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Abstract

In this paper, we have introduced anti fuzzy quasi-ideals, anti fuzzy bi-(generalized bi-) ideals and anti fuzzy left (right,
two-sided) ideals in LA-semigroup. Further we have characterized an intra-regular LA-semigroup by the properties of
their anti fuzzy left (right, two-sided) ideals, anti fuzzy bi- (generalized bi-)ideals, anti fuzzy interior ideals and anti fuzzy
quasi-ideals. Further we have shown that anti fuzzy two-sided ideals, anti fuzzy bi-ideals, anti fuzzy generalized bi-ideals,
anti fuzzy interior ideals and anti fuzzy quasi-ideals coincide in an intra-regular LA-semigroup with left identity. Also
we have proved that the set of anti fuzzy two-sided ideals of an intra-regular LA-semigroup S with left identity forms a
semilattice structure.
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1. Introduction

Zadeh in 1965 has introduced fundamental concept of a fuzzy set which provides a natural frame-work for generalizing
several basic notion of algebra. Kuroki [1979, 1981] has introduced fuzzy (left, right) ideals and bi-ideals in semigroups.
Rosenfeld was the first who studied fuzzy sets in the structure of groups [Rosenfeld, 1971]. On the other hand, Biswas
[Biswas, R, 1990] introduced the concept of anti fuzzy subgroups of groups. Hong and Jun [1998] defined anti fuzzy
ideals in BCK-algebra. In [Akram, M., 2007], Akram and Dar worked on anti fuzzy left h-ideals in hemirings. In [Shabir,
2009] Shabir and Nawaz introduced the concept of anti fuzzy ideals in semigroups and characterized different classes of
semigroups by the properties of their anti fuzzy ideals.

Our aim in this paper is to characterized an intra-regular LA-semigroup by the properties of their anti fuzzy left (right,
two-sided) ideals, anti fuzzy (generalized) bi-ideals and anti fuzzy quasi-ideals.

A left almost semigroup (LA-semigroup) [Kazim, 1972] or Abel-Grassmann’s groupoid (AG-groupoid) [Protić, P. V.,
1995], is a groupoid S holding left invertive law

(ab)c = (cb)a, for all a, b, c ∈ S . (1)

In an LA-semigroup, the medial law [Kazim, 1972] holds,

(ab)(cd) = (ac)(bd), for all a, b, c, d ∈ S . (2)

The left identity in an LA-semigroup if exists is unique [Mushtaq, 1978]. In an LA-semigroup S with left identity the
paramedial law holds,

(ab)(cd) = (db)(ca), for all a, b, c, d ∈ S . (3)
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An LA-semigroup is a non-associative algebraic structure mid way between a groupoid and a commutative semigroup
with wide applications in the theory of flocks. An LA-semigroup with right identity becomes a commutative semigroup
with identity [Mushtaq, 1978]. If an LA-semigroup contains left identity, the following law holds,

a(bc) = b(ac), for all a, b, c ∈ S . (4)

It is easy to note that if an LA-semigroup S contains left identity then eS = S e = S 2 = S . Some preliminaries are given
below.

Let S be an LA-semigroup. By LA-subsemigroup of S we means a non-empty subset A of S such that A2 ⊆ A, and by
a left (right) ideal of S we mean a non-empty subset A of S such that S A ⊆ A (AS ⊆ A). By two-sided ideals or simply
ideal, we mean a non-empty subset of S which is both a left and a right ideal of S . An LA-subsemigroup A of S is called
bi-ideal of S if (AS )A ⊆ A. A subset A of S is called generalized bi-ideal of S if (AS )A ⊆ A. An LA-subsemigroup A of
S is called interior ideal of S if (S A)S ⊆ A.

A fuzzy subset f of a given set S is described as an arbitrary function f : S −→ [0, 1], where [0, 1] is the usual closed
interval of real numbers. For any two fuzzy subsets f and g of S , f ≤ g means that, f (x) ≤ g(x) for all x in S . The
symbols f ∩ g and f ∪ g will means the following fuzzy subsets of S

( f ∩ g)(x) = min{ f (x), g(x)} = f (x) ∧ g(x)
( f ∪ g)(x) = max{ f (x), g(x)} = f (x) ∨ g(x)

for all x in S .

Let f and g be any fuzzy subsets of an LA-semigroup S , then the product f ◦ g is defined by

( f ◦ g) (a) =

⎧⎪⎪⎨⎪⎪⎩
∨

a=bc
{ f (b) ∧ g(c)} , if there exist b, c ∈ S , such that a = bc

0, otherwise.

Let A be a subset of an LA-semigroup S , then the characteristic function of A, that is CA is defined by

CA(x) =
{

1, if x ∈ A,
0, if x � A.

A fuzzy subset f of an LA-semigroup S is called a fuzzy LA-subsemigroup of S if f (xy) ≥ f (x) ∧ f (y) for all x, y ∈ S .

A fuzzy subset f of an LA-semigroup S is called fuzzy left (right) ideal of S if f (xy) ≥ f (y) ( f (xy) ≥ f (x)) for all x,
y ∈ S .

A fuzzy subset f of an LA-semigroup S is called fuzzy two-sided ideal of S if it is both fuzzy left and fuzzy right ideal of
S .

A fuzzy LA-subsemigroup f of an LA-semigroup S is called fuzzy bi-ideal of S if f ((xy)z) ≥ f (x) ∧ f (z), for all x, y and
z ∈ S .

A fuzzy subset f of an LA-semigroup S is called fuzzy generalized bi-ideal of S if f ((xy)z) ≥ f (x)∧ f (z), for all x, y and
z ∈ S .

A fuzzy LA-subsemigroup f of an LA-semigroup S is called fuzzy interior ideal if f ((xa)y) ≥ f (a), for all x, a and y ∈ S .

A fuzzy subset f of an LA-semigroup S is called fuzzy quasi-ideal of S if ( f ◦ S ) ∩ (S ◦ f ) ⊆ f .

Let f and g be any fuzzy subsets of an LA-semigroup S , then their anti product f ∗ g is defined by

( f ∗ g) (a) =

⎧⎪⎪⎨⎪⎪⎩
∧

a=bc
{ f (b) ∨ g(c)} , if there exist b, c ∈ S , such that a = bc

1, otherwise.

Let A be a subset of an LA-semigroup S , then the characteristic function of the complement of A, that is CAC is defined by

CAC (x) =
{

0, if x ∈ A,
1, if x � A.

A fuzzy subset f of an LA-semigroup S is called anti fuzzy LA-subsemigroup of S if f (xy) ≤ f (x)∨ f (y) for all x, y ∈ S .
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A fuzzy subset f of an LA-semigroup S is called anti fuzzy left (right) ideal of S if f (xy) ≤ f (y) ( f (xy) ≤ f (x)) for all x,
y ∈ S .

A fuzzy subset f of an LA-semigroup S is called anti fuzzy two-sided ideal of S if it is both anti fuzzy left ideal and anti
fuzzy right ideal of S .

A fuzzy subset f of an LA-semigroup S is called anti fuzzy generalized bi-ideal of S if f ((xy)z) ≤ f (x)∨ f (z), for all x, y

and z ∈ S .

A fuzzy subset f of an LA-semigroup S is called anti fuzzy interior ideal of S if f ((xa)y) ≤ f (a), for all x, a and y ∈ S .

A fuzzy subset f of an LA-semigroup S is called anti fuzzy quasi-ideal of S if ( f ∗ Θ)∪ (Θ ∗ f ) ⊇ f , where Θ is the fuzzy
subset of S such that Θ(x) = 0, for all x in S .

Example 1. Let S = {a, b, c}. The following multiplication table shows that S is an LA-semigroup.

∗ a b c

a a a a

b a a c

c a a a

Define the fuzzy subset f of S as: f (a) = 0.4, f (b) = 0.3 and f (c) = 0.5. Then clearly f is an anti fuzzy LA-subsemigroup
of S .

Define the fuzzy subset f of S as: f (a) = 0.2, f (b) = 0.6 and f (c) = 0.6. Then clearly f is an anti fuzzy two-sided ideal
of S .

Lemma 1. Let S be an LA-semigroup, then the following properties hold in S .

(i) ( f ∗ g) ∗ h = (h ∗ g) ∗ f for all fuzzy subsets f , g and h of S .

(ii) ( f ∗ g) ∗ (h ∗ k) = ( f ∗ h) ∗ (g ∗ k) for all fuzzy subsets f , g, h and k of S .

Proof. It is simple. �

Lemma 2. Let S be an LA-semigroup with left identity, then the following properties hold in S .

(i) f ∗ (g ∗ h) = g ∗ ( f ∗ h) for all fuzzy subsets f , g and h of S .

(ii) ( f ∗ g) ∗ (h ∗ k) = (k ∗ h) ∗ (g ∗ f ) for all fuzzy subsets f , g, h and k of S .

Proof. It is simple. �

Let F(S ) denote the collection of all fuzzy subsets of an LA-semigroup S with left identity, then (F(S ), ∗) becomes an
LA-semigroup with left identity Θ, that is (F(S ), ∗) satisfy all properties (1), (2), (3) and (4).

Lemma 3. Let f be a fuzzy subset of an LA-semigroup S with left identity, then Θ ∗ f = f , where Θ is the fuzzy subset of

S such that Θ(a) = 0, for all a in S .

Proof. Let f be any fuzzy subset of S and a be any element of S . Since e is left identity in S that is a = ea, for all a in S ,
we have

(Θ ∗ f )(a) =
∧
a=ea

{Θ(e) ∨ f (a)} =
∧
a=ea

{0 ∨ f (a)} =
∧
a=ea

f (a) = f (a).

and so, Θ ∗ f = f . �

Lemma 4. Let f be a fuzzy subset of an LA-semigroup S . Then the following properties hold.

(i) f is an anti fuzzy LA-subsemigroup of S if and only if f ∗ f ⊇ f .

(ii) f is an anti fuzzy left (right) ideal of S if and only if Θ ∗ f ⊇ f ( f ∗ Θ ⊇ f ).

(iii) f is an anti fuzzy two-sided ideal of S if and only if Θ ∗ f ⊇ f and f ∗ Θ ⊇ f .

Proof. It is simple. �
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Lemma 5. Let A be a non-empty subset of an LA-semigroup S . Then A is a bi-ideal of S if and only if CAC is an anti fuzzy

bi-ideal of S .

Proof. It is simple. �

Lemma 6. Let f be an anti fuzzy LA-subsemigroup of an LA-semigroup S . Then f is an anti fuzzy bi-ideal of S if and

only if ( f ∗ Θ) ∗ f ⊇ f , where Θ is the fuzzy subset of S such that Θ(x) = 0, for all x in S .

Proof. It is simple. �

Note that in an LA-semigroup S with left identity, Θ can be considered as a fuzzy subset of S such that Θ ∗ Θ = Θ and
Θ = CΘ for all x ∈ Θ.

The principal left, right and two-sided ideals of an LA-semigroup S generated by a2 is denoted by L[a2], R[a2] and J[a2].
Note that the principal left, right and two-sided ideals generated by a2 are equals, that is,

L[a2] = R[a2] = J[a2] = S a2 = a2S = S a2S = {sa2 : s ∈ S }.
Lemma 7. Let A be a non-empty subset of an LA-semigroup S . Then the following properties holds.

(i) A is an LA-subsemigroup if and only if CAC is an anti fuzzy LA-subsemigroup of S .

(ii) A is a left (right, two-sided) ideal of S if and only if CAC is an anti fuzzy left (right, two-sided) of S .

Proof. It is simple. �

Lemma 8. Let f be any anti fuzzy right ideal and g be any anti fuzzy left ideals of S , then f ∪g is an anti fuzzy quasi-ideal

of S .

Proof. It is easy to observe the following,

(( f ∪ g) ∗ Θ) ∪ (Θ ∗ ( f ∪ g)) ⊇ ( f ∗ Θ) ∪ (Θ ∗ g) ⊇ f ∪ g.

�

Lemma 9. Every anti fuzzy quasi-ideal of an LA-semigroup S is an anti fuzzy LA-subsemigroup of S .

Proof. Let f be any anti fuzzy quasi-ideal of S , then f ∗ f ⊇ f ∗ Θ, and f ∗ f ⊇ Θ ∗ f , therefore

f ∗ f ⊇ f ∗ Θ ∪ Θ ∗ f ⊇ f .

Hence f is an anti fuzzy LA-subsemigroup of S . �

A fuzzy subset f of an LA-semigroup S is called idempotent, if f ∗ f = f , shortly f 2 = f .

Lemma 10. In an LA-semigroup S , every idempotent anti fuzzy quasi-ideal of S is an anti fuzzy bi-ideal of S .

Proof. Let f be any anti fuzzy quasi-ideal of an LA-semigroup S , then by lemma 7, f is an anti fuzzy LA-subsemigroup
an LA-semigroup S . Now by using (2) we have

( f ∗ Θ) ∗ f ⊇ (Θ ∗ Θ) ∗ f ⊇ Θ ∗ f and

( f ∗ Θ) ∗ f = ( f ∗ Θ) ∗ ( f ∗ f ) = ( f ∗ f ) ∗ (Θ ∗ f )
⊇ f ∗ (Θ ∗ Θ) ⊇ f ∗ Θ,

which implies that ( f ∗ Θ) ∗ f ⊇ ( f ∗ Θ) ∪ (Θ ∗ f ) ⊇ f .

Hence by lemma 6, f is an anti fuzzy bi-ideal of S . �

Lemma 11. Let f be an idempotent anti fuzzy quasi-ideal and g be any anti fuzzy quasi ideal of an LA-semigroup S with

left identity, then f ∗ g or g ∗ f is an anti fuzzy bi-ideal of S .
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Proof. Clearly f ∗ g is an anti fuzzy LA-subsemigroup. Now using lemma 6, (1), (3) and (2), we have

(( f ∗ g) ∗ Θ) ∗ ( f ∗ g) = ((Θ ∗ g) ∗ f ) ∗ ( f ∗ g)
⊇ ((Θ ∗ Θ) ∗ f ) ∗ ( f ∗ g)
= (Θ ∗ f ) ∗ ( f ∗ g)
= (g ∗ f ) ∗ ( f ∗ Θ)
= (( f ∗ Θ) ∗ f ) ∗ g ⊇ ( f ∗ g).

Similarly we show that g ∗ f is an anti fuzzy bi-ideal of S . �

Lemma 12. In an LA-semigroup S , each one sided anti fuzzy (left,right) ideal of S is an anti fuzzy quasi-ideal of S .

Proof. It is obvious. �

Corollary 1. In an LA-semigroup S , every anti fuzzy two sided ideal of S is an anti fuzzy quasi-ideal of S .

Lemma 13. The product of two anti fuzzy left (right) ideals of an LA-semigroup S with left identity is an anti fuzzy left

(right) ideal of S .

Proof. Let f and g be any two anti fuzzy left ideals of S , then by using (4), we have

Θ ∗ ( f ∗ g) = f ∗ (Θ ∗ g) ⊇ f ∗ g.

Let f and g be any two anti fuzzy right ideals of S , then by using (2), we have

( f ∗ g) ∗ Θ = ( f ∗ g) ∗ (Θ ∗ Θ) = ( f ∗ Θ) ∗ (g ∗ Θ) ⊇ f ∗ g.

�

Lemma 14. If g is an anti fuzzy right ideal of an LA-semigroup S with left identity, then g ∗ Θ = g.

Proof. Let a ∈ S , then by using (1), we have a = ea = (ee)a = a. Thus

(g ∗ Θ)(a) =
∧

a=(ae)e

{g(ae) ∨ Θ(e)} ≤ {g(ae) ∨ Θ(e)}

≤ {g(a) ∨ 0} = g(a).

�

Lemma 15. In an LA-semigroup S , each one sided anti fuzzy (left,right) ideal of S is an anti fuzzy generalized bi-ideal

of S .

Proof. Assume that f be any anti fuzzy left ideal of S and a, b, c ∈ S , then by using (1) we have, f ((ab)c) = f ((cb)a) ≤
f (a) and f ((ab)c) ≤ f (c). Thus f ((ab)c) ≤ f (a) ∨ f (c). Similarly in case of right ideal. �

An element a of an LA-semigroup S is called an intra-regular if there exist x, y ∈ S such that a = (xa2)y and S is called
an intra-regular if every element of S is intra-regular.

Example 2. Let S = {1, 2, 3, 4, 5, 6} be an LA-semigroup with left identity 5 with the following multiplication table.

· 1 2 3 4 5 6
1 1 2 3 4 5 6
2 4 1 5 2 6 3
3 5 3 1 6 4 2
4 2 4 6 1 3 5
5 3 6 2 5 1 4
6 6 5 4 3 2 1

Clearly S is an intra-regular because (2 · 12) · 4 = 1, (4 · 22) · 4 = 2, (5 · 32) · 2 = 3, (6 · 42) · 3 = 4, (4 · 52) · 3 = 5, (3 · 62) · 2.
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Lemma 16. A fuzzy subset f of an intra-regular LA-semigroup S is an anti fuzzy right ideal if and only if it is an anti

fuzzy left ideal.

Proof. Assume that f is an anti fuzzy right ideal of S . Since S is intra-regular, so for each a ∈ S there exist x, y ∈ S such
that a = (xa2)y. So by using (1), we have

f (ab) = f (((xa2)y)b) = f ((by)(xa2)) ≤ f (by) ≤ f (b).

Conversely, assume that f is an anti fuzzy left ideal of S , then using (1), we have

f (ab) = f (((xa2)y)b) = f ((by)(xa2)) ≤ f (xa2) ≤ f (a2) ≤ f (a).

�

Lemma 17. Every anti fuzzy two-sided ideal of an intra-regular LA-semigroup S with left identity is idempotent.

Proof. Assume that f is an anti fuzzy two-sided ideal of S , then clearly f ∗ f ⊇ f ∗ Θ ⊇ f . Since S is an intra-regular
LA-semigroup, so for each a ∈ S there exist x, y ∈ S such that a = (xa2)y, so by using (4) and (1) we have

a = (xa2)y = (x(aa))y = (a(xa))y = (y(xa))a.

Thus, we have

( f ∗ f )(a) =
∧

a=(y(xa))a

{ f (y(xa)) ∨ f (a)} ≤ f (y(xa)) ∨ f (a)

≤ f (a) ∨ f (a) = f (a).

Hence f ∗ f = f . �

Theorem 1. For a fuzzy subset f of an intra-regular LA-semigroup S with left identity, the following conditions are

equivalent.

(i) f is an anti fuzzy bi-ideal of S .

(ii) f is an anti fuzzy generalized bi-ideal of S .

Proof. (i) =⇒ (ii)

Let f be any anti fuzzy bi-ideal of S , then obviously f is an anti fuzzy generalized bi-ideal of S .

Now (ii) ⇒ (i)

Let f be any anti fuzzy generalized bi-ideal of S , and a, b ∈ S . Then, since S is an intra-regular LA-semigroup, so for
each a ∈ S there exist x, y ∈ S such that a = (xa2)y. So by using (3), (2) and (4), we have

f (ab) = f (((xa2)y)b) = f (((xa2)(ey))b) = f (((ye)(a2x))b)
= f ((a2((ye)x))b) = f (((aa)((ye)x))b)
= f (((x(ye))(aa))b) = f ((a((x(ye))a))b) ≤ f (a) ∨ f (b).

Therefore f is an anti fuzzy bi-ideal of S . �

Theorem 2. For a fuzzy subset f of an intra-regular LA-semigroup S with left identity, the following conditions are

equivalent.

(i) f is an anti fuzzy two sided ideal of S .

(ii) f is an anti fuzzy bi-ideal of S .

Proof. (i) =⇒ (ii)

Let f be any anti fuzzy two sided ideal of S , then obviously f is an anti fuzzy bi-ideal of S .

Now (ii) ⇒ (i)
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Let f be any anti fuzzy bi-ideal of S and for any a, b ∈ S . Since S is intra-regular, so there exists x, y and u, v ∈ S such
that a = (xa2)y and b = (ub2)v. Therefore by using (1), (3), (2) and (4), we have

f (ab) = f (((xa2)y)b) = f ((by)(xa2)) = f ((a2x)(yb)) = f (((yb)x)a2)
= f (((yb)x) (aa)) = f ((aa) (x(yb))) = f (((x(yb))a) a)
= f (((x(yb))((xa2)y))a) = f (((xa2)((x(yb))y))a)
= f (((y(x(yb)))(a2x))a) = f ((a2((y(x(yb)))x))a)
= f (((aa) ((y(x(yb)))x))a) = f (((x(y(x(yb)))) (aa))a)
= f ((a ((x(y(x(yb))))a))a) ≤ f (a) ∨ f (a) = f (a). And

f (ab) = f (a((ub2)v)) = f ((ub2)(av)) = f ((va)(b2u))
= f (b2((va)u)) = f ((bb) ((va)u)) = f ((((va)u)b) b)
= f (

(
((va)u)((ub2)v)

)
b) = f (

(
(ub2)(((va)u)v)

)
b)

= f (
(
(v((va)u))(b2u)

)
b) = f (

(
b2((v((va)u))u)

)
b)

= f (((bb)((v((va)u))u)) b) = f (((u(v((va)u)))(bb)) b)
= f ((b((u(v((va)u)))b)) b) ≤ f (b) ∨ f (b) = f (b)

�

Corollary 2. An anti fuzzy right ideal of an LA-semigroup S is an anti fuzzy bi-ideal of S .

Theorem 3. For a fuzzy subset f of an intra-regular LA-semigroup S with left identity, the following conditions are

equivalent.

(i) f is an anti fuzzy two sided ideal of S .

(ii) f is an anti fuzzy interior ideal of S .

Proof. (i) ⇒ (ii)

Let f be any anti fuzzy two sided ideal of S , then obviously f is an anti fuzzy interior ideal of S .

Now (ii) ⇒ (i)

Let f be any anti fuzzy interior ideal of S and a, b ∈ S . Since S is intra-regular LA-semigroup, so there exist x, y and
u, v ∈ S such that a =

(
xa2

)
y and b =

(
ub2

)
v, thus by using (1), (4) and (2), we have

f (ab) = f
((

xa2
)

y
)

b) = f
(
(by)

(
xa2

))
= f ((by) (x (aa)))

= f ((by) (a (xa))) = f ((ba) (y (xa))) ≤ f (a) .

Also by using (4), (3) and (2) we have

f (ab) = f
(
a
((

ub2
)

v
))
= f

((
ub2

)
(av)

)
= f ((b(ub)) (av))

= f ((va) ((ub)b)) = f ((ub) ((va) b)) ≤ f (b).

Hence f is a fuzzy two sided ideal of S . �

Corollary 3. An anti fuzzy right ideal of an LA-semigroup S with left identity is an anti fuzzy interior ideal of S .

Theorem 4. A fuzzy subset f of an intra-regular LA-semigroup S with left identity is an anti fuzzy two-sided ideal of S if

and only if it is an anti fuzzy quasi-ideal of S .

Proof. Let f be any anti fuzzy two-sided ideal of S , then obviously f is an anti fuzzy quasi-ideal of S .

Conversely, assume that f is an anti fuzzy quasi-ideal of S . Let a be an arbitrary element of S . Then, since S is intra-
regular, so there exist elements x and y in S such that a = (xa2)y, by using (2) and (3), we have

a = (xa2)y = (xa2)(ey) = (xe)(a2y) = a2((xe)y) = (aa)((xe)y)
= (ya)((xe)a) = (y(xe))(aa) = a((y(xe))a).
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Thus, we have

( f ∗ Θ)(a) =
∧

a=a((y(xe))a)

{ f (a) ∨ Θ((y(xe))a)} ≤ f (a) ∨ Θ((y(xe))a)

≤ f (a) ∨ 0 = f (a),

which implies that f ∗ Θ ⊆ f , so by using (2), we have

f ∗ Θ = (Θ ∗ f ) ∗ (Θ ∗ Θ) = (Θ ∗ Θ) ∗ ( f ∗ Θ)
= Θ ∗ ( f ∗ Θ) ⊆ Θ ∗ f ,

which implies that Θ ∗ f ⊇ f ∗ Θ. Therefore

Θ ∗ f ⊇ ( f ∗ Θ) ∪ (Θ ∗ f ) ⊇ f ,

which shows that f is an anti fuzzy left ideal of S and by lemma 17, f is an anti fuzzy right ideal of S . Hence f is an anti
fuzzy two-sided ideal of S . �

Theorems 24, 19, 21 and 22 shows that anti fuzzy two-sided ideals, anti fuzzy bi-ideals, anti fuzzy generalized bi-ideals,
anti fuzzy interior ideals and anti fuzzy quasi-ideals coincide in an intra-regular LA-semigroup with left identity.

Lemma 18. Let A and B be any non-empty subsets of an LA-semigroup S , then the following properties hold.

(i) CAC ∪CBC = CAC∪BC .

(ii) CAC ∗CBC = CAC BC .

Proof. It is straight forward. �

A subset A of an LA-semigroup S is called semiprime if, a2 ∈ A implies a ∈ A for all a in S .

A fuzzy subset f of an LA-semigroup S is called anti fuzzy semiprime if, f (a) ≤ f (a2) for all a in S .

Theorem 5. A non-empty subset A of an LA-semigroup S is semiprime if and only if the characteristic function of the

complement of A, that is CAC is anti fuzzy semiprime.

Proof. Let a2 ∈ A, since A is semiprime so a ∈ A, hence CAC (a) = 0 = CAC (a2). Also if a2 � A, then

CAC (a) ≤ 1 = CAC (a2).

In both cases, we have CAC (a) ≤ CAC (a2) for all a ∈ S , which implies that CAC is an anti fuzzy semiprime.

Conversely, assume that a2 ∈ A, since CAC is an anti fuzzy semiprime, so we have

CAC (a) ≤ CAC (a2) = 0,

which implies that a ∈ A. Hence A is semiprime. �

Lemma 19. In an intra-regular LA-semigroup S , every anti fuzzy interior ideal is an anti fuzzy semiprime.

Proof. Let f be an anti fuzzy interior ideal of S and a be any element of S. Since S is an intra-regular LA-semigroup, so
there exist x, y ∈ S such that a = (xa2)y, so we have

f (a) = f ((xa2)y) ≤ f (a2).

Hence f is an anti fuzzy semiprime. �

Theorem 6. For an LA-semigroup S with left identity, the following conditions are equivalent.

(i) S is intra-regular.

(ii) R ∩ L ⊇ RL, for every right ideal R and every left ideal L of S and right ideal R is semiprime.
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Proof. (i) =⇒ (ii): It is obvious.

(ii) =⇒ (i)

Let a ∈ S , then clearly a ∈ S a, where S a is a left ideal of S and a2 ∈ a2S , where a2S is a right ideal of S . By assumption
(ii) right ideal of S is semiprime, which implies that a ∈ a2S , thus by using (2) we have

a ∈ a2S ∩ S a ⊆ (a2S )(S a) = (aS )(S a2) = (aS )((S S )(aa))
= (aS )((aa)(S S )) ⊆ (S S )(a2S ) = (S a2)(S S ) = (S a2)S .

Therefore there exist x, y ∈ S such that a = (xa2)y. Hence S is intra-regular. �

Theorem 7. In an LA-semigroup S with left identity the following conditions are equivalent.

(i) S is intra-regular.

(ii) R ∩ L = RL for every right ideal R and every left ideal L of S and right ideal R is semiprime.

Proof. It is available in [Shabir, M., 2009]. �

Theorem 8. If S is an intra-regular LA-semigroup with left identity then, f ∪ g = f ∗ g for every anti fuzzy left ideal f

and every anti fuzzy right ideal g of S and anti fuzzy right ideal g is anti fuzzy semiprime.

Proof. Assume that S is an intra-regular LA-semigroup. Let f be any anti fuzzy left ideal and g be any anti fuzzy right
ideal of S , then we have

f ∗ g ⊇ Θ ∗ f ⊇ f and f ∗ g ⊇ g ∗ Θ ⊇ g which implies that f ∗ g ⊇ f ∪ g.

Since S is an intra-regular LA-semigroup, so for each a ∈ S there exist x, y ∈ S such that a = (xa2)y, now by using (4)
and (1) we have

a = (xa2)y = (x(aa))y = (a(xa))y = (y(xa))a.

Therefore, we have

( f ∗ g)(a) =
∧

a=(y(xa))a

{ f (y(xa)) ∨ g(a)}

≤ f (a) ∨ g(a) = ( f ∪ g)(a).

Thus f ∗ g = f ∪ g. Now by using (3), (2) and (4) we have

g(a) = g((xa2)y) = g((xa2)(ey)) = g((ye)(a2x))
= g(a2((ye)(x))) ≤ g(a2).

Hence g is anti fuzzy semiprime. �

Lemma 20. If f and g are any anti fuzzy two-sided ideals of an intra-regular LA-semigroup S with left identity, then

f ∗ g = f ∪ g.

Proof. Let f and g be any anti fuzzy two-sided ideals of S , then obviously f ∗ g ⊇ f ∪ g. Since S is an intra-regular
LA-semigroup so for each element a in S there exist elements x and y in S such that a = (xa2)y, now by using (4) and (1)
we have

a = (xa2)y = (x(aa))y = (a(xa))y = (y(xa))a.

Therefore, we have

( f ∗ g)(a) =
∧

a=(y(xa))a

{ f (y(xa)) ∨ g(a)} ≤ f (y(xa)) ∨ g(a)

≤ f (a) ∨ g(a) = ( f ∪ g)(a).

which implies that f ∗ g ⊆ f ∪ g. Hence f ∗ g = f ∪ g. �

Theorem 9. If S is an intra-regular LA-semigroup with left identity, then, f ∪ g ⊇ ( f ∗ g) ∗ f , for every fuzzy right ideal

f and every fuzzy generalized bi-ideal (fuzzy quasi-ideal) g of S and fuzzy right ideal f is fuzzy semiprime.
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Proof. Assume that S is an intra-regular LA-semigroup. Let f and g be any anti fuzzy right and anti fuzzy generalized
bi-ideal (fuzzy quasi-ideal) of S . Since S is an intra-regular, so for each a ∈ S there exist x, y ∈ S such that a = (xa2)y,
then by using (4), (1), (3) and (2) we have

a = (xa2)y = (a(xa))y = (y(xa))a = (y(x((xa2)y)))a = (y((xa2)(xy)))a
= ((xa2)(y(xy)))a = ((x(aa))(y(xy)))a = ((a(xa))(y(xy)))a
= (((y(xy))(xa))a)a = (((ax)((xy)y))a)a.

Thus we have

(( f ∗ g) ∗ f )(a) =
∧

a=(((ax)((xy)y))a)a

{( f ((ax)((xy)y)) ∨ g(a)) ∨ f (a)}

≤ ( f ((ax)((xy)y)) ∨ g(a)) ∨ f (a)
≤ ( f (a) ∨ g(a)) ∨ f (a) = ( f ∪ g)(a).

Therefore f ∪ g ⊇ ( f ∗ g) ∗ f , and by using (3), (2)and (4) we have

f (a) = f ((xa2)y) = f ((xa2)(ey)) = f ((ye)(a2x))
= f (a2((ye)(x))) ≤ f (a2).

Hence g is fuzzy semiprime. �

Theorem 10. The set of anti fuzzy two-sided ideals of an intra-regular LA-semigroup S with left identity forms a semilat-

tice structure with identity Θ.

Proof. Let IΘ be the set of anti fuzzy ideals of an intra-regular LA-semigroup S and f , g and h ∈ IΘ, then by lemma [14],
IΘ is closed and by lemmas [18] and [31], we have f = f 2 and f ∗ g = f ∪ g, where f and g are anti fuzzy ideals of S .
Clearly f ∗ g = g ∗ f , and now by using (1), we get ( f ∗ g) ∗ h = (h ∗ g) ∗ f = f ∗ (g ∗ h). Also by using (1) and lemma
[3], we have f ∗ Θ = ( f ∗ f ) ∗ Θ = (Θ ∗ f ) ∗ f = f ∗ f = f . �

Note that in an intra-regular LA-semigroup S with left identity every anti fuzzy two-sided ideal becomes anti fuzzy
semiprime.

An anti fuzzy two-sided ideal f of an LA-semigroup S is said to be strongly irreducible if and only if for any anti fuzzy
two-sided ideals g and h of S , g ∪ h ⊇ f implies that g ⊇ f or h ⊇ f .

The set of anti fuzzy two-sided ideals of an LA-semigroup S is called totally ordered under inclusion if for any anti fuzzy
two-sided ideals f and g of S either f ⊇ g or g ⊇ f .

An anti fuzzy two-sided ideal h of an LA-semigroup S is called anti fuzzy prime ideal of S , if for any anti fuzzy two-sided
ideals f and g of S , f ∗ g ⊇ h, implies that f ⊇ h or g ⊇ h.

Theorem 11. In an intra-regular LA-semigroup S with left identity, an anti fuzzy two-sided ideal is strongly irreducible

if and only if it is anti fuzzy prime.

Proof. It follows from lemmas 18 and 31. �

Theorem 12. Every fuzzy two-sided ideal of an intra-regular LA-semigroup S with left identity is fuzzy prime if and only

if the set of fuzzy two-sided ideals of S is totally ordered under inclusion.

Proof. It follows from lemmas 18 and 31. �
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