BIOMIXING BY CHEMOTAXIS AND ENHANCEMENT OF BIOLOGICAL
REACTIONS

ALEXANDER KISELEV AND LENYA RYZHIK

ABSTRACT. Many phenomena in biology involve both reactions and chemotaxis. These pro-
cesses can clearly influence each other, and chemotaxis can play an important role in sustaining
and speeding up the reaction. However, to the best of our knowledge, the question of reac-
tion enhancement by chemotaxis has not yet received extensive treatment either analytically
or numerically. We consider a model with a single density function involving diffusion, advec-
tion, chemotaxis, and absorbing reaction. The model is motivated, in particular, by studies
of coral broadcast spawning, where experimental observations of the efficiency of fertilization
rates significantly exceed the data obtained from numerical models that do not take chemotaxis
(attraction of sperm gametes by a chemical secreted by egg gametes) into account. We prove
that in the framework of our model, chemotaxis plays a crucial role. There is a rigid limit to
how much the fertilization efficiency can be enhanced if there is no chemotaxis but only advec-
tion and diffusion. On the other hand, when chemotaxis is present, the fertilization rate can
be arbitrarily close to being complete provided that the chemotactic attraction is sufficiently
strong. Moreover, an interesting feature of the estimates on fertilization rate and timescales in
the chemotactic case is that they do not depend on the amplitude of the reaction term.

1. INTRODUCTION

Our goal in this paper is to study the effect chemotactic attraction may have on reproduction
processes in biology. A particular motivation for this study comes from the phenomenon of
broadcast spawning. Broadcast spawning is a fertilization strategy used by various benthic
invertebrates (sea urchins, anemones, corals) whereby males and females release sperm and egg
gametes into the surrounding flow. The gametes are positively buoyant, and rise to the surface
of the ocean. The sperm and egg are initially separated by the ambient water, and effective
mixing is necessary for successful fertilization. The fertilized gametes form larva, which is
negatively buoyant and tries to attach to the bottom of the ocean floor to start a new colony.
For the coral spawning problem, field measurements of the fertilization rates are rarely below
5%, and are often as high as 90% [8, 15, 26, 34]. On the other hand, numerical simulations based
on the turbulent eddy diffusivity [6] predict fertilization rates of less than 1% due to the strong
dilution of gametes. The turbulent eddy diffusivity approach involves two scalars that react
and diffuse with the effective diffusivity taking the presence of the flow into account. It is well
known, however, that the geometric structure of the fluid flow lost in the turbulent diffusivity
approach can be important for improving the reaction rate (in the physical and engineering
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literature see [24, 28, 33]; in the mathematical literature see [16, 3, 13, 9, 14] for further
references). Recent work of Crimaldi, Hartford, Cadwell and Weiss [4, 5] employed a more
sophisticated model, taking into account the instantaneous details of the advective transport
not captured by the eddy diffusivity approach. These papers showed that vortex stirring can
generally enhance the reaction rate, perhaps accounting for some of the discrepancy between
the numerical simulations and experiment.

However, there is also experimental evidence that chemotaxis plays a role in coral fertilization:
eggs release a chemical that attracts sperm [1, 2, 18, 19]. Mathematically, chemotaxis has been
extensively studied in the context of modeling mold and bacterial colonies. Since the original
work of Patlak [25] and Keller-Segel [11, 12] where the first PDE model of chemotaxis was
introduced, there has been an enormous amount of effort devoted to the possible blow up and
regularity of solutions, as well as the asymptotic behavior and other properties (see [27] for
further references). However, we are not aware of any rigorous or even computational work on
the effects of chemotaxis for improved efficiency of biological reactions.

In this paper, we take the first step towards systematical study of this phenomenon, by
analyzing rigorously a single partial differential equation modeling the fertilization process:

Oip+u-Vp=LAp+xV(pV(A)"'p) —ep?, p(x,0) = po(z), = € R”. (1.1)

Here, in the simplest approximation, we consider just one density, p(z,t) > 0, corresponding
to the assumption that the densities of sperm and egg gametes are identical. The vector field u
in (1.1) models the ambient ocean flow, is divergence free, regular and prescribed, independent
of p. The second term on the right is the standard chemotactic term, in the same form as it
appears in the (simplified) Keller-Segel equation (see [27]). This term describes the tendency
of p(z,t) to move along the gradient of the chemical whose distribution is equal to —A™!p.
This is an approximation to the full Keller-Segel system based on the assumption of chemical
diffusion being much faster than diffusion of gamete densities. The term (—ep?) models the
reaction (fertilization). The parameter e regulates the strength of the fertilization process. The
value of € is small due to the fact that an egg gets fertilized only if a sperm attaches to a certain
limited area on its surface (estimated to be about 1% of the total egg surface in, for example,
sea urchins eggs [30]). We do not account for the product of the reaction — fertilized eggs —
which drop out of the process. We are interested in the behavior of

mo(t) = / ol t)dr,

which is the total fraction of the unfertilized eggs by time t. It is easy to see that my(t) is
monotone decreasing. High efficiency fertilization corresponds to mg(t) becoming small with
time, as almost all egg gametes are fertilized. We prove the following results.

Theorem 1.1. Let p(z,t) solve (1.1) with a divergence free u(x,t) € C*(R? x [0,00)) and
initial data py > 0 € S(RY) (the Schwartz class). Assume that qd > d + 2, and the chemotazis
is absent: x = 0. Then there exists a constant py depending only on €, q, d and po(x) but not
on u(z,t) such that mo(t) > uo for allt > 0.

Moreover, pg — mo(0) as € — 0 while pg,u and q are fized.
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Remarks. 1. Observe that the constant o does not depend on u. No matter how strong the
flow is or how it varies in time and space, it cannot enhance the reaction rate beyond a certain
definitive limit.
2. The condition qd > d+2 does not include the most natural case of d = ¢ = 2. Dimension two
corresponds to the surface of the ocean, and ¢ = 2 corresponds to the product of egg and sperm
densities. Our preliminary calculations show, however, that the mathematics of d = ¢ = 2 case
is different and more subtle. Then the L! norm of p for sufficiently rapidly decaying initial
data does go to zero but only very slowly in time. The difference between chemotactic and
chemotactic-free equation (1.1) in this case is likely to manifest itself in the time scales of the
fertilization process: in the presence of chemotaxis the L! norm initially decays much faster.
We will address this issue in a separate publication, to keep the present paper as transparent
as possible.
3. The case of small € is interesting due to experimental relevance. It will be clear from the
proof that decrease of the L' norm, mg(0) — lim; ., mo(t) is of the order ¢ when chemotaxis is
absent.
4. The condition that py € S can of course be weakened. What we need is the initial data
that is decaying sufficiently quickly and is minimally regular. Similarly, the condition that u is
smooth can be weakened to, say, C'! without much difficulty. We decided not to pursue most
optimal regularity conditions on py and w in this paper to simplify presentation.
5. By u € C*°(R x [0,00)) we mean that bounds on every derivative of u are uniform over all
(z,t) € R? x [0,T), for every T > 0.

On the other hand, in the presence of chemotaxis, we have

Theorem 1.2. Let p(x,t) solve (1.1) with a divergence free u(x,t) € C*°(R¢x [0,00)) and fized
initial data pg > 0 € S. Assume that d = 2, and q is a positive integer greater than 2. Then we

have that mq(t) — c(x, po,u) > 0 as t — oo, but c(x, po,u) — 0 as x — oo, with q, py and u
fized.

Remarks. 1. In general, chemotaxis can lead to finite time blow up of the solution (see
[27] for references). However, it is known that the presence of the reaction can lead to global
regularity (see [32] for a slightly different model where references to some earlier works can
also be found). We will sketch the global regularity proof for solutions of the equation (1.1) in
Appendix I.

2. We prove more (see Theorem 4.2). Here we stated the result in the simplest form to avoid
technicalities.

3. An interesting feature of Theorem 1.2 is that ¢(x, po, u) — 0 uniformly in reaction strength
€. The timescale to achieve most of decay also does not depend on € (Theorem 4.2). The
mechanism of this effect will be clear from the proof. Roughly speaking, what happens is the
solution tries to blow up to a ¢ function profile. The reaction term, however, prevents blow
up from happening. However, the solution gets larger if € is small. Chemotaxis and reaction
balance in a way to produce same order reaction effect independently of e.

4. The case d > 2 is mathematically different and it is not clear that the L' norm may become
arbitrarily small in this case even with strong chemotaxis aid. There appears to be a genuine
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mathematical reason why coral gametes rise to the surface instead of trying to find each other
in the three-dimensional ocean!

Hence our model implies that the chemotactic term, as opposed to the flow and diffusion
alone, can account for highly efficient fertilization rates that are observed in nature. Moreover,
Theorems 1.1 and 1.2 suggest that the presence of chemotaxis may be a necessary and crucial
aspect of the fertilization process. Of course, a more realistic model of the process is a system
of equations involving two different densities. We will show that even for the system case, the
flow can only have a limited effect on fertilization efficiency, similarly to our simple model. It
is possible that in the system case the flow and chemotaxis can play supplementary role, with
flow acting on larger and chemotaxis on smaller length scales. Note that one can expect that
in the system setting the chemotaxis effect is weaker, since it only appears in the equation
for the sperm density. The influence of chemotaxis in the system setting, and investigation of
quadratic reaction term are left for a later study.

2. THE REACTION-ADVECTION-DIFFUSION CASE

In this section, we prove Theorem 1.1. Consider equation (1.1) with x =0:

Op+u-Vp=2Ap—epl, p(z,0) = po(z). (2.1)
As the first step, observe that by comparison principle, p(z,t) < b(z,t), where
Ob+u-Vb=Ab, b(x,0)= po(x). (2.2)

Also, note that since p(z,t) > 0,

Ollp(, )|l = 8t/ p(x,t)de = —e/ pl(x,t) dx > —e/ bi(x,t) dx.
R4 R4

R4
Therefore, the behavior of the L? norm of b can be used for estimating decay of the L' norm
of p. We have the following lemma, similar in spirit (and proof) to Lemma 3.1 of [9].

Lemma 2.1. There ezists C = C(d) that, in particular, does not depend on the flow u, such
that

Io(-, )22 < min|[bo]| 2, Ct=Hboll 1), (160 )]z < min(|[bo(a)l|zo, Ot 2bo|1).  (2.3)
Proof. By Nash inequality [21], we have
1+2 2/d
16l =" < C@IBIA VD=
Multiplying (2.2) by b, integrating, and using incompressibility of u, we get

242 24 4
1 Iolf, e
S0ubl3e = —IVbll7. < ~C="E— = —CT2E
10]] £ 1ol 7

We used the conservation of the L'-norm of b in the last step. Set z(¢) = ||b(-,¢)||2.. Then

Ul

2(t) < =C(t)a]lbol|
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Solving this differential inequality, we get

—d/2

(t><< 201 Ll )

1) = d d )
dllbol[ 72" [Iboll

L1 L2

implying
[6(- 1172 < min ([[bol72, C(d)t=*2|[boZ:) -
This gives the first inequality in (2.3).
The second inequality in (2.3) follows from a simple duality argument using incompressibility
of u. Indeed, consider 0(z, s), a solution of

050 + u(x,t —s) - VO = A0, 0(z,0) =0y(x) € S.

A direct calculation shows that
d

dS Rd

b(x,s)0(x,t — s)dx = 0.
When s = t, we get

/Rd b(x,t)0o(x) dx

For s = 0, this implies

< [Ib(z, )| 21160l 2 < C(d)t=*|1bol| 2 |6 | 2.

< C(d)t*|bo|| 11160 12

/Rd bo(x)0(z,t) dx

for every by, 0y € S. Hence

16z, 8) || e < C(d)t= 4|65 2 (2.4)
for every 0, € L2. To finish the proof of the Lemma, given t > 0, note that
[b(, )| < C(d)(t/2)~ 10, /2)||2 < C(d)t=2||o| 1
Here in the second step we used (2.4) and adjusted C(d).

For a more precise estimate on the residual mass pg, we need one more lemma.

Lemma 2.2. Assume that p(z,t) solves (2.1) with a smooth bounded incompressible u and
po € S. Then for every t > 0 we have

o, Dllee _ lloollzr
oGz, )l — [lpoll 1

Proof. For p =1 the result is immediate. Consider some 1 < p < 0o, and look at

w(gesiy) - (L) ™

x{ Pp‘l(—u-Vp+Ap—epq)dl"/ Pdﬂf—/ dex/(—u-Vp+AP—€Pq)df
Rd Rd Rd R4

for all 1 <p < oo.
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Consider the term in the second line above, which after integration by parts simplifies to

(—(p—l) pp_2|Vp|2dx—e/ pq+p_1d;v>/ pdaz+e/ ppda:/ p?dax.
Rd Rd Rd Rd Rd

This does not exceed
—e/ pqﬂ’ldm/ pdx+e/ ppdx/ p? da,
Rd R4 Rd Rd

which is less than or equal to zero by an application of Holder’s inequality.
The p = oo case follows by a limiting procedure since p(x,t) € S for all t. OJ

We are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The idea of the proof is very simple. We will show that if L'-norm of
p at some time ¢, is sufficiently small then for all times ¢ > ¢, the L'-norm of p(z,t) can not
drop below |[p(to)||z1/2. This shows that p(x,t) can not tend to zero as t — +oc.

Recall that for every t,

8,5/ p(x,t)de = —e/ p(x, ) dx > —e/ b(x,t)!dz,
R Rd R

where b is given by (2.2). By Lemma 2.1 and Holder’s inequality,
I1%,).
Thus, for every 7 > 0,

/ b(w, ) dz < Cmin (||p0|qu,
R4

%) > _d(g—1)
e [ bt < c@ (InClior + ottty [ -0 ar)
to Rd to+T

< 0(d,q) (o 1) |52 1100t + o, o) [ 75) . (25)

We used the assumption gd > d 4+ 2 when evaluating integral in time.

Assume, on the contrary, that the L' norm of p does go to zero for some u. Consider some
time ¢ty > 0 when ||p(+,to)||z: is sufficiently small (we’ll have a precise bound later). Using
Lemma 2.2 and (2.5), we see that further decrease of the L' norm from that level is bounded
by

lpollg=
lo( o)l = [lo(- D)l < C(d, q)e (H & || Gt + oGtz = |, (2.6)
Po
for all t > ¢y, 7 > 0. Choosing 7 to minimize the expression (2.6), we find that for every t > t,
gd—d—2
¢ (ool
oG5 to)llzr = llo( )|z < Clg, d)ellp(-; o) |7, ool : (2.7)

If ||p(-,t)||Lr — 0 as t — 400, we may choose ¢, so that

qd—d—2
o0 d 1
Cla, d)ellpl-,to) 15" (M) <L 28)

ol >
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Then we get that

2
! e 1 ool \'~ 7
lpC )l = SllpCsto) o = polg, d, po) = min | Slpollrt, ——— — (
2q-Teq—1 C(q,d)q—l ||p0HL°°

for every t > t,. This is a contradiction to the assumption that ||p(t)||z: — 0 as t — 4o00. This
argument can also be used to define pg in the statement of the theorem. The last statement
of the theorem is easy to prove by changing the condition < % in (2.8) to < k where k can be
taken as small as desired. 0J

3. THE REACTION-ADVECTION-DIFFUSION CASE: A SYSTEM

In this section we show that the results of Section 2 largely extend to a more general model.
Consider the following system

Oys = (u-V)s + k1As — e(se)?, s(x,0) = so(x) (3.1)
e = (u- Ve + rele — e(se)V?, e(x,0) = eg(x). (3.2)

Here s(x,t) and e(x,t) are sperm and egg densities respectively. The following analog of The-
orem 1.1 holds.

Theorem 3.1. Let s(x,t), e(x,t) solve (3.1),(3.2) with divergence free u(z,t) € C*°(R¥x[0, c0))
and initial data s, eq € S. Assume that gd > d+2, ¢ > 2 and the chemotaxis is absent: x = 0.
Then there exists a constant py depending only on €, q, d and ey(x), so(x) such that the L
norms of s(x,t) and e(x,t) remain greater than py for all times.

Remarks. 1. The condition ¢ > 2 can be omitted if ||sq||z1 = ||eo||r1-

e—0 e—0

2. Similarly to Theorem 1.1, one can show that lim; .. |[s(-,¢)||z1 — [|So||zr and limy . ||e(-, ¢)|| ;1 —
lleo||r provided that ¢, u, sp and ey remain fixed.

Proof. As before, we know that s(z,t) < 3$(x,t) and e(x,t) < é(x,t) where 5, € solve (2.2) with
initial data sy and eg, and the diffusion coefficients x; and ks, respectively. Lemma 2.1 can still
be used to control 5, €. Instead of Lemma 2.2, we will use a cruder bound.

Observe that if |leg|[z1 # |[so]|z1, then the L' norm that is larger initially remains larger than
the other norm. Hence, assume without loss of generality that ||eg||z1 < ||sol/z: and focus on
the decay of ||e( ) |r1. Let us estimate the decay after some time ¢ :

dt xtq/2 xt)q/zdx <

R4
to +7

dt

s(x, 1) %e(x, t)"? dx
d

—I—/ dt/ s(x, 1) %e(x, t)"? dx
R to+71 R4

1,1 o
gﬂ(thW<t@mmwumwp+/’|“ |7 e (-, t)]|47 dt

to+7

1— d(q 1)

2 2 2
< 7llsol 2 eoll 22" [le (-, to)lr + C Isol| 2l to) | %42, (3.3)
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Choosing 7 to minimize (3.3) leads to

N Ly
e to)ll22 = lleC- Dl 2 < Clasdellsoll 2 NsollFF7 Nleoll ™ lle(- o)l ™7 (34)

q—2

Suppose that [le(-,)||z: does go to zero as t — oco. Choose ty so that C|le(z,to)| ;" < 3

1442
(where C' is the constant in front of ||e(-, tO)HLTd(q_” in (3.4)). In this case, due to (3.4), the L!

of e(x,t) can never drop below half of its value at ¢,. This is a contradiction. O

4. REACTION ENHANCEMENT BY CHEMOTAXIS

In this section, we will show that chemotaxis, as opposed to a divergence free fluid flow, can,
in principle, make reaction as efficient as needed. We consider the equation

Oip=Lp— (u-V)p+xV(pV(A) " p) —ep?, p(x,0) = po(2). (4.1)

We will prove that the large time limit of the L' norm of p(z,t) goes to zero as chemotaxis
coupling increases, independently of €. On the other hand, we will also prove lower bounds
showing that the L' norm does not go to zero as t — oo for each fixed coupling. Before we
state the main results of this section, there is an auxiliary issue we need to settle. In general,
solutions to the chemotaxis equation may lose regularity in a finite time (see e.g. [27] for further
references). As Theorem 4.1 below shows, this does not happen with the additional negative
reaction term —ep?, ¢ > 2 in the right hand side: solutions with smooth initial data stay
smooth. We will work with initial data which is concentrated in a finite region, in particular,
with a finite second moment. As we will see, this property is also preserved by the evolution.
Let us define

£, = [ (V714 £@DA+ fa]") de
Let H*® denote the standard Sobolev spaces in R Define a Banach space K, with the norm
[l = [[flzs + ||f[az,- Then we have

Theorem 4.1. Assume that ¢ > 2, n >0 and s > d/2+1 are integers and py € K, ,,. Suppose
that u € C°(R? x [0,00)) is divergence free. Then there exists a unique solution p(x,t) of the
equation (4.1) in C(K;,,[0,00)) N C®(R? x (0,00)).

The proof of Theorem 4.1 uses fairly standard techniques; we sketch it in Appendix I.
First, we prove the bound showing reaction enhancement by chemotaxis. Let us define

me = minmo/ lz — 20[*po () d.
Rd
Theorem 4.2. Let d = 2, and suppose that v € C°(R? x [0,00)) is divergence free. Assume

that ¢ > 2, s > d/2+1 and n > 2 are integers and p(x,t) solves (4.1) with py > 0 € K, ,,. Then
a. If u =0, then limy_, ||p(-,t)||z1 < 2x~'. More precisely, for every T > 0, we have

2 m
ot Dl < = (1 by f1e ) | (42)
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b. If u # 0, then limy_ ||p(-, )|z < C(u, my)x~?/3. Moreover, for 0 <1 < X/ we have
oGy ) [er < Cusma) (x) 2, (4.3)

Remark. Note, in particular, that if u = 0, the level ||p(-, 7)||p1 ~ x~* will be reached in at

most 7 ~ x, while the level ~ y~'/2 in at most 7 ~ 1. If v # 0, the upper bound on the time
scale to reach the L! norm level ~ y /2 is also 7 ~ 1.

Proof. Since py € K, there exists o such that [, |z — zo[*po(z) dz = ms. Set o = 0 for
simplicity. Consider

3t/ |x\2pdx:/ |z (u - V) pdz + |x\2Ade+x/ 12|*V (pVA ™ p)dor —e | |z)*p?dx.
R? R? R? R? R?

(4.4)
Observe that due to V - u = 0,

/ \x!Q(u-V)pdx:—Q/ (x-u)pdex,
R? R?

/ |x|2Apdx:4/ pdzx.
R2 R2

For the chemotaxis term, we have

2
[ Pveva-par= -2 [ Mp(x,wp(y,t)dxdy:—( / pdx) |
R2 R2xR2 R2

lz —y|?

and in dimension two

In the last step, we used symmetrization in x,y. Due to Theorem 4.1, all integrations by parts
are justified for all t > 0. Therefore, we can recast (4.4) as

2
8t/ lz|?pdr = —2/ (x-u)pdr + 4/ pdx —x (/ pdx) —e [ |z*p?dz. (4.5)
R2 R2 R2 R2 R2

First let us set w = 0 in (4.5). Suppose that ||p(-,t)||zx > Y for all t € [0,7], and Y > 4/¥.
It follows from (4.5) that we need 7Y (xY — 4) < ms to avoid contradiction that ms vanishes.
This quadratic inequality translates into (4.2).

Now, assume that w is an arbitrary smooth divergence free vector field. In this case, we

further estimate
/ © - upda| < [ulox? / pde 4y / 2P pd,
R2 R2 R2

with 3 > 0 to be chosen. Then, it follows from (4.5) that

8t/ |x|2pdx<2x_5/ |z|?p dx + (4+2X5||u||%oo—x/ pdx)/ pdz,
R2 R2 R2 R2

and thus
O (e‘gxﬁt lz|*p dw) <e (4 + 2x° w3 e — X/ pdx) / pdz. (4.6)
R? R? R?
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Assume now that for all ¢ € [0, 7], we have ||p(-,t)]|z: > Y > 0, and that
2
vz o2+ X7 ullze)-

Then, the integral in time of the right hand side in (4.6) over [0, 7] can be estimated from above
by

| ey e 2ule ) e = (1= ) v @l - xY/2) . (4)

Setting 7 = x®, we see that to avoid a contradiction, we need
(1= XY (xY — 4 —2x%|ul|}~) < 2m.. (4.8)

An elementary computation shows that the optimal choice that makes Y the smallest is § = 1/3.

Solving this quadratic inequality, we find that ||p(-, 7 = x'/3)||z1 cannot exceed c(u,msg)x %>
More generally, for 0 < 7 < /3, we get from (4.7) the bound
_1
oG, Tl < Clu, mo)(x7) 2.

O

Observe that the reaction term did not play any quantitative role in the estimates. In
particular, all estimates of the L' norm decrease and timescales are independent of €. The only
role the reaction term plays is making sure we have a smooth decaying solution, so that all
integrations by parts are justified. On a qualitative level, what happens is chemotaxis without
reaction would lead to a § function profile blow up. With reaction present, the growth in the
L norm of the solution is determined by the balance between chemotaxis and reaction term.
Weaker fertilization coupling parameter € leads to stronger aggregation due to chemotaxis and
thus effectively the same fertilization rates. In particular, the amount of the density that does
react satisfies the lower bound independent of €. The same holds true for the time scale on
which this reaction takes place - it is bounded from above by the pure chemotaxis blow up time
independently of e.

Next we prove a result in the opposite direction, showing that at least some estimates of
Theorem 4.2 scale sharply in y.

Theorem 4.3. Let d = 2, and suppose that u € C®(R? x [0,00)) is divergence free. Assume
that ¢ > 2, s > d/2+1 and n > 2 are integers and p(x,t) solves (4.1) with py > 0 € K;,,. Then
limy oo ||p(+, t)||z1 > 0. Moreover, for some initial data po, ||p(-,t)||z1 Temains above c(q, po)x !
for all times.

Proof. Recall that 9y [o, p(x,t) de = — [g, p(x,t)?dz. Let us derive estimates on ||p||zo. Multi-
plying (4.1) by p?~! and integrating, we obtain

1
—ﬁt/ pldr = / P Apdr + X/ PV - (pVA ) dr — e/ P da. (4.9)
q JRr2 R2 R2 R2
Observe that
—1
/ PV - (pVAT ) de = —(q — 1)/ PV VA pde = L= [ ptlda,
R2

R2 q R2
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The last equality is obtained by integration by parts. Thus, we can rewrite (4.9) as

4(q — 1
éh/ pldr = _He=b) |V /212 da + x(q — 1)/ It da — qe/ p*r da. (4.10)
R2 q R2 R2 R2
Let us introduce v = p%2, and recall a Gagliardo—Nirenberg type inequality
[0][ 24 < C(d, @)[[ Vo] “HHQM, (4.11)

which is valid for all « > 0, d > 1. In our case, we set @ = 2/q¢, and inequality (4.11) translates

into
/ p‘IHd:ch(q)/ ]qu/2]2d:c/ pdz.
R? R2 R?

Observe that ad/2 < 1. While inequalities of this kind are well known to the experts [17],
the references that include the case of exponents less than one are not common. For the sake
of completeness, we provide a sketch of a simple proof of inequality (4.11) in Appendix II.
Therefore, from (4.10) we can conclude that

O | pldx < ——/ IV p?/2? dx (4 C(q)x / pdx) —qe/ p* dx.
R? R?

Now, suppose that C'(q)x fRQ p(x,t) dz drops below 2 at some time t. Then, for all later times,
we get
O | pldx < —-C(q / IV p?2? dx (4.12)
RQ
(we use C(q) for a positive constant depending only on ¢ that may change from line to line).
Let us recall another Gagliardo-Nirenberg inequality

=) 7
loll= ™ < Ola, DI Tollasllol 35,7 (4.13)

L2/a
Applying it in (4.12) with v = p%? in d = 2 leads to

- -
Oy pldx < —C(q) (/ P! d:v) (/ pdm) )
R2 R2 R2

Solving this differential inequality, and using the fact that fR2 pdx is monotone decreasing,
leads to

A;memegmm(A;m%mwd%CMXt—mrﬁ4(A;m%%ym)v.

Then the argument identical to that in the proof of Theorem 1.1 implies that

m?éfWJszmm(;Wh%m%C@kqH(M££M£>“v 4.14)

(-, o) ||

(observe that the proof of Lemma 2.2 goes through when C(q)y fRZ p(x,t)dr < 2). Since we

have a uniform in time upper bound ||p(z, )|~ < max((x/e)q 2, |lpollL=) (see Lemma 5.6

below), (4.14) implies the first statement of the theorem. Moreover, we can always take initial
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data such that ¢, = 0, and the L*™ norm of py is sufficiently small (< (X/e)ﬁ), making the
bound on the right hand side of (4.14) equal to c¢(¢)x~'. This proves the second statement of
the theorem. H

5. APPENDIX I: GLOBAL EXISTENCE OF SMOOTH SOLUTIONS

Here we prove Theorem 4.1. We point out that equations involving chemotaxis and logistics
or bistable type reactions have been considered by many authors (see e.g. [20, 23, 29, 32, 31]
where further references can be found). In particular, in [29, 31|, global regularity of solutions
to a system similar to (1.1) was obtained. The main difference between these works and what
we need here is that [29, 31] work on a bounded domain. Since we consider a different setting
and need different control of the solution (including moments) we present a brief sketch of the
proof of global regularity result in this appendix.

We begin with the construction of a local solution in an appropriate space. We will consider
arbitrary dimension d. Recall that

1/ 1laz, = /Rd(|p($)! +|Vp(2) ) (1 + |2[") d,

and the Banach space K, is defined by the norm || f|x,., = [|f|la, + || f]
simple lemma on the heat semigroup action in this space.

us. First, we need a

Lemma 5.1. Assume that py € K, with s > 0,n > 0. Then we have
1€ pollar, < CL+ ) pollars 1V pollar, < CE2+t" ) pgllar,; (5.1)
e, ”VetApoHHs < Ct’l/2||p0| Hs- (5.2)

€™ poll 1= < || pol

As a consequence,
€ pO Ks,'n — pO Ks,n’ € pO Ks,n — B - IOO Ks,'n’ °
1" poll k.. < C(L+"2)]poll IVe polle,,. < CEY2 4+ t"D2)|po (5.3)

The proof of Lemma 5.1 is elementary and we omit it.

Next, we set up the contraction mapping argument for local existence. We will use the
Banach space X/, = C(K,n,[0,T]) with a sufficiently small 7' > 0. Let us rewrite the equation
(4.1) in an integral form using the Duhamel principle.

plz,t) = e po(x) + /t eI (=V - (up) — ep? + XV - (pVAp)) ds. (5.4)
Let us denote :
Blp) = [ €0 (-7 () — et + 1V - (VAp) ds.
We need the following auxil?ary estimates.

Lemma 5.2. Assume that q, s,n are positive integers and s > % +1. Let f,g € K;,,. Then

£ = g%l < CUANE + gl BDIf = gllze (5.5)
IfVATL = gV AT gl < CUf s + glla) I f = gl (5.6)

He)
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1F* = gllas, < CUFNE + glE=DIS = gllar, (B7)
IfVATLf = gVAT gllar, < CUIfllms + lgllms + gl ) (L = gllar, + 1 = gllas)- (5.8)

All constants in the inequalities may depend only on q,d,s and n.

Proof. All these estimates are fairly straightforward. The estimate (5.5) follows from writing
fi—gt=(f—9)(fr7 ' +---+¢7 ') and the fact that H* is an algebra when s > d/2 (see, e.g.
[35]). The estimate (5.6) follows from a similar argument. The third inequality (5.7) is proved
by the same expansion and use of Sobolev imbedding implying || ||z~ + ||V f]|
and similar bounds for g. Finally, to prove the last inequality (5.8), write
VAT —gVAT g = (f —g)VAT f+ g(VAT f = VATlg).

Integral of the right hand side expression against (1 + |z|") does not exceed

ATHf =g~ < C(If] ) (L =9
For the case of the gradient, observe that
V- (fVATf = gVATg) = (Vf- VAT f = Vg - VAT g) + (f* - ¢°).

The first two terms are then controlled similarly to the previous estimate, while the last two
terms are easy to handle. O

HS

Mn+||f_g| Hs)'

Now we can prove a key Lemma setting up contraction mapping.

Lemma 5.3. Suppose that u € C®(R? x [0,00)) and V -u = 0. Let s,q and n be positive
integers, s > g+ 1. Let f,g € Xg:n. Then

1Br(f) = Br(g)]

xr, <allf =glixz,, (5.9)

where for T' < 1, we have

a < C(d,q,n,e x) Jnax (||u( t)|

o + (1)

oo T UG Ok, + g 0]

(5.10)

e FllaC O,

Proof. Consider

Bi(f) — Bilg) = /0 A (V(u(f = g)) = e(f7 = 9") +xV([VAT f = gVATlg)) dr.
Using Lemmas 5.1 and 5.2, we find

t
IBi(f) = Bu9)lx... < C / [((t = )72 4 (¢ =) 2) (Jfulles + 1l + lglc,)
+ (1 =) (U152 + gl ) [ 1 = glle,,, dr
< O [t +1"D72) maxg< < <||u oo + 1 fllicon + llgllx,.0)
+ (¢ + 1 /2) maxoc, <, (Hf\ ok gl ) | maxosr<llf = gl (5.11)

Therefore, we obtain (5.9). For T < 1 we can ignore the higher powers of 7" and the estimate
(5.10) for « follows from (5.11). O

. )T1/2.
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In a standard way, Lemma 5.3 implies existence of local solution via the contraction mapping
principle.

Theorem 5.4. Assume q,s,n are positive integers and s > %+ 1, u € C®°(R? x [0,00)),
V -u = 0. Suppose py € K. Then there exists T = T(q,d,u, s, €, X, ||pol|k,..) such that there
exists a unique solution p(x,t) € X1, of the equation (5.4) satisfying p(x,0) = po(x).

Remark. Higher regularity of the solution in space and time (in particular implying p(z,t) €
C(H™,(0,T]) for every m > 0) follows from Theorem 5.4 and standard parabolic regularity
estimates applied iteratively.

Corollary 5.5. If under conditions of Theorem 5.4 we prove global a-priori estimate on ||p(-,t)|| ms
and ||p(-, )| a1, then the local solution can be extended globally to X with arbitrary T.

n,s

Indeed, if there is a control on growth H® and M,, norms of the solution, we can just extend
it by iterative application of local result as far as we want. To prove the bounds on M, and
H?® norms of the solution, we first establish control of the L norm.

Lemma 5.6. Assume that p(z,t) is the local solution gquaranteed by Theorem 5.4. Then

_1
(Dl < No = maix ((x/€)7, || o]l (5.12)
forall 0 <t <T.

Proof. Assume this is false, and there exists Ny > Ny and 0 < t; < T such that we have
llp(x,t1)||~ = N; for the first time (that is, for all z and 0 < ¢ < ¢, |p(x,t;)| < Np). We claim
that in this case there exists xy such that p(xg,t;) = Nj. Indeed, the only alternative is that
there exists a sequence xj, such that p(zg,t1) — N; as k — oo. If x; has finite accumulation
points, set one of them as xy. By continuity p(z,?;) will be equal to N;. Thus it remains to
consider the case where x;, — 0o and passing to a subsequence if necessary we can assume that
unit balls around zy, B;(zy), are disjoint. By a version of Poincare inequality (see e.g. [35]),
we have [lp = pll7 w5, o)) < ClPire5ywp)- Since 224 11013 (5, o)) < C(t1) < 00, we get that

1 k—o0
= —— pdr — Nj.
g | By ()| By ()

But this is a contradiction with [, [p(2)|(1 + |z[") dz < C(t1).
Therefore, there exists xy such that p(xg,t;) = Ny (we consider the case of a maximum; the
case of minimum equal to —N; is considered similarly). Then

D

Ap(wo, t)|,—y, = (u- V)plao, t1) + Ap(wo, t1) + xVp(xo, t1) - VA p(x0, 1)
+xp(z0,t1)> — ep(mo, £1)" < plao, t1)* (X — ep(ao,t1)77?).

By assumption on Ny, we see that 0;p(x¢,t;) < 0, contradiction with our choice of ¢;. O

Let us first prove an upper bound on the growth of the M,, norm of the solution.
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Lemma 5.7. Assume that p(xz,t) is the local solution guaranteed by Theorem 5.4. Then on
the interval of existence, we have the following bound for the growth of the M, norm of the
solution.

t
o6l < O+ )l exp (€ [ el (5.13)
0

(72 ) )l + o)l + o)) dr)

Proof. Consider (5.4). By Lemma 5.1, we have ||e*® pola, < C(1+t"2)|pollaz,. Also, note that
-1
lupllas, < llullerllpllag,, 1107z, < llpllz= [lllaz,, and

1PV A pllar, < CIVAT pllr<lpllar, < Clllpllze + lollz)lollar, -

Therefore, applying these estimates and Lemma 5.1 to (5.4), we obtain

t
oG Ollar, < CQ+ ")l pollar, + C/O (fe(@ +7"2)llp(, )17+ (5.14)

(2 R () o+ oGl + Do) )] oG, dr

The inequality (5.14) implies the bound (5.13). This upper bound is not optimal, but it is
sufficient for our purpose. O

Now we are ready to prove uniform in time bounds on the H* norm of the solution.

Lemma 5.8. Let p(z,t) be the local solution whose existence is guaranteed by Theorem 5.4.
Suppose that ||p(-,t)|| L=~ does not exceed Ny for all 0 <t < T. Then

”p(at)‘ Hs S maX(HPOHHsa C(uad7Q7 S, X5 €, NO)) . (515)

Proof. Consider for simplicity the case where s is even (the odd case is very similar). Apply
A*? to (4.1), multiply by A*/2p(x,t) and integrate. We obtain

1
S0l = 182 )l a ) do — e [(AT2p0(@2p) do
R4 Rd
+X/ [V - A2 (pV AT p)(A2)p) da. (5.16)
Rd

Using V - u = 0, we obtain

a2 vt da

Next, the second integral on the right hand side of (5.16) can be written as a sum of a finite
number of terms of the form fRd DépTlL, Dipdx, sy + -+ s, =8, s; > 0. Here D' denotes
any partial derivative operator of the [th order. By Holder’s inequality, we have

< CllullelIpll7:-

q
< D%l [ 1D%p

i=1

Dspﬁ D% pdx

R4 i=1

pi»
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7 p;' =1/2. Take p; = 2s/s;, and recall the Gagliardo-Nirenberg inequality ([10, 22, 17])

Si 17% %
”D P||L25/Sz' < CHp“LOO 2: (5.17)

Dp

Then we get
As/quAs/Zp dr

< Cllollg=<llpl--
Rd

Finally, we claim that the third integral on the right hand side of (5.16) can be written as a
sum of a finite number of terms of the form [y, D*pD*pD*** *A~1pdx, where k = 0,...,s.
The only term one gets from the direct differentiation that does not appear to be of this form
is fRd A32pV A2 pNV A~ p dx. However, integrating by parts, we find that this term is equal to
— % Jea |A2p[*pdz. Now

5 DspkaDs+2kaflpdx

< ClIDpllz2 [ D*pll o | D"l o2,

pit +pyt =1/2, py < co. Here we used boundedness of Riesz transforms on L2, py < oco. Set

D1 = 2—;7 P2 = Ska. By Gagliardo-Nirenberg inequality (5.17) with s; = k, s — k, we get

D*pD* pD**EAT pda| < Cllp|relpllZe-
Rd
Putting all the estimates into (5.16), we find that
1 2+ —2 - -2
5Oulellz < Cllpllo=llollzs = llplisn < Cllollesllollze = lolms™" ol (5.18)

We used another Gagliardo-Nirenberg inequality in the last step. The differential inequality
(5.18) implies the result of the lemma. O

Given the M,, and H® norm bounds we proved, the solution can now be continued globally,
completing the proof of Theorem 4.1.

6. APPENDIX II: THE GAGLIARDO-NIRENBERG INEQUALITY WITH p < 1

Twice in the paper, we needed to apply Gagliardo-Nirenberg inequalities with one of the
summation exponents less than one (see (4.11), (4.13)). Such inequalities are certainly known
and can be found in mathematical literature (see e.g. encyclopedic [17]). However, it was
not easy for us to find a reference with a transparent self-contained proof, and for the sake
of completeness we provide a sketch of an elegant and simple proof here. The idea of this
argument has been communicated to us by Fedor Nazarov. We will prove a slightly more
general inequality containing both (4.11) and (4.13).

Theorem 6.1. Let v € C*(RY), d > 2. Then

1_1
[v]lze < Cla, ) Vollzallvll" o=+ i I- (6.1)
d 2 T
The inequality holds for all q,7 > 0 such that ¢ > r and clz — % + % > 0.
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Proof. Let A, denote regions in R? such that |A,| = 2%, k € Z, the boundary of Aj, coincides
with a level set of |v(z)| = vgy1, and |v(x)| > Vg4 inside Ag. Then

lollfe < ) 1Aklvf.
kez

Fix a small § > 0. Let us call k£ ”important” if v, < (1 —J)vg. Denote the set of all important

k by I. Observe that
> 1Alvf < C(8) > |Axfof.
keZ kel
Indeed, a sequence of not important consequent k contributes at most >, 2=%(1—8)"%| Agy1 [vi4,
compared to the contribution |Ayyq|v],; of the single next term.
For the L" norm, we have the estimate

(I—a)q/r
1—a r
o]l ”zc(DAk\vk) .

kEZ

For the gradient term, by the co-area formula (see e.g. [7]) we have

Vk+1

/ |Vo|de = H" (2 u(x)] = s)ds,
Vi1 <v(w) <vg v

k

where H%! is the d — 1-dimensional Hausdorff measure. By the isoperimetric inequality,
R @ Ju(@)] = s) = ClA['
if s > w41 (see e.g. [7]). Therefore,

/ V| dz > C|Ap|" 4 (v — vpsr).
Vi1 <0(w) Svg

By Cauchy-Schwartz,

2
1
/ Vo> de > —— / (Voldz | > C|AL" 4 (v, — viesr)?.
Vg1 <v(x) <vg ‘Ak| Vi1 <v(x) <vg

Therefore,
Rd Vol de > CY " (vk — vpya)?[ ARl 70 > €02 D | A4,

keZ kel
Thus, it remains to prove that

(1—a)q/r aq/2
2
> A <C (Z |Ak!v,’;> (Z v%:rAkP-d) : (6.2)

kel keZ kel
Observe that, if d > 3, then we have

ag(d—2)

GQ/Q od 2d
(Zvimkrld) 2<Zv,:2|Akr>

kel kel
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(since Y, by > (D, by)® for by >0, 0 < s < 1). Write

"‘“d’”] . (6.3)

Al = [J A4l o] A 5

Apply Hoélder inequality on the left hand side of (6.2), rasing the first term in (6.3) to the power

ﬁ, and the second term to the power %. Notice that the inverses of these powers sum

to one due to the definition of a in (6.1). The resulting inequality coincides with (6.2). Finally,
when d = 2, we have a = 1 — ¢/r, and (6.2) follows from a more elementary consideration. [
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