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Most standard model predictive control (MPC) implementations partition the plant into sev-
eral units and apply MPC individually to these units. It is known that such a completely de-
centralized control strategy may result in unacceptable control performance, especially if the
units interact strongly. Completely centralized control of large, networked systems is viewed
by most practitioners as impractical and unrealistic. In this dissertation, a new framework for
distributed, linear MPC with guaranteed closed-loop stability and performance properties is
presented. A modeling framework that quantifies the interactions among subsystems is em-
ployed. One may think that modeling the interactions between subsystems and exchanging
trajectory information among MPCs (communication) is sufficient to improve controller per-
formance. We show that this idea is incorrect and may not provide even closed-loop stability.
A cooperative distributed MPC framework, in which the objective functions of the local MPCs
are modified to achieve systemwide control objectives is proposed. This approach allows prac-
titioners to tackle large, interacting systems by building on local MPC systems already in place.
The iterations generated by the proposed distributed MPC algorithm are systemwide feasible,

and the controller based on any intermediate termination of the algorithm is closed-loop sta-



iii
ble. These two features allow the practitioner to terminate the distributed MPC algorithm at
the end of the sampling interval, even if convergence is not achieved. If iterated to conver-
gence, the distributed MPC algorithm achieves optimal, centralized MPC control.

Building on results obtained under state feedback, we tackle next, distributed MPC
under output feedback. Two distributed estimator design strategies are proposed. Each es-
timator is stable and uses only local measurements to estimate subsystem states. Feasibility
and closed-loop stability for all distributed MPC algorithm iteration numbers are established
for the distributed estimator-distributed regulator assembly in the case of decaying estimate
error. A subsystem-based disturbance modeling framework to eliminate steady-state offset
due to modeling errors and unmeasured disturbances is presented. Conditions to verify suit-
ability of chosen local disturbance models are provided. A distributed target calculation al-
gorithm to compute steady-state targets locally is proposed. All iterates generated by the
distributed target calculation algorithm are feasible steady states. Conditions under which
the proposed distributed MPC framework, with distributed estimation, distributed target cal-
culation and distributed regulation, achieves offset-free control at steady state are described.
Finally, the distributed MPC algorithm is augmented to allow asynchronous optimization and
asynchronous feedback. Asynchronous feedback distributed MPC enables the practitioner to
achieve performance superior to centralized MPC operated at the slowest sampled rate. Ex-
amples from chemical engineering, electrical engineering and civil engineering are examined

and benefits of employing the proposed distributed MPC paradigm are demonstrated.
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Chapter 1

Introduction

Large engineering systems typically consist of a number of subsystems that interact with each
other as a result of material, energy and information flows. A high performance control tech-
nology such as model predictive control (MPC) is employed for control of these subsystems.
Local models and objectives are selected for each individual subsystem. The interactions
among the subsystems are ignored during controller design. In plants where the subsystems
interact weakly, local feedback action provided by these subsystem (decentralized) controllers
may be sufficient to overcome the effect of interactions. For such cases, a decentralized control
strategy is expected to work adequately. For many plants, ignoring the interactions among
subsystems leads to a significant loss in control performance. An excellent illustration of the
hazards of such a decentralized control structure was the failure of the North American power
system resulting in the blackout of August 14,2003. The decentralized control structure pre-
vented the interconnected control areas from taking emergency control actions such as selec-
tive load shedding. As each subsystem tripped, the overloading of the remaining subsys-
tems became progressively more severe, leading finally to the blackout. It has been reported

by the U.S.-Canada Power System Outage Task Force (2004) that the extent of the cascading
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system failure was so drastic that within 7 minutes the blackout rippled from the Cleveland-
Akron area in northern Ohio to much of northeastern USA and Canada. In many situations,
such catastrophic network control failures are prevented by employing conservative design
choices. Conservative controller design choices are expensive and reduce productivity.

An obvious recourse to decentralized control is to attempt centralized control of large-
scale systems. Centralized controllers, however, are viewed by most practitioners as mono-
lithic and inflexible. For most large-scale systems, the primary hurdles to centralized control
are not computational but organizational. Operators are usually unwilling to deal with the
substantial data collection and data handling effort required to design and maintain a valid
centralized control system for a large plant. To the best of our knowledge, no such centralized
control systems are operational today for any large, networked system. Operators of large,
networked systems also want to be able to take the different subsystems offline for routine
maintenance and repair without affecting a complete plantwide control system shutdown.
This is not easily accomplished under centralized MPC. In many applications, plants are al-
ready in operation with decentralized MPCs in place. Plant personnel do not wish to en-
gage in a complete control system redesign required to implement centralized MPC. In some
cases, different parts of the networked system are owned by different organizations making
the model development and maintenance effort required for centralized control impractical.
Unless these organizational impediments change in the future, centralized control of large,
networked systems is useful primarily as a benchmark against which other control strategies
can be compared and assessed.

For each decentralized MPC, a sequence of open-loop controls are determined through

the solution of a constrained optimal control problem. A local objective is used. A subsystem
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model, which ignores the interactions, is used to obtain a prediction of future process behav-
ior along the control horizon. Feedback is usually obtained by injecting the first input move.
When new local measurements become available, the optimal control problem is resolved and
a fresh forecast of the subsystem trajectory is generated. For distributed control, one natural
advantage that MPC offers over other controller paradigms is its ability to generate a pre-
diction of future subsystem behavior. If the likely influence of interconnected subsystems is
known, each local controller can possibly determine suitable feedback action that accounts
for these external influences. Intuitively, one expects this additional information to help im-
prove systemwide control performance. In fact one of the questions that we will answer in this
dissertation is the following: Is communication of predicted behavior of interconnected subsystems
sufficient to improve systemwide control performance?

The goal of this dissertation is to develop a framework for control of large, networked
systems through the suitable integration of subsystem-based MPCs. For the distributed MPC
framework proposed here, properties such as feasibility, optimality and closed-loop stability
are established. The approach presented in this dissertation is aimed at allowing practitioners
to build on existing infrastructure. The proposed distributed MPC framework also serves to
equip the practitioner with a low-risk strategy to explore the benefits attainable with central-

ized control using subsystem-based MPCs.

1.1 Organization and highlights of this dissertation

The remainder of this dissertation is organized as follows:



Chapter 2.

Current literature on distributed MPC is reviewed in this chapter. Shortcomings of available
distributed MPC formulations are discussed. Developments in the area of distributed state
estimation are investigated. Finally, contributions to closed-loop stability theory for MPC are

examined.

Chapter 3.

This chapter motivates distributed MPC methods developed in this dissertation. Two exam-
ples are also provided. First, an example consisting of two interacting chemical plants is pre-
sented to illustrate the disparity in performance between centralized and decentralized MPC.
Next, a four area power system is used to show that modeling the interactions between sub-
systems and exchange of trajectories among MPCs (pure communication) is insufficient to

provide even closed-loop stability.

Chapter 4.

A state feedback distributed MPC framework with guaranteed feasibility, optimality and closed-
loop stability properties is described. An algorithm for distributed MPC is presented. It is
shown that the distributed MPC algorithm can be terminated at any intermediate iterate; on

iterating to convergence, optimal, centralized MPC performance is achieved.

Chapter 5.

The distributed MPC framework described in Chapter 4 is expanded to include state estima-

tion. Two distributed state estimation strategies are described. Robustness of the distributed
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estimator-distributed regulator combination to decaying state estimate error is demonstrated.

Chapter 6.

In this chapter, we focus on the problem of achieving zero offset objectives with distributed
MPC. For large, networked systems, the number of measurements typically exceeds the num-
ber of manipulated variables. Offset-free control can be achieved for at most a subset of the
measured variables. Conditions for appropriate choices of controlled variables that enable
offset-free control with local disturbance models are described. A distributed target calcu-
lation algorithm that enables calculation of the steady-state targets at the subsystem level is

presented.

Chapter 7.

The control actions generated by the MPCs are not usually injected directly into the plant but
serve as setpoints for lower level flow controllers. In addition to horizontal integration across
subsystems, system control performance may be improved further by vertically integrating
each subsystem’s MPC with its lower level flow controllers. Structural simplicity of the result-
ing controller network is a key consideration for vertical integration. The concept of partial

cooperation is introduced to tackle vertical integration between MPCs.

Chapter 8.

The distributed MPC algorithm introduced in Chapter 4 is augmented to allow asynchronous
optimization. This feature enables the integration of MPCs with disparate computational time

requirements without forcing all MPCs to operate at the slowest computational rate. This fea-
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ture also avoids the need for synchronized clock keeping at each iterate. Because all MPCs are
required to exchange information periodically only, the communication load (between MPCs)

is reduced.

Chapter 9.

Algorithms for distributed constrained LOR (DCLQR) are described in this chapter. These
algorithms achieve infinite horizon optimal control performance at convergence using finite
values of the control horizon, N. To formulate a tractable DCLQR optimization problem, the
system inputs are parameterized using the unconstrained, optimal, centralized feedback con-
trol law. Two flavors for implementable DCLQR algorithms are considered. First, an algo-
rithm in which a terminal set constraint is enforced explicitly is described. Next, algorithms
for which the terminal set constraint remains implicit through the choice of IV are presented.

Advantages and disadvantages of either approach are discussed.

Chapter 10.

In this chapter, we utilize distributed MPC for power system automatic generation control
(AGC). A modeling framework suitable for power networks is used. Both terminal penalty
and terminal control distributed MPC are evaluated. It is shown that the distributed MPC
strategies proposed also allow coordination of the flexible AC transmission system controls

with AGC.



Chapter 11.

In this chapter, we consider the problem of integrating MPCs with different sampling rates.
Asynchronous feedback distributed MPC allows MPCs to inject appropriate control actions at
their respective sampling rates. This feature enables one to achieve performance superior to
centralized MPC designed at the slowest sampling rate. Algorithms for fast sampled and slow
sampled MPCs are described. Nominal asymptotic stability for the asynchronous feedback

distributed MPC control law is established.

Chapter 12.

This chapter summarizes the contributions of this dissertation and outlines possible directions

for future research.



Chapter 2

Literature review

Model predictive control (MPC) is a process control technology that is being increasingly em-
ployed across several industrial sectors (Camacho and Bordons, 2004; Morari and Lee, 1997;
Qin and Badgwell, 2003; Young, Bartusiak, and Fontaine, 2001). The popularity of MPC in
industry stems in part from its ability to tackle multivariable processes and handle process
constraints. At the heart of MPC is the process model and the concept of open-loop optimal
feedback. The process model is used to generate a prediction of future subsystem behavior.
At each time step, past measurements and inputs are used to estimate the current state of the
system. An optimization problem is solved to determine an optimal open-loop policy from
the present (estimated) state. Only the first input move is injected into the plant. At the subse-
quent time step, the system state is re-estimated using new measurements. The optimization
problem is resolved and the optimal open-loop policy is recomputed. Figure 2.1 presents a

conceptual picture of MPC.
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Figure 2.1: A conceptual picture of MPC. Only uy, is injected into the plant at time k. At time
k + 1, a new optimal trajectory is computed.

Distributed MPC.

The benefits and requirements for cross-integration of subsystem MPCs has been discussed
in Havlena and Lu (2005); Kulhavy, Lu, and Samad (2001). A two level decomposition-
coordination strategy for generalized predictive control, based on the master-slave paradigm
was proposed in Katebi and Johnson (1997). A plantwide control strategy that involves the in-
tegration of linear and nonlinear MPC has been described in Zhu and Henson (2002); Zhu,
Henson, and Ogunnaike (2000). A distributed MPC framework, for control of systems in
which the dynamics of each of the subsystems are independent (decoupled) but the local state
and control variables of the subsystems are nonseparably coupled in the cost function, was
proposed in Keviczky, Borelli, and Balas (2005). In the distributed MPC framework described
in Keviczky et al. (2005), each subsystem’s MPC computes optimal input trajectories for itself

and for all its neighbors. A sufficient condition for stability has also been established. Ensur-
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ing the stability condition in Keviczky et al. (2005) is satisfied is, however, a nontrivial exer-
cise. Furthermore, as noted by the authors, the stability condition proposed in Keviczky et al.
(2005) has some undesirable consequences: (i) Satisfaction of the stability condition requires
increasing information exchange rates as the system approaches equilibrium; this information
exchange requirement to preserve nominal stability is counter-intuitive. (ii) Increasing the pre-
diction horizon may lead to instability due to violation of the stability condition; closed-loop
performance deteriorates after a certain horizon length. A globally feasible, continuous time
distributed MPC framework for multi-vehicle formation stabilization was proposed in Dun-
bar and Murray (2006). In this problem, the subsystem dynamics are decoupled but the states
are nonseparably coupled in the cost function. Stability is assured through the use of a com-
patibility constraint that forces the assumed and actual subsystem responses to be within a
pre-specified bound of each other. The compatibility constraint introduces a fair degree of
conservatism and may lead to performance that is quite different from the optimal, centralized
MPC performance. Relaxing the compatibility constraint leads to an increase in the frequency
of information exchange among subsystems required to ensure stability. The authors claim
that each subsystem’s MPC needs to communicate only with its neighbors is a direct conse-
quence of the assumptions made: the subsystem dynamics are decoupled and only the states
of the neighbors affect the local subsystem stage cost. A decentralized MPC algorithm for sys-
tems in which the subsystem dynamics and cost function are independent of the influence of
other subsystem variables but have coupling constraints that link the state and input variables
of different subsystems has been proposed in Richards and How (2004). Robust feasibility
is established when the disturbances are assumed to be independent, bounded and a fixed,

sequential ordering for the subsystems” MPC optimizations is allowed.
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A distributed MPC algorithm for unconstrained, linear time-invariant (LTI) systems in
which the dynamics of the subsystems are influenced by the states of interacting subsystems
has been described in Camponogara, Jia, Krogh, and Talukdar (2002); Jia and Krogh (2001). A
contractive state constraint is employed in each subsystem’s MPC optimization and asymp-
totic stability is guaranteed if the system satisfies a matrix stability condition. An algorith-
mic framework for partitioning a plant into suitably sized subsystems for distributed MPC
has been described in Motee and Sayyar-Rodsari (2003). An unconstrained, distributed MPC
algorithm for LTT systems is also described. However, convergence, optimality and closed-
loop stability properties, for the distributed MPC framework described in Motee and Sayyar-
Rodsari (2003), have not been established. A distributed MPC strategy, in which the effects of
the interacting subsystems are treated as bounded uncertainties, has been described in Jia and
Krogh (2002). Each subsystem’s MPC solves a min-max optimization problem to determine
local control policies. The authors show feasibility of their distributed MPC formulation; op-
timality and closed-loop stability properties are, however, unclear. Recently in Dunbar (2005),
an extension of the distributed MPC framework described in Dunbar and Murray (2006) that
handles systems with interacting subsystem dynamics was proposed. At each time step, ex-
istence of a feasible input trajectory is assumed for each subsystem. This assumption is one
limitation of the formulation. Furthermore, the analysis in Dunbar (2005) requires at least 10
agents for closed-loop stability. This lower bound on the number of agents (MPCs) is an un-
desirable and artificial restriction and limits the applicability of the method. In Magni and
Scattolini (2006), a completely decentralized state feedback MPC framework for control of
nonlinear systems was proposed. A contractive state constraint is used to ensure stability. It

is assumed in Magni and Scattolini (2006) that no information exchange among subsystems is
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possible. An attractive feature of this approach is the complete decentralization of the MPCs.
The requirement of stability with no communication leads to rather conservative conditions
for feasibility of the contractive constraint and closed-loop stability, that may be difficult to ver-
ify in practice. Optimality properties of the formulation have not been established and remain
unclear. For the distributed MPC strategies available in the literature, nominal properties such
as feasibility, optimality and closed-loop stability have not all been established for any sin-
gle distributed MPC framework. Moreover, all known distributed MPC formulations assume
perfect knowledge of the states (state feedback) and do not address the case where the states
of each subsystem are estimated from local measurements (output feedback). In Chapters 5
and 6, we investigate distributed MPC with state estimation and disturbance modeling.

To arrive at distributed MPC algorithms with guaranteed feasibility, stability and per-
formance properties, we also examine contributions to the area of plantwide decentralized
control. Several contributions have been made in the area. A survey of decentralized con-
trol methods for large-scale systems can be found in Sandell-Jr., Varaiya, Athans, and Safonov
(1978). Performance limitations arising due to the decentralized control framework has been
described in Cui and Jacobsen (2002). Several decentralized controller design approaches ap-
proximate or ignore the interactions between the various subsystems and lead to a suboptimal
plantwide control strategy (Acar and Ozguner, 1988; Lunze, 1992; Samyudia and Kadiman,
2002; Siljak, 1991). The required characteristics of any problem solving architecture in which
the agents are autonomous and influence one another’s solutions has been described in Taluk-

dar, Baerentzen, Gove, and de Souza (1996).
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State estimation, disturbance modeling and target calculation for distributed MPC.

All the states of a large, interacting system cannot usually be measured. Consequently, esti-
mating the subsystem states from available measurements is a key component in any practical
MPC implementation. Theory for centralized linear estimation is well understood. For large-
scale systems, organizational and geographic constraints may preclude the use of centralized
estimation strategies. The centralized Kalman filter requires measurements from all subsys-
tems to estimate the state. For large, networked systems, the number of measurements is usu-
ally large to meet redundancy and robustness requirements. One difficulty with centralized
estimation is communicating voluminous local measurement data to a central processor where
the estimation algorithm is executed. Another difficulty is handling the vast amounts of data
associated with centralized processing. Parallel solution techniques for estimation are avail-
able (Lainiotis, 1975; Lainiotis, Plataniotis, Papanikolaou, and Papaparaskeva, 1996). While
these techniques reduce the data transmission requirement, a central processor that updates
the overall system error covariances at each time step is still necessary. Analogous to central-
ized control, the optimal, centralized estimator is a benchmark for evaluating the performance
of different distributed estimation strategies. A decentralized estimator design framework for
large-scale systems was proposed in Sundareshan (1977); Sundareshan and Elbanna (1990);
Sundareshan and Huang (1984). Local estimators were designed based on the decentralized
dynamics and additional compensatory inputs were included for each estimator to account
for the interactions between the subsystems. Estimator convergence was established under
assumptions on either the strength of the interconnections or the structure of the intercon-

nection matrix. A decentralized estimator design strategy, in which the interconnections are
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treated as unknown inputs was proposed in Saif and Guan (1992); Viswanadham and Ra-
makrishna (1982) for a restricted class of systems where the interconnections satisfy certain
algebraic conditions and the number of outputs, for each subsystem, is greater than the num-
ber of interacting inputs.

Disturbance models are used to eliminate steady-state offset in the presence of nonzero
mean, constant disturbances and/or plant-model mismatch. The output disturbance model is
the most widely used disturbance model in industry to achieve zero offset control performance
at steady state (Cutler and Ramaker, 1980; Garcia and Morshedi, 1986; Richalet, Rault, Testud,
and Papon, 1978). It is well known that output disturbance models cannot be used in plants
with integrating modes as the effects of the augmented disturbance cannot be distinguished
from the plant integrating modes. An alternative is to use input disturbance models (Davi-
son and Smith, 1971), where the disturbances are assumed to enter the system through the
inputs. For single (centralized) MPCs, Muske and Badgwell (2002); Pannocchia and Rawlings
(2002) derive conditions that guarantee zero offset control, using suitable disturbance models,
in the presence of unmodelled effects and/or nonzero mean disturbances. In a distributed
MPC framework, many choices for disturbance models exist. From a practitioner’s stand-
point, it is usually convenient to use local integrating disturbances. To track nonzero output
setpoints, we require input and state targets that bring the system to the desired output targets
at steady state. One option for determining the optimal steady-state targets in a distributed
MPC framework is to perform a centralized target calculation (Muske and Rawlings, 1993)
using the composite model for the plant. Alternatively, the target calculation problem can
be formulated in a distributed manner with all the subsystem targets computed locally. A

discussion on distributed target calculation is provided in Chapter 6.
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Closed-loop stability for MPC.

The idea of designing optimal, open-loop, feedback controllers has been studied in the auto-
matic control community for nearly four decades. The focus of initial work in the area was sta-
bilization of unconstrained linear time-varying systems (Kleinman, 1970; Kwon and Pearson,
1978; Kwon, Bruckstein, and Kailath, 1983). The earliest known stability result for constrained
systems was by Chen and Shaw (1982), who used a terminal equality constraint to stabilize
nonlinear discrete time systems. The initial popularity of MPC was primarily due to inter-
esting applications in the process industry (Cutler and Ramaker, 1980; Garcia and Prett, 1986;
Richalet et al., 1978). Several MPCs were successfully implemented, even though no stability
guarantees were available at the time.

Theory for MPC has evolved significantly over the years. Review articles tracing the
progress in the area are available (Garcia, Prett, and Morari, 1989; Mayne, Rawlings, Rao, and
Scokaert, 2000; Morari and Lee, 1997). A few well known recipes for guaranteeing closed-loop
stability with MPC are available for single (centralized) MPCs. The commonly used techniques
for ensuring stability with MPC are terminal constraint MPC, terminal penalty MPC and ter-
minal control MPC. Terminal constraint MPC (Kwon and Pearson, 1978) achieves stability by
employing an additional state constraint that forces the predicted system state at the end of
the control horizon to be at the origin. In Keerthi and Gilbert (1986), a general stability anal-
ysis for terminal constraint MPC of constrained nonlinear discrete time systems is provided.
An alternative strategy to guarantee closed-loop stability for MPC is to employ a stabilizing
terminal penalty (Rawlings and Muske, 1993). Neither terminal constraint MPC nor terminal

penalty MPC achieves infinite horizon optimal performance for a finite control horizon (V).
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Subsequently for small values of N, there may be significant mismatch between the predicted
system trajectory and the actual closed-loop response. This mismatch is known to complicate
controller tuning. To achieve infinite horizon optimal performance with finite values of N,
a terminal control MPC framework was proposed (Chmielewski and Manousiouthakis, 1996;
Scokaert and Rawlings, 1998; Sznaier and Damborg, 1990). Terminal control MPC relies on
solving a finite dimensional optimization problem to compute a set of inputs that drives the
predicted system state inside an invariant set in which the optimal unconstrained feedback
law is feasible (and therefore optimal). Characterization of the maximum invariant set satisfy-
ing the above mentioned property is possible in most cases and algorithms to approximate the
maximal admissible set have been proposed in Gilbert and Tan (1991); Gutman and Cwikel
(1987).

Exponential stability for the output feedback MPC control law is established in Scokaert,
Rawlings, and Meadows (1997) using perturbed stability results for linear systems (Halanay,
1963). Lipschitz continuity of the control law w.r.t the state is a key requirement to establish ex-
ponential stability. In Meadows (1994), Lipschitz continuity of the control law for a single (cen-
tralized) linear MPC is proved using (Hager, 1979, Theorem 3.1). A limitation of the approach
in Meadows (1994) is that (Hager, 1979, Theorem 3.1) assumes the set of active constraints to
be linearly independent. This is usually difficult to ensure in practice and consequently, Lip-
schitz properties of the control law are difficult to establish in general. In a recent work, Choi
and Kwon (2003) prove exponential stability for single (centralized) output feedback MPCs
by constructing a single Lyapunov function. The attractive feature of the approach presented

in Choi and Kwon (2003) is that Lipschitz continuity of the control law is not assumed.
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Chapter 3

Motivation

Decentralized MPC is attractive to practitioners because it requires only local process data for
controller design and model maintenance. Furthermore, routine maintenance operations such
as taking units offline for repair are achieved easily under decentralized MPC. There is one
well known caveat however: the performance of decentralized MPC is usually far from opti-
mal when the subsystems interact significantly. Centralized MPC, on the other hand, achieves
optimal nominal control for any system. However, as discussed in Chapter 1, centralized MPC
viewed by most practitioners as impractical and unsuitable for control of large, networked sys-
tems.

To impact today’s highly competitive markets, practitioners are constantly striving to
push limits of performance. In cases where the subsystems are interacting, the control perfor-
mance of centralized and decentralized MPC may differ significantly. In Section 3.1, we con-
sider an example consisting of two networked styrene polymerization plants. In this example
the control performance of decentralized and centralized MPC differ significantly. Such exam-
ples are not uncommon. Integrating subsystem-based MPCs has been recognized as a possible

avenue for improving systemwide control performance (Havlena and Lu, 2005; Kulhavy et al.,
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2001; Lu, 2000). One of the goals of this dissertation is to develop a distributed MPC frame-
work with guaranteed performance properties i.e., an assured performance improvement over
decentralized MPC, and capable of approaching centralized MPC performance.

Another motivation for this work is the current state of distributed MPC. Most dis-
tributed MPC formulations in the literature are based on the assumption that transmitting
predicted trajectory information among subsystems (pure communication) is sufficient to im-
prove systemwide control performance. In Section 3.2, a four area power system for which
communication-based MPC is closed-loop unstable is presented. In this dissertation, other
examples for which communication-based MPC either fails or gives unacceptable closed-loop
performance are provided. A reliable distributed MPC strategy with provable feasibility, op-
timality and closed-loop stability properties is required. Furthermore, all known distributed
MPC frameworks require state feedback and do not address the more realistic scenario in
which the subsystem states are estimated from measurements. To the best of our knowledge,
ensuring offset-free control with distributed MPC is an important issue that has not been ad-

dressed in the literature.

3.1 Networked chemical processes with large potential for perfor-

mance improvement

An example in which chemical systems are integrated as a result of material and energy flows
between them is considered. In today’s increasingly competitive markets, such inter-plant in-
tegration (in addition to plantwide integration) may assume significant economic relevance.

A simplified scenario with two interacting plants shown in Figure 3.1 is considered. The first
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plant consists of a styrene polymerization reactor producing grade A (a lower grade) of the
polymer. Representative publications on the modeling and control of styrene polymerization
reactors are Hidalgo and Brosilow (1990) and Russo and Bequette (1998). Based on supply and
demand economics, a fraction of the lower grade polymer is transported to the second plant
where a higher grade polymer is produced (grade B). The unreacted monomer and initiator
are separated from the product polymer and recycled to the first plant. Transport of mate-
rial between the plants is associated with significant time delays. Time delays coupled with
complications arising due to recycle dynamics make the control problem challenging (Luyben,
1993a,b, 1994). Reductions in inventory and operational costs may dictate the need for such
integrated schemes however. In the absence of integration, either MPC is a centralized con-
troller. The MPCs employ a model obtained by linearizing the corresponding plant around
the desired steady state. In this example, the two polymerization plants operate at different
steady states, each of which correspond to the grade of polymer to be produced. Once the two
plants are linked, the MPCs ignore the inter-plant interactions and function as two decentral-
ized MPCs. The MPC in the first plant controls the temperature of the styrene polymerization
reactor (77) by manipulating the initiator flow rate Finit,. The MPC in the second plant con-
trols the temperature in the polymerization reactor (75), monomer concentration at the top of
the distillation column (Cp,,) and the sum of the monomer and initiator concentrations at the
bottom of the column (Cp,, + Cinit,,,) by manipulating the initiator flow rate to the reactor
(Finit, ), recycle flow rate (Frecy) and vapor boilup flow rate (V). The time delay due to trans-
port of material between the plants is 1.1 hrs. Each MPC employs a Kalman filter to estimate
the states of the system from local measurements. Input constraints are given in Table 3.1.

The control performance of decentralized and centralized MPC are compared when
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Figure 3.1: Interacting styrene polymerization processes. Low grade manufacture in first
plant. High grade manufacture in second plant with recycle of monomer and solvent.

Table 3.1: Two integrated styrene polymerization plants. Input constraints.
—0.25 < Flng, < 0.25
—0.4 < Finit, <04
0.4 < Freey < 0.4
—-04<V <04

the setpoint temperatures of the two polymerization reactors are decreased by —10°C' and
—5°C respectively. The performance of decentralized and centralized MPC for temperature

control in the two polymerization reactors is shown in Figure 3.2. Under decentralized MPC,
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the inputs Finit, and Frecy remain saturated until time ~ 42 hrs and ~ 20 hrs respectively.
Consequently, the reactors under decentralized MPC take more than 50 hrs to settle at their
new temperature setpoints. Under centralized MPC, the reactor temperatures are within 0.5%
of the respective temperature setpoints in about ~ 7 hrs. The same qualitative behavior is also
observed with the other two outputs. Under centralized MPC, outputs Cy,, and Cp, , + Cinig,,,
track their respective set points in ~ 25 hrs. Tracking the concentration setpoints takes over
60 hrs with decentralized MPC. The control costs with decentralized and centralized MPC are

given in Table 3.2. Decentralized MPC gives unacceptable closed-loop performance for this

example.
091 setpoint 0+ setpoint
o, . Centralized MPC --------- a4 R Centralized MPC ---------
24 | e s Decentralized MPC ----- & Decentralized MPC -------
| [ N o b
[T N =T
{ \
41| e ®)
T1 i \\. 2 _ i
6 |1 (a) SRk
| . 5 _
. \ -
-8 4 . -6 \ T — ;
5 \ o i
10 e 71 S
\ \ \ \ \ \ 8 - \ \ \ \ \
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Figure 3.2: Interacting polymerization processes. Temperature control in the two polymeriza-
tion reactors. (a) Temperature control in reactor 1. (b) Temperature control in reactor 2. (c)
Initiator flowrate to reactor 1. (d) Recycle flowrate.
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Table 3.2: Performance comparison of centralized and decentralized MPC
Acost Performance loss
(w.r.t centralized MPC)
Centralized-MPC | 18.84 -
Decentralized-MPC | 1608 8400%

3.2 Instability with communication-based MPC : Example of a four
area power system

Consider the four area power system shown in Figure 3.3. A description of the model for
each control area is given in Section 10.4 (Chapter 10, p. 243). Model parameters are given in
Table A.1 (Appendix A). In each control area, a change in local power demand (load) alters the
nominal operating frequency. The MPC in each control area : manipulates the load reference
setpoint P, to drive the frequency deviations Aw; and tie-line power flow deviations AP&Q
to zero. Power flow through the tie lines gives rise to interactions among the control areas.
Hence a load change in area 1, for instance, causes a transient frequency change in all control

areas.

CONTROL AREA 1

CONTROL AREA 4

CONTROL AREA 3

CONTROL AREA 2

Figure 3.3: Four area power system.
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The performance of centralized MPC (cent-MPC) and communication-based MPC (comm
MPC) are compared for a 25% load increase in area 2 and a simultaneous 25% load drop in
area 3. This load disturbance occurs at 5 sec. For each MPC, we choose a prediction horizon
N = 20. In comm-MPC, the load reference setpoint (AP,s,) in each area is manipulated to
reject the load disturbance and drive the change in local frequencies (Aw;) and tie-line power

flows (AP

) to zero. In the cent-MPC framework, a single MPC manipulates all four AP,,.
The load reference setpoint for each area is constrained between £0.5.

The performance of cent-MPC and comm-MPC are shown in Figure 3.4. Only Aws
and AP23 are shown as the frequency and tie-line power flow deviations in the other areas
display similar qualitative behavior. Likewise, only AP,ct, and A P,¢, are shown as other load
reference setpoints behave similarly. Under comm-MPC, the load reference setpoints for areas
2 and 3 switch repeatedly between their upper and lower saturation limits. Consequently, the

power system network is unstable under comm-MPC. Cent-MPC, on the other hand, is able

to reject the load disturbance and achieves good closed-loop performance.
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Figure 3.4: Four area power system. Performance of centralized and communication-based
MPC rejecting a load disturbance in areas 2 and 3. Change in frequency Aw», tie-line power

flow AP2 and load reference setpoints A Peg,, A Pret,-
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Chapter 4

State feedback distributed MPC !

In this chapter, we describe a new approach for controlling large, networked systems through
the integration of subsystem-based MPCs. The proposed distributed MPC framework is itera-
tive with the subsystem-based MPC optimizations executed in parallel. It is assumed that the
interactions between the subsystems are stable. This assumption presumes the feasibility of a
decentralized, manipulated variable (MV)-controlled variable (CV) design in which open-loop
unstable modes, if any, are controlled and not allowed to evolve open loop. System redesign is
recommended if such an initial design is not possible. The term iterate indicates a set of MPC
optimizations executed in parallel (one for each subsystem) followed by an exchange of infor-
mation among interconnected subsystems. We show that the distributed MPC algorithm can
be terminated at any intermediate iterate to allow for computational or communication limits.
At convergence, the distributed MPC algorithm is shown to achieve optimal, centralized MPC
performance.

This chapter is organized as follows. First, a modeling framework suitable for dis-

tributed MPC is described. Next, the different candidate MPC formulations for systemwide

'Portions of this chapter appear in Venkat, Rawlings, and Wright (2005b) and in Venkat, Rawlings, and
Wright (2006f).
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control are described. We provide further proof and answer why modeling the interactions
between subsystems and exchanging trajectory information among MPCs ((pure) communi-
cation) is insufficient to provide even closed-loop stability. We then proceed to characterize
optimality conditions for distributed MPC and present an algorithm for distributed MPC.
Closed-loop properties for the distributed MPC framework under state feedback are estab-
lished subsequently. Three examples are presented to highlight the benefits of the described
approach. Finally, we summarize the contributions of this chapter and present some exten-

sions for the proposed distributed MPC framework.

4.1 Interaction modeling

Consider a plant comprised of M subsystems. The symbol I); denotes the set of integers

1,2,..., M.

Decentralized models. Let the decentralized (local) model for each subsystem i € Ij; be

represented by a discrete, linear time invariant (LTI) model of the form

zii(k + 1) = Ajxii(k) + Biui(k)

in which k is discrete time, and we assume (A;; € R™*™i B, € R™iX™Mi O € R**™i) js a
realization for each (u;, y;) input-output pair such that (A;;, B;;) is stabilizable and (A;;, Cy;) is

detectable.
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Interaction models (IM). Consider any subsystem ¢ € I,;. We represent the effect of any

interacting subsystem j € I, j # i on subsystem ¢ through a discrete LTI model of the form

zij(k +1) = Ajjzii(k) + Biju;(k)

The output equation for each subsystem is written as y;(k) = Z]A/i 1 Cijxi; (k). The model
(Aj; € RMixMi By € R"iX™Mi Cy; € R**™i) is a minimal realization of the input-output pair

(s, yi)-

Composite models (CM). The combination of the decentralized model and the interaction
models for each subsystem yields the composite model (CM). The decentralized state vector
x;; is augmented with states arising due to the effects of all other subsystems.

Let z; = [zi/,...,2i,...,zim']’ € R™ denote the CM states for subsystem i. For

notational simplicity, we represent the CM for subsystem i as

J#i

yi(k) = Cizi(k) (4.1b)
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After identification of the significant interactions from closed-loop operating data, we
expect that many of the interaction terms will be zero. In the decentralized model, all of the
interaction terms are zero. Further discussion of closed-loop identification procedures for dis-

tributed MPC can be found in Gudi and Rawlings (2006).

Centralized model. The centralized model is represented as

x(k+1) = Az (k) + Bu(k)

y(k) = Cu(k)

4.2 Notation and preliminaries

For any i € I the notation j # 7 indicates that j can take all values in I; except j = . Let
I+ denote the set of positive integers. Given a bounded set A, int(A) denotes the interior of
the set. For any two vectors r, s € R", the notation (r, s) represents the inner product of the
two vectors. For any arbitrary, finite set of vectors ai, as, ..., as, define vec(ai,asz,...,as) =

a1, a9, ... a8,

Lemma 4.1. Let Ax = b be a system of linear equations with A € R™*" b € R™, m < n. Consider
X C R"™ nonempty, compact, convex with 0 € int(X). The set B C range(A) is defined as B =
{b| Az = b,z € X}. Forevery b € B, 3 T(b) dependent on b, and K > 0 independent of b such that

AZ(b) = b, T(b) € X and |Z(b)|| < K||b].

A proof is given in Appendix 4.10.1.
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Let the current (discrete) time be k. For any subsystem i € I, let the predicted state
and input at time instant k£ + j, j > 0, based on data at time k£ be denoted by z;(k + j|k) € R™
and u;(k + j|k) € R™, respectively. The stage cost is defined as

! (23 Qizi + ui' Ryus (4.3)

Li(zi,u;) = 5

in which Q; > 0, R; > 0. Denote a closed ball of radius ¢ > 0 centered at a € R" by B.(a) =
{z[ lz —a] < e}

The notation x(k) denotes the set of CM states z1(k), z2(k), ...z (k) ie.,
(k) = [x1(k), 22(k), . .., xar (K)].

With slight abuse of notation, we write p(k) € X to denote vec(u(k)) = vec(x(k), z2(k), ...,

..,xpm(k)) € X. The norm operator for (k) is defined as

M
k)| = Ivec(ai (k) 22 (k). .., zp (k)] = 4| D (k)|
=1
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The following notation represents the predicted infinite horizon state and input trajectory vec-

tors in the different MPC frameworks

Centralized state trajectory: x(k) = [@(k + 1k) , x(k+ 2[k),...... ]
Centralized input trajectory: w(k) = [u(k|k), u(k + 1[k),...... |
CM state trajectory (subsystem 4): (k) = [a;(k + 1), z;(k + 2[k)', ...... ]
Input trajectory (subsystem i): w;(k) = [u;(k|k)’, ui(k + 1[k),...... ]
Decentralized state trajectory (subsystem i): a;;(k) = [zs(k + 1|k), zsi(k + 2]k, ...... ]

Let IV denote the control horizon. The finite horizon trajectories use an over bar to distinguish

them from the corresponding infinite horizon trajectories i.e.,

Centralized state trajectory: z(k) = [z(k + 1|k), z(k +2[k)', ... .. ]
Centralized input trajectory: w(k) = [u(k|k), u(k + 1K), ... ... ]
CM state trajectory (subsystem i): x;(k) = [z;(k + k), z;(k +2[k)', .. .. .. ]
Input trajectory (subsystem 4): w;(k) = [w;(k|k),u;(k + 1]k)', .. .. .. ]
Decentralized state trajectory (subsystem 7): z;i(k) = (25 (k + 1]k), zi(k + 2k), ... ]
Define
Cn(A;B)=|B AB ... AN-'B|.

Assumption 4.1. All interaction models are stable i.e., for each i, j € Iz, [Amax(Aij)| < 1, V5 # i.
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4.3 Systemwide control with MPC

In this section, four MPC based systemwide control formulations are described. In each case,
the controller is defined by implementing the first input in the solution to the corresponding
optimization problem. Let 2; C R™:, the set of admissible controls for subsystem i, be a
nonempty, compact, convex set containing the origin in its interior. The set of admissible
controls for the whole plant 2 is the Cartesian product of the admissible control sets of each of
the subsystems. It follows that €2 is a compact, convex set containing the origin in its interior.
The constrained stabilizable set X is the set of all initial subsystem states p = [z1, %2, ..., 2]
that can be steered to the origin by applying a sequence of admissible controls (see (Sznaier
and Damborg, 1990, Definition 2)). In each MPC based framework, 14(0) € X. Hence a feasible

solution exists to the corresponding optimization problem.

P, : Centralized MPC

min ¢ (z(k), u(k);x(k)) = Z w; i (zi(k), wi(k); zi(k))

x(k),u(k)

subject to
x(l 4+ 1k) = Az(l|k) + Bu(llk), k<1

u,(l]k) S Qi, E<Il,Viely

in which x(k), u(k) represents the centralized state and input trajectories. The cost function

for subsystem i is ¢;. The system objective is a convex combination of the local objectives in



33

which w; > 0,4 € Iy, Y ,w; = 1. The vector Z(k) represents the current estimate of the

centralized model states z(k) at discrete time k.

Pa(i) : Decentralized MPC

min d xii(k), wi(k); xi(k
Lmin O (k). ) )

subject to
zi (L + 1]k) = Auzii (k) + Biui(l|k), k<1
u,(”]ﬂ) S Q,‘, k < l

in which (z;;, u;) represents the decentralized state and input trajectories for subsystem i €
Ips. The notation z;;(k) represents the estimate of the decentralized model states at discrete
time k. The subsystem cost function ¢¢ (z;;(k), u;(k); z;;(k)), in the decentralized MPC frame-

work is defined as

&% (s (k), wi(k); 24 (k 12 (45 (E| ) Quiaa (tk) + s (£ k) Ry (¢]F)]
t=k

\]

in which Q;; > 0, R; > 0 and (A;;, Q;Z-/ 2) is detectable.
For communication and cooperation-based MPC, an iteration and exchange of vari-
ables between subsystems is performed during a sample time. We may choose not to iterate

to convergence. We denote this iteration number as p. The cost function for communication-
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based MPC is defined over an infinite horizon and written as

i (@i(k), wi(k); (k) =Y Li (wi(tlk), ui(t|k)) (4.5)

t=k

in which @; > 0, R; > 0 are symmetric weighting matrices with (A4;, Qil / 2) detectable. For each
subsystem i and iterate p, the optimal state-input trajectory («¥(k), u?(k)) is obtained as the

solution to the optimization problem P3(i) defined as

P3(i) : Communication-based MPC

i i (2 (k), uf (k); 2 (k
w?(%lg}?(k) i (x; (k) u; (k); i(k))

K3

subject to

2D (1+11k) = A (1[k) + B (1K) + > Wigub " (1K), k<1

J#i
WP(k) € Qi k<
zi(k) = zi(k)
in which &?(k)' = [27(k + 1/k),2?(k + 2k)', ..., .. ], uP(k) = [WL(klk),uP(k + 1|k, ..., .. ]

and 7;(k) represents the current estimate of the composite model states. Notice that the input
sequence for subsystem 1, uf (k), is optimized to produce its value at iteration p, but the other
subsystems’ inputs are not updated during this optimization; they remain at iterate p — 1.
The objective function is the one for subsystem ¢ only. For notational simplicity, we drop the
time dependence of the state and input trajectories in each of the MPC frameworks described

above. For instance, we write (2!, u) = (2! (k), ul (k)).
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Each communication-based MPC ? transmits current state and input trajectory infor-
mation to all interconnected subsystems” MPCs. Competing agents have no knowledge of
each others cost/utility functions. From a game theoretic perspective, the equilibrium of such
a strategy, if it exists, is called a noncooperative equilibrium or Nash equilibrium Basar and
Olsder (1999). The objectives of each subsystem’s MPC controller are frequently in conflict
with the objectives of other interacting subsystems” controllers. The best achievable perfor-
mance is characterized by a Pareto optimal path which represents the set of optimal trade-offs
among these conflicting/competing controller objectives. It is well known that the Nash equi-
librium is usually suboptimal in the Pareto sense (Cohen (1998); Dubey and Rogawski (1990);

Neck and Dockner (1987)).

4.3.1 Geometry of Communication-based MPC

We illustrate possible scenarios that can arise under communication-based MPC. In each case,
®; (-) denotes the subsystem cost function obtained by eliminating the states from the cost
function ¢;(x;, u;; z;) using the subsystem CM equation (see p. 39). The Nash equilibrium
(NE) and the Pareto optimal solution are denoted by n and p, respectively. To allow a 2-
dimensional representation, a unit control horizon (N = 1) is used. In each example, existence
of the NE follows using (Basar and Olsder, 1999, Theorem 4.4, p. 176). The NE n is the point
of intersection of the reaction curves of the two cost functions (see (Basar and Olsder, 1999,
p. 169)). The Pareto optimal path is the locus of (u1, u2) obtained by minimizing the weighted
sum w1 Py + we Py for each 0 < wy, wy < 1, w1 +wy = 1. If (wy, w2) = (1,0), the Pareto optimal

solution is at point a, and if (wy, wz) = (0, 1), the Pareto optimal solution is at point b.

*Similar strategies have been proposed in Camponogara et al. (2002); Jia and Krogh (2001)
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uy

Figure 4.1: A stable Nash equilibrium exists and is near the Pareto optimal solution. Commu-
nication based iterates converge to the stable Nash equilibrium.

Example 1. Figure 4.1 illustrates the best case scenario for pure communication strategies.
The NE n is located near the Pareto optimal solution p. For initial values of «; and uy located
at point 0, the first communication-based iterate steers u; and uy to point 1. On iterating
further, the sequence of communication-based iterates converges to n. In this case, the NE
is stable i.e., if the system is displaced from n, the sequence of communication-based iterates

brings the system back to n. The closed-loop system will likely behave well in this case.

Example 2. Here, the initial values of the inputs are located near the Pareto optimal solution
(Point 0 in Figure 4.2). However, as observed from Figure 4.2, the NE n for this system is
not near p and therefore, the sequence of communication-based iterates drives the system
away from the Pareto optimal solution. Even though the NE is stable, the solution obtained
at convergence (n) of the communication-based strategy is far from optimal. Consequently, a

stable NE need not imply closed-loop stability.
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Figure 4.2: A stable Nash equilibrium exists but is not near the Pareto optimal solution. The
converged solution, obtained using a communication-based strategy, is far from optimal.
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Figure 4.3: A stable Nash equilibrium does not exist. Communication-based iterates do not
converge to the Nash equilibrium.

Example 3. We note from Figure 4.3 that the NE (n) for this system is in the proximity of the

Pareto optimal solution p. For initial values of u; and uy at the origin and in the absence of
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input constraints, the sequence of communication-based iterates diverges. For a compact fea-
sible region (the box in Figure 4.3), the sequence of communication-based iterates is trapped at
the boundary of the feasible region (Point 4) and does not converge to n. Here, a stable NE for
a (pure) communication-based strategy, in the sense of (Basar and Olsder, 1999, Definition 4.5,
p- 172), does not exist. The closed-loop system is likely to be unstable in this case.

For strongly coupled systems, the NE may not be close to the Pareto optimal solution.
In some situations (Example 3), communication-based strategies do not converge to the NE.
In fact, it is possible to construct simple examples where communication-based MPC leads
to closed-loop instability (Section 4.7). Communication-based MPC is therefore, an unreliable
strategy for systemwide control. The unreliability of the communication-based MPC formu-
lation as a systemwide control strategy motivates the need for an alternate approach. We next
modify the objective functions of the subsystems’ controllers in order to provide a means for
cooperation among the controllers. We replace the objective ¢; with an objective that measures
the systemwide impact of local control actions. Many suitable objectives are possible. Here
we choose the simplest case, the overall plant objective, which is a strict convex combination
of the individual subsystems’ objectives, ¢ = >, w;¢;, w; > 0, Zf‘i Jw; = 1.

In practical situations, the process sampling interval may be insufficient for the com-
putation time required for convergence of a cooperation-based iterative algorithm. In such
situations, the cooperation-based distributed MPC algorithm has to be terminated prior to
convergence of the state and input trajectories (i.e., when time runs out). The last calculated
input trajectory is used to arrive at a suitable control law. To allow intermediate termination,
all iterates generated by the distributed MPC algorithm must be plantwide feasible, and the re-

sulting controller must be closed-loop stable. By plantwide feasibility, we mean that the state—
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input sequence {z;,u;}}, satisfies the model and input constraints of each subsystem. To
guarantee plantwide feasibility of the intermediate iterates, we eliminate the states x;,7 € I/
from each of the optimization problems using the set of CM equations (Equation (4.1)). Subse-
quently, the cost function ¢;(x;, u;; z;(k)) can be re-written as a function of all the interacting

subsystem input trajectories with the initial subsystem state as a parameter i.e.,

gbz(a:“uz,:v,(k)) = (I)i (ul, N/ N T 3V IL’Z(k)) .

For each subsystem i, the optimal input trajectory u:(p ) is obtained as the solution to

the feasible cooperation-based MPC (FC-MPC) optimization problem defined as

P4(i) : Feasible cooperation-based MPC

uw' P (k) € arg(F;) where

)

M
. . p—1 p—1 p—1 p—1,
Fi = min E w, D, (ul sy Wi Wiy W gy Wy 5 T ()
7
r=1
subject to

uz(l\k) S QZ', k<l

xr(k) =2r(k),Vrely
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4.4 Distributed, constrained optimization

Consider the following centralized MPC optimization problem.

ulﬂrgiﬂr}ﬂ{ O (ug,ug,...,up;p(k)) = i}wifbi (uy,ug,...,upr;xi(k)) (4.6a)
subject to

ui(llk) € Qi k<I<k+N-1, (4.6b)

ui(llk) =0, k+ N <, (4.6¢)

For open-loop integrating /unstable systems, an additional terminal state constraint that forces
the unstable modes to the origin at the end of the control horizon is necessary to ensure stabil-

ity (Rawlings and Muske (1993)).

Definition 4.1. The normal cone to a convex set €2 at a point z € (2 is denoted by N(z,) and

defined by N(z;Q) = {s|(s,y —z) <0 forally € Q}.

Let (uj,u3,...,u},) denote the solution to the centralized optimization problem of
Equation (4.6). By definition, v}’ = [u}’,0,0,...], Vi € I);. For each subsystem i € Iy,
define U; € R™N aslf; = Q; x Q; x ... x Q;. Hence, u; € U;, Vi € Iy. The results presented
here are valid also for @ () = Zf\i L wi®; () convex and differentiable on some open neighbor-
hood of Uy x Us x ... x Uy 3. Optimality is characterized by the following result (which uses

convexity but does not assume that the solution is unique).

’The assumptions on ®(-) imply that @ (ui,uz,...,un ;u(k)) > —oco for all
vec(ui(jlk), u2(jlk), ..., unm(jlk)) € Q1 x Q2 x ... x Qu,V j > k and that ®(-) is a proper convex func-
tion in the sense of (Rockafellar, 1970, p. 24).
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Lemma 4.2. (u},u’,...,u},) is optimal for the optimization problem of Equation (4.6) if and only if
_vﬁlq) (u’{,ué, cee ,UT\/[],H(]C)) € N(ﬁ:,ul)’ fOT all'i € T

Proof. By definition (Equation (4.6)), uw;’ = [u;’,0,0,...], Vi € Ip. We note that ®(-) is a
proper convex function, that U x Uz x ... x Uy C dom (@ (+)), and that the relative interior of
Ui x Uz x ... x Upr is nonempty (see (Rockafellar, 1970, Theorem 6.2, p. 45)). Hence, the result

is a consequence of (Rockafellar, 1970, Theorem 27.4, p. 270). O

Suppose that the following level set is bounded and closed (hence compact):

L= {(’U/l,’U/Q,...,UM) q)<u17u27---7u’M ,,U,(k)) < ‘P(u?,ug,...,u% 7/’L(k))7

ik +jlk) € 2, 0<j < N =1, w(k+jlk) =0, N<j, ie HM} 4.7)

We have the following result concerning the limiting set of a sequence of normal cones

of a closed convex set.

Lemma 4.3. Let 2 € R" be closed and convex. Let v € Q and let {x;} be a sequence of points satisfying
z; € Qand x; — x. Let {v;} be any sequence satisfying v; € N (x;; Q) for all i. Then all limit points

of the sequence {v;} belong to N (xz;2).

Proof. Let v be a limit point of {v;} and let S be a subsequence such that lim;esv; = v. By
definition of normal cone, we have (v;,y — x;) < 0forally € 2 and all i € S. By taking limits

asi — 00,1 € S, wehave (v,y —z) < 0forally € Q, proving thatv € N(z,(2), as claimed. [
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4.5 Feasible cooperation-based MPC (FC-MPC)

The FC-MPC optimization problem for subsystem i € I is defined as

F, & n}}Ln i/[: w, D, (uﬁ’fl, .. ,ufjll, u;, uf_Hl, . ,uﬁ}l; :v,(k:)) (4.8a)
r=1
subject to
wllk) e, k<I<k+N-1 (4.8b)
w(llk) =0, k+ N <1 (4.8¢)

in which z;(k) = 7;(k),V i € Ip. For ®;(-) quadratic and obtained by eliminating the CM
states z; from Equation (4.5) using the subsystem CM (Equation (4.1)), V ¢ € I/, the FC-MPC

optimization problem (Equation (4.8)) can be rewritten as

M
F = min %ﬁz(k})/Rzﬂz(k) + (Tz(k) + Z Hijuﬁl(k)) Iﬂi(k) + constant (4.9a)

=1,

subject to

ui(llk) € Qi k<I<k+N-1 (4.9b)

in which Q; = diag(Q;(1),...,Q:(N —1),Q,), R; = diag(R;(0), R;(1),..., R;(N — 1)),

M M
Ri = wiR; + wiBi' QiEyi + Y w;E;i'Q; Eji, Hij = wEi'QE;,
j#i =1

M
ri(k) = wi By’ Qi fiwi (k) + ijEji,ijjmj(k)a
J#
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B; 0O ... ... 0 Wi o ... ... 0
A2
A; B; B, 0 ... 0 AiWi; W, 0 ... 0
Eii = ’Eij: y fi=
ANTIB, L L L B ANTYWL L W
- - - - AN

with Q; denoting an appropriately chosen terminal penalty, as described in the sequel.

An implementable algorithm for FC-MPC is now described. Convergence and opti-
mality properties of the proposed FC-MPC algorithm are established subsequently. Some
additional notation is required. Let ®(u!,ub, ..., uh; u(k)) represent the cooperation-based
cost function at iterate p and discrete time k£ with the initial set of subsystem states p(k). Let
7P

u;

, Vi € Iy denote the solution to the FC-MPC optimization problem 4 (Equation (4.9)). By
definition, the corresponding infinite horizon input trajectory u:(p ) — [ﬁ: (P)s ,0,0,...], Vi €Iy

(»)

The cost associated with the input trajectory u; "’ constructed from the solution to F; (Equa-

tion (4.9)), is represented as <I>(u’1’_1, . ,uf__ll, u:(p), uf;f, o ,u:’;w_l; u(k)). The state sequence
for subsystem i generated by the subsystems’ input trajectories (uj,us, ..., uys) and initial
set of subsystem states p is represented as x; (w1, ug, ..., uar; ). For notational convenience,
we write x; «— x; (w1, ug, ..., up;p) and T; — T; (W, Wa, ..., wpr; ). At discrete time k, let

Pmax (k) denote the maximum number of permissible iterates during the sampling interval. By

definition, 0 < p(k) < pmax(k), V& > 0.

Algorithm 4.1. Givenu, z;(k), Q; > 0,R; > 0, Vi € Ijs, pmax(k) >0 and € >0

p—1Kk «—TeI'>1

*For notational simplicity, we drop the functional dependence of u:“’ ) on p(k) and u¥ VXA



44

while x; > € for some i € [y and p < pmax(k)
doV iecly
ﬁ:(p ) € arg(F;) (see Equation (4.9))

ﬂf — wiﬁ;-k(p) + (1 — wi) uf_l

Transmit @} to each interconnected subsystem j # i
pi [} —
end (do)
pe—ptl
end (while)
In Algorithm 4.1 above, the state trajectory for subsystem i at iterate p is obtained as
=P P (al

z! — = (ul,wh, ..., ul; u(k)). The maximum allowable iterates in each sampling interval

Pmax(k) is a design limit; one may choose to terminate Algorithm 4.1 prior to this limit.
Assumption 4.2. p € 11,0 < pmax(k) < p* < 0.
Assumption 4.3. N > max(«, 1), in which @ = max;cy,, @; and «; > 0 denotes the number of

unstable modes for subsystem i € I;.

Lemma 4.4. Consider the FC-MPC formulation of Equations (4.8), (4.9). The sequence of cost func-
tions {®(ul, ub, ... ul; u(k))} generated by Algorithm 4.1 is a nonincreasing function of the itera-

tion number p.

Proof. From Algorithm 4.1 we know, for all 7 € I that
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Therefore, from the definition of u!’ (Algorithm 4.1) we have

i) (uzl’,ug, . ,ug’w;,u(k:)) = (wlui(p) +(1-— wl)u’ffl, . ,wMuﬁp) +(1- wM)uI]’V;l;p(k))
=d (wl(u*(p),up_l, Lub ) 4wy (ul Las® b+
o~ i) )
M
(by convexity of (-)) < Zw,@ (ull’ LR L T ,uTJ&, ,u’]’\/fl,u(k)>
r=1
<o (wl’—l,ug—l,...,ug;l;u(k)) (4.10)
]

Lemma 4.5. All limit points of Algorithm 4.1 are optimal

Proof. Let (t1,t2,...,ty) be alimit point and S be a subsequence for which

lim (u? ™t ub ™, ,u’j}l) = (t1,t2,...,tm)
peES
By definition, ¢, = [¢,/,0,0,...], Vi € Iy, where ¢; € U;. By taking a further subsequence

of S if necessary and using compactness of the level set £ (Equation (4.7)), we can define

(v1,v2,...,v)) such that

Il)iené(u]f,ug, coouhy) = (vi,v9,. ., v0).
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We have, v’ = [,,0,0,...], Vi € I, where 7; € U;. From Equation (4.10) (Lemma 4.4), by

taking limits and noting that ® (v}, u5,..., u}, ; u(k)) is bounded below, we have that
D (t1,ta,. .. by s (k) = @ (v1,02,. .., v 5 (k)

From Algorithm 4.1, we have v %) = w%uf - (w% - 1) uP™!', i € I)s. Using the definitions of

v; and t;, define z; = wii'vi — (

1

W~ 1) t;, Vi € I);, we have by taking limits in Equation (4.10)

(Lemma 4.4) and using, Vi € Iy,
1 —1 * -1 —1 —1 —1 —1
@(’U{) ,...,Uffl,ui(p),uﬁla---auﬁ/[ 7M(k))§q)<ru}l) 7“’]2) ""711’5)\/[ 7M(k))
that in fact

O (t1,to,... tar s (k) =@ (t1,. .o ticn, zistivr, .ot 5 (k)

=& (v1,v9,...,v0 5 u(k)), Viely (4.11)
From Algorithm 4.1, we have for each 4,
—Va,® (u’f_l, R R P Y ;u(k)) e N@® u,).
Taking limits and invoking Lemma 4.3, we see that

—Va,® (t1,. . tim1, zi tigr, ..t s (k) € N(Zi,Us), Vi€ Dy
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in which z;’ = [2/,0,0,...]. From Equation (4.11), we know

O (ty,to,... . tar s (k) =@ (t1, ... tio1, zis b, ..o tar s (k).

Therefore, t; is also a minimizer of ® (¢1,...,¢;—1, 2, ti11,...,ta ;pu(k)) over U; and so, we
have —V,® (t1,t2,...,ta ;s (k) € N(t;,U;), Vi € Ty Hence, (¢1,t2,...,t)) satisfies the

optimality condition. O

For the iterates confined to the level set £ (Equation (4.7)), a limit point is guaranteed
to exist. From Lemma 4.5, all limit points are optimal. Using strict convexity of the objective

in Equation (4.9), it follows that (u],...,u},) is in fact the limit.

4.6 Closed-loop properties of FC-MPC under state feedback

At time £k, let the FC-MPC scheme be terminated after p(k) = ¢ iterates. Let

for each i € I represent the solution to the FC-MPC algorithm (Algorithm 4.1) after ¢ iterates.
The distributed MPC control law is obtained through a receding horizon implementation of

optimal control whereby the input applied to subsystem i is u;(k) = u{(u(k), 0).

Assumption 4.4. For each i € Iy, (A, Bi;) is stabilizable.
Assumption 4.5. Q;(0) = Qi(1) = ... = Qi(N —1) = Q; > 0and R;(0) = Ri(1) = --- =
RZ(N — 1) =R;>0,Viely.

Lemmas 4.4 and 4.5 lead to the following results on closed-loop stability.
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4.6.1 Nominal stability for systems with stable decentralized modes

Feasibility of FC-MPC optimizations and domain of attraction. For open-loop stable sys-
tems, the domain of the controller is R?, n = sz\i1 n;. Convexity of each of the admissible
input sets €2;, ¢ € Iy and Algorithm 4.1 guarantee that if a feasible input trajectory exists for
each subsystem i € I, at time k£ = 0 and p(0) = 0, then a feasible input trajectory exists for
all subsystems at all future times. One trivial choice for a feasible input trajectory at k£ = 0 is
ui(k+1lk) =0, 1 >0, Vie I. This choice follows from our assumption that €2 is nonempty

and 0 € int(12). The domain of attraction for the closed-loop system is R".

Initialization. At time k = 0, let uY(0) = [0, 0,...... ', Vi € I Since 0 € int(Q), this
sequence of inputs is feasible. Define In((0)) = @(uf(0), ..., u,(0); £(0)) to be the value of
the cooperation-based cost function with the set of zero input initialization trajectories and the

set of initial subsystem states 14(0). At time k£ > 0, define V i € I,

wO(k) = [Pk — 1), 1), P (k- 1), N - 1), 0, 0,... (4.12)

(] [ Ea )

(ul(k),u3(k),...,ul,(k)) constitutes a set of feasible subsystem input trajectories with an as-
sociated cost function J¥, (u(k)) = @ (ul(k), ud(k), ..., ul,(k); u(k)). The value of the cooper-

ation based cost function after p(k) iterates is denoted by

TN k) = S R). ) R): (k).

The following lemma establishes the relationship between the different cost function values.
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Lemma 4.6. Given Algorithm 4.1, employing the FC-MPC optimization problem of Equation (4.9),
for a system with stable decentralized modes. At time k = 0, let Algorithm 4.1 be initialized with input
ui(k +1Uk) = 0,1 >0, Vie Iy If for all times k > 0, each FC-MPC optimization problem is

initialized with the strategy described in Equation (4.12), then we have,

E
—_

M
TR (k) < TR(u(k) < T (u(0) = 30D wili(@i(3),0) < Tw(u(®)  (@413)
=1

T
o

Vp(k)>0andall k>0

A proof is available in Appendix 4.10.2.
Lemma 4.6 can be used to show stability in the sense of Lyapunov (Vidyasagar, 1993,
p- 136). Attractivity of the origin follows from the cost relationship 0 < Jf:,(kﬂ)(,u(k +1)) <

I (u(k)) = Jy (k)( (k) = oM wiLi(i(k), u? ™) (k)). Asymptotic stability, therefore, follows.

Assumption 4.6. For each i € I, A;; is stable, Q; = diag (Qi<1)7 L Qi(N—1), Qi) , in which

@, is the solution of the Lyapunov equation A;/Q;4; — Q, = —Q;

Remark 4.1. Consider a ball B.(0),e > 0 such that the input constraints in each FC-MPC op-
timization problem are inactive. Because 0 € int(2; x --- x Q) and the distributed MPC
control law is stable and attractive, an ¢ > 0 exists. Let Assumption 4.6 hold. For i € B.(0),
! (p), i € Iy is linear in z;, i € Ipy. Also, the initialization strategy for Algorithm 4.1 is inde-
pendent of p. The input trajectory u!(u), i € Ijs generated by Algorithm 4.1 is, therefore, a
Lipschitz continuous function of p for all p € 1. If p < p* < oo (Assumption 4.2), a global

Lipschitz constant (independent of p) can be estimated.

A stronger, exponential stability result is established using the following theorem.
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Theorem 4.1 (Stable decentralized modes). Consider Algorithm 4.1 under state feedback employing
the FC-MPC optimization problem of Equation (4.9), Vi € . Let Assumptions 4.1 to 4.6 be satisfied.

The origin is an exponentially stable equilibrium for the nominal closed-loop system

M
zilk +1) = Ag; (k) + B ™ (u(k),0) + Y Wi (u(k), 0), i € Ly,
J#i

forall u(0) € R™and all p(k) = 1,2, ..., pmax(k).

A proof is available in Appendix 4.10.4.

4.6.2 Nominal stability for systems with unstable decentralized modes

From Assumption 4.1, unstable modes may be present only in the decentralized model. For
systems with some decentralized model eigenvalues on or outside the unit circle, closed-loop
stability under state feedback can be achieved using a terminal state constraint that forces the
unstable decentralized modes to zero at the end of the control horizon. Define

Si = {xi; | 3w; € U;such that S,,,'[Cn (A, Bii) w; + AZN x;i] = 0} steerable set

1

to be the set of decentralized states z;; that can be steered to the origin in N moves. From

Assumption 4.1 and because the domain of each x;;,, 5 € Irr, j # i is R"J, we define
Dg, = R™ x ... x R™G-1) x §; x R+ x ... x R"M C R™ ¢ € Iy, domain of regulator

to be the of all z; for which an admissible input trajectory wu; exists that drives the unstable

decentralized modes U,,,"x; to zero (in N moves). The domain of the controller for the nominal
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closed-loop system

M
xj = A;x; + Bl-uf(,u, 0) + Z u?(/‘, 0), i€lym
J#i

is given by

Do = {p|x; € Dg,, i € Iys}. domain of controller

The set D¢ is positively invariant for the nominal system.

Initialization.  Since ;(0) € D¢, a feasible input trajectory exists and can be computed by

solving the following simple quadratic program (QP) for each i € I;.

) = argmin ||| (4.14a)

subject to
Uu,' (Cn (A, B) @ + AN 2;(0)) = 0 (4.14b)
w;(110) €, 0<I<N—1 (4.14¢)

in which U, is obtained through a Schur decomposition (Golub and Van Loan, 1996, p. 341)
of A; °. Since unstable modes, if any, are present only in the decentralized model (Assump-

tion 4.1), we have Uui/ (CN(AZ', Bl) w; + Afva:z(O)) = Sul.l (CN<Az’i7 Bm) u; + Ag.%'u((]))

ape As,» ® US7‘/ ASN @ SSil
°The Schur decomposition of A; = [Us, U] [ ' Au1:| |:Uu1:/:| and Asi = [Ss;  Su,] [ & A Su;l .

The eigenvalues of As,, As,, are strictly inside the unit circle and the eigenvalues of A.,;, A.;, are on or outside the
unit circle.
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Feasibility of FC-MPC optimizations and domain of attraction. In the nominal case, the
initialization QP (Equation (4.14)) needs to be solved only once for each subsystem i.e., at time
k = 0. Nominal feasibility is assured for all £ > 0 and p(k) > 0 if the initialization QP at
k = 0 is feasible for each i € I;. At time k + 1, the the initial input trajectory is given by
Equation (4.12) for all ¢ € ;. The domain of attraction for the closed-loop system is the set
De.
Consider subsystem ¢ with «; > 0 unstable modes. Since all interaction models are
stable, all unstable modes arise from the decentralized model matrix 4;;. To have a bounded
p(k)

objective, the predicted control trajectory for subsystem i at iterate p(k), @,

;. /, must bring the

unstable decentralized modes U,,,'z; to the origin at the end of the control horizon. Bounded-

ness of the infinite horizon objective can be ensured by adding an end constraint
Uui/ (CN(Ai, B)u; + Aivxz(k?)) =0

to the FC-MPC optimization problem (Equations (4.8), (4.9)) within the framework of Algo-
rithm 4.1. Feasibility of the above end constraint follows because N > «; and (4;, B;) is
stabilizable °.

At time k = 0, let the FC-MPC formulation be initialized with the feasible input tra-
jectory u9(0) = [v;(0)’,v;(1),...]" obtained as the solution to Equation (4.14), in which v;(s) =
0, N < s, Vi € Iy, and let Jn(p(0)) = ®(ud(0),...,u%,(0); 1(0)) denote the associated
cost function value. We have Ji (u(k)) < J%(u(k)) < Tn(p(0)) — K23 wiLi(zi(k),0) <

Jn(p(0)), ¥k > 0,p(k) > 0. The proof for the above claim is identical to the proof for

SStabilizability of (A;, B;) follows from Assumptions 4.1 and 4.4.
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Lemma 4.6. Asymptotic stability can be established using arguments identical to those out-

lined in Section 4.6.1.

Assumption 4.7. o > 0 (see Assumption 4.3). For each i € I,

Q; = d1ag (Qz(l)a - 7Qi(N - 1)7@1) ’

in which Q, = Uy, 3;Us,” with 3; obtained as the solution of the Lyapunov equation A, '3; A, —
E’i = _USiIQiUSi .
The following theorem establishes exponential stability for systems with unstable de-

centralized modes.

Theorem 4.2 (Unstable decentralized modes). Consider Algorithm 4.1 under state feedback, em-
ploying the FC-MPC optimization problem of Equation (4.9), V i € Iy, with an additional terminal
constraint Uy, z;(k + N|k) = Uy,’ (Cn(A;, Bi) @i + AN xi(k)) = 0 enforced on the unstable decen-
tralized modes. Let Assumptions 4.1 to 4.5 and Assumption 4.7 hold. The origin is an exponentially

stable equilibrium point for the nominal closed-loop system
M
wilk +1) = Ag(k) + Biu™ (u(k), 0) + > Wiy ™ (u(k), 0), i € Ly,
j#i
forall u(0) € Do and all p(k) = 1,2, ..., Pmax(k).
For positive semidefinite penalties on the states x;,7 € I3, we have the following results:

Remark 4.2. Let Assumption 4.1 hold and let Q; > 0, (4, Qg/ 2)7 1 € I be detectable. The

nominal closed-loop system ; (k+1) = Agz;(k)+ Ball'™ (u(k), 0) 4+ Wijug(k) (u(k),0), i €
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Iy is exponentially stable under the state feedback distributed MPC control law defined by

either Theorem 4.1 or Theorem 4.2.

Remark 4.3. Let Assumption 4.1 hold and let Q; = diag(Q1i, ..., Qi) with Qi;; > 0,Q;; >
0, Vi,j € Ip, j # i. The nominal closed-loop system z;(k + 1) = A;zi(k) + Biuf(k) (u(k),0) +
D ik Wijué’(k) (u(k), 0), i € Ips is exponentially stable under the state feedback distributed

MPC control law defined by either Theorem 4.1 or Theorem 4.2.

4.7 Examples

Controller performance index. For the examples presented in this paper, the controller per-

formance index for each systemwide control configuration is calculated as

1 k M 1
-\/ .
Roa(h) =5 22 5l 3 [#:() Qiwi () + wi(§) Riua(5)]
7=0 =1
AAcost (config) % = Acost(config) — Acost (cent) < 100
Acost(Cent)

in which Q; = C/Q,,C; + &1 > 0,R; > 0,¢; > 0 and k is the simulation time.

4.7.1 Distillation column control

Table 4.1: Constraints on inputs L, V and regulator parameters.

-1.5<V<1LS

2 <L<L 2
Qy, = 50 Qy, = 50
R1 = 1 RQ = 1

g1 =1076 | &9 =106
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Figure 4.4: Setpoint tracking performance of centralized MPC, communication-based MPC
and FC-MPC. Tray temperatures of the distillation column (Ogunnaike and Ray (1994)).

Consider the distillation column of (Ogunnaike and Ray, 1994, p. 813). Tray tempera-

tures act as inferential variables for composition control. The outputs T5;, 77 are the temper-

atures of trays 21 and 7, respectively and the inputs L,V denote the reflux flowrate and the

vapor boilup flowrate to the distillation column. The sampling rate is 1 sec. The implications
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Figure 4.5: Setpoint tracking performance of centralized MPC, communication-based MPC
and FC-MPC. Input profile (V and L) for the distillation column (Ogunnaike and Ray (1994)).

of the relative gain array (RGA) elements on controller design has been studied in Skogestad
and Morari (1987). While the RGA for this system suggests pairing L with T3; and V' with
T, we intentionally choose a bad control variable-manipulated variable pairing. While deal-

ing with subsystem-based control of large-scale systems, situations arise in which an optimal
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pairing policy for the controlled and manipulated variable sets (CVs and MVs) either does not
exist or is infeasible due to physical or operational constraints. Such situations are not uncom-
mon. From a control perspective, one prerequisite of a reliable subsystem-based systemwide
control strategy is the ability to overcome bad CV-MV choices. Figures 4.4 and 4.5 depict the
closed-loop performance of centralized MPC (cent-MPC), communication-based MPC (comm-
MPC) and FC-MPC when the temperature setpoint of trays 21 and 7 are altered by —1°C and
1°C, respectively. For each MPC, a control horizon N = 25 is used. The nominal plant model
is available in Appendix A (see Table A.2). Input constraints and regulator parameters and

constraints are given in Table 4.1.

Table 4.2: Closed-loop performance comparison of centralized MPC, decentralized MPC,
communication-based MPC and FC-MPC.

Acost AAcost(%
Cent-MPC 1.72 ——
Comm-MPC 00 00
FC-MPC (1 iterate) 6.35 | 269.2%
FC-MPC (10 iterates) || 1.74 1.32%

In the comm-MPC framework, inputs V' and L saturate at their constraints and the
resulting controller is closed-loop unstable. In principle, the situation here is similar to that
depicted in Figure 4.3 (Example 3). The distributed controller derived by terminating the FC-
MPC algorithm after just 1 iterate stabilizes the closed-loop system. However, the closed-loop
performance of this distributed controller is significantly worse than the performance of cen-
tralized MPC. The control costs incurred using the different MPC frameworks are given in
Table 4.2. The distributed controller defined by terminating the FC-MPC algorithm after 10 it-
erates, on the other hand, achieves performance that is within ~ 1.4% of centralized MPC per-

formance. On iterating the FC-MPC algorithm to convergence, the distributed MPCs achieve
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performance that is within a pre-specified tolerance of centralized MPC performance.

4.7.2 Two reactor chain with flash separator

We consider a plant consisting of two continuous stirred tank reactors (CSTRs) followed by
a nonadiabatic flash. A schematic of the plant is shown in Figure 4.6. In each of the CSTRs,
the desired product B is produced through the irreversible first order reaction A X, B. An
undesirable side reaction B —2» C' results in the consumption of B and in the production
of the unwanted side product C. The product stream from CSTR-2 is sent to a nonadiabatic
flash to separate the excess A from the product B and the side product C. Reactant A has the
highest relative volatility and is the predominant component in the vapor phase. A fraction
of the vapor phase is purged and the remaining (A rich) stream is condensed and recycled
back to CSTR-1. The liquid phase (exiting from the flash) consists mainly of B and C. The
first principles model and parameters for the plant are given in Appendix A (see Tables A.3
to A.5). Input constraints are given in Table 4.3. A linear model for the plant is obtained by
linearizing the plant around the steady state corresponding to the maximum yield of B, which
is the desired operational objective.

In the distributed MPC frameworks, there are 3 MPCs, one each for the two CSTRs and
one for the nonadiabatic flash. In the centralized MPC framework, a single MPC controls the
entire plant. The manipulated variables (MVs) for CSTR-1 are the feed flowrate Fy and the
cooling duty Q.. The measured variables are the level of liquid in the reactor H,, the exit mass
fractions of A and B i.e., za,, *B,, respectively and the reactor temperature 7;. The controlled
variables (CVs) for CSTR-1 are H, and T;. The MVs for CSTR-2 are the feed flowrate F; and the

reactor cooling load Qr,. The (local) measured variables are the level H,,, the mass fractions
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Figure 4.6: Two reactor chain followed by nonadiabatic flash. Vapor phase exiting the flash is
predominantly A. Exit flows are a function of the level in the reactor/flash.

of Aand B z,,,zB, at the outlet, and the reactor temperature T}, . The CVs are H,,, and Ty,.

For the nonadiabatic flash, the MVs are the recycle flowrate D and the cooling duty for the

flash Q. The CVs are the level in the flash Hy, and the temperature 7;,. The measurements are

Hy, Ty, and the product stream mass fractions of A and B (x4, and zp, ).

Table 4.3: Input constraints for Example 4.7.2. The symbol A represents a deviation from the
corresponding steady-state value.

“0.1<AF, <0.1
—0.04 < AF} < 0.04
~0.1<AD<0.1

—0.15 < AQ, <0.15
—0.15 < AQ, < 0.15
—0.15 < AQ, < 0.15

Table 4.4: Closed-loop performance comparison of centralized MPC, communication-based

MPC and FC-MPC.

Acost X 10_2 AAcost(%
Cent-MPC 2.0 ——
Comm-MPC 00 s
FC-MPC (1 iterate) 2.13 6%
FC-MPC (10 iterates) ~ 2.0 < 0.1%
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The performance of centralized MPC (Cent-MPC), communication-based MPC (Comm-
MPC) and FC-MPC are evaluated when a setpoint change corresponding to a 42% increase in
the level H,, is made at time 15. The control horizon for each MPC is N = 15. Figures 4.7
and 4.8 depict the performance of the different MPC frameworks for the prescribed setpoint
change. In the Comm-MPC framework, the flowrate F; switches continually between its up-
per and lower bounds. Subsequently, Comm-MPC leads to unstable closed-loop performance.
Both Cent-MPC and FC-MPC (1 iterate) stabilize the closed-loop system. In response to an
increase in the setpoint of H,,, the FC-MPC for CSTR-2 orders a maximal increase in flowrate
Fi. The flowrate F7y, therefore, saturates at its upper limit. The FC-MPCs for CSTR-1 and the
flash cooperate with the FC-MPC for CSTR-2 by initially increasing Fj and later increasing D,
respectively. This feature i.e., cooperation among MPCs is absent under Comm-MPC and is
the likely reason for its failure. A performance comparison of the different MPC frameworks
is given in Table 4.4. If Algorithm 4.1 is terminated after just 1 iterate, the FC-MPC frame-
work incurs a performance loss of 6% compared to cent-MPC performance. If 10 iterates per
sampling interval are possible, the performance of FC-MPC is almost identical to cent-MPC

performance.

4.7.3 Unstable three subsystem network

Consider a plant consisting of three subsystems. The nominal subsystem models are available
in Appendix A (see Table A.6). Input constraints and regulator parameters are given in Ta-
ble 4.5. For each MPC, a control horizon N = 15 is used. Since each of the subsystems has an

unstable decentralized mode, a terminal state constraint that forces the unstable mode to the
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Figure 4.7: Performance of cent-MPC, comm-MPC and FC-MPC when the level setpoint for
CSTR-2 is increased by 42%. Setpoint tracking performance of levels H, and H,,.

origin at the end of the control horizon is employed (Theorem 4.2 for the FC-MPC framework).

A setpoint change of 1 and —1 is made to outputs y; and ys, respectively at time = 6. The per-

formance of the distributed controller derived by terminating the FC-MPC algorithm after 1

and 5 iterates, respectively is shown in Figures 4.9-4.11. A closed-loop performance compar-
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Figure 4.8: Performance of cent-MPC, comm-MPC and FC-MPC when the level setpoint for

CSTR-2 is increased by 42%. Setpoint tracking performance of input flowrates Fj and F,.

ison of the different MPC based frameworks, for the described setpoint change is given in

Table 4.6. The performance loss, compared to centralized MPC, incurred under the FC-MPC

formulation terminated after just 1 iterate is ~ 14%, which is a substantial improvement over

the performance of decentralized and communication-based MPC. Both the decentralized and
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Table 4.5: Input constraints and regulator parameters.

-1 S (75} S 1
-0.15 <wup <0.15
-1.5 <uz < 1.5
02 <us <02
-0.75 <wus <0.75

Qy, = 25 Qy, = 25 Qys = 1

Rl = 1 RQ = 1 Rg = 1

g1 = 10-6 g9 = 1076 €3 = 10-6

Table 4.6: Closed-loop performance comparison of centralized MPC, decentralized MPC,
communication-based MPC and FC-MPC.

Acost AAcost %

Cent-MPC 1.78 —
Decent-MPC 3.53 98.3%
Comm-MPC 3.53 98.2%

FC-MPC (1 iterate) || 2.03 13.9%
FC-MPC (5 iterates) || 1.8 0.8%

communication-based MPC frameworks incur a performance loss of ~ 98% relative to cen-
tralized MPC performance. The behavior of the cooperation-based cost function with iteration
number at time = 6 is shown in Figure 4.11. At time = 6, convergence to the centralized MPC

solution is achieved after ~ 10 iterates.

4.8 Discussion and conclusions

In this chapter, a new distributed, linear MPC framework with guaranteed feasibility, optimal-
ity and closed-loop stability properties was described. It is shown that communication-based
MPC strategies are unreliable for systemwide control and can lead to closed-loop instability. A
cooperation-based distributed MPC algorithm was proposed. The intermediate iterates gener-
ated by this cooperation-based MPC algorithm are feasible and the state feedback distributed

MPC control law based on any intermediate iterate is nominally closed-loop stable. Therefore,
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Figure 4.9: Performance of centralized MPC and FC-MPC for the setpoint change described in

Example 4.7.3. Setpoint tracking performance of outputs y; and ys.

one can terminate Algorithm 4.1 at end of each sampling interval, irrespective of convergence.

At each time £, the states of each subsystem are relayed to all the interconnected subsystems’

MPCs. At each iterate p, the MPC for subsystem ¢ € I, calculates its optimal input trajectory

u? assuming the input trajectories generated by the interacting subsystems” MPCs remain at
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Figure 4.10: Performance of centralized MPC and FC-MPC for the setpoint change described
in Example 4.7.3. Inputs u3 and u4.

-1
u?

U7, Vj # i. The recomputed trajectory w; is subsequently communicated to each intercon-

nected subsystem’s MPC.

Implementation. For a plant with M subsystems employing decentralized MPCs, conver-

sion to the FC-MPC framework involves the following tasks. First, the interaction models
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Figure 4.11: Behavior of the FC-MPC cost function with iteration number at time 6. Conver-
gence to the optimal, centralized cost is achieved after ~ 10 iterates.

must be identified. Techniques for identifying the interaction models under closed-loop oper-
ating conditions have been described in Gudi and Rawlings (2006). Next, the Hessian and the
linear term in the QP for each subsystem MPC need to be modified as shown in Equation 4.8.
Notice that in the decentralized MPC framework, the linear term in the QP is modified after
each time step; in the FC-MPC framework, the linear term is updated after each iterate. The
Hessian in both frameworks is a constant and requires modification only if the models change.
Also, unlike centralized MPC, both decentralized MPC and FC-MPC do not require any infor-
mation regarding the constraints on the external input variables. Finally, a communication
protocol must be established for relaying subsystem state information (after each time step)
and input trajectory information (after each iterate). This communication protocol can range
from data transfer over wireless networks to storing and retrieval of information from a cen-
tral database. One may also consider utilizing recent developments in technology for control
over networks (Baliga and Kumar, 2005; Casavola, Papini, and Franzé, 2006; Imer, Yuksel, and

Basar, 2004) to establish a communication protocol suitable for distributed MPC. This issue is
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beyond the scope of this work and remains an open research area. Along similar lines, devel-
oping reliable buffer strategies in the event of communication disruptions is another important
research problem.

The FC-MPC framework allows the practitioner to seamlessly transition from com-
pletely decentralized control to completely centralized control. For each subsystem i, by set-
ting w; = 1, w; = 0, j # i, and by switching off the communication between the subsystems’
MPCs, the system reverts to decentralized MPC. On the other hand, iterating Algorithm 4.1
to convergence gives the optimal, centralized MPC solution. By terminating Algorithm 4.1 at
intermediate iterates, we obtain performance that lies between the decentralized MPC (base
case) and centralized MPC (best case) performance limits allowing the practitioner to inves-
tigate the potential control benefits of centralized control without requiring the large control
system restructuring and maintenance effort needed to implement and maintain centralized
MPC. Taking subsystems off line and bringing subsystems back online are accomplished eas-
ily in the FC-MPC framework. Through simple modifications, the FC-MPC framework can be
geared to focus on operational objectives (at the expense of optimality), in the spirit of modu-
lar multivariable control Meadowcroft, Stephanopoulos, and Brosilow (1992). For instance, it
is possible to modify the FC-MPC framework such that only local inputs are used to track a
certain output variable. Details of such a modified FC-MPC framework are available in Chap-

ter 7.
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4.9 Extensions

Several extensions for the proposed FC-MPC framework are possible. Here, we present two

simple extensions.

4.9.1 Rate of change of input penalty and constraint

Constraints and penalties on the rate of change of each subsystem’s inputs can be included in
the FC-MPC framework. For subsystem i € I, define Au;(k) = u; (k) —u;(k—1). Let Auitn <
Au; < Auf®, Vi € Ijs. Bound constraints on the rate of change of each subsystem’s inputs
represent limits on how rapidly the corresponding actuators/valves can move in practice. The

stage cost is defined as
1

in which @; > 0, R; + S; > 0 are symmetric matrices and (A4;, Q}/ 2) is detectable. To con-
vert Equation (4.15) to the standard form (see Equation (4.3)), we use a strategy similar to
that described in Muske and Rawlings (1993) for single MPCs. The decentralized state x;; for

subsystem i € I is augmented with the subsystem input u; obtained at the previous time

step. At time k, define z;;(k) = [z (k), u;(k — 1)'] to be the augmented decentralized state for
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yii(k +1) = Cyizii(k), (4.16b)
- Ay 0 | B _
in which A” = s Bn‘ y C“ = |:CZZ ():|
0 o0 I
The augmented CM state is defined as z; = [z;1’,..., 2, ..., zin']’. The augmented CM for
subsystem 7 is
Zz(k' + 1) = Avlzz(k) + Ezuz(k) + Z leuj(k‘) (4.17a)
J#i
yi(k) = Cizi(k) (4.17b)
in which
- - - Bi| _ Wi | - -
Ai:diag(Aﬂ,...,AZ-Z-,...,AZ'M),Bi: 7Wij = 5 C’lzdlag(Cﬂ,,C“,,CzM)
I 0
The stage cost defined in Equation (4.15) can be rewritten as
1~ ~ __
Li(zi, uz) = i[zilQizi + Uz/Rzuz =+ Z/Miui] (4.18)
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where

Qi = : Ri=R; + S, M, =

Notice that if S; = 0, we revert to the earlier definition of the stage cost (Equation (4.3), p. 30).
The cost function ¢;(-) (see Equation (4.5), p. 34) is obtained by using Equation (4.18) for the
definition of L;(-). Let Z;; = [zi(1)’, ..., zi;(N)']. Using Equation (4.16), we write z;; = Foa; +

Eiizii (O), in WhiCh

Ezz 0 0 AVZ’L

~ Avngzz Ell 0 0 ~ A?Z
F’Li = » Gl =

_gg_lén‘ éii_ _‘Zg_

Define T;; = {0 _ [} for each i € ;. The bound constraint on Au; can be expressed as

Aufﬂn < Tz +w; < Au*®*. The FC-MPC optimization problem for subsystem 1 is, therefore,

M
x 1_ — —p— —
u, ®) ¢ arg min §u2(k‘)’Rzuz(k‘) + | ri(k) + Z Hijal Y(k) | @i(k) + constant  (4.19a)
“ j=Lii
subject to

u; €U; (4.19b)

"™ < D + Zieiizi(k) < TP (4.19¢)
7 1



in which Q; = diag(Q;(1),. ..

0 M
0 M
M; = 0
0 O
Aumin — Tmzn(k)
Au;-nin
Hgnin —
Au?in
B; 0
_ A;B; B
E;; =

max __
) Hz -

M; A;
N 0 A?
’ PZ = ) f’L =
0 AN
Au?qax — T“Z“(k)
Aymex
Aymax
0 Wi
0 - EZWZ]
) E;;
B; AN

,Ri(N — 1)),
0 0
Ty
Tii 0
0
0 0
Wi

71
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for each j € s, 5 # i. Also,

M
Ri = wilR; + Ei/ Qi Eyi + 2E/M;] + Y w; Eji'Q Ejq
JF
M ~ ~ ~ ~
Hij =Y wiEQE; + M/ Eij + E;i'M;
I=1

M
’l‘z(k‘) = wl[En’szlzl(k‘) + M/flzz(k:) + ﬁzzl(k‘)] + Z lUjEj/@jijj(k‘)
i

D; =TiFy + 1

The terminal penalty is obtained using Theorem 4.1 for stable systems or Theorem 4.2 for sys-
tems with unstable decentralized modes, and replacing each 4;, Q; with ﬁi, @i, respectively.
For systems with unstable decentralized modes, a terminal decentralized state constraint is
also required (see Section 4.6.2). All established properties (feasibility, optimality and closed-

loop stability) apply for this case.

4.9.2 Coupled subsystem input constraints

The FC-MPC formulation can be employed for control of systems with coupled subsystem

input constraints of the form Zf‘il Hyu; < h,h > 0. At time k and iterate p, the FC-MPC
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optimization problem for subsystem ¢ € I is

M
u;k(p)(k:) € arg n}blzn z;wTCIDT (ufﬁl, e ufill, ui,ui:ll, . ,uﬁ/fl; xr(kz)) (4.20a)
subject to
w(llk) e, k<I<k+N-1 (4.20b)
wi(llk) =0, k+N <l (4.20¢)
M

Hyui(Ilk) + Y Hpb '(lk) <h, k<I<k+N-1 (4.20d)

j=Li#i

It can be shown that the sequence of cost functions generated by Algorithm 4.1 (solving the
optimization problem of Equation (4.20) instead) is a nonincreasing function of the iteration
number and converges. Also, the distributed MPC control law based on any intermediate iter-
ate is guaranteed to be feasible and closed-loop stable. Let > be the converged cost function
value and let S*° = {(u1,...,up) | ®(u1,...,un; p) = @} denote the limit set. Using strict
convexity of the objective, it can be shown that Algorithm 4.1 converges to a point u$°, ..., u%;
in §°°. Because a coupled input constraint is present, the converged solution u°, ..., u$; may
be different from the optimal centralized solution. We present two examples to illustrate pos-

sible nonoptimality of Algorithm 4.1 in the presence of coupled subsystems’ input constraints.

Example for nonoptimality of Algorithm 4.1 in the presence of coupled constraints. A sim-

ple optimization example is described here. Consider the following optimization problem in
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decision variables u; and uo

$%(M—19+a@—1ﬁ (4.21a)
subject to
1>u; >0 (4.21b)
1>uy >0 (4.21¢c)
1l—u;—us >0 (4.21d)

A graphical representation of the optimization problem is given in Figure 4.12. The optimal

solution to the optimization problem of Equation (4.21) is (uj,u}) = (%, %)

(0,0) U --->

Figure 4.12: Example demonstrating nonoptimality of Algorithm 4.1 in the presence of cou-
pled decision variable constraints.
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In the cooperation-based distributed optimization framework, the optimizer for u,

solves the following optimization problem at iterate p

min (u; — 1)% + (ug*1 —1)? (4.22a)
uy
subject to
1>u >0 (4.22b)
1—u—uy ' >0 (4.22¢)
Similarly, the optimizer for uy solves
min (u{’_l — 12+ (ug — 1)? (4.23a)
u2
subject to
1>u2>0 (4.23b)
1-— ull’f1 —u2 >0 (4.23¢)

Atiterate p, let the solution to the optimization problems described in Equations (4.22) and (4.23)

be ui(p ) and u;(p ), respectively. We consider three cases.

Casel. (uf,u9) = (1,0)
Using Algorithm 4.1 employing the optimization problems given by Equations (4.22) and (4.23)
-1 p*1> _ ( 0,0

gives (uf,ub) = (1,0) = (v} ", u} uy, ug). Algorithm 4.1, therefore, gives a nonoptimal

solution for all p.
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Case2. (uf,ul)=(3,1)
,Ug_l) = (uf,u). Like case 1, Algo-

Using Algorithm 4.1, we have (u},u}) = (2,1) = (4}

rithm 4.1 gives a nonoptimal solution for all values of p.

Case3. (ul,u9) = (0,0)
For this case, we have using Algorithm 4.1 that u’{(l) = 1 and u;(l) = 1. The first iterate,
1

(ul,ud) = (3,1), the optimal solution. Hence, unlike cases 1 and 2, Algorithm 4.1 converges

to the optimal solution after just 1 iterate.

Distributed MPC of distillation column with coupled constraints. We consider the dis-
tillation column described in Section 4.7.1 with an additional coupled input constraint 0 <
L +V < 0.25. The performance of FC-MPC at convergence is compared to centralized MPC
(see Figure 4.13). While the coupled input constraint is active, the performance of FC-MPC
(convergence) is different from centralized MPC. If the coupled input constraint is inactive,
the performance of FC-MPC (convergence) is within a pre-specified tolerance of centralized
MPC. The closed-loop control cost of FC-MPC (convergence) exceeds that of centralized MPC

by nearly 1%.

4.10 Appendix

4.10.1 Proof for Lemma 4.1

Proof. It follows from compactness of X and continuity of the linear mapping A(-) that the
set B is compact. Let A = VEW’ denote a singular value decomposition of A. Also, let

r = rank(A). Therefore, XW'z = V'b. If r < m then a necessary and sufficient condition for
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Figure 4.13: Setpoint tracking performance of centralized MPC and FC-MPC (convergence).
An additional coupled input constraint 0 < L 4 V' < 0.25 is employed.

the system Az = b to be solvable is that the last m — r left singular vectors are orthogonal
tob. 'V = [v1,v2,...,0m], W = [wi,ws,...,w,] and ¥ = diag(oi,09,...,0.,0,...) then

N
z(b) = Y1, vgibwi is a solution to the system Az = b with minimum /3 norm (Horn and

Johnson, 1985, p. 429).
Since 0 € X, there exists a ¢ > 0 such that Z(b) € X for all b € B.(0). For b € B.(0),

choose K1 = 77, Wl This choice gives [[(b) | < Ki[lb], Az(b) = b, 7(b) € X with K,

1=



78

independent of the choice of b € B.(0).
Define B \ B.(0) = {b| b € B, ||b]| > €}. Compactness of X implies 3 R > 0 such that
||| < R,V € X. Therefore, |z]| < £||b]|, Vb € B\ B.(0),z € X. The choice K = max(K;, &)

gives ||Z(b)|| < Kb, Vb € B. O

4.10.2 Proof for Lemma 4.6

Proof. The proof is by induction. At time k = 0, the FC-MPC algorithm is initialized with the
input sequence w;(k + I|k) = 0, | > 0, Vi € Ip;. Hence J%(u(0)) = Jn(1(0)). We know
from Lemma 4.6 that Jﬁ,(o)(u(O)) < J%(u(0)) = Jn(11(0)). The relationship (Equation (4.13)),

therefore, holds at k = 0. At time k = 1, we have

Hence the relationship in Equation (4.13) is true for k = 1.
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Assume now that the result is true for some time & > 1. At time k£ + 1,

M
T e +1) < IRl + 1)) = TR (k) = D wils (i), ()
i=1
. M
< I8 (u(k)) = > wiL (i(k), 0)
i=1
N E M
< In(p(0)) = > > wiLi(xi(4),0)
7=01i=1
< Jn(u(0))
The result is, therefore, true for all k¥ > 0, as claimed. O

4.10.3 Lipschitz continuity of the distributed MPC control law: Stable systems

Lemma 4.7. Let the input constraints in the FC-MPC optimization problem of Equation (4.9) be spec-
ified in terms of a collection of linear inequalities such that the set of active constraints is linearly
independent for each i € Ips. Let Assumption 4.6 hold. The input trajectory @l (1), Vi € Iy generated

by Algorithm 4.1 is a Lipschitz continuous function of the set of subsystem states u for all p € 1,

p<p"

Proof. Lipschitz continuity of the control law in the set of subsystem states is proved in two
steps. First, we show that the solution to the FC-MPC optimization problem (Equation (4.9))
for each subsystem i is Lipschitz continuous in the data. In the FC-MPC optimization problem
of Equation (4.9), R; > 0. The solution to the FC-MPC optimization problem is, therefore,
unique. The parameters that vary in the data are y and the input trajectories A” ;1, in which
APl — ! —p—1 —p-1

> (T T T Jah ! Let H:(p) (1; AP (1)) represent the solution to Equa-

tion (4.9) at iterate p and system state p. Also, let ( = [z1, 22, ..., z)]. By assumption, the set
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of active constraints is linearly independent. From (Hager, 1979, Theorem 3.1), 3 p < oo such

that

1/2
;™ (s AP (1)) — ;P (¢ AP%><p(u qF+§jw¢1 161«>ﬁ

J#

From Algorithm 4.1, we have

[ (1) — @ ()| < willw;® (; -) -7, P(¢; )

+ (1 —wy) ™ () — @ Q)

1/2
< pw; | [|pe — qP+§]rp1 ) - @ ()
JF#i
+ (1 —w) @ () @ (] p e L (4.24)

It follows from Equation (4.24) that if u} -1 (w) is Lipschitz continuous w.r.t i1 for all ¢ € Is then

u! (p) is Lipschitz continuous w.r.t p.

If k = 0, we choose u{(0) = [0,0,...]',Vi € I;. For k > 0, we have (Equation (4.12))

7

@ (k) = [uf(k_l)(,u(k —1), 1), P (k= 1), N —1Y,0

Either initialization is independent of the current system state . Since the models are causal,
u; (1) is Lipschitz continuous in y. Subsequently, by induction, @? (y) is Lipschitz continuous
in p for all p € I.. For pmax(k) < p* < oo for all £ > 0, a global Lipschitz constant can
be estimated. By definition, u?(u) = [@(n)’,0,0,...), i € I5,. Hence, ul(p) is a Lipschitz

continuous function of p forall p € I, p < pmax- O
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Corollary 4.7.1. The distributed MPC control law uf (11,0), @ € Ips is Lipschitz continuous in p for

allp eIy, p <p".

4.10.4 Proof for Theorem 4.1

(k)(

Proof. To prove exponential stability, the value function J&" (u(k)) is a candidate Lyapunov

function. We need to show (Vidyasagar, 1993, p. 267) there exists constants a, b, ¢ > 0 such that

k)
az s (k) )> < TP (u(k)) < bz i (K) |2 (4.25a)

AR < —cz |z (k)| (4.25b)

in which AJK (u(k)) = T (ke + 1)) = I (u(k)).

Let &? = [z¥(u, 1), 2% (1, 2)’,...]" denote the state trajectory for subsystem i € Ij; gen-
erated by the input trajectories u} (1), . .., uf, (1) obtained after p € I (Algorithm 4.1) iterates
and initial state u. Rewriting the cooperation-based cost function in terms of the calculated

state and input trajectories, we have

M N
0 =D i | S0 LD k), 0, 0D k), ) + 3 12O (k). N,
=1

in which Q;, R; and Q; are all positive definite and :):p( )( (k),0) = zi(k),i € Iyy.
Because Q; > 0, there exists an a > 0 such that azgl lzs (R)||? < J]f,(k) (u(k)). One

possible choice is a = min;ct,, sz/\mm(Q ). From

AT (4 zwz i () k), 0)) < = 3" wigmi(k) Quas(k),
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there exists ¢ > 0 such that AJJI\}(k) (u(k)) < —c Zf\il |zi(Kk)||?. One possible choice for c is
¢ = minjer,, 3W;Amin(Q;)-

At time £ = 0, each subsystem’s FC-MPC optimization is initialized with the zero

input trajectory. Using Lemma 4.4, we have Jﬁ,(o) (1(0)) < aZﬁl |lz;(0)]|?, in which 0 <

max;er,, Widmax(Q;) < 0. Since 0 € int (Q1 x ...Qy) and the origin is Lyapunov stable and
attractive with the cost relationship given in Lemma 4.6, there exists ¢ > 0 such that the input
constraints remain inactive in each subsystem’s FC-MPC optimization for any p € B (0). From
Remark 4.1, there exists p > 0 such that [[u} (p)|| < /p||ull, Ve € B-(0),0 < p < p*,i € Iy 7. Us-
ing the definition of the norm operator on  and squaring, we have |[@ (u)|? < p M, ||z
Since €);, i € I/ is compact, a constant Z > 0 exists satisfying ||u;|| < VZ, YV u € Qand all
i € Ips. For ||| > &, we have |Ju;|| < @H,u” Choose K = max(p, Z_:%,cr) > 0. The constant K
is independent of z; and |[u? (1, §)||> < K "M ||#:]|?, Vi €Iy, j > 0and all 0 < p < p*.
Using stability of A;, Vi € Iy and (Horn and Johnson, 1985, 5.6.13, p. 299), there exists

¢ > 0 and max;ey,, Amax(4i) < A < 1 such that ||A5H <eM, Viely,j> 0. For any ¢ € Iy

"Lipschitz continuity of u?(p),i € I also follows from Lemma 4.10.3. For u € B.(0), none of the input
constraints are active. The requirement of linear independence of active constraints (in Lemma 4.10.3) is trivially
satisfied.
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and 0 <[ < N, therefore,

-1
17 (k) D < Azl + 3 A7 @\Biuwuf““(u(k),j)\
=0
'y uwisnr\u§<k><u<k>,j>r\]

S#1

1/2
< e\ |2 (k ||+ZCAZ =iy (anl |2>

gc( ) (z - ||2) "

<f<ZH$z H2>1/2

p(k) (1= N0 12 N0 12
Iy (u(k))szwz 5 2 Amax( Q)17 (k) DI + Amasx (B 1™ (u(R), )|

in which the positive constant b = % Zf\il w; [N()\max(Qi)F + Amax(Ri)K) + )\maX(QZ-)F]. O

4.10.5 Lipschitz continuity of the distributed MPC control law: Unstable systems

Lemma 4.8. Let €, i € Iy be specified in terms of a collection of linear inequalities. For each

i € Iy, consider the FC-MPC optimization problem of Equation (4.9) with a terminal state constraint
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U’ (Cn (A, Bi)w; + AN (k) = 0. Let B.(0), € > 0 be defined such that the input inequality
constraints in each FC-MPC optimization problem and initialization QP (Equation (4.14)) remain
inactive for p € B.(0). Let Assumptions 4.1, 4.4 and 4.7 hold. The input trajectory @l (), i € I

generated by Algorithm 4.1 is a Lipschitz continuous function of p for all p € I, p < p*.

Proof. Since 0 € int(€2; x - - - x ;) and the distributed MPC control law is stable and attractive,
an € > 0 exists. The main difference between the proof for this lemma and the proof for
Lemma 4.7 is showing that the initialization using the solution to the QP of Equation (4.14) (at
initial time i.e., K = 0) is Lipschitz continuous in the initial subsystem state x; for p € B(0).
From Assumptions 4.1 and 4.4, (A;, B;), ¢ € I/ is stabilizable. Because (4, B;) is stabilizable
and U,, is obtained from a Schur decomposition, the rows of U,,'Cn(A;, B;) are independent
(hence, the active constraints are independent).

Consider two sets of initial subsystem states 11(0), ((0) € D¢ containing the initial sub-
system states x;(0) and z;(0), ¢ € I, respectively. Let the solution to the initialization QP
(Equation (4.14)) for the two initial states be 7 (x;(0)) and @} (2;(0)), respectively. From (Hager,
1979, Theorem 3.1), 3 p < oo satistying || (x;(0)) — 77 (2:(0))|| < pl|zi(0) — 2;(0)]]. We have
@W() = (x:(0)), i € Ly. This gives [@%(u(0)) — @W(C(O)] = [5;(:(0)) — B (=(0))] <

pllzi(0) — 2 (0)]] < pl|(0) — ¢(0)||,V i € Iys. Also, by definition u! = [u}’,0,...]. The remain-

(3

der of the proof follows the arguments in the proof for Lemma 4.7. O

4.10.6 Proof for Theorem 4.2

Proof. To show exponential stability for the set of initial subsystem states ;(k) € D¢, we need
to show that there exists positive constants a, b, ¢ satisfying Equations (4.25a) and (4.25b). De-

termination of constants a and c closely follows the argument presented in the proof for The-
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orem 4.1. To complete the proof, we need to show that a constant b > 0 exists such that

JE®) ) < bZH:m )2

Let 2¥ = [2¥(u, 1), 2% (1,2)’,...]" denote the state trajectory for subsystem i € I); gen-
erated by the input trajectories uf(p),...,uh, (1) obtained after p € I, (Algorithm 4.1) it-
erates and initial state u. Let xf(k)(u(k‘),()) = xzi(k), i € Ip. At time k = 0, we have
1(0) € De. From the definition of the initialization QP (Equation (4.14)) and Lemma 4.1,
there exists constant K, > 0 independent of z; such that the N input sequence u;(0) =
[2;(0]0), @;(1]0), ..., w;(N—1]0)"] obtained as the solution to Equation (4.14) satisfies ||u;(1]0)|| <
VEu||zi0)]| < /Ky |[p(0)],0 <1 < N-—1,i € Iy. Let K, = maxer,, Ky,. Since 0 €
int(£2; x ... x Qy) and the origin is Lyapunov stable and attractive with the cost relationship
given in Section 4.6.2, there exists an €1 > 0 such that all the input inequality constraints in
the FC-MPC optimization for each subsystem remain inactive for any px € Bc,(0). Similarly,
choose ¢2 > 0 such that the minimum /5 norm solution is feasible (and hence optimal) for
the initialization QP (Equation (4.14)) for all ¢ € Ij; and any x4 € B.,(0). Feasibility of the
minimum /> norm solution implies none of the input inequality constraints are active. Pick
e = min(ey,e2) > 0. For p € B,(0), the only active constraint, for each subsystem i € Iy, is
the terminal equality constraint U,,’ (C ~N(4;, B;)w; + Afv xl(kz)) = 0. In the above constraint,
Uy, is obtained from a Schur decomposition of A; and (A;, B;) is stabilizable. The rows of
U.,'Cn(A;, B;) are, therefore, linearly independent. From Lemma 4.8, u;(-) is Lipschitz con-

tinuous in p for € B.(0). Hence, there exists p > 0 such that [[u?(u)]|> < p SN, ||,
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V0 < p < p* i€ Iy’ Using arguments identical to those described in the proof for Theo-
rem 4.1, we have K = max(p, %2, K,) where K > 0 and independent of x;,7 € I; such that
[ (p, NP < K S (lal|?, Vi € Ty, j > 0,and all 0 < p < p.

Define A; = maxo<j<n HA{H Foranyielpyand0 <!l < N

-1
1228 (k) DIl = |ALE® (u(k), 0) + 3 AT B ™ (u(k), 5)

7=0
-1 )

+ 33 AT W ® (u(k), 5) |

s#i j=0
1/2
< || AY |2 (k) +ZHAZ B+ Wl (Zuxz !!2>
SF#1

1/2

< Al (0] + A wa (Zuxz !!2>
M 1/2

< A (149NVE) (Z muou?)

i=1

= VI (Zm ||2)1/2 (426)

2

in which = maxier,, || Bil| + S0, [|Wis] and T; = A, (1 + yN\/E> .
Define ¥; to be the solution to the Lyapunov equation A;,'%; A, — %, = —U,,'Q;Us, and
let Q; = Us,2;Us,’. The infinite sum Zf\il w; Y2 N Li(Aéazf(k) (1(k), j),0) subject to the termi-

nal state constraint U,,’ p(k) (u(k), N) = 0is equal to > M, wzzxf(k) (u(k), NY Q"™ (u(k), N).

'L i

8The details are available in the proof for Theorem 4.1 and are, therefore, omitted.



87

=1 7=0
5ot ) N Qe (1), )
M 1 N-1 olk
Sk > A Q1 0. AP+ A B 409,
=1 j=
+ (@12 ). WP
1 M N-1 o M
< 5 sz [ ()\maX(Qz)Fz + )\max(Rz)K) + )\maX(QZ)Fz] Z ”mz( )H2
=1 =0 i=1
1 & j &
S 5 sz [N)\max(Qi)Fi + NAmax(R )K + )\max(Q )Fz] Z sz(k)”Q
;\;1 =1
<bY (k)|
=1

in which the constant b is independent of the initialization strategy used for the subsystem

input trajectories and selected such that

0< - Z wz max ) i + N)\max(Ri)K + Amax(@i)l—‘i] <b

Hence, the closed-loop system is exponentially stable, as claimed. O



88

Chapter 5

Output feedback distributed MPC 1

In this chapter, we consider the FC-MPC framework with distributed state estimation. Subsys-
tem based Kalman filters are used to estimate subsystem states from local measurements. Two
distributed estimation strategies are presented here. Feasibility, optimality and closed-loop
stability properties for the distributed estimator-distributed regulator combination in the case
of decaying estimate error are investigated. Finally, two examples are presented to illustrate

the effectiveness of the proposed approach

5.1 Notation and preliminaries

The symbol I; represents the set of integers {1,2,..., M }. The notation used in this chapter
is consistent with the notation introduced in Chapter 4. Some additional notation is required.
The vec(-) operator defined in Section 4.2 is extended for a finite set of (compatible) matrices

Y; € R9*7 j=1,2,...,J, J > 1and finite ie, vec(Y1,Y2,...,Y)) = |v{! vy ... \ 4% !

'Portions of this chapter appear in Venkat, Rawlings, and Wright (2006e) and in Venkat, Rawlings, and
Wright (2006g).
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For any matrix P, the symbol Ay (P) denotes the maximum eigenvalue of P. Define

CN(A’B): B AB ... AN-1B|,

in which N represents the control horizon. Let Z; denote an estimate of the states of subsystem

i. The notation /i denotes the set of estimated composite model (CM) states z1, Z2, ... Zu Le.,
o= [T1,%2,...,Tpm]

We use i € X to imply vec(pi) = vec(Zy,...,Zn) € X. The norm operator for 1 is defined
as ||7i]| = [[vec(Z1, ..., Zar)|| = /oM, ||7]|2. Let e; denote the state estimate error for subsys-
tem i € Iy Let (Aem € R™™, Beyy € R™™ Cyy € R™X™) denote the A, B and C matrices
respectively for the composite model (CM) for the entire plant (see Chapter 4, Equation (4.2))
withn = M n;,m =Y m;and n, = 3™ n,,. It is assumed that (Acy, Bem) is stabiliz-
able and (Acm, Cem) is detectable. For each (A;;, B;j, Ci;) in the CM for subsystem i, we have
Ay € RMaXmia, Byj € RM>XMi, Gy € R™i XM with g = Y3 nyj.

Consider the nonminimal, LTI system (A,,, By,, Cp,, Gr,) defined as

x(k+1) = Anz(k) + Bpu(k) + Grw(k) (5.1a)

y(k) = Cpx(k) + v(k) (5.1b)

in which 4,, € R"™" B,, € R"™™ C,, € R™»*" G,, € R"9. The terms w(k) and v(k) are
zero-mean disturbances, with covariances @, R, respectively, that affect the state and out-

put equation. It is assumed that (A,,, By,) is stabilizable and (A4,,, Cy,) is detectable. The
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noise shaping matrix G, and the noise covariances ), R, are usually unknown and have to

be estimated from process data. Let 7" be a similarity transform for the LTI system and let

(A, B, Cony G) = (TAT =Y, TBy, Ct T~1, TG,y be the transformed system.
Lemma 5.1. Detectability (and hence stabilizability) is invariant under a similarity transformation.

This result follows from (Chen, 1999, Theorems 5.15 and 5.16, p. 200). An alternate

proof is given in Appendix 5.7.1.

5.2 State estimation for FC-MPC

Assumption 5.1. All interaction models are stable i.e., for each i, j € I/, [Amax(Aij)| < 1, V5 # i.

In the context of FC-MPC, the goal of distributed estimation is to ascertain the states
of each subsystem (decentralized and interaction) from local measurements. Observability
for the subsystem CM follows from Lemma 5.2, which is a mere restatement of the Hautus

Lemma (Sontag, 1998, p. 272).

Lemma 5.2 (Observability). For each subsystem i € 1y, (A;, C;) is observable if

A — A;
rank =mng, VA=A

Ci
A sufficient condition for CM observability is stated below.

Corollary 5.2.1 (CM observability). For subsystem i, let (A;j,Cy5), ¥ j € Iy be observable. If

AAi1) N A(Ai2) N ... N A(Ajnr) = 9, the CM (A, Cy) is observable.
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Proof. For any A € A(A4;), the conditions of the corollary imply, A € A(A4;;) for some unique

M — A
J € Ip. If the columns of are not independent, we contradict observability of
C;
(A5, Cj5), which proves the corollary. O

Observability is usually a stronger than necessary requirement. The following lemma

provides a necessary and sufficient condition for detectability of each subsystem CM.

Lemma 5.3 (Detectability). Let Assumption 5.1 hold. The CM (A;, C;) is detectable if and only if

(Asi, Cy) is detectable.

A proof is given in Appendix 5.8.1.
Lemma 5.4. Let the noise shaping matrix, G, for the plant CM (see Equation (4.2)) be defined as
Gem = |Gy Gy ... G|’ If (Aem,Gem) is stabilizable then (A;, G;), Vi € 1y is stabilizable.

A proof is given in Appendix 5.8.2.

5.2.1 Method 1. Distributed estimation with subsystem-based noise shaping ma-

trices

We consider first, a distributed estimation framework in which the noise shaping matrix G; €
R"™*9% and noise covariances @),,, R, are estimated locally for each ¢ € Ij;. The steady-state
subsystem-based Kalman filters designed subsequently, require only local measurements. For

each subsystem i € I, let

M
zi(k + 1) = Aizi(k) + Baui(k) + > Wiju(k) + Giwg, (k),  wa, (k) ~ N(0,Qq,)  (5.2a)
J#i

yz(k) = Cﬂjz(k‘) + Vi(/f), I/l(k‘) ~ N(O, Rvi) (52b)
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denote the CM employed by each subsystem’s Kalman filter, in which w,, ~ N(0,Qy,) € R
and v; ~ N(0,R,,) € R"i represent zero-mean white noise disturbances affecting the CM

state equation and output equation, respectively.
Assumption 5.2. For each i € I, (A, Ci;) is detectable.
Assumption 5.3. For each i € I, (A, Bi;) is stabilizable.

For the CM (A;, B;, {Wi;}j+i, Ci, G;) with (A, Cy;) detectable and (Ay;, By;) stabiliz-
able, Lemma 5.3 gives (A;, C;) is detectable and (A;, B;) is stabilizable. There exists a sim-
ilarity transformation 7; that converts the CM for subsystem ¢ into observability canonical
form (Kailath, 1980). Let (A\z, @) = (TiAiTi_l, CiTi_l) be the A and C matrices of the CM in

observability canonical form, where
Co o] (5.3)

From Lemma 5.1, (;1\1, CA‘Z) is detectable. Therefore, A?, which corresponds to the unobservable

partition of the subsystem CM, is stable. The observable subsystem CM is

29(k + 1) = A9af (k) + Byui(k) + > Wius(k) + Gowi(k),  yi(k) = CPaf(k), af € R'™.
JFi

The noise covariances GQ,,GS’ and R, can be determined for the observable CM above,
using any of autocovariance least squares (ALS) methods available in the literature (Carew and
Bélanger, 1973; Mehra, 1970, 1972; Odelson, Rajamani, and Rawlings, 2006; Sims, Lainiotis,
and Magill, 1969). Here, we use the procedure described in Odelson et al. (2006). Since (A;, C;)

is detectable, a stable estimator gain £; exists and (Odelson et al., 2006, Assumptions 1 and
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2) are satisfied. The closed-loop data for estimating the covariances is generated using any
stable filter gain for each estimator ¢ € I);. The FC-MPC algorithm (Algorithm 4.1, p. 43) is
used for regulation. Two possible scenarios arise during estimation of the noise covariances.
In the first case, G¢Q,,GY’ and R,, can be estimated uniquely. A necessary and sufficient
rank condition under which the ALS procedure gives unique estimates is given in (Odelson
et al., 2006, Lemma 4). For the observable subsystem model (A?, C?) used in ALS estimation,
unique estimates of G?Q,,GY’ and R,, are obtained only if n,, > n?. For the case n,, < n?,
the estimates of GYQ,,GY’ and R,, are not unique. In this case, several choices for disturbance
covariances that generate the same output data exist. One may choose any solution to the
constrained ALS estimation problem (Odelson et al., 2006, Equation 13, p. 307) to calculate the
estimator gain. Let G2 Q,,G;" and R, represent a solution to the constrained ALS estimation
problem of (Odelson et al., 2006, Equation 13, p. 307) for subsystem ¢ € ;. A possible choice
for the noise shaping matrix and the noise covariances is GY «— I, Q.;, — G?Q,,G?" and

Ry, < Ry,. Another choice is G < G/ Qy,, Qu;, — Iy, and R,; = Ry,.

GO

2

Lemma 5.5. Let Assumptions 5.1 and 5.2 be satisfied. Define G = . (A, G;) is stabilizable if

0
and only if (AS, GY) is stabilizable.
A proof is given in Appendix 5.8.3.
Define G; = T;léi. From Lemma 5.1, (4;, G;) is stabilizable if and only if (EZ, @Z) is stabiliz-

able.

~ |67 L
Corollary 5.5.1. Let Assumptions 5.1 and 5.2 be satisfied. Let G; = - (A, GZ»Q;{ 2) is stabiliz-

able if and only if (A, G?Qi{z) is stabilizable.
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The proof for Corollary 5.5.1 is similar to the proof for Lemma 5.5 and is omitted.
Remark 5.1. For each subsystem i € I/, the conditions for the existence of a stable, steady-
state Kalman filter are identical to those described in (Poubelle, Bitmead, and Gevers, 1988,
Theorem 1) for a single (centralized) Kalman filter. Thus, if R,, > 0, Q,, > 0, (4;,C;) is
detectable and (A;, GiQi«{. 2) is stabilizable, the steady-state Kalman filter for subsystem i exists
and is a stable estimator. If Q,, > 0, the requirements for stability of the steady-state Kalman

filter reduce to R,, > 0, (A;, C;) is detectable and (A4;, G;) is stabilizable (Bertsekas, 1987).

Remark 5.2. The steady-state estimate error covariance for subsystem i € I/, P;, is the solution

to the algebraic Riccati equation

P, = GiQ.,Gi' + AiP A — A, P,C (R, + CiPiCi/)_l CiP A/

The steady-state Kalman filter gain £; for subsystem 7 is calculated as,

L; = P,C{ (R, + Cz‘PiCz‘/)_l -

Under the conditions of Remark 5.1, we have |Apax(4; — 4, £,C;)| < 1.

In this distributed estimation framework, the noise shaping matrix and noise covari-
ances for each subsystem are identified using local process data. The estimators are decoupled,
stable, and require only local measurement information. The estimates generated by each local

Kalman filter may not be optimal, however.
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5.2.2 Method 2. Distributed estimation with interconnected noise shaping matri-

ces

In this estimation framework, the model used by each subsystem-based Kalman filter is

M M
vi(k + 1) = Ai(k) + Bui(k) + > Wiju;(k) + Giawe, (k) + Y Gijws, (k)
i g

yi(k) = Cizi(k) + vi(k),

in which w,’" = [wg,”, wg,’, ..., wg,,'] and v/ = [/, 19/, ..., vp/'] denote zero mean white noise
disturbances affecting each CM state equation and output equation respectively, with wy (k) ~
N(0,Qq), v(k) ~ N(O,R,).

There exists a similarity transformation Ty that converts the plant CM (Acm, Bems Cem)

into the LTI system (Ay¢, Bk, Ck¢) in Kalman decomposition form (Kailath, 1980), in which

Aco 0 A13 0 Bco
Asr A Axz Aoy Bes
Ags = , Byt = NONES [CCO 0 Cs ()] : (54)
0 0 Ae 0 0
0 0 Ay As 0

Let Gyt = |G,/ G5! Gs Go |’ be the noise shaping matrix for the overall plant CM in
Kalman decomposition form. The matrix Gy, is unknown and has to be determined from
available closed-loop data. Using Lemma 5.1, we know ( Ay, Cyr) is detectable and (Ays, B)
is stabilizable. Therefore, A, Ao and Ags, which correspond to the uncontrollable and/or

unobservable modes are stable matrices. Using any autocovariance least squares (ALS) tech-
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niques the plant noise covariances G.,Q;Gc,’ and R, can be determined using closed-loop
data for the minimal plant CM (A¢, € R™0 X" B, € R"X™ (g, € RM>Meo G, x RMeoXdeo),
The closed-loop data for ALS estimation is generated by using any stable filter gain for each
subsystem-based estimator and the FC-MPC framework of Section 4.5 for each regulator. In
fact, the estimators designed using Section 5.2.1 may be used to generate closed-loop data for
this estimation framework. Similar to the scenario in Section 5.2.1, two cases arise here too. In
the first case, G.,Q,Gc' and R, can be uniquely determined from closed-loop data by solv-
ing the constrained ALS estimation problem (Odelson et al., 2006, Equation 13). This scenario
corresponds to the case ny, > ng,. For n, < ne, the solution the constrained ALS estimation
problem is not unique. In this case, a solution to the ALS estimation problem is used. Let
Ge0Q20c0’, Ry denote a solution to the constrained ALS estimation problem (Odelson et al.,
2006, Equation 13). Two possible choices for the covariances and noise shaping matrix are

Gco — Inc(,/ Qx — gco ngcolz Rv — Ry and CTYco — gco\/ Qx/ Qx — Igcoz ]Rfu =R,.

/

Lemma 5.6. Let (Ao, Geo) be stabilizable. If GLf = [GCO, 0,0, 0}, then (Axg, Gyt ) is stabilizable.

The proof for Lemma 5.6 is similar to the proof for Lemma 5.5, and is omitted for
brevity.
By definition, Gy, = Gy Gy ... GM/:| "= Tl(}lef. Lemmas 5.1 and 5.6 give (Acm, Gem)
is stabilizable. From Lemma 5.4, we know (A4;,G;), Vi € I is stabilizable. Define G; =
G, Gigy - - ., Ging].
Remark 5.3. For (A;, C;) detectable and (A;, G; }3/ 2) stabilizable, the steady-state error covari-

ance P;, for subsystem 7 € I/ is the solution to the algebraic Riccati equation

P, = GiQ.G; + AP A — AP;CY (Rvi + 02?1;0/)_1 C;P; A}
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The steady-state Kalman filter gain is

Li=PiC/ (R + CP.C/) " iy

Under the conditions specified in Remark 5.1 (with @, replaced by Q,), the steady-state

Kalman filter for subsystem i is a stable estimator.

This distributed estimation framework described here is suboptimal, but admits a wider
class of structures for the noise shaping matrix as compared to the framework described in Sec-
tion 5.2.1. A systemwide computation of the noise covariances is required however. In fact the
estimation framework of Section 5.2.1 is a special case, in which each G;; =0, j # i, Vi € I,

and each off-diagonal block of Q, is a zero submatrix.

5.3 Output feedback FC-MPC for distributed regulation

For the set of estimated states 71, let ®(uf, ... ul,; 1) = Zivi Lwr®p(ul, . uh,; Z,) represent

the value of the cooperation-based cost function after p (Algorithm 4.1) iterates. We assume

the following:
Assumption 5.4. For Algorithm 4.1, pmax (k) = pmax = P*, k > 0, Pmax € I+ and 0 < ppax < 0.

Assumption 5.5. N > max(a, 1), in which a = max(ay, ..., ap) and o; > 0 denotes the number

of unstable modes for subsystem i € I;.

Assumption 5.6. Q;(0) = Qi(1) = ... = Qi(N —1) = Q; > 0and R;(0) = Ri(1) = --- =

Ri(N—l):Ri>0,Vi€HM.

Assumption 5.7. For each i € Iy, (A; — A, L;C;) is stable.
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The evolution of the estimate error is given by e;(k + 1) = (A; — A;L£;C;)ei(k), in which e;(k)
is the state estimate error for subsystem ¢ € I, at time k. From Assumption 5.7 and Equa-

tion (5.12) (see Appendix 5.9.1), Z; = L;C;(A; — AiL;Cy), i € L.

FC-MPC control law under output feedback At time £ and set of estimated subsystem states
f(k), let the FC-MPC algorithm (Algorithm 4.1) be terminated after p(k) = ¢ > 1 cooperation-

based iterates. Let

! (k) = [l (Ak), 0w (Ak), 1), ..., u (@(k), N — 1), 0, 0,..] ", Vi € Ly

represent the solution to Algorithm 4.1 after ¢ iterates. The input injected into subsystem

i € Iy is ul(fi(k), 0). Let

ur (k) = [P (k). 1), ... P (ilk), N —1Y,0,0,...) (5.5)

(2 K3

represent a shifted version of u? (fi(k)), i € Iy;.

5.3.1 Perturbed stability of systems with stable decentralized modes

Initialization. At time 0, each MPC is initialized with the zero input trajectory w;(j|0) =
0,0 < j,Vi e I). Attime k + 1, the initial input trajectory for each subsystem’s MPC is
ud(k + 1) = u; (1i(k)), i € Ips. The cost function value for the set of feasible initial subsystem

input trajectories at k + 1is JY (a(k + 1)) = @ (uf(k + 1), ud(k + 1),...,uQ (k + 1); a(k + 1)).
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Feasibility and domain of attraction. For (7;;(0), e;(0)) € R™* xR"™, the zero input trajectory
is feasible for each i € I;;. Existence of a feasible input trajectory for each ¢ € I at £ = 0 and
p(0) = 0 guarantees feasibility of 7;, Vi € I (Equation (4.9), p. 42) atall £ > 0, p(k) > 0. This
result follows from the initialization procedure, convexity of 2;,V i € I and Algorithm 4.1.

The controllable domain for the nominal closed-loop system is R™ x R"™.
Assumption 5.8. For each i € I/, Aj; is stable, Q; = diag <Qi(1), L Qi(N =1), Qi) , in which
@, is the solution of the Lyapunov equation A,/Q,;4; — Q;, = —Q;

Exponential stability for the closed-loop system under the output feedback distributed

MPC control law is stated in the following theorem, which requires that the local estimators

are exponentially stable but makes no assumptions on the optimality of the estimates.

Theorem 5.1 (Stable modes). Consider Algorithm 4.1 employing the FC-MPC optimization problem
of Equation (4.9). Let Assumptions 5.1 to 5.8 hold. The origin is an exponentially stable equilibrium

for the perturbed closed-loop system

ik +1) = Aizi(k) + Bl (fi(k), 0) + > Wiju (fi(k), 0) + Zies,
J#

€Z(k + 1) = (AZ — AZ,CZCZ)Q(]{), 7€ ]IM,

forall ((z;(0),e;(0)), i € Ipy) e R*" x R and allp=1,2, ..., pmax-

The proof is given in Appendix 5.9.3.
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5.3.2 Perturbed closed-loop stability for systems with unstable decentralized modes

For systems with unstable modes, a terminal state constraint that forces the unstable modes to
the origin at the end of the control horizon is employed in each FC-MPC optimization problem
(Equation (4.9)). This terminal state constraint is necessary for stability. From Assumption 5.1,
unstable modes, if any, are present only in the decentralized model. We have, therefore, that
U,'T; = Syu,'%ii,i € Ipy, in which Uy, and S,,, are obtained through a Schur decomposition of

A; and Aj;; respectively 2. For i € I, define,

Si = {xi; | 3w; € U;such that S,,,'[Cn (A, Bii) w; + Ag x;i] = 0} steerable set

to be the set of unstable decentralized modes that can be steered to zero in N moves. For stable
systems, S; = R"#, i € I,. By definition, U,,'[Cn(A;, B;)w; + ANZi] = Su,'[CNn(Aii, Bii) w; +

Af-}[ Zj;]. From Assumption 5.1 and because the domain of each x;;,7,j € Iy, 5 # i is R™,

Dp, = R™! x .- x R™G-1 x §; x R+ x ... x R"M CR"™ ¢ € Iy, domain of regulator

represents the set of all z; for which an admissible input trajectory u; exists that drives the
unstable decentralized modes U,,'z; to the origin. A positively invariant set, D¢, for the per-

turbed closed-loop system

M
fLT = AZL/L‘\Z + Blu?(ﬂ, 0) + Z szu];(ﬁ, 0) + Zz-ei, ezr = (Az — AlElC’l)el, 1€ HM (56)
JFi

e Asii SV Ssil As, X USz'/
2The Schur decomposition of A;; = [Ssi SHJ { Au“} l:Sui/:| VA, = [Usi Uui] { Ao | o]

Eigenvalues of A,,,, Ay, are on or outside the unit circle. Eigenvalues of As,,, As; are strictly inside the unit
circle.
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is given by

Do = {((@i,e), i € In) | ((Z,€¢f), i €Iny) € Do, T; € Dp,,i € Iy} domain of controller

7

(5.7)

A subsystem-based procedure to construct D¢ is described below. Let the current de-
centralized state for subsystem ¢ be Z;;. The perturbed decentralized model for subsystem

1€ 1lyyis

Ty = AuTi + By (7, 0) + T Ziei, (5.8a)

el = (A — ALiCy)ei, (5.8b)

in which e; is the estimate error for subsystem ¢, Z; is defined in Equation (5.12) (see Ap-

pendix 59.1), and ¥;; = [0,..., [ ,...,0] € R™*"_ A positively invariant set can be con-

sth

structed for the system described by Equation (5.8) using any of the techniques available
in the literature for backward construction of polytopic sets under state and control con-
straints (Blanchini, 1999; Gutman and Cwikel, 1987; Keerthi and Gilbert, 1987; Rakovic, Kerri-
gan, Kouramas, and Mayne, 2004). The positively invariant set Dp, is defined as

Dp, = {(Zii,ei) | (@Th,ef) € Dp,, i €S;}, domain of steerable decentralized states

R

in which (Z;;,¢;") is obtained using Equation (5.8). A brief synopsis of the construction is

given in Appendix 5.9.4. The positively invariant set, D¢, for the perturbed closed-loop system
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(Equation (5.6)) can also be obtained as

De = {((Zi,ei), i € Ly) | (T, ef) € Dp,, Zi € Dg,, i € I}

Initialization. At time 0, let ((Z;(0),€;(0)), i € Iy) € D¢. A feasible input trajectory, there-

fore, exists for each i € I7, and can be computed by solving the following quadratic program

(QP).
@) (0) = argmin |[a;|*
u;
subject to
w; € U;
U, [CNn(Ai, By) @ + ANZ;(0)] = 0
We have u(0) = [a2(0),0,0,...... . Letw; (fi(k)) = [u?® (k) 1), ..., (Gik), N = 1), 0]’

represent a shifted version of u?'*) (7i(k)). For times k > 0, u?(k) = u; (ji(k — 1)) + v;(k), in

7

which w;(k) € R™¥ is calculated by solving the following QP for each i € Iy;.

vi(k) = arg min [ (k)| (5.9a)
subject to
wl (a(k — 1)) + (k) € Us (5.9b)

U, [Cx (A, Bi) (] (f(k — 1), 1) + Ti(k)) + AVE;(k)] = 0 (5.90)

i
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Since D¢ is positively invariant (by construction) and ((Z;(0),e;(0)), ¢ € Ins) € D¢, a solution
to the optimization problem of Equation (5.9) exists for all i € I;; and all £ > 0. Define
vi(k) = [vi(k)',0,0,...]".
Assumption 5.9. a > 0 (see Assumption 5.5).

For each 7 € I, Q; = diag (Qi(l) ,Qi(N — 1)’Qi>, in which Q; = U, 3;Us,” with &,

obtained as the solution of the Lyapunov equation A;,'3; A, — 3; = —Us,'Q:Us,.
The following theorem establishes exponential closed-loop stability under output feed-

back for systems with unstable modes.

Theorem 5.2 (Unstable modes). Let Assumptions 5.1 to 5.7 and Assumption 5.9 hold. Consider
Algorithm 4.1, using the FC-MPC optimization problem of Equation (4.9) with an additional end con-
straint Uy,,'Zi(k+ N|k) = Uy,'[Cn(Ai, Bi) @i+ ANT; (k)] = 0 enforced on the unstable decentralized

modes. The origin is an exponentially stable equilibrium for the perturbed closed-loop system

Zi(k +1) = AiZi(k) + Budl (fi(k), 0) + > Wil (fi(k), 0) + Zies,
i#i

6i(k + 1) = (AZ — AZEZCZ)eZ(k), i € Iy,

forall ((z;(0),€;(0)), i € Ins) € Do (Equation (5.7)) and all p = 1,2, . .., Pmax-

The proof is given in Appendix 5.9.5.

Remark 5.4. In Venkat et al. (2006f), it is shown that the nominal distributed MPC control law
is exponentially stable. Lipschitz continuity of the nominal distributed MPC control law in the
subsystem states ;. is established. Asymptotic stability of the output feedback distributed MPC

control law under decaying perturbations follows using (Scokaert et al., 1997, Theorem 3).
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5.4 Example: Integrated styrene polymerization plants

We revisit the integrated styrene polymerization plants example described in Section 3.1. The
performance of the FC-MPC framework under output feedback is evaluated and compared
against the performance of decentralized and centralized MPC. The evolution of the system
states is affected by zero mean random disturbances (noise). These random disturbances also
corrupt available measurements. Subsystem-based Kalman filters are employed to estimate
the composite model states. Two cases for the FC-MPC framework are considered, In the first
case, the FC-MPC algorithm (Algorithm 4.1) is terminated after 1 iterate and in the second
case, Algorithm 4.1 is terminated after 10 iterates. The performance of the FC-MPC frame-
work tracking the temperature of each polymerization reactor in the first plant is shown in
Figure 5.1. The closed-loop costs are compared in Table 5.1. The FC-MPC framework, with Al-
gorithm 4.1 terminated after 1 iterate achieves performance that is within 1.2% of the optimal,
centralized MPC performance. All plant outputs track their respective set points in ~ 25 hrs,

roughly two-fifths the time required under decentralized MPC.

Acost Performance loss
(w.r.t centralized MPC)

Centralized-MPC 18.84 -
Decentralized-MPC | 1608 8400%

FC-MPC (1 iterate) | 18.94 0.54%
FC-MPC (5 iterates) | 18.84 0%

Table 5.1: Closed-loop performance comparison of centralized MPC, decentralized MPC and
FC-MPC.
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Figure 5.1: Interacting polymerization processes. Temperature control in the two polymeriza-
tion reactors. Performance comparison of centralized MPC, decentralized MPC and FC-MPC
(1 iterate).

5.5 Distillation column control

We revisit the distillation column considered in Section 4.7.1 (p. 54). The performance of cen-
tralized MPC, communication-based MPC and FC-MPC is investigated under output feed-
back. For communication and cooperation-based MPC, a local Kalman filter is employed for
each subsystem. For centralized MPC, a single Kalman filter is used to estimate system states.
Stochastic disturbances affect the evolution of the states and corrupts process measurements.
The state and measurement noise covariances for each local estimator are ,, = 0.5],, and
R,, = 0.11,, 1= 1,2. For the centralized estimator Q, = diag(Qz,, Qu, ), Ry = diag(Ry,, Ry,)-

At time 0, z;(0) = 0,,, 7;(0) = —0.11,,, ¢ = 1,2. The performance of the different

MPC frameworks, in the presence of estimate error, is shown in Figure 5.2. Communication-
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based MPC is unstable for this case. FC-MPC (1 iterate) stabilizes the system but achieves poor
closed-loop performance relative to centralized MPC. FC-MPC (10 iterates) achieves improved
closed-loop performance that is within 30% of the optimal centralized MPC. On iterating Al-
gorithm 4.1 to convergence, the performance of FC-MPC is within a pre-specified tolerance of

centralized MPC.

Y

setpoint ------

cent-MPC ------

comm-MPC ----

FC-MPC (1 iterate) ---------
FC-MPC (10 iterates

setpoint ——
cent-MPC ------
comm-MPC ----
S FC-MPC (1 iterate) -
R—— e FC-MPC (10 iterates) ——
\ \ \ \ \ \ -1.5 i \ \ \ \
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time (sec) Time (sec)
154 cent-MPC ------ 21 cent-MPC ------
14 comm-MPC ---- 1.5 4 comm-MPC ----
FC-MPC (1 iterate; --------- 1 FC-MPC (1 iterate; ---------
05 FC-MPC (10 iterates) —— 05 FC-MPC (10 iterates) ——

\ \ \ \
0 50 100 150 200 0 50 100 150 200
Time (sec) Time (sec)

Figure 5.2: Setpoint tracking performance of centralized MPC, communication-based MPC

and FC-MPC under output feedback. The prior model state at k = 0 underestimates the actual
system states by 10%.

5.6 Discussion and conclusions

An output feedback distributed MPC framework with guaranteed feasibility, optimality and
perturbed closed-loop stability properties was described in this chapter. Two distributed state

estimation strategies were proposed for estimating the subsystem states using local measure-
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ments. An attractive feature of the distributed estimator design procedure described in Sec-
tion 5.2.1 is that it requires only local process data. The subsystem-based estimation strategy
proposed in Section 5.2.2 allows a more general structure for the noise covariances and the
noise shaping matrix. The latter strategy, however, requires a systemwide computation of the
noise covariances, which may not be feasible in some cases. The distributed estimation strate-
gies presented here do not need a master processor. The designed subsystem-based Kalman
filters are stable estimators. Only local measurements are required for estimator updates. The
trade-off here is the suboptimality of the generated estimates; the obtained estimates, how-
ever, converge to the optimal (centralized) estimates exponentially. The FC-MPC algorithm
(Algorithm 4.1, p 43) is used for distributed regulation. Closed-loop stability under decaying
perturbations for all (Algorithm 4.1) iteration numbers was established. The perturbed closed-
loop stability result guarantees that the distributed estimator-distributed regulator assembly

is stabilizing under intermediate termination of the FC-MPC algorithm.

5.7 Appendix: Preliminaries

5.7.1 Proof of Lemma 5.1

Proof. Let T be a similarity transform for the LTI system (A,,, By,, Cp,, Gr,) with (A, By)

stabilizable and (A,,, Cy,) detectable. Let the transformed LTI system be

(Ama By, Cry, év;'m) = (TAmT_ly T B, CmT_17 TGm)



108

We know from the Hautus lemma Sontag (1998) that

M — A,
rank(H[\]) = rank =n, VA€ XNAn), |A| >1

Cm

From the definition of 7" and HJ[A], we have

M — A, N —T AT 71 A — A,
H[A] = = = T
c. CouT I Cn,
N M — Ay, ~ T o
Let H[\] = . Therefore, H[\] = H[\] T—L. Suppose (A, Cy,) is not de-
Com I

tectable. By assumption, there exists A;, [A;| > 1 and z such that H[\ ]z = 0,z # 0, which
gives

T
HM| T '2=0,2#0

Let v = T~ !2. Since z # 0 and T is full rank, v # 0. This gives H[\]v = 0, v # 0, which
contradicts detectability of (A,,,C;,). The arguments establishing the implication (A,,, Cy,)
detectable = (A,,, C,) detectable are similar to those used earlier with 7" replaced by 71

Since stabilizability of (A, Bi) = detectability of (An, By, stabilizability is also invariant

under a similarity transformation. O
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5.8 Appendix: State estimation for FC-MPC

Theorem 5.3. Let

A= € R(mtna)x(ndns) - ¢ = <c Cs> € R (ntns), (5.10)
As

in which Ay is stable, A € R™*"™ and C € R™*". The pair (A,C) is detectable if and only if (A, C) is

detectable.

Proof. From the Hautus lemma for detectability (Sontag, 1998, p. 318), (A, C) is detectable iff
M- A
rank =n, VA >1
C
(A,C) detectable = (A, C) detectable. Consider |A\| > 1. Detectability of (A, C) implies the

M- A
A - A

columns of are independent. Hence, 0 has independent columns. Since A,
C

C

is stable, the columns of AI — Aj; are independent, which implies the columns of | \] — 4,

are also independent. Due to the positions of the zeros, the columns of

are also independent. Hence, (A, C) is detectable.
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(A,C) detectable — (A,C) detectable. We have from the Hautus lemma for detectability

that the columns of

AM—-A
A — A,
C Cs
M- A
are independent for all |\| > 1. The columns of 0 are, therefore, independent. Hence,
C
M —-A
the columns of are independent, which gives (A, C) is detectable. O
C

5.8.1 Proof for Lemma 5.3

Proof. Let A = Ay, C = Cj,

.AS = diag(Aﬂ, cee 7Ai(i—1)7 Ai(i—i—l)a ce 7Ai]\/[) and CS = [Cﬂ, ey Ci(i—1)7 Ci(i+l)7 ce 7C’LM]

Also, let A, C be given by Equation (5.10). We note that A; = UAU, C; = CU, in which U is a
unitary matrix (hence a similarity transform). Invoking Theorem 5.3 and Lemma 5.1, we have

the required result. O



111

5.8.2 Proof for Lemma 5.4

Proof. Define A; = diag(Ay, Ag,..., A1) and G; = [G1/,GY/,...,Gi—1"), | € I3;. We have for

all A € A(Aem), [N > 1

A — AM GM
rank [)\] — Aem Gcm:| =rank =n

This gives rank { M — Ay GM:| = nys or we violate stabilizability of (Acm, Gem). Hence,

(Apr, G ) is stabilizable. We also have rank [/\] — Ay GM] =n—nuy = Syr—1. Now consider

|:)\I — Ay GM:| . We have

Al — Ay Gr—1
rank [)\I—AM /\I—GM} rank =SM—-1= SM—2+np—1,
MI—Ay—1 Ga—a

which gives rank [)\[ — Ay GM—J = npr—1 i.e., (Apr—1,Gp—1) is stabilizable. Proceeding

in this manner, we have (A;, G;), Vi € I,/ is detectable. O

5.8.3 Proof for Lemma 5.5

Proof. (A;,G;) stabilizable —> (A2, G?) stabilizable. By assumption, we have

AM—A2 0 GO

(2

rank =n; =nd+nf, VA >1,
—A%Z N -A7 0
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in which A? € R"*"7. Consider |A| > 1. From the rank condition above, we have that the
rows of [A\] — A¢, 0, GY] are independent. Hence, the rows of [ A — A? G?} are independent
ie., (A9, GY) is stabilizable.

(A2, G?) stabilizable —- (A;, G;) stabilizable. Since (A?,G?) is stabilizable, the rows of
[)\ I— A? Gf} are independent for all |A\|] > 1. Hence, the rows of [)\ I—A4° 0 G;’] are
also independent. From Lemma 5.3, (4;,C;) is detectable. Since (4;,C;) is detectable, its
observability canonical form (ﬁz, @) is also detectable (Lemma 5.1). From Equation (5.3), A?
is stable. The rows of \I — A? are independent, which implies the rows of [_ A2 AT — A? 0]

are also independent. Due to the positions of the zeros, the rows of

AN —A2 0 GO

)

—A2 A —4A7 0

are independent, which gives (A\Z, @Z) is stabilizable. O

5.9 Appendix: Perturbed closed-loop stability

Lemma 5.7 (Choi and Kwon (2003)). Suppose Z is a positive semidefinite n x n matrix and a, b are

n-dimensional vectors. Then given § > 0,

(a+0)'Z(a+b) < (1+06)dZa+ <1 + 2) W Zb (5.11)
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Table 5.2: Two valid expressions for «;
’ Case H aq ‘ (0%) ‘ a3 ‘

1| a+a [a+e(1+}) | (14 )2
)| (1+3)

Consider the case in which Z = I. Lemma 5.7 gives

=
=

=

o | (1+6)2 ] (1+9) <1+

1
ot o7 < (L D)ol + (145 ) b2
Now, consider ||a + b + c||?. Repeated use of Lemma 5.7 gives
la + b+ ¢l* < arlal® + az[|b]]* + as]c|®

There are six valid expressions for the «;. Two valid expressions are given in Table 5.2.

Definition 5.1 (Holder’s inequality). For any set of nonnegative quantities a; and b;, i =

1,2,...,n, we have
(a4 ah+ ...+ a)YPBI + b+ .+ b)Y > a1by + agby + ...+ anby

in which p and q are related by

1 1
=1
p q
Corollary 5.1.1. For any set of nonnegative quantities a;, i = 1,2,...,n, n?~ (30 dal) >

(i @)
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Proof. The result follows by choosing b; = 1,7 = 1,2,...,n in Holder’s inequality (Defini-

tion 5.1), and noting that 2 = p — 1. O

5.9.1 Preliminaries

Nominal closed-loop subsystem. Let Algorithm 4.1 be terminated after p € I, iterates. The
evolution of each nominal closed-loop subsystem i € I, follows x;r = A;x; + Biuf (1,0) +

> i Wiju§ (11,0) = Ff' (1), in which w (p, 0) is the control law for subsystem i.

Perturbed closed-loop subsystem. Lete; = z; — 7; o denote the current estimate error for
subsystem i € I;;. The symbol Z; o denotes the estimate of z; before current measurement y;
is available; z; represents the estimate of x; after y; is available. Let e;r denotes the estimate

error at the subsequent time step.
Assumption 5.10. e = AFe;, [Amax(AL)| < 1,5 € Ty,

For Algorithm 4.1 terminated after p iterates, the control law for subsystem ¢ € I,/ is

uf (12, 0) (see Section 5.3). We have the following equations for the filter for subsystem i

M
B =g+ Ly — Ciflie), Big = A+ Bal (0,0) + Y Wil (@, 0),
J#i

in which Z;' represents an estimate of the successor subsystem state x; before new measure-
ment y;“ is available and £;,¢ € I is the filter gain. For each subsystem i € I/, we have

&(1) =77 -z

"o — (53\:@ + £iCief") — f:,r@ = Z;ei, (5.12)
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in which Z; = £,C; A and 7 represents an estimate of z; after y;" is available. Consider
Figure 5.3. Let =¥ = [pf'(1)’, p¥(2)’,...]’ be the state trajectory for subsystem i € I, generated
by u!,...,uh, and initial subsystem state Z; (trajectory 2! in Figure 5.3). We have p?(1) =

T o, € Iy The evolution of pf(j),j > 1in 24 is

7j—1 M j—1
PPG) = AT () + Y AT Bl () + Y Y AT Wk () (5.13)
=1 s#i =1

The state estimate for subsystem i € I at the subsequent time step is Z; = p?(1) + Z;e;. Let
z(1) = ;. For each i € Iy, let w; = [w;(1),wi(2)',...), wi(j) € Q, j > 1be an admissible
input trajectory from z;(1). Let z; = [2(2), 2i(3),...]" be the state trajectory for subsystem
i € Ins generated by wy, ..., wys and initial subsystem state z;(1) (trajectory B in Figure 5.3).

For z;(j) in BY, we write

7j—1 M j—1
2(5) = A () + Y AT B (1) + ) 0> T AT T Wiaw, (1) (5.14)
=1 s#i 1=1

trajectory Y
L2 27(22) (3>~
a0 wE)
i(1 " .
wi(l) “~ _trajectory BY
Figure 5.3: Trajectory 2! is the state trajectory for subsystem ¢ generated by w7, ..., v}, and
initial subsystem state 7;. The state trajectory B? for subsystem i is generated by wy, ..., wy

from initial state z;(1).
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Define &(j) = zi(j) — p} (7). vi(j) = wi(j) — v/ (,§), j = 1and all i € Ijy. For j = 1, we

know from Equation (5.12) that &;(1) = Z,e;, i € . For j > 1, we have from Equations (5.13)

and (5.14) that
4 7—1 ) M j—1 '
&() = A6 + Y AT B () + ) 0> AT T Wil () (5.15)
=1 s#i 1=1

For Algorithm 4.1 terminated after p iterates, the evolution of each perturbed closed-loop sub-

system i € I; follows

M
./fj_ = A;z; + Bzuf(/’l, 0) + Z quf(ﬁ, 0) + Z;e;, e;-'r = AlLel (516)
J#i

5.9.2 Main result

Let it = [z7,...7},] and p,q € 1. For the set of estimated subsystem states fi, we assume
(WLOG) that Algorithm 4.1 is terminated after p iterates. At the subsequent time step with
estimated state i), let ¢ (possibly different from p) iterates be performed. Let the distributed
MPC control law u?(71,0), i € Iy be defined for i € X,. Define X, = {f1| z € Xo,u!(1,0) €
Q;, i€y}

i

Assumption 5.11. For the nominal closed-loop system z;” = FF(p), i € Iy,

T () = Dl by )
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is a Lyapunov function satisfying

M
arZ i * <J% (. Z A& (5.17a)
=1

AJy(p) < —cr Z a2 (5.17b)

in which a,, by, ¢, > 0and AJy(p) = J5(ut) — T (1)

Define the set

Z = {((:/E\iaei)a (AS HM) | ((‘%\+’ej)u (AS I[M) € Z) :a € Xu}v (518)

(2

in which (Z;", ¢;) is given by Equation (5.16). Let ((Z;(0),e;(0)), i € Is) represent the set of

initial (estimated) subsystem states and initial estimate errors, respectively.

Theorem 5.4. Let Assumptions 5.6, 5.10 and 5.11 hold. Consider the auxiliary system

&+ 1) = Ai&(j) + Bivilj +2del vi(4) +uf (1(0), ) € i, Vi € Tar, § > 1,
1#1

with initial condition &;(1) = Z;e;(0). Suppose a set of perturbation trajectories
v; = [’Ui(l)/, ’Ui(2),, .. .]/, 1 € Iy
and a constant o, > 0 exist such that

M 00
Y owi ) Lil&(5) vilh)) < orlle(0)II, (5.19)

i=1  j=1
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the perturbed closed-loop system

Zilk +1) = Azi(k) + Bl (i +Zm,ul 0) + Ziei(k),
l#1

ei(k—i—l) :Afei(k), 1 € Iy,

is exponentially stable for all ((z;(0),e;(0)), i € Inr) € Z (Equation (5.18)).

Proof. To establish exponential stability, we choose a candidate Lyapunov function that com-
bines the regulator cost function and the subsystem state estimation errors (Choi and Kwon,
2003) employ a similar idea to show exponential stability of a single (centralized) MPC un-
der output feedback). Define V%, ((Z;, ¢;), i € Ins) = JR (i) + 2 M, wie; ¥se; to be a candidate
Lyapunov function, in which ¥, is the solution of the Lyapunov equation AX'¥; AF — ¥, = —TI;
and IT; > 0is a user-defined matrix. Since .AiL is a stable matrix and II; > 0, it follows that ¥;
exists, is unique and positive definite (p.d.) (Sontag, 1998, p. 230) for all i € I};. Consider any
z;(0) = z; and €;(0) = e;, i € Ijr such that ((Z;, €;), i € I5r) € Z. We need to show (Vidyasagar,

1993, p. 267) that there exists constants a, b, ¢ > 0 such that

M M
@ [1Z)17 + llell®] < VE (@ires), i € Tur) < Z LIl + les]|?] (5.20a)
=1 i=1
AVy (T, €i), i € Tyy) < —CZ (1212 + lle]|?] (5.20b)
in which AV? .5:‘\1',61' s 1€y =V Zv\*,e* ,iEHM - VP @-,ei ,iE]IM .
N N % 7 N

For subsystem i € Ty, let &) = [0} (1), pf(2)',.. ], 0} (1) = T = F}'(Z;) be the state

trajectory generated by the input trajectories u}, ..., u" , obtained after p Algorithm 4.1 iter-
] Y8 y p ] 1 M 8
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ates, and initial subsystem state z; (see Figure 5.3). Let w; = uj(u) + v;, © € I (see Equa-
tion (5.5)) be a set of feasible subsystem input trajectories from zi*. The set of input trajectories
w1, ..., wys is used to initialize Algorithm 4.1 at the subsequent time step (from f*). Let
z; = [2i(2), 2i(3)',...]" denote the state trajectory generated by the set of feasible input trajec-
tories wy, ..., wys, in which z;(2) = Aiﬁc\j + Byw;(1) + Z;‘il w;(1). For convenience, we define
zi(1) = 55\?, Vi € Ijs. By definition (see p. 116), we have z;(j) = p¥(j) + &(4), 7 > 1, i € Iy,

and from Equation (5.12), &;(1) = Z;e;, i € Ips. Using Lemma 4.4, we have

L) = O([ul . uly i) < D((wi, .., wal: )

Invoking Lemma 5.7 gives,

=1 j=1
Hence, we have
M M
TR (") < (1+9) Zwi ZLi(Pf(j)auf(j)) + (1 + 5) Zwi ZLz’(&(j),Uz‘(j))
=1 j=l1 i=1  j=1
M

1 M
+ (1 + 5) or ; lles|®

< (1+6) | JR(E) = Y wiLi(Ti, uf (1, 0))
=1
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We know J} (1) < by Zf\il |z;]|?. Let w = minger,, wi%)\mm(Qi). Therefore,

M
—~ 1
T(i) — T u) < 675 sz o 0) + (14 5) o 3 el
i=1

M
- 1
—(w — 8by.) Z IZ:1% + <1 + 5) o Y el
=1

i=1
—_w==cC

Since w;, Qi > 0, Vi € Iy, w > 0. Subsequently, we can choose 0 < ¢ < wand 4, = *5—= > 0.
T

Letd = o, <1 + i) We have

M M
TR(E) = IR () < —e ) Nl +d ) e
=1 =1

Define

sz et (k+1 —wazeZ\IleZ

=1

M
1
= 5 Zwi{ei’ [.AZL’\IQ.AlL — \Ifl] 62‘}
=1
1 M
= *5 Z wie/ﬂiei
i=1

Let wmyin = min;er,, w;. The restriction w; > 0,4 € I implies wmi, > 0. Since 1I; is a user-

defined matrix, we can choose IT; = I, Vi € I, such that A\, (IT) = ﬁ (d+c) 3. Noting that

%e.g., choose II to be any diagonal matrix with the smallest diagonal entry equal to 5=~ (d+ o).
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AV () = T4 (") — T4 (B) + Ae gives

AVy (T, ), i € Iyy) < —cz Al +dz leill? — = <m1n Wi Amin (I > Z e
M

:_czuxzw ( Winin mmm)—d) > el

1=1
= —CZ 1207 + llel|?]
i=1

Since ¥; > 0, Vi € I, there exists constants a., b, > 0 such that

M 1 M M

ac Y lleil* < =) wied Uie; <bo > el
2 >
i=1 i=1 i=1

The choice a = min(a,, a.), b = max(b,, b.) satisfies Equation (5.20a).

5.9.3 Proof for Theorem 5.1

Proof for Theorem 5.1. From Lemma 5.3, we have (4;, C;) is detectable. It follows from Sec-
tion 5.2 that there exists £;, Vi € I such that AL (A;— A;L;C;) is a stable matrix. From (Son-
tag, 1998, p. 231), Q;, > 0,i € Iy. Using arguments identical to the state feedback case
(see proof for Theorem 4.1, p. 81), constants a,, b, and ¢, that satisfty Equation (5.17) can be
determined. We note that u; (fi), i € I) is a set of feasible input trajectories for the suc-

cessor subsystem states 1. For the choice v; = [0,0,...]", Vi € I, Equation (5.15) gives



122

&(j) = AJ7'€(1),1 < j. Hence,

M 00
szZLz gz Uz sz ZL gz Zwl Zgz zilleAgilgz(])

< D widnax(@Q)1 Zill e
i=1

The choice 0, = max (w1 Amax(Q;) | Zi||%, - - - s war Amax(Qr)|| Zas]|?) satisfies Equation (5.19). In-

voking Theorem 5.4 with Z = R" x R" completes the proof. O

5.9.4 Construction of D, for unstable systems

Let ¢; > 0, selected arbitrarily small. Choose 7;; € X? C S; and ¢; € B, (0). Define
Xy = {(ii, e) | Tii € X7, i € B.,(0)}

Let

X'y = {(Fi, ;) | 3L (13,0) € Q; such that (7, e) € X{, 75 € S}

zz’ 7,

The set .’fﬂl consists of (7, e;) pairs for which an admissible distributed MPC control law for
subsystem i exists that drives the successor decentralized state and estimate error inside X}.

Proceeding backwards in this manner, we have for any [ € I, that
XY, = {(Zui, e) | 3uF (3, 0) € Q; such that (7

)6% l+1,x”€S}

u’ z
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The maximal, positively invariant stabilizable set for subsystem i is Xt = U2, X_i41. H-
nite determination of this maximal, positively invariant stabilizable set is possible if and only
if %i_l = %i_l +) for some | € I; (Blanchini, 1999; Kolmanovsky and Gilbert, 1998; Rakovic

et al., 2004). If finite determination of X’ _ is possible, we set Dp, = X’ . If X’ _ cannot be

determined finitely, we make the conservative choice Dp, = X_|, for some L large.

5.9.5 Proof for Theorem 5.2

Proof for Theorem 5.2. Existence of £; = £;,7 € I; such that AiL = (A; — A;L;C;) is a stable
matrix follows from Lemma 5.3. A procedure for determining constants a,, b, and ¢, satisfying
Equation (5.17) is given in the proof for Theorem 4.2 (see Appendix 4.10.6, p. 84) and is omitted
for brevity. Consider Figure 5.3. We have using Equation (5.13) and the definition of u? (1) that
Uy, 0V (N) = Uy, p? (N + 1) = 0. For ((Zi,€;), i € In) € Do (see Section 5.3.2), U;, i € I exists.

One possible choice for v; is the solution to the QP of Equation (5.9). Let v; = [v/,0,...]

+

and define w; = u; (1) + v;, i € I to be admissible input trajectories from p* satisfying
Uu,/2/(N + 1) = 0, i € I. Hence, U,,/S;(N +1) = 0, Vi € I Letj € I U{0}. From
Lemma 4.1 (p. 29), a constant K., independent of e; exists for each i € I, such that ||v;(j)]| <

K&;HeiH? 0< ] and Uullgz(N + 1) = 0. Let .AZ = IMaXp<j<N ||Az|| and A = maX;el,, Al For each
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subsystem 7 € 157, we have from Equation (5.15) that

7j—1 -1 M
. i—1 i—1—1 j—1—1
&I < IATH NG+ Y 1A Bl + D> 1A Wis [[os )
=1 =1 s#i
7—1 M j—1
= Al Zillllesll + > Al Bill Ke,lleill + > >~ AllWis|| K, |les |
=1 s#i =1
M
< A(|Zill + N Bill e lleall + > NA[Wis| [ K, les|
s#i

M
<Be > llesl, V1I<j<N+1,

s=1

in which g, = max(A(||Z;|| + N||Bi||Ke,),Z:) and E; = NAmaxgey,, |[Wis||Ke,. Let F>®° =
oMy wi Y252 Li (6(5), vi()). We have
M [ N o0
Fo =3 wi | Y L&), vil) + D L&) vi()
i=1 j=1 j=N+1

M N 1 -
= wi | D Lil&(5), vi() + 5&(N + D Q&(N +1)
=1

IN
'Mi
S

2
1 - M
Z§ [AmaX(Qi)N"‘)‘max(Qi)] ﬂgl (Z ||€8H> +N}‘maX(Ri)K§iei2}
s=1

2
Invoking Corollary 5.1.1 with p, ¢ = 2and n = M gives, (Zf‘il ||ez||> <M Zf\il ||e;]|?. Hence,

M M
1 _
Fe < Zw1§ { [)\maX(Qz)N =+ )\max(Qi)] ﬁiMZ Hesn2 + N)\max(Rz)KngezHQ}
=1

s=1
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Define the constants

1 R
o = Wax jw; [)\max(Qi)N + )\maX(Qi)] iM

1€lpy

1
7y = max iwlN)\max(Rl)Kgl

i€y

and 7 = Mn, + 1. This gives F° < "M |le;||?, n > 0. Choosing o, = 7 and invoking

Theorem 5.4 with Z = D¢ proves the theorem. O
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Chapter 6

Offset-free control with FC-MPC !

This chapter addresses the issue of achieving offset-free control objectives with distributed
MPC. The standard practice in MPC is to augment the states in the process model with inte-
grating disturbances. In a distributed MPC framework, many choices for disturbance models
exist. From a practitioner’s standpoint, it is usually convenient to use local integrating distur-
bances. We consider first, a disturbance modeling framework to achieve zero-offset steady-
state control in the presence of nonzero mean disturbances and/or plant model mismatch.
Next, a distributed algorithm for computing the steady-state input, state and output targets
locally is described. Conditions that ensure offset-free control at steady state are discussed
subsequently. Two examples are presented to illustrate the efficacy of the distributed MPC
framework with distributed estimation, local disturbance modeling and distributed target cal-
culation. Finally, the main contributions of this chapter are summarized.

We make the following assumptions:
Assumption 6.1. All interaction models are stable i.e., for each i, j € I/, [Amax(Aij)| < 1, V5 # i.

Assumption 6.2. For each i € Iy, (Ais, Cii) is detectable.

'Portions of this chapter appear in Venkat et al. (2006e) and in Venkat et al. (2006g).
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Assumption 6.3. For each i € Iy, (Asi, Bii) is stabilizable.

6.1 Disturbance modeling for FC-MPC

For each subsystem ¢ € I/, the CM state is augmented with the integrating disturbance. The

augmented CM (Zl,, Ei, {sz Fictis @, éz) for subsystem 1 is

(k+1)= (k) + wi(k) + > uj(k) + (k),
T sz él Wz‘j éz

in which d; € R":, B¢ € R"*", C¢ ¢ R™i*". The vectors w,, (k) ~ N(0,Q,,) € R,
wq, (k) ~ N(0,Qq,) € R" and v;(k) ~ N(0,R,,) € R™: are zero mean white noise distur-
bances affecting the augmented CM state equation and output equation, respectively. The no-
tation (B¢, C%) represents the input-output disturbance model pair for subsystem 4, in which
Bl = vec(BY,...,BL, ..., B%,). The augmented decentralized model (A, Bii, Cy;) is ob-
tained by augmenting the decentralized state z;; with the integrating disturbance d;. It is
assumed that the augmented decentralized model with the input-output disturbance model
pair (B%,C¢) is detectable (hence, ng, < ny,) 2.

Lemma 6.1. Let Assumptions 6.1 and 6.2 hold. For each subsystem i € Iy, let the augmented de-

centralized model (;L;,-, @i) with the input-output disturbance model pair (B4, C%) be detectable. The

IR )

?Conditions for detectability of the augmented decentralized model are given in (Pannocchia and Rawlings,
2002, Lemma 1, p. 431)
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augmented CM (A;, Cy) with input disturbance model B¢ = vec(B%, ... B4

(A

..,BZ‘-iM), in which

Bl = B4 ng =0, j € Ly, j # i, and output disturbance model C, is detectable.

(7%

A proof is presented in Appendix 6.6.1.

In view of the internal model principle of Francis and Wonham (1976), it may be prefer-
able to choose disturbance models that best represent the actual plant disturbances. Hence, in
certain cases, it may be useful to use a more general input disturbance model of the form
B¢ = vec(B&,...,B%, ..., B%,) in conjunction with the output disturbance model C¢. The

following lemma gives a general condition for detectability of the augmented CM (A;, C;).

Lemma 6.2. Let Assumption 6.1 and 6.2 hold. The augmented CM (A, Cy), with input disturbance

model Bl = vec(B%, ..., B, ..., B&,) and output disturbance model C¢, is detectable if and only if

[2a

I—A; —B¢
rank =n; + ng, (6.1)

¢

(2

A proof is given in Appendix 6.6.2.
One method to satisfy the rank condition of Equation (6.1) is to pick B;i and C’Zd such
!/

B¢ I—4A; o
that range C null . Let (A4;, C;) be detectable and let the steady-state

—cd C;

estimator gain for the state and integrating disturbance vector for subsystem i be denoted by
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Ly, and Ly, respectively. The filter equations for subsystem ¢ are

/m\’L /':U\l Exi ~
(k|k) = (klk —1) + (yi(k) — CiTi(k|k — 1) — Cd;(k|k — 1)) (6.2a)
d; d; Ly,
(k+1]k) = (k|k) + ui(k) + Y (k) (6.2b)
d; I |d 0 i# | 0

in which Z;,d; denotes an estimate of the state and integrating disturbance respectively, for

subsystem 1.

6.2 Distributed target calculation for FC-MPC

For robustness and redundancy, the number of measurements is typically chosen greater than
the number of manipulated inputs. Consequently, one can achieve offset-free control for only
a subset of the measured variables. Define z; = H;y;,z; € R, H; € R":*™i to be the set
of controlled variables (CVs) for each subsystem i € I;. The choice of CVs is presumed to
satisfy:

Assumption 6.4.

I—A; —Bj
rank = Ny + Ne;, © € Ly, (6.3)

Assumption 6.4 implies that the number of CVs for each subsystem i € I;; cannot
exceed either the number of manipulated variables (MVs) m; or the number of measurements

ny,, and that H;C;; must be full row rank.
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Lemma 6.3. Let Assumptions 6.1 and 6.4 hold.

rank =n; ifand only if rank = Ny;.

H;C; H;Cy;
The proof is similar to the proof for Lemma 5.3, and is omitted.
I— Ay
Assumption 6.5. rank =ny, © € Ij.
H;Cj;

Assumption 6.5 is a weaker restriction than detectability of (A;;, H;C;;). In the dis-
tributed target calculation framework, the steady-state targets are computed at the subsystem
level. At each iterate, an optimization and exchange of calculated steady-state information
among interacting subsystems is performed. For subsystem i € I, let ;" denote the setpoint
for the CVs and let «}® represent the corresponding steady-state value for the MVs. Hence, we
write sz = G;ui®, where G; is a steady-state gain matrix. The triplet (ys,, xs,, us,) represents the
steady-state output, state and input target for subsystem i. The target objective for subsystem
i € I, ¥, is defined as ¥, (us,) = %(ufs —us,) Ry, (u$® —us,; ), in which R,,, > 0. Each subsystem

i € Iy, solves the following QP at iterate ¢.

1, .
($:Ef)7u:ft)) € arg min 7(%55 - usi)/RU¢ (uss - usi) (64&)
subject to
Us, € Q; (64b)
I—-A; —Bii| |zs, Bidic@-
= (6.40)

H;Cii Us, P — HCld; - Y7L, (%uijl + Ey@)



in which gij = HZCZ](I — Aij)_lBi]’, Eij = HlCZJ(I - Aij)_lB%, VZ,j S HM, ] 75 7.
Existence. Let Assumption 6.4 be satisfied. Consider

I—A; Bl | s, Bzdi‘/i; ~
= 5 1€ ]IM

H;Ci; Us, 5P — HiCdd; — 1, (gijusj' + EijC/Z\i)

Dr = { ((zfp,c/i\i), i€ HM) |3 ((xs,,,us,), 1 € Ip) satisfying Equation (6.5)
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(6.5)

and us; € Q4, Vj € ]IM} domain of target

If Dy is empty, the constraints are too stringent to meet z;*, i € I);. For Dy nonempty and

2P, c@ ,i € Ipr) € Dy, the feasible region for Equation (6.4) is nonempty for each ¢ € I,.
i g q pty

Since R,, > 0, the objective is bounded below. A solution to Equation (6.4), therefore, exists

for all i € Ij; (Frank and Wolfe, 1956).

Uniqueness.

Lemma 6.4. For each subsystem i € Ly, let H; satisfy Assumption 6.4. Let Assumption 6.1 hold. The

solution to the target optimization problem (Equation (6.4)) for each i € 1y, if it exists, is unique if and

only if Assumption 6.5 is satisfied.

A proof is given in Appendix 6.6.4.

(®)

2

() *() s

Corollary 6.4.1. x5, = [w5,",. .., 25,y i € Iny is unique.
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Remark 6.1. It can be shown that (A4;, H;C;) is detectable if and only if (A;;, H;Cj;) is detectable.
For subsystem 1, if H; satisfies Assumption 6.4, (A;;, H;C;;) is detectable and Assumption 6.1

holds, the solution to the optimization problem of Equation (6.4) is unique.

The steady-state targets for each i € I); are obtained using the distributed target calcu-

lation algorithm given below.

Algorithm 6.1. Given (ul , zi¥, u5®), Ry, > 0, Vi € Inf, tmax > 0, € > 0
t—1, ki —Te, I'>1
while x; > eforsomei € Iy and ¢ < tiax
doViely
Determine (x;(f ), u:i(t)) from Equation (6.4)
(o ut,) = wiwl i) + (1 - w) @l ul)
R [l ul,) — (28, ug Y
Transmit (z!,_, uf ) to each interconnected subsystem j € I, j # i
end (do)
t—t+1

end (while)

For each subsystem i € I, at iterate ¢, the target state :U’;Z_j, J # i is calculated using
al, = — Ay~ [Bijutsj + Bfljc/l; and by definition, !, = [«f /,... 2% '|'. Alliterates gen-
erated by Algorithm 6.1 are feasible steady states. Furthermore, the target calculation objective
V() = Zf\il w;W;(uf,), in which w; > 0, i € Iy and Zf\il w; = 1, is a nonincreasing func-

tion of the iteration number ¢. Since V¥;(-),i € I)s is bounded below, the sequence of costs

{W(ul,,...,ul,, )} converges. The proof for monotonicity and convergence is identical to the
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proof for Lemma 4.4 and is omitted. Let U(u’,, ..., u} ) — ¥*°. Because an equality constraint

that couples input targets of different subsystems is included in the target optimization (Equa-
tion (6.4)), optimality at convergence may not apply for Algorithm 6.1. Define the limit set

S = {((ws;,, us;), i € Ipr) | ¥(-) = ¥}, It can be shown that the sequence (z! ,ul), i € Iy,

(generated by Algorithm 6.1) converges to a point ((z3°,uS°), i € Iyy) € S*. The targets

Sii? TS

(230, ug?), i € Iy may be different from (23, uj,), i € Iy, the optimal state and input targets
obtained using a centralized target calculation (Venkat, 2006). However, sz = Cix3 + Cgc@

and (I — Az = B + Y. 1%, Wiju® + Bld;, i € L.

6.2.1 Initialization

At time k = 0, Algorithm 6.1 is initialized with any feasible (22 (0),u? (0)), i € Ins. Let Algo-

i
rithm 6.1 be terminated after ¢t € I, ,¢ < t,,.« iterates. For the nominal or constant disturbance

t

case, the steady-state pair (z (k),u’ (k)), i € I) is a feasible initial guess for the distributed

target optimization problem (Equation (6.4)) at time £ + 1. Using monotonicity and conver-
t

gence properties for Algorithm 6.1, (% (k), uf, (k)) converges to (z3°,u°), i € Iy as k — oo.

S; ) 7S,

6.3 Offset-free control with FC-MPC

The regulation problem described in Chapters 4 and 5 assumed the input and output targets
are at the origin. The targets may of course need to be nonzero while tracking nonzero set-
points or rejecting nonzero constant disturbances. To achieve offset-free control in the above
scenarios, a target calculation is performed and the target shifted states, inputs and outputs

are used in the regulator. In the FC-MPC framework, Algorithm 6.1 may be terminated at in-
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termediate iterates. For a large, networked system, the number of local measurements usually
exceeds the number of subsystem inputs. Also, only the CVs typically have setpoints. Offset-
free control can, therefore, be achieved for only the CVs. The choice of regulator parameters is
restricted to enable offset-free control in the CVs. Accordingly, the stage cost for subsystem ¢
is defined as

Lilwis ) = 5 [llas = 213, + i =t I

N — N~

[wi' Qiw; + vi' Riv;)

in which ¢ is the number of distributed target calculation iterates, &; = z; — xﬁ,i, Vi = u; —
b, 2P = H,Cial, + H,Cd;, Q..,Ri > 0, Qi = C/H/Q., H,C; and ((sz,c@), ie ]IM) € Dr.
The cost function for subsystem ¢ (Equation (4.5)) is rewritten as ¢;(w;(k), v;(k); w;(k)), where
wi(k) = [wilk + 1k) wi(k + 2|k),...), vi(k) = [v(k),vi(k + 1]k),...] and ©;(k + j + 1|k) =
Aiw;(k+j|k)+ Bivi(k+7j|k) +Z£§m Wisvs(k+jlk), 0 < j. It can be shown under the assumption
Q. > 0 that (4;, Qly 2) (with @; defined as above) is detectable if and only if (A;;, H;Cj;) is
detectable. Let ;(k) = [vi(k),...,vi(k + N — 1]k)]". The FC-MPC optimization problem for
subsystem i is given by Equation (4.9), in which each w;, z;, j € I) replaced by v;, @,
respectively.

For the augmented subsystem model (see Section 6.1), detectability of (A;, C;) implies
that a steady-state estimator gain EZ exists such that ﬁi — ;LZZ@ is stable. We have "éj =
(Ki — EZZZ@)EZ and Z; = ZZ@(;L — Z,Zz@), where ¢; is the estimate error for the augmented
t ¢

x4 |. The evolution of the perturbed augmented system

subsystem model. Let pf, = [} ,... 2}
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is given by
+
7. 7 M
¢ 1 ! oI t . .0 P(T t s
=4 + B (fi — pt, 0) + > Wisub (i — it 0) + Zie, (6.6a)
d; d; J#
gj_ = (gz — E,EZ@)'@], Z?p’+ = pr, 1 € Iy, (66b)
inwhich i — pf, = [Z1 — 2% ,...,Zy — 2%, ]. Define

((zfp, c@), i€ ]IM> €Dy, T;— xsi(zsp,&;) €Dg,, i € HM} domain of controller (6.7)

7

In Equation (6.7), (z;, Ej, e, 2P i € Iy is calculated using Equation (6.6). The set D¢ is
positively invariant. The set Do represents the maximal positively invariant stabilizable set
for distributed MPC (with target calculation, state estimation and regulation) under constant
disturbances and time invariant setpoints.

Let (2, ul,) represent the state and input targets obtained for subsystem i € I, after
t € I, t < tyax Algorithm 6.1 iterations. Let FC-MPC based on either Theorem 5.1 (stable sys-
tems) or Theorem 5.2 (unstable systems) be used for distributed regulation. Let Algorithm 4.1

(p. 43) be terminated after p € I, p < pmax iterations. The target shifted perturbed closed-loop

system evolves according to

M
@I(k: + 1) = A,@Z(k) -+ Bzvz(k?) + Z Wz‘jVj(k') + Tfézgl(k), (6.8a)
J#i

Cilk +1) = (A — ALiCe(k), i€y, (6.8b)



136
in which &; = Z; — 2%, v; = u! (i — p,0) and 777 [z, c/l;-’]' = 7, i € Iy. The input injected into
subsystem i € I/, after p Algorithm 4.1 iterations and ¢ Algorithm 6.1 iterations, is u‘f (n—
pt, 0) +ul, . The evolution of the disturbance estimate follows di(k+1) = di (k) + TfZ'éZ-(kz), i€

d

]IM, where T [@Z‘/, di/]/ = di.

Theorem 6.1. Let (A;, C;), i € Iy be detectable. The origin is an exponentially stable equilibrium for
the target shifted perturbed closed-loop system given by Equation (6.8), in which (A;— A;£;Cy), i € Iy
is stable and &;(0) = Z;(0) — xtsl,(O),for allp = 1,2, Pmax, t = 1,2,...,tmax, k& > 0 for all

(@i(0),d:(0),€(0), ), i € Iy ) € B
A proof is given in Appendix 6.6.5.

Lemma 6.5. Let Assumptions 6.1 to 6.3 hold. Let (ZZ-, 61),1 € I,y be detectable, (&—&ZZ@),Z ey
be stable and ng4, = n,,, Vi € Ips. Also, let the input inequality constraints for each subsystem i € Iy
be inactive at steady state. If the closed-loop system under FC-MPC is stable, the FC-MPCs with
subsystem-based estimators, local disturbance models and distributed target calculation, track their
respective CV setpoints with zero offset at steady state i.e., z° = H;y;(c0), where y;(co) is the output

for subsystem i at steady state, and H; satisfies Assumption 6.4.

A proof is given in Appendix 6.6.6.

6.4 Examples

6.4.1 Two reactor chain with nonadiabatic flash

A plant consisting of two continuous stirred tank reactors (CSTRs) and a nonadiabatic flash is

considered. A schematic of the plant is shown in Figure 6.2. A description of the plant as well
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as MVs, CVs for each control subsystem was provided in Section 4.7.2 (p. 58). A linear model
for the plant is obtained by linearizing the plant around the steady state corresponding to the
maximum Yyield of B. The constraints on the manipulated variables are given in Table 6.1. In
the decentralized and distributed MPC frameworks, there are 3 MPCs, one each for the two
CSTRs and one for the nonadiabatic flash. In the centralized MPC framework, a single MPC

controls the entire plant.
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Figure 6.1: Two reactor chain followed by nonadiabatic flash. Vapor phase exiting the flash is
predominantly A. Exit flows are a function of the level in the reactor/flash.

Table 6.1: Input constraints for Example 6.4.1. The symbol A represents a deviation from the
corresponding steady-state value.

—02<AF <02 | 8<AQ, <8
—0.04 <AF; <0.04 | —2<AQ, <2
—-025<AD <025 | -8<AQ, <8

The states and integrating disturbances for each subsystem are estimated from mea-

surements. Input disturbance models are used to eliminate steady-state offset. The distur-
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bance models employed in each MPC framework are given in Table 6.2. In the FC-MPC
framework under output feedback, the states of each subsystem are estimated from local mea-
surements using subsystem-based Kalman filters. The steady-state targets are calculated in a
distributed manner employing Algorithm 6.1. Two cases for distributed target calculation in
the FC-MPC framework are considered. In the first case, distributed target calculation algo-
rithm is terminated after 10 iterates, and in the second case, the distributed target calculation

algorithm is iterated to convergence.

Table 6.2: Disturbance models (decentralized, distributed and centralized MPC frameworks)
for Example 6.4.1.

BY, =05[Bi1 Bi] Cd, =051,
Bf = vec(BH, 0,0) C¢ =0.51,,
B, =0.5[By; By] Ccg, =051,
B = vec(0, B, 0) C¢ =051,
B, =05 [Bs3 333] C% =051,
B¢ = vec(0,0 ng) C§ =05,
By = diag(B¢, B, BY) | C4 = diag(C{, 04, C9)

A feed flowrate disturbance affects CSTR-1 from time = 30. As a result of this flowrate
disturbance, the feed flowrate to CSTR-1 is increased by 5% (relative to the steady-state value).
The disturbance rejection performance of centralized MPC, decentralized MPC and FC-MPC
is investigated for the described disturbance scenario. A control horizon N = 15 is used for
each MPC. The sampling interval is 1.5. The weight for each CV is 10 and the weight for
each MV is 1. The performance of the different MPC frameworks rejecting the feed flowrate
disturbance to CSTR-1 (d in Figure 6.1) is shown in Figure 6.2. The resulting temperature
and cooling duty changes are small and therefore, not shown. The closed-loop control costs

incurred by the different MPC frameworks are compared in Table 6.3.
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Figure 6.2: Disturbance rejection performance of centralized MPC, decentralized MPC and FC-
MPC. For the FC-MPC framework, "targ=conv’ indicates that the distributed target calculation
algorithm is iterated to convergence. The notation "targ=10" indicates that the distributed tar-
get calculation algorithm is terminated after 10 iterates.

Under decentralized MPC, the feed flowrate disturbance causes closed-loop instabil-
ity. With the centralized MPC and FC-MPC frameworks, the system is able to reject the feed
flowrate disturbance. The feed flowrate disturbance d;, to CSTR-1 causes an increase in H,.
In the FC-MPC framework, MPC-1 lowers Fj to compensate for the extra material flow into

CSTR-1. MPC-3 cooperates with MPC-1 and helps drive H, back to its setpoint by decreasing
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the recycle flowrate D to CSTR-1. The initial increase in H, results in an increase in F;, which
in turn increases H,,. Subsequently, F}, and hence, Hj, also increase. To compensate for the
initial increase in H,,, MPC-2 decreases F). The initial increase in Hy, is due to an increase
in Fy, (MPC-2) and decrease in D (MPC-3). To lower Hy, MPC-3 subsequently increases D.
MPC-1 continues to steer H, to its setpoint, in spite of an increase in D (by MPC-3), through a

corresponding (further) reduction in Fj.

Table 6.3: Closed-loop performance comparison of centralized MPC, decentralized MPC and
FC-MPC. The distributed target calculation algorithm (Algorithm 6.1) is used to determine
steady-state subsystem input, state and output target vectors in the FC-MPC framework.

Acost X 102 AAcost(%
Cent-MPC 4.14 ——
Decent-MPC 00 ——
FC-MPC (1 iterate, targ=conv) 5.74 38.4%
FC-MPC (1 iterate, targ=10) 7.12 71.2%
FC-MPC (10 iterates, targ=conv) 4.17 0.62%
FC-MPC (10 iterates, targ=10) 5.93 43.2%

The performance loss incurred under FC-MPC, with Algorithm 4.1 (p. 43) terminated
after 1 cooperation-based iterate and Algorithm 6.1 (p. 132) terminated after 10 iterates, is ~
72% relative to centralized MPC. If the distributed target calculation algorithm (Algorithm 6.1)
is iterated to convergence, the performance loss w.r.t centralized MPC reduces to ~ 38%. If
both Algorithm 4.1 and Algorithm 6.1 are terminated after 10 iterates, the performance loss
relative to centralized MPC is ~ 43%. Iterating Algorithm 6.1 to convergence, and terminat-
ing Algorithm 4.1 after 10 iterates, improves performance to within 1% of centralized MPC

performance.
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6.4.2 Irrigation Canal Network

The key to agricultural productivity and the goal of irrigation canal networks is to provide
the right quantity of water at the right time and place. The need for flexible, “on-demand”
schedules has motivated the need for automatic control of these water networks. Each irriga-
tion canal consists of a fixed number of reaches that are interconnected through control gates.
In reach i (see Figure 6.3), the downstream water level y; is controlled by manipulating the
gate opening u;. However the water level y; is also affected by the gate opening u;,1 in reach
i + 1. At the downstream end of each reach i, an off-take discharge @; supplies water to meet
local demands. For each reach, the off-take discharge is dictated by the local water demand.
Variations in the off-take discharge are disturbances for the system. Representative publica-
tions on the modeling and control of canal networks include Garcia, Hubbard, and de Vries
(1992); Sawadogo, Malaterre, and Kosuth (1995); Sawadogo, Faye, and Mora-Camino (2001);
Schuurmans, Bosgra, and Brouwer (1995). In most cases, different sections of the irrigation
canal network are administered by different governing bodies (e.g., different municipalities)
making centralized control impractical and unrealizable. It is also well known that a decen-
tralized control formulation in which each canal reach employs a local controller to regulate
water levels may realize poor closed-loop performance as a result of the interaction between
adjacent reaches.

The example we consider here is canal 2 of the test cases established by the ASCE task
committee Clemmens et al. (1998). The canal under consideration is fed by a constant water
level reservoir at its head. The canal consists of 8 interconnected reaches with the downstream

end closed (Figure 6.4). Between times 0.5 hrs and 2.5 hrs, an off-take discharge disturbance
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Reachz — 1

Reach ¢

Reachi: + 1

Qitr1

Figure 6.3: Structure of an irrigation canal. Each canal consists of a number of interconnected
reaches.

affects reaches 1 — 8. During this time, reaches 1,3,5 and 7 experience an off-take discharge
disturbance of 2.5 m3/min and simultaneously, a discharge disturbance —2.5 m?®/min affects
reaches 2,4,6 and 8. The closed-loop performance of centralized MPC, decentralized MPC
and FC-MPC, rejecting this off-take discharge disturbance is assessed. The permissible gate
opening Au; (deviation w.r.t to steady state) for each reach i,i € {1,2,...,8} is given in Ta-

ble 6.4. In the decentralized and distributed MPC frameworks, there are 8 MPCs, one for each

reach.
Gate 1
Reach 1 |:|
|:| Gate 8
Reach 8
Q1
—————> 4—>|<—> D EEm— +—>
7 Km 3 Km 3 Km 4Km 4 Km | 3 Km 2 Km 2 Km |

Figure 6.4: Profile of ASCE test canal 2 Clemmens et al. (1998). Total canal length 28 km.
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Table 6.4: Gate opening constraints for Example 6.4.2. The symbol A denotes a deviation from
the corresponding steady-state value.

—15<Au; <1.5
—15<Auy <15
—0.4 < Auz < 0.4
—0.1 < Auy <0.1
—0.25 < Aus < 0.25
—0.15 < Aug <0.15
—0.1 < Auz <0.1
—0.1 < Aug < 0.1

In each MPC framework, the state and constant disturbances are estimated using a
steady-state Kalman filter. Output disturbance models are used to eliminate steady-state off-
set due to the unmeasured off-take discharge disturbances. In the FC-MPC formulation, the
distributed target calculation algorithm is iterated to convergence. The performance of the
different MPC frameworks, rejecting the off-take discharge disturbance in reaches 3,4 and 6 is
shown in Figure 6.5. For each MPC, Q; = 10, R; = 0.1,7 € {1,2,...,8}. The sampling rate is

0.1 hrs (or every 6 minutes) and the control horizon N for each MPC is 30.

Table 6.5: Closed-loop performance of centralized MPC, decentralized MPC and FC-MPC re-
jecting the off-take discharge disturbance in reaches 1 — 8. The distributed target calculation
algorithm (Algorithm 6.1) is iterated to convergence.

Acost X 104 AAcos‘c(%
Cent-MPC 4.58 ——
Decent-MPC 7.81 70.5%
FC-MPC (1 iterate) 7.41 61.8
FC-MPC (2 iterates) 5.88 28.4%
FC-MPC (5 iterates) 4.99 9.0%
FC-MPC (10 iterates) 4.72 3.1%

Based on control costs calculated at steady state (Table 6.5), decentralized MPC leads to
a control performance loss of ~ 70% relative to centralized MPC performance. In the FC-MPC
framework, with Algorithm 4.1 terminated after a single iterate, the incurred performance loss

w.r.t centralized MPC is ~ 62%. If the FC-MPC algorithm is terminated after 2 cooperation-
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Figure 6.5: Control of ASCE test canal 2. Water level control for reaches 3,4 and 6.

based iterates, the performance loss reduces to ~ 29% of centralized MPC performance. The
FC-MPC framework achieves performance that is within 3.25% of centralized MPC perfor-

mance if 10 cooperation-based iterates are allowed.
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6.5 Discussion and conclusions

A disturbance modeling framework that uses local integrating disturbances was employed.
This choice of local integrating disturbances is motivated by considerations of simplicity and
practical convenience. A simple rank test is shown to be necessary and sufficient to verify
suitability of postulated subsystem disturbance models. Next, a distributed target calculation
algorithm that computes steady-state input, state and output targets at the subsystem level
was described. All iterates generated by the distributed target calculation algorithm are feasi-
ble steady states. Also, the target cost function is monotonically nonincreasing with iteration
number. The attributes described above allow intermediate termination of the distributed tar-
get calculation algorithm. A maximal positively invariant stabilizable set for distributed MPC,
with state estimation, target calculation and regulation, was defined. This positively invariant
set characterizes system state, disturbance, estimate error and setpoint quadruples for which
the system can be stabilized using the distributed MPC control law. Zero-offset control at
steady state is established for the set of subsystem-based MPCs under the assumption that the
input constraints for each subsystem are inactive at the target. An interesting result, which
follows from Lemmas 6.1 and 6.5, is that disturbance models that achieve zero-offset steady-
state control under decentralized MPC are sufficient to realize offset-free steady-state control
in the FC-MPC framework.

Two examples were presented to illustrate the effectiveness of the proposed output
feedback distributed MPC framework. In the first example, control of a chemical plant was
investigated in the presence of a feed flowrate disturbance. The states of each subsystem were

estimated using a Kalman filter. Decentralized MPC is unable to reject the disturbance and re-
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sults in closed-loop unstable behavior. Here, the distributed target calculation algorithm was
terminated at an intermediate iterate. The FC-MPC framework is able to reject the disturbance
and achieves zero offset steady-state control performance for all values of distributed target
calculation and distributed regulation algorithm iteration numbers. Next, the distributed MPC
framework was employed to reject a discharge disturbance in a simulated irrigation canal net-
work. Local output disturbance models were used to achieve zero offset steady-state control
performance. The first iterate was observed to improve performance marginally (~ 9%) com-
pared to decentralized MPC. A second iterate, however, leads to a significant improvement in
performance (~ 41%) compared to decentralized MPC. For this example, it is recommended

that at least two iterates per sampling interval be performed.

Implementation. The structure of the FC-MPC framework with distributed estimation, local
disturbance modeling and distributed target calculation is shown in Figure 6.6. Each subsys-
tem uses a local Kalman filter to estimate its states and integrating disturbances. The only
external information required are the inputs injected into the interconnected subsystems. This
input information, however, is available in the regulator and consequently, no information
transfer between subsystems is needed at the estimation level. Next, the targets are calcu-
lated locally. The input target is relayed to all interacting subsystems after each iterate (Al-
gorithm 6.1). The setpoint for subsystem CVs, local integrating disturbances and the decen-
tralized state target need not be communicated to interconnected subsystems. For distributed
regulation, the subsystem state estimate is communicated to all interconnected subsystems at
each k; the recalculated input trajectories are broadcast to interacting subsystems after each

iterate. For each subsystem i € I/, by setting w; = 1 and w; = 0, V j # ¢ in the FC-MPC
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regulator optimization problem and A;;,C;; = 0, V j # i in the estimator and the target op-
timization problem, and by switching off the communication between the subsystems, we

revert to decentralized MPC.

N Y2
y y
uf, uy ul, ub
--------------- Estimator-1 Estimator-2<¢---------------ooo-
From regulator-1 From regulator-2
/I'\l, dl 55\27 d2
ul

Sp ) ss Sp , ss
zu
1% | e > Z9 s U
———»| Target-1 Target-2 |« 22
[ R

t t t
ySQ Y :L.52 Y uSQ

To estimator-1

Y1 -] ! ! — 1y

~ 4 -

Subéifs’tem—l Subsystem-2

Figure 6.6: Structure of output feedback FC-MPC.
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6.6 Appendix

6.6.1 Proof for Lemma 6.1

Proof for Lemma 6.1. From the Hautus Lemma for detectability (Sontag, 1998, p. 318), (ﬁ“ 51)

A — A
is detectable iff rank =n; + ng,, V|A| > 1. Define
C;
M — Ay BL : B -
M — Ay 0
(A—=DI N
S()‘) = - Ci; Cs ’
Cii cd Cs
0 A — A
A — A ) )
- Ay BL
in which A;; = ,Cl = {Cn' Cidi:| denote respectively, the A and C' matrix for the
I

augmented decentralized model and

A = diag(Air, - - -, Ajii—1)s Aigir)s - - - i), Aii € R X

Cs=[Ca,-.., Ci(i—l), Ci(i+1)a o5 Cim]

Consider |A\| > 1. Since A is stable, the columns of \I — A are independent. Hence the
0
columns of C, are independent. By assumption, has n;; +ng4, independent

A — A

columns. Due to the };ositions of the zeros, S(\) has n;+n,4, independent columns. To complete
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the proof, we note that

M — A;
=US\)U,
C;
A — A;
in which U is an unitary matrix. Consequently, the columns of are independent for
C;
all || > 1. Hence, (4;, C;) is detectable. O

6.6.2 Proof for Lemma 6.2

Proof. (Zi, C;) detectable = rank condition. From the Hautus lemma for detectability (Son-

M—-4, -B¢
tag, 1998, p. 318), the columns of (A —1)I| are independent for any A satisfying
M —A; —-B¢
|A| > 1. The columns of are, therefore, independent for all |A\| > 1. The
C; cd

choice A = 1 gives the desired rank relationship.

rank condition —> (A;,C;) detectable. The assumed rank condition implies the columns

d
of =4 -5 are independent. From Lemma 5.3, (4;,C;) is detectable. The columns
Ci o
r M—4; -B¢
A — A;
of are, therefore, independent for all |A| > 1. Consider C; cd | For
C;
) 0 (A—=DI




A # 1, the columns of (A — 1)/ are independent and therefore, the columns of cd

are independent. Due to the position of the zero, the columns of C; cd are

I—-A; —-Bf¢
independent. For A = 1, we know that the columns of are independent (by

C; cd

)

assumption). Hence, (ﬁi, CN’l) is detectable, as claimed. O

6.6.3 Existence and uniqueness for a convex QP

Theorem 6.2. Let f(z) = 32/Qz + dx + dand —co < f < f(z), ¥V a. Consider the constrained QP

min f(z) subjectto Axr=0b,xeX

inwhichxz € R", b € RP, Q > 0, A € RP*", and X C R**" is polygonal. Let the feasible region be

nonempty. Let rank(A) = p. A solution to this problem exists. Furthermore, the solution is unique if

Q

rank =n.
A

Proof. Since the feasible region is nonempty and polygonal, and the QP is bounded below by

[, a solution exists (Frank and Wolfe, 1956). Suppose that there exists two solutions x and z.

Letw = x — 7. We have Aw = A(x — Z) = b — b = 0. The normal cone optimality conditions 3

3We note that f(-) is a proper convex function in the sense of (Rockafellar, 1970, p. 24), that the relative interior
of Az = b,z € X is nonempty and that the feasible region defined by (Az = b,z € X) C dom(f(-)). The normal
cone optimality conditions are, therefore, both necessary and sufficient (Rockafellar, 1970, Theorem 27.4, p. 270).
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for x and 7 gives

(y—2)(Qr+c) >0 VylAdy=b,yeX

(y—7)(QT+¢) >0 VylAdy=byeX

Substituting y = 7 in the first equation and y = z in the second equation, we have w'Qx <
—w'c and w'QT > —w'c. These two equations together imply w'QT > w'Qx, and therefore
w'Quw < 0. Because Q@ > 0, w'Quw > 0. Hence, w'Qw = 0, which implies Qw = 0. Using
Aw = 0 and full column rank for , we have that the only solution for w=0isw = 0.

A A
This gives z = 7. O

6.6.4 Proof for Lemma 6.4

Proof for Lemma 6.4. Reverse implication. The objective function for the optimization prob-

lem of Equation (6.4) can be rewritten as

1| Tsa 0 Lsi 0 Lsi 1 o .
v, (4) = 3 + + §u:b Ry, us®.

From Theorem 6.2, the solution to the target optimization problem for each i € I is unique

if the columns of ,i € Ips are independent. Because R, > 0,7 € 7, and due
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0
Ry,
to the position of the zeros, the columns of are independent if and only if the
I—A; —Bj
| HiCii |
I—A;
columns of are independent.
H;Cji
. - w(t)  *(t) I— Aii
Forward implication. Let (zg;;”,us, '), ¢ € I be unique and assume rank < N
H;C;i
I— Ay
for some ¢ € Ij;. By assumption, there exists v such that v =0, v # 0. The pair
H;Cj;
(a::ff ) 4 v, u;(t)) achieves the optimal cost §||u$® — u;(t) ||%2u_ and
(@2l +v) = :
H;,Cy; pr — f]vchlddZ — Zj\;‘lz (?,]ugj_l +Eijdz‘>
which contradicts uniqueness of xsz ), O

6.6.5 Proof for Theorem 6.1

Proof for Theorem 6.1. Since (ﬁi, @), i € Ips is detectable, an estimator gain ZZ exists such

that (ﬁz — AL @) is stable for each i € I;. From the positive invariance of f)c,

(@P.diky), i € Tur) € Dy
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for all £ > 0. The target optimization problem (Equation (6.4)) is feasible for each i € I/
for all £ > 0. In Theorem 5.4 (Appendix 5.9.2), replace e; by ¢;, Z; by sz, AZL by (AZ —
AiL;Cy), T; by &;, and i by [i — pt. The model matrices (4;, B;, {Wij};+i, C;) are unaltered.
From the definition of Dy, and positive invariance of D¢, feasible perturbation trajectories
v;,41 € Iy exist such that vi(j) + (uf (L — pk, 7) + ul.) € Q4,5 > 1,i € Ipy. Existence of o, for
stable and unstable systems can be demonstrated using arguments used to prove Theorem 5.1

and Theorem 5.2, respectively (with appropriate variable name changes as outlined above).

Invoking Theorem 5.4 completes the proof. O

6.6.6 Proof for Lemma 6.5

Proof. From Lemma 5.3, (4;, C;) is detectable and (A;, B;) is stabilizable. Zero offset steady-
state tracking performance can be established in the FC-MPC framework through an extension
of either (Muske and Badgwell, 2002, Theorem 4) or (Pannocchia and Rawlings, 2002, Theo-
rem 1). Let Algorithm 4.1 be terminated after p € I, p < oo iterates. At steady state, using

Lemma 4.4 we have u! (u(c0),0) = u§

((00),0), ¢ € Iy, p € L. Let the targets generated
by Algorithm 6.1 at steady state be (257, us”),V i € Ips (see Section 6.2.1). Let (7;(o0), c/l;(oo))
denote an estimate of the subsystem state and integrating disturbance vectors at steady state.

From Equation (6.2), we have

and  di(00) = di(00) + La, (yi(oo) — CiEi(00) — c;lcz(oo))
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Invoking (Pannocchia and Rawlings, 2002, Lemma 3) for each subsystem i € I/ gives
Ly, is full rank. Hence, y;(c0) = C;z;(c0) + Cfc/l\i(oo) and (z;(0c0) — 23°) = A;(T5(00) — 25°) +

Bi(ug®(p(00), 0) —ug?) + 325, Wij(u3® (p(00), 0) —ug?), i € Ins. Because all input constraints are

inactive at steady state, there exists K such that the solution to Algorithm 4.1 at steady state is

(u° (), 0) — uS) (71(00) — 27)
(u3° (), 0) — ug) (#2(00) — 29)
- K
| (035 (1(00),0) — 35, | | @nr(o0) — 233,

(I — Aey — BemK) =0,

~

(Zar(00) — 253,)

which gives (7;(c0) — 25Y) = 0, i € Iy and u§®(u(00), 0) = ug?. This implies

Hiyi(o0) = 2 = (HiCii(o0) + HiCldi(00) ) — (HiCia%® + HiC{di(~0))

Si

=0
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6.6.7 Simplified distributed target calculation algorithm for systems with nonin-

tegrating decentralized modes

For systems without integrating decentralized modes, an alternative, simpler, distributed tar-
get calculation algorithm can be derived by eliminating the decentralized states z,,, i € Iy

from the optimization problem of Equation (6.4). For subsystem i € I, at iterate ¢, the follow-

ing QP is solved
1

w: € arg min 5 (U = 1) R, (U — us,) (6.9a)
subjectto us, € (6.9b)

M M

_ S d7 _ — - 7

Giitts; = 27 — HiCi'd; — Zgz’jugj = Z hijd;, (6.9¢)

j#i =1

in which g;; = H;Cy;(I — A;) !By and hy = H;Cy;(I — Ay;) "1 B4, The following algorithm

may be employed to determine steady-state targets.

Algorithm 6.2. Given (ul , 2P, u$®) , Ry, > 0, i € Inf, timax > 0,€ > 0
t— 1,k TeI'>1
while x; > e for some i € Iy and ¢ < tyax

doViely

®)

Determine ug, ' from Equation (6.9)
ul, — wiui® + (1 - w;)ub !
pi — llug, —ul

Transmit uéL to each interconnected subsystem j € Iy, j # ¢

end (do)
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t—t+1

end (while)

At each iterate ¢, the target state vector 2%, Vi € {1, M} is calculated as zf, «— (I —
AT B, + Y (I — AT Wigul, + (I — A;) "' B{d;. For ((sz, di),i € ]IM) € Dy, a feasible
solution for the target optimization problem above exists for each ¢ € I;. Because the objective

is strictly convex, the solution to Equation (6.9) is unique.
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Chapter 7

Distributed MPC with partial

cooperation !

In the FC-MPC framework, the objective of each local MPC is known to all interconnected
subsystem MPCs. This global sharing of objectives may not be desirable in some situations.
As a simple example, consider the system depicted in Figure 7.1. Assume that the y» setpoint
is unreachable and that wus is at its bound constraint. From a practitioner’s standpoint, it is
desirable to manipulate input u;, to the largest extent possible, to achieve all future y; setpoint
changes. Conversely, it is desirable to manipulate us to track setpoint changes in y». By defini-
tion, a decentralized control structure is geared to realize this operational objective. However,
the resulting closed-loop performance may be quite poor. Centralized control, on the other
hand, utilizes an optimal combination of the inputs u1, us to achieve the new setpoint. The

centralized MPC framework, though optimal, may manipulate both u; and us significantly.

'Portions of this chapter appear in Venkat, Rawlings, and Wright (2005a).
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Figure 7.1: 2 x 2 interacting system. Effect of input u; on output y» is small compared to
u1 — Y1, u2 — y1 and us — Yo interactions.

7.1 Partial feasible cooperation-based MPC (pFC-MPC)

To track the setpoint of y; exclusively with input u; and setpoint of y, primarily with uy, the
concept of partial cooperation is employed. This approach of designing controllers to explicitly
handle operational objectives is similar in philosophy to the modular multivariable controller
(MMC) approach of Meadowcroft et al. (1992). The principal goal is to meet operational ob-
jectives, even if the resulting controller performance is not optimal. The partial cooperation-
based MPC for subsystem 1 (pFC— MPC;) manipulates u; but has access only to the local
objective ¢; that quantifies the cost of control action u; on y;. The partial cooperation-based
MPC for subsystem 2 (pFC — MPC,) manipulates u; and retains access to both subsystem ob-
jectives ¢1 and ¢,. Therefore, pFC — MPC, evaluates the cost of control action u2 on a global

level i.e., its effect on both system outputs y; and ys.
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7.1.1 Geometry of partial cooperation

To illustrate the behavior of partial feasible cooperation-based MPC (pFC-MPC), we consider
a simple example consisting of two subsystems with cost functions ®;(-) and ®3(-). Both ®(-)
and ®;(-) are obtained by eliminating the states x;,7 = 1,2 from the cost functions ¢ (-) and
¢2(+) respectively using the corresponding composite model equations (see p. 39, Chapter 4).
The point p in Figure 7.2 represents the Pareto optimal solution for w; = ws = 3. If both
MPCs cooperate completely (FC-MPC), we know from Lemma 4.5 (p. 45) that the FC-MPC
algorithm (Algorithm 4.1, p. 43) converges to p. Under partial cooperation, pFC — MPC; uti-
lizes only ®,(-) to determine its control actions. For cases in which the u; — y; interactions are
weak compared to the u; —y1, u2 — y2 and us — y; interactions, the pFC-MPC framework is ob-
served to converge to a point in a neighborhood of p. In Figure 7.2, p’ represents the converged
solution obtained using partial cooperation. The displacement of p’ relative to p is observed to
be a function of the strength of the u; — ¥ interactions relative to the other interaction pairs.
If the u; — y2 interactions are identically zero, p and p’ coincide. Unlike FC-MPC, there are no
convergence guarantees for pFC-MPC however. For situations in which u; — y» interactions
are much stronger than the other interaction pairs, partial cooperation may not converge. Em-

ploying pFC-MPCs for cases in which the u; — y» interactions are significant is a bad design

strategy; FC-MPCs should be used instead.
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Figure 7.2: Geometry of partial cooperation. p denotes the Pareto optimal solution. p’ repre-
sents the converged solution with partial cooperation. d is the solution obtained under decen-
tralized MPC. n is the Nash equilibrium.

7.1.2 Example

We consider an example in which the u; — ys interaction is weak compared to the u; — y1,

up — y2 and ug — y; interactions. The plant is described by

Y1 Gi1 G| [wm
Y2 Goa1 Gaa| \u2
in which
1.26 0.5(—5s + 1)
Gy = —2 Gy =
M 965+ 1 2T (18s+ 1)(5s + 1)
1.5(—20s + 1 3.9
Go1 = ( ) 22

(10.55 + 1)(20s + 1) T Bds+1
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The input constraints are |u;| < 1.25 and |up| < 0.3. The sampling rate is 1.5. An initial
(reachable) setpoint change is made to y,. Tracking errors for output y» are weighted 50 times
more than tracking errors for output y;. The regulator penalties on u; and ug are Ry = 1 and
Ry = 0.01 respectively.

At times 4 and 7, unreachable y; setpoint changes are made. For each of the new y»
setpoints, the input us is at its upper bound at steady state. The pFC-MPC algorithm is ter-
minated after 1 iterate. The closed-loop performance of cent-MPC and pFC-MPC are shown
in Figure 7.3. Cent-MPC, in violation of the desired mode of operation, manipulates input
u; (in addition to ug) to track the y, target optimally. Since the y; setpoint is unchanged and
pFC — MPC, has access to objective ¢ only, u; remains unaltered. To alter y», pFC — MPC,
needs to manipulate us. However, us is already at its bound constraint and consequently, 3
remains unchanged. Thus, the pFC — MPC formulation, though suboptimal, achieves desired

operational objectives.

7.2 Vertical integration with pFC-MPC

In previous chapters, we were concerned with horizontal integration of the higher level sub-
systems” MPCs. In practice, the outputs from each MPC are almost never injected directly
into the plant, but are setpoints for lower level flow controllers. Such a cascaded controller
structure results in a vertical hierarchy within each subsystem. By integrating the lower level
flow controllers with the higher level subsystem MPC, it may be possible to further improve
systemwide control performance. Traditionally, PID controllers have been used in industry

for control of fast flow loops. Recent advances in explicit MPC solution techniques (Bempo-
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Figure 7.3: Closed-loop performance of pFC-MPC and cent-MPC for the system in Figure 7.1.

rad and Filippi, 2003; Bemporad, Morari, Dua, and Pistikopoulos, 2002; Pannocchia, Laachi,
and Rawlings, 2005; Tondel, Johansen, and Bemporad, 2003) allows the evaluation of the opti-
mal MPC control action within milliseconds for SISO systems. This development provides the
practitioner with an option to replace conventional PID controllers with SISO MPCs for con-
trol of fast flow loops (Pannocchia et al., 2005). In addition, employing MPCs at each control
level provides an opportunity for cooperative vertical integration within each subsystem.

An obvious choice for integrating different flow controllers (SISO MPCs) with the higher
level multivariable MPC is to use FC-MPC (complete cooperation). For a large, networked
system with a substantial number of these flow controllers, FC-MPC may result in an intricate
network of interconnected and communicating flow controllers. By exploiting the time-scale

separation between the flow control loops and the MV-CV loops directed by the higher level
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MPC, this seemingly complicated network of controllers can be simplified using partial coop-
eration. The time constants for the flow loops are typically much smaller than those for the
CV-MV loops controlled by the higher level MPC. A change in the valve position, for instance,
has an almost instantaneous effect on the exit flowrate from the valve. The effect of a change
in valve position has a significantly slower and damped effect on subsystem CVs such as tem-
perature or concentration. In partial cooperation, each lower level flow controller optimizes
its local objective. For cascade control, the objective of each flow controller is typically to ma-
nipulate the control valve opening such that the desired flowrate is achieved optimally. The
desired flowrate for the flow controller is provided by the higher level FC-MPC, which uses
a global objective to determine its control outputs. A schematic for the structure of partial
cooperation-based cascade control is shown in Figure 7.4. Under partial cooperation, the only
information exchange performed by each flow controller is with its (higher level) subsystem

MPC; the different flow controllers are not required to communicate with each other.

7.2.1 Example: Cascade control of reboiler temperature

In this example, we investigate the disturbance rejection performance of pFC-MPC employed
for cascade control of temperature in a distillation column reboiler. A schematic of the plant
is given in Figure 7.5. To implement pFC-MPC, two interaction models are required. The first
interaction model describes the effect of a change in the control valve position on the reboiler
temperature. The second interaction model describes the effect of a change in the flowrate
setpoint on the exit flow from the valve. These interaction models may be identified from

operating data using closed-loop identification techniques (Gudi and Rawlings, 2006; Juang
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Figure 7.4: Structure for cascade control with pFC-MPC. ®;,i = 1, 2 represents the local objec-
tive for each higher level MPC. @, and ®; denote the local objective for the lower level MPCs a
and b respectively. The overall objective is ®. The notation x,,,¢ = 1,2 denotes the percentage
valve opening for flow control valve i. MPCs 1 and 2 use ¢ to determine appropriate control
outputs. MPCs a and b use ®, and ®;, respectively to compute their control actions. MPC-a
broadcasts trajectories to MPC-1 only. Similarly, MPC-b communicates with MPC-2 only.

and Phan, 1994; Lakshminarayanan, Emoto, Ebara, Tomida, and Shah, 2001; Verhaegen, 1993).

A complete description of the model is given below.
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Figure 7.5: Cascade control of reboiler temperature.

The deviational flowrate from the valve is constrained as |F'| < 2. Attime k = 0, a

valve pressure disturbance d of magnitude 0.1 affects the exit flowrate from the valve. The
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disturbance rejection performance of pFC-MPC, when the exchange of information between
the two nested MPCs is terminated after one iterate is investigated. The cascade control per-
formance of pFC-MPC is compared against the performance of traditional cascade control, in
which decentralized MPCs are used in place of PID controllers.

MPC-1 manipulates the flowrate setpoint Fy, to control reboiler temperature 7". MPC-2
manipulates the valve opening x, to control the exit flowrate from the valve F. The local ob-
jective for MPC-1 is to maintain 7 at its desired target by manipulating F,. The local objective
for MPC-2 is to manipulate z,, to bring F' as close as possible to F,. The higher level MPC i.e.,
MPC-1 utilizes both its own local objective as well as the objective for MPC-2 to determine its
control outputs. MPC-2, on the other hand, uses only its local objective to determine suitable
control action. Cascade control performance of decentralized MPC and pFC-MPC rejecting the
pressure disturbance in the valve is shown in Figure 7.6. A closed-loop performance compar-
ison of the different MPCs is provided in Table 7.1. Cascade control with FC-MPC (1 iterate)
achieves performance within 1.5% of the optimal centralized MPC performance. Cascade con-
trol with pFC-MPC (1 iterate) incurs a performance loss of about 7% relative to FC-MPC (1
iterate). Cascade control using decentralized MPCs gives unacceptable closed-loop perfor-

mance.

Table 7.1: Closed-loop performance comparison of cascaded decentralized MPC, pFC-MPC
and FC-MPC. Incurred performance loss measured relative to closed-loop performance of FC-
MPC (1 iterate).

Acost X 102 AAcost%

FC-MPC (1 iterate) 2.16 ——
Decent-MPC 82 > 3000%

pFC-MPC (1 iterate) 2.3 6.6%
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Figure 7.6: Disturbance rejection performance comparison of cascaded SISO decentralized
MPCs and cascaded pFC-MPCs. Disturbance affects flowrate from valve.
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7.3 Conclusions

The concept of distributed MPC with partial cooperation was introduced in this chapter. Par-
tial cooperation is an attractive strategy for cases in which some of the interactions are signif-
icantly weaker than others. The structure of the resulting controller network is simpler, and
communication requirements are reduced compared to FC-MPC. When the weak interactions
are identically zero, the converged solution using partial cooperation is Pareto optimal. Two
applications were considered here. In the first application, partial cooperation was used to
incorporate operational objectives in distributed MPC. In the second application, partial coop-
eration was used to integrate lower level flow controllers with each subsystem’s MPC. As an
example, partial cooperation was employed to integrate controllers used for cascade control of
reboiler temperature. Partial cooperation was observed to improve closed-loop performance

significantly compared to conventional cascade control with decentralized SISO MPCs.
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Chapter 8

Asynchronous optimization for

distributed MPC.

In previous chapters, it was assumed that all MPCs perform their iterations synchronously
i.e., have the same computational time requirements and frequency of information exchange.
Several factors determine the computational time necessary for each subsystem’s MPC. These
factors include model size, processor speed, hardware and software used etc. For many large
networked systems, the demands on computational time may differ considerably from sub-
system to subsystem. If all MPCs are forced to operate synchronously, the worst case compu-
tational time requirement for the slowest MPC is used. The essence of asynchronous optimiza-
tion (for FC-MPC) is to exploit the difference in required computational times for subsystems’
MPCs to further improve systemwide control performance.

To illustrate the idea behind asynchronous optimization for FC-MPC, we consider a
simple example consisting of three MPCs (see Figure 8.1). We assume MPCs 1 and 2 can per-

form their respective MPC optimizations faster than MPC 3. During an iterate, MPCs 1 and
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2 solve their respective MPC optimizations and transmit calculated input trajectories to the
other subsystems. Under synchronous operation, MPCs 1 and 2 remain idle and commence
a subsequent iterate only after they receive new input trajectories from MPC 3. Under asyn-
chronous operation, MPCs 1 and 2 do not idle; they commence another iterate (termed an in-
ner iterate) utilizing previously obtained input trajectories from MPC 3. Information exchange
during the inner iterates occurs between MPCs 1 and 2 only. On receiving new input trajec-
tories from MPC 3, the three MPCs synchronize to correct all assumed and calculated input
trajectories. The corrected input trajectories are transmitted to all other MPCs. Further details
on the synchronization procedure are provided in Section 8.2. Several synchronizations may
be performed within a sampling interval; several inner iterations may be performed between

any two synchronization iterates.

Figure 8.1: Asynchronous optimization for FC-MPC- a conceptual picture. MPCs 1 and 2 have
shorter computational time requirements than MPC 3. Solid lines represent information ex-
change at synchronization. Dashed lines depict information exchange during inner iterations
between MPCs 1 and 2.
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8.1 Preliminaries

Lemma 8.1. Let X be a convex, compact set and let f(-) be a continuous, strictly convex function on

X. Then, the solution x* to the optimization problem

min f(x) (8.1)

reX

exists and is unique.

Proof. Since Equation (8.1) optimizes a continuous function f(-) over a compact set X', a min-
imizer z* exists. The second claim is well know and is stated in several textbooks without
proof e.g., (Bertsekas, 1999, p. 193). A simple proof is presented here.

Assume there exists T # z* such that f(zZ) = f(z*). Since f(-) is strictly convex, we

have for some 0 < A < 1 and w = AT + (1 — \)z* that

fw) = fFAT + (1= Na") <Af(@) + (1 = A)f(z)

= f(a"),

which contradicts optimality of f(z*) and thereby establishes the lemma. O

Lemma 8.2. Let W C R" be a nonempty, compact set. Consider an infinite sequence wy, € W. If w*

is the unique limit point of the sequence {wy,}, then wy, — w*.

Proof. Suppose wy - w*, then 3 an open ball B?(w*) such that w; ¢ B2(w*) infinitely often.

It follows that W\ BZ(w*) is a closed, bounded set (hence compact) and therefore the infinite
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subsequence {vy = w, € W\BZ(w*)} has a limit point w in W\BZ(w*). By construction,

w # w*, which is a contradiction. O

8.2 Asynchronous optimization for FC-MPC

Define I, to be the set of positive integers. Let the collection of M subsystem-based MPCs be
divided into Z > 0 groups. MPCs with similar computational time requirements are grouped
together. We define the index set J; € I’ to be the set of indices corresponding to subsystems
in group . Define the finite positive sequence t; = s1,to = t1 + s2,...,tj =tj_1 + s4,...,l7 =
tr—1+ sz = M. WLOG we assume J1 = {1,2,...,t1}, Jo={t1 + L,t1 +2,...,t2},..., TJr =
{traa+ 1Ltz 1 +2,... iz = M}.

For asynchronous optimization, MPCs within a group perform a sequence of optimiza-
tions in parallel and exchange input trajectories with each other. For each group, a set of
subsystems” MPC optimizations performed in parallel and the subsequent exchange of input
trajectories between subsystems in the group is termed an inner iterate. During each inner
iterate, MPCs in a group do not communicate with MPCs in other groups; information trans-
fer is strictly within the group. The selected weight for each subsystem’s MPC optimization
is w;, i € Iy (see p. 38). The choice of subsystem weights satisfies w; > 0, Vi € I;; and
Zf\i Lw; = 1. Foreach J;,i = 1,2,...,Z, q; denotes the inner iteration number. A synchroniza-
tion weight ; is selected for each group J;,i = 1,2,...,Z such thaty; > 0, Vi =1,2,...,7
and -7 | 4; = 1. Periodically, all MPCs exchange input trajectories; this is termed an outer it-
erate or a synchronization iterate. A local recalculation of all input trajectories is also performed

during synchronization. In Algorithm 8.1, an explicit expression for this local recalculation is
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provided. The notation p represents the synchronization (outer) iteration number.
For notational convenience, we define z; to be the collection of subsystem input trajec-
tories in group i € Z i.e., z; = [Ut;, ,+1,Ut;,_,+2,-- ., Us,|. Likewise, Z; = [y, ,41,...,Uy,]. With

slight abuse of notation, we define
I (¢;) = [uff s ,u(q;._l), ¢js u‘(l;ﬂ), cud] (8.2)

for each subsystem j € ;. Note in the definition of II{"(¢;) that the input trajectories corre-
sponding to each subsystem s € J;,s # j are held constant at ug’. The input trajectory for
subsystem j € J; is (-

8.2.1 Asynchronous computation of open-loop policies

The asynchronous FC-MPC optimization problem for subsystem j € J;, F J‘?, is written as

M
¢(k) € arg min > w, (zfj—l,...,zfj,ngi‘l(cj),zf;f,...,zp‘l;u(k)> (8.3a)
r=1

J

subject to
ui(tlk) =0, k+ N <t (8.3¢)

in which ®;(-) is obtained by eliminating the subsystem states from the cost function ¢;(-) (see

Section 4.3, p. 39). In the asynchronous FC-MPC optimization problem for subsystem j € J;,

the input trajectories corresponding to each subsystem [ ¢ J; are held constant at u -1
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LetU; = Qj x ... x Q; € RN j € I)y. For ¢;(-) defined in Equation (4.5), p. 34, and
®;(-) obtained by eliminating the CM states x; from Equation (4.5) using the subsystem CM

(Equation (4.1), p. 27), the FC-MPC optimization problem for subsystem j € J;, 7, is

M
— g 1
quz € arg min iﬁj,mjﬁj + | (k) + Z H;jsUs | uj + constant (8.4a)
S s=1,s#j
subject to
u; € U; (8.4b)

in which

wld~l ifse g, s # 7,

Vs =
!l ifs¢ T
M
/ !/
R = w;R; +w; B Qi E; + Z w By QuE;
1#

M
Mjs = > wE'QE
=1

M
rj(k) = wiE'Q; fjw;(k) + > wiBy'Qufia (k)
1#

The definitions of E;,, f;,Q; and R, Vj, s € I are available in Section 4.5, p. 42. The terminal
penalty for systems with stable decentralized modes is determined using Theorem 4.1, p. 49.
If unstable decentralized modes are present, an additional terminal state constraint U,,,"z;(k +
N|k) = 0is required (in Equation (8.4)) to ensure closed-loop stability (see Section 4.6.2, p. 50).

Closed-loop stability follows using Theorem 4.2, p. 53. The following algorithm is employed
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for asynchronous optimization FC-MPC.
Algorithm 8.1 (aFC-MPC). Given @), Q; > 0,R; > 0,4 € Iy
p(k)y Pmax(k) > 0,p «— 1, >0
jj,qu»nax(k:) >0,q;—1,j=12,...,7
kj,ps —Le,g=1,2,... ., s €y, I'>1

—0
wy

=), Vjely
while p; > € for some s € Iy and p < pmax(k)
doVi=1,2,....T
Inner iterations.
while x; > € for some j € J; and ¢; < ¢["™(k)
doVjeJ;
(i1) ¢ € arg F¢ (Equation (8.4))
1

1(12) Ej(h — ’wizjqi + (1 — wi)@?i_

(3) ;o [ —w? |
(i4) Transmit W' to each subsystem | € J;, | # j
end (do)
¢ —q+1
end (while)
end (do)
Synchronization (outer) iterations.

dovi=1,2,...,7

doVjeJ

In general, any strict convex combination (possibly different from w;) may be used.



176
(1) &} 7w + (1 —v)u)
(02) py [ — w7
(03) Transmit ﬁf to each interconnected subsystem | € I, [ # j
end (do)
end (do)

p—p+1

qj < 1, E{;W—ﬂ?, Viely
end (while)
The state trajectory for subsystem j € J; at inner iteration number g; is 7' < @' (2] R .

. ,Eg_l; p(k)). At each outer iterate p, the state trajectory for subsystem [ € I is obtained as

P P

= = /
Z, <—(Iil

(wl, @b, ..., uh; u(k)). By definition, w!" = [w?”’,0,0,...), i € Iy, ¢; € L.

8.2.2 Geometry of asynchronous FC-MPC

An example consisting of three subsystems is considered. MPCs 1 and 2 (for subsystems 1,
2) are assigned to [J; while MPC 3 (subsystem 3) is assigned to J>. We choose ¢; = 3 and
g2 = 1. The cost function for the three subsystems are ®;, ®3 and ®3 respectively. The decision
variables for the three subsystems are w1, u2 and u3. For the purpose of illustration, we project
all relevant points on the u; — u2 plane. Initially, the decision variables are assumed to have
values (ul, u3,u3) = (2,2,0) (see Figure 8.2). MPCs 1 and 2 perform ¢; = 3 inner iterations (see
steps (i1)-(i4) in Algorithm 8.1) assuming u3 remains at its initial value u3 = 0. The progress of
the inner iterations is shown in Figure 8.2. During this time, MPC 3 performs an inner iteration

(q2 = 1) assuming (uy,u2) = (uf,ud) = (2,2).
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Figure 8.2: Progress of inner iterations performed by MPCs 1 and 2. Decision variable u3
assumed to be at u3. Point 3!" is obtained after three inner iterations for J;. p represents the
Pareto optimal solution.

The first outer iteration is performed (steps (01)-(03) in Algorithm 8.1) next. In Fig-
ure 8.3, point 1 represents the result of the first synchronization iterate. The sequence of syn-
chronization iterates is shown in Figure 8.4. Convergence to p, the Pareto optimal solution, is

achieved after 4 synchronization iterates.

8.2.3 Properties

Lemma 8.3. Consider any J;,i = 1,2,...,T. Let ' = [w} |,... wf]. The sequence of cost
functions

{®(z71 ..., zfgfl 20 zf(”jl), N D)

generated by Algorithm 8.1 is a nonincreasing function of the inner iteration number g;.
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Figure 8.3: The first synchronization (outer) iterate. Point 1 represents the value of the decision
variables after the first synchronization iterate.
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Figure 8.4: The sequence of synchronization (outer) iterations. Convergence to p is achieved
after 4 synchronization iterates.
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Proof. For any | € J;, we have from Algorithm 8.1 that u]" = w; ¢ + (1 — wl)w?"_l. Hence,
(I)(zlljil? s 7'ZZ:11)7 E;ha z}{i:_ll)v SRR Z§71§ ,LL(]C))

_ p—1 p—1 _ g 4 ,,p—1 p—1,
=®( s Wy WY Wi gy (k)

_ p—1 _ p—1 p—1
_<I><w1(u1 Sy .l )

(8.5a)
p—1 qi qi—1 q—1  p—1 p—1
w1 (W e Gy W s W Wy e Wy )
p—1 q;i—1 q ,,p—1 p—1
cootwg (g W G Uy gy Uy )
j p—1 p—1
+wM(u1 y Uy 7U’M ),/.L(k))
Using convexity of ®(-), gives
ti—1
P p—1,
< g wi®(u] .l (k)
=1
t;
p—1 p—1  qi—1 4 -1 p—1 p—1,

+ E wy P (u) pee Wy W g W Wy gy, Uy (k)

I=t;—1+1

M
} : p—1 p—1,
+ wl(I)(ul yerey Upr 7”(1{7))
I=t;+1
(8.5b)

< @(z’f_l, e zl(?z:ll), E?i_l, zI(Jfl P w(k)) (8.5¢)
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0 p—1

Proceeding backwards to ¢; = 0, and since w ;=u; o, 1€ J;,we have

< (I>(z’1’_17 e zl(?l:ll), z’i’_l, zf(’ijrll), e zg_l; w(k)) (8.5d)
O
Lemma 8.4. The sequence of cost functions {® (2%, ..., 20, ... 2%; u(k))} generated by Algorithm 8.1

is a nonincreasing function of the synchronization (outer) iteration number p.

Proof. We have,

O(uful, ... ulfy (k)

—1 -1
= c1><71u‘{1 + (1 =y)ul . yeufs 4 (1 —y)uy |, (8.6a)

—1 —1
o+ (= el v (1= )l ;uue))

—1 ~1
= @(71(u(f1,...,ugll,ufﬁl,...,uﬁ/[ )
-1 —1 -1 -1
L1 N T/ 7 P 75 VA T 77 o) I S (8.6b)
-1 —1
14 (T R V7 7 ,u%);u(k))
-1 ~1
< qu)(u(i“? R ugll7ufl+17 s aué)w ,M(k‘))
—1 -1 -1 -1
+ @y, uy g uf gy (k) (8.6¢)
-1 -1
cob @l i (k)
7
-1 —1 —1 —1 .
< Z%@(z’f vz 2l 2 2 s u(k))  (from convexity of @(-))  (8.6d)
r=1

<@ ,Zb7 Y u(k))  (using Equation (8.5d)) (8.6e)
1 I &
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O

From the definition of ¢;(-), j € Iy, we have R; > 0, V j € I);. Therefore, ®;(-)
in Equation (8.4) is strictly convex. Convexity of each 2;,j € I; implies that the Cartesian
product = Q; x Qg x ...Q)y is also convex. From Lemma 8.1, the solution (uj,...,u},) to

the centralized optimization problem

(ul,gi..r.l,uM) D(uy,ug, ..., un; pu(k)) (8.7a)
ui(tlk) € Qi k<t<k+N -1 (8.7b)
wi(tlk) =0, k+ N <t (8.7¢)

Viely

exists and is unique.

Lemma 8.5. Consider ®(-) positive definite quadratic and Q;,¥ i € 1ys is nonempty, convex and com-
pact. Let the solution to Algorithm 8.1 after p synchronization iterates be (u¥, ..., u%,) with an associ-
ated cost function value ®(uf, ..., uf; p(k)), in which u? = [@!”,0,0,...]". Denote the unique solu-
tion to Equation (8.7) by (uy, us, ..., u},), inwhichu! = [@}’,0,0,...), and let ®(uj, ..., u}; p(k))

represent the optimal cost function value. The solution obtained at convergence of Algorithm 8.1 satis-

fies

Jim @(uf b, s (k) = B, 3wl (k) and
hm (U?,’Ug, 7u€\4) - (’U,T,’UE, ,Uﬂjw)
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Proof. By the assumptions on ®(-), we have that the curvature norm ||[V2®(-)| is bounded

above (by K, say) on §2; x Qs x ... x £57. Suppose for contradiction that there is some other

point (uf®,us°,...,u3;) # (uj,u3,...,u},) that is an accumulation point of the sequence
{(uf,uf,...,ul,)}. Thatis, we have a subsequence S such that limycs(uf, ub, ..., uh,) =
(u®,us°, ..., uqy). For the full sequence, we have from Lemma 8.4 that

A
-1 -1 - -1 -1,
O(2h, 2, 2 (k) S D W @(2) 2 A 2 2 (k)
r=1

In the limit as p — oo in Equation (8.8),

T
D(29°, 25, 255 (k) < Y w2, 2000, 20, 250, 25 (k)
r=1
< O(27°, 25, ..., 27 u(k)  (89)
From Equation (8.5) in Lemma 8.3 and taking limits as p — oo, we have foreachr =1,2,...,7
@(ZTO, cee 7z7?o—15 ngv z:j—la cee 7z%o; :u(k)) S (I)(ZTO, zgov teey Z%O; M(k)) (810)

Using Equations (8.9) and (8.10), we have

DT, 25, .., 25 u(k) = ®(2°, 28, .. 25 (k) = ... .. =®(29°,25°, ..., 2% u(k))

= B(z, 20, 2 (k) (8.11)
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In fact, from Equation (8.5) in Lemma 8.3, we can argue in the limit p — oo that

O( 'fl,ugl_l, . ,u?ll_l, ugt, .-, uly p(k))
-1 -1
=o(uf" ¢, ul T uy . ugs (k) =
i—1 i i—1
=...= @(zi’o,...,z{’fl,ugi_l+1,...,§'? ,...,u?i V2701 2Tip(k) = ..
= =07, 22wl L, ¢ (k)
— B(u, U, ulg (k) (8.12)
Because (u$°, u5°, ..., u3;) is nonoptimal, and using first-order optimality conditions, at least
one of the following conditions hold:
vuj-(I)(u(fov ugo, SRR Uﬁ#(’“)),(uj - USX)) <0,j¢€ I5Ys (813)

Suppose WLOG that Equation (8.13) is true for j = s, s € I;. We thus have by Taylor’s

theorem that

O(uf®, ..., uX, ul +alul —ud),u, ..., uiy; pk))
= ®(ui®, us®, ..., ufg p(k) + Ve, ®(ui®, us®, ..., ufy) (ul — ul)
1
+ o (ul — ul)' V2 d(u, ug, ..., uy) (ul — ud), (8.14)

2
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By choosing the minimizing a, we can identify a point @ with 2

O(ul®, ..., ul s, Uy, - ugy; u(k))
= P(u™® 00 00 . k ’Vuaq)(u’(l)o?u??Juj\“;b:u(k))/(u: _ugo)|2
= (ul Uy ™y - . -,'U/Mvu( )) - 2(u* —uoo)’V2 <I>(u°° u® u>: (k))(u* _ uoo)
S S wy 1 9o%2 9 Mnu S s
1 |V, @(u$e, us®, . .., usS; u(k) (uf — ul®)|?
< O(u,u’, ..., uSy; uk)) — — ! L M 2 2
< O(uj 2 s (k) oK [ur — ue|2

for an obvious definition of € > 0. Hence, for any p we have

(I)(U,Il)’ R aug_la C€+1a U§+17 e 7u§)\4; /.L(k))
< @(ul,. .. vl ug,ul g, ulh (k)
M
= O, ul U, udS . uls (k) O | D [u® — k)
r=1,r#s
M

< B(u®,us®, . ufppk) + O [ D u —wl| | —e (8.16)

r=1,r#s

By taking the limits of both sides over p € S, p — oo, we obtain 0 < —¢, a contradiction.
For the final statement of the proof, we note that the iterates are confined to the level

set

So = {(u1,...,un) | P(ur,...,ur; (k) < <I)(u(1), . ,u(])\/[;,u,(k))}

The iterates are, therefore, guaranteed to have an accumulation point. By the first part of the
theorem all such accumulation points are optimal. Hence (from the statement of the lemma),

the only limit point is (u}, u3, ..., u},), and from Lemma 8.2 it is in fact the limit. O

’I would like to thank Professor Stephen J. Wright for showing me this construction.
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8.2.4 Closed-loop properties

At time £, let Algorithm 8.1 be terminated after p(k) = o > 0 synchronization iterates. Let

u? (k) = [ul (u(k),0), ... ,ul (u(k), N — 1),0,0,...), i € Iy (8.17)

represent the solution to Algorithm 8.1 after o synchronization iterates. The input injected into
subsystem i € I, under asynchronous optimization based FC-MPC is u{ (1(k), 0).

For open-loop stable systems, the initialization procedure described in Section 4.6.1
may be used to initialize Algorithm 8.1. Closed-loop stability under intermediate termination
of Algorithm 8.1 at any synchronization (outer) iterate can be established under the conditions
specified in Theorem 4.1. For systems with unstable decentralized modes, the initialization
procedure described in Section 4.6.2 may be used to initialize Algorithm 8.1. Closed-loop
stability follows under the conditions described in Theorem 4.2. The proof for closed-loop
stability in either case is identical to the corresponding proof for closed-loop stability presented

in Chapter 4 (proofs for Theorems 4.1 and 4.2).

8.2.5 Example: Two reactor chain with nonadiabatic flash

We revisit two reactor-flash example described in Section 4.7.2. We assume that MPCs 1 and 2
for the CSTRs have a smaller (worst case) computational time requirement than MPC 3. Two
cases for asynchronous optimization based FC-MPC (aFC-MPC) are considered. In the first
case, g1 = 2,q2 = 1 and in the second case ¢; = 5,¢2 = 1. A setpoint change is made to H,,.

The performance of aFC-MPC is evaluated and compared against (synchronous) FC-MPC and
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centralized MPC. The setpoint tracking performance using the different MPCs is shown in

Figures 8.5 and 8.6. The closed-loop control costs are given in Table 8.1.

0.2
,",z‘t\ setpoint -
0.15 4 ;',’ \\ Centralized MPC ------
i “a\f;\\\ aFC-MPC (q, = 2,qy = 1) ———-
S B FC-MPC (1 iterate) -
Al N
"W
0.05 - i \\
o o
T
0 20 40 60 80 100
Time
0.45
0.4 -
0.35 -
0.3 -
0.25 -
AH, 0.2+ /
0.15 t'l” setpoint  +
0.1 ,"'l‘ Centralized MPC ------
0.05 - ¥ aFC-MPC (¢1 =2,¢p = 1) -~
0 - FC-MPC (1 iterate) -
-0.05 ‘
0 20 40 60 80 100

Time

Figure 8.5: Setpoint tracking for levels in the two CSTRs.

From the closed-loop control costs, aFC-MPC (¢1 = 2, g2 = 1) gives a 40% improvement
in performance compared to FC-MPC (1 iterate). For aFC-MPC with ¢; = 5 and ¢ = 1, a 66%

improvement in performance is obtained over synchronous FC-MPC terminated after 1 iterate
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Figure 8.6: Manipulated feed flowrates for setpoint tracking of levels.
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Table 8.1: Setpoint tracking performance of centralized MPC, FC-MPC and asynchronous FC-

MPC.

Acost X 10_2 AAcost(%

FC-MPC (1 iterate)
aFC-MPC (q1 = 2, q2 = 1)
aFC-MPC (Q1 = 5, q2 = 1)

Centralized MPC 2.41 ——
3.15 30.7
2.85 18.2
2.65 10.3

8.3 Conclusions

An algorithm for asynchronous optimization based distributed MPC was described in this

chapter. Asynchronous optimization avoids the need for synchronized clock keeping at each

iterate by allowing MPCs with disparate computational time requirements to function at their
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respective rates. In this framework, MPCs with similar computational time requirements are
grouped together. Consider MPC ¢ € I; in group J,. At each inner iterate ¢;, MPC i calculates
its input trajectory assuming the input trajectories of MPCs j € J,,j # i are at ugi_l, J€ Jus
the input trajectories corresponding to MPCs in other groups are assumed to be at values
obtained at the last synchronization iterate p—1i.e., u’s’_l, s ¢ Jo. MPC i € J, transmits u;" to
each MPC j € J,,j # i and receives ug-i from MPC j € J,, j # . No information is exchanged
with MPCs outside the group. Periodically, all MPCs i € I; exchange input trajectories and
calculate u?,i € I at synchronization iterate p. It was shown that the asynchronous FC-
MPC algorithm can be terminated at any synchronization iterate without affecting feasibility
or nominal closed-loop stability. At convergence of the asynchronous FC-MPC algorithm,
the optimal centralized MPC performance is achieved. The synchronous FC-MPC framework
described in earlier chapters can be derived as a special case of Algorithm 8.1. For synchronous
FC-MPC, all MPCs are assumed to belong to group 7. By setting v, = 1,7; =0, ¥V j # a, we

revert to the synchronous FC-MPC algorithm (Algorithm 4.1, p. 43) described in Chapter 4.
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Chapter 9

Distributed constrained LQR

In Chapter 4, a terminal penalty distributed MPC framework with nominal stability and per-
formance properties was described. Since terminal penalty FC-MPC is reliant on a suboptimal
parameterization of the postulated control trajectories, it cannot achieve infinite horizon opti-
mal performance for finite IV, even at convergence. In this chapter, through a simple reformu-
lation of the FC-MPC optimization problem in Chapter 4, a distributed MPC formulation that
achieves infinite horizon optimal performance at convergence is described. A terminal state

constraint constraint distributed MPC framework is also described.

9.1 Notation and preliminaries

The matrices (Acm, Bem, Cem) represent the A, B, C' matrices respectively of the CM for the
entire plant (see Equation (4.2), p. 28). Let ., denote the state vector for the plant CM. It is

assumed that (Acp, Bem ) is stabilizable and (Acp, Cem) is detectable.
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Let I denote the set of integers. The notation I is used to represent the set of strictly

positive integers. The closed ball B.(z) is defined as

Be(z) ={z]llz —z| <e}

The open ball B?(z) is defined as

Be(z) ={z[lz -2 <e}

The notation 4 represents the set of subsystem states [z1,x2,...,2]. By definition, z¢y =
[z1/, 22, ..., xp'). Let X C R" be a nonempty set. Define the operation ;1 € X to represent
[z1", o', ..., 20'] € X. The control horizon is represented by N.

Lemma 9.1 (Minimum principle for constrained, convex optimization). Let X’ be a convex set
and let f be a convex function over X. A necessary and sufficient condition for x* to be a global

minimum of f over X is

Via*)(x—a2")>0,VreX

A proof is given in (Bertsekas, 1999, p. 194)

Lemma 9.2. Let

A = c R(”-FTLS)X(H-FTLS) B = c R(n—i—ns)xm
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in which, A is stable, A € R™*" and B € R™*™. The pair (A, B) is stabilizable if and only if (A, B)

is stabilizable.

A proof is given in Appendix 9.6.1.

Assumption 9.1. All interaction models are stable i.e., for each i, j € I/, [Amax(Aij)| < 1, V5 # i.

9.2 Infinite horizon distributed MPC

Cost function. The stage cost at stage t > k along the prediction horizon and the cost function

¢i(-) for subsystem i are given by Equations (4.3) and (4.5) respectively in Chapter 4.

9.2.1 The benchmark controller : centralized constrained LQR

For any system, centralized constrained LQR (CLQR) achieves infinite horizon optimal per-
formance. The CLQR optimization problem is

PV: Centralized constrained LQR

min ¢ (@, u; u(k)) = > wig (i, wis (k) (9.1a)
subjectto x(t + 1) = Ax(t) + Bu(t), (9.1b)
uz(l\k) e, k<l (9.1C)
Viely
M

where w; > 0, i € Iy and Zwi =1
i=1

The problem with CLQR is the infinite number of decision variables and constraints in the op-

timization problem (Equation (9.1)). To avoid dealing with an intractable, infinite dimensional
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optimization problem, we typically choose a suitably long control horizon N such that the
system state at the end of the control horizon is inside a positively invariant set where the op-
timal unconstrained (LQR) control law is feasible and therefore, optimal. A suitable terminal
penalty is calculated using this optimal unconstrained feedback law and the terminal set con-
straint remains implicit through the choice of N. The infinite dimensional optimization prob-
lem can, therefore, be replaced by an equivalent finite dimensional optimization problem. Im-
plementable algorithms for CLQR have been described in Chmielewski and Manousiouthakis

(1996); Scokaert and Rawlings (1998); Sznaier and Damborg (1990).

9.2.2 Distributed constrained LQR (DCLQR) .

We consider, in the spirit of the work of Chmielewski and Manousiouthakis (1996); Scokaert
and Rawlings (1998); Sznaier and Damborg (1990), distributed constrained LQR, which achieves
infinite horizon optimal performance at convergence. The central issue remains the same; to
deal with infinite number of decision variables and constraints, we require a parameteriza-
tion that allows us to replace the intractable, infinite dimensional distributed constrained LQR
optimization problem with an equivalent finite dimensional one.

Several choices exist for parameterizing the input in a neighborhood of the origin. In
special cases where the different subsystems interact weakly, one may be able to use decen-
tralized feedback laws to stabilize the system in a neighborhood of the origin. Stabilization
may be achieved either by employing a dual mode controller philosophy (see Michalska and
Mayne (1993)), in which the decentralized feedback controllers take charge once the MPCs
drive the system to a desired neighborhood of the origin (Dunbar, 2006) or by using the de-

centralized feedback control law to calculate an appropriate stabilizing terminal penalty, if it
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exists. For many systems, decentralized feedback may not be sufficient to stabilize the system,
even in a neighborhood of the origin. In fact, a set of stabilizing decentralized feedback gains
may not even exist. Furthermore, the performance with a set of decentralized feedback laws
is always suboptimal when the subsystems are interacting. In Chapter 4, the input trajectories
were parameterized using u;(k + j|lk) = 0, N < j,i € Ij. This terminal penalty distributed
MPC formulation is stabilizing for any number of iterates and converges to the solution of a
modified infinite horizon centralized control problem. Terminal penalty FC-MPC (Chapter 4),
however, achieves infinite horizon optimal performance only in the limit N — oo.

An alternative terminal feedback law that allows us to achieve infinite horizon optimal
performance at convergence is the unconstrained centralized feedback law. The idea here is to
force the collection of subsystem-based MPCs to drive the system state to a neighborhood of
the origin in which the unconstrained, optimal plant CM feedback law is feasible. From Gilbert
and Tan (1991), we know that such a neighborhood of the origin is well defined and can be
computed offline.

Following the description in Gilbert and Tan (1991), we use Ox(Acm; Cem) to denote the
maximal output admissible set for the plant CM (Acm, Bem, Cem). Convexity of each Q;,Vi €
Iy implies that © = Q; x Qg x ... x Q)7 is convex. Hence, O (-) is convex (Gilbert and Tan,

1991, Theorem 2.1). Let §2;, ¢ € I be a polytope given by

Qi = {uz

Determination of O (+), in this case, involves the solution to a set of linear programs.

Diu; < d;,d; > 0}
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Consider the plant CM (A,B,C) = (T ' AenT, T~  Be, CenT) in observability canon-

ical form, in which

A% 0]
A= , C = [C’O 0] (9.2)
A12 AE
and A° € R™*", A5 € R"""X""" denote the observable and unobservable modes, respec-
tively. Since (Acm,Cem) is detectable, and using Lemma 5.1, A° is stable. The maximal ad-
missible set O (A, C) = Oxe(A°,C°) x R"0. Also, Ous(Aem, Com) = TOu(A, C) (Gilbert
and Tan, 1991). Because (Acm, Cem) is detectable only (and not observable), O (Acm, Cem) is @
cylinder with infinite extent along directions in the unobservable subspace.
Let K., denote the optimal, linear quadratic regulator (LQR) gain and let II.,,, denote

the solution to the corresponding discrete steady-state Riccati equation for the plant CM i.e.,

Hcm = Q + AchHcmAcm - AchHcchm (R + ch/Hcchm)ichmIHcmAcm (93a)

Kcm = —(R + ch/Hcchm)_chm/HcmAcm (93b)

in which Q = diag(lel, wQQQ, e ,wMQM) and R = diag(wlRl, ’LUQRQ, . ,wMRM). Condi-
tions for existence of a solution to Equation (9.3) are well known (Bitmead and Gevers, 1991;

Bitmead, Gevers, Petersen, and Kaye, 1985; Chan, Goodwin, and Sin, 1984; de Souza, Gevers,
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and Goodwin, 1986). Both K., and Il,, are partitioned subsystem-wise and written as

K Ki2 ... Kig ITy; 1o
Ko1 Ko ... Koy ITo;  IIao

Ken = e =
_KM1 Ko K MM | _HM1 a2

T ps

Ions

115V}

(9.4)

Lyapunov stability of (Acm + BemKem) and 0 € int(Q2) implies 0 € int(O) (Gilbert and Tan,

1991, Theorem 2.1).

Optimization. Define for each subsystem i € I/

p—1 p—1 P p—1
(I) (ul 9 aul_lauhui_t,_la 7uM ,p(k:)
M
_2 : 1 p—1 p—1
- w?”@'l‘ <U1 9 9 uz_l 9 u27 u7,+1 I
r=1

The DCLQR optimization problem for subsystem i is

. p—1 p—1 p—1
min <I>(u1 peey Uy Wiy Uy g e

u;

-,U’}\Zl;u(kﬁ))
subject to
uz(t|k) €y, k<t<k+4+N-1

wi(tlk) = Kiwi(tlk) + Y Kijz;(tlk), k+N <t
i

.,uﬁ}l;xr(k))

(9.5a)

(9.5b)

(9.5¢)
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To indicate explicitly, the N dependence of the finite input trajectory for each subsys-

tem, we write
wi(k; N) = [ui(klk) wi(k + 1|k), ... ui(k+ N = 1]k)']", Vi€ Iy (9.6)

The finite state trajectory for subsystem ¢, generated by the collection of input trajec-
tories @y (k; N), ..., up (k; N) is denoted by ;(w; (k; N), ..., wp (k; N); u(k)). For notational

simplicity, we write Z;(k; N) « @;(w (k; N), w2(k; N) ..., wp(k; N); p(k)). Define

Q; = diag <w,~Q,~(1), o wiQi(N — 1)7Hii>

R; = diag <wiRi(0), wiRi(1),. .., wiRi(N — 1)>
Assumption 9.2. Foreachi €Iy, Qi(1) =...=Qi(N—-1)=Q; >0, R;(0) =... = R;(N—1) =
R; >0, (A;, Qg / 2) detectable.

The symbol ¥(-) represents the cost function expressed in terms of the finite horizon
input trajectories w; (k; N), ..., wn (k; N). For notational simplicity, we drop the functional de-
pendence of w; and use V(wy, Ws, . .., wn; p(k)) to represent ¥ (wy (k; N), ..., un (k; N); p(k)).

If the terminal control law specified in Equation (9.5¢) is feasible, we have
\II(HM s aﬁM7M(k)) = CI)(U’M cee UM,/L(k))

An explicit expression for U(-) for ¢;(-), i € I defined in Equation (4.5), p. 34 will be provided

in Section 9.2.4.

Assumption 9.3. (A, Cii), © € I is observable.



197

Assumption 9.4. (Ai;, Bii), © € I) is controllable.

Let
Gji(N) = |AN="B;; AN™*B; ... Bj 95i(N) = Al (k)
Ghi g1i
Go; 92i
Gi(N) = gi(u(k); N) =
_GMi_ | g |
Vi,7€lpy

For each subsystem i € I/, define

l‘u(k‘ + N‘k‘)

l’zi(k‘ + N‘k)
i(k; N) =

Gi(N)ui(k; N) + gi(u(k); N) 9.7)

ik + Nlk)

Thus, & (k;0) = [x1;(k), 20;(k), ..., a5 (k)] Define OL, i € Iy, closed and convex such that

Ol x - x OM C Oy (Acm, Cem). Each O

[ooh)

i € I is a projection of O (Acm, Cem) on the
space of ¢;, and has infinite extent along the directions that correspond to the unobservable

modes of (Acm, Cem)-
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9.2.3 Initialization

For convenience, we use Oy to mean Ou.(Acm, Cem). To initialize the DCLQR algorithm at
k = 0, it is necessary to calculate a set of subsystem input trajectories that steers the final
predicted system state inside O. Several formulations to compute such a set of input trajec-
tories exist. A subsystem-based procedure for initialization is used here. Each MPC solves a
quadratic program (QP) to calculate initial input trajectories. The collection of subsystems’ in-
put trajectories drives the final predicted system state (at the end of the control horizon) inside
Ocs.

To initialize the DCLQR algorithm, each MPC ¢ € s solves the following QP

@ (k; N) = arg £ (u(k) (9.83)

in which

LE (u(k)) = Jmin 1Zi(k; N)|1?
subject to
Gi(N)zi(k; N) + gi(u(k); N) € O% (9.8b)
zi(k+jlk) e, j=0,1,...,N -1 (9.8¢)

Viely
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where Z;(k; N) = [z (k|k), zi(k+ 1|k)', ..., zi(k+ N —1|k)']. Attime k + 1, the input trajectory

used for initialization is given by

!/
/

wl(k+1) = [Pk + 1k), . uPP (k+ N = 1k, (ZKijxj;(k)(k:+Nk)) Viely
7j=1

(9.9)

The trajectory u)(+), i € I in Equation (9.9) is a shifted version of @, () (k; N). For the nominal
case, each subsystem-based MPC needs to solve the initialization QP (Equation (9.8)) only once
atk =0.

Define

U =Q; x ... x Q; e RN

Remark 9.1. The constrained stabilizable set X is defined as the set of subsystem states z1, ...
,zpr that can be steered to the origin by applying an admissible set of subsystems” input tra-

jectories uy, ug, ..., upr. Let &(+50) = [x1i/, xoi/, ..., zpr]) . Define
Si = {&(;0)| 3, € U; such that &(-; N) € O}, steerable set

The set Sy x...xSys denotes the set of &1, . . ., {57 for which the initialization QP (Equation (9.8))

is feasible for each 7 € 1.
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9.2.4 Method 1. DCLQR with set constraint

One approach to ensure feasibility of the terminal control law is to explicitly enforce the ter-
minal set constraint G;(N)u;(k; N) + g;(N) € O for each subsystem i € ). It is assumed
that £(0;0) € S;, i € Iy The initialization QP (Equation (9.8)) is feasible for each i € Ij;.
The DCLQR optimization problem of Equation (9.5) can be rewritten as an equivalent finite

dimensional optimization problem given by

- - - _ 1
SV éir&ir}v) @ w Al (k) = 5 i (ks N)' i (K; N)
o /
+ (rz(u(k:)) + ZHijﬂg_IUﬁ N)) w;(k; N) + constant (9.10a)
i
subject to
w;(k; N) € U;, (9.10b)
Gi(N)a;(k; N) + gi(N) € O% (9.10¢)
in which

M M
Ri = (Ri + Ei'QiEyi) + Z E;i'QjEji + Z Eji! Z TjiEui
i =

M M
My = Ei'QE;+» Ei'Y TiEy
=1

=1 s#l

M M
ri(u(k)) = i Qufiwi(k) + ) B Qi fya;(k) + ) Eji' Y Tjfiai(k)

J#i =1 i#j
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Remark 9.2. From the definition of ¢;(-), ¢ € I (Equation (4.5))), @; > 0 and R; > 0. The
optimization problem of Equation (9.10), therefore, minimizes a strictly convex function over
a compact set. From Lemma 8.1 (p. 171), a solution to the optimization problem of Equa-

tion (9.10) exists and is unique.

Noting that [&1/, ..., &) = Uzem, in which U is a unitary matrix, we define

De={pl& eSS, i €ly} domain of controller

The set D¢ is positively invariant for the nominal closed-loop system. An algorithm for

DCLQR with the set constraint enforced explicitly is described below.

Algorithm 9.1 (DCLQR (set constraint)). Given: N € L, [£1(0;0)',...,&u(0;0)") € Do
u),Q; > 0,R; >0, Vi € Iy, pmax(k) >0 and € >0
p— 1,k «—TeI'>1

while k; > € for some i € [y and p < pmax(k)
doV i el

@' ") (k; N) € argSN (Equation (9.10))
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@ (ks N) — wi@, " (ks N) + (1= w) @~ (k: V)
pi o [af (ks N) =~ (k)|
Transmit @! (k; N) to each interconnected subsystem j € Iy, j # @
end (do)
p—p+1
end (while)

In Algorithm 9.1, the state trajectory for subsystem i € I, at iterate p is obtained as

T — T (ul,uh,...,uh;; (k). At times k > 0, Algorithm 9.1 is initialized using Equa-
tion (9.9). It follows from the definition of D¢ and Algorithm 9.1 that feasibility of the ini-
tialization QP (Equation (9.8)) for each i € I, at £ = 0 ensures nominal feasibility for the

optimization problem of Equation (9.10), V i € I/ at all times £ > 0 and all p(k) > 0.

Properties

Lemma 9.3. Given the DCLQR formulation SN, Vi € 1y (see Equation (9.10)), the sequence of cost
functions ®(uh,@h, ..., ..., wh,; u(k)) generated by Algorithm 9.1 is nonincreasing with iteration

number p.

The proof is identical to the proof for Lemma 4.4. See p. 44.
From the definition of ¢;(-), we have R; > 0. Hence, ®R; > 0,V i € I,,. It follows that ¥,(+)
is strictly convex. Using convexity of 2 = Q; x Q3 x ... x {23y and Lemma 8.1, the solution
(uy,...,u},) to the optimization problem

min U (@, ..., an; (k) (9.11)

(W@1,....;wnr) EUL X ... XU
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exists and is unique.

Lemma 9.4. Consider U (-) positive definite quadratic and €;, i € Iy convex. Let the solution to Algo-

rithm 9.2.4 after p iterates be (w),uh, . .., wh ) with the cost function value (@}, ab, ... uh; u(k)).
Denote the unique solution for the optimization problem of Equation (9.11) by (ui, w5, ..., w;,), and
let U(uy,ws, ..., wy,; 1(k)) represent the corresponding cost function value. The solution obtained at

convergence of Algorithm 9.1 satisfies

lim (@, @b, ... @y p(k) = U@y, @, ... whs k)
p—00
pli%o(ﬂﬁ’,ﬂg, cooah ) = (T, s, wyy)

A proof is provided in Appendix 9.6.2.

From Lemma 9.4 and the principle of optimality (Bellman, 1957), we have

pli_)rgo(uf,ug, cooub ) = (ulub, L uyy)
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9.2.5 Method 2. DCLQR without explicit set constraint

For this case, the DCLQR optimization problem is defined as

_ _ _ _ 1
Py £ min V(@ Lol wgy (k) = (ks N) Rk N)
/
+ | ri(p(k)) + ZHijﬁ;’*l(k; N) | @m;(k; N)+ constant (9.12a)
JF#i
subject to
u; € U; (9.12b)

Two approaches for DCLQR without explicitly enforcing the terminal set constraint exist. In
the first approach, the value of N is altered online. An initial horizon length IV is selected such
that the initialization QP (Equation (9.8)) is feasible for all i € I;. At each iterate p, feasibility

of the terminal set constraint ¢/ (k; N) = Gi(N)Hf(p)(k; N) + gi(u(k); N) € O}

2t € Ipyis
verified. If for some i € I, the terminal set constraint above is violated, IV is increased and
the input trajectories for each subsystem i € I, are recomputed using the new value of N. An
algorithm for DCLQR that is based on this approach is presented in Appendix 9.6.3.

Rather than increase IV online, a different approach is adopted here. The idea is to
restrict the set of permissible initial states to a positively invariant set in which the terminal set

constraint is feasible for each subsystem ¢ € ;. This positively invariant set depends on the

choice of N. Define

S={p|3w €U; >Gi(N)w; +gi(1; N) € O, Vi eIy} steerable set (9.13)
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Let ™ = [2f,..., 23], in which 2] = A;z; + Bjul' (11,0) + > i w5 (1, 0) and wy (p,0) is the

control law for subsystem ¢ € I (see Section 9.2.6). Define

Do = {u|pu" € Do, € S} domain of controller (9.14)

To construct D¢, one may employ standard techniques available in the literature for backward
construction of polytopic invariant sets under state and control constraints (Blanchini, 1999;
Gutman and Cwikel, 1987; Keerthi and Gilbert, 1987). A brief exposition of the idea is provided

below. Let X = S. Define

X_1={p|peSandIul(1,0) € Q, i € Iy > put € Xo}

For any [ > 0, we have

X_(11) = {p|p €Sand 3uf (1, 0) € Qy, i €Iy > utex g}

The maximal stabilizable (positively invariant) set is given by X_,, = U®, X;. Itis well known
that X_  is finitely determined if and only if X_;) = X_(;_;) for some [ € I;. In this case, we
have X_,, = X_;. The following algorithm is used for DCLQR (without explicitly enforcing

the terminal set constraint).

Algorithm 9.2 (DCLQR (without terminal set constraint)). Given: N € I, u(0) € D¢
u),Q; > 0,R; >0, Vi € Ipy, pmax(k) >0 and € > 0
p—1,Kk «—TeT'>1

while x; > € for some i € [y and p < pmax(k)
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doV i el
" (k;N) € arg PN (Equation (9.12)
@ (u(k); N) — witt; ” (ks N) + (1 — wi) @~ (u(k); N)
Ri e [ (u(k); N) = a8~ (u(k); N)||
Transmit @, to each interconnected subsystem j € Ins, j # i
end (do)
p—p+1
end (while)

Let nY(k; N) = G;(N)ul(k; N) + gi(u(k); N), Vi € Ip. Since n{ € O (using the
initialization procedure, Section 9.2.3), we have, using convexity of O that if &/ (k; N) € O,
then nf (k; N) € OL. Letn = [m’,n2, ..., ). From the definitions of zcy,, 7 and the unitary
transformation U, 2, (k + N|k) = UnP(k; N). Since the 2-norm is unitary invariant (Horn and
Johnson, 1985, p. 292), ||zfm(k + N|k)|| = ||UnP(k; N)|| = ||[nP(k; N)||. Hence, 2fm(k + Nk) €

OL x---x0MC O.

9.2.6 Closed-loop properties of DCLQR

DCLQR control law. At time £, let the DCLQR algorithm (Algorithm 9.1 or 9.2) be termi-

nated after p(k) = ¢ iterates. Furthermore, let

i (p(k); N) = [ (u(k), 0), uf (u(k), 1), ... uf(u(k), N = 1)], Vi € Ing (9.15)

denote the input trajectories obtained by terminating the DCLQR algorithm (Algorithm 9.1

or 9.2) after q iterates. The control law under DCLQR is obtained through a receding hori-
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zon implementation of optimal control. The input injected into subsystem i, at time k, is
ui (u(k),0).
Let JP*)(u(k)) denote the value of the cooperation-based cost function at time k and

p(k) iterates. We have,

=1

M 00
= >y L (a4 3180 410
i=1 =0

Theorem 9.1. Consider the DCLQR framework employing either Algorithm 9.1 or Algorithm 9.2. Let
Assumptions 9.1, 9.2 and 9.4 be satisfied. The origin is an asymptotically stable equilibrium point for
the nominal closed-loop system x;(k+1) = Agxy(k)+ Bal?™ (u(k), 0) —i—Zé\ii Wiju’;(k) (u(k),0), i €
Iz, for all (1(0) € Do and all p(k) = 1,2, ..., Pmax (k).

Proof. Invariance of By, (0) and asymptotic stability of the resulting closed loop system can
be proved using the discrete version of La Salle’s invariance and asymptotic stability theo-
rems (LaSalle, 1976). A useful reference for the stability of ordinary difference equations is

the paper by Hurt (1967). At discrete time k + 1, using the definition of the set of shifted

subsystems’ input trajectories (Equation (9.9)), and invoking Lemma 9.3, we have

0 < JPED (u(k +1)) < JO(u(k +1)) = sz zi(k), ! (k) (9.16)

Vp(k)>0 andallk >0
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Since R; > O,Uf(k) (u(k)) — 0, Vi € Ip as k — oo. Detectability of (A;, Q}/Q) implies z;(k) —

0, Vi € Iy in the limit & — oo. O

Lemma 9.5. Let 11(0) € D¢ and Q;, R; > 0, Vi € Lys. There exists a finite time T > 0, for the

nominal closed-loop system under the DCLQR control law such that zep (T%) € Oco.

A proof is given in Appendix 9.6.4

9.3 Terminal state constraint FC-MPC

A terminal state constraint FC-MPC framework is now described. The terminal state con-
straint employed by each MPC forces the decentralized states at the end of the control horizon
to be at the origin. Let Assumptions 9.1 and 9.4 be satisfied. Closed-loop stability is achieved
through the use of a terminal decentralized state constraint and a suitable terminal penalty for
the evolution of the interaction model states.

Let A; = diag(A4;, A;), in which 4; = diag(As, ..., Ai_1) Aigir1)s- - - Ainr). There
exists a unitary transformation J; satisfying /TZ = J;A;J;. Assumption 9.1 implies ﬁz is a stable
matrix. Let CNQZ = J;Q;J; and let @Z be a square, principal submatrix of @Z consisting of the first
n; — ny; rows and columns of @Z Since @Z >0, @, > 0. Invariance of detectability under a
similarity transformation (Lemma 5.1, p. 90) and stability of A; gives (ﬁz, @1) is detectable. Let
§i be the solution to the Lyapunov equation Ei’ §zﬁz — §Z = —@i. Define §Z = diag(@, Op,,;) and

let S; = J;5;J;. The state and input penalties over the control horizon are now defined.



209

Assumption 9.5. Let Assumption 9.2 hold and let

Q; = diag (Qi(l)v s Qi(N — 1)751')

, el
R; = diag (Ri(o),Ri(l), s Ri(N 1)

Consider a control horizon N. The terminal state constraint FC-MPC optimization
problem, with ¢;(-) defined in Equation (4.5), can be written as
P¢: Terminal state constraint FC-MPC

/

o %ﬂi(k;N)’%ﬁi(k;NH (ri(ﬂ(k))+ZHiju§l(k§N)) w(k;N)  (9.17a)

J#i
subject to
wiltk) € Qs k<t<k+N-—1 (9.17b)
zi(k+ N|k) =0 (9.17¢)
M
R = w;(R; + B’ QiEy) + Z w;E;i'Q;Ej;
J#i

M
Hij = Z w By QEy;
=1

M
ri(p(k)) = wiBy' Qi fiwi(k) + Y wiE'Q; fiw; (k)
i

An algorithm for terminal state constraint FC-MPC is described below.

Algorithm 9.3 (Terminal state constraint FC-MPC). Given :

ﬁ?,xi(kz),(@i,ﬂ%i, Vi € Ips, pmax(k) >0 and € > 0
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p— 1,k «—Te ' >1
while x; > € for some i € [y and p < pmax(k)
doV iecly
H:(p) € argPy (9.17)
-1

@ —wa? + (1 - w;)a’

i o [ |
Transmit @! to each interconnected subsystem j € Iy, j # i

end (do)

zl — 2 (uf,uh, ... s k), Viely

p—p+l1
end (while)
Remark 9.3. To initialize terminal state constraint FC-MPC, each MPC solves a QP to determine
a feasible initial trajectory. The initialization QP solved by each subsystem is similar to Equa-

tion (9.8) with the terminal set constraint in Equation (9.8b) replaced by the terminal point

constraint x;;(N) = Cn (A, Bii)uw; + AN z;; = 0. Define

Si = {xi | 3u; € U; such thatz;(N) =0} steerable set

For z;; € S;, ¢ € Iy, the initialization QP is feasible. Let

Dg, =R" x - x §; x - -R™M 4 €Iy domain of regulator
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The domain of the controller is given by
Do = {p|pu" € Do, z; € Dp,, i € Iy} domain of controller

The set D¢ is positively invariant. For 11(0) € D¢, convexity of 2; and Algorithm 9.3 guarantee

feasibility of P{ for all i € I and all p(k) > 0,k > 0.

Remark 9.4. At time k, let Algorithm 9.3 be terminated after p(k) iterates. For each subsystem
i € ) the input injected is u} (k) (1(k),0). The domain of attraction for the nominal closed-loop

system is the set D¢.

Remark 9.5. For each subsystem i € I/, let Assumptions 9.1, 9.4 and 9.5 hold. The nominal

closed-loo , — Az 2 PF) M s p(k) . )
p system z;(k + 1) = Ajzi(k) + Biu; (u(k), 0) + 325 Wijuy " (u(k), 0), i € Iy, is

exponentially stable for all 4(0) € D¢ and all p(k) > 0.

Remark 9.6. For both nonsingular and singular A.n, there exists a finite time 7" after which the

closed-loop system evolves in a closed and bounded (hence compact) subset of R™.

9.4 Examples

9.4.1 Distillation column of Ogunnaike and Ray (1994)

We revisit the distillation column of (Ogunnaike and Ray, 1994, p. 813) described in Sec-
tion4.7.1, p. 54. Regulator parameters and constraints are given in Table 9.1. Here, we evaluate
the performance of terminal penalty FC-MPC (FC-MPC (tp)) and terminal control FC-MPC
(FC-MPC (tc)). The performance of either formulation is compared against centralized con-

strained LQR (CLQR) (Scokaert and Rawlings, 1998; Sznaier and Damborg, 1990). The closed-
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loop performance of CLQR, FC-MPC (tp) and FC-MPC(tc) when the temperature setpoints for
trays 21 and 7 are altered by —0.5°C and 0.5°C respectively is shown in Figures 9.1 and 9.2.
The terminal control formulation of Section 9.2.4 is used. For terminal control FC-MPC, an ini-
tial control horizon Ny = 15 is used. The initialization QP for MPC 2 is infeasible for this value
of Ny. Subsequently, Ny is increased and feasible initialization trajectories for both MPCs are

obtained for Ny = 19.

Table 9.1: Distillation column model of Ogunnaike and Ray (1994). Bound constraints on
inputs L and V. Regulator parameters for MPCs.
-0.8<V <08
-0.8<L <08
@y, = 50 @y, = 50
R1 = 1 R2 = 1
g1 =107% || e =1072

A closed-loop performance comparison for the different MPCs is given in Table 9.2.
Both FC-MPC (tp, 5 iterates) and FC-MPC (tc, 5 iterates) perform poorly in comparison to
CLQR. FC-MPC (tc) incurs a lower control cost compared to FC-MPC (tp) however. If FC-
MPC (tc) and FC-MPC (tp) are terminated after 20 iterates, the performance loss (relative to

CLQR performance) incurred under FC-MPC (tp) is nearly 50% greater than FC-MPC (tc).

Table 9.2: Closed-loop performance comparison of CLQR, FC-MPC (tp) and FC-MPC (tc).
Acost AAcost(%
CLQR 9.74 ——
FC-MPC (tp, 5 iterates) || 32.51 234
FC-MPC (tc, 5 iterates) 25 156.4
FC-MPC (tp, 20 iterates) || 13.13 34.8
FC-MPC (tc, 20 iterates) 11.4 17
FC-MPC (tp, 50 iterates) || 9.83 0.9
FC-MPC (tc, 50 iterates) || 9.77 0.36
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Figure 9.1: Setpoint tracking performance of CLQR, FC-MPC (tc) and FC-MPC (tp). Tray
temperatures of the distillation column.

9.4.2 Unstable three subsystem network

We consider the plant consisting of three unstable subsystems, described in Section 4.7.3. Input
constraints and controller parameters are given in Table 9.3. For each MPC, a control horizon

N = 10 is used. The performance of terminal state constraint FC-MPC (FC-MPC (tsc)) and
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Figure 9.2: Setpoint tracking performance of CLQR, FC-MPC (tc) and FC-MPC (tp). Inputs (V'
and L) for the distillation column.

terminal penalty FC-MPC are compared against CLQR. Since each subsystem has an unstable
decentralized mode, a terminal state constraint that forces the unstable mode to the origin at
the end of the control horizon is necessary for terminal penalty FC-MPC (see Theorem 4.2,

p- 53). For terminal constraint FC-MPC, all the decentralized modes are forced to be at the
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origin at the end of the control horizon.

Table 9.3: Three subsystems, each with an unstable decentralized pole. Input constraints and

regulator parameters.

-1 Sul S 1

-0.17 <wup <0.17

-02 <uz3 < 0.2

-01 <uy < 0.1

-0.6 <us < 0.6
Qy, = 25 Qy, = 25 Qy, = 25
R =1 Ry = 1 Rs3 = 1
e1 =100 || g2 =100 || e3 =107

A setpoint change of 0.5 and —0.5 is made to outputs y; and y5 respectively. The per-
formance of FC-MPC (tsc, 1 iterate), FC-MPC (tp, 1 iterate) and CLQR is shown in Figures 9.3
and 9.4. A closed-loop performance comparison for the different MPCs is given in Table 9.4.

The performance loss (compared to CLQR) with FC-MPC (tsc) terminated after just 1 iterate

is ~ 17%. If 5 iterates per sampling interval are possible, the performance loss drops to about

2%.

Table 9.4: Closed-loop performance comparison of CLQR, FC-MPC (tp) and FC-MPC (tsc).
Acost AAcost(%
CLQR 0.43 ——
FC-MPC (tp, 1 iterate) 0.46 8.4
FC-MPC (tsc, 1 iterate) 0.5 16.7
FC-MPC (tp, 5 iterates) || 0.426 0.2
FC-MPC (tsc, 5 iterates) || 0.432 1.57

9.5 Discussion and conclusions

For DCLQR without an explicit terminal set constraint and with NV increased online, the com-
putational overhead is in the determination of an IV that drives the system state to O,. The

efficiency of this terminal control FC-MPC algorithm depends on the choice of Ny; a judicious
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Figure 9.3: Three subsystem example. Each subsystem has an unstable decentralized pole.
Performance comparison of CLQR, FC-MPC (tsc) and FC-MPC (tp). Outputs y4 and ys.

choice of Ny and an effective heuristic for increasing N improves algorithmic efficiency. As rec-

ommended in Scokaert and Rawlings (1998), one possible choice is to increase N geometrically.

The quantities Iy, Kcm and O are determined using a centralized calculation. Computation

of Ilem, Kem and Oy is performed offline however. The quantities 1., and K., need to be re-
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Figure 9.4: Three subsystem example. Each subsystem has an unstable decentralized pole.
Performance comparison of CLQR, FC-MPC (tsc) and FC-MPC (tp). Inputs us and us.

calculated only if the regulator parameters are altered and/or the system model changes. The
computation of K., and Il., can be parallelized using techniques available in the literature
for parallel solution of the discrete Riccati equation (Lainiotis, 1975; Lainiotis et al., 1996). The

set O needs to be recomputed everytime a setpoint change is planned and/or the system



218

model, constraints are altered. The overhead associated with determination of a suitable NV
that ensures feasibility of the unconstrained feedback law and computation of O, are issues
not confined to distributed MPC. They are key concerns in centralized MPC as well.

In certain special cases, stabilizing (suboptimal) decentralized feedback laws may exist
for each subsystem in a neighborhood of the origin. Such situations typically arise when the
interactions among the subsystems are sufficiently weak (Sandell-Jr. et al., 1978). This class of
problems can be treated as a special case. Let K; = diag(Ky,, ..., Kq4,,) in which u; = K4, x; is
the local feedback law for subsystem i € I for z; € A; and A; is closed, convex and encloses

the origin. The terminal penalty Il.,, is obtained as the solution to the Lyapunov solution

(Acm - chKd)/Hcm(Acm - chKd) - Hcm = _(Q + Kd,RKd)

Substituting K; = K., in the equation above, we recover Equation (9.3a).

The main difference between Algorithm 9.2 and Algorithm 9.4 is that in the former
case, we circumvent the need to search online for a suitable NV that steers &;(+; N) inside O% by
restricting the allowable initial states to a suitable positively invariant set. This restriction also
simplifies the algorithm significantly. The main disadvantage of explicitly including the termi-
nal set constraint in the FC-MPC optimization (Algorithm 9.1) is that the resulting controller

response may be excessively aggressive, especially for small V.
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9.6 Appendix

9.6.1 Proof for Lemma 9.2

Proof. From the Hautus lemma for stabilizability of the pair (A, B) (Sontag, 1998), we have

(A, B) is stabilizable if and only if

rank [}J _A B] =n,V|[A|>1 (9.18)
(A, B) stabilizable —> (\A, B) stabilizable. Consider |A\| > 1. We have,

AN —A 0 B

0 M —As Bs

has n+n, independent rows. Therefore, [\ — A, 0, B] has n independent rows, which implies
[\ — A, B] has n independent rows. Hence, (A, B) is stabilizable.

(A, B) stabilizable — (A, B) stabilizable. Consider |A\| > 1. We have [A\] — A, B] has n
independent rows, which implies [\ — A, 0, B] has n independent rows. Since A; is stable,

M — A, has ng independent rows. Due to the position of the zeros,

AN —A 0 B

0 M — Ay Bs

has n + n, independent rows i.e., (A, B) is stabilizable. O
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9.6.2 Proof for Lemma 9.4

Proof. Since the level set

So = {(@1, 4, ..., un) | U@, ..., wa; (k) < W@, why; u(k)}

is closed and bounded (hence compact), a limit point for Algorithm 9.1 exists. We know
that (uj, ..., w},) is the unique solution for the centralized MPC optimization problem (Equa-
tion (9.11)). Let U* = W(w3, ..., uw},; u(k)). Assume that the sequence (@), ub, ..., uh,), gener-

ated by Algorithm 9.1, converges to a feasible subset of the nonoptimal level set

Soo = {(W1, Uz, ..., Uny) | (W, ... Wps (k) = U = 0}

Since V() is strictly convex and by assumption of nonoptimality ¥ > U*. Let (u(°,...,u%;) €
S« be generated by Algorithm 9.1 for p large. To establish convergence of Algorithm 9.1
to a point rather than a limit set, we assume the contrary and show a contradiction. Sup-
pose that Algorithm 9.1 does not converge to a point. Our assumption here implies that
there exists (U1,...,Un) € Sx generated by the subsequent iterate of Algorithm 9.1 with
(T1,...,0Mm) # (@Y, ...,u%y).

Consider the following optimization problem for each i € I/

Z;" =argmin V(ui®, ... W0, Wi, Wiy q,- -, Uyy; (k) (9.19a)

7
u;

w; € U; (919b)



221

By assumption, there exists at least one 7 for which zZ2° # w;°. By definition, v; = w;Z:° +
(1 —w;)use, Vi € Iy Since (01, ...,0m) € Soo, V(U1 ..., 00r; 2(k)) = . Using convexity of

U(-), we have

U =W (vy,..., 005 1(k)) = V(w127 + (1 — wy)ui®, ..., wyzay + (1 — wa)udy; w(k))
< V(P uy’, ..., us;x(k) + ...
ot wy (s, .. uly g, 20 2 (k)
<w PP + . wpy T

— P® — >

in which the strict inequality follows from z$° # wu;° for at least one i € I;. Hence, a contra-

diction. Suppose now that (u},wbh,...,a},) — (@P,we,...,u3y) # (Ui, us,...,u},). From
uniqueness of the optimizer, ¥ (w5, ..., wh; u(k)) < U(wPe, ..., u3y; u(k)). Since (ul, ..., k),
generated using Algorithm 9.1, converges to (u(°, ..., u3;), we have for each i € I, that
w® = argmin V(ui®, ... w0, Wi, Usyq, - - - Uy p(k)) (9.20a)
U
u; € U; (9.20b)

From Lemma 9.1,

Ve, U@, ... w3 p(k) (@ — ) > 0, Vj € Ly

Define Au; = u; —u3°. We have, from our assumption (uP,ue,...,uqy) # (uy,us,...,uy,),
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that Aw; # 0 for at least one index ¢ € I;. A second order Taylor series expansion around

(w®, use, ..., uqy) gives

(@i, as, . .., ups p(k)) = U(u® + Awr, w3 + At, ..., aqy + Aty p(k))

M
— @R, a(k) + Y Ve V(w5 (k) A
j=1

>0, Lemma 9.1

i 7 i T (9.21)
Auy Auy

1 —00 —00
+§ : V2O (@, ..., usy; uk))

Auyy Auyys

>0, since ¥(:) p.d. quadratic

Using Equation (9.21) and optimality of (u}, w3, ..., w},) gives

W@, Wy (k) = W@, @ (k) + BT, ., ATy

<@, w5 uk) (9.22)

in which ((-) is a positive definite function (from Equation (9.21)). We have from Equa-
tion (9.22) that 8(-) < 0, which implies 3(Awy, ..., Auy) = 0.

It follows, therefore, that u%° = wj, Vj € Iy. Hence, V(uj, us, ..., uy;u(k)) =
U(ws®, use,. .., uqy; nlk)).

O

Alternate proof. Claim: If W(@b, ... @} pu(k)) — V(@™ ..., @y, pu(k)), @ — af, Vj € Iy as

p — 00.
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Let L, be the level set
L.= {(ulqua v 7EM) | \P(ﬁlaﬁ% v >ﬂM’M(k)) < ql(ﬁ?’ﬁza cee au}k\/[au(k))} (923)

Optimality of ¥(u7, ..., w},; (k) and strict convexity of ¥(-) gives L, = {(u], w3, ..., w},)}.

Define L, to be the level set
Lp - {(u17u27 L 7EM) ’ \I/(ﬂ17627 R 7ﬁM7M(k)) S \I/(ﬂzl)’ﬂg’ e 7U§\47M<k))}

By construction, (w!, @), ..., uh,) € L,. Since ¥(-) is a nonincreasing function of the iteration

number p (Lemma 9.3), and is bounded below (hence convergent), we have

In the limit as p — oo, and since ¥ (w7, us, ..., wh,; p(k)) = Y(@®, us, . .., u3y; pu(k)) (from the

first part of the lemma), we can write

= (@, s ) | (@, s g p(R)) < W@, W (k)

=L, (9.24)
It follows by construction of the level sets that (w(°,u3°, ..., u%;) € Loo. Using the definition of
L, (Equation (9.23)) and from Equation (9.24), we have (u{°, w5, ..., u%;) = (uf,us, ..., a},),

which proves the second part of the lemma. O
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9.6.3 DCLQR with NV increased online (without terminal set constraint)

A subsystem-based algorithm to ensure feasibility of the terminal control law without explic-
itly enforcing the terminal set constraint, and in which N is increased online, is described

below.

Algorithm 9.4 (DCLQR (without set constraint)).
Given: z;(k),Q; > 0,R; > 0, Vi € Iy
Pmax(k) > 0,e >0and p « 1
1. Choose a finite horizon Ny. N < Nj.
2. foriecly
Compute u) (k; N) € arg LY (u(k))
Construct u) (k) (Remark 9.7)
Transmit u) (k) to each subsystem j € I, j # i.
end (for)
3. pp—Tel'>1
4. while p; > e forsomei € Iy and p < Pmax
(@)doVie Iy
ﬁ:(p) (k; N) € arg PY, (see Equation (9.12))
Calculate & (k; N) = G;(N)&;®) (k; N) + gi(u(k); N)
if f'(k;N) ¢ O
(i) Increase N
(ii) Extract @’ (k; N) from u?~ ' (k), Vi € Iy

(iii) Goto step 4.
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end (if)

(p) p—1 *(p) p—1 (k))

Calculateij —z(u) o,y T

end (do)

(b) foreach i € I,
al (k; N) = wiw, P (k; N) + (1 — w) wl ™ (k; N)
2 (k; N) = wiz; ) (ks N) + (1 — w;) 2 (k; N)
pi = ||l (k; N) — ™" (ks V)|
Transmit @! to each subsystem j € Iy, j # .
Construct u! (k) (Remark 9.7).

end (for)

p—p+1
end (while)
In the nominal case, Step 2 in Algorithm 9.4 has to be solved only once at £ = 0. The
shifted input trajectories (Equation (9.9)) are feasible for all £ > 0. Also, the initialization in

Step 2 is used for p(k) ¢ Ooo. If p(k) € O, Remark 9.7 can be used directly to generate
ud(k), Vi € Ip.

Remark 9.7. For a collection of finite input trajectories w; (k; N), ..., @wa(k; N) such that zem (k+
N|k) = [z1(k + N|k),x2(k + N|k)',...,2m(k + N|k)']" € O, the corresponding collection
of infinite subsystem input trajectories ui, us, ..., u) can be constructed using the positive

invariance of O for the system zem (k + 1) = (Aem + BemKem)Tem (k) (Gilbert and Tan, 1991).
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The infinite input trajectory for subsystem i, u;(k), is obtained as

ui(k) = [wi(k; N),ui(k + N|k) ,ui(k + N + 1]k)',...... |, Viely (9.25)

in which u;(k + N + jlk) = V/ [Kcm(Acm + BenKem ) wem (k + N|k)] , 0 < j. The matrix
Vi =10,...,1n,,...]" is defined such that u; = V;'u. The corresponding infinite horizon cost
function value is given by ®(u;, us, ..., un; 1(k)). By construction, the infinite horizon cost
function value is also equal to W (@, (k; N), w2(k; N), ..., wpr(k; N); u(k)). For implementation,
a maximum allowable value of N i.e., Nyax is selected a priori and the infinite horizon input

trajectories u;, @ € I are constructed up to this value Nyax.

Properties

For Algorithm 9.4, monotonicity of the cost function with iteration number and optimality at
convergence can be established using arguments identical to those used in Lemmas 9.3 and 9.4

respectively.

Lemma 9.6. Consider the DCLQR framework employing Algorithm 9.4. Let Assumptions 9.1 and 9.4
hold. For each subsystem i € Iy there exists a finite N «— N (u(k)) € Ly such that &/ (k; N) € O%

(Step 4(a), Algorithm 9.4).

Proof. From Lemma 9.2, the pair (A4;, B;), in which A; = diag(Aii, ..., Ami), Bi = [Bii/,- ..,

Byyi') is stabilizable. Assume 3 N «— N(u(k)) € I, N finite such that

&(k; N) = Go(NY& ™) (k; N) + gi(u(k); N) € OL.
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There exists, therefore, x; € I such that [|F(k; N)|| > k;, VN € L.
At time k£ = 0, let 4(0) € Xp,, No € L such that the initialization QP (Equation (9.8) is

feasible for all 7 € I;;. The cost function

The relationship above contradicts optimality of ﬂ:(l) (-) for each i € I);. Hence, there exists
N €1, N finite such that £(0; N) € O, Vi € I5;. Subsequently, U(ud(0; N), ..., u " (0; N),

-, (0; N); 1(0)) is finite. From Lemma 9.3, ¥(w}(0; N), ..., u},(0; N); u(0)) is finite, and
by convexity n}(0; N) = G;(N)ul(k; N) + g;(u(k); N) € OL. Repeating the sequence of
arguments presented above establishes the existence of an N for each iterate p such that
n?(0;N) € OL, Vi € Ip. At times k > 0, either the shifted input trajectory (nominal case) or
the QP (Equation (9.8)) is used for initialization. In either case, it can be established that for
w(k) € Xy, Nk € Iy, ®(ud, ..., ul,; u(k)) = Ol (k; Nyg), ..., ul,(k; Ni); u(k)) is finite. The

remainder of the proof follows the arguments presented above. O
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9.6.4 Proof for Lemma 9.5

Proof. Suppose zem(k) ¢ O for all k € I.. Because 0 € int(O), there exists some x € I

such that Y, ||x;(k)||* > & for all k. From Equation (9.16),

AB(k+1) = B(l® ™ a4 1)) — e B (k)

_ Jp(k"'l)(,u(k +1)) — Jp(k)(,u(k))
M

< - Z w; Ly (i (k), Uf(k)(k))
=1

M
< = wiLi(xi(k),0)
=1

IA

—p, Vkel, (9.26)

in which p = K min je1,, WiAmin(Qi) > 0. Summing over times k = 0,1,2,...,T gives

o™, T (1)) < S, u(0)) — T

< ®(ul, ..., ul; 1u(0)) — Tp (using Lemma 9.3)

Since ®(ul, ..., u;; ©(0)) is finite (initialization), here exists Ty € I} such that

O(uf, ..., ufs; u(0)) — Top = 0.

For T > T,, we have ®(u (T), ub (T);,u T)) < 0, which contradicts ®(-) > 0, thereby estab-
1 M y

lishing the lemma. O
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Chapter 10

Distributed MPC Strategies with
Application to Power System

Automatic Generation Control !

Most interconnected power systems rely on automatic generation control (AGC) for control-
ling system frequency and tie-line interchange (Wood and Wollenberg, 1996). These objectives
are achieved by regulating the real power output of generators throughout the system. To cope
with the expansive nature of power systems, a distributed control structure has been adopted
for AGC. Also, various limits must be taken into account, including restrictions on the amount
and rate of generator power deviation. AGC therefore provides a very relevant example for
illustrating the performance of distributed MPC in a power system setting.

Flexible AC transmission system (FACTS) devices allow control of the real power flow

over selected paths through a transmission network (Hingorani and Gyugyi, 2000). As trans-

'Portions of this chapter appear in Venkat, Hiskens, Rawlings, and Wright (2006a) and in Venkat, Hiskens,
Rawlings, and Wright (2006d).
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mission systems become more heavily loaded, such controllability offers economic benefits
(Krogh and Kokotovic, 1984) . However FACTS controls must be coordinated with each other,
and with other power system controls, including AGC. Distributed MPC offers an effective
means of achieving such coordination, whilst alleviating the organizational and computational
burden associated with centralized control.

This chapter is organized as follows. In Section 10.1, a brief description of the different
modeling frameworks suitable for power networks is presented. In Section 10.2, a description
of the different MPC based systemwide control frameworks is provided. A simple example
that illustrates the unreliability of communication-based MPC is presented. An implementable
algorithm for terminal penalty-based distributed MPC is described in Section 10.3. Properties
of this distributed MPC algorithm and closed-loop properties of the resulting distributed con-
troller are established subsequently. Three examples are presented to assess the performance
of the terminal penalty-based distributed MPC framework. Two useful extensions of the pro-
posed distributed MPC framework are described in Section 10.6. An algorithm for terminal
control-based distributed MPC is described in Section 10.6.3. Two examples are presented to
illustrate the efficacy of the terminal control-based distributed MPC framework. Conclusions

of this study are provided in Section 10.7.

10.1 Models

Distributed MPC relies on decomposing the overall system model into appropriate subsystem
models. A system comprised of M interconnected subsystems will be used to establish these

concepts.



Centralized model.

form

y(k) = Cu(k)

in which £ denotes discrete time and

An

A

Cn

Aro

x(k+1) = Az (k) + Bu(k)

Bia
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The overall system model is represented as a discrete LTI model of the

yM’] " e R,

For each subsystem i € I/, (u;,x;,y;) represents the subsystem input, state and output re-

spectively. The centralized model pair (4, B) is assumed to be stabilizable and (A, C) is de-

tectable 2.

’In the applications considered here, local measurements are typically a subset of subsystem states. The struc-
ture selected for the C' matrix reflects this observation. A general C' matrix may be used, but impacts possible
choices for distributed estimation techniques (Venkat, Hiskens, Rawlings, and Wright, 2006b).
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Decentralized model. In the decentralized modeling framework, it is assumed that the in-
teraction between the subsystems is negligible. Subsequently, the effect of the external subsys-
tems on the local subsystem is ignored in this modeling framework. The decentralized model

for subsystem i € I, is

yi(k) = Ciizi(k)

Partitioned model (PM). The PM for subsystem i combines the effect of the local subsystem
variables and the effect of the states and inputs of the interconnected subsystems. The PM for
subsystem i is obtained by considering the relevant partition of the centralized model and can

be explicitly written as

x,(k: + 1) = Amxz(k) + Bnul(k) + Z(A,ij(k) + B,Ju](k)) (10.1a)
J#i

10.2 MPC frameworks for systemwide control

The set of admissible controls for subsystem ¢, 2; C R™ is assumed to be a nonempty, com-
pact, convex set with the origin in its interior. The set of admissible controls for the whole
plant © is defined to be the Cartesian product of the admissible control sets €2;,V i € I;. The
stage cost at stage ¢ > k along the prediction horizon and the cost function ¢;(-) for subsystem

i € Iy are defined in Equations (4.3) and (4.5) with each z; now denoting the states in the PM
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(Equation (10.1) for subsystem ¢ € I5;. For any system, the constrained stabilizable set (also
termed Null controllable domain) X is the set of all initial states x C R" that can be steered
to the origin by applying a sequence of admissible controls (see (Sznaier and Damborg, 1990,
Definition 2)). It is assumed throughout that the initial system state vector z(0) € &, in which
X denotes the constrained stabilizable set for the overall system. A feasible solution to the
corresponding optimization problem, therefore, exists.

Four MPC based systemwide control frameworks are described below. The difference
between the optimization problems described here and those in Section 4.3, p. 32 is in the
modeling framework used (see Section 10.1). In each MPC framework, the controller is defined

by implementing the first input in the solution to the corresponding optimization problem.

Centralized MPC. In the centralized MPC framework, the MPC for the overall system solves

the following optimization problem

min ¢ (z,u;z(k)) = sz’@ (i, wi; z4(k))

subject to
z(l + 1|k) = Az(l|k) + Bu(l|k), k<1

wi(llk) € i, k<1, iely

where w; > 0,> w; = 1.
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For any system, centralized MPC achieves the best attainable performance (Pareto op-
timal) as the effect of interconnections among subsystems are accounted for exactly. Further-

more, any conflicts among controller objectives are resolved optimally.

Decentralized MPC. In the decentralized MPC framework, the following optimization prob-
lem is solved by each controller
min  ¢; (x;, u;; zi(k))
T u;
subject to
i (I 4+ 1k) = Ayuzi(l|k) + Buui(l|k), k<l

Each decentralized MPC solves an optimization problem to minimize its (local) cost
function. The effects of the interconnected subsystems are assumed to be negligible and are
ignored. In many situations, however, the above assumption is not valid and leads to reduced

control performance.

Communication-based MPC. For communication-based MPC 3, the optimal state-input tra-

jectory (x¥, u?) for subsystem i, i € I at iterate p is obtained as the solution to the optimiza-

*Similar strategies have been proposed by Camponogara et al. (2002); Jia and Krogh (2001)
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tion problem
min  ¢; (x;, wi; xi(k))
T, u

subject to

il + k) = Agzi(Ulk) + Biwi(Ulk) + > [Aga?  (Uk) + Byul (1K), k <1
j#i

As described in Section 4.3, each communication-based MPC utilizes the objective function for
that subsystem only. For each subsystem ¢ at iteration p, only that subsystem input sequence
u; is optimized and updated. The other subsystems’ inputs remain at Ve, A f
the communication-based iterates converge, then at convergence, the Nash equilibrium (NE)

is achieved.

Instability under communication-based MPC. Figure 10.1 illustrates nonconvergence of
communication-based MPC for a two subsystem case. For initial values of inputs at the ori-
gin and in the absence of input constraints, the sequence of communication-based iterates
diverges to infinity. For a compact feasible region (the box in Figure 10.1), the sequence of
communication-based iterates is trapped at the boundary of the feasible region (Point 5). For

this system, the NE is at point n.

Feasible cooperation-based MPC (FC-MPC). To arrive at a reliable distributed MPC frame-
work, we need to ensure that the subsystems” MPCs cooperate, rather than compete, with each

other in achieving systemwide objectives. The local controller objective ¢;(-) is replaced by an
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Figure 10.1: A Nash equilibrium exists. Communication-based iterates do not converge to the
Nash equilibrium however.

objective that measures the systemwide impact of local control actions. The simplest choice
for such an objective is a strict convex combination of the controller objectives i.e., ¢(-) =
o widi(-), wi >0, Y w; = 1.

For notational convenience, we drop the k£ dependence of T;(k), w;(k),7 € Iy Itis

shown in Appendix 10.8.1 that each x; can be expressed as

T; = By + fuzi(k) + Z[Eijﬂj + fija; (k)] (10.4)
J#i

We consider open-loop stable systems here. Extensions of the distributed MPC method-

ology to handle large, open-loop unstable systems are described in Sections 10.6.2 and 10.6.3.
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For open-loop stable systems, the FC-MPC optimization problem for subsystem i, de-

noted F;, is defined as

F & nbiin %wﬁbr (u’l’fl, . ,uf:f,ui,uf_;f, . ,uﬁ;l;xr(kz)) (10.5a)
r=1
subject to
witlk) €, k<t<k+N-—1 (10.5b)
wiltk) =0, k+N <t (10.50)

The infinite horizon input trajectory w; is obtained by augmenting u; with the input sequence
ui(t|k) = 0, k+N < t. The infinite horizon state trajectory x; is derived from Z; by propagating
the terminal state x;(k + N|k) using Equation (10.1) and w;(t|k) = 0,k + N < t,Vi € Ijy. The
cost function ®;(-) is obtained by eliminating the state trajectory x; from Equation (4.5) using
Equation (10.4) and the input, state parameterization described above. The solution to the

(»)

optimization problem F; is denoted by u; . By definition,

w® = [P (k) w4 1R, ] and

' ®) = WP kIR, P (ke + kY, Pk N = 1k
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10.3 Terminal penalty FC-MPC

10.3.1 Optimization

For ¢;(-) defined in Equation (4.5), the FC-MPC optimization problem (Equation (10.5)), for

each subsystem i € I;7, can be written as

!/

1 _
Fi = nli.n iﬂ/%ﬂl + (’l"l(l‘(k‘)) + Z Hljﬁﬁ) 1) u; (10.6&)
“ i
subject to
wi(tlk) € Qi k<t<k+N-1 (10.6b)

in which

R; = R+ZEJZQJ jZ+ZEJ’L ZTlElz

Jj=1 I#]

Q; = diag (wiQi(l), o wi Qi (N — 1)7~Pii>

Tij = diag <0, ...,0, Bj>

R; = diag <wiRi(0),wiRi(1), o wiRi (N — 1))

’l" ZEJZ Q] g] +ZE]1 ZT]lgl

=1 =
M

Hij = ZElz QE;; + ZEZZ > TiEy gi(x(k)) = fija;(k)
1=1 s£l j=1
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and

P Po ... ... Py
Py Py ... ... Py
pP= (10.7)
_PMl Pyo ... ... PMM_

is a suitable terminal penalty matrix. Restricting attention (for now) to open-loop stable sys-
tems simplifies the choice of P. For each i € I/, let Q;(0) = Qi(1) = ... = Qi(N — 1) = Q.

The terminal penalty P can be obtained as the solution to the centralized Lyapunov equation

APA-P=-Q (10.8)

in which Q@ = diag(wi1Q1,w2Q2, ..., wyQn). The centralized Lyapunov equation (Equa-
tion (10.8)) is solved offline. The solution to Equation (10.8), P, has to be recomputed if the

subsystems’ models and/or cost functions are altered.

10.3.2 Algorithm and properties

Algorithm 4.1 (p. 43) solving the optimization problem of Equation (10.6) is used for FC-MPC.

The state trajectory for subsystem i generated by the input trajectories @, wo, ..., uy and

initial state z is represented as x;(w1, w2, ..., un; 2). At each iterate p in Algorithm 4.1, the
T

state trajectory for subsystem i € I; can be calculated as @} (u}, @), ..., wh,; z(k)). The infi-

nite horizon input and state trajectories («, ul) can be obtained following the discussion in
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Section 10.2. Denote the cooperation-based cost function after p iterates by
M
O(ul,ub, ... ul ;s 2(k)) = Zqu)r (ull, ub, ... b2, (k) .
r=1

Properties for Algorithm 4.1 established in Section 4.5 apply here (with each p(k) replaced by

10.3.3 Distributed MPC control law

At time £, let the FC-MPC algorithm (Algorithm 4.1) be terminated after p(k) iterates, with

WO @) = [ k), 0, ™ k), 1), ], (109)

representing the solution to Algorithm 4.1 after p(k) cooperation-based iterates. The dis-
tributed MPC control law is obtained through a receding horizon implementation of optimal

control whereby the input applied to subsystem i is u! *) (x(k),0).

10.3.4 Feasibility of FC-MPC optimizations

Since x(0) € X, there exists a set of feasible, open-loop input trajectories (w1, us, ..., ur) such
that z;(k) — 0, Vi € Iy and k sufficiently large. Convexity of €2;,V i € Iy and Algorithm 4.1
guarantee that given a feasible input sequence at time k£ = 0, a feasible input sequence exists
for all future times. One trivial choice for a feasible input sequence at k = 0 is u;(k + l|k) =
0,1 >0, Vi € Iy. This choice follows from our assumption that each €2; is nonempty and

0 € int(€2;). Existence of a feasible input sequence for each subsystem i at k¥ = 0 ensures that
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the FC-MPC optimization problem (Equations (10.5) and (10.6)) has a solution for each ¢ € I/

and all £ > 0.

10.3.5 Initialization

At discrete time k + 1, define V¢ € I,

Ea)

wd () = [uﬂk) (@(k), 1), u? P (2(k), 2), ..., " (x(k), N = 1),0,0,.. } (10.10)

It follows that u{ (k+1), ud(k+1),...,u9,(k+1) constitute feasible subsystem input trajectories

with an associated cost function @ (uf(k + 1), u3(k + 1),...,uQ(k + 1); z(k + 1)).

10.3.6 Nominal closed-loop stability

Given the set of initial subsystem states z;(0), Vi € Ip. Define Jn(z(0)) to be the value
of the cooperation-based cost function with the set of zero input trajectories u;(k + jlk) =
0, j > 0,Vi € I Attime k, let JY(z(k)) represent the value of the cooperation-based cost
function with the input trajectory initialization described in Equation (10.10). For notational
convenience we drop the function dependence of the generated state trajectories and write
x; = xi(ui, g, ..., up;2), Vi € Iy The value of the cooperation-based cost function after

p(k) iterates is denoted by Jﬁ,(k) (z(k)). Thus,

M
P (k) = wign (mf : f(k);a:(k)> (10.11a)
2:41 N
- w Y L ( PO (s k), ™ (k + j\k)) (10.11b)
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At k = 0, we have using Lemma 4.4, p. 44 (with (k) replaced by z(k)) that

TR ((0)) < TR (2(0)) = T (2(0)).

It follows from Equation (10.10) and Lemma 4.4 that

M

0 < JA(x(k)) < (k) = IRk — 1) = Y wiLi(wi(k — 1),u* P (k ~ 1), Yk >0
i=1
(10.12)
Using the above relationship recursively from time & to time 0 gives
k=1 M
T @ (k) < Tn(a S wiLi(wi(5), u (5)) < T (2(0)), (10.13)
j=0 i=1

From Equation (10.11), we have $Ayin(Q) [z (k)[* < J]’Q(k) (z(k)). Using Equation (10.13), gives

Ji(k)(x(k:)) < Jn(z(0) = 12(0)Pz(0) < 2Anax(P)||z(0)||%. From the previous two cost re-

lationships, we obtain ||z(k)| < )‘::‘( ) ||z(0)||, which shows that the closed-loop system is
Lyapunov stable (Vidyasagar, 1993, p. 265). In fact, using the cost convergence relationship
(Equation (10.12)) the closed-loop system is also attractive, which proves asymptotic stability
under the distributed MPC control law.

Lemmas 4.4 and 4.5 can be used to establish the following (stronger) exponential closed-

loop stability result.

Theorem 10.1. Given Algorithm 4.1 using the distributed MPC optimization problem of Equation

(10.6) with N > 1. In Algorithm 4.1, let 0 < pmax(k) < p* < 0o, Vk > 0. If A is stable, P is obtained



from Equation (10.8), and

QZ(O) _Qz(l) = :Qi(N—l) :Qi >0
Ri(0) = Ri(1) = --- = Ri(N = 1) = R, > 0
Viely

then the origin is an exponentially stable equilibrium for the closed-loop system

x(k+1) = Az(k) + Bu(x(k))

in which

forall (k) € R"and all p(k) = 1,2, ..., Pmax (k).

A proof is given in Appendix 10.8.1.
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Remark 10.1. If (A, Q%) is detectable, then the weaker requirement ); > 0, R; > 0,V ¢ € I is

sufficient to ensure exponential stability of the closed-loop system under the distributed MPC

control law.

10.4 Power system terminology and control area model

For the purposes of AGC, power systems are decomposed into control areas, with tie-lines

providing interconnections between areas (Wood and Wollenberg, 1996). Each area typically

consists of numerous generators and loads. It is common, though, for all generators in an area
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to be lumped as a single equivalent generator, and likewise for loads. That model is adopted
in all subsequent examples. Some basic power systems terminology is provided in Table 10.1.
The notation A is used to indicate a deviation from steady state. For example, Aw represents

a deviation in the angular frequency from its nominal operating value (60 Hz.).

Table 10.1: Basic power systems terminology.

w angular frequency of rotating mass
d phase angle of rotating mass
M Angular momentum
D - percent change in load
' percent change in frequency
Prech : mechanical power
P, o nonfrequency sensitive load
Ten - charging time constant (prime mover)
P, : steam valve position
P - load reference setpoint
R - percent change in frequency
: percent change in unit output
Tc governor time constant
PY tie-line power flow between areas i and j
Tij - tie-line (between areas i and j) stiffness coefficient
K;; :FACTS device coefficient (regulating impedance between areas i and j)

Consider any control area i € I/, interconnected to control area j,j # i through a tie
line. A simplified model for such a control area ¢ is given in (10.14).

Area i

dAw; 1 11 1
dA Pech, 1 1
: hi o APpech, — HAPW =0 (10.14b)
dAP,, 1 1 1
a L4+ KAPVZ — KAPYGQ + RfTAwZ =0 (1014C)
i i i+ Gi
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tie-line power flow between areas ¢ and j

dAPY
APtlee — _A‘Dtgzlje (10146)

10.5 Examples

Performance comparison The cumulative stage cost A is used as an index for comparing the

performance of different MPC frameworks. Define

Z Z Li (wi(k), ui(k)) - (10.15)

where t is the simulation horizon.

10.5.1 Two area power system network

An example with two control areas interconnected through a tie line is considered. The con-
troller parameters and constraints are given in Table 10.2. A control horizon N = 15 is used
for each MPC. The controlled variable (CV) for area 1 is the frequency deviation Aw; and the
CV for area 2 is the deviation in the tie-line power flow between the two control areas AP_2.
From the control area model (Equation (10.14)), if Aw; — 0 and AP2 — 0 then Awy — 0.

For a 25% load increase in area 2, the load disturbance rejection performance of the FC-
MPC formulation is evaluated and compared against the performance of centralized MPC

(cent-MPC), communication-based MPC (comm-MPC) and standard automatic generation

control (AGC) with anti-reset windup. The load reference setpoint in each area is constrained
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between +0.3. In practice, a large load change, such as the one considered above, would result
in curtailment of AGC and initiation of emergency control measures such as load shedding.
The purpose of this exaggerated load disturbance is to illustrate the influence of input con-
straints on the different control frameworks.

The relative performance of standard AGC, cent-MPC and FC-MPC (terminated after
1 iterate) rejecting the load disturbance in area 2 is depicted in Figure 10.2. The closed-loop
trajectory of the FC-MPC controller, obtained by terminating Algorithm 4.1 after 1 iterate, is al-
most indistinguishable from the closed-loop trajectory of cent-MPC. Standard AGC performs
nearly as well as cent-MPC and FC-MPC in driving the local frequency changes to zero. Un-
der standard AGC, however, the system takes in excess of 400 seconds to drive the deviational
tie-line power flow to zero. With the cent-MPC or the FC-MPC framework, the tie-line power
flow disturbance is rejected in about 100 seconds. A closed-loop performance comparison of
the different control frameworks is given in Table 10.3. The comm-MPC framework stabilizes
the system but incurs a control cost that is nearly 18% greater than that incurred by FC-MPC (1
iterate). If 5 iterates per sampling interval are allowed, the performance of FC-MPC is almost
identical to that of cent-MPC.

Notice from Figure 10.2 that the initial response of AGC is to increase generation in
both areas. This causes a large deviation in the tie-line power flow. On the other hand under
comm-MPC and FC-MPC, MPC-1 initially reduces area 1 generation and MPC-2 orders a large
increase in area 2 generation (the area where the load disturbance occurred). This strategy

enables a much more rapid restoration of tie-line power flow.
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Table 10.2: Model parameters and input constraints for the two area power network model
(Example 10.5.1).

Dy = 2 Dy = 2.75
R] = 0.03 R, = 0.07
Mo = 35 Mg = 40
Ten, = 50 Ten, = 10
Tg, = 40 Tg, = 25
Q1 =diag(1000,0,0) | @, =diag(0,0,0,1000)
Ry = 1 Ry = 1
Tio = 7.54 Agamp = 0.1 sec
-0.3<APy, <0.3
-0.3<AP,<0.3
0.02 0.2
0.01 setpoint ——
0 0.15 standard AGC ----
001 4 / / comm-MPC -
’ / 014/ / FC-MPC (1 iterate) ------
Awy 0024 |/ , APR2 o
20.03 4 4 setpoint —— 0.05 - \k...“ N
)i standard AGC ---- N
-0.04 1 J\/' comm-MPC - 0 R B
-0.05 + FC-MPC (1 iterate) -
-006 T T T T T -0'05 T T T T T T T T
0 20 40 60 80 100 0 50 100 150 200 250 300 350 400
Time (sec) Time (sec)
0.3 0.4
0.2 Y —
0.1 ! | ‘
0.2 1
APY(‘ =1 I
£, 0 APy, |
-0.1 4 0.1 |
standard AGC ---- ! standard AGC ----
0.2 1 comm-MPC - 0¥ comm-MPC -
-03 4 FC-MPC (1 iterate) ------ : FC-MPC (1 iterate) ------
I I I I I I I I -01 I I I I I I
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300
Time (sec) Time

Figure 10.2: Performance of different control frameworks rejecting a load disturbance in
area 2. Change in frequency Aw, tie-line power flow AP}2 and load reference setpoints
APref1 ’ Af)refz-

10.5.2 Four area power system network

We revisit the four area power system described in Chapter 3, Section 3.2. The relative perfor-

mance of cent-MPC, comm-MPC and FC-MPC is analyzed for a 25% load increase in area 2 and
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Aconfig —Acent
Acent

Table 10.3: Performance of different control formulations w.r.t. cent-MPC, AA% =

100.
A AA%
standard AGC 39.26 189
comm-MPC 15.82 18.26
FC-MPC (1 iterate) 13.42 0.26
FC-MPC (5 iterates) ~13.38 ~0
cent-MPC 13.38 -

a simultaneous 25% load drop in area 3. This load disturbance occurs at 5 sec. For each MPC,
we choose a prediction horizon of N = 20. In the comm-MPC and FC-MPC formulations, the

load reference setpoint (A P,f,) in each area is manipulated to reject the load disturbance and

APY

i) to zero. In the

drive the change in local frequencies (Aw;) and tie-line power flows (

cent-MPC framework, a single MPC manipulates all four AP,¢,. The load reference setpoint

for each area is constrained between +0.5.

0.03 - 0.1 \
0.02 / 0-
0.01 4 | i | ,
Awy 0+ \\ .fi, APE:} 017 \\‘ ,/
-0.01 4 \‘\ _,."l -0.2 \‘\, /
-0.02 - W -0.3 3 v/
-0.03 4 ‘ ‘ ‘ ‘ ‘ ‘ k¥4 \ \ \ \ \ \ \
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time Time
setpoint —— comm-MPC - setpoint —— comm-MPC -----
cent-MPC - FC-MPC (1 iterate) ------ cent-MPC - FC-MPC (1 iterate) ------
0.6 0.6
0.4 .""'“2‘ 0.4 i E-m‘i
02 Ha— 02 - o
APur,0 - | ARG 0 T
0.2 : g 0.2 !
0.4 - o 5 04 i |
-0’6 I I I I I I -0'6 I I
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time Time
cent-MPC - FC-MPC (1 iterate) ------ cent-MPC - FC-MPC (1 iterate) ------
comm-MPC ----- comm-MPC -----

Figure 10.3: Performance of different control frameworks rejecting a load disturbance in areas

2 and 3. Change in frequency Awy, tie-line power flow A

APrefza A-Pref3~

P

tie

and load reference setpoints
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Table 10.4: Performance of different MPC frameworks relative to cent-MPC, AA% =

A

%*Acent % 100.
cent

Ax1072 AA%

cent-MPC 7.6 -
comm-MPC T oo T oo
FC-MPC (1 iterate) 9.6 26

FC-MPC (5 iterates) 7.87 3.7

The performance of cent-MPC, comm-MPC and FC-MPC (1 iterate) are shown in Fig-
ure 10.3. Only Aw; and A P23 are shown as the frequency and tie-line power flow deviations
in the other areas display similar qualitative behavior. Likewise, only AP,¢t, and AP, are
shown as other load reference setpoints behave similarly. The control costs are given in Ta-
ble 10.4. As seen in Section 3.2, the power system network is unstable under comm-MPC.
The closed-loop performance of the FC-MPC formulation, terminated after just 1 iterate, is
within 26% of cent-MPC performance. If the FC-MPC algorithm is terminated after 5 iter-
ates, the performance of FC-MPC is within 4% of cent-MPC performance. By allowing the

cooperation-based iterative process to converge, the closed-loop performance of FC-MPC can

be driven to within any pre-specified tolerance of cent-MPC performance.

10.5.3 Two area power system with FACTS device

In this example, we revisit the two area network considered in Section 10.5.1. In this case
though, a FACTS device is employed by area 1 to manipulate the effective impedance of the
tie line and control power flow between the two interconnected control areas. The control

area model follows from Equation (10.14). In order to incorporate the FACTS device, Equa-
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tion (10.14a) in area 1 is replaced by

A
d dfm = (Awl — A(AJQ)
dAw; 1 1 1 1 1
= ———D1Aw; — —T19Ad Ki9AX —APrech; — — AP,
I M7 1Aw] M 128012 + Mg 12 12 + R hy M L.

and in area 2 by

dAwo 1 1 1 1 1
= ———DsA —T19A819 — — K19AX — AP, — —APR
I Mg 2Aws + Mg 124012 Mg 12 12+ Mg echs Mg Lo

where A Xy, is the impedence deviation induced by the FACTS device. The tie-line power

flow deviation becomes

AP = —AP3 = TiaAb1g — K12AX 1o
Notice that if AX;2 = 0, the model reverts to Equation (10.14). Controller parameters and con-
straints are given in Table 10.5. The MPC for area 1 manipulates AP,., and A X5 to drive Aw;
and the relative phase difference Adi2 = Ad; — Ads to zero. The MPC for area 2 manipulates
AP, to drive Aws to zero.

The relative performance of cent-MPC, comm-MPC and FC-MPC rejecting a simulta-
neous 25% increase in the load of areas 1 and 2 is investigated. The closed-loop performance
of the different MPC frameworks is shown in Figure 10.4. The associated control costs are
given in Table 10.6. The performance of FC-MPC (1 iterate) is within 28% of cent-MPC per-
formance. The performance of comm-MPC, on the other hand, is highly oscillatory and sig-

nificantly worse than that of FC-MPC (1 iterate). While comm-MPC is stabilizing, the system
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Table 10.5: Model parameters and input constraints for the two area power network model.
FACTS device operated by area 1.

Dy = 3 D, = 0275
RI = 0.03 R, = 007
Mg = 4 Mg = 40
Ten, = 5 Tcon, = 10
Ta, = 4 Ta, = 25
Ty = 2.54 Ky = 1.95
Q1 =diag(100,0,0,100) || Q2 =diag(100,0,0)
Ry = 1 Ry = 1
N = 15 Agamp= 1 sec

-0.3<AP,, <03

0.1< AX;5<0.1

-0.3<AP,,<0.3

Table 10.6: Performance of different MPC frameworks relative to cent-MPC, AA% =

A

. A

config cent
—eentE == % 100.
Acent OO

Ax1072% AA%

cent-MPC 3.06 -
comm-MPC 9.53 211
FC-MPC (1 iterate) 3.92 28

FC-MPC (5 iterates) 3.13 2.3

takes nearly 400 sec to reject the load disturbance. With FC-MPC (1 iterate), the load distur-
bance is rejected in less than 80 sec. If 5 iterates per sampling interval are possible, the FC-MPC

framework achieves performance that is within 2.5% of cent-MPC performance.

10.6 Extensions

10.6.1 Penalty and constraints on the rate of change of input

We consider the stage cost defined in Equation (4.15) (p. 68). To convert to the stage cost of
Equation (4.15) to the standard form (Equation (4.3)), we augment z;(k) with the subsystem

input u;(k — 1) obtained at time k¥ — 1 (Muske and Rawlings, 1993). The stage cost can be
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Figure 10.4: Performance of different control frameworks rejecting a load disturbance in area
2. Change in relative phase difference Adi2, frequency Aws, tie-line impedence A X1, due to

the FACTS device and load reference setpoint A P, .

re-written as

Li(zi(k), ui(k)) = % [Zi(k)/éizi(k) +ui(k) Roui (k) + QZi(k)/MUi(k)} (10.16)
in which

zi(k) ~ Qi

zi(k) = Qi =
ul(k — 1) Sz

~ N 0

R, =R, +5; M; =
S




The augmented PM for subsystem ¢ € I is

Zi(k} + 1) = szzzl(k? —|— Buuz + Z |:A7,]Zj + EZJuj(k)]

JF#i
in which
- Aij 0
Az; = W 1,] € IR
0 0
- Bii - Bi; o
Bi; = ) Bz]: VZ>]EHM>]75Z
I 0

The cost function for subsystem i is defined as

¢z’(zi7U27 ZLZ Zz ]‘k UZ ]‘k))

Jj=k
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(10.17)

(10.18)

The constraints on the rate of change of input for each subsystem ¢ € I; can, therefore,

be expressed as

(10.19a)
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in which

Auin — q(k — 1) Au™™ —u;(k —1)

——— min Au?ﬁn ——— max Au?lax

Au?ﬁn Ay"ex
I
i
D; = 7T (10.19¢)
-1 1

Following the model manipulation described in Appendix 10.8.1, with each (A;;, B;;)
pair replaced by the corresponding (A;;, B;;) pair (from the augmented PM in Equation (10.17)),

gives
z; = E;u; + f”zl(k) + Z[Eijﬁj + fiij(k)L Viely (10.20)
J#i

inwhich z; = [z;(k+ 1|k)’, ..., zi(k+ N|k)']'. Similar to Section 10.2, the augmented state z; in
Equation (10.18) can be eliminated using Equation(10.20). The cost function ¢;(-) can therefore

be re-written as a function ®;(u, ..., uu; 2(k)) where z = [21/, 29/, ..., 2p']". For ¢;(-) defined



in Equation (10.18), the FC-MPC optimization problem for subsystem i is

!/

M

* . 1,0, T

ﬁi(p) € argrr%n iui’fﬁiui+ (rz(z(k‘)) + .E#.Hiju? 1) u;
JFi

subject to

uz<j’k)€QZ, Ek<j<k+N-1

in which

M M
R, = (R; + Eii' Qi By + 2E;'M;) + Z E;/'Q,;E;; + Z Eji Z TjiEi

i =1 i

M M
Hij = Z Eli/QlElj + Mi/Ez‘j + Eji/Mj + Z Eli/ Z TlsE'sj
=1 =1 s#l

ri(z2(k)) = (Ei'Qigy(2(k)) + My'g;(2(k)) + pizi(k))

M M
+ Z E;i'Qjg;(2(k)) + Z Ej Z Tjigi(2(k))

j#i j=1 I#j

t
N———

T;; = diag (o,...,O, ij
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(10.21a)

(10.21b)

(10.21¢)
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0 w;M;
0 wiM;
M; = 0
w; M,
0 0 0

The terminal penalty P is obtained as the solution to the centralized Lyapunov equation

(Equation (10.8)) with each A;;, Q; replaced by ;L-j, sz respectively Vi, j € Ips.

10.6.2 Unstable systems

In the development of the proposed distributed MPC framework, it was convenient to assume
that the system is open-loop stable. That assumption can be relaxed however. For any real

matrix A € R™*" the Schur decomposition (Golub and Van Loan, 1996, p. 341) is defined as

As A | UL
A {Us Uu} (10.22)
0 A, |U,
in which U = |:Us Uu:| is a real and orthogonal n x n matrix, the eigenvalues of A, are

strictly inside the unit circle, and the eigenvalues of A, are on or outside the unit circle. Let
U =[Uu,Usy/, ..., Uy,

Define 7;' = [0,0, ..., I] such that z;(k + N|k) = 7;/z;(k). To ensure closed-loop stabil-
ity while dealing with open-loop unstable systems, a terminal state constraint that forces the
unstable modes to be at the origin at the end of the control horizon is necessary. The control

horizon must satisfy N > «, in which « is the number of unstable modes.
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For each subsystem i € I at time £, the terminal state constraint can be written as
Uw(k+ N|k) = > U,/z:i(k + N|k)
— Z (TU,) 'zi(k) (10.23)
=0

From Equations (10.23) and (10.4), the terminal state constraint can be re-written as a coupled

input constraint of the form

Jiul + Fous + ...+ Tyuy = —C(l‘(kﬁ)) (1024&)
in which
M M
Ji =Y (TiUy,) 'E;i c(z(k)) =Y (T;U,) g;(x(k)) (10.24b)
Jj=1 j=1
Viely

Using the definitions in Equation (10.6), the FC-MPC optimization problem for each i € I is

1
Fstb & min Zw/ R + (n(x(k)) + ZHijuf?l) u; (10.25a)
U; 2 . . J
J#i
subject to
wi(tlk) e Q, k<t<k+N-1 (10.25b)
M
Jiw; + Y Jh = —c(a(k)) (10.25¢)

J#i
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The optimization problem of Equation (10.25) is solved within the framework of Al-
gorithm 4.1. To initialize Algorithm 4.1, a simple quadratic program is solved to compute
subsystem input trajectories that satisfy the constraints in Equation (10.25) for each subsys-
tem. To ensure feasibility of the end constraint (Equation (10.25¢)), it is assumed that the
initial state 2(0) € X, the N-step stabilizable set for the system. Since Xy C X, the system is
constrained stabilizable. It follows from Algorithm 4.1, Section 10.3.3 and Section 10.3.5 that
Xy is a positively invariant set for the nominal closed-loop system, which ensures that the
optimization problem (Equation (10.25)) is feasible for each subsystem i € I, for all £ > 0 and
any p(k) > 0. It can be shown that all iterates generated by Algorithm 4.1 are systemwide fea-
sible, the cooperation-based cost function ®(uf, ub, ..., u%;z(k)) is a nonincreasing function
of the iteration number p, and the sequence of cooperation-based iterates is convergent . An
important distinction, which arises due to the presence of the coupled input constraint (Equa-
tion (10.25¢)), is that the limit points of Algorithm 4.1 (now solving optimization problem of
Equation (10.25) instead) are no longer necessarily optimal (see Section 4.9.2 for examples).
The distributed MPC control law based on any intermediate iterate is feasible and closed-loop

stable, but may not achieve optimal (centralized) performance at convergence of the iterates.

10.6.3 Terminal control FC-MPC

The distributed LOR framework presented in Chapter 9 is used for terminal control FC-MPC.
The modeling framework described in Section 10.1 is employed. The motivation for terminal
control FC-MPC is to achieve infinite horizon optimal (centralized, constrained LQR) perfor-

mance at convergence using finite values of N. For brevity, we omit details of this framework

“The proof is identical to that presented for Lemma 4.4 (p. 44) and is, therefore, omitted.
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here. An algorithm for terminal control FC-MPC employing the modeling framework of Sec-
tion 10.1 is presented in Venkat, Hiskens, Rawlings, and Wright (2006c). Two examples for

terminal control FC-MPC are provided below.

Two area power system with FACTS device

We revisit the two area power system considered in Section 10.5.3. A 28% load increase af-
fects area 1 at time 10 sec and simultaneously, an identical load disturbance affects area 2. The
controller parameters are R; = diag(1,1), Ry = 1,Q; = diag(10,0,0,10), Q2 = diag(10,0,0),
Asamp = 2 sec. The controlled variables (CVs) for the MPC in area 1 are Aw; and Adi2. The
CV for the MPC in area 2 is Awy. In this case, we evaluate the load disturbance rejection per-
formance of terminal control FC-MPC (FC-MPC (tc)) and compare it against the performance
of terminal penalty FC-MPC (FC-MPC (tp)) and centralized constrained LQR (CLQR).

The relative performance of FC-MPC(tc), FC-MPC(tp) and CLOR rejecting the described
load disturbance is shown in Figure 10.5. For terminal control FC-MPC employing Algo-
rithm 9.4, an initial control horizon length (/Ny) of 20 is selected. This choice of N is sufficient
to steer the dummy state vectors (;(-),V ¢ € Iys to O throughout the period where the ef-
fect of the load disturbance persists. The terminal penalty FC-MPC employs Algorithm 4.1
(Section 10.3) .

Due to an increase in load in both control areas, the MPCs (in areas 1 and 2) order an in-
crease in generation. In Figure 10.5, the transient tie-line power flow and frequency deviations
under FC-MPC (tc, 1 iterate) are almost identical to the infinite horizon optimal CLQR perfor-
mance. The incurred control costs are given in Table 10.7. FC-MPC (tc, 1 iterate) achieves a

performance improvement of about ~ 16% compared to FC-MPC (tp, 1 iterate). If 5 iterates
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Figure 10.5: Comparison of load disturbance rejection performance of terminal control FC-
MPC, terminal penalty FC-MPC and CLQR. Change in frequency Awj, tie-line power flow
AP&@, load reference setpoints APer, and A Pyet, .

per sampling interval are permissible, the disturbance rejection performance of FC-MPC (tc, 5
iterates) is within 0.5% of CLQR performance. The performance loss incurred under FC-MPC
(tp, 5 iterates), relative to CLQR performance, is about 13%, which is significantly higher than

the performance loss incurred with FC-MPC (tc, 5 iterates).

Table 10.7: Performance of different control formulations relative to centralized constrained
LOR (CLQR), AAY% = Aeonfis—Acent

confis—Reent ¢ 100,
Ax1073 AA%
CLQR 1.77
FC-MPC (tp, 1 iterate) 2.21 25
FC-MPC (tc, 1 iterate) 1.93 9.2
FC-MPC (tp, 5 iterates) 2 12.9
FC-MPC (tc, 5 iterates) 1.774 < 0.2
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Unstable four area power network

Consider the four area power network described in Section 10.5.2. In this case though, M{ =
40 to force the system to be open-loop unstable. The regulator parameters are specified in
Table 10.8. The sampling interval Agamp = 2 sec. At time 10 sec, the load in area 2 increases by
15% and simultaneously, the load in area 3 decreases by 15%. The load disturbance rejection
performance of terminal control FC-MPC (FC-MPC(tc)) is investigated and compared to the
performance of the benchmark CLQR.

Figure 10.6 depicts the disturbance rejection performance of FC-MPC (tc) and CLQR.
Only quantities relating to area 2 are shown as variables in other areas displayed similar qual-
itative behavior. The associated control costs are given in Table 10.9. For terminal control FC-
MPC terminated after 1 iterate, the load disturbance rejection performance is within 13% of
CLQR performance. If 5 iterates per sampling interval are possible, the incurred performance

loss drops to < 1.5%.

Table 10.8: Regulator parameters for unstable four area power network.

Q@1 = diag(50,0,0) R =1
Q2 = diag(50,0,0,50) Re =1
Q@3 = diag(50,0,0,50) R3 =1
Q4 = diag(50,0,0,50) Ry =1

Table 10.9: Performance of terminal control FC-MPC relative to centralized constrained LQR
(CLQR), AA% = feentis=—Seent 0,

nt

Ax1072 AA%
CLOR 4.91
FC-MPC (tc, 1 iterate) 5.52 12.4
FC-MPC (tc, 5 iterates) 4.97 1.2
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Figure 10.6: Performance of FC-MPC (tc) and CLQR, rejecting a load disturbance in areas 2

and 3. Change in local frequency Aw, tie-line power flow AP32? and load reference setpoint
AP,et,.

10.7 Discussion and conclusions

Centralized MPC is not well suited for control of large-scale, geographically expansive sys-
tems such as power systems. However, performance benefits obtained with centralized MPC
can be realized through distributed MPC strategies. Distributed MPC strategies for power sys-
tems rely on decomposition of the overall system into interconnected subsystems, and iterative
optimization and exchange of information between these subsystems. An MPC optimization
problem is solved within each subsystem, using local measurements and the latest available
external information (from the previous iterate). Feasible cooperation-based MPC (FC-MPC)
precludes the possibility of parochial controller behavior by forcing the MPCs to cooperate

towards attaining systemwide objectives. A terminal penalty version of FC-MPC was initially
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established. The solution obtained at convergence of the FC-MPC algorithm is identical to the
centralized MPC solution (and therefore, Pareto optimal). In addition, the FC-MPC algorithm
can be terminated prior to convergence without compromising feasibility or closed-loop sta-
bility of the resulting distributed controller. This feature allows the practitioner to terminate
the algorithm at the end of the sampling interval, even if convergence is not achieved. A ter-
minal control FC-MPC framework, which achieves infinite horizon optimal performance at
convergence, has also been considered. For small values of IV, the performance of terminal
control FC-MPC is superior to that of terminal penalty FC-MPC.

Examples were presented to illustrate the applicability and effectiveness of the pro-
posed distributed MPC framework for automatic generation control (AGC). First, a two area
network was considered. Both communication-based MPC and cooperation-based MPC out-
performed AGC due to their ability to handle process constraints. The controller defined by
terminating Algorithm 4.1 after 5 iterates achieves performance that is almost identical to cen-
tralized MPC. Next, the performance of the different MPC frameworks are evaluated for a four
area network. For this case, communication-based MPC leads to closed-loop instability. FC-
MPC (1 iterate) stabilizes the system and achieves performance that is within 26% of central-
ized MPC performance. The two area network considered earlier, with an additional FACTS
device to control tie line impedence, is examined subsequently. Communication-based MPC
stabilizes the system but gives unacceptable closed-loop performance. The FC-MPC frame-
work is shown to allow coordination of FACTS controls with AGC. The controller defined by
terminating Algorithm 4.1 after just 1 iterate gives an ~ 190% improvement in performance
compared to communication-based MPC. For this case, therefore, the cooperative aspect of FC-

MPC was very important for achieving acceptable response. Next, the two area network with
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FACTS device was used to compare the performance of terminal penalty FC-MPC and ter-
minal control FC-MPC. As expected, terminal control FC-MPC outperforms terminal penalty
FC-MPC for short horizon lengths. Finally, the performance of terminal control FC-MPC is
evaluated on an unstable four area network. FC-MPC (tc, 5 iterates) achieves performance

that is within 1.5% of the centralized constrained LQR performance.

10.8 Appendix

10.8.1 Model Manipulation

To ensure strict feasibility of the FC-MPC algorithm, it is convenient to eliminate the states z;,
i € Iy using the PM (10.1). Propagating the model for each subsystem through the control

horizon N gives

T; = Byt + fywi(k) + Z[Eijﬁj + 955 + fiji (B)]
i

Viely (10.26)



in which

=

9ij =

Combining the models in (10.26), Vi =1,2,..

in which

Tll 712
T?l 722
7M1

N=2 4 sN=3,4
_Au‘ Aij Ay Ay

A% = £ + G (k)

Ell E12
EQl E22
Ewn

?z’j =
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., M, gives the following system of equations

(10.27)

(10.28)
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I =g ... G T u
A= T = u= (10.29)
_—ng c ce I | _fM_ _ﬁM_

Since the system is LTI, a solution to the system (10.27) exists for each permissible RHS. Matrix

A is therefore invertible and consequently, we can write for each ¢ € I,

T; = By + fiwi(k) + Z[Eijﬂj + fijzi (k). (10.30)
i

in which E;; and fij, Vj = 1,2,..., M denote the appropriate partitions of A~*€ and A~1G

respectively.

Lemma 10.1. Let the input constraints in Equation (10.6) be specified in terms of a collection of linear
inequalities. Consider the closed ball B.(0), in which € > 0 is chosen such that the input constraints in
each FC-MPC optimization problem (Equation (10.6)) are inactive for all = € B.(0). The distributed
MPC control law defined by the FC-MPC formulation of Theorem 10.1 is a Lipschitz continuous func-

tion of x for all x € B.(0).
The proof is identical to the proof for Lemma 4.7 (p. 79) with each p replaced by .

Proof of Theorem 10.1. Since Q > 0 and A is stable, P > 0 (Sontag, 1998). The constrained
stabilizable set X for the system is R". To prove exponential stability, we use the value function

Ji,(k) (x(k)) as a candidate Lyapunov function. We need to show (Vidyasagar, 1993, p. 267) that
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there exists constants a, b, ¢ > 0 such that

allz(k)* < IR (2(k)) < bll= (k)| (10.31a)

ATR (x(k)) < —c|lz(k)|)? (10.31b)

in which AJ2®) (z(k)) = J2FD (@(k + 1)) — 2P (2(k)).

Let ¢ > 0 be chosen such that the input constraints remain inactive for z € B.(0). Such
an ¢ exists because the origin is Lyapunov stable and 0 € int(£2; x ...y/). Since ©;,V i € I,
is compact, there exists o > 0 such that ||u;| < o. For any z satisfying ||z > ¢, ||wi] <
Z||x[|, Vi € Iy Forx € B(0), we have from Lemma 10.1 that ﬂf(k) (x) is a Lipschitz continuous
function of x. There exists, therefore, a constant p > 0 such that |a} (k) (@)] < pllz|l, VO <
p(k) < p*. Define K, = max (2, p)?, in which K, > 0 and independent of . The above

definition gives ||uf(k)(:z:,j)|| < VEy|z|, Vi € Iy and all 0 < p < p*. For j > 0, define

w(z(k), j) = [P (x(k), §), ..., vt (@(k), j)'). By definition, u(z(k), k) = u(z(k)). We have

M
[u(z(k), ) = J S @ k), )12 < VELM (k)]
i=1

Similarly, define z(k + jlk) = [ (k + j|k),..., 2" (k + j|k))', ¥ j > 0. By definition

x(k|k) = z(k). Since A is stable, there exists ¢ > 0 such that ||A7|] < e\’ (Horn and Johnson,



1985, Corollary 5.6.13, p. 199), in which Ajax(A) < A < 1. Hence,

-1
lz(k + 51R) < Ak + D I1AT Bl lula(k), D]
1=0

j—1
< e |z(k)|| + ZéAj*“l\\Blll\u(a:(k)7l)H

<e(1+ ’B”ﬁ)ux %5 >0,

smceZ)\l <Z)\l — V] > 0).

2
Let R = diag(wy Ry, waRa, ..., wpyRy) and T’ = [E (1 + %\/MKUH .

M o]
HO k) = 53w S (10 k4 02, + 1l (), )13
i=1  j=0
1 N-1
=5 > [o(k + Ik Qu(k + jlk) + u(w (k). j) Ru(x(k), 5)]
j=0

+ %w(k + N|kY Pa(k + NIk)
g;[ e (@125 + G2 + A (R) (), 1) 2)
+ Amax (P) [z (k + N|K)||?

[N Amax (QT + N Amax(R)KuM + Amax (P) ||z (k)|

< bl (k)|

268
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in which 0 < 3 [N Amax(Q)T + NAmax(R) KuM + Amax(P)I] < b Also, 5Amin(Q)[|z(k)|]* <

J f,(k) (z(k)) Furthermore,

T @k + 1)) — T (k) < T (alk + 1)) — TR (@ (k)
M
== wiLi (wilk), ™ (@ (k),0))
’L;l
< - ZwiLz (z4(k),0)
=1
= — (kY Qr(h)
<~ Auin( Q)P (1032

which proves the theorem. O
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Chapter 11

Asynchronous feedback for distributed

MPC.

In previous chapters, it was assumed that all subsystems are sampled at an uniform rate. In
many situations, time constants and subsequently sampling rates for different subsystems may
vary significantly. Furthermore, measurements for certain subsystems may be sampled slower
than others. Low measurement sampling rates may be due to technological limitations and /or
cost of measurement. It is well known that control at the slowest sampling rate may result in
significant loss in achievable control performance. In this chapter, an asynchronous feedback
distributed MPC framework that allows subsystems” MPCs to operate at different sampling
rates is described. The goal of asynchronous feedback is to enable faster sampled MPCs to
inject their control actions into the plant while slower sampled MPCs compute their desired
control action. For simplicity, we restrict our analysis here to systems with two sampling rates.

This chapter is organized as follows. Modeling aspects and notation for asynchronous

feedback FC-MPC is described in Section 11.1. In Section 11.2, we tackle the problem of asyn-
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chronous feedback in FC-MPC. Algorithms are described for both fast sampled MPCs and
slow sampled MPCs. The asynchronous feedback control law is defined in Section 11.3. Some
implementation issues are considered subsequently and an illustrative case study is presented.
Nominal closed-loop stability for the asynchronous feedback distributed MPC control law is
established in Section 11.4. An example is presented in Section 11.5 to demonstrate the ben-
efits of employing asynchronous feedback distributed MPC. Finally, the contributions of this

chapter are summarized in Section 11.6.

11.1 Models and groups

Consider the following LTI continuous time model for each subsystem i € I/

dx;;
:;t = Ajwii + Bjui (11.1a)
drij _ e . . o, 5
o = AiTia + Bijug, Vij€ly,j#i (11.1b)
yi = Ciixi; + Z Cijwij (11.1¢)
J#i

in which ¢ is continuous time. Let I represent the set of integers and define I to be the set of
positive integers. Each subsystem ¢ € I, is assumed to belong to either the group of MPCs
sampled at the fast rate, J.st, or the group of MPCs sampled at the slow rate, Jgow. Let
the sampling rate for each subsystem i € Ji, be ty. The sampling rate for each subsystem
i € Jslow is T, where T' = oty,0 € 1. Let Jpast, Jolow consist of My, Mo MPCs, respectively,
with M + My = M. Let (WLOG) Jgast = {1,2,..., M1} and Tyow = {M1+ 1, M1 +2,...,M}.

A discrete time realization of the continuous time subsystem model (Equation (11.1)) for sub-
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system ¢ € Iy, at the (faster) sampling rate ¢ is (Kailath, 1980)

zii((s + 1)ty) = Aya(sty) + Byui(sty) (11.2a)
2i5((s 4+ 1)ty) = Ajja(sty) + Bijui(sty), Vj € ln,j # i (11.2b)
yi(stf) = Cii$ii(5tf) + Z C’ijxij(stf) (11.2¢0)

J#

in which
iy
Aij = eXp[Aijtf} B = / eXp[Al-j(tf — T)]Bij dr, Vj €ly
0

The composite model (CM) (A;, B;, {W;;}, C;) for subsystem i € I is given by Equation (4.1)
(p. 27). The overall plant CM is obtained by collecting these individual subsystem CMs and is
given by Equation (4.2) (p. 28).

During each sampling interval [(3—1)t¢, Bt¢), 5 € 1, MPCs in Jp.s perform optimiza-
tions in parallel (one for each MPC) and exchange input trajectories. Each such optimization
and exchange of information between MPCs in Jp.g is termed an inner iterate. Let q; € I
inner iterates be performed during each sampling interval (duration ¢ ;) for MPCs in Jas.

During each [kT', (k+1)T),k > 0,k € I, each MPC i € Jyow performs an optimization,
and at time (k + 1)7, transmits calculated input trajectories to all MPCs j € I, j # i. At
(k4 1)T, each MPC i € Jqow also receives latest input trajectories from MPCs in Jg,s;. Infor-
mation transfer across the groups occurs only during synchronization i.e., at each £7". Each
synchronization between MPCs in the two groups is also called an outer iterate and occurs

periodically at the rate 7' (sampling rate of Jsiow).
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Interaction model information requirement. To enable asynchronous feedback, we make

the following assumption:

Assumption 11.1. Each MPC i € Jpq has explicit knowledge of the set of interaction models
(Aji, Bji), j € Jslow-

The interaction model (A4;;, Bj;) in Assumption 11.1 describes the effect of control ac-
tion initiated by MPC ¢ € Jp.st on subsystem j € Jyjow. Assumption 11.1 allows MPC i € Jpast
to assess the impact of its control moves on subsystem j € Jg0w Without requiring any infor-
mation exchange between the two groups during the sampling interval [KT’, (k + 1)T"). The
advantage of this approach will be highlighted in the sequel.

At time kT, define

wi(kT) = [u;(KT|KTY , u; (kT + t|kT) (KT + 2t4|kTY, . ....)

to be the predicted input trajectory for subsystem . For notational simplicity, we write k& « kT’
and a « aty, Va € I,k € I (see Figure 11.1) . At time kT + aty, the predicted input for
subsystem i at time kT + (o + s)ty,s > 0,5 € Lis written as u;([k, o], s). The predicted input

trajectory for i € Jrast at time KT+ 0ty, ¢ € I is defined as

wi([k, 0]) = [wi([k, 8],0Y, wi([k, 6], 1), wi([k, 6], 2),......)

The corresponding shifted input trajectory at time k7" + (6 + s)t¢ is denoted as

ui([k, 0], s) = [ui([k, 4], s),ui([k,0],s +1),...... I
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Assumption 11.2. A zero-order hold (ZOH) is employed for each MPC i € 1.

From Assumption 11.2, we have for each i € Jyow that

u,([kz,O]) = ui([k,O],l) = ... = ui([k,O],o - 1), Vk > 0.
notation
'
[k, 0] [k, 0] =[k+1,0]

[kv 1] [kaolé_l] U{:aa] [k’,()’—l]

PR > D >
OO
R R S

i > L >

KT+t KT+ (a— 1ty kT +at; KT+ (0 — 1)t
kT KT+ oty = (k+ )T
'
time

Figure 11.1: Time scales for asynchronous feedback distributed MPC.

For subsystem i, let z;([k, 0]; [k — 1, 0]) denote an estimate of the subsystem state at time
kT using measurements up to and including time (k — 1)7'. If the measurement at time k7" is
available, the estimate is represented as z;([k,0]) = z;([k, 0]; [k, 0]). Similarly, the estimate of
the states of subsystem i at time k7" + oty given measurements up to and including time k7" +
Btr, B < ais denoted as x;([k, af; [k, ]). Define pifast = [T1, ..., 20, ], tslow = [Tar415- -+ T)
to be the set of subsystem states in J.st and Jsiow respectively. The notation u([k, af; |81, 52]) =
[teast ([K, s [k, B1]), psiow ([K, @; [k, B2])]. For convenience, we write pu([k,0]) = ([, 0];[0,0]).
At time t, let uinj(t) denote the input injected into subsystem ¢ € I;. The input injected into

inj inj inj

the plant u(t) = vec(uy”(t), uy " (1), ..., uy; (1))
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Define mg,et = (w1, ..., wp, | and Tgow = [Was 41, - - -, U] By definition

q)(ﬂ-?ast’ﬂ-glow; :U’()) = q)([u(lla s 7u(]l\/[1]7 [ul]jwl—&—la s au?\/l]; :U'())

For each subsystem i, a parameter 6; > 0, ) ,d; = 1 must be selected for the inner
iterates. One suitable choice is §; = w;, i € I, the relative weight/importance assigned to
each subsystem. To allow periodic synchronization of the two asynchronous groups of MPCs,
parameters 7y, v, must be chosen for each group such that v¢,vs > 0, v + s = 1. One simple

choice for 7y, vs is

ny — 1€ Jtast Wi — Z wi, Vs = ZEJqlow Z w;

D wi > wi
1€ Ttast 1€ Tslow

11.2 FC-MPC optimization for asynchronous feedback

At time kT, let the set of initial subsystem states be p([k,0]). The initial input trajectory
for subsystem i € I, uf([k,0]), is relayed to all subsystems’ MPCs. The calculation of
this initial input trajectory will be described in the sequel. The predicted state trajectory
for subsystem i € I, due to the set of input trajectories u%([k,0]),...,u%,([k,0]) and sys-
tem state ju([k, 0) is & (p([k, 0])) — @: (wk([k, 0)), .., why([k, 0): ([, 0])), where & (u([k, 0])) =
[Zi([k, 0]; [k, 0]), Zi([k, 1]; [k, 0])', Z;([k, 2]; [k, 0])', . . .]". This predicted subsystem state trajectory
Z;(1([k, 0]) is broadcast all subsystems” MPCs. A forecast of the initial system state trajectory
is known, therefore, to all MPCs i € ;. During a sampling interval, each MPC computes an
optimal input trajectory originating from the predicted system state at the end of the current

sampling interval.
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Slow MPCs (group Jgow). Consider the sampling interval [kT', (k + 1)T"), where (k + 1)1 =

kT + oty. Each MPC i € Jyow solves the following optimization problem

M
Zzl([k + 1a0]) € arg mi_n Zqu)r <7Té€ast([k70]vo-)’ [ulj\:ﬁ—&-l([k?()]va)w“azh e 7“15\:4([]{3’0]70')],

- Ak, ol: [o,on)

subject to

in which ZZ = [i'\l, .. .,/IL‘\M], Z; = [Zi(O)/,Zi(l)/, .. .],. Let w; = [UZ(O)/, .. ,UZ(N - 1)/]/, z; =

2i(0),...,zi(N — 1))'. For ¢;(-) for each i € I, given by Equation (4.5) (p. 34) and ®,(-)
& y Bq P

obtained by eliminating the CM states x; from ¢;(-) using the subsystem CM (see p. 39), the

FC-MPC optimization problem for subsystem ¢ € Jyjow is

!/

M
1
Z1([k+1,0]) € argmin §m'mim+ (ri([k‘,a]) +ZHM) Tj + constant
u;

J#i

subject to u; € U;,
in which U; = Q; x ... x Q; € R™V,

Q; = diag(Qi(1), ..., Qi(N — 1), Q;), R; = diag(R;(0),..., Riy(N — 1)),

(11.3a)

(11.3b)
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M
R = wiR; + wi By’ Q By + Z w By’ QuEy,; v = ﬂ?([k, 0,0), Vjely
1£i
M
wj(k, o) = z;([k,0]; [k, 0]), Vj € In MHij =Y wiEyQE;
=1

M
ri([k, o)) = w; B Qi fiwi(k, o) + > wi B/ Qufywn (k, )
i

with @; denoting an appropriately chosen terminal penalty. For stable systems, the termi-
nal penalty is calculated using Theorem 4.1 (p. 49). For systems with unstable decentralized
modes, a suitable terminal penalty is obtained using Theorem 4.2 (p. 53). The terminal de-
centralized state constraint described in Theorem 4.2 is necessary for closed-loop stability. By
definition, u; = [w;’, 0,0, ...]. The following algorithm is employed by the MPCs in Jyjoy-
Algorithm 11.1. (Slow MPCs) Given @ ([0,0]), Q; > 0,R; > 0, Vi € Jyow, and
ket « 0, teim « T, T 0
while ¢ < tgm
do Vi € Jyow during sampling interval ¢ € [k:T, (k+1) T)
Determine z; ([k + 1,0]) from Equation (11.3)
@ [k +1,0)) = 7 ZL([k + 1,0)) + (1 = 70) @[k, 0], 0)
end (do)

ift = (k+1)T

Transmit @ ! ([k + 1,0]), Vi € Jiow to each interconnected subsystem j € Iy, 5 # i
end (if)
k—k+1

end (while)



278

Fast MPCs (group Jr.s). Consider the sampling interval [T + (o« — 1)t ¢, kT 4 at ), in which
1 < a < g,a € 1. During this sampling interval, each MPC ¢ € J,s solves the following

optimization problem to compute the optimal input trajectory at time k7" + at;.

M

Cf([k‘,a]) € arg min Zwrbe([zf1([]4;,@]),...,Ci,...,zﬂll([k;,a])],

g r=1

(0], 0) 5 ik, als o — LOD)

subjectto (1) <Q;, 0<I< N -1

in which ¢; = [¢;(0),¢;(1),...] and 1z denotes the set of subsystem states obtained if MPCs in
Jrst are allowed to inject their calculated inputs without accounting for asynchronous feed-
back. The set of states ji is generated by setting vy = 1 in the asynchronous feedback law (see
Section 11.3.1, p. 284). Details for calculating 1 are given in p. 280 and p. 285. In the FC-MPC
optimization problem for subsystem i € [J.s, the assumed input trajectories for subsystem
J € Jqow are obtained by shifting forward to time k7" + aty, the input trajectories calculated
at time k7" (synchronization iterate k). The input trajectories for subsystem j € Jrast,j # ¢ are
held constant at values obtained at iterate 3 — 1. The FC-MPC optimization for ¢ € Jyjow is

!/

M
_ 1
C?([k, al) € argmin 5@/9‘{@'51' + | ri([k, o) + Z H;jv; | uj + constant (11.4a)
u;
J#

subject to w; € U;, (11.4b)
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in which TZ'([,IC, Ot]) = wZE“’Qlfzwl(k, Oé) + Z{\iz leli,Qlflwl(ku O[),

Ejlgil([kv a])7 lfj € u7fastv ‘;’E]([k’a]’ [k?,O[ - 1])’ 1f‘7 € \7fasta
v; = wj(k, o) = (11.5)

ﬂ?([k,O],OZ), lf.j € \.7SIOW' ff]([k,a],[k,()]), lf] S \7SIOW-

During the sampling interval [T + (o — 1)t;, kT + aty), 1 < a < o, the following

algorithm is employed by MPCs in J,s to determine ng ([k, ), Vi € Tast-

Algorithm 11.2. (Fast-Inner) Given 2%([k, a]),qf > 0 and € > 0
B 1,k TeI'>1
while x; > e for some i € Iy and 3 < qf
do Vi € Jpast
Determine EZB from Equation (11.4)

20 ([k,a]) = wi€, ([k,a)) + (1 — wi) 2 [k, a])

B

Transmit z; (+) to each interconnected subsystem j # i, j € Jrast

e B
end (do)
B—pB+1

end (while)
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In Equation (11.5), w;([k, a]) is obtained as follows: For i € Jgst, Zi([k, ; [k, — 1]) is

calculated using the model equation

Ti([k, o; [k, — 1)) = AiZi([k, o — 1)) + Biz ([k, e — 1],0) + Z Wijzjf([k,a —1],0)
JETtast:J#1

+ Y Wyub(k0la~1) (116)
jEJSIOW

with 7;([k,0]) = z;(k) = Z;([k,0]). The subsystem state z;([k, ]),i € Jst is obtained when
each MPC in i € Jp is allowed to inject 2’ ([k, « — 1]) without correcting for asynchronous
feedback !. At time kT + (o — 1)t, the prior state x;([k, o — 1]; [k, o — 2]) is updated using the
new measurement y;([k, @ — 1]). The updated state estimate x;([k, « — 1]) is used to calculate
Zi([k, « — 1]). Details of this calculation are provided in Section 11.3.2.

Consider j € Jgow. During sampling interval [kT, (k 4+ 1)T'), we note that only in-
teraction model states Z;;,i € Jrast deviate from their predicted state trajectory calculated at
time 7. From Assumption 11.1, (4;;, Bj;), ¥V j € Jsow is known to MPC i € Jps. Hence,

Zj;, ¥V j € Jslow is updated by MPC i € Jp,s using the interaction model equation

5ji([k,04]; [k,OD = Ajifji([k, o — 1]; [k,O]) + Bjizgf([k, o — 1],0) (117)

with 5ﬂ([k,0]) = :L’Jl([k,(]]) = fﬂ([k,O]) At each kT + (a — 1)tf, 2 < a < g, MPC i €
Jtast transmits calculated states z;([k, af; [k, @ — 1]) (Equation (11.6)) and Zj;([k, o]; [k,0]), j €
Jslow (Equation (11.7)) to all MPCs | € Jpast, ! # i. At this time, MPC i € Jp.q also receives

zi([k, al; [k, o — 1]) and Zj;([k, o [k, 0]),5 € Tiow from each | € Jpast,l # i. The states T, for

'In the asynchronous feedback control law (see Section 11.3.1), this corresponds to setting v = 1.
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J» 8 € Jslow remain at the values predicted at time k7T i.e., Tj5([k, a]; [k,0]) = Z;s([k, o]; [k, 0]).
Each MPC i € Jpg can, therefore, reconstruct i([k, a]; [a — 1, 0]).

For2 < a < g, we define 2)([k, a]) = 2’ ([k, a—1], 1), a shifted version of the final input
trajectory calculated during the sampling interval (kT + (o — 2)t¢, kT + (v — 1)ty). Fora =1,
Algorithm 11.2 is initialized as follows. During the sampling interval [(k —1)T'+ (o — 1)ts, kT'),
the input trajectory Z’ ([k,0]) (= 2/ ([k — 1,0])), Vi € Jrast is calculated. The input trajectory
—k—1

u;

([k — 1,0]), ¢ € Jrst was determined at the outer iterate k¥ — 1 at time (kK — 1)7T" (see

Algorithms 11.3 and 11.4). We define

a; ([k, 0]) = 7z ([k,0]) + (1 = yp)a; ' ([k — 1,0],0).

For the sampling interval [T, kT +ty), the input trajectory used for initializing Algorithm 11.2
is a shifted version of u¥([k,0]) and is defined as 20([k,1]) = w¥([k,0],1), Vi € Jast- This
initialization strategy will prove useful to demonstrate nominal closed-loop stability under
asynchronous feedback (Section 11.4). The following algorithm is used by the MPCs in Jtast

during the sampling interval [k, (k+1)T ),V k > 0.

Algorithm 11.3. (Fast-Outer)
Given k > 0,k € I, 20([k, 1)) = ul([k,0],1), Vi € Trast, Ty s @ < 1.
while a < o
For sampling interval kT + (a — 1)t kT + aty)
Execute Algorithm 11.2
Ti((k.al) = 32 ((k.al) + (1 7) WE([k. 0], @), i € Trust

ifa—0<0
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Z([k,a +1]) = 2 ([k, o, 1), Vi € Trast
elseifa —0 =0
@ ([ +1,0)) = Ty([k, 0], 1), Vi € Tpast
end (if)
end (for)
a—a+l

end (while)

In Algorithm 11.3, no information transfer across the two groups of MPCs is required.
For all sampling intervals [kT + (oo — 1)t;, kT + aty), 1 < o < 0 — 1, the information exchange
occurs only among the MPCs in J,s (see Algorithm 11.2). Let zf () = [Z7(-),0,0,...) and

2

Otast = [21, .- ., 20, |- We have the following lemma.

Lemma 11.1. The sequence of cost functions <I>(9fast, ki u(+)) is a nonincreasing function of the

inner iteration number (3.

The proof is similar to the proof for Lemma 8.3 (p. 177), and is omitted for brevity.
Consider the sampling interval [kT + (a — 1)ts, kT + ats). Using Lemma 11.1 for the

nominal case gives,

(0 ([k, ). hion ([E, 0], @); [k, @])) < @(OF, ([, a)), whiows ([, 0, @); pa( [k, a]))
(st ([, 0]), Ty ([, 0], @); (K, 0]))

= (Opae [k, @ — 1], 1), T (1K, 0, @); [k, )
= D(0py [k, @ = 1)), Whiow [k, 0], @ = 1); a([k, @ — 1])

_La—l(ﬂ([kva_ 1])7804—1([]{705_ 1])) (11.8)
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inwhich A, = ¥, ...,v¥,
B M
Lo, 1), o[k, ) = 3 wiL [k, 1), 77 ([5, 1),
i=1

fo([k,s]) = ziqf([k,s],O) if i € Jrast and Vl-qf([k,s]) = uf([k,0],5) if i € Jyow- Using Algo-

rithms 11.2 and 11.3, we obtain the following algorithm for MPCs in Jast.

Algorithm 11.4. (Fast MPCs) Given ! ([0,0]),Q; > 0,R; > 0, Vi € Jpst, and
k.t — 0, tgm <— LI, I'>0
while ¢ < t4m
do Vi € Jpst during sampling interval ¢ € [k:T, (k+1) T)
Execute Algorithm 11.3
end (do)
ift=(k+1)T
Transmit Hf“([k‘ +1,0]), Vi € Jpst to each interconnected subsystem j € I, j # ¢
end (if)

k—k+1

end (while)

For initialization at time k£ = 0, we consider two cases. For stable systems, the zero in-
put trajectory ([0, 0]) = [0,0,...], Vi € I); can be used to initialize Algorithms 11.1 and 11.4.
Existence of a feasible input trajectory for each ¢ € I/ is assured for all future times (see Sec-
tion 4.6.1, p. 48). For systems with unstable decentralized modes, the initialization procedure

described in Section 4.6.2 is used. A quadratic program (QP) (see Equation (4.14), p. 51) is
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solved by each MPC i € I, to determine a feasible initial input trajectory u?([0,0]). From
Section 4.6.2 and Algorithms 11.1 to 11.4, it follows that feasibility of all the initialization QPs

at k = 0 guarantees existence of a feasible input trajectory for each i € I,/ at all future times.

11.3 Asynchronous feedback policies in FC-MPC

11.3.1 Asynchronous feedback control law

Let Assumption 11.2 be satisfied. The control law for each MPC i € Jyoy is defined as,

w™(t) = uf([k,0],0), t € [kT, (k + 1)T)

(]

For each MPC i € Jast, the control law under asynchronous feedback is

Uf([k‘,OLO), t e [k‘T, k‘T—i—tf),

Li([k,a,0), t e [KT +aty, kT 4+ (a+1)ty), 1 <a<o—-1,acl;

in which Ty ([k, o], 0) = 2 ([k, @], 0) + (1 — v7)u¥([k, 0], @). Notice that to generate the states
fi(-), we set v; = 1 at each t, and consequently, u;(t) = 2’ ([k, a,0),t € [kT + ats, kT + (o +
1)tf), i € Jpst and 1 < o < o, v € 1. Similarly to generate the states /i(-), we choose v; = 0 at

each t. For i € Jpast, the choice vy = 0 implies u;(t) = uf([k,0],0), t € [KT, (k + 1)T).

11.3.2 Implementation

To implement asynchronous feedback FC-MPC, a procedure for estimating the state when

measurements become available is necessary. The measurements for MPCs in Ji,s; are avail-
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able every ¢ time instants while the measurements for MPCs in Jo are available only every

kT time instants.

Fast MPCs. Consider the sampling interval [T+ (o —1)t¢, kT +aty). Attime KT+ (o —1)ty,
measurements y;([k,« — 1]), Vi € Jrs become available. This new measurement at time
kT + (o — 1)ty can be used to calculate the state estimate z;([k,a — 1]), Vi € Jpast. Using

steady-state estimators with gain £;, ¢ € 7, we have
zi([k,a—1]) = i ([k,a = 1]; [k, = 2]) + L4 (yi([k, a« — 1] — Cizmi([k, o0 — 1]; [k, a0 — 2])) , @ € Trast

An estimate of z;([k, ), i € I/ is required to solve the FC-MPC optimization problem (Equa-
tion (11.4)) during the sampling interval kT + (o — 1)t;, kT + aty). For i € Jps, the state
estimate z;([k, a]; [k, o — 1]) is obtained as follows. A revised estimate (using latest measure-
ment) of z;([k, — 1]) is required first. The subsystem state z;([k, — 1]) is obtained if all
the MPCs in Jp.s are allowed to choose vy = 1 for their respective asynchronous feedback
laws. From the definition of the asynchronous feedback control law (Section 11.3.1), we have
Ti = Y§Ti + YsTi, 1 € Trase- Attime kT + (o — 1)y, z([k, o — 1]; [k, o — 2]) is known. The state

estimate 7;([k, o — 1]) is obtained using

Zi([k, o = 1]) = Zi([k, a = 1); [k, = 2]) + ;f [zi([k, a = 1]) — @ik, e = 1] [k, = 2])], (11.9)

Vi € Jrast- In the nominal case, Equation (11.9) reduces to z;([k, o — 1]) = z;([k, o — 1]; [k, e —
2]),1 € Jfast- Itis known that MPCs in Jyow do not deviate from their policy ﬁ? ([k,0]),7 € Tsiow

(calculated at time £T'), at least until time (k + 1)7. Also, from Algorithm 11.2, Ejf (koo —
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1]), Vj € Jtast, J # i, calculated at the previous sampling interval, is known to MPC i € Jpygt.
The subsystem state z;([k, af; [k, @ — 1]),% € Jrast is calculated using Equation (11.6). For MPC
i € Jrast, the states z;;([k, af; [k,0]),j € Juow are obtained using Equation (11.7). The states
zi([k, al; [k, —1]) and z;;([k, o; [k, 0]), j € Tslow are transmitted by all MPCs | € Jpast to MPC

i € Jrast- We also note that z5([k, af; [k, 0] = Z;([k, o; [£,0]), 7,5 € Tsiow-

Slow MPCs. Attime (k+1)T, measurements y;([k+1,0]), Vj € Jqow become available. Dur-
ing the sampling interval [kT, (k + 1)T"), MPCs in J, recalculate their predicted input trajec-
tories and furthermore, introduce control actions into their respective subsystems. The control
actions initiated by MPCs in Jp.s; during the sampling interval [k, (k 4+ 1)T") are unknown to
MPCs in Jyow. To obtain an estimate of the subsystem state z;([k + 1,0]) (= z;([k,0])),j €
Jslow, We require an estimate of z; prior to the measurement at (k + 1)7". This prior state esti-
mate must account for all control actions introduced by MPCs ¢ € Jrg during [kT, (k + 1)T).
Since each MPC i € Jp,s; maintains an estimate of 7;, Vj € Jyiow, the state Z;;([k, ol; [k, 0]), V) €
Tslow 18 known to MPC i € Jpat. At time (k + 1)T', each MPC i € J,g transmits its estimate of
z;i([k, o]; [k, 0]) to MPC j € Jyow. Noting that z;5([k, o]; [k, 0]) = Zjs([k, ol; [k,0]), Vs € Taiow,
the state z([k, o]; [k, 0]) can be reconstructed by each subsystem j € Jgjow. From the definition

of the asynchronous feedback control law, we have

zj([k, al; [k, 0]) = v;Z;([k, ol; [k, 0]) + 575 ([k, o]; [k, 0]) (11.10)

The RHS of Equation (11.10) is known; z([k, o]; [k, 0]), Vi € Jslow can, therefore, be calculated.

Using steady-state estimators with gain £;,j € Jqow, and in the absence of any additional
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measurements, we have

x]([k: + 130]) = xj([kvo-]; [/{?,0]) + ‘C ( ([k +1 O]) - Cj$]'([/€,0]; [k‘,O])) » V7 € Tslow

An alternative strategy to obtain x;([k, o]; [k, 0]) is as follows: At time (k+1)7, MPCs i €
Jrast transmit a history of all introduced control actions within the sampling interval [kT", (k +

1)T) to MPCs j € Jsow- The state x;([k, o]; [k, 0]) is then calculated using the recursion

wj([k, o; [k, 0]) = Aj;([k, o — 1]; [k, 0]) + Bju (kT + (o — 1)ty)

+ Z W;su™ (KT + (o — 1)t ) + Z W]lu}m (KT + (o — 1)ty)
SE€Tslow,SF#] 1€ Trast

inwhich1l < a <o.
At time (k + 1)T, the state estimate z;([k + 1,0]), Vi € I/ is relayed to all subsystems

J € I, j # i. This sequence of operations is repeated during subsequent sampling intervals.

11.3.3 An illustrative case study

The procedure for asynchronous feedback is illustrated using a simple example in which
Jast = {1,2}, Jaow = {3} and 0 = 3. The notation 'cost(AEF)" represents the cost along

the trajectory AEF. The various sampling intervals are examined.

€ [kT,kT 4+ tf): During this sampling interval, the input injected into each subsystem is

7
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MPCs 1 and 2 in Jp,s determine 2}’ ([k, 1]), i = 1,2 such that

® (21 ([k,1]), 23 ([k, 1]), u§ ([k, 0], 1); A([k, 1]; [0, 0]))

< @(ui([k, 0], 1), uf([k, 0], 1), uf([k, 0], 1); f([k, 1]; [0, 0]))

in which z;([k, 1]; [k, 0]) = Z;([k, 1]; [k,0]) = zi([k, 1]; [k, 0]), ¢ = 1,2, 3. For the nominal case,

we have z;([k, 1]; [k, 0]) = z;([k,1]), i = 1,2, 3. The cost relationship for the nominal system is

(=Y ([k, 1)), 25" ([k, 1]), w5 ([k, 0], 1); fa([k, 1]))

< ®(uf [k, 0], 1), wf([k, 0], 1), wk ([k, 0], 1): i([k, 1)) (11.11)

In Figure 11.2, Equation (11.11) implies that cost(E1X) < cost(BCJW), where BCJW is the
shifted version of the initial trajectory obtained at time k7" (ABCJW). During this sampling

interval, the nominal closed-loop system moves from a to b in Figure 11.2.

te kT +ty, kT +2ty):  The input injected into the plant during this sampling interval is

inj

wM(t) = vp2 ([k,1],0) + vsub ([k,0],1), i =1,2

ubi(t) = ub([k, 0], 1)

At time kT + t§, measurements y;([k, 1]),7 = 1,2 are available. The state estimators for sub-
systems 1 and 2 use this new measurement to obtain updated estimates z;([k,1]),i = 1,2.
MPCs 1 and 2 use Equation (11.9) with a = 1 to obtain z;([k,1]),i = 1,2. The predicted

state z;([k, 2]; [k, 1]),7 = 1,2 is calculated using Equation (11.6). Interaction model (A3, B31) is
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Figure 11.2: Nominal closed-loop state trajectories for asynchronous feedback FC-MPC.

known to MPC 1; 731 ([k, 2]; [k, 0]) is calculated using Equation (11.7) with o = 1. Similarly, us-
ing the interaction model (Asz, Bsa) (known to MPC 2), Z32([k, 2]; [k, 0]) is calculated by MPC 2.
MPC 1 transmits z1 ([k, 2]; [k, 1]) and Z31 ([k, 2]; [k, 0]) to MPC 2 and receives z»([k, 2]; [k, 1]) and
Z32([k, 2]; [k, 0]) from MPC 2. Since, zs3([k, 2]; [k,0]) = Zss([k,2]; [k, 0]) and fi([k,0]) is known

to all MPCs, both MPCs 1 and 2 can reconstruct zi([k, 2]; [1, 0]).
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During this sampling interval, MPCs 1 and 2 compute 27’ ([k, 2]), 25 ([k, 2]) respectively

such that

(=1 ([k, 2]), 2’ ([, 2]), u§([k, 0], 2); fu([k, 2]; [1,0]))

< @(27 ([k, 1], 1), 25" ([, 1], 1), u§ ([k, 0], 2); A([k, 2]; [1, 0]))

For the nominal case, we have

(=Y ([k,2]), 23’ ([k, 2]), w5 ([k, 0, 2); fu([k, 2]))

< B(= (k. 1], 1), 28 (I, 1], 1), (k. 0], 2): [k, 2])) (11.12)

In Figure 11.2, Equation (11.12) implies that cost(FHY") < cost(I/X). The nominal closed-loop

path for the system during this sampling interval is from b to c.

te kT +2ty,(k+1)T): The input injected into the plant during this sampling interval is

u(t) = vz ([k,2),0) + ysuf ([k,0],2), i = 1,2

)

ubi(t) = ub([k, 0], 2)

At time KT + 2t, measurements y;([k,2]),7 = 1,2 are available. The state estimators for sub-
systems 1 and 2 use these new measurements to estimate the state z;([%,2]),i = 1,2. An
identical procedure to the one described for the earlier sampling interval is used to determine

zi([k +1,0]; [k, 2]),7 = 1,2 and z3([k + 1, 0]; [k, 0]). During this sampling interval, MPCs 1 and
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2 calculate 2 ([k + 1,0]) and 25 ([k + 1,0]) respectively such that

(21’ ([k +1,0)), 25’ ([k +1,0)), w5 ([k, 0], 3); ([k, 3]; [2, 0]))

< @(27 ([k, 2], 1), 25" ([, 2], 1), ul ([k, 0], 3); A([k, 3]; [2, 0]))

For the nominal case, the cost relationship above reduces to

®(z{" ([k +1,0)), 25 ([k + 1,0]), u5([k, 0], 3); fi([k, 3]))

< S22 ([k,2), 1), 25 (IR, 21, 1), ub(k, 0], 3); [k, 3))) (11.13)

In Figure 11.2, we have from Equation (11.13) that the cost(GZ) < cost(HY'). During this

sampling interval, MPC 3 completes computation of 23 ([k + 1, 0]) satisfying

®(uf ([k, 0], 3), u5([k, 0], 3), 25’ ([k + 1,0]); fi([k. 3]; 0,0]))

< CI)(u’f([k, O]a 3)7'“]5([1@ O]a 3)?“‘]??([;/”'7 0]73>;ﬁ([k57 3]5 [07 0]))

For the nominal case, we have

®(uf([k, 0], 3), u5([k, 0], 3), 25" ([k + 1,0]); fi([k. 3]))

< (uf([k,0],3), us([k, 0], 3), u§ ([, 0], 3); fa([K, 3])) (11.14)

From Equation (11.14), we have in Figure 11.2 that cost(DV') < cost(JW). The nominal closed-

loop path during this sampling interval is from c to d.
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At time t = (k + 1)T = kT + 3ts, an (outer) synchronization iterate is performed.
Measurements y;([k + 1,0]),i = 1,2,3 are available. MPCs 1 and 2 use the corresponding
measurement y;([k+1, 0]) and prior estimate x;([k+1, 0]; [k, 0 —1]) to calculate x;([k+1,0]),i =
1,2. To determine x3([k + 1,0]), MPCs in Ji,s transmit their calculated estimate of Zs;([k +
1,0]; [k,0]),s = 1,2 to MPC 3. The prior estimate x3([k + 1,0]; [k,0]) is then obtained using
Equation (11.10). Using y3([k + 1,0]) and the estimate xz3([k + 1,0]; [k,0]), z3([k + 1,0]) is
calculated. MPCs 1, 2 and 3 relay their respective state estimates z;([k + 1,0]),7 = 1,2,3 to

each other. From Algorithms 11.1 and 11.4, we have

wf T ([k+1,0]) = vpz) ([k + 1,0]) + vsuf([5,0],3), i = 1,2

u§ T ([k +1,0])) = vez8 ([k + 1,0]) + ypub([k, 0], 3)

An outline of a proof for nominal closed-loop stability under asynchronous feedback
is now provided. A formal argument is presented in Section 11.4. In Figure 11.2, we have us-
ing arguments presented above that cost(AEFGZ) < cost(ABCDJW ) and cost(ABCDV') <
cost(ABCJW). From Figure 11.2, the cost to go along the initialized nominal closed-loop path
at (k+ 1)T i.e., cost(def) is equal to cost(abcdef) — S(a) — S(b) — S(c) in which the notation
S(x) denote the net stage cost at point z and S(z) > 0. From the definition of the asynchronous
feedback law, and using convexity we have cost(abedef) = cost(def) + S(a) + S(b) + S(c) <

vyycost(AEFGZ) + yscost(ABCDV') < cost(ABCJW). Hence,

cost(def) < cost(ABCJW) — [S(a) + S(b) + S(c)]



293

Nominal asymptotic stability follows.

11.4 Nominal closed-loop stability with asynchronous feedback poli-
cies

Define

w;([k,0]) = [uf([k,0],0), 2 ([k,1],0), ..., 2" ([k,o — 1],0), 25 ([k + 1,0))), Vi € JFrast

and

w;([k,0]) = [uf([k,0],0), uf ([k,0],1),...,ul([k,0],0 — 1), 2 ([k + 1,0])], Vi € Tatow

From Assumption 11.2, we have u¥([k,0],0) = u¥([k,0],1) = ... = u¥([k,0],0 — 1), Vi € Tslow-

Let

vi([k,0]) = [ (ETY , u™ (kT +t5), ..., u™ (kT + (0 — V)tg) ,ul [k +1,0))), Viely

7

in which u;“j(k:T) = u¥([k,0],0). From the definition of the asynchronous feedback policy in

Section 11.3, and from Algorithms 11.1 and 11.3, we have

vi([k, 0]) = vywi([k, 0]) +7suf [k, 0), Vi € Frast

and

Ivi([kvo]) = '78wi([k‘a0}) + Vf'u'f([kvo])a Vie k7SlOW
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With slight abuse of notation, we define

&}ast([kao]) = [vl([kao])a"'7vM1([k70D]a slow([k 0]) ['UMl-I-l([kvODa"'7’0M([ka0])]

Efast ([K, 0]) = [wi (K, O]), ..., war, ([F; OD)], &Gjow (K, 01) = [wary 41([K, 0), - . ., war ([F, O])]

and write

q)([vl([kvo])a s 7UM1([kv 0])}7 [UMH—I([k: 0])7 cee 7'UM([k7O])]5 N([ka 0]))

= (I)(g%}ast([kv 0})7 gslow([k7 O])7 N([k7 O])

Using convexity of ®(-) gives,

© (st [k, 01), Eflows ([K, 0]); [k, 0]) < 5 @ (& ([K, O]), Ty ([, O pal [, 0]))

+ 75t ([F, 0]), & ([k, 0]); ([, 0])  (11.15)

in which 7, and 7y are defined in Section 11.1 (p. 275). Consider the sampling interval

(KT, kT + ty). From Algorithms 11.2 to 11.4, we have for group Js.s that,

(0L [k, 1]), Tons ([K, 0], 1); [k, 1])) < @ (g (K, 0, 1), wlion, ([, O], 1); pa( [k, 1]))
(I)(ﬂ—fast([k O])? slow([k?o]);,u([kao])

— Lo(u([k, 0]), Ao([%, 0])) (11.16)
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in which 60, is defined in Section 11.2 (p. 282), 30([14:, 0]) = [u¥([k,0],0),...,u%k,([k,0],0)] and

M

Lo (u([k, 0], z0([]{3’ 0)) = ZwiLi(mi([kv 0]), uf([ka 0], 0).

i=1

For the sampling interval [kT" +t¢, kT + 2t¢), we have

@ (Ol ([, 20), T ([, 0], 2); ([, 20)) < @Ot ([K, 1], 1), mione (1K, 0], 2); [k, 2]))
= D(Ofist [k, 1), Thions [k, 0, 1); o[k, 1])
= Lu(pu([k, 1), A ([, 1]))
< @ (gt ([, 0]); Wiowy ([K, 0]); ([, 0])

_ Z Lo (u([k, a]), Aa([k, a]))
a=0

(from Equation (11.16))
in which
Ai([k, 1)) = [ ([F, 1], 0), - 23, (R, 1,00,y (R 0], 1), -l (R 0], 1)
Proceeding recursively up to and including sampling interval [kT + (o — 1)ts, (k + 1)T') gives

(Ol (1K +1,0]), whio, ([k, 01, 0); o[k + 1,00)) < (s [k, O]), Tiony ([, 0); ([, 0])

— ZIL Aq([k,a]))  (11.17)
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in which

Aa([k.a]) = [ ([k,a],0),..., 237, ([k, o], 0), uly, 41 ([, 0], @), - ..,y ([R, O], )],

Using the definition of w;([k,0]), i € Jrast gives,

@ (Efrt ([, 01), Tiions [k, 0]); [k, 01)) < @ (i ([ O), mhiowe [k, 0]); [k, 0])) (11.18)

Similarly for group Jgow, we have

¢ (ﬂ-fast ( [k 0] ) eqf

slow

([ +1,00); pu([k + 1,00)) < @(mosq ([K, O]), Tiony ([ 01); pa([K, O])

— ZIL Aq(k, o)) (11.19)
in which
Ao(k, o)) = [uf([k,0],a), ..., ut,([k,0),a)], 0<a<o—1
Hence,
(st ([, 0]), Egfons [k, 0]); ([, 01)) < @ (g ([, O), mhiowe [k, 0]); ([, 0])) (11.20)

For the nominal case, we have from the definitions of v; and uf“, 1 € I)s that,

(&bt ([K, 0]), Eon ([, 0); wl([k, 01)) = (il ([ + 1,00), i ([k + 1, 00); pa([k + 1,0]))

Tslow

+ ZLQ(N([k7 al), A ([k; o)) (11.21)
a=0
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in which

ALk, a]) = [W ([k, o)), ..., u ([k, )]

From Equations (11.15), (11.18), (11.20) and (11.21) we have,

0 < D(rEL [k + 1,01), w5 ([ + 1, 0]): u([f + 1,0])) < B(rhg ([, 0]), hn (I8, 01 s [E, 0])

» slow

o—1
Y La(u(lk, a]), AL([k, a]))
a=0

(11.22)

Equation (11.22) gives nominal asymptotic stability for the closed-loop system under the pre-

scribed asynchronous feedback policy.

11.5 Example

A plant consisting of two CSTRs and a nonadiabatic flash is considered. A description of
the plant is available in Chapter 4 (Section 4.7.2, p. 58). Plant parameters and regulator con-
straints are given in Tables 11.1 and 11.2 respectively. The open-loop time constants for the
two CSTRs are much smaller than the open-loop time constant for the flash separator. A time
scale separation is present therefore. The MPCs for the two CSTRs are assigned to J.st; the
MPC for the flash is assigned to Jgsow. The sampling rate for MPCs in Jp.g is 1.5 sec. The
sampling rate for Jgow is 15 sec. Thus, 0 = 10. Under asynchronous feedback, MPCs 1 and 2
(for the two CSTRs) may inject 10 control moves in the time MPC 3 injects one control move.
A schematic of the plant with the group divisions is shown in Figure 11.3. For each unit, we

selectw; =1/3, i =1,2,3. Hence, v = 2/3 and v, = 1/3.
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Table 11.1: Steady-state parameters. The operational steady state corresponds to maximum
yield of B.

p=0.15Kgm=3, p, =10p as =35 ap = 1.1
ac =10.5 ki = 0.334 sec™! k3 = 0.5 sec™?
A, =3m? A,, =3 m? Ap = 30m?
Fy =2.667 Kg sec™! Fy =1.33Kgsec™! D =6Kgsec!
F, =0.01D Tp = 313K T,=313K
C,. =25KJ (KgK)™" €, =25KJ (KgK)™* Cp,. = Chp,
Qr = Qu = —25KJ sec™! Qb =2.5KJ sec! Tay =1
TRy, = Tc, =0 T4, =1 B, =2c, =0
AH; =-40KJKg™'  AHy=-500KJKg™' £t =22 — 150K
k. =2.5Kg sec_lm_% km = 2.5 Kg sec_lm_% ky =15Kg sec_lm_%

Table 11.2: Input constraints. The symbol A represents a deviation from the corresponding
steady-state value.

—0.15 < AFy <0.15 | —0.15 < AQ, <0.15
—0.15 < AF; <0.15 | —0.15 < AQ, <0.15
—-0.15< AD <0.15 —-3<AQy <3

The manipulated variables (MVs) for CSTR-1 are the feed flowrate Fj and the cooling
duty Q.. The measured variables are the level of liquid in the reactor H,, the exit mass fractions
of Aand B i.e., xa,,zB, respectively and the reactor temperature 7;. The controlled variables
(CVs) for CSTR-1 are H, and T;. The MVs for CSTR-2 are the feed flowrate F; and the reactor
cooling load @r,. The measured variables are the level H,,, the mass fractions of A and B
ZA,,TB, at the outlet, and the reactor temperature 7}, . The CVs are H,, and T;,. For the
nonadiabatic flash, the MVs are the recycle flowrate D and the heat duty for the flash @Q,. The
CVs are the holdup in the flash Hj, and the temperature 7;,. The measurements are Hy, Tj,
and the product stream mass fractions x4,, xB,. For each MPC, a control horizon N = 15 is
selected. The regulator penalty for each CV is 10; the penalty for each MV is 1.

The performance of the following MPC frameworks are examined: (i) centralized MPC

operating at the slowest sampling rate (15 sec) (ii) FC-MPC (1 iterate) operating at the slowest
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Figure 11.3: Two reactor chain followed by flash separator with recycle. MPCs for CSTRs 1

and 2 are assigned to group Jr.st. MPC 3 for the flash belongs to group Jgiow-

sampling rate (iii) asynchronous feedback FC-MPC with ¢; = 1 (iv) asynchronous feedback

FC-MPC with ¢; = 2 (v) centralized MPC operating at the fastest sampling rate (1.5 sec). The

performance of these MPCs is investigated when a setpoint change of 10°C' is made to liquid

temperature T}, for the flash. The performance of the different MPCs is shown in Figures 11.4

and 11.5. Closed-loop control costs are given in Table 11.3.

Table 11.3: Closed-loop performance comparison of centralized MPC, FC-MPC and asyn-
chronous feedback FC-MPC (AFFC-MPC). AAos: calculated w.r.t performance of Cent-MPC

(fast).

Acost AAcost(%)
Cent-MPC (fast) 13.3 0
Cent-MPC (slow) 32.1 141
FC-MPC (1 iterate, slow) || 35.4 166
AFFC-MPC (g = 1) 21.6 61
AFFC-MPC (q; = 2) 20.2 51

Asynchronous feedback FC-MPC with ¢; = 1 outperforms centralized MPC operating
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Figure 11.4: Setpoint tracking performance of centralized MPC, FC-MPC and asynchronous
feedback FC-MPC (AFFC-MPC).

at the slowest sampling rate by about 33%. If ¢ = 2, this performance improvement increases
to about 37%. Centralized MPC at the fastest sampling rate outperforms AFFC-MPC (¢; = 2)

by nearly 50%.

11.6 Discussion and conclusions

For any system, centralized MPC at the fastest sampling rate gives the best achievable per-

formance. Implementing centralized MPC at the fastest sampling rate may not be feasible,
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Figure 11.5: Setpoint tracking performance of centralized MPC, FC-MPC and asynchronous

feedback FC-MPC (AFFC-MPC).

however, due to operational constraints such as unavailability of all process measurements at

the fastest sampling rate. In such cases, asynchronous feedback FC-MPC presents an opportu-

nity to obtain control performance that is superior to centralized MPC at the slowest sampling

rate. A framework for asynchronous feedback distributed MPC was described in this chap-

ter. A scenario with two sampling rates was considered. The subsystem sampling rates for

a large, networked system are usually determined using the dominant time constant for each

subsystem and frequency of available (local) measurements. Each MPC is assigned to either

the group of fast MPCs Jast Or the group of slow MPCs Jgjow, based on the sampling rate for
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the subsystem it controls. During each sampling interval [kT + ats, kT + (o + 1)tf) for Frast,
each MPC in Jf,s; computes an optimal input trajectory from the predicted system state at the
end of the current sampling interval. Information transfer occurs between MPCs in Ji.g only.
MPCs in Jr.st utilize new input trajectories received from other MPCs in J,s¢ and reoptimize.
Several such inner iterations may be performed by MPCs in Ji.s; during a sampling interval.
A control law for asynchronous feedback distributed MPC was defined. This feedback law
allows MPCs in Jr.gt to inject control actions into their respective subsystems without com-
promising nominal closed-loop stability. During a sampling interval for Jgow, several control
moves may be injected by MPCs in Jp,g. If all MPCs are sampled at the fast sampling rate,
we set 7y = 1 in Algorithm 11.3 and in the asynchronous feedback law (Section 11.3.1). In
this limit, we revert to synchronous FC-MPC (at the fast sampling rate) described in Chap-
ter 4. If all MPCs are sampled at the slow sampling rate, we set 75, = 1 in Algorithm 11.1
and in the asynchronous feedback law. In this case, we revert to FC-MPC (Chapter 4) with
p(k) = 1. Another interesting situation arises when the state estimators for the slow MPCs can
function at the fastest sampling rate. In this case, Assumption 11.1 can be relaxed. Each MPC
i € Jmst instead, transmits its injected control action to the state estimator for each subsystem
J €, g #i

In Chapter 7, partial cooperation FC-MPC was used to integrate the lower level flow
controllers with the higher level MPC. Asynchronous feedback FC-MPC may be used in lieu
of partial cooperation for vertical integration within a subsystem. The time scale separation
present may be exploited for implementing asynchronous feedback FC-MPC. Flow controllers
are typically sampled much faster than the higher level MPC. The flow controllers are assigned

to Jrast While the higher level MPC is assigned to Jgow. The advantages of asynchronous
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feedback FC-MPC over partial cooperation are as follows:

e Asynchronous feedback FC-MPC guarantees nominal closed-loop stability. Partial co-
operation does not guarantee closed-loop stability and is recommended only for cases

where some of the interactions are significantly weaker than others.

e The performance with asynchronous feedback FC-MPC is generally better than the per-
formance of centralized MPC at the slowest sampling rate, especially when the time scale

separation is significant. Partial cooperation is, for most cases, suboptimal.

The main advantage of partial cooperation for vertical integration is the simplicity of the resul-
tant controller network structure. The flow controllers do not communicate with each another
under partial cooperation. In asynchronous feedback FC-MPC, the different flow controllers
are required to communicate at the fast sampling rate. This additional communication require-

ment for asynchronous feedback FC-MPC may not be desirable in some cases.
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Chapter 12

Concluding Remarks

In conclusion, the main contributions of this dissertation are summarized and suggestions for

possible future work are provided.

12.1 Contributions

The focus of this dissertation was to develop a framework for distributed MPC with guar-
anteed stability and performance properties. A summary of the main contributions of this

dissertation is provided below.

e Several distributed MPC techniques available in the literature are (pure) communication
based strategies. We showed that modeling the interaction between subsystems and
exchanging input trajectories among MPCs (communication) is insufficient to provide
even closed-loop stability. A cooperation-based distributed MPC framework was pro-
posed, in which the local objective of each subsystem-based MPC is modified to achieve

systemwide control goals.
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e Optimality conditions for the proposed cooperative distributed MPC framework were
characterized and an algorithm for distributed MPC was presented. For any feasible ini-
tialization of the distributed MPC algorithm, all iterates generated are feasible and the
resulting nominal closed-loop system is shown to be exponentially stable under inter-
mediate termination. These attributes allow the practitioner to terminate the distributed
MPC algorithm at an intermediate iterate, regardless of convergence. At convergence of

the distributed MPC algorithm, optimal, centralized MPC performance is achieved.

e Two distributed state estimation strategies were developed for estimating subsystem
states from local measurements. Exponential stability for the combined distributed es-
timator - distributed regulator assembly in the case of decaying estimate error was es-
tablished for any intermediate termination of the distributed MPC algorithm. This per-
turbed exponential stability result was established without any constraint qualification

requirements.

e A subsystem-based disturbance modeling framework was developed. Necessary and
sufficient conditions for assessing the suitability of chosen local disturbance models
were presented. A distributed target calculation algorithm that enables the calculation of
steady-state targets at the subsystem level was described. All iterates generated by the
distributed target calculation algorithm are feasible steady states. For large, networked
systems, the number of measurements is typically chosen (for robustness and redun-
dancy) to be greater than the number of manipulated variables. Selecting appropriate
controlled variables is important for achieving offset-free control. Sufficient conditions

for achieving offset-free control objectives with distributed MPC were provided. A maxi-
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mal positively invariant stabilizable set for distributed MPC, with state estimation, target
calculation and regulation, was described. This set contains all admissible system state,
disturbance, estimate error and setpoint quadruples for which the target calculation for

each subsystem is feasible, and the distributed MPC control law is stable.

The concept of partial cooperation was introduced to achieve operational objectives
and/or vertically integrate lower level flow control MPCs with the higher level MPC
that supplies flow setpoints. The advantages of partial cooperation are the simplicity
of the resulting controller network structure and reduction in communication among
MPCs. The disadvantage of partial cooperation is that no stability guarantees are avail-

able, except in special cases.

Simple extensions of the distributed MPC algorithm were used for distributed constrained
LOR (DCLQR) and terminal state constraint distributed MPC. Two algorithms for DCLQR
were developed. In the first algorithm, an explicit terminal set constraint was enforced
to ensure feasibility of the terminal control law. In the second algorithm, the terminal set
constraint is not enforced explicitly: rather, it remains implicit in the construction of a
positively invariant set that restricts permissible initial states. Both DCLQR algorithms
enable one to achieve infinite horizon optimal performance at convergence using finite

values of N.

The proposed distributed MPC algorithm was augmented to allow asynchronous oper-
ation among MPCs. First, a framework that enables asynchronous MPC optimizations
and exchange of input trajectories was derived. This asynchronous optimization based

distributed MPC algorithm allows one to integrate MPCs with varying computational
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time requirements without requiring all MPCs to operate at the slowest computational
rate. Feasibility, optimality and closed-loop stability under intermediate termination
were established for this asynchronous distributed MPC algorithm. Next, a distributed
MPC framework that allows asynchronous feedback was developed. Each MPC was
assigned to either a fast group or a slow group of MPCs based on the sampling rate of
the subsystem it controls. In this setup, MPCs in the fast group are allowed to inject
their computed control actions at the faster sampling rate while MPCs in the slow group
inject their inputs at the slower sampling rate. Nominal closed-loop stability under asyn-
chronous feedback was established for any intermediate termination of the distributed
MPC algorithm. Such an arrangement allows one to achieve performance superior to

that of centralized MPC operating at the slower sampling rate.

12.2 Directions for Future Research

Some possible directions for future research are outlined below.

e Optimality properties for the FC-MPC algorithm, in the presence of constraints that cou-
ple inputs from different subsystems, need to be investigated further. For this case, as
seen in Chapter 4, the FC-MPC algorithm need not converge to the optimal, central-
ized MPC solution. An obvious characterization is the following: If the coupled input
constraints are inactive at the optimal, centralized MPC solution, the FC-MPC algorithm
converges to the optimal solution. Evidently, this characterization has limited applicabil-

ity. A more general characterization of optimality that handles situations where at least
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one coupled input constraint is active at the optimal solution is required. Specifically,

answers are sought for the following:

— Are there scenarios for which the FC-MPC algorithm with coupled input con-

straints converges to the optimal solution?

— If so, can it be determined a priori if the FC-MPC algorithm will converge to an

optimal (or suboptimal) solution?

e Reliable strategies are required for handling possible disruptions and delays in the com-
munication of input trajectories among subsystems. It is postulated that the closed-loop
system can be destabilized with incorrect input trajectory information due to informa-
tion loss or delays. This conjecture needs verification. If decentralized MPC is stable, one
may switch to decentralized MPC for stabilization and revert to cooperative distributed
MPC when the communication among subsystems is back online. Using recent devel-
opments in control over networks (Baliga and Kumar, 2005; Casavola et al., 2006; Imer
et al., 2004), it may be possible to develop more efficient and reliable strategies that han-
dle situations where the information transfer among subsystems” MPCs is either delayed

or disrupted.

e Handling uncertainty in the controller model remains a key issue that needs to be ad-
dressed. Interaction models are typically identified using closed-loop operating data.
Typically, for small plant-model mismatch (using the identified models), the disturbance
modeling framework described in Chapter 6 is sufficient to obtain good closed-loop per-

formance. When the plant-model mismatch is more significant, robust distributed MPC
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design may be necessary. With this issue in mind, a thorough investigation into robust-
ness theory for distributed MPC needs to be undertaken. Establishing properties such
as robust feasibility and stability in the distributed MPC setting could prove to be both
useful and interesting. Construction of disturbance invariant sets (Kolmanovsky and
Gilbert, 1998; Rakovic et al., 2004) for each subsystem could prove useful to establish

robust stability.

In Chapter 7, a partial cooperation strategy that helped reduce communication among
subsystems was described. General stability guarantees for the partial cooperation frame-
work are not available, however. In Chapters 8 and 11, communication among subsys-
tems was reduced by enabling asynchronous operation. Techniques for further reducing
communication among subsystems, without compromising closed-loop stability, should

be investigated.

To implement cooperative distributed MPC for systems with fast sampling rates, one
may require techniques that allow a quick evaluation of the MPC optimization prob-
lem. The possibility of employing explicit MPC techniques (Bemporad and Filippi, 2003;
Bemporad et al., 2002; Pannocchia, Rawlings, and Wright, 2006; Tondel et al., 2003) for
distributed MPC should be investigated. One complication in distributed MPC is that
the input trajectories for interconnected subsystems” MPCs are additional parameters
for each MPC optimization problem. The dimensionality of the parameter space conse-

quently, is much greater in distributed MPC.

In Chapter 11, zero order holds were used for asynchronous feedback distributed MPC.

A ftirst order hold may be employed instead. For the same control performance, a first or-



310

der hold typically allows a larger sampling interval than a zero order hold; this feature is
attractive as it provides time for further iterations. The underlying ideas for implement-
ing first order holds in asynchronous feedback distributed MPC remain the same. The
parameters in the optimization problems may vary however. Investigating the benefits
and drawbacks of first order holds for asynchronous feedback distributed MPC could be

an interesting research problem.

The efficacy of the proposed distributed MPC framework is contingent on the quality
of models used. While ‘closed-loop identification” is a mature and well understood
tield, developing identification techniques tailored for MPC is a relatively recent research
area. Improvements in techniques for closed-loop identification for distributed MPC will
likely prove beneficial for practical implementation. Reliable integration of the algorithm
used for closed-loop identification with the algorithm for distributed MPC may have sig-
nificant impact in the process industry. The idea is to be able to re-identify the models
when the control performance drops below some pre-assigned limits due to changes in
the plant. Reliable ‘adaptive” distributed control remains one of the sternest challenges

for the automatic control community.
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Appendix A

Example parameters and model details

A.1 Four area power system

Table A.1: Model, regulator parameters and input constraints for four area power network of

Figure 3.3.
D) =3 D; =0275
Rl =003 | R} =007
Mo = 4 Mg = 40
Tem,= 5 | Tem, = 10
Ta, = 4 Ta, = 25 |[-05<AP.;,<05 ][ Qi = diag(5,0,0) Ry =1

D3 =20 Dy =275 || -0.5<AP., <05 || Qy = diag(5,0,0,5) Ry =1
R} =004 | R} =0.03 || -05<AP,<0.5 || Q3 = diag(5,0,0,5) Rz =1
Mg =35 M§ = 10 || -0.5<AP, <05 || Q4 = diag(5,0,0,5) Ry=1
Ten,=20 || Tem, = 10
Ta, = 15 Ta, = 5
Tip =254 || Ths = 15
T34 =2.5 || Agamp =1 sec

Area States MVs CVs
1 Awr, A]:)mechl ) APvl A]:)refl Awq
Aws, APpechy, APy, APY2 APp,  Aws, APL?

Aw3, Apmech37 APU3, APQS Aprefg A(,L)3, AP23

tie tie

Awg, APpechy, APy, AP3 APy, Awy, AP3

tie tie

-~ W N




A.2 Distillation column control

Table A.2: Distillation column model.

G = 32.63 G = —33.89
1= 199.65 + 1)(0.355 + 1) 127 (98.025 + 1)(0.42s + 1)

Gt = 34.84 G = —18.85
27 (11055 +1)(0.03s +1) | "2~ (75435 +1)(0.35 + 1)

15 Gu G| |V

17 Gsza Gaa| | L
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A.3 Two reactor chain with flash separator
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Table A.3: First principles model for the plant consisting of two CSTRs and a nonadiabatic

flash. Part 1.
Reactor-1:
dH, 1
e A [Fo + D — F]
dz 4, 1
dzx 1
i~ A Po@s —2s) + Dws, —wp)|+ ks, —kyop,
dT, 1 1 Q.
= — | Fo(Ty — T D(T;—T,)] — = |k AH k AH _—
o pArHr[ 0(To )+ D(Ty ) Cp[ 1,74, AH + k2,2, 2]+pAGCHr
Reactor-2:
dH,,
&t~ oAy Lrt i bl
dza,, 1
dx 1
dl;m =oAL (Fr(zB, —zB,,) + Fi(zp, —2B,,)] + k1,,24,, — k2,78,
dT,, 1 1 Qm
= F (T, —Ty) + 1 (Ty — T — = [k AH + k AH AL
gt AL [F3( )+ Fi(Th )l c, k1,74, AHy + ko, 2B, AHs| + Ayl
Nonadiabatic flash:
dH, 1
==t~ [F,-F,-D-F,
dt PbAb [ b p]
P LR )= (D + By )
e m T — X — X — X
dt ou Ay H, Am Ay p)\ LAy Ay
drp 1
dtb = PbAbe [Fm(me - bi) - (D + Fp)(de - bi)]

dT, 1 Qb
& F(Tp — T)] + — 20
dt P ApHy [Fom b)] pAyHLCp,
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Table A.4: First principles model for the plant consisting of two CSTRs and a nonadiabatic
flash. Part 2.

. —-F
F, = k.\/H, Fo = ky/Hpm ki, = klexp (RTl)
.
* _E2
Fy = ky/ Hp xo, =1—x4, —xpB, ko, = kyexp T
T
* _El
zc, =1—xa, —xp,, 2c,=1—24, — B, k1,, = klexp T
m
QAT A apx . —F
TA, = Tb LBy = % k2r = kQGXp (RTri)
acrTe
TCy = ) : Y= QAT A, + QBIB, + QCIc,

Table A.5: Steady-state parameters for Example 4.7.2. The operational steady state corre-
sponds to maximum yield of B.

p=p,=015Kgm™ ay =35 ap = 1.1
ac =05 ki = 0.02 sec™? k3 = 0.018 sec™!
A, =0.3m? A, =3m? Ay =5m?
Fy = 2.667 Kg sec™! Fy =1.067 Kgsec™! D =30.74 Kg sec™!
F,=0.01D Ty, = 313K T, =313K
Cp=0C,p =25KJ (KgK)™' Qr=Qm=0Qp=-25KJsec”! Ta, =1
TRy, = Tc, =0 TA =1 T, =xc, =0
AH; = —40 KJ Kg™! AHy = -50 KJ Kg™! 0= = 150K
k. =2.5Kg secilmfé km =2.5Kg secflmfé ky =1.5Kg secflmfé

A.4 Unstable three subsystem network
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Table A.6: Nominal plant model for Example 5 (Section 4.7.3). Three subsystems, each with
an unstable decentralized pole. The symbols y1 = [y1/,y2", yir = [ys',v4']", yir = vs, w1 =
[ur’, ua')', urr = [us’, udl', uin = us.

s —0.75 0.5
Gy = { (s + 108(3 —0.01) (s+ 11)1(3 +2.5) ]
(s+6.5)(s+5.85) (s+3.75)(s +4.5)
oo 0 0
12 = 0 0
— 5.5
Gra - { IR ]
(s+11)(s+2
s—0.3
B (s+6.9)(s+3.1) s—l—41)(s+34
a1 = 20,19 0.67(s — 1)
G5 G+
Cap = 3—1—208 (s +25) (s + 14)(s+ 15)
(s+30)(s+3 7 G, 2)(3—0.05)
0
Gas = 0
Ga1 = [0 0]
o= | 0.9 A
32 = (s+17)(s + 10. 8) gs +26)(s + 5.75)
Gias = 5T 12)(s = 0.01)
Ur Gu G2 Guiz| | w
yi | = Go1 Gao Gas| |un
i G311 Gs2 Gsz| |umn
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