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Abstract: Commonly, the Park model is used to calculate transients or steady-state ope-
rations of synchronous machines. The expanded Park theory derives the Park equations 
from the phase-domain model of the synchronous machine by the use of transformations. 
Thereby, several hypothesis are made, which are under investigation in this article in res-
pect to the main inductances of two different types of synchronous machines. It is shown, 
that the derivation of the Park equations from the phase-domain model does not lead to 
constant inductances, as it is usually assumed for these equations. Nevertheless the Park 
model is the most common analytic model of synchronous machines. Therefore, in the 
second part of this article a method using the evolution strategy is shown to obtain the 
parameters of the Park model. 
Key words: evolution strategy, FEM, Park equations, Park theory, synchronous machi-
nes, transients  

 
 
 

1. Introduction 
 
 Due to the growth of renewable energy and, as a consequence thereof, fluctuating energy 
feed, new concepts for energy systems have to be developed. For instance, there are new con-
trol strategies for variable speed wind turbines [1] or the use of induction machines as a brush-
less excitation system of turbo generators [2]. In the wake of the volatile energy feed, more 
and more transients occur in the grid. Hence, it is necessary to have good analytic models of 
synchronous machines. The Park equations [3] are commonly used as an analytical model for 
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calculations. But it is difficult to determine the parameters for this model that are necessary for 
good accuracy. In the expanded Park theory, e.g. in [4] and [5], the equations of the phase-do-
main model are transformed to the Park equations. Hence, the parameters of the phase-domain 
model yield directly to the parameters that are needed for the Park equations. In this article it 
is shown that the expanded Park theory depends on assumptions which result in incorrect Park 
inductances when deriving them from the phase-domain inductances. These vague inductances 
lead to inaccurate simulation results. Especially, improper stator currents are critical, as the 
electromagnetic forces of the machine depend quadratic of them.  
 As the Park model is the common analytic model of the synchronous machine, an advan-
ced method to determine the parameters of the Park model is shown in the second part of this 
article. This method uses measurements of synchronous machines or the results of finite ele-
ment analysis in combination with the evolution strategy. 
 
 
 

2. Expanded Park theory of synchronous machines  
 
 The Park model is based on the transformation of the time- and rotor angle-dependent 
parameters and values to a rotor fixed coordinate system. The main benefit is that the induc-
tances have constant values and the mathematical system is decoupled. In the expanded Park 
theory, the equations of the phase-domain model are transformed to the Park equations. As  
a result of the transformation, all parameters of the Park equations are deduced from the para-
meters of the phase-domain model.  
 The equations of the phase-domain model can be derived directly from the energies stored 
in the system of the synchronous machine using the Euler-Lagrange equation:  
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where H is the Lagrangian and qk is the k-th generalized coordinate. The Lagrangian H of the 
considered system consists of the kinetic energy, the potential energy, the losses and the input 
energy of the machine [4]. 
 The generalized coordinates of a synchronous machine are the mechanical rotor angle φ 
and the electric charges Q of each winding. Usually there are three stator windings, one field 
winding and two surrogate damper windings, hence the number of the generalized coordinates 
is seven. All energies of the synchronous machine can be found in literature, for instance, 
in [4] and [6]. 
 The result of the Euler-Lagrange equation (1) are six voltage equations 
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and one mechanical equation 
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that describe the synchronous machine. J is the moment of inertia, DR is the damping constant 
of the rotor shaft and ma is the external torque. The inductance matrices M are full matrices 
and the elements of MSS, MSR and MRS are dependent on the rotor angle φ: 
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where the subscripts a, b and c represent the stator windings, f the field winding, d and q 
the damper windings in the direct (d) and quadrature (q) axis.  
 The self-inductances in MSS (4) of a two pole synchronous machine are calculated by 

  ),2cos()( 21 ϕϕ σ ⋅++= MMLLaa  (7a) 
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and the mutual inductances, for example Lca(φ) 
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 The self-inductances consist of a steady component (Lσ + M1) and an alternating compo-
nent (M2). In Fig. 1, the phase-dependent course of the self-inductance Laa is depicted. Also 
the mutual inductances consist of a steady component (–M1/2) and an alternating component 
(M2). 
 The hypothesis of the expanded Park theory is, that the alternating components of self and 
mutual inductances are equal. Furthermore, the magnitudes of the steady components of the 
self-inductances minus the leakage inductance Lσ are twice as big as the magnitudes of the 
steady components of the mutual inductances [5]. 
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 To derive Park equations from the phase-domain model, additional hypothesis have to be 
made: 
  – linear magnetic material, 
  – no eddy currents, 
  – a sinusoidal distribution of the stator current, 
  – symmetrical stator. 
 

 
Fig. 1. Phase-dependent course of Laa 

 
 With a transformation matrix [6] the equations of the phase-domain model are transformed 
to the Park equations with constant inductances. After transformation, the voltage equations of 
the direct and quadrature axis are: 
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and 
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with 

  ,  and  σσ LLLLLL mqqmdd +=+=  (11) 

the leakage inductance Lσ and the mutual inductances Lmd and Lmq. The subscript d means 
parameters of the direct axis and q of the quadrature axis. All rotor variables are referred to the 
stator [5]. Lmd and Lmq can be calculated directly from the inductances of the phase-domain 
model: 

  ( )212
3 MMLmd += , (12a) 

 - 10.1515/aee-2016-0042
Downloaded from De Gruyter Online at 09/19/2016 10:52:19AM

via free access



Vol.  65 (2016)                    Investigation of the stator inductances of the expanded Park model 589 

  ( )212
3 MMLmq += . (12b) 

 The Equations (9), (10) and the equations of the rotor circuits [5] result in the equivalent 
circuit diagrams shown in Figs. 2 and 3. After transformation the mechanical Equation (3) 
becomes 
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with 
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I’
dd and I’

dq represent the stator referred currents of the damper windings in the d- respectively 
q-axis. 
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Fig. 2. Park d-axis circuit 
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Fig. 3. Park q-axis circuit 

 
 In [14] it is shown that an additional inductance LN

cd has to be integrated in the voltage 
equations of the direct axis to calculate correct rotor currents (see Fig. 4). An extra inductance 
LN

cq has to be added in the voltage equations of the quadrature axis also if there are two 
damper circuits. In this article, there is only one damper circuit in each axis, thus LN

cq can be 
neglected. 
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Fig. 4. Park d-axis circuit with additional inductance L’

cd 
 
 

3. Analysis of inductances Lmd and Lmq 
 
 As it results from chapter 2 the mutual Park inductances Lmd and Lmq are derived from the 
stator self and mutual inductances of the phase-domain model. In this chapter a closer look at 
these inductances is made. For that reason the inductances of two synchronous machines are 
under investigation. Thereby the classical hypothesis of no saturation, no eddy currents and  
a sinusoidal magnetomotive force (mmf) in the air gap are regarded. Since a real machine with 
stator slots has no sinusoidal distribution of the stator current, a fast Fourier transform (FFT) is 
applied to the inductance waveforms to extract the steady components and the first harmonics, 
which are adequate to the alternating components of the inductances (7) and (8). The first ma-
chine is a round rotor synchronous machine with a rated power of 50 kW (Fig. 5a). The se-
cond machine has a salient pole rotor (Fig. 5b) and a rated power of 75 kW. So the focus lies 
on two different types of synchronous machines to get a comprehensive result. Both machines 
are modeled with the finite element (FE) software Ansys Maxwell 2D. The FE model of the 
round rotor machine is verified with measurements. To consider the influences of the satu-
ration, the machines are modeled with linear as well as with nonlinear magnetic material. 
 

               
 

 

Fig. 5. 2D cross section of the synchronous machines 

(a) round rotor (b) salient pole rotor 
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 To determine the inductances of the machines with linear magnetic material, a direct cur-
rent is injected in only one winding and the magnetic flux is evaluated in each winding. For 
instance, the self-inductance of stator winding a and the mutual inductance between winding a 
and c are calculated by:  

  ,
a

a
aa I

L
Ψ

=  (15a) 

  .
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c
ca I

L
Ψ

=  (15b) 

 Ψa is the magnetic flux that is linked with stator winding a and Ia is the direct current of 
stator winding a. To consider saturation of the magnetic material, the currents of the operation 
points of interest have to be injected in all windings. Afterwards the distribution of the per-
meability is stored and the determination of the inductances is equivalent to the procedure 
with linear magnetic material. In this article only the static inductances are under investi-
gation. 
 The stator self and mutual inductances of both machines without regarding saturation are 
depicted in Figs. 6 and 7. Based on a symmetrical stator geometry it is sufficient to consider 
just one stator self-inductance and one stator mutual inductance. The other inductances distin-
guish in another angle but not in the alternating or in the steady component. 
 
3.1. Round rotor synchronous machine 
 

 
Fig. 6. Inductances of the round rotor machine and their fundamental waves (purple line)  

with linear magnetic material 
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 The self-inductance of the stator Laa results in 

  ( ) [ ]pu  2cos1013.310864.1 53 ϕ⋅⋅+⋅= −−
aaL , (16) 

and the mutual inductance in 
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 Following the results of the inductances, it is clearly discernible that the hypothesis of an 
equal amplitude of self and mutual inductance of the expanded Park theory is incorrect. The 
alternating component of the mutual inductance is twice the component of the self-inductance. 
Even the conjecture of the steady components is inaccurate. The leakage inductance, calcu-
lated by a FE method described in [7], is Lσ = 1.85·10–5 pu which yields  

  ( ) ( ) 10832.021085.110864.1 353 −−− ⋅−⋅−≠⋅−⋅ . (18) 

 
Fig. 7. Inductances of the salient pole rotor machine and their fundamental waves (purple line)  

with linear magnetic material 
 
3.2. Salient pole rotor synchronous machine 
 The salient pole rotor machine shows the same results as the round rotor machine. The in-
ductances are 

  ( ) [ ], pu  2cos102.11078.0 43 ϕ⋅⋅+⋅= −−
aaL  (19a) 
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 According to the more unsymmetrical rotor geometry the alternating components of the 
inductances are larger than for the round rotor machine. But again the assumption of the same 
alternating components of stator self and mutual inductance is not correct. 
 
3.3. Saturation 
 To investigate the influence of saturation on the inductances, the round rotor synchronous 
machine is modelled with nonlinear magnetic material. The inductances are calculated at no 
load operation with rated voltage. At this operation point, the material of the machine is highly 
saturated. The inductance waveforms are depicted in Fig. 8. Due to the high saturation of the 
direct axis all inductances have a phase shift of π/2 rad, a smaller steady component and a grow-
ing alternating component in comparison to the inductances of the synchronous machine with 
linear magnetic material. However, the inductances reveal the same behavior with and without 
saturation. The values of the components of self and mutual inductance are not equal.  
 

 
Fig. 8 Inductances of the round rotor machine and their fundamental waves (purple line)  

with nonlinear magnetic material 
 
3.4. New calculation of Park inductances 
 According to the results of chapters 3.1 to 3.3 the inductances of Equations (7) and (8) 
have to be restated: 
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  ( ),2cos)( 21 ϕϕ σ ⋅++= MMLLaa  (20a) 
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with M1 ≠ MN1
 and M2 ≠ MN2. 

 These inductances are just valid without considering saturation. With the new stator self 
and mutual inductances the Park transformation does not lead to a decoupled system. The 
stator inductances matrix of the transformed system is: 
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 It can be seen, that some elements of the new stator inductances matrix (21) are a function 
of the rotor angle φ and thereby a function of time. One of the main advantages of the Park 
equations is that all inductances are constant parameters. This advantage of the expanded Park 
theory does not exist. 
 
 

4. Identification of Park parameter 
 
 In chapter 3, it is shown that the parameters of the Park equations cannot be derived by the 
phase-domain model. However, the Park equations are used as the standard analytic tool for 
calculating steady state operations and transients of the synchronous machines. Therefore, 
there is a high demand for Park parameters. But as shown, the Park parameters should not be 
derived by the geometric dimensions of synchronous machines. The classical procedure of 
deriving the parameters are measurements of the machine [8]. However, these methods often 
lead to inaccurate results. In [9] a more accurate method for the determination of Park para-
meters using optimization is presented and applied for transients during sub synchronous re-
sonances.  
 In this article the parameters of the Park model are determined with the use of the evo-
lution strategy by analyzing the three phase short circuit from no-load operation. The influ-
ence of saturation is neglected in this article but after the parameters are determined, the 
saturation can be regarded with different methods, e.g. described in [5]. 
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 The influence of the start parameters of the evolution strategy is under investigation in this 
article. First, there are no restrictions to the parameter: They are chosen randomly in the 
domain. In a second investigation the start parameters are predicted by the classical method 
described in [8]. Both investigations use the same settings for the evolution strategy. 
 
4.1. Evolution strategy 
 The evolution strategy (ES) is a subset of the evolutionary algorithm that follows the 
natural biological evolution. The procedure of the ES can be separated into six steps: 
  1) defining the fitness function, 
  2) initializing starting population, 
  3) evaluating the actual fitness value, 
  4) creation of a new generation, 
  5) deterministic selection, 
  6) repeat steps 4) to 5) until termination. 
 The theory of the ES, especially of the creation of a new generation, is well known in lite-
rature, e.g. in [10-13]. In step 2 of the ES procedure, there are two options for initializing the 
starting population. The first option is to use random start parameters that are selected sto-
chastically from the given domain and the second option is to predict the start parameters. For 
instance, the parameters are predicted by evaluating measurements or results of finite element 
analyses. 
 
4.2. Synchronous machine under investigation 
 In this chapter the parameters of the round rotor synchronous machines of chapter 3 with 
linear magnetic material are determined. A finite element model is used to calculate the cur-
rents and the electromagnetic torque of a three phase short circuit from no-load operation. The 
resistance of the stator and the field windings can be measured easily. Since the Park model 
with one damper winding in the direct and in the quadrature axis with the additional induc-
tance LNcd is chosen (Figs. 3 and 4), it is necessary to determine nine unknown parameters. 
 
4.3. Random start parameters 
 The domain of the parameters is set to: 

  { }pu 5.0 pu 5.0| ≤≤−ℜ∈ xx RR , (22a) 

  { }pu 12 pu 12| ≤≤−ℜ∈ xx LL . (22b) 

 Due to the fact, that the parameters of the Park equations cannot be determined from the 
phase-domain parameters, it should be valid that the parameters can be negative. In that case 
they are totally detached from physics. 
 All initial parameters are stochastic, randomly chosen in the whole domain. Creating the 
1000th new generation stops the ES. In every generation each population consists of 100 sets 
of parameters. 
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 The determined parameters are shown in the appendix. Fig. 9 shows the comparison of the 
finite element simulation and the result of the Park calculation with the optimized parameters. 
It is obvious that this set of parameters is not applicable. Even raising the number of creating 
new generations does not lead to a better result. Especially, the field current INf shows a large 
deviation between the finite element simulation and the analytic calculation. 
 

 
Fig. 9. Three phase short circuit: ES results with random start parameters  

(FEA: green line, Park model: orange line) 
 
4.4. Predicted start parameters 
 Before the evolution strategy to determine the parameters for the Park model is started, the 
initial parameters are predicted by evaluating the three phase short circuit with a method 
presented in [8]. This method leads to the parameters of just the direct axis. Therefore the 
quadrature axis parameters are set equal to the d-axis parameter. The rotor inductances LNσf  
and LNσd are functions of the Canay inductance LNcd [14], but in [8] there is no method to 
determine this inductance. So first the inductance LNcd is set to zero.  
 The settings of the ES are the same as in the investigation with random start parameters. 
Again creating the 1000th new generation stops the ES. In Fig. 10 it can be seen, that the 
optimized parameter set (see appendix) gives nearly perfect accordance with the results of the 
finite element analysis. There is only a small deviation of the field current INf. The predicted 
start parameters vary widely from the optimized parameters. The result of the Park model with 
the start parameters, without the optimization, shows a huge deviation referred to the FE re-
sult. This results from the assumption of the same d- and q-axis parameters. Both models show 
good accordance to the FE results in steady state operations. It becomes obvious that the use 
of the ES determined adequate parameters. 

 - 10.1515/aee-2016-0042
Downloaded from De Gruyter Online at 09/19/2016 10:52:19AM

via free access



Vol.  65 (2016)                    Investigation of the stator inductances of the expanded Park model 597 

 
Fig. 10. Three phase short circuit: ES results with predicted start parameters (FEA: green line, 

Park model with optimized parameter: orange line, Park model with start parameter: purple line) 
 
4.5. Two phase short circuit 
 Since the calculation with the optimized parameters with predicted start parameters shows 
a very good accordance to the FE results, only this parameter set is considered in this chapter.  
 The parameters of the synchronous machine were determined by an optimization method 
using the values of a three phase short circuit. 
 

 
Fig. 11. Two phase short circuit: ES results with predicted start parameters 

(FEA: orange line, Park model: green line) 
 
 It has to be proven that the parameters will be still correct during other operations of the 
synchronous machine. Therefore a two phase short circuit is calculated with the Park model 
and compared to a numerical calculation with FE (Fig. 11). Again, the analytic model values 
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show a good accordance with the calculated FE values. In conclusion, the parameters fit for 
calculating transients of this synchronous machine. 
 
 

5. Conclusions 
 
 In this article it is shown, that the derivation of the Park equations from the phase-domain 
model is not correct. The stator self and mutual inductances of two different types of synchro-
nous machines are determined with the FE software Ansys Maxwell 2D. The simulation results 
show clearly, that the assumptions of the expanded Park transformation lead to an improper 
model. It is then reasonable to use the phase-domain model without any transformation be-
cause the major advantage of constant inductances in the Park equations is no longer fulfilled.  
 However, the Park theory is state of the art for analytic simulations of synchronous machi-
nes. Since, the parameters of the Park equations cannot be determined from the phase-domain 
model, a method is shown that identifies the needed parameters of the Park equations. This 
method is based on the evolution strategy and uses the currents and the electromagnetic torque 
of a three phase short circuit. The values can be measured directly or calculated with a finite 
element analysis. It is strongly recommend to predict the start parameters by evaluating a three 
phase short circuit. The calculation of a two phase short circuit shows, that the determined 
parameters are also valid for other transients. 
 
 
Appendix 
 Optimized set of parameters I: determined with random start parameters [pu]. 
 

Rs RNf RNd RNq    
0.0095 0.0031 0.0309 0.3378    

Lσ Lmd Lmq LNcd LNσf LNσd LNσq
 

0.8365 2.6716 3.5523 -3.253 2.3133 2.2610 2.1091 
 
Optimized set of parameters II: determined with predicted start parameters [pu]. 

Rs RNf RNd RNq    
0.0095 0.0031 -0.0350 0.0562    

Lσ Lmd Lmq LNcd LNσf LNσd LNσq
 

0.0687 0.8302 0.8320 0.0082 !0.0020 !0.0090 !0.0448 
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