A Conditional Goodness-of-Fit Test for Time Series
Atsushi Inoue *
First Version: June 1997

This Version: July 1998

Abstract

This paper proposes a unified approach for consistent testing of linear restrictions
on the conditional distribution function of a time series. A wide variety of interesting
hypotheses in economics and finance correspond to such restrictions, including hypothe-
ses involving conditional goodness-of-fit, conditional homogeneity, conditional mixtures,
conditional quantiles, conditional symmetry, distributional Granger non-causality, and
interval forecasts. The finite-sample properties are investigated in a set of Monte Carlo
experiments. The proposed tests are conservative but perform well in samples of the
size relevant for empirical finance.
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1. Introduction

This paper proposes a unified approach for consistent testing of linear restrictions on the
conditional distribution function (d.f.) of a time series. A wide variety of interesting and
important hypotheses in economics and finance correspond to such restrictions, includ-
ing hypotheses involving conditional goodness-of-fit, conditional homogeneity, conditional
quantiles, conditional symmetry, distributional Granger non-causality, and interval fore-
casts. The tests, for example, are naturally-suited to helping answer questions such as
“Are the distributions of assets, consumption, and income implied by a particular dynamic
macroeconomic model close to the actual distributions in the data?,” or “Do differences
in microstructure across different asset markets produce differences in return distributions,
and if so, are the differences consistent with a particular microstructure theory?”

The econometric literature on conditional d.f.s is growing rapidly. For example, speci-
fication tests for the parametric conditional d.f. for iid observations have been considered
by Heckman (1984), Andrews (1988b, 1997), Stinchcombe and White (1995), and Zheng
(1994, 1996). Moreover, those for dependent observations have been considered recently by
Diebold, Gunther, and Tay (1997) and Bai (1997). This paper differs from the literature in
that it considers consistent tests for a much wider range of restrictions on the conditional
d.f.s in a unified framework. Moreover, this paper allows for the possibility of an infinite
history of information, which is important because many economic and financial time series
may not be Markovian. The proposed test is consistent against all alternatives to the null
hypothesis.

The remainder of the paper is organized as follows. Section 2 states the canonical form



of the null hypothesis and lists a variety of hypotheses in economics and finance which imply
linear restrictions on the conditional d.f.s. Section 3 develops an asymptotic theory. Section
4 assesses the finite-sample performance of the proposed test for conditional goodness-of-
fit restrictions in a set of Monte Carlo experiments. We find that the proposed test is
conservative but powerful enough for the sample size relevant for empirical finance. An

appendix provides proofs of the results given in the paper.

2. Hypothesis of Interest

This section states the canonical form of linear restrictions on the conditional d.f.s and
shows that a wide variety of interesting hypotheses in econometrics imply linear restrictions
on the conditional d.f.s.

Let {z}2

be a strictly stationary sequence of R?-valued random variables. Let

uy(0) = g(2,0) where g : R4 x © — R, © C R?, and let F;(-|Z{Z},,0) denote the d.f. of
uy;(0) conditional on z;_1,2i_2, ..., Z—m. Let ¢ = (c1,¢2,....¢,) € R, v = (v1,v3,...,0,) €
T C R, and G(v|Z2'7},0) be measurable with respect to Z'_!. As shown later, ¢, T, and

G(v|2'7!,8y) are specified as part of the null hypothesis. The canonical form of the null

hypothesis is that there exists some 8y € © such that, for all v € T,
P ( > ¢ Fj(vj] 224 . 00) = G(v]| 221, 60) ) =1. (2.1)
j=1

In other words, the linear combination of conditional d.f.s is equal to the function G under

the null hypothesis! The alternative hypothesis is the negation of the null hypothesis (2.1).

!Note that the null hypothesis does not require the uniqueness of #o but the existence of . The case of

set-valued 89 will be mentioned in Section 3.



That is, for every 8 € O, there exists some v € T such that
P (> ciFi(v;|22L,0) = G]2ZL,0) ) < 1. (2.2)
j=1

(2.1) can accommodate and unify a wide variety of interesting hypotheses that arise in

econometric applications as shown below.

2.1. Conditional Goodness of Fit

A conditional goodness-of-fit restriction is
P(y; < v|z—1, 212, ...) = G(v|Z27},6y) as. (2.3)

for all v, where G(-|-,-) is a parametric conditional d.f. That is, the conditional d.f. of
Y given z;_1, Z¢—2,... is in the parametric family {G(v|Z,0) : 6 € ©}. This problem
has been considered by Heckman (1984), Andrews (1988b, 1997), Stinchcombe and White
(1995), and Zheng (1994,1996) in the iid context, and by Diebold, Gunther, and Tay (1997)
and Bai (1997) in the time-series context. Letting r = 1 and ¢; = 1, one can express the
conditional goodness-of-fit restriction (2.3) in the form of (2.1).

The conditional goodness-of-fit restriction can be interesting in economics and finance.
The parametric d.f. G(+|-,-) can be theoretically derived or simulated from a particular eco-
nomic model. In macroeconomics, one can test the specification of a dynamic economic
model by testing the conditional goodness-of-fit restriction. For example, one may test
whether the distributions of assets, consumptions, and income implied by a particular dy-
namic economic model are close to the actual distributions in the data. Diebold et al
(1997) show that integral transformed random variables are iid uniform under the correct

specification, and they use the result to evaluate the density forecasts of GARCH models.



Bai (1997) improves upon the test of Diebold et al. (1997) by explicitly taking account
of estimation uncertainty, and he also considers GARCH models as a special case of his

general theory.

2.2. Conditional Homogeneity

A conditional homogeneity restriction is

P (v|253) = Fa(v]255) (2.4)

for all v, where F; and Fy are the conditional d.f.s of uy and us, respectively. Letting r = 2,
c1=1,c=-1,G(-|,6p) =0, and T = {(v1,v3) € R? : v; = vy}, we can write (2.4) in the
form of (2.1).

While tests for unconditional homogeneity have been well studied in the statistical lit-
erature, tests for conditional homogeneity have not. Nonetheless, conditional homogeneity
can be interesting in various contexts of economics and finance where dynamics and con-
ditioning are often important. In financial economics, one might test the difference in
market microstructure by testing the equality of conditional d.f.s. between the exchange
rates in New York and in London. In labor economics, one may test the difference in wage

distributions between blacks and whites conditional on age, education, and experience.

2.3. Conditional Quantiles

A conditional quantile restriction is the specification of a quantile function and can be
written as

P(y: < gp(24,00)| 2120y = pas. (2.5)



for some function ¢,(-,-) and p € (0,1). The conditional quantile restriction (2.5) is closely
related to the conditional calibration restriction (2.8). While the former restriction is used
for estimation, the latter is motivated by forecasting. When g¢,(x,6) = 6}z, this restriction
is the quantile regression of Koenker and Bassett (1978). Bierens and Ginther (1997)
consider a consistent specification test of median regression models for iid observations.
Zheng (1998a) develops a kernel-based consistent specification test of quantile regression
models for iid observations. While Bierens and Ginther (1997) do not take into account
estimation uncertainty, Zheng’s (1998a) test and ours explicitly do. Let r = 1, ¢; = 1,
T = {0}, w(8) = y+ — qp(+,0), and G(0|-,0y) = p. Then (2.5) can be stated in the form

of (2.1).
2.4. Conditional Symmetry

A conditional symmetry (around zero) restriction is

P(y: — f(24,00) < —U|Zt—_o<1>) = P(y: — f(24,00) 2 U|Zt—_o}>) (2.6)

for all v € R. Fan and Gencay (1995) consider a consistent test for symmetry in linear
regression models for iid observations. Using a kernel method, Zheng (1998b) develops a
consistent test for symmetry in nonlinear models for iid observations. Let r = 2, ¢ = 1,
c2 = -1, T = {(v1,v2) € R? : v1 = va}, ur(0) = y¢ — f(x4,0), u2(0) = f(w,0) — vy, and
G(:|-,0p) = 0. Then (2.6) can be written in the form of (2.1).

Symmetry of the disturbance plays an important role in adaptive estimation (see Bickel,
1982 and Newey, 1988), and quasi-maximum likelihood estimation (see Lumsdaine, 1996,

and Newey and Steigerwald, 1997).



2.5. Distributional Granger Non-causality

We say that y; does not Granger-cause x; in the distributional sense if
P(zy <vlvi1,Tem2y 0o Yem1,Yim2, ) = P(oy S v|wiq, 049, ...) a8 (2.7)

for all v € R. While the conventional Granger non-causality restriction is stated in terms
of conditional mean, distributional Granger non-causality is in terms of conditional dis-
tribution. An economic model may imply that no additional economic variable can im-
prove its prediction. By testing the distributional Granger non-causality, one can test
such hypotheses. Linton and Gozalo (1996) consider a nonparametric test for condi-
tional independence which is closedly related to the concept of distributional Granger non-
causality. Let r = 1, ¢y = 1, G(v|-,6p) = P(xy < v|ri_y,24_2,...). Then the Granger
non-causality restriction (2.7) can take the form of (2.1). In our framework, the specifica-

tion of P(xy < v|®i_1,x_9,...) must be provided.
2.6. Interval Forecasts

Let (y_(-,60),¥,(+,60)) denote a 100(1 — a)% interval forecast of y;. The interval forecast

is correct if and only if

P(ga(ﬂ%eo) <y <Y (24,00)|2¢-1,20-2,...) =1 —a, as. (2.8)

Let r=2,c1=1,¢c2=—1, Ty =Ty = {0}, un(0) = yr — Yo (+,0), us2(0) = y+ — y_(x1,0),
G(0|-,09) = 1 — a, and 2z = (x4_1,y¢). Then (2.8) can be expressed in the form of (2.1).

While we present the results only for one-step-ahead forecasts, one can always consider

multi-step-ahead forecasts at the expense of additional notation for a forecast horizon.



While a point forecast predicts a single future realization of a particular random vari-
able, an interval forecast predicts an area in which the random variable falls with a spec-
ified probability. Interval forecasts are becoming important in the literature on fore-
casting, especially in the context of risk management. Christoffersen (1997) shows that
{I(ga(xt,%) <y <7y, (x:,0p))} is a sequence of iid Bernoulli random variables under the
correct specification, and he examines the interval forecasts of GARCH models. While he
does not take into account estimation uncertainty due to replacement for the unknown pa-
rameter 6y by an estimate éT, we explicitly do. One can also test the specification of a

particular econometric model by testing whether it produces correct interval forecasts.

3. Asymptotic Theory

Let {Z;}52, be a sequence of compact subsets of NI, € =(€6,6,.) EE xEy x - = E,
v = (£ v), and , = Z x Y. Given measurable functions w : ® — ® and ¢ : R? — R?, the

null hypothesis (2.1) implies

B ((w(X 606 P (027 00) ~ GlZTh 0] ) =0 (1)

for all v € , . Because the null (2.1) is equivalent to the unconditional moment restriction
(3.1) under certain conditions on w(-) (see Bierens, 1990, and Stinchcombe and White,
1998), we consider consistent testing of (2.1) based on (3.1). Bierens (1990) is the first
to consider consistent tests based on the weight function w(-) = exp(-) in testing for the
conditional moment restriction of a nonlinear regression model. The discontinuity of the

indicator function renders the existing results inapplicable to our problem, however.



We introduce the following notation.
G,(v| 2571, 0) = aG(v| 2571, 6) Jow, Go(v|Z571,0) = 0G(v|Z2871,6) /08,
G (V| Z571,0) = 2G(v| 2571, 0) /ovd!, Gue(v| 271, 0) = 02G(v| 25, 6)/o0vde’,
gio(2,0) = 9g;(2:,0)/ 08, Gioo(24,0) = 0%9;(24,0)/0006,
H,(v|Z5Y) = 0HW| 28 Y /ov,  H,,(v|Z5Y) = 0?H(v|Z{) /ovdn,
where g(z¢,0) = u(0) and H(v|Z5™1) = - ¢;F;(vj|2L71,6,) as. where §; € ©; C RP.
When 6g is set-valued, let 8y denote one of such 8y’s from now on. It is possible because
estimation is not necessarily based on (2.1). Let éT denote an estimate of 5, and Oy C int©

some neighborhood of 8.

We introduce the following set of assumptions.

ASSUMPTION 1: Under the null hypothesis (2.1),

(a) {z:)}72_., is a strictly stationary a-mixing sequence of R¢-valued random variables

with mixing coefficients of size —n/(n — 2) for some n > 2.

(b) {G?*(v| 2™, 60)}52, is L2-NED on {z;} of size —1/2 and L-integrable. {||G(v|ZZ},6,)—
G(w|ZZL,00)|2}52, and {||G,(v|ZZ},600) — Gu(v|ZZL,00)|2}52, are of size —1/2.
There exists a sequence of Borel measurable functions {Gi(z¢_1, ..., 20)}52, that is

L?-NED of size —1/2 on {z;}, L?"-integrable, and satisfies

\Gvi(U|Zé_1,9)| < Gy(2-1, 2t—2, ...y 20) Q8. (3.2)
|GUW](U|ZS_1,9)| < Gy(2-1, 24—2, .., 20) AS. (3.3)
|Gvi9k(v|Zé_1,9)| < Gy(2-1, 24—2, .., 20) AS. (3.4)

\ng(U|Zé_1,9)| < Gy(2-1, 2t—2, ...y 20) Q8. (3.5)



forallve Y, 0€0y,i,7=1,2,....,7, k=1,2,....,p,and t = 1,2, ....

(¢) g(z:,0) is Borel measurable for all # € ©. There exists a Borel measurable function

g(z;) that is L*7-integrable and satisfies

|gi0;(2,0)] < G(2) as. (3.6)

|9i6,0, (20, 0)] < g(z) as. (3.7)
fori=1,2,....,r, 5,k =1,2,...,p, and 0 € ©O.

(d) 7 has a linear expansion such that
1.4 1o
T2(9T—00) =772 Z¢t(2t,2t_1,...,20,90) +0p(1), (38)

t=1

where 1, : R4+ x © — RP is Borel measurable for all # € © and L?7-integrable, and

T T-1
B ¥zt 21—, s 20.00)|1 20 ] = D il 20, 21, -oes 20, 00) a8, (3.9)
=1 =1
for all T = 2,3, .... There exists a sequence of Borel measurable functions {¢;(z, ..., 20) }524

that is L2-NED of size —1/2 on {z;}, L*"-integrable and satisfies
1 & C o1&
T Z{¢t(zt7 vy 20 9/) - ¢t(zt7 vy 20 9)} S T Z ¢t(2t7 ey ZO)|9/ - el +Op(1) (310)
t=1 t=1
foralli=1,2,...,p, 0,0 € Op,and t = 1,2, ....

() T c ®, E; ¢ R is compact, fmax; = maXg ez & = O(j=1=9), and Emin; =

ming =, & = O(j~17¢) for some ¢ > 1/2.

(f) w: R — Ris non-polynomial analytic, and ¢ : R¢ — R is bounded, Borel measurable,

and one-to-one.
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Under the alternative hypothesis, 8y and Qg in the above assumptions are replaced by 6;

and Oy, respectively, and (3.8) and (3.9) are replaced by

(d)

T3 (1 — 61) = 0,(1). (3.11)
In addition, we assume that

(g) {H?*(v|251}52, is L-NED on {z;} of size —1/2 and L-integrable. {|H(v|ZZ}) —
H|ZZ1)|12¥52, is of size —1/2. There exists a sequence of Borel measurable func-
tions {H(z:_1,2i_2, ..., 20)}3%; that is L2-NED of size —1/2 on {z;}, L*"-integrable,
and satisfies

|H,, (U\Zé_l)\ < Hy(z-1,2i_9, ..., %0) a.5. (3.12)
|Hoo, (W 257D < Hy(21-1, 21—2, -, 20) a8, (3.13)
forallve Y, 4,7 =1,2,..,r, t=1,2,....

(h) There exists a R?-valued strictly stationary sequence {v;}$2, such that G(v|Z5™*,6,) =

T ciPlug < v 2571 as.
E]_l 7 ¥ J 0

Before we present our theorem, we will remark on Assumption 1. The conditions on
dependence and moments in Assumptions 1(a)(b)(d)(g) have been commonly used in the
literature on nonlinear econometric models; see Gallant and White (1988). (3.2), (3.3),
(3.4), (3.5), (3.6), (3.7), (3.12), and (3.13) impose a version of the global Lipschitz condition.
Without loss of generality, the same bound functions are used to simplify notation. It is

not restrictive that u:(6) = g(z,6) depends only on z;. By expanding the dimension of z,

11



u¢(#) can depend on more complex dynamics. Assumption 1(d) requires that the estimator
O satisfy the CLT for martingales under the null hypothesis. For example, the ordinary
least squares (OLS) estimator with martingale-difference disturbances and the maximum
likelihood estimator (MLE) based on log L(6) = .1 log f(z| 211, Zt—2, ..., 20, 0) satisfy
(3.8) and (3.9) as long as some conditions on the dependence and moments are satisfied.
GMM estimators based on conditional moment restrictions, such as Fuler equations, satisfy
(3.8) and (3.9). Andrews (1997) also requires the estimator to have a linear expansion.
Assumption 1(d’) requires that the estimator converges in probability under the alternative
hypothesis.

Assumption 1(e) gives conditions on the space of nuisance parameters which is under
the control of econometricians. The condition on {=Z;} in Assumption 1(f) guarantees that
the summand in the function w is well-defined (c.f., De Jong (1996, equation 12) who uses
Z; = [a;, b;] where aj,b; = O(57%)). The first part of Assumption 1(f) is from Theorem 2.3
in Stinchcombe and White (1995) and guarantees the test consistency against all alternative
hypotheses. 6; is the limit of 67 under the alternative hypothesis. For example, if Oris a
MLE, 6, is the limit of the quasi-MLE under the alternative hypothesis.

Let

qi(y) = w(z £j¢(zt—j))[z ¢iI(ugj(6o) < vj) — G| 2571, 60)], (3.14)

¢u(0,7) = w(z €j¢(zzs—j))[i cil(ug;(60) < vj) — G| 257", 0)], (3.15)
a:(0,7) = w(Z §j¢(2t—j))[i ¢il(ug;(0) < v;) — G(u| 25, 600)], (3.16)
qai(0,7) = w(z £j¢(zt—j))[z cil(ug;(0) < vj) — G(u| 257", 0)]. (3.17)

12



We consider the Cramér-von Mises statistics S;7 = er Qir(7)*du(7y), where Qi7(y) =
T3 Zthl q1:(7y), Qir(y) = T-3 Zthl qit(éT,'y) for i = 2,3,4, and pu(-) is a probability
measure on , which is absolutely continuous with respect to the Lebesgue measure. 2
When G and g do not depend on # (no parameter uncertainty), Sy should be used. When
only GG depends on 8, Sor should be used. When only ¢ depends on 8, Ssr should be used.

When both G and g depend on 8, Syr should be used.

THEOREM 3.1: Suppose that Assumption 1 holds.
(a) Under the null hypothesis (2.1),

Sir 5 3

/ Qi(7)*du(v)
~er

where @Q; is a mean-zero Gaussian process with covariance kernel:

T
BIQU)@:()] = Jim £ 3" Elr1)ri(+) (3.18)

for ¢ =1,2,3,4, where

ri(y) = qu(v)

rau(y) = quly ij 2_)Ge(v| 221, 00)]0 (24, -, 20, 00)

r3(y) = qu(y ij Go(v| 225, 00)90(20,00)0e (24, -, 20, 60)

ra(y) = qu(y ZSJ Gy (V|25 00)96(20,80) — Go(v| 222, 00)We(2t, ...y

(b) Under the alternative hypothesis (2.2),

. 1
plimr_o [ Qur(1)d() > 0
¥

“When T is a singleton (e.g., interval forecast restrictions), the average-type test statistic is defined as

Jiez Qura e

13
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fori=1,2,3,4.

Theorem 3.1(a) shows that the null limiting distribution is data-dependent, and Theo-
rem 3.1(b) shows that the test statistic diverges under the alternative hypothesis. In order
to make the test operational, we follow the approach of Bierens and Ploberger (1997). By
Lemma 1 and Theorem 7 in Bierens and Ploberger (1997), we can find the upperbounds as

follows?3

Jin P ([ Qu)/Vitdut) > 6) < P (sup e 6) (3.19)

n>171] 1

where V;(7) = limy_oo 7 L, Var(ri(y)) and e; ~ NID(0,1). Thus, we need a consistent

estimator for V;(v). Let

T T

Vir(y % w Zf} Zt—j 2[2 ¢jl(ug;(6o) < vj) — G(v| 257", 60)]"
t=1 7=1
T

Var () % ( ZSJ P(z1—; [ZCJ (utj(6o) < vj) — (Ulzé_l7éT)]
=1

1 L ® s—1 p 7) 2

_T;{w(l_ofj(b(zs_]‘))Gg(v\ZO ,HT)]}¢(Zta-~->ZO>0T)) ;
T

Var(y) = %Z( Zf} Zt—j [ZCJ uij(6o) < v;) = G(v| 257", 01)]
t=1

W

T 2
e S (0 €6 DO 025 O e 00 0r) )

7=0
T
Var(y) = 1 ( ij Z—; [Zc] u;(6o) < v;) — G| 281 0]
t 1
T s
S (3 €6 )G 023 0r) = G| 25 O FiCets o 0.0r) )
s=1 7=0
T t r
Vir(0) = 1 30 (w0l eilluns(hr) <) - G o)
t=1 7=0 7=1

*When , is not compact, use the change-of-variable technique so that the new integration is taken over

a compact support.
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where

THEOREM 3.2: Suppose that Assumption 1 holds.

(a) Under the null hypothesis (2.1), sup,cr |[Vir(v) — Vi(v)| = 0,(1) for i = 1,2,3,4.

Under the alternative hypothesis (2.2), sup.cr [Vir(7)| = O,(1) for i = 1,2,3, 4.

(b) Moreover, assume that hy — 0 and h7TY? — oo as T — oo. Under the null

hypothesis (2.1), sup.¢r [Vsr(7) — Va(7)| = 0,(1). Under the alternative hypothesis

(2‘2)7 SUP~er |V5T('Y)| = Op(]')

Vs1(+) should be used when the null hypothesis is not parametric.

4. Monte Carlo Experiments

This section investigates the finite-sample performance of the proposed test for conditional
goodness-of-fit restrictions in a simple set of Monte Carlo experiments. The null hypothesis
is

ye ~ N(p,0?) (4.20)
for some p and sigma? > 0. In the notation used in Section 3, u:(6p) = (y: — po)/o and

2t = Y-

Several alternative hypotheses are considered. Then the first alternative hypothesis is

ye=e; — 1 (4.21)

15



where e, ~ NID(0,1). The second is a stochastic volatility model, i.e.,

Y = exp(ht/2)5t, ht =c+ pht_l + O, (422)

where (g4,7;)" ~ NID(0y,15). The third is an AR(1) model, i.e.,

Yt = BYi—1 + &4 (4.23)

where £; ~ N(0,1).

Without loss of gemerality, g = 0 and ¢? = 1. The sample sizes used are T =
250,500,1000. We use ¥ = R and Z; = [—572,572] for j = 1,2,...,T. The Monte Carlo
integration method is used to compute the Cramér-von Mises statistic. 300 random vectors,
consisting of a standard normal r.v. and T uniform r.v.s over T x =, are drawn for each
Monte Carlo replication. The number of Monte Carlo replications is set to 1000.

Table 1 shows the rejection frequencies (%). The size here is a pointwise one (for fixed
and ¢?) and thus is different from the size in the sense of Lehmann (1986): the supremum of
the type I error probabilities over all possible DGP under the null (for all possible values of x4
and o0?). Because we are using the upperbound, it is not surprising that the actual rejection
frequenciese are lower than the nominal level. In fact, the actual rejection frequencies turn
out to be zero. The test is not powerful when the sample size is small. However, the power
of the test increases as the sample size increases. The test is practically powerful enough
for the sample size 1000. We also note that the further the alternative hypothesis is from
the null, the more powerful the test is. In practice, the use of the 10% significance level
is recommended to increase the power. As Lehmann (1986), one may want to use higher

values of the significant level than the customary ones, such as 10%.
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Appendix: Proofs of Theorems 3.1 and 3.2
We use the following notation in the proof. Let wmax and wmin denote constants such that

sup|w ij #(2-5))] € Wmax a.s. and mf |w( ij #(2-5))| > Wmin a.s.,

J=1 7=1
respectively. Let @ denote a constant such that |w(z") — w(z)| < @]z’ — z| for all #, 2’ € [Kmin, Kmax]| Where
—00 < Kmin < infeez E;’;l §56(2—5) a.s. and supge= E;’il §id(2—;) < Kmax < 00 a.s. Assumptions 1(e)
and (f) guarantee the existence of Wmax, Wmin, W, Kmax, and Kmin. 04 and 14 denote d-dimensional vectors
such that 04 = (0,0,...,0)" and 14 = (1,1,...,1)7, respectively. When applied to vectors, max and min are
element-by-element. To simplify notation, we assume that § is scalar, i.e., p =1, and E; = [fmin],fmaxj]d
for some &min jimax; for j = 1,2,...,r. Unless noted otherwise, Oq:, 045y Op, and o, are uniform in

(e.g-, f(v) = op(1) means sup_  |[f(7)] = 0p(1))-
Proof of Theorem 3.1(a): Without loss of generality, we prove only the case when i = 4. For notational

simplicity, we omit the subscript 4. The proof of Theorem 3.1(a) consists of the following five lemmas.

LEMMA A.1: (,,p) is totally bounded, where p is a metric on , defined by

ZI& &F 1+<+Z|F Sl )

where F; is the marginal d.f. of uy;(60) = g5 (2, 00).
LEMMA A.2:

%Zw@wzﬁ-ﬂ o(v] 2577, 81) g0 (2, O7) — Za 2-i))Go(v| 221, 80)g6(20,60)] = 0p(1),
) - (A1)

TZ Zgj 20-y))Go(v] 257", 67) Zgj 23))Go(v| 221, 60)] = 0,(1), (A.2)

where {#7}5., is an arbltrary sequence such that 7 — 90 = 0p(1) uniformly in v € T. Moreover,
w(Y &(2—))[Gu(v| 222, 60)g6 (20, 60) + Go(v| 225, 60)] } (A.3)

is uniformly continuous in v € |

LEMMA A.3: {T_% 23;1 ¢:(80,7) : v €, }=1 is stochastically equicontinuous, i.e., for each € > 0,

lim lim sup P < sup

410 T—oo v,y €Tip(y,y') <8

T2 Z[qt(Go, 7)) = q:(60,7)]

> €> =0. (A.4)

LEMMA A.4: .
4 Z ge(07,7) — re(7) } = op(1). (A.5)

LEMMA A.5:

ul»—-

T72) re(v) S N,V (3) (A.6)
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for every v €, , where V(v) = limr_ % 23;1 Var(re(y)).

Before we prove these lemmas, we shall briefly sketch the proof of Theorem 3.1(a). By Lemma A .4,
712 23;1 r¢(y) approximates 712 23;1 qt(éT,y) uniformly in ¥ € , . By Lemma A.1, (,,p) is totally
bounded. Generalizing Lemma A.5 and applying the Cramér-Wold device, one can show the fi-di convergence
of T2 23;1 re(y) to Q(v). By Lemmas A.2 and A.3, 712 23;1 r¢(7y) is stochastically equicontinuous.
Therefore, {Qr(v) : v €, }§2, weakly converges to {Q(vy) : v €, }.

Proof of Lemma A.1: The proof is a slight generalization of and analogous to that of Lemma 1 in De
Jong (1996) and thus is omitted.

Proof of Lemma A.2: Since the proof of (A.2) is analogous to that of (A.1), we prove only (A.1). It

suffices to show

T t
72 Za 21-3))Gu(v| 257, 0r)ge (21, f7) —wZa 6(20-3)) G (v 257", 80)go (22, 60)] = 0,(1),

= (A7)
23w 60 Gu(0l 25 ooz, 6) — Za 20-1))Go (0] 257", 60)go (22, 60)] = 0as(1),
-7 (A.8)

and

T t
23 Pl 600 Go(vl 257 0)go 1, 60)] — Za -3))Go(v| 22X, 80)g0(20,60)] = o(1).
t=1 =1

First, we shall prove (A.7).

sup | Z Za 21-))Go(v] 257", 02)go (=2, 07) —wZa 6(20—1))Go (0] 257, 80)g0 (21,60 )]
YE
=1
< 2“’“"2@( )9(20)167 — b] = 0,(1) (A.10)
~ T tlZt—1y..-y20)G 2t T 0| = Op . .
t=1

The inequality follows from Assumptions 1(b)(c), the triangle inequality, and definition of wmax. The equality
follows from Assumptions 1(a)(b)(c)(d) and Theorem 3.1 in McLeish (1975).
Second, we shall prove (A.8). By the uniform SLLN, it suffices to show the total boundedness of (, , p),

the stochastic equicontinuity

lim lim sup sup
610 T—co ' ET:p(vy,y ) <6

T t
= L3 €0 Gulw'| 267 0)go(=1, o)
t=1 =1

_w(Z£J¢(Zt—J))GU(U|Z(§_1,HO)QQ(Zt,HO)]‘ = 0as. (A.ll)

and the pointwise almost sure convergence

%Z{w(ZW(Zt-J))GU(M ', 60)ge(=1,60) - Za 2=)) G (0] 25 100)99(%60)]} = oas(1),

(A.12)
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for every v € ,. (,,p) is totally bounded by Lemma A.1. It is straightforward to show the stochastic
equicontinuity (A.11) by using Assumption 1(a)(b)(e)(f), Theorem 3.1 in McLeish (1975) and Lemma A.1;
therefore, the proof is omitted. We shall apply Theorem 3.1 in McLeish (1975) in order to show (A.12).
Thus, 1t suffices to show that

w(Y & (z0-))Gu(v] 257, 60)go (21, 60) },_, (A.13)
=1
is L?-NED on {z:}:2; of size —1/2.

sup || w(Zgqu(zt_]))Gv(ﬂzg L 60)ge (=1, 80) — ij 2-5))Go(v| 257, 00)go (21, 60) | 220 |,
= swflw Z@ 2-3))Gu(v| 22, 60)g6(20,60) — Za 223))Gu(v| 22, 60)ge(z0,00)| 22 ||,
< sup w(Zaqs(z-J))(Gu(az:s,eo)ge(zO,eo) ~ B[Gy(v| 22}, 80)g6(20,00)| 27]) |,

=1
+sup [ @ > 16 H6(2-5)Gu (v 228, 80)g0(20, 60) — E[6(2-5)Gu (v 227, 80)ge(20, 60)]} |,
J=m+1

< Wmax SUP “ GU(’U|Z:t1,60)g9(Zo,60) - E[GU(U|Z:3,HO)QQ(ZO,HOHZTm] H2 (A.14)

+a Yy Ifjlsgp | 6(2-)[Gu(v| 228, 0)g0(20, 80) — E[$(2-5)Gu(v| 2, 80)ge(z0,60)] ||, - (A.15)

J=m+1

The equality follows from the strict stationarity, the first inequality from the triangle inequality, and the
second inequatlity from the Cauchy-Schwarz inequatlity. (A.14) is of size —1/2 by Assumption 1(b). By
Assumption 1(a)(b)(c)(e)(f), sup, || - ||z in (A.15) is finite uniformly in j and t. Because

sup Z 6 =C Z T =0(m™) (A.16)

T j=m+41 J=m-+1

for some C > 0 by Assumption 1(e), (A.15) is of size —1/2. Thus, (A.13) is L*-NED on {z}:2; of size
—1/2. Therefore, the uniform SLLN proves (A.8).
Third, we shall prove (A.9).

|%Z{E[w(zaczs(Zt-J))GUMZé—l, 0)g6 (=1, 60)] Za 2=i))Go(v| 221, 60)g0(20, 60)]} |

|TZ{E Za 2-3))Go (V| 228, 80)g6(%0, 60)] Za =) Go(v| 22}, 80)go (20, 60)]} |

IA

E Z E[w(Zaqs(z_J)) - w(me(z-J))]Gv(ﬂzzi, 60)ge(<0, 60) |

+| % D Ew(Y €6(5-))Gu(v]22),80) — Gu(v| 225, 80)]g0(20, 60)] |
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W=

< [%Z ZI€ ?5') ZE|¢(Z-J)|2J—1‘<)] {220 FG o syl (A7)

t=1  j=t+1 J=t+1 t=1
lgo(zo)ll> 5
w gol20)||2 -1 -1
mexlfri o]l > G022 80) — Gulv| 224, 66) ||, - (A.18)
t=1
The equality follows from strict stationarity, the first inequality from the triangle inequality, and the second

inequality from the Cauchy Schwarz inequality. (A.17) goes to zero uniformly in vy €,

hm t~ &5 2]1+< El¢(z— 1< 0. A.19
5)

=1 j=t+1 j=t+1
(A.18) goes to zero uniformly in v €, by Assumption 1(b). The proof of the uniform continuity of (A.3)is
straightforward and thus is omitted.

Proof of Lemma A.3: As in the literature on empirical d.f.s (e.g., Bai, 1996, p.610), we focus on
the case T = [0,1]" in terms of stochastic equicontinuity. For an arbitrary § > 0 and T € N, let
(A7 (8), Jr,{Kr1;}]L,, L) be such that supeere= oo, 1 1& — €l < Ar(8), Lr = [I/Ar(j)], Kz, =
[(émaxj —&mins )/ AT(8)], Ar(8) =6/ max{( JT I&'%?)L%«T,Tlp}. One can show that, as T — oo, Ar(8) — 0,

Jr — oo, Krj — o0, and Lt — oo. For y =1,2,..., J7, let
&i(k) = min(émin j1a + Ar(8)K, Emaxj)1a, for 04 <k < Kr;.
For all j > Jr, let &;(k) = £ for some & € Z;. For 0, <1< Ly, let
v(l) = min{0, + Ap(8)1,1,}.

Because

T

sup  (T7E Y [ar(B0,7') — ge(60, 7)]

vy €Tip(y, v ) <6 i1

-1 Z[qt(eo, v(k,1)) — q: (80, v(k,1)))]

< 3 max
1<k k! <Ko, 1 <L <L p(y(k, D) v(K 1)) <6 p—
1 2Wiar Tt Z Gt(zt_l, Zt—2,...50)6
t=1
T o
el a3 S 5 (A.20)
t=1 j=1

where the inequality follows from the triangle inequality, the Cauchy-Schwarz inequality, Assumption 1(b),

and the definition of w,

P < sup T_% Z[qt(eo, 7/) — q¢(6o,7)] ‘ < 5>

¥y €T p(v,y') <8 i1

< P (3 max T75 3 (080, 7 (K, 1)) — (8o, 7(k, 1)))] ‘ < 5/3) (A.21)

B KLU o4k, 1) AR 1)) <6 —

T
+P <2’wmaxT_1 Z |Gt(zt_1, Zt—2,...50)|0 < 5/3) (A.22)

t=1
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+P <2|c|a;T—1 DD T bzp)ls < 5/3) . (A.23)

t=1 j=1

Since the limsups of (A.22) and (A.23) are O($), it suffices to show that (A.21)is O(6). It follows from

T
1
Pl3 T2 4 k’1%)) — 4 k,1 3
<(1(n)()) S lae(B0, 1", 17)) — g2 (60, vk, )))]\<e/>

t=1

T
- _1
< A%L% k,IlIcl’z,ll),(l’ P <‘ = Z[Qt(eo, 7(k’a 1’)) - Qt(eo, 7(ka 1)))] ‘ < 5/3>
t=1
T
< KBLE max (¢/3)7°T7 Y Blge(Bo, 7(k", 1) = g (60, 7(k. D) (A.24)
’ Y t=1
and
Elge(80,7(k, 1)) — q:(0, v(k, D)))]° < 20505 Ge(20-1, ory 20)A7(8) 4 2| c|twmax® A7 (8) (A.25)
that
T
3E max T3 lanlb0, 4K, 1) = aulbo, (k1)) | < <73
kD LU p(~(B D (RS —
T
< 27T Y [Gil(zimt, o 20) + | wimax]. (A.26)
t=1
Therefore, Lemma A.3 is proved. Q.E.D.
Proof of Lemma A.4: By Lemma A.2, it suffices to show
T t T
_1 A — —
T2 (Y &6(ze-)Y eall(usy(9r) < v5)=I(uey(60) < v,)]=G(we] 257",00)+G(v| 257, 00)} = 0,(1)
t=1 =1 =1
(A.27)
T ¢
1 — — ~
T3 (> €6 NG 00) — G2 80) — Gulv] 2528, 0r)go(z0, ) (O — 80)] = o,(1),
t=1 =1
(A.28)
and
T ¢
_1 4 oA _ I
T8 S w3 €00 DG 25 0r) — GOl 257 60) — Golv| 287 6r)(0r — 80)] = 0p(1),  (A.29)
t=1 =1

for some sequences {f7}5_; and {éT}%Ozl such that 7 — 6, = 0as(1) and O — 8y = 0as(1) uniformly in
v € T, respectively. Let vy = v+ g(z, éT) —g(zt,60). (A.27) holds by the stochastic equicontinuity (Lemma
A.3). (A.28) and (A.29) follow from the mean-value theorem. Q.E.D.

Proof of Lemma A.5: Exploiting the fact that {(23;1 re(7), ZL7H}5, is a martingale, we shall apply
the CLT for martingales in Hall and Heyde (1980, Theorem 3.2). We need to show

T

lim % S lre(+)? = Eri(2)°] = 0. (A.30)

T—o00
t=1

By Theorem 3.1 in McLeish (1988), it suffices to show that {r:(v)?};2; is L>-NED on {z:}:2_. of size —1/2.

Since

{E[w(z &58(2-5))Gu(v| 221, 80)g6(20,00) + Go(v| 225, 00 )]0t 2t, 261, ..., 20, 60 ) } 124
=1
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is L*-NED of size —1/2 on {z:}, it suffices to show that {g:(6o,v)*}521 is L*-NED on {z:}52_., of size —1/2.

T

sup [| w601 a1 (wey(80) < 05) = Glv| 27, 60)]"

_E{w(25j¢(zt—J))2[Z cjl(ue;(60) < v;) = G(v| 257, 60)| 2,20 H2

3

= s [| w600’ [ ol (s (80) < v)) = Gl0] 223,60
—E{w(D " &0(55)1D_ el (uos (80) < v;) = G(v] 2ZL,60) P[22} |,
Whaxsup || [ €37 (o, (80) < 05) = Gol221,00))° = BALY_ e, 1(uo,(60) < vy) = Gi(0] 227 60)| 248 4

j=1 j=1

IA

+2u Z &1 || 16— Z I(uo;(60) < v;) — G(v| 22/, 60)]
Jj=m+1 7=1

T

—Eé(z-5)[D_ e;1(uo;(80) < vy) = G(v] 22}, 60)] |, (A.32)

=1
The first equality follows from the strict stationarity, and the last inequality from the mean value theorem.
(A.31) is of size —1/2 by Assumption 1(b). (A.32) is of size —1/2 by sup,= E;im+1 |€;] = O(m™*) by
Assumption 1(e). Thus, {g:(6o,v)*}52; is L>-NED on {2z} of size —1/2. Therefore, Lemma A.5 is proved.

Q.E.D.
Proof of Theorem 3.1(b): The proof of Theorem 3.1(b) consists of the following three lemmas.
LEMMA A.6: ,
1
p lim sup |= Eq(61,7)] >0, (A.33)
T—o0o ~er T tz:;
LEMMA A.T:
1
7 2 [0:(61,7) = Eqe(61,7)] = o0,(1), (A.34)
LEMMA A.8:
= Z q¢ HT, —qe(61,7)] = 0p(1). (A.35)
Before we prove these lemmas, we shall briefly sketch the proof of Theorem 3.1(b).
1 a 1 &
T73Qr(0r,7) = 7 th br.7)= 7 > 0(01,7) + 0p(1) = 55 D Eae(61,7) + 0p(1) = Op(1) (# 0p(1))-
t=1 t=1

The second equality follows from Lemma A.8, the third from Lemma A.7, and the fourth from Lemma A.6
and the continuity of Eq¢(6:1,7).
Proof of Lemma A.6:

| 5" Ba6r,7) — Pu(Y 6 (a0 H (0] 2550) ~ G(ol 25 1) |
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= Z Za 2 ))H (| 22)) = G(v] 22}, 61)] EwZa 2 (v]22L) — Go| 225, 60)] |
t=1

< | T ZE Zfﬂ ¢(z—5)) — w( Zfﬂ ¢(z—;))|H (v| 22 ) (U|Z:t1a61)] |

+| 7 ZE{w Za 2-3)) [H(v|22)) = G(u|2Z21,60) — H(v|Z20) + G(v] 221, 60)] |

2|c|w . 1
< 'T' ST Blo(a, )

t=1 y=t+1 J=t+1
“’m" Z [ H(v|22}) — G(o| 22}, 61) — H(v|221) + G(v| 221, 61) ), - (A.36)
The first term goes to zero uniformly in v € | since
hm t~ Z ;157 ¢ Z Elé(z—5)]57" ¢ < oo. (A.37)

J=t+1 J=t+1

The second term goes to zero uniformly in v € , by Assumptions 1(b)(g). Thus,

T

1

T ZE%(@LV
t=1

The proof of the last inequality is analogous to that of Theorem 2 in De Jong (1996, pp.18-19) except that

lim sup
T—co ~eT

= supE{ ij (2 N[H (0| ZZ5) — (’U|Z:io)]} > 0. (A.38)

his Theorem 1 in the proof is replaced by Theorem 2.3 in Stinchcombe and White (1995). Q.E.D.
Proof of Lemma A.7: The left-hand side of (A.34) is less than or equal to

Z Zfﬂ Zt—j) chj(utj(el) <) - G(U|Z(§_1a61)]

1=1

sup
~er

—E{wZa 2 )H(0|2Z)) - G| 224, 61)])

< g Z Za ZCJI(UtJ(el)SUJ)—H(U|Z(§_1)]‘ (A.39)
+aup 7 Z Za s D (01227 = G0l 207,60)]
~E{u Za A (I = Glel 25 0} |. (A40)

By the uniform SLLN, it suffices to show the total boundedness of (, , p), the stochastic equicontinuity of

Za 6 (20-5) chf(m](%) <) = HZT ] iv €, )iz

j=1

and

Za s (|25 = Glol 267,001,
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and the pointwise convergence. By Lemma A.1, (,,p) is totally bounded. The proof of the stochastic
equicontinuity is analogous to that of Lemma A.3 and thus is omitted. By Theorem 2.15 in Hall and Heyde

(1980),

| (3 (DY el (s (6) < v,) = H0] 2] | < 0 . (A1)
By the Kronecker ler;ma, " "

[ 30wl G0 Y ol (8) < o) = HE|25™)) | = 00.(0). (A42)

By Assumptions 1(a)(b)(g) and Theorem 3.1 in McLeish (1975),

=3 w(Y Gl NH (27 — Glol 257 6]

¢
—E{w(Y_ &0z )H (0] 207 = Gl 257,001} = oas(1). (A.43)

=1
Thus, both (A.39) and (A.40) are 0q4¢(1). The proof of Lemma A.7 is completed. Q.E.D.

Proof of Lemma A.8: The proof is similar to that of Lemma A.3 except that Assumption 1(d’) is used
instead of (3.8) and (3.9). Therefore, it is omitted. Q.E.D.
Proof of Theorem 3.2(a): By Lemma A.2, it suffices to show that

= I (S &8-S el (s (Br) < 05) = Gol 267", 0m)) + D)zt 20,07

T

~[w (> &8(z—))D el (wi(B0) < vj) = G(v] 2574, 80)) + D(1)r(zt, ooy 20, 80)]} = 0p(1),

- (A.44)

and
% O &) eil(wis(80) < vj) = G257, 80)) + DN izt 0y 20,80) | = V(7) = 0p(1),
= = = (A.45)

where D(v) = E{w(37%, &é(2=))[Gu(v] 221, 60)ge (20, 60) + Go(v|ZZL,,60)]}. By the Cauchy-Schwarz
inequality,

sup 7 g{[w(éw(a_n)(g )1 (uey(Br) < v;) = GUIZE™,00)) + D20, 20,00
—[w(iécb(%—]))(zi: ¢jl(ue;(60) < vj) = G(0| 257, 60)) + D()te(2, ... 20, 60)]°}

{7 g[w(éw(a_]))(i )1 (1 (0r) < v,) = G(o| 27", 87)) + D(3)bel1, o 20, )

j=1

IA

T

+w(D>&o(z))D_ el (wi(bo) < v;) = G(v| 257, 60)) + D(3)¥e (20, 20, 60)] }

Jj=1

Wl

(A.46)
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T t T

<sp { 5 D [0(30 &6 () ey () < vy) = (0257 02) + D3z, 20, 0)

—( 3 0 sl ey (80) < ) = G| 25 00)) = DVt 20, 00)F }E . (A7)

By Assumptions 1(a)(b)(d) and Theorem 3.1 in McLeish (1975), one can show that (A.46) is Oq¢(1). Thus,
it suffices to show that (A.47) is 0q.(1).

% Z[w(25]¢(zt_]))(z il (ue;(07) < vj) — G| 2.1, 02)) + D(E)Y (21, ..., 70, 67)

Jj=1

Za e DY ey (80) < ) — G0l 8™ 00)) = DIE(z0r 20,00

T T
4 max o
< S NN S (s () < v)) — L (60) < v)P (A.48)
t=1 j3=1
9 T
wmax e ~
+ > Gz, 22, oo 20) 7 — ol (A.49)
t=1
4 T
wmax T o
FEY D bulz e 20) |07 — B0 (A.50)
t=1

A similar technique used in the proof of Lemma A.3 proves that (A.48) is 04.(1). (A.49) and (A.50) are
0as(1) uniformly in v € T by Assumptions 1(a)(b)(d) and Theorem 3.1 in McLeish (1975).
The second part of Theorem 3.2(a) is straightforward and thus is omitted. Q.E.D.
Proof of Theorem 3.2(b): To simplify notation, let r = 1. It suffices to show

2”2 Za st-3))Gor(07)go (=1, br) = 2”2 Za st=3))Gur(60)go(=1,60) = 0(1),
(A.51)

2hr TZ Zéj Zt J (60)99(Zt,90)

- ZthT Z w(me(Zt-J))[G(v +he| 2571 00) — G(v = h| 257", 80)]ge(=e, 60) = 0p(1), (A.52)

and
T Z w(Z£J¢(Zt-J))[G(v +ho|257") = Glo = ha| 257 )go (=1, 60)

ZE Zg] 3(20-5))Go(v| 2871, 60)go (2, 80)] = op(1). (A.53)

Since the proofs of (A.51), (A.52), and (A.53) are similar to those of Lemmas A.2, A.3, and A.4, we only
sketch them.
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As in the proof of Lemma A.3, one can show that

E%;;MZ}m@ﬂW%@MM%%%T%ZQMZ¥M%JWM%M&MM=%<%é%>
(A.54)

Since heTY? — 00 as T — 00, (A.51) follows.
The proof of (A.52) consists of the proofs of the total boundedness, stochastic equicontinuity, and
pointwise convergence. By Lemma A.1, (, , p) is totally bounded. The proof of stochastic equicontinuity is

analogous to that of Lemma A.4 and thus is omitted. Since

{060t Gurtbo)go(z0s80) = 3 > w(3 0 &(50-)

o]

X[G(U + hT|Z(§_1a 60) - G(U - hT|Z(§_1a 60)]99(Zta 60) } (A55)

T=1

is a martingale difference array, one can show the pointwise convergence by Theorem 2 in Andrews (1988a).

Since
lim Glot hrlzios, . 20) = G0 = hrlzioy, o 20) = Gy(v|zio1, ..., 20) ass. (A.56)
hp—0 2hT
the proof of (A.53) is straightforward. Q.E.D.
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Table 1

Finite-Sample Performance of Tests for Conditional Goodness-of-Fit Restrictions

Ho: y; = ¢4, &¢ ~ NID(p,0?) for some p and o2

DGP1 Yt = €y, E¢ NNID(O,].)
T=250 T=500 T=1000
1% 5% 10% 1% 5% 10% 1% 5% 10%
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
DGP2 yr=¢c: —1l,es ~NID(0,1)
T=250 T=500 T=1000
1% 5% 10% 1% 5% 10% 1% 5% 10%

99.9 100.0 100.0 1I00.0 100.0 100.0 100.0 100.0 100.0
DGP3 Yy = exp(—ht/2)€t, ht =0.10 + 0.90’%_1 + V O.3’I’h(€t,’l7t) ~ NID(O7IQ)
00

T=250 T=500 T=10
1% 5% 10% 1% 5% 10% 1% 5% 10%
0.1 2.8 7.0 1.4 26.0 48.9 49.5 91.3 97.9
DGP4 Yy = O.5yt_1 + Ety E¢ NID(O, ].)
T=250 T=500 T=1000
1% 5% 10% 1% 5% 10% 1% 5% 10%
0.0 0.1 1.0 0.0 12.2 63.7 39.1 99.6 100.0
DGP5 ye =0.9y;—1 + &4, . ~ NID(0,1)
T=250 T=500 T=1000
1% 5% 10% 1% 5% 10% 1% 5% 10%

4.1 93.1 99.3 100.0 100.0 T00.0 100.0 T00.0 T00.0

Notes: The Monte Carlo integration method is used to evaluate the test statistics with the number

of repetitions set to 300. The number of Monte Carlo replications is to 1000.
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