2)),
In(((1+Hk"2#sinx"2)(1/2)H(1Hk 2 (1/2)*sinx)/((1-Hk"2*sinx 2 (1/2)-(14k"2)(112)*sinx)) | g

\[x]{cosx/(a”2*sinx"2-1)"(1/2)},
In(a*sinx+(a”2sinx”"2-1)"(1/2)) 0

\[x]{1/(cosx*(a"2*sinx"2-1)"(1/2))},
In(((a"2-1)"(1/2)*sinx+(a"2*sinx"2-1)"(1/2))/((a"2-1)"(1/2)*sinx-(a"2*sinx"2-1)"(1/2)))|@
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With tanax

\[[x]{tan(a*x)}, In|cos(a*x)|

\[[x]{tan(a*x)"2},
tan(a*x)/a-x 3}

\[[x]{tan(a*x)"3}, tan(a*x)"2,
In|cos(a*x)| (3)

\[x]{1/tan(a*x)},
In|sin(a*x)| o

M[x]{1/(tan(a*x)*cos(a*x)"2)},
Intan(a*x)| 2}

O Set u = sinax or u = cosax.
® Set u = tan ax.

© Write integrand as sum.

\I[x]{x*tan(a*x)}, B_(2*k)

\I[x]{tan(a*x)/x}, B_(2*¥k)
\[x]{x*tan(a*x)"2}, x*tan(a*x),
In|cos(a*x)| ©
\[[x]{1/(b*tan(a*x)+c)}, \[[x]{cos(a*x)/(b*sin(a*x)+c*cos(a*x))},
In|b*sin(a*x)+c*cos(a*x)

\[[x]{tan(a*x)/(b*tan(a*x)+c)}, \I[x] {sin(a*x)/(b*sin(a*x)+c*cos(a*x))},

In|b*sin(a*x)+c*cos(a*x)|

\[x]{1/(b*tan(a*x)"2+c)?}, tan(-1)((b/c)"(1/2)*tanx)

\[x]{tanx/(1+k"2*tanx"2)},
In(cosx”2+k"2*sinx"2)

\[x]{tan(a*x)"n}, tan(a*x)"(n-1),
\[[x]{tan(a*x)"(n-2)}
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\[[x]{tan(a*x)"n/cos(a*x)"2},
tan(a*x)"N(n+1) )

\[x]{tanx(2*n)}, tanx(2*n-2*k+1)

\[x]{tanx(2*n+1)}, In|cosx|,
tanxN(2*n-2*k+2)

\I[x]{tanx*(1+c*sinx2)7(1/2)},
In|((1+*sinx 2 (1/2)H1HAL2)((IHe*sinx 2/ (12)-(1H0N12)] g

M[x]{tanx/(1+x*sinx"2)*(1/2)},
In|((1+ic*sinx"2)"(1/2)+H(1+x)"(1/2))/((1+x*sinx2)"(1/2)-(1+x)"(1/2))| |@

\[[x] {tanx/(a"2*sinx"2-1)"(1/2)},
In(((@*2-D)"(1/2)+(a"2*sinx"2-1)"(1/2))/((a*2-1)(1/2)-(a*2*sinx"2-1)"(1/2))) 0

\[[x]{tanx/(b*tanx"2+c)(1/2)},
cos™(-1)(((b-¢)/b)*(1/2)*cosx) o

With cotax

\[[x]{cot(a*x)},
In|sin(a*x)| 1)

\[x]{cot(a*x)"2}, -cot(a*x)/a-x o

\[[x]{cot(a*x)"3}, cot(a*x)"2,
In|sin(a*x)| 3)

\[x]{1/cot(a*x)}, In|cos(a*x)| o

\[x]{1/(sin(a*x)"2*cot(a*x))},
In|cot(a*x)| 2)

\[[x] {x*cot(a*x)"2}, x*cot(a*x), In|sin(a*x)|

O Set u = sinax or u = cosax.

® Set u = cotax.

© Write integrand as sum.
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\[x]{x*cot(a*x)}, x (2*k+1), B_(2*k)

\[x]{cot(a*x)/x}, x(2*k-1), B_(2*k)
\[x]{1/(b*cot(a*x)+c)}, \[[x]{sin(a*x)/(c*sin(a*x)+b*cos(a*x)),
In|c*sin(a*x)+b*cos(a*x)|
\[[x]{cot(a*x)/(b*cot(a*x)+c)}, \[[x]{cos(a*x)/(c*sin(a*x)+b*cos(a*x)),
In|c*sin(a*x)+b*cos(a*x)|
\[x]{1/(b*cotx"2+c)},
tan™(-1)((b/c)(1/2)*cotx) )
\[x]{cotx/(1+k"2*cotx"2)},
In(sinx"2+k"2*cosx”2) o
\[[x]{cot(a*x)"n}, cot(a*x)"(n-1),
\I[x]{cot(a*x)"(n-2)} I3)
\[[x]{cot(a*x)"n/sin(a*x)"2},
cot(a*x)(n+1) )
\[x]{cotx*(2*n)}, cotx(2*n-2*k+1)

\[[x]{cotx(2*n+1)}, In|sinx|,
cotxN(2*n-2*k+2)

\[x]{cotx*(1+k*sinx"2)"(1/2)},
In|(1-(1+x*sinx2)N(1/2))/(1+(1+c*sinx2)"(1/2))) 0

\[x]{cotx/(1+K*sinx"2)"(1/2)

In|(1-(1-H*sinx2)\(1/2))(1H(1Hicksinx 2)7(1/2)]

s

\[[x]{cotx/(a"2*sinx"2-1)"(1/2)}
tan™(-1)((a"2*sinx"2-1)"(1/2))

b

o
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With inverse trigonometric functions

M[x]{sin(-1)(x/a)},
x*sin”(-1)(x/a), (a"2-x"2)(1/2) 006

M[x]{x*sin(-1)(x/a)},
sin”(-1)(x/a), x*(a"2-x"2)"\(1/2)

06

O Setu = sin! (x/a).
® Setu = cos™ (x/a).
© Set u = tan”' (x/a).
O Set u = cot™! (x/a).
© Integrate by parts.

\[x]{x"2*sin(-1)(x/a)},
x"3*sin™(-1)(x/a), (a"2-x"2)"(1/2)

06

M[x]{x"3*sin(-1)(x/a)},
sin”(-1)(x/a), (a"2-x"2)"\(1/2)

06

\[x]{sin(-1)(x/a)/x}, x/a, (x/a)"3, (x/a)"5

M[x]{sin™(-1)(x/a)/x"2}, sin”(-1)(x/a)/x,
In|(a+(a"2-x"2)(1/2))/X]

\[x]{sin(-1)(x/a)/x"3},
sin™(-1)(x/a)/x"2, (a"2-x"2)(1/2)/x

006

006

M[x]{sin™(-1)(x/a)"2},

sin(-1)(x/a)"2, (a"2-x"2)"(1/2)*sin*(-1)(x/a)

006

\[x]{cos™(-1)(x/a)},
x*cos(-1)(x/a), (a™2-x"2)(1/2) (2]5)

M[x]{x*cos™(-1)(x/a)},
cos™\(-1)(x/a), x*(a™2-x"2)"(1/2)

M[x]{x"2*cos™(-1)(x/a)},
x"3*cos™(-1)(x/a), (a"2-x"2)\(1/2)

12]5)

\[x]{x"3*cos™(-1)(x/a)},
cos™(-1)(x/a), (a"2-x"2)"(1/2)

80

\[x]{cos(-1)(x/a)/x},

Injx/a|, \[[x]{sin(-1)(x/a)/x}, (x/a)"3, (x/a)"5




112 INDEFINITE INTEGRALS

CHAP. 7

\[x]{cos™(-1)(x/a)/x 2},

cos™(-1)(x/a)/x, In|(at(a"2-x"2)"(1/2))/x|

\[[x]{cos™(-1)(x/a)/x"3},
cos™(-1)(x/a)/x"2, (a"2-x"2)"(1/2)/x

(2] 5]

12]5)

\I[x] {cos(-1)(x/a)"2},

x*cos (-1)(x/a)"2, (a"2-x*2)"(1/2)*cos’(-1)(x/a)

80

\[[x]{tan(-1)(x/a)},
x*tan”\(-1)(x/a), In(x"2+a”"2) (3] 5}

M[x]{x*tan™(-1)(x/a)},
(x"2+a"2)*tan”(-1)(x/a) ©6

M[x]{x"2*tan™(-1)(x/a)},
x"3*tan”\(-1)(x/a), In(x"2+a"2)

(315)

M[x]{x"3*tan"(-1)(x/a)},
(x-a")*tan”\(-1)(x/a) (3]

e

\[[x]{tan(-1)(x/a)/x},
(x/a)"3, (x/a)*s, In[x/al, (a/x)"3, (a/x)"5

\I[x] {tan"(-1)(x/a)/x"2},
tan’\(-1)(x/a)/x, In((x2+a"2)/x"2)

(315)

\[x]{tan”(-1)(x/a)/x*3}, tan’\(-1)(x/a)

\[x]{cot"\(-1)(x/a)}, x*cot(-1)(x/a),
In(x2+a"2) 06

\[x]{x*cot’(-1)(x/a)}, cot’(-1)(x/a)

4 15]

(315)

\[x]{x"2*cot™(-1)(x/a)}, x"3*cot™(-1)(x/a),
In(x"2+a”2)

06
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M[x]{x"3*cot™(-1)(x/a)}, cot™(-1)(x/a)

06

M[x]{cot™(-1)(x/a)/x}, In[x/a],
\[x]{tan(-1)(x/a)/x} (4Y5)
M[x]{cot*(-1)(x/a)/x"2}, cot™(-1)(x/a)/x,
In((x"2+a"2)/x"2) 006
\[x]{cot(-1)(x/a)/x 3},
cot"(-1)(x/a)/x"2, tan”(-1)(x/a) 006

\[x]{x n*sin(-1)(x/a)}, x(nH1)*sin”(-1)(x/a),
\I[x]{x 1)/ 2-x"2)N(1/2)}

\M[x]{x n*cos"(-1)(x/a)}, x (n+1)*cos™(-1)(x/a),
\[x]{xNn+1)/(a™2-x"2)N(1/2)}

\[x]{x n*tan"(-1)(x/a)}, x(n+1)*tan™(-1)(x/a),
M[x]{x (n+1)/(x*2+a"2)} e

\[x]{x n*cot*(-1)(x/a)}, x (n+1)*cot"(-1)(x/a), \
I[x]{x"(n+1)/(x"2+a"2)} (5

\I[x] {x*sin®(-1)(x/a)/(a"2-x"2)(1/2)},
(a"2-x"2)N(1/2)*sin’\(-1)(x/a) 06

\[X]{x2%sin (-1 )(x/a)/ (@ 2-x"2)N(1/2)},
X*(@"2-x"2)(1/2)*sin*(-1)(x/a), sin*(-1)(x/a)"2

M[x]{x"3*sin(-1)(x/a)/(a"2-x"2)N(1/2)},
(a2-x"2)(1/2)*sin”(-1)(x/a)

8

006

06

With e**

\[x]{e™(a*x)} o

O Setu =e™.
@ Integrate by parts.
© Expand in powers of x.

\[x]{a"x}, \[{e"(x*Ina)}

\[x]{x*e(a*x)} P
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\[x]{x"2*e(a*x)}

M[x]{x"3*e(a*x)}

2]

\[x]{e(a*x)/x}, Inja*x|, (a*x)"2, (a*x)"3

\[x]{1/(b*e(a*x)+c)},
Inb*e(a*x)+c|

M[x]{1/(b*e(a*x)+c) 2}, Injb*e”(a*x)+c|

\[x]{1/(b*e(a*x)+c*e”(-a*x))},
tan™(-1)((b/c)"(1/2)*e(a*x)),
In|(e(a*x)-(-c/b)"(1/2))/(e™a*x)+(-c/b)(1/2))|

\[x]{e (a*x)*sin(b*x)},
e™a*x)*cos(b*x)

2]

\M[x]{e"(a*x)*sin(b*x)"2},

e™Na*x)*sin(b*x)"2, e”(a*x)*sin(b*x)*cos(b*x) 2]

\[[x]{ea*x)*cos(b*x)},
e”(a*x)*cos(b*x), e’(a*x)*sin(b*x) @

\[[x]{e"(a*x)*cos(b*x)"2},
eMNa*x)*cos(b*x)"2, eNa*x)*sin(b*x)*cos(b*x) (2]

\[x]{x*eNa*x)*sin(b*x)}, e"(a*x)*cos(b*x), e"(a*x)*sin(b*x)

\[[x]{x*eMa*x)*cos(b*x)}, eNa*x)*cos(b*x), e(a*x)*sin(b*x)

\[[x]{x n*er(a*x)}, \[x] {x (n-1)*e"(a*x)}




CHAP. 7 INDEFINITE INTEGRALS 115

\I[x]{e"(a*x)/x"n}, e"(a*x)/x"(n-1),
\[[x]{e"(a*x)/x"(n-1)}

2}

\[[x]{e"(a*x)*sin(b*x)"n}, e’(a*x)*sin(b*x)"(n-1),

\[x]{e"(a*x)*sin(b*x)"(n-2)} 2)

\[[x]{e"(a*x)*cos(b*x)"n}, e’(a*x)*cos(b*x)"(n-1), \
I[x]{e"(a*x)*cos(b*x) (n-2)} )

\[x]{eM(-a*x"2-2%b*x-c}, erf(a’(1/2)*x+b/a’(1/2))

\[x]{ 1/(b*eNa*x)+e) (1/2)},
In|((b*e(a*x)+c)(1/2)-cA(1/2))/
((b*eN(a*x)+o)N(1/2)+cA(1/2))]

tan”(-1)((b*e (a*x)+c) (1/2)/(-c) (1/2))

With Inx

M[x]{Inx}, x*Inx

00

M[x]{x*Inx}, x*2*Inx

1 12)

M[x]{x2*Inx }, x*3*Inx

00

M[x]{Inx/x},
Inx”2 00

M[x]{Inx/x"2}, Inx/x

1 12)

O Set u = Inx.
@ Integrate by parts.

Restriction: Arguments
of logarithms are positive.

\[[x]{Inx/(a*x+b)"2},
Inx/(a*x+b), In|x/(a*x+b)|

12}

\[[x]{Inja*x+b|/x"2},
Inx, InJa*x+b|

12}

\[[x] {e(a*x)*Inx}, \[[x] {e (a*x)/x}
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M[x]{Inx"2}, x*¥Inx"2

00

] {In(x"2+a"2)1,
x*In(x2+a*2), tan”(-1)(x/a)

2]

\[x]{In[x"2-a"2|},
x*In|x"2-a2|, In|(x+a)/(x-a)|

[X]{x*Inx*2\ta"2[},
(x*2\+a"2)*In[x"2\+a"2|

(2]

\[[x]{1/Inx}, In|Inx], Inx"k

M[x]{1/(x*Inx)}, In|lnx]|

M[x]{sin(Inx)}, x*sin(Inx), x*cos(Inx)

00

\[x]{cos(Inx)}, x*sin(Inx), x*cos(Inx)

00

\M[x]{x n*Inx}, x(n+1)*Inx

\[x]{x n*In|a*x+b|}, x*(n+1)*Inja*x+b,
\M[x]{x(n+1)/(a*x+b)}

2]

M[x]{x n*Inx"2}, x(n+1)*Inx"2, x(n+1)*Inx

00

\M[x]{x n/Inx}, In|Inx|, Inx"k

M[x]{Inx"n}, x*Inx"n,

\[x]{Inx (n-1)} 0@

\[x]{Inx*n/x}, Inx (n+1)

00
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\[x]{x "m*Inx"n}, x(m+1)*Inx"n, \[[x]{x "m*Inx"(n-1)}, 2]
xMm+1)*Inx (n+1), M[x]{x "m*Inx"(n+1)

Mx]{x n*Inx 2\+a"2]}, xN(n+1)*In[x 2\+a"2|,

M N0+2)/(x"2\+a"2)} 2]

X {InxHx2Fa 2) (12)]T,
XFIn[xHE 2 2N (1/2)], (x*2\+a”2)N(1/2) @

\[x] {x*InjxH(x 2\ +a 2) N (172)[},
XA2*In[xHxA2\ a2 (1/2)], x*(x2\+a”2)(1/2) )

MIx]{x n*In|x+(x"2\+a"2)"(1/2)|},
x(n+1)*In|x-H(x 2\+a"2)"(1/2)], \[[x] {x(n+1)/(x"2\+a"2)"(1/2)} )

With sinh ax

\[[x]{sinh(a*x)},
cosh(a*x) o

\I[x]{x*sinh(a*x)}, x*cosh(a*x)

O Set u = sinhax or u = coshax.
® Set u = tanhax or u = tan(ax/2).
© Integrate by parts.

@ Write integrand as sum.

© Use multiples of ax.

\[x]{x"2*sinh(a*x)}, x*2*cosh(a*x),

x*sinh(a*x)

3]

\[x]{sinh(a*x)/x}, (a*x)"(2*k+1)

\[[x]{sinh(a*x)/x"2}, sinh(a*x),
\[x]{cosh(a*x)/x}

©

\I[x]{1/sinh(a*x)}, Intanh(a*x/2),
In|(eM(a*x)-1)/(e™(a*x)+1)|

12}

\[x]{x/sinh(a*x)}, B _(2*k), x*(2*k+1)

\[x]{1/(x*sinh(a*x))}, B_(2*K), (a*x)"(2*k-1)
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\[[x]{sinh(a*x)"2},
sinh(2*a*x) ©0

\[[x]{x*sinh(a*x)"2}, x*sinh(2*a*x),

cosh(2*a*x) 3Y5)

\[[x]{1/sinh(a*x)"2},
coth(a*x) 0

\[[x]{x/sinh(a*x)"2}, x*coth(a*x),
In|sinh(a*x)| ©

\[[x]{sinh(a*x)*sinh(b*x)}, sinh((a+b)*x), sinh((a-b)*x)

\[x]{sinh(a*x+b)*sinh(c*x+d)}, sinh((atc)*x+b+d), sinh((a-c)*x+b-d)

(4]

\[[x]{sinh(a*x)*sin(b*x)}, cosh(a*x)*sin(b*x),

sinh(a*x)*cos(b*x) e
\[[x]{sinh(a*x)*cos(b*x)}, cosh(a*x)*cos(b*x),

sinh(a*x)*sin(b*x) ©

M[x]{1/(b+c*sinh(a*x))},

In|(c*e(@*x)+b-(b"2+¢"2)"(1/2))/(c*eN(a*x)+bH(b"2+¢"2)"(1/2))] |g

\[x]{1/(b+c*sinh(a*x))"2}, cosh(a*x)/(b+c*sinh(a*x)),

M[x]{1/(b+c*sinh(a*x))}

\M[x]{1/(b"2+c"2*sinh(a*x)"2)},
tan™(-1)((c"2-b"2)*(1/2)*tanh(a*x)/b),

In((b+(b"2-¢"2)(1/2)*tanh(a*x))/(b-(b"2-c*2)*(1/2)*tanh(a*x)))

\[x]{1/(b"2-c"2*sinh(a*x)"2)},

Inj(b+(b"2+¢"2)"(1/2) *tanh(a*x))/(b-(b"2+¢"2)"(1/2) *tanh(a*x))] g
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\[x]{x n*sinh(a*x)},

x*n*cosh(a*x), \I[[x]{x"(n-1)*cosh(a*x)! |®
\[x]{sinh(a*x)"n},
sinh(a*x)"(n-1)*cosh(a*x), \I[x]{sinh(a*x)"(n-2)} |®
\[[x]{sinh(a*x)/x"n},
sinh(a*x)/x"(n-1), \[[x]{cosh(a*x)/x"(n-1)} @
\I[x]{x n/sinh(a*x)}, B_(2¥k), x(n+2*k)
\[x]{1/sinh(a*x)"n},
cosh(a*x)/sinh(a*x)"(n-1), \I[x]{1/sinh(a*x)"(n-2)} (3)
\[x]{x/sinh(a*x)"n},
x*cosh(a*x)/sinh(a*x)"(n-1), 1/sinh(a*x)"(n-2), \I[[x] {x/sinh(a*x)"(n-2)} @
DI DS O Set u = sinhax or u = coshax.

\[[x]{cosh(a*x)}, ® Set u = tanhax or u = tan(ax/2).

sinh(a*x) o

\[[x]{x*cosh(a*x)}, x*sinh(a*x),

cosh(a*x)

(3]

© Integrate by parts.
® Write integrand as sum.
© Use multiples of ax.

\[[x]{x"2*cosh(a*x)}, sinh(a*x), x*cosh(a*x)

\I[x] {cosh(a*x)/x}, Ina*x], (a*x) (2*k)

\[[x]{cosh(a*x)/x"2}, cosh(a*x)/x,

\[[x]{sinh(a*x)/x} ©
U[x] {1/cosh(a™x)}, or | XIleosh@®0}, e
tan”(-1)(sinh(a*x)) (1) tan”(-1)(e™N(a*x))
\[[x]{x/cosh(a*x)}, E_(2*k), x(2*k+2)

\[x]{1/(x*cosh(a*x))}, Inja*x|, E_(2*k), (a*x)"(2*k+2)
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\I[x]{cosh(a*x)"2},
sinh(2*a*x) '3Y5)
\[x]{x*cosh(a*x)"2}, x*sinh(2*a*x),
cosh(2*a*x) 3Y5)
\[x]{1/cosh(a*x)"2},
tanh(a*x) F2)
\[[x]{x/cosh(a*x)"2}, x*tanh(a*x),
In(cosh(a*x)) ©
\I[x]{cosh(a*x)*cosh(b*x)}, sinh((a+b)*x), sinh((a-b)*x)
\[[x]{cosh(a*x+b)*cosh(c*x+d)}, sinh((a+c)*x+b-+d), sinh((a-c)*x+b-d)
(4]

cosh(a*x)*cos(b*x)

\[[x]{cosh(a*x)*sin(b*x)}, sinh(a*x)*sin(b*x),

cosh(a*x)*sin(b*x)

\[[x]{cosh(a*x)*cos(b*x)}, sinh(a*x)*cos(b*x),

\[[x]{1/(cosh(a*x)+1)},
tanh(a*x/2) [2)

\I[[x]{1/(cosh(a*x)-1)},
coth(a*x/2) [2)

\[x]{x/(cosh(a*x)+1)}, x*tanh(a*x/2),

In(cosh(a*x/2)) 3)

M[x]{x/(cosh(a*x)-1)}, x*coth(a*x/2),
In|sinh(a*x/2)|

\[x]{1/(cosh(a*x)+1)"2}, tanh(a*x/2),
tanh(a*x/2)"3

\[x]{1/(cosh(a*x)-1)"2}, coth(a*x/2),

coth(a*x/2)"3
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\[x]{1/(cosh(a*x)"2+1)},

In((eMN2*%)+3-2%2(1/2)) /(" (2*x)+3+2%27(112))) g

\[x]{1/(b+c*cosh(a*x))},

In|(c*e(a*x)+b-(b"2-c"2)(1/2))/(c*e N (a*x)+bH(b 2-c 2) (1/2))],

tan”(-1)((c*e (a*x)+b)/(c"2-b"2)"(1/2)))

\[x]{1/(b+c*coshx)"2}, sinhx/(b+c*
M[x]{1/(b+c*coshx)}

coshx),

M[x]{1/(b"2+c*2*cosh(a*x)"2)},
In|(b*tanh(a*x)+(b"2+c"2)"(1/2))/(b*tanh(a*x)-(b"2+c"2)(1/2))),
tanh”(-1)(b*tanh(a*x)/(b"2+c"2)"(1/2))

\[x]{1/(b"2-c"2*cosh(a*x)"2)},
In|(b*tanh(a*x)+(b"2-¢"2)"(1/2))/(b*tanh(a*x)-(b"2-c"2)"(1/2))),
tanh”\(-1)(b*tanh(a*x)/(c"2-b"2)"(1/2))

\[[x]{x"n*cosh(a*x)}, xn*sinh(a*x),
\[[x]{x"(n-1)*sinh(a*x)}

(3]

\[[x]{cosh(a*x)"n}, sinh(a*x)*cosh(a*x)"(n-1),

\[[x]{cosh(a*x)"(n-2)}

\[[x]{cosh(a*x)/x"n}, cosh(a*x)/x"(n-1),
\[[x]{sinh(a*x)"(n-1)}

(3]

\I[x]{x n/cosh(a*x)}, E_(2*k), x (n+2*k+1)

\[[x]{1/cosh(a*x)"n}, sinh(a*x)/cosh(a*x)"(n-1),

\[[x]{1/cosh(a*x)"(n-2)}

(3]

\[[x]{x/cosh(a*x)"n}, x*sinh(a*x)/cosh(a*x)"(n-1), 1/cosh(a*x)"(n-2),
\[[x] {x/cosh(a*x)"(n-2)} 3}
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With sinhax and coshax

\[[x]{sinh(a*x)*cosh(a*x)},
sinh(a*x)"2

00

\[[x]{sinh(a*x)"2*cosh(a*x)"2},

sinh(4*a*x)

4]

O Set u = sinhax or u = coshax.
® Set u = tanhax or u = tan(ax/2).

© Write integrand as sum.

® Use multiples of ax.

\[[x]{sinh(a*x)*cosh(b*x)}, cosh((a+b)*x), cosh((a-b)*x)

\[[x]{sinh(a*x+b)*cosh(c*x+d)}, cosh((a+c)*x+b+d), cosh((a-c)*x+b-d)

\[x]{1/(sinh(a*x)*cosh(a*x))
In|tanh(a*x)|

5

1214

\[x]{1/(sinh(a*x)"2*cosh(a*x))}, 1/sinh(a*x),

tan”(-1)(sinh(a*x))

\[x]{1/(sinh(a*x)*cosh(a*x)"2)},

1/cosh(a*x), Intanh(a*x/2)|

3]

\[[x]{1/(sinh(a*x)"2*cosh(a*x)"2)},

cosh(2*a*x)

(4]

\I[x]{sinh(a*x)"2/cosh(a*x)}, sinh(a*x),

tan”(-1)(sinh(a*x))

\[[x]{cosh(a*x)"2/sinh(a*x)},
cosh(a*x), Intanh(a*x/2)|

\[x]{sinh(a*x)/cosh(a*x)"2},

1/cosh(a*x)

\[[x]{cosh(a*x)/sinh(a*x)"2},
1/sinh(a*x)

o

06

M[x]{1/(sinh(a*x)*(cosh(a*x)+1))}, In|tanh(a*x/2)|,

tanh(a*x/2)"2

2]

\[[x]{1/(sinh(a*x)*(cosh(a*x)-1))}, In|tanh(a*x/2),

coth(a*x/2)"2
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\[x]{1/(cosh(a*x)*(sinh(a*x)+1))},
In|(sinh(a*x)+1)/cosh(a*x)|, tan”(-1)(sinh(a*x))|

\I[x]{sinh(a*x)"n*cosh(a*x)},
sinh(a*x)"(n+1)

\I[x]{sinh(a*x)*cosh(a*x)"n},
cosh(a*x)"(n+1)

o

\[x]{1/(sinh(a*x)*cosh(a*x)*n)}, 1/cosh(a*x)"(n-1),

\[[x]{1/(sinh(a*x)*cosh(a*x)"(n-2))}

o

M[x]{1/(sinh(a*x)"n*cosh(a*x))}, 1/sinh(a*x)"(n-1),

\[x]{1/(sinh(a*x)"(n-2)*cosh(a*x))}

(4]

With tanh ax O Set # = sinhax or u = coshax.
\[[x]{tanh(a*x)}, ® Set u = tanhax.
In(cosh(a*x)) (1] © Integrate by parts.
\[[x]{tanh(a*x)"2}, ® Write integrand as sum.
tanh(a*x) 4]
\[[x]{tanh(a*x)"3}, tanh(a*x)"2,
In(cosh(a*x)) o
\[[x]{1/(cosh(a*x)"2*tanh(a*x))},
In|tanh(a*x)| )
\I[x]{1/tanh(a*x)},
In|sinh(a*x)| o
\[[x] {x*tanh(a*x)}, B_(2*k), x"(2*k+1)
\[x]{x*tanh(a*x)"2}, x*tanh(a*x),
In(cosh(a*x)) ©
\I[x]{tanh(a*x)/x}, B_ (2*k), (a*x)\(2*k-1)
M[x]{1/(b+c*tanh(a*x))}, In|c*sinh(a*x)+b*cosh(a*x)|
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\[[x]{tanh(a*x)"n}, tanh(a*x)"(n-1),

\[[x]{tanh(a*x)"(n-2)} o
\[[x]{tanh(a*x)"n/cosh(a*)"2},
tanh(a*x)"(n+1) 0
\I[x]{x n*tanh(a*x)}, B_(2*k), x(n+2*k)

\[[x]{tanh(a*x)"(1/2)}, tanh”(-1)(tanh(a*x)"(1/2)),

tan”(-1)(tanh(a*x)"(1/2))

12}

With cothax

\[[x]{coth(a*x)},
In|sinh(a*x)| 0

\[x]{coth(a*x)"2},
coth(a*x) %)

\[[x]{coth(a*x)"3}, coth(a*x)"2,
In|sinh(a*x)| o

\[[x]{1/(sinh(a*x)"2*coth(a*x))},
In(coth(a*x)) )

\[[x]{1/coth(a*x)},
In(cosh(a*x)) 1)

O Set u = sinhax or u = coshax.
® Set u = cothanx.

© Integrate by parts.

® Write integrand as sum.

\[[x] {x*coth(a*x)}, B_(2*k), x(2*k+1)

\M[x]{x*coth(a*x)"2}, x*coth(a*x),

In|sinh(a*x)| )
\I[x]{coth(a*x)/x}, B_ (2*k), (a*x)"(2¥k-1)
\[[x]{ 1/(b+c*coth(a*x))}, In|b*sinh(a*x)+c*cosh(a*x)|

\[[x]{coth(a*x)"n}, coth(a*x)"(n-1),
\[x]{coth(a*x)"(n-2)}
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\[[x]{coth(a*x)"n/sinh(a*x)"2},
coth(a*x)(n+1) )

\[x]{x"n*coth(a*x)}, B_(2*k), x"(n+2*k)

\[x]{coth(a*x)"(1/2)}, coth*(-1)(coth(a*x)"(1/2)),
tan’(-1)(coth(a*x)"(1/2))

12}

With inverse hyperbolic functions

\[[x]{sinh"(-1)(x/a)}, x*sinh"\(-1)(x/a),
(x"2+a"2)(1/2) 00

M[x]{x*sinh"(-1)(x/a)}, sinh"(-1)(x/a), L a>0
x*(x"2+a"2)(1/2) 006

O Setu = sinh™' (x/a).
® Set u = cosh™ (x/a).
© Set u = tanh™' (x/a).
O Set u = coth™ (x/a).
© Integrate by parts.

\I[x]{x"2*sinh"(-1)(x/a)}, x"3*sinh(-1)(x/a),
XA2F(xA2+a”2)7\(1/2)

00

\[[x]{sinh"(-1)(x/a)/x}, (x*a) (2*k+1), (a/x)"(2*k), In|x/a|"*2

\I[[x]{sinh*(-1)(x/a)/x2}, sinh(-1)(x/a)/x,
In|(a+(x"2+a*2)*(1/2))/x|

06

\[x]{cosh”(-1)(x/a)}, x*cosh”(-1)(x/a),
(x"2-a"2)(1/2)

(25

\[[x]{x*cosh"(-1)(x/a)}, x*2*cosh"(-1)(x/a), x*(x"2-a"2)"(1/2)

12]5)

M[x]{x"2*cosh”(-1)(x/a)}, x*3*cosh”™(-1)(x/a), x2*(x"2-a"2)"(1/2)

1215

\[x]{cosh(-1)(x/a)/x}, In(2*x/a)"2, (a/x)N(2*K)
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\[x]{cosh”(-1)(x/a)/x"2}, cosh™(-1)(x/a)/x, cos™(-1)(a/x)

\[[x]{tanh"(-1)(x/a)}, x*tanh"(-1)(x/a),
In(a"2-x"2) ’3Y5)

\[x]{x*tanh”(-1)(x/a)},
(x"2-a"2)*tanh”\(-1)(x/a) 00

M[x]{x"2*tanh"(-1)(x/a)}, x"3*tanh"(-1)(x/a),
In(a”2-x"2) [3Y5)

12]5)

\[x] {tanh"\(-1)(x/a)/x}, (x/a) (2*k+1)

\[x] {tanh"\(-1)(x/a)/x"2}, tanh’(-1)(x/a)/x,
In(x2/(a"2-x"2)) 06

\[x]{coth”(-1)(x/a)}, x*coth"(-1)(x/a),
In(a"2-x"2) 006

Ux] (x*coth (-1)(x/a)},
(x2-a"2)*coth”(-1)(x/a) (4]5]

\[[x]{x"2*coth”(-1)(x/a)}, x"3*coth”(-1)(x/a),
In(x"2-a"2) 006

\I[x] {coth*(-1)(x/a)/x}, (a/x) (2*k+1)

\[[x]{coth(-1)(x/a)/x"2}, coth(-1)(x/a)/x,
In(x2/(x2-22)) 06

\[x]{x n*sinh(-1)(x/a)}, x (n+1)*sinh(-1)(x/a),

\[x]{x A D/A(x2+272)7(1/2)}

006

\[x]{x*n*cosh™(-1)(x/a)}, x*(n+1)*cosh™(-1)(x/a),

\[x]{xA e+ D/(x"2-2"2)N(1/2)}

1215)

\[[x]{x n*tanh”™(-1)(x/a)}, x(n+1)*tanh”(-1)(x/a),
M[x]{x (n+1)/(a"2-x"2)}

\M[x]{x n*coth"(-1)(x/a)}, x(n+1)*coth™(-1)(x/a),
\[x]{x (n+1)/(a"2-x"2)}

1315)

00
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Let f(x) be defined on the interval a <x < b. Ifthis interval is divided into z equal
subintervals of length Ax = (b — a)/n, then the definite interval of f(x) from x = a to
x = b is defined by the relation

\[x,a,b] {f(x)}=lim[n,\0] {...}

If f(x) is piecewise continuous (i.e. continuous on a finite number of subintervals that
constitute the interval of integration), then the limit exists.

If f(x)=(d/dx){g(x)}|, then according to the fundamental theorem of the integral

calculus, we have

\[x,a,b] {f(x)}=\I[x,a,b] {(d/dx) {g(x)} } =g(b}-g(a)

If the interval is infinite, or if f(x) has a singularity at some point of the integra-
tion interval, the definite interval is called the improper integral and can be defined
by the appropriate limits. Thus, we have

\I[x,a,\0] {f(x)}=lim[b,\0] (\I[x,a,b] {f(x)} }

M[x,-\o,\o]{f(x)}=lim[...]{...} | independently of the way that « — —o0 and b — o

\[[x,a,b] {f(x)}=lim[e,0+]{...}| if b is a singular point

I[x,a,b]{f(x)}=lim[g,0+]{...}| if a is a singular point

Cauchy’s principal value of an improper integral |\[[x,-\o,\o]{f(x)} | is defined as

the limit [lim[N,\o] {\M[x,-N,N]{f(x)} }|. Similarly, for a singular point inside the integra-

tion interval (a < ¢ < b), Cauchy’s principal value is defined as [lim[g,0+]{...}|.

Note that Cauchy’s principal value of an improper integral may exist even if the
improper integral itself does not exist.
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8.2 General Rules and Properties

>

\[x,a,b] {0\ g(O\... } 2\I[x,a,b] { (%) HI[x,2,b] {g(x) } \F-..

\[x,a,b]{c*f(x)}=c*\[[x,a,b]{f(X)}

\[x,a,a]{f(x)}=0

>

>

>

M[x,a,b]{f(x)}=-\[x,b,a]{f(x)}

\[[x,a,b] {f(x)} =\I[x,a,c]{f(x)} F\[[x,c,b] {f(x)}

\[x,a,b] {(x)*g'(x)} =f(b)*g(b)-f(a)*g(a)-\I[x,a,b]{f'(x)*g(x)}

\[[x,a,b]{f(x)}=(b-a)*f(c)

Integration by parts

, for appropriate ¢ between a and b

This is the mean value theorem for definite integrals, and is valid if /(x) is continuous
in the interval a <x < b.

\[x,a,b] {H(x)*g(x) }=f()\[x,a,b] {g(x)}

, for appropriate ¢ between a and b

This relation is a generalization of the mean value theorem, and is valid if f(x) and
g(x) are continuous on the interval @ <x < b and g(x) > 0.

>

|

(d/db){\I[x,a,b] {f(x)} }=f(b)

(d/dn) D\I[x,a(h),b(V)] {Fx,2)} ) =...

\[x,0,\0] {(f(a*x)-f(b*x))/x }=f(0-+)*In(b/a)

[Leibniz’s rule]

[Frullani’s integral]

N[x,a,b]{(f(x)} \<\[x,a,b]{[f(x)|}\<M*(b-a)|, for|f(x)|<M, a<x<b
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8.3 Various Integrals il Ext] © Use indefinite integral.

® Use beta function.
© Use complex integral.

With algebraic functions

® Expand in powers of x.

\[x,0, 1T {x /(1-x) A+1)}

\[x,0,1]1{x" n/(1+x)}

o

\I[[x,0,11{x m*(1-x)"n}, \[[x,0,1]{(xm+x"n)/(1+x)(m+n+2)},
I'(m+1)*I(n+1)/T'(m+n+2) o

\I[x,0,17{x n/(1-x)(1/2)}

\[x,0,17 {x n/(x*(1-x))N(1/2)}

\[x,0,11{x"p/(1-x"2)"(1/2)},
\[x,0,1]{x p*(1-x"2)(1/2)},
T((p+1)/2)/T(p/2+1)

\[x,0,a]{ 1/(a"2-x"2)"(1/2)}

\I[x,0,a]{(a"2-x"2)"(1/2)}

\M[x,0,a] {x"*m*(a"n-x"n)"p}, ['((m+1)/n)*I(p+1)/T'((m+1)/n+p+1)

\[[x,-a,a]{(a+x)(m-1)*(a-x)"(n-1)}, [(m)*I'(n)/T"(m+n)
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\[x,0,\0]{1/(x"2+a"2)}

\[[x,0,\0] { 1/(x"2+a"2)"n}

\I[x,0,\0] {xA(p-1)/(x+a)}

2] 3)

\[x,0,\o] {x"m/(x n+a"n)}

(213

\[[x,0,\0]{1/(a*x"2+b*x+c)}

\[x,0,\0]{x"(-p)/(x"2+2*x*cosp+1)}, sin(pe)/sing

\[x,0,\0]{x(m-1)/(a*x+b)(m+n)}, [(m)*I'(n)/I"(m+n)

12}

\[x,0,\0] {x*m/(x"*n+a’”n)"p}, ['((m+1)/n)/T'((m+1)/n-p+1)

2]

With trigonometric functions © Use indefinite integral

® Use beta function.

\[x,0,m/2]{sinx"2}, \I[x,0,m] {sinx"2} © Use complex integral

1[x,0,7/2]{cosx"2}, \I[x,0,7] {cosx"2}

M[x,0,/2]{sin(n*x)"2}, \I[x,0,7] {sin(n*x)"2}, \[[x,0,2*7| {sin(n*x)"2 }

\[x,0,m/2]{cos(n*x)"2}, \I[x,0,] {cos(n*x)"2}, \[[x,0,2*1] {cos(n*x)"2

\[[x,0,7] {sin(m*x)*sin(n*x)}, \I[[x,0,7]{cos(m*x)*cos(n*x)}
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\[x,0,7] {sin(m*x)*cos(n*x)}

\[x,0,m/2]{sinx"p}, \[[x,0,n/2]{cosx"p}, ['((p+1)/2)/T'(p/2+1)

\I[x,0,7] {x*sinx*n}, \I[x,0,7/2] {sinx"n}

M[x,0,/2]{tanx"p}, \I[x,0,7/2] {cotx"p}

\[x,0,m/2]{1/(1+tanx”n) }

\[x,0,m/2]{x/sinx}, G

M[x,0,m/2]{x"2/sinx"2}

\[[x,0,m/2]{x/tanx }

\[x,0,m] {sinx*p*sin(m*x)}, ['(p+1)/(I'((p+m)/2+1)*T((p-m)/2+1))

2]

\[x,0,/2]{cosx"p*cos(m*x)}, ['(p+1)/(I'((p+m)/2+1)*T((p-m)/2+1))

\[x,0,7] {sinxp*cos(m*x)}, ['(p+1)/(I'((p+tm)/2+1)*['((p-m)/2+1))
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\[x,0,m/2]{sinx"p*cosx"q},
T'(p+1)/2)*T'((q+1)/2)/T((p+q)/2+1))

2]

\I[x,0,n/2] { 1/(a+b*cosx)}, tan*(-1)((a-b)/(a*2-b"2)"(1/2))

\M[x,0,]{1/(a+b*cosx)}, 1/(a"2-b"2)"(1/2)

\[x,0,2*x] {1/(a+b*sinx)}, \[[x,0,2*7] {1/(a+b*cosx)},

1/(a*2-b"2)7(1/2)

06

\[x,0,2*m]{1/(1-2*a*cosx+a”2)}, 1/(1-a"2)

06

\I[x,0,1] { 1/(2"2\+2*a*b*cosx+b"2)}, 1/ja”2-b"2)|

06

\[x,0,m] {x*sinx/(1-2*a*cosx+a"2)},
In(1+a), In(1+1/a)

(3]

\[[x,0,m]{cos(m*x)/(1-2*a*cosx+a’2)}, 1/(1-a"2)

\[x,0,2*m] {1/(a+b*sinx)"2}, \[[x,0,2*] {1/(a+b*cosx)"2},

1/(2*2-5"2)(3/2)

M[x,0,m/2]{1/(a*sinx+b*cosx)"2}

o

\[x,0,2*1] {1/(atb*cosx+c*sinx)}, 1/(a"2-b"2-c"2)(1/2)

\[x,0,m/2]{1/(1\+a"2*sinx"2)}, \[[x,0,m/2]{1/(1\+a"2*cosx"2)},

(1\+a*2)7(1/2)

o

\I[x,0,m/2] { 1/(1\+a"2*sinx2)*2}, \I[x,0,1/2] { 1/(1\+a"2*cosx"2) 2},

1/(1\+a"2)7(3/2)
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\[x,0,0/2]{ 1/(b"2+a"2*tanx"2)},
\I[[x,0,1/2] {cosx/2/(a"2*sinx 2+b"2*cosx 2)}, 1/(a+b) o

\[x,0,m/2]{1/(a"2+b"2*cotx"2)},
\[x,0,m/2] {sinx"2/(a"2*sinx"2+b"2*cosx"2)}, 1/(atb) 0

\[x,0,1/2]{1/(a"2*sinx"2+b"2*cosx"2)}, a"2+b"2

o

M[x,0,1]{sin(-1)x/x}

\I[x,0,1] {tan*(-1)x/x}

\[x,0,\0] {sin(p*x)/x}, sgn(p)
(3]

\[x,0,\0] {sin(p*x)*sin(q*x)/x}, In((p+q)/(p-q)) °

\[[x,0,\0] {sin(p*x)*cos(q*x)/x}

\[x,0,\0] {sin(p*x)*sin(q*x)/x"2}

\[[x,0,\0] {sin(p*x)"2/x"2}

\[x,0,\0]{(1-cos(p*x))/x"2}

\I[x,0,\0]{(cos(p*x)-cos(q*x))/x} (also using Frullani’s integral)
©

\[x,0,\0]{(cos(p*x)-cos(q*x))/x"2}
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\[[x,0,\0] {sin(m*x)"(2*n+1)/x}
\[x,0,\0] {cos(m*x)/(x"2+a"2)}
\[x,0,\0] {x*sin(m*x)/(x"2+a"2)}
\[x,0,\0] {sin(m*x)/(x*(x"2+a"2))}
©
\I[x,0,\0]{sin(p*x)/x(1/2)}=\I[x,0,\0] {cos(p*x)/x"(1/2)}
\[x,0,\0] {sin(p*x)/x"(3/2)}
\[x,0,\0] {sinx"3/x"3}
©
\[[x,0,\0] {sinx"4/x"4}
\[[x,0,\0]{sinx/x"p}, 1/T'(p), ['(1-p)
\[x,0,\0]{cosx/x"p}, 1/T'(p), ['(1-p)
\[[x,0,\0] {tan(m*x)/x}, sgn(m)
3]
\[x,0,\0] {(tan"(-1)(p*x)-tan(-1)(q*x))/x}, In(p/q)

\[x,0,\0]{(1/(1+x"2)-cosx)/x}=y
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\[x,0,\0] {sin(a*x"2)}=\I[x,0,\0]{cos(a*x"2)}

\[x,0,\0] {sin(a*x"p)}, ['(1/p)

\[x,0,\0]{cos(a*x"p)}, ['(1/p)

3]

(3]

\[[x,0,\0] {sin(a*x"2)*cos(2*b*x)}, cos(b"2/a)-sin(b"2/a)

\[[x,0,\0]{cos(a*x"2)*cos(2*b*x)}, cos(b”2/a)+sin(b"2/a)

(2] 3]

\[[x,0,\0] {sin(a*x"2+b"2/a)*cos(2*b*x)},
\[[x,0,\0] {cos(a*x"2+b"2/a)*cos(2*¥b*x)}

(3]

With exponential functions

\I[x,0,17{1/x x}=\S[k=1,\0] { 1/k"k }

\I[x,0,1]{x*e x/(1+x)"2},
\I[x, 1,e]{Inx/(1+1nx)"2} o

\I[x,0,\0] {e"(-a*x)}

\[[x,0,\0] {x*e"(-a*x)}

\I[x,0,\0] {x/(1/2)*e~(-a*x)}

\[x,0,\0] {e/(-a*x)/(x"(1/2)}

© Use indefinite integral.
® Use complex integral.
© Use gamma function.

\[[x,0,\0]{(e"(-a*x)-e"(-b*x))/x}, In(b/a) (use Frullani’s integral)
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\[x,0,\0] {x/(e"(a*x)-1
[x,0,\0]{x/(e"(a*x)-1)} o
\[x,0,\0]{1/(e"(a*x)+1)}
(1]
\[x,0,\0] {x/(e™(a*x)+1)}
M[x,0,\0] {(1/(1+x)-e"(-x))/x }=\[x,0,\0] { 1/(e"x-1)-e"(-x)/x } =y
\[x,0,\0]{x"p*e (-a*x)}, ['(p+1) o
©
M[x,0,\0]{x"(p-1)/(e"(a*x)-1)}, B_n, I'(p), {(p)
e
[/1(x) is the gamma function, {(x) is the Riemann zeta function]|
\I[x,0,\0]{x"(p-1)/(e"(a*x)+1)}, B_n, T'(p), {(p)
e
\[x,0,\0] {x(n-1)*e (-p*x)/(e x+1))}

\[[x,0,\0] {e"(-a*x)*sin(b*x)}=b/(a"2+b"2)

\I[x,0,\0]{e"(-a*x)*cos(b*x)}=a/(a"2+b"2)

\I[x,0,\0] {x*e (-a*x)*sin(b*x) 1 =2*a*b/(a"2+b"2)"2
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\[[x,0,\0] {x*e (-a*x)*cos(b*x)}=

(a"2-b"2)/(a"2+b"2)"2 o

\[x,0,\0]{e (-a*x)*sin(b*x)/x }=
tan”(-1)(b/a)

M[x,0,\0]{x"(p-1)*e (-a*x)*sin(b*x)}, ['(p)

\[[x,0,\0]{x (p-1)*e (-a*x)*cos(b*x)}, ['(p)

\[[x,0,\0] {e"(-a*x)*sin(b*x+c)}

\I[x,0,\0]{e"(-a*x)*cos(b*x+c)}

\I[x,0,\0] {e\(-a*x)*sin(b*x)*sin(c*x)} o
\I[x,0,\0] {e(-a*x)*sin(b*x)*cos(c*x) o
\I[x,0,\0] {e"(-a*x)*cos(b*x)*cos(c*x)} o
\I[x,0,\0] {sin(p*x)*/(e"(a*x)-1)}
\I[x,0,\0] {sin(p*x)*/(e(a*x)+1)}
\I[x,0,\0]{ (e (-a*x)-e(-b*x))*cos(p*x)/x} o

\I[x,0,\0] {(e(-a*x)-e"(-b*x))*sin(p*x)/x}

\[x,0,\0] {e"(-a*x)*(1-cos(b*x))/x}
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\I[x,0,\0]{e"(-a*x)*(1-cosx)/x"2}
2]
\[x,0,\0]{e (-a*x"2)}
\[x,0,\0] {x*e"(-a*x"2)}
\[x,0,\0]{e (-a*x"2)*cos(b*x)}
M[x,0,\0]{(1-e"(-a*x"2))/x"2} Cal

\[x,0,\0]{(e"(-a*x"2-b*x-c)}, erfc(b/(2*a™(1/2)), erfc(z)=\I[u,z,\0]{e"(-u"2)}

\[x,-\0,\0] {(e"\(-a*x"2-b*x-¢)}

\[x,0,\0] {(e"(-a*x"2-b/x"2)}

\[x,0,\0] {(e(-x"2)-e\(X))/x}=Y/2

[y = Euler number]

\[x,0,\0] {(e/\(-a*x"2)-e\(-b*x"2))/x 2} =y/2

\I[x,0,\0] {x"p*er(-a*x2)}, T((p+1)/2)

\[x,0,\0] {x"p*e’(-(a*x) )}, ['((p+1)/q)

\I[x,0,\0] {x/(e"x-1)"(1/2)} | [setz= (e —1)" then @]
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With logarithmic functions © Use indefinite integral,

® Use complex integral.
\I[x,0,1]{Inx/(1\+x)} | (©, then @)

© Setx=¢".
O Set x = exp(—z?),z> 0.
\M[x,0,1]{Inx/(1+x)"2} © Use gamma function.
(1]
\I[x,0,17{Inx/(1+x"2)}

M[x,0,1]{Inx/(1-x"2)"(1/2)} (set x = cosy, then @)

M[x,0,1]{x*Inx/(1-x"2)"(1/2)} (set x = cosy, then @)

\[x,0,1]{Inx*(1-x"2)(1/2)} (set x = cosy, then @)
\I[[x,0,1]{x*Inx*(1-x"2)(1/2)}|  (set x = cosy, then @)
\I[[x,0,17{|Inx|"(1/2)}

\[[x,0,17{1/|Inx|"(1/2)}
(4]
\I[[x,0,1]{x"(p-1)/]Inx|*(1/2)}
M[x,0,1]{Inx*In(1+x)}

\[x,0,1]{Inx*In(1-x)}

\[[x,0,11{x*(p-1)*In|lnx|}=\[[x,0,\0] {e(-p*x) *Inx/e(p*x)}, ¥ 06 [y = Euler constant]
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M[x,0,1]{x"p*Inx}
()}
\I[x,0,1]{(-Inx)"p}, I'(p+1)
\[x,0,1]{x"(p-1)*Inx/(1+x)}
\I[x,0,17{x n*Inx/(1+x)}, \S[k=1,n] {(-1)"k/k"2}
\I[x,0,1]{x n*Inx/(1-x)}, \S[k=1,n] { 1/k2}
\[x,0,1]{x n*In(1-x)}, \S[k=1,n+1]{ 1/k}

\[x,0,1]{x n*In(1+x)},
\S[k=1,n+17{(-1)"k/k}, \S[k=1,n+1]{(-1)"(k-1)/k}

\I[[x,0,17{In(1\+x"p)/x}

\[x,0,1]{x"p*(-Inx)"q}, T'(q+1)

\[x,0,1]{(x p-x"q)/Inx}, In((p+1)/(q+1)) o

\[x,0,11{(x"(p-1)*sin(q*Inx)}, q/(p"2+q"2)

\[x,0,1]1{(x"(p-1)*cos(q*Inx)}, p/(p"2+q"2)
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\[[x,0,7/4]{In(sinx)}, G

\[x,0,n/4]{In(cosx)}, G

\[[x,0,7/4]{In(tanx)}, G

\[[x,0,/4]{In(1+tanx)}

\[x,0,m/4]{In(1-tanx)}, G

\[x,0,7/2] {In(sinx)}, \I[x,0,7/2] {In(cosx)}

\[x,0,m/2]{In(sinx)"2}, \[[x,0,1/2]{In(cosx)"2}

\[x,0,7/2]{In(1\+cosx)}, G

\[x,0,1/2] {In(1+tanx)}, G

\[x,0,7/2]{In(1+a*sinx"2)}, \[[x,0,7/2]{In(1+a*cosx"2)}

\I[[x,0,1/2] {In(a"2*sinx"2+b"2*cosx2)}

\[x,0,m/2]{In(a"2+b"2*tanx"2)}, \[[x,0,1/2] {In(a"2+b"2*cotx"2)}

M[x,0,7/2]{sinx*In(sinx)}, \[[x,0,7/2]{cosx(In(cosx)}

{ set y = cosx,
y =sinx, then @

\[x,0,1/2]{In(1+p*cosx)/cosx }, \[[x,0,/2] {In(1+p*sinx)/sinx }

}



142 DEFINITE INTEGRALS CHAP. 8

\[x,0,7] {x*In(sinx)} (setx=m—y)

\[[x,0,m]{In(a+b*cosx)}, In((at+(a"2-b"2)"(1/2))/2)
\I[x,0,1] {In(a"2\+2*a*b*cosx+b"2)}
\[[x,0,2*7] {In(a+b*sinx)}, \[[x,0,2*7] {In(a+b*cosx)}, In((a+(a"2-
b 2)\(1/2))/2)
\[x,0,\0] {e"(-a*x)*Inx}, v
M[x,0,\0]{x*e"(-a*x)*Inx}, v

\[x,0,\0] {x"2*e"(-a*x)*Inx}, v

\I[x,0,\0] {e(-a*x)*Inx/x(1/2)1, y

\M[x,0,\0]{e"(-a*x"2)*Inx}, y

\[[x,0,\0] {Inx*sin(a*x)/x}, v

\I[x,0,\0] {In(1\+e"(-x))}

M[x,0,\0]{Inx/(x"2+a"2)}

\I[x,0,\0] {Inx/(x"2+1)"2}

M[x,0,\0 ] {x(1/2)*Inx/(x"2+1)} o
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M[x,0,\0]{Inx/(x"2-1)}

\[x,0,\0]{Inx"2/(x"2+1)}

\[x,0,\0] {In(1+x)/(a*x+b)"2}

\I[[x,0,\0] {In(1+x)/(x"2+1)}, G (® or set x =tany)

\I[x,0,\0] {In(x"2+1)/(x"2+1)} | (@ or set x = tany)

\[[x,0,\0] {In((x"2+a"2)/(x2+b"2))}

\[x,0,\0]{x"(p-1)*Inx/(1\+x)}

\[x,0,\0]{In(1+x"p)/x(q+1)}

With hyperbolic functions © Use indefinite integral.

eu lex integral.
\I[x,0,\0] {x/sinh(a*x)} 5¢ comprex fhicgra
(2Y3) © Setx =—Iny.

\[x,0,\0]{1/cosh(a*x)}

\I[x,0,\0]{x/cosh(a*x)}, G

\[x,0,\0] {x"(p-1)/sinh(a*x)}, ['(p)*C(p)

[/ (p) is the gamma function and {(p) is the Riemann zeta function]

\[x,0,\0] {x"(p-1)/cosh(a*x)}, T'(p)
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\[x,0,\0]{sin(b*x)/sinh(a*x)}

\[[x,0,\0]{cos(b*x)/cosh(a*x)}

\I[x,0,\0] {sinh(a*x)/sinh(b*x)}

\[[x,0,\0]{cosh(a*x)/cosh(b*x)}

\I[x,0,\0] {sin(a*x)*tanh(b*x)}

\[[x,0,\0] {sin(a*x)/tanh(b*x)}

\[x,0,\0] {sinh(a*x)/(e (b*x)+1)}

\[x,0,\0] {sinh(a*x)/(e"(b*x)-1)}

\[x,0,\0] {x*e(-a*x"2)*sinh(b*x)}

\[x,0,\0] {sinh(p*x)/sinh(q*x)}

\[x,0,\0]{cosh(p*x)*sin(r*x)/sinh(q*x)}

\I[x,0,\0] {sinh(p*x)*sin(r*x)/cosh(q*x)}

\[[x,0,\0] {cosh(p*x)*cos(r*x)/cosh(q*x)}




9 ORDINARY DIFFERENTIAL EQUATIONS

An ordinary differential equation (ODE) is an equation of the form

D7), ), -y ), Y (), p(6), x] =0 {Exa_

where y'(x), y"(x), ..., Y""Y(x), y"(x) are the derivatives of y(x) with respect to x (x
is the independent variable and y is the dependent variable). The order of the dif-
ferential equation is the order » of the highest derivative that appears in the equation.
A solution of an ODE is a function y(x) that satisfies the ODE on an interval of x.

The general solution of an ODE is a solution of the form y = y(x, ¢, ¢,, ..., ¢,),
which depends on x and » arbitrary constants ¢, c,, ..., c,. If arbitrary but specific
values are assigned to the constants, we have a particular solution of the ODE. A
solution of the ODE that is not obtained from the general solution (for some values
of the constants) is called singular solution (meaning that it is a special solution).

Initial conditions are n algebraic equations of the form

V(X)) =yo Y(x) =" s y(nil)(xo) zyo(nil)
These are conditions at a point x = x,,, from which the constants c,, c,, ..., ¢, can be
determined. Thus, a particular solution of the ODE is obtained. Alternatively, the
constants can be determined from boundary conditions, meaning conditions at more
than one point in an interval of x (or the end points of the interval).

A system of ODEs is a set of ODEs that contains two or more dependent vari-
ables y,(x), y,(x), ... and their derivatives with respect to x. In general, a system of
ODEs can be reduced to a single ODE of higher order. Conversely, any ODE can
be reduced to a first order system of ODEs with the substitution of the higher order
derivatives by new dependent variables.

An initial value problem is a problem that requires us to find the particular
solution of a given ODE, which satisfies a set of given initial conditions. Similarly, a
boundary value problem is a problem that requires us to find the particular solution
of'a given ODE that satisfies a set of given boundary conditions.

A linear ODE is an ODE that is linear with respect to the dependent variable and
its derivatives. Otherwise it is nonlinear.

In the complex z-plane, if f(w, z) is an analytic function of w and z in a domain
D with z, € D, then the ODE w'= f(w, z) with given w(z,) (or a set of such ODEs)
has a unique analytic solution in a neighborhood of z = z,.
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9.2 Simple ODEs

Certain categories of simple ODEs can be easily solved with various methods.

Separable ODEs
DE: f,(x)g,(v)dx + f,(x)g,(v)dy = 0 (Exa

Solution:  \I[x]{f 1(x)/f 2(x)}AI[x]{g 2(x)/g_1(x)}=0

Exact or complete ODEs

DE: M(x, y)dx + N(x,y)dy=0 with \dMAdy=\dNAdx [ Exa |

Solution:  N[Xx]{M}H\[y{N-\dO\[x]{M})\dy}=c

where integration with Ox signifies that y is regarded as constant. Sometimes an ODE
M(x, y)dx + N(x, y)dy = 0 that is not exact, can become exact if it is multiplied with
a function /(x, y), which is called integrating factor.

Homogeneous first-order ODEs

DE: |dy/dx=F(y/x) [ Exa |

Solution:  |Inx|=\[[V]{1/(F(v)-v)}| where |v=y/x

Linear first-order ODEs

DE: |dy/dx+p(x)*y=q(x) .E

Solution: y=e"(-R)*(\[[x]{q*e"R}+c) | where R=\I[x]{p}

Bernoulli’s ODE

DE: | dy/dx+tp(x)*y=q(x)*y"n [ Exa

Solution:  |y*(1-n)=e"(-R)*((1-n)\[[x]{q*e"R}+c)| where |R=(1-n)*\I[x]{p}
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Homogeneous linear second-order ODEs with constant coefficients

DE: | y"ta*y+tb*y=0 | (a, b real constants) a

Solution: Let p,, p, be the roots of the characteristic equation p* + ap + b= 0.
If p,, p, are real and different,
’ y=c_1*e(p_1*x)+c 2%e(p 2*x) ‘

If p,, p, are real and equal,

|y=c_l*eA(p_1*x)+c_2*x*e(p_1*x) |

If p,, p, are complex conjugates with p, = p,* =k + 4i,

y=¢e"(c,cosAx + ¢,sinix)

Nonhomogeneous linear second-order ODEs with constant coefficients

DE: y"+ta*y'+b*y=r(x) (a, b real constants) [ Exa |

Solution: Let p,, p, be roots of the characteristic equation p* + ap + b = 0.

If p,, p, are real and different,

eM(p_1%x), eM(p_2*x), \[[x]{e (-p_1*x)*r(x)}, M[x]{e"(-p_2*X)*r(x)}

If p,, p, are real and equal,

eMNp_1*x), x*eNp_1*x), \[x]{e (-p_1*x)*r(x)}, \[[x]{x*e (-p_1*x)*1(x)}

If p,, p, are complex conjugates with p, = p,* =k + 4i,

e™(1c*x), M[x]{e (-ic*x)*r(x)*cos(A*x) }, \[x] {e(-ic*x)*r(x)*sin(A*x) }

Euler’s or Cauchy’s ODEs

DE: XM 2*y"+a*x*y'+b*y=r(X)
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Solution: Substituting x = e’, we obtain |(d/dt)"2 {y}+(a-1)*(d/dt) {y } +b*y=r(e’t),

a linear nonhomogeneous ODE with constant coefficients.

Legendre’s equation [ Exa |

DE: |(1-x"2)*y"-2*x*y"+n*(n+1)*y=0

Solution:  y=c¢,P(x)+c,0,(x) forintegern=>0

P (x) and Q,(x) are the Legendre polynomials and functions, respectively.

Bessel’s equation [ Exa |

DE: | x"2*y"+x*y'+(x"2-v"2)*y=0

Solution:  y=cJ (x)+c,Y (x)
J (x) and Y (x) are the Bessel functions of the first and second kind, respectively.

Modified Bessel’s equation

DE: | x"\2*y"+x*y'-(x"2+v"2)*y=0

Solution:  y=c(x)+ c,K (x)
1 (x) and K (x) are the modified Bessel functions.

Linear ODEs of order n

A linear ODE of order » has the form

a, (" +a, (YD e+ () + a (y'+ ayx)y = g(x)
with a,(x)#0. If g(x)=0, the ODE is homogeneous, otherwise it is nonhomogeneous.

The basic property of a homogeneous linear ODE is that if y,(x) and y,(x) are
solutions, then ¢, y,(x) + ¢, ,(x) is also solution.

A homogeneous linear ODE of order » has » linearly independent solutions y,,
V3 ---» ¥, The general solution of the homogeneous ODE is y, = c¢,y, + ¢,», + ... +
¢y, The general solution of the nonhomogeneous ODE is y = y, + y,, where y, is
the general solution of the corresponding homogeneous ODE and y, is a particular
solution of the nonhomogeneous ODE. The
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Finding a particular solution

A particular solution y (x) can be found with the method of variation of constants.
According to this method, we replace the constants ¢, (i =1, - - -, n) of y, with unknown
functions v/(x), i.e. we set y, =v,y, + v,», + ... + v,»,. Then, we solve the following
system of » linear algebraic equations with respect to v/ [knowing the derivatives
»Y(x) up to order n]:

D{yl(j) + véyz”) 4o Ur’,(j)yn =0, j=0,1,2,...n-2
o 0pp, 4 0, My, = g(0)/a,(x)

Finally, we integrate v, with respect to x and find the functions v,(x). [ Exa |

Nonhomogeneous linear ODEs of order n with constant coefficients

A linear ODE of order n with constant coefficients has the form
ay"+a, YW+ +ay'+ay +a,y=gx)

where a,, a,, ..., a, (a, # 0) are real constants. If g(x) = 0, it is a homogeneous linear
ODE. The corresponding characteristic equation is

-1 2 _
ap'+a, p++ap +apta,=0

If the roots p,, p,, ..., p, are all real and different, the general solution for g(x) = 0 is

y_h, e"(p_1*x), e*(p_2*x), e"(p_n*x) (Exa

If the roots (some or all) are complex conjugates, the same expression for the solu-
tion is valid, but in this case, the terms with complex conjugate exponents can be
combined into sine and cosine terms (e.g., the roots a + ib give the terms c,e“cos bx
+ c,e“sinbx). If a root x has multiplicity m, then the corresponding terms in the pre-

vious expression of the solution should be replaced by e, xe*, x%e™, ..., x" e
Finding a particular solution for g(x) # 0

A particular solution y (x) can be found with the general method of variation of
constants. A simpler method, the method of the undetermined coefficients, can be used
if g(xx) is of the form e“p,, (x) sinbx + e“q, (x) cos bx with p, (x) and g, (x) polynomials
of degree m. According to this method, we accept that a particular solution is of the
form e™P (x)sinbx + e“Q, (x)cosbx, where P, (x) and O, (x) are polynomials of
degree m, and we find their coefficients with substitution in the differential equation.
If a term of y,(x) is included in the solution y,(x) of the homogeneous ODE, then
in the candidate y,(x), this term is multiplied by x*, where k is the lowest positive
integer for which y, and the new y, do not have any common term. [ Exa |
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Solutions in power series

A function f(x) is analytic at x = x,, if its Taylor series expansion about x,

f(x)=\S[k=0,\o] {(F*((k))(x_0)*(x-x_0)"k/(k!)

converges for 0 < |x — x,| < d (interval or circle of convergence with d > 0). Such a
series converges absolutely and uniformly and can be differentiated term by term.

The homogeneous linear ODE

'+ Px)y'+ Ox) =0 (Exa

has an ordinary point at x = x if both P(x) and Q(x) are analytic functions at x = x,,.
Otherwise, it has a singular point at x = x,,.

An (isolated) singular point is a regular singular point if p(x) = (x — x,)P(x) and

q(x) = (x — x,)*O(x) are analytic at x = x,. Otherwise, it is an irregular singular point.

At an ordinary or regular singular point, there is at least one solution of the ODE
of the form

y_1=(x-x_0)"(p_1)*\S[k=0,\o]{a_k*(x-x_0)"k} [ Exa |

where the series converges and represents an analytic function for 0 < |x — x,| < d.
The exponent p,, which determines the power of x — x, outside the series, is the larger
root (or the root with the larger real part, if the roots are complex) of the indicial
equation
p*+ [p(xy) = 11p + q(x,) =0

The coefficients a, are connected by a recurrence relation which is obtained by
substituting the expansion of y, in the ODE and requiring that the final coefficient of
every power of x — x,, vanishes (Frobenius’s method).

From y,, a second linearly independent solution of the ODE can be found using

y_2=y_1)"\[x]{e"(-R)/(y_1(x))"2)}, RAI[X]{P(x)}

In series form |y 2=x*y 1(x)*Inx+(x-x_0)(p_2)*\S[k=0,\0]{b_k*(x-x_0)"k} [ Exa |

where k = 0 if p, — p, is not an integer, k = 1 if p, = p,, and k = constant if p, — p, is
a positive integer.



10 SERIES AND PRODUCTS
10.1 Definitions

A sequence f (k) or {s,} is a function defined on a set of non-negative integers k
with k > k. A translation can give ky =0 or k= 1.
. | lim[n,\o]\ .
Aseries ay+a, +a,+ay;+--- = S[k=0,n]{a K} represents the sum of a finite or

infinite number of terms, denoted briefly by Xa,, and it converges if the sequence {s,}

of the partial sums s, =|\S[k=0,n]{a_k} has a (finite) limit s as » — oo. Otherwise, the
series diverges. [ Exa |

lim{k,\" | (¢ lim[k)\
ol{a k} | | o]{a k}

If the series Xa, converges, then or the limit does not

exist, then the series diverges.

A series Xa, converges absolutely if the series |a,| + |a,| + |a,| + -+ = Z|a,]
converges. If Za, converges but X|a,| diverges, then Xa, converges conditionally.

Adding a finite number of terms to a series does not affect its convergence.
Uniform convergence

If a, is a function g,(x) of x, then we have a series of functions Za,(x) with partial
sums s,(x) that depend on x. A series Za,(x) converges uniformly if the sequence of
s,(x) converges uniformly to s(x), i.e. if there exists anumber /, such that for any given
positive real number €, we have |s, (x) — s(x)| <e forall »> N, and all x in some interval.
[Uniform convergence means essentially that N may depend on &, but not on x.]

If a series Za,(x) converges uniformly on (a, b), then witha <c <d<b
lim[x,c]{\S[k=0,\0]{a_k(x)}}=

M \S[k=0,\0] {lim[x,c]{a k(x)}} '

(2) the continuity of a,(x) implies continuity of s(x),

3) \[[x,c,d]{\S[k=0,\0]{a_k(x)}=\
S[k=0,\0] {\I[x,c,d] {a_k(x)}}
If XZa,(x) converges to s(x), a,'(x) = da,/dx exist for k=0, 1, 2, ... and if Za/(x)
converges uniformly, then s'(x) = Za,'(x).

If a power series converges on [a, b], then it converges uniformly and

lim[x,b-] {\S[k=0,\0] {a_k*x"k}=\S[k=0,\0]{a_k*b"k}}
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10.2 Tests for Convergence [ Exa |

Let Xa, and b, be two series of real positive terms (a, > 0, b, > 0).

(1) If a, < b, and b, converges, then Za, also converges. If g, > b, and Zb, diverges,
then Xq, also diverges (comparison test).
a (ktl)/a k\< .
2) If b (kt1)b k for sufficiently large k, and b, converges, then Xa, also
converges (comparison of ratio test).
a (k+1)/a k
\<L<1
then Za, diverges (ratio test).

3)If for sufficiently large k, then Xa, converges. If la_(k+1)/a k\>1,
k

(4) If |a_k~(1/k)\<L<1| for sufficiently large k, then Za, converges. If |a_k"(1/k)\>1},

then Za, diverges (root test).

(5) Letp k=k(a_k/a_(k+1)-1) If M, > M> 1 for sufficiently large k (Mis independent

of k), then Za, converges. If M, < 1, then Za, diverges (Raabe’s test).

(6) Let a constant 4 and a bounded function g(k) exist for sufficiently large &, such
a k/a (k+1)=1+h/
k+g(k)/k”2

(Gauss’s test).

that .If h > 1, Xa, converges, while if # < 1, Xa, diverges

(7) If a, < f(k), where f(x) is a real positive decreasing continuous function of x for

which the integral \I[N,\o]{f(x)} | exists for some finite integer &V, then the series

2a, converges. If the integral diverges, so does the series (integral test).

A series X(—1)"a, of alternating positive and negative terms (a, > 0) converges
(1) if a, ., <a,and lim[k,\o]{a_k}=0,

s n=\S[k=0,n]{(-
1)"k*a k}

A series of functions Xa,(x) converges uniformly in [a, b],

(2) if the sequence of the partial sums is bounded and monotonic.

(1) if there is a convergent series of constants Xh, with |a,(x)| < h, (Weierstrass
test),

(2) if a,(x) = ¢, g,(x), where g,(x) is a monotonic sequence [i.e. either g, ,,(x) < g,(x)
or g, ,,(x) > g(x)] of bounded functions [i.e. g,(x) < M for all x] and Zc, con-
verges (Abel’s test).
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10.3 Series of Constants

Arithmetic progression

Sequence: a=a, a,=a+d, ay=a+2d, ..., a,=a+(n-1)d
Sum: snzal+a2+---+an=%n(a1+an)

Geometric progression

n—1

Sequence: a,=a, a,=ar, a,=ar’, ..., a,=ar

n

Sum: s n=a_l+a 2+.+a n=a*(1-r*n)/(1-1)

With —1 <r<1 and n — oo, we have the sum of infinite terms

ata*r+a*r"2+...=a/(1-r)

Series of integers

142+3+...+n=\S[k=1,n] {k} =n*(n+1) Pro)

143+5+...+(2*n-1)=\S[k=1,n] {2*k-1}=n"2

1+8+16+..+8*n=1-1S[k=1,n] {8*k}=(2*n+1)"2

172422432+, 40" 2=\S[k=1,n] {k"2 }=n*(n+1)*(2*n+1)/6

17342734373+, 40" 3=2\S[k=1,n] {k"3 }=(1+2+...+1)"2=n"2*(n+1)"2/4

1744274437+ An4=\S[k=1,n] {k* 4} =n*(n+1)*(2*n+1)*(3*n"2+3*n-1)/30

1"m+2°m+3 m+...+n"m=\S[k=1,n]{k"m}=(B_(m+1)(n+1)-B_(m+1))/(m+1) T

1*1142%2143*31._n*n!=\S[k=1,n] {k*k! }=(n+1)!-1
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Inverse powers of integers

1-1/2+1/3-1/4+.. 2\S[k=1,\0] {(-1)"(k+1)/k} =
\S[k=0,\0]{(-1)"k/(k+1)}=In2

1-1/3+1/5-1/7+.. =\S[k=0,\0 ] { (-1 )"k/(2*k+1) } =n/4

1-1/4+1/7-1/10+...2\S[k=0,\0] { (-1)"k/(3*k+1) }=n*37(1/2)/9+1n2/3

1-1/5+1/9-1/13+...=\S[k=0,\0] { (-1 )"k/(4*k+1)} =
27 (1/2)/8+27°(1/2)*In(1+2°(1/2))/4

1/2-1/5+1/8-1/11+..2\S[k=1,\0] {(-1)"k/(3*k+2) }=
*37(1/2)/9-1n2/3

1/172+1/27°2+1/3"2+...=\S[k=1,\0] { 1/k"2}=n"2/6

1/1/3+1/2/3+1/3/3+..2\S[k=1,\0] { 1/k"3}=((3)

1/174+1/2M44+1/3M+.. 2AS[k=1,\0]{ 1 /k"4}=1"4/90

1/17°5+1/275+1/375+..=\S[k=1,\0] { 1/k"5}=((5)

1/176+1/276+1/376+...=\S[k=1,\0] { 1/k"6 }=n"6/945

1/17%+1/22%+1/3 x+...=\S[k=1,\0] { 1/k"x } ={(x)

1/1°2-1/272+1/372-..2\S[k=1,\0] {(-1 )" (k+1)/k 2} =n"2/12

1/173-1/2/3+1/373-.. 2\S[k=1,\0] { (-1 )" (k+1)/k"31=3*{(3)/4
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1/1°4-1/274+1/3M-.. 2\S[k=1,\0] { (-1 )"(k+1)/k 4} =T*1"4/720

1/1°6-1/276+1/376-..2\S[k=1,\0] { (- 1) (k+1 k"6 }=31*71°6/30240

1/17%-1/27x+1/3%-.. =\S[k=1,\0] { (- D (k+1)/k"x }=(1-2"(1-X)) *{(x)

1/1°2+1/372+1/572+.. =\S[k=0,\0] { 1/(2*k+1)"2} =n"2/8

1/1°3+1/3/3+1/5"3+..2\S[k=0,\0] { 1/(2*k+1)"3} =7*((3)/8

1/174+1/374+1/5M+.. 2\S[k=0,\0] { 1/(2*k+1)"4} =n"4/96

1/176+1/376+1/576+...=\S[k=0,\0] { 1/(2*k+1)"6 } =n"6/960

1/17%+1/3°%+1/5"x+... 2\S[k=0,\0] { 1/(2*k+1)*x}=(1-1/2"x)*{(x)

1/1°2-1/372+1/5"2-..2\S[k=0,\0] { (-1 )"k/(2*k+1)"2} =G

[Cafalan constanm

1/1/3-1/3/3+1/5"3-..=\S[k=0,\0] { (- 1)"k/(2*k+1)"3}=n*3/32

1/1°4-1/374+1/5"4-..2\S[k=0,\0] { (-1 )"k/(2*k+1)"4}

1/1°3+1/3/3-1/5/3-1/7"3+..=
\S[k=0,\0] {(~ 1) K/(1/(4*k+ 1) 3+1/(4¥k+3)"3) =3m"2%27(1/2)/128

V(1#2)+1/(2%3)+ 1/(3*%4)+1/(4*5)+..=
\S[k=1,\0]{ L/(k*(k+1))}=1

V(1#3)+1/(3*5)+ 1/(5*T)+1/(T*9)+..=
\S[k=1,\0] {(1/((2*k-1)*(2*k+1))=1/2
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V(1*3)+ 1/(2*4)+1/(3*5)+ 1/(4%6)+..=
\S[k=1,\o] {(1/(k*(k+2))}=3/4

V(1*3)F1/(2%5)+ 1/(3* )+ 1/(4%9)+..=

\S[k=1,\o] {(1/(k*(2*k+1))=2-2*In2
1/((atb)*(2*atb))+ 1/((2*atb)*(3*atb))t..=
\S[k=1,\o] {(1/((a*k+b)*(a*k+b+a))}=1/(a*(atb))
1(172%372)+1/(372*5 )+ /(572 T 2)+.. =
\S[k=1,\0] {(1/((2*k-1)*(2*k+1))"2} =(n"2-8)/16
[k=L\o] {(1/(( )*¥(2*k+1))"2}=(n"2-8)
1/(172%272%3M2)+1/(27 2% 3 2% 4N D)+ 1 /(3N 2% 4M %5 D)t =
\S[k=1,\0] {(1/(k*(k+1)*(k+2)) 2} =(4*1"2-39)/16
1/a-1/(a+b)+1/(a+2*b)-1/(a+3%*b)+..2\I[0,1] {x (a-1)/(1+x"b)}
1/1°A2*n)+1/2°2%n)+1/37(2*n)+.. =\S[1,\o] { I/k*(2*n)}, B_ (2*n)
1/1AQ2*n)+1/37(2%n)+1/57(2*n)+...=\S[0,\0] { 1/(2*k+1)"(2*n)}, B_(2*n)

1/17(2%n)-1/2°(2*n)+1/37(2*n)-...2\S[1,\0] { (- ) (k+1 )k~ (2*n)}, B_(2*n)

1A2*n+1)-1/37N2*n+ 1)+ 1/572%*n+1)-..—
\S[0,\0]{(-1)"K/(2*k+1)(2*n+1)}, E (2*n)

VQAT*D)H1/Q2A2%2)+ 1/(273%3 )+ 1/(2 4% 4 )+ =
\S[k=1,\0] {(1/(2"k*k)}=In2

VQATF1IA2) /(2 2% 22+ 1 /(2N 3* 37 2)+ 1 /(M4 * 4/ 2)+.. =
\S[k=1,\0] {(1/(2"k*k"2)}=n"2/12-1n2"2/2

1/01+1/114+1/2141/31+...=\S[k=0,\0] {(1/k! } =¢

1/01-1/11+1/21-1/31+.. 2\S[k=0,\0] {(-1)"k/k! }=1/e
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1O 1/214 /414 1/61+...2\S[k=0,\0] {(1/(2*k) ! }=(e+e/(-1))/2

VTH1/3141/5141/7 1. 2\S[k=0,\0] {(1/(2*k+1)1 }=(e-e/(-1))/2

10.4 Series of Functions

Polynomials

(x + a)* =x* + 2ax + x*

(x+a)=x*+3ax* +3d*x + a’

(x +a)* =x*+4ax’® + 6a°* + 4a’x + a*

(x+a)’ =x+Sax* + 10a’ + 10a’x* + Sa*x + + &

(x+ a)® = x° + 6ax’ + 15a’* + 20a°%* + 15a*%* +6a’x + a®

(x+a) =x"+Tax® + 21a* + 35a°x* + 35a*® + 21a’x* + Talx + d’

Sines and cosines

sinx+sin(2*x)+sin(3*x)+...+sin(n*x)=\S[k=1,n] {sin(k*x) }

cosx+tcos(2*x)+cos(3*x)+...+cos(n*x)=\S[k=1,n] {cos(k*x)}

sinx+sin(3*x)+sin(5*x)+...+sin((2*n-1)*x)=
\S[k=1,n]{sin((2*k-1)*x)} =sin(n*x)"2/sinx

cosx+cos(3*x)+cos(5*x)+...+cos((2*n-1)*x)= [ Pro |
\S[k=1,n]{cos((2*¥k-1)*x)}=sin(2*n*x)/(2*sinx)

sinx-sin(3*x)+sin(5*x)-...+(-1)"(n+1)*sin((2*n-1)*x)=
\S[k=1,n]{(-1)"(k+1)*sin((2*k-1)*x) }=(-1)"(n+1)*sin(2*n*x)/(2*cosx)

cosx-cos(2¥x)+cos(3*x)-...+(-1)N(n+1)*cos(n*x)=
\S[k=1,n]{(-D"(k+1)*cos(k*x)}
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sinx+2*sin(2*x)+3*sin(3*x)+...+n*sin(n*x)=\S[k=1,n] {k*sin(k*x)}

cosx+2*cos(2*x)+3*cos(3*x)+...+n*cos(n*x)=\S[k=1,n] {k*cos(k*x)}

\

r¥sinx+r"2*sin(2*x)+r*3*sin(3*x)+...+r n*sin(n*x)=\S[k=1,n] {r"k*sin(k*x

——

I+r*cosx+1"2*cos(2*x)+1"3*cos(3*x)+... 1 n*cos(n*x)=\S[k=0,n] {r"k*cos(k*x)}

r¥*sinx-+r 2*sin(2*x)+r*3*sin(3*x)+...=\S[k=1,\o] {r"k*sin(k*x) }

1+r¥*cosx+r"2*cos(2*x)+r"3*cos(3*x)+...=\S[k=0,\0 ] {r"k*cos(k*x)}

Taylor and Maclaurin series

If f(x) has continuous derivatives up to order #, then

f(x)=f(a)+f'(a)*(x-a)+{"(a)*(x-a)"2/2!+... +f*((n-1))(a)*(x-a)(n-1)/(n-1)!+R _n

where R, is the balance or remainder after n terms and, with an appropriate ¢ between
a and x, it is written as

R_n=f((m))(§)*(x-a)'n/n!| or R n=((n))(§)*(x-§)"(n-1)*(x-a)/(n-1)!

(Lagrange’s formula) (Cauchy’s formula)
If limR, =0, we obtain the Taylor series or Taylor expansion of f(x) for x = a. If

X—>00

a = 0, the series is often called a Maclaurin series. A Taylor (or Maclaurin) series
generally converges for any x in an interval, which is called the interval of con-
vergence, and it diverges outside this interval.

For functions of two variables, we have
S, y)=7(a, b) +f(a, b)(x —a) +f(a, b)(y — b)
+ % [fii(a, b)(x = a)* +2f, (a, b)(x — a)(y — b) +f,,(a, b)(y — b)*] + ---

where f(a, b), f,(a, D), ... are the partial derivatives with respect to x, y, ... evaluated
at the pointx=a, y = b.
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Binomial expansions

\S{1/(14x)}
\S{1/(14x)"2}
\S{1/(14+x)*3}

(I+x)*=1—-4x+10x* - 20x* +35x* — .-, —1<x<1
(1+x)°=1-5x+15x* =352 + 70x* — -+, -1<x<1

(I+x)%=1-6x+21x*-56x>+126x*—---, —1<x<1

\S{1/(14x)7(1/2)}

\S{(1+x)7(1/2)}

\S{1/(14x)7(1/3)}

\S{(1+x)7(1/3)}

\S{1/(1+x)7(1/4)}

\S{(1+x)"(1/4)}

\S{1/(14%)°(3/2)}

\S{(1+x)°(3/2)}

\S{1/(14%)7(5/2)}

\S{(14x)N(5/2)}
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Forn=1,2,3,... and any x
(x+a) n=x"n+n*a*x"(n-1)+n*(n-1)*a"2*x"\(n-2)/2!+...=
x n+(n;1)*a*xN(n-1)+(n;2)*a"2*x(n-2)+...(n;n)*an=
\S[k=0,n]{(n;k)*a"k*x"(n-k)
For any real 7 and -1 <x <1
(1) r=1+r*x+r¥(r-1)*x72/21+.. . =\S[k=0,\o ] { (r;k) *x"k }
Rational functions
\S{(1+x)/(1-x)"2}, \S[k=0,\0]{ (2*k+1)*x"k}
\S{(1+x)/(1-x)"3}, \S[k=0,\0o] {(k-+1)"2*x"k}
\S{(1+6*x+x"2)/(1-x)"3}, \S[k=0,\0] {(2*k+1)"2*x"k}
\S{(a+(b-a)*x)/(1-x)"2}, \S[k=0,\0]{(atk*b)*x"k}
Trigonometric functions
\S {sinx }
\S{1/sinx}, B_(2*¥k)

\S{1/sinx}

\S{1/sinx"2}

\S{cosx}
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\S{1/cosx}, E_(2*k)

\S{1/cosx}

\S{1/cosx"2}

\S{tanx}, B_(2*k)

\S {tanx }

\S{cotx}, B_(2*k)

\S{cotx}

\S{sin(-1)x}

\S{cos"(-1)x}=\S{n/2-sin(-1)x}

\S{tan’(-1)x}

\S{cot"(-1)x}=\S {m/2-tan"(-1)x}

\S{sin*(-1)x"2}
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\S{erx1=\S[k=0,\0] {x k/k!}

\S{a"x}=\S{e"(x*Ina)}

\S{In(14x)}

\S{In|(14x)/(1-x)[}

\S {Inx}

\S{Inx}

\S{In(1+(1+x"2)~(1/2))}

\S{In(14+x)/(1+x)}

\S{e sinx}

\S{e"cosx}

\S{e"tanx}

\S{e"x*sinx}

\S{e"x*cosx}
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\S{In|sinx|}, Injx|, B_(2*k)

\S{In|cosx|}, B _(2*k)
\S{Injtanx|}, In|x|, B_(2*k)
Hyperbolic functions
\S {sinhx}, \S[k=0,\0] {x(2*k+1)/(2*k+1)!}
\S{1/sinhx}, B_(2*k)
\S{1/sinhx}
\S{coshx}, \S[k=0,\0]{x"(2*k)/(2*k)!}
\S{1/coshx}, E_(2*k)
\S{1/coshx}
\S{tanhx}, B (2*k)
\S {tanhx }
\S{cothx}, B (2*k)

\S{cothx}
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\S{sinh"(-1)x}, In|x|

\S{cosh(-1)x}, In[x]

\S{tanh*(-1)x}, \S[k=0,\0] {x (2*k+1)/(2*k+1)}

\S{coth (-1)x}, \S[k=0,\0]{ 1/((2*k+1)*x (2*k+1))}

Multiplication of series

If | f(x)=\S[k=0,\0] {a_k*x"k} and |g(x)=\S[k=0,\0]{b_k*xk}, then

f(x)*g(x), \S[k=0,\0] \S[i=0,k] {a_(k-i)*b_i)}x"k}

Inversion of series

If y=ax+bl+e’+dit+ex’+fxl+g+-. (@#0)

then x=Ay+By*+ Cy*+ Dy*+ Ey° + Fy* + Gy' + -

where ad =1, a@B=—-b,
a’C=2b* - ac, a'D = Sabc — 5b° — d%d,
&FE = 6a°bd + 3a*c* — d’e + 14b* — 21ab’c,
a''F = Ta’be + 84ab’c + Ta’cd — 28a*bc* — a'f — 28a*b*d — 42b°,
aG =8a'bf + 8a'ce + 4a'd” + 120a*h*d + 180a°b*c* + 132b°

—a’g —36a’b’e — 72a’bed — 12a°c® — 330ab’c.
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10.5 Infinite Products

Definitions

Let {g,} with g, > 0 be a sequence of constants or functions defined for £ > 1
(or k> 0). We form the sequence of partial products

p_n=.=\P[k=1,n]{g_k}

and define the infinite product

P=\P[k=1,\o0]{g_k}=lim[n,\o]{p n}

denoted briefly by Ilg,. If the limit exists, is finite and different than zero, then the
infinite product converges. If the limit does not exist, is infinite, or is equal to zero,
the infinite product diverges. Often we use the notation g, = 1 + a, and write

P=lim[n,\o]{\P[k=1,n]{1+a_k}}

or briefly, II(1+ a,). If II(1 + |a,|) converges, I1(1+ a,) is said to converge absolutely.
Since In(Ilg,) = ZIng,, the convergence of an infinite product can be tested from
the convergence of an infinite series. Some useful theorems include the following:
1. Ilg, converges if and only if XIng, converges.
2. If the infinite product II(1 + a,) converges, then a, — 0 as k — oo.
3.1f 0 <@g, <1 and Za, converges, then II(1 + g;) and II(1 — a,) converge. Alter-
natively, if 0 < g, <1 and Za, diverges, then I1(1 + @,) and I1(1 — a,) diverge.

Numerical products

(1+1/1)*(1-1/2)*(1+1/3)..=\P[k=1,\0] { 1-(-1)"k/k} =1

(1-1/272)*(1-1/372)*(1-1/4"2)..=\P[k=2,\0] { 1-1/k"2}=1/2

(1-2/273+1)*(1-2/(373+1)*(1-2/(4"3+1))..=\P[k=2,\0] { 1-2/(k*3+1)} =2/3

(1+1/1)%(1-1/3)*(1+1/5)..2\P[k=1,\0] { 1-(-1 )"k/(2*k-1)}=2/(1/2)
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(1-1/272)*(1-1/472)*(1-1/6"2).. =\P[k=1,\0] { 1-1/(2*k)"2}=2/n

(1-1/372)%(1-1/5"2)*(1-1/7°2).. =\P[k=1,\0] { 1-1/(2*k+1) 2 } =n/4

(14+1/2°2)%(1+1/3/2)*(1+1/42).. =\P[k=2,\0] { 1 +1/k"2 }=sinhn/n

(2%2/(1%3))*(4*4/(3*5))*(6*6/(5*7))...=\P[k=1,\0] { 1+ 1/((2*k-1)*(2*k+1))} =n/2

[Wallis’s formula]

Products of functions

For expansions of x" — y2", x2" + y21 x 211 — 2+l 2l 4 32041 gee Sec. 2.1.

\P{1/(1-x)}

\P{sinx }

\P{cosx}

\P {sinhx }

\P{coshx}

\P {sinx/x}=...=\P[k=1,\0]{cos(x/2"k)}

\P{cos(n*x/4)-sin(n*x/4)}

\P{x!}




11 FOURIER SERIES
11.1 Definitions

Let f(x) be a function defined on the interval / = (c, ¢ + 2L), where ¢ and L are
constants. The corresponding Fourier series F(x) is a function defined in (—o0, o) by

F(x)=a_0/2+\S[k=1,\0]{a_k*cos(k*n*x/L)+b_k*sin(k*n*x/L)}

where (k=0,1,2,...)

a_k=(1/Ly"\I[x,c,c+2*L] {f(x)*cos(k*m*x/L)}, b_k=(1/L)*\I[x,c,c+2*L] {f(x)*sin(k*m*x/L)}

Obviously, F(x) is defined in (-0, ) but depends only on the values of f(x) in /.
Convergence of F(x)

If f(x) is defined on the interval / (except perhaps at a finite number of points),
and f(x) and f"'(x) are piecewise continuous, then at any point of / the Fourier series

F(x) converges. If f(x) is continuous at x, then F'(x) = f(x). If f(x) is discontinuous
at x, then F'(x) = %{f(x +0)+ f(x—0)}. Usually, /= (0, 27) or [ = (-x, 7). Inf

If f(x) is defined outside / by its periodic extension, i.e. f(x + 2L) = f(x), then
the Fourier series F'(x) converges as above to f(x) or to %{f x+0)+f(x—0)} at
any point of (—oo, o). At a point x = ¢ = 2nL, where n =0, 1, ..., the Fourier series
F(x) converges to %{f (¢ +0)+f(c+2L—-0)}. Thus, in all cases the values of F(x)
in (—o0, 00) are determined by the values of f(x) in /= (¢, ¢ + 2L).

The previous are sufficient but not neccessary conditions. They are known as
Dirichlet conditions and can be found in various formulations. The
Complex form of Fourier series

Using complex numbers, we can write the Fourier series of f(x) in its complex
form

F(X):\S [k,-\o,\()] {C_k*eA(i*k*n*X/L)}

where ¢ k=(1/(2*L))*\I[x,c,c-+2*L] {f(x)*e"(-i*k*n/L)} Ext

At the points of discontinuity, F'(x) converges always to %{f (x+0)+f(x—0)}.

167
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11.2 Properties

Even and odd functions

If f(x) is odd, i.e. if f(—x) = —f(x), then the Fourier series F'(x) includes only
sines. If f(x) is even, i.e. if f(—x) = f(x), then the Fourier series F'(x) includes only
cosines and (possibly) a constant term.

Parseval’s identities

Let the coefficients of the Fourier series of f(x) and g(x) be a,, b, and a,, B,,
respectively. These coefficients satisfy Parseval’s identities:
(1/LYR[x,c,c+2*L]{f(x)"2}=
a_0"2/2+\S[k=1,\o]{a_k"2+b k"2}

(I/L)M[x,c,ct2*L]{f(x)*g(x)} =
a_0*q_0/2+\S[k=1,\0]{a_k*a_k+b _k*B_k}

Convergence

Let f“(x),i=0, ..., n, satisfy the Dirichlet conditions, be bounded in (c, ¢ + 2L),
and have fO(c + 0) = f(c +2L - 0) fori=0, 1, ..., n — 1. Then the Fourier coef-
ficients £, (a, or b)) of f(x) satisfy | f,| < A/k" "', where 4 is some positive constant.
Near discontinuities, the Gibbs phenomenon dominates the behavior of F(x).

If a Fourier series Zu,(x) converges uniformly in an interval (a, b), then it con-
verges uniformly to a continuous function f(x).

Differentiation of Fourier series

Let the Fourier series of f(x) be Xu,(x). If the series Xu,'(x) of the derivatives
u,/(x) = du,(x)/dx converges uniformly, then

(d/dx) \SLIH{u_k(x)}=\S[.]{u_k'(x)}

i.e. the interchange of the order of differentiation and summation is allowed.

Integration of Fourier series

If the Fourier series Zu,(x) of f(x) converges, then \S[,]{\[[x]{u_k(x)}}| also
converges and we have

MIXIOSLHu_k(x)§ = and | XBINSLI{u k(X)) =
\SLIM[x]{u_ k(x)} } \S[LI{\[[x,a,b]{u_k(x)}}
i.e. the interchange of the order of integration and summation is allowed.
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11.3 Applications

Boundary value problems

Natural phenomena that evolve in time or extend in two or more dimensions are
described simply by linear partial differential equations with w as the dependent and
x, y as the independent variables. In many cases, separation of variables gives solu-
tions of the form w = X g, (x)A,(y), where g,(x) [or /,(y)] satisfies the ordinary dif-
ferential equation g,"(x) + w*(k) g, = 0 with solutions cos w(k)x and sinw(k)x. Hence,
w is essentially a Fourier series with respect to x with coefficients that depend on y.

The displacement y(x, 7) at a point x of a string of length L satisfies the wave equa-

[ (dAdoyr2y= o
tion . If at = 0 the shape of the string is given by y(x, 0) = f(x), we
2 2 (dAXA2y p gisg y y(x, 0) =f(x)
expand y(x, 7) and f(x) in Fourier series so that the initial condition is fulfilled. [}

(\dAdtyu=
*(\d/\dx) 2u |
If at # = 0 the distribution of the temperature is given by f(x), we expand f(x) in a
Fourier series so that u(x, 0) = X g,(x)h,(0) = f(x).

The temperature u(x, 7) along a thin bar of length L is described by

\dA\dx)"2V+
The electric potential in a rectangle satisfies the Laplace equation ( X) )
_ _ ) ) \dA\dy)"2V=
Each side of the rectangle is kept at a prescribed potential. We want V(x, »).

Calculation of series of constants

Since F(x) = f(x) at a point of continuity, or F'(x) = 5{f(x + 0) + f(x — 0)} at a
point of discontinuity of f(x), we can obtain equations of the form F'(x,) = const.,
where F'(x,) is a series of constants. Thus, we can evaluate series of constants using
the Fourier series of known functions. The following are examples: [ Exa |
\S[k=1,\0]{1/(2*k-

"2} =n"2/8

\S[k=1,\o]{1/((2*k-

D*Q2*k+1))}=1/2 |

\S[k=1,\o]{(-
DAk+1)/k}=In2]
f(x)=n"4/90-n"2*x"2/| o F(0)=f(0)=n"4/90,
1247 x73/12-x74/48 - == 8 \S[k=1,\o]{1/k"4}=n"4/90

\S[k=1,\o]{(-1)"k/(k"2+a"2)}=
(a*n-sinh(a*))/(2*a"2*sinh(a*m))}|

f(x) = |x|, 7w < x <m, gives F(—r) = f(—r) = n from which

f(x) =|sinx|, -t < x <=, gives F'(0) =f(0) = 0 from which

f(x) =In[cos(x/2)], —& <x <z, gives F(0) = £(0) = 0 from which

f(x)=coshax, -t <x <, gives F(0) = £(0) =1 and
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11.4 Tables of Fourier series

In each case below, the following are given: the function f(x) with the interval /=

(c, ¢ +2L), the Fourier series F'(x), the discontinuities x, of /(x), and the values F(x,),

the graphs of f(x) in red and | F n(x)=a 02+\S[k=1,n]{a_k¥cos(k*t*x/L)th k*sink*z*x/L)} | in green.

Odd functions

f(x)=-1:-1<x<0;1:0<x<m

Graphs of f(x) and F,(x)
\F {-1:-1<x<0;1:0<x<m}
X = nm, Fx)=0 Fig. 11-1: f(x) —, F,,(x) —
fx)=x, —rw<x<=m
\F{x:-m<x<mt} Graphs of f(x) and F(x)
x,=(2n\F{r, F(x,)=0

Fig. 11-2: f(x) —, F|(x) —

f(x)=-(n+x)/2:-1\<x<0);
(-x)/2:0<x\<mt}

Graphs of f(x) and F,(x)
\F(x)={-(m+x)/2:-7\<x<0;(7-
X)/2:0<x\<m}

Xy=2nm, F(xy) =0 Fig. 11-3: f(x) —, F,,(x) —

f(x)=-x"2:-1<x<0;x"2:0\<x<m

Graphs of f(x) and F,(x)

\F {-x"2:-1<x<0;x"2:0\<x <t}

X, = (2}1 + 1)75, F(xd) =0 Flg. 11-4: f(x) -_— Flo(x) -
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f(x)=-cosx:-t<x<0;cosx:0<x<m

\F {-cosx:-m<x<0;cosx:0<x<m}

x,=nm, F(x;,)=0

Graphs of f(x) and F}(x)

Fig. 11-5: f(x) —, F5(x) —

J @) =x(z —x)(z + x),

\F{x*(n-x)*(m+x):-m\<x<m}

x,: None.

—mT<x<mw

Graphs of f(x) and F;(x)

Fig. 11-6: f(x) —, F(x) —

f(x)=x*(m+x):-1<x<0;x*(n-x):0<x<1

\F {x*(m+x):-m<x<0;x*(1-X):0<x<m}

x,: None.

Graphs of f(x) and F,(x)

Fig 11-7: f(x) —, F,(x) —

f(x)=sinax, -w<x<m,

\F {sin(a*x):-m<x<m}

x,=@2n+ Drm, F(x,)=0

a # integer

Graphs of f(x) and F,(x)

Fig. 11-8: a=1.5, f(x) —, F,y(x) —

f(x)=sinhax, -rw<x<=m

\F {sinh(a*x):-m<x<m}

x,=2n+Drm, F(x,))=0

Graphs of f(x) and F,(x)

Fig. 11-9: a=2, f(x) —, F),(x) —
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Even functions
f(x)=0:-m\<x<-a;
b:-a<x<a;0:a<x<m
\F{0:-m\<x<-a; Graphs of f(x) and F(x)
b:-a<x<m;0:a<x<m}
x,=2nwr+a, F(x,)=0b/2 .
Fig. 11-10: 2ab =1, f(x) —, F,(x) —

f(x)=|x|:-m\<x<m

\F{|x|:-m\<x<m}

x,: None.

Graphs of f(x) and Fy(x)

Fig. 11-11: f(x) —, F{(x) —

f(x)=x*, —w<x<rm

\F{x"2:-m<x\<m}

x,: None

Graphs of f(x) and Fy(x)

Fig. 11-12: f(x) —, Fy(x) —

f(x)=-x*(n+x):-m\<x\<0;

X*(1-X):0\<x<m

Graphs of f(x) and F,(x)
ok . .
\F {-x*(m+x):-m\<x\<0;
x*(1-x):0\<x<rm}
X, : None. Fig. 11-13: £(x) —, F},(x) —
f()=lsinx|, —w<x<m
\F {|sinx|:-m\<x<mt} Graphs of f(x) and F(x)

x,: None.

Fig. 11-14: f(x) —, Fy(x) —
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f(x)=1:-n<x<-m+a;

0:-mta<x<m-a;l:m-a<x<m

Graphs of f(x) and F(x)
\F{1:-n<x<-m+a;
0:-mt+a<x<m-a;l:m-a<x<m}
x,=@n+ Dr+a, F(x)=05 Fig. 11-15: a =1, f(x) —, F},(x) —
f(x)=cosax, —-w<x<m, a#integer
Graphs of f(x) and F(x)

\F {cos(a*x):-m\<x<m}

x, : None.
Fig. 11-16: a=1.5, f(x) —, F{(x) —

f(x)=coshax, —-w<x<m

\F {cosh(a*x):-m\<x<m} Graphs of f(x) and F(x)

x,: None.
Fig. 11-17: a=1, f(x) —, F,(x) —

fx)= 1n|sin%x|, —r<x<m x#0
\F{In[sin(x/2)|:-m\<x\<m} Graphs of f(x) and F(x)

x,=2nm, F(x,) diverges.
Fig. 11-18: f(x) —, F,(x) —

fx) = ln(cos%x), —T<x<mw

\F {In(cos(x/2)):-t<x<m} Graphs of f(x) and F4(x)

x,=(2n+ Dz, F(x,) diverges.

Fig. 11-19: f(x) —, F,(x) —
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Other functions

fx)=x, 0<x<2xm

\F {x:0<x<2*r} Graphs of f(x) and F,(x)

x,=2nm, F(x))=n

Fig. 11-20: f(x) —, F,(x) —

fW=tr-tm+le, 0<x<on

\F {m2/6-m*x/2+x2/4:0\<x\<2 %1} Graphs of /(x) and F(x)

x,: None.
Fig. 11-21: f(x) =—, F(x) —

f(x)=n"2*x/6-n*x"2/4+x"3/12

0<x<2r Graphs of f(x) and F(x)

\F{mA2%x/6-m*x 2/4+x"3/12:0\<x\<2 * 7}

Fig. 11-22: f(x) =—, F}(x) —
x,: None.

f(x)=n"4/90-m"2*x"2/12+1%x"3/12-x"4/48

0<x<2r Graphs of f(x) and F;(x)

\F{n"4/90-n"2*x"2/12+n*x"3/12-x"4/
48:0\<x\<2*m}

X, None. Fig. 11-23: f(x) —, Fy(x) —

f(X)=n"4%x/90-T"2*x3/36-+m*x 4/48-
x"5/240

0<x<2r Graphs of f(x) and F(x)

\F{n"4*x/90-n"2*x"3/36+n*x"4/48-
x"5/240:0\<x\<2*m}

Fig. 11-24: f(x) —, Fy(x) —

x,: None.
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f(x)=0:-1<x<0;s1inx:0\<x\<xt

\F {0:-n<x<0;sinx:0\<x\<m}

x,: None.

Graphs of f(x) and F(x)

Fig. 11-25: f(x) —, Fy(x) —

fx)=e*, —w<x<m

\F{e"N(a*x):-m<x<m}

Graphs of f(x) and F,(x)

x,=(2n+ Dr, F(x,) =coshar

Fig. 11-26: a =1, f(x) —, F,,(x) —

f(x)=1/(1-2*a*cosx+a’2):-m\<x<m

\F{1/(1-2*a*cosx+a’2):-m\<x<m}

x,: None.

Graphs of f(x) and Fy(x)

Fig. 11-27: a=1, f(x) —, Fy(x) —

f(x)=a*sinx/(1-2*a*cosx+a’2):-m\<x<mn

\F{a*sinx/(1-2*a*cosx+a’2):-
T\<X<m}

x,: None.

Graphs of f(x) and F(x)

Fig. 11-28: a=1, f(x) —, F,(x) —

T\<X<T

f(x)=(1-a*cosx)/(1-2*a*cosx+a"2):-

\F{(1-a*cosx)/(1-2*a*cosx+a"2):-
T\<x<m}

x,: None.

Graphs of f(x) and F(x)

Fig. 11-29: a =1, f(x) —, Fy(x) —
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f(x)=In(1 —2acosx + a*),

—r<x<m, |a<1

Graphs of f(x) and F;(x)
\F{In(1-2*a*cosx+a"2):-m\<x<m} ’

x,: None.
Fig. 11-30: a=1, f(x) —, F(x) —

f(x)={In((1+2*a*cosx+a"2)/(1-
2*a*cosx+a2):-m\<x<m

\F{In((1+2*a*cosx+a*2)/(1- Graphs of f(x) and F(x)

2*a*cosx+a2):-m\<x<m}

%y : None. Fig. 11-31: a=1, f(x) —, Fy(x) —

f(x)=tan”(-1)(a*sinx/(1-a*cosx)):-

m\<X<m
Graphs of dF
\F {tan”\(-1)(a*sinx/(1-a*cosx)):- raphs of /(x) and F(x)
T\<X<T}
x4 None. Fig. 11-32: a=1, f(x) —, Fy(x) —
f(x)=(1/2)*tan’(-1)(2*a*sinx/(1-
an2)):-m\<x<m
\F{(1/2)*tan’(-1)(2*a*sinx/(1- Graphs of /(x) and £(x)
an2)):-m\<x<m}
%, + None. Fig. 11-33: a=1, f(x) —, Fy(x) —
f(x)=(1/2)*tan(-1)(2*a*cosx/(1-
ar2)):-m\<x<n
hs of F
\F{(1/2)*tan"(-1)(2*a*cosx/(1- Graphs of /(x) and F(x)
an2)):-m\<x<m}

x, : None. Fig. 11-34: a=1, f(x) —, Fy(x) —




12 VECTOR ANALYSIS

12.1 Definitions

Scalars and vectors

A quantity that is expressed by only one (usually real) number is a scalar.
Examples are the density and the temperature at a point.

A quantity that is expressed by an ordered set of (usually real) numbers is a
vector (more precisely, a vector follows some specific transformation rules from one
system of coordinates to another). Examples are the velocity of a moving fluid at a
point and the gravitational field at a point in space (in Newtonian Mechanics).

A vector is represented by an arrow. In
a Euclidean space the magnitude 4 = |A|
of a vector is its length and the direction
is the arrow’s direction. A unit vector is a
vector that has a magnitude of 1. The

Components of a vector Components of a vector

In a Cartesian system of coordinates,
the unit vectors in the directions of the
axes x, y, and z are denoted i, j, and k,
respectively. The three components of the
vector A are A4,i, 4,j, A;k. We have A =
Aji+A,j+ A4k and Fig. 12-1

A=|AJ=(A_1°2+A 2/2+A 3/2)7(1/2)

12.2 Summation, Subtraction and Multiplication

If A, B, C are vectors and r, s scalars, then

A+B=B+A Commutative law for addition
A+(B+C)=(A+B)+C Associative law for addition

rA = Ar, r(sA)=(rs)A=s(rA) Rules for multiplication with scalar
(r+s)A=rA+sA Distributive law
"A+B)=rA+B Distributive law

These properties are also presented in Fig.12-2.

177
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Summation, subtraction and multiplication

Fig. 12-2
12.3 Products of Vectors
Dot or scalar product

A‘B =ABcosf 0<0<r

where 4 = |A|, B =|B| and 6 is the angle between A and B.
Let A=A4,i+A,j+A;kand B =B|i+ B,j + B,k. Then
A‘-B=B-A Commutative law
A B+C)=AB+A-C Distributive law
A‘B=A4,B, +4,B,+A4,B,
"(A‘B) = (rA)-B = A-(rB) = (A-B)r
A=Al 4,=A-j, 4,=Ak
AA=A’=A*=A47+47+47>0
A'B<|A||B|=4B Schwarz inequality
ifi=jj=kk=1, ij=jk=ki=0

The direction cosines of A are

cosa=A\*I/A=A_1/A, cosp=A\*j/A=A_2/A, cosy=A\*k/A=A 3/A

where o, £, and y are the angles of A with the positive semiaxes Ox, Oy, and Oz.

Two vectors, A and B, are orthogonal to each other if 8 = 90° or A-B =0 (the two
statements are equivalent since the zero vector can have any orientation).
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Cross or vector product

AXB=ABsinfn, 0<60<rx
where 4 = |A|, B = B|, 8 is the angle between A
and B and n is the unit vector perpendicular to Vector product

the plane of A and B, so that A, B, n constitute
a right-handed system.

A\xB=det(i,j,k;A_1,A 2,A 3;B 1,B 2,B 3)
=(A_2*B 3-A_3*B_2)*i+(A 3*B_1-A_1*B_ Fig. 12-3
3)*+(A_1*B_2-A 2*B_1)*k

AxB=-BxA, AxA=0

AX(B+C)=AxB+AxC

(rA) x (sB) =rs(A x B)

"AXB)=(rA)*xB=A x (¥rB)=(A x B)r

|A x B| = area of parallelogram with sides A and B

ixi=jxj=kxk=0, ixj=k, jxk=i, kxi=j
Other products

Scalar triple product

det(A_1,A 2,A 3;
[ABC]=A-BxC)=B-(CxA)=C-(AxB)= B 1,B 2,B 3;
C 1,C 2,C 3)

=A4,B,C, + 4,B,C, + A,B,C, — A;B,C, — 4,B,C;, — 4,B,C,
|A+(B x C)| = volume of parallelepiped with sides A, B, C

Vector triple product
Ax(BxC)=(A-C)B-(A-B)C
(AxB)xC=(A-C)B-(B-C)A
(A xB)+(CxD)=(A-C)(B-D) - (A-D)(B-C)

(AxB)x(CxD)={A(BxD)}C—-{A(BxC)}D
= {A-(CxD)}B—- {B:(C xD)}A
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12.4 Derivatives of a Vector

If A(7) = 4,(0)i + A,(1)j + A;(H)k is a vector function of ¢, the derivative of A with
respect to the (scalar) variable 7 is

dA/dt=..=(dA_1/dt)*i+(dA_2/dt)*j+(dA_3/dt)*k

d(A+B)/dt=...=dA/dt+dB/dt, d(c*A)=c*(dA/dt)

A(F(t)* A)/dt=(df(t)/dty* A+t *(dA/dL), d(A(u(t))/dt=(dA/du)*(du/dt)

d(A\*B)/dt=A\*(dB/dt)+(dA/dt)\*B

d(A\xB)/dt=A\x(dB/dt)+(dA/dt)\xB

d([ABC])/dt=[(dA/dt)BCT+[A(dB/dt)C[+[AB(dC/dt)]

AV*(dA/dty=A*(dA/dt)

AV¥(dA/dt)=0 |, if |A| or A is independent of 7.

If A =A(x, y, 2) is a vector field, i.e. a vector function of the position, the partial
derivatives | \dA/\dx, \dA/\dy, \dA/\dz | are defined in a similar manner.

12.5 Gradient, Divergence, Curl

In Cartesian coordinates, the del operator is defined by the relation

\D=i*(\dAdx)+*(\dAdy)+k*(\dAdz)

If @ is a scalar field (i.e. a scalar function of the position), A is a vector field
(i.e. a vector function of the position) of the independent variables x, y, z, and the
partial derivatives exist, then we define the following:
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Gradient of @ =V®

—(i*(\dAdx)+H*(\dAdy)y+k*(\dA\dz)) (D} =(\dDA

dx)*i+(\dDAdy)*+(\dDNdz)*k

Divergence of A = divA = V-A

=(i*(\dAdx)+*(\dAdy)+k*(\dAdzZ))\
*(A_T*i+A 2%+A_3*k)
=\dA_1AdxHdA 2Ady+\dA 3/dz

A vector field A 1s solenoidal if V-A = 0.

Curl of A = curlA

=\D\xA

=(i*(\dAdx)+*(\dAdy)+k*(\dAdZ))\x(A_1*i+A 2%+A 3*k)
=det(ij,k;\d\dx,\d\dy,\d\dz:A 1A 2.A 3)
=(\dA_3Ady-\dA_2/Adz)*i+(\dA_1Adz-\dA_3/Adx)*i+(\dA_2/\

dx\dA_1/\dy)*k

A vector field A is irrotational if V x A =0.

The directional derivative (the derivative of @ in the direction of the unit vector
a = A/|A|) is defined by the relation

(a\*\D){D}=(A\*\D){D}/|A[=(1/|AD*(A_1*(\dDAdx)+A_ 2*(\dDAdy)+A_ 3*(\

ddAdz))

The same formula is valid if @ is replaced by a vector field A.

The Laplacian operator V? is defined by the relation

(\D)*2 {®}=\D\*\Dd=(\d\dx)"2 {®} +(\d dy) 2 {®} +(\dA

dz)"2{®}

(D)2 {A}=(\dAdx)*2 {A 1 +(\dAdy) 2 {A}+(\

dA\dz)"2{A}

The biharmonic operator V* is defined by the relation

(D) {®}=(\D)*2{(\D)*2{®} }=(\dAdx) 4 {®} +(\d/\dy) 4 {®} +(\dA
d2) M {D1+2*(\dAdx) 2 {(\dAdy) 2 (D} 14+2%(\dAdy) 2 {(\dAdZ) 2 (D 1 +2*(\dA
dz)2 {(\dAdx)"2 {D}}

For expressions of the V&, V-A, V x A, and V2@ in other systems of coordinates

see Sec. 13.2-13.3.
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Calculations with the del operator [ Exa |

If @, ¥ are scalar functions and A, B are vector functions of x, y, z (i.e. scalar and
vector fields in the three dimensional Euclidean space) and their partial derivatives
exist, we have the following formulas:

V(o+¥P)=VDO+VY¥ V(a®)=aV® (a = constant)
V-(A+B)=V-A+V-B V-(aA) =aV-A
VX(A+B)=VXA+VxB VX (aA)=aV x A

V(@¥)=P(VD)+ d(VY)

V-(DPA) = (VD)-A + O(V-A)

VX (PA)=(VD) x A+ D(V X A)

V:-(AxB)=B(V xA)-A+(V xB)
Vx(AxB)=(B-V)A - (A-V)B+ A(V-B) - B(V-A)
V(A‘B)=(B-V) A+ (A'V)B+B X (VxA)+A x(VxB)
(A'V)B=3[Vx(BxA)+V(A'B) + A(V'B) - B(V'A) - A x(VxB) - Bx(V xA)]
(A-V)(PB) = B(A-V®) + &(A-V)B

V x (V@) =0, i.e. the curl of the gradient of @ is zero.
V:(V x A) =0, i.e. the divergence of the curl of A is zero.
V x(VxA)=V(V-A) - V’A

V(DY) = DV?¥ + 2(VD)-(VYP) + V>

Differential equations of mathematical physics

Laplace’s equation VP =0

Poisson’s equation Vb =p
Wave equation (\D)"2{D}-c(-2)*(\dAdt)"2{D}=0
Heat equation (\D)"2{D} -y (-2)*(\dDAdt)=0

Helmbholtz’s equation V@ + kD=0
\D\*E=p/e, \D\xE-\dB/\dt=0, \D\*B=0),
\D\xB-p*e*\dE/A\dt=p*J

Maxwell’s equations
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12.6 Integrals with Vectors

Indefinite and definite integrals

If [dB(t)/dt=A(t)| the indefinite integral of A(r) is

\[t]{A(t)}=B(t)*c| (¢ = constant vector)

The definite integral of A(¢) from a to b is

\[t,a,b]{A(t)}=B(b)-B(a)

Line integrals

In a connected open domain D of a two or
three dimensional Euclidean space, we have a
piecewise smooth curve C, a scalar field @, and
a vector field A with continuous first derivatives. Line integral
The curve C connects two points P,(a,, b, c,)
and P,(a,, b,, c,) and is divided into n segments
by n — 1 interior points (x,, ¥, z,), (X5, V5, Z,),
veos (X5 Y,15 2,.1). We also identify point P, as
Py(x,, y,, z,). We define several integrals.

] Fig. 124
The line integral of @ on C'is

\[_C{®*ds}=\I[s,P 1, P 2]{®}

where As, = [(Ax,)* + (Ay)* + (Az) "5 Ax, =, — X, AV, =V — Ve Az, =24, 2,
with all As, - 0 when n — .

The line integral of A on C is

\[ C{A\*dr}=\I[r,P_1, P 2]{A\*dr} [ Exa ]

where Ar, = Ax i+ Ay j + Az K, Ax, = x,, — X4 AV, = Vi — Vi Az, = 2, — 2, With
|Ar,| = 0 when n — co.

\L C{®*dr},\I C{A*ds},

\I C{A\xdr} are defined in a similar way.

The line integrals




184 VECTOR ANALYSIS CHAP. 12

The line integrals can be written in several forms. If A = 4,i + 4, + 4,k and the
curve C has a parametric representation r(¢) = x(2)i + y(?)j + z(£)k with tangent unit
vector T = dr/ds and normal unit vector N = (d'T/df)/|d'T/d{|, then the scalar field @
may depend on A, T and N, e.g. @ = A°N.

For the line integral of A we can write

\I C{AV*dr}=\I C{A\*T*ds}=...

where a prime means differentiation with respect to 7. Thus the line integral is reduced
to a definite integral with respect to ¢. Two useful properties are the following

\L_C[r,P_1,P 2]{A\*dr}=-\I C[r,P 2, P 1]{A\*dr}

\L_C[r,P_1,P 2]{A\*dr}=\I C[r,P_1,P 3]{A\*dr}-\I C[r,P_3,P 2]{A\*dr}

In general, the line integral depends on the integration curve. The necessary and
sufficient condition for the line integral to be independent of the integration curve
(i.e. depends only on the end points P, and P,) is that in D

VxA=0

This means that there has to be a scalar function @ such that A =V @. In this case, the
field A is called conservative or irrotational with potential function @ and we have

\[_C[r,P_1,P 2]{A\*dr}=®(P_2)-O(P_1) (Exa |

Surface integrals

In a connected open domain D of the three
dimensional Euclidean space (Fig. 12-5), we
have a piecewise smooth surface S, a scalar field
@, and a vector field A with continuous partial Surface integral
derivatives. The surface S is divided into 7 small
segments AS, of area AE,, k=1,2,...,n,and N,
is the unit normal at some point (x,, y,, z,) of
AS,. We define the surface integral of @ on S

\L S{®*dS}=...

Fig. 12-5

where we suppose that AS, shrinks to a point when n — oo.
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We define the surface integral of A on S (S'is the projection of S on xOy)

\L S{AVFASIL S'{(AVEN/NVEK|):dx*dy}=...

Also, \[_ S{A\xdS}=... is defined in a similar way.

Theorems of Gauss, Stokes and Green

In a three dimensional Euclidean space, let
S be a piecewise smooth oriented closed surface
(Fig. 12-6), which encloses a bounded, simply
connected region V. Let N be the unit vector
normal to S toward the outside and dS = NdSS.
Then, according to Gauss’s theorem, for a vector
field A with continuous partial derivatives, we
have

\L V{\D\*A*dV}=\I S{A\*dS}

Let S be a piecewise smooth oriented open
surface whose boundary is a piecewise smooth
simple closed curve C (Fig.12-7), and dS = NdS
(N the unit vector normal to S). Then according
to Stokes’s theorem, for a vector field A with
continuous partial derivatives we have

\[ C{A\*dr}=\[{\D\xA*dS}

where the line integral on the closed curve C
has been obtained with the appropriate direction
(someone walking on S, on the side of N and
close to C, has the inside of S at his left).

Gauss’s theorem

Fig. 12-6

Stokes’s theorem

Fig. 12-7

If D is a domain of the xy plane containing a piecewise smooth and simple closed
curve C and its interior R, then according to Green’s theorem in the plane, we have

\I C{AV¥T*ds}=\_C{P*dx+Q*dy}=\I R{(\dQAdx-\dPAdy)*dx*dy}

This can be obtained from Stokes’s theorem with A = P(x, y)i + O(x, y)j and C a

closed curve in the xy plane.
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Another form of Green’s theorem in the plane is obtained if we replace P with
—Q and Q with P. In the xy plane the outward unit normal to C'is N = (dyi — dxj)/ds,
so we have

\[_C{AVEN*ds}=\I C{P*dy-Q*dx}=\I R{(\dPAdx-"\dQAdy)*dx*dy} ()

In both expressions of Green’s theorem in the plane, the integral on C is taken in the
positive (counterclockwise) sense.

If @ and ¥ are scalar fields, then A = @V ¥ is a vector field and Gauss’s theorem
implies Green’s first theorem

\L V{(@*(\D)*2 {¥} DO\ M\DY)*dVI=\I_S{(@*\D¥)\*dS}

Similarly, setting A = @VY¥ — ¥V @ in Gauss’s theorem we obtain Green’s second
theorem

\L V{(@*(\D)"2¥-¥(\D)"20)*dV}=\I_S{(®*\DY-F*\DD)\*dS}

Two more integral formulas in vector form can be obtained from Gauss’s theorem.
Setting A = @B, where @ is a scalar field and B an arbitrary constant vector, we
obtain

\I VADO*dVI=\I S{(@*dS}

Also from Gauss’s theorem, replacing A with A x B, where B is again an arbitrary
constant vector, we find

\L V{\D\xA*dV}=\I S{dS\xA}

Two more integral formulas in vector form can be obtained from Stokes’s
theorem. Setting A = @B, where @ is a scalar field and B an arbitrary constant vector,
we obtain

\L C{®*dr}=\I_S{dS\x\Dd}

Also from Stokes’s theorem, replacing A with A x B, where B is again an arbitrary
constant vector, we find

\I C{drxA}=\I_S{(dS\x\D)\xA}




13 CURVILINEAR COORDINATES

The position of a point P in the
three dimensional Euclidean space
can be determined by the rectangular
(or orthogonal) Cartesian coordinates
(x, y, z), which are measured along
three straight lines, normal to each Curvilinear coordinates
other. Thus Oxyz in Fig. 13-1 is aright
handed rectangular Cartesian system
of coordinates. If

Z”1 = ul(x7 Y, Z)
Ll2 = uz(x’ Y, Z)
Uy = u5(x, y, 2)

are three functions of x, y, z, the equations u, = ¢,, u, = ¢,, uy = ¢, (c,, ¢,, c; are
three constants) define three families of two dimensional surfaces. We assume that
each pair of these surfaces intersects at a curve along which u,, u,, or u, varies.
Thus, a point can also be defined by the curvilinear coordinates (u,, u,, u,). The two
systems of coordinates are connected by the above three (continuously differentiable)
transformation equations or their inverses

Fig. 13-1

X=x(uy, Uy, uy),  y=y(U,, uy, uy), z=2z(u, Uy, Us)

The Jacobian of the transformation (which is a 3 x 3 determinant)

\d(x,y,z)\d(u_1,u 2,u 3)=
det(\dx/\du_1,\dx/\du_2,\dx/\du_3;
\dyAdu_1,\dyA\du 2\dyAdu_3;\dz/\du 1)\dz/\du_2,\dz/\du 3)

is assumed to be different from zero, so that the transformation equations are in-
versible. The system of coordinates u,, u,, u,, remains Cartesian (but generally not
rectangular), if and only if the transformation equations are linear.

If u, and u, remain constant and u, is the only one that changes, the point P that is
defined by the vector r = xi + yj + zk, describes a curve that is called the coordinate
curve u, passing through the point P. The coordinate curves u, and u, that pass
through the point P are defined in a similar manner.

187
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If u, is the only one that remains constantand u,, u, change, the point P describes
a two dimensional surface, which is called the coordinate surface u,. The coordinate
surfaces u, and u, are defined in a similar manner.

The vectors or/ou,, or/ou,, Or/Ou, are tangent on the coordinate curves u,, u,, u,.
If e,, e,, e, are the unit vectors that are tangent on these curves, then

\drAdu_1=h_1%*e 1,\drAdu 2=h 2%*e 2,\drA\du 3=h 3*e 3

The vectors e,, e,, e; form a local base of vectors, which we assume to be right
handed. Any vector can be written as A = 4,e, + 4,e, + A,e,. The quantities

h 1=\drAdu_ 1], h 2=]\drAdu_2|, h 3=)\drAdu 3|

are called scale factors. If any two of e, e,, e;are perpendicular (i.c. if e ;= J,), the
curvilinear system of coordinates is orthogonal .

Differentials

In curvilinear coordinates, the elementary vector displacement is
dr=(\dr/\du_1)*du_1+(\dr/\du_2)*du 2+(\dr/\du_3)*du 3
=h_1*du_I*e_l1+h 2*du_2*e 2+h 3*du_3*e 3

If the coordinate surfaces are perpendicular to each other, as they are assumed to be
from here on, then the unit vectors e,, e,, e, are also perpendicular to each other. We
thus have an orthogonal coordinate system and the /ine element ds (> 0) is given by

ds* = dr-dr = h’du* + hy’du,” + hy’du,’
Although u,, u,, u; may not be lengths, ds, = h,du, (i =1, 2, 3) must be lengths.

The area element on the surface u, = const. is dS,; = h,h,du,du,. Similarly, on
u, = const. it is dS, = hyh,du,du, and on u, = const. it is dS, = h h,du, du,. The vector
area element is

dS = hyh,duydu,e, + h hydu,duse, + hyh du,du, e,

The volume element is

dV=h_1*h 2*h 3*du I*du 2*du 3=...
=N\d(x,y,2)\d(u_1,u 2,u 3)|*du_1*du 2*du 3
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Line, surface and volume integrals

In the following, @ is a scalar function and A = 4,e, + 4,e, + A,e, is a vector
function of the orthogonal curvilinear coordinates u,, u,, u, (both 4,, 4,, 4, and e,,
e,, e; may depend on u,, u,, us).

Since dr =idx + jdy + kdz = ds,e, + ds,e, + ds,e, = h,du, e, + h,du,e, + hydu,e,,
a line integral along a curve C described by u; = u(?) (i = 1, 2, 3) takes the form

\L C{A\*dr} =\ C[t]{(A_1*h_1*(du_l/dt)+A 2*h 2*(du_2/dt)*A 3*h 3*(du_3/dt))*dt}

Similarly, a surface integral takes the form

\I S{A\*dS}=\I S{A I*h 2*h 3*du 2*du 3+A 2*h 3*h_
1*du_3*du_1+A 3*h 1*h 2*du 1*du 2}

For a volume integral we have dV = dfs,ds,ds; = h,h,h,du,du,du, and thus

\[ R{D*dVI=\I R{D(x,y,z)*dx*dy*dz}=...

where the transformation (x, y, z) — (u,, u,, u;) maps the region R onto R'and gives
Y(u,, u,, uy) from P(x, y, z) after replacing x, y, z.

13.2 Gradient, Divergence, Curl

Let @ be a scalar function and let A = 4,e, + 4,e, + A4,e, be a vector function of
the orthogonal curvilinear coordinates u,, u,, u,. The del operator is defined as

\D=(1/h_I)*e_1*(\dAdu_1)+(1/h_2)*e 2*(\dAdu_2)+(1/h_3)*e 3*(\dAdu 3)

Its actions on scalar or vector fields can be expressed in general as follows:

Gradient of | ®=grad®=\D®=(1/h_1)*(\d®A\du_1)*e 1+(1/h_
2)*(\d®N\du_2)*e 2+(1/h_3)*(\dDA\du_3)*e 3

Divergence of A=divA=\D\*A=(1/(h_1*h 2*h 3))*((\d/du_1){h 2*h 3*A
11+(dAdu_2){h 3*h 1*A 2}+(dAdu 3){h_1*h 2*A 3})
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Curl of
A=curl A=\D\xA=

(1/(h_1*h 2*h 3))*det(h 1*e 1,h 2%*e 2,h 3*e 3;
\dAdu_1,\dAdu_2,\dAdu_3;
h 1*A_L,h 2*A 2,h 3*A 3)=..

(AVM\D){®}=(A_1/h_1)*\ddAdu_1+(A_2/h 2)*\ddA
du 2+(A_3/h 3)*\ddAdu 3

Directional derivative =

Laplacian of | ®=(\D)"2{®}=(1/(h_1*h_2*h_3))(\d\du_1){(h_2*h 3/h_1y*\dd/du_1}+(\
dMu_2){(h_3*h_1/h_2)*ddAdu 21+(dAu 3){(h_1*h_2/h_3)*\ddAdu 3})

From the same relation the biharmonic operator V*® = V*(V?®) is obtained.

13.3 Various Coordinate Systems

Cylindrical coordinates (p, ¢, z)

X=pcosp, y=psing, z=z
p=+3)", ¢ =cos (xlp) =sin"! (yp)
with 0<p <o, 0< <27, —00<z<oo0,

h=h=1, hy=h=p, hy=h =1

2)1/2

Cylindrical coordinates

e =e, e, =¢

» e;=e, A=Ae +A4e, +4e,

(p’

dr=dpe, +pdpe, +dze,

ds* = dp* + p*dp* + dz*

Fig. 13-2
dV=pdpdpdz
dS =pdpdze,+ dpdze,+ pdpdpe,
\DO=(\dD/\dp)*e p+(1/p)*(\ \D\*A=(1/p)*(\d(p*A_p)/\dp)+(1/
doNde)*e _e+(\dPNdz)*e z p)*(\dA_oN\de)+\dA_z/\dz

\D\xA=(1/p)*(\dA_zAdp-\d(p*A_@)\dz)*e p+(\dA pAdz-\dA_zAdp)*e
0+(1/p)*(\d(p*A_@)\dp-\dA_pAdg)*e ¢
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(AV\D){D}=A_p*\dDNdp+(A_¢/p)\dDAdp+A_ 7*\
ddAdz

(D)2 {®}=(\d\dp) 2 {®}+(1/p)*\dDAdp+(1/
p™2)*(\dAdp)A2 (D1 +(\dAdZ) 2 (D}

Spherical coordinates (r, 0, @)

x=rsinfcosgp, y=rsinfsing, z=rcost
r=0*+y*+ 2", 0=cos!(zlr),

@=cos™(-1)(x/(x"2+y"2)(1/2))=sin"\(-
D)(y/(x"2+y"2)(1/2))

with 0<r<oo, 0<0< 7, 0<¢p<2m.

Spherical coordinates

hy=h=1, hy=hy=r, hy=h,=rsinf

e =¢e,e=¢,¢€e=¢e, A=de +4,e,+4se,
dr=dre +rdfe,+rsinfdpe,

ds* = dr* + r’df* + r*sin*0dp*

dS =r*sin0dfdpe, + rsinfOdrdype, + rdrde,
dV = r*sinOdrdddy

\DO=(\d®/\dr)*e_r+(1/r)*(\d®/\dO)*e
0+(1/(r*sin0))*(\dd/\dp)*e ¢
\D\*A=(1/(r"2*sin0))((\dAdr) {A_r*r"2*sin6}+(\d/\
dO){A 0*r*sin0}+(\d\de){A o¢*r})

Fig. 13-3

\D\xA=(1/(r"2*sin0))((\d\dO) {A_o*r*sin0}-(\d\dp){A 6*r})*e r+
(1/(r*sin0))*((\dN\de){A_r}-(\d/\dr){A o¢*r*sin0}*e 0)+
(U/r)*((\dAdr){A_6*r}-(\dAdO){A r})*e o

(AVF\D){D}=A r*\dDOAdr+(A_0/r)*\dDAdO+HA_ o/(r*sin0))*\dDd \de

(D)2 {®}=(1/r"2)(\dAdr) {1 2*\dDAdr}+(1/(r"2*sin0))*\d/\
d0 {sin0*\dDAdO}+(1/(r"2*sin0*2))*(\d/\dg) 2 {®}




192 CURVILINEAR COORDINATES CHAP. 13

Parabolic cylindrical coordinates (u, v, z)

r= %(uz —0Y), y=uw, z=:z Parabolic
with —o<u <o, 0<p<ow, —0<z<ow cylindrical
hy=h,=hy=h, =[W2+v212), h=h =1 coordinates
(DY 2{D}=(1/(u"2+v"2))((\dA
du)*2{®}+(\dN\dv)"2{D})+(\d \dz)"2{D} Fig. 13-4 >

The coordinate surfaces z = const. are planes. On each such plane, the traces
of the u = const. and v = const. coordinate surfaces form two families of confocal
parabolas with equations x = %(yz/v2 —v?)and x = %(u2 —y*lu?), plotted in Fig. 13-4.

Parabolic coordinates (u, v, )
X=uvcosp, y=uvsing, z= %(u2 -0?)

with 0 <u <o, 0<v <o, 0<¢p <27
hy=h,=h,=h,= ‘(uA2+VA2)A(1/2) , hy=h_=uv

(\D)"2{D}=(1/(u"2+v"2))((1/v)*(\d/\du) {u*\d®N\du }+(1/
v)*(\dAdv){v¥\dDNdV})+(1/(u2*v"2))*(\dN\dp) 2 {D} Fig. 13-5 »

Parabolic
coordinates

The coordinate surfaces result from the rotation of the parabolas in Fig. 13-4
around the x axis, which then becomes z. The traces of coordinate surfaces on planes
that pass through the new z axis are given in Fig. 13-5.

Elliptic cylindrical coordinates (u, v, 2)

x=acoshucosv, y=asinhusino, z=z Elliptic
with 0 <u<oo, 0<0<27m, —00<z<o cylindrical
hy=h,=h,=h, = a‘ (sinhu"2+sinv"2)N1/2)|, hy=h, =1 coordinates

(\D)"2 {®}=(1/(a*2(sinhu’2-+sinv"2)))*((\d/\
du)"2{@+(\dAdv) 2 {D})+(\dAdz) 2 {D}

Fig. 13-6 >
The traces of the coordinate surfaces on a z = const. plane are confocal ellipses
and hyperbolas. The equations of those families are
x"2/coshu”2+y"2/ and | X"2/cosv*2-y"2/
sinhu"2=a"2 sinv"2=a"2

from which we obtain the curves in Fig. 13-6 for various values of « and v.
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Oblate spheroidal coordinates (&, 7, @)

x =acoshcosncosep, y=acoshcosysing,

z=asinh{siny (}?blajtz |
. B spheroida
with 0<¢<oo, —1/2<n<n/2, 05 <2z coordinates
h, = h.=h,=h, = a(sinh&"2+sinn"2)"(1/2)),
hy = acosh( cosy
Fig. 13-7 >

Setting w* = @*(sinh*¢ + sin’s) we have

(\D)Y*2{D}=(1/(w"2*cosh&))*(\dN\dE) {coshE\ADNAE } +(1/(w"2*cosn))*(\d/A
dn) {cosn*\d®/A\dn}+(1/(a"2*cosh&™2*cosn”2))*(\d\de)" 2 {D}

Two families of coordinate surfaces result from the rotation of Fig. 13-6 around
its y axis, which then becomes z. The third family of coordinate surfaces consists of
planes that include this axis. In a plane that includes the new z axis, the coordinate
curves (Fig. 13-7) are given for various values of £ and # by the equations

p2/cosh&"2+z"2/sinhE"2=a"2| and |p"2/cosn’2-z"2/sinh& 2=a"2| where p = (x> + 1)

Prolate spheroidal coordinates (&, #, ¢)

x = asinh{sinycosp, y=asinh{singsing,

z=acoshécosy Prola.te
spheroidal
with 0<{<o0, 0<y<m 0<¢p<2m coordinates
hy = h.=hy=h, = a(sinh&"2+sinn"2)"\(1/2),
hy=h,=asinh{sing
Fig. 13-8 >«

Setting w* = @?(sinh*¢ + sin’s) we have

(\D)*2 {®}=(1/w"2)*(\dAdE) {sinhE*\dDAdE L +(1/(w2*sinn))*(\dAdn) {sinn*\
dd/\dn}+(1/(2"2*sinhé 2*sinn2))*(\d/\dg) 2D

Two families of coordinate surfaces result from the rotation of Fig. 13-6 around
its x axis, which then becomes z. The third family of coordinate surfaces consists of
planes that include this axis. In a plane that includes the new z axis, the coordinate
curves (Fig. 13-8) are given for various values of £ and # by the equations
p2/sinhE"2+z2/ z"2/cosn2-p”2/

cosh&™2=a”2 and sinm”2=a"2

where p = (x* + %)
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Bipolar cylindrical coordinates (u, v, z)

x=a*sinhv/(coshv-cosu), y=a*sinu/(coshv-cosu), z=z Bipolar
with 0<u <27, —0<p<o, —0<z<o0 cyhnc.lrlcal
coordinates
h 1=h u=h 2=h v=a/(coshv-cosu), h 3=h z=1
(\D)"2{®}=((coshv-cosu)"2/a”"2)*((\d/\ Fig. 13-9 %
du) 2 {®}+(\dAdv) 2 {®})+(\d\dz) 2D ’

. x2+(y-a*cotu)2=a"2/ x-a*cothv) 2+y"2=a"2/
Since 4 A ) and ( . ) Ay , the traces of
sinu”2 sinhv/\2
the cylindrical coordinate surfaces # = const. and v = const. on the planes z = const.

are circles as in Fig. 13-9.

Toroidal coordinates (u, v, )

x=(a/w)*sinhv*coso, y=(a/w)*sinhv*sine, z=(a/ )
w)*sinu Toroidal
coordinates

with 0<u <2z, 0<v<ow, 0<¢p <27

and w = coshov — cosu.

Fig. 13-10 »

h 1=h u=h 2=h v=a/w, h 3=h ¢=a*sinhv/w

(D)2 {®}=(w"3/2*2)*(\d/\du) {(1/w)*\dDAdu +(w3/(a*2*sinhv))*(\d/\
dv) {sinhv/w)\dDAdv} +Hw"2/(a"2*sinhv/2))*(\d/\d @) 2D

The coordinate surfaces result from the rotation of Fig. 13-9 around its y axis,
which then becomes z. With p = (x* + %), the traces of the coordinate surfaces u

and v on a plane ¢ = const. are given in Fig. 13-10 by the equations

p2+(z-a*cotu)2=a"2/sinu"2, (p-a*cothv)"2+z"2=a"2/sinhv"2

Other orthogonal coordinate systems

There are other orthogonal coordinate systems, such as conical coordinates (249,
confocal ellipsoidal coordinates (348, confocal paraboloidal coordinates ([, and

others that are used rather rarely.



14 BESSEL FUNCTIONS
14.1 Definitions

The functions that satisty Bessel’s differential equation

2,11

X4y’ + (6 -y =0
are the Bessel functions of order n.

The general solution of Bessel’s differential equation is

y=cJ(x)+c,J (x), n#0,1,2,...
y=cJ(x)+cY (x), for any n
y=c,H"V(x) + c,H P (x), for any n

y=c_1*] n(x)+tc_2*J] n(x)*\
I[x]{1/(x*]_n(x)"2)}
where ¢, and ¢, are arbitrary constants and J (x), Y (x) are the Bessel functions of the

first and second kind, respectively.

for any n

Graphs of Bessel functions J,(x), Y, (x)

Fig. 14-1: J (x), Y (x),n=0 —,n=1—,n=2 —,n=3 —

14.2 Bessel Functions of the First Kind

The Bessel functions of the first kind and order » are defined by the relations

\S{J n(x)}, T(n+1), T(k+n+1), x(2*k+n)

195
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\S{J_(-n)(x)}, I'(1-n), I'(k-n+1), x*(2*k-n)

Ifn+0,1,2,...,J,(x) and J_(x) are linearly independent.

Ifn=0,1,2,...,J (x)=(-1)"J (x).
Asx — 0, J (x) behaves as x"/[2"[(n + 1)].

The Wronskian (Wronski’s determinant) is

W n(x),J_(-n)(x)]=det(J n(x),J (-n)(x);J_n'(x),]_(-n)'(x))=-(2/(x*x))*sin(n*mr)

Generating function

The generating function is

\S{eN(x/2)(t-1/t)1=\S[1n,-\0,\0] {J_n(x)*t*n}

Properties

For n=0, 1 we have

\S{J 0(x)}, X (2*K)

\S{J_1(x)}, xA(2*k+1)

\P{J n(x)}, [(n+1)

T n(x)=(-1)"n*x"n*((1/x)*d/dx)*n{J_0(x)}

[4, the positive roots of J,(x) = 0]

J n(x+y)=\S[k,~\0,\0]{J_k(x)*J (n-k)(y)}

[Addition formula)

7 n()\<1:n\>0, 7 nx)\<1/27(1/2):n\>1
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In general, for any n» we have
I (n+1)(x)=(2*n/x)*]_n(x)-
J (n-1)(x)

Jn,(x) = E[Jn—l(x) - Jn+1(x)]
xJ,'(x) = xJ, ,(x) — nJ (x) Recurrence relations PPro
xJ,'(x) = nJ (x) — xJ, ., (x) [the same for Y, (x)]

(d/dx) {x n*] n(x)}=x"n*J_(n-1)(x)

(d/dx) {x*(-n)*J_n(x)}=-x"(-n)*J_(n+1)(x)

In the case of order n = (2k + 1)/2 for k=0, 1, 2, ..., the Bessel functions are

expressed in terms of sines, cosines and | R=(2/(n*x))"(1/2) |

JT_(1/2)(x)=R*sinx | J_(-1/2)(x)=R*cosx

J_(3/2)(x)=R*(sinx/x-cosx) J_(-3/2)(x)=-R*(cosx/x+sinx)

T (5/2)(x)=R*((3/x*2-1)*sinx-3*cosx/x) I (-5/2)(x)=R*(3*sinx/x+(3/x"2-1)*cosx)

J_ (n+1/2)(x)=R*x™(n+1)*(-(1/x)*d/dx)"n {sinx/x }

Zeros of Bessel functions
For any real » we have the following:

1. J(x) = 0 has an infinite number of real roots and a finite number of complex
roots. All these roots are simple except possibly x = 0.

2. Ifn>-1, all the roots of J (x) = 0 are real.

3. Ifn=1,2, ..., the positive or negative roots of J (x) = 0 and J , ,(x) = 0 inter-
change, i.e. between any two consecutive roots of J (x) = 0, only one root of
J,.;(x) = 0 is included.

4. 1If 4,, 4,,, are two consecutive roots of J (x) = 0 with 4, < 4,,,, the difference
Aysy — 44 tends to 7, when k — 0.
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14.3 Bessel Functions of the Second Kind

The Bessel functions of the second kind and order »n (also called Neumann
functions) are defined by the relations

Y n(x), ] n(x)*cos(n*m), J (-n)(x)

The Bessel functions Y,(x) satisfy the same recurrence relations as J, (x).

Forn=0,1,2, ..., L” Hopital rule gives

\S{Y _n(x)}, J n(x), Inx, y

where y = 0.5772156... is the Euler constant and

P 0,P k=1+1/2+1/3+..+1/k

For n =0, we have

\S{Y _0(x)},J 0(x), Inx, y

Forn=0,1,2,... wehave Y (x) =(-1)"Y (x).
Asx — 0, Y,(x) behaves as 2" "(n)z'x".

The Wronskian (Wronski’s determinant) is

W[ n(x),Y n(x)]=det(J n(x),Y n(x);J n'(x),Y n'(x))=2/(n*x)

The functions Y, ,(x), ¥;,(x), etc. can be obtained from the definition of Y (x) for
n#1,2,...and J,,(x), Jy,(x), ....

Hankel functions of the first and second kind
(l) = / :—' n -ly.—n oo n>0
H)(x)=J(x)+iY (x)==i2"(n)r"x™" +
HP(x) =J (x) - iY,(x) = i2"T(n)x 'x " + s 1>0
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14.4 Modified Bessel Functions

Definitions

The functions that satisty the modified Bessel’s differential equation

2.1

Y+ xy' = (P +nt)y=0
are known as the modified Bessel functions of order n.
The general solution of the modified Bessel’s differential equation is
y=c () +c, (x), n#0,1,2,...
y=c1(x)+c,K, (x), for any n

y=c_1*I_n(x)+c_2*I_n(x)*\[[x]{1/
(x*Ln(x)"2);

for any n

where ¢, and c, are arbitrary constants and /,(x) and K, (x) are the modified Bessel
functions of the first and second kind, respectively.

Graphs of modified Bessel functions / (x), K, (x)

Fig. 14-2: [ (x), K, (x),n=0 —,n=1—,n=2 —,n=3 —

Modified Bessel functions of the first kind

I n(x)=1"(-n)*J_n(i*x)=e(-n*n*1/2)*J n(i*x),
\S{I_n(x)}, ['(n+1), T(n+tk+1), x (n+2*k)

Asx — 0, (x) behaves as x"/[2"[(n + 1)] forn # -1, -2, ....
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I (-n)X)=i"n*J_(-n)(i*x)=e (n**i/2)*]_(-n)(i*x),
\S{I (-n)(x)}, [(1-n), T(k+1-n), x(2*k-n)

Forn#0,1,2,...,1(x)and I (x) are linearly independent with Wronskian
WL (x), I,(x)]=1,x), (x)—1.,(x)(x)=-2sinnz/(7x)
Forn=0,1,2,... we have I (x)=1(x).
Generating function

The generating function is

\S{eA(x/2)(t+1/£)}=\S[n,~\0,\0] {I_n(x)*t"n}

Properties

For n=0, 1 we have

\S{I_ 0(x)}

\S{IL_1(x)}

[0'()6) = 11(x)

I (n+1)'x)=L_(n-1)(x)-(2*n/x)*1 n(x)

I,(x) = %[In—l(x) +1,,(x)]
XIn’(x) = XIn—l(x) - nln(x)

xl'(x) = xL,,(x) + nl (x) Recurrence relations

(d/dx) {x n*I_n(x)}=x"n*I_(n-1)(x)

(d/dx) {x (-n)*T_n(x)}=x(-n)*1_(n+1)(x)
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In the case of order n = (2k + 1)/2 for k=0, 1, 2, ..., the functions are expressed

in terms of hyperbolic sines, cosines and |R=((2/(n*x))"*(1/2) |.

1_(1/2)(x)=R*sinhx | 1_(-1/2)(x)=R*coshx|

I (3/2)(x)=R*(coshx-sinhx/x) 1 (-3/2)(x)=R*(sinhx-coshx/x)

1 (5/2)(x)=R*((3/x"2+1)*sinhx-(3/x)*coshx) | I (-5/2)(x)=R*((3/x"2+1)*coshx-(3/x)*sinhx)

Other expressions can be obtained using the recurrence relation.

Modified Bessel functions of the second kind

K n(x), I (-n)(x), I n(x)

K (x) = (zi"™"/2)H V(ix)
Forn=0,1,2, ..., we have K_,(x) = K,(x) and L’Hopital’s rule gives

K n(x), I n(x), Inx, vy, x*(2*k-n), x*(2*k+n)

where y = 0.5772156... is the Euler constant and

P 0,P k=1+1/2+1/3+..+1/k

For n =0, we have

\S{K 0(x)}, I 0(x), Inx, v

As x — 0, K(x) behaves as —Inx and K (x) as 2"'[{(n)x™" for n > 0.

The Wronskian is

WIK, (), 1,(0)] = LK, (x) + 1, ()K,(x) = x~!
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For any » we have

K (n+1)x)=K (n-1)(x)+(2*n/x)*K_n(x)

Kn ’(X) = _% [Kn—l(x) + Kn+1(x)]

xKn ’(X) = _xKn—l(x) - nKn(x)
xKn ’(X) = nKn(x) - XKIH-I(X)

Recurrence relations

(d/dx) {x"n*K n(x)}=-x"n*K_(n-1)(x)

(d/dx){x*(-n)*K_n(x)}=-x"(-n)*K_(n+1)(x)

K, . ,,(x) can be obtained from the definition of K (x) and 7, ,(x), Z5,(x), ....

14.5 The Functions Ber and Bei, Ker and Kei

The functions Ber and Bei
The general solution of the differential equation
X"+ xy' = (i +nt)y =0,
is y = ¢, {Ber,(x) + iBei,(x)} + c,{Ker,(x) + iKei, (x)}.

Ber (x) and Bei, (x) are the real and the imaginary part of J (xe*™*) respectively
and are often referred to as Kelvin functions.

Ber, (x) + iBei (x) = J (xe*™*)

\S{Ber n(x)}, [(n+k+1), x(2*k+n)

\S{Bei n(x)}, [(n+k+1), x(2*k-+n)

For n =0 we have

\S{Ber(x)}=\S {Ber 0(x)}, x(4*k)

\S{Bei(x)}=\S {Bei_0(x)}, x(4*k+2)
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Graphs of Ber,(x), Bei,(x)

Fig. 16-3: Ber,(x), Bei (x),n=0—,n=1—,n=2 —,n=3 —

The functions Ker and Kei
Ker,(x) and Kei (x) are the real and the imaginary part of e 2K (xe™'*).

Ker,(x) + iKei (x) = e ™K (xe™")

\S{Ker n(x)}, Ber_n(x), Bei_n(x), Inx,y, P_k

\S{Kei n(x)}, Ber n(x), Bei n(x), Inx, vy, P k

where y = 0.5772156... is the Euler constant and

P 0,P k=1+1/2+1/3+..+1/k

For n =0, we have

\S{Ker(x)}=\S{Ker 0(x)}, Ber(x), Bei(x), Inx, y, P_k

\S{Kei(x)}=\S{Kei_0(x)}, Ber(x), Bei(x), Inx, y, P_k
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Graphs of Ker (x), Kei,(x)

Fig. 14-4: Ker (x), Kei (x),n=0 —,n=1 —,n=2 —,n=3 —

For n =0 we have

\S{Ker(x)}=\S{Ker 0(x)}, Ber(x), Bei(x), Inx, y, P_k

\S{Kei(x)}=\S{Kei 0(x)}, Ber(x), Bei(x), Inx, y, P_k

14.6 Spherical Bessel Functions

The spherical Bessel functions of the first, second, third and fourth kind are,
respectively, defined by the relations

i nX)=@/(2*x)N(1/2)*]_(n+1/2)(x) n_ n(x)=(/(2*x))"(1/2)*Y_(n+1/2)(x)

h_n*((D))(x)=j_n(x)+i*n_n(x) h_n((2))(x)=j_n(x)-i*n_n(x)

and satisfy the differential equation
x4+ 2xy"+ [ —nn+1)]y=0

For any integer », the spherical Bessel functions are elementary functions:

j_0(x)=n_(-1)(x)=sinx/x n_0(x)=-j_(-1)(x)=-cosx/x
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h_0M((1))(x)=-1*e (i*x)/x h_ 0MN(2))(x)=1*eM(-1*x)/x

j_I(x)=sinx/x"2-cosx/x n_1(x)=-cosx/x"2-sinx/x

h 1A(D)X)=-e ) (1H/X)Vx| | h 1)) (X)=-e(-i*%)*(1-i/x)/x

n_n(x)=-(-x)"n*((1/x)*(d/dx))"n{cosx/
X}

i n(x)=(-x) n*((1/x)*(d/dx)) n{sinx/x}

14.7 Various Expressions of Bessel Functions

Asymptotic expressions

For large x we have the asymptotic expressions

J n(x)~2/(m*x))"(1/2)*cos(x- Y n(x)~(2/(n*x))*(1/2)*sin(x-
n*n/2-n/4) n*n/2-n/4)
I n(x)~(1/2*n*x))"(1/2)*e"x K n(X)~(n/(2*x))"(1/2)*e™(-x)
H_n((1)x)~(2/(m*x))*(1/ H_n"((2))()~2/(m*x))*(1/
2)*eN(i*(x-n*n/2-n/4)) 2)*eN-1*(x-n*n/2-1/4))
I (n+1/2)(x)~(2/(n*x))"(1/2)*sin(x-n*7/2)

For large n we have the asymptotic expressions

J n(x)~(1/(2*m*n))™(1/ Y n(x)~-(2/(m*n))"(1/
2)*(e*x/(2*n)) n 2)*(e*x/(2*n))"(-n)

The term "for large x" means that the ratio of the left to the right part tends to 1,
when x — oo. The same for the expression "for large »n", when n — oo,

Expressions with integrals

J_ 0(x)=(1/m)*\I[0,0,7] {cos(x*sinB)}, Y 0(x)=(-2/m)*\I[u,0,\0]{cos(x*coshu)}

1 0(x)=(1/m)*\I[0,0,r] {cosh(x*sin0) }=(1/m)*\I[0,0,r] {e"(x*cos0)}
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J_n(x), \I[0,0,r] {cos(x*sin0-n*0)}, \I[t,0,\0] {e"(-n*t-x*sinht)} | any n

Y n(x), \[[0,0,x] {sin(x*sin0-n*0)}, \[[t,0,\0] {(e (n*t)+e(-

n*t)*cos(n*m))*e N(-x*sinht)} , any n,x>0

J_n(x), \I[0,0,1/2] {cos(x*cos0)*sin0"(2*n)}, T(n+1/2) [ Pro

J_(2*n)(x), \I[0,0,/2] {cos(x*sin0)*cos(2*n*0)}

J_(2*n+1)(x), \[[0,0,1/2] {sin(x*sind)*sin((2*n+1)*0)}

I n(x), \I[0,0,7]{e"(x*cos0)*cos(n*0)}, \[[t,0,\0] {e"(-x*cosht-n*t)}

K n(x)=\I[t,0,\o] {e"(-x*cosht)*cosh(n*t)}

14.8 Integrals with Bessel Functions

Indefinite integrals

The following relations also hold if J (x) is replaced by Y (x) or generally by
c,J (x) + ¢, (x), where ¢, and c, are constants.

MIx]{x*J_0(x)}=x*J 1(x)

\[X]{xA2*T 0(x)}=x"2*]_1(x)+x*J_0(x)-\[x]{J_0(x)}

MIx]{J_0(x)/x*2}, \[x]{J_0(x)},J 1(x)

MIx]{x*m*J_0(x)}, \[x]{x*(m-2)*] 0(x)}, x "m*] 1(x)

M[x]{J_0(x)/x m}, \[x]{J_0(x)/x (m-2)},] 1(x)/x"(m-2)

\M[x]{J_1(x)}=-J_0(x)
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M[x]{x*]_1(x)}=-x*] 0(x)H\[x]{J 0(x)}

T4 1(x)/x}b=-] 1(x)HI[x]{J_0(x)}

\[x{x*m*J_1(x)}=-x"m*J_0(x)+m*\[[x]{x (m-1)*] 0(x)}

\I[x]4I1(x)/x m}, \[x]{J_0(x)/x (m-1)}, I 1(x)/x"(m-1)

ST _n(x)} 5, J_(n+2%k-T)(x)

\M[x]{x*n*] _(n-1)(x)} }=x"n*J n(x) \[x]{x (-n)*]_(n+1)(x)} }=-x"(-n)*] _n(x)

\[x]{x n*Y (n-1)(x)}=x"n*Y n(x)

M[x]{x*n*[_(n-1)(X)}=x"n*]_n(x) \[X]{xM(-n)*L_(n+1)(x)}=x"(-n)*] n(x)

Mx]{x "n*K_(n-1)(x)}=-x"n*K _n(x)| N[x]{x*(-n)*K_(n+1)(x)}=-x"(-n)*K n(x)

MIx]{x m*J_n(x)}, \[[x]{x(m-1)*] _(n-1)(x)}

\[x]{x*T n(o*x)*J n(B*x)}

M[x]{x*(J_n(a*x))"2}

Definite integrals

\[[x,0,\0] {e"(-a*x)*J_0(b*x)}

\[x,0,\0] {e"(-a*x)*J_0(b*x"(1/2))}

\I[x,0,\0]{J_O(a*x)*sin(b*x)}

\[x,0,\0]{J_0(a*x)*cos(b*x)}
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\I[x,0,\0]{e"(-a*x)*] n(b*x)}

\[x,0,\0]{J n(a*x)}=1/a

\[[x,0,\0]{Y n(x)}=-tan(n*mn/2)

\[x,0,\0]{J n(a*x)/x}=1/n

\[x,0,\0]{x(m-n)*J n(a*x)}, ['((m+1)/2), ['(n-(m-1)/2)

\x,0,1]x ()] n(@*x)}=(1/a)*]_(n+1)(a)

\x,0,1] AT na*x)}=(1/a)*]_(n+1)(a)

M[x,0,1]{x*J_n(a*x)*J_n(p*x)}

M[x,0,11{x*(J_n(a*x))"2)}

\[x,0,1]{x*J_0(a*x)*I_O0(B*x)}

\[x,0,17{J_n(a*x)*J_n(b*x)}=(1/a)*3(a-b)

14.9 Expansions in Series of Bessel Functions

Orthogonality

If J,, 4,, are two roots of the equation J (x) = 0, then

\[x,0,1]{x*] n(A_k*x)*] n(A_m*x)}

Thus, the Bessel functions are orthogonal in the interval [0, 1] with weight function x.

In general, if 4, 4,, are two roots of the equation aJ (x) + bxJ,'(x) = 0, where a
and b are constants (at least one of which is different from zero), then

MIx,0,1]{x*]_k(A_k*x)*J] m(A_m*x)}
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Expansion in series The
We assume that f(x) and f”'(x) are piecewise continuous functions and f(x) is
defined as equal to %[ f(x+0)+ f(x— 0)] at the points of discontinuity.
With roots of J (x) =0
If 0 <4, </, <4, ... are the positive roots of J (x) = 0 with n > —1, then
Jx) =a,J (Ax) + a,J (A,x) + a3 J (A x) + -+

where

a k=(2/(J_(n+1)(h_K)Y2RI[x,0,1]{x*(x)*] n(h_k*x)! (Exa

With roots of ¢/, (x) +xJ,'(x) =0
If 0 <A, <A, <4, ... are the positive roots of ¢/ (x) +xJ,'(x) = 0 with n > 1 and
¢ is an arbitrary constant, then the expansion of f(x) has the general form

J &) =fo(x) + a,J,(4,x) + a,J (A,%) + a3 ] (A3x) + -
where

a_k=(2/(d_(nk))*\I[x,0,1]{x*f(x)*J_n(A_k*x)}

d (nk)=..., J n(x_k), T (n+1)(A_k)

and for ¢ > -n, f(x)=0,

forc=-n, fi(x)=a,x", a_0=2*(n+1)"I[x,0,1]{x"(n+1)*f(x)} |

forc<-n, fyx)=ayl(Ax),la 0=..,1 n(A 0),I (n-1)(A_0), I (n+1)(X_0)|,

where i/, are the two additional imaginary roots that exist in this case.

The previous results can be extended to series of Bessel functions of the second
kind.

Various expansions

\S{cos(x*sinB)}=] 0(x)+2*\S[n,1,\o]{J (2*n)(x)*cos(2*n*0)}

\S{sin(x*sin0)}=2*\S[n,1,\0]{J_(2*n-1)(x)*sin((2*n-1)*0)}
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\S{1}=\S[n,-\o,\o]{J n(x)}

\S{1}=\S[n,-\o,\o]{(J n(x))"2}

\S{x}=2#S[n,1,\0] {(2*n-1)*]_(2*n-1)(x)}

\S{xA21=2#\S[n,1,\0]{(2*n)"2*J_(2*n)(x)}

\S{x*n}, T(n+k), J_(n+2*k)(x)

\S{xA(1/2)}, T_(2*n+1/2)(x)

\S{sinx}=2*\S[n, 1,\0] {(-1)"(n+1)*J (2*n-1)(x)}

\S{cosx}=J_0(x)+2*\S[n,1,\0]{(-1)*n*J_(2*n)(x)}

\S{x*J1(x)}=4%\S[n,1,\0] {(-1) (n+1)*n*J_(2*n)(x)}

\S{1}=1 0(x)+2*\S[n,1,\0]{(-1)"n*I_(2*n)(x)}

\S{erx}=I 0(x)+2*\S[n,1,\o]{I n(x)}

\S{er(x*cos0)}=I 0(x)+2*\S[n,1,\o]{l n(x)*cos(n*0)}

\S{sinhx}=2*\S[n,1,\0]{I_(2*n-1)(x)!}

\S{coshx}=I 0(x)+2*\S[n,1,\0]{I (2*n)(x)}




15 LEGENDRE FUNCTIONS
15.1 Definitions

The functions that satisfy Legendre’s differential equation
(1 =x*)y"2xy"+n(n+1)y=0
are called Legendre functions of order n.

The general solution of Legendre’s differential equation is

y = cl un(x) + CZ vn('x)
where

U n(x)=1-(*(n+1)/21)*x 2+n*(n-2)*(n+1)*(n+3)/41)*x d-...

v_n(x)=x-((n-1)*(n+2)/31)*x*3+((n-1)*(n-3)*(n+2)*(n+4)/5!)*x5-...

and c,, ¢, are arbitrary constants. Each series converges for -1 <x < 1 and any n.
Below, we are limited to a non-negative integer .

Ifn=0,2,4,..., the series of u,(x) terminates (i.e. the terms vanish after some
term) and becomes a polynomial. If » = 1, 3, 5,..., the series of v,(x) terminates
and again becomes a polynomial. Thus, if 7 is a non-negative integer, Legendre’s
differential equation has the polynomial solution

\S{P n(x)}, x"(n-2*k) (Pro]

that converges for any x. This solution is normalized so that it equals 1 at x = 1 and
it is called a Legendre polynomial.

The other series has an infinite number of terms and, after being multiplied by an
appropriate constant, gives the Legendre function of the second kind and order n

\S{Q n(x)}, u n(x), v.n(x)

These series converge for —1 <x <1 and diverge for |x| > 1. O, (x) has been normalized
so that it satisfies the same recurrence relations as P,(x).

211
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15.2 Legendre Polynomials

The Legendre polynomials are given by Rodrigues’s formula

P n(x)=(1/(2"n*n!))*(d/dx) n{(x"2-1)"n}

Pyx)=1
P(x)=x
Py(x) = %(3352 -1 Graphs of Legendre polynomials P, (x)
Py(x) = $(5x° - 3x)

Py(x) = +(35x* = 30x + 3)

Py(x) = £(63x° = 70x° + 15x)

Fig. 15-1
Py(x) = 1¢ (231x° - 315x* + 105x* =5)
P(x) = 1¢ (42927 — 693x° + 315x° — 35%)
Py(x) = % (6435x% — 12012x° + 6930x* — 1260x* + 35)
With x = cos@ we have
Py(cosh) =1 Py(cost) = 4 (1 +3cos20)
P (cosb) =cosl Py(cost) = %(3 cosf + 5cos30)

P, (cos0) = é (9 +20co0s26 + 35cos46)

Py(cos0) = % (30cos@ + 35co0s30 + 63 cos56)

P(cost) = % (50 +105c0s28 + 126 cos46 + 231 cos66)

P.(cost) = ﬁ (175cos@ + 189cos360 + 231 cos50 + 429 cos 76)

Py(cost) = ﬁ (1225 + 2520¢c0s20 + 2772 cos48 + 3432 cos 66 + 6435 cos 80)

Note that all the numerical coefficients are positive. Hence at 6 = 0, P,(cos6)
receives its maximum value, which is P, (1) = 1.
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Generating function

1/(1-2%x*t+72)N(1/2),
\S[n,0,\0]{P_n(x)*t"n},
\S[n,0,\o]{P_n(x)*t"(-n-1)}

Recurrence relations
(n+DP , (x)=2n+ D)xP (x) —nP,_(x)
P, () ~xP)(x) = (n+ DP,®)
XPJ(x) = P}, (x) = nP,(x) (Pro]
P () = P (x) = 2nt1)P,(x)
(= 1)P/(x) = nxP,(x) — nP,_(x)
The same recurrence relations are satisfied by O, (x).

Orthogonality

M[x,-1,11{P_m(x)*P_n(x)}=(2/(2*n+1))*d_(mn)

Since P, (x) and P (x) satisfy the previous relation for m # n, they are orthogonal
in—-1<x<1.

Expansions in series of Legendre polynomials

The Legendre polynomials constitute a complete set of functions, i.e. any piece-
wise smooth function f(x) in the interval —1 <x <1 can be expanded into a series of
Legendre polynomials of the form

S () = agP(x) + a Py (x) + a,Py(x) + -+

a_n=((2*n+1)/2)*\I[x,-1,1]{f(x)*P_n(x)}
At the points of discontinuity, the series gives the sum % [f(x+0)+f(x—0)].
Properties
P)=1, P=1)=(1), P(=x) = (=1)"P (x)

P n(0)
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P n(x)=(1/m)*\I[¢,0,r] {(x+(x*2-1)"(1/2)*cosp) n}

\M[x]{P_n(x)}=(P_(n+1)(x)-P_(n-1)(x))/(2*n+1)

P ()<l for-1<x<I

P n(x)=(1/(2"(n+1)*m*i))*\I C[z]{(z"2-1)"n/(z-x)(n+1)} | [Schldfli’s integral]

where C is a simple closed curve on the complex z plane and x is an interior point.

P _n(x)=F(-n,n+1;1;(1-x)/2),
x "n*F(-n/2,(1-n)/2;1/2-n;1/x"2)

where F is the hypergeometric function. This relation is generally also valid for a
non-integer n and consequently gives the Legendre function of the first kind. In this
case P, (x) has singularities at x = —1 and x = co.

The equation P (x) = 0 has exactly » real roots, all in the interval (-1, 1).

15.3 Legendre Functions of the Second Kind

The Legendre functions of the second kind Q,(x) are the solutions of Legendre’s
differential equation given in Sec. 15.1. These functions diverge at the end points of
the interval —1 < x <1 and satisfy the symmetry condition

0,(—x) = (-1)"'Q,(x)
The divergence is logarithmic,

as is apparent from the first
functions, which are

Graphs of Legendre functions
Q_0(x)=(1/2)*In|(1+x)/(1-x)| of the second kind Q,(x)

Q_1(x)=(x/2)*In|(1+x)/(1-x)|-1

Q 2(x)=((3*x"2-
1)/4)*In|(1+x)/(1-x)|-3*x/2 Fig. 15-2
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Q _3(x), In|(1+x)/(1-x)|

Q _4(x), Inj(1+x)/(1-x)|

Q_5(x), In|(T-+Hx)/(1-x)|

Generally we have

Q n(x), P_n(x)*In|(1+x)/(1-x)|, Q_0(x)*P_n(x),
\S[k, Ln]{(P_(k-1)(x)*P_(n-k)(x))/k}

Q n(x), (1/x (n+1))*F((n+2)/2,(n+1)/2;(2*n+3)/2;1/x72), T(n+1), T(n+3/2)

where F'is the hypergeometric function. This relation holds for a non-integer » and,
consequently, O, (x) has irregular points at x = +1 and x = co.

Properties

The functions Q,(x) have exactly n + 1 zeros in (-1, 1) and satisfy the same
recurrence relations as the Legendre polynomials (Section 15.2). They diverge at x =
+1, whileatx=0

Q_n(0)

A simple integral expression is

Q n(x)=(1/2"(n+1)\I[z,-1,11{(1-2°2) n/(x-z)\(n+1)}

The general solution of Legendre’s differential equation can be written as

y=cP,(x) +¢,0,(x)

The Wronskian (Wronski’s determinant) is

WIP_n(x), Q_n(x)]=(n/(1-x"2))*(P_n(x)*Q_(n-1)(x)-P_(n-1)(x)Q_n(x))=1/(1-x"2)
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15.4 Associated Legendre Functions

The functions that satisty the associated Legendre’s differential equation

1-x2)*y"-2%x*y H(n*(n+1)-m*2/(1-x2))*y=0
y y

are the associated Legendre functions. In the following, we are limited to the case
where m and » are integers with # >0, —n <m <n and —1 <x < 1. Then the associated
Legendre’s ODE is obtained from Legendre’s ODE after m differentiations.

The general solution of the associated Legendre’s differential equation is
y=c,P/"(x)+c,0"(x)
where P"(x) and Q"(x) are the associated Legendre functions of the first and second
kind, respectively.

Associated Legendre functions of the first kind

The associated Legendre functions of the first kind are defined from the Legendre
polynomials with the relation

P n"m(x)=(1-x"2)"(m/2)*(d/dx)"m{P_n(x)}

where P (x) are the Legendre polynomials. Note that the right part of the previous
relation is also meaningful for a negative m with —n <m < n. In general we have

P n*(-m)(x)=(-1)"m*((n-m)!/(n+m)!)*P_n"m(x)}

We also define P)"(x) =0 for m <-n or m > n. For the values of P"(x) we have
P"(—x)=(-1)""P"(x) and P(£l)=0form#0
The first functions are (with x = cosé, 0 <0 <)
P(x)=P (x) foranyn
n=1 Pl(x)=(1-x*"=sin0
n=>2 P)(x)=3x(1 —x»)"* = %sin29

P2(x)=3(1 - x3) = 3 (1 — cos26)
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n=3 Pl(x) = 3 (52 = 1)(1 —x%)"? = 3 (sin @ + 5sin36)
PJ(x) = 15x(1 - %) = L (cos 0 - cos 30)
P3(x) =15(1 - x*? = 12 (3sin6 — sin30)

n=4 Pl(x)= %(7)(3 - 3x)(1 —xH)"? = % (2sin26 + 7sin40)
Plx)= 175(7x2 —1)(1-x»)= % (3 +4co0s20 — 7 cos4b)
P(x) = 105x(1 - %) = 18 (25in20 - sin40)

P(x)=105(1 -7 = 12 (3 — 4¢0520 + cos40)

Generating function

t"m/(1-2*x*t+t"2) (m+1/2), \S[n,m,\o ] {P_n"m(x)*t"n}

Recurrence relations
(n—m+ 1P, () — 2+ DxP,'(x) + (n + m)P, 7(x) = 0
(1 =x)"2P N (x) = 2mxP"(x) + [n(n +1) — m(m — 1)](1 = x*)"2P"'(x) =0
(1 =x)P"'(x) + nxP"(x) — (m+n)P, 7(x)=0  ('=dldx)
21 =xH)"Pm(x) = P™'(x)+ (m+n)(n—m+ DHP"'(x)=0  ('=d/dx)
Orthogonality

The functions P/"(x) and P"(x) (the same upper index) are orthogonal (with
weight function equal to 1) in—1 <x <1, i.e.

\[x,-1,1,]{P_1"m(x)*P_n*m(x)}=(2/(2*n+1))*((n+m)!/(n-m)!)*s_(In)

The functions Pf(x) and P"(x) (the same lower index) are orthogonal with weight
function equal to (1 —x*)'in-1<x<1,i.e.

\[x,-1,1,]{P_n"k(xX)*P_n"m(x)/(1-x"2)}=(1/m)*((n+m)!/(n-m)!)*d (km)




218 LEGENDRE FUNCTIONS CHAP. 15

Expansions in series

f(x) = aumm('x) + am+1P (x) + am+2Pm+£n(x) + o

m
m+1

a_k=((2*k+1)/2)*((k-m)!/(k+m)!)*\[[x,-1,1]{f(x)*P_k*m(x)}

Relation with hypergeometric functions

P_n"m(x), (1-x*2)(m/2)*F(m-n,m+n+1;m+1;(1-x)/2)

Associated Legendre functions of the second kind

The associated Legendre functions of the second kind are defined from the
Legendre functions of the second kind with the relations

Q_n"m(x)=(1-x"2)"(m/2)*(d/dx)"m{Q_n(x)}, Q_n"(-m)(x)

These functions tend to infinity for x — %1, whereas P (x) are finite for x = *1.
The functions Q,"(x) satisfy the same recurrence relations as P"(x).

An explicit expression in terms of hypergeometric functions is

Q n"m(x), (x"2-1)m/2)*F((n+m+2)/2,(n+m+1)/2;(2*n+3)/2;1/x"2),
I'(n+m+1), ['(n+3/2)

The Wronskian of P,"(x), O,"(x) for |x| <1 1is

WIP_n"m(x),Q n"m(x)]=((n+m)!/(n-m)!)/(1-x"2)

The first associated Legendre functions of the second kind are

0,/(x)=0,(x) foranyn

n=1 Q_1M(x)=(1-x"2)(1/2)*((1/2)In|(1+x)/(1-x)[+x/(1-x"2))

n=2 Q 2MX)=(1-x*2) (1/2)*((3*x/2)In|(1+x)/(1-x)[+(3*x2-2)/(1-x"2))

Q 272(x)=(3*(1-x"2)/2)*In|(1+x)/(1-x)|-(3*x"3-5%x)/(1-x"2)
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15.5 Spherical Harmonics

Various physics problems in the three dimensional Euclidean space lead to the
mathematical problem of solving a differential equation with partial derivatives,
such as the Laplace equation, the Helmholtz equation and the Schrédinger equation.
Following the method of separation of variables in spherical coordinates 7, 6, ¢, we
look for solutions of the form R(r)Y(0, ¢). Thus, we obtain for the function Y(6, ¢)
the differential equation

(1/sin0)*(\dA\d) {sinf*(\dY\dO)} +(1/sin62)*(\d\d@) 2 {Y } +n*(n+1)*Y=0

A further separation of the variables with the substitution Y(6, ¢) = @(0)P(p), gives
for the @(¢p), the ODE

(d/de) 2 {®} +m"2* D=0

with solutions @ = ¢, For @(#) we obtain another ODE. Setting x = cos# and
P(x) = ©(0) leads to the differential equation for the associated Legendre functions.
The boundary and other physical conditions of regularity and uniqueness require #
and m to be integers and also n > 0, —n < m < n. Thus, the dependence of Y(0, ¢) on
the angles 0 and ¢ is expressed by the functions

Y n"m(0,p), P n"m(cosf)*e (i*m*p)

These are the spherical harmonics. The coefficients have been chosen so that we
have the condition for orthonormality (the asterisk implies the complex conjugate)

\[,0,2*7] (\I[0,0,1] (Y _n"m(0,9))*Y_n"“m'(0,0)*sin0} }=5_(nn')*s (mm’)

and the condition for completeness

\S[n,0,\o [ {\S[m,-n,n] {#(Y n"m(0",¢"))*Y n"m(0,p)} }=6(¢p-¢")*d(cosb-cosh")

The first spherical harmonics Y,"(0, ¢) are the following:

n=0 Y 0°0=1/4*m)\(1/2)

n=1 | Y _0M=G/A*m)(1/2)*cosd | | Y _11=(3/(8*m))(1/2)*sind*e (i*)
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n=2 Y 270, (3/2)*cosb-1/2 Y 271, sinb*cosb*e(i*o)

Y 272, sinf"2*eN(2*1* )

n=3 Y 30, (5/2%c0s0"3-(3/2)*cos®| | Y 371, sin0*(5*cos0"2-1)*e (i*g)

Y 372, sin0"2*cos0*e (2*i*p) Y 373, sin0A3*eN(3*i*)

For m < 0 the spherical harmonics are obtained from the relation

Y_n"(-m)(0,9)=(-1)"m*#(Y_n"m)(6,¢))

The theorem of addition of spherical harmonics

In spherical coordinates (r, 8, ¢) a pair of values for 8 and ¢ defines a direction in
space. The angle y between two directions (0,, ¢,) and (0,, ¢,) satisfies the relation

cosy = cosd, cosd, + sind, sinb, cos(p, — ¢,)

In general, the theorem of addition of spherical harmonics is expressed by the rela-
tion

P_n(cosy)=(4*n/(2*n+1))*\S[m,-n,n]{Y n"*m(6_L,p 1)*#(Y n"m)(0 2,0 2)

Expansion of functions

A function f'(6, p), defined on the surface of a sphere, differentiable and continu-
ous, can be expanded in a series of spherical harmonics according to the formula

(0,90)=\S[n,0,\0] {\S[m,-n,n]{c_(nm)*Y_ n"m(0,p)}}

where the coefficients are (dQ = sinfdfdp)

c_(nm)=AL{f(0,0)*#(Y_n"m(0,p))*dQ}
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Orthonormal set of functions

We consider two real functions f(x) and g(x), defined and (quadratically)
integrable in an interval (a, b), apart perhaps, from a finite number of the points. If

\[x,a,b] {F(x)*g(x)}=0

we then say that the functions f(x) and g(x) are orthogonal in the interval (a, b).

If {u(x)},i=1,2, ..., 1is a set of real functions, such that

M[x,a,b]{u_i(x)*u_j(x)}=3_(ij) (Exa_

then the set {u,(x)} is orthogonal and normal or simply orthonormal in the interval
(a, b). The Kronecker symbol J; always equals 0 for i # j and 1 for i = ;. If the
functions u,(x) are complex, all the above hold, but with z*(x) instead of u/(x) in the
previous integral [u*(x) is the complex conjugate of u(x)].

If the integral has the general form

Mx,a,b]{u_i(x)*u_j(x)*w(x);=5_(i))

where w(x) is a nonnegative function in (a, b), then we say that the set {u(x)} is
orthogonal and normal or simply orthonormal in the interval (a, b) with a weight
Jfunction w(x). In this case, the set {[w(x)]"?,} is orthonormal.

Complete orthonormal set of functions

If {u/(x)} is an orthonormal set of functions and f(x) a (quadratically) integrable

function (a function for which \I[x,a,b]{[f(x)|"2}=0 (ij)| exists), we define the
generalized Fourier coefficients

c_i=\[[x,a,b]{f(x)*u_i(x)}

and form the sum

S M(x)=\S[i,1,M]{c_i*u i(x)}

221
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where M is a positive integer. The sum S,, approximates the function f(x) with a
mean square error

E_(rms)=((1/(b-a))*\I[x,a,b] {(f(x)-S_M(x))"2})"(1/2)

which (with given u, and M) is the smallest possible error of any other choice of c,.

IfE_— 0 when M — oo, then we have average convergence or convergence in
the mean of §,,(x) to f(x) and we write L.i.m.S§,,= f(x) (l.L.m. are the initials of /imit
in the mean). If this is true for any function f(x) [piecewise smooth and quadratically
integrable in the interval (a, b)], then the set {u(x)} is called complete.

In any case, we have

M[x,a,b] {f(x)"2}\>\S[i,1,M]{c_i"2} | [Bessel’s inequality]

for any M. In the case of a complete set {u,(x)}, we have £, — 0 for M — o and

\[x,a,b]{f(x)*2}=\S[i,1,\0]{c_i"2} | [Parseval’s identity]

Expansion in series of orthonormal functions

Often, we simplify the notation and write the expansion

f(x)=\S[i,1,\0] {c_i*u_i(x)}

instead of explicitly writing an average convergence. Also, we restrict ourselves
to piecewise continuous and differentiable functions f(x). These conditions are
sufficient (but not necessary) for average convergence and are usually satisfied by
the functions that appear in the applications. Attention should be paid to the points of
discontinuity where the expansion gives %[ f(x+0)+f(x—0)] instead of f(x).

Orthonormalization method of Gram-Schmidt

Given a countable (finite or infinite) set of linearly independent functions {¢(x)},
i=l,2, ..., we can form a set of orthonormal functions {u(x)} using the formulas

X 1)=0_1(x), u_i(x)=y_i(x)/(_iyx_1)(1/2),
x (T DE)=e_(i+1)(x)-\S[k, Li]{(u_k,o_(i+1))*u_k(x)}

where |(f,g)=\[[x,a,b]{f(x)*g(x)}|is the scalar product of f(x) and g(x).
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16.2 Orthogonal Functions from ODEs

Often, a physical problem leads to a differential equation with partial derivatives
(PDE) and then, after separating the variables, to ordinary differential equations
(ODE) of the form

223

[P + [g(x) + Ar(x)]y =0

over an interval (a, b), where the constant 4 results from the separation of the PDE.
This ODE, together with the boundary conditions that y(x) and y'(x) have to satisty,
usually at the end points of [a, b], form a Sturm-Liouville system. Because of the
boundary and other conditions, acceptable solutions y(x) exist only for particular
values of 4, which are called eigenvalues. The corresponding solutions y(x) are
called eigenfunctions. Usually, for each value of 4 there is only one corresponding
eigenfunction, but sometimes there are more.

If p(x), g(x), r(x) and the values of y(x), y'(x) at the end points x = a, x = b are real
and if #(x) > 0 in (a, b), then (a) the eigenvalues are real and (b) the eigenfunctions
that correspond to different eigenvalues constitute an orthogonal set of functions
with weight function 7(x).

Orthogonal polynomials from ODEs

Some orthogonal sets of functions that result from ODEs include simple and
easy to use functions. Some of these are sines and cosines (that lead to Fourier
series) and polynomials (probably in combination with other elementary functions).
The following table gives the coefficients p(x), g(x), (x) of some ODEs, the weight
function w(x), the constant 4 and the interval (a, b).

Polynomials * p(x) q(x) r(x) w(x) A (a, b)
Legendre, P (x) 1-x 0 1 1 nn+1) | [-1,1]
Associated o e 5
Legendre, P"(x) I—x*  |n"lxY) 1 1 nn+1) | [-1,1]
Hermite, H (x) exp(—x?) 0 exp(—x?) | exp(—x?) 2n (—o0, o)
Laguerre, L, (x) xe™ 0 e e n [0, )
Associated il g m_x

Laguerre, L"(x) xX"e 0 x"e x"e n [0, o0)
Chebyshev L, 7,(x) [(1-x»"| 0 (1=x)" 1 -x»"? n’ [-1,1]
Chebyshev I, U (x) [ (1-x»)*| 0 (A=x)H" | A=xH"| n(n+2) | [-1,1]

* These are all polynomials apart from P,"(x) for odd m.
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16.3 Hermite Polynomials

Basic relations

Forn=0,1, 2, ... Hermite’s differential equation

y'=2xy"+2ny=0

is satisfied by the Hermite polynomials

H n(x)=(-1)"n*e (x2)*(d/dx) n {e (-x"2)}

Generating function

(Rodrigues’s formula)

eN2¥x*t-t"2)=
\S[n,0,\o]{H n(x)*t"n/n!}

First polynomials
Hyx)=1
H,(x)=2x
Hy(x)=4x*-2
H,y(x)=8x* — 12x

Graphs of Hermite polynomials / (x)

H,(x)=16x"— 48x* + 12

Hy(x) =32x° — 160x° + 120x

H(x) = 64x° — 480x* + 720x* — 120
H.,(x) = 128x" — 1344x° + 3360x° — 1680x

Hy(x) = 256x* — 3584x° +13440x" — 13440x* + 1680

Fig.16-1: n 0 1 2 3 4 5

\S{H_n(x)}, x(n-2*k)

Properties

Recurrence relations
H (x)—-2xH (x)+2nH, _,(x)=0
H(x)-2nH, (x)=0
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Orthogonality

\[[x,-0,\0] {H_m(x)*H_n(x)*e (-x"2)}=2*n!*(1/2)*5_(mn)

Other properties
H,(—x) = (=1)"H,(x)

IH n(x)[<(2*n*n!*eA(x2))"(1/2)

H_(2*n)(0), H_(2*n+1)(0)

\[[x,-\0,\0] {e\(-(x-y)"2)*H_n(x)}=2"n*"(1/2)*y"n

\I[x,-\0,\0] {eN(-t"2)*H_(2*n)(x*1)}, (x"2-1)"n

\[x,-\0,\0] {t*e (-t"2)*H_(2*n+1)(x*t)}, x*(x*2-1)"n

\I[x,-\0,\0] {t"n*e (-t"2)*H_n(x*t)}=n"(1/2)*n!*P_n(x)

\S{H n(x+y)}=(1/2"(n/2))*\S[k,0,n] {(n;k)*H_
k(x*2°(1/2)*H_(n-k)(y*2°(1/2))

[Addition formula for Hermite polynomials]

\STk,0,n]{H_k(x)*H_k(y)/(2"k*k!)}, H n(x), H (n+1)(x)

H n(x)=2"n/m(1/2))\I[t,-\0,\0] {(x+i*t) n*e (-t"2)}

\I[x,-\o,\o]{x"*n*e"(-(x-a)"2)}, H n(i*a)

Expansion in series

Jf(x)=a,H\(x)+a,H (x)+ a,H,(x) + --- [ Exa |
where

a_k=(1/Q"k*k!*n7(1/2)))\[[x,-\0,\0] {eA(-x2)*f(x)*H_k(x)}
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16.4 Laguerre Polynomials

Basic relations

Forn=0,1, 2, ... Laguerre’s differential equation

"+ (1 =xpy'+ny=0

is satisfied by the Laguerre polynomials

L n(x)=(e"x/n!)*(d/dx)"n{x"n*e"(-x)}| (Rodrigues’s formula)

Generating function

N x*(1-4))/(1-t)=
\S[n,0,\0]{L_n(x)*t*n}

where |¢] < 1.
First polynomials
Lyx)=1
Li(x)=—x+1

L(x) =1 -4x+2)

Ly(x) = (=" +9x* = 18x + 6)

Ly(x) = £ (x* = 16x> + 72x> — 96x + 24)

24

Graphs of Laguerre polynomials L (x)

Fig. 16-2

—x° + 25x* = 200x* + 600x* — 600x + 120)

L(x¥) = =1 (x5 — 36x° + 450x* — 2400x° + 5400x> — 4320x + 720)

Ly(x) = 135 (
720
L) = 5545 (

—x" + 49x5 — 882x> + 7350x* — 29400x° + 52920x* — 35280x + 5040)

Ly(x)= L (x® — 64x7 + 1568x° — 18816x° + 117600x* — 376320x" + 564480x*

40320

—322560x + 40320)

\S{L n(x)}, x"k
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Properties

Recurrence relations
(m+1DL,,,(x)—2n+1-x)L (x)+nL, (x)=0
xL)(x) —nL,(x)+nL, (x)=0
L)~ L)) + L) =0

Orthogonality

\[[x,0,\0] {e’(-x)*L_m(x)*L_n(x)}=5_(mn)

Other properties
L(0)=1

|L(x)|< e for x>0

L (x)=M(n,1,x) [M(a, b, x) = confluent hypergeometric function]

\I[x,0,\0]{x"*p*e"(-x)*L_n(x)}

\S[k,0,n]{L_k(x)*L k(y)}, L n(x), L _n(y)

\S[k,0,\0] {k*L_k(x)/k!}=et*]_0(2*(x*t)(1/2))

L n(x)=(e"x/n!)*\I[u,0,\0]{u"n*e"(-
w)*J 0(2*(x*u)™(1/2))}

M[t,0,x]{L_m(t)*L_n(x-t)}=L_(m+n)(x)-L_(m+n+1)(x)

Expansion in series

J(x)=ayLy(x) +aL,(x)+ a,Ly(x)+ -

a_k=\I[x,0,\0] {e(-x)*f(x)*L_k(x)}
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16.5 Associated Laguerre Polynomials Ext

Basic relations
The associated Laguerre’s differential equation (m and n nonnegative integers)
xy"+(m+1-x)y'+ny=0

is satisfied by the associated Laguerre polynomials

L n"*m(x)=(e"x/(x*m*n!))*(d/dx) n{x*(n+m)*e’(-x)}| (Rodrigues’s formula)

Using the Laguerre polynomials we have L(x) = L (x) and
L n"m(x)=(-1)"m*(d/dx)"m{L _
(n+m)(x)}

Generating function

e (-x*t/(1-1))/(1-t) (m+1)= Graphs of associated Laguerre
\S[n,0,\0]{L_n"m(x)*t"n} polynomials L}°(x)

First polynomials

Li'(x)=1

L'x)=—x+m+1

Ly (x) = S = 2(m + 2)x + (m + 1)(m + 2)] Fig. 16-3
Li(x) = —%[x3 =3(m+3)x* + 3(m +2)(m + 3)x — (m + 1)(m + 2)(m + 3)]

L"(x) = ﬁ [x* —4(m + 4)x° + 6(m + 3)(m + 4)x* — 4(m + 2)(m + 3)(m + 4)x
+ (m+ 1)(m + 2)(m +3)(m +4)]

\S{L_n"m(x)}, M(-n,m+1,x), x"k

Properties

Recurrence relations

| L n*m(x), L_(n+1)*m(x), L_(n-1)"m(x)

L_n"m(x), L_n(m-1)(x), L_(n-1)"m(x)

| L_n"m(x), L_nMm+1)(x), L_(n-1y'm(x) |
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(d/dx){L_n"m(x)}+L (n-1)*(m+1)(x)=0,
(d/dx){L_(n+1)"m(x)}-(d/dx){L._n"m(x)}+L_n"m(x)=0

x*(d/dx){L_n"m(x)}-n*L_n"m(x)+(n+m)*L_(n-1)"m(x)=0

Orthogonality
\[x,0,\0] {x"m*e"(-x)*L_n"m(x)*L p"m(x)}=
((n+tm)!/n")*3 (np)

Other properties
\[x,0,\0] {x*(m+1)*e(-x)*L_n"m(x)"2}=
(2*n+m+1)*(n+m)!/n!

Expansion in series

J@0) = ALy (x) + AMLY) + APLy'(x) + - [ Exa

A_KA(m))=(k!/(k+m)!)*\[[x,0,\0] {eA(-x)*x m*L_k m(x)*f(x)}

16.6 Chebyshev Polynomials

Basic relations

Forn=0,1, 2, ... Chebyshev’s differential equation
(1 =" = xp'+ 'y =0
is satisfied by the Chebyshev polynomials of the first kind
T (x)=cos(nf), x=cos6, |x|<1

and the functions (1 — x*)"*U,_ (x), where

U n(x)=sin((n+1)*0)/sin0

are the Chebyshev polynomials of the second kind. All roots of T, (x) and U (x) are
real and in the interval [-1, 1].

The general solution of Chebyshev’s differential equation is

y=c_l+c 2*sin(-1)x,
y=c_1*T n(x)+c 2*(1-x"2)(1/2)*U_(n-1)(x)
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16.7 Chebyshev Polynomials of the First Kind

Generating function

(1-x*t)/(1-2*x*t+t"2)=
\S[n,0,\0]{T n(x)*t"n}

First polynomials

Ty(x)=1 Graphs of Chebyshev polynomials
of the first kind 7(x)

T\(x)=x=cos0
Ty(x) =2x* — 1 =cos26
Ty(x) = 4x* — 3x = cos 30

T,(x) = 8x* — 8x* + 1 = cos40 Fig.16-4: n 0 1 2 3 4 5

Ty(x) = 16x° — 202 + 5x = cos 50

Ty(x) =32x°— 48x* + 18x* — 1 = cos 66

Ty(x) = 64x” — 112x° + 56x° — 7x = cos 76

To(x) = 128x" — 256x° + 160x* — 32x* + 1 = cos 86

\S{T n(x)}, x(n-2*k)

T n(x)=((-1)"n*2 n*n!/(2*n)1)*(1-x*2)(1/2)*(d/
dx) n {(1-x"2) n/(1-x 2)N(1/2)}

Properties
Recurrence relations

T,(x) = 2xT, () + T, () = 0

(1 =x)T)(x) + nxT(x) — nT, (x)=0
Orthogonality

\[x,-1L,LIK{T mx)*T n(x)/(1-x"2)*(1/2)}

(Rodrigues’s formula)
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Values
T(—x)= (1T (x)
1,(0)=(-1) T,,.,(0)=0 (=1 T,(-D=(1)y

Expansion in series

fx)= %aOTO(x) +a,T,(x) + a,Ty(x) + -+ 'Exa)

a_k=(2/m)"\I[x,-1,1]{F)*T_kx)/(1-x"2)"(1/2)}

16.8 Chebyshev Polynomials of the Second Kind

Differential equation

The polynomials U, (x) satisfy the differential equation

(1 =x)y"=3xy'+n(n+2)y=0
Generating function

1/(1-2*x*t+t72)=\S[n,0,\o | {U_n(x)*t"n}

First polynomials
Uyx)=1
U,(x)=2x

Uy =42 ~ 1 Graphs of the Chebyshev polynomials
Us(x) = 8x* — 4x of the decond kind U (x)
Ux)=16x"—12x* + 1

Ug(x) = 32x° — 32x° + 6x
Ug(x) = 64x° — 80x* + 24x* — 1
U,(x) = 128x” — 192x° + 80x° — 8x Fig. 16-5
Ug(x) = 256x* — 448x5 + 240x* — 40x* + 1

\S{U n(x)}, x(n-2*k)

U n(x)=((-1)n*2 n*(n+ D((2*n+1)1*(1-
XA2N(L/2)(d/dx) n {(1-xA2)N(1/2)*(1-x2) n}

(Rodrigues’s formula)
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Properties

Recurrence relations

U, @) -2xUx)+U,_(x)=0

(1 =x)U/(x) + nxU,(x) = (n +D)U,_,(x)=0
Orthogonality

\[x,-1,1{U_m(x)*U_n(x)*(1-x*2)*(1/2)}=(w/2)*3_(mn)

Values
U (=) =(=1)"U,(x)
U,(0) = (=1)" Uppia(0) =0
U)=n+1 U =(1)"(n+1)

Expansion in series

1) = a,Uy(x) + a,U,(x) + a,Uy(x) + -+

a_k=(2/m)*[x,-1,1]{(1-x"2)"(1/2)*f(x)*U_k(x)}

Relations among Chebyshev polynomials and other functions
T(x)=U/x)—xU,_(x)=xU,_ (x)-U, ,(x)= %[Un(x) - U, _,(%)]
(1 =xHU(x)=xT,, (x) = T, ,(x)
T, (x)=nU,_(x)

T n(xX)=(1/m)M[v,-1,17{(1-v"2)(1/2)*U_(n-1)(v)/(x-v)}

U nx)=(1/m)\[v,-1,1]{T_(n+D)v)/A(v-x)*(1-v 2)(1/2))}

T n(x)=F(n,-n,1/2;(1-x)/2) [F(a, b, c; x) = hypergeometric function]

U n(x)=(n+1)*F(n+2,-n,3/2;(1-x)/2)




17 VARIOUS FUNCTIONS

Definitions

x>0, | TX)2I[L0,0]{t (x-1)*e () [0, 1]{(-Int) (x-1)}

Ifx#0,-1,-2,..., | T(x)=['(x+1)/x | (recurrently)

The definition is also valid for complex x with Re(x) > 0 or Re(x) #0, -1, -2, ....
I'(z)=\S[k,0,\0]{(-1)"k/(k!*(z+k)) } +
\[t, 1,\o]{e"(-t)*t\(z-1)}

I1(2) is a meromorphic function of z with simple polesatz=0, -1, -2, ....

For any complex z # 0, -1, -2, ...

Other definitions I'(x)=lim[k,\o]{...}, k"x

/T (x)=x*eN(y*x)*\P[k,1,\o] {(1+x/k)*e (-x/k)}| [y is the Euler constant]

Graphs of the gamma function
I(x) and 1/I(x)

Fig. 17-1

233
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Properties
Ix+1)=xI(x)
I'n+1)=n! forn=0,1,2,...with0! =1.

@*n)!1, (2*n+1)!!

I'(x)*I'(1-x)=n/sin(m*x) I'(x)*I'(-x)=-m/(x*sin(n*x))

I'(1/2+x)*I'(1/2-x)=mn/cos(m*x)

L2*x)=2"2*x-1)/n(1/

) T(x)*T(x+1/2) [duplication formula]

T(n*x), T(x)*T(x+1/n)*T (x+2/n)...T (x-*+(n-1)/n)

Asymptotic series of Stirling for large x

T(x)=(2**x) N (1/2)*x(x-1)*eN(-x)*(1+1/(12%x)+1/(288*x/2)-...)

Fo

—

x = n (large positive integer) we have Stirling’s formula

[(nt1)y=n\~2**n)(1/2)*n"n*e’(-n)| (The ratio of the two parts tends to 1 as n — .)

Values

r()=r@)=1, |T(1/2)=2%I[x,0,\0]{e (-x*2)}=n(1/2), [(3/2)=n"(1/2)/2

T(n+1/2)

I'(-n+1/2)

1'(1/4) =3.62560 99082..., I'(1/3) =2.67893 85347...
I'(2/3) =1.35411 79394..., I'(3/4) = 1.22541 67024...

I'(1)=\[x,0,\0]{e (-x)*Inx }=-y
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The incomplete gamma function

v(a,x)=\I[t,0,x] {t"(a-1)*e (-t)}

[(a,x)=\[t,x,\o] {t"(a-1)*e™(-t)}

Lower incomplete gamma function

Upper incomplete gamma function

v(a,x)=T(a)-T'(a,x)=\S[k,0,\0] {(-1)"k*x(a+k)/(k! *(a+k))}

The psi function

W(x)=I"(x)/T(x)=(d/dx) {In(T(x)} =-y+\S[k,0,\0] { 1/(k+1)-1/(x+k)} @

W(X)=\[E,0,\0] {e (-4)/t-e N (-x*t)/(1-eN (D)} =...=\[1,0, 1] {(1-tA(x-1))/(1-t)} -y

i+ 1) =wx) +x7!

w(l —x) =w(x) + mcotmx

W2FX)=(1/2)*p(x)+(1/2)*y(x+1/2)+n2

w(n+1)=7yRS[k,1,n]{1/k}

py(H)=-y, w(1/2)=-y-2In2,

w(1/4) = —y — /2 — 31n2

w(n+1/2)=-y-2%In2+2*\S[k, 1,n] { 1/(2*k-1)}

w(1) = /6, w(1/2) = 22

W'(n)=n"2/6-\S[k, 1,n-17{ 1/k*2}, w'(1/2\+n)=n*2/2\-4%\S[k, 1 ,n] { 1/(2*k-1)"2}

Polygamma functions

y_n(x)=(d/dx) n{y(x)}=(d/dx) n{In(I'(x))} l wo(X) = w(x) is the digamma

function, y,(x) = y'(x) is the

e"(-0)}

v_n(x)=(-1)"(n+1)*\I[t,0,\0] {t"n*e (-x*t)/(]- [trigamma function, etc.
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v+ 1) =y, () + (<1l
w (D) =Dl + 1), n=1,2,...

w,(1/2)= (D) Dpt 2 = 1D){(n+1), n=1,2,...
[{(n) is the Riemann zeta function]

17.2 The Beta Function

Definitions

B(x,y)=\[L0, 1]t (x-1)*(1-0"(y-1)}

The definition is also valid for complex x and y with Re(x) > 0, Re(y) > 0.

B(x,y)=I'(x)*I'(y)/T'(x+y)| (it can be used for extentiontox <0,y <0) ([

Properties

B(x, ) = B(y, x)

B(x,y+D)=(y/(x+y))*B(x.y) B(x+1Ly)=(x/(x+y))*B(x.y)

B(x,y)=2*\I[0,0,1/2] {$in0"(2*x-1)*cos0 (2*y-1)}

B(x,y)A\[t,0,\0]{t"(x-1)/(1+t) (x+ty)}

B(Gy)=rty* (i D) A[L,0, 1 {t(x-D*(1-)M(y- D/t (x+y) §

B(x,y)=\[60,\0] {e(-x*t)*(1-e"(-0))*(y-1)}

1/B(m,n)=m*((m+n-1);(n-1))=n*((m+n-1);(m-1))

The incomplete beta function

B_x(a,b)=\[t,0,x] {t"(a-1)*(1-)(b-1)}
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17.3 Bernoulli and Euler Polynomials and Numbers

Definitions

The Bernoulli polynomials B (x) are defined by the relation

treN(x*)/(e t-1)2\S[k,0,\0] {B_k(x)*t"k/k!}

The Euler polynomials E,(x) are defined by the relation

e (x*)/(et+1)=\S[k,0,\0]{E_k(x)*t"k/k!}

The first Bernoulli and Euler polynomials are

B 0(x) E 0(x)
B 1(x) E 1(x)
B 2(x) E 2(x)
B 3(x) E 3(x)
B 4(x) E 4(x)
B 5(x) E 5(x)

From the polynomials we have the Bernoulli numbers B, and the Euler numbers E,

B,=B,0), k>0 E,=2E&), k>0

B,=1 B =-1% E,=1

B,=1% B,=-1/30 E,=-1 E,=5

B, =1/42 By =-1/30 E =61 E =1385

B,,=5/66 B,,=-691/2730 E,,=-50521 E,,=2702765

B,=B;=--=B, =0, k>1 E =E;=--=E, =0, k>0

B(1)=B,, k>2 E(1)=-EL(0), k>0
B_n(x)=\S[k,0,n] {(n;k)*B E_n(x)=\I[k,0,n] {(n;k)*E_

k*xA(n-k)} k*(x-1/2)(n-k)/2°k}
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Properties

O k=0,1
S[1,0,k]{((k+1);1)*B_i(x)} =0,1,...
Bk'()C) = kkal(x)’ k=12, ...

B,(x+ 1) — B,(x) = kx*", k=0,1, ...

E,(x) = kE,_,(x), k=1,2, ...
E(x+ 1)+ E(x) = 2x%, k=0,1,...
B(1 - x) = (~1)'B,(x), k=0,1,...
(~1)B,(—x) = B,(x) + kx*', k=0, 1,...
E(1-x) = (-1)E,(x), k=0,1,...
() E(—x) = E,(x) - 2%, k=0, 1,...

B (m+1)(n+1)-B_(m+1)=(m+1)*\S[k,1,n]{k"m}

E_m(n+1)+(-1)*n*E_m(0)=2*\S[k, 1,n]{(-1)"(n-k)*k"m}

\S[1,0,k]{((k+1);i)*B_i}=0

B (2*k), {(2*¥k)

B_(2%k), \I[x,0,\0] {x(2*k-1)/(e (2*1*x)-1)}

B_(2*k), \I[x,0,\0] {x"(2*k)/sinhx"2}

\[t,a,x]{B_k(t)}=(B_(k+1)(x)-B_(k+1)(a))/(k+1)}

\[t,a,x]{E_k(t)}=(E_(k+1)(x)-E_(k+1)(a))/(k+1)}
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17.4 The Riemann Zeta Function

Definitions

The Riemann zeta function is defined by

{x)=\S[k,1,\0] { 1/k"x}

This definition holds for x > 1 and also for a complex argument z with Re(z) > 1.
It can be extended by analytic continuation to other values. The only singular point

of {{z) is z=1 and has residue 1.
Usually, for x = n (positive integer) we also use the following functions:

B(n)=\S[k,0,\0] {(-1)"k/(2*k+1)*n}, n(n)=\S[k,1,\0] {(-1)*(k+1)/k n},
Mn)=\S[k,0,\0]{ 1/(2*k+1)"n}

Properties

{X)=(1/T(x))*\[t,0,\0] {t (x-1)/(e™t-1)} (alternative definition)

Cx)=(1/((1-27(1-x))*T'(x)))*\[[£,0,\0] {t (x-1)/(e t+1)}

C(1-)=27(1-%) TN (x)*T(X)*cos(m*x/2)*{(x)

n(n)=(1-27(1-n))*¢(n)|

M)=(1-27(n))*¢(n) |

1/4(x)=\P[p,2,\0]{(1-1/p"x)}

(The infinite product contains all the prime numbers p.)

¢2*n+1), \[[x,0,1]1{B_(2*n+1)(x)*cot(m*x)}

B(2*n), \[[x,0,1]1{E_(2*n-1)(x)/cos(n*x)}
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Values

£(0)=-1/2, £'(0)=-In(2*m)/2

&) (1) n) M2)
G(4) B3) n) M4)
&(6) B(S) n(6) M6)
&(®) B(7) n(®) M8)
G(10) BO) n(10) M10)

L2)=G=0.915965594 177 ... (G is the Catalan constant)

&(2*n), B_(2*n)

{(1-2%n)=-B_(2*n)/(2*n), {(-2*n)=0

B(2*n+1), [E_(2%n)|

17.5 Hypergeometric Functions

Differential equations

The hypergeometric differential equation (Gauss’s ODE) is
x(1=xp"+[c—(a+b+ x|y’ —aby=0
If ¢, a— b, and ¢ — a — b are not integers, the general solution for |x| <1 is
y=cFla,b,c;x)+c,x" “Fla-c+1,b—c+1,2-c¢;x)

where F(a, b, ¢; x) is the hypergeometric function

\S{F(a,b,c;x}, x"k
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If the function has infinite terms and a, b, and ¢ are real constants, it converges
(uniformly and absolutely) in the interval —1 < x < 1 (in general, in the complex
plane for |z| < 1, whereas it diverges for |z| > 1).

For |x| =1 (or |z| = 1), the convergence depends on the quantity s = ¢ — (a + b):
If s <—1, the series diverges. If -1 <s < 0, the series converges conditionally, except
at x = 1, where it diverges. If s > 0, the series converges absolutely.

The confluent hypergeometric differential equation (Kummer’s ODE)
xy"+ (b —-x)y'—ay=0

is obtained from the hypergeometric differential equation with the confluence of two
irregular points. The general solution is

y=c,M(a, b; x) + c,x'""M(a— b+ 1,2 — b; x)

where M(a, b; x) is the confluent hypergeometric function

\S{M(a,bix)}, x"k

that converges for every finite x. Often, we use Whittaker’s function
M, (x) = e " M(u — 1k + %, 2u+1;x)
which satisfies the ODE
X'+ (P ke + L =Py =0

Relations with other functions

For particular values of the parameters, the hypergeometric functions reduce to
elementary or simpler functions.

F(=p, b, b; x) = (1 +x)* F(1,p.p;x)=1/(1-x)

F(1/2,1,3/2;x"2)=
(1/2*x)*In((1+x)/(1-x))
F((n+1)/2,(1-n)/2,1/2;8inx"2)=

cos(n*x)/cosx

F(1,1,2;-x)=In(1+x)/x

F(n/2,-n/2,1/2;sinx"2)=cos(n*x)

F(1/2,1/2,3/2;x"2)=sin(- 1 )x/x F(1/2,1,3/2;-x"2)=tan"(- 1 )x/x

F(a,a+1/2,1/2;x"2)=

lim[n,\o]{F(1,n,1;x/n)=e"x
(A2)*(1/(1+x)™N2*a)+1/(1-x)™(2*a))




242 VARIOUS FUNCTIONS CHAP. 17

F(1/2,12 3/2-x2)=
In(x+(1+x"2)N(1/2))/x

F(n,-n,1/2;(1-x)/2)=T n(x)

F(n+1,-n,15(1-x)/2)=P_n(x)

F(n+2,-n,3/2;(1-x)/2)=U_n(x)/(n+1)

F(-n,n+2*a,0+1/2;(1-x)/2), C_n"((a))(x)

[C,“(x) are the Gegenbauer polynomials]

F(-n,o+p+n+1,0+1;(1-x)/2), P_n"((a,p))(X)

[P *P)(x) are the Jacobi polynomials]

M(a, a; x)=¢"

M(-n,1/2;x2), H_(2*n)(x)

M(1,2; —2ix) = ex 'sinx

M(1, 2; 2x) = e*x 'sinhx

M(-n,3/2;x2), H_(2*n+1)(x)/x

M(n+1/2,2*n+1;2*1*x)=

2"n*n!*eM([i*x)*J n(x)/x"n

M(n+1/2,2*n+1;2*x)=

2 n*n!*e x*I n(x)/x™n

M(1/2,3/2;-x"2)=
erf(x)/x, (1/x)*\[[t,0,x] {e"(-t"2)}

Properties

M(-n,m+1;x)=
(n*m!/(ntm)DH*L n"m(x)

F(a,b,c;1)=I'(c)*I'(c-a-b)/(I'(c-a)*I'(c-b))

F(a,b,c;x)=F(a,c-b,c;-x/(1-x))/(1-x)"a

F(a, b, c;x)=(1 —x)"“"F(c —a, c — b; c; x)

(d/dx){F(a,b,c;x)}=(a*b/c)*F(at1,b+1,c+1;x)

F(a,b,c;x)}=(T'(c)/(T'(b)*I'(c-b)))*\I[[u,0,1]{u™(b-1)*(1-u)*(c-b-1)/(1-u*x)"a}

M(a, b, x) = 'M(b — a, b; —x)

M(a,b;x)}=(I'(b)/(I'(a)*I'(b-a)))*\I[u,0,1]{e"(x*u)*u(a-1)*(1-u)"(b-a-1)}
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17.6 Elliptic Functions

Elliptic integrals
The (incomplete) elliptic integral of the first kind is

F(9,k)=\I[0,0,0] {(1/(1-k"2*sin0"2)7(1/2)}=
\[[v,0,%] £ 1/((1-vA2)*(1-KA2%vA2))N(1/2)}

The complete elliptic integral of the first kind is

K(K)=F(m/2,k)=\I[0,0,1/2] { 1/(1-k"2*sin0"2)"(1/2)=
\I[V,0, 11 1/((1-v"2)*(1-kA2%vA2)N(1/2) 1=
(2)*(1+k 2/4+...)

The (incomplete) elliptic integral of the second kind is
E(o,k)=\1[0,0,0]{(1-k"2*sinB"2)(1/2) }=
v, 0,x]{(1-k*2*v A 2)"(1/2)/(1-v"2)N(1/2)}

The complete elliptic integral of the second kind is

E(K)=E(/2,k)=\1[0,0,7/2] {(1-k*2*sin® 2)"(1/2)} =
\[[v,0,17{(1-kA2%EvA2)A(1/2)/(1-vA2)N(1/2) 1=
(/2)*(1-k"2/4-...)

The (incomplete) elliptic integral of the third kind is

T1(n,0,K)=\[0,0,0] { 1/((1+n*sin0"2)*(1-k*2*sin0*2)~(1/2)) 1=
\I[V,0,x] { /((1+0%vA2) % ((1-vA2)*(1-kA2:vA2))A(1/2))}

The complete elliptic integral of the third kind is (x = sing, k* < 1)

TT(n,m/2,K)=\I[0,0,m/2] { 1/((1+n*sin®2)*(1-k~2*sin® 2)(1/2))} =
\I[v,0, 1] 1/((1+0#vA2) 5 ((1-vA2)*(1-KA2%:vA2))A(1/2))}

Catalan constant

G=(1/2)"\I[k,0,1]{K(k)}=(1/2)*\I[k,0,1]{\I[0,0,7/2] { 1/(1-k 2*sin0 2)(1/2)} } =
1/17°2-1/372+1/5%2-...
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Elliptic functions

The inverse function of u = F(g, k) is ¢ = amu (it is called amplitude of u and its
dependence on £ is suppressed). The following are Jacobi’s elliptic functions:

cnu=cos@=(1-x"2)"(1/2)=cos(amu)=(1-snu”"2)"(1/2)

snu = sing = x = sin(amu),

>

- dnu=(1-k"2*sing"2)(1/2)=(1-kA2*x*2) (1/2)=(1-k*2*snur2)7(1/12) |

K(K)=\I[0,0,1/2]{ 1/(1-kA2*sin02)7(1/2),
K'(k)=\[0,0,m/2] { 1/(1-(1-k"2)*sin02)"(1/2)

elliptic functions has two periods: snu has periods 4K and 2iK’, cnu has periods 4K
and 2K + 2iK', and dnu has periods 2K and 4iK".

Identities

Let . Each of the three

snu + cn’u =1, dn’u + Ksn’u=1, dn’u — KPen*u=1-§
Values
am0=0 sn0=0 cn0=1 dn0=1

Addition formulas

sn(u+v)=(snu*cnv*dnv+cnu*snv*dnu)/(1-k*2*snu”2*snv"2)

cn(utv)=(cnu*cnv-snu*snv*dnu*dnv)/(1-k"2*snu"2*snv"2)

dn(utv)=(dnu*dnv-k*2*snu*snv*cnu*cnv)/(1-k"2*snu”"2*snv"2)

Derivatives

(d/du){snu}=cnu*dnu| |(d/du){cnu}=-snu*dnu (d/du){dnu}=-k"2*snu*cnu

Series expansions

\S{snu}, ur(2*k+1)

\S{cnul, u(2*k)

\S{dnu}, u(2*k)
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Integrals
\I[u] {snu} \I[u] {cnu}
\I[u] {dnu} \I[u]{1/snu}
\I[u]{1/cnu} \I[u]{1/dnu}
\I[u]{snu/cnu} \I[u]{snu/dnu}
\I[u]{cnu/snu} \I[u] {cnu/dnu}
\I[u]{dnu/snu} \I[u] {dnu/cnu}

17.7 Other Functions

Error function

erf(x)=(2/n"(1/2))*\I[u,0,x] {e"(-u"2)}=
(1/m™(1/2)) I [v,0,x"2]{e"(-v)/v(1/2)}=
(2*x*eN(-x"2)/nN(1/2))*M(1,3/2;x"2),
\S[erf(x)}, x (2*k+1)

asymptotic expansion
asx — o

erf(X)~1-(eN (X 2N (1/2)*x)*(1-1/(2*x"2)+...)

erf(—x) = —erf(x), erf(0)=0, erf(—w)=-1, erf(c0)=1

Complementary error function

erfc(x)=1-erf(x)=(2/n(1/2))*\[[u,x,\o]{e"(-u"2)}=
1-(2/m™(1/2))* (x-x"3/(3* 1) +x"5/(5*2!)+...)

asymptotic expansion
asx — o0

erfe(x)~(e"(-x"2)/(n™(1/2)*x)*(1-1/(2*x"2)+...

erfc(—x)=2 —erfc(x), erfc(0)=1, erfc(—w)=2, erfc(eo)=0
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Exponential integrals

E n(x)=\I[u,1,\o]{e"(-x*u)/u’n}

Ei(x)=-E_1(-x)=-\I[v,-x,\0]{e"(-v)/v}=\][v,-\o,x]{e"V/v}

Sine integral

Si(x)=\I[u,0,x] {sinu/u} =/2-\I[u,x,\0] {sinu/u},
\S{Si(x)}, xA2*k+1)

Si(x)~m/2-(sinx/x)*(1/x-31/x"3+...)-(cosx/x)*(1-2!/x"2+...)

Si(—x) = -Si(x), Si(0)=0, Si(c0)=7/2

Cosine integral

Ci(x)=-\I[u,x,\o]{cosu/u}=y+Inx-+\I[u,0,x]{(cosu-1)/u}, \S{Ci(x)}

Ci(x)~(sinx/x)*(1-2!/x"2+...)-(cosx/x)*(1/x-31/x"3+...)

Ci(o0) = 0

Fresnel’s sine and cosine integrals

S(X)=(2/m)N(1/2)\[[u,0,x] {sin(u’2)}, \S {S(x)}, x"(4*k+3)

Cx)=(2/m)y(1/2)\[[u,0,x] {cos(u 2)}, \S {C(x)}, X (4*k+1)

S(x)~1/2-(1/2*m)(1/2))*(cos(x*2)(1/x-... ) +sin(x"2)*(1/(2#x3)-...))

C(X)~1/2+(1/Q2*m)N(1/2))*(sin(x2)(1/x-...)-cos(x 2)*(1/(2*x"3)-...))

S(=x) ==8(x), S(0)=0, S(x)= % C(—x) =—-C(x), C(0)=0, ()= %



18 FOURIER TRANSFORMS

If (i) the functions f(#) and f'(f) are piecewise continuous in every finite open
interval, (ii) \I[t,-\o,\o]{|f(t)|} | converges, and (iii) f(¢) equals %{f (t+0)+f(—-0)}
at any point of discontinuity, then

f(t)=\1[®,0,\0] {A(®)*cos(w*t)+B(m)*sin(m*t)}

where

A(o)=(1/m)*\I[u,-\o,\o]{f(u)*cos(w*u)},
B(®)=(1/m)*\I[u,-\o,\o]{f(u)*sin(w*u)}

Two other forms of Fourier’s theorem are

f()=(1/(2*1))*\I[,-0,\0] {\I[1,-\0,\0] { f(u) *cos(w*(u-t))} }

f(t)=(1/(2*n))*\I[®,-\0,\o ] {e"(-1*®*t)*\][u,-\o,\o | {f(u)*e (i*w*u)} }
=(1/2*n))*\[[o,-\0,\0] {\[[u,-\o,\o] {f(u)*e (i*w*(u-t))} }

If /(?) is an odd function [meaning f(—7) = —f(¢)], then

f(t)=(2/m)*\I[®,0,\0] {\I[u,0,\0] { f(u)*sin(w*u) } *sin(wt) }

If £(?) is an even function [meaning f(—¢) = f(¢)], then

f(t)=(2/m)*\I[0,0,\0 ] {\[[u,0,\0] {f(u)*cos(w*u)} *cos(wt) }

All of the above are summarized as follows: All the information that exists in the
t space [meaning in f(¢)] can be transferred to the w space after an integration
(with respect to #) and then, after a second integration (with respect to w), it can be
transferred back to the ¢ space.

247
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18.2 Fourier Transforms

The Fourier transform of f(f) is defined by the relation

F(0)=\F {f(t)}=(1/(2*m)"(1/2))*\I[t,-\0,\0] {f(t) *e (i*0*1)}

The inverse Fourier transform of F(w) is defined by the relation

f(H)=\FA(-1) {F(@) 1 =(1/(2*m)(1/2))*\[[,-\0,\0] {F(00) e (-i*0*t)}

The functions f(¢) and F(w) are a pair of Fourier transforms. The function f(¢)
represents the information in the time space and F(w) in the frequency space (often
t represents time and w angular frequency).

Properties

If F(w) = F{f(®} and G(w) = F{g(¢)}, then for constants @ and b we have the
following properties:

Flaf (@) + bg(t)} = aF(w) + bG(w) Linearity

FL{f*()} = F¥(—w), (* for complex conj.)  Complex conjugation
FFO} =f(-w) Duality

Fif(at)) =a'F(wla), a>0 Scale change
Fif(@t+a) =eF(w) Translation
\F{t"n*f(t)}=(-1)"n*(d/dw) n{F(w)} Multiplication by power
Fif(He™ = F(w + a) Multiplication by e
Fif(0cosat} =L F(w+a)+ L Flw - a) Modulation

If lim[a,0]{\F {f(t,a)} }=\F {f(t)}|, then [lim[a,0]{f(t,a)}=f(t)| where f(7) is continuous.

If (a) the derivatives f “)(¢) exist for7=0, 1,2, ..., n for every ¢ and are absolutely
integrable functions and (b) /(r) — 0 as || = o forany =0, 1,2, ..., n — 1, then

F () = (io)'Fo)
If f(¢) and |\I[u,-\o,t]{f(u)} | are absolutely integrable functions of 7, then

\F {\I[u,-\0,t] { (1)} }=(i/)*F ()
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The convolution theorems

Prrg—(1/(2*m)N(1/2))*\[u,-\0,\
o] {f(u)*g(t-u)}

transformation) of two absolutely integrable functions f(¢) and g(#) with Fourier
transforms F(w) and G(w), then

Fif*gl =FG Fifgt=Fr*G [ Pro_

i.e. the transform of the convolution is the product of the transforms and the transform
of a product is the convolution of the transforms. The inverse of these relations are

f*g=TFFG} fg=F HF*G}

If is the convolution (as defined for the Fourier

Parseval’s identity

If Flw) = F{/(0)} and G(w) = F{g (D)}, then
\I[t,-\0,\o{(t)*#(g(1))}=\[[®,-\0,\0]{F (@) *#(G(®))} [Pro

where the asterisk indicates the complex conjugate. More specifically,

\I[t,-\0,\o] {121 =\[@,-\0,\0] {[F ()21

Correlation
The cross-correlation c(f) of two (real or complex) functions f(f) and g(¢) is
c(t)=H(f(-1)**g(O)=(1/(2*m)"(1/2))*\I[u,-\0,\o ] {#(f(-u)) *g(t-u) } =
(L/2*m)™(1/2))*\I[u,-\o,\o ] {#(f(u))*g(t+u) }
The autocorrelation a(t) of a function is
a(t)=#(f(-t))**f(t)=(1/(2*m)"(1/2))*\I[u,-\o,\o | {#(f(-u) ) *f(t-u) } =
(1/(2*m)~(1/2))*\[[u,-\o,\o] {#(f(u)) *f(t-+u) }

The corresponding Fourier transforms are

Fle@)} =F*0)G(@)  and  Fla@®} =|F(o)

Moments

The moment of order n (or nth moment) of a function f(¢) is

P (nf)=P_n{f()}=\[[t,-\0,\0] {t"n*f(t)}=...=(2*m)"(1/2)*(-I)"n*FA((n))(0)

where F*)(0) = [d"F/de"],,_,. P,, s linear in £(7).

w=0"
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Areaunder /(1) Py, = 2z F(0)
First moment P, ,=—i V27 F'(0)
Center of f(r)at x=P, /P, =—iF(0)/F(0) (for P ,#0) Pro)
Second moment or moment of inertia P, =— V27 F'(0)
Equivalent width W, = P, /f(0) = 2zF(0)/P
Autocorrelation width ~ W =P, _/a(0)

Uncertainty relation

If £(#) is differentiable and lim[zf%(£)] = 0 as |¢| — oo, then

([0, 0] {2 RO (1/2)*(l[,0,\0] {24 [F(@)/ 2 1) (1/2)>(1/2)M\I[t,\0,\0] { fH) A2}

More generally, the time duration At and the bandwidth Aw defined by

(ALY 22\I[t-\0,\0] {(t-t_ 0 2*[f(1) 2} Al[t,-\0,\0] {|f(D)[*2},
(Aw)2=2\[[0,-\0,\0] {(®-0_0)"2*|F(@)["2}Al[o,-\0,\0] {[F(w)|"2}

where ¢, and o, are arbitrary, satisfy the uncertainty relation

At-Aw > 1/2 [ Pro |

18.3 Fourier Sine and Cosine Transforms

The Fourier sine transform of f(¢) (defined for ¢ > 0) is

F_s(o)=(2/m) (1/2)M\[t,0,\0] {f(t)*sin(w*t)}

The inverse Fourier sine transform of F,(w) for w > 0 is

f(t)=(2/m)(1/2)"\[[0,0,\0]{F_s(w)*sin(w*t)}

The Fourier cosine transform of f(f) (defined for ¢ > 0) is

F c(0)=2/m)"(1/2)*\I[t,0,\0] {f(t)*cos(w*t)}

The inverse Fourier cosine transform of F,(w) for o >0 is

f(t)=(2/m)"(1/2)*\[[®,0,\0] {F_c(m)*cos(m*t)}
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18.4 Tables of Fourier Transforms

In each case, we give (a) the function f(?), (b) the corresponding Fourier transform
F(w) [or F(w) or F.(w)], (c) the graph of f(#) in green, (d) the graph of Re{F(w)}
in red, and (e) the graph of Im{/(w)} in purple. On the horizontal axis, the values of
t and w are given and on the vertical axis the values of f(¢) and F(w) are given. For
some f(?) the integral \[[t,-\o,\0]{|f(t)|} | does not exist, but the function F(w) can be
used in formal (not rigorous) calculations.

Methods to prove the formulas: @ Use delta function. @ Use definite integral.
© Use Fourier cosine integral. @ Use complex integral. ® Prove inverse.

Fourier transforms (— f(¢), — Re{F(®w)}, — Im{F(w)}, —o0 < w < )

fOo=1 ©
\F{1}, () Graphs of /() and F(w)
Fig. 18-1
fO=06t—a) ©
\F{5(t-a)}, eN(i*a*e) Graphs of f(¢) and F(w)
Fig. 18-2
f(ty=1:]t|<a;0:|t|>a
Graphs of f(¢) and F(w)
\F{1:]t|<a;0:[t}>a}, sin(a*w)/®
Fig. 18-3
f(t)=1-t|/a:|t|<a;0:|t|>a
Graphs of f(¢) and F(w)
\F{1-[t//a:|t|<a;0:|t>a}, (1-cos(a*w))/®"2
Fig. 18-4
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S0 =411+ sgn()]
Graphs of f(¢) and F(w)
\F{%[l + sgn(?)]}, 8(w), 1/®
Fig. 18-5
f(t)=1/t
Graphs of f(¢) and F(w)
\F{1/t}, sgn(®)
Fig. 18-6
f(t)=1/]t|"(1/2)
() o
Graphs of f(7) and F(w)
\F{1/[t~(172)}, 1]|o|N(1/2)
Fig. 18-7
f=1/t|"
(O=1/lt|"a
Graphs of f(¢) and F(w)
\F{1/|t"a}, |o|"(a-1)
Fig. 18-8
f(ty=1/(t"2+a"2)
Graphs of f(f) and F(w)
\F{1/(t"2+a"2)}, e"(-a*|o])
Fig. 18-9
f(t)=t/(t"2+a"2)
Graphs of f(¢) and F(w)
\F{t/(t"2+a"2)}, sgn(w)*e"(-a*|w|)
Fig. 18-10
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f(t) — eiat (1)

’ \F {e/\(i*a*t}, 8(w+a) ‘ Graphs of f(¢) and F(w)

Fig. 18-11

f(ty=e™(1*a*t):|t|<b;0:|t[>b

Graphs of f () and F(w)

\F {e"(i*a*t):|t|<b;0:|t}>b},

sin(b*(o+a))/(o+a) Fig. 18-12
1) = —alf| >0
SO=e, a
\F{e"(-a*[t])}, 1/(w"2+a"2) Graphs of f(¢) and F(w)
Fig. 18-13
f=te, a>0 @
\F {t*eA(-a*|t|)}, i*(;)/(u)’\2+a’\2)A2 Graphs Off(t) and F(a))
Fig. 18-14
fO=|tle?, a>0 @
Graphs of f(¢) and F(w
\F{[t/*e (-a*|t])}, (a"2-0"2)/(w 2+a"2)"2 p S (®)
Fig. 18-15
f() =exp(=at?), a>0
\F{eN(-a*t"2)}, eN-0"2/(4%a)) Graphs of f(¢) and F(w)
Fig. 18-16
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f(H)=sin(at?), a>0 ©
Graphs of f(¢) and F(w)
\F {sin(a*t"2)}, cos(w”"2/(4*a)+m/4)
Fig. 18-17
f(f)=cos(at’) ©
\F {cos(a*t"2)}, cos(2/(4*|a))-/4) Graphs of /(1) and F(w)
Fig. 18-18
f(t)=ecosht, a>0 ©
\F{e"(-a*[t))*cos(b*t)}, Graphs of f(#) and F(w)
1/((w+b)"2+a2), 1/((w-b)"2+a"2)
Fig. 18-19
f(t)=e"(-a*t)*In|1-e"(-t)| o
\F {e"(-a*t)*In|1-e"(-t)|}, Graphs of f () and F(w)
cot(m*a-1*t*w)/(a-1*w)
Fig. 18-20
f(t)=e"(-a*t)*In|1+e(-t)| o
\F {e"\(-a*t)*In|1+e"(-t)|}, Graphs of f(7) and F(w)
1/((a-i*w)*sin(m*a-1*1*m))
Fig. 18-21
f)=t"'sinat, a>0
U]
\F {sin(a*t)/t}, 1+sgn(a-|o|) Graphs of f(¢) and F(w)
Fig. 18-22
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f(t)=t/sinht
® o
Graphs of f(f) and F(w)
\F {t/sinht}, e(m*w)/(1+eN(n*w))"2
Fig. 18-23
f(t)=cosh(a*t)/sinh(b*t) N
\F {cosh(a*t)/sinh(b*t)}, Graphs of f(f) and F(w)
sinh(w*w/b)/(cosh(n*w/b)+cos(n*a/b))
Fig. 18-24

Fourier sine transforms| (— (1), — F,(»), 0< o <)

f(t)=1:0<t<a;0:0<a<t
\F s{1:0<t<a:0:0<a<t}, Graphs of f(¢) and F(w)
_ *
(1-cos(a*m))/® Fig. 18.25
f(t)=sint:0<t<a;0:0<a<t
i Graphs of f(¢) and F(w)
\F_s{sint:0<t<a;0:0<a<t},
(cosa*sin(a*w)-0*sina*cos(a*®))/("2-1) |pig. 18-26
H=t"
VAU
\F_s{l1/t} Graphs of f(¢) and F(®)
Fig. 18-27
f(t)=1/t"(1/2)}
(2]
Graphs of f(¢) and F(w)
\F_s{1/t\(1/2)}, 1/o™(1/2)
Fig. 18-28




256 FOURIER TRANSFORMS CHAP. 18

f=1" @
\F_s{1/1"(3/2)}, o"\(1/2) Graphs of f(#) and F(w)
Fig. 18-29
f@=t7 0<a<2 ©
\F_s{l/t"a}, o"(a-1) Graphs of f(¢) and F(w)
Fig. 18-30
f(t)=t/(t"2+a’2) -
Graphs of f(¢) and F(w)
\F_s{t/(t"2+a"2)}, e"(-a*w)
Fig. 18-31
f(t)=t/(t"2+a"2)"2 o
Graphs of f(¢) and F(w)
\F_s{t/(t"2+a"2)"2}, o*e"(-a*w)
Fig. 18-32
f(t)=1/(t*(t"2+a"2)) o
Graphs of f(¢) and F(w)
\F_s{1/(t*(t"2+a"2))}, 1-e(-a*0)
Fig. 18-33
fy=e*, a>0 Gl
\F_s{e”\(-a*t)}, o/(0"2+a"2) Graphs of f(#) and F(w)
Fig. 18-34
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In|(o+a)/(w-a)|

Fig. 18-40

fH=te™, a>0 O
\F_s{t¥e’(-a*t)}, o/(0"2+a"2)"2 Graphs of f(¢) and F(w)
Fig. 18-35
fHy=te”, a>0,n>-2 @
\F_sit"n*e’(-a*1)}, Graphs of f(#) and F(w)
tan(-1)(w/a), 1/(0"2+a"2)*((n+1)/2)
Fig. 18-36
f(ty=e"(-a*t)/t
Graphs of f(¢) and F(®)
\F_s{e”(-a*t)/t}, tan"(-1)(w/a)
Fig. 18-37
f(f)=texp(-at?), a>0
\F_s{trer(-a*12)}, m¥er (- 2/(4%a)) Graphs of f(7) and F{e)
Fig. 18-38
f(¢) = exp(-at?)sinbt, a>0 @
\F_s{e"(-a*t"2)*sin(b*1)}, Graphs of 7(7) and F(w)
sinh(b*w/(2*a)*e(-(0"2+b"2)/(4*a))
Fig. 18-39
f(t)=sin(a*t)/t
\F_s{sin(a*t)/t}, Graphs of f(¢) and F(®)
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f(t)=sin(a*t)/t"2
Graphs of f(¢) and F(w)
\F_s{sin(a*t)/t"2}, ®
Fig. 18-41
f(t)=cos(a*t)/t
Graphs of f(¢) and F(w)
\F_s{cos(a*t)/t}, U a(w)
Fig. 18-42
f(t)=sin(m*t)/(1-t"2)
Graphs of f(¢) and F
\F s {sin(m*t)/(1-t"2)}, phs of f(7) and F(e)
U a(w)*sinm
Fig. 18-43
f(t)=tan”™(-1)(t/a)
5 Graphs of 7(¢) and F(w)
\F_s{tan™(-1)(t/a)}, e"(-a*®)/®
Fi,g 18-44
f(t)=Int/t
) o
Graphs of f(¢) and F(w)
\F_s{Int/t}, y+Ino | (y = Euler number)
Fig. 18-45
f(t)=1/sinh(a*t) o
Graphs of f(¢) and F(w)
\F_s{1/sinh(a*t)}, tanh(n*w/(2*a))
Fig. 18-46
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f(t)=sinh(a*t)/cosh(a*t)

(4]

Graphs of f(¢) and F(w

\F_s{sinh(a*t)/cosh(a*t)}, ’ 70 )
sinh(w*0/(2*b))/(cosh(w*w/b) reos(w*ab)) . 1o 47

f(t)=1/(e2*t)-1) o
hs of F

e Graphs of f(7) and F(w)

coth(m*w/2), 1/® Fig. 18-48

I — /). — F().0<w<x)

f(t)=1:0<t<a;0:0<a<t

\F_c{l/(t"2+a"2)}, e"(-a*w)

Fig. 18-52

Cal
Graphs of f(¢) and F(w)
\F_c{1:0<t<a;0:0<a<t}, sin(a*w)/®
Fig. 18-49
f(t)=11"(1/2)
@ Graphs of f(¢) and F(w)
\F_c{1/t*(1/2)}, /w™(1/2)
Fig. 18-50
fH=t“ 0<a<l ©
\F c{1/tha}, o(a-1) Graphs of f(¢) and F(w)
Fig. 18-51
f(t)=1/(t"2+a"2) o
Graphs of f(¢) and F(w)
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f(=1/(t"2+a"2)"2
(5]
Graphs of f(¢) and F(w)
\F_c{1/(t"2+a"2)"2},
(Ita*w)*e"(-a*) Fig. 18-53
f(O=€e“, a>0
\F_c{er(-a*)}, 1/ 2+ar2) Graphs of /(1) and F(w)
Fig. 18-54
f(O=te™, a>0
\F_c{t*e™(-a*t)}, Graphs of f(¢) and F(w)
(2" 2-0"2)/ (0 2+2"2)"2
Fig. 18-55
f(t)=e"(-a*t)/t"(1/2)
@ Graphs of f(¢) and F(w)
\F_c{er(-a*t)/tN(1/2)}, @™ 2+a™2
Fig. 18-56
fO=t"e " a>0,n>0 @
\F_c{t"(n-1)*e"(-a*t)}, Graphs of £(7) and F(w)
tan™(-1)(w/a), 1/(w"2+a"2)(n/2)
Fig. 18-57
C fl)eiatt2) |
\F_c{eN-a*t"2)}, e(-02/(4*a) Graphs of £(#) and F(w)
Fig. 18-58
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f(t)=sin(a*t)/t
(5]
Graphs of f(¢) and F(w)
\F_c{sin(a*t)/t}, sgn(a-m)

Fig. 18-59

f(H)=t"e'sint @

\F_c{(1/t)*e"(-t)*sint}, tan"(-1)(2/®"2)

Fig. 18-60

Graphs of f(¢) and F(w)

a>0

(@) =sin(at?),

\F_c{sin(a*t"2)},
cos(w"2/(4*a))-sin(w"2/(4*a))

Fig. 18-61

Graphs of f(f) and F(w)

a>0

f(#)=cos(at?),

\F_c{cos(a*t"2)},
cos(®w"2/(4*a))tsin(w”"2/(4*a))

Fig. 18-62

Graphs of f () and F(w)

f(f)=t7sinat, a>0 ©

\F_c{sin(a*t)"2/t"2},
(1-U_(2*a)(w))*(a-»/2)

Fig. 18-63

Graphs of f(¢) and F(w)

f()=e"sinat, a>0, b>0 @

\F_c{e”(-b*t)*sin(a*t)},
(atw)/(b"2+(atw)"2)+(a-m)/(b"2+(a-®)"2)
Fig. 18-64

Graphs of f(¢) and F(w)
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fO=-In(1-¢") ©

\F_c{-In(1-e"(-t))}, Graphs of f(¢) and F(w)
(r*w*coth(n*w)-1)/w"2

Fig. 18-65

f(t)=In(1+2"2/t"2)

Graphs of f(7) and F
\F_c{In(1+a"2/t"2)}, raphs of f(7) and F(w)

(1-e"(-a*w))/»

Fig. 18-66

f(H)=In((a"2+t"2)/(b"2+t"2))

Graphs of f(¢) and F(w)

\F_c{In((a"2+t"2)/(b"2+t"2))},
(e"(-b*m)-e"(-a*m))/m

Fig. 18-67

f(t)=1/cosh(a*t)

\F_c{1/cosh(a*t)}, Graphs of /(7) and F(w)

1/cosh(n*w/(2*a))

Fig. 18-68

f(t)=sinh(a*t)/sinh(b*t)

o

Graphs of f(¢) and F(w)

\F_c{sinh(a*t)/sinh(b*t)},
1/(cosh(n*w/b)+cos(n*a/b))

Fig. 18-69

f(t)=cosh(a*t)/cosh(b*t)

\F_c{cosh(a*t)/cosh(b*t)}, Graphs of f(#) and F(w)

cosh(m*w/(2*b))/(cosh(n*w/b)+cos(n*a/b))
Fig. 18-70
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18.5 Multidimensional Fourier Transforms

In an » dimensional Euclidean space £” with rectangular Cartesian coordinates
X, , z, ..., the position vector is r = xi + yj + zk + ---. If f(r) is a scalar function that
satisfies for each x, y, z, ... conditions similar to those of f(¢) in Sec. 18.1, then its
Fourier transform is defined by the relation

F(5)=\F {f(r) ' =(1/(2*m)N(0/2)) ML {.. \L{f() e ¥\ s) *dx*dy*dz...} )

where s = ui + 0j + wk + --- and r*s = xu + yv + zw + --- is the scalar product of r
and s. The inverse Fourier transform is

f(r)=\FA-1){F () =(1/(2* 1) (0/2)) ¥\ {.. \L{F (s)*e  (-i*r\*s)*du*dv*dw...}

Besides n = 1 (see previous sections), the most usual cases are n =2 and n = 3.

For n =2, with dS = dxdy and dS’ = dudv, we have
F(s)=(1/(2*m))*\[_S{f(r)*e (i*r\*s)*dS},
f(r)=(1/(2*n))*\[_S'{F(s)*e"(-i*r\*s)*dS'}
For n =3, with dV = dxdydz and dV' = dudv dw, we have
F(s)=(1/(2*m)N3/2))*\I_V {f(r)*e(i*r\*s)*dV},
f(r)=(1/(2*n)N(3/2))*\[_V'{F(s)*e"(-i*r\*s)*dV'}
In each case, the integration extends over the whole space.

If F(s) = F{f(r)} and G(s) = F{g(r)}, then for constants a, b, ¢ and constant
vector p we have the following properties:

Flaf (r) + bg(r)} = aF{(s) + bG(s), FAH@0)} =FH(-s), FAFm)} =7 (=)
Fif(ar)} =a"F(s/a), Fif(ax, by, cz)} = (abc) 'F(u/a, v/b, wic), a, b, c >0
Fif(x+p)}=e "), Fif(®)e™ } =F(s+p)

F{f(x)cos(pr)} = F(s +p) + L F(s — p) @
\F {x"k*f(r) }=(-1)"k*(\d/\ |, \FOd(f(r)Adx}=- |, \F {\I[x,-\o,x]{f(r)} }=(i/
du)"k{F(s)} *u*F(s) u)*F(s)

Separation property: If f(x, y) = g(x)A(y), then F{ f(x, »)} = F{gx)} F{h@)}.
The convolution is |P**g=(1/(2*m) (10/2))A\[{.. \[{f(r')*g(r-r')*dx"*dy"*dz"... with

Fifxgt =FG,  F{fgy=FxG, fxg=TF'FG}, fg=TF"{FxG}
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Two dimensional Fourier transforms (r =xi + yj, s = ui + vj)

J(r)=0d(x — a)d(x — b)

F(S) — (2ﬂ)—1ei(au + bv)

f(r)=1:]x|<a;0:a<|x|

\F{1:]x|<a;0:a<[x]|},
sin(a*u)*3(v)/u

f(r)=1:x|<a,|y|<b;0:other

\F{1:|x|<a,|y|<b;0:other},
sin(a*u)*sin(b*v)/(u*v)

f(r) = exp(-ax?® - by?),
a>0,b>0

\F{e"(-a*x"2-b*y"2)},
e"(-u2/(4*a)-v"2/(4*b))

f(r)=1:p<a;0:a<p

\F{1:p<a;0:a<p}, ] I(a*s)/s

f)y=e™, k>0, p=|r|

\F{eN(-k*p)}, 1/(s"2+k*2)7(3/2)

fwy=pre®, k>0, p=|r|

\F{eA(-k*p)/p}, 1/(s72+k 2)7(1/2)

Three dimensional Fourier transforms (r = xi + yj + zk, s = ui + vj + wk)

(1) =(x — a)d(x — b)d(z — ¢)

F(S) — (27[)—3/2 ei(au +bo + cw)

f(r)=1:|x|<a,|y|<b,|z|<c;0:other

\F{1:]x|<a,|y|<b,|z|<c;0:0ther},
sin(a*u)*sin(b*v)*sin(c*w)/(u*v*w)

f(r) = exp(-ax® - by* - cz’),
a>0,b>0,c>0

\F{e/(-a*x"2-b*y 2-c*2"2)},
eN-U2/(4%2)-v2/(4%b)-w2/(4%C))

f(r)=1:r<a;0:a<r

\F{1:r<a;0:a<r},
(sin(a*s)-a*s*cos(a*s))/s"3

f(ry=e*, k>0, r=|r|

\F{eA(-k*1)}, 1/(s"2+k"2)"2

fmy=rle*, k>0, r=|r|

\F{e(k*r)/r}, 1/(s"2+k"2)

f)y=r=,

1<a<3, r=]r|

\F{l1/r"a}, s"(a-3)

> S=|S|
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19.1 Definitions

If £(7) is a function defined in the interval 0 < ¢ < oo, the function (if it exists)

F(s)=\L {(t) 2\I[t,0\0] {f(t)*e (-s*t)}

is the Laplace transform of f(f). The parameter s = ¢ + i®w may be considered in gen-
eral as an independent complex variable. If for some o, the integral |\t ,\o]{f(t)*¢'(-0_0%)}
exists, then the function F{(s) exists for every s with Re(s) = o > g, [the integral that

defines F(s) may diverge because of the behavior of f(7) at some finite # or as 1 — oo].
If L{f(£)} = F(s), then f(f) = L {F(s)} is the inverse Laplace transform of F(s).

The integral for the inverse transform is

f I(t)=(1/(2*n1))*\I[s,c-1*\o,c+i*\o] {F(s)*e (s *t) }=
(1/2*wi))*lim[d,\o] {\I[s,c-i*d,c+i*d] {F(s)*e"(s*1)} }
where c is a real constant (¢ > o)) and all the singular points of F(s) are located to the
left of the straight line o = ¢ in the (complex) s plane. The previous formula gives the

value %[f(t —0) + f(z + 0)] to £,(?) at every point # > 0, the value %f(O +0)atr=0
and the value 0 for 7 < 0. At points where £, (f) is continuous, we have £, (f) = f(?).

19.2 Properties

If F(s) = L{f(¢)}, the following table gives the Laplace transforms of some
functions obtained from f(7). In essence, these are properties of the Laplace trans-
formation, and they hold if the integral that defines F(s) converges absolutely, i.e. if
the integral ’\I[t,O,\o] {|f(t)|*e/\(-($*t)}‘ exists for some Re(s) = o = ¢,. The parameters
a and b are independent of 7 and s.

S (@) F(s) Property
af (f) + bg(?) \L{a*f(ty+b*f(t)}=a*F(s)+b*G(s) | Linearity
f(at) (a>0) \L{f(a*t)}=F(s/a)/a Change of scale
f—a) Liflea)=e"(atg*R(s) | poroon e
lim[a,a_0]{f(t,a)} \Léﬁnfa[zaag)}éf(;’:))}}}’ Continuity

265
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o)t \L{£(t)/63=\I[s,0,\0]{F(w)} | | Division by #
eMNa*t)*f(t) \L {e"(a*t)*f(t)}=F(s-a) Multiplication by e
tni() LIRHO}C PO | (i g
sk Derivative of order n
S'® \LAP (O} =s*F(s)-1(04) [assuming / ®(7) exist
\L{f((n))(t)}=s"n*F(s)-\S[k,0,0- || for 2> 0]
JARU) i kD NROD} | | 7)) 0+)=lim[e. 01 (R @)}
\I[u,0,6] {f(u)} \L {\I[u,0,1] {f(w)} }=F(s)/s }“Eff;i?s‘z f[grsst“;“ég’g

\I[t,0,4] 4. \I[£,0,t] {(t)} =
\[[u,0,£] {(t-u)"(n-1)*f(u)/

\L {\I[,0,] {(t-u)"(n-
1)*f(u)/(n-1)!} }=F(s)/s"n

Repeated integration
(integration » times)

\M[u,0,t]{f(u)*g(t-u) }

\L {f**g}=F(s)*G(s)

(n-D!}
\L{\d(f(t,a))/\da}= i iati i
\d(f(t,2))\da {\d(f(t,a))/\da} Differentiation with
\d(F(s,a))/\da respect to a parameter
\L{M[u,a,b]{f(t,u)} }= i '
\I[u,a,b] {£(t,u)} {M[u,a,b] {f(tu)} } Integration with respect
\[[u,a,b]{F(s,u)} to a parameter
f**g=

Convolution

J@O=f+T)

(1/(1-eN(-s*T)))*\
1[u,0,T]{f(u)*e (-s*u)}

Periodic function

f(®)sinwt

\L{fit)sin(@*0)], F(s+i*)-F(s-i*a)

f(®)coswt

\L{f(t)*cos(0*t)}, F(sti*oHF(s-i*)

Modulated sinusoidal
functions

(L/*ty~(1/2))*\I[1,0,\
o] {e (- 2/(4%£)y*f(u)}

L{(U(rH) (1/2) K I[u0)0] (e
W(A*)H) = (12))s(12)

G

\L{f(t"2)}
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19.3 Tables of Laplace Transforms

Laplace transforms of some elementary functions [Pro ]
AU) F{(s) J() F{(s)
_ . \L {sin(a*t)}=a/
1 \L{1}=1/s sinat (s"2+2"2)
\L{cos(a*t)}=s/
—1/aA
t \L{t}=1/s"2 cosat (s"2+a72)
" \L{t"n}=n!/ . \L {sinh(a*t)}=a/
t", n=0,1, St sinhat ("2-02)
Y 3 \L{t*a}=I"(a+1)/ \L {cosh(a*t)}=s/
t, a>-1 Nat1) coshat (s"2-a"2)
o \L{eN(a*t)}=1/ odtsin by \L{e"(a*t)*sin(b*t)}=
(s-a) b/((s-a)"2+b"2)
\L {t"n*e"(a*t)}= \L{e"(a*t)*cos(b*t)}=
t"e” n=0,1, ... e“cosbt
n!/(s-a)(n+1) (s-a)/((s-a)"2tb"2)
\L{t"b*e"(a*t)}= \L{U a(t)}=
the®  b>-1 (¥t U_a(t)=0:t<a;1:a<t {U_a®;
[(b+1)/(s-a)\(bt1) e”(-a*s)/s
_ ot—a), a=0 o as
In? \L {Int}=-(y+Ins)/s [delta function] \L{d(t — a)}=e¢

Inverse Laplace transforms

F(s) @ F(s) o
5! \LACD{1/s)=1 | (% + @) -1 2402} =sinata
s on=1,2, ... LI - [ s(s% + @) \LA-1){s/(s"2+a"2) =cosat
5 a>0 DI | (5% = @) \LAC1){1/(5"2-2°2) =sinhat/a
(s—a)! \LA-D){1/(s-a)}=e™ | s(s* — a?)! \LA(-1){s/(s"2-a"2)}=coshat
(s—ay", n=1,2, ... | Ut | [s — @) + BT [ A4y 2= sinbtb
(s—ay’, b>0 W) | ST(s — @) + B2 | W) s((saf 280 bostt snbb
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In many problems the final step is to find a function f(#) (e.g. the solution of a
differential equation) from its Laplace transform F(s). For this last step [i.e. to find
f(?) from F(s)] we can use the following tables and the properties of Sec. 19.2.

Rational functions

n=o | LCDA(s-a)*(s-b))i=
(eMa*t)-e"(b*1))/(a-b)

s"n/((s-a)*(s-b))

nel \LAG-T) {s/((s-a)*(s-b)) }=
(a*eNa*t)-b*e”(b*t))/(a-b)
a0 \LAG-D){1/(s™2+a"2)"2}=
(sin(a*t)-a*t*cos(a*t))/(2*a"3)
nel \LA(-1) {s/(s"2+a"2)"2}=
t*sin(a*t)/(2*a)

rf(s2+ar2)2 | (@]
s"n/(s"2+a"2) \LA(-1) {s"2/(s"2+a"2)"2} =

n=2 (sin(a*t)+a*t*cos(a*t))/(2*a)
03 \LA(-1){s"3/(s"2+a”2)"2 )=
cos(a*t)-a*t*sin(a*t)/2
ne0 \LA-1){1/(s"2-a"2)"2} =
(a*t*cosh(a*t)-sinh(a*t))/(2*a"3)
nel \LA-1){s/(s"2-a"2)"2 }=
t*(sinh(a*t)/(2*a)

s"n/(s"2-a"2)"2

ne? \LA-1){s"2/(s"2-a"2)"2}=
(sinh(a*t)+a*t*cosh(a*t))/(2*a)
ne3 \LA(-1){s73/(s"2-a™2)"2} =
cosh(a*t)+a*t*sinh(a*t)/2
=0 \LA-1){1/(s"2+a™2)"3} =
(3-a"2*t"2)*sin(a*t)-3*a*t*cos(a*t))/(8*a"s)
n=1 \LAG-1) {s/(s"2+a"2)"3 }=

(t*sin(a*t)-a*t"2*cos(a*t))/(8*a"3)
\LA(-1){s™2/(s"2+a"2)"3 } =
((1+a"2*t"2)*sin(a*t)-a*t*cos(a*t))/(8*a"3)
\LA(-1){s"3/(s"2+a"2)"3 } =
(3*t*sin(a*t)+a*t"2*cos(a*t))/(8*a)

s™n/(s"2+a"2)"3
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P LA(-1){s"4/(s™2+a”2)"3}=

((3-a"2*t"2)*sin(a*t)+5*a*t*cos(a*t))/(8*a)
sn/(s"2+a"2)"3

S LA-1) {s"5/(s"2+a”2)"3 1=
((8-a"2*t"2)*cos(a*t)-7*a*t*sin(a*t))/8

ne0 LA-D{1/(s"2-a"2)"3}=
((3+a2*t"2)*sinh(a*t)-3*a*t*cosh(a*t))/(8*a5)

I LA(-1){s/(s"2-a"2)"3}=
(a*t"2*cosh(a*t)-t*sinh(a*t))/(8*a’3)

ne? LA-1){s"2/(s"2-a"2)"3}=

(a*t*cosh(a*t)+(a*2*t2-1)*sinh(a*t))/(8*a"3)

s"n/(s"2-a"2)"3

LA {s73/(s°2-a"2) "3} =

n=3 (3*t*sinh(a*t)+a*t"2+a*t"2*cosh(a*t))/(8*a)
ned LA(-1){s"4/(s"2-a"2)"3}=
((3+a"2*t"2)*sinh(a*t)+5*a*t*cosh(a*t))/(8*a)
- LA-1){s"5/(s"2-a"2)"3 }=
((8+a"2*t"2)*cosh(a*t)+7*a*t*sinh(a*t))/8
=0 LA-D{1/(s"3+a3)}, eMa*t/2), e"(-3*a*t/2),

sin(37(1/2)*a*t/2), cos(3"(1/2)*a*1/2)

LA(-1){s/(s"3+a"3)}, e"(a*t/2), e"(-3*a*t/2),
sin(37(1/2)*a*t/2), cos(37(1/2)*a*t/2)

s"n/(s"3+a"3) n=1

n=? LA(-1){s"2/(s"3+a"3)}, eMa*t/2), eM(-a*t/2),
cos(3MN(1/2)*a*t/2)
=0 LAG-1){1/(s"4+a4)}, sin(a*t/27(1/2)),
B cos(a*t/2°(1/2)), sinh(a*t/2(1/2)), cosh(a*t/2"(1/2))
n=1 LA(-1){s/(s"4+a4)},
sin(a*t/2"\(1/2))*sinh(a*t/2"(1/2))

s*n/(s"4+a4)

=2 LA-1){s"2/(s"4+a™4)}, sin(a*t/27(1/2)),
cos(a*t/2(1/2)), sinh(a*t/2*(1/2)), cosh(a*t/2"(1/2))
A A A A
n=3 LA-1){s"3/(s"4+a"4)},

cos(a*t/2\(1/2)*cosh(a*t/2"(1/2))
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o0 \LAG-1){1/(s"4-a™4)} =
(sinh(a*t)-sin(a*t))/(2*a"3)
! \LA(-1){s/(s"4-a"4)}=
n=
cosh(a*t)-cos(a*t))/(2*a"2
o (cosh(a*1)-cos(a*1)/(2*2"2)
ne? \LA(-1){s"2/(s"4-a™4) } =
(sinh(a*t)+sin(a*t))/(2*a)
o3 \LA(-1){s"3/(s™4-a"4)}=
(cosh(a*t)+cos(a*t))/2
P(s) =pol ial
P(s)/(s-a)*n \LA(-1){P(s)/(s-a)"n} { Og{egrﬂz 20
P(s) = polynomial of degree < n,
P(s)/Q(s) \LA-1) {P(s)/Q(s)} { 0O(s) = polynomial of degree n
with » distinct roots a,, a,, ..., a,

Irrational functions

\LAC1) {(s-a) (172)-(s-b) (1/2)},
(1/2*a(1/2))*(e"(b*t)-e @* )/t (3/2)
\LA(-I){1/((s+a)’\(1/2)+(s+b)A(1/2))},mT
(1/(2*(a-b)*n(1/2)))*(e"(-b*)-e (-a*) 1" (3/2)
\LA(-1){s/(s-2)"(3/2)},
(1/n(1/2))*eN(a*t)*(1+2*a*t)
\LAGD{1/((s-2) (1/2)+b)}, eN(a*t)*(1/
(Ft)N(1/2)-bFe (b 2%t *erfe(b*t7(1/2)))

\LACD){1/((s+2)*(s+b)(1/2))}, (1/(b-a)(1/
2))*e(-a*t)*erf((b-a) (1/2)*t(1/2))

| (s-2)"(1/2)-(s-b)"(1/2) |

1((s+a) (1/2)+(s+b)(1/2))

s/(s-a)(3/2)

1/((s-a)"(1/2)+b)

1/((s+a)*(s+b)(1/2))

A \LACD) {1/(sM(1/2)%(s+a™2)), (2/a*n(1/
VsA(112)*(s*a"2)) 2))*eA(-a”2%£)¥\[[u,0,a*t7(1/2)] feN(u’2)}
. . \LA1) {s7(1/2)/(s-a”2) ), Lo~ (1/
s(12)/(s-a%2) D)ytareN(@ 2%t kerf(a*t(1/2))
. . \LAD) A (12)/(s+272)), Lr*e)\(1/2)-(2%a/
s'(12)/(s*a"2) TA(1/2)ke (-a 2%t M\ I[u,0,a%7(1/2)] {eA(u2)}
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L(sN(1/2)*(s7(1/2)+a)

\LAGD){1/(sMN(1/2)*(s™N(1/2)+a) }=
eNar2*t)*erfc(a*t™N(1/2))

1/(s"2+a*2)7(1/2)

\LAGD {1/(s"2+a2)N(1/2) =T (at)

1/(s"2-a"2)7(1/2)

\LAG1) {1/(s"2-a"2)(1/2) =1 (af)

n=0 \LN\-1){1/(s"2+a"2)"3/2)}=a""tJ,(af)
s"n/(s"2+a”2)7(3/2) n=1 \LN-1){s/(s"2+a"2)"(3/2)}=tJ(at)
n=2 LA 24a) 312) =), at) - atl,(af)
n=0 \LACD){(s"2-a"2)"(3/2)}=a""t](at)
s"n/(s"2-a"2)"(3/2) n=1 \LN-1){s/(s"2-a"2)(3/2)}=t] (af)
n=2 LD {SUS 222 (R ai) + al,(af)

(" 2+ 2)N(1/2)-s) n/(s" 2+ 2N (1/2) | | A1) {((8" 2+ 2)A(1/2)-5) /(" 2+ 2)(1/2)}=a"] (a)

(s-(s2-a"2)(1/2)) /(" 2-a72)(1/2) | \LAG-D){(s-(s"2-"2) (12)) /(s 2-"2) (112)}=a" L (at)

Exponential functions

e"\(-a*s)/s"b

\LA(-1) {eA(-a*s)/s"b}, (t-a)(b-1)/T(b)

e”\(-a/s)/s"(n+1)

\LA(-1){e™(-a/s)/s"(n+1)},
t"(n/2)*] n(2*(a*t)"(1/2))

e(a/s)/s"(n+1)

\LA(-1){eMa/s)/s"(nt+1)},
t"0/2)*1_n(2*(a*t)"(1/2))

eN(-a*s"\(1/2))

\LA-1){e”(-a*s™(1/2))},
eN(-a"2/(4*1)/1"(3/2)

eNals)/s(1/2)

\LA(-1){e"(a/s)/s"(1/2)},
cosh(2*(a*t)"(1/2))/t*(1/2)

e\(-a/s)/s™(1/2)

\LA(-1){e"(-a/s)/s"\(1/2)},
cos(2*(a*t)™(1/2))/t"(1/2)

e™N(a/s)/s™(3/2)

\LA(-1) {eN(als)/s7(3/2)),
sinh(2*(a*0)(1/2)
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N K \LA(-1) {e™(-a/s)/sM(3/2) 1=

e (a/8)/s"(3/2) (1/(w*a) (1/2))*sin(2*(a*)(1/2))

ot (1) \LAC-1) {er(-a*sh(1/2))/s )=

erfc(a/(2*t"N(1/2)))

e™(-a/s™(1/2))/s™(n+1)

\LA-1) {er(-als™(1/2))/s N (n+ 1)}

eM(-a*sN(1/2))/57(1/2)

e™(-a2/(4*t)/t™(1/2)

\LACD) {er(-a*s"(1/2))/s7(1/2)3,

eN-a*s(1/2)/(sN(12)%(s(1/2)+b))

\LA-1) {eMN(-a*s™N(1/2))/(sN(1/2)*(s”(1/2)+b))},
erfc(b*t"N(1/2)+a/(2*t"N(1/2)))

eNb*(s-(s"2+a"2)\(1/2)))/
(s"2+a"2)(1/2)

\LAC1) {er(b*(s-(s"2+a"2) (1/2))/(s"2+a°2)(1/2)},
T 0(a*(t*(t+2*b))(1/2))

eN(b*(s"2+a72)7(1/2))/

\LAC1) {e(-b*(s"2+a 2) (1/2)(s°2+a"2)(1/2)1,

(s"2+a"2)~(1/2) J 0(a*(t"2-b"2)~(1/2))
(e/\(-a*s)-e/\(-b*s))/s LD {(eCats)e (*)s)=U a(t)- U bit) OG;;I(’:;
F(1 Ak \LAG-D{1/(s*(1-e7(-a*s))}, Graph
1/(5 (l-e (-a S)) \S[k,0,\0] {U(t-a*k)} Off(l) m-
LAl \LAG-1) {1/(s*(1+e(-a*s))}, Graph
Vs*(1+en(-a%s)) \SIK,0\0] {1 k¥ U-a*k)} | of £(7)

1/(s*(e”s-1))

\LAG1) {1/(s*(e"s-1))} » L#]= maximum integer < ¢

w¥*a*(1+e™(-a*s))/ \LA(-1){m*a*(1+e"(-a*s))/ Graph
(a"2*s"2+7"2) (an2*s"2+m"2)}, sin(m*t/a) of £(?)
\LAGD{IA((s"2+1)*(1-eM(-1*s)))}, Graph
M2 1)*(1-e(n*s)) \S[K,0,\0] (-1 k*U(t-k*n)*sint) ££(1)
.0,\0 T)*sin of 1(
KA K01 Ak \LA-1){1/(a*s"2)+1/(s*(1-e"(a*s))},|| Graph
V@*s"2)r1/(s¥(1-e%(a%s)) taS[k.1\0] (U(t-a*K)} of (1)
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Logarithmic functions

Ins/s

\LA(-1){Ins/s}, -Int-y

Ins"2/s

\LA(-1){Ins”2/s}, (Int+y)"2-n"2/6

2/(6%s)+(y+Ins) 2/s, \L{Int"2}

\LA(-1) {m*2/(6*s)+(y+1ns)*2/s}, Int*2

\LA(-1){Ins/(s-a)},
Ins/(s-a) eNa*t)*(Ina+E 1(a*t))
LACD) {In((s+a)/(s b))}
In((s+a)/(s+b)) (Ab*)-e-a* D)t
\LA(-1){In(1+s/a)/s},
In(1+s/a)/s E 1(a*t), -Ei(-a*t)
Ins/s® \LAGT) {Ins/s"al,
ns/s’a tNa-1)(w(a)-Int)/T(a)
) \LA(-1){Ins/(s"2+1)},
Ins/(s"2+1) cost*Si(t)-sint*Ci(t) Cal ¥
*Ins/(s"2+1 \LAG-1){s*Ins/(s"2+1)},
s*Ins/(s ) -sint*Si(t)-cost*Ci(t)
\LA(-1) {In(s*2+a"2)/s},
In(s"2+a*2)/s :
2*Ina-2*Ci(a*t) "Cal
In(s"2+a"2)/s"2 \LA(-1) {In(s"2+a"2)/s"2},
n(s"2+a"2)/s (2/a)*(a*t*Ina+sin(a*t)-a*t*Ci(a*t))
- \LA(-1) {In(1+a"2/s"2)},
In(1+a"2/s"2) 2%(1-cos(a*t))/t

In(1-a2/s"2)

\LA(-1){In(1-a"2/s"2)},
2*(1-cosh(a*t))/t

In((s"2+2"2)/(s"2+b*2))

\LA-1){In((s"2+a"2)/(s"2+b"2))},
2*(cos(b*t)-cos(a*t))/t

In(((st+a)"2+c 2)/((s+b)"2+c"2))

2*cos(c*t)*(eN(-b*t)-e”(-a*t))/t

\LAG-D{In(((sta)"2+¢"2)/((stb)"2+¢"2))},
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Other functions

\LA(-1){(1/s"2)*tanh(a*s/2)},
(1/s"2)*tanh(a*s/2)
U248k, 1\o] {(-1)k*(t-a*k)*U(t-a*k) } Cal ]
\LA(-1){(1/s)*tanh(a*s/2)},
(1/s)*tanh(a*s/2)
U0)+2*¥\S[k=1,\0]{(-1)"k*U(t-a*k)}

A LA \LA-D{(1/(s"2+2"2))*coth(m*s/ Graph
(1/(s"2+a"2))*coth(n*s/(2*a)) (2%a)). sin(a*)a of £(1)
tan™(-1)(a/s)=cot™(-1)(s/a) WACD tan"CL)@/s);,

sin(a*t)/t m_
\LA-D){(1/s)*tan(-1)(a/s)},
(1/s)*tan”(-1)(a/s)=(1/s)*cot"(-1)(s/a) i
Si(a*t)
erf(a/s™(1/2)) \LA(-1){erf(a/s™(1/2))},

(1/(m*t))*sin(2*a*t"(1/2))

(e™(a/s)/s™(1/2))*erfe((a/s)™(1/2))

\LA-D){(e(a/s)/s™(1/2))*erfe((a/s)N(1/2))},
eN(-2*(a*t)~(1/2))/(* )~ (1/

eMNa™2*s"2)*erfc(a*s)

\LA(-1){eM(a"2*s"2)*erfc(a*s)},
(1/(a*m™(1/2)))*eN(-t"2/(4*a2))

(1/s)*e™M(an2*s"2)*erfc(a*s)

\LAC-D) {(1/s)*eMar2*s 2)*erfe(d*s) },
erf(t/(2*a))

eMa*s)*erfc((a*s)™(1/2))

\LA(-1){eMNa*s)*erfc((a*s)™(1/2))},
(a™N(1/2)/m)/(t"(1/2)*(t+a))

(1/s™(172))*eN(a*s)*erfc((a*s)™(1/2))

\LAGD{(1s™(1/2))*e"@*s)*erfe((a*s)(1/2))}, ]
1/(m*(t+a))N(1/2)

eNa*s)*E _1(a*s)=-e"(a*s)*Ei(-a*s)

\LA(-1){eMa*s)*E_1(a*s),
\LA(-1){-e"(a*s)*Ei(-a*s)}, 1/(t+a)

(1/a)*(cos(a*s)*(n/2-Si(a*s))+sin(a*s)*Ci(a*s))

\LA(-1){(1/a)*(cos(a*s)*(m/2-Si(a*s))+
sin(a*s)*Ci(a*s))}, 1/(t"2+a"2)

sin(a*s)*(n/2-Si(a*s))-cos(a*s)*Ci(a*s))

\LA(-1){sin(a*s)*(m/2-Si(a*s))-
cos(a*s)*Ci(a*s))}, t/(t"2+a"2)

(1/s)*(cos(a*s)*(m/2-Si(a*s))+sin(a*s)*Ci(a*s))

\LA-1){(1/s)*(cos(a*s)*(m/2-Si(a*s))
+sin(a*s)*Ci(a*s))}, tan™(-1)(t/a)

(1/s)*(sin(a*s)*(n/2-Si(a*s))+cos(a*s)*Ci(a*s))

\LA(-1){}, (1/s)*(sin(a*s)*(n/2-Si(a*s))+
cos(a*s)*Ci(a*s)), (1/2)*In(1+t"2/a"2)
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If X is the exact value and x is an approximate value of a measurable entity, the
error is e=X—x and the relative error is 0=(X— x)/X, assuming X # 0. The correction
is —¢. The absolute value of the error is |¢| and is often called absolute error.

In numerical calculations, we have input errors (i.e. errors in the input data), algo-
rithmic errors (i.e. cutoff errors due to the algorithm and roundoff errors due to the
rounding of intermediate results), and output errors (i.e. errors in the results).

For a quantity y = )(z,, z,, ..., z,), which depends on the variables z, z,, ..., z,,
with exact values X|, X,, ..., X, and approximate values x,, x,, ..., x,,, the error is

ces Ay

e y=y(X_1,X_2,...X_n)-y(x_Lx 2,..x_n)\-\S[k,1,n]{(\dy/dz k)*c k}

where ¢, = X, —x, and the partial derivatives (here and below) are evaluated at z, = x;,.
An upper bound for the absolute error can be estimated from the relation

le_y\<\S[k,1,n]{|(\dy/Adz_k)[*|e_K[}

If the errors ¢, are random, a more realistic estimation of the absolute error is given
by the standard error

le_y\~(\S[k, 1,n]{(\dy/Adz_k)*2*e k*21)7(1/2)

20.2 Interpolation

Interpolation is used to calculate y = f(x) from a set of known points (x,, y,).

Lagrange formula

A linear polynomial p,(x) of x passing through two points (x,, y,) and (x,, y,) is

p_1(x)=((x-x_1)/(x_0-x_1))*y 0+((x-x_0)/(x_1-x_0))*y 1

A polynomial p,(x) of degree n passing through » + 1 points (x,,y,), k=0, 1, ...,
n, with x, # x_ for k # m (usually called an interpolating polynomial) is

p_n(x)=\S[k,0,n]{L_k(x)*y k}

275
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where the Lagrange coefficients are

L k(x)=((x-x_0)*(x-x_1)...(x-x_n))/((x_k-x_0)*(x_k-x_1)...(x_k-x_n))

If the function y = f(x) is approximated by p,(x), the error is

& n(x)=f(x)-p_n(x)=F(n+1))(E)*(x-x_0)*(x-x_1)...(x-x_n)/(n+1)!

where x,,, <& <X, X, and x . the minimum and the maximum of x, x,, ..., x,,.

Formulas with divided differences

The previous polynomials p,(x), ..., p,(x) can be obtained using divided differ-
ences:

First order | f[x 0,x 1]=(f(x_1)-f(x_0))/(x_1-x 0)=(y_l-y 0)/(x_1-x 0)

DPi(x) = f(x,) + fTxg, x,]10x = x,)

Second order | f[x 0,x 1,x 2]=(f[x_1,x 2]-f[x 0,x 1])/(x 2-x 0)

pz(x) :f(xo) +f[x0, x1](x - xo) +f[xoa Xs xz](x - xo)(x - x1) @

nthorder | f{x 0,x 1,...x k]=(f[x_1,x 2,...x k]-f[x 0,x 1,...x (k-1)])/(x_k-x_0)

Pax) = f(xo) + fTxg X100 = x0) + -+ fxg, X500, X, 106 — xg) -+ (x — x,,_))

Newton’s formula with forward differences [ Exa |
For equally spaced x, x,, ..., x,, we have x,,, —x, = h, x =x, + kh (k> 0) and
V=100, A=y =V A=Ay, — Ay o A=Ay, - ATy,

p_n(x)=p_n(x_0+k*h)=\S[1,0,n]{(k;1)*A"y_0}

Newton’s formula with backward differences

For equally spaced x,, x_y, ..., x_,, we have x, —x,_, = h, x =x, + kh (k< 0) and

—n?

V=S, Vye=yi— v szk =Vy.—Vy, .., Vi = Vn_lyk - Vn_lyk_p

p_n(x)=p_n(x_0+k*h)=...=\S[1,0,n]{(-1)"i*(-k;1)*V"iy 0}
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Cubic splines

Leta=x,<x, <.--<x,=b ben+ 1 points in the interval / = [a, b] with x,, =
x, + hy, h, > 0. A function S, (x) defined on / is a spline of degree m and represents
a function f(x) if (a) S,(x,) = f(x,) at all x,, (b) in any subinterval /, = [x,, x,,,],
k=0,1,...,n—1,8,(x) is a polynomial p,(x) of degree m, and (c) S, (x) and its de-
rivatives up to order m — 1 are continuous on /.

Most often, a cubic spline (m = 3) is used to represent a function y = f(x) in /. In
the kth interval /, = [x,, x,,,], k=0, 1, ..., n — 1, let the polynomial be

) = a(x —x)’ + b(x —x,)* + c,(x — x) + d,

If s, = p,"(x,) are the values of the second order derivatives at x = x,, the continuity
conditions imply that for k=1, 2, ..., n — 1 we have

ISy + 20+ h)sg+ s, = 6( v, — v ih — 60— v )/

These are n — 1 linear equations with n + 1 unknowns s,. They are supplemented by
two boundary conditions at the end points x; and x,.

If the boundary conditions are s, =s, = 0, we have a system of » + 1 linear equa-
tions with » + 1 unknowns s, that can be easily solved (only three diagonals have

nonzero elements). Thus, we obtain the natural spline with (k=0, 1, ..., n—1)
a_k=(s_(k+1)-s_k)/(6*h k), b k=s k/2, =)
¢ k=(y (k+1)-y k)/h k-(2*¥h k*s k+h k*s (k+1))/6,d k=y k

Other boundary conditions [e.g. the values /' (x,), /'(x,)] give other cubic splines.

20.3 Approximation of Functions

Often we know n + 1 pairs of values (x,, y,), k=0, 1, ..., n, that may be approxi-
mate or exact values of x and y satisfying a known or unknown function y = f(x),
or may be not related by a functional relation. In any case, we can find a “simple”
function g(x) to use as an approximate representation of the relation between x and y.

Method of least squares

From »n + 1 pairs of values (x,, »,), k=0, 1, ..., n, the method of least squares
defines the “best” approximation of f(x) as a function g(x) which minimizes the
quantity

S=\S[k,0,n]{(y_k-g(x_k))"2

The method assumes a general form for g(x) containing a number of parameters, and
determines these parameters so that S becomes minimum.
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The least-square line

If g(x) is a first degree polynomial ax + b,
then the coefficients of the least-square line
y=ax+ b are

a=(s 0*v_1-s 1*v 0)/(s_0*s 2-s 172),

b=(s_2%v 0-s_1*v_1)/(s_0*s 2-s 172) Least-square line
where
So=n+1, 8, =2x,, s, =2x2
Fig. 20-1

Vy=2Vp, U, =2x, 2=\S[k,0n]|, n>1

The least-square parabola

If g(x) is a second degree polynomial ax? + bx + ¢, then the coefficients of the
least-square parabola y = ax* + bx + ¢ satisfy the equations

S, +8,b+s,a=0,
s, c+5,b+s,a0=0, [ Exa |
s,c+s,b+s,a=0,

where s, 5, 5,, 0y, v, have the same expressions as above and

s;=2x°,  s,=2x",  0,=%x7y, 2=\S[kO0n], n>2

The least-square polynomial

If g(x) is a polynomial of degree m, then the coefficients g, of the least-square
polynomial a, x™ + a, x"'+ --- + a, satisfy the normal equations

S0a0+Slal + - -‘rSmClm:l)O

S](IO+S2CI] + - +sm+1am:v]

where

s_p=\S[k,0,n]{x_k"p}, v_q=\S[k,0,n]{x_k"q*y_k}

These equations are rarely used for m > 5, since the system is ill-conditioned for
larger m (it still can be solved by special methods).
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Continuous data

Instead of distinct pairs (x,, ,), we may have continuous data, i.e. pairs of (x, y)
for any x in / = [a, b] (e.g. when we obtain graphs from instruments or we want a
simple representation of a known but complex analytical function). A linear trans-
formation of x maps the interval [a, b] to [-1, 1]. Usually, we write the polynomial
approximation of y =/f(x) as a sum of orthogonal polynomials up to some degree m.

Using Legendre polynomials up to degree m, we write

g)=a,P,(x)+a, P, () + -+ aPy(x) (Exa

where P,(x) is the Legendre polynomial of degree k. The requirement that

S=\[x,-L1]{(y-g(x))"2}

becomes minimum gives the coefficients

a_k=((2*k+1)/2)"\I[x,-1,1]{f(x)*P_k(x)}

A similar procedure can be followed in the interval [-1, 1] using the Chebyshev
polynomials 7, (x), which have a weight function (1 — x*)™"% The polynomial ap-
proximation of f(x) is written in the form

h(x)=b,,T,(x) + b, T, (x)+ - + by Ty(x) [ Exa ]
and the requirement that S becomes minimum gives the coefficients
b_0=(1/m)*\I[x,-1, 1 [{f(x)/(1-x"2)(1/2)},
b k=(2/m)*\I[x,-1,1]{f(x)*T_k(x)/(1-x"2)(1/2)}
Approximating a function with a Chebyshev expansion in [-1, 1] results in a smaller
upper bound for the absolute error than a Taylor expansion.

Other methods

For discrete and/or continuous data, other methods for approximating a function
have been developed based on different definitions of the “best” approximation. If
we ask that the maximum of the absolute error | f(x) — g(x)| be as small as possible
[g(x) is a polynomial in some form], we have the minimax approximation [248. If
g(x) is a rational function, and we ask f(x) and g(x), and their derivatives (as many
as needed) to be equal at x = 0, we have a Padé approximation [Z49. Finally, a very
good method for approximating a function (even discontinuous) is the trigonometric
approximation obtained by truncating the corresponding Fourier series ([{[i§.
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20.4 Roots of Algebraic Equations

The roots (real or complex) of an algebraic or transcendental equation can be
found using several methods. We assume we want to find a simple root » of f(x) =0.

Interpolation methods
Interpolation methods start from an interval [a, b] in which a single root r lies

and then progressively narrow that interval.

Let f(x) be a continuous function in [a, b] and f(a)f(b) < 0. Then, the equation
f(x) =0 has (at least) a root in (a, b).

Method of bisecting the interval
(1) Wesetc= %(a + b). If f(c) =0, we have a root x = c.
If f(c)f(b) <0, we replace a by ¢ and go to (1).
If f(a)f(c) <0, we replace b by c and go to (1). [ Exa |

Thus, the interval containing the root is divided by 2 at each step. The process ends
when |a — b| becomes small enough (i.e. when the desired accuracy is achieved).
Sometimes we require that | f(c)| also be small enough.

Method of linear interpolation (false position or regula falsi)

(1) We set| c=b-f(b)*(a-b)/(f(a)-f(b)) |. If f(c) =0, we have a root x = c.
If f(¢)f(b) <0, we replace a by ¢ and go to (1).
If f(a)f(c) <0, we replace b by ¢ and go to (1). [ Exa ]

The process ends when |a — b| becomes small enough (i.e. when the desired accuracy
is achieved). Sometimes we require that | /(c)| be also small enough.

Iterative methods

We start from one or more values of x (estimations of the root) and generate a
sequence {x,} that tends to the root » as n — oo. The convergence is concluded from
the results. The process ends when |x,,, — x,| and/or f(x,) becomes small enough.

n+l

Secant method

If x,, x, are two values of x close to the root  of f(x) = 0, we define

x_(n+1)=x_n-f(x_n)*(x_(n-1)-x_n)/(f(x_(n-1))-f(x_n)) [ Exa
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Newton’s method (or Newton-Raphson method)

If x, is a value of x close to the root r of f(x), we define

x_(n+1)=x_n-f(x_n)/f'(x_n) [ Exa

In the simple cases of finding the square root or the root of order m of a number c (i.e.
solving x* — ¢ = 0 or x™ — ¢ = 0), Newton’s method gives, respectively, the formulas

x_(n+1)=(x_n+c/x_n)/2, x (ntl)=x_n-(x_n"m-c)/(m*x_n"(m-1))

Fixed-point iteration

To solve the equation f(x) = 0, we write it as x = g(x), where g(x) is a contraction
mapping, i.e. a mapping from (a, b) to (a, b) with |g(x) — g(¥)| < L|x — y|, where
0 <L <1 for any x, y in (a, b). Then, starting with a value x, close to the root r, we
generate the sequence {x,} with

X1 =g(xn), n=0,1, ... @
Convergence

In the fixed-point iteration method, the error ¢, ., at the (n + 1)th step and the error
g, = |r —x,| at the nth step satisfy the relations

8n+1 = g'(l")&‘n, |gn+1| S Tl&‘nl,

where 7 is an upper bound of |g'(x)| in a small interval containing the root . The
method converges /inearly if t < 1.

The secant and the false position methods exhibit a faster convergence, since
¢,., 1s proportional to the product ¢ ¢, . Newton’s method converges quadratically,
since ¢,,, and ¢, are related by

& (n+1)\~(f"(r)/(2*f'(r)))*e_n"2

Other methods, many equations

There are variants or combinations of the above methods or other entirely new
methods for solving f(x) = 0. Examples are Muller’s method [3%8, which uses a
second degree polynomial for approximating y = f(x) in the neighborhood of a root,
Bernoulli’s method for finding the largest simple root of a polynomial equation (349,
methods involving accelerated convergence, methods for multiple roots, and others.
Many of the previous methods can be extended to two or more equations [Z%9.
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20.5 Systems of Linear Equations

A system of linear equations may have more, less, or as many unknowns as the
number of the independent equations. In all cases, the final step is the solution of a
system of the form

\S[k,1,n]{a (ik)*x k}=b i or AX=B
A=mat(a_(11),a_(12),....a (In);
a (21),a (22),...,a (2n);
a (nl),a_(n2),...,.a (nn))
X=mat(x_1;x 2;...;x_n), B=mat(b_1:b_2;...;b n)

where g, are constants, b, are constants or quantities considered known, and x; are
the n unknowns (i, k = 1, 2, ..., n). It is emphasized that the determinant D of the
matrix A is different than zero, since otherwise we can lower » until we get a similar
system with D # 0.

A usual decomposition of A is A =D + L + U, where

D=mat(a (11),0....,0;0,a (22),...,0;...,...,...,...;0,0,...,a_(nn)),
L=mat(0,0,...,0;a_(21),0,...,0;...,...,...,...;a_(nl),a_(n2),...,0),
U=mat(0,a_(12),....a (1n);0,0,...,a_(2n);...,...,...,...;0,0,...,0)

i.e. D may have nonzero elements along the main diagonal, L. only below the main
diagonal, and U only above the main diagonal.

The solution of the above system is (Sec. 2.6)

x_k=D k/D

where D, is the determinant obtained from D after replacing the elements a,,, a,, ...,
a,, of the kth column by b,, b,, ..., b,. In practice, the difficulty lies in the actual nu-
merical calculation of D, and D, especially in cases where n > 10 or even n > 100.

If D is very close to zero, a small change in the coefficients a,,, b;, or even small
errors in the intermediate calculations, can substantially change the solution x,. Such
systems are called ill-conditioned or unstable, in contrast to well-conditioned or
stable systems, in which small changes in the data or the intermediate calculations

result in small changes in the solution. [ Exa |
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Direct methods

A method of solution of a linear system is called direct, if it gives the exact an-
swer after a finite number of steps (assuming the intermediate calculations do not
create errors).

Gaussian elimination

There are three actions by which a linear system can be transformed into an
equivalent system that can be solved easily and without too many calculations:

(1) Multiplication of a row (i.e. an equation) by a constant.
(2) Addition of a multiple of a row to a multiple of another row.
(3) Interchange of two rows.

These actions can be performed on the augmented matrix
mat(a (11),a (12),...,a (In),b 1;
a (21),a (22),...,.a (2n),b 2;

ceegescgessgesagerey

a (nl),a (n2),...,.a (nn),b n)

and transform it to an upper triangular or lower triangular form respectively, i.e.

mat(a' (11),a' (12),...,a" (In),b' 1; mat(a' (11),0,...,0,b' 1;
0,a' (22),...,a" (2n),b' 2; a' (21),a' (22),...,0,b' 2;

or

ceegeeegecegenageney ceegesegeegeengeeey

0,0,...,a" (nn),b' n) a' (nl),a' (n2),...,a' (nn),b n)

The linear system with such a matrix can be solved easily: we start from the equation
that contains only one unknown and find its value. We substitute this value into the
equation that contains two unknowns and find the value of the second unknown. We
continue with the equation that contains three unknowns, and so on.

In practice, assuming a,, # 0, we multiply the first equation by a, /a,,, a;,/a,,, ...,
a,,/a,, and subtract from the second, the third, ..., the nth equation. The system thus
obtained has no term with x,, except in the first equation. We repeat the procedure
for the system of the last » — 1 equations and we continue until we obtain a triangular
system. This is the method of elimination of Gauss. [ Exa ]

To improve the accuracy of the calculations, we can rearrange the equations and
the unknowns so that a, is the coefficient with the largest absolute value. Dividing
by a larger value generates smaller round-off errors and gives better results. This is
the method of elimination of Gauss with pivoting (a,, is the pivoting element).
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Method of Gauss-Jordan

This is a variant of the Gaussian elimination method in which we eliminate an
unknown not only from the subsequent equations but also from the previous ones
at the same time. Thus we obtain a system of linear equations whose matrix A’ is
diagonal, i.e. a’;, = 0 for i # k. Usually we make A’ not only diagonal, but with each
element equal to 1. Thus, the equations immediately give the solution. [ Exa |

Indirect or iterative methods

Let X =[x}, x,, ..., x,]" be the exact solution of a linear system AX = B, where
A is the matrix of the coefficients of the unknowns and B=[b,, b,, ..., b,]" (X and B
are column vectors). If we can establish a recurrence relation of the form

XD — F(X(k))

we can start with an initial column vector X, then find XV, X®, etc. and form a se-
quence X® of column vectors, which under certain conditions converges to X. Such
a method is called indirect or iterative.
The Jacobi method

We solve the ith equation of the linear system with respect to the diagonal term
a;x,, divide by a; and replace x, by x**" and all other x; by x,*). Thus, we obtain

x_iN(k+1))=(1/a_(i1))*(b_i-\S[j,1,i-1]{a_(ij)*x_j*((k))}- (Exa |

\S[j,i+1,n]{a_(ij)*x_j((k))})
Starting with an initial column vector X we construct the sequence X®. If this se-
quence converges, then we have the required solution as k — co.

With the decomposition A = D + L + U, the linear system AX = B can be writ-
ten DX=B — (L + U)X or X =D"'B - D!(L + U)X (assuming detD # 0). Thus, the
Jacobi method in matrix form is

X®D = DB - (L + U)X®]
The Gauss-Seidel method

If x®,i=1,2, ..., n, is an approximate solution of AX = B, then from the first
equation we find a new value x,**V for x,, from the second a new value x,**" for x,,
etc. with

x_iN(k+1))=(1/a_(ii))*(b_i-\S[j, Li-11{a_(ij)*x_j"((k+1))}- Exa |
\S[,it1,n]ta_(i)*x_j*((k)})

If the sequence X® converges, we have a solution of the linear system. In matrix
form, the Gauss-Seidel method can be written as

X(k+1) — D—I[B _ Lx(k+1) _ Ux(k)]
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Determinants and inversion of matrices

To find D = det A, we follow the elimination method of Gauss. Multiplying each
row by a constant and adding to another row does not change the determinant of the
matrix. Thus, A is transformed into a table with all the elements below the diagonal
equal to zero (i.e. with L = 0). The determinant D of this table is the product of the
diagonal elements. [ Exa |

Let V = A be the inverse of A (we assume it exists), X, = [a,,, a,,, .., a,,] the
column vector from the ith column of V, and U, a column vector with only the ith
element equal to 1 and the remaining elements equal to zero. Then AX, = U,, which
means that V can be found by solving all the linear systems for all possible U,.

In practice, this can be done by writing A and I side-by-side as follows

mat(a (11),a (12),...,a (In);|| |mat(1,0,0,0;
a (21),a (22),...,a_(2n); 0,1,0,0;
reyeegeaagens] 0,0,1,0;
a (nl),a_(n2),...,.a (nn)) 0,0,0,1)

Dividing the first row (of both A and I) by a,, we obtain 1 as the first element of the
diagonal of A. Multiplying the (whole) first row successively by a,,, a5, ..., a,, and
subtracting from the subsequent rows, we make all the remaining elements of the
first column equal to zero. Repeated applications of this procedure give all the diago-
nal elements of A equal to 1 and all other elements (above and below the diagonal)
equal to zero. Then, at the left of the vertical line we have a unit matrix and at the

right we have A™'. Essentially this is again the elimination method of Gauss. (23
Eigenvalues and eigenvectors

For a square matrix A, there are some column vectors Y (# 0) such that
AY =Y

i.e. multiplication of Y by A is equivalent to multiplication of Y by a constant 1.
The vector Y is an eigenvector of A and 4 is the corresponding eigenvalue.

To find 4 and Y for a given A, we have to find nonzero solutions of the linear
system (A — 21)Y = 0, which exist only for

det(A — A1) =0

This is an algebraic equation of degree n (if A is an # x n matrix) with respect to 1
and is called the characteristic equation of A.
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To calculate A, we can use a variant of Gaussian elimination. We replace each
equation of (A — AI)Y = 0 by a linear combination of all the equations so that 1
is contained only in the last term of the equation. Then, following the method of
elimination of Gauss, we obtain a system whose matrix is upper triangular, i.e. it has
L = 0. The determinant of such a matrix is the product of the diagonal coefficients.
For n > 5 more efficient methods exist that give more accurate results. [ Exa |

20.6 Differentiation

From the definition of the derivative, we can approximately calculate the deriva-
tive f'(x) of y = f(x) using one or more of the following expressions:

£1(x)\~(f(x+h)-f(x))/h, £'(x)\~(F(x)-f(x-h))/h, £'(x)\~(f(x+h)-f(x-h))/(2*h)

For the second derivative, we can write

£GO\=(FcHh)-2#£(x)+H(x-h))/h"2

To include more terms in the approximation, we can use an interpolating poly-
nomial that approximates f(x). For pairs (x,, y,), with equally spaced values of x,
i.e. x,,, — x, = h, using Newton’s formula with forward differences we have

£1(x)\~(1/h)*(Ay_0-+((2*k-1)/2)*A"2y O+...

If we use four points (x,, y,), k =-2, -1, 1, 2, x, = x, + kh, the derivative at x, is

F(x_0)\~(y_(-2)-8%y_(-1)+8*y_l-y_2)/(12%h) (Exa

Numerical differentiation using an interpolating polynomial involves all kinds of
errors [ f(x) — p(x) may be small and still /'(x) — p'(x) may be large]. Input errors are
magnified since 4 appears in the denominator (contrary to numerical integration).

Other methods of representing discrete or continuous data (e.g. splines, trigono-
metric approximation, etc.) can be used for an approximate calculation of f'(x). If
we have many points (x,, y,), we may represent f(x) by its least-squares or minimax
approximation g(x), and then compute the derivative using f'(x) = g'(x). For five
points, fitting a parabola by the least-squares method leads to the formula

f'(x_0)\~(-2*y_(-2)-y_(-D+y_1+2%y_
2)/(10*h)
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20.7 Integration

The objective of numerical integration is the numerical calculation of a definite

integral |\[[x,a,b]{f(x)}|. It is a process that can be carried out with great accuracy, even
when very elementary methods are used. The data are either the values y, of y = f(x)
atx, = x,+ kh, with k=0, 1, ..., n, x, = a, x, = b, or an analytic expression of f(x)
(whose indefinite integral usually cannot be computed analytically). The truncation

error is defined by E=\I[x,a,b]{f(x)-p(x)}, where p(x) is the polynomial or function
that is used to calculate the integral instead of f(x).

Newton-Cotes formulas

Trapezoidal rule

For 2 points, | M[x,x_0,x_1{f(x)}\~(h/2)*(y_O+y_1)

\[[x,a,b]{f(x) ) \~(h/2)*(y_0+2%y 1+2%*y 2+.+2%y (n-1)+y n) [ Exa

E=—(b—-al’f"(&)/12, wherea=x,<{<b=x,
Simpson’s rule (n even)

For 3 points, | \I[[x,x_0,x 2]{f(x)}\~(h/3)*(y_0+4*y 1+y 2)

M[x,a,b]{f(x) } \~(h/3)*(y_0+4*y 1+2*y 2+..+4*y (n-1)+y n) [ Exa

E=—(b-a)h'f®(&)/180, where a=x,<¢<b=x,.
Gaussian integration

To calculate a definite integral of a function f(x) known analytically, whose in-
definite integral cannot be found analytically, we can use a formula of the form

\[x,a,b]{fx)\\S[k, 1,n] {c_k*f(x_k)}

where x,, ¢, are constants to be determined and » is an arbitrarily chosen positive
integer. We require this formula to be exact when f(x) is any polynomial of degree 0,
1,2, ...,2n - 1. This requirement gives 2n equations with 2» unknowns x,, c,, from
which we find x,, ¢,. Then, we can use the formula for any given function f(x) to find
an approximate value of the integral.
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Gauss-Legendre formulas

To determine ¢, x,, we can use any set of 2# linearly independent polynomials.
After transforming the interval [a, b] to [—1, 1], the integral formula becomes

\[x,-1,1]{f(x)\-\S[k,1,n] {c_k*f(x_k)} [ Exa ]

We now use the Legendre polynomials P,(x), k=0, 1, ..., 2n — 1. Then, x, are the
zeros of P (x) and

¢ k=2%(1-x_k"2)/(n*P_(n-1)(x_k))*2)

The constants ¢, x, are known and given in tables or by computer programs. [ElJ]

An estimate of the error is given by Lanczos’s formula

E\~(1/(2*n+1))*(f(-1)+(1)S[k, 1,n] {c_k*f(x_k)}-\S[k,1,n]{c_k*x k*f'(x_k)})

Gauss-Laguerre formulas

The interval of integration is [0, o] with a weight function w(x) = ¢™*. The for-
mula for approximate integration and the coefficients are

\[x,0,\0] {e\(-x)*f(x)}\~\S[k, 1,n] {c_k*f(x_k)},
¢ k=(n!)"2/(x_k*(L' n(x_k))*2)

where x, are now the zeros of the Laguerre polynomial L (x).
Gauss-Hermite formulas

The interval of integration is [—oo, o] with a weight function w(x) = exp(—x*). The
formula for approximate integration and the coefficients are

\[x,-\0,\0] { {eA(x2)*f(x) \-\S[k, 1,n] {c_k*f(x_K)},

¢ k=2(n+1)*n*1(1/2)/(H' n(x_k))"2 18

where x, are now the zeros of the Hermite polynomial / (x).
Gauss-Chebyshev formulas

The interval of integration is [—1, 1] with a weight function w(x) = (1 —x?)". The
formula for approximate integration is

\I[x,-1, 1] {)/(1-x2)M(1/2) P\~(r/n)*\S[k, 1,n] {f(x_k)} Tab

where x, are now the zeros of the Chebyshev polynomial 7 (x).
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20.8 Ordinary Differential Equations Jll Inf

A general problem in ODE:s is to find y = y(x) that satisfies

y'=f(x,y) with y(x)) =y,

where x,, y, are known constants and f(x, y) is a known function of x and y. Assum-
ing the solution y = y(x) exists (its existence is guaranteed if the Lipschitz condition
is satisfied), we can use a numerical method to find it (whether the solution can be
found analytically or not). All methods determine a sequence of points (x,, y,) with
X, = X, + kh, thus approximating y = y(x) using a curve passing through these points.

If one point is enough to determine the next point, we have a single-step method.
If more points are required, we have a multi-step method. In some methods we use
one formula, called the predictor, to find a value of y,,, and then another formula,
called the corrector, to find a better (more accurate) value of y, ;.

Single-step methods
The Euler method [ Exa |
Vi1 =Y+ (%0 v
EITor = (%) = Vi =VX) Y+ 5V &), x5 <& <x,
where y(x,) — y, 1s the error from the previous steps and %hz v"(&,) 1s the local error.
Heun’s method
Vi1 =Wt %h[J’/L +f (s Vi + 1))
Taylor series method
Vet = Vit byt SRV GV
Runge-Kutta method of third order
ky=hf (gm0, k=hf+Shy+3k),  ky=hfCg+h,y,—k +2k),
Vier =i + kg + 4k, + k)
Runge-Kutta method of fourth order [ Exa ]
by =hf@uy),  k=h 0y + Th oy + 1k,
ky=hfGo,+3hy+3k),  ky=hf,+h oy +ky),
Vi1 =Wt %(kl + 2k, + 2k + ky)
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A simple predictor-corrector method [ Exa
Predictor  y,,, =y, +hy,
Corrector  y,,, =y, + %h(y,i + Vi)
Multistep methods
Nystrom’s method
Vier = Vi1 + 20y,
The Milne method
Predictor  y,,,= 5+ (4/3)h(2y;, = yi_, +2y))
Corrector  y,,,=y, , + %h(y,L,l + 4y + Vi)
The Hamming method
Predictor  y,., =y, 5+ (4/3)h(2y, 5 — yi .y + 2v;)
Corrector  y,,, = %(—yk_z +9) + %h(—y,@_l + 2y + Vi)
The Adams method
Predictor  y,,, =y, + h(=9y; 5 + 37y, , = 59, + 55y)/24
Corrector i, =y, + (v, — Syi + 19+ 9yy.)/24

20.9 Partial Differential Equations

The theoretical description of scalar or vector fields in physics often requires the
integration of a partial differential equation (PDE) of second order. Such a PDE can
be elliptic (e.g. Poisson’s equation), parabolic (e.g. heat equation) or hyperbolic (e.g.
wave equation). In each case, the solution u satisfies the PDE inside a region R of the
space and certain conditions on the boundary S of R. Thus, we have a boundary value
problem (Dirichlet problem, if u is given on S, or Neumann problem, if the derivative
along the normal to S is given on S, or a mixed problem for mixed conditions).

The numerical solution of a boundary value problem in two or more dimensions
usually involves the following basic steps:
(1) Choice of a set of points (mesh points or nodes) at which u is to be computed.

(2) Linear approximation of the value of u# and its derivatives at each node in terms
of the values at neighboring nodes, thus forming a system of linear equations.

(3) Solution of the linear system, i.e. computation of the value of u at each node.
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Poisson’s equation

In two dimensional Euclidean space with orthogonal Cartesian coordinates,
Poisson’s partial differential equation and the Dirichlet boundary conditions are

(\dAdx)*2 {u}+(\dAdy) 2 {u}=r(x,y):(x,¥)\eR, u(x,y)=s(x,y):(x,y)\eS

In the simple case of a rectangular area R = {(x, y} | a <x < b, c <y <d}, we
divide R horizontally in m strips of width 4, = (b — a)/m and vertically in » strips
of width /1, = (d — ¢)/n. The lines x =x,=a +ih (i=0,1,....,m)andy =y, =c+jh,
(j=0,1, ..., n) define a mesh or grid that covers R. The intersections of the lines de-
fine the nodes (mesh or grid points), at which the values of u are sought (Fig. 20-2).

In step (2), to approximate the derivatives
of u in the PDE with finite differences, we use

the expressions (and similarly for y) A mesh for
numerical
(\dAdx) {u}\~(u(x+h_x,y)-u(x,y))/h x integration

(\dAdx)"2 {u}\~(u(x+h_x,y)-
2*u(x,y)tu(x-h_x,y))/h _x"2 Fig. 20-2

If u,; is the approximate value of u(x;, y;), then at each interior node (red dot) the
PDE is replaced by the linear equation (i=1, ...,m—landj=1,...,n—1)

2[h2 + b uy, —hi(u )= h (s ) =—hhr(x,y)  EEY
At the nodes on S (green dots), we have from the boundary conditions
Uy ;= 8(xq, yj)a U, ;= s(x,,, yj)v ;o =5(x;, Vo), U, = s(x;5 »,)

We relabel the interior (red) nodes as 1, 2, 3, etc. (Fig. 20-2) and thus, we have
u,=u; , where k =i+ (m— 1)(n —j — 1). Substituting in the previous equations, we
obtain a linear system with (m — 1)(n — 1) equations and unknowns. Only a few di-
agonals of the coefficient matrix contain non-zero elements (it is a sparse matrix).

Thus, the linear system can be solved relatively easily (using Gaussian elimination
or the Gauss-Seidel method). Numerical difficulties may arise as in linear systems.

i T U

Heat or diffusion equation

With one space variable x and time represented by ¢, the heat or diffusion equa-
tion with its boundary and initial conditions is

(\dAdx)"2 {u}=(1/c"2)*(\d/\dt) {u}:0<x<a,t>0,
w(0,t)=u(a,t)=0:t>0, u(x.0)=g(x):0\<x\<a
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To create a grid, we choose an integer m, a space step h_= a/m, and a time step
h,. Then, the grid lines are x;=ih _(i=0, 1,2, ..., m) and 1= Jjh,. The Crank-Nicolson
method (with mixed forward and backward differences) gives from the PDE

2(u, —2u,

2 2 —
i uij) = (c°h/h, )(”m,j - 2ui,j FU_y UL n it ui—l,j+1) =0
and from the initial and boundary conditions u;, = g(x,), u, ;= u,, ;= 0.
Wave equation

With one space variable x and time represented by ¢, the wave equation with its
boundary and initial conditions is

(\dAdx)"2 {u}=(1/c"2)*(\dA\dt)"2 {u}:0<x<a,t>0,
u(0,t)=u(a,t)=0:t>0, u(x,0)=g_1(x):0\<x\<a, (\dA\dt){u(x,0)}=g 2:0\<x\<a

To create a grid, we choose an integer m, a space step s = a/m, and a time step
h,. Then, the grid lines are x, = ih (i=0, 1, 2, ..., m) and l; =jh,. The PDE gives

U =200 = Py, + 2y, +uy )—u,;, where A=ch/h,

with uy ;= u, ;=0and u,,=g/(x,) fori=1,...,m—1and anyj > 0. To start, we can
use fori=1,...,m—1,andj =1 the relation

U, = (1 =2)g,(x) + 34, (x,) + 34, (x ) + h,g,(x,)

20.10 Optimization

Optimization means finding the point(s), where a function f(x) or f(r) has an
extremum. Analytically, as a first step we solve f'(x) = 0 or f, = f, = 0 (Sec. 6.6).
Numerically, we plot f(x) and f(x, y) and then narrow repeatedly the interval or the
area where a point of minimum or maximum lies (using bisection, representation by
a fitted parabola, a speadsheet program, level curves, etc.).

In two dimensions, the method of steepest descent for finding a minimum of
f(x, y) consists of starting from r = xi + yj and moving along the straight line r =r
—tVf(r,) until f(r) becomes a minimum. Then we take r as a new r, etc. [ Exa |

In a problem of linear programming we have to minimize a linear function
y=ax, + - +a,x,subject to n + m constraints x; > 0, ¢;,x, + --- + ¢, x, < b, (j =1,
..., m). At a feasible point, all the n + m constraints are satisfied. At an extreme fea-
sible point at least n constraints become equalities. Introducing the slack variables
Xpe1s o os Xy Withx, . = b, = (¢;x, + -+ + ¢, x,), we convert the constraints to equali-

ties. The simplex method starts at an extreme feasible point and proceeds to other
such points until a point of minimum y is found. [ Exa |
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An experiment which may give different results, if repeated, is called a random
experiment. The reason for the possibility of a different outcome each time we per-
form a random experiment is that we cannot control all of the parameters on which
the result depends. Examples are the toss of a coin or the throw of a die.

The sample space S of an experiment is the set of all possible outcomes. A subset
A of S is called event. S is the certain event and & (the empty set) is the impossible
event, since performing the experiment once certainly gives an element of S and
never an element of & (which has no elements).

In words, 4 U B (the union of 4 and B) is the event “4 or B or both”, 4 N B (the
intersection of 4 and B) is the event “4 and B”. Also, A'= S — A4 is the event “not 4”
(called the complement of A), while A — B is the event “4 but not B”. Two events 4
and B are mutually exclusive if A N B=O.

The probability P(A) of an event 4 is a real number such that

(HPA=0, 2)PS)=1, (3)if AN B=I,then P(4 U B) = P(4) + P(B).

Two events 4 and B are independent if P(4 N B) = P(A)P(B).

The conditional probability P(B | A) is the probalility P(B) provided 4 has oc-
cured. We have P(4 N B)=P(A)P(B|A),P(ANBNC)=PA)P(B|A)P(C|A4AN B).

If S is a union of » mutually exclusive events 4,, 4,, ..., 4, with P(4,) = P(4,) =
-+ =P(4,), then P(S) = P(4,) + P(4,) + --- + P(4,) = 1 and P(4,) = 1/n. [ Exa ]

The basic theorems about probabilities are the following:

(H0<PMA)<1, (2)AC Bimplies P(4) < P(B)and P(B—A)=P(B) — P(4),

(3)PA)Y=1-P(4), (4)P(UB)=P()+P(B)—P(ANB)

Other properties: P(J)=0, P(A)=P(4 N B)+ P(A N B'),

P(A_k|A)=P(A_k)*P(A]A_Kk)A { Bayes’s rule for » mutually exclusive events
S[i,1,n]{P(A_i)*P(AJA i)} A, A, .. A, withd, U4, U ... U4 =S

Number of permutations or arrangements
{ p g } =n!/(n-1)!, r'\<n

of  objects out of » (the order is important)

Number of combinations of r objects
{ ) } —nl/(r!*(n-1)!), r\<n

out of n (the order is not important)

293
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21.2 Distribution of Probabilities

Random variables and distributions

A random variable or stochastic function X is a function defined on a sample
space S, i.e. a mapping of the elements of S to a set of values (usually numbers). A
simple example is the mapping of the sample space of throwing a die (i.e. the results
of throwing a die) to A, B, C, D, E, For to 1, 2, 3, 4, 5, 6 (i.e. the values of X).

A probability function or probability distribution is a function f(x), if
(a) for a discrete random variable X, the probability for X to have the value x is

P(X=x)=f(x) with f(x)\>0 and \S[x]{f(x)}=1
(b) for a continuous random variable X, the probability for X to have a value x

in [a, b] is P(a\<X\<b)=\I[x,a,b]{f(x)} with f(x)\>0 and \I[x,-\0,\o]{f(x)}=1.
For continuous X, the function f(x) is also called the probability density.

A distribution function is a function F(x) that gives the probability to have X <ux.

(a) For a discrete random variable X, |F(x)=P(X\<x)=\S[u\<x]{f(u)} |

(b) For a continuous random variable X, | F(x)=P(X\<x)=\I[u,-\o,x]{f(u)} |

Parameters of a distribution

p=E(X)=\S[x]{x*f(x)} for discrete X,

\[[x,-\o,\o] {x*f(x)} for continuous X

Expected or mean value

For a function g(X), its expected value is

E(g(X)=\S[x]{g(x)*f(x)} or E(g(X))=\I[x,-\0,\0] {g(x)*f(x)}

Variance 6"2=Var(X)=E((X-w)"2)=E(X"2)-(E(X))"2
A\S[x]{(x-p) 2 *f(x) }=\S[x ] {x2*f(x) } -u”2 for discrete X
=\[x,-\o,\o] {(x-p) 2*f(x) } =\I[x,-\0,\0o] {x"2*f(x) } -u"2 for continuous X

Standard deviation ’ o=Var(X)"(1/2) ‘

Standardized random variable | Z=(X-p)/c |, E(Z)=0, o,=1
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a 3=E((X-w)"3)/0"3 . a 4=E((X-p)"4)/c"4
Skewness Kurtosis
=un_3/0"3 =u 4/c™4

Moments

Moment of order r about the mean or central moment

. r=E((X-p)*r)A\S[x]{(x-p)"r*f(x)} for discrete X
\[x,-\o,\o]{(x-p)"r*f(x)} for continuous X

Moment of order r about the origin (uy =1, u'| = u)
’ ' r=E(X"r) ‘

Moment generating function (its series expansion gives u')
M_X(t)=E(e"(t*X))=\S[x] {e (t*x)*f(x)} for discrete X
=\[x,-\o,\o] {e"(t*x)*{(x)} for continuous X
=\S[k,0,\o]{p'_k*t"k/k!}

Characteristic function
O X(o)=E(e"([i*0*X))=\S[x]{e (i*o*x)*f(x)} for discrete X
\[[x,-\o,\o]{e"(i*w*x)*f(x)} for continuous X
\S[k,0,\o]{i"k*u' k*w k/k!}

Two-dimensional distributions

A joint probability function is a function f(x, y), if
(a) for discrete random variables X and Y, the probability for X=x and Y=y is
P(X=x,Y=y)=f(x,y) with f(x,y)\>0 and \S[x,y]{f(x,y)}=1

(b) for continuous random variables X and Y, the probability for X'in [a, 5] and
Yin [¢, d] is [P(a\<X\<b,c\<Y\<d)=\I[x,a,b] {\[y,c,d] {f(x,y)} } with f(x,y\>0

and \[x,-\o,\o] {\I[y,-\0,\o] {f(x,y)} } =1
The joint distribution function F(x, y) gives the probability for X <x and Y <y.

(a) For discrete random variables, | F(x,y)=P(X\<x,Y\<y)=\S[u\<x,v\<y]{f(u,v) |
(b) For continuous random variables,

F(x,y)=P(X\<x,Y\<y)=\I[u,-\0,x] {\I[V,-\0,y] {f(u,v)} }
X and Y are independent if f(x, y) =f,(x)f,(») or F(x,y) = F,(x)F,(»).
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p X=E(X)=\S[x,y]{x*f(x,y)} for discrete X, Y

Expected values \[y,-\o,\o] {\[[x,-\0o,\o]{x*f(x,y)}} for continuous X, Y

Similarly for u,.

o X"2=E((X-u_X)"2)=\S[x,y]{(x-p_X)"2*f(x,y)} (discrete)
\[y,-\o,\o] {\[[x,-\0,\o] {(x-p_X)"2*f(x,y)}} (continuous)

Variances

Similarly for o,. Note: ¢, > 0, o, > 0.

Covariance
6 (XY)=Cov(X,Y)=E((X-p_X)*(Y-p_Y))=E(X*Y)-E(X)*E(Y)

=\S[xyH{x-p X)*(y-p_Y)*f(x,y)} for discrete X, Y
=\[y,-\0,\o]{\[[x,-\0,\0]{(x-p_X)*(y-p_Y)*f(x,y)}} for continuous X, Y

Correlation coefficient p=c_(XY)/(c_X*c_Y),-1\<p\<1 [ Exa |

General properties

E(cX)=cE(X), Var(cX)=c*Var(X)

EX+Y)=EX)+E(Y)

(Oyey)’ =0 + 07 %20y, oy, <oyoy,

For independent X, ¥ we have E(XY) = E(X)E(Y), 04,=0, (0y.y)* =0, + 0,~.
Chebyshev’s inequality P(|X —u|>¢) <o?/&* (e positive number)

Law of large numbers: For independent random variables X, X,, ..., X with the
same mean value ¢ and variance o2, we have

lim[n,\o]{P(J(X_1+X 2+...+X n)/n-p/\>g)}=0

Central limit theorem: If X|, X, ..., X are independent (discrete or continuous)
random variables with the same probability function, a mean value x, a variance o2,
and S, = X, + X, + --- + X, then the random variable Z, = (S, — nu)/(c~/n ) "follows
asymptotically" the standard normal distribution, i.e.

lim[n,\o] {P(a\<Z_n\<b)}=(1/(2*m)"(1/2))*\I[[u,a,b] {e (-u"2/2)}
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21.3 Various Distributions

Normal distribution

The continuous random variable X has the probability (i.e. density) function

f(x)=(1/((2*n)N(1/2)*c))*e(-(x-n)"2/(2*c"2))

for —oo <x < oo and distribution function Normal distribution

Fx)=((2* ) (1/2)%0) M [, 0,x] {e-(u-) 2/(2*6"2))]

Mean value p, variance o2, skewness a, =0, Fig. 21-1
kurtosis a, = 3, moment generating function M(f) = exp(ut + o*t%/2),
characteristic function @(w) = exp(iuw — o*w*/2)

Setting Z = (X — u)/o we obtain the standard normal distribution with probability
function and distribution function respectively

f(2)=(1/(2*m)\(1/2))*eN(-22/2),
F(z)=(1/(2*m) (1/2))*\[[u,-\0,Z] {e(-u”2/2)}=(1/2)*(1 +erf(z/27(1/2)))

Tab

Binomial distribution

Let p be the probability for an event to happen (success) in performing a random
experiment once (single trial) and ¢ = 1 — p be the probability for the same event not
to happen (failure). If we repeat the experiment » times, then the probability for this
event to happen exactly x times (x =0, 1, ...,n) is given by the binomial distribution
f(x)=P(X=x)=(n;x)*p"x*q"(n-x)

=(n!/(x!*(n-x)!))*p"x*q"(n-x)
i.e. the coefficients of the binomial expansion

Binomial distribution

(ptq)*n=q"n+(n;1)*p*q*(n-1)+...+p"n

Mean value i = np, variance o> = npq,
skewness| &-3-(a-p)/ , kurtosis a_4=(3*(n- Fig. 21-2
(n*p*q)"(1/2) 2)*p*qt1)/(n*p*q)
moment generating function M(¢) = (pe’ + q)’",

characteristic function @(w) = (pe™ + g)".




298 PROBABILITY AND STATISTICS CHAP. 21

Multinomial distribution

Let the mutually exclusive events 4., i =1, 2, ..., k, be the possible results of a
random experiment with probabilities p, and p, + p, + --- + p, = 1. We perform the
experiment » times and let X, represent the event of 4, appearing x; times in total.
Then, the joint probability function for 4,, 4,, ..., 4, to occur x|, x,, ..., x, times,
respectively, withx, +x, + .- +x, =nis

fx_1,x 2,..x k=P(X_1=x_1,..X k=x_k)y=n!*p 1"(x_I)..p_kMx k)/(x_1!.x_k!)

This is the general term obtained by expanding (p, +p, + --- + p,)".
Mean value of X, u;=np,, variance of X, ¢2=np,(1 —p)),
covariance of X; and X; Cov(X, X)) =—np,p,.

Hypergeometric distribution

A box contains N small identical spheres, except that b of them are black and
those remaining are white. We take out one sphere at random, then another and we
continue until we take out n spheres, without replacing any removed sphere in the
box. The probability that we have exactly x black spheres among the » removed
spheres is

f(x)=P(X=x)=(b;x)*((N-b);(n-x))/(N:n)

Mean value | y=n*b/N |, variance |6"2=n*b*(N-b)*(N-n)/(N*2*(N-1))

Poisson distribution

A discrete random variable X takes on the
values 0, 1, 2, ... with probability function

f(x)=P(X=x)=A"x*e"(-L)/x!

Poisson distribution

where 4 is a positive constant.

Mean value u =/, variance ¢*= A,

skewness a; =1 , kurtosis a, =3 +1/4,

moment generating function M(f) = exp[A(e’ —1)], Fig. 21-3
characteristic function @(w) = exp[A(e™ —1)]
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Uniform distribution

We have a discrete uniform distribution when a discrete random variable X can
take on any one of n values x|, x,, ..., x, with the same probability

f(x)=P(X=x)=1/n,x=x_1,x 2,..,X n

Discrete uniform
Ifx, =k k=1,2,...,n,we have distribution

mean value i = (n +1)/2, variance o = (n*—1)/12,
M(t)=e t*(1- .
eN*)/(n*(1-e) | Fig. 21-4
We have a continuous uniform distribution when a continuous random variable
X can take on any value in an interval [a, b] with a probability density

moment generating function

f(x)=1/(b-a):a\<x\<b;0,other Continuous

uniform distribution

Mean value u = (a + b)/2, variance o> = (b — a)*/12,
M(t)=(e (b*t)- |
e”(a*t))/((b-a)*t)

moment generating function Fig. 21-5

Gamma and beta distributions

The gamma distribution has a probability (i.e. density) function

f Gx)=x"(a-1)*e"(-x/B)/(B o*I"(a)):x>0;0:x\<0
Gamma distribution

with mean value x4 = a8 and variance o> = af8>.
Also, M(#) = (1 — f1)* and &(w) = (1 — ifew)™ Fig. 21-6
The beta distribution has a probability (i.e. density) function

—~ N1V 1 xR . .0
f B(x)=x"(0-1)*(1-x)"(B-1)/B(a,B):0<x<1;0:0ther Beta distribution

with mean value u = a(a + b)™" and
variance o’ = ab(a +b) *(a+ b+ 1) Fig. 21-7
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Chi-square distribution

A continuous random variable X with a probability (i.e. density) function

f(x)=x"((n-2)/2)*e"(-x/2)/(2N10/2)*T (n/2)):x>0;0:x\<0
Chi-square distribution

follows the chi-square distribution with n degrees
of freedom (d.o.f.). Its mean value is x = » and its
variance o2 = 2n. Also M(?) = (1 — 21)™">. Tab Fig. 21-8

IfX,i=0,1,2, ..., n, are n random variables, each following the normal distri-
bution with = 0 and o = 1, then the sum X, + X,? + -+ + X * follows the chi-square
distribution with » degrees of freedom (d.o.f.) and is symbolized often by y?.

Student’s 7-distribution

A continuous random variable X with a probability (i.e. density) function

f(x)=(C(0/2+1/2)((n*p) (12T (0/2)))*(1+x" 2N (-(n+1)/2)

, . : Student’s #-distribution
follows Student’s t-distribution with n degrees of

freedom (d.o.f.). Its mean value is u = 0 and its vari-
ance o* = n/(n — 2) for n > 2.

If Y and Z are independent random variables, Y is
normally distributed with =0 and 6 =1, and Z is chi-square distributed with n degrees
of freedom, then |X=Y/(Z/n)"(1/2) follows the #-distribution with » degrees of freedom.

Fig. 21-9

F distribution

A continuous random variable X with a probability (i.e. density) function

f(x)=I'(m/2+n/2)*(m/n)(m/2)*x((m-2)/2)/(I'(m/
2)*I'(n/2)*(1+(m/n)*x)((m+n)/2))

F distribution

has the F distribution with m and n degrees of freedom
(d.o.f.). Mean value i = n/(n — 2) for n > 2 and variance
o’ =2n*(m+n—-2)[m(n—-2)>*(n—4)]"" for n> 4. Fig. 21-10

If Y and Z are independent random variables, and both are chi-square distributed
with m and » degrees of freedom (d.o.f.), respectively, then the ratio X = (Y/m)/(Z/n)
follows the F distribution with m and » degrees of freedom.
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Geometric distribution

A discrete random variable X with a geometric distribution has probability (i.e.
density) function, mean value, variance and moment generating function

f)=PX=x)=pg*", x=1,2,.., g=1-p,
u=1p, a*=qp’, M@ =pe’(l-qe)

Ifan event 4 has a probability p to appear in any single trial (Bernoulli trial), then
X may represent the number of independent trials until the first appearance of 4.

Exponential distribution

A continuous random variable X with an exponential distribution has a probabil-
ity (i.e. density) function

f(x)=a*e™(-a*x):x>0;0:x\<0

The mean value, the variance, and the moment generating function are u = a™',

o’ =a, M(f) = a/(a - 1), respectively.
Cauchy distribution

A continuous random variable X with a Cauchy

L SR ) ) Caushy distribution
distribution has a probability (i.e. density) function

f(x)=a/(n*((x-x_0)"2+a"2))

Fig. 21-11

The integral that defines the mean value does not exist, but its principal value is
equal to x,. The variance and the moment generating functions do not exist, but the
characteristic function is @(w) = ¢ .

Laplace distribution

A continuous random variable X with a Laplace
distribution has a probability function, a mean value,
a variance and a moment generating function

Laplace distribution

f(x)=(1/(2*b))*e"(-|x-x_0l/b), b>0, -\o<x<\o,
p=x_0, 6"2=2*b"2, M(t)=e(x_0*t)/(1-b"2*t"2)

Fig. 21-12
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Maxwell distribution

A continuous random variable X with a Maxwell distribution has a probability
(i.e. density) function, mean value and variance

f(x)=2/m)"(1/2)*a™(3/2)*x"2*eN(-a*x"2/2):x>0;
0:x\<0 Maxwell distribution

=2*2U(w*a)N(1/2) |, o = (37 - 8)/(a).

PRI o Fig. 21-13
Pascal distribution (negative binomial distribution)
A discrete random variable X with a Pascal distri-
bution has a probability (i.e. density) function, mean

value, variance and moment generating function .
’ g g Pascal distribution

f(x)=P(X=x)=((x-+r-1);(r-1))*p"r*q"x

u=rqlp, o> =rqlp*, M(t)=p'/(1 —qge")". Fig. 21-14

If an event A4 has a probability p = 1 — ¢ to appear in any single trial (Bernoulli
trial), then X represents the number of independent trials until 4 appears r times.

Weibull distribution

A continuous random variable X with a Weibull distribution has a probability
(i.e. density) function, mean value and variance

f(x)=a*b*x"(b-1)*e”(-a*x"b):x>0;0:x\<0
pu=(1/a*(1/b))*I'(1+1/b),
o 2=(1/a"(2/b))*(I'(1+2/b)-I'(1+1/b)"2)

Weibull distribution

Two-dimensional normal distribution Fig. 21-15

Two continuous random variables X and Y with a two-dimensional normal distri-
bution (or bivariate normal distribution) have a joint probability distribution

fx,y)=(1/(2*n*c_x*o_y*(1-p"2)"(1/2)))*eN(1/2*(p"2- 1)) *(((x-p_x)/o_
X)) 2H((y-p_y)/o_y) " 2-2*p*((x-p_x)/o_x)*((y-1_y)/c_y)))

where u, u, are the mean values, o, o, are the standard deviations, p is the correla-
tion coefficient, and —oo < x < 00, —00 <y <o (note that —1 <p < 1).
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21.4 Statistical Samples

Sample parameters

Statistics deals with random samples taken from a population. The size of the
population is denoted by N (integer > 0 or N = ), its mean value by x, and its vari-
ance by ¢2. In a sample of size n (< N for finite N and sampling without replace-
ment), the independent random variables X|, X, ..., X, take on the values x,, x,, ...,
x, and a function @(X|, X,, ..., X)), usually referred as a statistic, takes on the value
D(x,, X,, ..., X,).

Depending on the sampling procedure (i.e. on how we find the values x|, x,, ...,
x,), a correction factor /. is defined: (a) If the sample is taken from an infinite popula-
tion (N = o) or from a finite population with replacement, 4 = 1. (b) If the sample is
taken from a finite population without replacement, A = (N — n)/(N — 1).

The mean of a sample or sample mean is the function X = (X, + X, + --- + X)) /n.
For a specific sample, it has the value X = (x, +x, + --- + x,)/n. Its expected or mean

value is —
py=EX)=u
and its variance is o = E[(X - p)’] = Ac*/n
The variance of a sample or sample variance is defined in the literature as
S™"2=(1/n)*\S[k,1,n]{(X_k-Xbar)"2} or
Shut"2=(1/(n-1))*\S[k,1,n]{(X_k-Xbar)"2}
(which one it is clear from the symbol S or 3‘). For a specific sample, it has the value
s"2=(1/m)*\S[k,1,n]{(x_k-xbar)"2} or
shut"2=(1/(n-1))*\S[k,1,n]{(x_k-xbar)"2}
The expected or mean values of S and S2 are
pn (S"2)=E(S"2)=(n-A)*c"2/n  or
p_(Shut*2)=E(Shut"*2)=(n-1)*c"2/(n-1)

Properties

(1) For samples from a normal population (mean value x and variance o), the sam-
ple mean follows a normal distribution with mean value x and variance o%/n. The
random variable nS*/* has a chi-square distribution with n — 1 degrees of freedom.

(2) For samples from any population (with mean x and variance ¢?), the standard-
ized random variable Z = (X — )/ “follows asymptotically” the normal distribution
lim[n,\o]{P(Z\<z)}=

(1/2*m)"(1/2))*\I[u,-\o,z] {e(-u2/2)}

with a mean value of 0 and a variance of 1 (i.e.

N
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(3) For samples from a binomial population, with p being the probability of success
in the first trial, the proportion P of successes in # trials is a statistic that follows the
sampling distribution of proportions with mean value u, = p and variance o,°=Apg/n.
For large n (n > 30), the distribution becomes approximately normal.

(4) Let the statistic @, be computed for samples drawn from population 1 and have
a sampling distribution with a mean value y,, and a variance o,,,”. Independently, let
statistic @, be computed for samples drawn from population 2 and have a sampling
distribution with a mean value x,, and a variance o,,>. Then, the sampling distribu-
tion of @, + &, has mean value u,, + 4, and variance o,,* + 7,,".

(5) For samples of size n, drawn from a normal population, let the sample variance
T=(Xbar-p)/(S/(n-1)"(1/2))

Xbar-p)/(Shut/n”(1/2))

be S? or S2. Then the statistic follows Student’s 7 distribution

with n — 1 degrees of freedom. ¢

(6) Let 3‘12 be the sample variance for samples of size n, from a normal population
1 with variance ¢,%. Independently, let 3‘22 be the sample variance for samples of size
F=(Shut 1"2/6_
1%2)/(Shut 2"2/5 22)

n, from a normal population 2 with variance o,”. Then, the statistic
follows the F distribution with n, — 1, and n, — 1 degrees of freedo

Estimation from samples

A statistic, i.e. a random function @(X|, X, ..., X)) from a sample, can give an
approximate value or estimation of a parameter of the population. We obtain:

(1) A point estimate, if the estimation is expressed by a single value. [ Exa |

(2) An unbiased estimate of the corresponding parameter of the population, if the
expected value of @ is equal to the corresponding parameter of the population.

(3) A more efficient estimate from @, than from @,, if both have the same expected
value and the variance of @, is smaller than the variance of @,.

(4) An interval estimate, if the estimation is expressed by an interval in which the
parameter of the population lies.

(5) An r% confidence interval [, u], if we are r% confident that the parameter of the

population lies in this interval. The confidence limits [ and u are determined by r
and the distribution of @ [they may or may not be symmetric about £(®)].

Some confidence intervals are given in the next page. In the simple case of a nor-
mal population with a mean g, a sample mean value X and a sample variance o5, the
two-sided % confidence interval is X -z, , o0y <u <X +z,,0y, with z_, as follows:

r 50 |68.27 | 80 90 95 | 9545 | 96 98 99 | 99.73 | 99.8 | 99.9
2 10.6745| 1.00 | 1.28 | 1.645| 1.96 | 2.00 | 2.05 | 2.33 | 2.58 | 3.00 | 3.09 | 3.29

z
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Confidence intervals for one population
Parameter Statistic r% confidence interval, o = 1 — 7/100
# (normal two-sided: ¥ -z, ,0/Nn <u<i+z,,0/\n (2
distribution or =
large sample, X lower: y<x+z,o/ Jn  upper: ¥ - z,0/ Jn <pu
o known) a =1-F(z,) for normal distribution with =0, o =1
1 (large sample, = n .
X Repl th, t
&2 unknown) eplace o by § in the above (approximate)
4 (normal ~ two-sided: X —1,,8/\'n <u<i+t,5n [ Exa ]
dzistribution, X lower: u<x+t,5/ Jn  upper: X — t,8/ Jn <u
o” unknown) o= 1 F(z,) for ¢ distribution with 7 — 1 d.o.f.
Cade el 2 2
+* (ormal . two-51dezd. nsz/xxya ,<o?<ns /};X’l_a o 'nj
: < N < =
distribution) S“orS* | lower: 0° <wms /xX,H(t upper: ns /)fm < 0% X, 0 =Xy
o =1-F(x, ) for chi-square distribution, » — 1 d.o.f.
. . two-sided: P—z,,0,<p <P +z,,0,, (o P=P*Qn)\(112)
p (binomial P i < p p -
distribution) ower: p<P+z,0p,, upper: P—z,0,<p [ Exa |
a =1-F(z,) for normal distribution with £ =0, =1
Confidence intervals for two populations
Parameter Statistic r% confidence interval, a = 1 — #/100
U, — i, (normal two-sided: X, =%, =2,,0, St =y <X, =%, + 2,50
distributions or ¥_7 lower: g, —u, <% —x,+z,0,,
large samples, |=' 7 |upper: ¥, - %, 2,0, <u, — 4,
7%, 0," known) o, =(02/n, + 6, /n,)"?
My —u, (large |
samples, 0%, 0,° | X, - X, Replace o by § in the above (approximate)
unknown)
#y — iy (normal | two-sided: X, =X, = £,, 0, Sl =y <X =X, + 1,50,
distributions, | X,~X, |o,,=(5,%/n, +§,%/n,)"*
2 2 .
a,,0, unknown) a=1- F(t,) for ¢ distribution with  d.o.f.
2 2
o,”/o,” (normal P . A on P
dlist rzibutions) SIS, | two-sided: x.,,8%/8," <020, <xp 08,75,
— p, (binomial S
pldisgib(utions)) P,=P, |two-sided:P,—P,~z,,0,, <p,=p, < P= P, +2,,0,,, B8




306 PROBABILITY AND STATISTICS CHAP. 21

21.5 Hypotheses and Tests

In statistics, we often make Aypotheses (assumptions) about populations. Testing
a hypothesis by using a sample from the population involves the risk of making two
types of errors: (1) A type I error is made if we reject a true hypothesis. (2) A type 11
error is made if we fail to reject a false hypothesis.

H, is the null hypothesis, i.e. the assumption that we want to test, while /, is an
alternative hypothesis, i.e. an assumption reasonable but incompatible with H,. A
test is a method that enables us to decide whether there is substantial reason to reject
H, or not. A test may be two-sided or one-sided.

Level of significance o of a test is the maximum probability for making a type |
error. Usually this is chosen to be small (¢ = 0.05 = 5% or a = 0.01 = 1%) in order to
be confident with probability 1 — a that we make the correct decision. [ Exa ]

Hypothesis testing goes as follows: (a) We assume H,, define /|, and choose a.
(b) We find the 100(1 — @)% region of acceptance for a proper statistic, i.e. a sta-
tistic @(X, ..., X)) that is an estimator of the population’s parameter under testing.
(c) From a single sample, we find the value of @. (d) If this value lies in the region of
acceptance, we do not reject /) at significance level a. If this value lies in the region
of rejection or critical region (i.e. outside the region of acceptance), we reject H,,.

Given the value @, of @ from a single sample, the P-value is the probability that a
value of @ can be found beyond @, in the direction or directions of H,. Given &, and
using the appropriate test the P-value is the lowest a at which H is rejected.

The probability of making a type Il error is denoted by S. To calculate f we need
an alternative hypothesis H, with a specific value. The probability of rejecting H,
when H, is true is called the power of the test and equals 1 — 5.

Some frequently used cases of hypothesis testing are given in the tables of the
next page. The symbols are explained in the following notes:

© :z_is the critical value for normal distribution (x = 0, o = 1) with area c above z,.
® ¢, is the critical value for Student’s ¢ distribution with n — 1 d.o.f.

® x, =y is the critical value for chi-square distribution with » — 1 d.o.f.

O Xx, is the critical value for chi-square distribution with n, — 1, n, — 1 d.o.f.

© P is the sample value of p, ¢, = 1—p,, and c equal to a, &/2, l —a or 1 — a/2.

O For X, — X, we have (¢,,)* = 0,%/n, + 0,%/n,.

@ For P,— P, we have (0,,)* = PQ(n, + n,)/(nn,), P=1- 0= (n,P,+ n,P,)/(n,+ n,).
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Hypotheses testing for one population

Statistic Hypotheses Region of acceptance
X (normal Hy:u# 1ty ,uo—za/za/x/; S)‘cé,uo+za/20/\/;
distribution, | Hypu=u, | Hy:u<p, Ly — zao/\/; <X 1)
o known)
Hy:u> p X <py+z,0/Nn
Same as above but with ¢ unknown Replace z,,o by 7,,5 and z o by 7,5 @
P (probability Hy:p#Ppy | po— 2z, 00 01)|< P < p, +z, o g 0/(1)
of success,
binomial Hyp=p, | H:p<p, Do — Zopl0 T (D) < P e
distribution,
n large) Hy:p>p, P <py+z,,n g 0(10)

§2 (variance H,: 0" # 0, xx71_a/20'02/(n -1)<§< xxja/zo'oz/(n -1)
ofnormal |H,: ¢® =0 |H,: 0> <0, X, 00 /(n—=1)<§ ©
opulation

pop ) H:c*> o0, §<x,,00/(n—1)

Hypotheses testing for two populations

Statistic Hypotheses Region of acceptance
- — Hi:p #u ~Z, 01, <X, =X, <Z2,,0
1" 1 2 a/2¥1-2 — 1 2 —“al2¥1-2
X, — X, (normal
populations, Hypy=p, | Hpp <u, —2,0,, <X —X, 6]
o2, 0,” known)
H:u, > X —-x,<zo
1My 7 My 17X =201
X, — X, (same as above, same hypotheses Same as above
: 2 2 : 2 2 a2 452
but with ¢,°, ,” unknown, »,, n, large) with ¢,%, o,” replaced by 5,7, s,
P, — P, (probabili- Hy:p, #p, ZypO1 2= P\ = Py=2,,0,
ties of successes,
. S Hyp = H:p < -z o,,<P—P (7]
binomial distribu- o Pr=P, 1-P1=Pr «O12 =171
tions, n,, n, large) H:p,>p, P -P,<z0,
H:0’#0)} X <§%52<x
S 2/8 2 : - >1 2 Fil-a/2 —*1 2 —7F,a/2
§,°/s," (ratio of
i _ a2 2 L2 2 ADA D
Varllanceslof nor) Hyo’=0,| H:0.<o, Xp g S8,718, 4
mal populations
. 2 2 a2/52
H:o,>o0, 5,778, <xp,
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21.6 Simple Linear Regression and Correlation The

Let a linear equation Y, = f, + f,x; + E, relate the random variable Y, with the
mathematical variable x; and the random variable £, which has a mean equal to zero.

For a given sample of pairs (x,, y,), where y, is the value of Y, found forx,, i =1,
2, ..., n, the values of 8, B, that minimize the sum X,(y, — 8, — B,x,)* are

B_1=b_l=(xybar-xbar*ybar)/((x"2)bar-(xbar)"2),
B _0=b O=ybar-b 1*xbar

where (2, stands for summation from i =1 to i = n)
x=n'%x, y=n'Zy, =n'Zxy, =n'Zx?

The sample variances s * and syz, covariance s, , and correlation coefficient r are

2_ 1 S S S 2 _ 1 - = _
s;=m L (x, =X, s’ =L, -P, s,=n (-0, r=s,/ss)

The (least-squares) regression line of y on x is y = b, + b x and gives an estima-
tion of y from x, based on the assumption that there is an approximately linear rela-
tionship between x and y. The regression line of y on x can also be written as

y-ybar=(s_(xy)/s_x"2)*(x-xbar) or (y-ybar)/s y=r*(x-xbar)/s_x,
sinceb_1=s (xy)/s_x"2

Let SSE =X,(y,—»,)* = error sum of squares or unexplained variation,
SSR =3.(9, — y)* = regression sum of squares or explained variation,
SST=%.(y,—- )= nsy2 = total corrected sum of squares or total variation,

where ,= b, + b,x,. It follows that SST = SSE + SSR and r* = SSR/SST. The standard
error of estimate of y on x is defined as |(SSEn/(12)| and expresses how much the points
(x;, ;) are spread about the (least-squares) regression line y = b, + b x.

If E, has normal distribution with a mean value equal to zero and a variance o7,
we can calculate the 100(1 — a)% confidence intervals for S, f,, etc. as follows,
where 7 ), is from the Student’s # distribution with #» — 2 d.o.f. and | &=(l/s xJSSEn*(n-2))(12) |:

ForB 1: b I-x*t (a/2)<B 1<b_l+x*t (a/2)
For B_0: b 0-x*t (a/2)*((x"2)bar)*(1/2)<B_0<b_0+x*t (a/2)*((x"2)bar)(1/2)
For pn (Y|x_0): yhut 0-x*t (a/2)*(s_x"2+(x_0-xbar)"2)*(1/2)<p_(Y[x_0)<yhut
0+ic*t_(a/2)*(s_x"2+(x_0-xbar)"2)"(1/2)
For a new value y, of y at x = x, the 100(1 — a))% confidence interval is
yhut 0-k*t (a/2)%((n+1)*s x"2+(x_0-xbar)2)*(1/2)<y O<yhut 0+ic* (a/2)*((n+1)*s x"2+(x_O-xbar)"2)"(1/2)
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21.7 Analysis of Variance

From m populations with mean values i, i =1, 2, .., m, and the same variance o2,
we obtain m samples. The ith sample has values x;; for its 7, random variables X, j =

1,2,..., n,. Analysis of variance (ANOVA) gives information about the mean values
of the populations using variations within samples and between samples. We define:

(Mean of the ith sample or treatment) (Overall mean)=xbar=
=xbar_i=(1/n_1)*\S[j,1,n_i]{x_(ij)} (1/m)*\S[1,1,m]{\S[j,1,n_i]{x ij)}}
(Variation within samples)=v_w= (Variation between samples)=v_b=
\S[i,1,m]{\S[j,1,n_i]{(x_(ij)-xbar 1)"2}} \S[i,1,m]{n_i*(xbar i-xbar)"2}
Total variation=v=\S[1,1,m]{\S[j,,n_i[{(X_| with »= v, + 0, The
(ij)-xbar)"2} }

In the literature, we find the notation o, = SSW = sums of squares within samples,
v, = SSB = sum of squares between samples, and v = SST = total sum of squares.

In a /inear mathematical model for analysis of variance, we have the random
variables X, = u; + E; that take on the values x;,, where E;; are independent normally
distributed random variables. Setting ¢ = (1, + u, + --- + p,)/m and @, = u, — u, we
have X, =+ o, + E;; with o, + a, + --- + a,, = 0. The null hypothesis for one popula-
tionis Hy: p; =, i=1,2, ..., m (true H, means that all x;; are from one population).

The random variables V,, V,, V, that take on the values v, v,, v for the specific
samples have mean values
E(V_w)=(n-m)*c”"2, E(V_b)=(m-1)*c"2+\S[i,1,m]{n_i*a i"2},
E(V)=(n-1)*c"2+\S[1,1,m]{n_i*a_i"2}
Thus, we have the following:

(a) S‘Wz =V, /(n —m) is an unbiased estimate of o> always (for true or false H,).

(b) 8,>=V,/(m—1) and S>=V/(n—1) are unbiased estimates of o, only if H, is true,
i.e. when a; = 0.

The following three theorems can be proved:
(1) V,/o? is a chi-square distributed random variable with n — m d.o.f.

(2) If H, is true, then V,/o? and V/o? are chi-square distributed random variables
with m —1 and n — 1 d.o.f., respectively.

(3) The statistic F = S,%/S,? has the F distribution with m — 1, n —m d.o.f. (this en-
ables us to check H,, with a one-sided hypothesis test using the F distribution).
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21.8 Nonparametric Statistics

If we assume only that a population distribution is continuous (without any as-
sumption about its specific form), we can use nonparametric statistics, i.e. statistical
methods that are not based on the population distribution. Such methods are useful
especially for qualitative data (e.g. yes or no, order of preference, etc.).

Sign test

We want to test the median m of a continuous population (half of the population
lies below m and half above). The null and the alternative hypotheses are H,: m = m,
and H,: m # m,. In a sample, the number of those less than m, or minuses is », and the
number of those larger than m, or pluses is n,. At a significance level a, we use the
binomial distribution with p = 0.5 (or its normal approximation) to decide whether to

reject H,, or not. The method can also be used for one-sided tests. [ Exa |
In addition, the Wilcoxon signed-rank test uses the rank of the data.

Mann-Witney-Wilcoxon test

To test whether or not two independent samples of sizes n,, n, (1, < n,), come
from the same population, we do the following: (1) We rank all values of both sam-
ples. If two values are equal, we assign to each the average of their ranks. (2) We find
the sums w, and w, of the ranks of each sample. (3) In a two-sided test, H,: i, = 1,
is rejected if either w, or w, is less than or equal to w, (obtained from table). (4) If
n, and n, are at least 10, then the statistic U= nn, + %I’ll(l’ll +1) — w, has an approxi-
mately normal distribution with a mean x,, = %nln2 and a variance o, = %nlnz(n1 +
n, + 1). Thus, the deviation of z = (U — u,))/o,, from zero can be tested.

A generalization to more samples is the Kruskal-Wallis test.

Runs test

We consider a sequence made by repeated use of two symbols, e.g. a and b. Each
maximum subset or subgroup of similar consecutive symbols is a run. Thus, in the
sequence {a, a, b, b, b, a, b, b, b, b, a,a,a, b, b, a, a, a, a} the first run is {a, a}, the
second run is {b, b, b}, the third run is {a}, the fourth run is {b, b, b, b}, etc. The
number of runs R is a statistic whose sampling distribution has mean and variance

i R=2*n_1*n 2/n+1, c_R"2=2%*n_1*n 2*(2*n_1*n_2-n)/(n"2*(n-1))

where 7, is the total number of a’s, n, is the total number of b’s and n = n, + n,. If
both n, and n, are at least 8, the distribution of R is nearly normal and z = (R — u,)/0,
can be considered a standardized normal variable.



22 INEQUALITIES

22.1 Inequalities with Constants

All the constants and the functions used below are assumed to be real.
Triangle inequality

la,| = lay| < la, + ay| < |ay| + |a,]

jay +ay 4+ af <l + ) + -+ a
Inequalities for arithmetic, geometric and harmonic means

For positive numbers a,, a,, ..., a,, we define the arithmetic mean 4, the geo-
metric mean G, and the harmonic mean H, respectively, by

A=(a_l+a 2+..+a n)/n, G=(a_1*a 2%*..*a n)"(1/n),
1/H=(1/n)*(1/a_1+1/a_2+...+1/a _n)
Then, H < G < 4. The equality holds only ifa, =a,=--- = a,.

Cauchy-Schwarz inequality
(@b, +ab,+--+ab)<(a’+a’+---+a>)b>+b’+-+b?) [ Pro ]
The equality holds only if a,/b, = a,/b, = --- = a,/b,.

Hélder’s inequality

Ifa,>0,b,>0,i=1,2,...,n,then forany p>1and p' + g ' = 1 (which implies
g > 1), we have

1/} 1/¢
ab,+ab,+---+ab,<(af+af+---+al)P(b?+b+---+b,7)"

The equality holds only if | a_1"(p-1)/b_1=a_2"(p-1)/b_2=...=a_n"(p-1)/b_n |

For p = g = 2, we obtain the Cauchy-Schwarz inequality.
Minkowski’s inequality
For positive a,, a,, ..., a,, b, b,, ..., b, and p > 1 we have
{(a,+b)?+(a,+ b))’ + - +(a,+b)}'"
<(af+af+--+a")?+(br+bf+ -+ b))

The equality holds only if a,/b, = a,/b,=---=a,/b,.
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Chebyshev’s inequality
Ifa,2a,>--->a,and b, 2b,>--- > b, then
(a,+a,+--+a)b +by,+---+b)<n(ab,+ab,+--+ab,
Kantorovich inequality

Let0<x,<x,<---<x,and A, >0with A, + 4, +--- + 4, =1.1f 4= (x, + x,)/2 and
G = (x,x,)"?, then
(Ayx, + 2pxy + oo+ A x YA /x, + Aylxy + s+ 4 Ix) = A G?

21.2 Inequalities with Integrals

If f(x) < g(x) on an interval a <x < b, then

\[x,a,b]{f(x)}\<\[[x,a,b] {g(x)}

If m is the maximum value of | f(x)| on a < x < b, then

N[x,a,b]{f(x)}\<\M[x,a,b] {|f(x)|} \<m™*(b-a)

Cauchy-Schwarz inequality (or Buniakowsky-Schwarz inequality) [ Pro |

(M[x,a,b] {f(x)*g(x)})"2\<\M[x,a,b] {f(x)"2} *\I[x,a,b] {g(x)"2}

The equality holds only if f(x) = cg(x), where c is a constant.

Hélder’s inequality
Forany p>1andp' + ¢ ' =1 (which implies g > 1), we have

MIx,a,b]{[f(x)* 2Ol <([x,a,b]{[f(x)|"p})"(1/p)*(M[x,a,b] {|g(x)[*q})*(1/q)

The equality holds only if | f(x)|”"" = |cg(x)|, where ¢ is a constant.

If p = ¢ = 2, we obtain the Cauchy-Schwarz inequality for integrals.
Minkowski’s inequality

If p > 1, then

([x,a,b{[f(x)+e(x)"p})"(1/p)\<([x,a,b {{f(x)["p}) (1/p)+([x,a,b]{[g(x)"p})"(1/p)

The equality holds only if f(x) = cg(x), where ¢ is a constant.



23 UNITS AND CONVERSIONS

To measure and express physical quantities we need seven base units, two
supplementary units, and many other derived units. In the International System of
Units (Systeme International d’Unites) the following tables give these units, their
names and symbols, and their interrelationships. In practice and everyday life, some
additional, more convenient, units are used. Ext

SI: Base units

Quantity Symbol of quantity | SIunit | Symbol of unit
Length [ meter m
Mass m kilogram kg
Time t second s
Electric current I ampere
Thermodynamic T Kelvin
temperature
Amount of
n mole mol
substance
Lumnpus 1 candela cd
intensity ¥
SI: Supplementary units
Quantity Symbol of quantity | SIunit | Symbol of unit
Plane angle - radian rad
Solid angle - steradian st
SI: Derived units with special names
Quantity SI unit Symbol | In terms of base units
Absorbed dose (of radiation) | gray Gy Jkg=m?s
Activity (of a radionuclide) | becquerel Bq st
Capacitance (electric) farad F C/V=m7kg's*'A?
Catalytic activity katal kat s mol
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SI: Derived units with special names (continued)

Quantity SI unit Symbol | In terms of base units
Conductance (electric) | siemens S A/V=m?kg's’A?
) sievert Sv Jkg=m?s>
Dose equivalent
rem rem 1072 Sv
Electric charge coulomb C sA
Electric potential volt \Y% W/A=m*kgs> A
Electric resistance ohm Q V/IA=m?*kg s> A~
Energy joule J Nm=m’kgs™
Force newton N mkg s
Frequency hertz Hz s!
Illuminance lux Ix Im/m? =m™ cd sr
Inductance henry H Wb/A=m?kg s?A™
Luminous flux lumen Im cd sr
Magnetic flux weber Wb Vs=m’kgs?A
Magnetic flux density tesla T Wb/m? = kg s A"
Power waltt w J/s=m?kgs™
Pressure pascal Pa N/m?=m™"' kg s
Other units defined from SI units
Quantity Name of unit Symbol In terms of SI units
minute min 60s
Time hour h 60 min = 3600 s
day d 24 h=86400 s
degree ° (7/180) rad
Angle minute ! (7/10800) rad
second " (7/648000) rad
Volume liter L dm’=10"m’
Mass tonne or metric ton t 10° kg = Mg
Celsius temperature | degree Celsius °C K
W | o
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Other units with special names (some are abandoned slowly)

Quantity Name of unit Symbol In SI units
Absorbed dose rad rad 102Gy =107%J kg™
Acceleration gal Gal lems?=102ms™
Activity curie Ci 3.7x10"¢™

are a 10? m?
Area hectare ha 10* m?

barn b 107 m?
Dynamic viscosity poise P 107" Pas

erg erg 10717
Energy thermochemical calorie |  cal 4.184 ]

L.T. calorie cal;; 4.1868 J
Exposure rontgen R 2.58 x 10* C kg™
Force d}lne dyn 10°N

kilogram-force kgf 9.80665 N
Kinematic viscosity | stokes St 10*m?s™!
[lluminance phot ph 10% Ix
Length z‘in.gstrém A 10’_160 m

micron pm 10" m
Luminance stilb sb 10* cd m™
Magnetic flux density | gamma Y 10°T

atmosphere atm 101325 Pa

torr Torr (101325/760) Pa
Pressure

one mm of Hg mmHg | 13.5951 x 9.80665 Pa

bar bar 10° Pa
Temperature degree Fahrenheit °F (5/9) K

degree Rankine °R (59K

Prefixes for SI units
Prefix | deka | hecto| kilo | mega | giga | tera | peta | exa | zetta | yotta
Symbol | da h k M G T P E V4 Y
Multiple| 10 10> | 10° | 10° | 10° | 10" | 10" | 10'® | 10*" | 10*
Prefix | deci | centi | milli [micro | nano | pico |femto| atto | zepto | yocto

Symbol | d c m n n P f a zZ y
Multiple| 107" | 107 | 107 | 10° | 107 | 1072|107 | 107" | 102" | 10
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23.2 Other Units and Conversions [ Ext |

Other units, customary or adopted to particular situations, are often used. A brief

list is given below along with their relations to SI units.

Name of unit

In terms of SI units

astronomical unit

1 au ~1.49598 x 10" m

parsec

1 pc =~ 30857 x 10" m

unified atomic mass unit

lu=1.66054 x 107" kg

electronvolt

leV=160218x10"]J

kilowatt-hour

1 kWh=3.6 MJ

nautical mile

1 nautical mile = 1852 m

knot (nautical mile per hour)

1 knot = 1852/3600 m s~

neper

1 Np =1 (dimensionless)

bel

1B=0.5In10 Np

United States customary units or English units

Unit with symbol and equivalent in SI units

1 inch (in) = 25.40000 mm

1 fluid ounce (fl 0z) =29.57353 mL

1 foot (ft) = 12 in = 0.3048000 m

1 (liquid) pint (pt) =473.1765 mL

1 yard (yd) = 3 ft = 0.9144000 m

1 (liquid) quart (qt) = 946.3529 mL

1 mile (mi) = 5280 ft = 1.609344 km

1 US gallon (gal) =3.785412 L

1 square inch (sq in) = 6.451600 ¢cm?

1 oil barrel (bbl) = 117.3478 L

1 square foot (sq ft) = 0.092903 m*

1 ounce = 28.34952 ¢

1 square yard (sq yd) = 0.836127 m?

1 pound = 12 ounces = 0.4535924 kg

1 square mile (sq mi) = 2.589988 km?*

1 BTU =1054 - 1060 J

1 acre = 4046.873 m?

1 hp=745.7W

1 cubic inch (cu in) = 16.387024 mL

1 US ton =907.18 kg

1 cubic foot = 0.02831685 m?

1 Ibf/in? (psi) = 6.89476 kPa
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Addition of spherical harmonics 220
Algebra 5-20

binomial formula 6

complex numbers 8

identities 5
Analysis of variance 309
Analytic function 150
Analytic geometry 37-54

in three dimensions 48

in two dimensions 37
Approximation of functions 277
Area element 188
Arithmetic mean 311
Arithmetic progression 153
Associated Laguerre polynomials 228
Associated Legendre functions 216218

Ber and Bei, Ker and Kei 202-204
Bernoulli polynomials and numbers
237
Bessel functions 195-210
asymptotic expressions 205
Ber and Bei, Ker and Kei 202
definitions 195
expansions 209, 210
expressions with integrals 205
generating function 196, 200
integrals 206-208
modified 199-202
of the first kind 195
of the second kind 198
orthogonality 208
properties 196

Bessel functions (continued)
series 209
spherical 204
Wronskian 198
zeros 197, 209
Bessel’s inequality 222
Bessel’s ODE 195
modified 199
Beta function 236
Biharmonic operator 181
Binomial coefficients 6
table 7
Binomial distribution 297
Binomial expansions 159
Binomial formula 6
Bipolar cylindrical coordinates 194
Boundary value problems 145, 169, 291

Cartesian coordinates 48, 187
Catalan constant 243
Cauchy distribution 301
Cauchy-Schwarz inequality 311, 312
Cauchy’s principal value 127
Central limit theorem 296
Change of base in logarithms 9
Chebyshev polynomials 229

of the first kind 230

of the second kind 231

relations with other functions 232
Chebyshev’s inequality 296, 312
Chebyshev’s ODE 229
Chi-square distribution 300
Circle 32
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Circular cylinder 35
Combinations 293
Complementary error function 245
Complete orthonormal set of functions
221,222
Complex numbers 8, 10
Complex plane 8
Components of a vector 177
Conditional probability 293
Cone 35
Confidence interval 304, 305
Conic sections 40, 42
table 42
Conservative field 184
Constants 1-4
mathematical 1
physical 2
Convergence in the mean 222
Convergence of series 151-152
Convolution 249, 266
Coordinate curves and surfaces 48, 187
Coordinates
curvilinear 187
cylindrical 48, 190
in three dimensions 48
in two dimensions 37
other coordinates 192-194
spherical 49, 191
transformations 39, 51
Correlation 249, 296
Cosine integral 246
Covariance 296
Critical region 306
Cubic equation 12
Curl 180, 190
Curvilinear coordinates 48,187-194
definitions 187
differentials 188
integrals 189

Cylinder 35
Cylindrical coordinates 48, 190

Definite integrals 127-144
algebraic functions 129
Cauchy’s principal value 127
definitions 127
differentiation 128
exponential functions 135
general rules 128
hyperbolic functions 143
improper 127
logarithmic functions 139
mean value theorem 128
trigonometric functions 130

Del operator 180-182

De Moivre’s theorem 8, 10

Derivatives 55-62
definitions 55
directional 181, 190
elementary functions 58
exponential and logarithmic

functions 59
general rules 57
hyperbolic functions 59
partial 60
trigonometric functions 58

Determinant 11
and matrix inversion 285

Differential equations
of mathematical physics 182
ordinary 145, 289
partial 182, 290-292

Difterentials 61

Directional derivative 181, 190

Direction cosines 49, 178

Dirichlet conditions 167, 291

Distribution function 294

Divergence 180, 189
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Eccentricity 40, 41
Eigenvalues and eigenvectors 285
Ellipse 32, 40
Ellipsoid 36, 53
Elliptic cylindrical coordinates 192
Elliptic functions 243, 244
Elliptic integrals 243
Equations

cubic 12

linear 11

quadratic 11

quartic 13
Error function 245
Errors 275
Estimation from samples 304
Euler polynomials and numbers 237
Expansion in partial fractions 14
Expected value 294, 296
Exponential distribution 301
Exponential integrals 246

F distribution 300

Field, scalar or vector 180

First-order ODEs 146

Fourier series 167-176
applications 169
complex form 167
convergence 167, 168
definitions 167
Dirichlet’s conditions 167
even functions 172
Gibbs phenomenon 168
odd functions 170
Parseval’s identities 168
properties 168
tables 170-176

Fourier transforms 247-264
convolution 249
correlation 249

Fourier transforms (continued)
Fourier’s integral theorem 247
moments 249
multidimensional 263-264
Parseval’s identity 249
properties 248
sine and cosine transforms 250
tables 251-262, 264

Fresnel’s sine and cosine integral 246

Frustum from a pyramid or cone 33

Frustum of a right cone 35

Functions 55
analytic 150
piecewise continuous 127

Gamma and beta distributions 299
Gamma function 233
Gauss-Chebyshev formulas 288
Gaus-Hermite formulas 288
Gaussian elimination 283
Gaussian integration 287
Gauss-Jordan method 284
Gauss-Laguerre formulas 288
Gauss-Legendre formulas 288
Gauss-Seidel method 284
Gauss’s theorem 185
Generalized Fourier coefficients 221
Geometric distribution 301
Geometric mean 311
Geometric progression 153
Geometry 29-36

analytic 37

in three dimensions 48

in two dimensions 37

plane 29

solid 33
Gibbs phenomenon 168
Gradient 180, 189
Green’s theorems 185, 186
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Hankel functions 198
Harmonic mean 311
Heat equation 182
Helmholtz’s equation 182
Hermite polynomials 224
Hermite’s ODE 224
Holder’s inequality 311, 312
Homogeneous ODEs 146-149
Hyperbola 41
Hyperbolic functions 15-20

and inverse trigonometric functions

20

and trigonometric functions 18

definitions 15

graphs 18

identities 15

inverse hyperbolic functions 19
Hypergeometric distribution 298
Hypergeometric functions 240
Hypotheses and tests 306, 307

Improper integral 127
Incomplete beta function 236
Incomplete gamma function 235
Indefinite integrals 63-126
algebraic functions 68-93
basic integrals 66
calculation methods 64
definitions 63
exponential functions 113-115
general rules 63
hyperbolic functions 117-125
inverse hyperbolic functions 125-126
inverse trigonometric functions 111-
113
logarithmic functions 115-117
trigonometric functions 93-110
Indeterminate forms 56
Indicial equation 150

Inequalities 311
with constants 311
with functions 312
Infinite products 165
Initial value problem 145
Interpolation 275, 280
Interval estimate 304
Inverse hyperbolic functions 19
and inverse trigonometric functions
20
graphs 20
properties 19
Inverse trigonometric functions 26
and hyperbolic functions 20
graphs 27
properties 26
Inversion of series 164
Irrotational field 181, 184

Jacobian of a transformation 187
Jacobi method 284
Joint distribution function 295

Kantorovich inequality 312
Kelvin functions 202
Kurtosis 295

Lagrange formula 275
Laguerre polynomials 226
associated 228
Laguerre’s ODE 226
Laplace distribution 301
Laplace’s equation 182
Laplace transforms 265-274
elementary functions 267
exponential functions 271
inverse 265, 267
irrational functions 270
logarithmic functions 273
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Laplace transforms (continued)
properties 265, 266
rational functions 268
tables 267-274
Laplacian operator 181, 190
Law
of large numbers 296
of sines and cosines 27, 28
Least-square line 278
Least-square parabola 278
Legendre functions 211-220
associated 216-218
expansions 213
generating function 213
of the second kind 214
orthogonality 213
polynomials 212
Legendre polynomials 212
Legendre’s ODE 211
Length of a vector 48
Level of significance 306
L’Hopital rule 56
Limits 55
indeterminate forms 56
properties 55
Linear equations 11, 13, 282
direct methods 283
Gauss-Seidel method 284
Gauss’s elimination method 283
indirect or iterative methods 284
Jacobi method 284
method of Gauss-Jordan 284
Linear ODEs 146-149
Linear programming 292
Linear regression and correlation 308
Linear transformations 39, 51-52
Line integrals 183
Local base of vectors 188
Logarithms 9

Maclaurin series 158
Mathematical constants 1
Matrix 10, 285
Maxima and minima 62, 292
Maxwell distribution 302
Maxwell’s equations 182
Mean square error 222
Mean value theorem 128
Method of least squares 277
Method of steepest descent 292
Method of undetermined coefficients
149
Minkowski’s inequality 311, 312
Modified Bessel functions 199-202
Moments 249, 295
Multidimensional Fourier transforms
263-264

Multinomial distribution 298
Multiplication

of series 164

of vectors 177, 178

Neumann functions 198
Newton-Cotes formulas 287
Newton’s method 281
Nonhomogeneous ODEs 147-149
Nonparametric statistics 310
Normal distribution 297, 302
Null hypotheses 306
Numerical analysis 275-292
continuous data 279
determinants 285
differentiation 286
divided differences 276
eigenvalues and eigenvectors 285
errors 275
Gaussian elimination 283
Gaussian integration 287
Gauss-Seidel method 284



322 INDEX

Numerical analysis (continued)
integration 287
interpolation 275
Jacobi method 284
least-square method 277-279
linear programming 292
method of Gauus-Jordan 284
Newton’s formulas 276, 287
splines 277
systems of linear equations 282
Numerical products 165
Numerical solution of algebraic
equations 280-281
interpolation methods 280
iterative methods 280
Newton’s method 281
Numerical solution of ODEs 289
multistep methods 290
predictor-corrector methods 290
Runge-Kutta methods 289
single step methods 289
Numerical solution of PDEs 290
heat or diffusion equation 291
Poisson’s equation 291
wave equation 292

Oblate spheroidal coordinates 192
Optimization 292
Ordinary differential equations 145-150
Bernoulli’s 146
Bessel’s 148
boundary conditions 145
characteristic equation 149
definitions 149
Euler’s or Cauchy’s 147
exact or complete 146
general solution 145
homogeneous first-order 146
indicial equation 150

Ordinary differential equations (cont.)
initial conditions 145
Legendre’s 148
linear 145, 148
linear first-order 146
linear second-order 147
linear with constant coefficients
147-149
method of variations of constants
149
method of undetermined coefficients
149
particular solution 149
separable 146
singular point 150
solution in power series 150
Orthogonal polynomials 221-232
associated Laguerre 228
Chebyshev 229
from ODEs 223
Hermite 224
Laquerre 226
Legendre 212
table 223
Orthonormal functions 221
from ODEs 223
method of Gram-Schmidt 222

Parabola 42

Parabolic coordinates 192
Parabolic cylindrical coordinates 192
Paraboloid of revolution 36
Parallelepiped 33
Parallelogram 30

Parseval’s identities 168, 222
Partial derivatives 61

Partial fractions 14

Pascal distribution 302
Permutations 293
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Physical constants 2
Piecewise continuous function 127
Plane 51
Plane curves 40-47
conic sections 40-42
Plane geometry 29
Plane triangle 27, 29, 37
Point
in three dimensions 49
in two dimensions 37
Point estimate 304
Poisson distribution 298
Poisson’s equation 182, 291
Polar coordinates 39
Polygamma functions 235
Powers 9
Predictor-corrector method 290
Prism 33
Probability and statistics 293-310
definitions 293
distribution function 294
parameters 294
random variables 294
two-dimensional distributions 295
Products 165
numerical 165
of functions 166
of vectors 178
Progressions 153
Prolate spheroidal coordinates 193
Psi function 235
Pyramid 33

Quadratic equation 11
Quadrilateral 30
Quartic equation 13

Random samples 303
Random variable 294

Rational function 14
Rectangle 30
Rectangular parallelepiped 33
Regular polygon 30
circumscribed on a circle 31
inscribed in a circle 31
table 31
Regular polyhedra 34
table 34
Riemann zeta function 239
Right circular cone 35
Right circular cylinder 35
Rodrigues’s formula 212, 224, 226,
228
Roots of a complex number 8
Roots of algebraic equations 11, 280
Rotation 39, 52
Runge-Kutta methods 289

Sample 303
Scalar field 180
Scalar product 178
Scalars and vectors 177
Scale factors 188
Second-order ODEs 147-148
Sector of a circle 32
Segment of a circle 32
Segment of a parabola 32
Sequence 151
Series 151-165
binomial expansions 159
convergence 151
definitions 151
exponential and logarithmic
functions 162
hyperbolic functions 163
inverse powers of integers 154
inversion series 164
multiplication 164
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Series (continued)
of constants 153, 169
of functions 157
of integers 153
progressions 153
rational functions 160
sines and cosines 157
Taylor and Maclaurin 158
tests for convergence 152
trigonometric functions 160
uniform convergence 151
Series of Bessel functions 208
Series of orthonormal functions 222
Similar triangles 29
Simplex method 292
Sine and cosine transforms 250, 255,
259
Sine integral 246
SI units313-315
other units 316
Skewness 295
Solenoidal field 181
Solid geometry 33
Sphere 35, 52
Spherical Bessel functions 204
Spherical coordinates 49, 191
Spherical harmonics 219
Spherical segment or zone 36
Spherical triangle 28, 36
Splines 277
Standard deviation 294
Statistical samples 303
Stokes’s theorem 185
Straight line 37-38, 49-50
Student’s z-distribution 300
Surface integrals 184, 185
Surfaces 52
coordinate surface 188
ellipsoid 36, 53

Surfaces (continued)
elliptic cone 53
elliptic cylinder 53
elliptic paraboloid 54
hyperbolic paraboloid 54
hyperboloid of one sheet 53
hyperboloid of two sheets 54
sphere 52
torus 36
Systems of coordinates
in three dimensions 48
in two dimensions 37
Systems of linear equations 13, 282

Taylor series 158
Theorems of Gauss, Stokes and Green
185
Toroidal coordinates 194
Torus 36
Transformations of coordinates
in three dimensions 51
in two dimensions 39
Translation 39, 51
Trapezoid 30
Triangle
plane 27, 29, 37
spherical 28, 36
Trigonometric circle 21
Trigonometric functions 21, 22
and hyperbolic functions 18
graphs 22, 27
identities 23
inequalities 26
inverse 26
multiple angles 24
powers 25
sums 23, 157
transformations 23
values 22
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Trigonometry 21-28

Two-dimensional normal distribution

302

Uncertainty relation 250
Uniform convergence 151
Uniform distribution 299
Unit matrix 10
Units and conversions 313-316
conversions 316
other units 316
prefixes 315
SI units 313
US customary units 316

Variance 294, 296, 303, 309
Various functions 233-246
Vector analysis 177-186

cross or vector product 179

definitions 177

derivatives 180

directional derivative 181

Vector analysis (continued)
dot or scalar product 178
gradient, divergence, curl 180
line integrals 183
products of vectors 178
scalars and vectors 177
summation, subtraction and

multiplication 177

surface integrals 184

theorems of Gauss, Stokes and

Green 185
triple products 179
Vector field 180
Vector product 179
Volume element 188

Wave equation 182
Weibull distribution 302

Wronskian of Bessel functions 196,

198

Zeros of Bessel functions 197



